AD-773 801

QUANTO - A CODE TO OPTIMIZE WEAPON
ALLOCATIONS

Karl T. Benson, et al

Air Force Weapons Laboratory
Kirtland Air Force Base, New Mexico

january 1974

DISTRIBUTED BY:

National Technical Information Service
U. S. DEPARTMENT OF COMMERCE
5285 Port Royal Road, Springfield Va. 22151

A
PR - 1} a



T v e e T TP
N £ PR ARSI o8 S ST e R N xR ¢ AU UM o0 % s Ko £ ot SR ieol B
KA PRESPe n

UNCLASSIFIED
Secunty Classification A} 7 7_5 Y 0 /
DOCUMENT CONTROL DATA - R & D |
(Securlty classilication of title, body of abstract and indexing snnotetion must be entered when the averall report 1s clasaitied)
1 ORIGINATING ACTIVITY (Corporate author) 28, AEPORY SECUNITY CLASSIFICATION
Air Force Weapons Laboratory (SAB) UNCLASSIFIED
Kirtland Air Force Base, New Mexico 87117 2b. arouP

3 REPORT TITLE

QUANTO--A CODE TO OPTIMIZE WEAPCN ALLOCATIONS

4 DESCRIPTIVE NOTES (Type of report and Inclusive dates)

1 September 1971 through 1 October 1973

8 AUTHOR(S) (Firat neme, middie Initisl, last name)
Karl T. Benson, Capt, USAF, Arthur R. Geidbach, Maj, USAF, and
Craig E. Miller, Capt, USAF

6. REPORT DATYTE 78, TOTAL NO. OF PAGES 7b. NO. OF REFS
January 1974 180 4
09. CONTRACYT OR GRANT NO 98, ORIGINATOR'S REVORT NUMBENR(S)

b. PROJECT ND 8809 AFHL‘TR"73"242

<. 9. OTHER REPORT NO(S) (Any other numbers that may be az tigned
Task 04 STHER NE ( Y

d.

10 DISTRIBUTION STATEMENT

Approved for public release; distribution unlimited.

1t SUPPLEMENTARY NOTES 1é. SPONSORING MILITARY ACTIVITY

AFWL (SAB)
Kirtland AFB, NM 87117

13 oansTRACT (Distribution Limitation Statement A)

An advanced computer model has been developed within the Air Force Weapons Laboratory
(AFWL}s>to study the effects of a sea-launched ballistic missile (SLBM) attack on tar-
gets consisting of a flushing aircraft force. Using the technique of Lagrangian mul-
tiplier optimization, a near-optimal allocation of SLBMs to targets is produced.
Although a number of other computer codes exist which model the same situation. the
AFWL code is believed to be the only one possessing all of the following features:
(1) the determination of the SLBM laydown against a mixed aircraft force (for
instance, bombers and tankers); (2) the automatic consideration of differing aircraft
hardnesses, flyout profiles, level-off altitudes, and kill values; (3) the treatment
of an SLBM attack by multiple types of SLBMs, accounting for differing missile tra-
Jector fes, yields, launch intervals, reliabilities, and numbers of missiles per sub-
marine; (4) automated relocation of the submarines and/or the aircraft, if desired,
to enhance the goals of each; and (5) thermal as well as overpressure kills, account-
ing for such additional nuclear effects parameters as detonation altitude, haze level J
water vapor, visibility, and albedo, through the use of the most current advanced
nucleér effects codes developed by AFWL.

Reneaduend by

NATICNAL TECHNICAL
INFORRATION SERVICE

11 2 Cepartment of Commese

Sormgheh! VA 22:51 I 7?

- A

DD 2*.1473 1, (INCLASSIFIED

Secun'y Classification




UNCLASSIFIED

ty Classification
‘e LINR A LINK B J_l.lm
KEY WORODS
noLk | wr | moca] wr | more| wr |
Flush
Survivability
SLBM
] Allocation
S Laydown
y Beddown
| Lagrange
! Optimization
: Nuclear
!
y
8 I .
‘ UNCLASSIFIED d

Security Classification

~



E
=
>

S
%

SR Ee
¥

245
AT ey ;&,:;f v

STk

TR S TSR

7

of G TE P

N T

sy Iy T
g’f‘ LN X

2 ’-:
N
Y
L &
=
v ¥
®
v
-
fre
>
Pl &
s i
Bt -
A
SR
]
A
A
2
B
4
(& T
3
L)

iy

NI

RIS

J7i %
A AR Ao 28y o

e

geid)

e RN RENT
Wiy @%.A. Yy

G BN

VA AN

‘,‘ e :C< 4

A iicigs,
L

B>

R

[N

.
\

6
A
%
¥
5 A
A
g 2
E)
% ,\
£«
¥ =
25
E 7

2
AFWL-TR-73-242 %

QUANTO--A CODE TO DPTIMIZE WEAPON ALLOCATIONS

Karl T. Benson, Capt, USAF
Arthur R. Geldbacn, Maj, USAF
Craig E. Miller, Capt, USAF

Final Report for Period 1 September 1971 through 1 October 1973

Approved for public release; distribution un]imite{ij

i,

AR N e 2

33

b




.
&
e
5
k)
s
=Y
e

1§

e S TR BT P S
ZAEE SR L el

NI

s

LN LA SR AT

ey

LRI RN

i O A AT

,Lp\‘r:

TR 7 R AN SRSy

YT RS,

2By

AN v ALK
GRS LR Aag
[k

TR AR 0 DT A TR

AFWL-TR-73-242

FOREWORD

The research was performed under Program Element 62601F, Project 8809,
Task 04,

Inclusive dates of research were 1 September 1971 through 1 October 1973.
The report was submitted 25 Octcber 1973 by the Air Force Weapons Laboratory
Project Officer, Major Arthur R. Geldbach (SAS).

The advanced computer model QUANTO “as been developed within the Air Force
Weapons Laboratory to study various scenarios involving sea-launched ballistic
missile attacks on bomber air bases. The QUANTO model has been reviewed by
interested Air Staff agencies, the Air Force Systems Command, and the Strategic
Air Command, and is considered appropriate for use in activities re}ating to
bomber force prelaunch survival. However, prudence shouid be exercised in its
use, because of its sensitivity and the dynamic nature of the problem.

The basic model was deve1~oed by Major Richard Conway. A large portion of
the debugging and exercising o® the code was done by Mr. Eugene Omoda and Mr.
William Peay The assistance of Mr. Harry Murphy in uti’'izing the operating
system and remote terminal, anc that of Mr. Al Sharp in incorporating the

thermal and overpressure routines into QUANTO were also invaluable in the
#davelopment process.

This technical report has been reviewed and is approved.

(s K L

ARTHUR R. GELDBACH
MaJor, USAF
Project Officer

by Al Mﬂ. /~

ORGE H. DIMON, JR. CHARLES C. HYRE, JR
$™colonel, USAF Colonei, USAF
Chief, Battle Environments Branch Chief, Analysis Difision
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ABBREVIATIONS AND SYMBOLS
Probability of destroying the target or any single aircraft at
the target, given that the weapon successfully detonates
Number of candidate submarine locations
Candidate location a (a =1, 2, ..., p) of attacking submarine(s)
Number of missiles on all submarines at point Aa
Number of submarines at point Aa
Target 1 consisting of aircraft with value Vi
Value of the aircraft on target i
Number of weapon groups

Number of weapons on target i from a weapon in group j,

1 = I’ 2, LY
The objective function to be maximized
Number of targets with values Vi

Probability of survival of aircraft on target i *rom n..

i weapons
in weapon group j

Number of weapons in group
Constants (the Lagrange Multipliers)
The Lagrangian function

Variables dependent on Ny 1, 2, ..., M) which assist in

determining the Lagrange $u1t1pl1ers A and the optimal laydown

nij

The number of weapons shifted with each iteration in the
convergence to the optimal laydown

A function representing the kill contribution to the objective
function f(n1 ) from targets k and m after an weapons are moved
from target k to target m.

min {ay, sucn that ny, 200001, 1 =1,2, ..., M
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ABBREVIATIONS AND SYMBOLS (cont'd)

max <A } i=1,2, ..., M
1{12’ y &

The tolerance used to test for convergence of the A J in
obtaining the optimal laydown nij

The number of salvos of SLBMs on a submarine which is a
- candidate for relccation

The radial distance of the most distant aircraft from the
centroid at the time of a given weapon arrival

The radial distance of the least distant aircraft from the
centroid at the time of a given weapon arrival

The circular lethal area when the detonation point is at
distance x from the centroid

The lethal area occupied by aircraft in the annulus with radii

R1 and Ry when the detonation point is at distance x from the
centroid

The distance from detonation point to lethal region toundary,
in a direction away from the centroid

Total bomber value on base i

Total tanker value on base i

Survival probability of bombers on target i from one weapon in
weapon group j

Survival probability of tankers on target i from one weapon in
weapon group j

Probability of destroying bombers at a target, given that the
weapon successfully detonates at the target

Probability of destroying tankers at a target, given that the
weapon successfully detonates at the target .
The distance from detoration point to the farthest lethal region

boundary {for all aircraft types), in a direction away from the
centroid

Napierian base logarithm
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SECTION I
INTRODUCTION

The theory of the allocation of the sea-launched ballistic missiles (SLBM)
against a force of aircraft flushing from their respective airbases and the
defensive reactions to given threat levels ic discussed. The analysis, which
led to the models discussed later, has culminated in a compu*er program called
QUANTO. The model used in QUANTO has as its inputs latitude and longitude
coordinates of target and submarine locations, aircraft beddowns, aircraft and
missile flight parameters, and aircraft vulnerability levels. Consequently,
the code is useful for studying the effects of variations in a number of
parameters.

QUANTO analyzes three types of problems important to strategic planners:

Case I: Given specific locations (A,) for a fixed number of attacking
submarines and ¢ specific beddown for aircraft at locations Ti’ QUANTO can
compute where the assigned missiles from Aa shouid go.

Case II: Given specific beddown for aircraft at locations Ti’ QUANTO
can optimize the locations for the submarines among a set of candidate locations

Aa'
Case IIl: Given specific subma, ne locations Aa’ UANTO can optimize
the beddown of aircraft at Ti‘

Lagrange multipliers are used in the optimization procedures of QUANT). A
br of review of this technique is presented in appendix I and is intended to
acquaint the reader with the basic mathematics involved.

The QUANTO code has been developed within the Air Force Weawcns Laboratory
(AFWL). It was intended originally as a vehicle for increasing tihe understanding
of the operaticn of a computer program called C0G, which dealt only with Case I
"as uf May 1971), that was written by the Lambda Corporation {ref. 1). Compared
to other codes, QUANTO permiis a more detailed and accurate &naiysis, because
weapons and their detonations arc handled individually, rather than as members of
fixed weapon patterns. Studies show that QUANTO produces a considerably better
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allocation than does COG. Further investigation, substantiatec by simulation

of the attack through the use of another AFWL code, supports the assumptions and
models used in QUANTO. Hence, QUANTO provides a means for comparing and evalu-
ating the effectiveness of other weapon allocation codes. More importantly,
QUANTO provides & framework for modification and extension in further studies

of total bomber/tanker force survivability.
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SECTION II
BASIC WEAPON ALLOCATION PROBLEM

In this study, the attacking force of submarines (figure 1) is distributed
among pointsA.,a =1, 2, ..., p, where submarines at A, each carry s, SLBM
weapons. At the same time, suppose that the tarsats, Ti’ i=1,2, ..., M,
have values Vi. If one were to visualize this engagement as in figure 1, it
becomes apparent that many strategies are open to the a.tacher and defender.
For example, the attacking force could put ali missiles on target T,. On the
other hand, the missiles could be distributed among all targets. As for the
defender, he could place his bombers and tankers throughout a2 target areas
evenly or perhaps all on the same base. The multiplicity of puxsidpilities
increases with each new missile or aircraft, making hand calculations impracti-
cal. The approach taken to solve this problem is to use the method of L.ogrange-
Multipliers to produce a near-optimal allocation of SLBMs to targets consisting
of escaping aircraft. To construct the objective function which describes the
expected value killed, one must first develop the survival probability Sj for
each weapon. This figure is the probability that a singie aircraft, given an
escaping time-denendent pattern of aircraft taking off from the airfield,
survives one inconing SLBM. The probability of kill is then

Pp=1-8; (1)
Suppose now that n weapons are delivered tc a target, and the survival probabil-

ities Sj of the tarjet from each weapon, j =1, 2, ..., n, are independent; then
the probability of destroying the target is

n
P =1- IS, (2)

For a system of M targets, each having a value Vi’ the expected return from
delivery of ali weapons is

[V,

Y ..;:. SR K, s
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where Sij is the probability of survival of target i from weapun j. 7he product
in expression (3) for target i includes only those survivabilities correspcnding to
the weapons which are aimed at target i. Tn practice, there are weapon "groups,"
where the weapons in each group are so nearly identical in characteristics and
location that no distinction between them is required for purposes of allocation.
Hence, in practice, Sij is raised to the "ij power, where "ij is the number of
weapors from weapon group j that are targeted against target i. It is easy to
see that the product

N LENERIY QM A o rRp A

n.

x 1J
I Sy
-
; : is not changed if the weapon groups j are inciuded for which nes = 0. Conse-
e quently, if L is the total number of weapon groups, the expected aircraft kill
4 may be written
=
- : M L ns.
4 i=] =1
% Table I clarifies the submarine input parameters used in QUANTO. The tahle
E has six columns, the first of which is submarine locations, given to QUANTO in

« terms of latitude and longitude coordinates, surrounding a given target country.
2. The second and fifth colunns contain the same information and are presented
separately to emphasize the fact that the number of submarines and number of
missiles per group are the same since all the submarines at a given location are
assumed to fire a missile apiece at the same time. Note here that zero sub- i
marines are allgwed at a given location. In column four the numbering 1 to 4 is %
applied to two types of weapons, each of which is restricted to either the i
, Atlantic or Pacific Ocean. Numbers 1 and 2 may identify weapon types 1 and 2 in
I the Pacific, whereas 3 and 4 may represent weapon types 1 and 2 in the Atlantic. ;
A Since submarines may be shifted only among locations which have like missile i
type identifiers in QUANTO, such a numbering system prevents submarines from §
reincating to a different ocean. The last column is the numbering given to the '

—
Ry e
LLy S SN

Ha iy
SR s -

e Ty

)

4%

RIS A
o ?.3 "\*‘ ,' 75? 4

ki




S SRR acemsiprrierne ot saiaoshomecdl
5 SR P BT KIS TR e s s SRS

g AFWL-TR-73-242 i
% Table I ]
' SUBMARINE INPUT DATA TO QUANTO (EXAMPLE) :
|
Number Number '
Missiles/ Missiles/ Weapon
Number Sub Type Group Groups i

Location Submarines (L = 42) Missiie (Nj) ;)
iy
1 1 8 1 1 1-38 ;‘
2 2 6 2 2 9 - 14 !
3 0 8 1 0 15 - 22
g‘
a 4 4 6 2 4 23 - 28 {
: 5 1 8 3 1 29 - 36 ¥
| 6 3 6 4 3 37 - 42 i
1 %
= weapon groups. Not2 here that the numbering in row 2 goes from 9 through i4. ‘ E
s Each weapon group nere consists of two misciles in the same salvo since there i

g are two submarines at this location. Missiles may be placed in the same group

if they have identical trajectories and are launched at the same time from tha
same point. Also, row 3 allows for a set of weapon groups even though no sub-
marines are initially placed at submarine location 3 {although there may be
subseguently, if the submarine-p’acement optimizer of Case II is exercised).

@ ¢ LoNE Gk

Tne basic allocation problem is to maximize the expe.ted kill given by
expression (4. by sending the missiles to the proper targets. Since the alloca-
tion of missiles to targets is exoressed by the values Riss the pretlenm is to
find the integer values n.. which result in the greatest kill while satisfying

1]
constraints on the number of weapons available in each group.

e

: ST AR g
L R AR A T

R TR LAY WA _‘U*M‘: s ORI PR SO & 3" XOTL ] PILIE R RY IR UL RIS

£
*
O

; aptilviess BTNt
-~

R RSN A oo

i B ). s A YT LA E

saisHR e BT

X
Rt

+.
N
L, S s




- orem———
WS W TR e T OO

AFWL-TR-73-242

SECTION III
USE OF L.ACRANGE MULTIPLIERS IN THE QUANTO COMPUTER CODE

1. FORMULATION FOR SCLUTION

The weapon allocation problem is one of determining the optimal allocations

“ij of weapons to targets to maximize the expected kill value

f(n..) = gj V. {1 - ﬁ s..nij] (5)
ij P~ : ij

j=1

subject to the stockpile constraints
M -
,.;“if'"j’ ji=1,2,...,L (6)

. where Nj is the number of weapons in weapon group j. Fractional allocations in
"ij are permitted in the solution of this ,roblem, but each L must satisfy

0<n,. <N. (7)

#s described in appendix I, this problem gives rise to the Lagrangian function

L M
h{rigg) = Flnyg) * P2 *j[é (n33) - N;-] (8)

In seeking the extremum of the Lagrangian function h "ij’*j » the values of
(nij,li) are sought which satisfy the following necessary conditions for a
N o

solution using this Lagrangian Multiplier technique

__3_'!__ = -Vk (I.n Skl) ]

L n, .
. My, j=

.‘Skj ‘J+Az=0 (9)

k=1,2, ..., M5 2=1,2, ..., L

S FRPR (PRIRY BB, b oA b s W €
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If variable Ao (dependent on Pys j=1,2, ..., L) are defined as

. L nkj
= <
Mg = Vg (/Zn sz) jgl Ski (10)
the system (equation (9)) of (M X L) equations becomes
Akz = -Az, k=1,2, ..o M3 2=1,2, ..., L

Now fix ¢ and consider the subsystem of M equations

Mg = M

Ay TN

P Y) an

A word is in order concerning notation. In equations (11), A, is one of the
unknown Lagrange multipliers. The variables Ak (k =1, 2, ..., M) are computahle
if one has the values of "kj (3=1,2, ..., L). The technique used for finding
the values of A, andn . (k=1,2, ..., M 3=1,2, ..., L) which satisfy the
system {equations (17)) of M equations takes advantage of the fact that all the
Ao should equal the same quantity, namely A, The method chooses values of
Pk iteratively, subject to the constraints, so that the values of Mg k=1,

2, ..., M) approach a single value, namely =Age

2. ITERATIVE PROCEDURE

An initial allocation of weapons to targets "ij is irput to QUANTO, and the
variables lij are computed. Suppose for a given weapon group £ that Mg < Mg

and Mea > 0.0001. Then by moving an appropriate number An of weapons in group £
from target k to target m, Ao and Ang May be made more nearly equal. Note
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that L must be initially positive or there would be no weapons to shift. In
fact, were it not for the restriction that My, May not be reduced to a negative
amount (i.e., an S'nkz)’ Mo and Mg could be made equal in all cases. The

value of an which would make the new values of kg and Angs SY ikp and imz’
equal is the vaiue of an which satisfies

n, -4n n
- ! ke kL

-~ +
n nm an n

; ml mZ mL _ 2
vm (Ln sz) Smﬂl sz ) S e e e SmL - )\mz

This may be written as

>
t

>

=
>3

Mo ™ Me Ske 0 T P Sme T Mme

Therefore,
M= ———tE (12)

Since an is not permitted to be sc large that (n., - 2n) becomes negative, the
actual number of weapons shiftez is

0 (urin)|
2n (skﬁ sz) &

This shift of weapons gives rise to a new jij and new Aij‘ Repeated shifts
ultimately force each pair, (Akz‘ Amz)‘ for each weapon group £, to be equal
(for those targets k and m for which weapons from group % end up being

allocated).

an = min L (13)

Although the restriction an =M, makes it impossible to force the equality
of every pair (*kz’ xmn)’ the preceding choice of aAn does result in the greatest
increase in the objective function which can result from such a shift. of weapons
in group % from target k to targ2t m. To see this consider the function
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3 ;
Z B n n n, ,-4an n,, :
= - s k1 . k2 ke kL :
:‘g r(An) vk LI Sk] Sk2 s e Skﬁ s o0 SkL J

%» [« "m m2 P FAN Mol | T
: P S S e Sme w+e Sl (14)

which represents the kill contribution to the objective function f(nij)
{equation (5)) from targets k and m after an weapons are moved “rom target k to
target m. The best choice of An is where r(an) achieves its maximum within the
interval 0 < an Ny, The unrestricted maximum of r{an} occurs where

d r{an) _
d(an)y ~ 0

ST S D A b Ry

i.e.,
3 . _ +4n an
= r'(an) = Ane sz = Mo ke 0
or
£2n A /)\ 1
Y K_E&__EUQ. (15)

tn (Skzsmz)
If this value is greater than Ny the constrained maximum of r(an) occurs at
an =y . This foliows from

r'(0) = Ape ™ Mg 2 0
and

rt'(an) = A (zn Skz) g tan Aps, (tn sz) Skg_'A" <D

me

for all sn in the range 0 < an <, (since 0 g Sij <1, £n Sij < 0 and Mj 20

for all i, j). Thus, r(an) appears as in figure 2 or figure 3. Note that the . %
curvature is always downward and that the maximum occurs at the point an*. If :
the situation of figure 3 occurs, it is impossible to choose an = an* to force ~ .

Ao and A, to be equal. Consequently, equations {11) will not be satisfied.

However, the optimal value of f(nij), where the "ij are constrained by equation
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(6) and eauation (7), is still found due to the preceding comments concerning
r(an). Thus, the Aij‘s merely serve as a mean: of adjusting the "ij‘S to
approach optimality. The optimal "ij are, of course, nonintegral and, therafore,
not physically possible. Consequently, the optimal nonintegral allocation is

integerized to give an integral allocation which satisfies the constraints.

R S L P S T

i R
N

= i This integerization is performed for each weapon group j by rounding those nij's |
& F ) with the largest fractional parts up and rounding the remaining "ij's down. Of ;

T course, the constraints

i

(in which the Nj's are integers) are satisfied by the real nij's before integeri-

zation and must be satisfied by the intecger nij's also. Therefore, tne number of
A: "ij's rounded up is determined so that, for each weapon group j, the sum of those §
B nij's rounded up and those rounded down equals Nj. In practice, the expected

kill resulting from this integerized allocation is not significantly different
from the expected kill computed from the nonintegral allocation, since the dif-
ference in kills is usuaily only a fraction of an aircraft. Integerization of
the optimal nonintegral allocaticn need not produce the optimal integral alloca-
tion, but it does produce at least a near-optimal integral allocation, with the
difference in kills being the upper bound of how far from optimal the kill of
the integerized allocation could be.
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It has been indicated kow Mo and e MY be adjusted to increase the
expected kill value when Ay < Ame and I > 0.0001 for some weapon group £.
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In practice, s tolerance level, e, is set in QUANTO, so that convergence is
said to cccur when Amz - e L&A, £ Amz for all Mo > 0.0001 for all valu2s of &,
where A, = max Pehs (i=1,2, ..., M.

Specifically, the weapon group %, upon which each allocation adjustment is
based, is selected in a cyclical manner. The firs:c allocation adjustment is
made within weapon group one (2 = 1) if Mg < S where

Neg = m;n <Ai£ such that ns, 2.0.0001}, i=1,2, ..., M (16)

and

Ay, = P2 {A”}n‘:l,z, M (17)

If this situation does not exist for £ = 1, successive weapon groups are
inspected in sequential order until one is found in which the highest L exceeds
the Towest Aig with a corresponding positive allocation ("ig > 0.0001) by more
than the tolerance e. Successive allucation adjustments are accomplished in a
repeating cycle through the values of 2 (i.e., 1,2, ..., L, 1,2, ..., L, 1, 2,

..). Convergence occurs when all weapon groups are inspected without finding
one which initiates an allocation adjustment. In practice, the Ay matrix if
first converged to a tolerance of ¢ = 0.1, then € = 0.01, then ¢ = 0.001 and
so forth, with the final tolerance under the control of the user. This process
results in a faster overall convergence to the final tolerance level. An
additional cutoff of the convergence occurs if a given number (sp.cified by the
user, say 100) of allovation adjustments are performed without increasing the
ki1l value above some user-selected amount (say 0.01). The user may also

simply specify a maximum nember of allccation adjustments to be made.

The iterative procedure is illustrated in the flow chart of figure 4, with

several .Jditional details appearing in the figure. When Mg < Apg " € is vaund

2

for sume weapon yroup £, An must be computed. When only ore type of aircraft is
considered in tha model, an is computed according to equation (12). However,
when more than one type of aircraft is con:idered, aAn must be computed by a
Newton iterative procedure, described in the mixed force allocation problem
discussed in section VI.
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The amount of output may be controlled to some extent by a control variahle
set by the user. Output on each iteration may be suppressed and only a limited
output obtained after a "subgroup" of iterations. If the expected kill has not
increased significantly for the subgroup of iterations, the procedure is termin-

ated. Two other conditions may terminate the procedure, as shown in figure 4
and previously described.

AT TN S R OGP R S ’9“","@”3"4
5

% 3. OPTIMIZATION OF SUBMARINE LOCATIONS IN QUANTO
§ In the weapon allocation problem, the Laegrange multiplier Aj represents the
o shadow value associated with weapon group j. In notation ;
Z sh _ ;
B N -Rj 20 (18) 5
- J :
E: |
- where h(njj, 1j) is the Lagrangian function. Therefore, increasing N. has the i
2 instantaneous effect of permitting an increase in h (and, therefore, f) at the :
- §
3 rate of -Aj units of f per unit of Nj. Thus, one can get some feel for the ;
2 value cf an additional weapon in group j ob observing the magnitude of A.. ’
? A heuristic ruie has been used in QUANTO to relocate submarings among the :
5 input candidate submarine locations so as to improve the expected kill value. ;
} The value of a submarine at a given location bears some relation to the magni- %
g tudes of Akj for those weapon groups j corresponding to salvos from a submarine .
H at that Tocation. A submarine locaticn input to QUANTO is characterized not :
§ only by its geographical coordinates but also by the type of submarine (and é
§ its number of saives, s) which can be located there. f
£ For each submarine, the quantity i
4 . ;
.;, E A s .
: ~ "k i
4 T 5
2 4
k- is calculated where the sum is over the s values of j corresponding to that ;
- submarine's salvos, and each %
- L {xﬁ such that _>_o.oom}, i=1,2, .0, M *
i _
;' for each weapon group j at that submarine's current location. Similarly, for
‘j every other location at which that submarine can operate, the quantity 3

AT
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J

is calculated, where

T

Amj = m?x {kij}’ i=1,2, ..., M

.

with a view to possibly moving the submarine to a Tocation where it can be
expected to kiil more value. When there are severai types of submarines, the
type of submarine moved is the one having the largest average difference

7

i
3 {}: Anj \;Lj xkj}, Mg Such that ny s > 0.0001

ry

J
Within this submarine type, the submarine relocated is the one corresponding
to the lowest quantity

2 A
;M
and it is placed in the location having the highest value of

2; Amj
J
Relocation of a submarine in QUANTO is accomplished by moving the s missiles
on that submarine tc another location. Consequently. "ij is increased by one
missile in the s weapon groups j corresponding to the submarine location to which
that submarine is moved and those additional SLBMs are assigned to targets i
having the largest value A3 (for each j). Similarly, for the s weapon groups j
from which a missile is removed, "ij is reduced for the targets i corresponding
to the lowest Aij's until a total of one missile is removed from each weapon
group. In this way, a rational guess is made at where the missiles from the
relocated submarine should go in order to obtain an initial allocation prior to

re-entering the laydown optimization procedure.

This submarine relocation process in no way guarantees an increase in value
killed. This is because the relocation is accomplished by moving an integral
number of missiles, not a An computed to maximize kill. Also, $ missiles (not
just one) are moved before the Aij are recomputed from the new "ij's'
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% E Although the heuristic rule does not always increase the kill, experience
é g with the procedure reveals that the kill usually increases with every more until
E ; a decrease occurs, after which the kill varies with additional moves without
% ? significant gains or losses. Consequently, submarine moving is terminated in
% ; QUANTO after the first move which resuits in 2 decreased kill.
. Ed
% f 4, BEDDOWN OPTIMIZATION
E ;
b A heuristic routine for shifting aircraft rom base to base has been supplied
E in the QUANTO weapon allocation code with the intent of determining better air-
g craft beddowns for a given positioning of submarines. The procedure shifts air-
%
g craft from the base having aircraft value greater than 0.0001 with the lowest
% survivability product
3 L n.
5 1J
- I Ss5
] J=1
§ to the base with the highest survivability product, provided the losing base
i starts with an aircraft value greater than 0.0001. Otherwise, the survivability -
§ products are inspected in ascending order until a corresponding aircraft value
g greater than 0.0001 is found, and the corresponding base is selected as the ,
; Tosing base. The amount of value shifted is the nonintegral product
:
5] L n_. L n, .
W=V | ISy ™ - IS (19)
‘ =1 ™ =
? where bases m and k are those having tha highest and lowest survivability prod-
§ ucts, respectively, where V, > 0.0001. If V, < 0.1, then all the value V, is
4 moved from base k to base m regardless of the aV computed.
i A with the heuristic submarine relocation routine, each shift of beddown
S value in accordance with the above formula does not guarantee a decrease in the
f % overall expected ki11 value, although the general trend is toward a lowering of ~
i § the kill. Occasionally, an overall kill increase may occur as the result of . ;
4 ; individual shifts considerably before the process has exhausted the gains to be ;
~§ g made in aircraft surviving. The shifting of value terminates if the value aV . ‘
3; to be moved is less than 0.05 (specified by a program statement), at which point ¢

g the survivability products have essentially converged and the beddown is not
changing significantiy.
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Shifts of aircraft do not cause a recomputaiion of the s.rvivabilities Si‘
in QUANTO, since only rarely does che computed survivabiiity depend upon the
number of aircraft present at the target. The methods of computing the surviva-
bilities Sij are described in the next section of this report.

If both beddown optimization and optimization of submarine locations are
requested by the user of QUANTO, the beddown optimization is performed last. Of
course, if the user wants th2 submarines tc have the last move, he may request
beddown optimization only, and in a subsequent run, input the optimal beddown
and request submarine optimization. :

~ AT T G & € AR B M

The beddown optimization procedure shifts nonintegral numbers of aircraft,
and thus resuits in a beddown which has fractional numbers of aircraft at the
various bases. After the terminatinn of aircraft movas, the beddown is inte-
gerized along with the missile laydown and the results are output. Integeriza-
tion of the beddown has the effect of increasing the kill by a negligible amount
over the expectea kiil computed on the basis of nonintegral beddown.

The following discussion, in the form of a critiqued proof, is presented as
a partial justification for the heuristic ruvle for improving the beddown.
Suppose (V;, V,, ... Vo +ees Vs oo V) represents the values of the aircraft

bedded down on the M bases for which the optimal missile laydown is [“ij] and

n .
IS < IS ™ (20)

Next suppose the beddown is changed by subtracting some small value ¢ > 0, from
Vk and adding € tO Vm. ThUS, (Vl, VZ’ eetey Vk “ Ey soey Vm + Sy eesey VM)
represents the new baddown, and the new optimal laydown [ﬂij] could be determined.
The new value surviving in the new beddown is then .

A

M . L i. L fi, .
New Surviving Value = 3, V. S:s Wae I S5.Mo g S ki (21)
i=t =1 W j=1 ™ j=1 K

. J

=

Now if ¢ is sufficiently small, it is reasonable to exject that [ﬁij] is close
to [nj;]1, so that

17
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§> . L f, - L n_. L n, .
mj _ ki ~ mj _ Kj
Y Il Sp IL Sy = IS IS >0
g J=1 j=1 j=1 j=1
5 Therefore, for some choice of ¢
M Lo A
= New Surviving Value > 2. V., IS, J (22)
= L S RN
Furthermore,
M L ﬁij M L "ij
= ivi u
1‘;! v jI=I Sij > igl v, jgl Sij 01d Surviving Yalue (23)

since [nj;] is the optimal laydown for the old beddown (V;} and therefore
minimizes the survivors. Consequently, a shift of value {sufficiently small)
from base k to base m, when -

. L n
L N o Sk.
=1 Y

L .
kj
M S .
1™
results in a reduced expected kill. Note that this proof does not indicate the :
best amount of value e to shift, but ~erely that value should be shifted to §
bases having high survivability products from those with low products. ;

5. LETHAL AREA DETERMINATION

Laxvnadis s,

i Adhmedes

The determination of lethal area (i.e., the region within which aircraft
are destroyed) resulting from a nuclear weapon detcnation is an integral part of
tha QUANTO code. The lethal areas are required in the computations of the
survivabilities, Sij’ of aircraft flushing each target area. This subsection i
discusses the assumptions, assertions, models, and methods used in the lethal
area determination. -

The nuclear environment created by the detonation of nuclear weapons is
discussed in AF3CM 500-1. This saoction is concerned with the fireball effect N
(thermal) and the blast {overpressure) effect which are considered to be the
only two structural xill mechanisms which can destroy an aircraft for this model.
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A superheated region, the fireball, cools while expanding and radiates thermal
energy (heat). At the expanding edge of the fireball, tremendous pressures are
created and form a shock front. The shock front propagates approximately
spherically at supersonic speeds and produces a crusning overpressure force with
accompanying gusts of dynamic forces. The thermal eneryy effect is measured in

calories per square centimeter (cal/cm?), and blast effects in pounds per square
inch (psi).

Tk e £ PG,

Mathematical models are available to study the tnermal and blast effects.
: Computer codes for these models require many hours of computer time; consequently,
- the precise codes are not suited for systems analysis or war games. Reliable
models based on the precise hydrcdynamic and radiation hydrodynamic models have
been developed, tested, and improved by the Air Force Weapons Laboratory. Codes
for these models require only milliseconds of computer time and, therefore, are
suitable for systems analysis. The computerized versions of these codes bear
the names SABER and SNAFT, and are used to approximate the blast and thermal
environments, respectively.

The Systems Anaiysis Blast Environmen: Routine {SABER) his been modified to
. determine only the ranges of given leveis of overpressure and the times of shock
arrival at those ranges. This is a restricted use of the multipurpose program.
The modified version is called SABERCM. Inputs, in additior to specified peak
overpressure, are nuclear weapon yield, height of burst, terrain height, and
aircraft altitude. Outputs are overpressure range and time of shock arrival.

SNAPT is a computerized mode} which can be used to calculate the free-field
thermal energy resuiting from the detonation of a nuclear weapon or to calculate
the range at which a given level of free-field thermal energy occurs. SNAPT has
been medified to perform only the latter calculation as a subroutine named
SNAPTCM. Necessary input data, other than the free-field energy level. consist
of nuclear weapon yield, height of burst, terrain height, aircraft altitude, and
pertinent atmospheric conditions. The atmospheric parameters include haze layer
height, water vapor pressure, ground reflectance (aibedo), and visibility. The
horizontal range at which the desired free-field thermal energy level occurs is
output from SNAPTCM.
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The cookie-cutter assumption has been made to distincuish between regions
of lethality and nonlethality to aircraft. For these purposes, aircraft vulner-
ability levels for the thermal and overpressure kill mechanisms are specified
in cal/cm? and psi, respectively. Under the cookie-cutter assumption, aircraft

are assumed to be killed if either specified vulnerahility level is exceeded, .
and safe otherwise.

Vuinerability levels are input to the nuclear routines along with atmospheric
conditions, terrain height, and weapon cheracteristics in order to calculate the
lethal nuclear environmental ranges for a fixed height of receiver. A point of
detonation is first specified for each missile at each potential target, based
upon where the aircraft from that airfield are located when the missile arrives.
The routines SABERCM and SNAPTCM require a height of receiver to compute the
horizontal ranges of the lethal nuclear environment. The height of receiver is
taken as the altitude of the aircraft, accord’ng to its flight profile, at the
time of weapon detcnation (relative to the brake release time}. This is equiva-
Jent to slicing the spherically propagating shock front (or overpressure contour)
and the thermal contour with a plane parallel to the ground at a distance above
the ground equal to the altitude of the aircraft at the above. This horizontal

plane, called the lethal plane, is the geometrical structure in which the deter-
mination of lethal area is accomplished.

The general appeararce in the lethal area plane of the overpressure and
thermal contours, at the lethal levels specified by the vulnerability levels and
relative to the other input data, is that of two concentric circles centered at
the perpendicuiar point projection of the burst center onto the plare. Figure
5 depicts the intersection of the lethal area plane with the letnal cverpressure
contour. The horizontal range associated with the lethal overpressure contour
js the lethal overpressure radius, and is measured from the perpendicular point
projection of the burst center onte theplane to the lethal overpressure contour.
Similarly, the leth2] thermal radius is that horizontal range associated with

the lethal thermal contour. Thus, the nuclear routines are used to compute the
lethal contours needed tc compute lethal area.

The orientation of the aircraft is not considered in computing the horizontal
ranges associated with the overpressure or thermal kill mechanisms. The lethal
thermal radius is computed under the assumption that the aircraft is oriented
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Figure 5. Lethal Area Plane Intersecting Overpressure Contcur

so as to receive the maximum amount of thermal erercy. Similarly, the fact
that the aircraft is better equipped to withstand tne overpressure shock front
in one position, as opposed to another, is also not taker into account in the
computation of the lethal overpressure radius.

The lethal radii which are outputs from the nuclear routines are computed
for a stationary receiver (aircraft). Thus, the lethal contours defined by the
lethal radii must be adjusted to account for a moviry aircraft. This is
accomplished in the lethal area plane.

The letha *a (within the lethal area plane) resulting from the detona-
tion of a nuc. . weanon is that area within which the aircraft cannot survive
if located there at the onset of the detonation. Tabulated data for the air-
craft flight profile is used in conjunction with the distance to the centroid
(defined in section V, fifth assumption) to transform the lethal overpressure
contour in the lethal area plane into a locus of points describing the boundary
of the area reflecting aircraft kill from cverpressure. The lethal thermal
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%
contour remains unchanged since the thermal energy propagation time is negli- ;§
gible. The entire process of lethal area determination takes place in the %
lethal area plare. i 33

A top view of a typical lethal area plane containing a lethal overpressure
contour, a lethal thermal contour, and a centroid (designated by an asterisk) ?
is offered in figure 6. The lethal overpressure contour is represented by the
dashed-line circle, the lethal thermal contour by the solid-line circle, and
the perpendicular point projection of the burst center onto the lethal area

} plane by the svmbol X. The remaining task i3 to adjust the overpressure contour
£ to account for the movement of the aircraft.
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Figure 6. Top View of Lethal Area Plane

3

Points lying on the lethal overpressure contour are used to determine the
boundary for the overpressure lethal locus, that is, the lethal area at the

% s DR MR A e

';‘ onset of the burst associated with the overpressure ki1l mechanism. The air- .
é craft are assumed to be emanatirg radially from a point called the centroid. ;
% The points on the lethal overpressure contour are backed up radially toward ) i
‘i the centroid by the distance flown between detonation and the arrival of the ] E
C shock wave at the overpressure contour. This distance is obtained by inter- ;
; pclation from the distance/time ccordinates representing the aircraft flight ;
; profile. This radial translation of the overpressure contour toward the :
9 i
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centroid usually results in a petal or egg-shaped overpressure lethal locus as

showr in figure 7. More complex shapes may result when the centroid is within
the lethal overpressure contour.

.
. < iR
D T P LI 8 4 T DR ik

OVERPRESSURE LETHAL LOCUS

CENTROID

*

LETHAL OVERPRESSURE CONTOUR-/

Figure 7. Overpressure Lethal Locus

The overpressure lethal locus encompasses the overpressure kiil region at
the time of detonation under the cookie-cutter assumption for a moving aircraft.
An underlying assumption is that the aircraft maintains radial flight from the
centroid. Since the aircraft is constrained by the aircraft flight profiie, if
within the overpressure lethal locus at the onset of the burst, it will be inter-
cepted by the supersonically propagating shock front at a higher level of over-
pressure than it can withstand. A possibility exists that the aircraft could be
Tocated within the lethal thermal contour, as well as within the overpressure
lethal locus, at the onset of the detonation.

The overpressure lethal locus is combinad with the lethal thermal contour to :
produce the boundary of the lethal area. Figure 8 gives an example of a lethal :
circle/petai area with respect to a moving aircraft. Numericai integration is
used to compute the area within this lethal region.
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CENTROID

* +

Figure 8. Lethal Area for Moving Aircraft

6. DETERMINATION OF SURVIVABILITIES

The values Sij’ which appear in the objective function (maximizing the
expected value killed), must be computed for each weapon in group j against each
target i. Assuming that the aircraft at each target are uniformly distributed
over some area at each weapon arrival time, the probability of kill, Pk’ of
each aircraft at that target is the quotient of the lethal area divided by the
area in which the aircraft could be located when the weapon arrives. In this
report, the Pk will be defined as the probability of kill given that the weapon
successfully detonated at the target. In QUANTO, reliability factors are given
for each missile type for the probabilities that (1) the missile is successfully
launched, (2) the missile successfully reaches the target, and (3) the warhead
successfully detonates. The overall reliability of a missile is the product of
these three reliabilities. The survivability of a target from a single weapon
is then

Survivability = 1 - P * (reliability)

The Pk of each weapon versus each target is computed from input data in
QUANTO. Initiailly, the arrival time of the missile on the target is computed.
Time zero is the time at which all of the first missiles from each submarine are
simultaneously launched. Subsequent salvos from the submarines are launched
after time zero, as determined by the salvc number and the missile launch
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interval. The fiight time of a missile to a given target is interpolated from
input distance/time missile trajectory information after the distance from launch
point to target {i.e., the coordinates of the base) is computed. The arrival
time of the wearon on the target is the sum of the launch time and the flight
time.

1ne location of the aircraft at the time of weapon arrival may be computed
from the input aircraft flight profile and the brake release times. The air-
craft are assumed to disperse radially from a single point, called the centroid.
Unless aircraft ace assumed to be departing in both directions from a base (from
dual runways, for instance), the centroid will not be on the runwiy, for the
centroid's location is a function of the time it takes an aircraft to raise its
gear anc flaps, reach a turn altitude, etc., and then make a turn to its fly-out
direction. The distance an aircraft will be from the centroid at weapon arrival
time is computed by (1) subtracting the brake release time from the weapon
arrival time to obtain the time the aircraft has had to escape before the weapon
arrivog, (Z) interpolating in the aircraft flight profile to obtain the distance
the zircraft has traveled from brake release, and (3) subtracting the distance
from brake release ‘o centroid from the total distance traveled. The distance
to tue centroid from brake release point is input for each target. In this
manrer, QUANTO computes:

R, = the radial distance from the centroid of the
first aircraft at weapon arrival time
and
RN = the radial distance from the centroid of the

last aircraft at weapon arrival time

If an aircraft has either not begun its takeoff or not reached the centroid,
its radial distance from the centroid is set to zero. The intent here is to
treat all aircraft which have not reached the centroid as essentially undis-
persed aircraft which can be targeted with a single SLBM.

The area of kill generated by a warhead detonation for aircraft of a given
type is dependent on many parameters, as described in the preceding section of
this report. Many of these parameters are needed to describe the nuclear
environment and are directly supplied by user inputs. First, the horizontal
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ranges are determined at which a stationaiy receiver would experience a lethal
] overpressure or thermal effect. Then the assumed detonation point of the SLBM,
: the aircraft climb profile, and the distance from brake release point to the
% centroid are used as described in the previous section to determine the shape
f of the circle/petal thermal/overpressure lethal area at detonation time, thus
taking into account the moving receiver (aircraft). The lethal area varies
somewhat with the distance of the detonation from the centroid, because the '
aircraft are at different altitudes and velocities at different points in the
climb profile. Hence, an approximation must be made of the lethal area used in
the calculation of Pk’ and QUANTO must make some assumption about where the

weaoon might land without having determined yet how many total SLBMs will be
allocated to the target.

QUANTO assumes that the attacker can compute Rl, assuming a certain brake
release time, and accepts this as the farthest distance that the first aircraft

e on a base can achieve by weapon arrival time. However, although the attacker
- might also be able to compute RN based on the stipulated aircraft takeoff

i intervals and brake release time, he would realize that unanticipated delays
\”

could occur (in detection and warning of attack, etc.) and might consider it
equally likely to find aircraft at any point within the circle of radius R1‘
Consequently, QUANTO attacks that area, in general, with a uniformly dense
distribution of weapons. Thus, an average weapon might land at a distance
(Rl//?) from the centroid because a circle of radius (RIIJ?) contains half the
area within the circle of radius R,. One benefit of this uniform attack is
that a delax in the brake release time will not significantly decrease the
expected kill and may result in a large increase in kill. When the SLBM deto-

‘v‘ s

E LAY

g nates at distance (R;/¥Z) from the centroid and the entire lethal circle/petal

? area falls within the circle of radius Rl, the Pk is simply

§~ o - AL [for Rl//?]

3 K= - ,

o R,

8 where

3 A [for Rl/lé‘] (24) -

indicates the lethal area when the detonation point is at range (R,/v2Z) from the
centroid. This situation is illustrated in figure 9.
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LIRS,

Shaded area = A, [for RI//Z]

Figure 9. Detonation Point at R //2 :

The use of equation (24) results in an overestimate of the expected kill of
aircraft in the case of very few aircraft on a base and a lethal area which is
a large portion of the circular area anz. With few (or one) aircraft, RN may
be only slightly less than {(or equal te) R,. This situation is shown in figure
10 for *he lethal area labeled A. In this case, equation (24) predicts a large
percentage of the aircraft killed, although when the brake release time is
certain, no kills result. To guard against this possibility, the attacker
would wish to reduce his estimate of Pk in allocating his attacking weapons.
One way in which he could do this would be to replace the procedure of the
previous paragraph with one in which the weapon was placed at distance
{R; + Ry)/2 from the centroid, assuming the aircraft were uniformly distributed
throughout the annulus of radii R, and RN' This Pk is the shaded area within
the circle/petal labeled B in figure 10, divided by the annulus area H(Rlz - RNZ).
The shaded area within B may be approximated by considering the circle/petal B
as a circle of equivalent area centered at (R, + Ry)/2 radial distance from the
centroid, and computing the area within both the equivalent circle and the
annulus thickness. This latter common area, which will be labeled ALAN [for
(R, + RN)IZ], may be computed from closed-form geometric expressions. The
single aircraft sitJation is handled in this manner by artificially setting
RN = R, - 0.01 so that the annulus has a small positive area. The Pk formula
thus hecomes

A [for Ry/v2] gy [for (8, + Ru)2]

P, = min (24)
k nR2 ’ anz-RNZ

1
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Figure 10. Lethal Area Detonation Iflustration

The use of this formuia, when the second yuotient is the minimum of the two,
encourages OUANTO to aliocate a second weapon to the target since the first
weapon's Pk is lowered.* \

As shown in the previous figures, the thermal lethal circle usually extends
farther from the centrcid than does the overpressure lethal petal. Likewise,
when the SLBM detonates at the centroid, the thermal circle usually extends
farther from the centroid than does the region of overpressure kill, which in
this special case is also a circle. "Usually" in this context means for those
combinations of flight profile and overpressure/thermal vulnerability levels
normally of interest. However, for some hardness levels and aircraft flight
prcfiles, the region of overpressure kill may totally encompass the thermal
lethal circle.

The farthest reach of the lethal region in a direction away from the centroid
becomes a concern when R1 is small enough that the lethal area may protrude
beyond R1 for a given weapon placement. When the lethal area so protrudes, the

*The validity of the metnod implicit in the second term, and indeed of the
whoie procedure in equation (24), has been confirmed by comparing answers
obtained from QUANTO with those obtained using a Monte Carlo simulation
model.
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first expression competing for the minimum in equation (24) is in error because
the aircraft cannot be located in the protruding portion of the lethal area.

To handle these cases, the weapon is assumed to detonate at a position for
which no protrusion occurs, if possible.

Therefore, QUANTO computes

R g [for R,//Z]= the distance from detonation point to lethal
region boundary, in a direction away from the
centroid, for a detonation at distance
(Ry/vZ) from the centroid.

It will usually be true that

SN EAR A R R e S T et S AL I et D S AR

.
Rig [for R, - Ryp [for Rl//?]] = R p [for R\/VZ]

i.e., RLR varies 1ittle as the detonation point - adjusted co avoid protrusion.

Now, if
Ry <R [for 0], then QUANTO sets P = ]
But if
R, > RLR [for 0]
and

(R,/V2) + R p [for R,/VZ]> R, (i.e., the Tethal area
protrudes beyond R,)

then QUANTO computes the Pk as

A [for R, - Rp [for Rl//f]] A [for (R, + RN),IZ]

P, = min (25)
k ]
1R, 2 n(R2 - R?)

where the first quotient assumes placement of the weapon at

(Ry - Ryp [for R,/VZ])

SR

WS R b

in order to avoid protrusion.
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Thus, the complete formula for Pk is

] if R S'RLR [for O]

A [for R, - R g [for R/VZD) Ay [for &, + Ry)/2]

" T R,2 n(R,2 - Ry?)

7&“0
fl
A

if R, > R p [for 0] and R,/VZ + R p [for R}/ T]> R,

A [for Ry/VZ] A gy [for (R + Ry)/2]
min .
T R,2 1(R,2 - Ry?)
-

otherwise (26)

N

It may be noted in the above formula that the weapon placement may be at dis-
tances from the centroid of O (when P, = 1), R, - R p [for R,WZ]), (R, + RY)/2,

or R1/¢?Z This will be of concern wher more than one aircraft type is considered
in the model.

It should be noted that these formulas for Pk are inaccurate when the dis-
tribution of aircraft is far from uniform over an area, as mignt be the case if
a number of aircraft had not left the base by the time of a weapon arrival.
This situation will not occur if the aircraft beddown is a rational one, intended
to prevent mass kills by single weapons. Because of the assumption of uniform
distribution of aircraft, QUANTO will underestimate the aircraft kills in these
situations. However, a simulation program may be used to discover if such
conditions exist and to estimate the resultant kills.

If the aircraft were actually uniformly distributed over the areas assumed,
the actual Pk values (and, hence, S1 values) realized by the allocated weapons
would not agree exactly with those computed by formulas (23) and (24). This is
due to the impossibility of determining the realized lethal area sizes before
determining the number of weapons (and, therefore, the precise placement of
weapons) on each target. The computed weapon allocatiun is optimal for the Pk
values computed. However, the plus and minus errors between realized and
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computed Pk's for individual weapons tend to balance out to a small overall fﬂ
error when summed over all the weapons. This is because the computations of k
3 Pk's are based cn an average placement or each weapon on each target. 7
k 3
- | It has been assumed that the survivabilities S.. are independent. Thus, no o
}ff E ¢ weapon on target i can cause collateral damage on aircraft from another base, b
. and the area purged of aircraft by a detonation can beccme populated to an equal g
i pis A' é - - . — . : :'
i s aircraft density by other aircraft before the next weapon arrives. Detailed §
! ;‘ } 'Y o :-&f,
. ? base-by-base simulation of the attacks produced by QUANTO has shown that the g
R - actual resultant ki1 (output from the simulator) is not significantly different 4
] gr . 3
. from QUANTO's predicted kill. E
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SECTIGs IV
THE COMPUTER PROGRAM

Figure 11 shows, in general terms, the operation of QUANTO. After the data
for the problem is input, areas of lethality and the survivabiiities Si’ are

computed. The optimal missile laydown nij is then determined. QUANTO will then

relccate a submarine to a better position, if the usc¢r has requested submarine
optimization, and recompute the optimail "ij for the new positicns of the sub-

marines., !fteir sutmarine optimization is completed, aircraft may be relocated
to improve the number surviving, with "ij recomputed followir.g each shivt of
aircraft. When beddown has been optimized, the optimal nonintegral Vi and n;
are integerized and final output is produced.

J

Figure 12 indicates several additional details of QUANTO. The criteria for
terminating submarine optimization and beddown optimization are indicated in
test blocks. A mode parameter, input on the first data card of a problem deck.
controls from whance input is taken and how much of the prngram is executed.
Tabie II described the mode contions. These options permit the user to observe

partial computations tor validity without risking a large expenditure of
computer time.

The principal subroutines .- QUANTO (QUANTQ being the name of the main
program) and their functions are Tisted in table III.
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Figure 12. Detailed QUANTO Flow Chart
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Table II iy

bt e

MODE GPTIONS

Mode QUANTO Operations

: 0 Input all data except convergence parameters and initial
E allocation n§; from cards.

% Terminate probiem after computing nuclear effects and

{ constructing flight profiles.

% 1 Tnput all data from cards.

5 Terminate after computing survivabilities Sij and kills

i resulting from initial allocation.

E Write information for automatic program restart on tape.
; 2 Input all data (except parameters on first card) frem

% raestart tape.

? Terminate problem computations prior to compietion only

E if the time limit for processing is reached, at

E: which time a restart tape will be written.
3 Input all data from cards.

Terminate problem as for mode = 2.

A b s
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{
Table III '
PRINCIPAL ROUTINES AND THEIR FUNCTIONS

Routine
Name Description
QUANTO Main Program.

QUANTO reads the input data, either from cards or from a restart

tape, as controlled by the mode parameter on the first input

card of each problem deck. The data describing the probliem

are printed, and if the data are read from cards, a summéry of

the input data is also printed. The aircraft profile and

parameters affecting nuclear effects are not read by QUANTO,
but by PROCESS, called by QUANTO.

Computations of survivabilities Sij are performed mainly n QUANTO.
DETAREA provides QUANTO the necessary lethal areas, but QUANTO
computes flight times and distances and the resultant set of
Pk and Sij values, with the help of interpolation, look-up,
and distance computational routines.

After input of the initial allocation, QUANTO controls the sequenc-

ing of operations in the iterative procedure for optimizing the
missile laydown.

S

When provided an by ADJLAM, QUANTO recomputes
nigs Sijo xij* and f(nij). Control of the iteration cutoff and
intermediate output is accomplished in QUANTO.

Retocation of aircraft is completely performed in QUANTO, but

ST

QUANTO calls other routines for submarine optimization and

integerization of laydown and beddown.

e ates 'ﬁ";kéwm’wzﬁ‘? -
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Routine
Name

PROCESS

DETAREA

ALOUT

Table III (cont'd)

Description

Called by QUANTO.

PROCESS reads aircraft profile data and nuclear effects parameters
from cards for each type of aircraft. PROCESS generates dis-

tance/time coordinates for each aircraft for the specific

altitude of level-off. The input data, as well as the generated

distance/time coordinates, are output. If the lethal over-
pressure and/or thermal radius and the time of shock arrival are
not present in the input, PROCESS computes these values for the
yield of each type of missile. The nuclear effects information
is summarized in the output from PROCESS.

Called by QUANTO.

From given aircraft profiles and geometry of flyout and detonation,
DETAREA computes the lethal area with respect to the moving air-

craft, i.e., the circle/petal area describing the thermal/
overpressure kill region.

Called by QUANTO.

ALOUT produces a list of the allocation n; in two formats. First,

J
by target: the missiles allocated to that target are listed in
order by submarine number and salvo number within the submarine.
Second, by submarine: the missiles are listed in order by

salvo, together with the targels to which they are allocated.
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Name

ALINT

VINT

TGTKIL

ADJLAM
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Table III (cont'd)

Description

Called by QUANTO.
ALINT integerizes the allocation matrix "ij‘ This process is not a

simple rounding of the nonintegral Ny 5 values, but an assignment

J
of integral values to the highest fractional parts so as to
make igj "ij = Nj for each j.

Called by QUANTO.

VINT integerizes the beddown values Vi in a manner simiiar to ALINT.

Called by QUANTO.

TGTKIL computes the survivability products jﬁl Sijnij (for each
aircraft type), the Aij values, the number of aircraft ki]]e&

at each base, and a rough idea (obtained by rounding n;s values)

J
of the number of weapons allocated to each base.

Called by QUANTO.

ADJLAM finds an by first finding

Aeg = mén {Aiz such that n;, 20.000t} i=1,2, ..., M, and

Ane = mgx {xiz} i=1,2, ..., M, such that Mg < Mg "€
for some weapon group % and some tolerance €. Then ADJLAM
either computes the proper allocation adjustment &n to force
the value of Ak toward the value of Amg (for the single type
aircraft model) or calls the function XNEWT to compute an (for
the inixed force model). Tallies of weapons allocated to each

base are updated after the change of "ij by the An adjustments.
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Table II! (cont'd)

Routine

_Name _ Description

SUBADJ Called by QUANTO.

SUBADJ locates the least effective submarine and the submarine

location with the most potential, as described in the test on
submarine optimization. The submarine is relocated to t e
better position and its missiles are allocated to bases having
high Aij values, as described in the text.

XAREA Called by QUANTO.

XAREA computes the area of intersection of a circle and an annulus,
under all conditions of annulus radii, circle radius, and

offset of circle center.
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SECTION V
ASSUMPTIONS

In this section, :zhe principal assumptions in QUANTO are described and are
briefly discussed.

Assumption: A1l input SLBMs are used against aircraft, i.e., the attacking
force decides what portion of its SLBMs to use against the flushing aircraft
force prior to running a problem and the SLBMs in QUANTO represent that portion.
0f course, for each submarine, only a partial load of missiles need be input for

a problem.

Assumption: The survival probabilities, Sij’ are independent. No collateral
damage may affect an aircraft departing one base as a result of a detonation of
an SLBM allocated to another base. Furthermore, the effectiveness of a weapon
in group J on base i is measured by Sij’ a numerical quantity which is independ-
ent of the number of weapons which have previously arrived or will subsequently
arrive. Stated differently, the area in which aircraft may be located at the
time of a later weapon arrival is not considered to contain voids left by pre-
viously arriving weapons. Detailed Monte Carlo simulation of QUANTO-produced
attacks shows that QUANTO's predicted ki1l (using such Sij vaiues) is close to
the actual kill resulting from the simulation.

Assumption: Thermal and overpressure effects have lethality according to a
cookie-cutter criterion. In other words, an ai-craft with hardness of x psi and
y cal/em? is killed if it experiences either of these levels or higher, but is
safe from (x-¢) psi and (y-¢) cal/cm? for any ¢ > 0, no matter how small.

Assumption: At all times, aircraft are uniformly distributed within a maxi-
mum circie, defined by the first aircraft's range, the area of which is contin-
ually increasing with time. Thus, the survivabilities Sij are computed assuming
the attacker will pattern his weapons for uniform coverage of the maximum circle
of aircraft. In some cases (few aircraft at early weapon arrival times), this
assumption is modified to allow computation of Sij by assuming instead that the
aircraft are uniformly distributed throughout an annulus. In this way, a lower
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computed Sij results and more realistic expected kills result. Of course, if
the aircraft do not disperse in a circular pattern, and the attacker were to be
granted advance knowledge of these flyout tactics, & greater expected kill would
result since the weapons have a smaller area to attack.

Assumption: The aircraft radially emanate from a point called the centroid
of the aircraft which, for a given flyout profile and turn geometry, may be
determined. The distance of the ce roid from brake release point is a param-
eter which may be input for each ba.-, it is based on the distance the aircraft
flies without turning while raising its gear, ciimbing to turn altitude, etc.

Assumption: In the computation of sij’ the detonation point of the weacon
is at one of several places, as described in another portion of this report.
The assumption of detonation point is such as to be in agreement with the
uniform-attack-of-the-aircraft-area assumption, with a modification of the
location (1) when protrusion of the iethal area beyond the maximum circle occurs,
(2) when an anaular P, computation yields a better estimate of Sij’ or (3) when
a weapon on the centroid kills all aircraft of a single type. In this way, some
pains are taken to compute Sij based on a reasonable estimate of the weapon
location, without knowledge of where other weapons are allocated.

Assumption: When multiple aircraft types are included in the model, all
aircraft radially emanate from a single centroid and weapons are patterned to
attack uniformly the area of all aircraft types. Point values of aircraft of
different types may make some bases more attractive than others; but on those
bases, the attack is assumed to be uniform.
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SECTION VI
LAGRANGE MULTIPLIERS IN THE MIXED FORCE ALLOCATION PROBLEM

When more than one type of aricraft may be leaving each base, the problem
ot determining the optimal missile laydown is more complicated than the pre-
viously described model. For purposes of explanation, the following will assume
two aircraft tvpes, bombers and tankers, indicated by B and T subscripts,
respectively. However, the procedures are general for any number of aircraft
types. The objective to be maximized in the mixed force allocation problem is

ORI

-

(i) = 3 ; "*J'] > 1os 6l )
flnss) = 3 Voo |1 - T S + Y v 1-1 s.. 27
1 =1 B 3=1 ijB s 7T 3=1 137

-

with the same stockpile constraints

The function f(njj) is now the expected kill value of both bombers and tankers
with a sum over the target index i for each type of aircraft. The values of
the bombers and tankers, respectively, leaving base i are V‘:B and ViT’ where
each type aircraft may be worth a different amount of value per aircraft. The
survivabilities SijB and SijT of the bombers and tankers, respectively, of

target i from a weapon in group j, must be computed slightly differentiy than
the previous Sij’

Since the types of aircraft may have different thermal and overpressure
hardness levels, there is a circle/petal combination for each aircraft type at
a single weapon deconation point. Using the same notations as before, with the
additional B (bomber) and T (tankers) subscripts (following the slashes), the

following formulas for Pk/B and Pk/T are used for the computation of bomber and
tanker Pk's.

In the mixed force allocation problem, it will be assumed that the SLBMs are
aimed uniformly at the entire area of all aircraft (of all types). When the
geometry is such that the tankers are within the bombers, as shown in figure 13,
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Figure 13. Bomber/Tanker Mix

the Pk/T may be approximated by the product of (1) the probability that a random .
placement within the bomber circle lands within the tanker circle, and (2) the ?%
probability of kill of a tanker given that the weapon detonates within the

PR HT Rt o o 4 BT

g tanker circle. If AL/T represents the lethal area of the SLBM against tankers,
ﬁ the product is
- MR A A
g Pk/T T 2 p2 (28)
.3 HRB HRT HRB
é where overlap of the lethal area over the circle of radius RT has been ignored. :
5 Thus, for these assumptions and approxim:tions, Pk/T is independent of RT' §
i Should the bombers be within the tankers, L
A
E L/B
VB " g2
% so the maximum radius always appears in the denominator. %f
; |-
44 o
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For the mixed aircraft model, let R, and Ry represent the radial distances :
& of the most and least distant aircraft, respectively, from the singie centroid
9 3
a (the same point for all aircraft types) at the time of weapon arrival. The
73 subscript MAX means the largest for all aircraft types, and other notations are
"1 analogous to those used in the discussion of the single type aircraft model.
1. A If
3 i" Ry < Ry p/max [for 0] (30)
’: then
A
e 2 - RS2
-5 n(®2p/r - Ry’) -
- P, ,+ = min {1, 31
- k/T . (Rlz " an)
: and
2 2
: IGTYRLY )
j P = min {1, 3
E
b ) assuming that the weapon detonates at the centroid.
: B. If
and
Ry/VZ + Rpunx [For Ry/VZ1< R (33)
so that neither circle/petal lethal area protrudes beyond R,» then
N I . b [for Ru/72] %
1f . s (1) Pk/T=mm 1, — (34) ;
\ B d §‘ and i
| 23 £ P, ,o = min {3 35
; g k/8 ’ m R, 2 1
2
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if either
ALaN/T [%or (Rl + RN)/2] AT [for R, /VZ ] -
. > , 36
1R, - R) m R,
or
A e [for (R, + Ry)r2| A g Do Ry/2] o
y >
nRj,? - R nR, >
Otherwise,
” Ar [For (R + Ry)/2] o
2) P o= 38
k/T 2 2
1R, - RyY)
and

e [for (&, + Ry)72] 3
PrsB = T -7 (39)

In words, if the annulus Py computations in equation (38) above are both
smaller than their corresponding circular P, computations in equation (34),
then the annulus Pk formulas are used for all aircraft types. Otherwise, the
formulas in eaquation (34) are used.

C. Finally, if either circle/petal protrudes when positioned at Rll/f,
the weapon is moved toward the centroid as betTore and

ALt [fcr Ry - R p/max [for Rl//?]]

(1) P ,p = (40)
k/T I R12
ind
Ap [for &, - & ax [For R,//Z]] -
b = n
k/B I sz
if either
46
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B

: ) _ re

ALan/T [for (R, + RN)/ZJ AT [‘For Ry - Ry p/max LFOr Rl//Z]] @

>
2 2 2
1(R,* - Ry?) TR,
S or
¢ Aawzp [for (7 + R)2] A [for R, - Rg max [For R,//2]] -
: } >
2 2 2

= 1(R,2 - Ry TR,
: Otherwise,
b o \
" A [for (¢ Ry)/2] )
e 2) P = 4
: k/T (o 2 2
3 ) (Rl - )
§ and
: Aaws [for (R, + Ry)2] 5
b5 P =
s F/R 2 2
1(R,? - Ry?)
E -
: It should be noted that these formulas have been writtan in a slightly different
.3 form to ensure that the Pk computations for different aircraft types are all
2 based on the same placement of the weapon.
The survivabi’ities are simply
% SijB =1 Pk/B * (reliability of weapon in group j)
: SijT =1- Pk/T * (relizbility of weapon in group j)
3 The technique for solution of the constrained maximization problem for the

mixed aircraft force is very similar to the techniques for the previous model.
fe The Lagrangian function for the new objective function f(njj) is

ey

5 M

» ) "("ij' ‘5) = f(nij) * Jf; A5 LZ;1 nis - Nj] , (46)
‘é Setting the partial derivatives equal to zero, as before, yields
Bty

f i an,  keB " TkaT Tt

; % k=1,2, ..., M5 2=1,2, ..., L (47)
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where
L n,.
- . kj
Meas = Vi (2 Seep) j§] Sks3 (48)
and
L I
- kj
For the mixed aircraft model, the new definition of Akz is
Mo = Mkeg t AkeT (50)

or in the case of more than two aircraft types, Akz would be the sum of the

Tambdas corresponding to each aircraft type. Fixing ¢ and letting k vary
results in the system of equations

Akk = ')\2’, k = ‘,, 2, ecoy M

which has the same appearance as in the single aircraft model, although Mg is
differently defined.

The iterative procedure is again based on finding Ao < g with nkpg,G.OOOI,
and choesing an so that the new values of Akg and lmz’ Say, ikz and 3 . become
equal. This value of an is the root of

- -~

= Ak ¥ AT T MmeB T AmeT

-An -An +An +An
SeB MeB T SkeT  MkeT T 3 meB = 3

b

meT me (51)

The root of anx of g{aa) is found by Newton's successive approximation method,
where

giany) ,
an; . = Bng ST i=1,2, «ou. (52)
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In QUANTO, when |Ani+] - A"il < ¢ (the same tolerance used in the test for
convergence of Ao and Amz)’ anx is set equal to AN q- This iterative formula
may diverge (as tested by |Aﬂi+1l > 220 in QUANTO) for a given selection of an .
Convergence is sttempted for an selections of Mg 0, and nk2/2, successively,
until the iteration successively converges. If the root aAn* > Migs &N is chosen

as .3 i.e.,
An = min {An*, "kz} (53)

so as to keep ("kz - An) nonnegative.

This choice of an results in the maximum increase in the expected kill. The
proof of this statement is quite similar to the analogous proof in the single
aircraft case. 1If the kill contribution to tne objective function f(nij) from
targets k and m after An weapons are moved from target k to target m is indicated
as r(an), then the unconstrained maximum of r(an) occurs where r'(sn) = 0. But
this is at an+, the root of y{an), since

r'(an) = -g(an) (54)

The maximum of r(an), constrained by 0 < an < Migs Occurs at an = ko if anx >
n,gs Since

r'(0) = ﬁmz = N, 0
and
r''=-g'(an) <0

The “terative procedure for the mixed aircraft model is exactly the same as that
for the single aircraft model, with the exception of the new definition of Akz
and the Newton procedure for finding an*. The submarine relocation procedure is
also based on the new Aer = Mo * Ao

The beddown optimization procedure is slightly changed *n that each beddown
change simultaneously moves some of each type of aircraft. Thus, for bombers,
the value

L n. L n, -
- mj _ kj

49
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is shifted from base k to base m where these bases have, respectively, the
lowest and highest survivability products

but only those bases k for which VkB > 0.0001 compete for the lowest product.
The value of tankers shifted, AVT, (computed Tike AVB, replacing "B" subscripts
with "T" subscripts) depends on the tanker survivabilities SijT and values ViT’
and thus, bomber and tanker relocations may involve different pairs of bases.
The beddown optimization stops when the total number of aircraft (of all types)
to be moved in a single beddown change is less than 0.05.
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SECTION VII
BENEFITS AND FUTURE USES QOF QUANTO

QUANTO was develcped to investigate the sensitivity of total bomber force
survivability to variations in thermal and overpressure hardness. In the process
of this development, numerous other parameters have been included as variables
in the model. Consequently, the model is useful for evaluating the sensitivity
of surviving aircraft to changes in aircraft beddown and flight profiles, numbers
and types of submarines or missiles, SLBM performance characteristics, and reac-
tion times, as well as aircraft hardness. Alternative missile laydowns, sub-
marine locations, and aircraft beddowns may be compared and evaluated using
QUANTO to compute expected kills. Contractual studies may be evaluated tor
validity and contrasted with QUANTO to aid in underctanding their results. In-
house and intra-AF investigations are facilitated by the availability of QUANTO.

QUANTO has a great deal of ‘lexibility. It is relatively fast and easy to
use compared to other flush models. An optimal laydown may be computed in 1 to
3 minutes of computer time, submarines may be optimized in about 5 minutes, and
optimal beddowns require up to 10 minutes, where these times are largely depend-
ert on the quality of the selection of initial laydowns, submarine positions,
and beddowns. Each weapon is considered a separate entity, not as a member of
one of a fixed set of predefined patterns. In addition, QUANTO permits multiple
types of aircraft and SLEMs, each with its own performance characteristirs. The
modular construction of QUANTO permits investigation of selective changes in the
assumptions upon which the model is based, with selective program changes.

The projected future uses of QUANTO include the evaluation of other models
and results of flush studies, studies of the effects of parametric variations

on the survivability of a mixed force, and in-house experimentation and
sensitivity analysis.
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APPENDIX I

APPLICATIONS OF LAGRANGE MULTIPLIERS
The Basic Problem

The computer program called QUANTO uses the Lagrange multiplier method to
optimize the allocation of weapons. This appendix is provided to introduce the
reader to the basic fundamentals of the technique.

The problem:
Maximi ze f(xl. Xos eovs xn)

1, 2, «..omym<n

)
o
-
Cude

"

Subject to 9j(§1’ Xys sees xn) =

Lagrange method:

Form the function:
f(xl, Koy aeos xn)
m
+ ;é% Aj{gj(xl, Xps aees xn) - bj}

where the Aj are constants (known as Laarar.ge multipliers) as yet to be deter-
mined in value. Note that when the constraints are satisfied, h is formed
merely by adding multipliers of zeros to f. Now treat X5 i=1,2, ..o Ny aS

independent variables, and write down the conditions

h(XI’ xz’ et oy xn' Al’ AZ’ LI Y Xm)

ah
—:O
axl
ah
—_—= 0
X,
oh i
o——-o
X %
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Constraint
Equations -

s

3h
AL
*m

[+3)

/

; and Aj will yield the critical points

SRR A O Vo S22 SV Xaion S0 £ £ B SO St L g LR A S R Y
L]

Y

A

Solving the (n + m) equations for the x
of f.

bt AR

EXAMPLE 1:

R X
en Wy

Minimize f(x,y,z) = x2 + y2 + 22

subject to the conaition that (x,y,z) is on the plane

ety Sheti oSy

S = {{x,y,z): 2x+3y-2z-1¢=0}

2R

First introduce the new variable A to form

SRR

3 F(X,Y,2,0) = (X2 + y2 4+ 22) + a{2x + 3y - 2 - 1)

v

Now compute Fx’ Fy. Fz' and FA'

2% + 2A

1]
[

it

g n
it

"

o

2y + 3x

i FZ =22->)=190
F

[}
N

]
—d

1
o

y Sk + 3y

These egquztions yield

Y Y A
il u}«‘;’. AR Py A

1
E: X=7',,Y=13T,2=‘ﬂ‘,l—-;-

5
& The solution satisfies F, = 0 and is, therefore, on the plane
'3 2x+3y-2~-1+0

: 54
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EXAMPLE 2:
Maximize f(A,B) = 6A + 2B + AB - A2 - 2B2 + 5
subject to p(A,B) =2A - B =8
Solve by finding the (local) optimum of

h(A,B,1) = f(A,B) + A[p(A,B) - 8]
= 6A+ 2B+ AB - A2 -2B2+5+ 2 (2A -8B - 8)

Set partial derivatives to zero.

ah _ =
£ 6+B-2A+2x=10

ah _ s =
-5-B-—Z+A-4B A=0

sh _
o 2A -B -8

]
o

Solving yields

b -}
"
e

-]
1]
-
o

>
1l
-t

Thus
33 10\ _
f(7—-, -.7-) = 16.5714
Writing the constraint equation as 2A - B = & g°ves

ah _ -
-5-5---)\--]

One can then see that increasing & has the effect of decreasing h (and, there-
fore, f) at the rate of -1 unit of f per unit of . Indeed, regardless of what
h looks 1ike, if the constraint is written as p = &, then éh-will always

36
equal -i,

Examples one and two are both performed in the same manner even though one is
a maximum and the other is a minimization problem. The manner in which one would
differentiate between which has occurred is by calculating the Hessian matrix.
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APPENDIX II

QUANTO'S ITERATIVE PROCEDURE
Three Examples

e e SRV TEATIR RS TV T

This appendix is provided for the reader to become acquainted ./ith the types
of problems sclved by QUANTO. The three examples serve to illustrate the three
basic options available to the using organization. The type problems addressed

: 3 are

g § 1. Optimize nij

3 4 Given: three targets

} §' three weapon groups

. 2. Optimize aircraft beddown

. E} Given: bomber/tanker mix

3 3 ten tankers

3 3 seven bombers

] E> .
: 4 3. Optimize submarine locations |

‘{ ’% In cases 1 and 3 the optimal "ij is found prior to the optimization of the |
E E aircraft beddown or submarine locations.

- EXAMPLE 1 l
E g Suppose L = 3, M = 3, i.e., there are three targets and three weapon groups. §
> . } Let the number of weapons in each group be N, =4, N, = 3, N; = 7 and suppose '
& ‘g

" ' 0.8 007 0.9

g

';- !. Sij - 0.6 0.5 0.7

. ¢ 0.2 0.1 0.3

3 i This matrix represents the survival probabilities of target i from one weapon in

¢

g ¥ group j, e.g., the survival probability of target 2 from a single weapon in
4 group 2 is 0.5. Let V,, V,, V, = 10, 5, 2, respectively. As the first step, an
arbit:ary allocation is formed, and suppose we choose

Clinterinty

AAeere
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2 2 3
@iﬂl =1 1 2
1 0 2

where, for example, it was decided to send three weapons from the 7 in group 3
to target 1. The A matrix for this ("ij) is

3 "lj 3 nlj 3 S nlj
-V.In S Ims,. -V.&n S o s,. -V.en S 1 .
1 11 351 1j 1 12 341 1j 1 13 341 1j
3 n,. 3 n, . 3 n.,.
2] 22 2)
-V, én S O S.. -V, en S IIs,. -V.en S Ims,.
2 21 351 2§ 2 22 i=1 2j 2 23 541 2j
3 n.. 3 n.. 3 n,.
Vens,, 0 S..39 vns,. mS..¥  -vsens, 0 S,
3 31 P 3j 3 32 51 3j 3 33 31 3j
L —
and the numbers compute to be
0.51 0.82 0.24
(x,.j)1= 0.8 0.51 0.2
L9.06 0.08 0.04

The smaller A's associated with target 3 indicate that weapons have been over
allocated there. Starting with colummn 1, i.e., the weapons in group one,

Aj) < A
. (o.os)

an = = 0.88
£n (0.6}{0.2)

so that

This adjustment of weapons from target 3 to target 2 will increase the objective
function, and will equate 1,, and 1,,. The new (ny3) is

A
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23
&
§~ 2.00 2 3
n;.y =/1.88 1 2
L ( 13) 5 ’
" 7} .
L3 0.12 0 2
5 and .
: §m {
S 0.51 0.82 0.24
i 5

; (xij)2= 0.24 0.32 0.17
0.24 0.34 0.18

GW S EHRIRE

Since

TELTIN S e AN

22 < Ao !

X

- A

PRV E A

mn 0.32

n = 087 . .8 -
£nf(0.7)(0.5)]

and .o

- 2

PR

' 2.00 2.88
3 (nij) - 1.88 0.12
0.12 0.00

NN W

RISV

e and

arr ok 3

0.37 0.60 0.17

KA

&
Pt
>
ode
(X
~—
w

) -10.44 0.60 0.31

o

0.24 0.34 0.18

ZxrarAd
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Continuing in this manner, the Lagrange muitipliers Aig corresponding to positive

Nig will converge to the unique Ay for each weapon group 2. The final Lagrange
multiplier matrix is -

e

S R SRR TR SR
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0.34 0.55 0.16
("ij) = 10.34 0.46 0.24
0.32 0.45 0.24

which arises from the optimal allocation

4 3 0
("ij) = 0 0 5
0 0 2

which will give an expect:d target value return of 14.6 out of 17, the largest.
possible. This procedure .s easily programmable. For very large matrixes (on
the order of several thousand targets) there are more efficient procedures to

adjust the multipliers by examing the convergence rates. For smaller cases on

the order o7 a few hundred targets and weapons, the method abovk should not
involve excessive computer time.

EXAMPLE 2

Suppose there are ten tankers and seven bombers, with a bomber twice the
value of a tanker, bedded down as follows:

8 5
VIB = |4 viT = |4
2 1

and suppose further that N, = 4, N, = 3, N; = 7 with

0.8 0.7 0.9 0.7 0.6 0.8
SijB = 10.6 0.5 0.71. SijT =1 0.5 0.4 0.6
0.3 0.3 0.4 0.2 0.1 0.3

where the Sij's are determined by SLBM yieid, reliability, trajectory, °“nd air-
craft vulnerability, takeoff profile and sequence. We start by making an
init%al,guess at the allocation of SLBMs to bases as follows:

s
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E M2 2 3-%

E .

5 : "13 1 1 2

: ] 1 0 2

G Recalling that .
niJ

: Ag8 = “Vig (0 Siz) T Siz

z and

é "ij

] Mgr = Vit (B0 Sis7) T Syt |
MioT Mgs T Mgt
E ¢ 0.408 0.652 0.193 .

; AijT =10.300 0.407 0.210 %
p _0.1]6 0.155 0.088 ) {
; - .

¥ 0.161 0.231 0.101

j%‘ -

g AijT 0.200 0.264 0.147 ;
4 | 0.029 0.041 0.022

- -

‘; 0.569 0.883 0.294

My =|0-500  0.671  0.37

i | 0.145 0.196 0.110]

% We operate on this matrix column by column, choosing first the column having the

g larges: difference in A's. In column 2, A;,-X5, represents this largest differ-

'g ence. The procedure requires a certain part of the weapons in group 2 to be

9 moved from target 3 to target 1, since a,, < ,,. Since, however, there are no

weapens in group 2 allocated to target 3 by our first ("ij) guess, we need to
E look further. The next largest difference is \117Agp0 and we move An weapons in -
: group 1 from target 3 to target 1, where sn is a root of

T ey, st Sharem i e A g
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+An

+An A

g(an) =S, " Mg * Syp 0 At - Saip Maig - Sar 31T

This equation is solved by use of the Mewton successive approximation method of
root finding, ~here

g‘@mk)

Aﬂk+] = Ank -
and in

(0.8)"2"(0.408)+(0.7)"2"(0.161)-(0.3)2"10.116)-£0.2)2"(0.029) = 0
0.88

f

an

Since g'(an) > 0 for a4 > 0, g(an) Ras a unigue solution. Therefore, our new
allocation is

2.88 2 3
(nij) =11.00 1 2
0.12 0 2

and the new lij matrix is

0.453 0.705 0.235]
Aij = 10.500 0.671 0.357

0.453 0.617 0.343
Notice that our choice of au forces Ay < A31, which in turn increases the value
killed by the SLBM attack. This procedure is repaated until the differences in

the A's become very small, or it becomes impossit'e to increase by shifting
weapons. After six iterations, the final a2llocation is

3 2 1
("ij) =11 0 4
0 0 2
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and the value destroyed is about 21.3 out of the total 24. The bombers killed
turn out to be 5.9 out of 7 and tankers 9.4 out of 10. An important question
is: can the bombers and tankers be bedded down so as to decrease the number of
kills to a minimum? As shown before, the minimum damage that can be inflicted
by the SiBM attack occurs when the

L N,.
1 S... 9, i=1, ..., N
5=1 ij8
are equal and when
L n..
0 Sier 3, i=1, ..., N
=1 iiT
arve equal. . “he above example,
n. [ ]
1)
gl “ij8
are 0.17, 0.13, 0.12 and
n..
1]
g‘ Si5T

are 0.07, 0.05, 0.06. These numbers indicate that the beddown is already a
good one, and could only be slightly improved. Once the given n1.j matrix is in
its final form, in this case with the Aij matrix converged to a tolerance of
(.001, the bombers and tankers can be shifted according to the formula

L n_. L n, .
- mj _ kj

applied to bomber and tanker values independently. With the given initial
bomber and tanker values and a converged Ny matrix (after 17 iterations)

3.2649 3.0 0.0

0.7351 0.0 4.6912

0.0 0.0 2.3088
62
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the products

}'x s, . i
= N

1 ' can be formed for each aircraft. Since there are three targets in this example,
; ; : there are three resultant products. These are

: (1) [o.1655 0.0674
2) |o.1289 0.0547
(3) |e.1206 0.0621
i Bombers Tankers

In computing the values to shift, AV, for each aircraft, the smallest product
(where a value is present) is subtracted from the largest one and the difference
is multipiied by the value on the target corresponding to the smaliest product.

e S ot sy
g st ST R AR,

i. This is the portion of value to be subtracted from the total value corresponding
é to the largest product. For example, for bombers, the difference in maximum and
»ﬁ ) minimum product values is
3 0.1655 - 0.1206 = 0.0449
; which when multiplied by the value corresponding to the lower product gives
7 AV = 0.0449 x 2 = 0.0898
g Thus, the new bomber value matrix becomes
p 8.089
é viB = 14,0000
E 1.9102
\; :
?; By a similar process, the new tanker matrix becomes :
E :
3 5.0508
f viT = 13.9492
i : 1.0000
|
: 63

SRS I R A -




B b S L Lt it

AR 18 Kb s BB S STETENT R A R S S Eg&ﬁ
3

- -
R

AFWL-TR-73-242 .

With these values, the laydown is again optimized: By moving the appropriate
aV values iteratively from lower to higher & Sij ‘J, we obtain the following
beddown |

12 c
Vip =] 2 Vir 51 ©
0 4 |

1 3 0
ij © 0 0 5
0 0 2

and similarly the number of kills decreases only slightly to 5.9 out of 7 bombers
and 9.3 out of 10 tankers, for a total value destroyed of 21.2. Note that
although the SLBM allocation and total SLBM strike effectiveness changed very
little, the beddown, in comparison, changed considerably. Hence, within the
context of random events (i.e., SLBM reliabilities, CEPs, etc.) precipitating
uncertainties as to exact numbers of bombers killed, tne beddown prob]ém does not
appear to lend itself to a unique solution. Also, note that the bomber to tanke:
value ratio of 2:1 was taken as fixed for all bases; however, this value ratio
can be varied from base to base. Also, note that by inserting zeros in the
appropriate locations of the Sij matrixes, we can effectively enforce the cen-
straints of not permitting tankers or bombers to be based at particular locations.

EXAMPLE 3

This example demonstrates the capabilities of QUANTO on a small hypothetical
problem which resembles those actually run with QUANTO. The input deck vor this
problem is listed in fiqure 14, in the format described in the user documentation
of QUANTO. The discussion presented here will be in the form of a guide to
reading the cutput, most of which is shown in appendix 1II.

The first two lines of output serve to uniquely identify the run and give
basic problem data. Both the beddown and the submarine locations appear on the
first page of output. Targets 1 to 4 are located at points in Colorado, North
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4 3 1 2 1 2 2 2 1
38,25 103.25 0.0 2 15.0
1i11111111111111
48,25 97.50 5.5 1 15.0
111112241111111
«2 .85 91.40 0.0 2 15.0
111111111111111 )
34,7 85.90 5.5 1 Se0
11111
1.0 445 1.5 60
e1667 «08333
36.75 7440 1 2l 1
28.05 93.45 Z el 1
45,65 126.05 2 é 1
25 oY «95 «95 300.0
14 43750 310.0 5.3190 520.0

7.5417 113040
10,8750 205040
14,2083 274040

1745417 326040

5000.0 250040

86528 1475,.0
11.9861 2310.0
1563195 2930.0
17.9861 3290.0

20 PHANTOM PROBLEM PROFILE

0.0 0.0 0-0
2000.0 20,0 9.0
3900.0 30.0 30.0
6200.0 40.0 92.0
9500.0 50.0 360.0
13400.0 60.0 500.0
15600.0 66.0 500.01
17300.0 6840 500.02
17900.0 69.0 500.03
18200.0 71.0 500.04
22750.0 7840 500.05
26800.0 86.0 500.06
33000.0 94.0 500.07
37000.0 101.0 500.038
44000.0 109.0 500.09
49753.0 117.0 500.10
5590G.0 125.0 500.11

61000.0 132.0 1425.0

68000.0 140.0 3950.0

7550040 l48,0 5000.0
7600.0 «843 60.0

0.0 1.0 Ue3 10.
«01 20 )00 «0001

W wn
W& NN

OOOOOOOOOOOOOOOOOODOOQ
Figure 14. Sample Input Deck
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2000.0
64430

947639 176540
13.0972 2530.0
16.4305 311040

5.0

«1406
«1406
1946
«2538
«3154
3549
«3672
«3734
«3863
« 4355
«4620
«5636
«5955
«6379
6617
«6865
« 7037
7275
7312
10.0

10000.0

6.2
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Dakota, Iowa, and Tennessee and the submarine locations are about 100 nm off
the coasts of Virginia, Louisiana, and Oregon. The targets are distinguished
not only by their distances from the submarines but by the number of aircraft ,
and the distances (in nm) to the centroid of the aircraft flyout pattern (a T
function of the numbers of runways). Note that aircraft can take off with small

intervals from bases with dual runways. The missile parameters and trajectory

data are given on pages 71 and 72 of appendix III. Page 73 1ists the input

aircraft flyout profile data and pages 74, 75, and 76 show the profile generated

by QUANTO with the aircraft leveled-off at 5000 feet. The bottoms of pages 77

and 78 show the lethal radii and time of (overpressure) shock arrival for the

aircraft of hardness indicated on page 71, along with other standard output from
the nuclear effects routines.

P AT R P sey 2. 1 4
o

A table of lethal areas (as a function of the distance Q of the detonation
from the centroid) is then built as each change of distance to centroid (DSPT)
is encountered in the target list. When the aircraft has not reached its
terminal altitude (at distance DISMIN), new lethal radii are obtained based on
the actual aircraft altitude after it has traveled a distancz (Q + DSPT) from
the centroid, as shown for two such values of Q on pages 79 to 82 and 85 to 88.
Oucasionally, a value of Q results in a geometry of lethal area in which the
boundaries of the overpressure and thermal kill regions have muyltiple intersec-
tions. When this occurs, approximately two naaes of indicators are output %o
enable a detailed study of this geometry. This output may be ignored on produc-
tion runs. Lethal area tables appear on pages 83 and 89 of appendix III.

The lethal areas of SLBMs are based on assumed detonation points on each
target, dependent on where the aircraft are at time of weapon arvival. Dis-
tances and missile flight times from submarines to targets and samples of the
computed aircraft locations appear on pages 84 and 90 to 92. Note that weapons
are numbered sequentially through the salvos of each submarine location, but
only the first SLBM of each submarine's two salvos appears in tnis output in
order to reduce the quantity of printout while providing enough information to
indicate when each SLBM arrives on each target. Note also that the annulus Pk
line is only printed occationally; this is because it is not computed in
instances in which the program knows beforehand that the circular Pk will be the
smaller of the two Pks. The computed Sij values are listed on page 93 where i
is the target number and j is the weapon number, but one row of output contains
only the Sij corresponding to SLBMs from a single submarine location.

S ¥ TP
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Py

The chart at the top of page 94 lists the base-by-base kill resulting from
the input laydown (prior to optimization). Since each aircraft is worth one
point of value, the number of aircraft and the value are equal. The convergence
to the optimal laydown (nij values) prcduces the output on pages 94 to 109, where
the long form of the output has been requested to show each An value, the
expected ki1l after each shift of an, and the a>location and multipliers A
after each convergence to the tolerances ¢ = 0.1, 0.01, 0.001, and 0.0001. The
best nonintegral laydown appears on pagelO?,]isted by target and then by sub-

q marine and salvo. The expected kill increased from 14.9765 to 19.7147 (out of
‘ a total of 50) aircraft during the convergence. Target-by-target kills and
3 weapons allocated (if nij are rounded off) appear on page 108.

B
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4 Optimization of submarine positioning has been requested in this example,

' and occurs prior to the requested baddown optimization. The first submarine
move is indicated on page 110 arnd the resultant positions of all submarines
appear on page 111 following the initial allocation (prior to convergence again).
The convergence to the best laydown with the submarines in their new positions
follows with the resultant ki1l shown on page 134. The first submarine move
improved the kill (after convergence) from 19.7147 to 20.8742. The second sub-

marine move is shown on pages 136 and 137. A summary of the submarine optimiza-
tion appears below.

Ry

VoCAY R &

£hyppsay

v g gt Ly DA
CLRA% T 738 S rwriae

After Submarine Converged
E Move No. Expected Kill Page
3 0 19.7147 108
; 1 20.8742 134
: 2 21.2415 139
3 3 20.8742 144

After the third submarine move, the expected kill decreased slightly so the
submarines are fixed (2 at point 1, 2 at point 2, and 1 at point 3) and beddown
optimization begins with the first shift of aircraft on pages 145 and 146. Con-

. vergence to the optimal laydown follows each beddown change and is summarized
H on the following page.
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o e R N

After Value Converged

Shift No. Expected Kill Page
0 20.8742 144
1 18.7694 148
V4 16.8932 152
3 16.817N 156
4 16.5884 160
5 16.5863 164

Since the sixth value shift was tc be a shift of less than 0.05 aircraft
(see page 165 of appendix III), the beddown optimization was terminated. The
problem is terminated by integerizing both the laydown and the beddown. The
expected kill tends to decrease due to the laydown integerization and increase
due to the beddown integerization. The resultant expected kill following bnth
integerizations is 16.4428. The inteqral laydown appears on page 166 and the
base-by-base kills and integral beddown appear on page 167.

In analyzing the output, a table of distances from submarine locations to
targets is useful. These distances, to the nearest nautical miie, appear below
and on pages 84 and 90 to 92.

Submarine

Location 1 2 3

Target 1 1391 785 1107
2 1241 1228 1174
3 881 895 1489
4 580 589 1902

The optimal laydown from the initial positioning of submarines appears on pages
107 and 108. It is interesting to note that the submarine at location 1 allo-
cated its missiles to target 3, leaving target 4 to the submarines at location
2. Target 2 drew the most weapors even though it cculd not be hit as soon as
the other targets. This was probably because target two's 15 aircraft departed
from a single runway, and, therefore, were dispersing from a point 5.5 nm, in
this case, from the brake release point. Dual runways permit more immediate
dispersal since the aircraft can take off in opposite directions.
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The optimization of the submarine positions resulted in only one submarine
at Tocation 3, even though this location had the best shot at target 2.

During the beddown optimization, the proximity of target 4 to the submarires
at locations 1 and 2 made target 4 unattractive for bedding down aircraft (see
page 167 of appendix III). The greater distance from the coast outweighed the
advantages of dual runways (i.e., immediate dispersal due to aircraft taking off
in opposite directions) making target 2 the most attractive, although targets 1
and 3 also drew a substantial number of aircraft. In this case, many aircraft
would be left on the base when SLBMs arrive, as is clear from page 91 of appendix
II1 which shows a zero inner annulus radius when weapons arrive, even when target
2 had only 15 aircraft. Consequently, it appears that too many aircraft are
present to justify the assumption of uniform aircraft distribution, and the kills
on target 2 could be underestimated by QUANTO.
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APPENDIX III

QUANTG'S OUTPUT
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