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FOREWORD

This report was prepared by J A Jukes, Trinity Collegs, University of Cambridge
for the Director of Research Materials 2 (Air Systems), Procurement Executive,
Ministry of Defence, under Research Agreement PD 12¢ ' ~O/ADM.

The work w

initiated on 1 October 1966 and adminis :red by Mat(0)1 under the
direction ox ADR/MAT 2(0), Procurement Executive, M vistry of Defence.

This
report covers the period October 1966 to October 17 ..
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SUMMARY

The yield behaviour of solid polymers has been examined, with especial
reference tLo that of the glassy amorphous polymers. Considering polymethyl
methacrylate to be a typical glassy amorphous polymer, the effects of strain
rate and temperature on the yield stress have been determined by taking stress-
strain curves in simple plane strain compression.

The variation of the plane strain compressive yield stress with applied tension
and compression hi:s also been determined for polymetlyl methacrylate and
several other polymwers.

It was shown that the hydrostatic component of stress had a significant effect
on the yield behaviour of the polymers studied. This has been considered in
terms of the Tresca and von Mises yield criteria modified for pressure
dependence. ;, It was found that a relation of the form K = Ko -uP could be used
to explain the observed pressurs dependence of yielding for the stress states
studied, where K is the critical yield stress, Ko is a constant termed the
cohesion, u 2 constant terwmed the coefficient of internal friction and P the
hydrostatic stress component. It was found, however, that the polymers vere
sensitive to the testing conditions employed and that the relatively simplie
yield criteria of Tresca and von Mises only have application to a specified
structure and set of testing conditions.

By considering yielding as an equilibrium between the applied strain rate and
the rate at which units of the structure move, an equation has been derived
allowing interpretation of the yield condition in terms of the molecular
processes associated with yielding or fiow in polymers. The interpretation of
yield as a rate process was confirmed for polymethyl methacrylate when it was
found that Ko increased linearly with the logarithm of the strain rate over
three decades at room temperature.

It was shown that u was a parameter expressing the sensitivity of a polymer to
the hydrostatic stress component.

In polymethyl methacrylate it was found that p was constant over the temperature

range 20° to 70° suggesting that the various effecis giving rise to pressure
dependent yielding are overall indevendent of temperature.

It was shown that increasing the crystallinity of a polymer causes the valuce

of Ko to increase, whereas addition of plasticiser decreaces the value, uimilar
changes occuring with @. From these effects and the range of values observed
for Ko andp for differen” polymers a qualitative indication of the effects of
different polymer structures on yield behaviour was obtained.
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LIST OF SYMBOL3 AND ASBREVIATIONS
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deviatoric stress tensor

first invariants of stress tensor

second invariant of deviatoric stress tensor
third invariant of deviatoric stress tensor
stress under dies

measured stress

stress with no friction between dies and specimen
compressive stress

tensile stress

principal components of stress

normal stress

normal stress across shear plane
fully corrected uniaxial yield stress
fully corrected plane yield stress
yield stress

shearing stresses

applied stress

hydrostatic stress

shesr yield stress in pure shear

average force in direction of applied stress
nominal strain

conpressive strain after relaxat.on

tensile strain after relaxation

true or natural strain

nominal applied strain
nomina® resicual strain

strain in x direction
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E'

Y'

yield strain
strain in y direction

shear strain

principal strain rates
shear strain rate

volume expansion
vibrational jump frequency

basic frequency

nett frequency

natural jump frequency at zero hydrostatic pressure

pressure

mean pressure on dies

total work absorbed

work done against normal stress

work done by shearing stress

bulk modulus

yield modulus

Young's modulus for uniaxial compression
Poisson's ratio

angle of shear plane (angle of internal friction t:an.1 u)

angle of inclination of shear zones after unloading
angle of inclination of shear zones at instant «of yield
50° - &

measured density

density of .morphous material
density of crystalline material

weight percent crystallinity

component of volume expansion normal to shear direction
(displacement normal to the shear direction)

coefficient of internal friction
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PMMA

PS

PVC

PET

1L.DPE

HDPE

K
o
v
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£

cohesion

activation volume

glass transition temperature

distance between equilibrium positions (shear displacement)
absolute temperature

energy barrier height

coefficient of surface friction

part of total load per unit specimen width provided by
elastically deforming the material outside the test sectiion

Boltzmann's constant

effective cross sectional area of the deforming unit
specimen width

specimen breadth

original specimen thickness

specimen thickners

specimen rrviius

constants

Polymethyl methacrylate

- Pciystyrene

Polyvinylchloride
Polyethylene terephthalate
Low density polyethylene

High density polyethylene
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1 INTRODUGYION AND PROGRAMME ‘

: , ‘ :
In addition to elasticity.and viscoelasticity, which are observed at low stress
levels, one of the fundamental types of stress response in rigid polymers is
plastic yield. At the present time this important phenomenon is not as well
understood for polymers as for metals.. ! '

» Y

In generai, plastic yieldlng in metals takes place by Sllp on crystallographic !
planes by dislocation movement. Defovmation occurs in shear when the maximum

shear stress or the elastic shear'strain energy density reaches a critical

value. In either case the critical shear!'stress for yield is independent of

the hydrostatic stress component, and deformation takes place ac essentially
constant volume. !

The deformation of amorphous polymers has né known simple mechanism analogous
to dislocation movement, and in view of the complex structure c: these materials
the process by which plastic yielding occurs is llkely to be more complicated.
It is therefore improbable that the critical shear stress to produce deformation
is a well defined parameter as in metals. Volume changes in polymers appear to
be more pronounced, and it is unlikeély that the shear stress for yield is
independent of the hydrostatic stress component. !
N i

Usually studies of yield, and yield criteria, involve tensile testing of rods' or
flat strips and thin walled tubes subjected to torsion or internal pressure. In
the present work plane strain compression was used to study y1eld phenhomena in a
number of polymers, as this type, of test avoids many of the difficulties
associated with tensile testing at large strains. To investigate the yield
criterion, sheet specimens compressed in plane strain were alsc subjected to a
tensile stress in the plane of the, sheet, and ‘the compressive yield stress
determined as a function of 'the applled tension. Since plane strain conditions
were used, it was also possible to take sections from the Dlane of deformctioh
and observe the development of plastic strdins within a specimen.

'
Foe -hese experiments a loading system in which biaxial tensile or compressive
strec ses could be applied to a sheet spetimen was designhed and built.
Facililies were also included for measurement'of the large strains 1nvolved and
for testing up to a temperature of 70°C.

i

Initially the yield behaviour of glassy amorphous polymers was considered, as
the complicating variable of crystalline morphology cpuld be -avoided. Prime
consideration was given to polymethyl methacrylate (PMMA), as this material
typifies many of the characteristics of glassy amorphous polymers, and is
readily available commercially as "Perspex" sheet. Stress-strain curves were
determined in simple plane strain compression in order to define a yield point
for this material, and the effecis of strain rate and temperature on the yield
stress were i.vestigated. Tests under combined stress illustrated a significant
effect of th: hydrostatic stress component on yielding, nnd these results are
discussed in terms of some of the more important yield criteria used for other
materials.

The yield behaviour in simple plane strain compression, and -under combined
siress states was also i1nvestigated for polystyrene, rigid polyvinyl choride,
polyethylene terephthalate, two epoxy resins, and low and high density
polyethylene. Similar effects were observed in all these polymers, and two
parameters are used to describe the yield behaviour in euch case.

Some of the current ideas on the mechanism of yie'ding in solid polymers are
discussed, and the Eyring ratve theory used to suggest an c¢xplanation of the main
features of the observed yield behaviour.
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WORK CARRIED OUT AND RESULTS OBTAINED

2.1 Specimen preparation and experimental technique

24141 Specimen preparatiocn

Flat, parallel sided, sheet specimens 11imm long and 38mm wide were
cut out and prepared for testing in a variety of ways depending upon
the type of polymer, and these are mentioned below. To ensure
comparable results from one test to the next, specimens were, as far
as possible, all taken from the same sheet, and a number of specimens

* sufficient to cover the needs of any one series of tests &ll given

the same preparative treatment.

2.1.1.1 Polymethyl methacrylate (PMMA)

Commercial ICI "Perspex" cast acrylic sheet, appreoximately 1.6mm
thick, was used. This material had a weight average molecular
weight of the order of 2.3 x 105, and contained no plasticiser.

"Its glass transition temperature was given as in the range

105-1109C. Specimens were cut from the sheet using a band saw,
then milled to size, and the edges polished to remove any
remaining scratches. These samples contained a small amount of
residual moulding strain which was removed, together with
moisture and excess monomer, by annealing. This was accomplished
by laying them on talc, in an air oven maintained at 110°C, for
2L hours, and then slow cooling over a further period of 24 hours.
After this treatment the specimens appeared to be isotropic under
polarised light. They were stored in a dessicator until required.

2.1.1.2 Polystyrene (PS)

Granular polystyrene was supplied by Shell as Carinex QP crystgl.
which had a weight average molecular weight of the order of 107,
and contained a small amount of plasticiser (less than 1%). The
glass transition temperature was given as aporoximately 1007C.
The granules supplied were compres~ion moulded at 170°C into
amorphous, unoriented sheets, approximately 3.2mm thick, and

.standard size specimens were taken from the sheets 315 described

for PMMA. The specimens were annealed on talc for 24 hours at
100°C, followed by slow cooling. Before storing the &pecimens in
the dessicator, they were carefully checked ror crazes which
readily occurred during preparation.

2.1.1.3 Polyvinyl chloride (PVC)

The specimens which were cut and polished as described for PMMA
were taken from a commercial grade rigid polyvinyl chloride,
manufactured by ICI as "Darvic" sheet. The material was in the
form of clear sheet, approximately 1.6mm thick, wnich was unlikely
to be plasticised, but probably did contain a small amount of
stabiliser. The specimens contained a small amount of orientation
from the fabrication process, but no annealing treatment was
given.

2.1.1.4 Epoxy resirs

Two types of "Araldite" epoxy resin in the form of cast 1.6mm

thick sheet, were supplied Ly Ciba (ARL) Limited, and were given

code letters C and D. Epoxy resin C was made from Ciba MY 750

with 20 parts by weight of DY O4Q plasticiser. The approximate
2




-~
J

_ deflection temperature of this resin was 75 C. Epoxy resin D was

made from Ciba MY 750 with 40 parts by weight of DY 04O
plasticiser, and the approximate deflection temperature was 45 c.
Specimens were cut from the sheets with a saw and polished in the
usual way.

2.1.1.5 Polyethylene terephthalate (PET)

This was supplied by ICI Runcorn, as transparent sheet
approximately 0.8mm thick. The material was essentially 2
amorphous and unoriented, and had a density of 1.3%37 kg/m” at
23°C*. The amorphous polymer is made by quenching from the melt to
below the glass transition temperature, and crystallinity can be
developed by heating the amorphous material. There was a surface
ripple on one side of the sheet from the fabrication process,
which caused a small variation in specimen thickness of
approximately 3%, but this did not appear to affect is behaviour
under stress. The specimens were cut out with a sharp razor
blade as this material shattered like glass under the saw, but it
was able to withstand the usual polishing techniques.

2.1.1.6 Low density polyethylene (LDPZ)

"Alkathene" WJG 11 granules, of melt flow index 2.0 and density
0.918 Mg/m3 at 23°C, were supplied by ICI. These were compression
moulded at the Royal College of Aeronautics, Cranfield, into
crystalline unoriented sheets approximately 1.6mm thick. Low
density polyethylene contains branched chains, and has a
crystallinity of the order of 50-60%. Specimens were cut from the
moulided sheets with a razor blade, and polished in the usual way.

2.1.1.¢ High density polyethylene (HDPE)

This polymer was supplied by British Hydrocarbon Chemicals
Limited as "Rigidex 50" (melt flow index 5.0), in the form of
granules, which were moulded by ICI Runcorn into crystalline
unoriented sheets approximately 1.6mm thick. The polymer has an
essentially linear structure, and a crystallinity of the order of
80-90%. Specimens were cut out with a razor blade and polished
as before.

2.1.2 Experimental techniques

The factor controlling the cowditions of plane strain in the double
indentation test are outlined in Appendix 1. Details of the design of
the apparatus and of its calibration are given in Appendix 2 and the
problem of friction between the dies and the specimein during
compression ir discussed in Appendix 3.

Qe1.2.1 Simple plane strain compression

Except for special tests, .periments were conducted at room
temperature, and in general tests were completed in as short a
time as possible to minimise variations in environment such as
temperature and humidity. Molybdenum disulphide grease
("Molyslip") was used as lubricant between the die faces and the

* "Precursor Melinex", with undetectable crystallinity by X-rays.
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specimen, as this has been shown to be an effective lubricant for
these materials (Ford and Williams (10G4)). See alsc Section 2.3.
After each compression the dies were tleaned and polished, and
fresh grease applied, as Molyslip drying cn the dies could cause
an increase in friction. With the specimen placed squarely
between the dies, a small load (100N) was applied to allow
compaction of the rig, and che dial gauges were then zeroed.
Compression took place at a constant crosshead speed of the order
of O.1mm/min, which in general gave specimen strain rates around
0.002/sec. A trace of load against time was automatically
produced by the testing wachine.

To measure the strain during loading, readings of the two dial
gauges against time were taken, and this was achieved in one of
two ways. Dial gauge readings were noted at time intervals
measured on a clock synchronised with the machine chart; or by
recording gauge readings onto magnetic tape, which was later
replayed in synchronisation with a clock. The mean of the two
gauge readings, determined by one of these methods, was taken, and
allowing for rig deflection, a plot of specimen deflection against
time corresponding to the trace of load against time produced by
the machine, could be obtained. If excess tilting of the dies

was observed, greater than 0.002in (C.05mm), the test was stopped,
and shims placed between the top die and the compression anvil,
until even loading was achieved. These procedures produced
stress-strain data for a constant crosshead speed. Although often
quoted as such, this was not the same as constant strain rate
data, as the specimen strdin rate was observed to change throughout
the course of the ccmpression (See Section 2.2)

2.1.2.2 Plane strain compression with additional tension

Tensile stresses (Oé) in addition to the compressive stress (Oﬁ),
were applied using the tensile rig described earlier. A small
tensile load (50N) was applied to allow the rig to settle in, and
by using the levelling screws on the supporting frame, the specimen
was levelled onto the bottom die so that it was just in contact
with it. Under a small compressive load applied to thc dies, the
tensile load was increased to some pre-determined value, and held
constant' by monitoring the pressure in the hydraulic system to
+5 1b/in? (0,034N/mm2). Loading in compression then took place

as described before, and dial gauge readings were recorded. In
tbis way values of the plane strain compressive yield stress

(04) were measured for various values of applied tension (dé).
For the glassy polymers, teneile fracture intervened before
tensile yield, and only a limited range of applied tensions could
be investigatcd.

2.1.2.3 Plane strain compression with additional compression

Small compressive stresses (62) were applied in addition to the
compressive stress (GH), using the compression rig described
earlier. These compression-with-compression tests were performed
on PMMA and PS. Specimens were prepared as before, but the
length was reduced to 25mm so that no buckling would occur when
the specimen was loaded. Using the holders described in

Appendix 2.3, the specimen was loaded in compression in the plane
of the sheet by using the same technique as described above for




2.2

tension, and in this way the variation of the plane strain
compressive yield stress, with the additional ccmpressive stress
(95) wes investigated. : .

2.1.3 Observation of the mode of deformation by sectioning

For the glassy polymers studied here, there exists a relationship
between strain and birefringence which, in the absence of a knowledge
of the exact nature of this relationship, allows qualitative
observation of the strains remaining in the polymer after Zeformation.
Since these strains for the tests used here are confined to a single
plare. it is possible to cut sec._ons from deformed specimens parallel
to this plane, and by observation of the pattern of birefringence, to
study the mode of deformation. Sections were cut from the centre °
deformed specimens as shown in Figure 1, using a saw or razor blade.
These were carefully polished down to less than 0.5mm thicimess with
wet emery polishing wheels, and either diamund paste polishing wheels
or Silvo, to give a final polish. The birefringent patterns in these
sections seen in plane polarised white lignt were photographed in an
optical microscope. Some thinner sections, down to 10 4m, were taken
from PET, and PS, using a MSE base sledge microtome, ad these sections
photographed in the microscope as before.

The stress-strain curve of polymethyl methacrylate

2.2.1 Determination of the stress-strain curve in simple plane
strain compression

During the simple plane strain compression of a specimen at constant
crosshead speed, two sets of measurements were taken from which it was
possible to construct a stress-strain curve for the material., The
variation of the load with time was recorded directly by the testing
machine, while the readings of the two dial gauges with time allowed
calculation of the specimen deflection rate. These two sets of
measurements are shown in Figure 2, for a standard size PMMA specimen
compressed at room temperature, with a constant crosshead speed of
0.2mm/min. The shape of these curves is typical of all the glassy
polymers studied here, with a characteristic maximum in the loading
curve, followed by a load drop. The specimen deflection curve shows a
changing slope related to the load maximum and minimum. These curves
indicate that this type of test is neither a constant loading rate, nor
constant strain rate test, and that some care is needed in their
interpretation. This will be discussed in a later section.

To obtain values of nominal stress from the load time curve, the load
readings are divided by the initial area of specimen under load, which
is the original width of the specimen (w), multiplied by the die
breadth (b). True stress values are calculated by dividing thne applied
load by the current area of the spa2cimen during deformation. Nominal
strains are obtained from the specimen displacement curve, by dividing
the displacement by the original specimen thickness h,, so that

e :(hU - h)/h_ where € is nominal strain, and h the final specimen
thickness. Tﬁe true or natural strain is defined by e = gg which

/
1
may be written 1n ho/h = 1n /(1-e). Therefore, as the height of the

specimen approaches zero, € +o while€& » 1. The nominal stress -
nominal strain curve derived from t'igure 2 is shown in Figure 3.




One advantage of this type of plame strain compression test, is that
the area under load should remain comstant during the deformation, so
that . the distinction between nominal and true stress- is unnecessary.
However. the large elastic strains in polymeric material: cause the
ends of the deformed section to be tulged outwards to a far greater
extent than in metals. This results in an increase in the effective
area on which the load acts, and hence a possible error in. taking
nominal stress instead of true stress. By measuring the width of a
deformed PMMA specimen immediately after unloading, an estimate of
this error was made. Referring to Figure 3 for a specimen loaded to a
nominal strain of 0.14, an 0.5% increase in specimen width was
estimated, while for a specimen loaded to a nominal strain of
approximately 0.25, a 1.5% increase in width was estimated. Therefore,
up to nominal strains of approximately 0.25, the error in taking
nominal stress instead of true stress was a maximum of 1.5%, which was
within the experimental error.

A similar argument holds for taking nominal strain instead of true
strain. The nominal stress-true strain curve derived from the curves
in Figure 2 is also shown in Figure 3, and it can be seen that nominal
strain only becomes significantly smaller than true strain at large
values.

The majority of the stress and strain data considered here is concerned
with the yield point, which was a2lways found to occur within the range
of stress and strain for which negligible error was incurred in taking
nominzl values instead of true values. For this reason nominal strass
and siain have been used except where ctherwise stated.

Relerring to the nominal stress - nominal strain curve in Figure 3,
some non linearity is still apparent near the origin even after the
correction for rig deflection has been applied. This occurs because
for each test it is impossible to ensure that the same amount of grease
is applied, and consequently there is still some error due to grease
being squeezed out from between the dies at low loads. This is
corrected for by extrapolating back the initial straight line portion
of the stress-strain curve ty give a new effective origin.

2.2.2 The shape of the curve up to the yield roint

Ducirg the initial linear portion of the stress-strair curve, up to
approximately 0.03 strain, the material is behaving like a Hookean
elastic solid with stress proportional to strain. For this early pzrt
of the deformation stress and strain values are small, and times
relatively short at the testing speed of 0.2mm/min. Therefore, the
time and rate effects to which polymers are so sensitive are negligrible
and Hookean response is achieved from a viscoelastic solid. The
elastic modulus of the materinl, for a given temperature and rate of
testing, can be cnlculated from the initial linear portior of the
curve, an:! the moduli quoted in the text nre obtained in this woy.
Beyond 0.0% strain, which is analogous to the proportioral limit in
metals, non linear behaviour appears. Unlike metals, this is not
necessarily due to the presence of plastic or irreversible strains in
the materisl but is partly due to the :resence of time dependent
viscoelacticity.
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To illustrate this point, and to determine the strain for which pirestic
strains appear in tae material, a series of standard size PMMA specimens
were compressed between 6.4mm dies, at room temperature, with a comstant
. crosshead speed of O.2mm/min. The specimens were given a range of
applied strains up to approximately 0.40 and the residual strain
immediately after unloading was measured. The resulting plot of nominal
applied strain against residual strain immediately afler unloading,

is shown in Figure 4. Up to applied strains of approximately 0.10 a
small non linear increase of residual strain with applied strain was
observed. This was followed by a larger linear increase of residual
strain above 0.10. The specimens were all wed to relax for a week in

a dessicator at room temperature, and the residual strains remeasured.
The shape of the curve in Figure 4 was essentially unaltered, except
that the origin along the residual strain axis was shifted to a strain
of approximately 0.039.

Peading the curve in Figure 4 in conjunction with the stress-strain
curve in Figure 3 it can be seen that during the initial linear
portion of the stress-strain curve, negligible residual strain was
produced in the spccimea immediately after unloading, and the Hookean
elasticity suggested by the stress-strain curve is verified. Between
approximately 0.03 and 0.10 applied strain, significant residual
strains are measured in the specimen which relax out over a period of
time and thereby demonstrate the basic viscoelastic nature of the
material. For applied strains greater than approximately 0.10,
residual specimen strains p:rsist after several days relaxation peiiod.
These residual strains, still present after relaxuation, will be called
plastic strains by analogy with metals, and they will be considered as
permanent at the temperature of deformestion since they did not recover
appreciably over any further period at this temperature.

2.2.3 Definition of the yield point

For an ideal elastic-plastic body which deforms homogeneously, the
yield point would be that point on the stress-strain curve where
plastic strains are first produced. However, this ideal situation
rarely occurs in practice, and a closer understanding of the relation
between the stress-strain curve measured on the bulk sample, and the
strains within the deforming specimen, is necessary in order to define
the yield point. To study the development of deformation in a PMMA
specimen, sections were taken from the deforme. specimens used to
construct Figure 4. Thin sections were cut from the centre of the
relaxed specimens in the plane of deformation, as descv~ibed in
Section 2.1, and then studied in plane polarised light. The
photographs in Figure 5 show sections from specimens given increasing
applied strains, and the values of applied strain quoted relate the
specimen sections to the stress-strain curve in Figure 3.

Zones of plastically deformed material begin at each of the four die
corners which are singular stress points (Nadai 1950), and as the
applied strain increases,wedge shaped regions of sheared material
extend into the inside ¢ the specimen and propagate across the whole
specimen by reflection at the die faces. As straining proceeds beyond
the maximum point on the :tress-strain curve, deformation continues by
widening of the shear zones, until strains in the reg.cn of the
minimum point on tre ctress.strain curve are reached, when the
deformation becomes homogeneous, and continues only at higher stresses.
This type of strain field has been analysed by Green (1951) for an
ideay rigid plastic. and a similar type of deformation was ~ssumed by
Hill (195C) in his analysis of compression of = block between rough
plates. 7
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-By careful study of the deformed sections in relation to the stress-
strain curve for FMMA, it wcs concluded that the maximum stress poiut

. on the siress-strain curve correzponded to the condition .that a.

plastic zone covered the whole of the specimen. Before this point
elastic material is still present, and.the dies cax only move together
by an elastic order of magnitude. Beyond the meximum stress point a
complete plastic zone across the specimen allows the dies to move
together to a greater ext*ent, causing large plastic strains within the
specimen. Therefore, although permanent plastic strains do occur
before the maximum stress point (Figure 4), these arise because of the
stress concentrations causing imhomogeneous straining, and the true
yield -stress of the bulk material will be the maximm stress on ine
stress-strain curve. The nomenclature used here to describe aspects of
the stres:z-strain curv. of PMMA and siwilar glassy polymers is shown

~in" Figure 6.- - ..

2.2.4k The load drop after the yield point

The nominal stress-strain curve for PMMA in Figure 3 shows a drcp in
stress of approximately 8N/mm® for an increase in strain of
approximately 0.13 beyond the yield point. This phenomenon kmown as
strain softening has been investigated by Ender (1968) for PMMA
¥..elding under constant load, and he has shown that the effect is
related to the molecular processes associated with straining. Brown
and Ward (1968) have also studied a similar load drop seen with PET
over a variety of test conditions, and they concluded that the load
drop is an intrinsic material property associated with the dynamic
relationship between the molacular processes and the applied strain
rate. Further work is necessar, to relate the load drop seen here to
the applied testing conditions, but these results dc show that the fall
in stress after yield is not a geometrical effect as in tensile
testing, for in the plane strain compression test the area under load

increases if it changes at all, and the true stress will be lower than
the nominal stress.

2.2.5 The effect of machine elasticity

It was shown in section 2.2.1 that for constant crosshead speed the
specimen strain rate varies throughout the course of the test, and it
was important to determine how this behaviour was affecting the value
of the yield stress measured in these tests.

The cause of the variable strain rate prior to yield, in these constant
crosshead sp2ed tests, can be ascribed to the elastic deflections of
the testing machine. Ideally the machire should show no deflection
under load, and in this case all of the crosshead movement would appear
as strain in the sample under test. In practice, however, finite
deflections of the machine under load do occur, and the displacement of
the crosshead in any given time will be divided between the specimen
and the machine, in proportion to their moduli. If the modulus of the
specimen changes, the proportions of the displacement will change, and
in particular if the modulus of the specimen becomes z2ro, the machine
will relax its displacement into the specimen at a rate depending upon
the imposed crosshead speed and the ratio of the moduli. It can be
seen therefore that the specimen strain rate will vary throughout the
test, as the modulus changes.

to
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To investigate these effects two different tests werz run on PMMA in
whick the area of specimen under load was changed, sc that two widely
differeunt yield loads were obtained. In the -'as: where the yield load
was high (50KN), deflections in the machine were large, and the effects
of machine elasticity were pronounced, while for a lower yield load
(3KN) these effects were reduced. It was concluded from these tests
that reducing tne effects of machine elasticity decreased the changes
in strain rate up to the yield puvint. The yield stress was unchanged,
and a yield drop in loxd was still otserved. These conclusions are

s important when compecing the stress-strain curves, determined at
constent crosshead speed, for different polymers with markedly different
yield loads.

2.2.6 Constant nominal strazin rate tests

The constant crosshead speed test is often quoted in tne literature as
a constant strain rate test, but this has been shown here to be untrue
for the plane strain compression test. An attzupt was made therefore
to maintain the specimen deflection rate, and lLence the nominal strain
rate, constant throughout the course of a plane strain compression
test. Keeping the nominal strain rate constant meant that the true
strain rate would be continually changing, but apart from the
experimental difficulties in maintaining a constant true strain rate,
the differences would only become significant for nominal strains in
excess of 0.15 as mentioned earlier, and the yiela point strain was
generally lower than this value.

To determine a stress-strain curve at constent strain rate, the specimen
deflection against time was first determinea at constant crosshead
speed in the usual way. From this curve th: changes in crosshead speed
required to maintain the strain rate constar! throughout yield were
calculated. The test was then repeated unds- identical ccnditions,
except that the crosshead speed was continuoi 3iy changed as calculated.
This process was achieved experimentally by w:ing the variable speed
control incorporated in the Tensometer testin : machine, and dial gauge
readings were taken using the magnetic tape m«thod described earlier.

The results of such a constant strain rate test 2t 0.27mm/min specimen
deflection rate, together with the results of a constant crosshead
speed test at the same speed, are shown in Figuros 7 and 8. The most
important observation from these curves was tha’ ‘*he yield stresses for
each curve 149.6 + 2.3 N/mm® at constant crossheat speed. and
145.4 * 2.2 N/hmz-ét constant strain rate were ¢ url within the
experimental error, and the yield stress appearel t> be unaffected by
tle strain rate behaviour prior to yield. Sets «i ‘urves similar to
those shown in Figures 7 and 8 were produced for i e different speeds
. from 0.05mm/min to O.3mm/min and in each case it wa: apparent that the
yield stress at ccnstant strain rate was the sane zs the yield stress
at the equivalent constant crosshead speed, withi~ tie experimental
error.

In conclusion therefors, despite the fact that the ef ects of machine
elasticity and variacle .-%. ain rate complicate an interpretation of a
constant crosshead cve~d test, the yield stress is determined by the
strain rate at the mru~t of yield alone. The curve in Figure 7 and
similar curves taken tbroughout the course of this roject, indicated
that the strain rate precisely at the upper yield puvint was equivalent
to the applied crosshead speed, and yield stiess values can therefore
be quoted at the sirain rate as determined from the crcsshead speed.
Yield strain values however, are noticeably influenced by the strain
rate behaviour prior to yield (Figure 8), and will therefore depend
not only on the cinsshcad speed used but also on the elasticity of the
teosting maching =
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“'“Tb detérmine the change in the plane stralnacompr9551xe'y1éld ‘stress of
Y with app11ed strain rate, a 'serieg of'tests vnre run using
"' trossliéad speeds in the range 20-0.025° ‘mm/ind upec1mens»vere

_c*\mpressed in the usual way at Foom temperature using 6.4 wn dies, and 2

at each speed a load maximun followed by ‘a vield drop was observed as ¥

" described in Section 2.2.1. ' The auminal yxeld streés was calculated e

" .in each case.’ The nominal ‘strain rate at the yield ‘point ‘was’ found by
dividing the crosshead speed by the original specimen thickness (h ).

‘Yield stress values were plotted agair:t the natural 1ogar1thm of

the strain rate, and a linear variation shown in Figure 9 was found. .
Similar results for the variation of yield stress with strain rate hava P
been given by Roetling (1965), and Andrews and Whitney (1964), for PMMA P
tested in tension. These results will be discussed in terms of the P
mechanism of yielding in a later section.

The'varlatlon of the y1(10 ,tress dltn strair rzte
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2.3 The yield behaviour of PMMA and otber polymers

2.3.1 IL.itroduction

In the previous section the stress-strain curve for PMMA was described
in some detail in order to define the yield point. 1In the light of
these results stress-strain curves were produced for all the polymers
studied, and a yield point defined for each material. Using these
definitions the variation of the piane strain compressive yield stress
with applied tension or compression was measured for each material, as
described in Section 2.1 with a view to producing a yield criterion for
these stress states. A detailed analysis of the plane strain
compressive yield stress, and the uniaxial compressive yield stress of
PMMA, was also carried out, in order to extend the discussion of the
yield criterion for this material to more general, non pliane strain,
stress ustates.

2.3.2 Stress-strain curves for other polymers

The stress-strain curves shown in TFigures 10 and 11 were all determi..ed
as described previously for PMMA in Section 2.2.1. The specimens were
compressed between 6.4mm dies with a constant cross!ead speed of
0.2mm/min, and at room temperature. Nominal stress is plotited against
natural or true strain, as large strains are considered. The variation
of the strain rate, for each material, during compression at constant
crosshead speed, was similar to that described for PMMA. However, for
the reasons given in Section 2.2.5 the changes in strain rate became
less pronouacedé for those polymers yielding at lower stresses, so that
e for HDPE and LDPE the test was essentially a constant strain rate

- test. The strain hardening after the yield point shown by all the

; materials may not be as large as indicated since the stress is plotted ’
as nominal stress, and for large strains the true stress will be
significantly lower than the nominal stress.

For all the glassy polymers, including PET, the stress-strain curves
are simitar to that shown by PMMA, with an initial linear rortion at
low stresses followed by a stress maximum and a load drop. Therefore
by anslogy with PMMA the yield stress in each cese will be taken as the
first maximum on the stress-strain ¢ e. In truth the maximum stress
voint is not necessarily the actw.i yield stress of the bulk material,

! as for example in PBS where defo mation bands appear before the raximum
f struss point which is associatec with initiation and propagation of
curh bands (see Section 7.7%.0), Howrver the yield stress as defined
here will be directly related to the true yield stress of the bulk

10



material through some constant factor such as a atress concentratlan
. term, and a useful indication of the yield -behaviour can,be ahtazned
with this definltion. : :

Fox the polyethylenes there was no maximum stress poznt on the stress.-
strain curve, and thr mode of deformation camnot be studied in
polarised light as tiiese raterisls are opuque. The yield point cannot
therefore be Bo readily defined for these materiais. - However, the
yield stress for materials which show nc load drop after the yield
point is often taken as the value at the intersection of the-
extrapolations of the linear portions of the curve before any after
the yield point (Nadai (1950)), and this definition will-be ised here.
For HDPE this point corresponded to the point of inflexior n the
stress-strain curve as shown in Figure 11. Furtler justification for
using this definition of the yield point was obtained ‘rom the stress-
strain curves for plane strain compressinn with appliei cension (see
Figure 12) when a load drop appeared at higher temsions, and the
extrapolated yield stress became the maximum streds point.

2.3.3 VYield strcss and strain values and moduli

The modulus was determined for each material from the slope of the
initial linear portion of the stress-strain curve. As already
described, the nominal strain rate during inis portion of the curve was
generally constant but less than the strain rate at the yield pecint.
The various moduli quoted in Table 1 are therefore given at the nominal
strain rate measured during the initial part of the stress-strain curve.
In this region viscoelastic effacts »ill be small, and the material
will behave like a Hookean elastic ::0lid [Bowden (1968)). Therefore
applying linear elasticity theory Lo the stress system in plane strain
compression (see Appendix 1.5), it can be shown that the modulus
measured from these stress-strsin curves B' = Y , where Y is

1-v
Young's Modulus for uniaxial compressicn and v is Poisson's ratio.

The yield stress values gi en in Tzble 1 are quoted at the strain rate
at the yield point as cralculatsd “com the crosshead speed. Yield
strain values are included Jor & vnalitative comparison only, as these
have been shown to vay roviceably with tne strain rate behaviour prior
to yield.

The errors quoted ‘or the moduli were estimated from the range of lines
that could be constructed through the early peints of the stress-strain
curve, while the errors on the yield strain were estimated from the
stress-strain curve around the yield point. The errors on the yield
stresses were computed from the known experimental errors.

2.3.4 The mode of deformation

In Appendix 1.6 the theoretical mode of deformation of an ideal rigid
plastic in plane strain compression is discussed, and the deformation
is shown to take place inhomogeneously as a number of independent rigid
wedges which slide along a criss-cross of slip lines. Apart from the
polyethyleres which were opaque, sections taken from deformed specimens
showe? that in every case the deformation was inhomogeneous. Figures
13-17 show the types of deformation observed in the various materials.

11
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The section of PVC shoued most clsarly the mode of deformat;on e

" proposed by- Gvean,zasfa‘zig*zag sﬁapefﬁoﬁe“éf‘p&aﬁt #aliy defoimed

ibterial’ crossed the Whole- spéciment widthyaiviatng 1t“ihto?“:number of
undeformed wedges. A similar form of deforiatien’was seéen in-the PMMA
section- but the plastic zones are more diffuse, while in PS the same
zig-zag plastic zoné was-preseéiit:<but made up’ of sSmaller bénds-of
intense shear. Thée sections shown for-Epoxy resin D-and ¥ET 4o not
show the overall zig-zag pattern, as‘yielding haé.beer more readily
1n1t1ated at surfdce irrégularities than at the die corneAv. -

Inhomogeneous yielding in tension has been well rhported 1= %he -
-literature for many materials. Nadai (1950) discusses the fcimation

of narrow plastic zones in mild steel plates, and shows how tiz applied
stresses cause the plastic zone to be obliquely inclined at 55Y to the
tensile axis. Brown and Ward (1968) have investigated plastic su. ~v
zones containing up to 2.0 shear strain formed in oriented PET in
tension, and have explained the main features of such regions by
cousiderations of the polymer structure. Rider and Hargreaves {1969)
explained the direction of the plastic zone formed in oriented PVC in
tension, in terms of an anisotropic yield criterion derived from the
von Mises yield criterion, and Argon et al. (1968) have otserved bands
in unoriented PS in compression, and iv oriented PS in tension and
torsion, and proposed a structural model. for PS to explain the main
features.

Although the shear zones fcormed in tension originated for different
reasons to those formed in these plane strain.compression tests, the
general features, such as limiting width and the shear straias
contained, are likely to be controlled by the same structural
parameters in each case. The two extreme cases of PMMA with broad
diffuse zones containing relatively low shear sirains (0.10) and PS
with narrow well defined bands' containing large shear strains (~2.0),
have been shown to be related through the eftect of temperature, when
PS can be made to behave like PYMA at high temperatures (greater than
65°C) and PMMA like PS at low temperatures (near -196°C) - Private
communication Bowden and Raha. Tt is apparent thar cthe characteristics
of the band are directly related to the underlying molecular mechanisms
taking place at yield. However, this requires much more detailed
investigation, and apart from a qualitative description of the plastic
shear zones, the psrameter considered here will be the angle the zone
makes with the compression axis.

The initiation and propagation of shear zones in PMMA has already been
Jdescribed in Section 2.2. For PVC and epoxy resins the zones are less

diffuse than those in PMMA, although increasing strains beyond the

yield point are incorporated in the same way, namely by widening of the

zones until deformation is practically homogeneous at the lower yield

stress. PET shows two types of zone intermediate between an epoxy .
resin type of broad zone, and sharp well defined bands a few
micrometres thick similar to those seen in polystyrene (see Figure 18).
Continued straining of a PiT sample beyond the yield point results in
some widening of the broaler zunes together with a proliferation of

the smaller bands. Ta PS the deformation proceeds by formation of
narrow bands (~1 um wide) containing shear strains of up to 2.0. As
straining continues beyor the yield point the bands do not widen but
propagate along the siear direction and multiply in number leaving thc
surrounding material undeformed (see Figure 19).

12
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2.3.5 Measurement of the angle of a shear zone

In the plane strain compression test deformation is restricted to a
single plane, and this is the plane from which the sections shown in
Figures i3-i7 were cut: In this plane, the dlrectlon of maximum shear
stress is 1n011ned at 450 to the compression axis, and for a material
vhich fails in shear alone, yielding would take placé by shear along
these directions. For materials such as soils, deformation in shear is
accompanied by changes in volume (Terzaghi and Peck (1948)), and for
these materlals the angle of the plane in which deformatlon begins
differs noticeably from #5°. The angle of the shear plane is therefore
a useful parameter in .a study of conditions ‘of failure, and for glassy
polyners there is the importait advantage that the directions of
deformation can be dircctly studied by viewing in polarlsed light,
unlike metals for which complex etching techniques are necessary.

In PS and PET the large number 6f narrow shear bands allow measurement
of their inclination to the compression axis with reasonable accuracy
but in the remaining polymers the more diffuse nature of the zones,
particularly with PMMA, prevents accurate measurements. However, it
can be seen w1th these materials that small stress concentrations at
the surfaces produce smaller zones of yielded material, from which it
is possible that accurate measurements can be made. To accentuate
this affect, and thereby permit more accurate determination of the
shear direction, a series of fine scratches approximately 50 Hm deep
were made on one surface of the specimen, parallel to the length of
the dies. These scratches did not change the yield stress within the
experimental error, but the effect or the mode of deformation was to
produce a number of smaller chear zones as shown in Figure 20 for
PMMA. These zones were used to measure the angle of inclination to
the compression axis.

Measurements of the shear zone angles were made on photographs of
sections of specimens which had been taken just to the yield point

and then unloaded and allowed to relax for at least 24 hours at room
temperature. The inclination of several shear zones were measured in
each specimen, and a standard deviation calculated for the mean value.
In general the permanent deformation in the specimen, measured after
relaxation,was small in comparison with the yield strain, and the
inclination of ‘.ie zones at the instant of yield will therefore be less
than when measurements were made on sections cu? from Fhe specimens
after recovery. If the values of the strains 81 and € recovered after

relaxation are known {see Figure 21), an estimate of the inclination
of the zones at the instant of yield @', can he found from the
inclination of the zones measured after unloading 6, using the
equation:~

1 ]
tan a' = (1+€2)
A
1

(1+e,)

tan o (1

t
where €4, which is a compressive strain, will be a negative number, and
t 1
€, will be a positive number. The value of €, can be found by

measuring the residual strain after deformation, ard subtracting this
t

from the yield strain for the material., The value of €, was not
measured directly but can be estimated, with limited precision, by
measuring the width of the die imurint on the surface of the specimen
after relaxation. The measured values of 09, together with the
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corrected valuesa '° estlmated using Equaflon.@)are ghown in mable 2.

The errors involved in détermining the values 81 and 82 were ebnorma’lf

large, bit oniy an estimafe of the effect of elastic recovery was
requiréd. For this feason the maximun: correctlon he; been applled to
calculate o', and the errors quoted on thls quantlty are those involved
1n measurlngcx and. do not include the ‘errors involved. 1n the
correstion procedure. Coe

These caléulations show that fo. all ‘the materials except PS, the large
elastic strains at yield can account for the deviation of the measured
angle from 450 while for PS deformation has definitely taken place on
planes steeper than 45°. These resiults will be discussed in relation
to the stress data and yield condition in a later sectﬁon.

2.3.6 Factors affecting the measurement 6f the yleld rtress
of PMMA in plane strain compression

There are a number of factors inherent in the type of test used here
which could influence tie measwred values of yield stress. These
factors were given detailed investigation for PMMA in order to

estimate the magnitude of the various effects, .and to determine a fully
corrected value of the plane strain compressive yield stress.

A series of PMMA specimens all of the same thickness but of various
widths in the range 6.4 mm ~ 51 mm were compressed in the usual way at
a constant crosshead speed of, 0.2 mm/min using four different die
breadths. The strain rate in every case was 0.0011/sec. These results
were used to investigate the effects mentioned below.

2.3.6.1 End effects

The large elastic strains in PMMA cause the material at the ends
of the deformed section to be bulged outwards to a far greater
extent than in metals. This has a twofold effect. The load
bearing area will be increased, and the true stress may be less
than the ncminal stress; the deformation at the ends of the
compressed section will be non planar, and the measured yield
stress may be less than the true plane strain yield stress. The
difference between true stress and nominal stress at the yield
point has already been shown to be small (Section 2.2). The
tests mentioned above shoved that for specimen widths greater than
four times the die breadth, the yield stress was constant within
the experimental error, and the material under the dies was
effectively constrained. It was therefore concluded that in the
standard test where a 38 mm specimen was compressed betveen

6.4 mm dies, end effects are not important.

2.3.6.2 TFriction and shoulder restraint

Although the dies were well lubricated, it is possible that the
friction between the specimen and dies was sufficient to restrict
flow, and to lead to an increase in pressure under the central
region of the dies (Bishop (1958)). it can be shown that (see
Appendix 3) the mean pressure on the dies p is given by

o]l

=g I-'l + bSzjs (1 +a)
[ 2h o (1 -p)
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where ¢ i5 the stress w:Lth no frlcta.on between the dié and the
specimen, b is the d1e breadth, h the snec:.men thickness at. yield,:

’ ¢ the coef °1c1ent of surfa\.e frz.ctlon, and'‘fa matex‘lal constant

(coefch1ent of 1nterna1 frlctlon, see Sectlon 3.1).

The elastlc ‘material alongside ‘the dles wzll exert an apprec1able
restraint to -déformationof the material under the dies, and thls
shoulder restraint has been analysed by Wllllams (1967 ).

Fbllowzng his anglysis, if R be the p.rt «of the totai load per ' .
unit specimen width provided by elastucally deforming the material
outside the test section] o' the measured stress, and o the

actual stress under the dies; Me ‘Havei-

]
1

o= ﬁ per unit width," and therei‘ore v

Lo R ¢b2 (1+p) f '_ o
o':b = |0+ ¢ b+ ?h - p) pb ’

and if both ﬂs and R ard small !

ﬂgpd (1 +u) . ' s
Yoh G- ¢ . (@

- s i 1 ] .
Therefore, for a given specimen width and thickness, a plot of the
measured yield stress (o') against % will show a minimum, and if

friction is- small extrapolatlon of the linear parto'i= ¢ + Py '

to b =% will give o, the true yleld stress.
i

. 1 .
Plots of yield stress against -E- for three specimen widths 25.4 mm,

38.1 mm and 50.8 mm were made, and no minimum was, obsgrved for the
largest die ‘breadth 9.5 mm and specimen width 571 mm.

Extrapolaticn of the plots to b = oo ,Were made for each specimen . 2
width, and the mean yield stress was found to be 140 3+ 2. 7 N/mm".

A maximum value for the coefficientof surface frlctlon P can be
estimated from the fact that no minimum was observed in the plot '
of o' hgaips‘b ;:—)- Referring to Equation. (2) a minimum will occur '
.o (1 +p) | .
wheno":o’[l+ 1(1_“)] ‘

No minimum was detectea for L] ratios as large as 3. 71+ and ausummr
h
p = 0.25 (see Section 3%.1) : . | ;

o' =g (1 +¢S x 5.7 x 1.67). \

For the effect of friction to be noticeable'at this -;?- value,o’'

should be approxmately ’+% higher than ¢ to place the difference
outside the experlmental error and 1 + ¢' x 6.23 = 1.04.,

« + @ = 0.006 ,
This value for the coefficient of surface friction is in agreement
with that found by Williams ¢1967) for similar conditions.
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2:3:6.3 Test geometry

The -effect of ‘thé ratio of -specimen thickness to die breadth has
been investigated by Green (1951) for metals, and by Ford and
Williems (1964 ) for‘polyethylene, and their results are discussed
in. Appendix 1. For a given specimen width stress values were

. yield, and b is the die breadth. No .significant maxima or minima
‘were found within the experimental error, and the effects cf test
-geometry were therefore assumed to be negligibly small.

2.3.7 Measurement of the yield stress of PMMA in
uniaxial compréssion

The yield stress of PMMA was also measured in uniaxial compression in
order to compare this value with the yield stress in plane strain
compression, and thereby determine the effect of the hydrostatic
component of stress on ‘yielding (see Section 3.1). The uniaxial
compress1ve yield stress was measured on cyllndrlcal spe01mens cut

from .commercial ICI "Perspex" rod, which had been anpéaled for 24 hours

at 110°C, and slow cooled. The rod was machined on'a lathe to return
it to a ‘circular cross section after annealing, and various lengths
were cut off and polished using metallographi~ techniques.

For the unconstrained yield stress measurements two corrections are
necessary to determine the tru yield stress. The load bearing area
increases during straining, and a correction must be applied. for the
increase in diameter of the specimen under load. The surface friction
between the dies and specimen camses an increase in pressure under the
dies, and this can be corrected for as in the plane strain compi ession
teste.

To correct for changes in load bearing area during deformation it was
assumed that the volume remained con-tant, so that the area of the
specimen at yield could be computed from the measured contraction of

_ the cylinder. Negligible barrelling was observed. The same

lubrication conditions were used here as “in the plane strain
compression test. Friction was therefore known to be small and could
be corrected for. It can be shown that the mean pressure on the ends
of }he cylindrical specimen is given by:-

p=oc (1+ ¢; %-. m) (See Appendix 3)

where o is the true stress without friction, ¢g the coefficient of
surface friction, a the radius of tne specimen, h the he1ght of the
specimen at yield, and m a constant. Therefore, by measuring the

yield stress for a range of %-values, and extrapolating to % = 0, the
true yield stress can be found. Using %—vnlnos in the range
0.1 - 1.0, and a strain rate of 0.0011/sec, the extrapolated value

of the uniaxial compre681ve yield stress was found to be
104 0 + 7.4 N/mme.

For comparison with this value one should ideally determine the plane

strain yield stress on the same material. However, this would involve
measurements on a large number of specimens to determine a fully
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corrected value as described in section 2.3,6. Thé procedure used here
was to measure the plane strain yield stress. for a sheet specimen cut
from the rod used to determine theé uniaxial yleld stress, and by
comparison with the yield stress values determlneu in Seéction 2.3.6 for
: the same specimen dimensions and- die breadth, apply the same percentage
% corrections as used there. That is, the vlane strain yield stress

| measured on a normal sheet specimen, using 6.1 mm dies, a 38 me o
specimén, and a strain rate of 0. ;0011 /sec  was k.7 + 1. 9 N/mm" which
when fully corrected became 140. 3 * 2.7 N/hm . This was a decrease of
2%. The plane strain yield stress " measured on a section cut from the
rod, at a strain rate of 0.0011/sec, was found to be 137.9 + 1.7 N/mm
and decreasing this by 3% the fully corrected yiéld stress becomes
133.2"+ 1.6 N/mm2, Therefore we have the plane strain and the

uniaxial yield stresses, measured on the same material, as follows:-

2

The fully corrected uniaxial yield stress (G") =
10%.0 + 7.4 N/mm®

and the fully corrected plane strain yield stress (Gp) =
133.2 + 1.6 N/mm®

The ratio

vlane strain compressive yield stress o
uniaxial compressive yield stress o'u
= 1.28 + 0.16

The importance of this result will be discussed in the next section.

2.3.8 Plane strain compression with applied tension

The technique used to measure the variation of the yield stress in
plane strain compression with applied tension has been described in
Section 2.1. For all the materials tested the compressive yield stresas
decreased with increasing applied tensions, and Figure 22 shows a
typical series of stress-strain curvesfor epoxy resin D. The general
effects of tension on the stress-strain curves of all the glassy
polymers were similar, in that the overall shape of the curve remained
the same with increasing tension, and the modulus and rate «f strain
softening were similar for all values of applied tension (02). At
higher strains the rate of strain hardening decreased with increasing
tension, and in HDPE this had tne effect of producing a load drop after
yield (see Figure 12). The compressive yield lcad was determined from
the trace of lvad against time, and the nominal yield stress (cq
calculated as before. The applied tensile load, which was maintained

* constant for a given test, was determined from the pressure in the

3 . hydraulic ram, and the nominal tensile stress could be found by

2 ‘ dividing the load by the original cross sectional area of the sprecime:.

‘ . However, the effective area over which the tensile load acts will
decrease in proportion to the compressive strain (e;) and the true
tensile stress will oe noticeably larger than the nominal stress. The
tensile stresses quoted sre therefore true sticss values calculated

& . from the specimen area at yield and the applied load.

SN e st

Figure 25 shows the experimentally determined variation of the
compresslie yield stress Oﬁ, with applied tensile stress 02 for PMMA
using 6.4 mm and 3.2 mm dies and a crosshead speed of 0.2 mm/min, The
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compre551ve yield stress 0y decreased llrearly W1th the tensile sirzssz
62. “The lines- drawn through the experlmental p01nts.for whlch y1e1a'"~
occurred weré obtained from a least squares calceulation. -i$ eviden:
that the compressive yleld stress and the extrapolated tenslle yield
stress are not the same, indicafing a 51gn1f1cant effect of the
hydrostatlc component of the stress tensor on. yleldlng. For tensile
stresses greater than approx1mate1y 34 N/hm tensile fraciure
intervenéd before yielding took place, and such fracture usua11y
occurred .at the die edges and along the length of the dies
pérpendicular to the tensile stréss.

In Section 2.3%.6 a numbér of facﬁors affecting the value of the simple
plane strain comvressive yield stress were discussed, and these same
factors could affect the experimental values in Figure 23 and hence the
slope of the line. However, it has been shown that friction, end
effects, and test geometry have negligible effect on the experimental
values, -and that shoulder restraint is the only major source of error.
The latter effect can be corrected for by extrapolation to infinite die
width (see Section 2.3.6), and this has been done using the results for
6.4 mm and 3.2 mm die widths shown in Figure 23. The corrected line
for infinite die width is also constructed in Figure 23 and it is
apparent that the change in slope is cmall. The equations for the
three lines.are:-

for nominal 3.2 mm dies: o, = 75.8 (+ 1.1) ~ 0.595 (+ 0.012)0} N/'mm2

for nominal 6.4 mm dies: o, =73.8 (+ 0.98)- 0.619 (x 0.011)c, N/

o dies: o, = 72.1 (£ 1.1) -~ 0.655 (i-°'°12)°H N/mmz
For all the other materials tested the effect of shoulder restraint was
never greater than that shown above for PMMA, and for convenience the
results using 6.4 mm dies will be quoted in each case.

The varialtion of 04 with 05 for the range of polymers studied here at
a crosshead speed 0.2 mm/min and room temperature is shown in

Figures 24 and 25 and the data summarised in Table 3. For all the
materials a linear variation was observed. In PS and PVC as in PMMA,
fracture intervened at higher tensile stresses so that the whole of
the diagram could not be jnvestigated. The slope (a) of the lines in
Table 3 is less than 1.0 for all the materials, showing that the
compressive yield stress is significantly larger than the extrapolated
tensile yield stress in every case. The dependence of yielding on
pressure, illustrated by these results, has also been reported by
several other workers, Whitney and Andrews (1967), Sternstein and
Ongchin (1969), Sardar, Radcliffe, and Baer (1968), and these effects
will be considered in the next section. The compressive strain rates
for which the various lines were determined are shown in Table > and
the effects of strain rate and temperature on the variation of 61 with
Gé will also be discussed in a later section.

2.3.9 Plane strain compression with applied compression
Small values of compressive stress Op were applied whilst loading in
plane strain compression ¢1 as described earlier, in order to

investigate the shape of the yield locus in the negative -0 -0
quadrant of the 61 o, diagram. The techniques used both exper:mentally
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and in ‘the analysis of the results were tne same as already described
for compression-wiith-tension tests. To obtain consistent results,
compression-with-tension tests were run on the same batch of material
immediately after the conipression-with~compression. tests. The complete
results obtained for PMMA and PS are shown in Figure 25. It can be
seen that in each case the locus remains linear over the limitéd range
of values of O, investigatéd. The equations to the best straight lines
in Table 4 show that. the slopes' determined in compression-with-
compression are the same as with tension, within the error quoted,

Other parameters influencing yield behaviour
2.4.1 Introduction

In Section 3 it is shown that the yield behaviour of a number of
polymers, subjected to various stress states, can be explained in
terms of a Tresca or von Mises type yield criterion modified for
pressure dependence. For the suggested yield condition to have wider
application it is important to determine how the shape of the yield
locus, and hence the parameters i and k,, will vary under different
conditions. With this in mind a series of experiments were performed
to demonstrate the effect of temperature in the range 20-70°C on the
field behavicur of PMMA, and the effect of crystallinity on the yield
behaviour of PET. Values of y and k, were 2lso measured on two epoxy
resins to demonstrate the consequence of increasing plasticiser
content.

2.4.2 Measurement of the yield stress of PMMA at
temperatures in the range 20~70°C

2.4.2.1 Apparatus

The apparatus described in Appendix 2 was modified to allow
accurate temperature control of the specimen environment during
straining. This was achieved by winding small 80 watt heaters
around the sides of each of the dies, which were insulated from
the rest of the compression rig by thin mica strips placed between
the die, and the die block. STC M15 thermistors were carefully
mounted close to the die faces as temperature sensing devices, and
these were used in conjuaction with a specially designed
temperature controlling circuit shown in Figure 27. Two copper-
constantan thermocouples were also mounted close to the die faces
to allow accurate mounitoring of the temperature of the die surface
in contact with the specimen. A small enclosure was built between
the top and bottor die blocks to contain the insulated dies, and
preheated nitrogzn gas at the test temperature was continually
circulated through this enclosure to reduce heat losses and to
ensure that the specimen outside the area under the dies was also
at the test temperature.

2.k.2.2 Experimental technique

Due to the poor thermal conductivity of PMMA, it was necessary to
allow a period of time for the specimen to reach the temperature
of its environment and also to eliminate possible thermal
gradients across the test sections. To investigate these effects
four thermocouples were mounted within a trial specimen of PMMA
at various positions around the compressed region. Molyslip
grease was used on tne dies as before, which were applied to the

19

ey

T P T

B . “.: e T R T

PREEETN




trial specimen under a small load (¥250N), and preheated to a set
temperature. The time taken for the- tempeérdture of the .dies and
-, ~:Specimen. to equilibrate Maégnbtéd; together with any '‘thermal

- gradients producéds: - It was found that the temperature of -the

" specilien undér the dies and ‘the temperature 6f the dies
themselves Weéré equal- to:within ¥ 0.5°C after approximately
% iinutes, and the temperature .differences recorded by the
thermocouples withift the specimen were negligible (<1°C) .after
approximately 10 minutes. Therefore the standard procedure was
adoptéd ‘of allowing each specimen to warm up- to the: pre-set
temperature for at least 10 minutes before testing. Although the
control of the initial temperature was to + 0.5°C, larger .
variations occurred during straining which gave an accuracy of
1_1.000 on the temperature readings at yield. The loading
technique and measurement of strain were as described before in
Section 2.1. )

— ————.

2.4.3 The stress-strain curves of PMMA in simple plane
strain compression at various temperatures

tandard size specimens were compressed between 6.4 mm dies, using u
constant crosshead speed of 0.2mm/min; .at a series of temperatures in
the range room temperature to 65°C. The stress-strain curves obtained

" from these tests are shown in Figure .28 where nominal stress is plotted
against nominal strain. It can be seen that the elastic modulus
determined at low strains, and the yield stress, both fall with
increasing temperature. The yield strain also appears to decrease
although this may be insignificant ' as this quantity has been shown to
depend upon the strain rate bebaviour- prior to yield which could
change noticeably with increasing temperature. In Figure 29 the yield
stress is shown to decrease linearly with temperature within the
experimental error, and to extrapolate to zero at approximately 120°C.

2.4.4 The variation. of the coeffic¢ient of internal
friction and the cohesion with temperature

Three sets of compression-with-tension tests were carried .out at
téemperatures 22°C, 40°C, and 60°C. In each case 6.4 mm dies were used
with a crosshead speed of 0.2 mm/min, and the variation of the
compressive yield stress (0y), with applied tension (0>), was determined
as described in Section 2.3. At each tefiperature .07 was linearly
dependant on 0'p as before, and the three lines were parallel within the
experimental error (Figure 30). The value of y was therefore constant
a in the range of temperatures investigated. Beardmore (1969) uas also
" shown for PMMA that the yield stresses in uniaxial tension and
compression are different by the same constant factor, over a range of
temprratures from -43°C to + 77°C, confirming the above result for a
different stress system over a widgr range of temperatures. The value
ek
of the cohesion ko is given by the expression 04 = zq—€?aj- where oy is

the yield stress in simple plane strain compression (see Section 3.!Y,
and as p has been shown to be constant with temperature, the variation
of oy shown in Figure 29 now represents the variation of ko with
temperature. The implication of these results is that the yield
surface in stress space should retain the same shape but become larger
or smaller (expand or contract around the origin as focus) as
temperature decreases or iucreases respectively.
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Ta Section 3.1, Equation. 35; it is shown that the yield stress is given<

by .
»EkBT' i é ZkBTY .
k=—— T 57 - e “y.c) P
a2 0. Ve

ocr k=k +Wp
o

wr 2re the various terms are defined in Section 3.2. This equation
cinnot, te readilly exilended to include the effect of temperature since
i+ includes geveral parameters which could vary with temperature.
Haward .aad Thackray (1968) quote activation volames for several glassy
polymers, Whick show that V, may change with temperature, and Crowet
and Homes (1964) suggest a finear increase of V, with temperature for
PMMA. The natural frequency F, will also vary w1th temperature as may
the compressibility term x. A simple approach would be to assume V, is
a linear function of temperature, when k, would depend only on ¥,

2k, T :
according to the relation k, = V—g— 1n T and 4 would be constant
a . )

for x and ¢ constant. Further work is necessary however, to justify
such an approach, and to extend the proposed model to include a
comprenensive treatment of the effect of temperature.

2.4.5 The crystallisation of PET

To give some indication of the effects cn k, anda g of varying the
percentage crystallinity, samples of PET, which were originally supplied
as amorphous sheets (see Section 2.1), were subjacted to various
annealing treatments to produce partially crystailised structures, and
these were tested in the usual vay. The results presentzd in this
section are not intended to be a rigorous treatment of crystallinity
effects in PET but merely an indication of the genesral tronds

observed with a view to possible further work along these lines.
Publications by Brown and Ward (1968 and 1963), and Allison and Ward
(1967), have discussed many of *he physical properties of PET in both
the crystalline and amorphous state, ana Thowpson and Woods (1956) have
described the effect of increasing crystallinity on dynamic mechanical
properties. Astbury and Brown (1946), and Daubenny, Bunn and Brown
(195%4) have determined the crystal structure of PET.

A detailed investigation of the crystallisation characteristics of PET
has been carried out by Keller, Lester and Morgan (1954) and Hartley,
Iord and Morgan (1954), It is apparent from their work that the
response of a particular sample of PEY to crystallisation treatments is
dependent upon many factors, such as the previous melt history, the
limiting viscosity number (intrinsic viscosity), or any distortion of
the sample. These observations, together with the size of the
crystallised specimens required for compression-with-tension tests
(102 mm. x 38 mm.), meant that it would be difficult to obtain a
controlled degree of crystallinity and spherulite size. However, by
using identical conditions for each batch of specimens and varying
only the length of time for which the specimens were heated, it was
hoped that comparalive results for tre effect of crystallinity on the
yield behaviour could be obtained, Several attempts were made to
observe the spherulitic structure of the crystallised specimens, and
thereby define the crystallinity more closely. Unfortunately at the
temperatures used here the spherulites were too small and large in
number to nllow any useful observations.
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2.4 ~5‘ 1 Apparatus

Specimens were crystalllsed on gauze trays stacked in a
crystallising bath fllled with 5111cone 011. Each sample was free
to move on the tray, and the gauze allowed circulation of the
silicone 0il around eacdh specimen: The outside of the bath was.
wound with a heater which was controlled by a Sunvic temperature
controller, and this arrangement allowed regulatlon of the
equilibrium temperature of the bath to + 1.0°G. Two mechanical
stirrers were used to circulate the 0il around the specimens.
Silicone oil was used as the confining liquid in which to
crystallise the polymer samples; this having the least -effect on
the crystallisation processes (Keller et al. (1954)). .

The crystallinity of the various samples was estimated by
measuring their densities in a density gradient column. The
column used was 0.7 m in length and thermostated to a temperature
of 23.0°¢, Carbon tetrachloride and p- Xylene were used as
gradient liquids to give a density range of 1.3 - 1.5 Mg/m , and
four calibration beads were used to determine the linearity o< the
column. The meacurement of density with a density gradient column
has been described by Boyer, Spencer and Viley (1946), and Kilb
and Izard (1949), and the details of this procedure will not be
included here.

2.k.5.2 Crystallisation technique

To begin with the characteristic density against time-of-heating
curves were determined for the particular sheet in use here. The
silicone oil bath was tirst heated to the required temperature,
and then a number of small pieces of PET (~2mm?) were dropped in.
Samples were removed after measured time intervals, quenched in
silicone oil at room temperature, and washed with ether and dried.
The density of these samples was then measured in the density
gradient column, and a plot of density against time for a
particular temperature was obtained. The curves obtained at five
different temperatures are shown in Figure 31,

As the specimens required for the compression with tension tests
were so large, it was important that the slowest possible
crystallisation rate was used in order to allow uniform heating
and hence uniform crystallisation of the samples. It was therefore
decided to carry out crystallisations at temperatures around 95°C.
To check for yniformity of crystallisation, a standard size test
specimen was heated in the oil bath for 36 minutes at

99.0 i.1'O°C’ and small samvles taken from several points within
the specimen. These samples showed a scatter of density in the
range + 0.0025 Mg/hB, which was equivalent to a scatter of
percentage crystallinity of approximately + 3%.

Values for the percentage crystallinity were calculated from
density measurements using the equation

, d  (a-a)

x L o 3 x 100
M-

o] a

j= 5

/
where C is the weight percent crystallinity, dc is the density of
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the crystalline material, d, the den31ty of *he amorphous
material, and 4 the easured density (Baer (1964)). The azorphous
density d, was taken as 1.3350. Mg/m>. and the crystalline density
as 1.4550 Mg/m (Miller and Hielséu (1961)).
2.k.6. The variatiqn of the coefficient of interncl
friction and the cohesion with crystallinity

Samples were compréssed in the usual way using 6s4 mm dies'and a
crosshead speed of 0.05 mim/min. Figure 32 shows the nominal stress-
strain curve measured on a sample approximately 27% crystalline, in
comparlson with: the uncrystallised material curve. While the modulus
is hardly changed, the yield stress and the yield strain have been
significantly increased. Thes¢ effects are similar to those given by
Allison and Ward (1967), for PET tested in uniaxial tension.

Compression with tension tests were carried out for four different
crystallinities in the range O - 30%. It has béen shown that the
percentage crystallinity in a typical sheet specimen can vary by + 3%,
and this error together with experimental errors 1limited the accuracy
to which the crystallinity of a group of specimens could be quoted to
+ 4%, This large errcr explains in part the umusual scatter of points
found in measuring the variation of the ocompressive yield stress with
applied tension. The best straight lines through the experimental
points are shown in Figure 33 and the p and k, values calculated from
tnese lines are summarised in Table 5.

Despite the errors, these results show that increasing the percentage
crystallinity increased the value of both p and kys Attempts were made
to determine the effect of spherulite sime by crystallising at higher
temperatures (*220°C) but the resulting specimens were so brittle that
they fractured under small loads.

The increase in k, with crystallinity is to be expected as the
crystalline regions embedded in an amorphous matrix will tend to
reinforce the structure and increase the yield stress. However, the
increase in u with crystallinity is more surprising as a more ordered
structure might be expected to be less influenced by pressure both in
its compressibility and volume changes associated with yield. Sardar,
Radcliffe and Baer (1968) have studied the yield behaviour of semi-
crystalline polyoxymethylene under hydrostatic pressure, and found a
marked effect of pressure on the yield behaviour. They found that the
crystalline regions of the polymer played a significant role in
determining the yield stress over the entire pressure range, and
ascribed this to volume increases associated with the break up of
crystalline lamallae during yield. Peterlin (1966) has suggested a
similar mechanism for the dcformation of polyethylene rather than any
intrinsically crystalline mode of deformation such as twinning or slip.
In the light of these comments it woula seem possible that the
increasing pressure dependence shown by crystalline PET way also be due
primarily to the break up of the crystalline regions at yield with
larger volume changes than are required for deformation of the
amorphous material.
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2.4.7 The effect of plastlcluer on the yleld behav1our
of epoxy resin ) ) -

" Results in Sec¢tion 3.1 are given for the epoﬂy resin D (CIBA MY750)
and. the composition of this resin-was given in Sectlon 2:1. A second
epoxy resin, C was tested which was of the same compsition as D but
contained a smaller amount of plasticiser (see Section 2.1.1.4). The
cast sheets of both C and D were approximately 1.6 mm thick, and were
tested using 6.4 mm dies at a crosshead speed of 0.2 mm/hin. Table 6
compares the ¢ and ko values determined for these matérials. -

The value of k, appears to decrease with increase of plasticiser
content, while the effect of pressure and the value y increases. As
the influence of plasticiser on the molecular structure of a polymer
is, as yet, uncertain this result can only be a qualitative indication
of the general effect. However, it would not seem unreasonable that
plasticiser should have the shown effect for if it acts to increase
the overall volume of the structure movement of the polymer molecules
under stress will be facilitated thus decreasing the yield stress,
Wwhile the compressibility of the structure may be increased thereby
causing U to increase. Studies of birefringence éffects in
plasticised and unplasticised PVC (Andrews and Kazama (1968)) appear
to confirm the above results. These workers have $hown that
plasticiser allows more orientation of the chain backbone during
deformation, while the effect of the plasticiser molecules themselves
is probably small.
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3

DISCUSSION OF RESULTS AND THEORY

3.1 The Yield Criterion

3.1.1. Definition of a yiéld criteridn

In the previcus sections the stress=strain curves for a range of rigid
polymers were presented, and it was shéwn that in each case there was. a
characteristic stress which ctould be defined as a yield point. It was
shown that this stress does not correspond to the limit -of Hookean

-elasticity, as recoverable viscoelastic strains could be produced before
the yield point. However, the yield stress does correspond to the onset .

of large scalec plastic strains within the material, and as such it is an
importent parameter in defining the response of a material to various
states of stress. It is the purpose of this section to attempt to
define the general states -of stress under which the pol*mers considered
here may be brought to the yield poiait, and thereby to define one of the
possible limiting cenditions of mechanical strength for these materials.
To begin with only the results obtained for PMMA will be considéred, and
viable extensions of the conclusions to other polymers will be discussed
later.

An important assumption in producing any yield criterion is that
yielding depends only on the magnitudes of the: three principal applisd
stresses for an istropic material. For many polymeric materials the
vaiidity of this assumption is not immediately -apparent as it is well
known that some polymers yield under a sufficiently high constant
tensile lcad some time after applying the load (Ender (1968), Ender and
Andrews (1965)). Time effects therefore have a major influence on the
yvield behaviour of certain polymeric materials. Ih the tests used hére
however, tne yield stress has been determined in the equivalent to a
constant strain rate test, and provided one is aware that the yield
condition may differ when determined under conditions of constant load
for example, a useful interpretation of the yield condition may be made.
Temperature and strain rate are important variables affecting the yield
stress, and hence the yield criterion, as well as parameters of a
molecular nature such as crystallinity and amount of plasticiser. The
effect of these variables is discussed in Section 2.4,

For an isctropic material plastic yielding will oﬁly depend on the
magnitudes of the three principal applied stresses and not on their
directions, and any yield criterion can be expressed by

f(J J2 J3) = 0 (Hi11 (1950))

where Jq, J2, and J3

stress tensor. They are defined in terms of the principal components

are the first three invariants of the applied

of stress ¢ 2,03 by the relations
J1:\‘)j]+0é+0'3 J2=-(c;|o'2+oéo;)+o:30‘1)
J3 = 0‘1 02 0‘3

Hence any stress state is specified either by the three principal
stresses, or by the three tensor invariants, and only functions
symmetrical in the three rrincipal stresses are permissible as yield
criteria, as the material .s assumed isotropic.

a5

MK\&.;‘_“. <

v - 4ar Gethn

D aavn

. R eoRM R

‘,‘ ot



3.1.2 ‘Stress space and the yield surface. .. . . ..7. .
Any state of stress can be completely specified by the values of the principal
stress components ¢4, 05, and' 0’z snd such a state may be~repres¢ﬁted‘bg a vector
in a three dimensional space, whéré the principal stresses are taken ac

Carlesian co-ordinates (Haigh (1920)). The yield criterion is éxpressed
-mathematically by the function f(J1 =J2 Jz) = 0 or £’ S PR ) 63l = Q

and this is the equation.of a .surface in stress space.

In the plane strain compression test with additional tension uséd here,
various triaxial states of stress (Appendix 1) have been applied to the
material to produce yield, and some section of the yield surface in stress
space has therefore been mapped. Only the two applied principal stresses
09 and ¢ p have been measured, and to determine the position of the section

nf the yield surface with respect to the co-ordinaies of stress space the
relation between the third principal stress 0’3 anG the other two principal

stresses must be found., Ford and Williams (1964) found a relation between

the principal stresses for a similar type of plane strain compression test

by using plasticity theory to analyse the non-linear elastic strains appearing
before the yield point. Reasonable agreement between theory and experiment
was found. However, to use this analysis it was necessary to assume that
deformation took place at constant volume, which is knowa to be untrue for
several polymers (Krause et al. (1966), Whitney anc Andrews (1967)), and it
was also necessary to neglect strain rate effects,

For the stresses used here, however, it is not imperative to describe the
complete deformation as it is only the relation between the principal
stresses at the yield point that is required. At the moment of yield, as
described in section 2.2., the stress is conctant with time while the strain
is increasing at a constant rate. That is, the yield point hss the appearance
of a momentary condition of pure viscous flow. A more detailzd discussion

of this condition in relation to the molecular processes taking place will be
given in the next section but here it is sufficient to note that for viscous
flow the strain rate will be some function,of the appli.d shear stresses.

To be more specific, if the applied stresses are as shown in Figure 35 then
the three principal strain rates & &p. and &3z will be functions of the

three principal components of the deviatoric stress tensor (Nadai (1950)).
The deviatoric stress tensor for the stresses applied in plane strain
compression with tension (Figure 35) is given by

D= Op ~O© where ¢ = 471 to 2

3

so that the priacipal sirain rate in the z direction (Figure %6) is given

by €3 = F( - (TR ~~), where F is the function relating strain rate and
shear stress at the yield point. For the plane strain tests used here it

has been shown that €3 = O (Appendix 1), hence at the moment of yield &3 = O
or ‘-C'j -0 = 0, .
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This is the same relatioh found by‘Ford and Wllllams as- described above.
However strain rate effects have not been excluded as these are included in
the function F, and no aésumptlon has been made about volume changes which,

if they occur at ‘the yleld p01nt will also appear in the function Fs

The -only assumptlon made here is that if the shedr stress or deviatoric
stress component is zero the strain rate at the yield peint will also be zero.

Equation 3 determines the value of 03 for given values of~oa and <T2 and
thereby determines the section of the yield surface f'v(oH Gé,"} ) =0
for whidh the various stress states o, o, were measured. Thé lines shown in

1 72
Flgures 24 and 25 are sections of the yield locus, glven by Equation 3, for
the varlous materials.

3103 The equation of: the yield locus ,

The considerations of the previous section have indicated that Flow at the
yield point is determined by the shear or deviatoric components of the applied
stress tensor. The function f!' 671,<72, g) for the yield criterion will
therefore in general 1nvolve any applied shear stresses of the form Tky' yz
(Oé - ok) The yield criteria. of Tresca and von Mises are functions which
contain these terms, and these criteria have been widely used ior metals

with reasonable success. More recently the von Mises yield criterion has also
been used to describe the yielding of certain polymers.

The results presented in section 2.3. however, indicate that yielding in the
polymers gtudied here, unllke metals, is also influencea by the hydrostatic
componant of stress 51nce the compressive yield stress decreased with applied
tension more rapidly than would be expected if the shear yield stress of the
material were independent of pressure. The function f' (0°q, 0, ©'3) must
therefore also include the effect of pressur: on yielding. There are several
function f' which could be used within the limitations described above but in
view of the success of the von Mises and Tresca yield criteria in explaining
shear yielding in metals, and the relative simplicity of these functions, more
detailed consideration was given to these criteria.

3.1.h. von Mises yield criterion

The yield condition proposed by von Mises in 1913, may be written in terms
of principal stresses:-

(y~ )% + (-0 + (o5 -0 = & )
where k is a constant identified with the shea: yield stress in a state of
pure shear. This may also be interpreted as meaning that a material will
yield when the elastic strain energy of distortion reaches a critical value.
It may be written as £(J5 ') = O, where J>' is the second invariant of the
deviatori: stress tensor (Hill (1950)) and in this form illustrates an
important assumption of von Mises that th¢ hydrostatic stress component does
not appear in the yield criterion. Results presented by Thorkildson (1964)
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on tension: and torsion of PMhA tubes, and -Simitar experlmenta by Ely (1967),
1ndlcated that von Mlses yleld criterion. may ‘be applicable, Rider and Hargreaves
(1969) and Bridle, Buckléy and Scanlan (1968) used -3 modification of von Mises
‘as a- yield criterion for anisotropic polymers, together wlth an internal

stress term to explain thelr resulis -on drawn PVC and PET respectlvely. ‘This
critérion reduced to the form :given i3 Equatlon 4 for an 1sotrop1c material.
Ford ‘and Williams (1964) also assumed applicability of von Mises ‘yield

criterion to dlscuss the -general stress-straln behaviour of thermoplastlcs in
terms of plastxclty theorv.

Using the condition that 03 = % @Tq —(fg) in Eque ‘on 4, von Miges yield
criterion. for the compression with tension, tests used here reduces. to:
+

oyt o =-2k 5)

which is the equation of two parallel lines in 03 0> stress space. The
intercepts of these lines on the co-ordinate axes are equal, and therefore
Equation 5 predicts the yield stresses in tension and compression to be equal,
contrary to the results given in section 2.3.

To explain the different tensile and compressive yield stresses .observed
experimentally, the effect of the hydrostatic component of stress must be
included, and in its simplest form this may be achieved by assuming k to be

a linear function of the hydrostatic stress P. It has been well reported that
.the yield stress of many polymers is sensitive to hydrostatic pressure

Whitney and Andrews (1967), Bridgman (1953), Ainbinder, lLaka, and Maiors

(1965) and Sardar, Radcliffe, and Baer (1968) and Holliday (1967) have R
reported the yield stress of polyoxymethylene and polystyrene respectively >
to be linearly dependent on pressure for hydrostatic pressures up to 200N/mm“.
Therefore assuming k to be a linear functlon of the hydrostatic stress
component P we have:- .

k:ko— uP (6)

where ko and W are constants. This type of relation has been extensively used
in soil mechanics, where the constants ko and p have been called the cohesion

and coefficient of internal friction, respectively. TFor convenience this
nomenclature will be retained here. The analyeis of the applied stresses in
Appendix 1 shows that the hydrerstatic strees component can be written as

P (- o +J, -0’3)
3

and applying the condition that o5 =3 (o' °é)’ this becomes

= -3 (o -

P= h(oz] 0'2)

and in (6) we have k=k + p (0% ~ oé) (7)
2

Substituting Bquation (7), together with the.condition
=3 (OH - 02) into von Mises yield condition 4, we have
2

(°'1+62)2 = 4 [ko + B (o:i - 0‘2)

e
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The' relation in (6) is such that the shear yield stress k is incresséd under
hydrnstatic pressure or compressicn (P négative), -and in (8) this gives tle
yield etress. in compression greater then the yiela stress in tension in accord
with the experimental observations. . . '

1)
v
~ N 1 * ! !

: H
Other functions of tlhie hydrostatic_stress component could be taken, for example
a parabolic relation of 'the form k2 = ko - uP, as suggested by. Schleichen (1926)
to explain data on .sandstone and marble. This type of relationship would .
predict a non linear variation of o'q with 0, where deviations-from lirearity .
will depend upon the value of p, and will be most pronounced in the +04 072
quadrant. A complete investigation of the streegs states in the -4, -0> and , °
101, +02 quadrants is necessary to determine the validity of equation 6
(Sternstein and Ongchin (1969)). :

[}
)

2.1.5. Tresca's yield critetion A ' o o
: 1
Tresca's yield criterion proposes that aimaierial wili yield when th.maximum .
shear stress reaches a c%rtain‘criticgl yalqe. In, terms of the principal
stresses this may be written:-~ Yo . ’
] , ;
The material will yield when 91 - %3 = constant O, >0, >0;
]
; t i . ..
dq - 92 constant & "733'0'._., I

n

or

q
ro

1

q
n

constant o >fo“> 0‘3 :
i [
1

. ' J !
In this criterion ille intermediste principal siress is considered as.hav1n§x
no influence upon the yipld behaviour. The criterion may also bg written in
the form f(Jp' J3') = O, where Up' and J3' are the second und‘thlyd‘ '
invariants of the deviatoric stress tensor,.but the regult is complxca?ﬁﬁ npd
not very useful. The hydrostatic compunent of stress does nol nppear in bhis
criterion and like vou Mises yield eriterion this crilterion has been
widely used to explain the yield behavious-of several motnlg willi 1cunonable
success. In the form presented above Tresca's yield cundition has pot.b?en
used for polymers, although Whitney and Andrews (1967). have used u @odlfled
version including the effect of hydrostatic pressure to explain their results
on PS. ‘ .
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iresca’'s yield conditioi Wil not produce a smooth .gsuriace in 5iress space
as the yleld surface will be bounded by three gets of parallel planes of

' the form ¢ 1 93 = constant. These six planes deflne & regular

2 c .
hexagonal prism in stress space, whose aXis coincides. with the space dlagonal .
of the p051t1ve and negative quadrants of the ¢q 03 o3 axes. With sultable
adgustments of the constants, it can- be shown that Tresca's hexagonal prlsm
ig 1nscr1bed in the straight c1rcular cylinder representing ‘ron. Mises ylald
criterion (Hill (1950)) : ;
H s
. For the compression-with-tension Lests used here the relat.on o 3 %(a -G,

has been shown to apply, and no matter what the magnitude or s*gn of c% and T

o, will alwavs be the intermediate stress. Accordingly Tresca's yield locus

3 "
o will be given by '
i % 9 = Ik o
~E— A

where k is the shear yield stress in a state of pure shear. This is a locus
identical to that given by von Mises yield condition (Equation 5), and predicts
.the ‘same yield stresses for tension and ¢ompression which makes it
inapplicable to the results in section 2.3.

The introduction of pressure dependence into this yield criterion can be
carried cut in two ways. Since yielding in shear is assumed tc be independent
of the intermediate principal stress o , it can be suggested tha: the pressure
or- normal stress across the shear plane determinés k, and not the hydrostatic

stress.

This gives a relation of the form:-

i
k =k -po (11

o n,
(where oy is the normal stress across the shear plane. On the other hand, if
k is determined by the hydrostatic component of stress a relation of the form

b

' k=k -pP (12)

will be obtained, where P is the hydrostatic stress as before.

!
bquation 11 is the yield condition formulated by Coulomb in 1773 to describe
the fracture of building stone and the yielding of soils. This type of yield
criterion has been widely used to describe the yield behaviour of loose
granular materials which flow in compression with marked changes in volume
Terzaghi and Peck (1948), Rowe (1962). It has also been discussed in >
relation to the yield behaviour of oriented polyethylene by Keller and Rider
(1966) and Hinton and Rider (1968).

The yield criterion in Equation 11 was interpreted by Mchr in 1900 using a
c:nstruction from which it is possibie tc find the state c¢f stress on any
‘plane in the material for given applied stresses. The construction is
essentially a plot of shear stress against normal stress. Considering the
case of plane strain compression with tension the principal stresses T, and

o, aré plotted cn the normal stress axis, and a circle of diameter Qrz - <q)

is drawn through these points. A point on this circle making an angle 2a
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with the gp:ma_ stress axis represents the state of stress in terms of shéar :

stress and’ norwal stress, on a plsne 1n %he>mater1a1 inclined at an.angle Q
see. Flgure 39. Equatlon 11 appears as’ a stralghﬁ 1ine in the~d1agram, and
stress clrcleslto which tais 11ne 1s tangent represenﬁ states of stress in

the maberlal at the yleld point. . . T -

.

It can be seen that the slope of the line (Equation 11) given by the
parametar y determines. the angle of the shear plane. If the angle # is

defined as in figure 39, then we can vrite = tan @ and 2a.= @ + 90°. By
considering the gedmetiry of the figure lt can be shown that
919 (1-sinf) + 92 (1+sin@) =k, cos & £13). ,

2 2

This is the equation ‘of the yield locus in the © diagram predicted by the

1 2
Mohi-Coulomb yield criterion for the stress condition of plane strain
coupression with applied tension. The pvrincipal stress o, remains the

. 3
intermediate stress for all values of O, and 05, and the straight line
represented by (13) gives the shape of the yield locus across the whole 0, O

i

12
diagram. This line makes unequal intercepts on the co-ordinate axes given by :
* -0y = e % b (1k) J
(1 - sin ©) i .
s 2ko cos @

2" Grem (o>
Alternatively, considering the relation in Equation 412, the hydrostatic
stresg P = ~ % (61 - Gé) for the .nmpression-with-tension tests considered

here. Sinceo, = 3 (oa - Ué) will always be the intermediate stress, Tresca's

3
yield condition modified for the effect of hydrostatic stress may be written:-
@ o = leoay (9 - ) | (1€)
; fo) —
2 :
This is the equation to a pair of straight lines in 7, 9, stress space making
unequal intercepts on the co-ordinate axes, given by:-
-, = Zko R
L e (17)
and + o 2K, (18) :
-(1 +p)

Therefore Tresca’s yield condition modified for pressure dependence predicts
a yield stress in tension less than the yield stress in compression in accord
with the experimental observations.

3.1.6. Experimental Evidence for the viela eriterion
It has been shown that by introducing the effect cf hydrostatic pressure into L
the yield criteria of von Mises and Tresca a linear relation between ¢ and Iy §é

g

for the compression-with-tersion tests can be found, in agreement with the
sxperimentally ohserved benaviour. The linear relation preducted by these
nodified criteria has also been confi.med experimentally in the quadrant of
stress space where both ¢, and o, ere compressive (Figure 26).

1 2
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Ih an attempt to dlstlngulsh between the. effects of hydrostatzc(p;essure

or- pressure: pormal to the: shear‘plane, ie between pressure dependent Tnesca
or- the Mohr-Cculpmb criterion, the yield stress. in uniaxlal.compre531on has:
been mezsured in comparison to the yield stress in plane straln compve551on.

Von Mises: yield criterion modified for pressure. dependence can be: written
in generales~ o

G o)+ (e o) o+ (o

- 2 , 12
- - oy S = 0)? =6l - uB)

wliich for uniaxial compression hecomes:~

2.0:1, 2 =6 kO“ + p.:QTf
' 3

Bk’b ~ ‘

vhich Is the yield: stress in uniaxial comprzssion..

orr o} = -

Tresca's yield criterion modified. for pressure dependence can be written
in general as:~

o3 T oq

- = k -pbP 05 >:05 >0,

o B
2 3
or o, = - Zkb _ which is the yield
(1 - 24 stress in uniaxial
= compression.

The Mohr-Coulomb yield criterion is giﬁen by -

k = k - po

o} n

t

where k is the shear stress, and . the normal stress acting on a plane

1nclined at (90 - a )o to the compression axis. With the relations 20 =@ + 90o

and ¢ = tan @, the yield stress in uniaxial compression is given by:-
= - 2ko cos @
(7 - sin 8)

From the analyses in sections 3.1.%. and 3.1.5., the yield stresses in plane
strain compression predicted by the three criteria are:-

01

2k

von Mises 0} = - 0 (9)
(1 - )
Tresca oq = - 2ko (17?)

(1 —p;S
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Mohr-Coulomb 0‘1 = - ‘2150.»005,'?' BN L (b)
T (X ="sin ) )
. . ! - . P, .
Therefore the ratio Leoie Strain yield stress = g is given by
uniaxial yield stress Y .
. .o
. P .
von Mises G = 2(V3 -p)
R TN
P
Tresca o = (3-2u)
P
Mohr-~Coulomb o = 1
u
o

The experimental value of Egﬁ for PMMA given in section 2.3 was 1.28 + 0.16.
ot

This last result shows that the Mohr-Coulomb yield criterion is not applicable

to the measured data on PMMA, and it can be concluded that for PMMA the normal

stress across the shear plane is not an important factor influencing the yield
process.

3.1.7 The yield criteria and plasticity theory

In order to describe the development of plastic strains within a deforming
material it is necessary to consider rules of flow beyond the limit of
plasticity defined by the yield criterion. In the general theory of plasticity,
Hill (1950), Nadai (1950), it is assumed that there exists a scalar function
of stress called the plastic potential such that the plastic strain increment
in a particular direction can be obtained from the partial derivative of the
plastic potential in this direction (Hill (1948)). The plastic potential is
further assumed to be a surface in stress space of the same shape as the yield
criterion. This assumption leads to St Venant's principle that the principal
axes of stress and plastic strain increment must ccincide and, since the
plastic potential is everywhere parallel to the yield surface, to the result
that yielding will always occur in a direction normal to the yield surface.

In the previous sections it has been shown that the yielding of PMMA can be
explained in terms of a relation k = ko - BP where the shear yield stress k

is dependent upon the hydrostatic stress component P. In terms of the plasticity

theory described above, this means that any plastic shear deformation .will be
associuted with a volume expansion since a plastic strain increment normal to
the yield surfuce will include a component of volume strain as well as the
usual pure shear strain. However it has bean shown by Whitney and Andrews
(1967) that flow of PMMA beyond the yield noint takes place at essentially
constant volume, and some difficulty is therefore encouncered in applying
plasticity theory to materials which exhibit pressure dependent yielding and
yet flow at constant volume. This difficulty can be overcome, if it is assumed
that the Lydrostutic stress component determines the particular state of the
material at the yield point, in a way similar to the use of the concept of a
critical state in soil mechanics (Schofield and Wroth (1968)). With this idea
it is envisaged thut the hydrostatic stress component specifies the critical
value k required to produce flow which then takes place in accord with
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plastlcmty theory at constant voluqe. The ‘supposition that the state of the
polymer at the yleld point, depends on. thé¢ hydrostatlc stress dogs.not seem
unreasonable in view 6f the large volume -changes prior to yleld reported by
Whitney and Ardreus (1967), and Krause,. Segreto, Przifembel, and Mach (1966).
for several polymerlc matellals. Yleldlng ‘determined: by the pressure dependent
criteria of Tresca or_ von Mises, decoribed above; should then take place on
planes 1ncllned at 450 to the principal stress axes. For PMMA results given

earlier showed that at the instant of yield the inclination of the shear

directions was very closé to 450‘ although after unloading the elastic
rélaxation decreased the inclination to the compression axis to 37 . For PS
however, the inclination of the shear directions at yield was shown to differ

significantly from h5°, and this is discussed in a later section in terms of

a possible volume change on initial yielding as opposed to the continuous
volume increase with plastic strain demanded by plastlclty theory apﬂlle“ o0
pressure dependent materials, .

2.1.8 The Values of the cohesion and coefficient of 1nte1nal
friction for PMMA

The effect of the hydrostatlc pressure on the critical shear stress for yield
kas been introduced in the form k = k - ;zP where k is the shear stress in
pure shear, and P is the hydrostatic component of stress (positive in tension).
It has been shown that for this relation ‘both von Mises and Tresca's yield
criteria predict the same linear relation across the whole of theg; o, diagram,
By comparison of the sleope of the lines determined experimentally asee Figures
24k and 25) with the slope predicted by the two crlterla, values of the
constants k and u can be determined.

For both von Mises and Tresca the slope of the line in the - 04t 0, quadrant ,

is given by

o2 (1 -n) ,
0'1 (1 +—}I5. (19)

o
From Table 4 the slope -—5%;-' for PMMA was found to be 0.619 (+ 0.C11), and

in Equation (19) this'gives a value
p= 0.225 + 0,008

The value of the plane strain compressive yield stress without tension predicted
by hoth Tresca and von Mises yield criteria is the same and is given by

2k

vy E € 0‘1) The experimentally determined value of GH can be found from

Table 3 which for PMMA is 119.4 + 1.6 N/mm , and hence the value of k can be
calculated using the velue of u determined above.
ie ko= h6.2 + 1.1 N/mm2

Therefore ratio of plane strain to uniaxial yield stress (see Section
3.1.6) is found to be

Iy
9

i

(a) von Mises 1.29 + 0.02

(b)Y  Tresca 9p
u

"

1,10 + 0.02
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; The experimentally determined value of 7;2 was found cto be 1.28 + 0.16 for
- : : H

] PMMA, and in view of this result it appears that von Mises yield criterion
modified for pressure dependence is more applicable although the results giver

5? by each criterion are very similar, and more sensitive tésts are required to
distinguish precisely between them. Sternstein and Ongchin (1969) have studied
the yielding of PMMA tubes under axial tensiocn and intérnal pressure, and foind
that for the states of biaxial tension prodiced; a von Mises type yield criterion,
> modified for a linear pressure dependence (Equation 6) was applicable. Tests :
on acrylic tubes under axial tension or compression and internal pressure nave
been reported by Ely (1967), and a similar type of pressure modified von Mises
yield criterion was found to be appropriate.

S
M

3.2 Interpretation of the yield ¢ériterion

v

AW

4 3.2.1 Introduction

In the previous sections the importance of both the hydrostatic and shear
components of stress on the rate sensitive yielding of PMMA has been indicated,
and a satisfactory explanation of yielding must account in a consistent way for
| these different effects. It is important therefore to relate the phenomena
observed with the bulk polymer to the molecular mechanisms responsible for ¢
yielding.

There has been considerable discussion concerning the mechanism -of yielding in
polymers below their glass transition temperature (T ) with particular
} reference to the phenomenon of cold drawing in tensidn. One of the earlier
theories proposed that localised heating of the sample, due to the mechanical
work of extension, raised the polymer above its glass transition temperature
(Marshall and Thompson (1954) , Miiller and JHckel (1952)). Although significant
temperature rises during flow have been reported (Nakamura and Skinner (1955),
Vincent (1960)) yielding has been observed at low temperature where the
) heating of the sample during deformation was insufficient to raise the polymer
above its glass transition temperature. It is apparent therefore that localised
heating effects cannot be a complete explanation of plastic yielding.

b A second taeory proposes that yielding in tension is due to the increase of a
free volume (Doolittle and Doolittle (1957)) associated with.deforming units

* in the pclymer structure (Litt and Koch (1967), Ender (1968)). The large volume
' changes due to the high ~atio of yield stress to Young's modulus found in
polymers are considered as contributing to the free volume which under

tensile utresses would increase until it reaches its value at the glass
transition temperature. At this point flow would occur. In compressive states
of stress however, a conflict arises if the complete volume reduction is at the
expense >f the free volume because the fractional free volume could become
negative if the hydrostatic pressure is large enough. Ender (1968) proposes
that in this case both the free volume and the occupied volume must be
compresued. Whitney and Andrews (1967) have measured volume changes during
uniaxial compression of several polymers and found a nett contraction which
decreased up to the yield point and thereafter remained constant. This was 1
interpreted as a volume contraction due to the hydrostatic stress (Poisson's ¢
ratio effect), and a volume expansion associated with tlhe mechanism of yielding. ;
It is apparent that this result goes some way to explaining the free volume
anomaly described above but a consistent analysis must involve a more detailed 5
understanding of the relation between the total and free volume.

T

Another approach is to consider that the applied stress induces molecular flow

and the internal viscosity c¢f{ the polymer decreases with increasing stress to

the point where appreciable molecular flow becomes possible. This idea can be N
discussed in terms of the Eyring viscosity equation (Glasstone, Laidler,

Eyring (19%1)) in which a stress-dependent thermally activated rate process

determines flow. Robertson (1963) has shown that the yield behaviour of ;
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polycarionate cun be exyplaineéd using thq,Eyring viscosity equation, and

Roetling (1965) and Crowét and Homes (1964) have discussed the tensile behaviour
of PMMA at various strain rates and temperatures using this 2quation.

Ishai (1967) also foind a deviatoric stress biased diffusionsl mechanism. as

‘the predominant factor in the yielding of glassy epoxy resins. In the following

sections the Eyring viscosity equation will be discussed in more detail in
relation to the yield behaviour observed here but it is -apparent that a
combination of the -effects mentioned above could be present in -any given

experimental case since these different interpretations..are not mutually

exclusive.

3.2.2 A molecular mechanism for yielding

Unlike metals in which deformation can take place by shearing on well defined
lattice planes, in polymers deformation must proceed by a more homogeneous
shear process in which the whole structure plays a part. Studies of solution
viscosities (Buethe (1962)) have showr that the segment lengths involved in
flow are small compared with the molecular length, in agreement with the view
that the unit of flow i3 a segment of the polymer chain. The flow of the
polymer chains in the structure can be thought of as the resultant motion of -
segments that jump from one equilibrium position to another at a given rate,
and it is necessary that there should be some co-ordination .of the movement of
the segments if the chain as a whole is to progress. When no stress is applied
to a unit there will be a certain amount of thermal energy available, and the
unit will spontaneously jump to and fro &t a natural frequency f. If the energy
barrier to this notion is Eqgy then according to Boltzmann's relation the

probability that a unit will acquire enough energy to move to a new. position

is exp( -Ey/kpl) where kp is Boltzmann's constant, and T the absolute temperature.
At equilibrium therefore, the natural frequency with which units oscillate back
and forth will be given by a relation

f = fo ?xp X

where fo is a basic frequency. A segment will be able to jump to a new

equilibrium position provided: (a) there is enough volume available for the
segment to move imto ‘and (b) the segment has enough energy to break loose from
its neighbours and move into the hole. The vclume mentioned in (a) leads to

the concept of free volume, which is discussed in detail by Bueche (1962), in
relation to the motion of molecular segments of polymers above the glass
transition temperature. At these temperatures the energy required by (b) becomes
unimportant.

For glassy polymers below the glass transition temperature, the effect of both
(a) and (b) must be considered. If we consider for the moment & shear stress $
applied to the bulk sample then assuming that this has no effect on the total
volume the contribution to E, from factor (a) will be unchanged. Each deforming
unit will experience an average force F in the direction of the applied stress,
and the energy barrier to motion in this direction will be lowered by an amount
FA . This is because the force F does work FA on the unit, as it moves from
one equilibrium position to the next through a distance A see figure 40,

Under this bias the nett frequency of jumps in the direction of the applied

force will become
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fnett = fo - exp = o 2 }
'kBT . .
. 5 © *
e g =f, exp- (f_o__) exp: ( F2 - exp - Gy
: K i hﬁ ’ZHF 2%3
or £ = 2 f sinh Fa_ ‘
nett 2k T (Glasstone et al.(1941)) (21)

If we now assign an effective cross sectional area A to the deforming unit,

the stress acting upon this unit will be %-, which ¢an be taken as the applied

stress. 5. Equation (21) then becomes:-

’ ' .. S AA
frete 1= 2 TS T (22)

The quantity A A has the dimensions of volume, and is referred to as the
activation volume (V_) for the process. The idea of an activation volume is
difficult to interpret in terms of the polymer structure since an arbitrary
area A was ascribed to a molecular segment under stress. However, it would
seem reasonable that a molecular segment can be assigned a particular volume
since segments vibrating about their equilibrium positions will exclude other
molecules from taking up positions too close to them. In the above analysis
the simple model of one type of deforming unit with volume V_ has been

considered. A full description of the molecular yrocesses is likely to involve
a number of activation volumes for which the Va value above will be a

statistical average (see for example Roetling (1965)).
The bulk shear strain rate measured on a sample will be related to the frequency

with which individual units shear, and therefore the shear strain rate (&) will
be given by

S Va
G = 2A' f sinh 2k;T (23)
where A' is a constant. For small values of the applied shear stress, or at

relatively high temperatures, so that Sva
2kBT
SVa
is small compared with ZkBT s Bquation 23 becomes:-

G = BS (B constant) (24)

which is the usual expression for the viscosity of a Newtonian fluid. On the
other hand if S is large we have:-
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G = Cfexp §Vé (c constanz) .- (25)

2kBT . R

which is the viscosity eqnation due tb Eyring {19%6), This eguation gives: the
relation between the applied shear stress and the resultant shear sirain rate
for a polymer showing viscous flow, -and as such allows a definition of the
yield stress. If a polymer is made to deform at a cosstant strain rate then
the applied shear stress will continue to imcrease until it is sufficient to
cause the material to-deform at this strain rate at _which point the. material
will flow. The yield stress therefore becomes the stress necessary to .make

the material flow at the imposed strain rate. ' According to Equation 25 the
shear yield stress will increase linearly with the logarithm of the strain rate.
This was ‘the type of variation found experimentally for PMMA at room temperature
(see section 2.2. 7), and the slope of this line will glve a value_for the
activation volume V_. TFor the data in Figure S, V_'= 1.44 x 10~18 1um3 which

is a cube of side approximately 11 R and is not unreasonable in terms of the
polymer structure. Similar values have Leen reported (Bueche (1962)) for
polystyrene and polyethyl methacrylate ( ~ 13 ) from measurements of time to
fracture under constant load. Haward and Thackray (1968) have also given
activation volumes of a mumber of polymers determined in tension and compression
and at various temperatures. Roetling (1965) ussd a modification of Equation 25

. involving two processes with different Vg valued to describe the yleldlng of

PMMA in ten51on, and e discusses these valwes in relation to the @ and 8
relaxations found in PMMA. It i3 peseible that the linear variation of yield
stress with logarithm of the strain.rate shown in Figure 9 also involves more
than one process but measurements covering a range of temperatures up to the
glass transition temperature are necessary in order to confirm this.

3.2.3 The effect of hydrestatic pressufe‘

In the previous section it was shown that the strain rate behaviour of PMMA in
tension and compression may be explained in terms of a stress biased ségmental
motion., The stress used for the derivation of the Eyring wiscosity equation
was a pure shear stress, and no allowance was made for any effects of the
hydrastatic component of stress. It has been well reportefl in the literature
that for many polymers the yield streas, and hence the yield mecharism, is

'notlceably influenced by hydrostatic pressure (see section 3. 1). Therefore

to extend the Eyring rate process odel to other stress systems in which there
is a hydrostatic companent as well as a shear componert of stress some
modificaticn 1s necessary.

In the presencge of a hydrostatic component of steess, there will be a large
elastic volume change which will alter the volume available for a molecular
segment to move into, and thereby change the natural jump frequency f

(Equatlon 20). Under a hydrostatic pressure, the available volume will decrease
and the natural frequency of the polymer segment will also decrease.
Consequently a higher shear stress will be needed t6 produce flow. Sasabe and
Saito (1968) measured dielectric relaxation peaks in a series of poly alkyl
methacrylates under high hydrostatic pressures and found that for all the
relaxation processes studied the logarithm of the jump frequency decreased
linearly with pressure so that

Inf=1Inf ~xP
o

or f

1l

Fo exp (-xP) (26)

where Fo is & naturcl jump fredquency under zero hydrostatic presssre P, and

E VR

- P




x is-a consiant -and a typé of bulk moduluS‘gxpressiﬁg the compressibility of
+he available volume. B )

Substituting (26) in (25) we have:.
_ '(s‘va
A ¥ (z—=) 27)
G = G.F exp (~xP) exp 24T
For a constant strain rate Equation 27 gives the shear yield stress in the
form:~

s = T in & o+ (X (28)
> = B
vV CF -
a o v
a
or S = k_ + pP (29)

(o}

which is the relation suggested in section 3.1 for the variation of the shear
yield stress with hydrostatic pressure. Equation 28 therefore allows an
interpretation of the yield criteria discussed in section 3.1 in terms of the
molecular processes associated with yielding, and gives the correct shear
stress variation both with strain rate aad pressure. The only other variable
parameter in Equation 28 is the temperathure, and temperature effects in
relation to this equation are discussed in Section 2.4. Although Equation 28
gives a useful physical interpretation of the yield criterion in terms of
pressure and strain rate effects observed here its application over a wider
range of testing conditions must be considered with caution. As already
mentioned Va will be a statistical average of a large number of possible
activation volumes, and this average is likely to change with the pressure,
temperature, or strain rate as different segments of the molecular chains
become active in the flow process. A better understanding »f the relation
between activation volume and the molecular processes taking place during
deformation would lead to a wider application of the Equation 28.

3.2.4 The coefficient of internal friction in PMMA

Using Equation 28 it is possible to estimate a value for u in terms of the

parameters 2kBT and x. In the previous section it was shown that if the

v
a
shear yield stress is given by Equation 29, then the plane strain compressive

yield stress is

o - 2k°
S)
Tn terms of Equation 28 this gives
4kBT 1n G
vV CF
oa = a O
1 - ZkBTx
v
a
Va . ( 20)
or - X = 1 G "t
G el T 3 oF,
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slope of the 11npar Jarlatlon between he plane strair yiéld stress and
the lugarlthm of the straln rate (G) therefore vermits an estlﬁa»e of the

quantity B d‘{B (seé Section 3.2.3.)..

. 7

Values of X Zare given by Sasabe and Saito- (1968) for two relaxaulon processes
in PMMA. They consider a single relaxatlon process ¢ ' at temperatures well
above the Tg which spllts into two processes « and B at lower temperatures
or higher pressurées. From their data the value 6f x for the a° process wes

1. 7(N/mm — while for the J process x was O. 7(N/hm2)-1. These values

give y in the region of 0.1 to O. O4 which is a factor of 2-5 times too small
but it is nevertheless encouraging to find agreement to an order of magnitude
and of the correct form. There are many possible reasons for the discrepancy
among which is the possibility that the dielectric rélaxation peak measured by '
Sasabe and Saito does not correspond to the same relaxation process that leads *
to yielding in "Perspex" at high strains. In the following section a further
contribution to the value of 4 from a possible volume expansion on shearing

is considered which will tend to increase the value calculated above.

3.2.5 Volume changes associated with yielding ;

In Section 3.2.% the hydrostatic pressure was introduced intc the yield
condition by consideration of its effect on the amount of volume available for
a molecular segment to move into under stress. This approach is consistent
with the suggestion in Section 3.7 that the hydrostatic stress determines the
state of the material for which yielding will then take place under the shear
or deviatoric component of stress. Since the maximum shear stresses in any
applied stress state are across planes inclined at M5° to the principal stress
axes, plastic yielding would be expected to take place in these directions.
Meusurement of the angle of ihe shear zones observed in the polymers studied ;
here has shown that this is in fact very nearly true in all cases (Table .).
However there is the notable exception of PS in which yielding was observed
to take place on planes inclined at approximately 42° to the compression axis,
and it is apparent that some additional effect to those already mentioned is
controlling the shear direction in this material. A possible explanation is
that there is a volume expansion associated with the shear process in each
deform;ng unit which will lead to shear deformation on planes differing from
45° (see Section 3.2.6.).

Whitney and Andrews (1967) have studied the volume charges during compression
of a series of polymers including PMMA and PS. By extrapolating the value of
the bulk modulus at low strains they have shown that there is a relative volume
expansion in vpposition to the normal volume contraction, which increases up

to the yield point, and thereafter further yielding takes place at constant
volume. To explain this effect they suggest a stress-dependent thermally
activated rate process for yielding with an incorporated '"structure change"
factor, which allows for changes in concentration of the basic deforming units
in the polymer structure. Tt is also suggested that the effective unit involved R
in the structure change should have associated with it a local region of |
decreased density. Argon et al (1968) have also reported a steady state
positive dilation in PS regardless of the sign of the hydrostatic stress which
decayed in relatively short times when straining was interrupted. These
workers used the model of a PS molecule acting like a bumpy line being drnwn
through gaps between other molecules to explain the volume dilatation and
shear band behaviour of polystyrene. This model implies a transient volume
expansion as a "bump" passes through a gap. A similar volume expansion
associated with deformation is also considered appropriate to semi-crystalline
polyoxymethylene by Sardar et al (1968)., Bauwens (1967) has considered the
propagation of plastic deformation in PVC in terms of the Eyring rate theory
generalised for shear and hydrostatic stress components. The effect of
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for the molecular segment to -move 1nto, and with thls apnroach he found goad
agreement between the predicted -and measured. 1nc11natlons of Lyders Jbanos in

flat tensile barss:

In Section 3.2.2 the shearlng of a small deformatlon unit from oné equlllbrlum
p051t10n to the next was - cons1dered in terms of the -work. done to- overcome: the
energy barrler to flow. As a 81ngle deformation unit -or molecu;ar ‘segmént.
cannot be- considered in isolation from the rest. of the structure, it is possible
that during its passage over the--energy ‘barrier the- deformation unit under
consideration w111 disturb the surrounding structure to the extent that a local
volume expansion will be necessary.. If this is the .case work will ‘be done
against the liydrostatic pressure and the apparent height -of the energy barrier
will bé increased:; If we assign an effective cross sectlonal area A to the
deforming unit as before, the work done by the shear Stress S in moving the
unit through. distance A will be S AAas explalned previously. The work done
against the hydriostatic pressure P will be P A ' A, where B ' is ‘the component
of volume expansion normal to the shear direction. Eguation 21 for the nett
jump frequency then becomes.
\
. (SMA =P A a)
fhetﬁ = 2 f sinh — EKBT‘ - (31)

If we further assume that the normal displacement QA ' is proportional to the
shear displacement A in the form A' = c) where ¢ is a constant we have:-

fopg = 2T sinh 2Q;TA (8 - ¢P) (32)
or G = C71T exp Va (S - cP) as before (33)
‘ 2kBT ‘

and introducing the effect of hydrostatlc pressure on the natural frequency f
as before we have:~

v
a

¢ = CF_ exp (-xP) 2k T (§ - cP) (34)

For a constant strain rate this equation gives the shear yield stress in the
form:-

2k, T

SR , i
S = — In G+ | A _J p (35)

a CF
o
a

vhich again is an equation of the form of (29)

ie S = k + ubP

In this case however the pressure dependence of the shear stress is envisaged
as arising from two causes which involve the compressibility of the available
volume on the one hand and a volume expansion arising from the shear process
on the other.
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3:.2.6 The -angle of a.shear zohe - S ) . e
The constant c descrlbed above was used. to deflne ‘the. ratio of the shear
dlsplacement M_; to the displacemeiit normal to the shear d1rect10n A
using this apprcdch it is possible: to accoupt for the direction in whlch
yielding was obserwved to. take place in the varlous glassy polymers.i The .
treatment givén above due to Eyring con51ders deformation by simple shear
so that extensions and dlsplacements occurred only in two -of the three

~ principal divections. This type of treatment is consistent with planp strain

deformatlon, and is therefcre applxcable to the. deformation observed here..
Congider a small element of matérial at some p01nt in the deforming specimen

at the yield point where a shear zone has just formed. If the direction oft,
propagation of this zone is along a line inclined at (90 -~ B ) to the direction
of the greatest principal stress CH in simple plane strain compression, then

thelhormai and shear stresses acting on the element will be as shown in Figure

41, There will be two equal shear stresses of the type considered by Eyring,

ard according to the supposition above there will be normal strains along the
x and y directions proportional to the shear strains +y__, through the .
constant ¢, There will be no strains in the z direction” (out of the paper),
since the deformation is considered plane.

To begin with it will be assumed that strains ey’ in the y direction, are

small hecause the adjoining portions of non-yielding material do not participate
in the deformation. In PS this is likely to be a good assumption as it has
been shown that the deformation bands in this material are well defined with

a sharp boundary between elastic and plastic material, and contain a uniform
shear of up to 2.0 (Argon et al (1968)). In PMMA however, the shear zones at
the yield point are more diffuse and appear to contain a shear strain of
approximately 0.10 at the centre of the zone. If ey = O then the only

component of expansion due to shearing will be along the x direction, and
work will be done by the normal stress Ty against thic expansion.

It can be shown that -2
oy = - 04005 g
Gy = - 61 sin2B
Ty = oy sing cos 3
% = % ] (36)

The work done by the shearing stress Txy in producing a simple shear

strain ny at the yield point is:

W = T Y

T Xy Xy
While the work done against the nornal stress c‘ due to the volume -
expansion 8; ist-
! — ]
w0‘ = o-x € x

W = T + T [ (37)

Xy Ixy
4o
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Taking thé ratié of thé. strains £ " a8 equal tothe ratio
) - ~ - 4' i st - /‘\’l’:::‘y . . B te o o P
of ther dispiacéments X 4‘ describéd earlier, we have € .. = ¢ Txy b
wheré ¢ is tué constant in Equation 35, used to .definé ‘the relation between
volume straii -and .shéar strain. N - L P

i - F CT . i 1

. - [ - -

Hence ' W = 7T +6
ven T Sy Yxy T Mgy ,
and-using Equation 36. ’ < o .
) ' ' : L e ' .
¢ . . .. t s, 2
W = G ; Y - O € .
’ ¥ 5, 5in Bacos B xy 4 €98 £ cY,xy
. . 1 ‘ ’ ' !
- > . . : R ,Q Ly s .
- d¥ = ¢ :cos_gﬂﬂ( xy;+ 20‘\1 cos B sing cy %

®d ] » v

. ’ ‘. ’ .
' = O for a maximum, i f B
. i . I'
. . cos 2 P -c sin 2§ o Vo

and ¢' = = cot 2B .o (33)
b - Y ’
For a volume axgansion ¢’ will, always be posifive, and p will therefore be
greater than 45 . If the stress o, is tensile, Fouation 28 becomes

¢c = + cot 28, and B will be less.than 450 for a’volume’exﬁansion. This type
of behaviour has been observed with PS by Argon et al (1968). .
H
i
It has already been mentioned that the above andlysis is not likely to be a
good representation of the shear zone behaviour of PMMA as strains in f!'¢
y direction ( &_) are possibly of the sgme order of, magnitude. as strains in

the xt direction ( ey). The result s that for ppis material volume expansions

will be isotropic and therefore wiill not affect the direction of a shear zone.
However, it is useful to estimate an order of magnitude for the -olume
expansion in PMMA using Equation 38. In Section 2.3 it was shown, that lhe ,
angle B for PMMA was approximately 46° and in Equagion 38 we find ¢ = Q.035.
The shear strain in the zones was estimated as approximately 0.10 which

gives 8'y = 0.0035 ur' a velurs expansion of 0.35% if the. zones fill the whole

specimen. This figure is in agreement with the volume expansion quoted by )
Whitney and Andrews (1967) from dilatomstric measurements during uniaxial
compression of PMMA, : ' , ) .

s
«

1

Equation 35 gives p = 2kIx + ¢ z
—f-—. N

1

)
a . . .
.
A3
1

and using the value of 2k;Tx calculated in ‘Section 3.2.4, the value of u for

v
a ' i

PMMA is estimated to be p = 0.135. The effect of intrcducing a yolume expansion
term therefore Is to improve the agreement between the vaiue of p estimated
from theoretical’ considerations and the value found experimentally {Section
3.10). H
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3,2.7 The extgnsion of the yield criterion to other polymers

To produce a yield crlterlonefor the other polvmers invéstigated here, the ‘
analysis given in the precéding sections for PMMA should be. -extended to each
materldl in turn. However, the 51m11ar1ty oi the °xper1menta1 data,presented
reached for PﬁMA to other polymers. The descrlptlon of yleldlng aé'é rate
proc:ss is likely to have general application to all the glassy polymers
consi ered here, and the éequation k = kd - uP (Sectlon 3.1) will therefore

be censideréd appropriate in each case. Velues cf u and ko have also been

calculated for LDPE and HDPE using this eguation although it is possible
that other mechanisms such us slip and iwinning of the crystal structure (see
for example Frank, Keller and O'Connor (1958); wmay be involved in the yield
process.

For a material which shows a relatively large volume expansion on shearing,

and deforms in well defined bands similar to those seen in PS, the pressure
normal to the shear plane will have a major effect and Equatlon 35 will be
similar to the Mohr-Coulomb criterion described in Section 3.7. If tae
deformation is more homogeneous as in TMMA then the hydrostatic pressure will
dominate the yield behaviour either through the compressibility term x or the
volume expansion associated with shearlng. It is apparent that a combination
of these’effects will be present in any given case. The criteria of Tresca and
von Mises predict the same variation of the plane strain compr-ssive yield
stress ( o,) with applied tension ( o,) as descrlbed in“.Section 3.1. The
Mohr-Coulomb criterion predicts the ratio q?

1

e (1 - sin @)
. /61 \17—5;;6) where tan ¢ = 4 .

While for Von Mises and Tresca this ratio is

/U' ) (z:lllp)s ) ' ‘

A

' ;

If u valués are small the difference between sin @ and tan ¢ is small, and 1)
' values have therefore been calculated using this latter relationship. The
cohesion ko for each material has been found using the equation

o, T 2ko where 9_ is the plane strain compressive yield stress

—— 1
(1 -p)
(Section 3.1.). The ratio of the volume strain to the shear strain has also

been estimated for each material using the zone angles given in Section 2.3

and all these values are summarised in Table 7.
!

These figures can be used as an indication of structural effect:s associated
with yielding in each of the polymers. The values for the cohesion ko for all

the glassy polymers are similar, and this reflects the bauic glassy nature of
these materials. It was shown in Fquation 35 that the term ko contains the

natural equilibrium frequency (Fo) of the deforming units, and k) will therefore

reflect the particular relaxation process associated with yielding at the
testing temperature. Values of the cohesion with varying teomperature have
been investigated for PMMA and this is discussed in section 2.4, The ko

i
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and i results for- the polyetnyleneb suggest a pcssxale éifect of tne
~crysta111n1tj'e1ther through ‘degree -of crysta¢11r1ty or the nabture: of the
.crys+alllne structure and is dlscussed further in Sectlon 2.k,

The effect of the polymer -structure on the valueo -0f the parameters K, k '

and- ¢ is jperhaps best 1llustrated by the results for PMMA and PS which exhlblt
amarkedly different modes: of deformatlon but very: similar pressure dependerce.
For PMMA the pressure dependence of the yield process is mainly due to the
€lastic compressibility of thé structure, and only a -small volume expansion
is required. to move the deforming units. For PS however where the structure
i initially more compact and the benzene rings in the side groups more bulky
the eompre551b111ty term ( ¢ - ¢) is smeller than for PMMA. and a larger
volume expansion is requzred to move the deformlng units. The shear strain
T in the bands for PS is the order of 2.0 which together with the value of ¢ in
Table 7 glves an associated volume expansion o6f approximately 25%. However
the bands occupy little more than 1% of the total volume at the yield point
so that the apparent volume expansion would be 0. 25% which is in agreement
with the value given by Whitney and Andrews (1967).
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‘CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK
4.1 Summary and conclusions

. The variation of the plane sStrain compressive yield stress with applied

tension indicated a significant effect of the hydrostatic component of
stress on the yield behaviour of all the polymers studied here. This has
been considered in terms of the Tresca and von Mises yield criteria when
it was found that a relation of the form k = k; = LP could be used to
explain the observed pressure dependence of yielding for the sStress states
studied, where k is the critical shear stress for yield, P is the hydro-
static stress component, andp and kg, material constants. It has also been
shown that the yield point in PMMA, and similar polymers, cor.esponds to

a condition of pure viscous flow, and that it is possible to consider
yielding as an equilibrium betweern the applied strain rate and the rate

at which units of the structure move. With this approach an equation of
the same form as that given above has been derived which allows an inter-
pretation of the yield condition in terms of the molecular processes
associated with yield or flow in polymeric materials.

It has been shown that the cohesion kg, which may also be defined as the
shear yield stress in a state of pure shear, is related to the activatien
volume of the molecular segments involved in flow at the yield point and

is also, therefore, related to the polymer structure and the conditions

of testing. For PMMA it was found that over approximately three decades

of strain rate at room temperature, k, increased linearly with the
logarithm of the strain rate, confirming the interpretation of yield as a
rate process. The cohesion was found to decrease linearly with increasing
temperature in the range 20-70°C but this result is difficult to interpret
without a better knowledge of the relation between the activation volume
and the units of the structure taking part in yielding at various tempera-
tures. It has also been shown that increasing the percentage crystallinity
of PET causes an increase in k° values, and addition of plasticiser to
epoxy resins produced a decrease in the value of ko. These effects,
together with the range of values observed with the different polymers
studied, gave a qualitative indication of the effect of different polymer
structure on yield behaviour.

The coefficient of internal friction p is a parameter which expresses the
sersitivity of a polymer to the hydrostatic stress component. It has been
suggested that there are two separate contributions giving rise to the
pressure dependence of yield in polymeric materials. One contritution is
associated with the large elastic volume changes found in polymers for
which the ratio of the yield stress to Young's modulus is significantly
higher than in metals; such volume changes were considered as affecting
the amount of free volume available for molecular segments involved in the
yield process to move into. A second contribution was considered as
arising from a volume expansion, related to the unit shear process, due to
the co-operative movement necessary within the polymer structure for a
particular segment to move from one equilibrium position to the nest. The
volume expansions, estimated from measurement of shear zone angles within
deforming specimens, could be given reasonable interpretations in terms of
the various polymer structures although these values can only be regarded
as indication of the order of magnitude of such volume expansions. Further
work is necessary to elucidate the precise volume changes resulting from
yield. These two contributions to the pressure dependence of yielding are
also likely to be present to varying degrees for & given pclymer structure,
as different units of the structure become in ived in the flow process
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under different conditions of testhg., The value of i has been measured
for PMMA in the temperature range 20=70%C and was found to be constant.
This' is an interesting result suggesting that the various effects giving
rise to pressure dependent yielding are unaffécted by temperature changes.
This seems unlikely to be true, and it may be that as the temperature
increases the volume expan51on on yielding decreases while: the compressi-
bility of the free volume incéreases, giving the overall effect of W éonstant
with temperature. The influence of the basic polymer structure on the
pressure dependence of yielding has been illustrated by the range of p
values obtained for the various polymers studied, and by tHe significant
changes observed with increasing crystallinity in PET and 1ncrea51ng
plasticiser content in the epoxy resins.

It has been shown therefore, that yielding in rigid polymers is a complex
process in which both the shear and hydrostatic components of stress play
an important part. In view of the sensitivity of these materials to the
testing conditions used, it is apparent that relatively simple yield
criteria such as the pressure dependent criteria of von Mises and Tresca
can only have application for a specified polymer structure and set of
testing conditions. A more general yield criterion will involve such
variables as strain rate and temperature. However, the yield condition

given here in the form k =k, - U P permits a useful description of the
response of the polymers studied to various applied stresses in terms of

just two parameters which relate to the basic polymer structure.
4,2 Suggestions for further work

The description of the yield crit:rion and the various trends reported in
p and k, values have all been centred upon results obtained from testing
in plane strain. Results from other types of test have been discussed
where possible but an investigation of the proposed yield criterion for
other more general types of deformaticn would prove useful in indicating
the general validity of the conclusions reached. Volume changes associated
with the yield process are of importance in view of the influence of the
hydrostatic stress component, and investigations of density changes during
straining would be valuable in determining the magnitude of these effects.
From this viewpoint it may also be possible to determine the factors
causing the markedly different modes of deformation seen in PMMA and PS.
An indication has been given of the effects of strain rate and temperature
on the value of ko bout apart from investigating these effects further, it
is clear that the temperature and strain rate dependence of M should be
given further consideration with a view to establishing more precisely the
origins of pressure¢ dependence.

In these experiments it has been shown that the parameters g and k, give a
useful indication of ihe molecular processes associated with yield, and
measurement of these parameters in conjunction with dynamic mechanical tests
for example, would prove useful in relating bulk properties to structure.

In this context determination of values of p and k, for a series of polymers
with precisely controlled changes in structure, such as different side
groups attached to the main polymer chain, would give further information

on the relation between structure and mechanical properties. Indications

of the influence of crystalline structure can be found from comparison of
yield stress dats on crystalline and amorphous polymers but variation of
the degree of crystallinity in more precise experiments than those descrited
here for PET would indicate the relative importance of the amorphous and
crystalline regions in the deformation of crystallinc polymers.
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APPENDIX 1  THE PLANE STRAIN COMPRESSION TEST

1.1 Introduction

To analyse the deformation of glassy polymers, compression testing in glane
strain as developed by Ford and Williams (1964) was chosen as this method
has several advantages over the more commonly used uniaxial tensile and
compression tests. The behaviour of jolymers at large strains is difficult
to determine in a uniaxial teénsile test because the reduction in area
produces necking and hence indeterminate strai. conditions, while in uniaxial
compression although fractureé may be eliminated some barrelling of the
specimen is unavoidable and the load bearing area ¢f the specimen will vary
throughout the test. The plane strain compression test overcomes these
problems to a large extent, and a definable strain system and area under load
are produced from which the stress~strain behaviour for large strains may be
derived.

1.2 Simple plane strain compression

The specimen in the form oi a flat plate with edges parallel to the axes of
X, ¥, and z, is compressed in the x direction between two parallel, flat,
highly polished dies as shown schematically in Figure 36. The dies are
lubricated to give minimal friction, and the specimen then suffers negligible
constraint to elongation in the y direction. The material under the tool is,
however, restrained from moving in the z direction by the constrain of the
undeformed material on either side of the deformed section. This test has
the advantage that the area under load remains constant, and no instability
due to reduction in area can occur. It is also possible to sbtain ductile
behaviour from materials such as polystyrene (PS) and polymethylmethacrylate
(PMMA) which normally break in a brittle manner in tension. Stress and
strain can be directly derived from simple measurements of load and displace-~
ment, and if one thickness of test piece is used material variations are
minimised, as the test sections may be taken over a limited area of material.

1.3 Plane strain compression with tension or compressiocn

In any investigation of a yield criterion it is necessary that the material
should be subjected to a stress system which allows variation of the principal
stress ratios, and in this way sections of the yield locus in stress space

can be charted. Therefore the arrangement described above was modified so
that small tensile or compressive loads could be applied in the plane of the
sheet, in the y direction, as shown in Figure 37. In this way a range of

stress ratios g%-could be achieved.

1.4  The assumption of planar deformation

In practice it is important to be sure that at the yield point the
plastically deforming material under the dies is elastically constrained by
the undeformed region outside tne dics because only if this is true will it
be possible to define the stress system. For there to be no movement of
material in the . direction, the specimen must ideually be confined betwecn
effectively rigid blocks with faces parallel to the planes of flow, and the
deminsions of the specimen and forces or displacements upplicd to it must le
independeni, of the z co-ordinate. This experimental arrangement has been
employed by .. idgman (1940). However, the simpler test arrangement described
i Appendix 1.2 has been widely tosed for the plane strain testing of metals
in compression, and *the assumpticn that deformation is constrained to be
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planat has been carefully justified foz these materials by Ford :(1943).

was found that, provided the percentage'laﬁeral spread was small in comparlson

with the percentage reduction in thickness, compression of a wide sheet
approximated to plane strain deformation with the exception: of narrow Zzones.
near the ends of the compressed sectlon. .
Ford and Williams (1964) have checked this last p01nt u51ng polyethylene
sheet, and their tests have been repeated here using, PMMA \see Section 2.3.6).
In both cases it was found that if the specim.f widtn {w) was gréater: than .
four times the die breadth (b), deformatlon was effectively constrained.’
Further proof of planar flow in this type of test 'has been noted: from
observations of deformed sections of glassy polymers viewed in polarlsed light
which showéd a birefringence pattern consistent wita cénstrained fléw along
the dies except for smail regions at the ends of the deformed section.
(Private communication - S Raha). If small values of the additional stress

o> are applied to a strip where the width (w) is greater than or equal to the
length and much greater than the thickness (ho) then the assumption that

the percentage lateral spread is small in comparison with the percentage
redoction in thickness will still be true, and approximate planar deformation
will be maintained.

1.5 The state of stress

Considering first the case of simple plane strain compression without applied
tension or compression. The dies are assumed to be so well lubricated that
no shear stresses arise across the die surface, and ihe applied stress oy will
therefore be a principal stress. It is also assumed that there is no strain
in the z direction along the dies, and a principal stresso; 1is therefore
necessary to accouat for the consiraint. There will be no stress, oo in the
y direction (Green (1951)). Provided the stresses are uniform and the
material isotropic, the stresses acting on an elemental cube of material in
the deforming section will be as shown in Figure 34 and a biaxial state of
stress will exist.

For the case of plane strain compression with applied tension or compression,
a third principal stressop is added, and the stresses acting on an elemental
cube will be as shown in Figure 35 and a triaxial state of stress will be
produced.

Both of the stresses ¢q and o) are known from measurements of the applied
load and the area of the specimen while the stress o°; is unknown. With a
knowledge of the relation between stress and strain for the material under
test, the principal stress o3 can be found in terms of the other two stresses
provided it can be assumed that the strain in the z direction (e3) is zero.
It has been shown for metals, for which well known stress-strain laws exist,
that at the yield point 03 = voq for simple plane strain (Hill 1950)), and
consequently oz = v(oq - 62) * for plane strain compression with applied
tension. Whether such simple relations between the stresses can be found

for polymeric materials is doubtful but it is sufficient to note that oz will
be some function of the other two applied stresses, which can therefore be
used to give various states of triaxial stress for an investigation of the
yield condition.

The principal stresses ¢, o2, and o3 form the components of the applied
stress tensor which can be split in the usual way into deviatoric and
hydrostatic components., Calling tensile stresses positive and compressive
stresses negative the stress tensor may be written:-

*v is Poisson's ratio, typically 0.3 for metals.
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% = (-0 + 9, - 0)/3 1 o+ (5 +09,)/3
-0, (-0, + 0, = o‘})‘/j ’ ' 0
I | ‘ B
SCA 63)/3 : | 10 |
+ 0 + (o, + 0'3)/3
CA -63)’/3’ -(o, + 0'3)/3

where A is the hydrostatic stress component, and B is a shear stress in the
plane defined by 04 and 0. Both the sign and magnitude of A will depend upon
the relative magnitude of 01 and 0p. For example by applying a sufficiently
large tensile value of O, a state of hydrostatic tension could be achieved, or
on the other hand applying a compressive value of 02 a state of hydrostatic
compression could be achieved. This test arrangemeni can therefore be used

for studying the effect of the hydrostatic component of stress over a limited
range. :

1.6 The mode of deformation and test geometry

In the simple analysis of the stress system for plane strain compression
mentioned above, it was assumed that the stress and strain were homogeneous
throughout the test section. However, it is well known for this kind of
double indentation test that the corners of the dies produce singular points
in the stress distribution (Nadai (1950)). This leuds to definite
inhomogeneous distributions of stress and strain as plastic flow begins. This
inhomogeneous deformation has been closely investigated by Green (1951) and
Hill (1950) and their theoretical predictions have been confirmed for some
metals. By considering slip line field theory Green shows that two modes of
deformation can occur in this type of test depending upon the ratio of die
breadth (b) to the specimen thickness (h) at yield. For 1< <v2 the
deformation is mainly confined to regions of intense shear radiating from the
die edges, while for ¢ > V2 deformation takes place as a number of
independent rigid wedges sliding along a criss-cross of slip lines inclined
at 45° to the compression axis. These two possibilities are shown schematic-
ally in Figure 42. Using these modes of deformation Green goes on to
calculate the increase in pressure on the dies over that for homogeneous
compression, and the variation he found is shown in Figure L3,

The material conditions assumed by Green seem unlikely to apply to a polymeric
material but in the paper by Ford and Williams (1964) the same form of
variation as predicted by Green is shown for polyethylene, although the maxim:
were shifted along the % axis. This shift could occur if they did not use the
specimen *hickness at yleld; butl also as they suggest it may be due to the
fact that polyethylene work hardens and is therefore rnlike the ideal
material assumed by Green in his analysis. The agreement between the results
of Ford and Williams and the theoretical predictions of Green are neverthe-
less surprising, and a check for this geometrical effect was made here for
PMMA. No significant variation of the yield stress with the ratio B was

found within the experimental error (Section 2.3). However, it is apparent
from Green's analysis that any error in yield stress measurements from this
geometrical effect is minimised by using the smallest possible ratio of the
specimen thickness to die breadth (g).
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Although no agreement with Greén's .analysis. was found; here from the. PMMA ‘¥ield
stress datz, striking conflrmatlon .of his proposéd modes ofl deformatlcn was.
i‘oimd;

v

1.7 Other factors affecting the measurement of stress

Detailead analysis of a set of -experimentsl results with a dlscus51on of the
necessary corrections is given in the Section on éxperimental results.. For
the sake of completeness, hovever, the fagtors affecting méasurements from
the plane strain compress1on test will be briefly mentioned here.

1.7.1  Friction

Although the dies were well lubricated, it is possible that the friction
between the specimen and dies was sufficiently large to exert an
apprecizble restraint on the specimen. This will lead to an increase

in pressure under the central region of the dies. The magnitude of the
effect can be estimated, and it can be shown that it is likely to lead
to only a small correction. .

172 Shoulder restraint

The region of undeformed specimen just outside the dies will exert a
restraining force in opposition to the principal stress 04. It has

been shown that this restraining force is independent of the die breadth
(Williams (1967)) and can be corrected for by making measurements

using dies of different breadths.

173 Nominal and true stress’

In Appendix 1.4 it was noted that in narrow zones a2t the end of the
compressed section there is no effective constraint. This leads to
flow along the dies within these zones, and a corresponding increase
in load bearing area. The magnitude of this effect has been estimated
and found to be small at the yield point so that the error in taking
o4 as a nominal stress (load divided by the area of specimen under
load as calculated from the original specimen widtl. w and the die
breadth b) instead of a true stress (load divided by the current area
of spzcimen under load), will be small.

The effective area over which the additional stress o acts will however
decrease in proportion to the compressive strain (£4). Since the compressive
strains &1 measured at yield are relatively large ( ~0.13) the true stress
value of op at yield will be noticeably larger than its nominal stress value,
and a correction will be necessary to give o» in terms of true stress.
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14 APPENDIX 2  THE APPARATUS R ' | L
2.1  Reguirements for design = _

The factors controlling the conditions of piane strain in the double indenta-
tion test have already been outlined in Appendlx 1, and it vias these factors A
2 which also controlled the dimensions of the compression apparatus. ‘The
specimen wa”on had to be greater than four times the die breadth while the
. die hreadth had to be at least. twice the spevlmen thickness. With thése
limitations in mind, an optimum die breadth of 6.4 mm was chosen together
with a specimen width of 38 mm. Other requirements were that the dies had to H
remain accurately parallel and in line throughout the test while being able
to move freely vertically. The surfaces in contract with the specimen had to
be highly polished to minimige friction and as flat as possible to ensure
uniform stress distribution. Since loads of up to 50 kN could be applied to
the compression rig, it was also necessary that the component parts of the
rig could withstand these loads with only a negligible amount of distortion.
An accurate method of measuring large strains without the complicating effect
of machine elasticity was also required. T

el

Within the dimensions of the compression rig and the limitations imposed for

5 plane strain conditions, it was also necessary to construct a tensile rig in
order to apply o teunsile stress to the specimen whilst under compression. A
completely independent loading system was required which would apply a uniform
stress to the sheet specimen, and which would allow various values of load to
be applied and maintained constant. A simple but effective arrangement to
meet these requirements is given in Appendix 2.3.

<

oy £ 3
Lo =S

Later in the project, the apparatus was used in conjunction with a 100 kN
Tensometer Type E testing machine but no changes in design were necéssary.

A refined piece of apparatus for this type of plane strain compression test
has been developed by Ford and Williams (1964) in which a sub-press provides
! tl.e coapression, and resistance transducers measure specimen strain. However
the apparatus described here is considerably cheaper, and 1s relatively simple
to construct and operate.

iy

A diagram of the compression rig is shovn in Figure 4. The rig was constructed
throughout of mild steel, and a set of four interchangeable dies in the range

{ 2.2 Design of the compression rig
§
' of breadths 2.4t mm - 9.5 mm and of standard width 57.2 mm were made.

; To ensure rigidity, the dies were made by machining to size 12.7 mm square
N mild steel blocks. These were subsequently cyanide hardened to a depth of
0.25 rm  so that the polished die faces would be undamaged by small flaws on
. the specimens. Each pair of dies was mmde so that the edges were parallel
to * 0.01 mm and the faces flat and parallel to ¥ 0.01 mm. A high polish
was given to the die faces using emery papers and diamond powder, and during
this polishing the edges of the die were given a small radius, as sharp
corners were known to restrict material from flowing perpendicular to the
dies (Ford and Williams (1964)).

. A

o o, R et M

Bach of the dies was rigidly mounted on a 25.4 mm square section block of mild
steel. The relative movement of the dies was maintained accurately in line

by four carefully machined plates attached to the bottom die block. Ample
lubrication e’ -ured minimal fricticn between the die block and the plate faces.
The assembled rig was built so that the top was parallel to the bottom to
within * 0.05 mm.
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In this type of arrangement measurement oOf spec1men strain is relatively
simple in that it is only néc3ssary t6 measuré the relaﬁlve dlsplacement of
the: top-and bottom dies. This was accomplished by rigidly mounting two dial
gauges at each end of the top die block such that their stéms made contact
with small plates attached to the bottom dle block. The gauges had a full
scale deflectlop of 1.02 mm. and were scaled to read 0.0025 mm. The zZero
readlng of these gauges could be adJusted by meainis of screws under the
contact plates. Since the separation of the dial gauges (approx1mately

150 mm) ‘was much greater than the width of specimen belng compressed
(approx1mately 38 1 mm) any tilt occurring during the compression was magnl-
fied. Such tilting of the top die with respect to the bottom could be
virtually eliminated by using metal shims between the top 'of ‘the rig ard the
compression anvil of tlie testing machine. Generally-a tilt of less than
0.025 mm over a tool section of 38.1 mm was considered acceptable. However,
the deflection finally recorded was the mean of the two dial gauge readings,
which automatically corrected for any tilt of the dies. Dial gauges are known
to be subject to dynamic errors likely in such spring and lever systems but
the rates of testing here were generally sufficiently slow for these errors
to be small. Figure 45 shows the complete compression rig.

2.3 Design of tensile rig

A tensile stress was applied to the sheet specimen, while under compression,
using an independent tensile rig. Tension was provided by means of a small
hydraulic ram constructed out of the components of a 13 ton (15 kN) 'Evershure’
hydraulic car jack, and mounted in a stirrup arrangement. The remainder of
the car jack was used as an oil reservoir and pumpiag unit connected to the
ram by means of flexible hydraulic hosing. The pressure of the hydraulic
fluid in the system was monitored by means of the Budenberg hydlaullc pressure
gauge, with a full scale deflection of 1200 1b/in® (8.3 MN/m2), and scaled to
read in steps of 20 lb/in2 (0.17 MN/m2). The pressure of the hydraulic ram
was converted into a tension on the specimen by means of the stirrup arrange-
ment shown in Figure 46 and a pair of wide grips in which the specimen was
mounted. The grips which fitted close up to the compression dies were of the
self-locking tyve, and pivoted so that any misalignment of the specimen was
compensated for as loading proceeded. The dimensions of the grips and stirrup
arrangement were such that a standard specimen 102 mm x 38 mm x 1.6 mm was
gripped over 32 mm at each end, leaving a section of specimen actually under
test approximately 38 mm x 38 mm x 1.6 mm.

The whole of the tensile rig was hung by soft springs from a supporting frame
around the compression apparatus. This arrangement was necessary so that
small deviations of the specimen from the plane perpendicular to the dies

were automatically rectified as the compression dies began to load the
specimen. The supporting frame for the tensile loading system was also
mounted on levelling screws so that the system could be approximately aligned
before loading. A photograph of the complete biaxial loading system is shown
in Figure 47. To check that the rlg was pulling uniformly, a PMMA specimen
of dimensions 38 mm x 38 mm x 1.7 nm was mounted in the tensile rig, and
loaded whilst being observed in polarlsed light. The pattern of birefringence
was uniform across the whole width of the specimen showing that with careful
mounting a uniform stress distribution could be accomplished.

To load the sheet in compression in the plane of the sheet, the tensile rig
was replaced by a similar rig suspended in the same way but this time the
pressure of the ram was applied directly to the ends of the specimen, by means
of small holders. These specimen holders consisted of mild steel blocks iwn
which an accurately machined slot had been made to tuke the specimen with a
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¥ tight £it. The holders were mounted rlgldly in the rig and bqttcd up to
within 3 mm of the main compression dies ‘to ensure no buckllng of the spéciden ¥
¢ould occur. This arrangement is ‘shown: 1n Figure 46, '
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2.4 Correction fur rig deflection,, : ) : !
[ .

Although the compression rig was constructed so thet its’deflection under load

would be small 'some elastic distortion hs well as the usual "sett]’ng" of

- componeni parts occurred under loadlng, and it was n°cessary t¢ cdrrect for

fg this effect. As the dial gauges are mounted to measure the displacement ,
betwsen the top and bottom dies only, any deflectlon of the testing machine

1 or load cell durlng loading is not 1nvolved in the gauge readings.

The rig was set up for compréssion in the usual vay (see Section 2. 1) Wlth

the usual amount of lubricant but no specimen was 1ncluded.' Figure 48 shows 1

the resulting plot of rig deflection, as recorded by the dial gauges, against '

] . the applied load. The rapid initial rise of rlg deflection was due to the

4 lubricant being squeezed out, and to,settling of the components. At'hlgher 3

loads a linear relation betWeen deflection and load was' seen due to the '

elastic distortion of the rig. The curve in Figure 48 together witn similar

curves taken at intervals during the period of this project were used to,

correct the dial gauge readings for rig deflection.
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2.5 Calibration of the hydraulic ram in the tensile rig

i The force exerted by the small hydraulic ram in the tensile rig was méasured
experimentally from the pressure of the fluid in the’ pumplng systém, and. it

was necessary to relace the reading of the pressure gauge to the load applied
to the specimen. This calibration was achieved by mounting' the ram betlween .,
the crosshead and load cell of the Instrpon testing machine, and Lhereby
measuring the load on the ram for a glven pressure. .

Keeping the crusshead stationary, the pressure in the ram was slowly increased,
and readings of pressure were taken against load recorded by the Instron. ,
Corresponding load readings were taken while slowly releasing the pressure.
The results of these tests are shown in Figure 49 and although it' is apparent
‘ that some sticking in the ram has occurred the error due to sticking was

% within the error of reading (+ 34 KN/m2)' and a useful linear rela.ion between
pressure and load is obtained. It was also roted during'these tests that

i any creep in load recorded by the Instron load cell was reflected by a

! corresponding creep in the reading of the pressure gauge. These experipents

: indicated that the hydraulic ram'was a suff1c1ently sensitive and accurate

{ means of loading. ! ,
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APPDNDIX 3 FRICTION BETWEEN TdE DIES AND THE" SPECIMEN DJRTNG COMPRESSION

X iad
oy m
PO

Lissy

In Ser-t:.ons 2.3.6 2 and 2.3.7 expressions were g:nen £ r the increase in ke
pressure under the dies due to the effect of_surface friction between the
speciuen and ‘the dies. Thé. derlvat;.on of ;these expressions is given here in
terms bf the pressura dependent yield critedia descrlbed earller.

o

v

3.1 Plare strain compression < - - . ¢ ney

: ) In Tigure 50 the forces act ting on an element of material between the dies P’i i
of th:.ckness dx at a dlstance'x from the centre line, are shown. The i
pressure on the élement is o, -and jd is theé edefficient of surface

frlctlon "\etween the specimen and the die surfaces. . -
i P AP x

L1

' . Resolv:.ng horizontally 2/6" O’y"d‘x'— h~d‘c' T R (39)
’ i * N
According to pressure dependent Tresca's yleld cr:.ter:.on, yleld w111
) occur when

i

. ‘ (¢_=-0) = 2 k +p (‘o-icq: o’y+o‘z)
' Y X o 3

and for plane strain ¢ =3 (0_ + o) ‘ o .
z x y

. o (cry - ofx) = 2k, +p .(0';c + o-y)x . (40) {
! ! Pressure dependent von Mises yield criterion written as
' . e 2
(o‘;-a)2+(0'.-o‘)2+(o~ ..cr)z=6 k+u(dx+ax+dz)
. y X x z Z y - o 3

also gives equation (40) for plane strain conditions.
Differentiating equation (40)

(L= ) do‘y = (1 +yp) do

.and in equation (39) we have

C M o, = o) sy

P 5 Yy L+p) Ty

f o ' . b 2k
P . Using the condition that when x =5 O = 0 and 0 = )
. ’ x LA Gy
i «

j €

o we have

. B - = 2ko expf'@_g (1 +p,)x
o ' A Gy n -

o

' Integrating over the surface of the die, we find the mean pressure acting:

‘ , b,
) ' 2k 2
T = [ Eﬁs (1 +p)
) exp ——

(1 ~u) o

-
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assuming f_ is small

,vil

or

"""

w3l

vhich is the éxpression used in Section 2,3.6.2.
- 3.2 Uniaxial compression

In Figure 51 the forces acting on an elemental cylinder of height h and
thickness dr are shown. In cylindrical co-ordinates, a pressure p acts
on the ends of the cylinder such that. T,, = fgp where @ is the
-coefficient of surfacs friction. The stress o, is.assumed constant
throughout h and oy is set equal to Oy. v

For equilibrium we have h . . Zﬁsp =0 (&)
ar

According to pressure dependent Tresca's yield criterion, yield will
ocecur whea

(0 + o +0,)
2 . r 0

(O'Z- o‘r)-.:a k -n

or when

"
(p+ O"r) = 2 [ko-—‘g (20‘r—p)

* p(3-—2;1)+ o‘r(3+#p)=6.ko (L2)

According to pressure dependent von Mises yield criterion, yield will occur
when
e

2 2 2 2 . (¢ +0 +0)
(O‘r—O'e) +(o‘e-az) +(o‘z—o'r) +6T rz=°[ko' 0 r z]

For small friction Tarz is negligible, and therefore

2 2 "
(o'r+p)+(p+0'r) =6 ko--g (20‘r-p)

or p(3 - v3u) +°’r(3+21/'3p.) = 3 V3 k (43)
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Differentiating (42) and (43), we have

o - 3
4o, - dp (3 -2p) dp 2¢_ o (3+h p)

= TwGvEn W gE--v T

Treséa

dp 29 (3e205p)

do;, _dp (3 ~V3yu) :
ar " h PR )

von Mises T T (3+2/30 )

...in (1)

These last two equations can be integrated with respect to r

so that
; -
Tresca p = 6ko exp { 2¢s (3 +5u0) (a - 1)
G-2an) [h (3 -2p) ]
3735k, (28, (3+273n)
von Mises p = —— exp m (a - 1)
(3 -+3u) (3 -43p )
where a is the radius of the cylinder.
The mean pressure on the dies is therefore
a
_ - 27(!' P ar
5 =
e
which gives
: . bk 1 2¢s G+by)
rsea B o= mTao ('3 GTEp) b
. 3V3k Foo2g Ge2va) ]
Von Mises p = ~———O— 143 a
* (3~ 3p) (3 -V 3)

In Section 2.3.7 these equations are represented by:-

- = (¢} (1+¢S% m)

where « and m are constants found in Equations (44) and (45).

(4l
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APPENDIX L DEFORMATION BANDS IN AMORPHOUS POLYSTYRENE AND THEIR RELATION
TO THE SLIP LINE FIELD

Polystyrene deformed in plare strain compression shows inhomogeneous plastic
shear derormation in the form of intense shear deformation bands. These bands
are distinct from craze marks and must not be -confused with the latter.

Crazes occur in a direction perpendicular to the principal tensile stress,
while the deformation bands are nearly parallel to the planes of maximum shear
stress (see Section 2.3.)..

A .general. theory, known as the slip line field theory, has beer. ieveloped to
analyse deformation in metals. The theory assumes a rigid, perfectly plastic,
isotropic solid, with no strain hardening and no time or strain rate effects.
It considers the loci of the directions of maximum shear stress and shear
strain rate in the material to form twc orthogonal families of curves known

as slip lines. These lines not only provide a theoretical indication of the
manner in which the material deforms but also through the plasticity equations
and Hencky's relations (Hill (1950)) can be used to give good approximations to
loads required to produce plastic deformation. No direct observation of slip

"line fields in deforming metals can be made but a proposed slip line field

can be verified by comparing experimental and theoretical deformation loads,
and by observing the form of the elastic-plastic boundaries within the deformed
material.

Since the slip lines are loci of directions of maximum shear stress, and the
deformation bands in polystyrene are approximately parallel to planes of
maximum shear stress, the bands will give some indication of the shape of a
slip line field.

Samples of unoriented compression moulded polystyrene sheet were compressed
in plane strain at room temperature between polished dies. Two types of test
were carried out and in each case the material was compressed just to the
yield point. Sections cut from the centre of the deformed specimens were
studied in transmitted light.

4.1 Plane strain lubricated compression (compression between smooth"
parallel dies)

In this case the dies were well lubricated so that it could be assumed that
the die-specimen interface was unable to support any shear stress. The
theoretical slip line field cons1sis of two sets of lines intersecting
orthogonally and inclined at h5 10 the compression axis. For comparison
Figure 14 shows the deformation bands, viewed in polarised light, in a sectiou
of a polystyrene specimen deformed between lubricated dies. Although the
shearing of one band by another causes some distortion, the bands in the
centre of the specimen are straight and inclined at approximately 45 to the
compression axis. The two sets of bands intersecting approximately
orthogonally clearly show the slip line field described above.

In order to apply slip line field theory, the experimentally observed deviation
of the bands from the directiou of maximum shear stress will be neglected. For
the above simple slip line field for compression between smooth parallel dies
the pressure under the die is 2k at yield, where k is the shear yield stress

of the material. The experimentally measured pressure tc produce yield in the
specimen shown in Figure 14 was 106 + 5 N/mm® at an approximate strain rate of

0.001% sec” . Hence the constant k is 53.4 N/mma.

4,2 Plane strain unlubricated compression \compression between '"rough"
parallel dies)

The dies and specimen were cleaned free of grease co that for theoretical
61
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analysis the dies could be assumed to be so rough that the greatest nossible
frictional stress, namely the yield stress in shear, was induced at the die
specizmeén interface in the regions wheré yield occurred. The sYip line field
solution for these conditions as developed by Hill (1950) is shown in Figure 52
for a ratio of die width to specimen height of 5.0 which was the ratio used
experimentally. Because the die-specimen interface is ideally rough, slip
lines of one family meet the surface tangentially wiile lines of the othér
family meet the surfuce normally. The undeformed regions are shaded in the
figure. :

Figure 53 shows a section of a polystyrene specimen, deformed under the
unlu*ricated conditions described above, viewed in white ¢izh,. Although heavy
cracking has occurred the deformatlon bands are clearl, vi Slu-c. it is

and at the centre of the specimen consistent with the 511~ “ine :;P’d solution.
It can also be seen that the deformation bands show the curvatures suzgested
for the slip lines in Figure 52 and the orthogonal sets of bands meet the
surfaces approximately ncemally and tangentially. The deviation of the baud
argie by about 10 from the Zieal slip line field solution at the surface
indicates that there has been a small amount of slippage and that the interface
was not ideally rough.

Using the slip line field in Figure 52 the theoretical mean pressure under
the dies is 4.08 k. The constant k ras been determined from Appendix 4.1.

Herce the predicted mean pressure is 217 N/mm?. Zxperimentally the pressure
required to produce yield in the specimen shown in Figure 53 was

226 + 15 N/mm at an approximate strain rate of 0.00% sec i.

This agreement is surprising in the light of the assumptions made about the
material in ovder to construct the slip line fields, and in the deviations of
the experimentally observed dir.ctions of the slip lines from the theoretically
predicted ones. The fact that the unlubricated dies are not ideally rough
should lead to a yield stress below the predicted one. However, there is
evidence that the shear yield stress of a number of polymeric materials,
including polystyrene, increases with applied pressure (see Sec:iions 2.%, 3. ',
and 3.2) and this effect may be leading to fortuitously good agreement.
Nevertheless deformation bands in polystyrene when approximated to planes of
maximum shear stress give a useful qualitative verification of the postulated

slip lina field.
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TABLE 1

:I_{ODULVS s YIELD STRESS AND YIELD STRAIN FOR ALL POLYMERS EXAMINED

SHEAR ZONE ANGLES FOR ALL POLYMERS EXAMINED

MODULUS YIELD STRESS
- MATERTAL , | STRATv maTE| 5 STRATN RATE .
KN/mm 1 N/mm 1 STRAIN.
SEC™ SECT
PMA | 3.5 0.3 |0.20x 107°| #3.0 % 2.1] 2.12 x 107 | 0.133 ¥ 0.015
PS 3.2 £0.3 |0.16 x 10| 107.4 £ 1.9] 1.49 x 107 | 0.058 ¥ 0.015.
e |44 0.3 |0.12x 1077 93.3 21.8] 2.02 x 107 [0.047 ¥ 0.015
EPOXY D | 2.4 ¥ 0.2 | 0.23x 107°] 100.6 ¥ 1.3 2.35 x 107> | 0.068 ¥ 0.015
pET | 1.5 *o.2 |0.52 x 10701 64.3-F 0.5 5.05 x 1072 | 0.068 ¥ 0.020
mpE | 1.0 0.2 |0.37x 107°] #1.3 F 0.7] 2.30 x 10~ | 0.016 ¥ 0.020
IPE | 0.12 £ 0.03] 0.95 x 07| 10.3 ¥ 0.5] 1.53 x 1072 | 0.012 % 0.020.
WBLE 2

MATERTAL o °MEASURED o' ®CORRECTED
PMiA 37.1 ¥ 2.1 w X o
PS 37.3 £ 6.7 yp X9
PET 42.0 ¥ 1.5 yp ¥ o
PVC h1.2 ¥ 1.9 b6 ¥ o

EPOXY D 39.6 ¥ 1.5 uy koo
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TABLE 3

EGUATION OF PLANE STRAIN COMPRESSIVE STRESS AGAINST APPLIED

TENSION CURVES FOR ALL POLYMERS EXAMINED

EQUATION OF THE BEST STRATGHT LINE IN

] STRAIN
o% Vs Oé RATE
MATERTAL :

DIAGRAM IN N/mm® (%, = b-a®) sgc™?
PMMA bé = 73.8 (+ 0.98) - 0.619 (¥ 0.011) 6} 2.13 x 102
PS o, =62.1 (£6.2) - 0.593 (£ 0.064) 7, 1.38 x 10~
BVC o, = 73.4 (£ 2.3 ) - 0.787 (£ 0.028) O, 2.02 x 107
EPOXY D - o, = 65.7 (2.7 ) - 0.652 (£ 0.035) O, 2.22 x 1077
PET S, = 51.6 (* 1.8 ) - 0.775 ¢ 0.041) , 4.80 x 10~
HDPE o, =29.2 (0.7 ) - 0.711 {F 0Jo2k) o, | 2.30 x 107
LDPE o, = 8.0 (f£0.2) - 0.853 (< 0.03) o, 1.57 x 10~

TABLE 4

EQUATION OF PLANE STRAIN COMPRESSIVE STRESS AGAINST APPLIED

COMPRESSION CURVES FOR PMMA AND PS

BQUATION OF THE BEST STRAIGHT LINE IN STRATH
o, Vs 0, RATE
MATERTAL 2
DIAGRAM IN N/mm® (0, = b-ac,) sec™!
PMMA o, = 98.6 (X 3.3) -0.637 (£ 0.09) o, 2.3 x 10°
PS 0, = 62.3 (% 2.0) - 0.580 (2 0.015) o, 1.57 x 10°
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'TABLE 5

VARIATION OF THE COEFFICIENT OF INTERNAL FRICTION
AND THE COHESION WITH CRYSTALLINITY FOR PET

CRYSTALLINITY -

% (¢ *u * k, /i
AMORPHOUS 0.127 ¥ 0.026 29.¢ ¥ 1.9
12 0.077 ¥ 0.027 3.2 £ 1.6
21 - 0.139 I 0.012 2.8 £ 0.9
27 0.187 ¥ o.ok2 39.6 £ 3.8
31 0.228 ¥ 0.022 59.1 £ 2.6

TABLE 6

VARIATION OF THE COEFFICIENT OF INTERNAL FRICTION
AND THE COHESION WITH PLASTICISER CONTENT FOR THE TWO EPOXY RESINS

MATERTAL k| /N "
(C) 20 parts by weight plasticiser 46.3 ¥ 4.3 0.121 ¥ 0.025
(U) 40 parts by weight plasticiser 40.1 = 1.8 0.210 T 0.034

TABLE 7

COHESICN, COEFFICIENT OF INTERNAL FRICTION AND RATIO OF

VOLUME STRAIN TO SHEAR STRAIN FOR ALL POLYMERS EXAMINED

THE COEFFICIENT | THE RATIC OF

e, | 7 comszon | or | Vol s | g
o} s STRAIN c a

PMMA 46.2 T 1.9 0.225 * 0.008 0.035 0.190
PS 38.8 ¥ 3.3 0.256 % 0.050 0.12% 0.133
PVC 5.1 5 1.5 | 0.119 ¥ 0.015 0 0.119
EPOXY D | 40.1 % 4.8 0.210 ¥ 0.025 0.035 0.175
PET 29.0 ¥ 1.9 0.127 ¥ 0.026 0 0.127
LDPE 4.3 % 0.3 0.079 % 0.021 NO RESULT
HDPE 17.1 = 0.6 0.169 & 0.016 NO RESULT
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FIGURE 1. Diagram showing the position of a section cut from a
deformed specimen in order to observe the mode of

\
. deformation,
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Residual
Strain
£ X
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01+ x
strains which
relax out
after 1 week
S B—— : o - e —
o 041 0.2 .03
Nominal Applied Strain €,
FIGURE 4. Residual stiain measuied immediately after unloading, against

ihe applied shiain, (P.M,M,A, specimens compressed at r~ .
temperoluie using 6.4 1am dies and constant crosshead speed of
0.2 min/min. After | week af room temperature approximately

0. 039 res dual strain had relaxed out.)
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FIGURE 5.

0.109
strain

0.119
strain

0. 144

strain

0.219
strain

Sections of PMMA specimens taken to ir "reasing
compressive strains, viewed between cressed polars.
The strains quoted are nominal strains and relate

to the stress-strain curve in Pigure 3.
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FIGURE 7. Load and specimen deflection against time for consiant
: strain rate and constant crosshead speed iests
(Specimen deflection rate and crosshead speed 0. 27 mm/min,
In the constant crosshead speed test, the specimen deflection
rate at the yield point was close to 0,27 mm/min),
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. FIGURE 8. Nominal siress~-nominal strain for P.M, M. A. at constant
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crosshead speed and constant strain rate. (Curves, derived
from figure 7, illustrate that strain rate behaviour prior to

yield does not significantly affect the yiwld stress),
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FIGURE 9. Vaiation of plane stiain compressive yield stress of P,M,M,A,
with strain rate as calculated from the crosshead speed.
(Specimens compressed at constant crosshead speed using
6.4 mm dies at room temperature).
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FIGURE 10. Stress=stiain cuives determined in plane strain compression for
four glassy polymers. (A load drop is seen with each material
and the yield point is defined as the maximum stress point,
Materials compressed between 6.4 mm dies at room temperature,
and at crosshead speed of 0, 2 mm/min),
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FIGURE 11, Stress-strain curves determined in plane strain compression i
. for the polyethylenes and P,E,T, (Yield point taken as ;3
indicated for L.D,P.E, and H,D,P,E,, while for P,E,T, the ¥
yield point is as before at the maximum stress point), .
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, Yield O, = 1-67N/mm
101 point

0,=7-25N/mm?

KN

A4-
0,=16-1N/mm?
24
0 1 2 3 4 5
min

FIGURE 12. Curves of load against time, as produced by the Instron or
Tensoreter, for plane stroin compression of 11,D,P,E, with
various values of additional tension 07,. (Specimens
. compressed at room temperature using ~ 6.4 mm dies and constant
crosshead speed of 0.2 mm/min, NB at higher tensions a load
drop is produced giving the yield point as the maximum load
- as for the glassy polymers), !
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FIGURE 16. Epoxy Resin D

FIGURE 17. PET

FIGURES 13-17. Sections viewed in plane rolarised white light from

specimens taken just to the yield point using 6.4 mm dies.

In the text the regions of yielded material such as those shown by
PMMA are called shear zones, and the much narrower plastic regions

shown by PS and PET are called shear or deformation bands.
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100 um

FIGURE 18. Englarged section of PET specimen showing two types
of deformation with narrow deformation bands a few

micrometres wide, and broader shear zones.

The large shear strains contained in these zones can

be seen where they have cut the smaller deformation
bands.
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FIGURE 19.

200 um

Englarged section of PS specimen viewed between

crossed polars.

Some hands appear to be slightly blurred due tc the
thickness of the section used. However, the narrow
well defined rature of these bands can be seen, which

appear to propagate withouc distortinn of the

surrounding material.
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FIGURE 20. Section of PMHA specimen, viewea in polarised light,
for which a number of fine scratches on one curface
have locaiiscd the deformation into narrower chear

L0nes.
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FIGURE 21, Diagram to show the effect of relaxation on the shear zone angle, .
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FIGUKE 27, Diogram to show the effect of relaxation on the shear zene angle.
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FIGURE 22.  Stress-strain curves for Epoxy Resin D measured in plane
strain compression for various values of additional tension 07,
(Curves obtained at ioom temperature using &.4 mm dies
and constant crosshend soeed of 0,2 mm/min).
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FIGURE 23. Variation of the plane strain compressive yield stress
(-0°.) with additicnal tension (+0'7) for PLM.M, A, using
6.4 mm ond 3.2 mm dies at room temperature and constant
crosshead speed of 0.2 mm/min. (The line corrected for
shoulder restraint fadies) is also shown),
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by intervention of fracture).

77

T
e s W e




{

(Stress in N/mm?2)

FIGURE 24. Variation of plane stiain compressive yield stiess of P M, M A,
and P.S. with applicd tension or compiession, (Specimens
compiessed between 6 4 mm dies, at 10om temperature with
constant crosshead speed of 0.2 mm/min).,
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FIGURE 28. Plane stiain compression of P,M,M, A, ar various temperatures
usirq 6.4 mm dies anu constant crossheod spee i of 0.2 mm/min.
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FIGURE 30. Vaiintion of plane si.ain compressive yield stress with applied

tension, for P,/ M. A, at three temperatures. (Best straight
lines through experimental points paralle! within
experimentcl eiros).

e




e e paar R

T e eI

sX

*swyy jo syjbuaj snolion 104 sain;p1adway snopioA 30 pjay s3jdwos °1°3°d 40 Ajisuag  T1g 3¥NDIS

—i-ge-L

o8 o _ 9P e ov o€ o2

ve-l

- GEL

loge-L
W/ B

FLEL

Y

- 9.1

wnde
v
]
e

% +0vL

W, s




70

60

301

201

10;

~ 27%, crystatline

uncrystaliised

t + 4 4
0 01 02
;

FIGURE 32, Shess-ctrain curves foi crystallised and unciysiallised P.E,T,

using 6.4 mm dies at 10om tempetature, and constant crosshead
speed of 0,05 mm/min, Crystalliniry quoted found from
density readings; unciystallised material showed no
crystallinity by x~rays vide 3.1.5).
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FIGURE 5.

e 12 %
a 22°%  Approximate
o 27%  Crystallinity
Q iKY ’/n

( Stress in N/mm?)

"ffect of increasing crystallinity in P,E,T, on variation of 0']
wi.h 079, (The large scatter in pert due to scatter of
crystallinitv values about quoted mean).
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FIGURE 34. Simple plane strain compression
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FIGURE 35. Plane strain compression with additional tension,

Stresses acting on elemental cube under the dies. Stresses
0~. and 0", aie applied; stress 0'3 results from constiained
flow in the z direction.
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FIGURE 36. Schematic diagram of test arrangement for plane strain
compressjon. '

FIGURE 37. Tne applied stiesses Lo plane shiain compression witih adaitional

tension or compies.ica, Ul always compressive, 0'2 either
tensile or compressive,
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FIGURE 38.

Shope of yield locus in two dimensional strecs space (equation 8)
for von Mises yield criterion modified to include linear pressure
dcpendence. The unmodified form of von Mises criterion
(equation 4) would appear as two straight lines paraliel to the

line 0"‘ = 0'2 in this diagram,
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FIGURE 39. Mohr's circle construction showing Coulomb's yield locus and o
stress circle representing yield on a plone inclined ot onglelb(.

The angle J is the angle of internal friction equal to tan
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FIGURE 40.
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Diagram showing decieose in height of energy barrier to flow

as a result of the applied shear force F from Glosstone,
: caidler and Fyring (1941).
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FIGURE 41, Stresses acting on an element of material within a plastic shear
zone produced in plane sirain compression. Zone inclined at
an angle (90 - 8) to principal stress 07,. Flow within the
piastic zone, in the y direction, is as.med estriced by the
clastic material outside the zore
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FIGURE 42,
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FIGURE 43.
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Two possiple modes of deformation in plane strain
compression, a‘ter Green (1951).
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\| Caiculated mean pressure
]
1

Ratic of meon pressine on dies over thet for homogeneous
compression (P/24), as a function of ratio of specimen

thickness to die breadth (h/b), after Green (1951).
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FIGURE 4S5.
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hLpparatus for p:iane strain compression, showing
dial gauges usec to measure strain, and specimen

in position tetween the dies.
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FIGURE 46,
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e

Rigs usad for applying an additional tension c:*

compression in the plane of a sheet sp cimen.

In foreground specimen mounted in tensile grips,

and springs used for suspending the rig.
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compression, complete with specimer holders.
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FIGURE 47.
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FIGURE 48, A typical curve used to correct dial gauge readings for rig
deflection urder load, The gouge reading from this curve

for a particular load is subtracted from the equivalent gauge :
reading dbtained with o specimen in pnsition.
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FIGURE 49, Calibration curve for the hydraulic ram in the tensiie rig.

7
/M




IS N - - S W AL TS T el s T PR S Sl LR IS P 7T A TR LTERR, r g TG WSS, 5 ST T e

/////////)r s~ Y &/

fe-x -

|
O,+d O (€ Oy
!

l -dx
!///, PV IES A¢ G’/ T f’/T

‘ L b :!

FIGURE 50. Stresses acting on an element of material between the dies

in simple plane strain compression. Die breadth b ond
specimen thickness h.
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FIGURE 51. Stresses acting on an element of material under the dies in g

- unioxial compression, Cylinder radius a and height h ’
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FIGURE 52.

The theoretically constructed slip line field for plane strain
compression befgveen perfectly rough dies. The slip lines
are drown at 15" intervals for a F ratio of 5.
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FIGURE 53.

Section of a polv-‘tyvrene specimen taken just to yiela in
poiy-"y J

plane strain compression, viewed in transmiftted wh.te

light. Compression was in the direction indicated,

between unlubricated dies.
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