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ABSTRACT 

The object of this work was to study and experimentally verify design criteria 
for a high power S band variable polarizer which transforms the TEIQ mode to vertical 
linear, clockwise circular, counterclockwise circular, or horizontal lineat polariza- 
tions.   Design objectives Include switching time less than 200 microseconds, and 
operation at 10 megawatts, 20 kilowatts average with a 40-microsecond pulse width, 
over the 3.1 to 3.6 GHz range.   The polarizer is required to process both transmitted 
and receiver signals. 

Nonreciprocal waveguide la* tng ferrlte phase shifters (phasers) were studied 
as the active elements of the polarizer. A dual-channel configuration employing eight 
90-degree phasers and a four-way power split were planned for the polarizer In order 
to minimize polarization errors and maximize yield of target signature Information. 

Breadboard phasers compatible with this concept were constructed on this pro- 
gram and tested for limiting, breakdown level, cooling effectiveness, and magneto- 
strlctlve effects. 

These units employed boron nitride heat sinks along the vertical sides of the 
ferrlte toroids, and a boron nitride toroid core In which cooling water was passed 
through a hollow stainless-steel charging wire.   Ferrltes with low normalized magnet- 
izations were used to suppress limiting.   The ferrlte toroids were 12 inches long and 
produced about 40-degree phase shift with 0.5 to 1.0 dB loss. 

The breadboard phasers showed no limiting up to 3 megawatts peak for 
normalized magnetizations as high as 0.383.   Breakdown levels were above 3 megawatts 
peak for 2-microsecond pulse width, and 0. 77 megawatt for 30-microsecond pulse width 
in units without charging wires at 25 psig air pressure.   The units with charging wires 
broke down as low as 0.5 megawatt with a 2-microsecond pulse.   Pressurizatlon and the 
presence of hybrid mode "blips" in the transmission characteristics were found to have 
a significant influence on breakdown level. 

Tests results indicated that waveguide height reduction would be needed to elimi- 
nate higher order mode resonances.   This would probably make it necessary to split 
power more than four ways to achieve full power operation. 

Program objectives were reduced to avoid the prohibitive expense of constructing 
full scale hardware. 

ill/lv 
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SECTION I 

INTRODUCTION 

L1       OBJECTIVE 

The objective of this program la the study and experimental verification of 
criteria for the design of a high power 6 band variable polarizer.   The function of the 
polarizer is to transform an input signal in the TEJO mode to vertical linear, clock- 
wise circular, counterclockwise circular, and horizontal linear polarizations. 

1.2       DESIGN GOALS 

Frequency 

Power 

3.1 to 3. 6 GHz 

10 MW peak, 
20kWav 

VSWR 

Insertion loss 

Switching time 

Pulse width 

Pulse repetition rate 

Isolation between polarization 
channels 

Phase nonlinearity at each 
polarization 

Phase nonlinearity excluding 
that due to the waveguide 

Amplitude response 

1.2:1 max 

1 dB max at band edges 

200 //sec max 

40 //sec min 

70 pps nominal 

30 dB min 

<±2.5° combined peak and 
random rms 

5° max 

0.5 dB combined peak and 
random rms 



Differential phase and amplitude 
between polarization channels 

Phase 0. 5o max 
Amplitude 0. 2 dB max 

Drift 

Phase l0Ar max 
Amplitude 0.2 dB/hr max 

Environmental temperature 

Operating -220C (-lOOF) to +490C (120OF) 
Nonoperating -40oC (-40oF) to +490C (120°?) 

1.3       APPROACH 

The system application required that the polarizer feed two equal amplitude 
outputs to the orthogonal arms of an orthomode transducer in the system.   The ortho- 
gonal arms of the transducer would be oriented 45 degrees off vertical so the ortbo- 
gonal components would combine in the transducer to form a resultant output in circular 
or square waveguide, with spatial polarization determined by the time phase relation- 
ships of the orthogonal inputs.   (See Figure 1.) 

Linear Vertical Output 

Circular Right-hand Output 

Circular Left-hand Output 

Linear Horizontal Output 

Vector directions represent spatial relationships.   Angular notations 
represent time phase of input components. 

Figure 1.   Typical Input and Output Phase Relationships 
at the Orthomode Transducer 
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The polarizer design concept involves use of ferrlte latching differential phase 
shifters (Figure 2) to set up the required phase relations nps in two equal amplitude 
signals fed to the transducer.   A waveguide hybrid divides the transmitted signal into 
two separate polarizer channels.   Additional hybrids further divide and recombine 
these signals so each individual phaser carries one-fourth of the total power. 

RECEIVER 

OUTPUT 

RECEIVER 

Figure 2.   Dual-channel Receiver Polarizer 

The phase shifters are nonreciprocal and provide a duplexing action which 
retains phase and amplitude information for the separate orthogonal components and 
permits reduction of target signature information from received signals scattered into 
various polarizations. 

Combinations of phase relationships required to set up the various polarization 
conditions are shown in Table I. 

The ultimate physical arrangement of the polarizer was conceived as resembling 
Figure 3. 



Table I.   Phase Shift of Each Element for Various Polarizations 

TRANSMIT CONDITION 

PHASER POSITION 

Polarisation *i *2 *. *4 *6 S 1 ** 

-^ IP 0 0 0 0 0 0 0 

^— )(-90 -90 -90 -90 -90 -90 -90 -90 

f r-9o -90 -90 -90 0 0 0 0 

♦ ll» 0 0 0 -90 -90 -90 -90 

/   0 -90 0 -90 0 0 0 0 

o ] -90 0 -90 0 0 0 0 0 

1 -90 -90 -90 -90 -90 0 -90 0 

1  -90 -90 -90 -90 0 -90 0 -90 

0 0 0 0 -90 0 -90 0 o 0 

0 

0 

-90 

0 

0 

0 

-90 

0 

-90 

-90 

-90 

0 

-90 

-90 

-90 

-90 0 -90 0 -90 -90 -90 -90 

Any 
Polarization 

RECEIVE CONDITION 

-90 -90 0 0 0 0 -90 -90 

0 0 -90 -90 0 0 -90 -90 

-90 -90 0 0 -90 -90 0 0 

0 0 -90 -90 -90 -90 0 0 



• 

RECEIVER    ««•,EI 

INPUT 

■ULTIMOE 
TMNSMCER 

■ILTimiE 
TRMSDUCER 

COOLAUT 

Figure 3.   Dual-receiver Output Polarizer 
Preliminary Layout 
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SECTION II 

SUMMARY OF PRIOR WORK ON 
CONTRACT F30602-67-C0004 

2.1       GENERAL 

The prior contract' was a study of the basic latching polarizer problem.   An 
analysis was made of factors affecting the polarization ellipse, and of the basic latching 
phase shifter design.   The phaser cross section of Figure 4, employing boron nitride 
heat sinks and a water-cooled toroid core, was tentatively selected on the basis of this 
work. 

TOROID CORE 

•CORE COOLING 

Figure 4.   Phaser Cross Section 

2.2 CONFIGURATION SELECTION 

To minimize differences in rf heating between the various phasers used in the 
polarizer, the individual phasers should all operate at the same power level.   The 
single-channel receiver shown in Figure 5 and the dual-channel configuration of 
Figure 2 both satisfy this requirement.   These were analyzed and compared on the 
previous program.   However, because the single-channel system does not accept 
received signals scattered into polarizations other than the transmitted signal, the 
dual-channel configuration was tentatively selected as superior.   The latter system 
retains phase ard amplitude information from the orthogonal components of the 
received signal.   Further, the four-way power split which occurs naturally in the 
latter system results in proportionately lower power to the individual phasers. 
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Figure 5.   Signal Relationships in Single-receiver Port Polarizer 

2.3       EXTERNAL SIGNAL POLARIZATION ANALYSIS 

A study was made of the effects of phase and/or amplitude errors in signals 
reaching the orthonaode transducer on the polarisation of the transmitted signal.   This 
study dealt with the following specific types of errors: 

Case I: Polarization tilt in a linear polarized signal, caused by 
C / D and/or 9-0/0 (Figure 6a); x     y 

Case II: Unwanted ellipticity in a linear polarized signal, caused by 
C = D and ö   =0   ¥ 0 (Figure 6b); x      y 

Case III:        Unwanted ellipticity with tilted major axis in a circular 
polarized signal, caused by C ^ D ; b   - 0 I = 90° 

(Figure 6c), or 

  



Case IV:       Unwanted elllptlclty without a tilted major axla In a 
circular polarised signal where C = D ; |öx    0 | ^ 90° 
(as in Figure 6c but with the major axis along either the 
horizontal or vertical direction). 

Error magnitudes associated with -30 dB unwanted signal components were 
determined to be as follows: 

Table n 

Case Inout 

Allowable Error                i 
ex. By Phase 

(Decrees) 
C/D Amplitude 

(dB) 

.1 Linear ... 0.549 

n Linear 3° 38« — 

m Circular — 0.2794 

IV Circular lo50' — 

Operatic» in the circular polarized modes (Cases III and IV) is seen to be about 
twice as sensitive to errors as the linear polarized modes.   The tabulated values pro- 
vide ail indication of the channel-to-channel differential phase and amplitudi accuracy 
requiren.ents which would be tolerable in a practical situation. 

A detailed analysis of the properties of the polarization ellipse is given in 
Appendix I of this report. 



MAJOR AXIS OF ELLIPSE 
PARALLEL TO INPUT 
SIGNAL 

♦ =/»x -•?/ 

ORIENTATION 
DIAGRAM 

RESULT OF C AND D 
ELLIPTICAL POLARIZATION 

INCOMING SIGNAL 
CIRCULAR POLARIZATION 

o.   C/D,)#x.9y|. 90 

Figure 6.   Error Resultant of Conditions 
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2.4       INTERNAL SIGNAL ERROR ANALYSIS 

A computer study was also made to determine the effects of Internal phase and 
coupling errors on the phase and amplitude of the polarizer outputs to the transducer. 
The circuit signal flow model and notation employed are shown In Figure 7. 

In this analysis, a perfect initial power split is assumed (A = B = 1).   Errors 
were introduced symmetrically in each channel as phase errors in the hybrids or 
phasers, or as coupling errors in the hybrids. 

The applicable equations are as follows: 

c-V+Vt"A (co8 K - «2j) 

0   = tan 
x 

-i 
fXj sin d1 + X2 sin d2 

Xj cos dj + X2 cos 62 

D'Y1* Y2   * 2 Y1Y2  H  K " *4|) 

0   = tan 
y 

-1 
X1 sin 63 + Y   sin 64 

Yj cos *3 + Y   cos d4 

where 

xi= hh^J**^ 
X2 = L2L4 yi^v/I^"^ 

Y2 = V-B^^^^ 

dl = ei + e2 + *l+*3 

62 = *2+ *4 

W *4+V*7 
64=*6+ ** 

11 



The preceding terms are located In the diagram of Figure 7 and are defined as 
follow«: 

L terms - losses associated with phase shift elements 

K terms - coupling factors of hybrids 

A and B terms - output powers from multimode transducer 

$ terms - phase shift through hybrids 

9 terms - phase shift through phaser elements 

Table in 

Run* 

Coupling Error Phase Error 

Output to Transducer 

A/C=B/D 

Angular Error 

C=3*(   )dB 01-4 e *A               9B 

1 0 <2- ±5° max . 133 dB max ±00 1.45«      iO0!^' 

2 0 ±2° max ±2° max 0 ±4°                 440 

3 0 ±50 0 .033 dB ±4059.28'      ±40 59.28 

4 0 0 ±50 . 033 dB ±50 0. 72'      ±50 0. 72« 

5 -0.1 0 ±50 . 033 dB max ±5° 7. 71'      ±50 7. 71' 

6 +0.1 0 ±5° . 033 dB max ±40 53.84'     ±40 53.84' 

* 1 Phase slope of couplerb adds to phase slope of phasers 

2 Phase slope of coupler compensates for phase slope of phasers 

3 Phase slope of phasers ■ 0 

4 Phase slope of couplers = 0 

5 Coupling -0.1 dB; coupling phase varied ±5° 

6 Coupling +0.1 dB. coupling phase varied ±50 

12 
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Because of anticipated ability to balance channel-to-channel phase offset by 
length adjustment or IF phase adjustment, effects of channel asymmetry were not 
analyzed, nor were the effects of variations in L (loss).   However, on the basis of 
computed data and anticipated system adjustment capability, C-D unbalance of 0.3 dB 
and 0A ~ 0B values near 3 degrees were estimated to be realistic.   Use might be made 
of complementary characteristics in the phasers and couplers to further improve 
balance or flatness. 

The orthomode transducer was assumed perfect in the above analysis.   Any 
phase and/or amplitude errors anticipated in the transducer would also have to be 
taken into account in an overall system error budget. 

2.5        PHASER STUDIES 

2.5.1 General 

The configuration study had indicated the polarizer phaser should res ■mble 
Figure 2, employing a 4-way power split and eight identical 90-degree building block 
phasers feeding an orthomode transducer tilted 45 degrees.   Each phaser would trans- 
mit one-fourth of the total transmitted power.   This design permits all phasers to 
operate at the same power level and temperature. 

The phaser cross section of Figure 6 was recommended for study on the present 
program, based on heat-dissipating capability and the need to minimise the chance of 
limiting and breakdown. 

2.5.2 Heat Dissipation 

Based on 5 kW average transmitted power and 0.5 dB loss per 90-degree 
element, approximately 500 watts could be dissipated in each toroid.   In order to 
avoid magnetostrictive effects, it was deemed necessary to maintain a thermal stress 
level well below 500 psi.   Figures 9 and 10 summarize the findings of the prior program 
regarding approximate dimensional relationships required to maintain given stress levels 
at 500 watts dissipated.   Ferrite is assumed to have a thermal resistance of 6. 70C/W/ 
in.Vin., and a modulus of elasticity of approximately 25 x 106.   Stress is assumed to 
be bending stress resulting from the temperature differential through the toroid wall 
with the toroid wall constrained flat.   Core cooling was considered essential, since it 
reduces temperature differential to about one-quarter of what it would be with external 
cooling only, as shown in Figures 6 and 9. 

14 
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•COKE COOLING 

WITH COME COOLING 

L_ TEW> DIFFENENTIAL 
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CTENP DIFFENENTIAL 
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47018 

Figure S.   Temperature Gradient of Phase Shifter Cross Section 
With and Without Core Cooling 
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In interpreting the curves, it must be borne in mind that toroid dimensions are 
critically dependent on phase and loss requirements, and cannot be independently ad- 
justed to achieve optimum thermal properties.   Toroid length is limited by maximum 
loss considerations.   Minimum cross section is controlled by phase.   Preliminary 
microwave measurements and calculations indicated that a 24-inch length was the max- 
imum practical value, both from microwave loss and mechanical considerations. 

2.5.3  Limiting 

The previous study included measurement of limiting thresholds for various 
materials, for comparison with the curves of Figure 11, which had been generated 
earlier on Contract AF30(602)4122.    Points near the right side of the curve showed 
good correlation.   Points near the left side had thresholds above the limit of the high 
power facilities available (>230 kW peak).   Although the exact shape of the curve near 
the left side is not precisely defined, it is evident that very high thresholds are attained 
when normalized magnetization values are below approximately 0.275.   Because of 
uncertainties in the shape of the curve, the work on Contract F30602-67-C00041 resulted 
in recommendations that a conservative approach to limiting suppression be followed, 
including both use of full height waveguide and low normalized 4nMs. 

L 
BAND 

S 
BAND 

C 
BAND 

X 
BAND 

100 

80 

60 

00 

20 

O A/ DOPED YIG 

• 0.15% Gd DOPED YIG 

A 0.30% Gd DOPED YIG 

A 0.U5* Gd DOPED YIG 

5500 

3520 

1980 

880 

220 

850 315 

5»W 202 

306 114 

136 51 

m 13 

0 0 

125 

80 

45 

20 

0 0.2 
MT1B 

0.4 0.6 0.8 

Ms =      47rMs/F 

1.0        PEAK POWER EQUIVALENTS   IN 
TYPICAL PHASE SHIFT STRUCTURES 

(KILOWATTS) 

Figure 11.   Limiting Thresholds for Various Materials 
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2.5.4  Breakdown 

Contracts F30602-67-C0004' and F30602-68-C00062 both showed that relatively 
high breakdown levels could be achieved if air gaps between *oroids, cores, and wave- 
guide are either totally eliminated or filled with a high dielectric strength potting 
material, such as Sylgard 184. 

This prior work showed tha* the breakdown capability of 0.875-inch high wave- 
guide was marginal at 250 kW peak, and for this reason full height (1.340 inches) wave- 
guide was recommended for the present program.   Breakdown capability of 1 MW had 
been attained with this type of construction in a C band phaser at a 2.5-/isec pulse width 
on Contract F30602-68 COCCG. 

Scaling from this figure, using the formula: 

where 

2.2x 104 

P = relative internal pressure 

p = pulse width 

r = repetition rate 

f = frequency in MHz 

A and Ag ■ free space and guide wavelength 

a and b   = cross-sectional dimensions of guide 

and, assuming differences in repetition rate and distance from cutoff are insignificant, 
indicates that, with one atmosphere overpressure in the S band waveguide: 

19 



Breakdown S bmd      /2.5     S. 6S0\V3   / 1.0  x 1.340^ 
Breakdown C band     \ 40      3 

6,660^   /1.0   xl.340\ / V' = 

3. 300/      \0.660 x 0.822/ \ / ' 

Breakdown S band - 4.76 (C band value) 

= 4.76x1.060 

= 5 MW 

This figure, though recognized as optimistic, was considered indicative that the tenta- 
tive cross section selected was adequate. 

2.5.5 Higher Order Modes 

A full-height phaser configuration was determined to be capable of higher order 
mode propagation, resulting in insertion loss "spikes" under some circum3tances. 
Computer studies indicated that the more Important higher order modes could probably 
be prevented by proper choice of dielectric constant in the core. 

2.5.6 Other Findings 

'r*& prior program showed that magnetostrictive effects played a significant role 
in determining the sensitivity of phase shift to average power.   CVB (calcium vanadium 
bismuth) garnets were shown to be appreciably less «r usitive to average power heating 
because of their lower magnetostrictive constants. 

Phase shift per inch was found to be adjustable over a wide range by adjustment 
of core material and toroid wall thickness.   Essentially flat phase versus frequency 
characteristics are attainable in each case by adjustment of waveguide width.   Design 
curves permitting selection of optimum parameters were generated. 

2.6       ELECTRONIC DRIVER 

Because of the moderately long switching time (when viewed from typical latching 
phaser requirements), the driver for the phase shifter was placed at a low priority level. 
A suitable breadboard driver was constructed to obtain phase measurements. 



Because of the large coercive field, Hc, and typically poor B-H loop character- 
istics of CVB and low 47rM8 YIG materials, it was determined that the driver needed to 
deliver very large pulse currents, in the order of 25 to 100 amp. 

For laboratory use, three methods of drive can be used: 

1. Capacitor discharge •  •  • For saturation drive only; lab tool 
only; 

2. Transistor pulse circuitry • • • Requires parallel transistors 
to attain current; typically transistors are slow but will meet 
specification requirements, and 

3. SCR circuitry •  •  • Similar to capacitor discharge circuitry 
but could be developed into full driver; employs SCR as trigger 
for capacitor discharge circuit. 

The breadboard driver employed parallel 2N3445 transistors and included an 
adjustment whereby current could be set to the desired level.   This driver had a peak 
current capability of approximately 60 amp. 
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ACTIVITY UNDER CURRENT CONTRACT F30602-68-C-0143 

3.1       INITIAL DEVELOPMENT STUDIES 

Because of the need for internal as well as external cooling to maintain reason- 
able toroid temperature, the following design criteria were imposed: 

1. Reduce toroid wall thickness to a minimum; 

2. Core material should be good thermal conductor; 

3. Cooling to waveguide side walls was necessary, and 

4. Use maximum practical height of waveguide to assure 
optimum design for limiting arc-over. 

Unfortunately, most of the above design requirements oriented to high power 
operation are in partial opposition to good phase shifter design.   Typically: 

1. As toroid wall thickness is decreased, phase shift/inch 
decreases at a rate greater than insertion loss/inch, thus 
producing higher overall phaser loss. 

2. A good thermal conductor material such as boron nitride 
has a relatively low dielectric constant, resulting in low 
phase shift/inch when used as a core material within the toroid. 

3. Cooling structure from toroid to side wall also possesses 
some dielectric constant (c « 4.5).   For this application, 
low dielectric constants (f s 1) are desired; the higher 
value of € = 4.5 results in approximately 10 percent loss 
in phase/inch. 

4. The width of the core must be maintained at a value compatible 
with internal cooling. 

5. Increase in height beyond 0. 3 Ag leads to the possibility 
of moding in the loaded structure. 

6. Because of the rigidity of the internal cooling structure 
(which also becomes the charging wire), construction 
takes the form of a split core and split toroid. 

23 



Within the limits of the above constraints, an additional series of computer runs 
was made to determine configuration for zero phase slope, etc.   These runs were also 
oriented towards the optimization of the unit within the limits imposed, especially in the 
areas of phase shift per inch and insertion loss. 

3.2        HARDWA RE DESIGN 

The cross section chosen from the computer data of paragraph 2.5.4 is   hown in 
Figure 12. 

Figure 12.   Chosen Computer Cross Section 

When transformed into a suitable piece of hardware, the cross section becomes 
that of Figure 13. 
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Figure 13.   Computer Cross Section Transformed into 
Practical Hardware Cross Section 

Note that to reduce continuity of gaps in toroid/core surfaces to a minimum 
consistent with good arc-over practice, the core is split parallel to the broad wall 
whereas the toroid is split parallel to the narrow wall.   Not only can assembly be 
thus attained but such toroid splitting permits the internal grinding of the toroid re- 
quired for excellent toroid-core fit.   Use of bo  ;n nitride as the core material offers 
the advantage that hand-fitting to essentially zero tolerance can be attained as boron 
nitride is a soft, easily shaped material. 

3.2.1  Material Choice 

As discussed in Section 2, two possible material choices were available; that 
is, aluminum-gadolinium doped YIG and calcium vaiadium bismuth material (CVB). 

hi addition, the curve of Figure 11 shows a relationship between peak power and 
hcrit which is only true for the cross section diesen for experimental study; that is, the 
cross section of Figure 14.   Although approximate correlation of limiting for the cross 
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section chosen for the polarizer phaser element was passible on a mathematical basis, 
it was decided that several materials would be evaluated for power handling, limiting 
threshold, and phase shift parameters. 

Hie materials chosen were: 

Material Family 47rM8 (gauss) 

G437 CVB 
G518 Gad Alum YIG 
G312 Gad Alum YIG 

280 
250 
410 

Note that G312 has a moderately high 47rMs (m8 » o. 383) for this application. 
This choice was made to determine, if possible, the relationship between hcrit and 
Ppeak that would probably not be attainable with the other material choices. 

4M5B 

5CJ-I6.0 

Figure 14.   Typical Phase Shifter Cross Section 



3.2.2.   Hardware Fahriotloa 

Four test structures were fabricated, two with charging wire-cooling structures 
and two without. The units without charging wire-cooling structures were to be used as 
a control for studying the arc-over effects of this metallic part within the waveguide. 

The units were designed with waveguide cooling separated from charging struc- 
ture cooling, again for studying the effectiveness of this structure in removtog iotemal 
heat. 

All units were designed for pressunzation.   A special absorber design was used 
«here the charging wires penetrated the waveguide wall which would not only isolate 
the wire electrically from the waveguide, but would also act as an rf absorber while 
assuring proper sealing for pressurization. 

3.3       TESTING 

The structures were evaluated in four basic stages: 

1. Mechanical:  check for pressurization, water leaks, etc.; 

2. Low level evaluation:  insertion loss, VSWR, differential phase, 
etc.; 

3. Medium power evaluation: to 200 kW peak and 900 watts 
average, with various coolant configurations, and 

4. High power:  various power levels, peak and average, 
various pulse lengths. 

3.3.1  Mechanical Evaluation 

Pressurization tech^q-es proved adequate.   It was found that although the 
pressure to obtain adequate waterflow through the charging wire-cooling structure was 
reasonable, due to the nerecsary increase in length of final unit, the pressure necessary 
was quite high.   This could be remedied in the final design by using a plated, stainless 
steel, thin wall structure, thereby increasing internal waterflow cross section with no 
further compromise of rf properties. 

RF suppressor design was adequate. 
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S.S.2  LOT Power EvahMtttoa 

Low power evaluation of the four tent units included the following: 

L     VSWR va frequency; 

2. Loss vs frequency, and 

3. A<p (saturation drive). 

Each of the four units was evaluated for insertion loss and VSWR over the fre- 
quency band 3.1 to S. 6 GHx.   Plots of these data are given in Figures 15 and 16.   ft is 
interesting to note that of the two toroid lengths evaluated, no appreciable increase in 
loss is associated with the longer of Hie units.   It can thus be assumed that only a small 
portion of the loss is associated with the dielectric and magnetic losses of the toroid 
itself.   It could also be assumed that increasing unit length to that necessary for 
90-degree final hardware would also only slightly increase the loss over the values re- 
corded. 

It is also noted that those units with internal charging/cooling structure (units 
with 12-inch material length) show the effects of this structure in their loss and VSWR 
plots.   Hie combined causes of full height waveguide and luge charging structure re- 
sult in a high probability of moding. 

• 
The phase shift of the units with charging structures is as follows: 

G437 »370/12 in. « 3. lo/in. 
G518 * 480/12 in. « 4. (jo/in. 

The above values were measured using a capacitor discharge driver which 
yields high currents and essentially saturated drive. 

Note that although the 47rM8 of G437 (280 gauss) is higher than that of G518 
(250 gauss), the phase shift was appreciably lower.   This is the typical result of low 
remanence ratio Uft found for the CVB family of materials.   This material was chosen 
not for its remanent properties, but because of its essentially zero magnetostrictive 
properties and as such could yield acceptable phase shifts under such /in environment 
as encountered in the polarizer. 

G312 (410 gauss 47rMs) was not checked for phase shift since it was used only 
in a housing without charging wire.   This material was chosen only for limiting study 
which will be discussed in later sections.   It would be reasonable to assume, however, 
that phase shift for this material would approach 6. 60/in. because of its higher 
remanent magnetization. 
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3.1 3.6 
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Material G5:8 Material G518 

FREQUENCY GHz FREQUENCY GHz 

Material G312 Material 0312 

Figure 15.   Plots of Insertion Loss and VSWR Vs Frequency. 
6-Inch Toroid Lengths.   No Charging/Cooling 
Structure. 
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Figure 16. Plots of Insertion Loss and VSWR Vs Frequency. 
12-Inch Toroid Lengths. With Charging/Cooling 
Structure. 
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3.3.3 Medium Power Evahiatiop 

The four test unite were checked under one or more of the following conditioos: 

1. Average power to 900 watts (cw); 

2. Short pulse peak power (250 kW peak, 1 /isec), and 

3. With and without water cooling through the charging structure. 

The units were checked for phase degradation with power and limiting. 

Under these test conditions, all units survived the testing with no physical or 
electrical damage.   In addition, all units (including that with G312 material) showed no 
signs of limiting at peak powers to 250 kW. 

Phase shift as a function of average power and phase shift at 900 watts average 
as a function coolant flow through the charging structure were measured for the units 
containing G437 and G518 materials.   These data are given in Figure 17.   From these 
data, it is clearly seen that for average powers in excess of 1000 watts, core cooling 
is not only advisable but necessary, and that the chosen design is effective in reducing 
temperatures within the structure. 

3.3.4 High Power Testing 

The four test units were high-power evaluated at Microwave Associates, Tube 
Division, Burlington, Massachusetts on April 28 to 30, 1969. 

The units were retnatched to produce adequate VSWR responses in the available 
hi01 power frequency range of 2.8 to 3.1 GHz. 

For convenience, each unit has been designated by a serial letter as tabulated 
below.   Also given are material parameters of each material for easy cross reference. 

Toroid      SMED 
Unit   Length Matl. No. 4yrMa 4H Tan 6 _€_ 

A       12 in.        G437          280 210 0.0007 17.1 
B       12 in.        G518          250 130 0.0006 14.9 
C         6 in.        G518          250 130 0.001 14.9 
D         6 in.         G312          410 105 0.0008 14.9 

Composition 

CVB 
GdAlYIG 
GdAlYIG 
GdAlYIG 
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All units arced during the test.   The units without charging structures withstood 
power levels higher than those with charging structures. 

A summary of the tests is given in Table in. 

Table m.   High Power Test Results 

1                         Unit A B C, D 

Max power at 2-^sec pulse,                         1.0 MW 
25 psi air in guide 

0.5MW 3.0MW 3.0 MW 

Max power at 30-//sec pulse,                         — 
25 psi nitrogen 

~"— 0.86MW — — — 

Arc level (MW) 1.0 0.5 0.77 3.0 

Pulse width when arced (//sec) 2.0 2.0 30.0 2.0 

Pressure when arced (psig) 25 25 25 15 

Limiting observed No No No No 

Typical loss, dB 1.0 1.0 1.0 1.0 

Phase shift at 0.25 MW   39.4° —_   

Phase shift at 0.5 MW 41.1 — 

The 2-^sec pulse width tests were conducted at 2.8 GHz, and were performed 
to examine limiting and breakdown characteristics.   No HuUing occurred, even in the 
unit with G312 which has a relatively high 47rM8.   This result would indicate that be- 
cause of the full height and reduced loading factors that the relationship between hcrjt 

and peak power originally used was conservative and that the higher 47rMs material 
with greater phase activity would be acceptable. 

Unit D was "deliberately" arced In the 2-^ sec pulse set up by reducing pressure 
in successive 5-psig steps to permit extrapolation to a safe pressure-power combination 
to use in later 30-/«sec pulse tests.   Units A and B (those units with charging structures) 
broke down at unexpectedly low power levels and only one phase data point could be taken 
on each. 



The wide pulse tests were conducted at 2. 91 GHz.   Unit C, the only surviving 
unit after 2-fiaec testing, was evaluated.   It withstood 0.86 MW peak, 5.15 kW average 
without arcing when pressurised with 2S-psig nitrogen.   With 2S-psifc air, however, it 
broke down at 0.77 MW peak, 4600 watts average. 

When disassembled, all units showed the same type of damage.   Arc tracks were 
confined to the torold-matching transformer interface (across the end of the toroid) 
except in Unit C which arced at SO-fiaec pulse.   In Unit C, the Rexolite matching trans- 
former at the input end was also badly burned and cause 1 a large amount of soot to be 
deposited over the waveguide interior.   This burning of the Rexolite would indicate the 
need for all ceramic transformers at high power levels.   The burn indicated not only 
arcing damage due to high peak powers, but also disintegration due to high temperatures 
generated by losses within the structure.   (Note: the transformers are not cooled.) 

Figures 18 through 24 show the interior appearance of the units after disassem- 
bly and include closeups of typical arc damage. 
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Figure 18.   Unit A after Disassembly 
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Figure 19.   Unit B after Disassembly 
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Figure 20.   Unit C after Disassembly 

Figure 21.   Unit D after Disassembly 
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Figure 22.   Input Trmsformer of Unit C 

Figure 23.   Closeup of Arcing and Toroid Breakage at 
Toroid-transformer Interface 
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Figure 24.   Closeup of Arcing at Toroid-tranaformer Interface 
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SECTION IV 

CONCLUSIONS AND RECOMMENDATIONS 

4.1 GENERAL 

As a result of the high power testing, the program was re-ev -Uuated as to the 
probability of success with redesign within the present time/dollar scope of the con- 
tract.   The probability of attaining the design goals of the program was considered of 
sufficiently low level that the recommendation was made to terminate the contract with 
completion of this final report summing results to date. 

4.2 FINDINGS AND CONCLUSIONS 

1. The ferrites selected do not limit, up to S-megawatts peak. 

2. L_ojrtion loss tends to decline slightly with increasing power. 
This is believed to be a temperature effect. 

3. The insertion loss of a typical 90-degree phase element even 
for redesigned units would be approximately 1.0 dB. 

4. Presence of the charging-cooling structure aided phase 
performance but has a notlcable adverse effect on breakdown. 
R is believed that this is a result of excitation of "hybrid," 
or cross-polarized modes by a combination of the presence of 
charging wire within the structure and use of full height waveguide. 

5. Arc damage is confined almost exclusively to the toroid- 
matching transformer interfaces, whether there is a charging 
wire or not.   This same effect was noted at C band und r 
Contract F30602-68-C-0006,' RADC-TR-68-5S7, and as 
noted, does not appear to be related to the abrupt waveguide 
width discontinuity. 

6. Substitution of air for nitrogen or reducing air pressure both 
result in reduced breakdown levels. 

7. No significant workmanship defects were found when the units 
were disassembled and inspected.   Small adhesive voids about 
0.015 dia were found in corners.   However, the relation between 
these and arcing, if any, was totally destroyed along arc paths. 

39 



8. Some ferrlte breakage was evideat at tiie end of the torolde wimre 
«res occurred.   Additional breaks occurred during disassembly 
for inspectian, probably because considerable force was necessary 
to overcome adhesive bonds. 

9. Rodesi gn of the unit would moot likely be oriented to f je use of 
the higher ATTUQ garnet material possibly is a reduced height struc- 
ture to suppress "hybrid" mediae.   It is questionable, however, 
if this redesign would be capable of approaching the design goals 
of this program. 

4.3       RECOMMENDATIONS 

The concepts of the polarizer design using latching phase shift elements to 
attain high speed polarisation switching are sound.   The use of power splitting with 
known recombinations for all polarisations is especially advantageous in that each 
element of the system is subjected to equal powers at all times, thus assuring stability. 

I 

Because of the phase element nonreciprocity, duplexing is inherent in the 
structure. 

The results of this investigation also indicate that phase shifters capable of 
handling very large peak and average powers may be designed at some future time. 
However, the present state of the art, both in ferrite materials and unit construction, 
is not far enough advanced to achieve these goals. 

As a result, it has been recommended and accepted that this contract be 
terminated until such time as the probability of success is increased by further develop- 
ments in phaser and material technology. 
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APPENDIX I 

A SUMMARY OF THE GEOMETRICAL PROPERTIES 
OF THE POLARIZATION ELLIPSE 
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1 
ELLIPTICAL POLARIZATION 

A SUMMARY OF THE GEOMETRICAL PROPERTIES 
OF THE POLARIZATION ELLIPSE 

1.   INTHODUCTION 

la.   Definition of Elliptical Polarliatlon 

The description of an elliptically polarised wave is usually simplified by 

breaking the wave down into two separate components and treating them separately. 

These two components generally take one of two forms: 

(1) Two linear waves whose polarisation planes are in space 
quadrature and which exhibit an arbitrary amplitude and 
phase difference. 

(2) Two circularly polarised waves of arbitrary amplitude 
and phase rotating in opposite directions. 

Throughout this discussion we shall consider only the linear components of 

case (1), propagating along the positive z-axis, and at the same frequency. 

The resultant of the E vectors of the two component waves will in general 

spiral about the axis of propagation at the component wave frequency, varying in 

amplitude at twice the component wave frequency. 

If we allow the resultant wave to pass through a plane perpendicular to the 

direction of propagation, the tip of the E vector will, in general, trace out the figure 

of a i ellipse.   It is this characteristic which in fact gives rise to the terminology. 

The sense of rotation of the E vector in the plane of projection determines whether 

the wave is "clockwise" or "counterclockwise."  Stated more exactly: A wave is 

elliptically polarized in the clockwise sense if the projection of the E vector of a 

wave progressing toward the observer rotates in the clockwise direction. 

Confusion often arises at this point due to the fact that various writers as- 

sume different points of observation when describing rotation.   In many discussions 

of polarization it is not clear whether one is speaking of rotation in the projection 

plane or in space or for that matter which side of the projection plane is being ob- 

served. 
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We shall always consider propagation toward the observer, along the posi- 

tive z axis and in a standard right-hand coordinate system. Our plane of projection 

may then be chosen as the X Y -plane in its standard orientation. 

lb.   Basic Geometric Definitions 

It will be the purpose of this memorandum to describe in detail the proper- 

ties of the polarization ellipse.   To avoid any later problems in notation we shall 

here define our system as completely as possible. 

Figures la and lb indicate our basic coordinate system, the z axis is out of 

the drawing plane.   Figure lb also Indicates a rotated coordinate system (X     Y ) 
K       H 

and the angle ß by which we shall measure the degree of rotation.   The conventional 

quadrant notation is also shown. 

Figure 2 shows a polarization ellipse of some general size and orientation 

as it might appear on the XY -plane.   The purpose of the system X       Y   is now 
K R 

clear, the angle ß is always chosen to align the rotated system with the axes of the 

ellipse. 

From Figure 2 and the previous paragraph we may specify the important 

quantities to be used in describing the ellipse, they are: 

(1) E , E    - the amplitude constants of the two orthogonal waves. x     y 

(2) ^ - the angle which the major axis forms with the X axis. 

(3) 2a, 2b -  the major and minor axes of the ellipse. 

(4) 6   - the phase angle between the two component waves. 
E 

(5) tan a   • =•   = the amplitude ratio 
x 

(6) tan AC = ~ = the axial ratio of the ellipse. 
ft 

(7) The direction of rotation around the ellipse. 

1c.   Selection of Approach 

For the purpose of this discussion we shall assume that an eliiptically polar- 

ized wave is composed of two orthogonal linear waves of arbitrary amplitude and 
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(a) The Coordinate System Used in This Analysis 

MUB 

(b) ^, The Angle of Axis Rotation 

Figure 1.  Definition of Coordinate Systems 
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phase as described in Sectic.i la.   To help avoid confusion, the analysis is divided 

into two main sections.   Section 2 will be concerned with directly deriving the equa- 

tion of the polarization ellipse, whereas Section 3 will develop expressions for each 

of the important characteristics of the ellipse. 

In general the approach taken is to assume that E , E   and 6 are known and x     y 
then to solve for ß, tan X, and direction of rotation.   If d is not known and only ß and 

tan x si's known, it is still possible to construct the ellipse so that its relative diraen- 

E 
sions are correct by solving the general equation (5) for ^   •   For this purpose E 

ti x 

E 
and E   may be expressed as a "normalized ratio" ^   , where E   = 1 without changing 

the following analysis. 

The relationships between the several variables and a discussion of three 

examples appears In Section 4. 

TAN  X = b/a 
TAN a ■ly/lx 

MITB 

Figure 2.   Definition of the Various Terms Used in This Analysis 
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2.   DERIVATION OF THE POLARIZATION ELLIPSE 

2a.   The General Equation 

Consider the two orthogonal waves: 

X =  E   cos x 

Y » E   cos 
y 

m 

Where E , E   are horizontal and vertical amplitude constants, i  ,  i   are phase 

angles and cj(t --) Is In radians expressed as having an arbitrary time origin.   X 

and Y are, therefore, the components of E, the resultant electric vector at any time 

t.   The equations (1) represent a curve traced out by the E vector in the X Y-plane 

and are termed parametric equations. 

Letting uV ■ u(t - ^) + ^, and 6 = <„ -  Ä,, we redefine the time orgin 

and simplify the equations.   We now have: 

X =  E   cos uV x 

Y = E   cos (uV + 6 ) 
y 

Expanding Y we obtain: 

Y = E   cos M') cos 6 - sin (uV) sin 6 . 

Eliminating (uV) from (2) and (3) gives 

fe-W-Mt) 8in2<J 

which may be reduced to 

(2) 

(3) 

E 

X. 
2 

x 
„2 

2 X Y cos < 
E   E x   y 

= Bin' i . (4) 
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2    2 By multiplying (4) by   E   E    we may reduce it to a completely general 
M  y 

form, 
• 

2    2        2    2 222. E  X   + E   TT - 2 E   E   X Y cos 4  - E   E   sin   <   = 0. (5) y x x   y x   y 

This compares directly to 

AX2  +  BXY + CY2  +  DX +   EY +  F = 0 (6) 

which is the general second degree equation in X and Y. 

In our case O = E = 0, and the term in (XY) indicates a rotation in the X Y- 

plane.   The determinant of (4) or (5) may be evaluated and predicts the locus of 

points to be an ellipse.   As an aid to plotting the figure we may solve (5) for its 

(X, Y) intercepts and points of tangency to the lines X = ±E   and Y = ±E .   These 
m y 

points are, respectively, X = ±E   sin 4 , Y = ±E   sin 6 and ±(E . E   cos <J), x y x     y 
±(E   cos d, E ).   In general these eight points will allow a fairly accurate sketch of 

M y 
the ellipse to he made. 

2b.   Rotation of the Axes 

Referring back to Figure 2 we may draw upon analytic geometry to write a 

set of transformation equations to go from the X Y- plane to the X_ Y   - plane or n    n 
vice-versa, they are, 

X  = X    cos ^   -  Y-, sin ß 
R R (7) 

Y = X_, sin ^  +  Y_ cos ß n n 

X_= Xcos^ +  Ysin^ 
R (8) 

YR =  -Xsin^ + Ycos^. 

Applying (7) and (8) to (5) we could obtain a new equation in X   and Y   which would not 
K H 

have a rotation term.4 The equation obtained is rather complicated in appearance and 

adds little insight into the problem at hand. This method is used, however, to obtain 

the expression for ß given in Section 3a. 
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3.   PROPERTIES OF THE POLARIZATION ELLIPSE 

3«.   The Inclination of the Ellipse 

The evaluation of ß may be taken directly from analytic geometry by apply- 

ing equations (7) and (8) to the general second degree equation (6) and setting the co- 

efficients of the (X Y) terms equal to zero. This approach yields 

tan 2/9  - B 
A -C . A - C ^ 0. 

If A = C, ß = IT/4.   Applying this to (5) results in the useful expression 

(9) 

or 

fi 

2 E   E   cos 4 
tan2 ß   = - x   y 

2      2 
E   -E 

x      y 

= -Arctan 
1 

12 E    E   cos 6 
y   x 
2       2 

E   -E 
L     x       y 

(10) 

(11) 

If tan 2 ß is negative, we take 2 ß in quadrant n, if positive in quadrant I; therefore, 

we always have 0 < ß < n/2.   At this point ß is the smallest, positive   angle of 

rotation which will align the X   axis with either axis of the ellipse; this will be clari- 
11 

fled further in Section 4. 

Equation (10) may be written in a different form by referring again to Figure 

2 and defining a new angle a by 

E 
tana = ■=*  . (12) 

From trigonometry tan (2 a) = 
2 E   E 
 L_x 

2       2 
E   - E 

x       y 

, and from (10) 

tan 2 ^  = tan (2 a) COB 6, 

which will be useful in the next section. 

(13) 
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3b.   The Axial Ratio of the Ellipse 

In this section we shall take a slightly different approach to the solution of 

Ut«. * problem by assuming the form of the parametric equations and setting up 

certain u. ?s which will allow us to express the axial ratio In terms of 6, E , 

and E . 
y 

Consider the eh..      of Figure 2 as it Is situated In the rotated (X    Y ) 
K      K 

system.   We may write Its equation immediately by inspection; it is 

a b 

In parametric form this becomes 

X     = a sin on 

Y    = b cos u t 

and by the use of the rotation equations (7) we may write 

X  = a sin ut cos/? -bcosotsin/? 

Y = a sin ut sin ß + h cos ut cos ß. 

(15) 

(16) 

These form the parametric equations of the ellipse in the XY-pIane.      Rather than 

trying to eliminate (ut) we shall instead assume that we may write these in the form 

X  -  E   sin M + O 
X 1 

(17) 
Y  =  Eysin(wt+ 62) 

which we already know is true from equation (1) and our treatment in Section 2a. 

Setting X s X and Y 5 Y in (16) and (17) and expanding (17) by trigonometry 

we obtain 

E   sin (ut) cos 4    +E   coa Qjt) Bin 6.   ■  a sin (wt) cos ^  - b cos (ost) sin/? 
x ix i (18) 

E   sin (ut) cos 4     + E   cos (cot) sin 4    =  a sin (ut) sin ß  +  b cos (ut) cos/?. 
y ^      y • 
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Equating coefficients of sin (ut) and cos (cjt) gives 

and 

E   cos 4,  = a cos/? 
x 1 r 

±E   sin d,   - Tb sin ^ 
x 1 

E   cos dn = a sin i9 y         2 ^ 

E   sin dn = b cos ß. 
y        2 

(19) 

(20) 

Eliminating d , '« by squaring and adding (19) and (20) gives equations for 

E   and E   in terms of a, b, and ß. 
x y 

I 2       2 o      .2   !  2«' 
E    = 4|a   cos   p + b   sin P 

r2       2~      ~2       iT* 
E    =^a   sin   ß + h  cos P 

Next we shall multiply (19) and (20) together to obtain 

2 2 
E   E   sin 6n cos <J   - E   E   cos in sin A, = a b cos  ^ + a b sin ß 
xy 2 Ixy 2 1 

which reduces to E   E   aln (6n - 6.)  = ab x   y 2      1 

or 

E   E   sin i = a b . 
x   y 

By squaring both sides of (21) and adding we immediately obtain 

2 2        2 2 
E    +  E    = a    + b 

x y 

and by combining (23) with (24) we have 

OK 2E   E 2 a b x y    .   . 
 r sin o. 2      2 2       2 

a   + b        E   + E 
x      y 

Using equation (12) and defining 

tan AT = « a 

A-9 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 



(see Figure 2) we nay rewrite equation (25) as 

sin 2 AT =  sin 2 a sin 6 . (27) 

Equation (27) expresses the axial ratio as a trigonometric function of E , E , and 
*    y 

sind. 

3c.   The Sense of Rotation 

Rather than attempting to carry a sign convention throughout the preceeding 

analysis to explicitly indicate rotation sense we shall take a more clear-cut approach. 

Referring to equations (2) and actually plotting the ellipse as a function of 

time will reveal the fact that rotation direction is entirely a function of 6. 

Stated more definitely:  0< d < TT produces clockwise polarization and 

n < A < 27rproduces counterclockwise polarization, with the sense defined as in 

Section la.   The values 6 = 0, n, 2n... cause the ellipse to degenerate into a 

straight line, i.e., linear polarization, in which case rotation is meaningless. 

4.   DISCUSSION OF RESULTS 

4a.   Summary of Equations 

For the sake of clarity we shall here include Figure 2 anc* all associated 

equations of importance to evaluating the ellipse. 

TAN   »•»/• 
TAN  • •Er'Cx 

tan a = -' 
x 

Figure 1.   MlnlUoa oC the Various Terma Uaad In Thla Analyala 

tan A"  -  b/a (Axial Ratio) 

2 E   E   cos 4 

E   - E 
x      y 

Or, in trigonometric form, 

tau 2 ^ = tan (2a) cos <* 

sin 2 AT = sin (2a) sind 

(12) 

(26) 

(10) 

(13) 

(27) 
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As stated previously, no sign conventions have been followed; it is believed 

that confusion can be best avoided by considering the discussion In Section 4b. 

4b.   Limits of the Various Quantities 

As already stated in Section 3c., d as used in all equations may vary be- 

tween 0 and 27r.   0<6< n = C.W. rotation, rr < ^ < 2 "" = C. C. W. rotation. 
£ 

From our definitions, tan of      =*■ and tan X = b/a are always positive 
x 

numbers, where 0 < <* < n/2 and 0 < AC < n/4. 

As stated in Section 3a., ß is always between 0 and 7T/2 and Is not related 

to either the major or minor axis but rather to any axis of symmetry in the first 

quadrant.   We may most conveniently relate ß to the major axis by adopting a con- 

vention concerning d. 

If -n/2< 6 < 7r/2   the major axis of the ellipse lies In the first quadrant and 

ß may be determined directly by equation (10) or (13); note that cos d in this case Is 

always positive.   If 7T/2 <6<  - ^the major axis of the ellipse lies In the second 

quadrant and ß may be taken as 90° plus the angle calculated from (10) or (13).   Cos 

Ö is negative in this case.   If cos rf = 0   we have /?=0IfE>E,and;9= n/2 If ^ x       y ^ 
E   > E .   stated more generally:   If tan 2 /? = 0,  ß= OlfE  > E   andS= 7T/2 If E >E 

y      x x       y V    > 

The conditions on 6 may be summarized in a graphic form and are shown 

in Figure 3.   The limits of the other variables are summarized here: 

E 

x 2 

Q<- <1 0<X<z 0 <6 <2n a 4 

E K v b 
tan a = -zr tan X = - ii a 

x 

* as defined above 
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4c.   Specific Examples 

Case I E 10 
y 

E    =  20 
X 

6  ~   90C 

From Figure 3 the major axis is in quadrant I and the sense is clockwise. 

From equation (10) tan2^ =0and^ = 0, since E   > E   the major axis Is parallel 
x       y 

to the X axis.   The ellipse is bounded by the lines X = ±20 and Y = ±10 and the axial 

ratio is given by equation (27) as 

sin 2 AT ■ sin (2a)(l) 2 (10) (20)     _   4 
2 2        5 

10    +  20 

therefore 2 AT = SsV, X = 26034^   The axial ratio is b/a = tan AT = . 5000, which could 

have been determined by Inspection In this case.   The ellipse is shown In Figure 4. 

r/2 

C.W.ROTATION 
MAJOR AXIS IN II 

C.C.W. ROTATION 
MAJOR AXIS IN H 

MIM @ 

B 
C.W.ROTATION 

MAJOR  AXIS IN QUADRANT I 

0,2ir 

C.C.W. ROTATION 
MAJOR AXIS IN QUADRANT I 

3/2r 

Figure 3.   Sign Conventions Pertaining to 6, the Phase Angle 
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Case II 

S^     b ^\ 
Y > 

k J T" 
^^^^ 
 ^ 

^(EY) 

i MM *-20(Ex)—* 

Figure 4.   Illustration of Example 1 

E    =  10                                 d =  120° 
y 

E    =  20 
X 

From Figure 3 the major axis is in quadrant II and the sense of rotation is 

clockwise.   From equation (10) tan 2 /? = - - and ^ = 73 9', or using 90° + ^ to put us 

in quadrant ü, ß = ^^O'.   Using (27) to evaluate sin 2X we obtain sin 2 JT = 

4 ) sin 120° = 0. 7008, a«! (2X) = 44029^  X therefore is 22014' and - = tan ^ = 5 a 
0.4088.   The intercepts of the ellipse with the E , E    box as given in Section 2 are 

x      y 
± (E , E   cos d) and ± (E cos AE ); from this information the ellipse may be x     y x y 
sketched and is shown in Figure 5.   Note that by using Figure 3 to fix the position of 

the major axis, there is no confusion in determining jf. 

Case III E    = 30 
y 

E    =  26 x 

d =  190 

From Figure 3 the major axis Is in quadrant n and the sense of rotation is 

counterclockwise.   From equation (10) tan 2 )9 = 6. 82, 2ß = 81o40l and >? = 40O50^ 
2 (30) (26)sind Adding 90° to this gives ß ■ i^SO'.   Equation (27) gives sin 2 X = 
(30)2 + (26)2 

=  (0. 99)   (. 1737)    and     sin 2 X= . 1720.   2X= 9054' so thatX= 4057' and tanX - 

-= .0866. a 

A-13 
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Figure 5,   Illustration of Example 2 

The locus of the ellipse is sketched in Figure 6, If d had been 180   the 

ellipse would have degenerated into a straight line. 

Several general statements about Ö may prove helpful at this point. 

• 6 = 2 nn    n=0ll, 2.,,, gives a "straight line" ellipse in 
quadrant I 

• I ■  (2n+l)7r  n = 0, 1,2,,, give8 a "straight line" ellipse 
in quadrant 11 

• (J      (2 n + l)7r/2    n = 0, 1, 2, ... gives an ellipse whose axes 
line up with the   X Y -axes.   Note that this condition is suf- 
ficient but not necessary since if either E   or E   equals 

zero, the ellipse becomes a straight line along one axis. 
In this case 6 has no meaning. 
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. 

Figure 6.   Illustration of Example 3 
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