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SUMMARY

The classical theory of range performance is reviewed, and some further

relationships derived. The first part of the paper deals with 'specific range',

which is the instantaneous range performance of an aircraft at a point on a

cruise trajectcry, in terms of distance covered per unit quantity of fuel

consumed. The secon, part of the paper is concerned with the integration of

specific range ovwr a given flight trajectory, to give the 'integral range' on

a given quantity of fuel; comparisons are made between the ranges obtained using

various cruising techniques, and some numerical examples are included.

This Report is a combination of two Technical Memoranda issued in 1970,

and replaces these in a form suitable for widez distribution.
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INTRODUCTION

There are three main ingredients in the calculation of the range of an

aircraft:

(i) it's performance during climb, cruise and descent, for a range of

conditions of weight, speed and altitude,

(ii) estimation of fuel available after taking into account payload and

reserve fuel requirements, and

(iii) choice of flight trajectory such as cruise speed and height, climb and

descent paths, distance for diversion, and time for holding*.

The procedure for estimating range, given the above information, is

described in Ref. 1; since this Report was not given a wide circulation, much of

it is repeated in Appendix A for convenience of the reader. If such information

is not available, range performance has to be obtained from estimates of drag,

thrust and fuel consumption characteristics. The most important part of this,

except for very-short-range aircraft, is the performance during cruise,

generally referred to as the 'specific range', which is the instantaneous value

of distance covered per unit quantity of fuel consumed (at a given aircraft
weight, speed and altitude). Typically, specific range is quoted in nautical

miles per pound of fuel; miles per gallon is now rarely used because of possible

confusion between US and Imperial gallons**, and because of differences in

density between various fuels.

For civil aircraft, specific range is normally the subject of guarantees

between the manufacturer and airlines, and checks on specific range performance

at a number of speeds and altitudes form an important part of the flight-test

programme of a new aircraft. The results of such tests are also of great

interest to the airframe and engine designers, because they provide a means

of checking original design estimates for drag and fuel consumption-.

Estimation of specific range is described in section 2, and the theory

for the particular case of a parabolic drag polar is discussed in section 3.

Section 4 deals with maximum specific range in general, and section 5 with

maximum specific range for the classical case when a parabolic drag polar can

This Report is written in terms of a typical civil transport mission; however,
much of the Report is also relevant to military aircraft missions.

3
**One Imperial gallon = 0.1605 ft = 1.201 US gallons = 4.546 litres.

J~i
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ba assumed; relatimnship's for cruise at constant speed, const,.ut engine

setting, and constant altitude are derived. Numerical exmnples are give.n in

Appendix B.

Integration of the specific range ovct, a given flight trajectory, for a

ch-olge of aircraft weight equal to the fiel c. •sumad, gives the range. This

is discussed in sections 6 and 7 for cruisin2; techniques such as the Breguet

Vcruise--c;i.mb', and cruising at constant altitude wifh either lift-to-drag

_ioi speed, or thrust kept constant, L-omparisons are made of the ranges

obtained using thea%ý: various cruising techniques and numerical sný:amples are

given in Appendix C. All .:beory in theae sections is based on the assumption

tiat thp specific fuel consumption remains essentially constant along the

cruise trajectory considered. This is a- reasonable assumption when cruise

3peed is constant, but may not be striztly correct if there is a large change

of speed over the cruise trajectory. The use of a power-law approximation

to the vaiiation of specific fuel consumption with spced is discussed in

Appendix D. There can also be a variation of srecific fuel consumption with

teaierature, ioe. with variation of height in the troposphere. However, since

most cruise-climb traj'ctories ate used only by long-range aircraft flying

in the stratosphere, this is rarely a problem.

ESTIMATION OF SPECIFIC RANGE

The rate of change of aircrafc weiJght, being equal to the rate at which

fuel is consumed, is given by

dW -f

where 2 specific fuel consutrtion (sfc)

T = thrust

W Aircratt weight.

The instantnauwous value of range in still air is then giveen by

I R - Vd . ... d W 2V'F

V . ori.,: t rpe airspeed.
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l'.w in ,ear!xr level cruising flight, because the incidence and attitude

are snimall, it can be assumed that lift is equal to weight, and that thrust is

equal to drag, :r.) the expression for specific range becomes

dR V I V L (3)

which, for speed in knots, sfc in lb/lb/h, and aircraft weight iii poutids, has

the units of nautical miles per pound of fuel.

In some theoretical studies (e.g. Ref.3), it is more convenient to work

in terms of an overall efficiency of the powerplant, qP , defined as

V
cH 

(4)

where H = the calorific value of the fuel.

The expression for specific range then becomes:

dR npH H L
dW - T -~ TW D (5)

The calorific value of kerosene is 18550 btu/lb. For usc. in a range

equation, H needs to be expressed in appropriate length units Thus it

should be noted that

18,ý50 btu/lb = 18550 x 778 ft lb/lb = 14.43 x 106 ft

14.43 x 106 ft = 4.398 Mra

2733 mile (statute)

2373 n wile (UK)

2375 n mile (internationa;).

S3 PECIFIC RANGE BASED ON A PARABOLIC DRAG POLAR

The ;-jAilest expression for the total drag coefficient of an aircraft,

and one which accords very closeiy with actual drag characteristics for a wide

range of ,.ircraft :ypes is

C (C C C +-- )
I) 0 . 0 CA
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where C = drag coefficient at zero lift*

CD. = lift--dependent drag coefficent
1

K lift-dependent drag factor

A = aspect ratio

C = lift coefficient E L/j pV2S = W/qS

P = air density

S = wing area.

Thus the ratio of drag to lift is the-n

D CDC D

D = C -C o + A CL (7A)
L *L

which on substitution for CL gives
kL

D(V 2  _2K(WA

Thus the lift-to-drag ratio, required for use in equation (3), car. be

obtained by taking the reciprocal of D/L in equations (7A) or (7B), depending

on which i3 the mcst cunvenient form to use.

When a number of results are required, over a range of speeds for examle,

a convenient method is to base the calculation on conditions for minimum drag.

Differentiation of equation (7A) with respect to CL gives the condition

D(D/L)/DCý I 0 for mpaximum lift-to-drag ratio (and for minimum drag) as:

S~K •2
C K - 2 and C -2C .(8

D0 TA CLmd m W 2D 0

whert, the suffix md is for minimum-drag conditions.

it follows that

* rAC D\

.. ; t Le aOmIt f,* C,,11 el , ,, - wuing the term 'drag coefficient at
zero I itt' is not vc. ry raeningful. For the purpose of pprformance computa-
tion,,, lh.ever, teqk.ation (6) can be used as a 'bes-t fit' over the range of
jift. coefficiens which are of interest.
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(Ima iTA (10)
00max 

--K

and

Vmd = k y (11)

Combining equation (10) with equations (7A) and (7B) gives

(D) In/CLmd + LV- 2 (d\ 2 1max D L C L [( 2[tS_ = _+V___• + = •-
iDn. L L md

(12)

where 2 V 2 Lmd
V2 CL

Equation (12) is a perfectly general function that applies to any aircraft

whose drag characteristics can be represented by equation (6). The variation of

lift-to-drag ratio with speed is tabulated below.

m = V/V 0.9 1.0 1.1 1.2 1.3 1.4 1.5
md

(L/D)/(L/D)max 0.9782 1.0 0.9821 0.9370 0.8765 0.8096 0.7423

Using such values, specific range can be obtained from the expression

dR V L V ()max
d-W cWD cW 2 1 (13)

m + --

m

Equations (7B), (12) and (13) above are in a form from which it is

convenient to calculate D , L/D and svecific range at a given speed. If one

wishes to estimate the speed and specific range of an aircraft at a given
2thrust, then equation (7B) has to be solved as a quadratic in V , i.e.

22 2T 2 4KW2

(V) (V) + 2 0
SDo Ap S CD0

0
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the solution of which is

= W2 D i

V2 T 1 = S TI m-i (14)
PSCD 2 2 P( T D,, T

L max I L j
i.e. i j .

2 I V2 n (15)m V 2 - D. T2 I15

V min Tmd n

A numerical example is given in Appendix B.

4 MAXIMUM SPECIFIC RANGE

Maximum specific range, at a given aircraft weight, will occur when

(V/c)(L/D) is a maximum, and different values will be obtained depending on

the cruise condition specified, i.e. whether constant speed, constant engine

setting, or constant altitude. On the assumption that engine specific fuel

consumption does not vary along the cruise trajectory for each of these cruise

techniques, the relationships between lift and drag to obtain maximum specific

range are derived below, and it is shown that these relationships are indepen-

dent of the way in which drag varies with lift.

4.1 Constant speed

For cruise at a constant true airspeed, it follows directly from

equation (3) that maximum specific range will occur when drag is a minimum

(i.e. when the ratio of lift to drag is a maximum). The same is also true for

cruise at a constant Mach number in the stratosphere, where the temperature

and speed of sound are constant.

4.2 Constanr engine setting

At a ,iven engine rev/min, engine performance in the stratosphere (where

temperature :s constant) is such that thrust may be assumed to be directly

proportional to air density, and specific fuel consumption remains constant.

Usually, also, thrust is sensibly independent of speed (at subsonic speeds).

For these conditions, a simple relationship between lift and drag to obtain

best specific range can be derived, provided that there is sufficient thrust

at the maximum cruise rating of the engines for flight in the stratosphere to

be attained. The required relationship can be obtained by substituting in

equation (3)
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C ( D) - (CD) (6

and it follows that

-R 2T) = (17)

Thus the condition for maximum specific range in the stratosphere, at a

given engine setting, occurs when CL/C3/2 is a maximum (or when C 2L!C is

a maximum).

4.3 Constant altitude

The obtain the relationship between lift and drag for maximum specific

range at a constant cruise altitude, V in equation (3) can be eliminated by

substituting

V (18)

giving C1/2
dR L 2)• L (19)

Sd-- CD

Thus the condition for maximum specific range at a given altitude
1/2(p constant) occurs when C /C is a maximum.
L D

4.4 Summary of conditions for maximum specific range

In the three previous sections it has been shown that maximum specific

range in the following cruise conditions is obtained when

For constant speed - C L/CD is a maximum.

For constant engine setting - C2 / 3 /C is a maximum.
L D

For constant altitude - C1/2/C is a maximum.
L D

It is emphasised, once again, that these conditions have been derived

without making any assumptions in regard to the way in which lift and drag

"vary with speed. However, they apply only to the case of specific fuel

Sptconsumption constant.

It should be noted that pi appears in the denominators of the

expressions for specific range, and this is one fundamental reason why high

cruising altitudes are chosen for jet aircraft when good range performance is

required.

).

I " "_ _- ' . . .. " ' . . . . . . . . .. . .._
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5 MAXIMUM SPECIFIC RANGE WITH A PARABOLIC DRAG POLAR

The relationships between I ft a7!- diag for maximum specific rang,

obtained in section 4, are now used with the theoi-y of section 3, to obtain

relationships for maximum specific range, for the case where an aircraft's

drzg characte-istics can be represented by equation (6). Numerical examples

are given in Appendix B.

.1.1 Constant speed

F-om section 4.1, we have that maximum specific range at a constant speed

occurs vhe,. drag is a minimum, and equations (9), (10) and (II) then apply. In

particular, we get from equation (11) that

SVd a (;s = (V) (20)
md \ OS) VAC 'Do e Mc

is a constant for a given aircraft at a given weight, where (Ve) md is the

minimum drag speed in eas(V = V f-) , and o is the air 6,ernsity relative

to sea level conditions.

Hence the miaximurn specific range condition for any required true airspeed,

V , is obtaiined at an altitude d-fined by
re qd

S(Ve)md
O = VrArq (21 )

.2 Cons t,.nt n•ne seft t_ n_.
-- 2- iw -- e/S11Ct,-

Maxiinwn specific range in this case is obt -ined when C' A is dL 1
iimaximum, and equation (]A) gives

C CIo )

C II

oh i di Cf e t--. I ,f :ti r I iI W re. - pe Ct to / 'V 8

W!)i ,' t , oet t ; r' s t ei' ti s it tn'] it a 0 i tLt ait engine s,' t i ng It
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"(AC = 0.707 CL (23)

es / 2• md md

3 (KCDo f _ L"max (L) 0.943 (24)

es 2

2 e 4V md = 1.189 V md (25)
esLes

5.3 Constant altitude

Maximum specific range in this case is obtained when CI/CD is a maximum,

and equation (7A) gives

CD CD0 + K C3/2

L L

1I/2gie
which on differentiation with respect to CL gives

D 3K C2 i.e. 3 D (26)
D0 iA Lh " h D 0

where the suffix h refers to conditions at a constant altitude. It follows

that

C _A3K - C = 0.577 C, (27)

r3 md

ID - C 2 = 086(28)

' D/ 0*6(1)ah 4 Do 2 D) max ( a

Vh = _2W = 3 = 1.316 Vd (29)L h S C h]

The effects of variation of sfc with speed (at constant altitude) on

specific range are discussed in Appendix D.

)•i
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6 PRELIMINARY REMARKS ON INTEGRAL RANGE

The distance covered during cruising flight (in still air) is obtained

by integration of the 'specific range' over a change of aircraft weight equal

to the weight of fuel consumed, i.e.

iF (

cruise range R = - dW (30A)

W.

and

dW = dWF (30B)

dR V
where - dW = c-T = specific range from equation (3)

W. = aircraft weight at start of cruise

WF = weight of fuel consumed.

It is often sufficiently accurate to obtain cruise range by multiplying

a mean specific range by the weight of fuel consumed, since the variation of

specific range with weight is usually close to linear.

Thus, we have, approximately, that either

R = (x)) W x WF '31)

Wi-T

or

2 2Ld di d+ ( j F (32)

where the subscripts i and f refer to initial and final conditions,

respectively.

For instance, in the example from an aircraft performance manual given in

Fig.], for an initial cruise weight of 260000 lb and 80000 lb of fuel consumed,

we get
Method Method dRý n mile/lb Range n mile Error %

Integration 0.0380 3040 -

Equation (31) 0.0382 3056 +0.5

Equation (32) 0.0377 3016 -0.8

/
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However, 'or theoretical work and early project studies, it is more

convenient to obtain cruise range from direct integration of equation (30A)

over a chosen cruise trajectory. In some cases, it is then necessary to

assume a law for the variation of aircraft drag with speed, such as those

given in equations (6) and (7).

The integration of equatic.n (30A) is discussed in the next section, which

cc 1 lects together and extends the classical theory of range performance of

jet aircraft in cruising flight, for conditions where engine specific fuel

consumption can be assumed to remain essentially constant during the flight.

7 RANGE EQUATIONS

7.1 General remarks

It can be seen from inspection of equation (3), that one simple* class

of cruise trajectories that can be considered, consists of those where speed

and/or the ratio of lift to drag are kept constant throughout the flight.

Keeping the ratio of lift to drag constant, also means that the aircraft

incidence and lift coefficient will remain constant.

Examination of the basic equatior

L = W = CLqS = CL pV2 S (33)

shows that (ignoring Mach number effects) flight at constant lift coefficient

can be achieved in the following ways:

(i) speed MV) constant. This requires the cruise altitude of the

aircraft to be steadily increased as fuel is consumed, in a way such that air

density is proportional to the weight of the aircraft,

or ('ii) altitude (p) constant. This requires the speed of the aircraft

to be stAdily reduced as fuel is consumed, in a way such that V2 is

proportional to the weight of the aircraft,

or (iii) dynamic pressure (q) proportional to the weight of the aircraft.

However, an infinite variety of combinations of p and V is then possible,

and this case is not amenable to a general theoretical approach.

Case (i) above is generally referred to as the Breguet 'cruise-climb'

technique; it may not be acceptable in many situations because of the

* i.e. simple from the analytical point of view.

)l
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Žquirements of Air Traffic Control. Case (ii) which requires a steady

decrease in speed during the cruise is unlikely to be acceptable to airlines as

a normal operational procedure. These somewhat 'academic' cases are considered

in sections 7.2.1 and 7.2.2, respectively.

The more practical procedures from the oparational point of view, of

cruising at constant altitude with either speed or engine thrust kept constant,

are considered in sections 7.3.1 and 7.3.2, respectively.

Also in sections 7.2 and 7.3, each of the equations derived for various

methods of cruising at constant altitude are compared with the Breguet

equation for cruise-climb, for the .ime initial conditiens of aircraft weight,

speed, altitude and fuel-fraction. Values of the 'ratios of range' so obtained

are plotted. This has been done in order to show the loss of range relative

to the Breguet cruise-climb technique, and also to simplify computation. Thus,

once a 'Breguet-range' has been obtained, for given initial cruise conditions,

the range using other cruise teLhniques can quickly be found Ly application of

the appropriate 'ratio of range', rather than having to substitute values into

each range equation in turn.

A typical variation of specific range with aircraft weight and speed is

shown in Fig.2, with cross-plots showing the various types of cruise trajec-

tory, at constant altitude, that have been considered. The worked examples

in Appendix C relate to this Figure.

7.2 Cruising with lift-to-drag ratio constant (cL a.nd a constant)

7.2.1 LJC Se lsttlLtitude increasingj W)

In-itegration of equation (3) wi ith (V ,' ) (ID) 1 oust ant throughou t Ow

cruise, gives the Bre gut't equatIoN

V 1,

R . log (3A

R V L log N -

R rr c D

7.1)2 Alt itude -onstan tL speed decreasin, (V, W)

Au cnatmplt. ,I v IstkIh a Cr'UtiSe t r+Ject Iory i s s h w,, bV thI, i noe AH i .g.2.

From eqliatioas (3) and (33) we get
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-dR 2 ) CL dW

which on integration gives

i.e.

R - 2-- - W- (35B)

/2W.
where V. -(;- . initial .ruise speed.

i PC

7.2.3 Comparison of range at constant altitude with Breguet range

For the same conditions at start of cruise (i.e. aircraft weight, speed

and altitude), and L/D constant throughout the flight, the ratio of the cruise

ranges from equations (35B) and (34B) is given by

Range at constant altitude 211 - (( - WFiWi)J]
Breguet range log I

Equation 36 gives
_ F /Wi 0.1 0.2 0.3 0.4 0.•

Ratio of ranges 0.974 0.946 0.916 0.883 0.845
S/

The above values are plotted in Fig 3.

Thus there is c significant loss in range, particolarly at the larger

: values of WF/Wi P if flight is constrained to the criiise techique at constant

altitude of section 7.2.2. In addition, this technique gives a locer average

speed.

7.3 Cruising at constant altitude

7.3. 1 Speed constant (C L W)

For thia method of cruising, the aircraft ic idezice has t o be .Lctad d I

decreased as fuel is consumed, in such a way that the 1ift t.roefftic't' in

proportional to the aircraft weight. in addition, the engine thrust iteeds to

AN
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be steadily decreased during the course of the flight. An example of such a

cruise trajectory is shown by the line AC in Fig.2.

From equation (3), and noting frcta equation (^tA) that

CI C D 0 + K qSCDo KW

CL -CL TA L W -rAqS

we obtain

-dR v dW

cSCDO (I+ KW2 /bAq 2S CD)0

which on integration gives

v Rr = V •-I W i K-I W f K

a u) o I ' -Ttan A- (A )I0(37A)

L

and using equations (9) and (10) we get

R = 2 Vtan tan 1  (37B)
c CL CLmd md

which can be rearranged as

C CL Lf

R - (Ltma -I - (37C)
D'mx (Tod + i Cf

Furtherrm re, since at constant speed and altitude

C - ( I -

avd using equation (12) eqoiat ion (37C) becomes

R - - i f-. . (3 7 D)

M M 4- ( I - W F/W).

F'o I the s arnM c (nd i t i ons at start of c ruits e the r at io o f the ranges t' ron

eq'a t i oa (711)) aiad (14B) is gven by



16 17

2M i + tan W F iW--
__________ +___ (I +-± W1 /W )/i 2

SRange at constant speeda and altitude \ i + (I - WE/Wi)!
Breguet raoge log -

eT WEF/WiJ

... (38)

The above ratio of ranges is plotted in Fig.4, and it can be seen that

for the same conditions at start of cruise, cruising at constant speed and

altitude always results in a loss of range relative to tCie Breguet cruise-climb

technique. However, for low values of m. (i.e. less than about 1.3 at short

range and about 1.2 at long range), it gives a greaCer range than the method of

cruising discussed in section 7.2.2; this can be seen by comparing Figs.3 and 4.

7.3.2 Thrust constant

The method of cruising described in section 7.3.1 above, requires that the

engine thrust be steadiiy reduced dtring the course of the flight. A possibly

more convenient method from the operational point of view is to leave thrust
constant, and to allow the aircraft speed to increase steadily during the course

of the flight*, so that

T(constan -- (L/D) i + (39A)

-- : i.e.

2 (LID)
maxm + - --(- constant (39B)

In

giving

V'f (/I T) ()L/D) 2 19- . . . . .. 7i - -+i~ ....... . . .- (31Jc)
(1. v IL (L/D)2 2

Further Since

IV
i2

4,. V2 (1 ))

Inct "IM x 
-

h( rV i 1 1 0
n I)

-* Proi'ided that Imit s on operating speed are not exceeded; iii additioin, the

relati onihips derived are ntio valid if the increase of .t;pved results in a
tT ag im.treillnt due t o the eff ett s o f c(,mpress is i s i rY

l •, IN_
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2 T 1 (39D)

ýD 0 I (L/D) m

and

2 (2 2
Sf I + - 4( - W F/Wi)/ m + i/r . (39E)

____2__ F2)i
- 14 1 +. + I/m. 2

It should also be noted that when cruising at constant thrust, specific

rnrige is directly proportional to speed (see equation (3)). Hence in Fig.2,

lines of constant thrust are a family of rays from the origin, each one being

tangential to a specific-range curve (at a particular aircraft weight) at the

speed for minimum drag, Vmd One example is the line AD in Fig.2.

From equations (3) and (39D) we get that the expression for specific

range at constant thrust and altitude is

dR W I 2

L0 Lb max" ij

vhich an integration gives

R - I + (40A.)

S1S

- f3 c (40B)

On srxhstitution of the limits oi en.Lgrat toll, hId afte r somle I mn ipul at ion,

"we oh llt lin that

(R) " T "i+ I /m i) - W i) V 24+ ]/il )j

where V. /V at id f/V ate tt•i' io ,ls of .il and W F/W ald con he ohtlaitied
1 1- 1 r o

m Lfrom equat ion ( W)E)

iI
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Equation (41) is not in a very suitable fGrm to compare with equation

(34B) for Breguet range, and it is convenient to introduce the concept of a mean

cruise speed. Now for flight at constant thrust, cT constant , and hence

the total cruise time is given by

t dt dWJ F T (42)= t -c"T = c'-T

and the mean speed is given by

Total distance R
mean Total time W FcT

Thus range can be expressed in the form

WF W. WF

R -V .--. V
cT mean cT W. -man

i.e.

R mean (44)c \D) W. V.

where, from equations (41) and (43)

V W. m . + I /Vf 2 + I/m 2V
mean 2 1 i i - -, -+ " - -4, (45),,v. 3 WF v. -

in. (v 2m V2

and V /V and V f/Vi are functions of m. and WFiWi which can be

obtained from equation (39E).

Thus for the same conditions at start of cruise, the ratio of the

cruise ranges from equations (44) and (34B) is given by

Ran________________ V W /W

e at constant thrust and altitude, twan F i (6mean (46)
Breguet range V f I

i log• I ogeI - WFT4

SThe ratio V mean/V. is plotled in Fig.5, and the ratio of ranges in

Fig.6. 11! general , there is a loss of range refative to the Breguet technique,

except at low values of m. and W W. Comparison of Figs.4 and 6, shows
I F

that at the. higher values of mi and W F/Wi , there is very little difference

in range between the constatit-speed and constant-thrust techniques (for the

;aie initial cruise conditionq).

S.. .. .. ~~. S - - - " •/ .-
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8 INITIAL CRUISE CONDITIONS FOR MAXIMUM RANGE

All the 'ratios of ranges' given so far have been based on the same

initial cruise conditions of aircraft weight, speed and altitude. In many

circumstances, this is a fair basis of comparison, but on occasions it may be

more realistic to make couparisons oia the basis of initial cruise speeds in

each case which give maximum range, (but still retain the same initial weight

and altitude).

For the cruise techniques of sections 7.2.1 and 7.2.2, in which the lift

coefficient is held constant throughout the flight, it can be seen from

equations (34B) and (35B) that maximum range will be obtained when VL/D is

:t maximum. From equations (28) and (29) we have that (VL/D) is obtained
max

wl.ýn

m = V 3 1.316 and -- 0.866
Vmd D max

and since

VL m
S2 -/ 2

F m 2+ Jim2

we obtain that

m. 1.0 1.1 1.2 1.3 1.316 1.4 1.5

u0.8774 0.949 0.9865 0.9998 1.000 0,9996 0.9169
(Breguet range) maX

... (47)

Thus the ratios of range obtained by cruising at constant speed, or

constant thrust, to maxim-uu Breguet range, can be found by multiplying the

'ratios of range' from equations (38) and (46), respectively, by the ratio of

Breguet range to maximu.m Breguet range given in (47) above.

For example, for cruising at constant thrust and W F/W.i 0.2 , we get

R !Rr
R Br R Br/R B /

m.(sarr, V. RBr/RBr R/RB

(areVma x Brý

equation (46)) (equatlon (47))

1 .0 I .0 2 0.8774 0.9132
.1 0.989 0.9479 0.937

1.2 0.953 0.9865 0.940
1 .3 (.934 0.9998 0.934
1.4 0.922 0.9996 0.9212
I .5 0.915 0.9769 0.834

.ms
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The above table also shows that the initial speed to give maximum range,

using the constant-thrust technique, is about 1.2 Vmd in this particular case.

9 NOTES ON UNITS

In the context of aircraft performance (civil aircraft performance in

particular), agreement has not yet been reached on the most appropriate metric

units to be used. In fact, current international agreements, such as ICAO

standards, are largely in terms of British units. The main difficulties

relate to:

Distance (range)

The SI unit is metres, and for typical ranges kilometres (kin) or

megametres (Mm) would be used. However the international nautical mile*

(1852 m exactly) is internatioLiJiy recognisLi by ICAO and is used in a

'navigational' context; it is also a recognised unit in the metric system.

pe~ed

The SI unit is metres per second, but if ranges are quoted in nautical

miles, then to ba consistent speeds should be quoted in knots. Moreover, the

majority of airspeed indicators are calibrated in knots, current Air Traffic

Control speed instructions are given in knots**, and meteorological information

on wind speeds are quoted in• knots.

Height

The SI unit is metres. However, the majority of altirwteru are call-/
brated tn feet, and ATC instructions and meteorological information relating

to height are given in feet**.

_,Force. weight and mass

'I'The SI unit of force is the newton (I N - 0.224809 lit) and thi. unit ot

mass is the kilogranmw (I kg - 2.20462 11) . If forces such as thrust, drig,

lift are quoted (quite correctly) in Ilewtolls, thell it is logical to quote

aircraft weight , fuel weight etc. in newtons also, Ali alternative procednre

is always to write weight as W ,- mg , and to quote aircrsft tans s ftiol c m as

* Ile pre~Sent UK lalutical Mile 008(1 ft (1851.1. in) is to ighliy I) 0.06% grt'tci y
than the inte rnationnal nautical wile.

SICAU atandard,
W ,
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etc. in kilograwmes. Unfortunately, in many countries weights are quoted in

kilogrammes (kiiogra mm-force, or kiloponds, being meant, which is not a

recognised SI unit).

The position becomes even more complicated with derived units sich as

specific fuel consumption. On a weight basis, the units of sfc are N/N/h,

which has the same numerical value as the British unit. If fuel mass is used

as the basis, the units of sfc would probably be kg/N/h,

L-" • •. .. a -' '• : •, . , • • r "• ::a t,, li a al"N _ "ll~• I • i I• 1
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Appendix A

A.1 INTRODUCTION

The procedure for estimating the range performance of a civil aircraft is

shown in Fig.AI; there are three main ingredients in the calculation:

(i) Performance during climb, cruise and descent, for a range of conditions

of weight, speed and altitude. Manufacturers' brochures normally present the

information for climb and descent in terms of fuel used, time, and distance

covered, and for cruise in terms of miles per pound of fuel. Examples are

given in Figs.A2, A3 and A4 and described in section A.2.1.

(ii) Fuel load. This is obtained by subtracting from the all-up weight of the

aircraft, its empty weight and payload. The fuel available for range is the

fuel load less the fuel. reserves and various allowances for taxying, take-off,

approach and landing. Definitions of these weights and allowances are given in

section A.2.2.

(iii) Flight trajectory. This involves choice of cruising speed and height,

climb and descent paths, and the distance for diversion and time for holding.

This is discussed further in section A.2.3.

The range is then obtained by calculating the distance covered, and fuel

used, during the climb and descent phases, the remaining fuel available being

used for cruise. When doing this calculation it is also convenient to calculate

the time spent during each phase of the flight, since this information will be

needed for estimating the direct operating cost. A sample calculation is given

in section A.3, and the presentation of a payload-range diagram is discussed in

section A.4.

A.2 BASIC INFORNATION REQUIRED

A.2.1 Climb, cruise and descent performance

Typical examples of manufacturers' presentations of such performance data

are given in Figs.A2, A3 and A4. Use of these charts is straightforward, but

the following points need to be watched:

(i) Climb data does not usually include an allowance for the fuel and

time consumed, and distance covered, during take-off and acceleration to climb

speed. The distance covered during this phase is not normally credited towards

range.
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(ii) Similarly, descent data does not usually includ.. an aliowance for

the fuel and time consumed, and distance covered, during deceleration to

circuit speed. The distance covered during this phane is not normally

credited to range.

(iii) Occasionally, allowance is made for acceleration to cruise speed

from climb speed, and acceleratior or deceleration from cruise speed to descent

speed. The effects are small, however, -nd can normally be neglected.

(iv) The fuel consumption rates are usually based on the engine

manufacturers' estimated values. In some iastances, though, a guarantee

tolerance may have been applied. Assumptions -egard-i; engine off-takes and

losses should be noted.

The above pitfalls can be avoided provided that introductory remarks and

footnotes in brochures are studied before commencing work. This is very

important if proposals from different manufacturers are being compared, since

there are nearly always small differences in accounting and presentation

between firms.

A.2.2 Estimation of fuel available for range

At first sight this is straightforward, the basic equation being:

Fuel for range - (Aircraft 'all-up' weight)

- (aircraft empty weight + payload + fo-l reserves

+ fuel alowaaicea)

However, each of these items needs ýo be defined precisely if errors

in calculating the fuel available are to be avoided.

S~A. 2.2.1I ' AI 1-u hyt•

'hhi a itat term so Mt': H k! used to denote the weight of an aircraft prior

to a flight, but it does aot have a precise definition. To avoid confusion,

the follow ing definitions are preferable:
I KaTR we Ight-

This ,A the weight- of an airczatt prior to engine starting. Its wuaximum

-vaIue i,4 fixied by struc rural cons ideratijmns.

• It the sense thiat a given take-off weight, or iamp weight, implies art ini.ifl-
cruise weight, at which various manoeuvre and gust. loadings havte to be r.tt.
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Maximum take-off weigh11t

This is the mnaximum allowable weight of the air~raft prior to coinzwnce-

went of take-off, fixed by structural considerations.* 'iypically, for an air--

craft weighing around 300 000 lb, the maximum take-off weight would he !000 lb

to 2000 lb less than the maxiimum ramp weight.

It should be noted that a take-off weight less than the maximum may be

dictated by airfield limitations si-Ai as runway length, engine-cut, climb

gradient, obstacle clearance. -rid noise-abatement procedures,

The difference betw'een the ramp weight and the take-off weight is the

fuel used during ensý,ne st-aLting, warm-up taxying and waiting for take-off. It

does not affect the -ange performance of the aircraft, but must be included in

any calculatior' of the total fuel used, e.g. when estimating the direct

operating cost.

A.2:2.2 Em ty weight

Care is needed in. calculating the empty weight of an air~raft. The

weight required is the 'operating weight empty' (OWF), made up as follows:

Manufacturers' emptýy weight

This is the weight of thme standard model of the aircraft as it leaves

the factory. It includes basic furnishing.

This is the manufacturers' empty weight to which has been added the

we ight of requi rement s (f a part icu lar a i rIJTV n1 n regard to add it ional #,equip-4ment anid furni Thinig, e .g higher standard of radio fit , hea'r'~r seats, extra

galleys etc.

Op2 ert tu wig t Z

Thi is is the emupty equipped we ight to which has bieen added the we ig, )I'

'Operators' items' such as crew and their baggage, andi catering supplies.

Nlihet coulraring the range pei formanc e of a nouuibr of airerri t it Is

v55eIit k~kl that a c.oiimtiun baumS sOf defini tion of vempty Weight iti V.Sed, and(

esp'c~icare must be taken that, items are n1ot left out-, or included twi cO'

SIn the svvse that a given take-off weight, or rimimp wei ght ,implieis an
tfoit ial-rrui. Me wei ght ,at 'ý;hich viriouis nminoeuvre aWd gu1st I oadinrgs have to
beTaeet.
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Examples of such offending items are unusab~le fuel, water, and toilet fluid,

which are sometimes inciuned in empty equipped weight, and sometimes in

)ptrators' iteins. These can easily amount to a few per cent of payload.

Another pitfall is that sombe aircraft proposals include a contingency for

weight growth,* while others do not.

A..23 Payload

Range calculations are normally made with full passenger payload at a

certain defined seating standard. Sometimes an additional. freight payload is

included. The conventional (tourist) allowance is 200 lb for a passenger and

his baggage, but other values within the ranr- 190 lb to 210 lb are sometimes

used. A maximum payliad is usually quoted tLy manufacturers, representin~g an

adequate allo-,.ince for passenger,; plus a modest freight load. This maximum.

payload, add.1 to the operating. weight empty, must not exceed the maximum

'zero-fuel weight' (ZF'W), which is a structural design condition for the

oi rcraft.

A.2.2.4 Fuel reserves

A typi,:al flight plan (Fig.A5) calls for the ability to overshoot** and

dive-rt from the destination airfield to an alternate airfield 200 miles away,

anld tOhold inl thC vicinity of thi-s al ter'iate airfield for a period of

4Z., iiiii es at 5000 it, In order to calculate the diversion fuel, the weight

oft Lill airccraft at begi rifling If diversion is needed , and sin] larly , to calcul,,.te

The !1oldinlg filet the weight at the end of diversion (i.e. start of holk,) is

oeed-d . (ýucsc 555 ii these we] gi-ts , followed by one or two iterations F-re usually

* ~ ~ ' ".p ~ Iarrivte atlvl ut'IIS of di version aod hoid fuel to sufficient.

Tfih dl v, S1 iml is ustia I Iy l Iown us in rit 'be st- range' t chnli (p~e, for a

.UO ii Ic tIi LSi oll A M o igilt of armurd 2?)'()00 ft woul d probably be chiosen,

'11d O !e!;t rat geo cruist, speed would typi ,'al ly be hi Mach nitmber of about 0.6.

t iný i:, Joml it i s~peed (clost' to tie speed for a .Ifnimuml drag, in o'r to

I > ii ie no I lnsunipt ion; a speed 10-1%above the, -;, ied for amininiul drag i s

I I i 't I, in 01r0er to eris' cotitr1)1 l M urhiil Cit conidi t idlls

P, IIt ng", I I V Si ctwallreS( -i filt is I he -It le ed, az We! I I~ a t [, I r-ran.'..

;V v--hoo t ;e1 1o t V tvt vl t1 s-u tot t thI at I04lt owe I normqalC.I i

A.4
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In addition to the above fuel reserves, an 'en-route' allowance of 5%

of the stage fuel is often included, to allow for deviations from the specified

flight path, and non-optimum handling of the aircraft. For the purposes of

estimating direct operating cost it is usual to assume that this en-route fuel

allowance is consumed (whereas diversion and hold fuels are not).

A.2.2.5 Fuel allowances

In addition to the fuel used during climb, cruise and descent,

allowance must be made for fuel consumed during:

(i) start, warm-up, taxving and waiting for take-off. The fuel used

here does not affect design range (see section A.2.2.1), but must be accounted

for in direct operating cost.

(ii) Take-off and acceleration to 1500 ft.

(iii) Deceleration to approach s;peed.

(iv) Circuit, approach and land.

(v) Taxi-in.

Warm-up fuel is usually assumed t. be at idling thrust. Taxi fuel is

based on the thrust required to overcome folling friction (%0.025 x taxi

weight), plus an allowance to cover ground manoeuvring and braking. Take-off

Sfuel is normally based on the use of take-off thrust for a period of 11 minutes.

Fuel used during deceleration to approach speed, circuit and land will depend

on the assumptions made regarding the distance covered during this manoeuvre

(not normally credited to range), and the aircraft configuration.

A.2.3 Flight trajectory

A typical flight plan is shown in Fig.A5. The climb schedule chosen will

depend on whether the flight is to be made using a technique appropriate to

minimum flying time, maximum range or minimum direct operating cost; in some

cases, angle of climb is the criterion, in order to reach an Air Traffic Control

reporting point at a given altitude, for example. Similar remarks apply to

the cruise and descent conditions chosen. The cruise is normally made at

constant speed and altitude, but for long ranges a 'stepped-cruise' of several

stages at various cruise altitudes is sometimes used; in areas where traffic is

light, ATC sometimes allow a 'cruise-climb' technique in which speed is held

constant but cruise altitude steadily increases as the aircraft weight decreases.

Li;
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Descent rates are normally limited so that the cabin altitude rate of descent

does not exceed 300 feet per minute.

Diversion is assumed to start from ground level, and a long-range climb

technique would be used. In theory, for a short diversion, the minimum-fuel

trajectory would be one consisting solely of a climb directly followed by a

descent; in practice, a maximum height during diversion of around 25000 ft is

normally imposed by ATC, so a short cruise phase is necessary. The diversion

descent is assumed to be broken at 5000 ft by a holding manoeuvre; a typical

chart giving holding fuel consumption is given in Fig.A6.

A.3 EXIMPLES OF RANGE CALCULATION

Weight Fuel Distance Time
(ib) (lb) (run) (min)

(1) Ramp weight 267 600
(2) Start, warm-up, taxi, wait for

take-off 600 - 10.0
(3) Take-off weight, (1)-(2) 267 000
(4) Operating weight empty 170 000
(5) Payload 50 000
(6) Zero-fuel weight (4)+(5) 220 000
(7) Flight fuel load (3)-(6) 47000

Reserves

Hold at 1.1 Vmd/5000 ft/45 min 223 300 (mean) 6320 -

Diversion descent from 25000 ft 227 000 450 691 -

Diversion climb 1500 ft to 25000 ft 232 500 (start) 3860 621200 -

Diversion cruise M = 0.6/25000 ft* 228 000 (mean) 1660 69i -

Diversion overshoot to 1500 ft 600 -

5% stage fuel (0.05 x 30500) 1525 -

(8) TOTAL RESERVES 14415

Allowances

Take-off and acceleration to 1500 ft 800 - 1.5
Deceleration, circuit, approach,

land, taxi 1300 - 10.0

(9) TOTAL ALLOWANCES 2100

(10) FUEL FOR RANGE (7)-(8)-(9) 30485

Long-range descent 30000 ft to
1000 ft 236 000 (mean) 520 86 17.3

Long-range climb to 30000 ft 266 200 (start) 6320 121 19.2
Cruise at M = 0.8/30000 ft** 248 000 (mean) 23645 903 115.0

TOTAL RANGE AND TIME (30485) 1110 173.0

TOTAL FUEL USED = 30485 + 2100 + 152.5 + 600 = 34710 lb

* At 0.0416 nm/lb.

** At 0.0382 nm/lb.
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A.3.] Descriptiron of calcuiation method

(i) The flight fuel load is given by:

(Take-off weight) - (operating weight empty + payload)

These items are defined in section A.2.2.

(ii) The reserve fuel requirements are calculated by an iterative

process, starting from the weight at the end of diversion, which is the zero-

fuel weight (220 000 Ib) plus an allowance for landing and taxying (say about

300 Ib), i.e. about 220 300 lb. A first rough estimate of the holding fuel,

from Fig.6, gives the holding fuel as approximately 6000 lb (2 h at (i000 lb/h).

Using a mean weight during holding of 223 300 lb, gives the fuel for 4h hold

as 6320 lb. A further iteration does not increase the accuracy with which Fig.6

can be read.

(iii) From (ii) above, it follows that the mean weight during the

diversion descent would be about 227 000 lb, giving a descent fuel of 450 lb

from Fig.A3(c), and a descent distance of 69 nm from Fig.A3(b).

(iv) One now needs to calculate the fuel used, and distance covered,

during the diversion climb. A first estimate, from Fig.A2(c) shows the climb

fuel to be about 4000 1b, and the distance covered (Fig.A2(b)) to be about

L [•/60 miles; thus the diversion cruise distance is about 70 nm (200-69 descent -

60 climb) and the diversion cruise fuel about 1500 lb (70 nm ' 0.0416 nm/lb).

"Thus the weight at the start of the diversion climb is approximately 5500 lb

(4000 lb climb + 1500 lb cruise) greater than the weight during diversion

descent, i.e. approximately 232 500 lb. Using this weight gives 3860 lb fuel

and 62nm distance for the diversion climb. Hence the diversion cruise

distance is 69 nm.

(v) The 5% stage fuel reserve needs to be calculated by an iterative

process. One can see that the total of reserves plus allowances will be

approximately 17000 lb, leaving 30000 lb stage fuel as the first estimate.

(vi) Once these reserves have been calculated for one case, only a

slight modification to the 5% stage fuel item is needed for other values of

flight fuel load.

(vii) A similar process to the above is used for estimating fuels,

distances and times for the stage fuel.

A '•
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A.3.2 Notes on above calculation

(i) A slight difficulty arises in regard to the en-route allowance

of 5% stage fuel (which is normally assumed to be consumed) since it affects

the calculation of aircraft weight during the flight. In the above example,

it is accounted for at the end of the first descent, i.e. ininediately prior to

diversion. If the purpose of the calculation is to compare ranges of various

aircraft designs, rather than to obtain an absolute value of range, it is

convenient to omit this item.

(ii) A further simplification is to calculate the reserve fuels at

a fixed weight; the landing weight at the destination airfield is usually

chosen in this instance.

(iii) The above calculation repredents a typical procedure used to

present aircraft performance. In actual operations, further allowances would

be made for headwinds and non-standard atmospheric conditio,.s.

A.4 TRE PAYLOAD-RANGE DIAGRAM

From the example in section A.3, it is obvious that the range of an air--

craft, operated at its maximum take-off weight, will decrease as paylopd is

increased, and Vice versa, payload and fuel having to be interchanged. This

is given by the line AB in Fig.A7 which shows for the aircraft example of

section A.3 (operated at its maximum rake-off weight of 267 000 lb) that a

theoretical payload of 97000 lb is possible for zero range, and that with zero

payload a theoretical range of about 2300 nm would be obtained (on a fuel load

of 97000 Ib). The line AB is u"sually nearly straight; its slope is determined

by two factors:

(0) The petrtormance of the aircraft in terms of miles per pound of

fuel - the 'specific range'.

(ii) The variation of reserve fuel with range.

If the maximum take-off weight of the aircraft is increased (say by

!0000 lb, with a consequent increase i.n OWE of 1000 ib) the point A will be

raised by 9000 lb to A', and the range at a given payload will be increased,

as shown by the ine A''. Thus lines AB, A'B' etc. give the payload--range

performiance at a given take-.j)ff weight,

However, it will tw.t normrlly be possible to :perate an aircraft

throughout the complete range AB for two reaons:
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(i) A volumetric limit on fuel tankage may prevent operation over

long ranges at small payloads. The line JK on Fig.A7 represents, for example,

a maximum tankage limit of 60000 lb.

(ii) As well as a structural limitation on maximum take-off weight,

there are also structural limitations related to particular stressing cases

at the maximum zero-fuel weight, and the maximum landing weight. It is

"necessary that the maximum zero-fuel weight should be not less than the sum

of the maximum payload and the operating weight empty (say 50000 lb passengers

+ baggage, 10000 lb freight and 170 000 operating weight empty, giving

230 000 Ib for the present example), and that the maximum landing weight should

not be less than the maximum zero-fuel weight plus the fuel reserves (giving

245 000 Ib for the present example). The maximum zero-fuel weight limitation

is shown as the line EF in Fig.A7. There may also be a volumetric limitation

on the payload that can be carried, due to the size of the passenger cabin and

the freight holds.

Thus the normal operating limits for the aircraft are given by the

boundary EFJK. To operate in the area AEF would involve increasing the

maximum zero-fuel weight (and possibly the maximum landing weight also) with

consequent increases in structure weight. This would result in the lowering

of the line AB, anti loss of range at a given payload in the region FJ. To

obtain more than 16 00nnm range, by operating in the area JKB, would require

extra fuel tankage to be fitted, again at the expense of some weight penalty.

Such a modification would need to be associated with art increase in take-off

weight (to A'B' say) if a reasonable payload is to be carried at long range;

however, this would not be necessary if the increased range is required only

for ferry purposes.

I4
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Appendix B

EXAMPLES OF SPECIFIC RANGE CALCULATIONS

For the purposes of these examples, and those in Appendix C, an aircraft

with the following characteristics is assume:

Initial cruise weight = 300 000 lb

Final cruise weight - 200 000 lb

Initial (or constant) cruise height = 30 000 ft (a - 0.3747)

Wing reference area - 3 000 ft 2

CD 0.02 A 20 c - 0.7 lb/lb/hD 0.0 ; K-

Thus we have from equations (9), (10) and (1))

C = (20 x 0.02)1 - 0.6325
idd

Sa20 15.811 ; 0.866 max - 13.693

(V 200 59.)f/ ý27k
¢ (Vd)i - (0.000891 x 0.6325) 5 f__2__

The specific-range performance is plotted in Fig.2. The variacion of

specific xange with speed is calculated as follows:

For W - 300 000 lb

15.811 -
SW\ (D 0 75.29 x 10-6 1h/f

max

SW 300 0(00, - - - 18974 l
D A-75Y- ' 15.81F 874l

max

iM 1.0 1.1 1.2 1.3 1.4

V M, mnV•l kn 352.7 387..9 423.1 458.4 493.6

4 (L/D)/(L/D) equation (12) 1L0 0.9821 0.9370 0.8765 0.8096

map

.........................................
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therefore

V- n mile/lb 0.0265 0.0287 0.0298 0.0303 0.0301

T lb 18974 19320 20250 21650 23440

The spee' at a given thrust is obtained from equation (15); for example,

for a thrust of 20000 lb

"2 20000 1 I(1897412
m 18974 L20000y 1.3874 ; m = 1.1779

therefore

V 1.1779 x 352.7 - 415.3 kn

The specific range for a thrust of 20000 lb is then given by equation

(13) es

V L 415.3. .1 2x 15.811i• c- -W D " 0 . 7 x 3 0 0 0 0 0 . 7 9 1 1 7 -2 - 0 . 0 2 9 6 n m i l e / Ib

cWD 1.1779 2 -2,779-7-

Examples are now given of estimation of maximum specific range f.rr the

following cases

(i) A Mach number of 0.8 (in the stratosphere).

(ii) An engine setting as in (i) above, speed and altitude free.

(iii) A fixed altitude of 30000 ft.

Case (i)

True airspeed at M - 0.8 in the stratosphere - 774.5 ft/s
Speed for minimum drag in eas (Ve)md - 364.5 ft/s

therefore 45

Relative air density !or cruise at M - 0.8 6"2- 0.2215

Hence cruise height (from atmosphere tables) - 42200 ft

From ,ivction 5, 1, mxayiwum specific range at a constint speed is obtained

when (1,/I)) is a nuiximum, and from equation (3)

I .Ed
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-_ 1 _ 4.5 15.811 0.0345 nmlb
L(W)maYjMO 8  1.688 X 0.7 x 300 000 0

therefore

T D -nn 18974 36 106 lbft3s SDu~nb36 / lug

p p 0.2215 x 0.00238

Case (ii)

From section 5.2, maximum specific range at a fixed engine setting occurs

when (L/T)) 0.943 (L/D) max i.e.

L

L 0.943 x 15.811 = 14.91

there fore

thrust required = 300 000 = 20120 lb
14,91

and for the value of T/p given above, cruise height is given by

f 20120 = 0.000559 , i.e. h - 41100 ft and a 0.2348

36 x 106

From equation (25), the speed for maximum specific rang- is

(Ve) 1.189 (Ve) 1.189 x 364.5 433.4 ft/s eas

e es e m

there fore
"• ;• V • 433.4

V es 4 894.4 ft/s 429.6 kn
CS (0. 2348)

"Therefore the maximum specific range at an engine setting giving

T/p - 36 x iO6 lbft3/slug is

dR 52.6 x14.91(~ ~max 006 0.0376 n mile/lb
}dW 0.? x 300 000
Imax

The above value of specific range is 9% better than the value obtained

in llse (i).

1~u
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Case (iii)

From section 5.3, maximum specific range at a given altitude is

obtained when (L/D) = 0.866 (L/D)max , i.e.

L = 0.866 x 15.811 = 13.69

From equation (29), the speed for maximum specific range is

(Ve)h = 1.316 (Vedmd = 1.316 x 364.5 = 479.7 ft/s eas = 284.0 kn eas

therefcre speed for maximum specific ranre at 30000 ft is

V ~284.0 442k
h (0.: 47) 4

Hence the maximum specific range at a cruise height of 30000 ft is

given by

dR 464.2 x 13.69 0.0302 n mile/lb
ndw - 0.7 x 300 000 -
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Appendix C

EXAMPLES OF RANGE CALCULATIONS

From equation (47) we have that the speed for maximum Breguet range, for

a given in!.Li.A cruise altitude, is 31 (Vmd). * which in the presenteaml

is

3 x 352.7 - 464.2 kn

This speed is marked as point A in Fig.2. The Breguet cruise-climb will

be at a constant ratio of lift to drag, given by equation (29) as

0.866 13.693
Dmax

For the various methods of cruising at constant altitude, with the

initial cruise speed of 464.2 kn calculated above, the constant CL and L/D

trajectory is shown by the line AB in Fig.2, the constant-speed trajectory by

the line AC, and the constant-thrust trajectory by the line AD.

The Breguet range is given by equation (34B) as-i 1\
-r 0.7 x 1j.693 log5e (I - 0.33 - 3682 n mile

Since W/a - constant

SWF 2 x 0,3747 - 0.2498 giving h 39800 ft
F0W. 0i -3f

For cruising at constant C and altitude, equation (35B) gives
S46 L

R - 2 x 4 x 13.693 [1 - (I - 0.333)i1 - 3333 n mile

0.7

Alternatively, from Fig.3

R 0 . 9 0 5 R8r 3330 n mile

1:
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Since W/V = constant

VI = w 464.2 X 0.669' 379.0 kn

For cruising at constant V and altitude, equation (37D) gives

R = 464"2 x 13.693(30 + 30) tan-] ----" + 0.666"3 --3-) = 3274 n mile
3+ 0.6696x3 2T

Alternatively, from Fig.4

R 0. 8 9 0 RBr = 3280 n mile

For cruising at constant T and altitude, equation (39E) gives

V f . + 11 - 4(1 - 0.333)2 /(31 + 3-1)214

V [1 4/(1 + 3. )45

there fore

V.f 1.10045 x 464.2 - 510.8 kn

From equation (45)

___ 31 - -1
2mean 2x 3 1 +- - 10045 + 3'--3 X - 1.05832

V. 2 x304 2 x 3 1.0045

From equation (44)

464.

R . ... x 13.693 x x 1.05832 3203 n milc
0.7

Alternatively, from Fig.6

R 0.869 RBr - 3200 n mile
rB
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Appendix D

EFFECT OF VARIATION OF SFC WITH SPEED

A gcod approximation to the variation of specific fuel consumption with

speed (at constant altitude) can be obtained by using a power-law equation of

the form:

c = c 0 VX

On this assumption, the value of m (= V/Vd , see equations (12) and (29)) for

maximum specific range, instead of being 31 becomes

For pure-jet engines, x ea 0 , but it is found that for engines of low bypass

ratio, such as the Avon, Spey and Conway, x n- 0.2 , and for modern engines of

high bypass ratio such as the RB211, x :-•0.4 . The values of m for optimum

specific range at a gien altitude then become:

x 0 0.2 0.4

o I.3lb 1.236 1.167
opt

Thus, other things being equal, one wiould expect the opt;.mun cruise speed of an

aircraft with an engine of high bypass ratio to be slightly less than that of an

aircraft with engine,; of low bypass ratio.

With the expression for m given above, the relationships for C

Sand (L/D) for optimum cruise at a given altitude heconw?:

CA 4T , . o ._

-h A. [(1 + x)(" -
L,• X.

These 7e1a t ionships stould be conpared with e(Iiat ions (26), (21) anii (2`8)

given ear ier.
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SYMBOLS

A aspect ratio

c specific fuel consumption

CD overall drag coefficient

C D zero-lift drag coefficient

CD. lift-dependent drag coefficient
I

CL overall lift coefficient

D drag

H calorific value of fuel

K lift-dependent drag factor

L lift

im V/V , defined in equation (12)

q dynamic pressure, JpV 2

R range

S wing reference area

t time

V true airspeed

V equivalent airspeed

W all-up weight

WF fuel weight

x expOnenL in power-law relationship for specific fuel consumption

n , ip overall propulsive efficiency

air denait.y

0 Po ,relative air density

Suffix

Br breguet range

eN engine setting

f final conditions

In Conratant alt tudc

init ial ('ondlit ion

ind. minimum--drag condi t iot

.)- .
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