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1. INTRODUCTION 

By LCF, I mean the tlilner version of a logic proposed by Dana Scott in 
19£9, mechanized by Milner in 1971, and described by Milner in [1,2]. [1] is 
actually the user's manual for the LCF proof-checker which has been the vehicle 
for generating formal proofs in the logic. 

Since the development of the proof-checker, LCF has been successfully 
applied to various traditional problen areas of the Hathematical Theory of 
Computation. The principal experiments have involved program semantics, 
correctness of programs, termination of programs and compiler correctness 
[2,3,41. 

In each of the examples reported a machine checked proof nas generated 
uhich increased the reliability of the solution enormously. However, each proof 
also made a large number of assumptions in the forms of unproved theorems and 
redundant axioms. Although it can be demonstrated that the particular 
assumptions involved do not invalidate those experiments, it is clear that the 
proofs would be considerably more reliable if a solid axiomatic theory was 
ulrpatiy available to give all the required background results. 

The three particular areas of matheniatical knowledge which are developed 
in this paper, namely Integer arithmetic, list manipulation and a theory of 
finite sets, are very important in computation. Horeover, in proving 
assertions about programs, these theories provide most of the mathematical 
material which would be classified as background results. 

The current project has been to develop a very large theorem bank which 
will act as an appropriate mathematical environment for future applications of 
LCF. So far over 230 theorems nave been proved (with the aid of the LCF 
proof-checker, of course) from the axioms given in this paper. 

Although there is no distinction possible (in the LCF system) between 
axioms and definitions (both are declared as AXIGMs), effort was made in the 
axiomatisat ion to introduce new functions as terms of the logic. This strategy 
makes it easier to demonstrate consistency for the sets of axioms presented. 
Similarly, in the presentation of AXIOfls a contrast is effected by labelling 
them either axioms (AX) or definitions (DEF). 

The large body of theorepis, alluded to above, is organised as a sequence 
of appendices. All the theorems of any appendix depend on the same group of 
axioms or definitions and appear in an order which is appropriate for efficient 
proof of the whole group ( by making use of the theorem-using facility of LCF ). 
Note that the indentation of theorems is only to make the page layout a little 
prettier. 

1 
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THEOREMS FROM NO AXIOMS AND A PROPOSITIONAL LOGIC 
:s     SB = cc = sti :e=     =ss     --     = = = = = = 

r. 

Appendix 1 gives a number of theorems that require no axip.is (strictly - 
no nonlogical axioms) for their proof in LCF. All can be proved in a feu lines 
but it shortens and so helps to clarify later proofs if they are available. 

The theorems 
Vp.p-JT.FFHp 
Vp.p4JU.UU3UU 
UX.UUJS'JO 

are important as permanent members of the simplification set of the LCF proof 
checker.  It is also worth mentioning that the block of results exemplified by 

p-»TT,UU«FF I- TTHFF 

are designed to make use of the proof by contradiction facility in LCF which 
%knows' that TT-FF (and a few similar .iffs) is a contradiction. 

A function from and to the domain of truth values which represents the 
logical NOT operation is readily defined in LCF as 

A*DEF 2.1     - = Ux.x-FF.TT] 

Appendix 2 shows that   it behaves according t    the truth table 

(. 
TT 

FF 

Fr 

TT 

MC 

üü I UU 

Unfortunately there is no such definition possible to give a suitable 
meaning to the logical AND or the logical OR operators. The truth table we would 
like for OR, say, is given as 

xvy FT  FF  UU 

TT I TT TT TT 

i 
x  FF | TT FF UU 

UU | TT UU UU 
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Ue therefore axiomatize the relation as belou and note that each axion 
Is trivially faithful to the above truth table, horeover the theorems of 
Appendix 2 show the whole truth table is derivable. 

Va'n'.AX 2.2 
AAA-AX 2.3 
■M-v'.-AX 2.4 

VP. PvTT=TT 
VF. PvfFsP 
VP. PvUUslP-TT.UU) 

An appropriate definition tor logical AND is now possible (see belou) 
in terms of the OR operation. Ue also give an explicit definition of 
equivalence. The results of appendix 2 give the truth tables for these 
operators shown below. 

**DEF 2.5 AS  Ux y.-((-.x)v(-nj))] 
IVADEF 2.G = s  [;sx y,x-»y, (ytFF.TT)] 

- 

Q 

xAy TT FF UU 

TT TT FF UU 

FF FF FF FF 

UU UU FF UU 

x=u TT FF UU 

TT TT FF UU 

FF FF TT UU 

UU UU UU UU 

I 
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3.   INDIVIDUAL EQUALITY AND DEF1NEDNESS I 
In the doriiain of individuals of the logic, ue t-jant (very often in 

practice) to utter sentences which cento in terms such as ^x is the same as y'. 
For  example we could require a function 

f =  [Ax.   (Is-the-sanie-a6(x,a)-»b,g(x))] 

or ue might want a sentence such as 

Mis-the-same-asfx.y)):! g(x,y)=hix,y) 

Q 

The %
B' connective of LCF is the most obvious candidate but it cannot be 

represented by an LCF term since it is not Monotonie. Uhat we want is a two 
place predicate ''■' which 

i) is undefined exactly when one (or both) 
of its arguments is undefined, 

and otherwise 
ii) has the value TT  if and only if the two 

arguments are the same element (not UU). 

Such a predicate, obviously monotonic. is possible with appropriate domains of 
individuals (see below) but as with the logical operators AND and OR, this 
^computable' equality cannot be defined but must be eixioniatised. The following 
capture the desired predicate: 

***AX 3.1 
•.«.-.'.-AX 3.2 
***AX 3.3 
**vvAX 3.4 

Vx. ((X-X)-»X,UU)HX 

Vx y, (x=y):: xsy 
Vx y. (x-x)^{(y«ü)-.TT1UU),UU«{x«y)-»TT,TT 
(UU-UU)HUU 

First note that this equality predicate for the domain of individuals 
and the logical equivalence predicate defined in the last section are of 
different types (in the technical sense) and are only given the same name 
because of shortage of symbols. As with the symbol UU (which denotes an 
individual, a truth value and an infinite number of functions of different 
types)   the particular predicate  intended by    "='    can be determined by context. 

The role  that   the  first  tnree axioms play  is quite straightforward:' 
3.1 

3.2 

says that the *=' relation is reflexive on all individuals 
except UU; It says nothing about üll=UU; 
says that the relation is only true in the reflexive case; 
interpreted in the light of 2,4, this axiom gives us that 
if neither x,y are UU then x=y is either TT or FF; It 
also gives that if x=y is TT or FF then neither x or y is 
the undefined element. 

'.•, 
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The axiom 3.4 is not really necessary in that if there is anu lement 
in the domain of individuals ( distinguishable from UU ) then 3.4 follons from 
3.1-3.3 . For, supposing X to be distinguishable from UU , XBUU is a 
contradiction and so ue argue by cases on UU=UU : If UU=UU=TT then X=UU-TT by 
monotonicity and XEUU by axiom 3.2 : If UU=UUsFF then X=XHFF by monotonicity 
and XEUU by axiom 3.1 ; Since the TT anci FF cases lead to contradictions ue 
have UU-UUsUU. 

Although we are indeed only interested in nontrivial domains we want to 
be able to prove a body of useful theorems about equality without mentioning 
any particular elements. 3.4 is needed to prove several of the theorems of 
appendix 3 and this forces us to add it. For example, the theorem 

VX. X=UU s UU 

can    not  follow from the  first  three axioms since in the trivial   domain of   just 
UU,   ue can have UU^UUsTT and the axioms ore satisfied. 

X=Y can always be deduced from X-YBTT as prescribed by the axioms, but 
we also easily get theorems for going the other way 

XsY,  X=X=TT \- X-YHTT 

X=Y,   Y-YsTT I- X=V=TT 
and 2 versions of  the commutative   lau for  *■'   . 

VX Y.  X=Y = Y-X 
X=YHTV I- Y-XaTV 

The fact that evsry element except UU is equal («) to itself, gives us 
the definedness predicate for  individuals by definition. 

»VADEF 3.5 a s   [Ax.   x=x] 

ithere B will  be TT on all   individuals c-xcept UU and dlUU) will he UU. 

Appendix 3 also gives useful Ih-jorems about the d predicate. Note 
especially the following theorems which are extremely important when arguing 
by cases on the definedness of some  individual:- 

a(Xi=FF |- TTsFF aWaUU |- XeUU . 

It was inferred .nbove, that the axioms for x=' dictate some structure 
for the domain of individuals. This structure is simply flatness or 
discreteness (which means that for any element X, if YcX then Y is either UU or 
X itself). The follouing theorems she« that this is so and it is asserted that 
flatness isn't a high price to pay for the notions of equality and definedness. 
In fact, Scott, in his original proposal suggested that this was a reasonable 
assumption. 

X=VHFF.  XCY h TTaFF 
8(X)=TT,  XcY I- XsY 
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4.   NATURAL NUHBERS 

The natural   numbers can be axioMatized by the  follOMlng  four axioms and 
four  definitions: 

AftDEF 4.1 
**»'fAX 4.2 
A*DEF 4.3 
AvV-vAX 4.4 
**äAX 4.5 
A-.v-.vAX 4.G 
**DEF 4.7 
*ADEF 4.8 

Z   s   [Xx.x=3] 
Z(B)  s TT 
isnat 3   [«F. [>vx.Z(x)-*TT,p (precl(x))] J 

VX.lsnat(X); 
VX.isnaUX); 
VX.isnat (X); 
1 5 succ(0i 
2 ■ succ(l) 

Z(X)-*0,8ucc(pped{X)) 
ZCsuccrX)!   s FF 
pred(succ(K))   ■ X 

ijhere the axiomatised quantities are the   individual   %B',     the     function     ^succ' 
and the function %pred'. 

A glance at appendix 4 shows that many ususa! properties of the natural 
numbers are provable.   In particular,   the following ones:- 

isnat(8)  E TT 
isnat (X)sTT    f-   Z (succ(x) )=FF 
isnat (X)sTT    |-    isnat (succlx) )HTT 

isnat(X)sTT,isnat(Y)sTT.succ(X)=succ(Y)    |- XEY 
gOUTT,     Vx. isnat(x): :g(x)::g(succ(x))sTT    (■      Vx. isnat (x); :CJ(X)ETT 

which approximate PEANO Axioms for natural numbers. I use the word 
■^approximate' since the free variable V in the induction theorem can only be 
instantiated to a continuous function. However, because domain of individuals 
we use is discrete, if F is any function on just the natural numbers, it can be 
extended to a continuous function by dafining F(UU) to be UU. Hence theorems 
which follou from the Peano postulates in usual logicc will be valid (perhaps 
with relativisation)   in this LCF environment. 

See also appendix 5 where a proof of the Induction theorem is given as 
an example of a technique of using Scott induction to prove relativised 
assertions. It should also be noted that this induction theorem can be applied 
to prove assertions of  the form 

Vx.isnat(x)::h(x)=k(x) 

by instantiating g with the term [Äx.h{x)=k(x)] and proving 

h{0)=k(0)5TT, Vx. isnat(x):: hU)»Mx):: hlsuccM )=k(succ{x) )=TT . 

Note that  this doesn't mean that  the following sentence  is a theorem: 

h(0)5k(0),   Vx.isnat{x)::h(x)=k(x):;h(succ(x))=k(succ(x)) 
|-      Vx. isnat (x): :h(x)2k(x) 

for consider  the functions       h ■   [Xx.UU]      and     k s   [Xx.Z(x)-»UU,0]. 

«.;.-.■ „...^■....-.-.—,—.—.■■■,-.,....,-^.—^—^.^..^.nn,..,,..!..,-.^..,...,- ,...,..., ,..,.:..■.,...^...,„..^......,,.- lMiiillii<ilrW»iiiiiiiiili,ini>iilm"lir<liiTH«« 
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Similarly, the instantiation rj^[',x.h(x)-FF.TT] 
applied to attack goals of the form 

means that the theorem can be 

Vx, isnat(x)n Mx.UFF 

Ue would now like to argue (informally) that there are no non-standard 
models satisfying the axior.is.  i^e already have that succn(0) behaves as the 
integer n so we need only prove that the set  {succn(B)) exnausts the set of 
things for which ^isnat' is true. 
Reasoning outside LCF we can say 

pred(x)sy, isnat(y)ETT,isnat{x)==TT I- xssuccly)  is provable: 
Hence, for any integer n, 

predn(X)50. IsnfUXUTT  (- X3&uccn(8)   is provable; 
But uie know from the recursive definition of Isnat 

if isnat (X)BTT then  predn(X)53 for some n; 
So     isnat(X) Implies X5succn(3} for some n. 

4.4 

It is clear from the various preceding comments that the set of axioms 
given is consistent and a faithful representation of the natural nun.hers. Ue 
now consider redundancy In the axioms and note 
4.2 is terse and basic; Uithout it is is not possible to derive 

isnat{0)aTT or even that there exist any natural numbers; 
may not be condensed to Vx. Z(xNa, succ{pred(x) )«x as 
there may be elements in the domain of individuals on which 
Ved' is undefined and so (noting that 8ucc(UU)eUU will be 
derivable) we get a condradiction. 
4.4 cannot be weakened to either of the sentences 

Vx. succ(pred{x))«x ; Vx. isnat(x);: succ(precl(x)) sx 
without making a commitment to the existence of an element 
given by pred(8). It the axioms are to be used as a base for 
the integers this is OK but if the only numbers are to be the 
natural numbers th«n we would want pred(0)aUU to be true. 
is r --ded to get tne distinctness of succm(0) and succn(0); 
Uithout the axiom at all, it is not possible to show that 3 
and i are not the same element. With only ZdUFF in its 
place, it cannot even be reasoned tnst 8 and succ(succ(0)) 
are distinct; 

is a basic property which cannot be derived from the other 
axioms. 

4.5 

It should be noted that the functions "'succ' and *pped' are only 
partially specified in the natural number axioms since we want them to be 
defined appropriately when we axiomatize the set of integers (both positive .nd 
negative). 

Care has been taken in assembling the appendix of theorems to exhibit 
the role that equality plays in the axiomatisation. The first group of 
theorems depends only on axioms 4.2 to 4.8 which do not mention equality or 
definedness. The later theorems require the equality axioms and 4.1 as well 
for their demonstration. 
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5.   INTEGERS AND ARITHHETIC 

;■. 

» - 

•.-.-.'.••.vAX 5.1 
•,-.".'.••;.■ AX 5.2 
**AAX 5.3 
»VAftAX 5.4 
A*AAX 5.5 
»VAAAX 5.S 
AA-A-AX 5.7 
•.'.••;.".vAX 5.S 

Vx. isnaUxh: pot(x)aZ(x)-.FF,TT 
Vx. poslx)::   l.fnat(x)«TT 
Vx. pos(nins(x)J   2 po'J(x)-.FF,Z(x)-*FF,TT 
Vx. po8(x)-»TT,TT = ielntlxMT.UU 
Vx. i6int(x)-»iiins{nins(x)) ,r,ins;x)sisint {x)-»x,UU 
Vx. succ(x) =mns(preci{nin5(x))' 
Vx. preci{x)3nins(succ(mn6lx))) 
[Xx,   isint(x)-TT,TT]   ■ ü 

>m.* say, The interpretation intended here is that a positive integer ^n 
is represented by succn(3) and that a negative integer "-r/. say,  is 
represented by pred'MS). Obviously xr1-.n5' is the unary minus operator and ^pos' 
is the greater-than-zero predicate. Appendix six gives a 

but useful, theorems provable from the axioms of s 
! functions ^isnat'. "pos' . Vis', %8UCC' and *pretl' 

arge col lection of 
he axioms of sections 3,4,5. Note 

are a I 1 undefined 
basic, 
that the . 
uhere Nsint' isn't true. 

Just about all that uill be claimed about the above axioms for integers 
in LCF is that they are consistent (since each is true in the standard 
intepretation of the integers) and the usual theorems can be proved using them. 
Because they are just a bunch of suitable properties uhich together do the job, 
no individual deserves comment. 

It is readily demonstrated that { succ"'^) ) U { predm{0) )  is the 
same set as { x | isint(x)HTT } as folloiis; 
Suppose isint(X)sTT ; 
From AX5.4 we get that poslX) must be TT or FF; 
If pos(X)sTT then ienatiXUTT and so X=succnl3) for some n>0; 
If pos(X)sF,r- then i6nat(tnns(X))»TT and so r1ins{X)Esucc

n(0) for 
some n>0  giving XBnins(succn(6)); 
But [.\x.mns(succ'(x) )] = t^x.pred(r,in5lx))] so us get X3predn(3); 
Hence isint(X)=TT  implies  Xssuccn(3) v X=predn(0)  for some n>0. 
Also ue see that isint (succ^iB))5TT  for all mi3  from the theorem 

isintlXJsTT |. isint (;ucc(X) IsTT 
and isint (pr'=''dm(3Jl£T7 for all m>3 frow the corresponding theorem 

isintlXUTT |- ; sint (pred(X) )=TT . 

Although none of the theorems of appendix S are deep, one can see hou 
many important simple relations there are between the objects axiomatised In 

this section. 

The main induction theorem for integers is simply stated thus:- 

g(B)2TT,Vx. isint{x)::g(succ(x)j5C!(x) H Vx. isint (x): :g(x) =TT . 

To    prevent    confusion    arising    from    the    similarity between  this  theorem and 
the   induction principle  for natural  nuwbere,    note  the following    NON-theorem:- 

CJ(B)HTT,   Vx. isint(x)::gix)::gi5ii:c(x;)=TT  |- Vx. i si nt (x) : : g ix) =TT 

S 
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o The discussion of   the corresponding    induction    principle    for    natural 
numbers     introduced a  techniciue which  is appropriate,   in  this section 
attacking goals of  the  form    Vx.h(x)=k(x)    using    such 
instantiate    the    V    of    the 

to 

also, for 
a rule. That was to 

theorem with the term Ux.h(x)=k{x)]. Practice 
shous, however, that it is economical to restate the theorem 
incorporate the idea : 

so as 

h(0)=k(8), 
Vx.isint(x)::a(h(x))=TT, 
Vx.isint(x)s!a(k(x))sTT. 
Vx.isintfx):: (h(x)=k(x)): :h(succ (x) )=k(succ(x)). 
Vx. isint(x);: (h(x)=k(x))::h(pred(x))=k(pred(x)). 

[• Vx. isintCx):: hlxjsklx); 

Ai though this is considerably more cumbersome, each notion expressed bu the 
antecedents must be proved any either case and so the economy I ies in not 
having to prove by nested cases arguments 

Vx. isint(x):: (h(xNk(x))s(h(succ(x) )=k(succ(x))) 

Ulth 
of the basic 

Functions: 

»VADEF 5.9 

»VftDEF 5.18 
*ADEF 5.11 

»VAOEF 5.12 

AADEF 5.13 

AADEF 5.14 
**DEF 5.15 

Predi cates: 

the integers axiomatised satisfactorily, we proceed to definition 
arithmetic functions and predicatess- 

+ s  totG. CXx y. Z(y)^isint(x)-»x.UU, 
pos (y)-G (succ (x), pred(y)),G(pred M . succ (y)) ] ] 

- i  [Xx y.x+mns(y)] 
A E  [aG. [Xx y.  Z(y)-isint(x)-.0,UU, 

pas(ü)-»G{X,pred(y))+x, G{x,succ(y) )-x]] 
/ s   [«G. [Xx y.  Z(u)-»UU.Z(x)-*{isint(y)-»0.UU). 

pos (x)-pos (y) -    pos (y-x)-.3, succ (G (x-u. y)). 
innsiG(x, me(y))), mns (G (mns(x) ,y))] ] 

fc  E   [Xx  y.   x-((x/y)-;.-y)] 

Fac =  [«G. [Xx, Z(xM,pos(x)-.x>vG(x-l),UU3] 
Look E   [«G. [Xx f p.  p(x)-*x,G(f(x),f,p)]] 

MDEF 5, IG 
ftftDEF 5.17 
ftADEF 5.18 
*ADEF 5.13 

•.'.-vvDEF 5.23 
Ä,vDEF 5.21 
AADEF 5.22 
AWDEF 5.23 
*ADEF 5.24 

> =   [Xx y. pos(x-y)] 
i s   [Xx y. Z(x-y)-*TT,pos(x-y)] 
< 5   Ux y. y>x] 
S 2   [\x  y. y>x] 

even s   [Xx.   Z(x«2)] 
odd 3  [Ax.  Z{x«>2)-FF,TT1 
buq 5  [«G. [Xx y p.   ix>yJ-.TT,p(x)^G{x+l,yfp),FF]] 
beq s   [aG. [Xx y p.   (x>yNFF,p(xMT,G(x+l,y,p)]] 
Pr s  [Xx.   [Xy.(y>l)^ buci(2,y-l, [Xz. (y®z)-8-»FF,TT]) 

FF](x>3 -x.mnsix))] 

-« _„__ irfitiiniiiffiTiri '■'■  -■.'-■   . _^^_^^ 
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Most    of    these    definitions are self explanatory and  the others become 
otvious with a few points of explanation:- 

r 
i) "*/' is integer division, of course, and V is the %niod' 

operator which gives remainder on division. These are 
defined in the normal manner for positive integers and 
are extended (to operations involving negative integers) 
in such a way that the sign of x/y is always appropriate 
algebraically and the sign of x»y is the same as the 
sign of x. This choice c-naules the reconstruction of a 
number from its quotient and remainder (with respect to 
a given divi sor ), 

ii) Tac' is the factorial function and is only defined for 
non-negative integer arguments. 

iii) Look(x,f,p) yields the first integer y  (if any) in the 
sequence {x, fx, ffx, fffx,  } which satisfies the 
predicate p (provided no previous member of the sequence 
caused p to yield UU). 

iv) %buq' stands for Bounded Universal Quantifer and ^beq' 
denotes Bounded Existential Quantifier and are meant to 
take the place of regular quantifiers in numeric proofs. 
The importance of buq comes from the pair of theorems: 

buq(X,Y,p)aTT [• V-.2>X:: Y>z: :p(z)5TT 
Vr.2>X::Y>2::pi2)sTT |- buq(X,Y,p)aTT 

A similar result for xbeq' is expressable as the meta- 
theorem that (Provided p is total on the range <X,Y> ) 
beq(X,Y,P)ETT    IFF    3  integer  in <X,Y> that  satisfies p. 

The totality proviso in this result is essential, for if 
p(n)HUU and p(n+l)sTT then beq(n,n+l,p)HUU even though 
there does exist an integer in the range which satisfies 
the given predicate. 
Although the predicate which gives TT exactly when there 
is an appropriate element  in the range    is    definable as 

[ocG. [Xx y p.x>ij-»TT,p(x)vG(x+l,y,p)]] , 
DEF 5.23 is preferred because of the useful  relationship 
between that version of    beq    and the Look function. 

v) Pr(x) is TT if either x or mns(x) is a natural number 
which is prinr- in the usual sense (not 1). Pr is a total 
predicate over   the  integers. 

vi)    Note that all   the  functions and predicates take at   least 
one arciument which  is of  type i nd i v i duaI All   these 
functions  (except Look)   become undefined when applied  to 
individuals which are not  integers. 
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Appendix   7   contains   a rather  large collection of results that follow 
from  the results on  integers ana the definitions  listed above.   There are basic 
theorems about all of the function? -mc. predicates except < and < . If a 
problem contains these predicates then the definitions 5.18 and 5.19 should be 
applied  to transform the goals to ones containing > and > . 

Ue have already  introduced   2   mathematical     induction    theorems which 
require,   for  their application,   steps of   the forrns;- 

g(x)   |-    cj(succ(x)) cj(x)   |-    cj{pred(x)) 

Such statements are often as inconvenient to prepare as the result ue wish to 
establish. Actually, we want xo model, in LCF, that form of mathemat ical 
induction given   (in predicate calculus)   by!- 

{Vx,    (   Vy.    [y<x  A y>3]   s p(y)   )   3 p(x)   }   3     [Vx.   x>8 3  p(x)] 

The obvious problem about what to do with this in LCF, is what to do with the 
nested quantifiers. Fortunately, the nested quantifier is bounded and so we get 
the LCF version of  the theorem as:- 

Vx.   x>e:!   buq(0.x-l.P)::P(x)sTT    |.    Vx.   x>a::  P(x)sTT 

Actually a more primitive form of the theorem was needed to prove certain 
results about division which preceded The work on relations and %buq'. 

Two more functions which will be e-imilarly treated are the sum and 
product of a finite sequence - the bfg SIGMA and big PI notation of analysis. 

A*DEF 5.25    Sum B [otG. UX y f. y<x - 2, f (x)+G(x+l,y, f)] ] 
VV-A-DEF 5.26    Prod s   [ocG. [\x y f. y<x - i, f (x)*G(x+l.y, f)] ] 

11 
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Q 
6.  LISTS and S-EXPRESSIONS 

=r -  - EJ C:        r:  E = zB = = aaKs: = Bseu 

Since  lists are a special  case of S-sxpressions, 
axi omatisat ion of  the more general  object. 

ue    [sroceed   with an 

•/,-; -.VAX G 1 
•;.'•; -.-.AX G n 

x'-.t rDEF B 3 
*.'.' ■;1 ■ÜEF S 4 
:'!■: -VAX G 5 
M •■.VAX S. G 
J.,I •-.VAX G. 7 
AV t*AX G. S 
.!..! -•.vAX G. 9 
.;,--' -A-AX B. 10 

issexp(UU)  s UU 
issexp(NIL)  H TT 
null  s  IX*.   x-NIU 
atom s   [Xx.   i ssexp(x)-»nul I (x), TT] 
VX.  atom(X)::  heacKXlaUU 
VX.  atom(X)::   tai 1(XlsUU 
VX Y. head (cons {X,Y))B3(y)-*X,UU 
VX Y.   tai l(cons(X,Y))H5(X)-Y,UU 
VX.  cons (head (X). tai I (X) )Eatoni(X)-»UU.X 
d>   (otG.   [Äx.  ator;i(x)-TT

1G(heacJ(K))-.G(tai I (x)).UU]] 

Note first that AX B.l is valid for all domains which have defined 
individuals other than S-expressions - the most common circumstance. In 
situations iihere all individuals are S-expressions it i-jould be consistent to 
say that i ssexplUUlsTT but it would be unlikely to give any advantage over 
postulating i88exp(UU)iUU> Hence, for the sa^e of proving some handy theorems 
about S-expressions (which must be true whenever NIL is not the only atom) ue 
assert B.i   instead of   leaving    issexpdjll)    unspecified. 

The purpose of axiom 6.10 is to eliminate ( from models ) any 
structures which are infinite. This aiso means that circularity (which is 
possible in LISP, for example) is ruled out. As an illustration of the 
implications of this axiom, a theorem is proved in appendix 8 which gives that 
if head(X)=X then XsUU. A more complete result aoout circularity is discussed 
below using the notion of subexpression. 

There is one other debatable point about these axioms. It is that we 
have, as you may have anticipated from the earlier discussion of equal ity 
between individuals, adopted tne doctrine of discreteness for the domain of 
S-expressions. The opposing point of view is that a term such as con?(tjU,X) 
(which clearly must be ^under' botn tne terms conslA.X) and cor,s(B,X) for any 
individuals A & B) is not the same as UU and. moreover, tai I {cons(UU,X) )sX. As 
far as tne relative powers of the opposing systems are concerned, it seems that 
most theorems are identical, but there are a some notions expressable raore 
simply in one system than the ot;-,;r. Tne Pig argument in favor of tne above 
set of axioms is that   with   discreteness   cor.'.es    the   notion    of    equality 
expounded earlier. The only tricky part aoout amending the above axioms to 
allow for the case where consiUU,XNUL is the problem of excluding the infinite 
S-expressions. 

12 
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Appendix 8 contains theorei.is about the functions issexp, head, tail, 
cons, atom and null. Ue Mention hare only an induction theorem for 
S-expressions:- 

Vx y.   g(x);:   g(y)::   g(cons(x,y))=TT, 
Vx y.   atoni(x)::   CJ(X)BTT        |-       VX.   3(x)n   cjMsll 

Follotiing LISP, a list is a special case of an S-expression, namely one 
which transforms to NIL after some number of applications of the tail operator. 
As such,   lists are easily defined. 

**DEF G.ll islist  s   taG. [Xx.   nul I (x)-.TT,atom(x)-.FF,G(tai I (X))]] 

As usual, a number of theorems form an appendix (9) but ue give an 
induction theorem locally. 

Vx u. c)(x):: islistiu):: g(u):: g(cons(x.y) )aTT, 
g(NIL)«TT     h     Vx.'islistlx):: CJ(X)üTT 

tj 

A number of usual operations on lists and S-expressions are given with 
some others that foreshadcu the treatment of sets in the next section of this 
report. 

[XX.rev2(X,NIL)] 
[ocG. [>,x y. nul I (x)-«y,G(tai I (x) ,cons(head(x) ,y))] 
[oG. L\x y. null {x)-y,cons{head(x),G(taiI(x).y))] 
[aG. Ux p.   i si i st (x)-> 

(nulI i*)~TT,p(head(x))-G(taiI(x) ,p),FF),UU] 
[«G. t\x  p.    islist(x)- 

(nul I (x)-FF,p(head(x))-.TT,G(tai I (x),p))tUU] 
(aG. [\x  f. 

(nul I (x)-»NIL,cons(f (head(x)) ,G(tai I (x),f)))] 
[aG. [Xx p.nul I (x)-.M:L,p(nead(x))-.G(tai I (x),p), 

con-:.(.lead(x) ,G(tai I (x) ,p))] 
[>,x y. aCxl-ORmapCy, U2.x«z]),UU] 
[>.x y.   isl i8t(y)-»ANDinap(x, t>^.inem(2,y)]),UU] 
[Xx y.  n-eniL(x.y)-»me;.l(|j,x) ,FF] 
[\y. y.  PRUNE(x. Us.y-z])] 
[X* y.PRUNE(x. [A2.r,ieni(s.y)3)] 
(«G. (Ax y.   (x=y)-.TT,   ato:i'.{y)-FF,  G(x,head(y) )-»TT. 

G(x.tail(y))]] 
[«G.   (Ax y.   9(x)-*  iilistij)-* nul I iy)-*flJlL, 
x=head(head(y))-nec:d(y),G(x,täi I (y)),    UU,     UU3] 

(aG. (XL f fNIL. nulKLMNIL, 
f(he5d{L),G(tail(L),f,fNIL))]] 

(«G. [XX.atom{X)-*B.8ucc(G(head(X))+G(tal I (X)))]] 
(csG. (AX.nul I (X)-»0,8ucc(G(taI I (X)))3] 

A*DEF 6.12 rev = 
AADEF 6.13 rev2 s 
A*DEF 6.K & ■ 
**DEF 6.15 ANDmaps 

**DEF 6.16 ORmap H 

**DEF 6.17 FNmap s 

ft*DEF 6.IS PRUNE s 

»VADEF G.19 mem s 
^DEF 6.23 memL a 
•.v.vDEF 6.21 tneniEQ 5 
•,v;.-L;EF 6.22 memS s 
•,V',vDEF 6.23 niemSL a 
*ADEF 6.24 subexpa 

VnVDEF 6.25 assoc s 

AADEF 6.25 forL 2 

**DEF 6.27 nodes a 
**DEF G.2S lengths 

13 

-- - -    -   ■-■   



m     i   u'wm/ ' mfmtmmiwim*m**^i^mmm. mmmmmmmm vmm.m**MMimummumt **¥P 

mmmmmmmmmm 

The function Vev' is the function i-ihich produces a  list which  is  the 

? 

reverse of the arrjument list and is defined in the traditional nay (using an 
auxiliary function Vev2'). ^S', the append function is defined as the fixpoint 
of the appropriate coiiiputation. It is proved (see appendix 10) that ■*&' could 
have been defined by : 

& s   [Ax y.   rev2(rev(x),y)]. 

Various basic properties of these two ir.iportant functions are to be found in 
appendix 10. Note that the second argument of y&' need not be a list for the 
function to be defined. However, the following result is readily proved (and 
a similar remark applies to    Vev2'  ): 

VX.islist(X)::   isl ist(AfiY) = islist (Y) 

The predicate 
elements of a list sat i 
applying the predicat 
is reached (and the res 
not satisfy the predica 
ANDniap(X,p) may be und 
thi s fact, many of the 
that the predicate is t 
ANDmap.  The motivati 
development of some of 
proved (see appendix 
maps and Vev' (or s&') 

ANDmap is used to describe situations in which all the 
sfy some predicate. The computation is performed by 
e to each list element in turn until the end of the list 
ult is TT) or until an element is encountered which does 
te. This method of computation means that, for example, 
efined because pljlsUU for some object y. Because of 
basic theorems about ANDmap are based on the assumption 

otaI. The predicate ORmap Is the disjunctive analogue of 
on for developing these predicates was to aid in the 
the later list operations. There are many theorems 
10) which describe the the interaction between these two 

FNmap is simply a function on lists which applies a function to each 
member of the argument list. PRUNE is a function, also just defined for lists, 
which removes from the arument list those elements which satisfy some 
predicate. As examples, FNmap(X. [Ay.y.v2]) would double every element of a 
(numeric) list X and PRUNE(Y, Ux.x<8]) would remove every negative element 
from a (numer ic) Ii st Y. 

The group of operations G.1S to G.23 are concerned with membership in 
lir-ts and are crucial to the theory of sets given in the next section. 
meni(x,L) will be true whenever x is one of the elements of list L. It is shown 
in the theorems that the following is an alternate definition of %mem':- 

mem = [«G. Ux y. islistiy)-» nuli(y)-» ci(x)-.FF,üU 
(x=head"(y))-TT,G(x,tai I (y)), UU]]. 

meriiL{X,Y) will be TT whenever ALL the elements of list X are members of list Y 
also. The following is an alternate definition for VemL':- 

meniL ■ [«G. [>.x y. islist(u)-+ isl ist (x)-. 
nul I (x)->TT,meni(head(x).y:i-.G(tai l{x),y),FF, UU, UUU. 

meriiEQ(XlY) simply indicates whether two lists, X and Y, have the same elements 
(independent of the order or multiplicity of those elements). meniS(L,X) deletes 
all elements of list L which are occurrences of the object X while memSL(L,ri) 

14 
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deletes all elements of list L which are also elements of list M. 

The function Nsubexp' is principally used to indicate the imbedding of 
one S-expreesion in another. 8Ubexp(X.Y) is TT exactly nhen some sequence 
(possibly null) of head ano tail operations take object Y into object X. Thus 
if Y is an S-expression then subexp(X,Y) indicates that X is imbedded in Y 
(at least once) but if Y is an atom then subexp(X,V) indicates that X is the 
same atom. Ue are now able, using this neu notion, to prove in LCF the non- 
existence of certain infinite S-expressions. 

subexp(X,Y):: suhexp(Y.X):: XsY 

The   infinite  lists  forbidden by this  theorem are the ones which  in    LISP    could 
be represented using circularity. 

The function xassoc' is purely LISP-inspired and could be useful where 
some association technique is appropriate to a proof. An alternate way of 
defining  ^assoc'  would be as:- 

where 
assoc 3   [Ax y. lookL(y, [.\2.head{z)=x])] 

lookL s   [aG. [XL p.   1 si ist (L)-nul1(L)-NIL, 
p(heari(L))-.head(L).G(tä  KD.p),    UÜ] ] 

is,   in general,   a more useful   function.    However,   such :,  function which looked 
for     the    fir^t    element    of    a   list  to satisfy a given predicate could be more 
suitably defined since with this definition  lookL(X,p)=NIL    could    mean EITHER 
pü-JIDsTT and NIL   is a member of X OR  that no element of X satisfied P. 

.. 

•'. 

il- 

The function VorL' is a device for simplifying definitions of other 
functions which take a lift as their only argument and which compute from the 
tail of the list to the head. As an example, the sum of the elements of a 
numeric list X is given by forLCX.+.B) while the product is given by 
forLCX,*,!). One could also give slightly more compact definitions of xPRUfJE' 
and TNmap' (and predicates which are similar to WNDmap' and %0Rraap') using 
%forL'. 

The function "'nodes' counts the subexpressions of an S-exprn. which are 
not atomic or the number of r.ocies in a tree representation of the S-exprn. 
^length' is simply the number of elements in a list and could have been defined 
(to further illustrate VorL'):- 

length s [Xx.forL(x.[>y z.z+iJ.G)]. 

These last two functions ( which are the only ones tc refer to the notions 
developed for arithmetic ) are net expounded in 1 e appendix ou\   the usual 
properties clearly follow from the definitions and the arithmetic environment 
already constructed and described. 

15 
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7. FINITE SETS 
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Sets turn out to be quite hard to categorise in LCF, even finite ones. 
The difficulty arises from the lack of existential quantifiers or the lack of 
nested quantification, depending how you look at it. The problem occurs even as 
soon as you try to define the empty set and give its properties. Ue can easily 
express that nothing is in this set (call it NS) by the wff Vx. cUx):: xcNSsFF 
but when we come to say 'ihat the null set is the ONLY set in which there is 
nothing, we find no simple way to express the sentence 

Vx.xcAaFF |- AsNS as a ue 11-formed formula of LCF. 

Recall that the form of an axiom in LCF Is a UFF - not a sentence. 

The solutions we discovered to the above problem all involved 
axiomatising a choice function for sets which would pick some element from any 
set it was applied to. However, using this notion, several developments of the 
theory are possible. Because of the enormous economy involved, we have based 
our set theory on transformations between sets and lists. The choice function 
involved is the taking of the head of the list that a given set maps into (see 
the function "'select' defined below). 

The  transformation  functions are ^listof a,id 
axiomatised as follows; note that finlteness is automatic 
axiomatised to be finite. 

%setof'  and are 
since  Ii sts were 

•.v**AX 7.1 Ux.lsseUxJ-JT.TT] = 8 
*A*AX 7.2 Vx. isset{setof!x))B(islist(KMT,UU) 
***AX 7.3 Vx.islist(listof(x))5(isset :x)->TT,UU) 
***AX 7.4 Vx.setof(listof(x))B(isset(>;)-x,UU) 
AA-A-AX 7.5 Vx y. memEQ(x,y) ■ setof (x)~.setof (y) 

Note that these axioms do not ir.iply that sets are disjoint from lists, 
S-expresslons or any other data type that may be part of individuals. In fact 
it is not inconceivable to identify sets with the lists to which they map by 
%listof'.  However, all that is needed to ensure disjointness is an axiom like 

Vx. isset(x);: issexpUlsFF 

Uith these notions, we easily DEFIME all the usual operations on sets 
in terms of the list membership functions and predicates defined in the last 
section.  Ue start with some basic ones:- 

**DEF 7. 6 
ft*DEF 7, 7 
Vr.vDEF 7. 8 
ft*DEF 7. 9 
**DEF 7. 13 
A*DEF 7. 11 
**DEF 7. 12 
**DEF 7. 13 

NS 5 setof(NIL) 
(  s [."\x y. mem(x. I 1 stof (yi i ] 
subset ■ Ux y. memLU istof (xi, i istof (y))l 
U  B [Xx y.setof(Iistof(x)&lIstof(u))] 
\  s Ux y.setof(memSL(Iistof(x),Iistof(y)))] 
n  B [Xx y.setof (memSLd istof (x), I istof (x\y))] 
select ■ [Xx. headd istof (x)i] 
singtn s [Xx. setof(cons(x,NIL))] 

IG 
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Uith regard to these definitions, it will suffice to note i 

i) NS is to be taken to be the null (or empty) set; 
ii) N' is the set membership predicate; 
i i i) XUY denotes the union of tne sets X and Y; 
iv) XDY denotes the intersection of the sets X and Y; 
v) %\' is the set subtraction operation; 
vi) ^select' is the choice function for picking elements 

from non-empty sets; 
vii) singtn(X) denotes the set with X as it's only element. 

HJ 
The definitions just given are the base set operations for which 

theorems have been proved in LCF (for this project). Appendix twelve contains 
theorems relevent .0 these operations. 

There are many theorems displayed in appendix 12 but consider how 
similar the following short collection of provable results is to the usual 
predicate calculus axioms for set theory. In fact, it is possible to prove all 
the other results of appendix 12 ( except those that mention the functions 
Nistof or *8etof') just from these theorems. Can, therefore, these sentences 
be taken as an alternate basis for a set theory In LCF? No! Two of these 
theorems have universal quantifiers in the assumptions and as noted earlier, 
only sentences with no assumptions are admissable as axioms. Note another 
disadvantage: none of the set operations are introduced by explicit 
def1ni 11 on. 

I 

[Ax. isseUxNTT.TT)  = a 

VX Y.   XtY-*TT.TT s a(XM i sset (YNTT.UU) ,UÜ 

lsset(Y)sTT.  VU.  WcX ■ UcY    )•     X = Y 

3(X)   s TT    H     XcK'S ■ FF 

VX Y.   subset (X.YMT.TT =  1 sset (XM isset (Y) VrT.UU) ,UU 

isset(X)=TTf   isset(Y)BTT,  Vti.  UeX::  UcYsTT    |-     subset (X,Y)sTT 

subset (X,Y)HTT    f-     VU.  UcX::  UcYsTT 

VU X Y.   Uc(XUY)   =   (UcX)^  lsset(Y}^TT.UU.   (U(Y)^TT.FF 

VU X Y.  Uc(X\Y)  ■  (UcX)-  (IJcY}-»FF,TT,   isset(Y)-*FF,UU 

VU X Y.  Uc(XnY)  >  (UcX)-*  (UcY)-*TT.FF.   isset (YNFF.UU 

VU X.  Ucsingtn(X)  a SOiM  i sset (X)-(U=X) ,UU) ,UU 

i" 
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There are some other very Important set operations which have been 
defined appropriately (see below) but (mainly because of lack of time) no 
riaorous development of their properties has been done. 

* I 

vfADEF 7.14 forSa [«G. US f fNS. (x4IS)-»fNS, f(select(x), 
G(x\5ingtn(select(x))If,fNS) ) 3] 

»VADEF 7.15 Un * [Xx.fcrS(x, [Xy :.yU=] ,NS)] 
**DEF 7.16 In H [XK.forS(x.[\y z.ynz],x)] 
ftADEF 7.17 reduces l\*  p. forS(x, [\y z.  p(y}-singtn(y)Uz,z],NS)] 
v.-v.-GEF 7. IS seq ■ [N* p. (reduce (x,pi =NS)-'FF,TT] 
**DEF 7.19 suq a [Xx p. reduce(x.|3)=x ] 
ft*DEF 7.20 PS i [aG.[Xx. forSix, [Ay z.G(x\y)Uz].singtn(x))]] 
*ADEF 7.21 Card» [Xx.forS(x,(Ay Z.Z+1J,8)] 

where, in words, 

i)  forS is just an important auxiliary function; 

i) Un{A)  is the n-way union of all the sets that are in X; 

ii) ln(X)  is the n-way intersection of the elements of X; 

v)  reduce(X,p)  is used to denote the set which in normal 
notation is written   { z | zcX A p{z) ); 

v) %seq' denotes Set Existential Quantifier & seq(X.p)sTT 
when there is a member of X which satifies predicate V 
and %p' is defined on the rett of the set; 

vi) *suq' denotes Set Universal Quantifier and seq(X,p)5TT 
iff predicate V IS ^ cn al1 elements of set X; 

vii) PS is the power set function; 

iix) Card is the cardinal ii.y function for sets. 

18 
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;; 

e 

;. 

Q 

8. CONCLUSION 

AXIOnATISATION TECHNIQUES. 

In this work certain techniques were used in axiornati sing various 
mathematical notions. To illustrate these we take an abstract example: 
"Axiomatise boops using the previously axiornatised notion of beeps !" 

Ue start working with the assumption that there will be things in the 
domain of individuals that are not boops . not beeps (which may overlap with 
the set of boops) and are not anything that is mentioned in the axioms that 
the "boop axioms' will depend on. This assumption means that many theorems 
about boops will have to be relativised but it also guarantees that we will 
be able combine such groups of axioms without fear of inconsistency. 
Relativisation is only possible if there is a predicate %isboop' which will 
be true only on boops. Ue will probably want 

3  a [Xx. isboop(x)-«TT,TT] 

to be true and if this is not provable from the other ""boop axioms' then 
thought should be given to making it an axiom. In the preceding sections this 
result was provable for issexp,isiist, introduced as an axiom for isint.isset 

but not even true for isnat. 

Then the various functions and predicates which are peculiar to boops 
are axiomatised paying special care to do so by means of explicit definitions 

wherever possible. 

DISJOINTNESS OF DOMAINS 

In the development of the environment so far, nothing has been said 
about disjomtness of lists and integers, say. Before the theories here 
developed as modules can be used usefully as a unified whole, ^ another axiom 
must be supplied to insure that any appropriate disjointness is provable. 

:; 

As an example of what is required in general, we give now an axiom 
that guarantees the disjointness of integers, S-expressions, sets and beeps:- 

Vx. isint(x)-» issexp ix)4JU, isset (x)-»UU, isbeep(x)-*UU,x 
issexp(x)-» isset(x)-UU, isbeep(x)-»UU,x 

isset(x)-> i sbeep(x)-»UU,x 
isbeep(x)-»x,UU    s x. 

19 
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PROJECT STATISTICS. 

The total line count for thfs proofs of the IQGO (approx.) thoorern& 
given in the appendices stands at about 28.830 using only those features of 
^version 1' LCF (that is the proof checker that is deeribed in the 1972 
manual [1]. The total cpu time used was about 53 hours and the human effort 
involved uas about 8 man-nonths (all of which uas spent at a 
time-sharing-systetn console). The figures for man and computer effort should 
be interpreted in light of the fact that much of the proving had to be 
re-done because of a revision of the axioms ( After about 15,383 lines of 
proof some improvements in the axioms were deemed essential and so about G 
man ueeks of effort  uas expended to alter the proofs). 

Q 
These statistics provide, ! believe, a valuable benchmark against 

which to measure the effectiveness of logics and aids for proof generation. 
It is proposed in the near future to use at least some of these proofs to 
gauge some proposed amendments to the input language of the proof checker. 

INCOnPLETENESS. 

Inspect ion 
Primeness immediat 
properties of fV' 
are given for some 
lists and sets, 
theorems for the 
incompleteness di 
to prove further r 
sake) has been 
reached. The futur 
accompli shed by 
the proofs. 

of the theorems 
ely reveals that the 

11 was also noted 
of the qui te import 
There are a1so, 
other    areas    whic 

ctates    that a user 
esults,*uork on expa 
stopped    because    th 
e development of    th 
i nd i v i duaIs enunc i a 

concerning the concept of Integer 
the ones given are only the trivial 
in sections G and 7 that no properties 

ant operations that are defined on 
undoubtably, many powerful and useful 

h remain unstated.   Although  this 
may in certain circumstances be obliged 
nding the theorem base (for its own 
e point of diminishing returns has been 
is mathematical environment will be 
ting theorems as required and supplying 

Another important reason for only adding (proved) theorems as they 
are needed is that a new version of the LCF checker will appear (sooner or 
later) and will incorporate features which will make the task of generating a 
proof more automatic and so much shorter. There is also the possibility that 
the typed logic will be replaced by the type free theory proposed by Scott 
and so the whole treatment would have to be redone (aside: this would take 
much less than the 8 man- months quoted here because the proof outlines are 
all done and the proof checker would be better - 3 months is an upper limit). 
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ö TO USE TH£ ENVIRÜNMENT, 

U 

Inevitably some readers ulll uant to wake use of theorems from the 
cippenciices of this report i," the Stanforci AI project PDPiß system. The axioms 
are located in a ',ile called AX1A on [TH.HAU and the theorems appear in a 
form which LCF can read in the file THRI1S on (TH.HAL . Note that a larcje 
proportion of theoreiiir 'lithcut assumptions are suitable for immediate 
inclusion in the SIlToET < for example VX, X+UU ■ UU ) although some ( such 
as the various commutative rules) mil cause non-termination of the 
simplification process. There arc actually more theorems in this file than 
Mill fit, with LCF. In the 30K of core currently available to jobs in the 
PDPIB system at Stanford, sc the user may have to prune a copy of THRHS to 
meet his needs. There will shortly be available a core image with a large 
selection of the most important theorems already read in (and moved to binary 
program space to reduce garbage collection time). 

THEOREn NAMES. 

LCF requires a name for every theorem (arbitrary alphanumeric 
identifier) but provides only one handle for access to a result - its name. 
Experience immediately suggests to the user that mnemonics will be an 
important ingredient in the organization of the environment and this is so as 
examples indicate:- 

POS0 - POS(0)HFF 

PLUSUX - VX. UU+X«UU 
TiriESBX - isint(X)sTT (■ 0*X=0 
ELTXNS - a(X)lTT |- X(NS«FF 

Q 

However, for the many objects ue have, mnemonic tags help only for a small 
fraction of the cases. Most theorems are not results which have words already 
associated with them (like associativity) and most have a good number of 
tokens in the assumptions and conclusion (combined). The author relied on a 
fairly complex system of mnemonic notions but names tended tc be long and 
absolutely unintelligible to anyone else. What can one do about theorems such 
as :- 

isinUUUTT h (U+X)>(U+Y) = X>Y 
X®Y=0, isinHUUTT \-  (X*U)«Y»8 
islist(X&Y)«TT |- islist(Y)BTT 
isseUXUTT, VW. UtXsUcY \-    X2Y 

to provide mnemonic significance without being so long that typing errors are 
encouraged unduly? It is apparent that proof generation should be written 
with more facilities to address theorems by their content and to have 
appropriate goal-directed procedures to search for the right theorem to 
apply. 
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ALGEBRAIC riANIPULATION. 

Another    situation uhere proof generation seemed unreasonably  tedious 
uas  uhere  an expression   involving operators uhich had    special     properties 
conimutat i vi ty    and    associativity  in particular.    A good example of   this  sort 
of  painful   proof ocurred  in trying to prove  the theorem 

(X+Y)A(X-Y)E(X-,VX)-(Y*Y). 

Ignore the problem of what happens whan X or Y are either undefined or simply 
not integers and suppose isint(X)ETT, isintiYJäTT . The steps in the proof 
are: - 

1) isint(X-.vX)=TT 
2) (X;vK)+ß=X>.vX 
3) isintlY-A-XlsTT 
4) (Y*XMY*X)«0 
5) VX Y Z. (X+Y)-Z«X+{Y-Z) 
G) VX Y Z. (X+Y)-.vZ£H.v.vZ) + iY-.vZ) 
7) VX Y Z. X-(Y+Z)B(X-Y)+Z 
S) VX Y Z. X+{Y+Z)«(X+Y)+Z 
9) ((X+Y)*X) - ((X+Y).,vY) = (X*X) - (YivY) 
10) VX Y Z. XA{Y-Z)a(XAY)-(X*Z) 
11) (X+Y)*(X-V)«(X*X)-(YftV) 

(BY 2.4.5:8) 

(BY 3.18) 

FUTURE WORK 

This research has given birth to a lot of suggestions about possible 
improvements to LCF. Before this isathamatlcal environment is expanded, 
therefore, a neu, more-automatic proof generator should be developed. When a 
neu one is produced, the body of theorems should be reviewed and expanded. 

The same sort of experiment is planned to give the same sort of a 
rigorous theory for a prograiiniing language. A suitable language (such as 
LISP, ALGOL) or a subset of a language ul II be taken and the semantics 
axiomatised using LCF. Then important theorems will be formulated and proved 
as time and imagination permit. 
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APPENDIX 1 Theorems depending on NO axioms. 

:S = XB = S a SSBBBXB 

I-       [AX .UU]   s UU 

o 
f-  VP . (P-»TT.FF) = P 
h  VP . (P-UU.UU) s UU 

AcX. BcX |- VP .   (P-A.B)  c X 

P-TT,UU=TT -     P B TT 
P^TT,FF=TT -  F = TT 
P-*FF.UU=FF -  P B TT 
P^FF.TT=FF -  P H TT 
P-UL1,TT=FF -     P = FF 
P-.FF,TT=TT | ■     P a FF 
P-.UU,FF«FF    | •  P = FF 
P-TT.FFHFF    I •  P = FF 
P-TT.TTsUU    } •     P s UU 
P-FF.FFFSUU    I •      P 5 UU 
P^TT.FFSUU    I •        P   5 UU 
P-FF.TTHUU    f •         P E UU 

P^FF.FFSTT |. •      TT E FF 
P-FF.UUETT    I- •  TT s FF 
P-UU.FFETT    }■ TT E FF 
P-TT.TT=FF    1- TT B FF 
P-TT.UU=FF |. TT = FF 
P^UU.TTsFF    ^ TT E FF 

P(UU)«TT   f- P s [Ax .TT] 
P(UU)BFF   I- P s [Ax .FF] 
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APPENDIX 2 - Theorems that follow from the propositional axioms. 

0 

» = = = CB:« ■■■«} esssse:  ■«■■  =si BMBS«■XKBBS=S  BS 

-TT = FF 
-UU s UU 
-FF = TT 

TTvTT 
TTvUU 
TTvFF 
UUvTT 
UUvUU 
UUvFF 
FFvTT 
FFvUU 
FFvFF 

TT 
TT 
TT 
TT 
UU 
UU 
TT 
LIU 
FF 

VP. 
VP. 
VP. 
VP. 
VP. 
VP. 

TTvP 
FFvP 
PvTT 
PvFF 
UUvP 
PvUU 

TT 
P 
TT 
P 
TT 
TT 

TTATT S TT 
TTAUU a UU 
TTAFF S FF 
UUATT = UU 
UUAUU E UU 
UUAFF ■ FF 
FFATT S FF 
FFAUU s FF 
FFAFF 5 FF 

VP. TTAP = P 
VP. FFAP S FF 
VP. PATT B P 
VP. PAFF = FF 
VP. UUAP C FF 
VP. PAUU C FF 

TT=TT 
TT=UU 
TT=FF 
UU-TT 
UU=UU 
L!U=FF 
FF=TT 
FF=UU 
FF=FF 

TT 
UU 
FF 
UU 
UU 
UU 
FF 
UU 
TT 
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APPENDIX 2 (continued) 

O 

I- VP. UU-P «uu 
I-  vp. p-uu - uu 

P-Ü B TT H P ■ Q 

h VP. M-P) i P 
j. RvQ E QvP 
|- VP Q R. (PvQ)vR a PviQvR) 
|- PAQ B QAP 
|- VP Q R. (PAQ)AR B PA(QAR) 

|- P-Q B Q-P 
h VP Q R. (P-Q)-R B Pn(Q=R) 

PAQBFF h P^X, (Q-«Y,Z) ■ Q-»Y, (P-»X,Z) 
PVQHFF I- P S FF 
PVQBFF I-   Q S FF 
PAQBTT h P = TT 
PAQETT I- Q S TT 

Ü 
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APPENDIX 3 Theorems that follow from the equality axioms alone. 

SX3KSS      SI 

(' 

I-    ^(UU)  ■ UU 
I-   VX. UU-X 5 UU 
I-    VX.  X-UU H UU 

CKXIBUU H 

a{X)«FF h 
X a UU 
TT s FF 
VX . a(X)-.X,X - X 

(>;=Y)5TT 
(X»Y)5FF 
a(X)sTT 

|. a(X) a TT 
|. d(X) a TT 
|. X-X = TT 
1-  vx . x-x ■ aix) 

(X-Y)=TT 
3(X)HTT. X 
X=Y3TT. Y-Z 
a(X)ETT. X- 
(X-Y)BTV 

(X-Y)«FF( X 

1- X a Y 
■ Y  |. X-Y B TT 
■TT  1- X^Z a TT 
YaUU h Y a UU 

1- Y-X B TV 
1- X-Y i Y-X 

cY   j- TT B FF 
aiXUTT.   XcY h    X 3 Y 
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APPENDIX 4    -    Theorems about Natural Numbers  (see section 4), 
■■■■    c        = :=3CBEB      ====- 

a)  Theorems which follow from axioms 4.2 to 4.8 alone: 

V, 

2(Q) B TT 
isnat(0) B TT 
succiß) ■ 1 
preci(l) E 0 
succ(l) s 2 
Z(l) a FF 
isnat(1) ■ TT 
preci(2) = 1 
Z(2) » FF 
isnat (2) a TT 
Z(UU) « uu 
i5nat(UU) a UU 

Z(X)ETT h X E 0 
isnat (XlsTT j- Z(succ(X)) a FF 
isnat(XlsTT r isnat{succ(X)) ■ TT 
isnat(X)BFF h TT - FF 

isnat (X)sTT. Z(X)BFF |- isnat (t:.red(X)) ■ TT 
isnatWeTT        f- pred(succ(X)) ■ X 
isnatlXlHTT, Z(X)BFF \   succ(pred(X)) BX 

isnat(X)ETT. isnat(Y)«TT, SUCC(X)ESUCC(Y) |- X ■ Y 

q(0)«TT, VX. isnat(X):! g(X):: g(succ(X) )«TT |- 
VX. isnat{X):: g(X)HTT 

b)    Theorems that use 4.1  to 4.8 and the equality axioms. 

isnat(X)aTT    \    a(X)  « TT 
Z(X)BFF I-    a(X)  a TT 
Z(A)BUU h   X a UU 

d(B) E TT 
3(1) a TT 
3(2)  a TT 
5UCC(U'Ü)   5  UU 
pred(UU)  a UU 
(1-3)  a FF 
(2=0)   B FF 
(2=1)   a FF 
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APPENDIX 5 Proof of an Induction Theorem for Natural Numbers. 

[ The proof is as supplied TO the proof checker. ] 
[ material in sciuare brackets is commentary. ] 
[   theorem THI is    Z(K)DTT |- Xig 

theorem TH2 is    \-  ZMlsTT 
theorem TH3 is    i snat (x) aTT.ZUUFF |- i snat (pred(x) )BTT 
theorem TH4 is    isnat UUTT.ZWaFF |- 8ucc(pred(x) )BX ] 

LABEL LI; 
ASSUflE g(0)sTT; 
ASSUME VX. isnaUXhi glX):: cj(5ucc(X) )BTT; 
GOAL VX. isnatlX):: isnat(X):: glXlsTT; 
TRY INDUCT {step no. of DEF 4.3} OCC 1,35 
TRY 1 SHIPL; 
LABEL L2; 
TRY 2 ABSTR;     [ Step .L2 is   VX. F(X): 
TRY 1 CASES Z(X): 
TRY 1 SiriPL; 
USE THI,-;    USE TH2: 
TRY SIMPL BY -,--,.LI; 

TRY 2 SiriPL; 
LABEL L3; 

TRY 3 CASES F(|jred(X)); 
TRY 2 SIMPL; 
TRY 3 SltlPL; 
TRY 1 CASES ienaUXh 
TRY 1 SiriPL; 
USE TH3.-,.L3; t 
APPL .L2.pred(X); SIHPL - BY --; 
USE TH4, ,.L3; 
APPL .Ll+l.pred(X); SlhPL - BY --,—,— 
TRY SIMPL BY -; 

TRY 2 SIMPL; 
TRY 3 SIMPL; 

isnat{X):: g(X)sTT ] 

[  ZIXIHTT  ] 

[  ZMiUU  I 

[ Z(X)sFF 
F(pred(X))-LiLI 
F(prüci(X))nFF 
F(pred(X)lnTT 

isnat(X)BTT 
isnat(pred(X))ETT 
[  g(pred(X))BTT 

[ 

[  g(X)sTT  ] 

[  isnat(X)EUU  3 
[  isnat(XIHFF  ] 

GOAL VX. isnat(X):: glXlsTT; 
TRY ABSTR; 
TRY i CASES Isnat(X); 
TRY 1 SiriPL; 
APPL —,X; SIMPL -; 
TRY 1 SIMPL BY -; 

TRY 2 SIMPL; 
TRY 3 SIMPL; 

THEOREM MATHIND: -; 

[  isnat (XIsTT  ] 

[  isnat(X)tUU  ] 
[  isnat (X)BFF  ] 

[ The theorem MATHIND is 
g(0)iTT, Vx. isnatWn g(x):; g(succ(x) IETT 

\-   Vx, isnat(x):: glxleTT    ] 

     I ■- ■■■ M .a^^a3^ua.»k^»a»^^w—>— - - ■ ^ -- • ---     
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c 

0 

;. 

Q 

:; 

APPENDIX 6 - Theorems that follou from axioms 5.1 to 5.8 
■ «SBBX^B  C     =     BSVBBmSBB  =3BB  ■■•■■■  BB  BBSBBBBB  ■  BBB  BBC 

(together with axioms of sections 3 and 4). 

h posO)  i FF 
h pos(l)  « TT 
h pos(2)  > TT 
h pos(UU)  m uu 

isint(X)«UU 
isint{X)sTT 
pos(X)sTT 
pos(X)5FF 
isnat(X)sTT 
i sint (tnns(X) 
isint(X)3TT 

iTT 

isint(UU)  « UU 
X B UU 
a(X)  s TT 
isintlX)  a TT 
isirtiX)  = TT 
ir,lnt(X) a TT 
isinUX)  = TT 
isint (r,ins(X)) 
leint(0) ■ TT 
isint(l)  a TT 
isint(2)  ■ TT 

s TT 

isint(X)»TT 

isintlXlsFF 

|- mnsiO)  E 8 
}■ mns(mns(X))  i 
I- mnslUU)  « UU 
h inns(X)  ■ UU 

i6int(X)5FF 
POS(X)HFF,  pos(mn8(X))»FF 
pos(X)sTT 
pos(nins(X))BTT 
i5nat(X)fiTT,  POS(X)BFF 

isnatCXlsTT.  Z{X)BFF \- 
isnat (mns(X) )BTT |- 
pos(mns(X) )aTT |- 
pos(tnns(X))BFF.  Z{X)BFF |- 
pos(X)=TT |- 
pos(X)aFF,  Z(X)BFF f- 
isint(X)xFF 

h 
FF Z(X)   B 

X a ß 
Z(X) s 
Z(X)   a 
X   £   0 
VX.  Z(nins(X))i.iisint(XNZ(X).UU 

FF 
FF 

poslXi 
posIX) 
posIX) 
pos(X) 
posdiins 

B TT 
■ FF 
a FF 
H TT 
(X)) 

pos(iiins(X)) 
I-   pos(X)  £ UU 

FF 
TT 

Z(mns(X))«TT    |- 
po3(X)aTT |. 
pos(XUFF H 

x B a 
isnat(X)  a TT 
isnat(mns(X))  B TT 

    MMMMM 
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APPENDIX G (continued). 

r. 

\c 

. 

SUCC(X) a UU 
pred(X) a UU 
pred(succ(X)) E X 
succ(pred(X)) a X 
posisucciX)) E TT 
poslpred(X)) B FF 
isint(succ(X)) B TT 
isint(pred(X)) a TT 
isint(X) ■ TT 
isint(X) B TT 
VX 
VX 

isintlXlsFF 
isint(X)5FF 
isint(X)ETT 
isinUXUTT 
pos(X)sTT 
poslXlsFF 
sint{X)sTT 
sintCXlsTT 
sinUsuccCXnsTT 
eint(pred(X))»TT 

POS(X)EUU.   i8int(X)«TT 
nins(X)5UU.   isinUXUTT 
pred(X)«UU,   isintlXlsTT 
succ(X)«UÜ,   islnt(X)«TT 

g(3)STT.  Vx.isint(K)::g(x)sg{succ(x))    |.   VX.   isint(X)::  g(X)  s TT 

g{3)Eh(3).      VX. isint{X)::a{g(X))iiTT.      VX. l8int(X)«»a(h(X))«TT, 
VX.   isint{X)::   (g{X)-h{X))s: gUucc(X))  « h(eucc(X)), 

VX.   isint(X)::((g{X)-h(X))::  glpracKX))  Eh(pred(X))      |. 
VX.   isint{X)::  g(X)  ■ h(X) 

sued ii,ns(X)) ■ mns (pred(X)) 
pred mnsCX)) ■ mns (succ(X)) 

h TT ■ FF 
1- TT E FF 
1- TT ■ FF 
1- TT . FF 
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u 
APPENDIX 7    -    Theorems about the operations of arithmetiC4 
■ SBBSBKB    m       m        umummmmK    mmetKX    Ka=    ssnmamsmuum    Bm    mmwmmmmamsm 

( uses the axioms of sections 3, 4 and 5 ). 

a)  Consider first the arithmetic of + and 

U 

• . 

I- VX. X+UU i uu 
I- VX. uu+x ■ uu 
I- VX. x-uu ■ uu 
I- VX. UU-X i uu 

i sint(X)EFF 

isint(Y)sFF 
isint(X)sFF 
isintmsFF 

isintlXUTT 
isintlXlaTT 

isinMXUTT 
isint(X)=TT 
isintiXlsTT 

VY. X+Y 2 UU 
VX. X+Y a UU 
VY. X-Y ■ UU 
VX. X-Y H UU 

X+0 e X 
x-a B x 
VX. X+l H succ(X) 
VX. X-l = precl(X) 
X+rnns(X) = B 
nins(X)+X = C 
X-X E 8 

j. VX Y. succCO+prediY) = X+Y 
I- VX Y. pred(X)+succ(Y) B X+Y 
I- VX Y. succ(X)+Y m  :-.:+succ(Y) 
}■ VX Y. pred(X)+Y > X+prediV) 
|- VX Y. succ(X+Y) a X+succ(Y) 
f- VX Y. succ(X+Y) ■ succ(X)+Y 
1- VX Y. pred(X+Y) ■ A+pred(Y) 
}• VX Y. pred(X+Y) ■ pred(X)+Y 

isintlXlsTT, isint(Y)«TT \- 
i sint (X+Y)ETT f- 
isint(X+Y)«TT H 

isint(X+Y) B TT 
isint(X) 3 TT 
isint(Y) m  TT 

I-  VX Y Z. (X+Y)+Z s X+(Y+Z) 

isint{X+U)aTT. X+UBY+U (•  X ■ Y 
isintiXl-TT 0+X s X 

VX. 8-X H nins(X) 
VX. 1+X = succiX) 
VX . 1-X B innsCprecKX)) 
X+Y ■ Y+X 

f-      VX Y.   nins(X+Y)  B mns(X)+r,ins(Y) 
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APPENDIX 7  (continued). 

<- 

[.      VX Y.   succ(X)-Y * X-precilY) 
|.     VX Y. pred(X)-Y ■ X-succ(Y) 
1-     VX Y.  succ(X)-6ucc!Y)  3 X-Y 
|-     VX Y. preeHX)-pred(Y) = X-Y 
|-      VX Y.  nins(X-Y)   B Y-X 
1-      VX Y Z.   X-{Y-Z)   s   (X-Y)+2 
}•      VX Y Z.   X-(Y+Z)   s   (X-Y)-Z 
H      VX Y Z.  X+(Y-Z)  a  (X+Y)-Z 
|-      VX Y.  succ(X-Y)  ■ X-pred(Yi 
1-      VX Y.   succ(X-Y)  > succ(X)-Y 
[■     VX Y.  pred(X-Y)  B X-SUCC{YJ 

1-      VX Y .   pred(X-Y)   3 pred(X)-Y 

isinUXUTT.   isint(Y)«TT    \-      isint(X-Y) a 

ieint(X-Y)«TT                       |-     isint(X) ■ TT 
isint(X-Y)BTT                        1-      isinUY)  s TT 

TT 

X-YE0    h     X = Y 

b)    Non theorems  from the defn.  of multiplication. 

U 

h VX. x*uu 3 uu 
h VX. uUftX = uu 

•rsint(X)sFF y VY. X*Y S UU 
isint(Y)»FF h VX. X*Y s UU 

isint(X)sTT h XftB ■ e 
l8lnt(X)»TT h Xftl E    X 

isinUXUTT,   isint(Y)«TT    h 
isint(X,vY)>TT |. 
isinUXÄYliTT |- 

i5int(X*Y)  H TT 
isint(X)   > TT 
isint(Y)  s TT 

i s 

is 

VX Y. X*Y »  (X*pred(Y))+X 
VX Y. X-,vsucc(Y)  a   (X*Y)+X 
VX Y. X-,vpred(Y)  s  (X*Y)-X 

nt(X)sTT \-      e*X E B 
VX Y. X-,vY s  (pred(X)*Y)+Y 
VX Y. BUCC(X)«Y s (X-,vY)+Y 
VX Y. pred(X)*Y s (X*Y)-Y 

X*Y s YAX 

nt(X)«TT h     IftX 3 X 
VX Y. nins(X)-;;Y a mns{X*Y} 
VX Y. Xvvmns(Y)   a mnsMvY) 
VX Y. tnn8(X)*mn8(Y) 5 X^Y 

-.. ..,-...—.^.iw^—^J..J_- 
        ■—  -■        1 
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APPENDIX 7 (continued). 

y     VX Y 2. Xft(Y+Z) ■ (XAY)+ (X-AZ) 

|.     VX Y Z.  X,v(Y-Z)  ■ (X*Y)- (XrtZ) 
h     VX Y Z.   (X+YhvZ B (X-.vZ) + (YA-Z) 
h     VX Y Z.   (X-Y)*Z ■ (X-,vZ)- (Y-,vZ) 
h     VX Y Z.   (X*Y)*Z > X*{Y*Z) 
1-     VX Y.   (X+Y)*(X-Y) >  (XAX )-(YAY) 

isnat(X)sTT,   isnatmsTT isnat(X+Y) > TT 
pos(X)HTT.  pos(Y)3TT pos{X+Y) H TT 
pos{X)5FF.  POS{Y)HFF P05(X+Y)    H FF 
posiXUTT,  pos(Y)«FF pos(X-Y)  ä TT 
pos(X)sFF,  pos{Y)iTT po5(X-Y)  s FF 
isnat(X)«TT.   isnat(Y)aTT isnat(X,vY) s TT 
po5(X)=TT,  POS{Y)HTT pos(X-,vY)  3 TT 
pos(X)3TT.  pos(Y)5FF pos(X-,vY)  s FF 
pos(mns(X))«TT,  poeimnsi Y)).TT pos(XAY)  ■ TT 
pos(l-X)sTT,   isnat(X)aT7 X a 0 

c) Now add the division operator. 

h VX.  X/UU 3 UU 
I- VX .  X/8 a UU 
h VX.  UU/X a UU 

isinMXUFF    h VY.  X/Y - UU 
isint(Y)EFF    h VX.  X/Y B UU 

isintmsTT,  Z(X)BFF \-     8/X a 3 
IsintmaTT,  Z(X)aFF |-     X/X s 1 
pos(Y-X)aTT,   isnat(X)aTT H     X/Y a 0 

Vy.   isnat(y)::   [ah. [Xw.Z(w)-*TT.g(pred{n)Nh{pred(w)) ,UU]] (y): s  g(y)BTT 
I-     Vz.   isnat(z)::  g(z)  a TT 

pos(X)sTT,   [ah. [Xw.Z(w)-TT, f (pred(w)Nh(pred(w)) .UUJ] (X)aTT 
I-   VY.   isnat(Y)::  po6(X-Y)j:   f(Y)   * TT 

isnaUX/Y) a TT 
isintiX/Y)  B TT 

l$nat(X)«TT, pcs(Y)aTT }■ 
isintlXlaTT.   isint{Y)ETT.  Z(Y)BFF    (• 

I- VX Y. mn5(X)/Y a inns (X/Y) 
|. VX Y, X/mnsCY) a nins(X/Y) 
I-     VX Y.  mns{X)/nins(Y)  a X/Y 

leint (X/Y)»TT |-  Isint(X) a TT 
isint(X/Y)aTT |-  Z(Y) ■ FF 
isint(X/Y)BTT I-  isint(Y) a TT 

isnat(X)sTT, pos(Y)=TT, isnat(U)=TT |-  {(XftY)+W)/Y a X+(U/Y) 
isint(X)aTT. isint{Y}aTT, Z(Y)aFF   |-  (X*Y)/Y a X 
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APPENDIX 7  (continued). 

d)     The mod operator  («)   is remainder on division. 

isintlXUFF 
isintmaFF 

VX. 
VX. 
VX. 
VY. 
VX. 

XeUU m  UU 
X«.8 E UU 
UUoX H UU 
X&Y = UU 
X»Y s UU 

isint(X)äTT, Z(X)sFF [■ 0oX 3 3 
isint(X)sTT. Z(X)aFF h XoX a 8 
isnat(X)BTT, pos(Y-)*wTT f-  K»Y ■ X 

|.  VX Y. nins(X)«>Y s nins(XsY) 
[■  VX Y. X4.mns(Y) a X©Y 
I-  VX Y. ninslXlsmnslY) ■ nins(XoY) 

i8int(X)«TT, isint(Y)iTT. 2(Y)EFF 
isint(Xs>Y)«TT 
isint(X®Y)«TT 
l8lnt(X»Y}«TT 

l8lnt(X)«TT,  isint(Y)»TT. Z(Y)EFF 
isnaUXUTT,  poslYlsTT,   i5nat(U)3TT 

|-     VX Y.  XoY ■ Z{Y)-.UU.  Z(X)-{isint(Y)-.0,UU),   (pos(X)-»  (pos(Y)' 
(pos(Y-X)-«X. (X-Y)<sY).    X«inn$tY)),    mns(nins{X)©Y)   ) 

j.      VX Y.   (X»Y)»Y s X*Y 
|.     VX Y,   (X/Y)*Y 3 K-(X»Y) 

h •tsint(X®Y)   a TT 
h isinUX)  a TT 
[ Z(Y)  a FF 

y isint(Y)  a TT 

h (X-,',-Y)®Y a 0 

h ((X*Y)+U)»Y a U 

isnat(X)sTT. isintlYlaTT, Z(Y)=FF f- 
isint(X)sTT. isint(Y)aTT. Z(Y)=FF |- 
isnat(X)aTT. isnat(Y)aTT h 
(X/U)-(Y/U)a0. (XoU)-{Y«U)s0 

i5nat(X«.Y)   a TT 
((X/Y)*Y)+(X»Y) a X 
VU.   tX+Y)tU ■  ((X®U)+(Y®U) 
X a Y 

©U 

isint(U)aTT.   isintlYlaTT,   Z(Y)5FF,  14«Y»{U+X)»Y 
X®YE0.   isint(U)3TT    \-      (X-.vU)cY ■ 0 
X»Yi0,   l8int(U)«TT   |-     (U*X)«Y a 0 

h  X«Y a 0 

e)  Relational operators (>,>). 

I- VX . X^UU « UU 
|. VX . UU>X a UU 
I- VX . X>UU a UU 
I- VX . UU>X a UU 

35 

Ihtaltäi ■ —■ 

•-■——■■■---"•■-■- 

■ ,.J,l.M...^>--.--^^-..-.     ■   -      -      ..      ...■!. iiiiMMliMMiiiili 



"■"■•^ mmi ' ! "-" »• "■■■, IPS^^pi 

APPENDIX 7   (continued). 
U 

O 

i6int{X)EFF 1- VY . X2Y B UU 

islntm-FF h VX . X^Y « UU 
lilnt(X)«FF 1- VY X>Y a UU 
lsir.tm-FF \- VX X>Y a UU 
XiY ■ TT   [■ isint(X) B TT 
X^Y B  TT   h isint(Y) B TT 
X>Y ■ FF   1- isint(X) s TT 
X>Y ■ FF   y isi it(Y) a TT 
X>Y m  TT   1- X>Y ■ TT 
XiY E FF   h X>Y B FF 
X>X s TT   h TT B FF 
XiX ■ FF   h TT ■ FF 
X>YBTT. Y>XHTT h TT a FF 
X^YEFF, Y>XSFF h TT B FF 

isint(X) i TT. i s i n t(Y,) s TT. X>Y a UU 1-  TT a FF 

isint(X) i TT. i sin t(Y) a TT. X>Y ■ UU h  TT ■ FF 
X>YHTT. Y>XBTT X > Y 
Y>X 3 FF XiY s TT 
Y^X a FF X>Y a TT 
Y>X E TT XiY • FF 
YäX B TT X>Y s FF 
U>XBTT, X>YB

T
T U>Y B TT 

UäXsTT. X>Y=1T U>Y s TT 
U>XETT, X>Y=TT U>Y 3 TT 

U>XsTT. X>Y5TT U>Y 5 TT 

isint(X) s TT X>X a TT 
isint(X) s TT X>X 3 FF 

VX . pos(X) 3 X>0 

pos(X) s TT X>0 3 TT 

X>3 3 TT poslX) a TT 
VX Y . (X-Y)>0 s X>Y 

isnatiX-Y) ■ T T |. X>V ■ TT 
isnatlX) ■ TT X20 a TT 
isnat (nins(X))3 TTh X>0 a FF 
X>Y E TT lenat(X-Y) 3 TT 
X;>0 H TT isnat(X) = TT 

VX . posCO a B>nins(X) 

0>X a TT poslX) a FF 

|-  VX . X>0 a 0>nins(X) 
U  VX . X>B « 0>iiin6(X) 
f.  VX Y . rnns(X) >mns(Y) a Y>X 

U  VX Y . inns(X) >nins(Y) s Y>X 

(•  VX Y . X2 succ (Y) B X>Y 
|.  VX Y . Xs preci(Y) e X>Y 
V      VX Y . pr eci(X)>Y 5 X>Y 
|.  VX Y . succ{X)>Y i X>Y : 

3G 

*_ 



 __— T mm iwm mm wmmmmmmmmm^immmimmmmmm i \umf 

tj 

APPENDIX 7  (continued). 

f)  The relational  operators and arithmetic. 

u 

. 

Q 

isint(X) B TT -  VY . (X+Y)>X B Y^0 

iSintiY) a TT -  VX . (X+Y)>Y a X>0 

isint(X) ■ TT -  VY . (X+Y)>X a Y>0 
isint(Y) > TT h  VX . (X+Y)>Y s X>0 
isint(X) a TT h VY . (X-Y)aX a 0>Y 
isint(X) a TT h  VY . {X-Y)>X = 3>Y 

X>0 a TT h  VY . (X»vV)>X a Y>1 
Y>0 E TT h  VX . (XAY)>Y a X>1 
X>0 H TT h  VY . (X*Y)>X s Y>1 

Y>0  TT h  VX . (XAY)>Y a X>1 
X>BBTT, YälsTT h  X>{X/Y) E  TT 
X>0=TT. Y>1=TT |.  X>(X/Y) 5 TT 

Y>0STT, X>0HTT h  X>(Y&X) s TT 

isint(U) a TT 1-  VX Y . (X+Ub (V+U) a X>Y 
isint(U) a TT }•  VX Y . (U!+X)>(U+Y) a X>Y 
isintdJ) a TT 1-  VX Y . (X+U)2 (Y+U) a X2Y 
isinUU) a TT h  VX Y . (W+X)J (U+Y) a X>Y 
IsintlU) 5 TT 1-  VX Y . (X-U)> (Y-W) a X>Y 
Isint(H) s TT |-  VX Y . (U-Xb (U-Y) a Y>X 
isint(U) a TT |.  VX Y . (X-U)t (Y-U) E X>Y 
isint(U) a TT |-  VX Y . (W-X)J •(U-Y) a Y>X 
U>0 H TT |-  VX Y . (X-.vU)5 .(Y*U) a X>Y 
U>0 a TT [.  VX Y . (U*X)s (UäY) a X>Y 
14>0 a TT 1-  VX Y . (X-.vU): :(Y*U) s X>Y 
U>0 s TT [•   VX Y . (WAX): :(UftY) a X>Y 
X>Y3TT( U>03TT 1-  (X/Ui>(Y/U) ä i TT 

(X/U)>(Y/U) ■ T T. U>8 a TT f.  X>Y a TT 

U>0 a TT, X>0 a .TT. Y>X a TT [■  (ll/X)^(U/Y) 

(U/X)>(U/Y)«TTI U>3ETT. Y>0HTT h  Y>X a TT 

X>0sTT, Y>0=TT 1-  (X+Y)>0 s TT 
X>0STT. Y>0£TT f.  (X+Y)>3 s TT 
X>0ETT, Y>0=TT |-  (X+Y)>0 E TT 
X>3=TT, Y>0=TT j-  (X+Yi>0 a TT 
X>0aTT, Y>0ETT \-      (X,vY}>3 s TT 
X>0=FF. Y>0=FF |.  (X-A-Y)>3 £ TT 
Y>0 H TT j-  VX . (X^Y)^ s X>0 

Y>0 = TT |-  VX . (XAY)>0 a X>0 
0>XsTT. 0>Y«TT \-      {X-.vY)>0 = TT 
X>0sTT. Y>0aTT f-  (X/Y)>0 = TT 
Y>0 a TT |>  VX . (X/Y)>0 B  XsY 
X>0aTT, isint(\ )«TT, Z(Y)aFF j-  (X»Y)i2 ■ 1 
(X©Y)>0 a TT |>  X>0 a TT 

TT 

TT 
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APPENDIX 7 continued). 

g) The factorial operator. 

Fac(UU) • UU 
isint(X)äFF Fac(X) B UU 

Xäß a FF .  Fac(X) a UU 
• FaclO) ■ 1 
.  Fac(l) B 1 
• Fac(2) ■ 2 

X>0 £ TT •  Fac(X)>0 s TT 
a(Fac(X))«TT .  X>0 = TT 

X^O E TT -  Fac(X+l) - (A+1)*F 

X>0 » TT -  Fac(X)®X s 8 
Y>03TT, X>YH TT \.     Fac(X)»Y a 3 
Y>0sTT, X>Yi TT (.  Fac(X)3Fac(Y) s 0 

Y>0aTT, X>YB TT P  Fac(X)>Fac(Y) a TT 

h) The oddness and evenness predicates. 

isintlX) a FF 
isintiX) a FF 

even(X) s TT 
evenlX) a FF 
odd(X) E TT 
odd(X) a FF 
evenlX) E UU. 
odd(X) a UU . 
isinHX) a TT 
isintlX) a TT 

even(X) a TT 

h 
h 

y 
h 
I- 
h 
I- 

even(UU) 
odd(UU) 
evenlX) 
odd(X) B 

a UU 
i UU 
. UU 
UU 

even a [>,x 
odd s [Xx 
isintlX) s 
isintlX) 5 
isint(X) E 

isintlX) s 
i'sintlX) E TT 
isintlX) E TT 

.(oddlxNFF.TT)] 
levenlx)-.FF,TT)] 
TT 

I- 

evenlX-.v2) 
evenl2'.vX) 
VX . 
VX 

TT 
TT 
TT 

|-  TT E FF 
I-  TT a FF 
s  TT 
a TT 

evenlmnsM) s evenlX) 
odd(tnnslX)) s odd IX) 

evenlX+1) =  FF 

I- 

h 
I- 
I- 
I- 

even 10) =  TT 
odd 10) s FF 
even 11) ■ FF 
odd 11) a TT 
even 12) a TT 
odd 12) a FF 
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APPENDIX 7  (continued). 

i)   The  ^Look' operation. 

P(UU)EUU   h     VF .  Look(UU,F.P)  ■ UU 
P(X)iFF      h     Look(X,UU.P)  a UU 

\-     VX F .  LooklX.F.UU)  a UU 
P(X)BTT      h     VF .  Look(X.F,P)   B X 
VX.  P(X)cFF h      VX F .  Look(X.F;P) 
P(K)BFF, F(X)»X    I-     LooMX.F.P)  • UU 

UU 

j)   The bounded ciuantifiers -  'buti'  and %beq'. 

FF 
FF 

I-  VY P 
I-  VX P 

X>V B FF 
i sint(X) ■ 
islnt(Y) a 
X>Y a TT 
isint(X) > TT 
buq(X,Y,P)«TT 
buq(X.Y,P)£TT 
buq(X,Y.P)EFF 
buq(X,Y,P)«FF 

buq(UU,Y,P) E UU 
buqiX.UU.P) E UU 

buq(X.Y.UU) = UU 
VP . buq(A.Y.P) ■ UU 
VP . buq(X.Y.P) ■ UU 
VP . buqiX.Y.P) a  TT 
VP . buqiX.X.P) H P(X) 
isint(X) B  TT 
isint(Y) 5 TT 
isintlX) 5 TT 
isint(X) s TT 

|.  VY P . beqOJU.Y.P) s UU 
I-  VX P . beq(X.UU.P) s UU 

X>Y H FF     I-  beq(X,Y(UU) = UU 
islnt(X) ■ FF I-  VP . beq(X.Y.P) s UU 
isintlY) ■ FF I-  VP . b«|(X,Y,P) B UU 
X>Y s TT     h  VP • beq(X.V.P) B FF 
isint(X) a TT h  VP . beqCX.X.P) a P(X) 
bec|(X,Y.P)»TT \-      isint(X) = TT 
beq(X,Y,P)«TT \-       isintlY) a TT 
beq(X,Y,P)«FF |-  isint(X) a TT 
beq(X.Y.P)EFF \-      isint(X) H TT 

k) The primeness predicate for integers. 

•       PHUU)   a UU 
isintlX)   s FF    | • PHX)  s UU 

• Pr{8)   5 FF 
• Pr(l)   a FF 
• Pr(2)   3 TT 

Pr(X)   = TT isintlX)  = TT 
Pr(X)   a FF • isintlX)  a TT 

• VX . PrdnnsCX)) PrIX) 

23 
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APPENDIX 8 - Basic Theorews about S-expressions. 

( depends on the equality axioms plus B.l - G.10 ). 

ii.sexp(UU) B UU 
atomlUUJ ■ UU 
null(UU) ■ UU 
head(UU) ■ UU 
tall(UU) a UU 

atoni(X) B TT j. 
atoni(X) ■ TT j- 
issexp(X) s UU h 
atoni(X) ■ UU I- 
nulKX) ■ UU h 

issexp(NlL) 
a{NIL) a TT 
null(NIL) E 

atoin(NIL) E 

head(NIL) E 

tail(NIL) a 

headiX) a UU 
tail(X) E UU 
X s UU 
X ä UU 
X a UU 

TT 

TT 
TT 
UU 
UU 

iesexpM) ■ TT |- 
issexp(X) = FF I- 
atom(X) « TT [• 
atoni(X) a FF |- 

3(X) a TT 
OCX) a TT 
3{X) s TT 
a{X) a TT 

null(X) s TT h  X s NIL 
issexp{X) s FF I-  null (X) s FF 
atoni(X) s TT , issexp(X) a TT |-  null(X) ■ TT 
atoni(X) s FF |-  nul I (X) = FF 

i ssexp(X) = FF 
issexp(X) a TT 
atorn(X) a FF 
atoni(X) 3 TT , 

|-  atoni(X) = TT 
, null(X) ■ FF [•  atoni(X) a FF 

|"  issexD{X) a TT 
null(X) = FF   j-  IssexpCX) a FF 

a(head(X)) 
8(tall{X)) 

TT V 
TT h 

atoni(X) = FF 
atoni(X) 3 FF 

I-  VX . cons(X,UU) a UU 
f-  VX . cons(UU,X) a UU 

3(Y) a TT 
8(X) 3 TT 

atom(X) ■ FF 
atoni(X) a FF 

I- VX . head (cons (X.Y)) 
I- VY . tail (cons(X,Y)) 

I- 3(head(X)) a TT 
I- 3(tail(X)) a TT 

a X 
a Y 
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APPENDIX S (continued). 

0 

headW • UU |-  atom(X) c TT 
tail(X) ■ UU I-  atoni(X) c TT 

a(X) = TT , 8(Y) B TT 
8(X) s  TT . 8(Y) s TT 
a(X) > TT . J{Y) m  TT 
8(cons (X, YD ■ TT 
a(cons(X,Y)) ■ TT 

issexp(con8(X,Y)) ■ TT 
null(cons(X.Y)) ■ FF 
atom(cons(X.Y)) ■ FF 
3(X) a TT 
3(Y) ■ TT 

Q 

\o 

: 

h     V\ . a(head(X)) > a(tail(X)) 

head(X)  ■ X    |-     X » UU 
tail(X) • K   |.     X > UU 

null(conf(X,Y)) * TT h    TT ■ FF 
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APPENDIX 3    -   Ea'bic Theorems for Lists. 

(  ciKione iic.eil ufre the- ©ciuolily .i-t.-.n^ Hith C.l   - L..11   ). 

• 

o 

I-    i'..ii-.tiNiL) ■ n 
j.  i&l istdJU) = Uli 

i si ist (X) a FF 
i ssexp(X) s FF 
i sii st IX) a TT 
i sli st (X) = FF 
islist(X) s TT 
isl ist(X) 9 TT 
a(X) ■ TT 
islist(X) s UU 

null(X) = FF 
isl ist(Ki ^ FF 
a(X) s TT 
8(Xi = TT 
issexpiXi H TT 

nul l (X) 2 FF [■  atowCX) a FF 
VY . l8llst(cons(X,Y)) = islistiY) 
X = UU 

isüst(tail(X)) E TT \-      isl Ist(X) E TT 
islist(X) > TT , null(X) 9 FF |-  islistltai I (X)) - TT 

g(NIÜ  = TT . 
VX Y .   c"(X)   ::   islistii)   ::   glY)   ::   cjkonifX, Y))   5 TT 

I- \'.<  .   isl ist (X; :: cj(X) ■ TT 

VX . atom(X) :: y(XJ s TT . 
VX Y , y(X) :: g(Y) :: y^onslX.Y)) ■ TT 

I-  VX . ri(X) :: cj(X) a  TT 

, 
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APPENDIX 10    -    Theorems about  the  list operations of section G. 

( rely on the axiome of section 3  (equality) also ). 

a)  Concerning  Vev'  and the auxiliary function Vev2' 

r> 

o 

i: 

h 
h 
h 

h 
isl 
isl 
isl 
isl 
ci(r 
a(r 
cKr 
isl 
isl 
isl 
isl 

h 
h 

isl 

VX .   rev2{UU.X)  * UU 
revlUU)  5 UU 
VX .  rev2(X,UU)  E UU 
VX .  rev2(NIL.X)  s X 
VX .  rev2(X,NlL)  a rev(Xl 
rev(NlL)  ■ NIL 

ist(X) B FF 
ist(X) i FF 
ist(X) s TT 
ist(X) ■ TT 
ev2(X.Y))  « 
ev2(X,Y)) 
ev(X)) 
ist(X) 
i5t(X) 
ist(X) 
i6t(X) 

VX . 
VX Y 

ist(X) 

TT 
TT 
TT 
TT 
TT 

h 
, am 

h 
TT h 
TT h 

VY  .   rev2(X.Y)  = UU 
rev(X)   s UU . 

d(rev2(X,Y)) 
s TT 
■ TT 

TT « TT  y 
a(rev(X)) 
islist(X) 
a(Y)   a TT 
isllot (X)   a TT 

islisHV)  » T1    h     rev(rev2(X.Y)) 
|-      rev(rev(X))  ■ X 
|-      VY  .   isllft(rev2(X,Y))   ■  islist(Y) 
I-     ItlleUreviX)) • TT 

rev (cons (X.NIU) ■ consCX.NIU 
.  rev(cons(X,cons(Y,NlL)))  ■ cons(Y,cons(X,NIL)) 
■ TT        h     null(rev(X))  s null(X) 

rev2(Y,X) 

b) Concerning the *4' (append) function. 

islist(X)5FF 

islist(X)aTT 

islist{X)aTT. 
i5list(X)«TT 

islist(X}aTT, 
lsli8t(X)»TT 
a(X&Y) a TT 
a(X&Y) = TT 
islist(X)3TT, 
islist(X)5TT, 
X&Y a  NIL 
X&Y a NIL 

VX . UU&X a UU 
VX . UUU  a UU 
VY . X&Y 3 UU 
VX . NIL&X a X 
X&NIL a X 
VX Y . X&V = rev2(rev(X),Y) 

(Y)ETT I-  3 (X&Y) > TT 
VY . isl IsUXiSY) a isl isttY) 
VX Y . cons(>;.NIL)&Y ■ cone(X,Y) 
VX Y . rev(X&Y) B rev(Y)&rev(X) 
VX Y .  P8V(X&con8(Y,NIL))  a cons(Y.rev(X)) 

(Y)BTT   I-     heacl(X&Y) ■ null (X)•♦head(Y),head(X) 
tai I (X&Y) = nul i (X)-*tal l (Y). (tal I (X)&Y) 
islist(X) a Tl 
3(Y) a TT 
l(X)aFF. 3(Y) 
I(Y)EFF 

X a NIL 
Y a NIL 
VX Y Z 

nul 
nul 

=TT nulI(X&Y) 
nulI(X&Y) 

a FF 
= FF 

(X&Y)SZ a X&{YSZ) 
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APPENDIX 10  (continued). 

c)  Proper ties of   ^ANDn.ap'  and  YJRM.II/. 

I- Vp 
islistlXl.FF h Vp 

F Vp 
islistiXlsFF f- Vp 
p{X) = UU   |. VY 
pCX) B UU        h VY 

ANDwaplUU.p) ■ UU 
ANDmapIX.p) ■ UU 
ORiiiap(Uü.p) a UU 
ORnapiX.p) s UU 
ANDiiidp(cons{X,Y),p) ■ UU 
ORr,iap(cons(X,Y).p) E UU 

8(X) E TT 
a(X) = TT 

h Vp . A,,Dniap(NiL.p) s TT 
|- Vp . ORr.iap(ML.p) B FF 
I- Vp . ANDmap(cons(X,NIL),p) E p{X) 
H Vp . ORmap(cons(X,NIL),p) B p(X) 

h 

h 

i si ist(X) s TT 
isl ist(X) s TT 
nulI(X) s FF 
nui I (X) E FF 

ANDmap (X.pMT.TT ? TT 
ORmap (X,p)-»TUT s TT 
ANDmap(X,p) 2 FF 
ORmap(X,p) s TT 
ANDmap(X.p) s  TT, p{X) B TT. 3(X) 
p(X) B FF, isl ist(cons(X.Y)) a TT 
ANDmap(Y,p) B FF, p(X)-»3(X) ,£I(X) a TT 
ORi,Kip(Y.p) ■ FF, p(X) 8 FF. jiX.i 9 TT 
p(X) m  TT. islistCconsCX.Y)) s TT 
ORmap(Y,p) = TT, p(X)^3{X),3(X) s TT 

TT 

h 
h 

ANDmap(con 
ANDmap(con 
ANDmap(con 
ORmap(cons 
ORmap(cons 
ORmap(cons 

B(X,Y) 

s(X,Y) 
8(X,Y) 
(X.Y), 
(X,Y), 
(X,Y), 

,p)»rT 
.P)BFF 

.P)HFF 
P)BFF 

P)BTT 

p)sTT 

VX.<3(X)!:p(X)^TT,TT=TT, islist(Y)BTT   h 
VX.5(X)np(X)-»TT,TTBTT1 lsli£t(V)=TT  |- 
ANDr.iap(Y.p)-TT.TT = TT,  p(X)^3(X) .a(X)  E TT 

ANDmap (Y,p)-»TT,TT»TT 
ORmap (Y,p)^TT,TT«TT 

ORmap(Y,p)-*TT,TT E TT, ptX)-i(x) 

ANDmap(X,p)  s TT,  nul1 (X)BFF 

ANDi.iap(X,p)  = TT,  nul I (X)aFF 
ORmap(X,p) = FF, nul1(XjsFF 
ORmap(X,p) = FF, nulI(X)«FF 
ANDmap(X,p)-»IT,TTBTT,nul I (X)sFF 
DPnu-;p(X.p)-.TT.TT£TT,  nul I (X)fiFF 

ANDmap(X,PJBTT, ANDmap(Y,p)sTT 
ORmap(X,p)BFF, ORmap(Y,p)HFF 

ANDmap(X,p)BTT, ANDmap(Y,p)all 
ORmap(X.p)sFF, ORmap(Y.p)=FF 

H     ANDmapicons(X,Y),p)-TT.T: 
a(X)  E TT 
I-     ORmap (cons (X,Y),p)-»TT,TT 

p(neacl(X))   s TT 
ANDmap(tai I(X),p)  E TT 
p(head(X)) E FF 
ORmapltail(X),p)  E FF 
p(head(X))-»TT,TT a TT 
p(head(X))-»TT,TT a TT 

E TT 

1 TT 

ANDmap (X,p) H TT |- 
ORmap (X.p) E FF [• 
ANDmap (X(SY,p)sTT |- 
ANDmap (XSY,P)BTT |- 
ORuap(Xc;Y,p)=FF |- 
ORmap (XSY,p)=FF |- 

ANDmap(rev(X),p) s TT 
ORmap(rev(X),p) E FF 
ANDmap(X.p) = TT 
ANDmap(V.p) = TT 
ORmap (X.p} = FF 
ORmap(Y.p) 3 FF 

F ANDmap(rev2(X,Y),p) s  TT 
I- ORmap(rev2(X,Y),p) E FF 
H ANDmap(XüY.p) = TT 
r ORniap(XSY,p) 3 FF 
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APPENDIX 18  (continued). 

ll4i4-UiPU.MIi^lJI"lglU.UJII|lili||ilW.li 

t. 

u 

u 

ANt)iiiaplruv(K),p)  s TT    h     ANUi.i.iri(X,|3) ■ TT 
ORinap(revlX),p)  s FF      |-     ORirtapIX.p)  « FF 

ANDniap(X.p)=FF,   i sl i st (Y)=TT.  VK.  3(X)M  p(X)-.TT,TT ■ TT 
h     ANDmap(X&Y,p) ■ FF 

ANDniaplY.pUFF,   isl ist (A)=TT.  VX.  BCXhi  p{X)-*TT,TT = TT 
|-     ANDiriap{X&7,p) s FF 

ORinap(X,p)«TT,   isl ist(Y)=TT. VX.  atXhj p{X)-»TT,TT 5 TT 
h     ORmapCX&Y.p) a TT 

ORmap(Y,p)sTT,   isl ist (XUTT.  VX.  3 0;)::  p(X)-*TT,TT s TT 
\-     ORmapCXSY.p) a TT 

ANDfnjp(X.p)iFF.  VX.  5(X):!  p(X)-.TT,TT s TT 
!•     A,\j:;-,ap(rev{X).p)  5 FF 

ORniapIX.pUTT,  VX.  3(X)::  p(X)-»TT,TT ■ TT 
f-     ORwap(rev(X),p)  a TT 

d)   Theorems concerninci the  ^FNmap'   function. 

h     Vf  . FNniap(LIU.f)  = UU 
isiist(X)iFF   I-     Vf . FNmap(X,f) = UU 

h     Vf . FNwapCNIL.f) s NIL 
3(X) H TT        |.    FNmapteonsiX.NILM) ■ cone{f(X),NIL) 
3(FNMap(X,f))iT7       h     islist (X)  = TT 
null(FNinap(X,f))«FF h     null(X)  ■ FF 
null (FNmap(X,f))5TT )■     null(X)  = TT 
VX.  3(X)u 3(f(X))iTT, islist(X)=TT   h     3(FNinap(X,f))  s TT 

h  VX f. l8li8t{FNinap(X,f))B3(FNinap(X,f)) 
h  VX Y f . FNniap(X«Y,f) B FNniap(X,f)«FNinap(Y,f) 
I-  VX f . FNtnap(rev(X),f) B  revCFNmapCX.f)) 

e) Properties of the TRUME' function. 

I-  v'p . PRUNE (UU.p) ■ UU 
Isl ist(X)»FF |.  Vp . PRUNE(X.p) 3 UU 

h  Vp . PRUNE(NIL.p) B NIL 
P(X)ETT, aiXIsTT |.  PRUNE (cons (X. NIL), p) ■ NIL 
p(X)=FF, 3(X)=TT }■     PRUNE (cons (X.NID.p) E con6(X,NIL) 
3{PRUNE(X,p))«TT |-  isl ist(X) a TT 
nul I (PRUNE(X.p)) B FF j-  null (X) = FF 
VX. 3(X)M p(X)-*TT.TT ■ TT, isli8t(X)«TT h 3(PRUNE(X.p))»TT 

I-  VX p . isi ist (PRUNE (X.p)) a 3(PRUNE(X,p)) 
I-  VX Y p . PRUNE(X&Y,p) £ PRUNE(X,p)«PRUNE(Y,p) 
I-  VX p . PRUNE (rev (X).p) = rev (PRUNE (X.p)) 
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APPENDIX 18   (continued). 

f)  The *mem' predicate. 

h     VX . ntemtUU.X) s ULI 
|-      VX  .   memlX.UU)   E UU 

islist{Y)=FF 1-     VX . wemiX.Y) 3 UU 
islist(Y)«TT , ineni(X,Y)aUU   |-     X a uü 
nien(X,Y)sTT h      dlX)   a TT 
mein (X.Y UFF 1-      a(X)   = TT 
rnern(X.Y)=TT 1-      isl ist(y)   = TT 
meni{X,Y)iFF h      i8llst(Y)  = TT 
nierii(X,Y)aTT 1-      nulKY)   5 FF 
3(X)  s TT h     mem(X.NIL)  = FF 

aiXlsTT,   isl 8t (Y)all    H     mem(X,cons(X,Y))  a TT 
men(X,cons(Y NIL))BTT    h      X a Y 
(X=head(Y))  = ' FF             |<     memCX.tai I(Y)}  s mem(X ,Y) 
VX.   dWil   nieni{X,Y)=FF 1-      Y = NIL 
meni(X.Y)sTT. a(U)sTT     t-     mem (X, cons(U.Y))  s TT 
islisUtaiKX)) a TT     |-     ineni(head{X),X) ■ TT 
nieii)(X,Y)«FF,null{Y)»FF !■      (X«heacl(Y)) a FF 
meniiX.YlsFF.nulKYlaFF \-     r.enilX. tai 1 (Y))  3 FF 

h     VX Y . mein (X, rev (Y)) H n:e 
mer,i(X.Yl)BTT, !3list(Y2)5TT   1-     memCX, (Y1&Y2)) s TT 
niein(X,Y2)«TT, !

lslist(Yl)=TT   1-     memCX. (Y1&Y2)) s TT 
memCX, (Y1«Y2))  » FF                   \-     merdX.Yl)  a FF 
meni(X, (Y1SY2) ) ■ FF                  }-     Meni(X.Y2)  a FF 
nieni(X,Yl)sFF, n)eiii(X,Y2)5FF     |-     memCX, (Y1&Y2)) a FF 

ment a  [«G. [Äx y . (isl ist (y)-» 
(nul I (yMdKxJ-FF.UU), ((x-heacl(y))-»TT,G(x,tal I (y)})),UU)]] 

g)  The  %memL'  predicate. 

h    vx . meiriaiU.X )  s UU 
1-    vx . memL(X.UU) a UU 

islisUX) B FF VY . memUX ,Y)  E Uü 
isl ist(Y) s FF VX . memUX .Y)   a UU 
menKX.Y) s TT i8list(X)  2 TT 
menKX.Y) E FF isl istiX)   a TT 
memKX.Y) E TT islistCY)   = TT 
memKX.Y) = FF isl ist(Y)   - TT 
islist(X) a TT memL(NIL.X) a TT 
isl ist(X) a TT .   is iist(Y)   E TT ,   memKX.Y)   a UU    f.      TT 5 FF 

|-      VX Y .   memL(cons(X,NIL),Y)   a mem(X,Y) 
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APPENDIX 18  (continued). 

4. 

\~! 

niemL(tail(X),Y) ■ TT 
memKX.YlBTT, null(X)«FF 
nieniL(X,Y).TT,  null(X)iFF 
meniL(tail(X),Y)  a FF 
memL(X.Y)«TT.  nieni(A.X)>TT 

h 

h wi-i.iKX.Y)  ■ mein (head (X),Y) 
|. mem (head (X),Y)  E TT 
h iiieiil(tail(X).Y) i TT 
h menKX.Y) s FF 
|. meni(A.Y)  s TT 

meniL ■   [aG. Ux y . (isl ist (yl-'lisl i st (x)-» 
(nulI(x)-*TT.(mem(head(x),y)-G(tai I (x),y),FF)),UU),UU)]] 

memKX.taiKY))  B TT |-     meniL(X.Y)  i TT " 
null (Y)BFF,  menKX.Y) iFF    |-     inenKX, tai I (Y))  a FF 
islist(X)   H TT h     menKX.X)   a TT 
isllst(X)BTT.   islist(Y)BTT.  VA.  mem(A,X)::  niem(A,Y) 

VX.   i6list(X)::  memL(X,Y)5nu 
menKX.NIL)  = TT \- 
niemL(U,X;iTT.memL(X,Y)BTT |- 

h 
h 

meniKX.LDsTT,   isl ist(L2)3TT |- 
iiiemL(X,L2)sTT,   isl i st (LI)BTT |- 
memL(Xl,Y)»TT, nieniL(X2,Y)BTT |- 
meinL(Xl&X2,Y) » TT |- 
meniL(Xl&X2.Y)  B TT |- 
nieniL(X,Yl&Y2) B FF |- 
niemL(X.YlSY2)  a FF |- 
meniL(Xl.Y)EFF.   isl ist(X2)=TT |. 
memL(X2,Y)BF ,   isl i st (XDaTT |- 

h     meinL(X.Y)  a TT 
l(X)    I-     Y ■ NIL 
nuli(X)  a TT 
rneniLW.Y)   a TT 
VX Y .  memL(rev(X),Y) 
VX Y .  memL(X,rev{Y)) 

Menl(X.LUL2)  E TT 
iiieniL(X.LlÄL2)  a TT 
metnL{XlSX2,Y) B TT 
uemL(Xl.Y)  a TT 
MeriiL(X2,Y)  = TT 
menKX.Yl)  a FF 
Mer,iL(X,Y2)  a FF 
Menl(Xl&X2,Y)  = FF 
r,ieniL(Xl&X2,Y)  a FF 

TT 

memUX.Y) 
menKX.Y) 

Li 

h)   ^niewEQ'  - Equality with respect  to  (list)  membership. 

H  VX . memEQUJU.X) a UU 
h  VX . nieniEQ(X,UU) a UU 
islist(X) a FF VY . men£G(X,Y) a UU 
islist(Y) a FF VX . memECKX.Y) s UU 
iiiemEQ(X.Y)a TT islist(X) a TT 
memEQ(X.Y)S FF islist(X) = TT 
nien£Q(X,Y)= TT islist(Y) = TT 
men£Q(X,Y)a FF isl ist(Y) a TT 
islist(X)BTT. i si is t(Y)BTT. memEQiX, Y)EU 
im?r£Q(X,Y)B TT menKX.Y) s TT 
memEQ(X,Y)s TT memLiY.X) i TT 
menKX.Y) a FF nieniEG(X,Y) a FF 
tnenKY.X) s  FF memEQ(X,Y) B FF 
islist(X) a TT nieniEQ(X.X) B TT 
isli&t(X) a TT nien£Q(X,rev(X)) a TT 

h     TT a FF 
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APPENDIX 10  (continued). 

O 

j-     VX Y .   nieniEQ(X,Y)  B i,ien£Q{Y.Xi 
memEQdJ.XlaTT.   metnEQ(X.Y)ETT |- 
iiien£Q(U.X).TT.   memEQIX.Y)BFF |- 
memEQCX.V)   ä TT |- 
nien£Q(X.Y)   m TT (■ 
tneniEQ(X,Y)   = TT h 

memEQW.Y) B 

meniEQdJ.Y) « 
memEQ(X&Y,X) 
meniEQIX&Y.Y) 
Vz.  iiiern(z,X) 

TT 
FF 

5 TT 
B TT 
H memiz.Y) 

islist(X)sTT,  Vz.  memlz.Xlsmerniz.Y)    |-     meniEQlX,Y)  s TT 

i)  The  %nieniS'  operation  'deleting an element from a  list). 

islist(X)  ■ FF 
a(nieiiiS(X,Y)).TT 
a{nieniS(X,Y))sTT 
islist(X)ETT, 
3(X)  B TT 

l8li8t(X)»TT, 
i5list(X)aTT. 
nieni(Y,X)  s FF 

h     VX .  meniS(UU.X)  s UU 
I-     VX .  MetiiS(X.UU)  B UU 
|.     VY . memS(X,Y) a UU 
I-      islist(X)  a TT 
}•     3{Y)  a TT 

a(Y)aTT    I-      islist(nieni3(X.Y))   a TT 
\-     metnSCNIL.X) > NIL 
h     VX Y .  nieniS(cons(Y,X),Y)   a nieniS(X,Y) 

a{Y)«TT    I-      memiY.niemSiX.Y))   a FF 
a(Y)BTT    I-     nieniL(i.i*nS(X,Y),X)   ■ TT 

|-     meinSiX.Y) s X 
[•     VX Y .   (r,ieHS(X,Y)=X)  a   (rnem(Y.X)-*FF.TT) 
I-     VX Y . memLCX.iiiemStX.Y))  «  (niem(Y,X)-FF,TT) 
H     VX Y . meinEQ{ineinS(X,Y),X)  a (mein(Y,X)-»FF,TT) 

i)  The  xriieinSL'  operation. 

islist(X)   a FF 
'islist(Y)  a FF 
a(iiieni5L(X,Y))aTT 
a{(netiiSL(X.Y))aTT 
l8li8t(X)aTT,    is! 
islisUX)  a TT 
lsil8t(X)   a   TT 

VX . tnetnSUUU.X) a UU 
VX .  nieniSL(X.UU)  a UU 
VY . metnSUX.Y) a UU 
VX . memSLCX.Y) a UU 
iellstlX) a TT 
IslistiY)   5 TT 

st(Y)aTT   j-     islietdiiemSUX.Y)) a TT 
memSKNIL.X)  = NIL 
nieniSL(X.NIL)  a X 

islist(X)  a TT      }•     VU Y.  nier,i(U.r,ieniSL(X,Y))s(nieni{U,Y)^FF,nieni{U,X)) 
nieni(U,Y)äTT,   islist(X)aTT |- 
mein(U.X)£FF.   lslist(Y)BTT |- 
nieni{tJ,X)aTT,   mem (W, Y)=FF \- 
memlU.memSKX.Y))  a TT |- 
nieni(U,nieniSL(X,Y))  a TT H 
islist(X)  a TT |- 

tiiem(W,inemSL(X,Y)) 
merdW.mernSKX, Y)) 
ineni{U,nieniSL(X,Y)) 
liiemOU) a TT 
i«eni(W,Y) a FF 
memSLCX.X)  a NIL 

a FF 
a FF 
a   TT 
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APPENDIX 18 (continued). 

k) Properties of ^subexp'. 

= TT 
■ TT 
a FF 
s FF 
^TT, 

subexp{X,Y) 
subexp(X,Y) 
subexp(X,Y) 
subexp(X.Y) 
3(X)«TT, 3(Y) 
a(X) a TT 
atoni(X) s FF 
atom(X) a FF 
atoni(Y) a TT 
a(X) ■ TT 
d(K)  B  TT 
subexp(X.heaci(Y))aTT }■ 
subexplX.tai I (Y))BTT f- 
subexp(U,X)BTT.   8ubexp(X 
subexp(head(X),Y)HFF |- 
subexp(tail(X),Y)BFF }• 
subexp(X,Y)«FF,   atomlYlal 
6ubexp{X.Y)iFF,  atoin(Y)il 

h 
h 
h 
h 
h 
h 

subexp 

h 
h 
I- 
h 

vx . 
vx . 
3(X) 
3(Y) 
3(X) 
3(Y) 

5ubexp(X.UU) 
subexp(UU,X) 
5 TT 

a UU 
a UU 

a  TT 
a  TT 
■ TT 

(X.YlsUU    h     TT « FF 
subexptX.X)   s TT 
subexp(head(X)IX)  a TT 
subexp(tail(X),X)  s TT 
VX .  subexpCX.Y)  >  (X-Y) 
VY .  6ubexp(X,con$(X,Y)) 
VY .  subexplY.consiX.Y)) 

subexp(X,Y)«TT,   subexpiY 
atonilX)  i FF \- 
aioni(X)  a FF 

subexp(X,Y) 
subexpCX,Y) 

.Y)aTT h 
subexp(X,Y) 
subexp(A,Y) 

iFF I- 
iFF h 
.XlaTT |. 
subsxp(X,head(X)) 
subexp{X,taii(X)) 

3{Y) 
3(Y) 

TT 
i TT 
subexp(U,Y)  a TT 

i FF 
i FF 
suDexpiX,head(Y)) 
subexp(X,tai I (Y)) 
X > Y 

a FF 
> FF 

FF 
FF 

I)  Properties of  *assoc' 

islistm  i FF 
atoni(X)  ■ TT 
cUassoclX.YDsTT 
a(assoc(X,Y))3TT 
3(X)  a TT 
islist(Y)  ■ TT 

VX . assoc(X.UU) s UU 
VX . assoclUU.X) a UU 
VX . aMOc(X.Y) a UU 
VW Y . as50ciU,cons(X,Y)) ■ UU 
8{X) a TT 
3(Y) a TT 
assoclX.N'IL) a NIL 
VW X. assoc (U. cons (cons (U. X), Y)) «cons (U, X) 

m) The ^forL' function. 

h  Vf fNIL . forL(UU.f.fNIL) a UU 
VX. f(X,UU)=UU. l8ll8t(X)aFF 1-  VfNIL . forKX. f, fNIL) a UÜ 
3(forL(X,f.fNIL))aTT|-  3{X) a TT 

f-  Vf fNIL. forL (NIL. f. fNIL) a fNIL 
a(X) a TT        I-  Vf fNIL. fcf-L(cons(X.NIL).f,fNIL)af(X,fNIL) 
3(X)«TT, 8(Y)aTT 

I-  Vf fNIL, forL(cons(X.cons(Y.NIL)).f.fNIL)sf(X,f(Y,fNIL)) 
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APPENDIX 11    -   Basic Theorems for Finite Sets 
SBBXBBBS       =■ ■ «■■■■      •■•■■■■■      ■■=       ■■■- 

(uses the axioms of sections 3,6 and 7.1  to 7.b) 

isset(X)«UU I- 
isset(X)«TT h 
isset(X)aFF \ 

islist(X)5FF 
leset(X)iFF 
lsiist(X)=TT 
isset(X)3TT 
isset(X)3TT 
a(setof(X))aTT 
8(ll8tof(X))»TT 

meriiEQ(X,Y)»TT 

islist(X)«TT 

isset(UU)  ■ UU 
X i UU 
a{X)  t TT 
a(X)  s TT 

setof(UU)  5 UU 
listof(UU)  D UU 
setofiX)  ■ LW 
MetofiX) s UU 
issetlsetof(X))  s TT 
isiistdistof (X))  s TT 
setof Uistof (X))  a X 
isli6t(X)  a TT 
leset(X) 3 TT 

setof(X) a setof(Y) 
VX . setof(I istof(setof(X))) H setof (X) 
VX . IIstof isetof(listof(X))) « listof(X) 
memEQiX.Iistof (setof(X))) ■ TT 
VX L . iiiem{X. I istof (setof (L))) a »Sl»(X,ü 

0 

Q 
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u APPENDIX 12 Theorems About  the Basic Set Operations. 

(relies on the axioms of sections 2.6,7). 

a)  Theorems involving the nulI  set. 

h      isseUNS)  ■ TT 
I-      3(NS)  a TT 
j.      listof(NS)  3 NIL 

setof (X)  ■ NS I- 
listof(X)  5 NIL h 
isseUXUTT.   (X-NS)«FF \- 

X s NIL 
X 5 NS 
null(listof(X))  m FF 

b)  Properties of the membership relation. 

K,i 

•  VX . XcUU a UU 
•  VX . UUcX a UU 

isset{Y)«FF     | •  VX . XcY a UU 
isset(Y)iTT,XfY«UU| •  X a UU 
XcYaTT         | •  3(X) a TT 
XCYEFF         1 ■  3(XJ » TT 
XcYsTT         | •  isset(Y) a TT 

XcY-FF         | •  isset(Y) a TT 

8(X) a TT ■  XcNS a FF 
VX. a(X)«l XcY.FF | ■  Y a NS 
isset(Y)iTT. VX. XfYZiXcY |-  Y2 a Y 

< , c) Introducing the ^subset' relation. 

I- 

y 

isset(X) ■ FF 
isset(Y) > FF 
subset(X.Y)aTT 
subseUX.YIaTT |- 
subset (X.YlaFF |- 
subset(X.Y)aFF h 

VX . subset (X.UU) »  UU 
VX . subset (UU.X) B UU 
VY . subset(X.Y) a UU 
VX . subset(X.Y) a UU 
isset(X) a 
isset(Y) s 
isset(X) a 
isseUY) a 

TT 
TT 
TT 
TT 

IsseUXUTT, isset(Y)ETT1 subset(X,Y)BUU 
isseUXUTT   H  subset (NS.Xi s TT 
subset(X.NS)«TT>  X a NS 
subset(X,Y)«TT, UcXaTT h  WcY a TT 
subset (X,Y)aTT, UcY^FF |-  UcX a FF 
isset(X) a TT |.  subset (X.X) a TT 
isseUXUTT. isset(Y)aTT, VU. UcXsrUcYaTT 
subset (X.YIaTT |-  VU. UcX :: UtY a TT 
subset (X,NS)aTT|-  X a NS 
subset(U.X)aTT. subset(X.YlsTT 

1-  TT a FF 

I-  subset {X,Y)=TT 

h  subset(U.Y) E TT 
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APPENDIX 12  (continued). 
U 

d)  The usual  union operation -    V 

O issetiX) 
isseUY) 
a(XUY)  ■ 
acxuY) i 
isset(X) 
isset(X) 
UcX s TT 
UcY B TT 
UtX a FF 
Uc(XUY) 
UciXUY) 
issetCX) 
issetlX) 
isset(X) 
issetlX) 
isset(X) 
subset(X 

■ FF 
■ FF 
TT 
TT 
■ TT, 
■ TT, 

i sset 
isset 
UcY B 
FF 
FF 

■ TT, 
TT, 
TT 
TT 
TT 

Y)äTT 

VX . XuUU a UU 
VX . UUUX = UU 
VY . XUY 5 UU 
VX . XUY m  UU 
issetlX) s TT 
isseUY) 3 TT 

isset(Y) 
isset(Y) 
(Y) 
(X) 
FF 

TT 
TT 

|. UcX = 
(. UcY 5 
Isset(V) : 
isset(Y) i 

XUNS i 
NSUX : 
XUX a 
XUY = 
XUY 3 

O 

i TT 
i TT 

h 
h 
h 
FF 
FF 

= TT 

5 TT 
i X 
.= X 
X 
Y 
YUX 

h  isset(XUY) ■ TT 
. XUY ■ DU h  TT a FF 
Uc(XUY) m  TT 
Uc (XUY) E TT 
Uc (XUY) s FF 

I-  subset(X,XUY) E TT 
h  subset(Y.XUY) B  TT 

VX Y Z . (XUY)UZ a XU(YUZ) 

e) The set subtraction ( \ ) operation. 

• 
|.  VX . XMJU B UU 
1-  VX . UU\X =  UU 

isset(X) ■ FF 1-  VY . X\Y B UU 
isset(Y) B FF j.  VX . X\Y B UU 
a(X\Y) B TT   |.  isset(X) a TT 
3(X\Y) B TT   1-  issetm 3 TT 
isset(X) B TT, i6set(Y) B TT is8et(X\Y) E 

isset(X)BTT, i6set(Y)BTT, K\Y«UU TT a FF 
UcX B  FF, isset(Y) ■ TT Uc (X\Y) a FF 
UcY B TT, isset(X) B TT UdX\Y) a FF 
UcX B TT, UcY a FF Uc(X\Y) B TT 
Uc(X\Y) s TT y     UcX s TT 
Ue(X\Y) B TT  h  UiY B FF 
isset(X) B TT, isset(Y) a TT 1- subset(X\Y,X) 
isset(X) B TT h  X\X H NS 
isset(X) B TT j-  X\NS B X 
isset(X) B TT H  NS\X a NS 

TT 

TT 
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APPENDIX 12 (continued). 
U 

f) Properties of usual intersection operation - M' 

U 
isset(X) 
issettY) 
a(XnY) a 
a(XnY) B 
isset{X) 
isset(X) 
UeX m  FF 
UcY e FF 
UcX = TT 
Uc (XflY) 
Ue(XnY) 
issetiX) 
isset(X) 
isset(X) 
isset(X) 
isset(X) 

I- 

vx 
vx 
VY 
VX 

xnuu s LIU 
uunx a uu 
xnY ■ uu 
XClY a UU 

TT 
TT 

> FF 
■ FF 
TT   [•  isseUX) E 

TT   h  isset(Y) s 
a TT, issetlY) B TT 
•TT, isset(Y)BTT> XnY 

, issetlY) > TT 
. isset(X) a TT 

sUU 

, UcY 
TT 
TT 

i TT, 
» TT, 
i TT 
i TT 
■ TT 

a TT 
|.  UtX 3 TT 
I-  UcY a TT 
issetlY) = TT 
isset(Y) =  TT 

isset(XnY) a 
TT 3 FF 
Wc (XnY) 
Uc (XnY) 
udxnY) 

TT 

FF 
FF 
TT 

subset(XnY.X) s TT 
subset(XnY,Y) » TT 

XnNS 3 NS 
NSnX 3 NS 
xnx s x 
XnY s YnX 
VX Y Z . (XnY)nZ a xn(YnZ) 

g) The ^select' function. 

h 
y 

Isset(X)  a FF    \- 
8 (select (X))3TT|- 
a(select(X))3TTh 
isset(X) a TT,   (X-NS) 
leset(X) ■ TT,   (X-NS) 

select(UU)  > UU 
select(NS)   s UU 
select(X)  H UU 
isseUX)  s TT 
(X-NS)  B FF 

FF   h     3(select(X)) 
FF    I-      selecUXUX 

i TT 
TT 

h)   The  Vmgtn'  function. 

y 
3(X)  3 TT h 
a(singtn(X))3TTh 
3{X)  3 TT I- 
Xesingtn(Y)3TT }• 
3(X)  3 TT h 
3(X)   a TT I- 

singtn(UU)  3 UU 
isset(singtn(X))  ■ TT 
3(X)  3 TT 
Xfsingtn(X)   3 TT 
X a Y 
(3tngtn{X)=NS)  a FF 
select(singtn(X))  E X 
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