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ABSTRACT VJ 

Two Fortran subroutines (BICUB1 and BICUB2) which perform 
bicubic spline interpolation of a tabulated function of two 
variables are described. Given the values X(l),.., ,X (N) and 
Y(l),...,Y(M) of two independent variables and the corresponding 
function values |U(I,J)-f(X(I), Y(J))}, 1-1 N and J-1,...,M 
and certain normal derivatives (optional) along the boundaries 
of the x-y mesh, BICUB1 estimates the derivatives f , f , and 

x  y 
f  at each (I,J) mesh point. If the normal derivatives along 
Xy 
the mesh boundaries are unknown, BICUB1 estimates them using a 
moving third order two dimensional Lagrange interpolating 
polynomial. Given the coordinates (XPT.YPT) and the derivatives 
calculated by BICUB1, BICUB2 obtains the coefficents of the 
bicubic polynomial for the rectangular region of the mesh con- 
taining (XPT,YPT) and estimates the functional value 
UPT»f(XPT,YPT).  In effect, the routines pass a twice.continuouslv 
differentiable piecewise bicubic polynomial, uCx,y)CC , through 
the given functional values. 

PROBLEM STATUS 

This is a final report on one phase of a continuing 
problem. 

AUTHORIZATION 

NRL Problem S01-38 

JJ 

k. 
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1.0    inENTIFICATION 

1.1 Title 

Bicubic Spline Interpolation 

1.2 Identification Name 

El-NRL-BICUBIC 

1.3 Classification Code 

El-Interpolation and Approximations, Curve 
Fitting 

1.4 RCC Identification Number 

E1OO10OO 

1.5 Entry Points 

BICUB1 
BICUB2 

1.6 Programming Language 

Language: 3600/3800 FORTRAN 

Routine type: Subroutines 

Operating System: DRUM SCOPE 2.1 

1.7 Computer and Configuration 

CDC 3800 

1.8 Contributor or Programmer 

John J. Cornyn 
Information Processing Systems Branch (Code 5493) 
Communications Sciences Division 

Formerly with the Large Aperture Systems Branch, Code 8160, 
Acoustics Division 
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1.9 Contributing Organization 

NRL - Naval Research Laboratory, 
Wn?»vnp,ton, D. C., 20375 

1.10 Program Availability 

1.10.1 Submittal;    Program write-up, Fortran 
source deck, source listing 

1.10.2 On File:   RCC Program Library 

1.11 Verification 

Several third degree polynomials were used to 
test BICUBIC; answers were good to at least nine 
significant figures. Higher degree polynomials 
were also used. Then, as expected, the results 
did not compare as well with the true values. 

1.12 Date 

26 February 1973 

2.0 PURPOSE 

2.1 Description of Routines 

Let the values u,. of a function uCx,y) over a two 
dimensional domain be given at the mesh noints 
(xi.y.j) where i = 1, ... ,N; j = 1, ..., M. 

(1) The first problem considered is the estimation 
of the normal derivatives along the boundaries 
of the mesh assuming they are unkr )wa. Tn 
Figure 1, squares designate locations at which 
one needs to know the normal derivatives with 
respect to x, p.. - u (x.,y.). Circles 

IJ      A   1   J 
designate locations at which one needs to know 
the normal derivatives with respect to 
y. Qa  = U,.CX,-i Yi)'    Squares imbedded in 
circles designate locations where the normal 
derivatives with respect to both x and y, 
S.. = u (x., y.), are required, in addition 
ij   xy i  j 

to p.. and q... A solution to this problem 
will be given in the form of subroutines 
EDGES and LAGRAN. 

ft 
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(2) The second problem is, assuming the normal 
derivatives along the boundaries as discussed 
above have been given or estimated, to fit a 

2 "smooth function" u(x,y)C C (twice continuously 
differentiable) through these values. 

The bicubic spline interpolation routines 
BICUB1, BICUB2, GETBP, AND SOLVIT 
described later implement a bicubic spline 
interpolation technique   [l] (see Section 3.IS) 
which yields a piecewise bicubic polynomial 
u(x,y). This function is defined in each 
rectangular cell, 

Rij : xi-iixixi ; yi-l-y*yi   ' ^ 

of the grid as 

3 
u(x,y) = Ci;j(x,y) *%   Y^Cx-x..^1" (y-y-.j)" (2) 

m,n"0 

where (x,y)c ^iy 

Individual Subroutine Functions 

BICUB1 - A subroutine for calculating the 
normal derivatives at each mesh noint. 

BICUB2 - A subroutine for interpolating a value, 
u(x,y),8t any point (x,y) within the 
region subtended by the mesh. 

EDGES - A subroutine for estimating the re- 
quired normal derivatives along the 
boundaries assuming they have not 
been given, using a moving third 
order two dimensional Lagrange 
interpolating polynomial. 

T,    Note that Eq.(10)of [l] contains a typographical error and 
should read 

T A(Ax.  OK.. A (Ay-ji) aTii> where T indicates a 
transpose.    Also,  the'8th character on line 4, i\212 of  fl] 
should be I and not  1. L J 

4 
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GETBP - A subroutine for calculating the two 
dimensional difference arravs h and b' 
of Eq.(15) of [1], 

LAG RAN - A subroutine for determining the value 
of a two dimensional Lagrange inter- 
polating polynomial of degree 
m in x and n in y and its derivatives 
with respect to x, with respect to y, 
and with respect to both x and y at 
any intersection of a two dimensional 
mesh defined by (n*l)  levels of 
x., i ■ a, ..., a+m and (n+1) levels of 

y*. j s c, ..., c+n. See Eq.(3). 

SOLVIT - A subroutine for solving a linear 
system using Gaussian elimination as 
illustrated in Eqs.(15) and (16) of 

[1] • 
2.2 Problem Background 

In the development of models of certain physical 
phenomena it is frequently useful to obtain a 
smooth functional representation of a quantity 
which is known at only a discrete set of points 
over a two-dimensional domain. Frequently, it is 
required that this function have continuous first 
and second derivatives. Once such a representation 
is obtained, it is possible to differentiate and 
integrate it in closed form, 

A major problem with a Lagrange interpolating 
polynomial defined over a N x M mesh is that it 
must maintain CN-2) in x and (M-2) in y continuous 
derivatives and still pass through all of the data 
points. These requirements can and generally do 
lead to many large and unrealistic mountains and 
valleys in the interpolation surface, i.e., large 
interpolation errors. This problem is significantly 
reduced, but not completely eliminated by the 
bicubic spline (See Section 3.13). 
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A secondary, but still significant, problem is 
that when a large number of points is used, the 
evaluation and calculation of the Lagrange 
interpolating polynomial is costly and unreliable 
([6] , p. 231). For further discussion see [8]. 

3.0 USAGE 

3.1 Calling Sequence or Operational Procedure 

BICUBl(N,M,NDFAULT,X,Y,UfP,Q,S,MAX,Wl,W2,W3,W4 
W5,W6,W7) 

BICUB2(XPT,YPT,UPT,NERR0R,N,M,X,Y,U,P,Q,S) 

3.2 Arguments, Parameters, and/or Initial Conditions 

N -- number of x points at which the function 
was observed. 

(Ni4).  TYPE INTEGER. 

M -- number of y points at which the function 
was observed. 

(Mä 4).  TYPE INTEGER. 

NDFAULT -- a parameter that must be set to 1 if 
subroutine BICUB1 is to call subroutine 
EDGES to calculate the "required" normal 
derivatives along the boundaries of the 
mesh. If NDFAULT is not set to 1, subroutine 
BICUB1 assumes the normal derivatives for 
the boundaries have already been entered 
into arrays, P,Q, and S, by the user's 
calling program. TYPE INTEGER. 

The "required" normal derivatives are: 
P(I,J) for 1=1 and N; J=l to M. 
QCJ.I) for .1=1 and M; 1 = 1 to N. 
S(J,I) for 1=1 and N; J=l and M. 

ti& 



X -- the vector of distinct values of the first 
independent variahle arranged in ascending 
order; (x. for i «1 to N). The minimum 

length of X is 4 and the maximum length is 
determined by the amount of core available. 
DIMFNSTON X(N). TYPE REAL. 

Y -- the vector of distinct values of the second 
independent variable arranged in ascending 
order,  (y. for j=l to M"). The minimum 

length of Y is 4 and the maximum length is 
determined by the amount of core available. 
DIMENSION Y(M). TYPE PEAL. 

l) -- the matrix of function values corresponding 
to X and Y, i.e., U(I,J) is u.. of Section 2.1. 
DIMENSION U(N,M). TYPE REAL. J 

P -- the matrix of normal derivatives with resoect 
to x corresponding to X and Y; i.e., Pfl.J) 
is Uv(X.,Y.).  If NDFAULT is not 1, P(I,.T) for 
,       x  1  J 
0=1 and N; J=l to M) are required input. If 
NDFAULT is set to 1, no values of P are 
required as they will be calculated hv sub- 
routine EDGES.  DIMENSION P(N,M).  TYPE PEAL. 

Q -- the matrix of normal derivatives with respect 
to y corresponding to X and Y; i.e., Q(.T,I) 
is U (X., Y.). Note thp inversion of the 

J and I indices in Q.  If NDFAULT is not 1, 
Q(J,I) for (J»l and M;!«! to N) are reauired 
input.  If NDFAULT is set to 1,, no value? of 
Q are required as they will be calculatec by 
subroutine EDGES. DIMENSION Q(M,N), TYPF PEAL. 

S -- the matrix of normal derivatives with respect 
to both x and y corresponding to X and Y; 
i.e., S(J,I) is I' (X., YJ.  Note the 

inversion of indices I and J in S.  If NDFAULT is 
not 1, S(J,I) for (1 = 1 and N; .1=1 and M) are 
required input.  If NDFAULT is set to 1, no 
values of S are required as they will be 
calculated by subroutine EDGES, 
DIMENSION S(M,N). TYPE REAL. 
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MAX -- the greater of N and M. TYPE INTFGER. 

Wl W7 -- seven arrays which are used as working areas 
by subroutine BICUB1. Each of these arrays 
must be dimensioned to MAX words in the user's 
program. The user does not assign values to 
these arrays. TYPE REAL. 

XPT -- the X coordinate of the point to be inter- 
polated. TYPE REAL. 

YPT -- the Y coordinate of the point to be inter- 
polated. TYPE REAL. 

UPT -- the interpolated value to be obtained. TYPE 
REAL. 

NERROR -- an error indicator. If the point (XPT,YPT) 
does not lie within the mesh, NERROR will be 
set to 1 by BICUB2; otherwise it will remain 
set to 0.  IF NERROR is returned as 1, the 
interpolated value is set to -0.0 and an 
error message is printed. See Section ^.5. 
TYPE INTEGER. 

3.3 Space Required (Decimal and Octal) 

3.3.1. Unique Storage (exclusive of system library) 

Subroutine Decimal       Octal 

BICUB1 1083 2073 
BICUB2 570 1072 
EDGES 474 732 
GETBP 183 267 
LAGRAN 588 1114 
SOLVIT _129 201 

TOTAL  3027 5723 

To interpolate a function over an N X M mesh the 
user's program is required to dimension the 
arrays X,Y,U,P,Q,S, and Wl through W7. These 
arrays require a total of 

4NM + N + M + 7K words, 

where K is the greater of N and M. 



3.3.2. Common Blocks 

None. 

3.3.3. Temporary Storage 

Once subroutine BICUB1 has been called and the 
elements of the U,P,Q,S arrays have been 
determined, the space occupied by the worVing 
arrays Wl ,W2 W7 can be used for other 
purposes. That is, the 7K term of the above 
equation may be deleted. 

3.4 Messages and Instructions to the Operator 

None. 

3.5 Error Returns, Messages, and Codes 

Subroutine BICUB1 may print out the following error 
messages; 

"ERROR - THE Y VECTOR IS NOT ARRANGED PROPERLY. 
ERROR DETECTED BY BICUB1. 
THE Y VECTOR IS (listed)" 

"ERROR - THE X VECTOR IS NOT ARRANGED PROPERLY. 
ERROR DETECTED BY BICUB1. 
THE X VECTOR IS (listed)." 

"ERROR - THE PARAMETER MAX OF SUB. BICUB1 WAS SET 
TO _.  IT SHOULD BE __." 

"ERROR - THE X VECTOR HAS _POINTS AND THE MINIMUM 
ALLOWED IS 4." 

"ERROR - THE Y VECTOR HAS _POINTS AND THE MINIMUM 
ALLOWED IS 4." 

i 
Subroutine BICUB2 will print out one or more of the 
following messages  if an attempt is made to  interpolate 
a point bevond  the boundaries of the nesh; 

"ERROR   -  XPT OUT OF  BOUNDS 
DETECTED BY SUB.  BIO^" 

"ERROR - YPT OUT OF BOUNDS 
DETECTED BY BICUB2" 

0. * 
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3.6 Informative Messages to the User 

None. 

3.7 Input 

No data are input.    See Section 3.2. 

3.8 Output 

(1) Completion of the P, Q and S arrays. 

(2) The value of the function u(x,y) for any given 
(x,y) within the domain. 

3.9 Formats 

Not applicable. 

3.10 External Routines and Symbols 

BICUB1   -  EDGES (deck) 
GETBP 
SOLVIT 

EDGES     -  LAGRAN 

3.11 Timing 

The time required by subroutine BICUB1 is dependent upon 
the mesh size and whether or not the normal derivatives 
along the boundary are known.  In the example of Section 
7.0 BTCUB1 took approximately 23 milliseconds for a 
5x6 mesh when the boundary derivatives were known and 
approximately 13 5 milliseconds when they were unknown. 

The time required for a call to BICUB2 is dependent on 
the mesh size.  In the example of Section 7.0 an average 
call took about 3 milliseconds. 

These time estimates should be considered very rouph 
because of the method used to obtain them and the 
inaccuracies of the timing function (TIMELEFT) used. 

10 



3.12 Accuracy 

An excellent discussion of the errors involved in 
bicubic spline interpolation is given in the paper 
by G. Birkhoff and C. de Boor m. Here, we will 
simply mention that for the special case of a 
4x4 mesh, the interpolated values u(x,y) will agree 
exactly, as they must, with those obtained from a 
third order two dimensional Lagrange interpolating 
polynomial. In  this case, the remainder term is well 
known [3] . The final accuracy is dependent upon both 
discretion and rounding errors. A rough order of 
magnitude for these errors may be obtained from 
Section 7.0. The reader is referred to ^4 and 5] for 
further discussion. 

3.13 Cautions to Users 

If the values fu^lare highly variable along i or j, 

the interpolation surface may be forced to have un- 
usually high mountains and deep valleys in order to 
maintain two continuous derivatives and still pass 
through all the data points. In fact, some inter- 
polated values of u may be so large or so small as to 
be physically unrealistic. Whether or not this is 
the case will depend on the particular problem. The 
author has found that plotting several interpolated 
values, between and together with the given values, 
along a fixed direction in the x-y plane is helnful 
in detecting such conditions. In any event, care 
should be taken as the interpolation process could 
cause a physical model to generate faulty predictions. 

11 
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3.14 Program Deck Structure 

g  JOB card 

I  FTN card 
Users program (containing calls to BICUB1 and BIC'JBZ) 

Subroutine BICUB1 
Subroutine BICUB2 
Subroutine EDGES   } E, - NRL - BICUBIC 
Subroutine GETBP    ' 
Subroutine LAGRAN 
Subroutine SOLVIT 

SCOPE card 

g LOAD card 

g RUN card . 

E0F 
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4.0    METHOD OR ALGORITHM 

4.1    Subroutine BICUB1 

We begin by considering the problem of estimating 
the required boundary derivatives (see Section 3.2) 
under the assumption that they are unknown. 

Consider a 3rd order two dimensional Lagrange 
interpolating polynomial over a moving (a and c 
are variable) 4x4 submesh,  i.e., 

b     d 

v(x.y)  -£   £   Xi(x)Y.(y)ui. (3) 

i"a j=c 

where      b»a+3,d=c+3   , 

L',. . is defined in Section 2.1 , 

x.tx) = n 
b  x.xk 

k»a  xi-xk 

y-yk 

kj'i 

d 

3    k=c yj yk 

Differentiating Eq.   (3) we can obtain closed form 
expressions for vx(x,y), v  (x.y), and vxv(x,y) . 

Subroutine LAGRAN can evaluate these expressions at 
any mesh point. 

Basically, subroutine EDGES moves the 4 x 4 submesh 
of Eq.   (3) along the boundaries of Figure 1 while 
calling subroutine LAGRAN to obtain the required 
normal derivatives. 

Once the required boundary derivatives are obtained, 
the rest of the derivatives, p^, q..,  and S^, are 

obtained for each ij mesh point by using the 
algorithm described in  [l]   , pages 217-218. 

14 



4.2 Subroutine BICUB2 

To interpolate a value, u(x,y), at the point (x,y), 
subroutine BICUB2 begins by performing a binary 
search to determine the ij rectangle in which the 
point lies. A binary search [7j is used on the 
assumption that for most problems the X and Y 
vectors will be large enough to exceed the break 
even point between sequential and binary searches 
(about SO points). 

Once i and j are determined, a cubic Hermite basis 
is used to evaluate u(x,y). That is. 

u(x,y) -j:  QJj «Jr(x,h) ^s(y,k) 
r,s»l 

(4) 

where 

|iJ 
'i-lj-l  ui-l,j  qi-l,M  qi-l,.i 

u. 
ij-l Ui.j 

liJ-l 

pi-l,j-l  pi-l,j  Si-lJ-l  Si-lJ 

.PiJ-l   Pi,j 

'i.j 

Si,j-1    SiJ 

(5) 

V xi-l 

X - Xi H-l 

k = yj ■ 7J-1 

y' • y - yj.! 

(6) 

(7) 

(8) 

(9) 

IS 



^(x.h) -1 +1*) K ■ 31 cm) 

(ID 
♦2(x,h) -IE 

■ 1 - ^(x.h) 

^(x ,h)   - i ). 
! 

**(* .h)   » 

« 
r (x'- h) 

s 
-♦3 (h- x) 

The functions *s' for s 

(12) 

(13) 

1 to 4, are obtained 

by replacing 4», x', and h by ijsy', and k 
respectively in Eqs. (10) through (13). 

This procedure requires the storage of four values 
(u.. p.., q.., and S..) for each mesh point. 

And the evaluation of u(x,y) by BICUB2 requires 
32 additions/subtractions and 27 multiplications/ 
divisions. Assuming a multiplication/division is 
equivalent in time to three additions/subtractions, 
this results in 113 "operations". 

An alternative approach, not taken in this report, 
would be to convert to a local power basis. 

In particular,  calculate the 16 values of yijl 

(see Eq.(2)) for each ij rectangle, as described 
in [1] , and store them for each ij rectangle of 
the mesh. This would require approximately four 
times as much storage as the above method. Also 
about 52 additions/subtractions and 76 multiplications/ 
divisions (270 "operations") would be required to 

obtain the 16 coefficients Y-Ji for m,n ■ 0 through 3. mn 

16 



The advantage of this approach is that only about 
19 additions/subtractions and 15 multiplications/ 
divisions (64 "operations") would be required by 
BICUB2 for the evaluation. This suggests that, 
for very fine mesh evaluations, in which every 
bicubic polynomial is evaluated on the average 
six or more times, it is more efficient to obtain 

the local -power basis coefficients, Y~» for the 

entire mesh once and save them. Of course, this 
results in a rather severe penalty in storage. 

In contrast, by using the Hermite basis, as we've 
done here, evaluation costs slightly more worV 
but considerably less storage. 

In summary, it seems best for most applications 
to save only the partials at the mesh points and 
use the Hermite basis approach. 
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5.0 SOURCE LANGUAGE LISTING 

I DIN? NUNIIR ItOOilOO 
tTL| ■ ItCUIIC IfLINI (NTIMIUTIIN 
DINT NANI • IWNIb.liOUllC 

tANlQAQI •riHTHAN 
ciHfoTi« • eoeoibQ 

elNTRllUTH IJ CIliNYN 

10 
10 
90 
«0 
10 
to 
»0 
10 

tie 
liO 

OIDI MI3 
UfINCATIfN MtClfltNO lYITlNl IRANCH 
OIMKWMCATJONI iCtlNQM DIVllllN 

iMOANttATtfN  «NH  • NlV^l MHARCM IAMNAT|RY 
HAlHtNOflN, D,e< lOlfl 110 

110 
DATI • fllRUARV 1179 140 

... liO 
 ••••••« •••••••••••«•••• • MM 110 

PURMM 1*0 
110 

luiRiuriNii iioiii AND iteuii MRPMN iteuiie OPUNI HO 
tNTIMfkATUN IP A TAIUlAtiD PUNCT|IN IP TH« VAKIAIllli 1^0 

....       no 
MMMMMMMM» MtMMM M ««MM  |I0 

110 
HfiHNcI • Dl IMPIC, • iiCUIIC IPIINI INTIiMLATIIN |40 

Ij, If fATHINATtCt AND PMVOlCOi 110 
VII n,Pf 8l8-2lS#(itM» flO 

I« 
• .M«M«MtMMt*««Mt«*MMt* ••• MM M«  |I0 

110 
IUIMUTINI OALltNl MtlP •••• l60 

910 
THE UUMt MIMAM CALL« lUMlUTlNEI HCUll AND/IR IICUII.. 910 
lUIMUtTNl ItCUIl CAUt SUIMUTINU   IO0ll«|ETM AND HkVtf. 910 
IUIMUTINI EOIII    fAUt 0UIMUTINE I.AQRAN. |40 
IUIMUTINI! lieUlliQITMillLVlT, AND iAONAN D| NlT CALL 910 

ANY ITU» JUIMUtlNll, 9*0 
• •«••M*M* ••MMMMM* MMM«MMMMMMMMMMM StO 

.       . 910 
 MM» • • MMM« MM MMM SfO 

400 
DtCTIlNARy P|R lieUHC IPLINE IKTIRPILATIIN 4i0 
••MMMM 410 

490 
OtCTHNARY GIDE • THE lEQlND LETTH IP A LINE if THE OICTUNARY 440 

U'DtCATEl THE TVPI If ENTRY liINO OEieRtlED. 410 
run CEDE u AI PILLIHI 4io 

DICTIINARY CltE   TYPE IP VARIAILI 470 
CA            AIRfiVUTIIN 410 
C!           INTE9IR VARIAILI 4*0 
CIA          INTEOIR VARIAILI ARRAY lOO 
CR          REAL VARIAILI 110 
CRA          REAL VARIAILI ARRAY 110 
Cl           RIUTINE 110 
CT           M|RD PRIM TEXT 140 

110 
PIUIHINQ THE DICTIINARY QIDI II A NUN||R HHICH INDIOATII TNI 1*0 
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e 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

lUIRigTJNl NUHHII(S) |K WHICH THI ENTHV APPEARS 
IUiMUT|NE NAME   StBMClTlNE N0, 

BICUII 
BICUB2 
600ES 
OITB» 
LAORAN 
8IIVIT 
CHICK 

FIR iXAM^Li, CRiiS KEANS THE ENTRy APPEARS IN SUBRIUTINIS 
ltCUi2 AND BDQE8 ANC IS A RIAL VAPJAlLl. 

C 
e •••••••• 
eiiiB 
e 
CSI.8 
c 
C 
CRA1,4',7 
CRAliAi? 
CRAi.4.7 
C 
C 
C 
c 
ess 
e 
CR2 
CRi 
CPJ 
CRJ 
CRS 
CR2 
CRA1,7 
C 
CR« 
CRP 
CRAi,7 
C 
CR« 
CRA1 
C 
CR4 
CR4 
C$1,8 
C 
c 
c 
c 
CSli4 
e 
c 
cit.e 
C|li4,2,7 

BICüil 

BICUB8 

B(M1I|) 
B|Pi(I) 
BPU) 

CHECK 

CXI 
cxz 
cxs 
CVl 
CY2 
CYS 
DID 

DENIM 
D|Pr 
OPU) 

OPT 
DKP 

DXl 
OXR 
EDOES 

OBTBP 

I 
IM1 

A SUBRBUTINE FOR CAlCUlAT|NO THE NORMAL 
CEPIVATIVES AT EACH MESH P9|NT, 
A 'SUBPSUTINE PER iNTBRPBLATINfl A VALUE 
LPT AT AKY PBINT CXPT,VPTJ WITHIN BR IN 
THI MESH 
NBLOS THE ELEMENT BUiI-lJ IP 10.19 IF REP 1 
>ILDS THE ELEMENT B(I|I*1) |P BO,19 BP R|P 1 
>|[D8 THE ELEMENT 6(1,1) |P Efl. 19 flP REP 1. 
THE ARRAYS 8IMI,BIP1, AND BP ARE USED T| HILD 
THE I ANC 8 PRIME OlPFlRBNCE ARRAYS ÖJVEN 
tN THE REFERENCE. THESE ARRAYS ARE USED F|R 
CAI'SSIAN ELIHINATIIN. 
A SAMPLE PP8IRAM TB CHECK BUT THE 
Bieueie SPLINE PACKAGE 
*  CEPEKDENt TEMPORARY VARIABLE 
AN X DEPENCENT TEMPERARY VARIABLE 
AN X DEPENDENT TEMP|RARY VARIABLE 
A Y DEPENDENT TEMPERARY VARIABLE 
A Y DEPENDENT TEHPBRARY VARIABLE 
A Y DEPENDENT TEMPERARY VARIABLE 
CIRRESPEKDS T| TUE 0 MATRIX IF EO. 13 IF THE 
REFEREKCE 
A CEMNMTeR 
CIFFENCE BETWEEN INTERPILATED AND EXACT VALUES 
CERREEPIKDS TB THi 0 PRIME VECTIR BF EO.l« 
CF THE REF, 
THE ANSWER GIVEN W LASRAN 
AN ARRAY FBR HÜLOlNO DIFFERENCES IN SlLVtNO 
EO 12 AND 14 |F REP, (DEBMR) 
CILTA X LIFT 
DELTA X RIGHT 
A SUBBtUTINE PGR ESTIMATING THE REQUIRED 
ItERHAL DERIVATIVES ALlNO THE MESH BIUNDARIES 
A9SUHU0 THEY HAVE NBT BEEN GIVEN, USINO 
A THIRD EROER TWl DIMENSHNAL LAQRANOE 
INTERF8LATING PBLYNEMlAL 
A SUeRlUTINE PER CALCULATING THE TWB 
ClHBMtlKAL DIFFERENCE ARRAYS B AND B PRiME 
IF IC 19 IF REF.IOEBeBR) 
INDEX,  GENERALLY USED PER THE X ARRAY 
1 HIKU8 8NE 

970 
910 
9*0 
«00 
«10 
«EO 
«SO 
«40 
«90 
««0 
«70 
«BO 
««0 
7Ö0 
710 
780 
7S0 
740 
790 
7«0 
7T0 
7R0 
710 
BOO 
810 
820 
ESO 
840 
890 
B«0 
870 
BUG 
8*0 
900 
910 
920 
9S0 
940 
990 
9«0 
970 
980 
990 

1000 
1010 
1010 
1090 
1040 
1090 
10«0 
1070 
lOBO 
1090 
iifio 
1110 
1120 
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6,8 

eiii4i7 
CI4 

euii 
en 
eft 
eti 
eiii« 
en 
CSSi« 
e 
c 
c 
e 
c 
c 
e 
etfSi 
c 
eiiis 
c 
en 
eis,« 
e 
etiii 
en 
cu 
eu 
e 
Cl3i6 
e 
eito, 
c 
ei7i4 
eiiii 
e 
c 
c 
c 
e 
e 
cij.a 
e 
c 
e 
e 
ei3i6 
e 
eii.4,7,e 
eiii4 
ei4 
eu 
eu 
e 
CIS,« 

6.8 

J 
m 
in 
< 

■ 

.1 

M 

MAX 

HAX8 
Mr 

MHl 
MM2 
MM1N 
MPT 

MS 

N 
NOfAULT 

NIRRSR 

NF 

NM1 
NM? 
NMS 
NMIN 
NtT 

N| 

I Rill 8N6 1110 
I »lit i 1140 
INIIX OEKEHAllY USED F9R THE V ARRAY Ü»0 

ij PINÜ9 8M 1140 
|J RllS jM iito 
AN IKOEX URO 
IRRE* llflT r|R BINARY SEARCH 11«0 
ItkER UMIT fj« BINARY SEARCH 1200 
A eiiNTER iaio 
I RllS 8M 1220 
« SUIRIUTINE f8R DETERMINING THE VAIUE %t  A 1290 
Ml CIHEMIINAI lAQRANOE INTERRSlATINQ 1240 
RtlYMMttl Sf ARBITRARY DEQREE IN X AND Vi 1290 
«NC ITS CERIVATIVIE WITH RESPECT T« Xi l2«0 
htTH RBSRECT TS ViAND WITH RESREOT Ti l|TH 12?0 
X ANC Y AT ANY INTER8ICTI8N P||NT 8p A IfRO 
X ANCY AT ANY INTERSEGTIBN RBfNT E' A 12*0 
TWI CIMEKSIENAI MESH, 1900 
THE DUMBER 6P Y RUNTS AT WHICH THE fUNCTIiN 1310 
bAS CBSERVED. MUST BE QREATER THAN 9. 1320 
THE GREATER SP N AND M. 1390 

1340 
THE VAIUE nt  SHeULO HAVE BEEN SET Tfi. 1390 
NUMBER If THE FINAL POINT 8N Y AXIS TB 1340 
BE USED tN lAQRANQE INTERR«LATieN 1370 
M M^US 8NE 1380 
M M^US TW8 1380 
THE BAUEST V*lUi H CAN TAKE. 1400 
THE VAIUE OF THE Y VECTBR TB BE USED IN LAGRÄNOE   1410 
INTERRCltTlBN 1420 
NUMBER Br THE STARTING RSINT BN V iXIS TB i490 
BE USED IN lAQRANOE INTERRBlATIBN 1440 
THE KUMBER Br X MINTS AT WHICH THE rUNCtlSN 1490 
WAS fBSERVBD. 1460 
KUMBER Br ELEMENTS IN LINEAR SYSTEM 1470 
A PARAMETER WHICH MUST BE SET TB 1 ir BUBRBUTINE   1480 
BlCUSl IS TB C*IL EDGES TB CALCULATE THE 1480 
RE6UIBED NSRMAl ObRlVATlVES ALBNO THE BBUNOARIES   1900 
Er THE HESM, ir NDrAUlT IS NET SET TB it BtCUBl 1910 
ASSUMES THE NBRMAl DERIVATIVES r»N THE 1920 
BIlNCARtpS HAVE ALREADY BEEN ENTERED INTB 4990 
ARRAYS P,0» AND S BY THE USERS CALLING PRBORAM, 1940 
AN ERROR INDICAT8R, ir THE POINT (XPT.YRT) 1990 
tBES NET HE WITHIN THE MESH. NERReR Will 1980 
BE SET TB 1 BY BICUB2 BTHERHI8E IT H|Ll 1970 
REMAIN SET Tfl 0, |r NIRR8R IS RETURNED AS 1. 1980 
AN IKTERPBIATBD VALUE IS NBT C9MPUTE0, 1980 
NUMBER flr THE FINAL MINT eN THE X AXIS TB 1400 
BE USED IN LAO^ANOE INTERPBlATIBN, i«10 
N MINUS RNE 1680 
K MINUS TUB 1630 
N MUUS 3 1640 
THE SMALLEST VALUE N CAN TAKE 1690 
THE VALUE 8r THE X VECTBR TB BE USED IN LAGRÄNOE   1660 
INTERPBLATIBN, XPTiX(NPT) 1670 
NUMBER BP THE STARTING PRINT BN THE X AXtS TB 1680 
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C IE USEC !N LAGRANQE |NTE«m*T19N, 1610 
CI6 NTVM  . «ET Tl 1 If  LA0R4N JS T9 INTERPeUTE A m 1?00 
C VALUE «r TME FUNCTION *T THE (NfT,MPT)MEIM 1710 
C 'EINT, i?tO 
C SET Tl 2 T| OET PARTUL DERIVATIVE U/R tl X, 1790 
C SEt T| 3 Ti OET RABTlAL OSWIVATlVE M/R Tl Y, i7«0 
C SET Tl 4 T| OET PARTIAL DERIVATIVE H/R Tl l7l5 
C IITH X AND V. i'*0 
CRAl«3*i til P •THE NfRMAL DERIVATIVES fr U WITH RESRECT T| X 1770 

CRI ^UJl  • R(l-liJ»i) %l*l 
CRS NJ1   • *(!i<Jal) i'Q0 
CRUOi lit 0     • THE NIRHAl DERIVATIVES If U WITH RESRECT Tl V.   1110 
CRi  ' R     «A TEHRfRART VARIABLE USED IN ffRMlNO HIIO 
C tH| C RATRlX II'O 
dl RANf   • A CDC 9100 RANDgM NUMBER QENERATSR 18<0 
C QiNERATES UNIFlRMLV D|STR|IUTED RANDIM 1110 
C KUPBERS «ETHIE^ 0 AND1 1M0 
CRi R|NV   t TN« INVERSE «F R |I70 
ClAlO'i III S     • ▼HE NORMAL DERIVATIVES IF U WITH RlSRECT Tl 1810 
C BITH X AND Y. IMO 
CStil SlLVtT t A SUINlUTINE FIR SeLVlNQ A LINEAR SYSTEM 1100 
C L91NQ OAISSIAK ELIMINATION AS ILLUSTRATED 1910 
C IN EC 1 19 AND 16 IF REF (DEBfllR). 1910 
CRAJ ITEHR  1 A TEHRIRARY ARRAY USED IN S9LVIN8 F|R 8 )9S0 
CRI SUM    1 A 8UMMRT |N JMO 
CR« 8ÜMX   • A SUMMAT %*  AL^NO X 1910 
CR« SUMY   1 A SUMMAT |N AL^NQ Y 1910 
CRB T     ■ VARIABLE FIR TlMI CALCULATIIN 1970 
CR] T|     t TEMPORARY VARjABLl IN EVALUATlSN 1*80 
CR} T|M1   • TEMPSRARY VARIABLE IN BVALUATIBN 1990 
CSS T|MELEFT» A C0C«398 SYSTEM LIBRARY FUNCTI6N »000 
C QIVIKO TME NUMBER «F IEC8NDS LIFT UNTIL THE 9010 
C THE TIME LIMIT FIR THE JOB WlLL BE RIACHID, 9010 
CRI TRI    ■ TlMReRARY VARIABLE IN EVALUATlIN 9080 
CRI TPlHl  • TEMPfRARY VARIABLE IN IVALUATlfN »0*0 
CRAJOi ill U     t THE ARRAY «F FUNCTIIN VALUES CBRRESPBNniNO »090 
C Tl X AKD Y. »010 
CRI UIXACT • VALUE «F I BBTAINED BY EVALUATlNB THE »070 
C ARBITRARY RBLYMMUL AT THE C§«RO|NTE8 (Xl.Yl) »080 
CIS UJ1J1  "LU-liJ-i) »J!« 
CR| UUl   • LditJ'l) »1?« 
CRB U|NT   • VALUE if  U BBTAINID BY BICUBIC SPLINE »110 
C INTERR8LATIBN AT THE C8BRDINATE8 (XI«Yn »1>0 
CRI UPT    t THE INTERRELATED VALUE AT «XpT.YPT) »HO 
CRA4 V     • A VICTBR 8F VALUES »1«0 
CRB «l     ■ WlRKINO ARRAYS 0IMENSI8NED TB »190 
CRI W|      MAX kBRDS IN THE USERS PRBORAM, »110 

CR8 . !J!S 
CR8        • 
CRB  .     «7 

»190 
»200 

CRAI-J'i III X     • tHE VECT8R BF DISTINCT VALUES 8F THE fIRST »210 
C INCEPENDENT VARIABLE ARRANOED IN ASOINDtNQ »2>0 
C eRCERiTHB MINIMUM LENGTH BF X IB 4 AND THE »280 
C MAXIMUM LENGTH 18 DETERMINED BY THE AM8UNT 2240 
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c 
c*i 
CR«i6 
CR} 
CRt 
C«l 
en« 
em 
e 
e 
c 
c 
c 
em 
em 
en« 
em 
cm 
em 
em 
em 
c 
cm? 
e 

X)2 
«I 
X|MI 
XMXllH 
XN12 
XP 
XRT 

ill    V 

VI2 
n 

YH12 
VMYlIK 
Y^ 
Y^T 

er cem AVMLABLII 
xmcifcus x(2) 
THI  (Tf VALUE tf X 
X(t>l) 
TENPlRARY VARlABLi 
X(KMi>*X(Mm) 
X(KRT) 
THE X ei«|RDlNATE §P THE R«INT T8 BE 
INTIIIPELATID, 
THE VECTfR If DISTINCT VALUES BF THE SECBND 
INCEREKDIKT VARIABLE ARRANBED IN ABCINDlNQ 
fRCBRiTHB MINIMUM LENGTH BP Y 18 4 
ANC THE MAXIMUH LlNQTN |S DETERMINED BY 
THE AMBUKT ir CBRB AVAILABLE. 
v(IM(2) 
THE ITH VALUE SF Y 
Y(V) 
Y(J>1) 

TEVRBRARV VARIABLE 
»(KPT) 
THE Y eitlROlNATB BP THE PB|NT TB BE 
INTERPBLATED. 
THE 8BLUTIBN VfiCTBR PER THE LINEAR SYSTEM 

BUBMUT|N| BlCUBll><M|KOPAULT|X|Y,UiPiOiSiMAX.Bp;BlPliBlMi'iDiDSi 
X ITEMP.DP) 

C BICUBIC BPLTNl INTERMLATUN 
C THIS SUflRBUTlNE CALCULATES THE PARTIAL DERIVATIVES PBR THE MESH 
C 

D|M|NSIeM X(KhY(MJ,L(h»><);P<N#MJ.OlM,N>'.S<M,N) 
D|M|NSIeN BP(MAX)iB|Pl(MAX)iB|Ml(HAX)tD(HAX)lD8(MAK)l$TEMP(MÄX)i 

X DP|MAX) 
C 

DAT|(NMiN|4)l(MMlNi4) 

CHECK T| SEE I' THE MAX PARAMETER WA8 SIT CBRRBCTlY 

MAXS 18 WHAT MAX 8MBULC BE 

MAXS'N 
ir(NiLY?H) NAXStM 
|P(MAX8 ,NE( MAX) 68 T« 800 

DETERMINE WHETHER THE X ANC Y VfiCTBRS ARE WITHIN LIMITS 

IPIN ,LTi MMIN) OS Tl «09 
tP(M ,LT, MHIN) 08 T| 90? 
NMliNil 

22S0 
P2«0 
?2?0 
?2"0 
2290 
P300 
P310 
2320 
P3SS 
P340 
2380 
»380 
f3?0 
2380 
2380 
2*00 
2410 
2420 
2430 
2440 
2480 
2480 
24?0 
2480 
2480 
2960 
2910 
2920 
2930 
2940 
2990 
2980 
29?0 
2980 
2980 
2600 
»810 
2820 
2830 
2840 
2890 
2880 
28?0 
2880 
»880 
2?Ö0 
2?10 
2?20 
2?80 
2?40 
2?90 
2780 
27?0 
2?80 
2?80 
2800 
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NM2|Nf2 MIO 
HMtiMii 2020 
MM2|Mfl| 2SS0 

C 2S«0 
C DETEKHlNl WxB'HE« THE X ANC Y ARRAYS CINTAIN DISTINCT ELEMENTS AND 2890 
6 ARE ARRANOEO IN ASCBNOINS IRDER. 2S«0 
C 28?0 

DS SCO pliNMi 28«0 
trcxil) .OE, X(l*l)) 08 T| «11 28*0 

SOO CENTIME '900 
C 2910 

SE tlO JiliMHl 9920 
|F(V(J) •OE, Y(J*in 01 Tl «12 99S0 

110 CONTINUE 2940 
C 2990 
C DETERMINE THE EDOE BOUNDARIES P|R 9,0,AND 8 IP RBOUBtTED 2980 
C 2970 

IMNDfAuLT JO, 1) CALL ED0E$(N,M,K,Y,U|R,0,8J 2980 
C 2990 
C OET THE DIPrBRENCE ARRAVJ, PER THE X VICTOR AND ALSO SOOO 
C OET THE B PRIME ARRAY,BP', PROM THE B ARRAY S010 
C SOtO 

CALL OETBP(N,X,BPiBtPliBlMi) 3080 
C S040 
C NEU SOLVE P«« THE PARTIAL« H/R TS X WHICH HERE NBT OIVlN 9090 
C 80«0 

X3E|X|lt*X(2t 9070 
XN1|M(NH1)«X(NM2) 90*0 
DO SO JilfM 9090 

C 9100 
C BET UP THE D VECTOR POP 00(11) 0' RE^ 9110 
C 9120 

DE SB tMlBl«NH2 9190 
IllMltl 91«0 
IPliltl 9190 
Ri(x(l)ixiiHin/(x(iPi)*x(i)> 9i*o 
RINv»l,/R 9i7o 
0(lMl)*3,9(R*(U(IPiiiJ>«U(I,j))*RlNV«(U(r.J)«U(lMi.J))) 91*0 
tP(J ,00. 1 .ER, J.ie, H) 34f39 91*0 

C 9200 
34 DS(|Ml)i3l*(R*(0(,M91)*0(J,in«*INV*(Q(lM)ae(J,IHim 9210 

C 9220 
C NOTE 0 AND S «"RATS ARE STEREO AS OlJ.I) AND S(J,I) RATHER THAN ,       9290 
C OlliJ) BECAQSE BP PORTRAIT COKVEKTIENS PER STBRINO ARRAYS CBLUMNHUB 9240 
C 9290 

39 CONTINUE 3280 
C 9270 
C ADD ADDITIONAL TERMS T« THE PIRST AND LAST ELEMENTS BP THE D VECtSR     9280 
C 9290 

D(l)«D«l>tX32M(t*j) 9300 
D(NH21«DINH2V-XN12«P(NIJ) 9310 

C 9320 
C 3390 
C NEW SOLVE LINEAR SYSTEMS PER EO(ll) OF REPERENCE, 9340 
C 8390 

CALL BBLVtT(NM2,P(2,g),D,BMlPi,B|Mi,DP) 9380 
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C S370 
tP(J IIQI 1 .•«. J «IQ. n 37iS0 9310 

C 83f0 
C ADD ADD|T|lNAk TIRMI T« THI OS ARRAy 9400 
C 9410 

37 08(l>«0S(l»-X32«S«Jil) 9410 
0$(NH|)i0f<NW8».KM8»S(J»N> 9490 

C 9440 
C NOW SOLVE tlNIAR SVSTSP fi« 10(12) 9490 
C 94«0 

CALL ••LV|r(NHi.STeH^ieSlBP|BIPl(BtHl,DP) 9470 
C 94*0 
C HOVE VAtUIS PRSM THI TlHMMftY ARRAY INTB THE PARTIAL 94«0 
C ARRAY r|R THB CRISS TBdMS, HI CB THIS 8&CAUSI «r P0RTRAN ARRAY 9900 
C STORAOE CINyBNTllNS 9910 
C 9990 

DB 10 L«1|NN2 9990 
LllL*l 9940 
S(J,Ll>»STiMR(L) 9990 

10 CBNTINUI 39^0 
6 3970 

30 CBNTINUI 99R0 
C 99«0 
C BET THE ClfrBRlNCE ARRAY ,ii FOR THE Y VECTBR AND THE B PRIME ARRAY     96i0 
e 9*io 

CALL OlTMtN.YtBPiBtPliBlHl) 9190 
C 9B90 
C NBH BET THI PART1ALS WiTH RESPECT TB Y 9*40 
C UHtCH MERE NBT OIVIN, 1, E. H|MBERS BP TH| 0 ARRAY HMIOH MIRE Nit       9*90 
C SPECtPIlO 9**0 
C 9*70 

Y3aiYi3)»Y«t3 9*10 
YMiaiY(MMl>-Y(MHS) 9*«0 
Dl 40 l|l|N 9700 

C 9710 
C BIT UP THI D MATRIX P|R |Q(13) B^ RfiP 3710 
C 9790 

OB 41 JMllliMMB 9740 
jaJMl4l 9790 
JP1IJ41 9740 
R«(V(J)iYUNl))/(V(JPl>«Y(J)) 9770 
RJNyti./R 97*B 
0(JMl)t3lt(R«(U(liijPl)>U(lij)>«RlNV«(U(t

>iJ>«U(liJMl))) 97*0 
BI(jHl)«9i*(R*lp(|.JPl)*P(iiJ)>*RlNV*(P(liJ)«P(liJMl))) 9B80 

49 CBNTINUI 9B10 
C 9BI0 

0(l)tO<l)aTai«Ollit) 9BS0 
0(NMIMDIMM3».YM13*0(M'I1) 9640 

C 9B90 
0S(l>l0f(l)-Y3St8(J,t) 9B*0 
DS(MMa)«0i(NM2).YHia*l(Hlh 9BtO 

C SBBO 
C NBH CAN SOLVE THI LINEAR BylTBH BP |Q(i3) PER THIS i 9B«0 
e 9*00 

CALL tB|:V|T(MH2.e(2il)'iDlBP.B|PliB!MllDP) 9910 
C 9910 
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e N«H siivE THE LINEAR svsTEfSer BC(i4) nn THIS I 3910 
e 3945 

CALL JiiLVlTtMHJ.S^.niDSiB^Bm.llMl.lW 3990 
40  CINTINUE 89*0 

C S9T0 
C 39*0 

RETURN 3990 
e <o(io 

900 PRINT 9g3|MAX.MAX8 4010 
STAR 4090 

909 RRINT 906|N|NM|N 4030 
8TSR 4040 

907 RRINT 9O6|M.MHIN «090 
"   8T§R «090 

911 RRINT 9l9|(X(nlttliM 40T0 
ST9R 4090 

912 RRINT 9i6,(Y(J)iJilil') 4090 
ST9R 41Ö0 

C «110 
C ••••i«-i.«-FORMAT STlTEfENTS ,..,.,.,.,.., «>••••• 4110 
C 4130 

90S r|RM*T(iO)MIRR9R»TH! PARAMETER HAX 9f lul, 9ICU91 MAS SIT T9 •• 4140 
X 19,•, (T 8H90L0 BE »iIJI 4190 

90« P|RMAT(lOX,*!RR9R«THe X VECTSR HAS «ilSl 4190 
X «POINTS AND THE HtNlMlM ALLONlO IS •tI9) 41?0 

909 P9RMAT(10X.*BRR9R*THE Y VECTOR HAS »,13. 41*0 
X »POINTS AND THE HINIHLM ALL9WID IS «.Ij) 4^0 

919 PS^HAT(lOXi«|RRen*TH| X VECTSR |S NIT ARRANOED pRePERLV«'.//i 4200 
X 10X.4ERR0R OETSCTED BY BICUBl*,/, 4210 
X 10XI*THB X VECTiR IS;/, 42j{0 
X(9(2Xiri2,4)n 4230 

916 rSRMAT(tOXi*eRR9*.THE Y VECTOR |S NOT ARRANQID PR9RERLV«'I//I 4240 
X 10Xi«ERR9R DETECTED BY BICUBl*./, 4290 
X 10XI»THE V VECTOR tS«i/i 42«0 
X(9(2Xiri2l4))) 4270 

C 4290 
BND 4290 
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lUIMUTfNi IICUItOlMiVriUPTiNlMCR'.N'.H'.XiY.UiPiOil) 

IUMIUTINI ?•  INTIRMIATI » VAkUliUpt,  AT LlCATUN  JMT»Vft|i 
tNtS IUIMUTINI AMUHIS THAT TNI X «NQ Y VICTIRI AH LAMI iNfUQM 
tl MANI A ITNARV IIAW> TICHNIOUl SuMRItN T« A 

»'I W?^!»",  » lUTHDl THI MM.. D.HAIN 

NlRlllllO 

eiNOUCT A llNARy Uk*Q¥ MR t 

KMN 
Kbti 

11 tr<x^T-xU»in 4iiM 
4  «Htt 
9 trtKHtKL-l) fi«i> 
« KL»J 

81 ?• I 
9 tnx'T-XdOO) lOililS 
8 tlKM 

01 ?• 7 
10 tr(xr*X(KL)) 13il4il 
14 IlKL 

91 t« 7 
18 tiltl 

01 TO 7 
15 NiMOMt 

PRINT 11 
UPTfO.O 
MTURN 

CONDUCT A 0|NA«y IIARON fO« M 

7 MHIH 
Kill 

ID JI(KL*KN)/i 

he iriyPT-YN-ii) 40iiiDi70 
40 MN«J 
JO triKNi^-DtditOiao 
«0 Kt«J 

00 TO IQ 
00 tr(Y'T«Y(KM)i    100,00*190 
00 JlKM    , 

00 TO 7o 
iOO tr(YPT-Y(KL)} ISOIHOIOO 
140 JiKt 

00 TO 70 
iOO JUil 

00 tO 70 
190 NiMOMt 
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MINT I) 
UPTMO.O 
RiruRN 

e 
e 
C Uti A CUHO MIRHITI lAttt Tl IVAkUATl  tN| HeUIIC ^ILVNIMUk 
e »T riPT.mi , 
C (X'tiV'T) kill HITNIK  THI MICTANQkl MUNOID IV )((II|X(|»1)IV<JII 
C AND VUaDi 
e 

70  IHlilil 
JHliJal 
t\ntl) 
VJIV(J) 
XlNllXllNl) 
VJMltYljMll 

YHYllKtlVlT.VJMiJ/CdJ'VJUj) 
CXiiO,i2|MMXliH)«XKXllM«»J 
CYl|(J,iJ,»YMVl|K)«YNYllK»«2 
C)llf(XlgXr)*XMXt^ 
C»l|lfJAYpT|«YMYllX 
eXS|XMXtlN«GXI 
CY3|YMYi«KiCY2 
CXIiCXIaCXS 
evtieviiCYi 

UtiJilU|lHi«JHl) 

RIlJllPliMiiJMl) 
TlMi»UliJl»CYl#|U(lMl^>.uIJJl>*CY|«0(JMliIHl>-C!fJ«0(Ji|Ml) 
tUgrjl*CYl«<g<IiJ)    •kJjl>#CY»«fltJMli!J.CY3»0U.I> 
rRiMiiPiiji*eYi«iP(iKiiJ>«Riiji)*cv3«i(«iMiiiMi)aeYi«s(jitNi) 
»^I|P|Jt*Cwl«t»n^».^!JlMC»2«|tJMl,J»tCY8«ICJ.n 
URT|YIMt«CXi«(Y|«TIMl>«CX2*WMt*CXMP) 

C 
MTURN 

riRMAT |TAT6M|N?I 

12 ri«NAT(iÖXi«IMi(Um fUT IP ltUNDI*'i/'i 
X JOXI«0|T|CTIO |Y SUli  UCUll«) 

23 rMMATItOXi«|RMN*Y" lUT IP IIUNOS«,/i 
X iOXi^DlTiCTID |Y IteUlS*) 

INO 

4H0 
«190 
«110 
4110 
4980 
4910 
4910 
4910 
4940 
4110 
4940 
4190 
49110 
4990 
10*0 
'010 
9010 
lo'o 

9040 
9090 
9090 
9090 
91Ö0 
1110 
9110 
9130 
9140 
9190 
9140 
9190 
9110 
9190 
9260 
9210 
9210 
9230 
9240 
9290 
9140 
9|t0 
92*0 
9290 
9SÖ0 
9310 
1310 
93S0 
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..... 

SÜBMÜTINI EDQEKN'.MiYiUi^Oil) 

IF THE UH» MIOUIITID DlflüLT EDOI ClNOITIlNl 
TNtS SUlNIUTlNI WILL OITIR^I« THEM 
UltNO k  LAORANSE iNTEMlLAtlKQ rlLYNlHIAL er UDIII S X 9 

THIS tUlMUTlNE II GALLIC If SllMUTlNI BJCUm, 
TNtl SUBRIUTINE CALLt SUINtUTIKE L*0«AN, 

D|H|N|ltN X(N)•¥()«)IL(^IM)XKIH)|OIM,N)',S(MIN) 
e 
e 
C OET PARTULS WITM RESPECT TB X ALINQ EDQES 
C 
C 
C DETEBHINE  THE LfCATlBN BF  THE 4  X 4 ORIO FBR THf LAQRANQi RBLYNBMUL 

C 
DB 10 Jtl,M 
NltJ«! 
trCMB ,8T, (M.3)) HSiM>3 
trrMB .LT, i) HB^I 

CALL kAQRANd.l^.MSiHfiPCirJJiliJiNiN/XWiUiRiO^S) 
CALL kA0B«N(2lN.9iNl»«SiHr,R(N,J)iN»J|N|M,XiV,UiRi0i8) 

10 CONTINUE 
C 
C SET RARTULS HITH REBRECT TB Y ALBNQ EDOES 
C 

DB 10 IlliN 
NSit-a 
|r(NS   i(jT,{N»3n N8IN*S 
!F(Nl  itT,   1) NBH 

CALL LAOftAN(3iNSiNril,4ie(i»t)ihl/M/X;Y,UiRiO;8) 
CALL LAOtANCj.NSiNr.M-SiM^CMliliM.N.M.XiYiUiRiOiS) 

20 CBNTtNUl 

OET RART1AL8 WITH REBRECT TB X AND Y AT CBRNIM 

CALL t*fl**M««»ti««ii4»Hlii»»4«l»N*iHiXiYVüiPifliiJ 
CALL LA0KAN(4lNa3iK|}«4il(l|N)lNil>N'lH.X^ViUiRi0i8) 
CALL LAQMNUII,«,H«3»M(»'I1MIM/.M,X.Y,U.R»0I8> 
CALL LA0*AN(4IN.SIMM.S»K,!(I«,N)»NIMINIHIX,Y,UIRI0I8> 
RETURN 
END 

1340 
1390 
18*0 
1370 
13*0 
13*0 
UDO 
1410 
1410 
1480 
1440 
1490 
1440 
1470 
M«0 
1490 
I9Ö0 
1910 
1910 
1980 
1940 
1990 
19*0 
1970 
I9B0 
1990 
I6Ö0 
1610 
1680 
1680 
1640 
1690 
1660 
1670 
I6R0 
I6«0 
1700 
1710 
1780 
1780 
1740 
»790 
1760 
1770 
I7B0 
I7B0 
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lÜlMÜTTNf aiTMIMilMimiltHl) IIÖO 
C                                                                                                                       , MIO 
C lUIMUTtNf fl W TNl I tlfiMtlKAl OlfFMlNCl AMAV.I, §f lO(if) ff            MtO 
C RirERENCE  ANO ALM TH| I MlHi AMAV fiH SAUMiAN iLtHtNATIIN MSO 
C MAO 
e thti suiMuriNi ii cAuie iv IUIMUTINI IICUM. MM 
e M»O 
C MTO 
C tl SAVI ITMAOI WE MIO 
C 9TIM ELEHBNT KIIM U IHl) MM 
e sTiM ELEMENT i(i.i*i) I* tiPui) MöO 
C IT|M ELEMENT Klil.U  h IICKP MIO 
C tHtl REDUCES THE IRACE MOllEED fW THE R AND B MlME ARRAVl MIO 
e mn 2«NMI TI IIN HBRII «MO 
e M«o 

DlMlNllRN BR(N)|BlRl(N)illHi<N)tV(N) MM 
C MAO 

NMliNtl MTO 
NNIiNtl MAO 
NMSfNiS 1910 
DXRlVItMVd) AOÖO 
IR(i>l2t«(DXR«(V(3)fV(t))) MIO 
R|^(n|DXR AOIO 
OXt|V|N)<V(NMl) «QlO 
IlMjlKMjJtDXL «OAO 
RP(NM3)«2i*(DXL*(V(N»<l)«V(KH2))) AO'O 
trCN .EO. «) OB Ti u «OAO 

C «OTO 
MBO 
«090 
«lÖO 
«HO 
«120 
«ISO 
«IAO 
«HO 
«IAO 
«1T0 
«HO 
«1*0 
«2i|0 
«210 
«220 
«{SO 
«240 
«290 
«2«0 
«2t0 

01 10 l|2|NMS 
IMlilil 
IRliUl 
IPtlfRl»! 
DXLfVllR2)«V(|Pl) 
DXRfVdRD-Vd) 
RlMi(l»«DXL 
RR(t)B2!*(DXL*DXR) 

. llRi(t)|DXR 
10 ClNtlNUE 

e 

' 

e 
C NIH DETERMINE TMl B RRIHI fATRtX 
C 

11 OB 20 l|2|NM2 
! 

tRiiiti 
.' BR(piB^(|).BlMl(|)«||fl(IMl)/lR(lMl) 

20 OBNTINUE • 
' RETURN 

END 
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SbBftOüTlNi (.«GRANUrVPeiKS'.NMSiMfiDPriNPT.MPT.NiMiViUiMil) «210 
e «2«o 
c «Söo 
C S1.8R8UTINI r>K IMTEMILATIKO m  V*LÜE If A PUNCTI^N ANQ |T|           «310 
C CERIVATtVEl WITH RESRECT Tt *,  MlTH «ESPFCT T| V. AND WITH RESPECT Tl    «HO 
C X AND Y AT THE M68H POINTS US|NO A L*ORANOE INTCRPSLATINO              «SSO 
e MLYMOMiAb «r ARIITRARV IRCER «340 
C «390 
C THIS SUBROUTINE  IS C*UEC BY SlBROUTlNE EDGES. A3«0 
6 «370 
C «3R0 
C NS* NUHIER «r STARTINO P||KT AlONQ THE X XA|S «3*0 
c Kf riNAL PRINT ALRNO THE X AXIS t,m 
C MS* STARTINQ P8INT ALONQ THE Y AMS «410 
6 HFi fJNAL PfllNT AlONO THE V AXIS «420 
C INTERPOLATlRN IS CARRIED ELT OVE" THESE PIINTS «430 
C «440 
C «490 
C SbBRObTlNE iWk*  MAS l« PARAMETERS IN ITS CALLING SEQUENCE            «4«0 
C «470 
C «4R0 
C NTyPEU OST PUNCTIIN ITSEL^ «490 
6 KTYPE*2 GET PARTIAL "ITH RESPECT TO X «500 
C NTYPP 13 GET PARTIAL MTH RESPECT TO Y «910 
C NTYPEM GET PARTIAL WITH RESPECT TE X AND V «920 
C «930 
C «940 

DIMENSISN X(N).YIH)IL(NIH),P(NIM)IO(M|N)
>
IS(MIN) «990 

C «9A0 
XPiX(NPr) «970 
YPiV<HPT» «9R0 
DPTfOi «990 
00 Te(io,20,30(4Ö»,NTYPE ««00 

C ««10 
C CALCULATE THE VALUE SP THE PtNCTlON AT THE MESH POINT (NPTiMPT) ««20 
e «630 

10 DPT|U(NpT|MPT) ««40 
RETURN ««90 

C «««0 
C ««70 
C CALCULATE THE PIRST PARTIAL MTH RESPECT T§ X                       ««RO 
C AT THE MESH POINT (NPT.MPT) ««90 
C «700 

20 DO 211  MNSIMP «710 
SUHfO. «720 
00 219 L"NSiNP «730 
IP(LiiO?  I)  0« TO 21S «740 
PReD'l. «790 
DO 212 K^NS.NP «7«0 
|P(K.EO; I ,8R. K.EO, L ) 00 TO 212 «770 
PR8D«PRoO*<XP«X<KJ) «780 

212 CONTINUE «790 
SÜM|SUM#PR8D A8Ö0 

219 CONTINUE «810 
DENOMli; «S20 
xin(t) ««so 
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D« 219 K'NS.NF «MO 
trCK ,10. I) 08 T| 213 «190 
nENaMlO|N|H«(XNX(K)) «1*0 

213 CINtlNUp «l'O 
DPTiDPT^IUM/DENIMtlH^PT) «8«0 

ill CINTIMiE «KO 
RETü«s ««00 

C «»10 
C CALCIMTB THE ri«8T M8TUL WITH RBfPlCT Tt y «920 
C 4T THE MBS« PIJNT   <N»T',MfT) ««SO 
C ««40 

30 D8 311 J'HS.MF «««0 
S^MiO. *««0 
08 319 L'HSiMr ««70 
ir«L  .60.  J)  88 T8 319 «««0 
PRflD«!. •«•0 
08 312 K'MS.MF TOOO 
IF(K,EO; J  .eR, K.EO, L    ) 08 T8 312 7010 
pR0O«i>ReD*<v**v(*<n '020 

312 CONTINUE 'OSO 
SlMiSU^UPRöD 7040 

319 CONTINUE 7090 
DEN8MI17 70«0 
VjiV(J) 7u?0 
D8 313 K"M8.MF 7o«0 
IF(K,EO: J)  08 T8 slj 70«0 
DEN8MlDENeH*(YJ.V(K)) 7100 

313 CONTINUE 'HO 
DPT|nRT«$UH/DEN8H«l(KPT|.J) 7120 

311 CONTINUE 71S0 
RETURN 7140 

C 7190 
C    C*LCIUT| THE PARTIAL Min   RESPECT T8 X AND V 71A0 
C AT THE MEjM POINT  (NPT'.MPT) 7170 
C 71R0 

40 08 41   liNl.NP 71«0 
SUMXtO. 7200 
08 43 L|N||NP 7210 
tr<t,EO:  |)  «8 TS 43 '220 
PR0D*li 72S0 
08  44  KftNI.NP 7240 
IF(K.60;  I   .0".  MO. U  QO T| 44 7290 
PReDilPReD«(XP-X(K)) 72«0 

44 CONTINUE 7270 
9ljHXaSUHX«PR90 7280 

43 CONTINUg '2«fl 
nENOMll* 7300 
X|«)|(|) 7310 
08 49 KvNE.NP 7320 
tr<K   ,10.1)  08 T8 49 '330 
0£J8MlDBN8M«m.X(Kh 7340 

49 CONTINUE '390 
9UHX«|UMX/DEN8N 73«0 
08  42  J|H|,MP 7S7o 
9UM"«0. 73R0 
08 433 L«M8.Mr 73«0 
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r^— 

IMLilO; J) 01 It 493 

Dl 434 K'MSiMF 
|F(K.I0: JIMI K.iC.  L) 01 Tl 434 
PR«D"MeD«lyP.V(K)) 

434 CINflNui 
IbMVMUMV'MD 

433 CINTINUE 
DENIMli; 
rj"y<j) 
Dl 439 K'MliHF 
IFCK  ilO* J> C« rl 499 
0EN|Ml0EN|M«(VJaV(K)) 

439 CINTIMJF 
9bMVt|UMV/DEN«M 
DPTtDPT«SUHV«füMX«L(|ig) 

42 CINTINUE 
41 CINTINUP 

NETuRK 

BKD 

160 
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■ ■.   . ■ 

IUIMUT|N| leiVlTtk.I.tiM.IIPliUMi.DP) 

THIS R8UT|N|  )| CAlllO ly IUBRIUt|NE IICUIl 

DIH|N|i|N IP(>t)|S|Pl(N)il|>'l<N)|D(N)iZlN)iDP(N) 

ÖIMPUT6 THI D MtMl VICTIR, IEI 10(1«) W Hf 

DP(i)lD(i) 
01 10 I«2|N 
iMiitii 
DP(PlD|I)*BIHl(I)tOMIHl)/BP(IMl) 

10 CINTIKUE 

IITAIN MLUTIIN BY «CL«S1«N Rlt*TIB^ «r f0(l7) , SEE W 

ZIN)»DP(N)/B'(N) 
NMifNil 
OB BO JtliNMl 
UNiJ 
IPllUl 
Z(l)i(Dr(|).B|Pl<t)*Z(|Pl))/BP(|) 

20 CBNTIKUE 
RETURN 
END 

mo 
T«fO 
T«30 
7*40 
7*90 
76«0 
?«T0 
7«ao 
7«f0 
7700 
7710 
7710 
77S0 
7740 
77»0 
77*0 
7770 
77(10 
77»0 
7800 
7810 
7BS0 
78S0 
7840 
7890 
78*0 
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6.0 COMPARISONS 

For most quantities defined over a two dimensional 
mesh, where N and M are greater than 4, the bicubic 
spline generates a more physically plausible inter- 
polation surface than a two dimensional Lagrange 
interpolation polynomial over the same mesh. When 
N and M areeaual to 4the bicubic spline and Lagrange 
interpolating polynomial are identical. 

No comparisons have been made with any other programs. 

7.0 TEST METHODS AND RESULTS 

The following program, CHECK, illustrates the use of 
the routines. 

CHECK begins by setting up an arbitrary 5x6 mesh using 
a data statement to define the X and Y arrays. Next a 
third order two dimensional polynomial, U(I,J), having 
arbitrary coefficients is evaluated at each of the mesh 
points. Since NDFAULT is initially set to zero, CHECK 
is required to supply the normal derivatives along the 
boundaries. The equations used in statement0 300, 301, 
and 302 were obtained by differentiating the polynomial 
U(I,J). Next subroutine BICUB1 is called to complete 
the P, Q, and S arrays and the results are printed. 
Following this, 30 random coordinates are generated 
over the x-y mesh using a uniform random number 
generator available in the CDC-3800 system library 
and the polynomial U(I,J) is evaluated at each point 
(UEXACT). Also subroutine BICUB2 is called to inter- 
polate a value at each point. Then the x-y coordinates 
of the 30 points arc printed out. Since the arbitrary 
polynomial is third order in x and y, the interpolated 
and exact values should be the same.  The fact that the 
elements of the difference column are essentially zero 
(neglecting rounding errors) indicates 
that this is indeed the case. Next the P, Q, and S 
arrays are zeroed and the parameter NDFAULT is set to 1, 
indicating that BICUB1 should determine the edge 
conditions rather than assume they are supplied by CHECK, 
and the above procedure is repeated.  Again the differ- 
ence column is essentially zero. In addition, the P, Q, 
and S arrays determined by BICUB1 agree almost exactly 
with those obtained by CHECK. 
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M80IUM CHECK 7870 
c 7aao 
C SAMPLE MIORAN T8  tLLUSTHATE W USE If THE 7190 
e neuste SPLINE INTERMLATICN PACNAOE mo 
C 7*10 
C SETTINO UP AN ARBITPARV CESH 7920 
C 7990 

DATA(Ni9)|(Mi6)<lMA)li6) 7940 
CATAati,|2.9i2i'9.3.i9.h«Y«l.,1.9»2i29'i4,9i9,,7,3) 7990 

C 79«0 
D|MEN|I|N X(9)iV(«)<L(9f«).P(9i6)«0(«i9)

,.S(«i9) 79t0 
C 79iO 
C SET THE 0|MEN|I«N 8P fiAO^ CF THE SEVEN NePK AREAS T| MAX, 7990 
C 8000 

DiHBNSIsN H1(«)|W3(6)IWS(6)IM(6)IU9(*)|H8(«)IU7(6) 8010 
C 8020 
C EVALUATE AN ARBITRARY PtLvM^IAL AT EACH HEEH PIINT RQSO 
C 8040 

DS 12 IiliN 8090 
X|iX(|) 80*0 
DS 30 Jili« 8070 
V|iV(J) 8080 
UniJ)a|.*19.«XI*17l«Xl««2*89,*xlM3 8090 
X*Yl«(49:*26,«XI*lS.«Xt««2M9i«X|M9) 8100 
X *Vt*«2*(94,*«.»X|*iSi«XI*«2*4S,«XI*«9) 8iiO 
X *Vl*«3*(47.*2li«Xl«l9l*Xt«*2*2i*X|**S) 8^20 

20 CONTINUE 8190 
12 CSNTINUE 8140 

C 8190 
C 81«0 
C IP NDPAULT IS SET T| 0 THE EDQE CSNDITI9NS WILL RE INPUT T§ BICUBl. 8170 
C IP NOPAULT IS SET T| 1 BIClBl kUL CALCULATE THE EDQE CINDITIBNS, 8180 
C 8190 

NCPAULTaQ 8200 
C 8210 
C CALCULATE ExAQT EDOE CtNCITIONS PS8 TEST EOUATIBN 8220 
C 8290 

NH1|N«1 8240 
MHiiHil 8290 
DS 900 IiliN.NMi 8280 
XliXtl) 8270 

C »280 
C SET NIRHAL DERIVATIVES WITH RESPECT Ts X 8290 
C 8300 

DS 300 J*i>H 8310 
V|iV(J) 8320 

300 P(r|J)«t9|*34l*Xl*349l«X|*«2 8390 
X «Vli(24|*3«)*Xl*97l*Xl*«;) 834O 
X  «V|t*2«(8.*2«i«X|*129,«X|**2) R390 
X *VI**3*|21I*90I*XI*«.«X|M2) 8380 

C 8370 
8380 

C SET NORMAL DERIVATIVES NlTH RESPECT TS Y ALBNO EDQE 8390 
C 84Ö0 

DS 301 jn#M.MMi 8410 
V|iV(J) 8420 
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ir^   ^ ' 

DS 301 I'tiN 
X|iX(l) 

301 e(J|n*4V26.*Xl *iei*XI«*2*l9,*XI*«9 
X      *2i*Yt*<34i*6i*X|*iSi*XI«*2*4Si«XIt*J) 
X      *S,*VI**2*(47i«2t.*X|*19.*XI«*2*3l«XtM3) 

C 
C GET NIRNAL DERIVATIVES WITh RESPECT T| HBTH X AND y  AT EACH CtRNBR if 
6 MESH. 
e 

DS 302 I'liNiNHi 
X|iX(I) 
DS 303 J>liM.HMi 
VI«Y(J) 

302 8(0,1)120,«36.«Xl'S?,«»!*«! 
X   *2.«V|«(6,*26.«X1*12«,*XI*«2) 
X  *3,tYt*«2«(2l,*30,«Xt*«,*X)*«?) 

ESTIMATE THE AMOUNT 0F T|HE REOUlRED F0N A CALL TB BICUB1 

200 TiTiMlLsfTdJ 

CSHPLETB THE P,0. AND 8 ARRAYS , THAT IS, DETERNlNE NSRHAL DBRfVATiVES 
AT EACH MESH POINT, 

CALL BlcUil(NiMlN0PALbT«XlY»ClPl0lSiHAX,UllH2,H3lU4lW9iM«,U7) , 

CALCULATE T{HE SPENT IN HULISBCSNOS 

THT«TlMELerT(l))MOOO. 
PRINT 3 
DS 100 piiN 
OS HO j»l»H 
PRINT llliliJiX(l)iY(J),t(IiJ)iP(riJ)iOUil)iS(Jln 

110 CSNTINUE 
100 CSNTINUR 

PRINT 4?T 
PRINT 2 

USE SYSTEM RANDSM NUMBER QENERATSR TS 
GENERATE RANDSH CSSRDUATES EVER THE X.Y PLANE 

CS 10 K|l|30 
X|«RANP(«i)t(X(N)«X(l)>*X(i)*,3*RANr(<l) 
YL«RANP|*|)*(Y(M)«Y(1)>*Y(i>«,3*RANF(*i) 
UEXACTI3.*19.*XI*19I«X|**2*S3I*XIM9 
X*YIt(4S7«26,tX|«lS,*XlMS*l9i*XIMS) 
X *Yt«l3*(S4l*«.«XI«lS,«X|««2«43,«XI**)) 
X *VlMS*|47i*2|i*Xl*if,*Xi**2«2i*Xl*«3) 

ESTIMATE THE AHBUNT Sf TIMS REOUlRED Fl« THE CALL T| BtCUBB 

S490 
»440 
MIQ 
14*0 
•470 
R4R0 
R4«0 
«900 
R910 
R9I0 
•9S0 
«940 
«990 
«9*0 
«970 
19*0 
19*0 
«600 
«610 
«690 
«630 
«640 
«690 
«6*0 
«670 
«6R0 
«6tO 
«760 
«7lO 
•7B0 
R7S0 
«740 
«790 
S760 
1770 
I7R0 
67«0 
«BOO 
«BIO 
«BBO 
RBSO 
SB40 
«B90 
«8*0 
«870 
«880 
«8*0 
«900 
«910 
«920 
8930 
«940 
8990 
8960 
«970 
8980 
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riNj.jA 

fNTEMALAtl *T VALUE  AT   (XI.TI) 

CALL •JCÜI2:'(1.YI»U^,N!R»8»,NIM,»#V«U^,0,$) 

TKT^TlHELErTCntMOOO. 
CirriUtNTiUEXACT 
PRINT  IJK^hYl.UEXACT.UtNT.CirFiNIHRiRiT 

10 CINTINUE 

SEE  IF HE MAVE Ce*Pl.ETEO  THE SfCfND PASS 

IFCNOrAuLT  .E6.   1) STEP 

PEDEPINE NDfAULT 86  THAT  THE EtttE CtNOlTllNS MILL BE    CALCULATED 
AM) ZEP|  IUT THE P.O.   ANC  8  ARPAYJ. 

NDrmTfl 
01 901 J*1.H 
Dl 900 I«1.N 
P(llJ)iO(J.l)iS(J«|)iO. 

900 ClNTlNUfi 
901 CINTINUE 

PEPEAT ASSUHlNO BIUNDAPY CCNDITieNS ARE N|T GIVEN, 
HERE MB USE THE LAORANOE |NTERP8LAT|KG PBLVNIHIAL Ti DITERMIME THE 
EDOE CSNDITlBNS, 

oi re 2oo 

riRMAT STATEMENTS  ••••«•••«••» 

1 PIRMAT (10X. 19.2X.4 (ri2,4,2V).£16.9.2X119,2X^12,4) 
2 rjRMATdX,//, 

X 14X*«K*«9Xi«Xt«il2X'«*Vl«««X.*UE)IACT«feX',*UINT*.l2Xl 
X •D|rrER2NCE«.9X.*NERR(R*.9Xi*TlME*i/) 

3 riRMAT<iXl//,3XlM«,SX,»J»,9X#«XM8x,»Y«,l2X,*u*112X,»PM2X,i0»# 

X izt,•*»,/) 
4 r«RMAT<iOX.«TH§  CALL  Tt  BICUBl T^K  APPR0X,««ri2.4l#  MSEC,«) 

111 P|RMAT(lX,2(t3.1X),6(El2,4.lX)) 

END 

19*0 
»000 
»010 
>080 
»090 
1040 
»090 
»0*0 
»OTO 
»OBO 
»090 
»100 
»110 
»120 
»ISO 
»140 
»190 
»140 
»1T0 
>1«0 
»190 
»200 
»210 
»220 
»2S0 
»240 
»290 
»2*0 
»2T0 
»290 
»290 
»300 
»310 
»320 
»330 
»340 
»390 
»390 
»3T0 
»390 
»390 
»400 
»410 
»420 
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8..0    REMARKS 

Although the Lagrange interpolation procedure described 
above for obtaining the "required" boundaries derivatives 
has been implemented and works, a different and possibly 
better approach  [9]  to this problem consists,  in th? 
analogous one dimensional case, of not having a break- 
point  [6]  at the second and second to last data points. 
Implementation of this latter approach is left as an 
exercise for the  interested reader. 

For those readers who may be interested, a completely 
independently conceived and different set of ALG0L 
procedures for bicubic spline  interpolation is given in 
references  [10 and 11]   (in German).    Comparison of 
Späth's algorithms with those described earlier  is left 
as another exercise. 

As a further remark,  it should be obvious that the 
procedure described  in this report could be readily 
generalized to N - dimensional cubic spline interpolation, 
where N is greater than 2. 
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