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Abstract—Filtering algorithms that use different forms of
numerical integration to handle measurement and process non-
linearities, such as the cubature Kalman filter, can perform ex-
tremely poorly in many applications involving angular measure-
ments. We demonstrate how such filters can be modified to take
into account the circular nature of the angular measurements,
dramatically improving performance. Unlike common alternate
techniques, the cubature methods can be easily used with angular
measurements arising from ray-traceable propagation models.

[. INTRODUCTION

The recent tutorial [9] discusses, considering examples of
3D target tracking, how cubature/ unscented/ sigma point
Kalman filtering is a realization of the best linear unbiased
estimator (BLUE) that evaluates certain integrals for expected
values using different forms of cubature integration. In [9], the
term “cubature Kalman filter” is generally applied to all such
filters to highlight the use of cubature integration,! whereas
in [28] the term “linear regression Kalman filter” is used to
highlight how such methods can be viewed as a form of linear
regression. This paper addresses the use of the generic family
of all cubature Kalman filters?> (CKFs) with measurement and
dynamic models involving angular components without regard
to the choice of cubature points.

Though many articles on various types of cubature Kalman
filters (CKFs) consider the use of polar [20], [12], [2] or
spherical [34] measurements with Cartesian state vectors,
many more papers that consider the use of cubature integration
(usually in the form of the “unscented transform”) consider
just converting such measurements into Cartesian coordinates
and feeding the converted measurements to a standard linear
Kalman filter, such as in [19], [20], [17], [18], [1], [32].
However, in [9], it was demonstrated that when tracking
using range and direction cosine measurements, it is better
to use them in a CKF than to to use unbiased Cartesian-
converted measurements for tracking and one would expect
similar results to hold when using measurements in spherical
coordinates.

!'Sometimes the term “quadrature” is used in place of cubature. Usually, the
distinction is the quadrature integration is one-dimensional, whereas cubature
integration is multidimensional. However, not all authors make the distinction.

2The term “cubature Kalman filter” was coined in the paper [2], where
third-order cubature points were used. Many authors, when discussing the
CKF only mean the CKF with that particular choice of cubature points.

However, none of the aforementioned papers considering
the use of polar or spherical coordinates in a CKF takes
into consideration the idiosyncrasies of directional statistics.
In various monographs on directional statistics [30] focussing
on circular [13] or spherical [14] measurements, problems
with traditional definitions of the mean and variance are
highlighted. For example, in numerous examples throughout
[13], the problem of averaging wind directions (in the local
tangent plane to the surface of the Earth) is considered. If one
were to simply numerically average the direction (given as
an angle, for example, North of East or East of North), then
averaging a value just above 0° with one just below 359°
would produce the worst possible estimate, one close to 180°
—exactly opposite the direction of both of the samples. Thus,
special care must be taken when computing expected values
involving numerical data. Consequently, as is demonstrated for
polar measurements in Section III, and spherical measurements
in Section IV, special care must be taken when computing the
expected values in the CKF when dealing with angular models.

Directional statistics have been used in various aspects of
filtering in the past. For example, in [26], the measurement
update step of a particle filter whose target state vector
contains an angular component is considered. In [36], parts of
a standard Kalman filter used to estimate angular distributions
are wrapped on the range (0, 27] to handle special nonlinear
aspects of the filter. The same concept is applied in this
paper to the more general CKF problems. On the other
hand, a cubature-style filter is used with the wrapped-normal
and von Mises distributions for estimating an angle in [25].
In [24], the authors consider the more general case where
multiple angles are dependent, such as when using spherical
coordinates, where toroidal distributions and moments were
used. Though the algorithms of [25] and [24] work quite well
when estimating angular quantities, this paper considers more
general estimation problems when given correlated quantities
other than angles, for example, problems involving range or
Cartesian position in the state and/ or the measurement vectors.
Whereas in [25], [24], solutions utilizing circular probability
distributions are derived, this paper simply demonstrates how a
standard linear CKF can be modified to accommodate circular
or spherical models when the noises involved are not “too”
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large.

Though the CKEF is not suitable for all estimation problems,
it is extremely versatile and simple to use in many challenging
scenarios. For example, in the tutorial [8], it is demonstrated
that the CKF can handle refraction-corrupted measurements
well in ray-traceable atmospheric models without having
to evaluate derivatives. Additionally, since the measurement
propagation and update steps in the CKF are separate, one
can easily be replaced by another algorithm utilizing Gaussian
approximations. For example, in the tutorial [7], the CKF mea-
surement update step is paired with a cubature-based moment-
matching method for propagating a target state through a
nonlinear stochastic dynamic model with non-additive noise,
as opposed to the derivative-based nonlinear state propagation
algorithm introduced in [3].

Section II reviews basic aspects of the measurement update
step common to CKF that are discussed in detail in [9].
Sections III and IV then discuss how the CKF measurement
update step can be modified to handle polar and spherical
measurements, respectively. The results are summarized in
Section V.

II. THE BASIC FORM OF CUBATURE KALMAN FILTERS

As discussed in [9], cubature integration is based on the
Fundamental Theorem of Gaussian Integration, which states
that the definite integral of any polynomial up to a given
degree times a weighting function w having certain properties
can be determined exactly by a weighted summation of the
polynomial evaluated at certain fixed points based on the
weighting function. As an equation, for a scalar integral, this
means that

b n
[ w@gte) s =3 wigl6o), (1)
a i=0

where a and b are the bounds of the integral, w(z) is the
weighting function, g(z) is a polynomial, w; is a cubature
weight and &; is a cubature point (sometimes referred to
as a sigma-point in tracking literature). The cubature points
and weights are designed to be valid for all polynomials up
to a certain degree. For polynomials over that degree, the
integration can only be considered an approximation.

A monograph by Stroud [35]° discusses aspects of cubature
integration for many different weighting functions and regions
of integration. Common scalar weighting functions for d-
dimensional multivariate integrals in R are w(x) = el*I
and w(x) = el*I” . When w(x) = 1, common regions of
integration are the unit sphere (or hypersphere in more than
3 dimensions), cube (or hypercube), and simplex (a triangle
in 2D, a tetrahedron in 3D, and similar shapes in higher
dimensions). As demonstrated in [9], cubature formulae for
the weighting function w(x) = el*I* can be modified to work

3Stroud’s extensive monograph on cubature integration [35] is out of print.
Since the book was printed in 1971 and U.S copyright on a work published
in 1971 is valid 95 years from the copyright date [37], the copyright will not
expire until 2066.

for scenarios when one is performing an integral of a function
times a multivariate normal PDF having an arbitrary mean and
covariance. In other words, when dealing with integrals that
arise when deriving the CKF.*

Mathematicians have developed numerous cubature formu-
lae as tabulated in [35] and in the online encyclopedia of
cubature formulae at http://nines.cs.kuleuven.be/ect/ described
in [6]. Many versions of the CKF use cubature integration
without having derived it from the mathetical literature on the
topic. For example, while the formula underlying Arasaratnam
and Haykin’s CKF [2] is a third-order cubature formula, which
was derived with regard to the mathematical literature on
cubature integration, the so-called “unscented transformation”
in the unscented Kalman filter [21], [16], [27] is a third-
order cubature formula that was derived independently of
past mathematical work, Similarly, the recent smart sampling
Kalman filter [33] uses a stochastic method to choose points
for integration that are de facto cubature points.

The key to the CKF is the update step, which is an
implementation of the best linear unbiased estimator (BLUE)
using cubature integration to evaluate difficult integrals. The
BLUE is described in the context of target tracking (but not
cubature integration) in [38], where solutions for tracking
using polar measurements and using spherical measurements
are given using a Taylor-series approximation assuming that no
correlation exists between the noise corrupting the components
of the measurement. In practice, however, recursion is not
necessary as the algorithm is shown to perform well against
other techniques in [22].

On the other hand, a cubature-based BLUE can handle
more general scenarios, such as when correlation between the
components of measurements is taken into account or when
using empirical models of range-Doppler coupling, such as the
model of [5]. The estimation step in the BLUE/ CKF is

Wi

—1
Xijk =Xgjk—1 + Piji_1 (PZTk71> (zk — Zrp—1), (2)

—1 ’
Prk =Prr—1 — Pijia (PZTIQA) ( ifkfl) ; 3)

where Xj_1 is the predicted (prior mean) target state with
covariance matrix Pg;_; (a Gaussian distribution is assumed)
and Xy, is the updated (posterior mean) target state with
covariance matrix Py. z, is the measurement, and the term
‘Wi, is known as the “gain” of the filter. The other quantities
are given in terms of expected values as

Zijp—1 =B [h(xp, wi)| Z1.—1)] » 4)
Pyl :E[(Xk — Xpp—1) (26 — ik|k—1)l‘ Zl:(k—l)} , 5

Kk—1 :E[(Zk — Zpe—1) (zk — ik\k—l)/’ Zl:(k—l)} , (6)

4Cubature formulae for the weighting function w(x) = ell®l could
be similarly transformed to work with the Laplace distribution. Cubature
formulae for w(x) = 1 over regions of various shapes could be used for
evaluating polynomial integrals over uniform distributions of various shapes.
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where the conditioning Zy.x_1) is on all prior information
(which is assumed to result in a Gaussian prior distribution),
and h(xy, wy,) is the function that transforms that state x;, into
the measurement, including Gaussian measurement noise wy,
which could be additive or included in a nonlinear manner. To
simplify the discussion in this paper, the measurement noise
is assumed additive. That is h(xy) + wy, is used in place of
h(xr, wy). However, the concepts of this paper can be applied
to general noise models as in Section IX.C of [9]. In [38],
the BLUE problem is formulated slightly differently so that
the measurement is converted into the target state (Cartesian)
domain, whereas here, Zj;_1 is the conversion of the target
state into the measurement domain.

Though cubature estimation techniques have been developed
for circular probability distributions such as in [23], there
are no cubature estimation methods explicitly for measure-
ment models where only some of the components of the
measurement are circular, such as when given a range and
an azimuth measurement. Thus, this paper demonstrates how
linear models can be adapted to such applications.

Note that the assumption that the noise corrupting the
measurement is Gaussian-distributed is kept here. Strictly
speaking, the assumption regarding noise corrupting the an-
gular component is best described as wrapped normal, which
is described in [30, Ch. 3.5.7]. By approximating the noise
corrupting the measurement as being multivariate normal, it
is possible to approximately model cross-correlations between
angular and linear components. Also note that if the noise
variance on the angular component is small, standard methods
(possibly modified with a modulo operation) can be used to
approximately estimate the covariance matrix of the measure-
ments from measurement and truth data. This becomes clear
when examining the (scalar) clipped mod normal distribution
used in [11], which differs very little from a standard normal
distribution, but which can be applied to circular data without
explicit wrapping.

III. USING POLAR MEASUREMENT IN A CUBATURE
FILTER

A. The Method

In the standard CKF, one would expect problems to arise
when taking the differences of the angular components in
(2) when computing Xj, as well as in (5) and (6), when
computing Pifki1 and Pifkﬂ’ due to the difference between
angles being discontinuous at the 0 — 27 boundary in the
angular components of the innovation term z — 2y, and the
z — Z|x—1 terms. Additionally, the evaluation of the expected
value in (4) to compute the predicted measurements involves a
conversion of the target state into the coordinate system of the
measurement. When given measurements in polar coordinates
and a target state in Cartesian coordinates, however, problems
related to averaging angles can arise.

When finding the mean and variance of circular values, the
mean direction g is typically used in place of the arithmetic

mean and the circular variance org in place of the more

traditional standard deviation. Given an angle 6, the mean
direction and circular standard deviation are generally defined
in terms of average components i, and i, of an algebraic
average of unit vectors® 1 as well as the mean resultant length,

p such that
Uy 2 E [cosd] i, £ E[sin6]. @)

The mean resultant length, p, and mean direction, g, are
defined through the polar relation [30, Ch. 2.2]

Uy + jliy = pe’t, ®)
where j = +/—1. Thus,

p £\ Ju +u2

where arctan2 refers to a four-quadrant inverse tangent func-
tion. The circular standard deviation is defined as [30, Ch.
2.3]

1o £ arctan2 (Gy, Uy) , C))

L

os & —2Inp (10)

When deriving an angle-only recursive filtering algorithm
in [25], the authors made use of such circular statistics in the
context of circular probability distributions. However, here,
we consider the more general problem of handing both linear
(range) and circular (angle) measurement components, which
could possibly be correlated. In [30, Ch. 11.1], the concept
of a cross correlation between circular and linear terms is
defined and in [30, Ch. 11.3] the topic of performing regression
between circular and linear quantities is broached. However,
the regression technique is not sufficiently well developed to
completely replace the CKF and it would be inappropriate
to replace P, and Py | with components having fully
circular terms as long as the design of the overall measurement
update remained linear.

Even though a version of the CKF for mixed circular
and linear variables is not trivial to derive, one can assume
that a simple modification to a linear estimator would work
well. For example, in [10], when considering range ambiguity
resolution, which results from aliasing in range measurements
(a circular property), it is demonstrated that a simple algorithm
based on a linear model works nearly as well as an optimal
algorithm, because there is not much noise in a realistic sys-
tem. In the problem at hand here, simple ad-hoc corrections to
eliminate the 0 — 27 discontinuity can eliminate any problems.

Thus, the expected value in (4) is not implemented in the
traditional manner described in [9], which is

N¢
Zrpor =y wiCl, (1)
=0
where N
¢ = hXppe—1 + P _1€i) (12)

is the ith cubature weight out of a total of N, that has been
transformed to model the moments of the noisy target state
after measurement prediction, and the matrix square root in

5The algebraic mean of unit vectors is usually not a unit vector.
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(12) should be a lower-triangular Cholesky decomposition.
Rather, if the measurement function contains a circular com-
ponent, then that has to be averaged separately from the other
components in the manner of (9). Note that in (12), h is the
polar measurement function

h(x) = [/22 + y2, arctan2(y, z)]'. (13)
For the case where one has 2D range and position compo-
nents the steps are

1) Compute cubature points for the distribution of the
predicted measurement in the manner normally done
for cubature integration. That is, use (12). The cubature
point ¢Z = [¢7", ("] is composed of a range compo-

z,r z
nent (7 and an angular component (;".
2) The mean of the range components is found the standard

way as a linear sum

Nc
AT - 2T
Zk|k—1 —E wi;
i=0

3) The mean angular component, on the other hand, is the
weighted average of the direction vectors (the sample
mean)

(14)

u; = , (15)
sin (Cf’e)
Nc
u= Zwiui (16)
=0
éz‘k_l =arctan2 (uy, uz) . (17)

In other words, the cubature integration is used to
approximately evaluate the integrals in (7).
4) The predicted measurement is now Zyp_1 =

5 50
[zlrc|k—17 Zk|k_1y'

On the other hand, when evaluating the innovation term
Zk — Zg|k—1 in (2), as well the angular differences in(5), (6)
for Pif,%l and PZ‘Z,%l via cubature integration, an ad-hoc
method of dealing with the circular nature of the azimuth
component of the measurement is to realize that all differ-
ences between angles must be bound between +7. Thus, all
differences between angles should be wrapped into that region.
To wrap a value to the region (a,b), where a < b, one can
use the function

hY® (., a,b) = mod(z — a,b — a) + a, (18)

where mod refers to the modulo operation (the mod func-
tion in Matlab). For example, mod (12,5) = 2. Thus,
equation (2) becomes

-1

S s Tz 2z wrap >

Xplk = Xgp—1 + Py ( k\k—l) Pootar (Zk - Zk‘\kfl) J
(19)

where for some difference parameter Az = [Ar, Af]’,

hwrap ( ) r
P(Az) = .
polar Y (AD, —m, )

wrap
polar?

(20)

Using the wrapping function h
evaluated as

(5) and (6) are similarly

1) Compute cubature points for the distribution of the
predicted state in the manner normally done for cubature
z,r

integration. That is, use (12) to get {7 = [ ,Cf’e]’.
Also, save the non-transformed cubature points,

1
C: = Xp|k—-1 + P,j‘k_lC}:- (21)
2) Pifkq and szkq are evaluated as
Neo—1
~ raj ~ /
ifk_lz Zwi’ <C117 Xk““*l) hl\;volzfr (Cf — Zg|g—1, T, 7T) ’
=0
(22)
No—1
_ Wrap [ .z ~ wrap z ~ 4
szfl_ Zwih’polar (Cz - Zk|k—1) hpolar (Cl - Zk|7€—1) '
1=0
(23)

B. An Example

As an example, consider the problem of tracking a target
moving with a nearly-constant velocity in two dimensions.
This is a 2D order-1 version of the generalized model given
in Appendix A. Under this model the target state has the form
x = [z,y,2,y]) for 2D position (z,y) and velocity (z,7)
components.

Two scenarios are considered. The initial target states in the
scenarios are

x”) =[100km 0 —200m/s 0],
x =[~100km 0 200m/s 0]".

(24)
(25)

In both instances, the target is heading toward the origin
(where the sensor is located), but the target is on either side of
the y-axis. For polar measurements, where the range ranges
+7 measured counterclockwise from the z-axis, this means
that one would expect the traditional CKF to have significant
problems with the track having initial state Xél).

The simulations are run assuming that the components of the
Gaussian noise corrupting the range and angle measurements
are uncorrelated with range standard deviation o, = 20m
and angular standard deviation oy = 0.5°. The time between
measurements is a constant 7' = 3s. The process noise
intensity parameter is ¢ = 1 m?/s3.

The simulation is run using four filters. The first is a stan-
dard Kalman filter, which uses uses the first-two moments of
the Cartesian converted measurements computed using ninth-
order cubature integration, as done is in [9]. However, since the
fifth-order cubature relations given in [9] require points to have
three or more dimensions, the arbitrary-order 1-dimensional
routine of [15] is used with the product rule of [35, Ch. 2] to
make it two-dimensional. The second filter is the approximate
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Fig. 1. A comparison of the different filtering algorithms. In (a) and (b) the RMSE performance of the different filtering algorithms is shown. In (a), where
the initial target state is on the right of the y-axis, far from the &7 boundary in polar angle, all of the filters perform similarly, though if plotted, one would
see that the average normalized estimation error squared (ANEES) performance of the converted measurement filter is somewhat less statistically consistent.
However, in (b), where the initial target state is on the left of the y axis, near the -7 boundary, the performance of naive CKF is extremely poor. Observing
a sample Monte Carlo run, one would see that the naive filter experiences wild gyrations; the proper CKF implementation of this paper does not.

BLUE filter of [38], which avoids problems with angles by
performing the measurement update step with a different
formulation using Cartesian coordinates. The third filter is a
naive CKF with ninth-order cubature points, implemented as
described in [9] without accounting for the circular nature
of the measurements. The fourth filter is a “proper” CKEF,
which has been adjusted as described in this paper to avoid
problems with measurements near a £7 boundary. The two
implementations of the CKF use the same fifth-order cubature
points as used in the simulations in [9].

Figures la and 1b show the root-mean-squared error per-
formance of the filters in the two different scenarios. In 1la,
when all of the filters are far from the 47 boundary, the
performance is comparable, though the average normalized
estimation errors squared (ANEES) of the filters (a measure
of the consistency of the covariance matrix with actually
observed error, discussed in [9])® are comparable, except
for the converted measurement filter, which more frequently
leaves the 95% confidence interval (not plotted).

In 1b, when near the boundary, the naive CKF has extremely
poor performance. Viewing a sample Monte Carlo of the poor
scenario in Figure 1, one would see that the naive CKF has
wild jumps. On the other hand, when far from the boundary,
the performance of the filters is comparable.

The proper CKF avoid the problems of the naive CKF
having comparable performance and statistical consistency as
the approximate BLUE estimator of [38]. However, it should
be noted that unlike the BLUE estimator of [38], the CKF
can be used with polar measurements originating from other
propagation models. That is, the measurement function in the
filter can include some type of ray tracing or other effects.
For example, the measurement could consist of a 2D bistatic

%The ANEES is a less reliable measure of the accuracy of a covariance
matrix than the noncredibility index and the inclination indicator of [29], but
it is easier to understand at a glance than using two different measures.

range and angle. The filter of [38] has only been formulated
for the monostatic, refraction-free scenario.

IV. USING SPHERICAL MEASUREMENTS IN A CUBATURE
FILTER

A. The Method

When given measurements in spherical coordinates, the
same approach as in Section III-A is taken to approximate the
integrals in (4), (5), and (6) and to deal with the differencing
of direction components in (2). That is, find the average
direction instead of the linear mean, when averaging angular
components to get Z,—1, and wrap all differences between
angles to the appropriate region in spherical space.

The evaluation of Zjy;_ is straightforward since the aver-
age direction in spherical coordinates is a weighted set of unit
vectors. Note, however, that the computation of the unit vector
varies depending on how spherical coordinates are defined.
For example, a common representation of a point in spherical
coordinates is (7,6, ¢), where 6 is an azimuth measured in
the = — y plane, as radians counterclockwise from the x axis
and ¢ is an elevation above the plane. In such an instance, the
equations for a point (z,y, z) in Cartesian space given a point
in spherical coordinates is

x =rcos(f) cos(p) y=rsin(f)cos(¢d) z=rsin(e).

(26)

The inverse transformation is consequently,

r=vz?2+y?+22 0 =arctan2(y,x) ¢ =arcsin (E)

T
27

To find unit vectors for averaging, it given a Cartesian state
with position components x,, = [z, y, z]’, a unit vector u” is
simpl
ply ) X,
u = ——.
1%

(28)
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When given angular components, a unit vector u’ can be found
by evaluating (26) with » = 1.
The steps to find Zj,_; are consequently,

1) Compute the transformed cubature points ¢ =
(7", uZ]" using (12), where the function h computes
the range as in the transformation from Cartesian to
spherical coordinates in (27), but the unit direction
vector is computed using with the position components
of the cubature point 28.

2) The mean of the range components is found the standard
way as a linear sum,

Nc
AT _ L FET
Pklk—1 = E WG]
i=0

3) Average 3D unit vectors for all of the cubature points:

29

Nc
a=)» wui, (30)
i=0
éz‘k_l =arctan2 (ty, Uz) , 31
b . . U
2|k = arcsin (TSH) . (32)

where u = [Uy, Uy, .].
4) The predicted measurement is

now ik\ k—1
[2£|k71722|k7172;§\k71},'

Similarly to how the differences in Section III-A for the
polar coordinates are wrapped to the circle when computing
Pz klk—1 and P%7 Kk—1 from (5) and (6) as well as the difference
in (2), they will be wrapped to the sphere in this instance.
To wrap the differences to the sphere, note that differences
in azimuth and elevation can only vary in the range (£).
However, if the elevations are limited to the range +7 /2, then
there will be no issues (i.e. with directional statistics) taking
differences of points at the +-7r/2. Thus, it is assumed that all
points are first wrapped such that the elevation is in the range
+7/2. Though normally not an issue, Appendix B says how
to perform this type of wrapping.

Thus (2) for spherical measurements becomes

—1
A _ 3 Tz zz wrap &
Xplk = Xplk—1 T Pijr_q (Pk|k71) hegner (2 = Zkjk—1),

(33)
where for some difference parameter Az = [Ar, A6,
T
iher(2) = [P (6, =, ) (34)
¢

The algorithm for finding Pffk , and mel for spherical
measurements is then very similar to the algorithm for the case
with polar measurements:

1) Compute cubature points for the distribution of the pre-
dicted state in the manner normally done for cubature in-
tegration. That is, use (12) to get {7 = [¢7", Cf’a, Cf’d)]’
where ¢/ € (4m/2). Normally, nothing extra has to

be done to keep ¢ % in the proper range. Also, save the

non-transformed cubature points,

1
¢l =Xpp—1 + PRy, G (35)

2) Pilzk_l and P%7

k—1 are evaluated as

Nc—1

szil_sz g — Xk\k 1) hspher (Cf -z

/
Zk‘k—h -, 7T) )

(36)
Neo—1
~ ~ !
Rk 1—2% higher (C7 = Zkin-1) higner (€7 = Zhii—1) -
(37

where for some difference parameter z = [r, 6, @],

B. An Example

To demonstrate the necessity and limitations of the wrap-
ping algorithms four scenarios are considered, each differeing
in the initialization used. The initializations are

x)) =[100km 0 0 -200m/s 0 0],  (38)
(1) —[~100km 0 0 200m/s 0 0], (39)
(2) =[0 0 100km 0 0 -—200m/s]’,  (40)
=[a 0 a b 0 0], 1)

where
Y (1020)2 m e 20202 mfs.  (42)

In all instances, the target starts at the same distance and
speed, heading toward the origin. However, with xéo), the
target is far from the spherical poles and the 7 boundary
in azimuth; in x( ) it is near the =7 boundary in azimuth, but
far from the poles; in x( )it is directly at the poles, and in
xé ), it is at a 45° elevation and far from the £ boundary in
azimuth.

The same dynamic model is used as in Section III-B,
generalized to three dimensions, and range and azimuth and
elevation standard deviations are respectively o, = 20m and
o9 = 0¢ = 0.5°, which is the same range and azimuth
accuracy as in Section III-B.

Figure 2 shows the RMSE performance of the four filters
previously considered in the polar case, with the approximate
BLUE filter for spherical coordinates taken from [38]. For the
measurement conversion and cubature filters, the same fifth-
order cubature points were used as in [9]. As expected, all of
the filters have comparable performance in Scenario 0, which
is far from any boundaries and is not plotted, but in 2a, near the
azimuthal +7 boundary, the naive CKF performs very poorly.
On the other hand, when the trajectory starts at 90° elevation
in 2b, all of the filters except for the converted measurements
Kalman filter perform very poorly. For the cubature filters, this
can be explained by the fact that at exactly 90°, the azimuth
coordinate provides no information, but the (linear) method of
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Fig. 2. RMSE performance of the four filters under consideration when tracking in spherical coordinates. In Scenarios 0 and 3, the performance of all of the
filters is similar and is not shown. In (a), the target is near the £7 boundary in azimuth. In (b), the target starts at 90° elevation and goes down towards the

Sensor.

computing the correlation matrices in (5) does not assign zero
correlation terms due to artifacts of wrapping. In Scenario 3
(not plotted), the filters all appear to again be equivalent.

V. CONCLUSIONS

Corrections adapting CKFs to polar and spherical measure-
ments were provided, eliminating extremely bad performance
seen in certain regions with uncorrected filters. In the polar
scenario, the corrected CKFs had similar performance when
compared to an approximate BLUE estimator and were more
consistent than using a converted-measurement Kalman filter.
In the spherical scenario, the corrected CKF was found to be
more consistent that the converted measurement filter or the
BLUE at moderate elevation angles. With proper corrections
for the circular nature of the components, the CKF can handle
spherical and polar measurements arising from general ray-
traceable measurement models as in [8], making the routine
more generally applicable than the approximate BLUE esti-
mators.
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APPENDIX A
A GENERAL DISCRETIZED NEARLY-CONSTANT LINEAR
DYNAMIC MODEL

The tutorial [7] discusses continuous-time stochastic dy-
namic model. A linear time-invariant stochastic dynamic
model has the form

dxt = AXtdt + Dth, (43)

where x; is the continuous-time state with differential dx; (for
a differential time increment dt), dvy; is the differential Wiener
noise process, and A and D are constant matrices.

For one dimensional motion with an nth order model, with
n = 1 being nearly constant velocity, n = 2, nearly constant
position, and so on, the matrices are

0 for n = 0 (the scalar case)
A . ’ forn >0 “44)
0 Ol,n
On 1
D= 1’ , (45)

where ¢ is the process noise intensity. The A matrix just
integrates the moments upwards (velocity to position), and the
D matrix injects noise into the model. This implies that dv;
is scalar.

The mathematics for discretizing such a system are de-
scribed in [4, Ch. 6.2] and [31, Ch. 4.9]. If the interval between
discrete-time step k£ and k + 1 is 7' seconds, the discretized
dynamic model simplifies to

X1 = F(T)xp + vy, (46)

where the covariance matrix of the discrete-time noise is
Q(T). The elements in row r and column c¢ of the matrices
F(T) and Q(T) are

TCc—T )
D), ={ comp Temr=0 @7)
0 otherwise
T(n—'r')+(n—c)+1 )
QO = = o —nrm =g’ “®

To extend the model to multiple dimensions, multiple inde-
pendent 1-dimensional dynamic models can be stacked. If the
target state is should be in n-dimensional Cartesian space con-
sisting of components x = [1,...,4&pn, L1,...,Tn, &1 ...),
where a dot above the variable represents a derivative, then

Qn(T) :Q(T) ® In,n Fn(T) :F(T) ® In,m (49)
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where Q"(T") and F™(T') are the process noise covariance
matrix and state transition matrix for n-dimensions, I, ,, is
the n x n identity matrix and ® is the Kronecker product

operator, which is the kron command in Matlab.
APPENDIX B

How TO WRAP WITH MIRRORING

Given a direction in spherical coordinates (6, ¢), where 6
is azimuth and ¢ is elevation, but to which offsets have been
added so that 6 is no longer necessarily in the range of +7
radians and ¢ is no longer in the range +7/2 radians, the
point can be mapped back to the sphere as follows:

If mod <@,2> > 1 then
0 =h""(0, —m, ) ¢ = arcsin(sin(¢)) (50)
otherwise
0 =h*"*®O +7,—m,m) ¢ = arcsin(sin(¢)). (618

REFERENCES

[1] L. Angrisani, M. D’Apuzzo, and S. Lo Moriello, “Unscented transform:
A powerful tool for measurement uncertainty evaluation,” IEEE Transac-
tions on Instrumentation and Measurement, vol. 55, no. 3, pp. 737-743,
Jun. 2006.

[2] I. Arasaratnam and S. Haykin, “Cubature Kalman filters,” /[EEE Trans-
actions on Automatic Control, vol. 54, no. 6, pp. 1254-1269, Jun. 2009.

[3] I. Arasaratnam, S. Haykin, and T. R. Hurd, “Cubature Kalman filtering
for continuous-discrete systems,” IEEE Transactions on Signal Process-
ing, vol. 58, no. 10, pp. 4977-4993, Oct. 2010.

[4] Y. Bar-Shalom, X. R. Li, and T. Kirubarajan, Estimation with Applica-
tions to Tracking and Navigation. New York: John Wiley and Sons,
Inc, 2001.

[5] L. Bruno, P. Braca, J. Horstmann, and M. Vespe, “Experimental evalu-
ation of the range-Doppler coupling on HF surface wave radars,” IEEE
Geoscience and Remote Sensing Letters, vol. 10, no. 4, pp. 850-854,
Jul. 2013.

[6] R. Cools, “An encyclopaedia of cubature formulas,” Journal of Com-
plexity, vol. 19, no. 3, pp. 445-453, Jun. 2003.

[7]1 D. F. Crouse, “Basic tracking using nonlinear continuous-time dynamic
models,” IEEE Aerospace and Electronic Systems Magazine, accepted,
to Appear in 2015.

, “Basic tracking using 3D monostatic and bistatic measurements
in refractive environments,” IEEE Aerospace and Electronic Systems
Magazine, pp. 54-75, Aug. 2014.

[9] ——, “Basic tracking using nonlinear 3D monostatic and bistatic

measurements,” IEEE Aerospace and Electronic Systems Magazine, pp.

4-53, Aug. 2014.

——, “Maximum likelihood postdetection radar ambiguity resolution,”

IEEE Transactions on Aerospace and Electronic Systems, vol. 50, no. 3,

pp. 1876-1883, Jul. 2014.

D. F. Crouse, R. W. Osborne III, K. Pattipati, and Y. Bar-Shalom,

“Efficient 2D sensor location estimation using targets of opportunity,”

Journal of Advances in Information Fusion, vol. 8, no. 1, pp. 73-89,

Jun. 2013.

Z. Ding and B. Balaji, “Comparison of unscented and cubature Kalman

filters for radar tracking applications,” in Proceedings of the IET

International Conference on Radar Systems, Glasgow, UK, 22-25 Oct.

2012.

N. Fisher, Statistical Analysis of Circular Data.

Cambridge University Press, 1993.

N. Fisher, T. Lewis, and B. Embleton, Statistical Analysis of Spherical

Data. Cambridge: Cambridge University Press, 1987.

G. H. Golub and J. H. Welsh, “Calculation of Gauss quadrature rules,”

Mathematics of Computation, vol. 23, pp. 221-230, 1969.

S. Julier, J. Uhlmann, and Durrant-Whyte, “A new method for the non-

linear transformation of means and covariances in filters and estimators,”

IEEE Transactions on Automatic Control, vol. 45, no. 3, pp. 477482,

Mar. 2000.

(81

[10]

[11]
[12]
[13] Cambridge, UK:
[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]
[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

1557

S. J. Julier, “The scaled unscented transformation,” in Proceedings of
the American Control Conference, vol. 6, Anchorage, AK, 8-10 May
2002, pp. 4555-4559.

, “The spherical simplex unscented transformation,” in Proceedings
of the American Control Conference, vol. 3, Denver, CO, 4-6 Jun. 2003,
pp. 2430-2434.

S. J. Julier and J. K. Uhlmann, “A consistent, debiased method for con-
verting between polar and Cartesian coordinate systems,” in Proceedings
of SPIE: Acquisition, Tracking, and Pointing XI, vol. 3086, Orlando, FL,
23-24 Oct. 1997, pp. 110-121.

——, “A new extension of the Kalman filter to nonlinear systems,”
in Proceedings of SPIE: Signal Processing, Sensor Fusion, and Target
Recognition VI, vol. 3068, Orlando, FL, 21 Apr. 1997, pp. 182-193.

, “Unscented filtering and nonlinear estimation,” Proceedings of the
IEEE, vol. 92, no. 3, pp. 401-422, Mar. 2004.

J. R. Katkuri, V. P. Jilkov, and X. R. Li, “A comparative study of
nonlinear filters for target tracking in mixed coordinates,” in Proceedings
of the 42nd South East Symposium on System Theory, Tyler, TX, 7-9
Mar. 2010, pp. 202-207.

G. Kurz, Gilitschenski, and U. D. Hanebeck, “Deterministic approxima-
tion of circular densities with symmetric Dirac mixtures based on two
circular moments,” in Proceedings of the 17th International Conference
on Information Fusion, Salamanca, Spain, 7-10 Jul. 2014.

G. Kurz, I. Gilitschenski, M. Dolgov, and U. Hanebeck, “Bivariate
angular estimation under consideration of dependencies using directional
statistics,” in Proceedings of the 53rd IEEE Conference on Decision and
Control, Los Angeles, CA, Dec. 2014.

G. Kurz, 1. Gilitschenski, and U. Hanebeck, “Recursive B—ayesian
filtering in circular state spaces,” Jan. 2015. [Online]. Available:
http://arxiv.org/abs/1501.05151

G. Kurz, I. Gilitschenski, and U. D. Hanebeck, “Nonlinear measurement
update for estimation of angular systems based on circular distributions,”
in Proceedings of the American Control Conference, Portland, Oregon,
4-6 Jun. 2014, pp. 5694-5699.

n. Lefebvre, TiBD02, H. Bruyninckx, and J. De Schutter, “Comment on
“a new method for the nonlinear transformation of means and covari-
ances in filters and estimators” (and author’s reply),” IEEE Transactions
on Automatic Control, vol. 47, no. 8, pp. 1406-1409, Aug. 2002.

T. Lefebvre, H. Bruynincks, and J. De Schutter, “Kalman filters for non-
linear systems: A comparison of performance,” International Journal of
Control, vol. 77, no. 7, pp. 639-653, 2004.

X. R. Li and Z. Zhao, “Measuring estimator’s credibility: Noncredibility
index,” in Proceedings of the 9th International Conference on Informa-
tion Fusion, Florence, Italy, 1013 Jul. 2006.

K. V. Mardia and P. E. Jupp, Directional Statistics. Chichester, England:
John Wiley & Sons, 2000.

P. S. Maybeck, Stochastic Models, Estimation, and Control. New York:
Academic Press, 1982, vol. 2.

F. Sandblom and L. Svensson, “Marginalized sigma-point filtering,”
in Proceedings of the 14th International Conference on Information
Fusion, Chicago, Illinois, 5-8 Jul. 2011.

J. Steinbring and U. D. Hanebeck, “LRKF revisited: The smart sampling
Kalman filter (S2KF),” Journal of Advances in Information Fusion,
vol. 9, no. 2, pp. 106-123, Dec. 2014.

O. Straka, J. Dunik, and M. §imandl, “Randomized unscented Kalman
filter in target tracking,” in Proceedings of the 15th International
Conference on Information Fusion, Singapore, 9-12 Jul. 2012, pp. 503—
510.

A. H. Stroud, Approximate Calculation of Multiple Integrals. Edgewood
Cliffs, NJ: Prentice-Hall, Inc., 1971.

J. Traa and P. Smaragdis, “A wrapped Kalman filter for azimuthal
speaker tracking,” IEEE Signal Processing Letters, vol. 20, no. 12, pp.
1257-1260, Dec. 2013.

United States Copyright Office. (2012, Jan.) How to investigate the
copyright status of a work. [Online]. Available: http://www.copyright.
gov/circs/circ22.pdf

Z. Zhao, X. R. Li, and V. P. Jilkov, “Best linear unbiased filtering
with nonlinear measurements for target tracking,” IEEE Transactions
on Aerospace and Electronic Systems, vol. 40, no. 4, pp. 1324-1336,
Oct. 2004.




