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ABSTRACT

Two Fortran subroutines (BICUB1 and BICUB2) which perform
bicubic spline interpolation of a tabulated function of two
variables are described. Given the values X(1),...,X(N) and
Y(1),...,Y(M) of two independent variables and the corresponding
function values {U(I,J)=f(X(I), Y(J))}, I=1,...,N and J=1,...,M
and certain normal derivatives (optional) along the boundaries
of the x-y mesh, BICUBl estimates the derivatives fx, fy, and
fxy at each (I,J) mesh point., 1If the normal derivatives along
the mesh boundaries are unknown, BICUBl1 estimates them using a
moving third order two dimensional Lagrange interpolating
polynomial. Given the coordinates (XPT,YPT) and the derivatives
calculated by BICUBLl, BICUB2 obtains the coefficents of the
bicubic polynomial for the rectangular region of the mesh con-
taining (XPT,YPT) and estimates the functional value
UPT=f (XPT,YPT). In effect, the routines pass a twicezcontinuously
differentiable piecewise bicubic polynomial, u(x,y)€C®, through
the given functional values.

PROBLEM STATUS

This is a final report on one phase of a continuing
problem.

AUTHORIZATION

NRL Problem S01-38
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1.0 IDENTIFICATION

1

1.1 Title

Bicubic Spline Interpolation

1.2 Identification Name

E1-NRL-BICUBIC

1.3 Classification Code

El-Interpolation and Approximations, Curve
Fitting

1.4 RCC Identification Number

E1001400

1.5 Entry Points

BICUB1
BICUB2

1.6 Programming Language
Language: 3600/3800 FORTRAN

Routine type: Subroutines
Operating System: DRUM SCOPE 2.1

1.7 Computer and Configuration

CDhC 3800

1.8 Contributor or Programmer

John J. Cornyn1
Information Processing Systems Branch (Code 549%)
Communications Sciences Division

Formerly with the Large Aperture Systems Branch, Code 8160,
Acoustics Division



2.0

1.9 Contributing Organization
NRL - Naval Research Laboratorv,
Washiagton, D. C., 20375
1.10 Program Availability
1.10.1 Submittal: Program write-up, Fortran
source deck, source listing
1.10.2 On File: RCC Program Library
1.11 Verification
Several third degree polynomials were used to
test BICUBIC; answers were good to at least nine
significant figures. Higher degree polynomials
were also used. Then, as expected, the results
did not compare as well with the true values.
1.12 Date
26 February 1973
PURPOSE
2.1 Description of Routines

Let the values u; s of a function u(x,y) over a two

dimensional domain be given at the mesh noints
(xi.)'j) where i =1, ...,N; j =1, ..., M,

(1) The first problem considered is the estimation
of the normal derivatives along the houndaries
of the mesh assuming they are unkrown. In
Figure 1, squares designate locations at which
one needs to know the normal derivatives with
respect to x, pij = ux(xi,yj). Circles

designate locations at which one needs to know
the normal derivatives with respect to

Y, qij = uy(xi, yj). Squares imbedded in
circles designate locations where the normal
derivatives with respect to both X and v,

Sij = uxy(xi’ yj), are required, in addition
to pij
will be given in the form of subroutines
EDGES and LAGRAN,

and Q- A solution to this problem
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(2) The second problem is, assuming the normal
derivatives along the boundaries as discussed
above have been given or estimated, to fit a

"smooth function" u(x,y)€ C2 (twice continuously
differentiable) through these values.

The bicubic spline interpolation routines
BICUB1, BICUB2, GETBP, AND SOLVIT
described later implement a bicubic spline

interpolation technique2 [l] (see Section 3.15)
which yields a piecewise bicubic polynomial
u(x,y). This function is defined in each
rectangular cell,

Rij : xi-ls'xsxi P Yi.15YSY5 o m
of the grid as

3
ux,y) = Gy =% val(exg " vy 0 (@)
m,n=0

where (x,y)€ Rij'

Individual Subroutine Functions

BICUBl - A subroutine for calculating the
normal derivatives at each mesh noint,

BICUB2 - A subroutine for interpolating a value,
u(x,y),at any point (x,y) within the
region subtended by the mesh,

EDGES - A subroutine for estimating the re-
quired normal derivatives along the
boundaries assuming they have not
been given, using a moving third
order two dimensional Lagrange
interpolating polynomial.

Z. Note that Eq.(10)of {1] contains a tvypographical error and
should read

A(Ax 1)K i AT(AvJ 1) ij° where T indicates a

transpose. Also, the 8th character on line 4, p212 of PJ
should be I and not 1.
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2.2

GETBP - A subroutine for calculating the *two

dimensional difference arravs b and b!
of Eq.(15) of [1].

LAGRAN - A subroutine for determining the value
of a two dimensional Lagrange inter-
polating polynomial of degree

m in x and n in y and its derivatives
with respect to x, with respect to vy,
and with respect to both x and y at
any intcrsection of a two dimensional
mesh defined by (m+1) levels of

x;p 1 =a, ..., atm and (n+1)levels of

yj' j & C, s o0y C+n. See Eq.(S).

SOLVIT - A subroutine for solving a linear
system using Gaussian elimination as
illustrated in Eqs.(15) and (16) of

[ .

Problem Background

In the development of models of certain physical
phenomena it is frequently useful to obtain a
smooth functional representation of a quantity
which is known at only a discrete set of points
over a two-dimensional domain. Frequently, it is
required that this function have continuous first
and second derivatives, Once such a renresentation
is obtained, it is possible to differentiate and
integrate it in closed form,

A major problem with a Lagrange interpolating
polynomial defined over a N x M mesh is that it
must maintain (N-2) in x and (M-2) in v continuous
derivatives and still pass through all of the data
points. These requirements can and generally do
lead to many large and unrealistic mountains and
valleys in the interpolation surface, i.e., large
interpolation errors. This problem is significantly
reduced, but not completely eliminated by the
bicubic spline (See Section 3.13).
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A secondary, but still significant, problenm is
that when a large number of points is used, the
evaluation and calculation of the Lagrange
interpolating polynomial is costly and unreliable
([6] , p. 231). For further discussion see [8].

3.0 USAGE

3.1

5.2

Calling Sequence or Operational Procedure

BICUBL (N,M,NDFAULT,X,Y,U,P,Q,S,MAX , W1, W2 W3 W4
WS, W6 ,W7)

BICUB2(XPT,YPT,UPT,NERROR,N,M,X,Y,U,P,Q,S)

Arguments, Parameters, and/or Initial Conditions

N -- number of x points at which the function
was observed.

(N24). TYPE INTEGER,

M -- number of y points at which the function
was observed.

(Ma4). TYPE INTEGER.

NDFAULT -- a parameter that must be set to 1 if
subroutine BICUBl1 is to call subroutine
EDGES to calculate the "required" normal
derivatives along the boundaries of the
mesh, If NDFAULT is not set to 1, subroutine
BICUB1 assumes the normal derivatives for
the boundaries have already been entered
into arrays, P,Q, and S, by the user's
calling program. TYPE INTEGER.

The "required" normal derivatives are:
P(I,J) for I=1 and N; J=1 to M,
Q(J,T) for J=1 and M; I=1 to N.
S(J,I) for I=1 and N; J=1 and M,



the vector of distinct values of the first
independent variable arranged in ascending
order; (x for i =1 to N). The minimum

length of X is 4 and the maximum length is
determined by the amount of core available.
DIMENSION X(N). TYPE REAL,

the vector of distinct values of the second
independent variable arranged in ascending
order. (yj for j=1 to M), The minimum

length of Y is 4 and the maximum length is
determined by the amount of core availabhle.
DIMENSTON Y(M). TYPE REAL.

the matrix of function values corresponding
to X and Y, i.e., U(I,J) is u, . of Section 2.1.
DIMENSION U(N,M). TYPF REAL .

the matrix of normal derivatives with resnect
to x corresponding to X and Y; i.e., P(I,J)
is Ux(Xi,Yj). If NDFAULT is not 1, P(I,1) for

ﬁ=1 and N; J=1 to M) are required input. If
NDFAULT is set to 1, no values of P are
required as they will be calculated by sub-
routine EDGES. DIMENSION P(N,M). TYPE PEAL.

the matrix of normal derivatives with respect
to y corresponding to X and Y; i.e., O(J,T)
is U (X , J.). Note the inversion of the

J and I indices in Q. TIf NDFAULT is not 1,
Q(J,I) for (J=1 and M;I=1 to N) are required
input. TIf NDFAULT is set to 1, no values of

Q are required as they will be calculatec by
subroutine EDGES. DNIMENSION Q(M,N). TYPI PFAL.

the matrix of normal derivatives with respecct
to both x and y correspondlng to X and V:
i.e., S(J,I) is l - ) Note the

inversion of 1nd1Les I and J in S, If NDFAULT is
not 1 S(J,1) for (I=1 and N; J=1 and M) are
required input. If NDFAULT is set to 1, no
values of S are required as they will he
calculated by subroutine EDGES.

DIMENSION S(M,N). TYPE REAL,



MAX -- the greater of N and M. TYPE INTEGER.

Wl,...,W7 -- seven arrays which are used as working areas
by subroutine BICUB1. Each of these arravs
must be dimensioned to MAX words in the user's
program. The user does not assign values to
these arrays. TYPE REAL.

XPT -- the X coordinate of the point to be inter-
polated. TYPE REAL.

YPT -- the Y coordinate of the point to be inter-
polated. TYPE REAL.

UPT -- the interpolated value to be obtained. TYPE
REAL.,

NERROR -- an error indicator. If the point (XPT,YPT)
does not lie within the mesh, NERROR will be
set to 1 by BICUBZ; otherwise it will remain
set to 0. IF NERROR is returned as 1, the
interpolated value is set to -0.0 and an
error message is printed. See Section 3.5.
TYPE INTEGER.

3.3 Space Required (Decimal and Octal)

3.3.1. Unique Storage (exclusive of system library)

Subroutine Decimal Octal
BICUB1 1083 2073
BICUB2 570 1072
EDGES 474 732
GETBP 183 267
LAGRAN 588 1114
SOLVIT 129 201

TOTAL 3027 5723

To interpolate a function over an N X M mesh the
user's program is required to dimension the
arrays X,Y,U,P,Q,S, and W1 through W7. These
arrays require a total of

4NM + N + M + 7K words,
where K is the greater of N and M,



3.4

3.5

3.3.2. Common Blocks

None.

3.3.3. Temporary Storage

Once subroutine BICUB1 has heen called and the
elements of the U,P,Q,S arrays have heen
determined, the space occupied by the working
arrays W1,W2,...,W7 can be used for other
purposes, That is, the 7K term of the ahove
equation may be deleted.

Messages and Instructions to the Operator

None,

Error Returns, Messages, and Codes

Subroutine BICUB1 may print out the following error
messages:

"ERROR - THE Y VECTOR IS NOT ARRANGED PROPERLY,
ERROR DETECTED BY BICUB1.
THE Y VECTOR IS (listed)"

"ERROR - THE X VECTOR IS NOT ARRANGED PROPERLY.
ERROR DETECTED BY BICUBI.
THE X VECTOR IS (listed)."

"ERROR - THE PARAMETER MAX OF SUB, BICUB1 WAS SET
TO __. [IT SHOULD BE _ ."

"ERROR - THE X VECTOR HAS __POINTS AND THE MTNIMIM
ALLOWED IS 4."

"ERROR - THE Y VECTOR HAS _ POINTS AND THE MINTMIM

ALLOWED IS 4."

Subroutine BICUB2Z will print out one or more of the
following messages if an attempt is made to internolate
a point beyond the boundaries of the mesh:

"ERROR - XPT OUT OF BOUNDS
DETECTED BY SUB. BICUB2"

"ERROR - YPT OUT OF BOUNDS
DETECTED BY BICUR2"
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.6

3.7

3.8

3

3

3

.9

.10

A1

Informative Messages to the User

None.

Ingut

No data are input. See Section 3.2.
Output
(1) Completion of the P, Q and S arrays.

(2) The value of the function u(x,y) for any given
(x,y) within the domain,

Formats
Not applicable.

External Routines and Symbols

BICUB1 - EDGES (deck)
GETBP "
SOLVIT g

EDGES - LAGRAN P

Timing

The time required by subroutine BICUBl is dependent upon
the mesh size and whether or not the normal derivatives
along the boundary are known. In the example of Section
7.0 BICUB]1 took approximately 23 milliseconds for a

5 x 6 mesh when the boundary derivatives were known and
approximately 135 milliseconds when they were unknown.

The time required for a call to BICUBZ is denendent on
the mesh size. In the example of Section 7.0 an average
call took about 3 milliseconds.

These time estimates should be considered very rough
because of the method used to obtain them and the
inaccuracies of the timing function (TIMELEFT) used.

10



3.12

3.13

Accuracy

An excellent discussion of the errors involved in
bicubic spline interpolation is given in the paner
by G. Birkhoff and C. de Boor [8]. Here, we will
simply mention that for the special case of a

4 x 4 mesh, the interpolated values u(x,y) will agree
exactly, as they must, with those obtained from a
third order two dimensional Lagrange interpolating
polynomial. In this case, the remainder term is well
known [3). The final accuracy is dependent upon both
discretion and rounding errors. A rough order of
magnitude for these errors may be obtained from
Section 7.0. The reader is referred to [4 and 5] for
further discussion,

Cautions to Users

If the values [Pij
the interpolation “surface may be forced to have un-
usually high mountains and deep valleys in order to
maintain two continuous derivatives and still pass
through all the data points, In fact, some inter-
polated values of u may be so large or so small as to
be physically unrealistic. Whether or not this is

the case will depend on the particular prohlem. The
author has found that plotting several interpolated
values, between and togecther with the given values,
along a fixed direction in the x-y plane is helnful

in detecting such conditions. In any event, care
should be taken as the interpolation process could
cause a physical model to generate faulty predictions,

are highly variable along i or j,

11



3.14 Program Deck Structure

3.15

7
9
f
9

JOB card

FTN card

Users program (containing calls to BICUB1 and BICUB2)

Subroutine BICUBI

Subroutine BICUB2

Subroutine EDGES E1 - NRL - BICUBIC
Subroutine GETBP

Subroutine LAGRAN

Subroutine SOLVIT

O3 WO

SCOPE card

LOAD card

RUN card
EAF
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4.0 METHOD OR ALGORITHM

4.1

Subroutine BICUB1

We begin by considering the problem of estimating
the required boundary derivatives (see Section 3.2)
under the assumption that they are unknown.

Consider a 3rd order two dimensional Lagrange

interpolating polynomial over a moving (a and ¢
are variable) 4 x 4 submesh, i.e.,

b d
vix,y) =X L X (Y50, (3)

i=a j=c
where b=a+3,d=c+ 3,

U‘j is defined in Section 2.1 ,

b X-X
X;(x) = 1 ko
k=a xi-xk
k#i
- % Y=Yy
(y) = —
k#j

Differentiating Eq. (3) we can obtain closed form
expressions for vx(x,y), vy(x,y), and vxv(x,y).

Subroutine LAGRAN can evaluate these expressions at
any mesh point,

Basically, subroutine EDGES moves the 4 x 4 submesh
of Eq. (3) along the boundaries of Figure 1 while
calling subroutine LAGRAN to obtain the required
normal derivatives.

Once the required boundary derivatives are ohbtained,
the rest of the derivatives, pij’ Q5 and Sii’ are

obtained for each ij mesh_point by using the
algorithm described in [l] , pages 217-218,

14



4.2

Subroutine BICUBZ
To interpolate a value, u(x,y), at the point (x,y),
subroutine BICUB2 begins by performing a binary
search to determine the ij rectangle in which the
point lies. A binary search [7)is used on the
assumption that for most problems the X and Y
vectors will be large enough to exceed the break
even point between sequential and binary searches
(about 50 points).
Once i and j are determined, a cubic Hermite basis
is used to evaluate u(x,y). That is,
4 *
u(x,y) =¥ Q.2 8.(x,h) ¢ (y,k) (4)
r,s=1
where
r -
M-t Y-, %i-1,5-00 %41y
9 (5)
U 5e1 Ui 9,5-1 %,j
Pi-1,5-1  Pi-1,5 Si-1,5-1  Si-1,j
(P50 iy 51,j-1 i,]
ho= X% (6)
' = -
X X - X 7
k =y, -v.
Yi " 75 (8)
' = -
AR (9

15



: 3
¢, (x,h) = 1+ R ]I (10)
; Ix' 11
¢,(x,h) = | e 4
= 1N ¢1(X,h)
05(x,h) = '\ (h-x)? (12)
\ N
o,0,m) =[x )% (x'- h) (13)
Ry
= '¢3 (h-x)

The functions ws, for s =1 to 4, are obtained

by replacing ¢, x', and h by ¢,y', and k
respectively in Eqs. (10) through (13).

This procedure requires the storage of four values
(uij pij’ qij’ and Sij) for each mesh point.
9

And the evaluation of u(x,yY) by BICUB2 requires

32 additions/subtractions and 27 multiplications/
divisions. Assuming a multiplication/division is
equivalent in time to three additions/subtractions,
this results in 113 "operations".

An alternative approach, not taken in this report,
would be to convert to a local power basis,

In particular, calculate the 16 values of y;%

(see Bq.(2)) for each ij rectangle, as described

in [1], and store them for each ij rectangle of

the mesh. This would require approximately four

times as much storage as the above method. Also

about 52 additions/subtractions and 76 multiplications/
divisions (270 "operations') would be required to

obtain the 16 coefficients Y;g, for myn = 0 through 3.

16



The advantage of this approach is that only about
19 additions/subtractions and 15 multiplications/
divisions (64 "operations'") would be required by
BICUB2 for the evaluation. This suggests that,
for very fine mesh evaluations, in which every
bicubic polynomial is evaluated on the average
six or more times, it is more efficient to obtain
the local .power basis coefficients, y;g, for the
entire mesh once and save them. Of course, this
results in a rather severe penalty in storage.

In contrast, by using the Hermite basis, as ve've
done here, evaluation costs slightly more work
but considerably less storage.

In summary, it seems best for most applications

to save only the partials at the mesh points and
use the Hermite basis approach.

17
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¢ ogver ¢ 620
¢ LAGRAN 6 630
¢ seLviTY 7 640
¢ CHECK ] 630
¢ 660
€ FOR EXAMpLE, CR2,3 VEANS THE ENTRy APPEARS IN SUBROUTINES 6%0
€ DICUD2 AND EDOES ANC 1S A REAL VA'IAILI. 680
¢ 690
¢ . D 700
[+ 0600000000 04000088000000000000000000%3000000000080000000000000800090009 740
t8i,8 DICUBS o A SUBREUTINE FOR CALCULATING THE NORMAL 720
¢ BERJVATIVES AT EACH MESH POINT, 730
C82,8 BJCUBZ o A 'SUBREUTINE FOR INTERPOLATING A VALUE 740
¢ APY AT ANY POINT (XPY,¥YPY?) WITHIN OR ON 780
- , THE VESH, 760
CRAL 4)? BIMLC]) o 'NOLDS THE ELEMENY B(1)3e4) OF EQ,35 OF REF 4 770
CRAS 47 BIPLt1) o HOLDS THE ELEMENY B(I,1e4) OF BO,15 OF REF 4 780
CrRAL 47 BPC(I) o :hplDS THE ELEMENY B(1)1) of Bo, 15 oF REF &, 790
¢ ‘tHE ARMAYS BINMI,AIPY, AND BP ARE USED T8 WOLD 800
4 THE 0 ANE @ PRIME DIPFERENCE ARRAYS O]VEN 840
¢ IN THE REFERENCE, THESE ARRAYS ARE USED PoR 820
¢ GALSSIAN ELIMINATION, 830
css CHECK w & SAMPLE PROGRAM 79 CMECK OUT THE 840
¢ RICUBIC SPLINE PAGKAGE 050
CR2 ex4 o X CEPENDENT TEMPORARY VARIABLE 860
CR2 cx2 ® AN X DEPENCENT TEMPORARY VARIADLE 870
CR2 cx3 ® AN X DEPENCENY TEMPQRARY VARIABLE 880
cRe cYs o A Y DEPENDENY TEMPQRARY VARIABLE 890
cR? ey ® A Y DEPENCENT TEMPORARY VARIABLE 900
tR2 cys ® A Y DEPENCENT TEMPQRARY VAR1ADLE 940
CRa3,7 DII) o« CORRESPONDS To TWE D MATRIX OF EQ, 13 OF THE 920
¢ REPERENCE 930
CRe DENOM o A CENOVINATER . 940
CRe DIPF o DIFFENCE BETWEEN INTERPQLATED AND EXACY VALUEBS 920
CRASL,? DPC1) o CORRESPONDS Yo TWE D PRIME VECTOR OF EQ,16 960
¢ ¢F THE REF, 970
CRé opY o THE ANSWER GIVEN WY LAGRA 980
LITY D(I) @ AN ARRAY FER WOLDING DIFFERENCES IN SOLVING 990
¢ B0 2 AND 34 OF REF,(DEBAQR) {000
CRe DXL o DELYA X LEFY 1010
L DXR o CELTA X RJONT 1020
84,3 EDOES = A :SUBROUTINE FOR ESTIMATING THE REQUIRED 1030
¢ MORMAL DERIVATIVES ALONG YHE MESH BOUNDARIES 1040
¢ ASSUMING THEY HAVE NoT BEEN GIVEN, USING 1090
¢ A ThIRD ORDER TWO DIMENSIONAL LAGRANGE 1060
¢ INYERPELATING PBLYNOM]AL _ 1070
68444 GETOP o A SUBROUTINE FOR CALCULATING THE TWO 1080
¢ CIMENSIONAL DIFFERENCE ARRAYS B AND B PRINE 1090
c ef 8¢ <5 oF REF,(DEPoON) 110
Cliel ! o INDEX, OGENERALLY USED FOR TKE X ARRAY 1110
C1404,2,7 Mg e 1 VINUS ONE 1120

19



1407
03,007,8
02

R =0 St =8 TG Bed G =B Pui =B G=p
WO ¢ ROND B ¢ A VS oo
-

o«

- -
o o

1'3‘ 6.6

- e

e W
- -
™

[~ ]
-
o

13,

7.4
1.8

6,8

> o - - o e 0=n o= - o

AIADOR R IAATARARDINI TN AT ATAANIOAANARRRRNOD AR TTIOAONATTOARRARRDRIOTO

113
tp2
J
UL}
Jrd
K

KH
Kb
L

L
LAGRAN

MAX

MAXS
Mr

MMY
MM2
MMIN
L4
Ll

N

N
NDFAULT

NERROR

NP

NML
NM
NN
NMIN
NpPY

] PLLS ONE

1 PLUS 2

INZEY GENGRALLY USED FOR THE Y ARRAY

I MINUS eNE

W PLUS Nk

AN INDEX

UPPER LI¥]T POR BINARY SEARCH

LOWER LIMIT PR BINARY SEARCH

A COLNTER

L PLLS ONG

2 SUBRGUTINE FOR DETERMINING TNE VALUE OF 4
Tn¢ DIMEASIONAL LAGRANGE INTERPOLATING
POLYNOMTAL OF ARBJTRARY DEOREE IN X AND ¥,
ANE 178 CERJVATIVES WITH RESPECT TO X,
WITH RESPECT T8 Y,AND W]TW RESPECTY Ta BgTH
X ANE Y AT ANY INTERSECTION PQINT OF A

X ANCY AT ANY INTERSECYION POINT OF A

THE CIMENSIONAL MESH, .
THE AUMBBR OF Y PUINTS AT WNHICH THE PUNCTION
hAS COSERVED, MUST BE GREATER THAN 3,

THE GREATER OF N AND M,

THE VALUB PAX SHeULD WAVE BEEy SET Te,

ANUMBER OF THE FINAL POINY ON Y AXIS 70

BE USED $N LAGRANGE INTERPOLATION

¥ MINUS ONE

¥ ¥INUS Twe

THE $YALLEST VALUE M CAN YAKE, o
THE VALUE 8F THE Y VECTOR Te BE USED IN LAGRANGE
INTERPELATIGN

AUVBER @F THE STARTING POINT oN Y iX1S T8

BE USED IN LAGRANGE INTERPOLATION

THE AUMBBR @F X POINTS AT WHICH THE FUNCTION
WAS ¢BSEMVED,

AUMBER @P ELEMENTS IN LINEAR SYSTEM X

A PARAMETER WNICH MUSY BB SET YO 1 [F SUBROUYINE
BleuBy 1¢ Yo CALL BDGES Y@ CALCULATE THE
RECUIRED NORMAL DERJVATIVES ALONG THE BOUNDARIAES
eF THE MESK, IF NDFAULY 18 NOY SET T ¢, BICUBY

“ASSUVES THE NERMAL DERIVATIVES POk TWE

BOLNDARIES WAVE ALREADY BEEN ENTERED INTO
ARRAYS P,0, AND 8 BY THE USERS CALLING PROGRIM,
AN ERRGR INDICATOR, IF THE POINT (XPT,YP?)
Lgts §g1 LIE WITHIN THE MESH, NERReR WILL

BE SEY Yo 1 BY BICUR2 OTHBRAWISE 1Y WiLL _
REMAIN SEY T8 0, [P NERROR 1S RETURNED AS i,
AN INTRRPOLATED VALUE 1S NOY cOMPUTED,
AUVDER of THE FINAL PpINY aN THE X AXIS To

86 USED IN LAGRANGE INTERPOLATIGON,

N VINUS ONE

A MINUS tTWe

A PINVS S

‘YHE SMALLEST VALUE N CAN Taxe o
THE VALUE OF THE X VECTOR T 8E USED [N LAGRANGE
INTERPLATION, XPTaX(NPT)

NUVBER @F THE STARTING POINY N THE X AXiS 1o

20



¢ 0E USEEL IN LAGRANGE INTERPOLATION, 1690
cle NTYPE o SEY 10 4 IF LAGRAN |S T8 INTERPQLATE A 1700
¢ VALUE €F THE FUNCTION AT THE (NPT MPY)MESH 1740
¢ POINY, 1720
¢ SEY 70 2 79 GET PARTIAL DERIVATIVE W/ f0 X, 1730
c SEY T0 3 70 GET PARTIAL DERIVATIVE W/R YO Y, {74
¢ SET 18 4 T GFY PART!AL DERIVATIVE W/P TO 179

¢ , BOTH X AND Y, . {76

ga.g.;. 'Y B o TME NERWAL DERIVATIVES gf U WITH RESPEEY Te X gv:g

. 1Y

(4 1] Pty 8 P(ledyyel) 1790
crRg Pyt @ P(lyued) ) 1600
CRASed, 60 O o THE NORwAL DERIVATIVES oF U WITH RESPEET Yo v, 1810
ery ] o A TEFPERARY VARIABLE USED 1y FORMING 1820
¢ tHE © MATRIX 18930
1] RANP o A 'CDC 3800 RANDBM NUMBER GENERATOR 1040
¢ QENERATES UNIFORNMLY DISTRIBUTED RANDOM 1090
¢ MUMBERS RETWEEN 0 ANDY 1040
e RINV  » TWE INVERSE 8F R , 1870
CRAsed) /0 8 o THE NOAWAL DERIVATIVES @F U WITH RESPECT T8 1880
¢ BOTH X AN Y, 1090
89,4 SELVIT o A SUBRQUTINE FOR SeLVING A LINEAR SYSTENM 1900
¢ LSING GAUSSIAN ELIMINATION AS ILLUSTRATED {910
¢ IN BC, 49 AND 16 OF REF (DEBOOR), 1920
CRA3 STENP  « A TEVBORARY ARRAY USED IN SGLVING FOR 8 {93
CR¢ syM o A SUMMART{ON 1940
cRé SUMX o A SUVMATIOM ALONG X 1990
CRe SUMY  w A SUPMATION ALOND ¥ 1960
cRe ' e VARJABLE FER TIME CALCULATIGN 1970
CR2 t] o TEVPORARY VARJABLE [N BVALUATION 1980
cR2 TIML o TEVPERARY VARJABLE [N BVALUATION 1990
cse TIMELEPYe 4 CDCe388 SYSTEM LIGRARY FUNCTION . 2000
¢ GIVING TWE NUMBER AF SECONDS LEFY UNTIL THE 2040
; THE TIME LIMIY FOR THE J8@ WILL BE REACHED, 2020
CR2 ™! v TEVPERARY VARJABLE IN EBVALUATION 2030
Cr2 TPINe o TEVWPERARY VARJABLE IN BVALUATION 2040
CRASeY, il U o THE ARRAY 8F PUNCTION VALUES CORRESPONDING 2090
¢ 10 X AND Y, 2060
CRe UEXACT o VALUE €F U OBTAINED BY EVALUATING THE , 2070
¢ ARBITRARY PELYNEMIAL AY THE CosROINTES (xI,Y]) 2080
cr2 Ujtds oL (fedggyed) 2090
CR2 uldg o L(t)deY) 21060
CRe UINT o VALUE 8F U @OTAINED BY BICUBIC SPLINE 2140
¢ INTERPELATION AT TWE COORDINATES (XI,YI) 2120
en2 ur? o THE INTERPOLATED VALUE AT (XPY,VYPY) 21%0
CRA4 v e A VEBCTOR OF VALUES 2140
CRe Wy o WOAKING ARRAYS DIMENS]ONED YO 2190
CRe w3 #AX WORDS IN THE USERS PROGRAM, 2140
CRe Wy 2470
(1 1] ' 2180
(1T ' 2190
cre Wy 22089
CRASed, 6o X e THE VECTER OF DJSTINCT VALUES oF TWE FIRS? 2210
¢ INPEPENDENT VARIABLE ARRANOED IN ASCENDING 2220
¢ GREER,THE MINIMUM LENGTH @F X 18 4 AND THE 2230

¢ MAXIFUM LENGTH I8 DETERMINED BY THE AMOUNY 2240

21



4
CR§
CR8,
chy
CR2
CRy
CRe¢
CR2
¢
CRAY
¢

¢
¢

c u
CAY
CRA
CR¢
CR2
cRy
CR2
CRe
ch2
¢

CRA?
¢

gl

OO D o (s NeXeNq)

[+ X¢ X2 Ko X3

Xy2

6 X
XMY
XMXL QK
XN32

xpe
23y 6.0 Y

€F CERE AVAJLABLE,
X(3IVINUS X(2)

THE ITW VALVE OF X
X(1eg)

‘YEVPERARY VARJABLE

X{NME deX(NM2)

X(APY)

THE X COORDINATE OF THE PAINT 7O BE
INTERPOLATED,

THE VECTER OF DJISTINCY VALUES OF THE SECOND
INCEPENDENY VARTAULE ARRANGED IN ABCENDING
CARER,THE MINIMUM LENGTH OF Y 18 4

AND THE MAXIMUM LENGTH |8 DETEAMINED DY

‘THE AMOUNTY OF CORE AVAILABLE,

X -§YExP,pP)

CUBIC SPLINE INTERPQLAYT]E
1S SUBROUYINE CALCULAY

DIMENBION X(N),YIM)

DIMENSIQN BP(MAX),
X DP(MAX)

Y(3)e¥Y(2)

THE 1TW VALUE OF ¥
viy)

YiJjes)
Y(MML)eY(MNQ)

‘TEVPERARY VARTADLE

vivey)

‘INE Y CO«SRDINATE OF THE POINT 70 8¢

INYGRPOLATRD,

‘tHE SOLUTION VECTOR FOR THE LINEAR SYSTEM

¢ .‘O‘..C‘..‘.‘..“0'.".'0.0“.0“0“.ll.‘.."O....“.‘.'...l..tl"!'.‘
c“...l..Q'.O‘..'0.0‘."O.'....“‘.‘..“."‘.l.”.'!..“i"“..‘l‘..'."

SUBROUTYNE BICUBL N y¥ yNDPAULT )X, Y UiPo0s8,MAX,BP,01PL,01M1,D,D8,

[eN
ES THE PARTIAL DERIVATIVES FOR THE MESH

LN 3 P NoM)yBEMIND, SN, N)
Birst

DATACNMING4), (MMING4)

MAXGEN
IFANSLTTH) MAXSEM
!r(nAxa oNE, MAX)

CHECK Yo SEE [F THE MAX PARAMETER WAS SET CORRECTLY

MAXS 1S WHAY MAX SHOULL BE

Ge Te 900

DETERMINE WMETHER THE X ANC Y VECTORS ARE WITHIN LIMITS

1PN LY, NMIN) 0O T¢ 008
IFCN LY, MMIN) OO T¢ 909

NMigNed

22

L ‘ MAX) o DUMAX), DS (MAX), STEMP (MAX),

22%0
2260
N
2280
2290
2300
2340
232

233

2340
2350
2360
2370
2380
2390
2460
2440
2420
2430
24490
2450
2460
2470
2400
2490
2300
9540
920
2530
2540
2990
2560
570
980
90
2600
9640
2620
2630
2640
2650
2660
2670
2680
2690
2700
2710
2720
27%¢0
240
2780
2760
2770
2780
2700
2000



[ 12 N IO A OO (2 Ke X ¢ ] (s X+ Ke12]

[+ X2 X 3] [+ Xs To N (2 ]

QOO

NM2gNe2
MMigMey
MM2gMe2

DETERMINE WNETHER THE X ANL Y ARRAYS CONTAIN DISTINCY BLEMENTS AND
ARE ARRANGED IN ASCENDING CREER,

DO 200 geg,NMe
IF(xt)) JOE, X(Jeg)) GE TO 913
200 CONTINUE
DO 240 yag,mMMd
IF(y(d) ,GE, Y(Jod)) GC YO 942
240 CONTINUE
DETERMINE THE EDOE BOUNDARIES FOR P,0,AND 8 IF REQUESTED
IFINDFAULY B0, &) CaLL EDOESIN,MiX)Y,UsPi0,9)

OEY YHE DIFPERENCE ARRAY,D, FOR THE X VECTOR AND ALSO
Q€T THE 8 PRIME ARRAY.BP, FROM THE 9 ARRAY

CALL OBYBPIN,X,8P,01P1,01NMY)
NOW SOLVE PR THE PARTIALS W/R T8 X WHICH WERE NOY GIVEN
X329X(3)eX(2)
XNSZOX(NML ) oX (NM2)
DO 30 JaiM
SET UP THE p VECTOR FoRr BO(14) oF REF
DO 35 Insed,NM2
feinged
1Pealed ,
ROOXCD) X EIMEIZEXCIPLION(T))
.I~V"l/. ) ; .
DCIMI) RS, O CROCUCIPy i del(T, ) JoRINVOLULT,JIeUlTINg U)))
1FC) 80, & OR, U, B0, M) 3449 *
34 DSCIMEIQY, 0 (RetQ(J,[PLIeC(Usl) )oRINVE(O(IsT)e0CU)INL)))

NOTE O AND 8 ARRAYS ARE STORED AS G(Js3) AND S(y,1) RATHER THAN
8(1,J) BECAUSE OF PORTRAN CONVENTIONS FOR STORING ARRAYS COLUMNWiSE

35 CONTINUE
ADD ADDJTIONAL TERMS Te 'tHE PIRST AND LAST ELEMENTS oF TWE D vEcten

D(s)mDig)oX320P(L4y)
DINM2)eD(NM2YeXNI2eP(N,J)

NOW SOLVE LINEAR SYSTEMS FER E0(i3) OF REFERENCE,
CALL BOLVITINNZ,P(2,y),D,80,81Pg,BIML,DP)

i3

2040
2020
2030
2040
2850
2060
2870
2800
2800
2900
2910
2920
2930
2940
2990
2940
2970
2980
2990
3000
3040
3020
3030
3040
3080
3060
3070
3080
3000
3100
3140
3420
3130
3140
3490
3160
31:0
L3

yio)
3200
3240
3220
3230
3240
3290
3240
3270
3200
3200
3380
3310
3320
3330
3340
3380
3360



(2 K¢ 1q) L e ]

OO (s X2 X el

IO DO (2]

<» C» O

(2] s X2 X g ]

l"J ..ao t 0." J .toc L] 3,030
ADD ADDJITJIONAL TEAMS Te THE DS ARRAy

37 DS(g)aDg(L)eNI208¢0,,8)
DS CNMZ) oDEINM2) e XN130S(JyN)

NOW SOLVE LINEAR SYSTEr POM 80(12)
CALL SOLVIT(NM2,STENP,CS,00,B]1P1,81MY,0P)

MOVE VALUES FRONM THE TEMPORARY ARRAY INT®  THE PART{AL
ARRAY PQR TNE CRBSS TERMS, WE 08 THIS BECAUSE 8F FORTRAN ARRAY
STORAGE CONVENT]ONS

D8 40 LediNM2

Linged

S(J,Le)eSTENP(L)
10 CONTINUR

30 CONTINUE
0BT THE DIFPERENCE ARRAY ,8, FER THE Y VECTOR AND THE B PRIME ARRAY

CALL GEYOP(M,Y,BP.BIPL,B]NM1)

NOW OET TNE PARTIALS WiTh RESPECT T Y
WHICH WERE NOY GIVEN, 1, E, YEVBERS OF THE O ARRAY WHICH WERE NoY

SPECIFIED

Y32sY(3)eY(2)
YMLZUY{MML )oY (MN2)
DO 40 IgdyN

SET UP THE p MATRIX FoR gQ(13) oF REF

00 48 JHind, N2
JudNLed

JPipJed ,
II(V‘J,EY‘Jﬂl"/"(J'i"VOJ,’

.le. .,. , A , :
DtJH:}!s.OtRO(U(!dglg)-ut! J’)ORINV‘(U(l.J)OU¢!qﬂ"t,”
B8 Lyws)ad, 0 (e (pILruperentivyd ) eRINVO(PETydrept)ns)))
s CONPINVE

DIL)D(g)aYI200(Ls1)
DIMM2) oD (MM I YNiZOQ (M, ])

oscgalnstg»-VSQ-St;ota
G ITLHTT ILLHOLIY T TLI S

NOW CAN SOLVE THE LINEAR SySTEM OF EO(i3) FOR THIS |
CALL SOLVIT(MM2,0¢2,1),D,0m,01P1,01Ms,DP)

24

3370
33680
ssao
$400
$440
3420
LR
3440
3490
3449
34990
$4A0
3490
3500
3540
3520
3530
3540
3580
3560
3970
3840
3590
sefo
3640
3420
3630
3640
3490
3660
3470
3680
3690
3780
3740
3720
3730
3740
3790
3740
3790
37

3¢

sedo0
3840
800
3830
3840
3080
3860
1890
s800
3890
sedo
3940
3920



PO

NGW SGLVE TME LINEAR SYSYEMSEF EC(34) FOUR THIS |

CALL SOLVIT(MM2,5(2,1),08,8P,81P8,BiNM1,DP)
40 CONTINUE

REYYRN

900 PRINY 903 MAX MAXS
st

905 PRINY 996,N,NMIN
step

907 PRINT 908, M mplN
stTop

954 PRINY 043, (X(]),Jag,N)
stTer

912 PRINY 946,(Y(y) Jst,yV)
stap

.on-"-.-'-ir..HAT st"EPE\Ts ,qe®oeglogligeglvrsccencvasapodPylde

903 PORMAY(40X,0BRROReTHE PARANETER MAX OF BUB, BICUBL WAS SBY T9 o,
X 19,0, 17 SHOULD BE #,1%) ,
906 FPORMAT(40X,oBRRQReTHE X VECTER WAS o,]3,
X oPQINTS AND THE MINIMLM ALLEWBD IS o,1))
908 PORNAT(40X,oBRRGReTHE Y VECTER WAS ,]3
X oPQINTS AND TWE MINTMLM ALLOWED I8 o,18) ,
915 PQRMAT(40X,oBRRQReTHE X VECTER ]S NOT ARRANGED PRPERLYS,//,
X 10x,0ERRGR DEYECTED BY 8]cCyBie,/,
X 30X,0THE X VECTOR [8e,/,
X(5(ax,F12,4))) , _
916 FORMAT(L0X,eBRROR,THE ¥ VECTOR 15 NOT ARRANGED PROPERLY®,//,
X $0x,0ERROR DETECTED BY BlCUBe,/,
X $0X,0THE Y VECTOR [Se,/,
X(5¢2x,742,4)))

gND

25

3030
304

399

3940
070
LT LT
3900
4000
4040
4020
40%0
4040
4090
4060
4070
4080
4000
4100
4140
4120
4430
4140
4190
4160
@470
44n0
4490
4200
4210
4220
4230
4240
4290
4260
4270
4280
4290



e

SUBROUTINE BICUBZLXPY, YPY UPT NERROR, NG M, X,Y,UsP)0s8)

zuuuouvznl v0 INTERPOLATE A VALUE,UpT, AT LOCATION (Xp?,Yp?),

N1S SUBROUTINE ASSUMES 'THAT THE X AND Y VECTORS ARG LARGE ENOUGH
10 MAKE A BINARY SEARCH TBCHNTIOUE SUPERIOR To &

stouuuv;nu SEARCH TECHNDIOUR,

NERROR 8 SET 70 ¢ IF (NPT, YPT) 18 QUTSIDE TWE PROPER DOMAIN

DIMENSIQN XOND YU dUCn oM oPONand 10 MaN) s S Cyon?
NERRORSp
CONDUCT A BINARy SEARQK POR

KON
KLy

JoiKLoKNM)/2
SPUXCDIgXPY) 647014
IPLXPYex(fet)) 4038/

LWL
JF(KNaK|'eg) 9,9,2

}
00 10 8 ,
TP iXPYax(KN)) 10:8,33
11 L{’]
0 e ?
10 IFP(xPYex(KL)) 430340
14 IlKk

90 Yo ?
18 laled

00 10?7
13 NERROReg

PRINY 42

u"'lo .o

RETURN

¢
C CONDUGY A BINARY SBAROH FOR

7 Mhay
Kbog
fo I s
0 : 047041140
{10 ;'IVPY';¢J-1!) 40,488170
40

ey
80 1P (KNaKLe8)90,90,20
60 Kio

IR{R]] ]
90 IF(YPTey(KH)) 100,080,130

60 Juk
80 ;0 7o

00 IF(YPYey(KL)) $30,340,80
40 Jaky
0 % 7
{00 Joved
00 t0 7¢
130 NERROASY

[+ X X o) o BB ICRIIONON

o @ L B 2 N X X

26

4300
4340
4320
4330
4340
4390
4360
4370
4300
4390
4440
4440
4420
4430
4440
4450
4460
4499
4400
4490
4500
4540
4520
4330
4540
4990
4960
4370
4380
435900
'L
4640
4020
4030
4640
4690
4640
4690
4080
4690
4780
4740
4790
4730
4740
4750
4760
4770
4780
4790
[T11
4840
4020
4830
4040
4990



PRINT 23
UPT9e0,0
RETURN

U:I‘A’gpegg HERMITE DASLES TO EVALUATE THE DlCUBIC POLYNOMIAL
T o ) : s
tl"o"l).klll NITHIN THE RBCTANGLE DOUNDED BY X(1),X(%e8),Y(J)y

Y(Jel),

Inigleg

JhigJdel

Xjoxcy)

YJnyty)

XIMgaX(gMg)

ANLIT A ANLIY)

XMXQBME (XPTeX Mg}/ (XFuN]MY)
YNYQOK® (YPPa¥ N 1/ (Hger ¥y )

CALO(Iog2 oANXgOH) eXpXgONe 02
CYL9(J0g2i0YNYLEK)eYNYLOKa0]

Ch2e(XgXPT)oxmxigr

CY29(YJaYPT)eYMYLEK

CX3gXMXgONaCX2

CYSeYNYLOKeCY?

Cx2pCx24CX3

CY20CY2,CYY

ViJaautT,dMe)

Vitysauging,gny)

PligeP(T,JM1)

PILJLOP(INY, UK
TIMEOUTLJULOCYLo(ULINS oy doUlsdl}eCYROO(JML,) INL)nCYIO0(J, NS
PIoUTYLeCYLO(UCTod) wLiDJL)eCYReQ (UMY, 1)eCYI0QLY, 1)
TPIMIOPTLLeCYSo(P([FY,J)ePlLJL)oCYTR(YNL,INg)aCYTo8( s INT)
T1gPlJseC 10(P(loydePlde)eCY208( ML, )eCYIe8(U, 1)
UPTQT Mgl (T aTINg Y oCRR0TP[HsuCXIeTP]

RETURN

(s 1< Xs XeNsTs N3
»
>
-

e
(- J

FORMAY STATENENTS'
00000000008400800000000000008000

12 PORMAT (10X, oBRAGReXPY EUT §F DOUNDSS, /)
X $0%,00§TECTED BY SuUD, OJOUBRe)

23 PORMAT(L0X, oRRQReYPY GUT OF DOUNDSS,/)
X 40X, 9DFTECTED BY BlCUR2e)

L[]

IR IO (9 ]

27

“Weo
4090
4800
4090
4980
4940
4920
4930
4940
4990
4940
4990
4980
T
%040
8040
$020
:o!o
4
89}
8040
5070
5080
5090
9400
5340
8420
9130
9440
5490
9140
9470
9400
8490
9200
5240
9220
9230
9240
5290
9240
9290
9240
9290
9300
8340
5320
8330



(3 Xe Re Ne Ko Na Ro] AR

[ Xe X g

(s X3 X2

SUBROUTINE EDGESIN, M, X,Y,U)P/0,8)

{F TNE USER REOUEBSTED DEFAVLT GDGE CONDITIONS
THIS SUBRQUYINE WILL DETERNMINE THENM
USING A LAORANGE INTERPALATING POLYNEMIAL OF ORDER 3 X §

tH1S SUBRGUTINE 1§ CALLEC By SUBAGUTINE BiCURY,
th]S SUGRQUTINE CALLS SUBREUTINE LAGRAN,

1] 2

DIMENSION XUND YUM) L AN M) PN M) ) BEMuN), SEM\N)

PARYIALS WITH RESPECY Y@ X ALONG EDUES

DETERMINE TME LOCATION OF THE 4 X 4 GRID FOR THE LAGRANGE POLYNOMIAL

10
0EY

a0
113

D6 10 JedyM

MSa ed

[F(u8 T, (Me3)) MIuMe)

IF(MS LT, 1) MEoy

"""s‘, [ - ’ ’ L 1] )
CALL LAGRANC2: 844 svS NP iP(34v)alodpNoM X, YU, P00,8)
C:LL!LlﬂRlN(laNOSokoNSo"'c'lNoJ)ONnJoNo"oxoYoUcPoOIS’
CONTINUE

PARTIALS WITH RESPECY 10 Y ALONG EDGES

DO 20 JalyN

NSeled

IFINS +Q7,(Ne3)) NSNS

IFNS LTy &) NSW§

NFONSed . , . .
CALL LAQRANCIINSINF 9, 490(3) 000108, NoM)X,Y00,P10,8)
CALL LAQGRANCS NSINFP Moy ¥, 0(F 1) alaMiNaMXaY,UrP,y0,8)
CONTINUE

PARTIALS WITW RESPECY 10 X AND y AY CORNERS

CALL LAGRANCA S 408 0daB08,8)08080NM X,Y,U0P,0:8)
CALL LAGRANCAINoS/N 8, 408(3,M) Nsg,N)M, X, Y,U,P,0,8)
CALL LAGRANCA 1, 4:ped ¥ 8(¥ ) 8)080M,N)H,X,Y4U)P00Q,8)
CALL LAGRANCA NeSan o MaS ¥ )SM NYINsMINaM i Xo¥yUs9)0,8)
RETURN

END
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8340
a3%0
8340
4370
9300
8300
8490
9440
5420
9430
8440
9490
8460
8470
8440
8490
8590
8840
8520
%530
8540
9550
5560
8890
8580
89500
8600
8640
%620
%630
8640
56950
5640
8699
S6A0
5690
$700
8740
5720
8730
8740
5790
8740
8790
8780
700
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SUBROUTING GETBPIN,V, 0P 01P8,01INY)

SUDRQUTINE vo GET THE 2 CIVENSIONAL DIPFERENCE ARRAY,B, oF Bo({3) oF
REFERENCE AND ALSO THE B PRIME ARRAY FAR QAUSSIAN ELIMINATION

PHiS SUBREUYINE 18 CALLEC BY SUBROUTINE BiCUNg,

T0 SAVE SYORAGE wE

SYORE ELEMENT B(1,]) IN D
STORE ELEMENT B(],fet) IN
TORE ELEMENT B(Siled) I\
H1S REpUCES THE BPACE RBQ

OR THE B AND ® PAINE ARRAYS

PROM 2eNen2 TO Joh WOALS

10

NOW
i

DIMBNSIQN BPUIN) (BIPL(N) o BINs(N),VIN)

NMigNed

NM2gNed

NM3gNe$

DXIIVC3!-V(1i

BP(g )02 0 (DXReLY(S)ev(2)))
BIPg(s)gDXR

DXLV (N)eVINMY)

BiMg (NM2) oDXL
BPINM2)g2,0(DXLOCV(NKLYOV(NM2Y))
IF(N JEQ, 4) GO T 44

DO 40 1o2,NM3
{Migled

t1Pigled

129104514
DXLaviip2)eviiny)
DXRgV{ipg)evil)

L JLIRRRTT LS
BP(§)02]e(DxLeDXR)
RIP¢(])4DXR
CONTINUE

DETERAMINE THE 8 PRIME MATRIX

DO 20 lg2,NM2

Iigted
BPCLraBp(l)eBINgll)aR]PL(INe)ZOP(INY)
OONTINUVE

RETURN

END
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sed0
8840
5020
3
8840
8890
8060
8870
s800
5890
8900
9910
0920
9930
9940
8950
8960
9970
9A0
8990
4000
6040
4020
6030
6040
4090
6040
6070
60A0
6090
6100
6140
6120
6190
6440
6150
6460
6170
6180
6190
6200
6240
6220
6230
6240
4290
4260
4290
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SUBROUTINE LAGRANCATYPE (NS, NP NS MP s DPT NPT, MPT N M, X Y UsPs0,8)

SUBROUTINE FOR INTERPOLATIAG TWE VALUE OF A PUNCTION AND 178

DERIVATIVES W] TH RESPECT Te X, WITW REBPECT 70 Y, AND WIYH RESPEEY To

X AND Y AY YHE MESN POINTS USING A LAGRANGE INTERPOLATING
PELYNOMIAL oF ARBITRARY ¢RLEN

th1S SUGRGUTINE 1§ CALLEC BY SLBROUTINE EDGES,

NS® NUMBER @Ff STARTING POINT ALGNG THE X XAlS
NFa PINAL POINT ALONG THE X AX1S

MSs STARTING POINT ALGNG TRE Y AX]S

MFo PINAL POINT ALENG YHE Y AX1S

INTERPOLATION 1S CARRIED OLT OVEM THESE POINTS

SUBROUTINE LAGRAN WAS 46 PARAMBTERS IN (T8 CALLING SEQUENCE

NTyPEsy GEBY PUNCTION JTSELP

NTYPEN2 GET PARTIAL WITH RESPECY T X

NTYPE =3 GEY PARTIAL W]Th RESPECY T8 Y
NTYPES4 GET PARTIAL WITH RESPECY T8 X AND Y

DIMENSION XIND YIMYGL{NeW) PN M) OCM N}, SEMIN)

XPax(NPY)

YPay(MPY)

DPYe0, ,

60 v0(10,20,30,40),NTYPE

CALCULATE THE VALUE OF TWE FUNCTION AT THE MESH POINT (NPT, MPT)

10 DPTU{NPT, uPT)
RETYRN

CALCULATE THE FINST PARTIAL W[TH RESPECT TO X
AT THE MESH POINY (NPT, MPT)

20 DO 214 [ONS.NF
JyMg0
pl | 21‘ s-NS.Nr
IF(L.&QT 1) 00 @ 248
PRoDNY,

D0 242 KONS,NF _
1P(k,B07 | ,OR, ,80, L ) GO Te 212
PREDAPREDO(XPReX (X))
212 CONTINUE
SUMgSUMoPROD
215 CONTINUE
DENOMOY?
Xjex¢])
30

6200
6290
4300
6340
6320
6330
6340
6390
A3A0
6370
6300
6390
6400
8440
6420
6430
8440
6490
6460
6470
6480
6490
4900
4840
4520
6330
6540
4330
6540
4570
63R0
4990
6600
6640
6620
6630
6640
6650
6640
6670
4640
4690
4700
6740
6720
4730
6740
47%0
8740
4770
6789
6790
a8d0
8840
6820
6830



IO

oaaa

213
214

CALCULATE TWE FIRSY PARTIAL W]TH RESPECT T0 y

0@ 243 KNS, NF

1Pi(x 89, 1) Ga T¢ 243
DENJMEDENPMO (X TeX(K))
CONTINUR
DPTeDPToSUM/DENGMSL (1,VPY)
CONTINUE

RETUR)

AT THE MESH PQINY (NPT MPY)

312
319

313
3

CALCULATE YHE PARTIAL WITH RESPECY T9 X AND Y

DO 311 JemMS.MF

S\Mg0

08 318 LoMs,wF

1PCL Q. J) GO TO 348
PRADeY,

D8 312 KNS, MF

IF(K,6Q7 J ,OR, K,00, L ) GO To 312

PRODEPREDe(YReY(K))
CONYINUE
SUMgSUM4PRED
CONTINUE

DENGMELS

yyey(y)

DO 3143 K9MS,MF
IFIK,EQT J) 09 70 34y
DENQMEDENOMO LY JuY(K))
CONTINVE
DPTQNPToSUM/DENGMEL (NPT )
CONTINUE

RETYURN

AT THE MESH PBINT (NPT, MPT)

40

44
43

4

DO 44 IaNSNP
SuMxnQ,

06 43 LgNE NP
TF(L,E07 1) 06 10 &)
PRODeY,

DO 44 KgN§, NP
!F(Ker: I +oR, X.EG, L) Gg 7. 44
PRODNPREDg(XMeX (K))
CONTINUE
SUMXa$UmMXePREOD
CGNY!NU;

DEN@MEY |

xtexc})

DO 48 KgNE NP

1Ptk ,BQ.]) 00 70 45
DE igMADENOMe (XX (K ))
CO{TINUE

UM a§UMX/DENSM

D6 42 JeMIMP
SyM-af,

D¢ 433 L*MS,NF

31

6040
6890
4060
4870
(Y L])
4890
6900
6940
4920
6930
6940
6990
64980
4970
69A0
6990
000
7040
7020
7030
7040
7090
70A0
Y070
7080
7090
7400
7440
7120
7430
7440
7490
7440
7470
7440
7490
7200
7210
7220
7230
7240
7290
7260
7270
7280
7200
73060
7340
7320
7330
7340
7390
7340
7370
73A0
7390



434
433

435

42
4

JPCL.605 J) 00 70 433
'..D' '

LA
g:(:?l°? Jl‘.l KiBCy L) 00 TC 434
PREDePREDO(YPeY(K))
CONgINUE
lun;olUMVornen
CONTINVE
nEuonut:
VJ'Y(‘
0 435 KoMB MF
?F(K 60 J) GO TO 439
DENGQMUDENDMe (Y JaY({K))
CENTINUE
SUM;llUMV/DENOM "
DPYeDPT4SUMYeSUNXSOL (] 4y
CONTINUE
CONTINVE
RETYRN

END
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7400
7440
7420
7430
%440
7450
7480
7470
7480
7490
7500
7540
7520
7530
9840
7550
7540
7570
7580
7500
7600



SUBROUTINE SeLVIT(N/2,C,8P,01P1,B]ML,DP)

tHIS ROUTINE J8 CALLED By SUBREUTINE BICUDS
DIMENSTON BPIN) BIPLINYJBINLINY,DIN),ZINY,DP(N)
EOMPUTE THNE D PRINE VECTER, SEE E0(36) WF REF

pP(gdeD ()

DO 10 12N

ILIVINTY

PPCIIND (I )eBINs (L )eDP(INL)/BP(INS)
10 CONTINVE

¢
C OBTAIN SOLUTION By RECLASIEN RELATION oF EO(17) , SEE REF
c

2(N)sDP{N}/BP(N)
NMigNed

D8 20 Jail NMY
LY

jPialed

Z(1)n(DPC])eBIPLClo2(IPL))/BPL])
20 CONTINUE

RETURN

END

RO (- X+ N+ N o)
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7640
7620
7630
7640
7680
7660
7690
76890
7690
7700
7740
7720
7780
7740
7750
7740
7790
7780
7790
7800
7810
7820
7830
7840
7850
7840



6.0

7.0

COMPARISONS

For most quantities defined over a two dimensional
mesh, where N and M are greater than 4, the bicubic
spline generates a more physically plausible inter-
polation surface than a two dimensional Lagrange
interpolation polynomial over the same mesh. When
N and M areeaual to 4the bicubic spline and Lagrange
interpolating polynomial are identical.

No comparisons have been made with any other programs.

TEST METHODS AND RESULTS

The following program, CHECK, illustrates the use of
the routines.

CHECK begins by setting up an arbitrary 5 x 6 mesh using
a data statement to define the X and Y arrays. Next a
third order two dimensional polynomial, U(I,J), having
arbitrary coefficicents is evaluated at each of the mesh
points. Since NDFAULT is initially set to zero, CHECK
is required to supply the normal derivatives along the
boundaries. The equations used in statementc 300, 301,
and 302 were obtained by differentiating the polynomial
U(I,J). Next subroutine BICUBl is called to complete
the P, Q, and S arrays and the results are printed.
Following this, 30 random coordinates are generated
over the x-y mesh using a uniform random number
gencrator available in the CDC-3800 system library

and the polynomial U(I,J) is evaluated at each point
(UEXACT). Also subroutine BICUB2 is called to inter-
polate a value at each point. Then the x-y coordinates
of the 30 points arc printed out. Since the arbitrary
polynomial is third order in x and y, the interpolated
and exact values should be the same. The fact that the
elements of the difference column are essentially zero
(neglecting rounding errors) indicates

that this is indeed the case. Next the P, Q, and S
arrays are zeroed and the parameter NDFAULT is set to 1,
indicating that BICUBI should determine the edge
conditions rather than assume they are supplied by CHECK,
and the above procedure is repeated. Again the differ-
ence column is essentially zerc. In addition, the P, Q,
and S arrays determined by BICUBl agree almost exactly
with those obtained by CHECK. -

34
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PROGRAM CHECK

SAMPLE RRQGRAM T@ JLLUSTRATE TkG USE OF THE
QICUBIC SPLINE INTERPOLATIEN PACKAGE

SETYTING UP AN ARBITRARY VESH

DATA(NES) ) (M86), (NANRG) ' ,
DAYA(X'{..Z.’.?.”.S.o’.’o(Y'1.01.!02.2’04.5.’..7.3)

DIMENGION X(S),Y (04 (306),P(5,6),006,5),8(6,9)
SET THE DIMENSION OF §AOs €F TME SEVEN WORK AREAS T@ MAX,
DIMENSION WL(6),W2(6),m3(6) wa(8),WI(0)N6C6),W7(6)
EVALUATE AN ARBITRARY POLYNOMIAL AT EACH MEBH PRINT

DO £2 leayN
xlext])
D 20 JatM
Yisy(y)
U1, J003,088,0x]087 ,0X1002003,0X]00ed
XoYla(d457026,0x3088,0 002089, ,0X]00Y)
X oY¥]0024(34,06,0X]083,0X] 002043, ,0X]80])
X eyleeys(d7,02q,0x]eg9,0X100202,8X]0s])
20 CONTINUE
12 CONYINUE

IF NDFAULY 1S SET %0 0 THE EDGE CONDITIONS WILL BE INPUT TO BJEUBY,
IF NDFAULY 1S SEY 70 § BICLBYL wILL CALEULATE TWE EDGE CONDITIONS,

NOFAUL Te0
CALCULAYE ExACT EDGE CENCITIENS FOR TEST EQUATION

NMigNed
MMigMel
DO 300 193,NiNMY
xlexel)

GEY NORMAL DERIVATIVES W{TH MESPECT To X

D8 300 JsiM
YieytJ)
300 P(1,J)egB, 034, 010249 ,0X] 002
X oyle(ab,036,0x1087,ex]0e3)
X eY]ee20(6,026,0%]03129,0%]002)
X oyleeye(2y,e80,0x106,0X]002)

GEY NORMAL DERIVATIVES WiTh RESPECT To Y ALUNG EDGE

DO 303 yng,M MMy
Yiev(y)
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7870
7880
7690
7900
7940
7920
7930
7940
7990
7960
7970
7980
7900
2000
8040
a020
A030
A040
8090
AOAD
8070
A080
8090
At00
8110
A420
8130
A140
150
8140
8470
8480
AL90
8200
8240
A220
230
A240
8290
8260
8270
I3 LT
290
4300
8340
8320
LR
A340
A39%0
8360
A370
4380
A3%0
asbdo
440
420
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DO

D6 303 te4N
xfox(])
301 °‘J.l""|.2.|.“ ‘1e|.X".2.1’|‘Xl“’
X 02 0v]0(3d 06,050l ,0KT082043,0K100})
X a3 oyle0e (47 02 0x]019,0X100262,0X]003)

GET NORMAL DERIVATIVES WiTh RESPECT TO UOTH X AND v AT EACH CORNER OF
MESH,

DO 308 1o oN.NMY
xjexi})
DO 302 Jug.M, MMy
Yisy(y)
302 S(J 1)026,036,0X]e87 ox]oel
X 02,0Y]0(6,026,0%X10820,0X10e2)
X a3, 0yl002e(24,030,0X]08,0%])0e2)

ESTIMATE THE AMOUNY OF TIME RECUIRED FOR A CaLL Te BICUBY

200 YeTIMELEPT(L)

COMPLETE THE P,0, AND S ARRAYS , THAT 1S, DETERMINE NORMAL DERivatives
AT EACH MESH POINT,

.O...‘..CO!.".‘..‘...O‘O‘O.‘."‘.0"'.‘O..‘."..‘.....“O...‘t..."..

CALL GICUBSINGMNDPALLT 4% Yol P y0 SiMAX W W2, N3, W W W6 W)
0000000000040 00000000000000000000000%0000000800C000000200800000000800000

CALCULATE TIME SPENT IN MILLISECENDS

Tal(teTIMELEFT(L) 101000,

PRINT 3

D6 100 jaduN

DO 110 JoL M . , )

PRINT 4400t aYCdNal(Tad)aPtlad)00d01)080U0 1)
110 CONTINUE
100 CINYINU!

PRINT 477

PRINT 2

USE SySYEM RAND@M NUMOER QENERATER 16
GENERATE RANDOM COORDINATES OVER THE XeY PLANE

DO (0 Kgi,y30 .

XTORANP feg)o (X INYoX(g))oN(d)o JoRANF(0g)
YLARANFfeg)a(Y(MIov(q) )oY (])e,30RANF (og)
UEXACYRY, 045, 0x1e87 ,0X1002003,0x]003
XoYJo(dB7eQ6 ,0X 088, 0 002010 0%]00e})

X oY]eo2s(34,06,0X]018 ,0X] 002043 0%100))
X oylon3ge{d7,e21,0x]e39,0X100202,0x]00y)

ESTIMATE THE AMOUNY OF TIME RECUIRED FOR THE CALL Yo BICUB2

36

0430
TIY)
0499
8460
8470
A480
0490
4300
ASLD
49520
4330
A840
(11])]
8560
(T3]
(11T
4590
2600
peL0
8620
ne30
LTLY)
2650
LYY ]
8670
A680
0690
a0
740
0720
A780
2740
27980
8760
2770
CYLT
8790
A800
0840
a820
2830
2840
(T1]]
8860
0870
2880
A890
nodo
8940
1920
2930
A940
(T]11]
(TTY)]
2970
8980



FINS,5A

o0 o200

o000 (e N g Xq)

O (2 N NeXe)

TeTIMELEFT(L)
INTERPALATE AT VALUE AT (X1,Y])

0000000000 RP 0050000000000 000000000008000000000000080000000800000000
CALL Bloul2 Xl ylsLINT NERROW,N,M,X)y,UyP,0,8)
0000000000000 1008000000008 00000000000000000000000000080080000000000080

oY IMELEFT(1) V04000,

nxrr-u!u?-usxacv _

PRINT LK X1,Y1,UEXACT,UINT, CIFFINBRROR, Y
10 ctNYlhus

SEE IF WE WAVE CoMPLETED TWE SECEND PASH
IF(NDFAULY ,EC, 1) ST0P

REDEFINE NDPAULY §@ THAY TWE ECUE CONDITIONS WILL BE CALCULATED
AND 2ERQ QUY THE P,Q: ANC § ARMAYS,

NOFAUL Tsd

D8 508 g M

D8 900 fad,N

Pl ,J)motys1)e8(Jal)eu0,
800 CONTINUE
S04 CONTINUE

REPEAT ASSUMING BOUNDARY CENDITIENS ARE NOT GIVEN,
WERE WE USE YHE LAGRANGE JNTERPBLATING POLYNSMIAL 7O DETERMINE THE
EDOE COND]TIENS,

60 o 290
FORMAT STATEMENTS eooscncneses

4 PORMAT(40K,18,2X04(F12,4,2%)0E16,5,2X,15,2X,F12,4)
2 FRRMAY (X, /7,
K $4X,0Ko) X 0X 032X 0V ] 0, 0% sUEXACT o, 8X, oUINT®, 12X,
X ¢DIFFERENCEe 4B X1 op\ERRERG, X ¢TIMEO)/)
3 PORMAT (X, //,3% -l-.sx.-aa.ex.-x°,1zx *Ye,12X,0Us,12X,0Pe,12X,00¢,
X 12!003001’
4 PORMAT (40X, oTHE CALL TE BICUBL TEOK APPROX,0,F12,4,0 MSEC,9)
138 PORMATIIX,2(13,4%),6(E12,4,1X))

END
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0900
%000
0040
9020
0030
9040
0090
0060
9070
9080
0090
9400
9140
9120
9130
9440
190
0140
9170
0480
9490
9200
9210
9220
0230
0240
9290
9240
9270
92080
9290
0300
9340
0320
0330
9340
9380
9360
0370
9340
0390
0400
9440
9420
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00000008°,
000+0000Q°¢
000+0006°»
000e00g2°2
000¢0005°%
000+0000°s
000¢0008°¢
000#0000°g
000¢000g°’y
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000+000g°1
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00040008°,
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00000¢g2°'2
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000e00g2°2
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000-0000°%
000+0008°,
000+0000°g
000+000g°y
000+00g2°'2
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000*0000°¢g
000%0000°¢
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000°0000°¢
000¢0000°¢
000*0000°¢
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8.0 REMARKS

9

0

Although the Lagrange interpolation procedure described
above for obtaining the 'required" boundaries derivatives
has been implemented and works, a different and possibly
better approach [9] to this problem consists, in the
analogous one dimensional case, of not having a bhreak-
point [6] at the second and second to last data points,
Implementation of this latter approach is left as an
exercise for the interested reader.

For those readers who may be interested, a completely
independently conceived and different set of ALGL
procedures for bicubic spline interpolation is given in
references [10 and 11] (in German). Comparison of
Spdth's algorithms with those described earlier is left
as another exercise.

As a further remark, it should be obvious that the
procedure described in this report could be readily
generalized to N - dimensional cubic spline interpclation,
where N is greater than 2,
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