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FOREWORD
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for the Director of Research Matsrials 2 (Air Systems), Procurement Executive,
Ministry of Defence, under Research Agreement PD 12ý '-O/ADM.
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SUMMARYV
The yield behaviour of solid polymers has been examined, with especial
reference to that of the glassy amorphous polymers. Considering polymethyl
methacrylate to be a typical glassy amorphous polymer, the effects of strain
rate and temperature on the yield stress have been determined by taking stress-
strain cuives in simple plane strain compression.

The variation of the plane strain compressive yield stress with applied tension
and compression ha&s also been determined for polymetlyl methacrylate and
several other polymers.

It was shown that the hydrostatic component of stress had a significant effect
on the yield behaviour of the polymers studied. This has been considered in
terms of the Tresca and von Mises yield criteria modified for pressure
dependence., jIt was found that a relation of the form K = Ko -liP could be used

to explain the observed pressure dependence of yielding for the stress states
studied, where K is the critical yield stress, Ko is a constant termed the
cohesion, g a constant tervaed the coefficient of internal friction and P the
hydrostatic stress componenL. it was found, however, that the polymers were
sensitive to the testing conditions employed and that the relatively simple
yield criteria of Tresca and von Mises only have application to a specified
structure and set of testing conditions.

By considering yielding as an equilibrium between the applied strain rate and
the rate at which units of the structure move, an equation has been derived
allowing interpretation of the yield condition in terms of the molecular
processes associated with yielding or flow in polymers. The interpretation of
yield as a rate process was confirmed for polymethyl methacrylate when it was
found that Ko increased linearly with the logarithm of the strain rate over
three decades at room temperature,

It was shown that p was a parameter expressing the sensitivity of a polymer to
the hydrostatic stress component.

In polymethyl methacrylate it was found that p was constant over the temperature
range 200 to 700 suggesting that the various effecLs giving rise to pressure
dependent yielding are overall independent of temperature.

It was shown that increasing the crystallinity of a polymer causes the value
of Ko to increase, whereas addition of plasticiser decrewes the value, ,imilar
changes occuring with ±. From these effects and the range of values observed
for Ko andý for differen: polymers a qualitative indication of the effectz; of
different polymer structures on yield behaviour was obtained.
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LIST OF SYMBOLS AND ABBREVIATIONS

D - deviatoric stress tensor

JI ,2, - first invariants of stress tensor
J2 - second invariant of deviator3c stress tensor

J,' - third invariant of deviatoric stress tensor

- stress under dies

c' - measured stress

- stress with no friction between dies and spezimen

- compressive stresG

S- tensile stress2

1,2,3 - principal components of stress

S- normal stress

n normal stress across shear plane

a u -fully corrected uniaxial yield stress

P -fully corrected plane yield stress

I yield stress

Txy,yz,zx - shearing stresses

S - applied stress

P - hydrostatic stress

k - sheer yield stress in pure shear

FY - average force in direction of applied stress

£ - nomii.al strain

,1 - conpressive strain after relaxation

2• - tensile strain after relaxation

e - true or natural strain

a - nominal applied strain• a

- nominal resiaual strain

" - strain in x direction



£ - yield strain

e - strain in y direction

yxy - shear strain

1,2,3 - principal strain rates

G - shear strain rate
g

a'x - volume expansion

f - vibrational jump frequency

fo0 - basic frequency

fnett - nett frequency

F - natural jump frequency at zero hydrostatic pressure

p - pressure

p - mean pressure on dies

W - total work absorbed

WG - work done against normal stress

WT - work done by shearing stress

x - bulk modulus

Et - yield modulus

Y' - Young's modulus for uniaxial compres3ion

V - Poisson's ratio

0 - angle of shear plane (angle of internal friction tan-' A)

S- angle of inclination of shear zones after unloading

•' - angle of inclination of shear zones at instant of yield

S- 9 0 °_-C

d - measured density

d - density of ..morphous materiala

d - density of crystalline materialc

C' - weight percent crystallinity

XI - component of volume expansion normal to shear direction
(displacement normal to the shear direction)

- coefficient of internal friction
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K - cohesion

V - activation volume
a

T - glass transition temperature
g

- distance between equilibrium positions (shear displacement)

T - absolute temperature

E - energy barrier height0

0s - coefficient of surface friction

R - part of total load per unit specimen width provided by
elastically eeforming the material outside the test cection

KB - Boltzmann's constant

A - effective cross sectional area of the deforming unit

w - specimen width

b - specimen breadth

h - original specimen thickness
0

h - specimen thickner

a - specimen rndius

A')
B )C ) - constais

c)
m)

PMMA - Polymethyl methacrylate

PS Pclystyrene

PVC - Polyivinylchloride

PET - Polyethylene terephthalate

LDPE - Low density polyethylene

HDPE High density polyethylene
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-~ INlITRODUCTLION4 AND PROGRANJ4E

In addition to elasticity: and viscoelasticity, which are obsqrved at low stress
levels, one of the fuindamental types of stress response in rigid polymers is
plastic yield. At the present time this important phenomenon is not as well
understood for polymers as for metals., P III I

!S

In general, plastic yielding in metals takes place by slip on crtallographic
plaes y dsloatin mvemnt.Deio;'mation occurs in shearnwhe the maximum

shear stress or the elastic shear 'strain energv' density reaches a critical
value. In either case the critical shear' stress for yield is iýndependent of
the hydrostatic stress componenit, and deformation takes place a(; essentially
constant volume.

The deformation of amorphous polymers has no known simple mechanism analogous
to dislocation movement, and in view of the' compJlex s~tructure c,' these materials
the process by which plastic yielding occurs is likely to be more complicated.
It is therefore improbable that the critical shear stress to produce deformation
is a well defined parameter as in metals. Volume changes in polymers appear to
be more pronounced, and it is unlikely that the shear stress for yield is

independent of the hydrostatic stress component.

Usually studies of yield, and yield criteria, involvel tensile testing of rodslor
flat strips and thin walled tubes subjected to torsion or intern~al prezzure-. 311

the present work plane strain compression was used to study yield pheniomena in a
number of polymers, as this type1 of test &voids many of the difficulties
associated with tensile testing at large strains. To investigate the yield
criterion, sheet specimens compressed in plane strain were alsc jubjected to a
tensile stress in the plane of the, sheet, and the compressive yield stress
determined as a function of 'the applied tension.* Since plane strain conditions
were used, it. was also possible to take sections krom the planelof deform~tioht
and observe the developiment 6f plastic dtraiins within a:specimen.

Fosr -hese experimentd a loading system in which biaxial tensile, or compressive
streL~es could be applied to a sheet spetimen was designied and built.
Faci~li~ies were also included for measurement' of the large strains involved, and
f-r testing up to a temperature of 700C.

Initially the yield behaviour of glassy'amorphous polymers was cunsidered, as
the complicating variable of crystalline morphology could be-avoided. Prime
consideration was given to polymethyl methacrylate (PMMA), as thi's material
typifies many of the characteristics of ýlassy amorphous polymers, and is
readily available commercially as "Perspex" sheet. Stre 'ss-strain curves were
determined irt simple plane strain compression in order to define a yield point
for this material, and the effects of strain rate and temperature on the yield
stress were i.±vestigated. Tests under combined stress illustrnted a significant
effect of th,ý hydrostatic stress component 6n yielding, and these result-, art,
discussed in terms of some of the more important yield criteria used for other.
materials.

The yield behaviour in simple plane strain compression, and-under combined
stress states was also investigated for polystyrene, rigid polyvinyl choride,
polyethylene terephthalate, two epoxy resins, and low and high density
polyethylene. Similar effects were observed in all these polymers, and two

4 p-qrqmeters are used to describe the yield behaviour in each case.

Some of the current ideas on t-he mechanism of yie'ding in solid polymers are
discussed, and the Eyring rate theory ticsed to suggest an explanation of the malin
features of the observed yield behaviour.
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2' WORK ,AMIED OUT AND RESULTS OBTAINED

2.1 Specimen preparation and experimental technique

2.1.1 Slecimen preparation

Flat, parallel sided, sheet specimens 114mm long and 38&= wide were
cut out and prepared for testing in a variety of ways depending upon
the type of polymer, and these are mentioned belov. To ensure
comparable results from one test to the next, specimens were, as far
as possible, all taken from the same sheet, and a number of specimens
sufficient to cover the needs of any one series of tests all given
the same preparative treatment.

2.1.1.1 Polymethyl methacrylate (PMMA)

Commercial ICI "Perspex" cast acrylic sheet, approximately 1.6mm
thick, was used. This material had a weight average molecular
weight of the order of 2.3 x 105, and contained no plasticiser.
Its glass transition temperature was given as in the range
105-1100C. Specimens were cut from the sheet using a band saw,
then milled to size, and the edges polished to remove any
remaining scratches. These samples contained a small amount of
residual moulding strain which was removed, together with
moisture and excess monomer, by annealing. This was accomplished
by laying them on talc, in an air oven maintained at 1100C, for
24 hourG., and then slow cooling over a further period of 24 hours.
After this treatment the specimens appeared to be isotropic under
polarised light. They were stored in a dessicator until required.

2.1.1.2 Polystyrene (PS)

Granular polystyrene was supplied by Shell as Carinex QP crystal,
which had a weight average molecular weight of the order of 10 ,
and contained a small amount of plasticiser (less than 1%). The
glass transition temperature was given as approximately 100%.
The granules supplied were compresrion moulded at 1700C into
amorphous, unoriented sheets, approximately 3.2mm thick, and

.standard size specimens were taken from the sheets is described
for PMMA. The specimens were annealed on talc for 24 hours at
10000, followed by slow cooling. Before storing the specimens in
,he desqsipator, they were carefully checked for crazes which
readily occurred during preparation.

2.1.1.3 Polyvinyl chloride (PVC)

The specimens which were cut and polished as described for PMMA
were taken from a commercial grade rigid polyvinyl chloride,
manufactured by ICI as "Darvic" sheet, The material was in the
form of clear sheet, approximately 1.6mm thick, wnich was unlikely
to be plasticised, but probably did contain a small amount of
stabiliser. The specimens contained a small amount of orientation
from the fabrication process, but no annealing treatment was
given.

2.1.1.4 Epoxy resils

Two types of "Araldite" epoxy resin in the form of cast 1. 6mm
thick sheet, were supplied by Ciba (ARL) Limited, and were given
code letters C and P. Epoxy resin C was made from Ciba MY 7'O
with 20 parts by weight of DY O40 plasticiser. The approximaite
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deflection temperature of this resin was 75°0. Epoxy resin D was
made from Ciba MY 750 with 40 parts by weight of DY 040
plasticiser, and the approximate deflection temperature was 45°C.
Specimens were cut from the sheets with a saw and polished in the
usual way.

2,.1.5 Polyethylene terephthalate (PET)

This was supplied by ICI Runcorn, as transparent sheet
approximately 0.8mm thick. The material was essentially
amorphous and unoriented, and had a density of 1..,"37 ,gm at
230 C*. The amorphous polymer is made by quenching from the melt to
below the glass transition temperature, and crystallinity can be
developed by heating the amorphous material. There was a sirface
ripple on one side of the sheet from the fabrication process,
which caused a small variation in specimen thickness of
approximately 3%, but this did not appear to affect is behaviour
under stress. The specimens were cut out with a sharp razor
blade as this material shattered like glass under the saw, but it
was able to withstand the usual polishing techniques.

2.1.1.6 Low density polyethylene (LDPE)

"Alkathene" WJG 11 granules, of melt flow index 2.0 and density
0.918 Mg/m 3 at 23 0C, were supplied by ICI. These were compression
moulded at the Royal College of Aeronautics, Cranfield, into
crystalline unoriented sheets approximately 1.6mm thick. Low
density polyethylene contains branched chains, and has a
crystallinity of the order of 50-60%. Specimens were cut from the
moulded sheets with a razor blade, and polished in the usual way.

2.1.1.V High density polyethylene (HDPE)

This polymer was supplied by British Hydrocarbon Chemicals
Limited as "Rigidex 50" (melt flow index 5.0), in the form of
granules, which were moulded by ICI Runcorn into crystalline
unoriented sheets approximately 1.6mm thick. The polymer has an
essentially linear structure, and a crystallinity of the order of
80-90%. Specimens were cut out with a razor blade and polished
as before.

2.1.2 Experimental techniques

The factor controlling the co-oditions of plane strain in the double
indentation test are outlined in Appendix 1. Details of the design of
the apparatus and of its calibration are given in Appendix 2 and the
problem of friction between the dies and the specimea during
compression ie discussed in Appendix 3.

2.1.2.1 Simple pline strain cornpres.- ion

Except for special tests, .ýoriment, were conducted at room
temperature, and in general tests were completed in as short a
time as possible to minimise variations in environment such as
temperature and humidity. Molybdenum disulphide grease
("Molyslip") was used as lubricant between the die faces and the

" "Precursor Melinex", with undetectable crystallinity by X-rays.
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specimen, as this has been shown to be an effective lubricant for
these materials (Ford and Williams (1964)). See also Section 2.3.
After each compression the dies were cleaned and polished, and
fresh grease applied, as Molyslip drying on the dies could cause
an increase in friction. With the specimen placed squarely
between the dies, a small load (1OON) was applied to allow
compaction of the rig, and che dial gauges were then zeroed.
Compression took place at a constant crosshead speed of the order
of 0.1mm/min, which in general gave specimen strain rates around
0.002/sec. A trace of load against time was automatically
produced by the cesting machine.

To measure the strain during loading, readings of the two dial
gauges against time were taken, and this was achieved in one of
two ways. Dial gauge readings were noted at time intervals
measured on a clock synchronised with the machine chart; or by
recording gauge readings onto magnetic tape, which was later
replayed in synchronisation with a clock. The mean of the two
gauge readings, determined by one of these methods, was taken, and
allowing for rig deflection, a plot of specimen deflection against
time corresponding to the trace of load against time produced by
the machine, could be obtained. If excess tilting of the dies
was observed, greater than 0.O02in (0.05mm), the test was stopped,
and shims placed between the top die and the compression anvil,
until even loading was achieved. These procedures produced
stress-strain data for a constant crosshead speed. Although often
quoted as such, this was not the same as constant strain rate
data, as the specimen strain rate was observed to change throughout
the course of the compression (See Section 2.2)

2.1.2.2 Plane strain compression with additional tension

Tensile stresses (a2) in addition to the compressive stress
were applied using the tensile rig described earlier. A small
tensile load (5ON) was applied to allow the rig to settle in, and
by using the levelling screws on the supporting frame, the specimen
was levelled onto the bottom die so that it was just in contact
with it. Under a small compressive load applied to the dies, the
tensile load was increased to some pre-determined value, and held
constant by monitoring the pressure in the hydraulic system to
+5 lb/in2 (0.034N/mm2 ). Loading in compression then took place
as described before, and dial gauge readings were recorded. In
tbis way values of the plane strain compressive yield stress
(a,) were measured for various values of applied tension (2.
For the glassy polymers, tensile fracture intervened before
tensile yield, and only a limited range of applied tensions could
be investigated.

2.1.2.3 Plane strain compression with additional compression

Small compressive stresses (02 ) were applied in addition to the
compressive stress (a,), using the compression rig described
earlier. These compression-with-compression tests were performed
on PMMA and PS. Specimens were prepared as before, but the
length was reduced to 25mm so that no buckling would occur when
the specimen was loaded. Using the holders described in
Appendix 2.3, the specimen was loaded in compression in the plane
of the sheet by using the same technique as described above for

4



tension, and in this way the variation of the plane strain
compressive yield stress, with the additional ccmpressive stress
(T2) was investigated.

2.1.3 Observation of the mode of deformation by sectioning

For the glassy polymers studied here, there exists a relationship
between strain and birefringence which, in the absence of a knowledge
of the exact nature of this relationship, allows qualitative
observation of the strains remaining in the polymer after deformation.
Since these strains for the tests used here are confined to a single
plane, it is possible to cut sevuons from deformed specimens parallel
to this plane, and by observation of the pattern of birefringence, to
study the mode of deformation. Sections were cut from the centre
deformed specimens as shown in Figure 1, using a saw or razor blade.
These were carefully polished down to less than 0.5mm thiecness with
wet emery polishing wheels, and either diamond paste polishing wheels
or Silvo, to give a final polish. The birefringent patterns in these
sections seen in plane polarised white light were photographed in an
optical microscope. Some thinner sections, down to 10 AaM, were taken
from PET, and PS, using a MSE base sledge microtome, a'td these sections
photographed in the microscope as before.

2.2 The stress-strain curve of polymethyl methacrylate

2.2.1 Determination of the stress-strain curve in simple plane
strain compression

During the simple plane strain compression of a specimen at constant
crosshead speed, two sets of measurements were taken fr-m which it was
possible to construct a stress-strain curve for the material. The
variation of the load with time was recorded directly by the testing
machine, whi)e the readings of the two dial gauges with time allowed
calculation of the specimen deflection rate. These two sets of
measurements 3re shown in Figure 2, for a standard size PMMA specimen
compressed at room temperature, with a constant crosshead speed of
O.2mm/min. The shape of these curves is typical of all the glassy
polymers studied here, with a characteristic maximum in the loading
curve, followed by a load drop. The specimen deflection curve shows a
changing slope related to the load maximum and minimum. These curves
indicate that this type of test is neither a constant loading rate, nor
constant strain rate test, and that some care is needed in their
interpretation. This will be discussed in a later section.

To obtain values of nominal stress from the load time curve, the load
readings are divided by the initial area of specimen under load, which
is the original width of the specimen (w), multiplied by the die
breadth (b). True stress values are calculated by dividing the applied
load by the current area of the specimen during deformation. No'?'i,
strains are obtained from the specimen displacement curve, by dividig.-
the displacement by the original specimen thickness ho, so that
e =(ho - h)/h where e is nominal strain, and h the final specimen
thickness. TRe true or natural strain is defined by e = ho whichf hdh/h

may be written In h°/h = In /(I-e). Therefore, as the height of the
specimen approaches zero, e n whilee - 1. The nominal stress -

V nominal strain curve derived from Figure 2 is shown in Figure •.
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One advantage of this type of plane strain compression test, is that
the area under load should remain constant during the deformation, so
that. the distinction between nominal and true stress-i iunnecessary.
However. the large elastic strains in polymeric materialL cause the
ends of the deformed section to be bulged outwards to a far greater
extent than in metals. This results in an increase in the effective
area on which the load acts, and hence a possible error in. taking
nominal stress instead of true stress. By measuring the width of a
deformed PI& specimen immediately after unloading, an estimate of
this error was made. Referring to Figure 3 for a specimen loaded to a
nominal atrain of 0.14, an 0.5% increase in specimen width was
estimated, while for a specimen loaded to a nominal strain of
approximately 0.25, a 1.5% increase in width was estimated. Therefore,
up to nominal strains of approximately 0.25, the error in taking
nominal stress instead of true stress was a maximum of 1.5%, which was
within the experimental error.

A similar argument holds for taking nominal strain instead of true
strain. The nominal stress-true strain curve derived from the curves
in P.'gure 2 is also shown in Fi6gure 3, and it can be seen that nominal
strain only becomes significantly smaller than true- strain at large
values.

The majority of the stress and strain data considered here is concerned
with the yield point, which was always found to occur within the range
of stress and strain for which negligible error was incurred in taking

nomine! values instead of true values. For this reason nominal stress
and sriain have been used except where otherwise stated.

Referring to the nominal stress - nominal strain curve in Figure •,
some non linearity is still apparent near the origin even after the
correction for rig deflection has been applied. This occurs because
for each test it is impossible to ensure that the same amount of grease
is applied, and consequently there is still some error due to grease
being squeezed out from between the dies at low loads. This is
corrected for by extrapolating back the initial straight line portion
of the stress-strain curve t* give a new effective origin.

2.2.2 The shape of the curve up to the yield roint

Duciri the initial linear portion of the stress-strain curve, up to
approximately 0.03 strain, the material is behaving like a Hookean
elar.tAc solid with stress proportional to strain. For this early part
of the deformation stress and strain values are small, and times
relatively short at the testing speed of 0.2mm/min. Therefore, the
time and rate effects to which polymers are so sensitive are neg)ifrible
and Hookean response is achieved from a viscoelastic solid. The
elastic modulus of the material, for a given temperature and rate of
testings, can be calculated from the initial linear portion of the
curve, an' the moduli quoted in tho text nre obtained in this way.
Beyond O.07 sfrain, which is analogeos to thp proportional limit in
metals, not, linear behaviour appears. Unlike metals, this is not
necessarily due to the presence of plastic or irreversible strains in
the material but is partly due to the :1e-e4ice of time ,ependerut
viscoelacticity.

6
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To illustrate this point, and to determine the strain for which p"a-tic
strains appear in the material, a series of standard size PHA specimens
were compressed between 6.4mm dies, at room temperature, with a constant
crosshead speed of 0.2ju/min. The specimens were given a range of
applied strains up to approximately 0.40 and the residual strain
imediately after unloading was measured. The resulting plot of nominal
applied strain against residual strain immediately after unloading,
is shown in Figure 4. Up to applied strains of approximately 0.10 a
small non linear increase of residual strain with applied strain was
observed. This was followed by a larger linear increase of residual
strain above 0.10. The specimens were alljwed to relax for a week in
a dessicator at room temperature, and the residual strains remeasured.
The shape of the curve in Figure 4 was essentially unaltered, except
that the origin along the residual strain axis was shifted to a strain
of approximately 0.039.

Reading the curve in Figure 4 in conjunction with the stress-strain
curve in Figure 3 it can be seen that during the initial linear
portion of the stress-strain curve, negligible residual strain was
produced in the specimen immediately after unloading, and the Hookean
elasticity suggested by the stress-strain curve is verified. Between
approximately 0.03 and 0.10 applied strain, significant residual
strains are measured in the specimen which relax out over a period of
time and thereby demonstrbte the basic viscoelastic nature of the

material. For applied strai.ns r-eater than approximately 0.10,
residual specimen strains pirsist after several days relaxation peiiod.
These residual strains, still present after relaxation, will be called
plastic strains by analogy with metals, and they will be considered as
permanent at the temperature of deformation since they did not recover
appreciably over any further period at this temperature.

2.2.3 Definition of the yield point

For an ideal elastic-plastic body which deforms homogeneously, the
yield point would be that point on the stress-strain curve where
plastic strains are first produced. However, this ideal situation
rarely occurs in practice, and a closer understanding of the relation
between the stress-strain curve measured on the bulk sample, and the
strains within the deforming specimen, is necessary in order to define
the yield point. To study the development of deformation in a PMMA
specimen, sections were taken from the deformed specimens used to
construct Figure 4. Thin sections were cut from the centre of the
relaxed specimens in the plane of deformation, as desc'ibed in
Section 2.1, and then studied in plane polarised light. The
photographs in Figure 5 show sections from specimens given increasing
applied strains, and the values of applied strain quoted relate the
specimen sections to the stress-strain curve in Figure 3.

Zones of plastically deformed material begin at each of the four die
corners which are singular stress points (Nadai 1950), and as the
applied strain increases,wedge shaped regions of sheared material
extend into the inside o' the specimen and propagate across the whole
specimen by reflection al the die faces. As straining proceeds beyoni
the maximum point on the ,tress-strain curve, deformation continues by
widening of the shear zones, until strains in the reg:on of the
minimum point on tle -tress-strain curve are reached, when the
deformation becomes homogeneous, and continues only at higher stresses.
This type of strain field ha6 been analysed by Green (1951) for an
ideal rigid plastic. and a similar type of deformation was qssumed by
Hill (1950) in his analysis of compres3sion of -i block between rough

plates. 7
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By careful study of the deformed sections in relation to the stress-
strain curve for PEMA, it we- concluded that the maximum stress point
on the stress-strain curve corr- fponded to the condition .tbAt a,
plastic zone covered the whole of the specimen. Before this-point
elastic material is still present, and.the dies can only move together
by an elastic order of magnitude. Beyond the maximum stress point a
complete plastic zone ac-ross the specimen allows the dies to move
together to a greater e=tent, causing large plastic strains within the
specimen. Therefore, although permanent plastic strains do occur
before the maximum stress point (Figure 4), these arise because of the
stress concentrations causing imhomogeneous straining, and the true
yield-stress of the bulk material will be the maximum stress on tne
stress-strain curve. The nomenclature used here to describe aspects of
the stresa.-strain curvj of PMKA and similar glassy polymers is shown
in" Figure 6.

2.2.4 The load drop after the yield point

The nominal stress-strain curve for PMM in Figure 3 shows a drcp in
stress of approximately 8N/nm 2 for an increase in strain of
approximately 0.13 beyond the yield point. This phenomenon known as
strain softening has been investigated by Bader (1968) for PM
y..elding under constant load, and he has shown that the effect is
related to the molecular processes associated with straining. Brown
and Ward (1968) have also studied a similar load drop seen with PE
over a variety of test conditions, and they concluded that the load
drop is an intrinsic material property associated with the dynamic
relationship between the molecular processes and the applied strain
rate. Further work is necessa-v to relate the load drop seen here to
the applied testing conditions, but these results dc show that the fall
in stress after yield is not a geometrical effect as in tensile
testing, for in the plane strain compression test the area under load
increases if it changes at all, and the true stress will be lower than
the nominal stress.

2.2.5 The effect of machine elasticity

It was shown in section 2.2.1 that for constant crosshead speed the
specimen strain rate varies throughout the course of the test, and it
was important to determine how this behaviour was affecting the value
of the yield stress measured in these tests.

The cause of the variable strain rate prior to yield, in these constant
crosshead speed tests, can be ascribed to the elastic deflections of
the testing machine. Ideally the machine should show no deflection
under load, and in this case all of the crosshead movement would appear
as strain in the sample under test. In practice, however, finite
deflections of the machine under load do occur, and the displacement of
the crosshead in any given time will be divided between the specimen
and the machine, in proportion to their moduli. If the modulus of the
specimen changes, the proportions of the displacement will change, and
in particular if the modulus of the specimen becomes zero, the machine
will relax its displacement into the specimen at a rate depending upon
the imposed crosshead speed and the ratio of the moduli. It can bz-
seen therefore that the specimen strain rate will vary throughout the
test, as the modulus changes.
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To investigate these effects two di.fferent testis -era run on PHU in
which the area of specimen under load was chaqged, so that two widely
different yield loads were obtained. In the -a&,. where the yield load
was high (00KN), deflections in the machine were large, and the effects
of machine elasticity were pronouned, while for a lower yield load
(3KN) these effects were reduced. It was concludcd from these tests
that reducing the effects of machine elasticity decreased the changes
in strain rate up to the yield point. The yield stress was unchanged,
and a yield drop in load was still observed. These conclusions are
important when compe4'Ang the strezs-strain curves, determined at
constant crosshead speed, for different polymers with markedly different
yield loads.

2.2.6 Constant nominal strain rate tests

The constant crosshead speed test is often quoted in the literature as
a constant strain rate test, but this has been shown here to be untrue
for the plane strain compression test. An atts-ýpt was made therefoae
to maintain the specimen deflection rate, and ,ence the nominal strain
rate, constant throughout the course of a plamwe strain compression
test. Keeping the nominal strain rate constant meant that the true
strain rate would be continually changing, but apart from the
exrperimental difficulties in maintaining a constant true strain rate,
the differences would only become significant for nominal strains in
excess of 0.15 as mentioned earlier, and the yield point strain was
generally lower than this value.

To determine a stress-strain curve at constant strain rate, the specimen
deflection against time was first determineu at constant crosshead
speed in the usual way. From this curve th-, changes in crosshead speed
required to maintain the strain rate constai', throughout yield were
calculated. The test was then repeated undo.- identical ccnditions,
except that the crosshead speed was continuot .3'. y changed as calculated.
This process was achieved experimentally by t• *ing the variable speed
control incorporated in the Tensometer testin, machine, and dial gauge
readings were taken using the magnetic tape m,-thod described earlier.

The results of such a constant strain rate tesi at 0.27mm/min specimen
deflection rate, together with the results of a constant crosshead
speed test at the same speed, are shown in Figrv--• 7 and 8. The most
important observation from these curve s was th' * he yield stresses for
each curve 149.6 + 2.3 N/mm2 at constant crosshoicz speed. and
145.4 _+ 2.2 N/mm2"at constant strain rate were u;l within the
experimental error, and the yield stress appeasel t be unaffected by
tlie strain rate behaviour prior to yield. Sets cl 'urves similar to
those shown in Figures 7 and 8 were produced for ni e different speeds
from 0.05mm/min to 0.3mm/min and in each case it w&% apparent that the
yield stress at constant strain rate was the 3affe ,s the yield stress
at the equivalent constant crosshead speed, with'- tie experimental
error.

In conclusion therefore, despite the fact that tho ef'ects of machine
elasticity and variale -t. ain rate complicate an interpretation of a
constant crosshead e-oe-d test, the yield strebs is determined by the
strain rate at the m%,-rt of yield alone. The curie in Figure 7 and
similar curves taken throughout the course of this 'nroject, indicated
that the strain rate precisely at the upper yield p.,iut was equivalent
to the applied co'osshead speed, and yield st;-ess values can therefore
be quoted at tho sti'ain rate as determined from the crcsshead speed.
Yield strain values however, are noticeably Influenced by the strain
rate behaviour prior to yield (Figure 8), and will therefore depend
not only on the ciosshead speed used but also on the elasticity of the
farfin .• •-Iiri -



2?2.7 'he variation of the yield :;tress with stradi rate

Tb daetermine the change in the p n1ii ~i a omPre~s e~y. "iditreso
4 10- & with ajplied stiain rate,' d seir, "'in )f 9 re uning
crossfi-ad speedS 'in tle&'ange 20-0.025 umu/rni.' -Zpcimens-were'
" cupress..d in the usual way 'at "-io 'temperature using 6.4 'dies, and

"at eat h-speed a load maximn followed by 'a yeld-drop was obe~rved as
"described in Section 2.2.1. ' The-Akominal yield stre's ivas calculated

'.1in each case.' The niominal'strain rate at the yield- point'was' found by
dividing the crosshead speed by the original specimen tMickniss (h ).
Yield stress values were plotted agairrlt the nhtural log&ritbm of
the strain rate, and a linear variation shown in Figu-e 9 Wvs found.
Similar results for the variation of yield stress with strain rate have
been given by Roetling (1965), and Andrews and Whitney (1964), for PMMA
tested in tension. These results will be discussed in terms of the
mechanism of yielding in a later section.

2.3 The yield behaviour of PHMA and other polymers

2.3.1 Introduction

In the previous section the stress-strain curve for PMMA was described
in some detail in order to define the yield point. In the light of
these results stress-strain curves were produced for all the polymers
studied, and a yield point defined for each material. Using these
definitions the variation of the plane strain compressive yield stress
with applied tension or compression was measured for each material, as
described in Section 2.1 aith a view to producing a yield criterion for
these stress states. A detailed analysis of the plane strain
compressive yield stress, and the uniaxial compressive yield stress of
PMMA, was also carried out, in order to extend the discussion of the
yield criterion for this material to more general, non plane strain,
stress ýstates.

2.3.2 Stress-strain curves for other polymers

The stress-strain curves shown in Figures 10 and 11 were all determf'ed
as described previously for PMMA in Section 2.2.1. The specimens were
compressed between 6.4mm dies with a constant crossl ead speed of
0.2mm/min, and at room temperature. Nominal stress is plotted against
natural or true strain, as large strains are considered. The variation
of the strain rate, for each material, during compression at constant
crosshead speed, was similar to that descr'bed for PMMA. However, for
the reasons given in Section 2.2.5 the changes in strain rate became
less pronounced for those polymers yielding at lower stresses, so that
for HDPE and LDPE the test was essentially a constant strain rate
test. The strain hardening after the yield point shown by all the
materials may not be as large as indicated since the stress is plotted
as nominal stress, and for large strains the true stress will be
significantly lower than the nominal stress.

For all the glassy polymers, including PET, the stress-strain -urves
are similar to that shown by PMMA, with an initial linear portion at
low stresses followed by a stress maximum and a load drop. Therefore
by analogy with PMMA the yield stress in each case will be taken Rs the
first maximum on the stress-strain c"- e. In truth the maximum stress
point is not necessarily the actu, i yield stress of the bulk material,
as for example in PS where defo (nation bands ippear before the raximum

struss point which is associatec with initiation and propagation of
su-h bands; (see Section l'.%.).)* !jow'vc• the yield stress as defined
here will bo dirr,"'tly related to the, troe yield -tress of the bulk
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material through, some constant factor such as a stress onc-entrA.icn
term, and a useful indication of the yield-behaviour can-be .- btained
with this definition.

Fer the polyethylenes there was no maximum stress point on the.stress-
strain curve, and thf1 mode of deformation cannot be atudied in
polarised light as tiese naterials are opaque. The yield -point cannot
therefore be so readl.lv defined for these materials. -,However, the
yield stress for materials which show no load drop after the yield
point is often taken as the value ,at the intersection of the .
extrapolations of the linear portions of the curve before raea after
the yield point (Nadai (1950)), and this definition willbe i•ed here.
For HDPH this point corresponded to the point of inflexiov in the
stress-strain curve as shown in Figure 11. Further justi.fication for
using this definition of the yield point was obtaiued {tom the stress-.
strain curves for plane strain compression with applieA tension (see
Figure 12) when a load drop appeared at higher tensions, and the
extrapolated yield stress became the maximum streas point.

2.3.3 Yield strcss and strain values and moduli

The modulus was determined for each material from the slope of the
initial linear portion of the stress-strain curve. As already
described, the nominal strain rate during tais portion of the curve was
generally constant but less than the strain rate at the yield point.
The various moduli quoted in Table 1 are therefore given at the nominal
strain rate measured during the initial part of the stress-strain curve.
In this region viscoelastic eff3cts eill be small, and the material
will behave like a Hookean elastic -.olid (Bowden (1968)). Therefore
applying linear elasticity theory lto the stress system in plane strain
compression (see Appendix 1.5), it can be shown that the modulus
measured from these stress-stre1.n curves E' = Y , where Y is

Young's Modulus for uniaxial ,ompression and v i.s Poisson's ratio.

The yield stress values gi;'on in Table I are quoted at the strain rate
at the yield point as r•alculatsd Pom the crosshead speed. Yield
strain values are inclided ,*oy at valitative comparison only, as these
have been shown to va-',y no-ticeably with tne strain rate behaviour prior
to yield.

The errors quoted '"r the moduli were estimated from the range of lines
that could be constructed through the earl) points of the stress-strain
curve, while the errors on the yield strain were estimated from the
stress-strain curve around the yield point. The errors on Lhe yield
stresses were computed from the known experimental errors.

2.3.4 The mode of deformation

In Appendix 1.6 the theoretica7 mode of deformation of an ideal rigid
plastic in plane strain compression is discussed, and the deformation
is shown to take place inhomogeneously as a number of independent rigid
wedges which slide :Lcng a criss-cross of slip lines. Apart from the
polyethylenes which were opaque, sections taken from deformed specimens
showee that in every case the deformation was inhomogeneous. Figures
13-17 show the types of deformation observed in the various materials.
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The section of PVC showedimost clearly the mode-6f deformation C

proposed y- Gi*eeb;48 ka~s i w~iw&*-j- fned
"aterial`:crossed -thb ui i~ cit t'ihjid i ijUt& to -iumber of
undeformed wedges. A similar form of defo6rdkionL'" sen In-the PH14A
section-but the plastic zones are more diffuse, while in PS the same
zig-zag plastic zone vaS-i reseit -buti: "de"'up uoim al r'-ds -of
intense shear& Thb sectf6ns'shown for- !Poxy resin D-and VT'io not
show the overall zig-zag pattern, as-yielding- hat.,been mora readily
initiated at surface irregularities than at the die cornoriu

Inhomogeneous yielding in tension has been well rhp6eted i- the
literature for many materials. Nadai (1950) discusses the formation
of narrow plastic zones in mild steel plates, 'and shows how ti.ý applied
stresses cause the plastic zone to be obliquely inclined at 551 +o the
tensile axis. Brown and Ward (1968) have investigated plastic sha ir

zones containing up to 2.0 shear strain formed in oriented PET in
tension, and have explained the main features of such 'regions by
considerations of the polymer structure. Rider and Hargreaves (1969)
explained the direction of the plastic zone formed in oriented PVC in
tension, in terms of an anisotropic yield criterion derived from the
von Mises yield criterion, and Argon et al. (1968) have observed bands
in unoriented PS in compression, and in oriented PS in tension and
torsion, and proposed a structural model. for PS to explain the main
features.

Although the shear zones formed in tension originated for different
reasons to those formed in these plane strain .compression tests, the
general features, such as limiting width and the shear strains
contained, are likely to be controlled by the same structural
parameters in each case. The two extreme cases of PMMA with broad
diffuse zones containing relatively low shear strains (0.10) and PS
with narrow well defined bands' containing large shear strains (-2.0),
have been shown to be related through the effect of temperature, when
PS can be made to behave lke PMMA at high temperatures (greater than
650C) and PMA like PS at low temperatures (near -1960C) - Private
commanication Bowden and Raha. It is apparent that 'he characteristics

of the band are directly related to the underlying molecular mechanisms
taking place at yield. However, this requires much more detailed
investigation, and apart from a qualitative descriptioa of the plastic
shear zones, the parameter considered here will be the angle the zone
makes with the compression axis.

The initiation and propagation of shear zones in PMMA has already been
described in Section 2.2. For PVC and cpoxy resins the zones are less
diffuse than those in PMMA, although increasing strains beyond the
yield point are incorporated in the same way, namely by widening of the
zones until deformation is practically homogeneous at the lower yield
stress. PET shows two types of zone intermediate between an epoxy
resin type of broad zone, and sharp well defined bands a few
micrometres thick similar to those seen in polystyrene (see figure 18).
Continued straining of a PiT sample beyond the yield point results in
some widening of the bronJer zones together with a proliferation of
the smaller bands. Jn PS the deformation proceeds by formation of
narrow bands (_1 jim wide) containing shear strains of up to 2.0. As
straining continues beyorcG the yield point the bands do not widen but
propagate along the -hear direction and multiply in number leaving thl:
surrounding material undeformed (see Figure 19).
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2.3.5 Measurement of the angle of a shear zone
In the ,plane strain compression test deformation is restricted to a

single plane, and this is thd :plane from which the sections shown in
Figures 13-i7 were cut. In this plane, the direction of maximum shea:'

stress is inclined at 450 to the dompression axis, and for a material
which fails in shear alone, yielding would take place by shear along
these directions. For materials. such as soils, deformation in shear is
accompanied by changes in volume (Terzaghi and Peck (1948)), and for

Sthese materials the angle of the plane in which deformation begins
differs noticeably from, 45°. The angle of the shear plane is therefore
a useful parameter in. a study of conditions of failure, and for glassy
polymers there is the importait advdi~tage that the directions of
deformation can be directly studied by 'viewing in polarised light,
unlike metals for which complex etclling techniques are necessary.

In PS and PET the large number of narrow shear bands allow measurement
of their inclination to the compression axis with reasonable accuracy
but in the remaining polymers the more diffuse nature of the zones,
particularly with PMMA, prevents accurate measurements. However, it
can be seen with these materials that small stress concentrations at
the surfaces produce smaller zones of yielded material, from which it
is possible that accurate measurements can be made. To accentuate
this affect, and thereby permit more accurate determination of the
shear direction, a series of fine scratches approximately 50 pm deep
were made on one surface of the specimen, parallel to the length of
the dies. These scratches did not change the yield stress within the
experimental error, but the effect on the mode of deformation was to
produce a number of smaller shear zones as shown in Figure 20 for
PMMA. These zones were used to measure the angle of inclination to
the compression axis.

Measurements of the shear zone angles were made on photographs of
sections of specimens which had been taken just to the yield point
and then unloaded and allowed to relax for at least 24 hours at room
temperature. The inclination of several shear zones were measured in
each specimen, and a standard deviation calculated for the mean value.
In general the permanent deformation in the specimen, measured after
relaxation,was small in comparison with the yield strain, and the
inclination of 'Lle zones at the instant of yield will therefore be less
than when measurements were made on sections cut from the specimens
after recovery. If the values of the strains e' and s' recovered after

12
relaxation are known (see Figure 21), an estimate of the inclination
of the zones at the instant of yield a', can be found from the
inclination of the zones measured after unloading a, using the
equation :-

tan a' + 2 tan. (1a

where el, which is a compressive strain, will be a negative number, and
I I

62 will be a positive number. The value of rq can be found by
measuring the residual strain after deformation, ard subtracting this

-from the yield strain for the material. The value of S2 was not
measured directly but can be estimated, with limited precision, by
measuring the width of the die imprint on the surface of the specimen
after relaxation. The measured values of a0 together with the
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corrected values-a.'o estimated using Equ4tion W)are shown in Table 2.

The errors invoived in determining -the values esl and 82 were abnormally

large, but only an estirhdt of theeeffect- 6t elastic riecoveify yS
required. -Fqr this -teaoh, the maxima-umcorreCion ha~ een appli~ed to
calculate o',- and the eirorquot6d on this quantitare thos involved
in measuring •, and do not include the 'errorS involved in the
correation procedure.

These calculations show that fo. all 'the materials except PS,, the large
elastic strains at yield can account for the deviation of the measured ' r
angle from 450, while for PS deformation has definitely taken place on
planes steeper than 45°. These resuits Will be discussed in relation
to the stress data and yield c6ndition in a later' section.

2.3.6 Factors affecting the measurement of the yield rtress
of PMMA in plane strain compression

There are a number of factors inherent in the type of test used here
which could influence the measured values of yield stress. These
factors were given detailed investigation for PMMA in order to
estimate the magnitude of the various effects, and to determine a fully
corrected value of the plane strain compressive yield stress.

A series of IPMMA specimens all of the same thickness but of various
widths in the range 6.4 mm - 51 mm were compressed in the usual way at
a constant crosshead speed of,0.2 mm/min using four different die
breadths. The strain rate in every case was 0.0011/sec. These results
were used to investigate the effects mentioned below.

2.3.6.1 End effects

The large elastic strains in PMMA cause the material at the ends
of the deformed section to be bulged outwards to a far greater
extent than in metals. This has a twofold effect. The load
bearing area will be increased, and the true stress may be less
than tne nominal stress; the deformation at the ends of the
compressed section will be non planar, and the measured yield
stress may be less than the true plane strain yield stress. The
difference between true stress and nominal stress at the yield
point has already been shown to be small (Section 2.2). The
tests mentioned above shoves that for specimen widths greater than
foup times the die breadth, the yield stress was constant within
the experimental error, and the material under the dies was
effectively constrained. It was therefore concluded that in the
standard test where a 38 mm specimen was compressed between
6.4 mm dies, end effects are not important.

2.3.6.2 Friction and shoulder restraint

Although the dies were well lubricated, it is possible that the
friction between the specimen and dies was sufficient to restrict
flow, and to Lead to an increase in pressure under the central
region of the dies (Bishop (1958)). it can be shown that (see
Appendix 3) the mean pressure on the dies p is given by

- -0 ( + s
[1 211 0 -P)]
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where 0." is the stress with no friction ,between the' die and the
specimen, b is the die breadth, h the specimen thickness at'yield,•

the 9oefficieft of surface friction, and" L ýa matetial constant(coefflcieit.,f 1internal",fridtion, see -tectiofi'3.9

The elastic mrterial alongside the dies will exert ýn .appreciable
restraint'to -defor`mation'of the material under the dies, and this
shoulder restraint -has been analysed by Williams (1967)•.Following his analysis, if JRbe the prt of the total load per

unit specimef, width •provided' byelast&:cally deformihg the iaterial
outside the test section" a' the measured stress, and (T the
actual stress under the dies we -have:-

R

" = • + g per unit width,'and therefore

-I r R'-s'bp (1 ~
Rbb + b + L-+ i p b

and if both 0 and R, ard small
. I-

R OsbP "( +•)
,= + - + -._.

b 2h T+ 1 ) 117 (2)

Therefore, for a' given specimen w~idth and thickness, a plot of thq
measured yield stress (0.') again'st will show a minimum, and if

Rfriction is'small, extrapolation of the linear' paqt 6"1'= 0+ -

to b'='c will give 0., the true yield stress.
1 i

Plots of yield stress against - for three specimen widths 25.4 mm,
b

38.1 mm and 50.8 mm were made,' and no minimum wasobs~rved for the
largest die breadth 9.5 mm and specimen width 51 mm.
Extrapolaticn of the plots to b = o.were made for each specimen !2
width, and the mean yield stress was found to be 140.3 ± 2.7 N/mm

A maximum value for the coefficientiof surface friction or can be
estimated from'the fact that to minimum was observed in the p~otSI,
of a-' bagainst Refprring to Equation,(2) a minimum will occur

when .' =0 {I + Lib I 0 +)
b I

No minimum was detected for - ratios as large as 3.74, and assuming
= 0.25 (see-Section 3.1) h

0 ' =. (1 + 0, x -.71F x 1.67).

For the effect of friction to be nqticeablelat this value,0*'

should be approximately 4% higher than 0.to place the difference
outside the experimen'tal error and I + $x 6.23 = 1.04.1

Os = 0.006

This value for the coefficient of surface friction is in agreement
with that found by Williams (1967) for similar conditions.
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2;3i6.3 Test geometry
SThdoeffect 6f the atio of -sPcien thickness to die breadth has

been ihnvestigated -by 0reen t195i) for metals, and by Ford and
William , (1964)Y for polyethylene, and their -riesults are discussed
in Appeidix 1. For a given specimen width stress values were

-, lofed against -th radop. where h is the specimen thickness at

- , yield, and b is the die breadth. No significant mraxima or minima
-were found -within the experi'nental error', and the effects of test
-geometry were therefore assumed to be negligibly small.

2.3.7 Measurement of the yield stress of PMMA in
uniaxial compression

The yield stress of PMMA was also measured in uniaxial compression in
order to compare this value with the yield stress in plane strain
compression, and thereby determine the effect of the hydiostatic
component of stress on 'yielding (see Section 3.1). The uniaxial
compressive yield stress was measured on cylindrical specimens cut

:from cbmmercial ICI "Perspex" rod, which had been anrealed for 24 hours
at 1101C, and slow cooled. The rod was machined dn'a lathe to return
it to a circular cross section after annealing, and various lengths
were cut off and polished using-metallographin techniques.

-' For the unconstrained yield stress meaiurements two corrections are
necessary to determine the tru- yield stress. The load bearing area
increases during straining, and a correction must be applied-for the

- increase in diameter of the specimen under load. The surface friction
between the dies and specimen causes an increase in pressure under the
dies, and this can be corrected for as in the plane strain compression
test.

To correct for changes in load bearing area during deformation it was
assumed that the volume remained constant, so that the area of the
specimen at yield could be computed from the measured contraction of
the cylinder. Negligible barrelling was observed. The same
lubrication conditions were used here as'in the plane strain

* compression test. Friction was therefore known to be small and could

be corrected for. It can be shown that the mean pressure on the ends
of the cylindrical specimen is given by:-

a-(0 + 8s " m) (See Appendix 3)sh

where o is the true stress without friction, 0s the coefficient of
surface friction, a the radius of the specimen, h the height of the
specimen at yield, and m a constant. Therefore, by measuring the

yield stress for a range of 2 values, and extrapolating to 0= , the

true yield stress oan be found. Using- valuos in the range

0.1 7 1.0, and a strain rate of 0.0011/soc, the extrapolated valuc,
of the uniaxial compressive yield stress was found to be
O4.O + 7.4 N/mm2 .

For comparison with this value one should ideally determine the plane
s~rain yield stress on the same material. However, this would involve
measurements on a large number of specimens to determine a fully
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corrected value as described in section 2.3.6. The procedure used here
was to measre the plane" strain yield stress for a sheet specimen cut
from the rod used, to determine the uniaxial yield stress, and by
comparison with the yield stress values determined in Section 2L3.6 for
the same specimen dimensions and die breadth, apply the same percentage
corrections as used there. That is. the plane strain yield stress
measured oh a normal sheet specimen, using 6.4 mm dies, a 38 mm
specimen, and-a strain rate of b0.0011/sec was 144.7 ± 1.9 N/mm which
when fully corrected became 140.3 ± 2_? N/mm2 . This was a decrease of
3%. The plane strain yield stress measured on a section cut from the
rod, at a strain rate of 0.0011/sec, was found Lo be 137.9 ± 1.7 N/mm2

and decreasing this by 3% the fully corrected yield stress becomes
133.2'+ 1.6 N/mm2 . Therefore we have the plane strain and the
uniaxial yield stresses, measured on the same material,as follows:-

The fully corrected uniaxial yield stress (Cu) =

104.0 + 7.4 N/mm2

and the fully corrected plane strain yield stress (aP) =

133.2 + 1.6 N/mm2

The ratio plane straia compressive yield stress o•

uniaxial compressive yield stress ou

=1.28 + o.16

Te importance of this result will be discussed in the next section.

2.3.8 Plane strain compression with applied tension

The technique used to measure the variation of the yield stress in
plane strain compression with applied tension has been described in
Section 2.1. For all the materials tested the compressive yield stress
decreased with increasing applied tensions, and Figure 22 shows a
typical series of stress-strain curvesfor epoxy resin D. The genrral
effects of tension on the stress-strain curves of all the glassy
polymers were similar, in that the overall shape of the curve remained
the same with increasing tension, and the modulus and rate of strain
softening were similar for all valzies of applied tension (02). At
higher strains the rate of strain hardening decreased with increasing
tension, and in HDPE this had the effect of producing a load drop after
yield (see Figure 12). The compressive yield load was determined from
the trace of load against time, and the nominal yield stress (CI)
calculated as before. The applied tensile load, which was maintained
constant for a given test, was determined from the p-essure in the
hydraulic ram, and the nominal tensile stress could be found by
dividing the load by the original cross sectional area of the ste ime::.
However, the effective area over which the tensile load acts will
decrease in proportion to the compressive strain (el) and the true
tensile stress will oe noticeably larger Lhan Lhe nominal stress. Tho
tensile stresses quoted ore therefore true st ess valuies calculated
from the specimen area at yield and the applied load.

Figure 23 shows the experimentally determined variation of the
compressiie yield stress OI, with applied tensile stress o2 for PMMA

0 using 6.4 mm and 3.2 mm eies and a crosshead speed of 0.2 mm/min. The
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ocompressive yield stress (71 decreased linearly with the tensile stress
S2 -" The lines drawn through the e-erimental points for which yieldi-
occurred were 6otained from a ieastsquares calculation. It-is eviden:
that tbhecompressive yield stress and the extrap6lated tensile yield
stress are -ot the sbine, indicating a sighificaniteffect of the
hiydrostatic comip6neht of the stres thensor on yielding. For tensile
stresses greater than approximateiy 34 N/ram 2 , tensile fracture
intervened before yielding took place, and such fracture usually
occurred at the die edges and along the length of the dies
perpendicular to the tensile stress.

In Section 2.3.6,a number of factors affecting the value of the simple
plane strain compressive yield stress were discussed, and these same
factors could affect the experimental values in.Figure 23 and hence the
slope of the line. However, it has been shown that friction, end
effects, and test geometry have negligible effect on the experimental
values, and that shoulder restraint is the only major source of error.
The latter effect can be corrected for by extrapolation to infinite die
width (see Section 2.3.6), and this has been done using tne results for
6.4 mm and 3.2 mm die widths shown in Figure 23. The Corrected line

for infinite die width is also constructed in Figure 23 and it is
apparent that the change in slope is small. The equations for the
three lines.are:-

22
S~for nominal 3.2 mm dies: •2 = 75.8 (+ 1.1) - 0.595 (+ 0.012)0-i N/amm

for nominal 6.4 mm dies: U2 = "73.8 (± 0.98)- 0.619 (+ 0.O11)•r N/mm2

co dies: 0-2= 72.1 (+ 1.1) - 0.655 (+ 0.012)a,1 N/m2

For all the other materials tested the effect of shoulder restraint was
never greater than that shown above for PMMA, and for convenience the
results using 6.4 mm dies will be quoted in each case.

The variaLion of 0-1 with 0'2 for the range of polymers studied here at
a crosshead speed 0.2 mm/min and room temperature is shown in
Figures 24 and 25 and the data summarised in Table 3. For all the
materials a linear variation was observed. In PS and PVC as in PMMA,
'fracture intervened at higher tensile stresses so that the whole of
the diagram could not be investigated. The slope (a) of the lines in
Table 3 is less than 1.0 for all the materials, showing that the
compressive yield stress is significantly larger than the extrapolated
tensile yield stress in every case. The dependence of yielding on
pressure, illustrated by these results, has also been reported by
several other workers, Whitney and Andrews (1967), Sternstein and
Ongchin (1969), Sardar, Radcliffe, and Baer (1968), and these effects
will be considered in the next section. The compressive strain rates

- for which the various lines were determined are shown in Table 3 and
the effects of strain rate and temperature on the variation of 0- with
7 2 will also be discussed in a later section.

2.3.9 Plane strain compression with applied compression

Small values of compressive stress 0-2 were applied whilst loading in
plane strain compression al as described earlier, in order to

A investigate the shape of the yield locus in the negative -0•1 -
quadrant of the a 0*2 diagram. The techniques used both experimentally
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and in the analysis of the results were the same as already described
for compressioh-with-tension tests. To obtain consistent results,
compression-with-tension tests were run on the same batch of material
immediately after the compression-with-compression. tests. The complete
results obtained for PMMA and PS are shown in Figure 25. -It can be

seen that in each case the locus remains linear over the limited range
of values of 02 investigated. The equations to the best straight lines
in Table 4 show that the slopes determined in compression-with-

compression are the same as with tension, within the error quoted.

S2.4 Other parameters influencing yield behaviour

2.4.1 Introduction

In Section 3 it is shown that the yield behaviour of a number of
polymers, subjected to various stress states, can be explained in

J terms of a Tresca or von Mises type yield criterion modified for
pressure dependence. For the suggested yield condition to have wider
application it is important to determine how the shape of the yield
locus, and hence the parameters 11 and ko, will vary under differentj conditions. With this in mind a series of experiments were performed

to demonstrate the effect of temperature in the range 20-709C on the
field behaviour of PMMA, and the effect of crystallinity on the yield
behaviour of PET. Values of p and ko were also measured on two epoxy
resins to demonstrate the consequence of increasing plasticiser
content.

2.4.2 Measurement of the yield stress of PMMA at
temperatures in the range 20-70oC

2.4.2.1 Apparatus

The apparatus described in Appendix 2 was modified to allow
accurate temperature control of che specimen environment during
straining. This was achieved by winding small 80 watt heaters
around the sides of each of the dies, which were insulated from
the rest of the compression rig by thin mica strips placed between
the die, and the die block, STC M15 thermistors were carefully
mounted close to the die faces as temperature sensing devices1 and
these were used in conjunction with a specially designed
temperature controlling circuit shown in Figure 27. Two copper-
constantan thermocouples were also mounted close to the die faces
to allow accurate monitoring of the temperature of the die surface
in contact with the specimen. A small enclosure was built between
the top and bottom die blocks to contain the insulated dies, ind

preheated nitrogen gas at the test temperature was continually
circulated throagh this enclosure to reduce heat losses and to
ensure that the specimen outside the area under the dies was also
at the test temperatare.

2.4.2.2 Experimental technique

Due to the poor thermal conductivity of PMMA, it was necessary to
allow a period of time for the specimen to reach the temperature

of its environment and also to eliminate possible thermal
gradients across the test sections. To investigate these effects
four thermocouples were mounted within a trial specimen of PMMA
at various positions around the compressed region. Molyslip
grease was used on the dies as before, which were applied to the

19



trial specimen- under a small load (#250N)-, and preheated to -a set
* temperature. The time taken Xbr' the temper ture of -the dies and

-specimefto to equjibrtite was n6ted,' togetherv with any- thermal
gradients produbed4 nt was f'und. that the temperature of the

[ specimien under .the dies and, the temperature of. the dies
themselves 6'ire equal- to.-:wiihia * O.59C after, appr6ximately
-5 iminutes, and. the temperature diffemences recorded by the
thermocouples within the specimen .were negligible (90G) .after'
approximately 10 minutes. Therefore the starndard -procedure- was
adopted of allowing each specimen, to'warm up- to the- pre-set

temperature for at least 10 minutes before testing. Although the
control of the initial temperature was to + 0.5 0 C, larger.
variations occurred daring straining which gave an accuracy of
+ 1.00C on the temperature readings at yield. The loadirng
technique and measurement of strain were as described before in
Section 2.1.

2.4.3 The stress-strain curves of PMMA in simple plane
strain compression at various temperatures

Standard size specimens were compressed-between 6.4 mm dies, using a
constant crosshead speed of 0.2mm/min, -at a series of temperatures in
the range room temperature to 65PC. The stress-strain curves obtained
from these tests are shbwn in Figure.28 where nominal stress is plotted
against nominal strain. It can be seen that the elastic modulus
determined at low strains, and the yield stress, both fall with
increasing temperature. The yield strain also appears to decrease
although this may be insignificant' as this quantity has beer. shown to
depend upon the strain rate bebaviour prior to yield which could
change noticeably with increasing temperature. In Figure 29 the yield
stress is shown to decrease linearly with temperature within the
experimental error, and to extrapolate to zero at approximately 1200C.

2.4.4 The variation, of the coefficient of internal
friction and the cohesion with temperature

Three sets of compression-with-tension tests were carried-out at
temperatures 220C, 100C, and 609C. In each case 6.4 mm dies were used
with a crosshead speed of 0.2 mm/min, and the variation of the
compressive yield stress (Ti), with applied tension (02), was determined
as described in Section 2.3. At each tenperature o was linearly
dependant on 02 as before, and the three lines were parallel within the
experimental error (Figure 30). The value of p was therefore constant

g in the range of temperatures investigated. Beardmore (1969) -&,as also
shown for PMMA that the yield stresses in uniaxial tension and
compression are different by the same constant factor, over a range of
teinp,'ratures from -43 0C to + 770C, confirming the above result for a
different stress system over a wider range of temperatures. The value

2ko
of the cohesion k0 is given by the expression o- = (1 ) where a' is

the yield stress in simple plane strain compression (see Section .
and as p has been shown to be constant with temperature, the variation
of or shown in Figure 29 now represents the variation of ko with
temperature. The implication of these results is that the yield
surface in stress space should retain the same shape but become larger
or smaller (expand or contract around the origin as focus) as
temperature decreases or increases respectively.
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SSection 3.1, Equation. 35, it is shown that the yield'stress is given

byI
BT ~ Gk~

k T )nc P
a o a

or k k + uP'

wlc-r the various terms are defined In Section 3.2. This equation

C.Unnot be -readi~Jly extended to include the effect of t-emperature sincei*; includes- several parameters which could vary with temperature.
Hawa-d-vad Thaci.ray (1968) quote activation volumes for several glassy
polymers, which show that Va may change with temperature, and Crowet

and Homes (1964) suggest a linear increase of Va with temperature for
PMMA. The natural frequency F0 will also vary with temperature as may
the compressibility term x. A simple approach would be to assume Va is
a linear function of temperature, when ko would depend only on Fo

according to the relation ko = 2a In - and would be constant
0 a .CO

for x and c constant. Further work is necessary however, to justify
such an approach, and to extend the proposed model to include a
comprenensive treatment of the effect of temperature.

2.4.5 The crystallisation of PiVr

To give some indication of the effects ca k. and ýi of varying the
percentage crystallinity, samples of PET, whicb were originally supplied
as amorphous sheets (see Section 2.1), were subjacted to various
annealing treatments to produce partially crystallised structures, and
these were tested in the usual way. The results presented in this
section are not intended to be a rigorous treatment of crystallinity
effects in PET but merely an indication of the general tronds
observed with a view to possible further work along these lines.
Publications by Brown and Ward (1968 and 1968), and Allison and Ward
(1967), have discussed many of the physical properties of PM in both
the crystalline and amorphous state, ana Thompson and Woods (1,)56) have
described the effect of increasing crystallinity on dynamic mechanical
properties. Astbury and Brown (1946), and Daubenny, Bunn and Brown
(1954) have determined the crystal structure of PET.

A detailed investigation of the crjstallisntion characteristics of PEP
has been carried out by Keller, Lester and Morgan (1954) :ind Hartley,
Lord and Morgan (1954). it is apparent from their work that the
response of a particular sample of PET 0o crystallisation treatment;s is
dependent upon manj factors, such ab the previous melt hist--ry, the
limiting viscosity number (intrinsic viscosity), or any distortion of
the sample. These observations, together with the size of the
crystallised specimens required for compression-with-tension tests
(102 tam. x 38 mm.), meant that it would be difficult to obtain a

0 controlled degree of crystallinity and spherulite size. However, by
using identical conditions for each batch of specimens and varying
only the length of time for which the specimens were heated, it was
hoped that vomparative results for tle effect of crystallinity on the
yield behaviour could be obtained. Several attempts were made to
observe, the spherulitic Ftructure of the crystallised specimens, and
thereby define the crystallinity more closely. %nfortunately at the
temperatures used here the spherulites werte too small and large in
number to allow any useful observations.



S2.i.5.1 Apparatus

Specimens were crystallised on gauze trays stacked in a
Scrystallisig bath filled with silicone oil. Each sample was free

to move on the tray, and the gauze allowed circulation of the
silicone oil around eddh. specimen; The outside of the bath was
wound with a heater which was controlled by x Sunvic temperature
controller, and this arrangement allowed regulation of the
equilibrium temperature of the bath to + 1.00C. Two mechanical
stirrers were used to circulate the oil around the specimens.
Silicone oil was used as-the'confining liquid in-which to
crystallise the polymer samples; this having the least effect on
the crystallisation processes (Xeller et al. (1954)).

The crystallinity of the various samples was estimated by
measuring their densities in a density gradient column. The
"column used was 0.7 m in length and thermostated to a temperature

of 23.O0C. Carbon tetrachloride and p- Xylene were used as,
gradient liquids to give a density range of 1.3 - 1.5 Mg/m 3 , and
four calibration beads were used to determine the linearity u2 the
column. The meacurement of~density with a density gradient column
has been described by Boyer, Spencer and Viley (1946), and Kilb
and Izard (1949), and the details of this procedure will not be
included here.

2.4.5.2 Crystallisation technique

To begin with the characteristic density against time-of-heating
curves were determined for the particular sheet in use here. The
silicone oil bath was first heated to the required temperature,
and then a number of small pieces of PET (-2mm2 ) were dropped in.
Samples were removed after measured time intervals, quenched in
silicone oil at room temperature, and washed with ether and dried.
The density of these samples was then measured in the density
gradient column, and a plot of density against time for a
particular temperature was obtained. The curves obtained at five
different temperatures are shown in Figure 31.

As the specimens required for the compression with tension tests
were so large, it was important that the slowest possible
crystallisation rate was used in order to allow uniform heating
and hence uniform crystallisation of the samples. It was therefore
decided to carry out crystallisations at temperatures around 950C.
To oheck for 4niformity of crystallisation, a standard size test
specimen was heated in the oil bath for 36 minutes at
99.0 + 1.00C, and small samples taken from several points within
the specimen. These samples showed a scatter of density in the
range + 0.0025 Mg/m 3 , which was equivalent to a scatter of
percentage crystallinity of approximately + 3%.

Values for the percentage crystallinity were calculated from
density measurements using the equation

w dc (d - d)C• = 7 X 100
C d (cý - dac a

where C is the weight percent crystallinity, d is the density of
"c

22



the crystalline material, da the density of the amorphous
material, and d the measured density (Baer (i964)). The amorphous
density d was taken as 1.3350I Mg/m3. and the crystaline 'ensity
as 1.4 5 56 Mg/m3 (Miller and Hielsen (1961)).

2.4.6. The variation of the coefficient of internfli
friction and the. cohesion with crystallinity

Samples were compressed in the usual way using 6.4 mm diesand a
crosshead speed of 0.05 mm/min. Figure 32 shows the nominal stress-I strain curve measured on a sample approximately 27% crystalline, in
comparison with-the uncrystallised material curve. While the modulus,
is hardly changed, the yield stress and the yield &.train have been
significantly increased. These effects are similar t.o those given by
Allison and Ward (1967), for PET tested in ufiiaxial tension.

Compression with tension tests were carried out for four different

crystallinities in the range 0 - 30%. It has been shown that the
percentage crystallinity in a typical sheet specimen can vary by ± 3%,
and this error together with experimental errors limited the accuracy
to which the crystallinity of a group of specimens could be quoted to
+ 4%. This large error explains in part the unusual scatter og points
found in measuring the variation of the compressive yield stress with
applied tension. The best straight lines through the experimental
points are shown in Figure 33 and the l and ko values calculated from
tnese lines are summarised in Table 5.

Despite the errors, these results show that increasing the percentage
crystallinity increased the valub of toth p and ko. Attempts were made

to determine the effect of spherulite si7ze by crystallising at higher
temperatures (z2200 C) but the resulting specimens were so brittle that
they fractured under small loads.

The increase in ko with crystallinity is to be expected as the
crystalline regions embedded in an amorphous matrix will tend to
reinforce the structure and increase the yield stress. However, the
increase in g with crystallinity is more surprising as a more ordered
structure might be expected to be less influenced by pressure both in
its compressibility and volume changes associated with yield. Sardar,
Radcliffe and Baer (1968) have studied the yield behaviour of semi-
crystalline polyoxymethylene under hydrostatic pressure, and found a
marked effect of pressure on the yield behaviour. They found that the
crystalline regions of the polymer played a significant role in
determining the yield stress over the entire pressure range, and
ascribed this to volume increases associated with the break up of
crystalline lamallae during yield. Peterlin (1966) has suggested a
similar mechanism for the d,.formation of polyethylene rather than any
intrinsically crystalline mode of deformation such as twinning or slip.
In the light of these comments it woula seem possible that the
increasing pressure dependence shown by crystalline PET pay also be due
primarily to the break up of the crystalline regions at yield with
larger volume changes than are required for deformation of the
amorphous material.
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2.4.7 The effect of plasticiser on the yield behaviour
of epoxy resin

-Result$ in Sectibn 3-.1 a7e iven for the-epoxy resin D (CIBA MY750)
and- the composition of this resin'iwas given ih Section 2W. A second
epoxy resin, C was tested which was of the same compsition as D but
contained a smaller amount of plasticiser (see Section 2.1.1.4). The
cast sheets of both C and D were approximately 1.6 mm thick, and weire
tested using 6.4 mm dies at a crosshead speed of 0.2 mm/min. Table 6
compares the g and k values determined for these materials.

0

The value of ko appears to decrease with increase of plasticiser
content, while the effect of pressure and the value g increases. As
the influence of plasticiser on thq molecular structure of a polymer
is, as yet, uncertain this result can only be a qualitative indication
of the general effect. However, it would not seem unreasonable that
plasticiser should have the shown effect for if it acts to increase
the overall volume of the structure movement of the polymer molecules
under stress will be facilitated thus decreasing the yield stress,
While the compressibility of the structure may be increased thereby
causingiL to increase. Studies of birefringence effects in
plasticised and unplasticised PVC (Andrews and Kazama (1968)) appear
to confirm the above results. These workers have •hown that
plasticiser allows more orientatidn of the chain backbone during
deformation, while the effect of the plasticiser molecules themselves
is probably small.

I0
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3 DISCUSSION OF RESULTS AND THEORY

3-.1 The Yield Criterion

3.1.1. Definition of a.yieId)criterion

In the previous sections the stress-;strain curves for a range of xigid
polymers were presented-' dfid it was sh6wn that in each case there was- a
characteristic stress which could be defined as a yield point. It was
shown that this stress does not corresp~nd to the limit of Hookean
-elasticity, as recoverable viscQelastic strains could be produced before
the yield'point. However, the yield stress does correspond- to the onset
of large scale piastic strains within the material, and as such it is an
important parameter in defining the response of a material to various
states of stress. It is the purpqse of this section to attempt to
define the general states -of stress under which the polrmers considered
here may be brought to the yield poiat, and thereby to define one of the
possible limiting ccnditions of mechanical strength for these materials.
To begin with only the results obtained for PMMA will be considered, and
viable extensions of the conclusions to other polymers will be discussed•• later.

An important assumption in producing any yield criterion is that
yielding depends only on the magnitudes of the• three principal applied
stresses for an istropic material. For many polymeric materials the
validity of this assumption is not immediately apparent as it is well
known that some polymers yield under a sufficiently high constant
tensile load some time after applying the load (Ender (1968), Ender and
Andrews (1965)). Time effects therefore have a major influence on' the
yield behaviour of certain polymeric materials. In the tests used here
however, trio yield stress has been determined in the equivalent to a
constant strain rate test, and provided one is aware that the yield
condition may differ when determined under conditions of constant load
for example, a useful interpretation of the yield condition may be made.
Temperature and strain rate are important variables affecting the yield
stress, and hence the yield criterion, as well as parameters of a
molecular nature such as crystallinity and amount of plasticiser. The
effect of these variables is discussed in Section 2.4.

- For an isotropic material plastic yielding will only depend on the
magnitudes of the three principal applied stresses and not on their

*• directions, and any yield criterion can be expressed by

f(J1 J2 J) = 0 (Hill (1950))

where J,, J2, and J are the first three invariants of the applied

stress tensor. They are defined in terms of the principal components
of stress 0 213,P2, by the relations

3 1y 2 3'31L

Hence any stress state is specified either by the three principal
stresses, or by the three tensor invariants, and only functions
symmetrical in the three rrincipal stresses are permissible as yield
criteria, as the material .s assumr.-d isotropic.
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3.-1.2 'Stress space and the yield surface. U
Any state of stress can be comple~ely specified by the values of the principal
stress components 0", j 2 ada breprese;itedb, a vecor

in a thieedidens~2a andC 'and suhastate ma be reetd avto
n a three dens space,, wVere the principal 'sresses are taken ae

Cartesian co-ordinates (Haigl (1920)):. The yield criterion is e-prisse d
-mathematically by, the fdnction f(J1 2 JY = ) 'or f , a o
• and this is the equation.of a zsurface in sress space.

In the plane strain compression test with additional tension used here,
various triaxial states of stress (Appendix 1) have been applied to the
material to produce yield, and some section of the yield surface in stress
space has therefore been mapped. Only the two applied principal stresses
a, and e 2 have been' measured, end to determine the position of the section

of the yield surface with respect to the co-ordinates of stress space the
relation between the third principal stressao3 and the other two principal
stresses must be found. Ford and Williams (1964) found a relation between
the principal stresses for.a similar type of plane strain compression test
by using, plasticity theory to analyse the non-linear elastic strains appearing
before the yield point. Reasonable agreement between theory and experiment
was found. However, to use this analysis it was necessary to assume that
deformation took place at constant volume, which is known to be untrue for
several polymers (Krause et al. (1966), Whitney ana Andrews (1967)), and it
was also necessary to neglect strain rate effects.

For the stresses used here, however, it is not imperative to describe the
complete deformation as it is only the relation between the principal
stresses at the yield point that is required. At the moment of yield, as
described in section 2.2., the stress is constant with time while the strain
is increasing at a constant rate. That is, the yield point has the appearance
of a momentary condition of pure viscous flow. A more detai'ed discussion
of this condition in relation to the molecular processes taking place will be
given in the next section but here it is sufficient to note that for viscousflow the strain rate will be some function,of the applid shear stresses.To be more specific, if the applied stresses are as shown in Figure 35 then

the three principal strain rates Sl i2: and b3 will be functions of the
three principal components of the deviatoric stress tensor (Nadai (1950)).
The deviatoric stress tensor for the stresses applied in plane strain
compression with tension (Figure 35) is given by

D a 2  - a where 0"= 1 +a 2 -3

3

so that the principal strain rate in the z direction (Figure 36) is given
by 63  = F( - r -- ), where F is the function relating strain rate and
shear stress at the yield point. For the plane strain tests used here it
has been shown that S3 0 (Appendix i), hence at the moment of yield 5 = 0
or 0o• - O.
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Therefore ýa 3  '~=

and a ((_r -cr1.-.3)

This is the same rel'atii found by Ford and Willia6 a .- described above.
'However strain rate effects have not been excluded as these are included in
the function F, and no adsumption has been made about volume changes which,if they occur- at 'the yiel~d point, will also appear in the functioh F.
The -only- a~ssumption made here iS that if the shear stress or deviatoric

stress component is zero the strain rate at the yield point will also be zero.

Equation 3 determines the value of a. for given values of a' and 02 and
3 1 2

thereby determines the section of the yield surface f' '(oI (a a3 ) = 0

for Which the various stress states 01 ('2 were measured. The lines shown in

Figures 24 and 25 are sections of the yield locus, given by Equation 3, for
the various materials.

3.1.3. The equation of the yield locus

The consideratiots of the, previous section have indicated that flow at the
yield point is determined' by the shear or deviatoric components of the applied
stress tensor. The function f' (%1 , T 2 , O') for the yield criterion will
therefore in general involve any applied s ear stresses of the form Ty, Tyz,
ýzx etc, and the normal stress differences (G'x - (ry), (Oay - Cz), and
(z - a-x). The yield criteria- of Tresca and von Mises are functions which
contain these terms, and these criteria have been widely used tor metals
with reasonable success. More recently the von Mises yield criterion has also
been used to describe the yielding of certain polymers.

The results presented in section 2.3. however, indicate that yielding in the
polymers studied here, unlike metals, is also influencec4 by the hydrostatic
component of stress since the compressive yield stress decreased with applied
tension more rapidly than would be expected if the shear yield stress of the
material were independent of pressure. The function f' (O', a'2 , a 3 ) must
therefore also include the effect of pressur,.- on yielding. There are several
function f' which could be used within the 'imitations described above but in
view of the success of the von Mises and Tresca yield criteria in explaining
shear yielding in metals, and the relative simplicity of these functions, more
detailed consideration was given to these criteria.

3.1.4. von Mises yield criterionp
The yield condition proposed by von Mises in 1913, may be written in terms
of principal stresses:-

2 + (_2_032+ ( _ _)
3- 1 2 -2 = 6k2 (4

where k is a constant identified with the shea! yield stress in a state of
pure shear. This may also be interpreted as meaning that a material will
yield when the elastic strain energy of distortion reaches a critical value.
It may be written as f(J2 ')=0, where J2' is the second invariant of the
deviatori-z stress tensor (Hill (1950)) and in this form illustrates an
important assumption of von Mises that th4. hydrostatic stress component does
not appear in the yield criterion. Results presented by Thorkildson (1964)
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on !enhion, an& torsion of PMKA tvbes, an similar experiments by Ei (•1961),
indicated that van,'Mises yield critefion may be aplicable. Rider and Hagreaves

S(1969)• • Bridle, Buckley and Scan '(1968) used -4 -modification of von Mises
-as a yield -criterion for anisotropic polymers, together with an internal
stress teirm to explain their results qn drawn PVC and PET respectively. This
criterion reduced to the form given i'a Equation-4 for an isotropic material.
Ford and Williams (1964) also assumed applicability of Von -Mises'yield
criterion to discuss the-general 6tress-strain be~haviour of thermoplas'ics in
terms ofplasticity theory.

Using the condition that 03 = • - 0'2) in Equ•E on 4, von Mises yield
criterion for the compression with tensiontests used here reduces to:

+a- +~ a2 2k1

which is the-equation of two parallel lines in 01 02 stress space. The
intercepts of these lines on the co-ordinate axes are equal, and therefore
Equation 5 predicts the yield stresses in tension and compression to be equal,
contrary to the results given in section 2.3.

To explain the different tensile and compressive yield stresses.observed
experimentally, the effect of the hydrostatic component of stress must be

S. .included, and in its simplest form this may be achieved by assuming k to be
a linear function of the hydrostatic stress P. It has been well reported that

*the yield stress of many polymers is sensitive to hydrostatic pressure
Whitney and Andrews (1967), Bridgman (1953), Ainbinder,, Laka, and Maiors
(1965) and Sardar, Radcliffe, and Baer (1968) and Holliday (1967) have
reported the yield stress of polyoxymethylene and polystyrene respectively 2
to be linearly dependent on pressare ior. hydrostatic pressures up to 200N/mm .
Therefore assuming k to be a linear function of the hydrostatic stress
component P we have:-

k = k - pP (6)
0

where ko and ± are constants. This type of relation has been extensively used
in soil mechanics, where the constants ko and g have been called the cohesion
and coefficient of internal friction, respectively. For convenience this
nomenclature will be retained here. The analysis of the applied stresses in
Appendix I shows that the hydrostatic stress component can be written as

S P (-S +o -o
P 01 +02 -a

3

and applying the condition that a3 = (, - a), this becomes

' (-1 02)

and in (6) we have k = k + 1 2 (7)
0o 2

SoSubstituting Equation (7), together with the.condition
a-3 = (a-, Y2) into von Mises yield condition 4, we have

-J 0- +0_22= 4 [k° 0 +2 2
22
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2... .,_,,_t_0__n___02_srss.paeI+
This, re'ati6 n gives a-linedar -yb.i•-tl6n of .with in 7 st s

2 2'
(see' :ur- 4), pnd the•`Literpets on the 1co-ordinAte axes are unequal.

The ritercepts aresgZven by 2 .
._ - ~2k

0, 0C1 = - o,"

and + 'o _(io)
(1,-ii±)

Th6-relation in (6) 'is such that the shear yield stiess, k is increased underhydrnstatic pressure or comfpressicn (PWndgative), "and in (8) this gives the
yield stress in compression greater thasn-t Theyield stress in tensiorn in accord
-with the experimental observations,'

& Other functions of the .hydrostatic stress component could be taken, for example

" aparaboli re.lation of 'the form k2 - ko - 4P, as suggested by. Schleichei) (1926)

to explain data on sandstone and marble. This .type of'relationship would
- predict a non linear variation 'f O0 with o'2, where deviations from.liriearity

will depend upon the value of p, and will be most pronounced in the +Qa q'a2

quadrant. A complete investigation of the stress states in the ."I, -0"2 and
ivI, +g2 quadrants is necessary to determine the validity of equation1 6
(Sternstein and Ongohin (1969)).

3.1.5. Tresca's yield criterionII Tresca's yield criterion proposes that a material wili yield when the maxmum

Jj• shear strebs reaches a clertain critical Value. Interms of the principal

stresses this nqay be written:-'

The material will yield when Ol -G = constant 0' >T >(0
2 1 2 I 3

or 1 - 2= constant 0"I >1T> >

V , ~) - = copstant. ,
;"O2> " 3S 121

I II

In this criterion tile intermediate principal stress is conisidered as having,

no influence upon the yipld behaviour. The criierion may also be wr"itten in

the form f(J-' J 3 ') = 0, where J 2 ' and J 3 ' are the second and third

invariants of the deviatoric stress tensor,,but the result is compilcated and'

not very useful. The hydrostatic component of stress does not nppear ini ý.his

criterion and like von Mises yield critgrion thiiu criterioll urs been

widely used to explain the yieldi behavious'of severl metI ol with s pot beeanh
* success. In the form presented above Tresca's yield c•,iditiuri has pot been

used for polymers, although Whitney and Andrews (1967) have used a modified

"version including the effect of hydrostatic pressure to explain bheir rcu.ults

on PS.

•i< 9

V • < _ _ _
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Tresca's yield condition -wii.i not prqouce- a smooth surface in stress space
- as t he yield surface will be bounded by- three sets of 1arallel pa!nes Qf

the form l -. = constant. These Six planes define a regular

he-ihgonal prism in stress space. whose axis coincides dith the space diaggnal
of thel positive and negative quadrants of the aq-3 2 axes. With -suitable

adjustments of the constants, it can be shown that Tresca's .hexagonal prisrm
i-is inscribed in- the straight circular cylinder, reýpresenting yron, Risess yielId

criter'i6n (Hill '1950)).

* For the compression-with-tension tests used here the relation .•' = -_(o - LT)

has been shown to apply, and no matter what the magnitude or sign of ' and T2,

C will always be the intermediate stress. Accordingly Tresca's yield locus

will be given by

T +

2

1 where k is the shear yield stress in a state of pure shear. This is a locus
identical to that given by von Mises yield condition (Equation 5), and predicts
*the ;same yield stresses for tension and 9ompression which makes it
inapplicable to the results in section 2.3.

The introduction of pressure dependence into this yield criterion can be
carried cut in two ways. Since yielding in shear is assumed tc be independent
of the intermediate principal stress a- , it can be suggested tha. the pressure
or normal stress across the shear plane determin6s k, and not the hydrostatic
stress.

This gives a relation of the form:-

k =k - go (,. ~o n

-wherecrn is the normal stress across the shear plane. On the other hand, if
k is determined by the hydrostatic component of stress a relation of the form

k = k -0 P (12)

will be obtained, where P is the hydrostatic stress as before.

¶'quation 11 is the yield condition formulated by C.)ulomb in 1773 to describe
the fracture of building stone and the yielding of soils. This type of yield
criterion has been widely used to describe the yield behaviour of loose
granular materials which flow in compression with marked changes in volume

Terzaghi and Peck (1948), Rowe (1962). It has also been discussed in
relation to the yield behaviour of oriented polyethylene by Keller and Rider
(1966) hnd Hinton and Rider (1968).

The yield criterion in Equation 11 was interpreted by M('hr in 1900 using a
c' nstruction from which it is possibie tc find the state of stress on any
)plane in the material for given applied stresses. The construction is
essentially a plot of sheai'stress against normal stress. Considering the
case of plane strain comprebsion with tension the principal stresses o- and

(7 are plotted cn the normal stress axis, and a circle of diameter (- 2 " Y)

is drawn through these points. A point on this circle making an angle 2a
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-, -- ' "" N ,• - , if " if. -~

With the ro.ma@ stress axis represents the state of stress in terms of shear
stress and-normal stress, on a, l• ir•ithe hmate'izia inclined at an angle -a

ses P .. .t quation 11 appears as oa t line in the' diagram, and
msress circies to which thhis lihe[ Iis -t~a`gnnt represente 6statesds of stkess in

t#6 mi-Atei~1 t the y~eld point.

It can be seen that tfie slope of 1týe iine (Equation 11) given by the
Paraheter V determines, the angle of the shear plane. If the angle 0 is
defined as in figure 39., then 'we can write 1 = tan 0 and 2aL= 0 + 90P. By.
cofisideringo the gebmetry of the figure ft can be shown that

(_ i - sin0) +7'2 (1+ sin0)= k o,.os (3)
"2 2

This is the equation of thc yield locus in the 0 02 diagram predicted by the

Mohr-Coulomb yield criterion for the stress condition of plane strain
cbIxpression with Eapplied tension. The principal stress a remains the

3
intermediate stress for all values of Tr and 0*", and the straight line
represented by (13) gives the shape of the yie~d locus across the whole 01o"2

diagram. This line makes unequal intercepts on the co-ordinate axes given by

2k cos (,

0( o sinT. (14)

2k cos
0 + sin 0)

Alternatively, considering the relation in Equation 12, the hydrostatic

stress P = - a (oI - O2) for the -ompression-with-tension tests considered

here. Since a-= - (1- 02) will always be the intermediate stress, Tresca's

yield condition modified for the effect of hydrostatic stress may be written:-

0 cr1 (= - 0~(r c2')' (16)
Cý12 [ 0 2 j

This is the equation to a pair of straight lines in a', o2 stress space making

uneqcal intercepts on the co-ordinate axes, given by:-

2k
0

( k (17)

and +c 2 = 2k (08)

Therefore Tresca's yield condition modified for pressurt dependence predicts
a yield stress in tension less than the yield stress in compression in acc,?',",
with the experimental observations.

3.1.6. Experimental Evidence for the yiela criterion

It has been shown that by introducing the effect cf hydrostatic pressure into
the yield criteria of von Mises and Tresca a linear relation between o1 and J2

bK •for the compression-with-tension tests can be found, in agreement with the
experimentally observed benaviour. The linear relation preducted by these
i-odified cri'teria has also been confirmed experimentally in the quadrant of
stress space where both o- and 0a2 are compressive (Figure 26).
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InhAn an t om disti7uish between, the. effects of hydOrostatic Ijqju-!•ior- p-eu. nr otie ha-pln,-ie,-between presr i•n~et. Treca

•) or° ~-'the MorCumbCrtei~oný the yield ,st ress.. in uni'axi-Ia cossionas
:been me~asutede• in" comparison to the yildldstress in. lnesrain compr*ession.

Von Mises. q±eld cr*teon modified: for presswre, dependence can be. written.
in general-•--

"+ .- - + 6 -(k 2

which for uniaxial compression: becomes .---S[ ] j
33

3k 6
( { 3 " - ,)

which is the- y!iel& stress. in, uniaxial compression.,

Tresca!*s yield. criterion modified, fbrý pr.essure- dependence can be written
in general as::-

=___ - k - JI'P' °r>;3>' i

2 0

which for uniaxial compression becomes:.-

-o0: = -- ( + •')

0+2 3

21k.
or* 0: = - o which ,is the yield(1 -2 stress in uniaxial

3 compression.

The Mohr-Coulomb yield criterion is given by:'-

k = k - In
0 n

where k is the shear stress, and a n the normal stress acting on a plane

inclined at (90 - a )o to the compression axis. With the relations 20 = 0 + 900

and g = tan 0, the yield stress in uniaxial compression is given by:-

=- 2k cos 0

(i-. sin 0)

From the analyses in sections 3.1.4. and 3.1.5.,, the yield stresses in plane

strain compression predicted by the three criteria are:-

Von Mises T" =- 2k0  (9)

• :. 2k
"Tresca 0 - 2 (17)
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! z2k Cos
Mohir-Coulomb a'1 i o . . (--4)

(-sin0).

Therefore the ratio plane strain yield stress = - is given by
uniakiai yield strebss -

von Mises 2P = 3 -11)

0 U - 3(1-si)

Tresca- = (3- 2p)fj ~.U

P
Mohr-Coulomb T = 1

u

The experimental value of a. for PMMA given in section 2.3 was 1.28 + 0.16.

This last result shows that the Mohr-Coulomb yield criterion is not applikable
to the measured data on PMMA, and it can be concluded that for PMMA the normal
stress across the shear plane is not an important factor influencing the yield
process.

3.1.7 The yield criteria and plasticity theory

In order to describe the development of plastic strains within a deforming
material it is necessary to consider rules of flow beyond the limit of
plasticity defined by the yield criterion. In the general theory of plasticity,
Hill (1950), Nadai (1950), it is assumed that there exists a scalar function
of stress called the plastic potential such that the plastic strain increment
in a particular direction can be obtained from the partial derivative of the
plastic potential in this direction (Hill (1948)). The plastic potential is
further assumed to be a surface in stress space of the same shape as the yield
criterion. This assumption leads to St Venant's principle that the principal1 axes of stress and plastic strain increment must ccincide and, since the
plastic potential is everywhere parallel to the yield surface, to the result

that yielding will always occur in a direction normal to the yield surface.

In the previous sections it has been shown that the yielding of PMMA can be
explained in terms of a relation k = k - jP where the shear yield stress k

0
is dependent upon the hydrostatic stress component P. in terms of the plasticity
theory described above, this means that any plastic shear deformation will be
associated with a volume expansion since a plastic strain increment normal to
the yield surface ,,ill include a componenit of volume strain as well as the
usual pure shear strain. However it has been shown by Whitney and Andrews
(1967) that flow of PMMA beyond the yield ioint takes place at essentially
conatant volume, and some difficulty is therefore encou,|cered in applying
plasticity theory to materials which exhibit pressure dependent yielding and
yet flow at constant volume. This difficulty can be overcome, if it is assumed
theAt the hldroatatic stress component determines the particular state of the
material at the yield point, in a way similar to the use of the concept of a
critical state in soil mechanics (Schofield and Wroth (1968)). With this idea

Q, •it is envisaged that the hydrostatic stress component specifies the critical
value k required to produce flow which then takes place in accord with
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plasticity theory at constant Volute. The :supposition that the st4te of the
poplmer at the yield point depends on thed hydrostatic stress does not seem
unreasonable in view Of the large volume changes prior to yield reported by
Whitney and Andrews (1967-),, and-Krause, Segret0, Przirembel, and Mach (1966)-
for sev,'ral polymeric matei'ial-. Yielding determined,' by the pressure dependent
criteria, of Tresca or von Mises, des-,ribed abovej should then take place on
,planes incl3ined at 450 to the principal stress axes. For PMMA results given
earlier showed that at the instant of yield the inclination of the shear
directions was very close to 05 although after unloading the elastic

relaxation decreased the inclination to the compression axis to 37 0 For PS
however, the inclination of the shear directions at yield was shown to differ
~significartly froth 45°, and this is discussed in a later section in terms of
a possible volume change on initial yielding as opposed to the continuous
volume increase with plastic strain demanded by plasticity theory appliea to
pressure dependent materials.

3.1.8 The Values of the cohesion and coefficient of internal
friction for PMMA

The effect of the hydrostatic pressure on the critical shear stress for yield
has been introduced in the form k = k - pP wher e k is the shear stress in
pure shear, and P is the hydrostatic component of stress (positive in tension).
It has been shown that for this relation'both von Mises and Tresca's yield
criteria predica-the aame linear relation across the whole of theo o0.2 diagram.

By comparison of the slope of the lines determined experimentally ?see Figures
24 and 25) with the slope predicted by the two criteria, values of the
constants k and p can be determined.i0
For both von Mises and Tresca the slope of the line in the oa, + a- quadrant,
is given by

(= +'p)
02 0~ (1P)9)

From Table 4 the slope - for PMMA was found to be 0.619 (+ O.X11), and

in Equation (19) this'gives a value

p = 0.225 + 0.008

The value of the plane strain compressive yield stress without tension predicted
by both Tresca and von Misqs yield criteria is the 3ame and is given by

2k
0 - The experimentally determined value of c1 can be found from

Table 3 which for PMMA is 119.4 + 1.6 N/mm , and hence the value of k can be

calculated using the value of p deterinined above.

ie k = 46.2 + 1.1 N/mm2

Therefore ratio of plane strain to uniaxial yield stress (see Section
3.1.6) is found to be

(a) von Mises _% 1.29 + 0.02

(b' Tresca U 1.10 + 0.02
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j The experimentally determined value of was found zo be 1.28 + 0.16 for

PMMA, and in view of this result it appears that von Mises yield criterion
modified for pressure dependence is more applicable although the results givenrSby each criterion are very similar, and more~sensitive tests are required to

Sdistinguish precisely between them. Sternstein and Ongchin (1969) have studied

the yielding of PMMA tubes underaxial tension and internal pressure, and fovnd
that for the states of biaxial tension producedi a vonMises type yield criterion,

I modified for a linear pressure dependence (Equation 6) was applicable. 'Tests
on acrylic tubes under axial tension or compression and internal pressure nave

--i been reported by Ely (1967), and a similar type of pressure modified von Mises
yield criterion was found to be appropriate.

3.2 Interpretation of the yield driterion

• 3.2.1 Introduction

In the previous sections the importance of both the hydrostatic and shear
components of stress on the rate sensitive yielding of PMMA has been indicated,
and a satisfactory explanation of yielding must account in a consistent way for
these different effects. It is important therefore to relate the phjenomena
observed with the bulk polymer to the molecular mechanisms responsible for
yielding.

There has been considerable discussion concerning the mechanism-of yielding in
polymers below their glass transition temperature (T ) with particular
reference to the phenomenon of cold drawing in tensign. One of the earlier
theories proposed that localised heating of the sample, due to the mechanical
work of extension, raised the polymer above its glass transition temperature
(Marshall and Thompson (1954), MUller and J~ckel (1952)). Although significant
temperature rises during flow have been reported (Nakamura and Skinner (1955),
Vincent (1960)) yielding has been observed at low temperature where the
heating of the sample during deformation was insufficient to raise the polymer
above its glass transition temperature. It is apparent therefore that localised
heating effects cannot be a complete explanation of plastic yielding.

A second tieory proposes that yielding in tension is due to the increase of a
free volume (Doolittle and Doolittle (1957)) associated with.deforming units
in the pclymer structure (Litt and Koch (1967), Ender (1968)). The large volume
changes due to the high 'atio of yield stress to Young's modulus found in
polymers are considered as contributing to the free volume which under
tensile utresses would increase until it reaches its value at the glass
transition temperature. At this point flow would occur. In compressive states
of stress however, a conflict arises if the complete volume reduction is at the
expense af the free volume because the fractional free volume could become
negative if the hydrostatic pressure is laige enough. Ender (1968) proposes
that in this case both the free volume and the occupied volume must be
compres.sed. Whitney and Andrews (1967) have measured volume changes during
uniaxial compression of several polymers and found a nett contraction which
decreased up to the yield point and thereafter remained constant. This was
interpreted as a volume contraction due to the hydrostatic stress (Poisson's
ratio effect), and a volume expansion associated with the mechanism uf yielding.

[ It is apparent that this result goes some way to explaining the free volume
anomaly described above but a consistent analysis must involve a more detailed
understanding of the relation between the total and free volume.

Another approach is to consider that the applied stress induces molecular flow
and the internal viscosity cf the polymer decreases with increasing stress to
the point where appreciable molecular flow becomes possible. This idea can be
discussed in terms of the Eyring viscosity equation (Glasstone, Laidler,
Eyring (1941)) in which a stress-dependent thermally activated rate process
determines flow. Robertson (1963) has shown that the yield behaviour of
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-p1lycaronate can be explained uding theEyring viscosity equation, and

Roetling (1965) and Crowet and Homes (196,4) have discussed the tensile behaviour
of PMMA, at various strain rates and temperatures using this equation.
I-shai (1967) also found a deviatoric stress biased diffusionalmechanism. as-the predominant factor in the yielding of glassy epoxy resins. In the following
sections the Eyring viScoSity equation will be discussed in more detail in
relation to the yield behaviour-observed here but it is apparent thata
combination of the effects mentioned above could be present in any given

Sexperimental case since these different. interpretationsare not mutually
exclusive.

3.2.2 A molecular mechanism for yielding

Unlike metals in which deformation can take place by shearing on well defined
lattice planes, in polymers deformation must proceed by a more homogeneous
shear process in which-the whole structure plays a part. Studies of solution
visc6sities'(Bueche (1962)) haire shodwn that the segment lengths involved in
flow are small compared with the molecular length, in agreement with the view
that the unit of flow i6 a segment of the polymer chain. The flow of the
polymer chains in the structure can be thought of as the resultant motion of
segments that jump from one equilibrium position ,to another at agiven rate.,
and it is necessary that there should be some co-ordination ,of the movement ofthe segments if the chain as a whole is to progress. When no stress is applied
to a unit there will be a certain amount of thermal energy available, and the
unit will spontaneously jump to and fro At a natural frequency f. If the energy
barrier to this m.otion is E0o, then according to Boltzmann's relation the
probability that a unit will acquire enough energy to move to a hew, position
is exp( -Eo/kBT) where kB is Boltzmann's constant, and T the absolute temperature.
At equilibrium therefore, the natural frequency with which units oscillate back
and forth will be given by a relation

f = f exp (20)

where f0 is a basic frequency. A segment will be able to jump to a new
equilibrium position provided: (a) there is enough volume available for the
segment to move ihto 'and (b) the segment has enough energy to break loose from
its neighbours and move into the hole. The vclume mentioned in (a) leads to
the concept of free volume, which is discussed in detail by Bueche (1962), in
relation to the motion of molecular segments of polymers above the glass
transition temperature. At these temperatures the energy required by (b) becomes
unimportant.

For glassy polymers below the glass transition temperature, the effect of both
(a) and (b) must be considered. If we consider for the moment a shear stress S
applied to the bulk sample then assuming that this has no effect on the total
volume the contribution to Eo from factor (a) will be unchanged. Each deforming
unit will experience an average force F in the direction of the applied stress,
and the energy barrier to motion in this direction will be lowered by an amount
FX . This is because the force F does work FX on the unit, as it moves from
one equilibrium position to the next through a distance ?6 see figure 40.
Under this bias the nett frequency of jumps in the direction of the applied
force will become

36



f fofnett =0 Lexp-(kBT e - exp- ex '

T 2 kkBT J

~fnt =f' exp-(Co) [exp, F.)-e)Cp-C~ )
kE 2k BT 2kBT j

or f 2 f sinh F_nett 2 kBT (Glasstone et al.(1941)) (21)

If we now assign an effective cross sectional area A to the deforming unit,H F
the stress acting upon this unit will be • , which can be taken as the applied

stress S. Equation (21) then becomes;-

f 2 fsinh S X A
nett 2kBT (22),

The quantity %A has the dimensions of volume, and is referred to as the
activation volume (V ) for the process., The idea of an activation volume is
difficult to interpret in terms of the polymer structure since an arbitrary
area A was ascribed to a molecular segment under stress. However, it would
seem reasonable that a molecular segment can be assigned a particular volume
since segments vibrating about their equilibrium positions will exclude other
molecules from taking up positions too close to them. In the above analysis
the simple model of one type of deforming unit with volume V has been

.a
considered. A full description of the molecular processes is likely to involve
a number of activation volumes for which the V value above will be a

a
statistical average (see for example Roetling (1965)).

The bulk shear strain rate mnasured on a sample will be related to the frequency
with which individual units shear, and therefore the shear strain rate (d) will
be given by

*•S Va

G = 2A' f sinh 2k T (23)
B

where A' is a constant. For small values of the applied shear stress, or at

relatively high temperatures, so that SVa ] 2

SVI

is small compared with 2 kBT , Equation 23 becomes:-

G BS (B constant) (24)

which is the usual expression for the viscosity of a Newtonian fluid. On the
-• other hand if S is large we have:-
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Sv ....
G = Cfexp a (Cconstat . • (25)

•} which is the yviacosity- equafion* due t6 Eyring Z.1936) This equation gives• the
relation between the applied shear stress and the resultant shear strain rate
for a polymer showing viscous flow, and as such allows a definition of the
yield stress. If a polymer is made to deform at a coastant strain rate then
the applied shear stress will continue to imcrease until it is sufficient to
cause the material to-deform at this strain rate at _which point the. material
will flow. The yield stress therefore becomes the stress necessary to make
the material flow at the imposed strain rate.' According to Equation 25 theshear yield stress will increase linearly with the logarithm of the strain rate.

This was the type of variation found experimentally for PMMA at room temperature
((see section 2.2.7), and the slope of this line will give a value for the
activation volume'V . For the data in Figure 9, V "= 1.44 x 10,18 mm3 whicha ais a cube of side approximately 11 R, and is not unreasonable in terms of the

polymer structure. Similar values have been r ported ('Bueche (1962)) for
polystyrene and polyethyl methacrylate ( - 13 E) from measurements of time to
fracture under constant load. laward and Thackray (1968) have also given
activation yolumes of a number of polymers determined in tension and compression
and at various temperatures. Roetling (1965) used a modification of Equation 25
involvin• two �processes with different Va valuei to describe the yieldini of
PMMA in tension, and le discusses these values in relpatioav to the a and 0
relaxations found in PMMA. It ia poesible that the linear ,variation of yield
stress with logarithm of the strain, rate &hoa;n in Figure 9 also involves more
than one process bui measurements covering a range of temperatures up to the
glass transition temperature are necessary in order to confirm this.

3.2.3 The effect of hydrostatic pressure

SIn the previous section it was shown that the strain rate b6haviout of PMMA in
tension and compression may be explained in terms of a stress biased segmental
motion. The stress uSed for the derivation of- the Eyring viscosity equation
was a pure shear stress, and, no allowance was made for any effects of the
hydrostatic component of sttess. It has been well reported in the literature

*that for many polymers the yield stress, and hence the yield mechanism, is
noticeably influenced by hydr6static *ressurt.(see section 3.1). Therefore
to extend the Eyring rate process Awdel to other streso systeurq in which there
is a hydrostatic component as well as a sheat- componert of stress some
modification is necessary.

In the presence of a hydrostatic component of sttess, there will be a large
elastic volume change which will alter the volume available for a molecular
segment to move into, and thereby change the natural jump frequency f
(hquation 20). Under a hydrostatic pressure, the available vplume will decrease
and the natural frequency of the polymer segment will also decrease.
Consequently a higher shear stress will be needed to produce flow. Sasabe and
Saito (1968) measured dielectric relaxation peaks in a series of poly alkyl
methacrylates under high hydrostatic pressures and found that for all the
relaxation processes studied the logarithm of the jump frequency decreased
linearly with pressure so that

ln f =ln F - x P
0

or f F 0 exp (-xP) (26)

-.. where F is a natural jump frequency under zero hydrostatic preesare P, and
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x is ,a constant and a type of bulk modulus gexpressing the compressibility of
the available volume.

Substituting (26) in (25) we have:-

svH ( a

S0C. exp (-x), exp 2 1-B

For a -constant strain rate Equation 27 gives the shear yield stress in the
form:-

S= 2kBT 'G + (2 px (28)
Va CFo V

or S k + p P .(29)

which is the relation suggested in section 3.1 for the variation of the shear
yield stress with hydrostatic pressure. Equation 28 therefore allows an
interpretation of the yield criteria discussed in section 3.1 in terms of the
molecular processes associated with yielding, and gives the correct shear
stress variation both with strain rate had pressure. The -only other variable
parameter in Equation 28 is the temperathre, and temperature effects in
relation to this equation are discussed in Section 2.4. Although Equation 28
gives a useful physical interpretation of the yield criterion in terms of
pressure and strain rate effects observed here its application over a wider
range of testing conditions must be considered with caution. As already
mentioned V will be a statistical average of a large number of possiblea
activation volumes, and this average is likely to change with the pressure,
temperature, or strain rate as different segments of the molecular chains
become active in the flow process. A better understanding of the relation
between activation volumhe and the molecular processes taking place during
deformation would lead to a wider application of the Equation 28.

3.2.4 The coefficient of internal friction in PMMA

Using Equation 28 it is possible to estimate a value for p in terms of the

2k T
parameters B and x. In the previous section it was shown that if the

B
a

shear yield stress is given by Equation 29, then the plane strain compressive
yield stress is

= 2ko

In terms of Equation 28 thiE gives

4kBT In 0
V CF

= a 0

I - 2kBTx

V
a

or 1 ] in G

0
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1 The slope of the lineay variation between . he plane strair' yiedldstress and

S the lugarithm of the •:&ain rat6(GY t ref ore6 ternits an 6stiate 'f the

quantity ýT (see Section 3.2.2.),

Values of x are given by Sasabe and Saito (1968) for two relaxation processes
in PMMA. They consider a single relaxation process a ' at temperatures well
ab6ve the Tg which sp~Its into two processes a and f at lower temperatures
or higher pressures. From their data the value of x for the d_' process was

1..7(N/mmn2 - while for the P process x was 0.7(N/mm -f. These values
give ; in the region of 0.1 to 0.04 which is a factor of 2-5 times too small
but it is nevertheless encouraging to find agreement to an order of magnitude
and of the correct form. There are many possible reasons for the discrepancy
among which is the possibility that the dielectric relaxation puak measured by
Sasabe and Saito does not correspond to the same relaxation process that lead6
to yielding in "Perspex" at high strains. In the following section a further
contribution to the value of g from a possible volume expansion on shearing
is considered which will tend to increase the value calculated above.

3.2.5 Volume changes associated with yielding

In Section 3.2.3 the hydrostatic pressure was introduced into the yield
condition by consideration of its effect on the amount of volume available for
a molecular segment to rove into under stress. This approach is consistent
with the suggestion in Section 3.1 that the hydrostatic stress determines the
state of the material for which yielding will then take place under the shear
or deviatoric component of stress. Since'the maximum shear stresse5 in any
applied stress state are across planes inclined at 450 to the principal stress
axes, plastic yielding would be expected to take place in these directions.
Measurement of the angle of the shear zones observed in the polymers studied
here has shown that this is in fact very nearly true in all cases (Table 2).
However there is the notable exception of PS in which yielding was observed
to take place on planes inclined at approximately 420 to the compression axis,
and it is apparent that some additional effect to those already mentioned is
controlling the shear direction in this material. A possible explanation is
that there is a volume expansion associated with the shear process in each
deforming unit which will lead to shear deformation on planes differing from
450 (Pee Section 3.2.6.).

Whitney and Andrews (1967) have studied the volume charges during compression
of a series of polymers including PMMA and PS. By extrapolating the value of
the bulk modulus at low strains they have shown that there is a relative volume
expansion in opposition to the normal volume contraction, which increases up
to the yield point, and thereafter further yielding takes place at constait
volume. To exp]ain this effect they suggest a stress-dependent thermally
activated rate process for yielding with an incorporated "structure change"
factor, which allows for changes in concentration of the basic deforming units
in the polymer structure. it is also suggested that the effective unit involved
in the structure change should have associated with it a local region of
decreased density. Argon et al (1968) have also reported a steady state
positive dilation in PS regardless of the sign of the hydrostatic stress which
decayed in relatively short times when straining was interrupted. These
workers used the model of a PS molecule acting like a bumpy line being drilwn
through gaps between other molecules to explain the volume dilatation and
shear band behaviour of polystyrene. This model implies a transient volume
expansion as a "bump" passes through a gap. A similar volume expansion
associated with deformation is also considered appropriate to semi-crystalline
polyoxymethylene by Sardar et al (1968). Bauwens (1967) has considered the
propagation of plastic deformation in PVC in terms of the Eyring rate theory
generalised for ehear and hydrostatic stress components. The effect of
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hydrostatic pressure was intr6duced by considering the change- in free volume
for the molecular segment to move into, and with this approach,,he fbund ga6d6
agreement between the predicted ,and fmeasured, ificlinations of LUdel~s -banas in,
flat tens~i-e-b.;Ls•;

In Section 3.2.2 the shearing of- a smail deformation unit from one equilibrium,Position to the next was ýconsidered- in terms of° thpokdne toecme he
energy baýrier to flow. As a single defrnimation unit or molecular szegment

cannot be considered in isolation from the rest of the structufe, it is possible
that duiing its passage over the energy barrier the- deformation unit under
consideration will disturb the surrounding structure to the extent that aI local
volume expansion wi3l be necessary. If this is the case work Will be done
against the hydrostati6 pressure and the apparent height of the energy barrier
will be increased. If we assign an effective cross sectional area A to the
deforping unit as-befbrea,, the work _done by the shear atress S in moving the
unit through distance - will be S X A as, explained pfeviously. The work doneI-against the hydr'ostatic pressure P will be P X ' A, where N, ' is -the component
of volume expansion normal to the shear direction. E1quation. 21 for the nett

p jump frequencY then becomes.
H%

ff i (s A -P %IA)
net2T ' (31)

If we further assume that the normal displacement' is proportional to the,
shear displadement ) in the form XO c-% where c is a constant we have:-

fnett = 2-f sinh XA (S - cP) (32)
2kBT

. V
or G = C f exp a (S - cP) as before (33)

2k T

B

and introducing the effect cf hydrostatic pressure on the natural frequency f
as before we have:-

V• a
G=CF° exp (-xP) 2-BT (S- P (34)

! For a constant strain rate this equation gives the shear yield stress in the
form:-

2kT-
S V- ln G + 2k+x (35)

which again is an equation of the form of (29)

ie S = k° + {P

In this case however the pressure dependence of the shear stress is envisaged
as arising from two causes which involve the compressibility of the available
volume on the one hand and a volume expansion arising from the shear process

"- ,on the other.
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;32-6 The angle of ;. shear :zoie .,.

The constant c described above, Was used Ato odefine the ratio- of the shear
displacement 1,j to the ditplacemenit normal to the shear direction X
using this appfoach it is -possibl& to accoupt for the direction in which
yielding: was observed to, take place in the various glassy polymers., The
tre&tmeft given above due 'o Eyring -consider0,.def~ormiation by simple shear
so that extensions and displacements occurred only in two of the three
principal directions. This type of treatment, is consistent with plano strain
deformation, and is therefGre ap~plicable to the deformation observed here.,
Consider a small element of material at some -point in the deforming specimen
at the yield point where a shear zone has just formed. If the direc~tion of,
propagation of this zone is along a line inclined at (90 - f) t6. the direction
of the greatest principal stress c. in simple plane strain compression, then

the normal and shear stresses acting on the element will be as shown in Figure
'41. There will be two equal shear stresses of the type considered by Eyring,
and according to the supposition above there will be normal strains along the
x and y directions proportional to the shear strains y , through the
constant c. There will be no strains in the z directioxnY(out of the paper),
since the deformation is considered plane.

To begin with it will be assumed that strains Cy, in the y direction, are

small because the adjoining portions of non-yielding material do not participate
in the deformation. In PS this is likely to be a good assumption as it has
been shown that the deformation bands in this material are t:ell defined with
a sharp boundary between elastic and plastic material, and contain a uniform
shear of up to 2.0 (Argon et al (1968)). In PMMA however, the shear zones at
the yield point are more diffuse and appear to contain a shear strain of
approximately 0.10 at the centre of the zone. If ey = 0 then the only

component of expansion due to shearing will be along the x direction, and
work will be done by the normal stress a-x against this expansion.

It can be shown that .COS2

0*y = - O° sin
2

SO-y

Txy o-, sin3 cos

C Y (36)

The work done by the shearing stress T in producing a simple shearxy

strain Yxy at the yield point is:

WT xy xy

While the work done against the norrial stress o due to the volume
expansion 6 is:-

x

WO. = Ox Cx

"Therefore the total work absorbed by the material is:-

C", ' (37)

W = Txy + 0xy'
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Taking, thd ratio of the strains C ,as qqual tothe ratio

of the- displacements ? A q ,describerd 6arlier ,,we. have, , S•(Y
where*- is thC conr•dit in.Equatilon 3, _used to ,define the relation between,volumed straif an d -hfshbiea strain.,,

A ence W = T 'y Yxy- ý-Ox cy. xy.,

and--using Equation 36. • x, 'y

W ,i ýM& • -os d

= 0for a maximum-,

d os P -c. sin 2A•

and c' = - cot 2P , (33)a

For a volume expansion c will, always be posijtive, and • will therefore be'

greater than 45 • If the stress a' is tensi.le, Equation 38 becomes

c = + cot 2P , and P will be less, than 450 for a'volume lexpansion. This type
of behaviour has been observed with PS by Argon et al (1968).

It has already been mentioned that the above enalysis is not ,likely to.be' a
good representation of the shear zone behav'our of PMMA as strains in -'f%
y direction ( e ) arp possibly' of the seme order of, magnitude- as strains in

the x direction (sC). The result .s that for this material volume expansions

will' be isotropic and therefore wi~ll not affect the direction of a shear Zone.
However, it is useful to estimate an order of mag itude for the -'olume
expansion in PMMA using Equation 38. In Section 2.3 it was shown, that the
angle P for PMMA was approximatelY 460., ,and in Equatiorn 38 we find c = 0.035.
The shear strain in the zones ,wa estimated as approximately 0.10 which

Af1 gives e'2  = 0.0035 ur'a volu~Te expansion of 0.35% if the. zones fill the whole

specimen. This figure is in agreement with the volume expansion quoted by
Whitney and Andrews (1967) from dilatometric mcasurementj during uniaxial
compression of PMMA.

Equation 35* gives 1 N ?kBTx + c

Va ,

and using the value of 2kBTx alculated in Section 3.2.4, the value of • for

Va

PMMA is estimated to be :- 0.135. The effect of introducing a volume expansion
term therefore is to improve the agreement between the value of i estimated
from theoretical' considerations and the vpalue fun experimentally ,Section" :" 3.1. ).

43
V -4''a



S3.,2.` The extension of the yield.criterionl to, other pol•. S

To produce a yield criterion for the dther -polymers investigated nere, theanalysis given in.the preceding sections f16i PM1A should ,be extended to each
material in turn. However, the similarity oft he ,experimental data presented
in Section 3.1, in part at least, justifies dxteasion..f the conclusions
reached for PIMMA to other polymers. The description of yielding as a rate
pracess is lik.ely to have general application to all the glassy polymers
considered here, and the equation k = ko - tP (Section 3.1) will therefore

00
be considered appropriate in each case. Values cf and k°hv lobe

calculated foil LDPE and HDPE using this equation although it is possible,
that other mechanisms such .is slip and twinning of the crystal structure (see
for exampie Frank, Keller and O'Connor (1958)) may be involved in the yield
process.

For a material which shows a relatively large volume expansion on shearing,

and deforms in well defined bands similar to those seen. in PS, the pressure
normal to the shear plane will have a major effect and Equation 35 will be
similar to the Mohr-Coulomb criterion described in Section 3.1. If tne
deformation is more homogeneous as in PMMA then the hydrostatic pressure will
dominaie the yield behavfour either through the compressibility term x or the
volume eipansion associated with shearing. It is apparent that a combination
of these effects will be present in any given case, The criteria of Tresca and
von Mises predict the same variation of the plane strain compr-ssive yield
stress (o) with applied tension (C a,) as described in'-Section 3.1. The
Mohr-Coulomb criterion predicts the ratio o as

S sin where tan,0 =
",-1-7 sin

While for Von Mises and Tresca this ratio is

' 1 (1 + P )

If g values are small the difference between sin 0 and tan 0 is small, and 11
values have therefore been calculated using this latter relationship. The
cohesion k for each material has been found using the equation

:•='20
2k 0 where • is the plane strain compressive yield stress

(Section 3.1.). The ratio of the volume strain to the shear strain has also
been estimated for each material using the zone angles given in Section 2.3
and all these values are summarised in Table 7.

These figures ca' be used as an indication of structural effects associated
with yielding in each of the polymers. The values for the cohesion k for all

0

tne glassy polyriers are similar, and this reflects the baloic glassy nature of
these materials. It was shown in Equation 35 that the term k contains the

0
natural equilibrium frequency (F ) of the deforming units, and k will therefore

reflect the particular relaxation process associated with yielding at the
testing temperature. Values of the cohesion with varying tamperature have
been investigated for PM14A and this is discussed in section 2.4. The k

0
44



and jL results for, the polyethyltenes suggest a possible effect of the
crystallinity either tirough degree of crystaiinity or the nature of the

crkystAlline structure and' is",dispussed further in Secti6n 2.4.

The effect of the polymer structure on the values of the parameters Ii,, Ic0,
and c is :perhaps test ilustrated by the results for PMMA and PS which exhibit
markedly: different modesof deformation butver',y similar pressure dependence.

For P1MA the pressure dep6ndence of the yield process is mainly due to the
elastic compressibility of the strurtui-e,, and only a -small volume expansion
is re quired, to move the deforming units. For PS however where the structure
is initially more compact arid the benzene rings in the side groups more bulky
the c6mpressibiiity term ( p - c) i8 smaller than for PMMA- and a larger
volume expansion is required to move the deforming units. The shear strain
in the bands for PS is the order of 2.0 which together with the value of c in
Table 7 gives-an associated volume expansion of approximately 25%. However
the bands occupy little more than I% -of the total volume at the yield point
so that the apparent volume expansion would- be 0.25% which is in agreement
with the value given -by Whitney and Andrews, (1967).

3
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SBONCLUSIONS AND SUGGWSTIONS FOR FURTHER WORK

-4.1 Summary and conclusions

The variation of the plane strain compressive yield stress with applied
tension indicated a significant effect of the hydrostatic component of

stress on the yield behaviour of all the polymers studied here. This has
been considured in terms of the Tresca and von Mises yield criteria when
it was found that a relation of the form k = ko - pP could be used to
explaiii the observed pressure dependence of yielding for the stress states
studied, where k is the critical shear stress for yield, P is the hydro-
static stress component, and.l and ko material constants. It has also been
shown that the yield point in PMMA, and similar polymers, coresponds to
a condition of pare viscous flow, and that it is possible to consider
yielding as an equilibrium between the applied strain rate and the rate
at which units of the structure move. With this approach an equation of
the same form as that given above has been derived which allows an inter-
pretation of the yield condition in terms of the molecular processes
associated with yield or flow in polymeric materials.

LIt has been shown that the cohesion ko, which may also be defined as the
shear yield stress in a state of pure shear, is related to the activation
volume of the molecular segments involved in flow at the yield point and
is also, therefore, related to the polymer structure and the conditions
of testing. For PMMA it was found that over approximately three decades
of strain rate at room temperature, ko increased linearly with the
logarithm of the strain rate, confirming the interpretation of yield as a
rate process. The cohesion was found to decrease linearly with increasing
temperature in the range 20-70°C but this result is difficult to interpret1 without a better knowledge of the relation between the activation volume
and the units of the structure taking part in yielding at various tempera-
tures. It has also been shown that increasing the percentage crystallinity
of PBT causes an increase in ko values, and addition of plasticiser to
epoxy resins produced a decrease in the value of ko. These effects,
together with the range of values observed with the different polymers
studied, gave a qualitative indication of the effect of different polymer
structure on yield behaviour.

The coefficient of internal friction i is a parameter which expresses the
sersitivity of a polymer to the hydrostatic stress component. It has been
suggested that there are two separate contributions giving rise to the
pressure dependence of yield in polymeric materials. One contribution is
associated with the large elastic volume changes found in polymers for
which the ratio of the yield stress to Young's modulus is significantly
higher than in metals; such volume changes were considered as affecting
the amount of free volume available for molecular segments involved in the
yield process to move into. A second contribution was considered as A

arising from a volume expansion, related to the unit shear process, due to
the co-operative movement necessary within the polyhier structure for a
particular segment to move from one equilibrium position to the ne,-t. The
volume expansions, estimated from measurement of shear zone angles within
deforming specimens, could be given reasonable interpretations in terms of
the various polymer structures although these values can only be regarded
as indication of the order of magnitude of such volume expansions. Further
work is necessary to elucidate the precise volume changes resulting from
yield. These two contributions to the pressure dependence of yielding aro
also likely to be present to varying degrees for a given polymer structure,
as different units of the structure become in .ved in the flow process
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under different conditions of testing. The value of p has been measured
for PMA- in the temperature range 20.70-,C and was found to be constant.
This is an interesting result suggesting that the various effects giving
rise to pressure dependent yielding are unaffected by temperature changes.
This seems unlikely to be true, and it may be that as-the temperature
increases the Volume expanision on yielding decreases while the compressi-
bility of the free volume increases, giving the overall effect of p constant
with temperature. The influence of the basic polymer structure on the
pressure dependence of yielding hasbeen illustrated by the range of g
values obtained for the various polymers studied, and by iLe significant
changes observed with increasing crystallinity in PET and increasing
plasticiser content in the epoxy resins.

It has been shown therefore, that yielding in rigid polymers is a complex
process in which both the shear and hydrostatic components of stress play
an important part. In view of the sensitivity of these materials to the
testing conditions used, it is apparent that relatively simple yield
criteria such as the pressure dependent criteria of von Mises and Tresca
can only have application for a specified polymer structure and set of
testing conditions. A more general yield criterion will involve such
variables as strain rate and temperature. However, the yield condition
given here in the form k = It - p P permits a useful description of the
response of the polymers stuaied to various applied stresses in terms of
just two parameters which relate to the basic polymer structure.

4.2 Suggestions for further work

The description of the yield critezrion and the various trends reported in

g and ko values have all been centred upon results obtained from testing
in plane strain. Results from other types of test have been discussed
where possible but an investigation of the proposed yield criterion for
other more general types of deformation would prove useful in indicating
the general validity of the conclusipns reached. Volume changes associated
with the yield process are of importance in view of the influence of the
hydrostatic stress component, and investigations of density changes during
straining would be valuable in determining the magnitude of these effects.

From this viewpoint it may also be possible to determine the factors
causing the markedly different modes of deformation seen in PMMA and PS.
An indication has been given of the effects of strain rate and temperature
on the value of ko but apart from investigating these effects further, it
is clear that the temperature and strain rate dependence of P should be
given further consideration with a view to establishing more preciaely the
origins of pressure dependence.

In these experiments it has been shown that the parameters g and ko give a
useful indication of tha molecular processes associated with yield, and
measurement of these parameters in conjunction with dynamic mechanical tests
for example, would prove useful in relating bulk properties to structure.
In this context determination of values of V and ko for a series of polymers

with precisely controlled changes in structure, such as different side
groups attached to the main polymer chain, would give further information
on the relation between structure and, mechanical properties. Indications
of the influence of crystalline structure can be found from comparison of
yield stress data on crystalline and amorphous polymers but variation of
the degree of crystallinity in more precise experiments than those described
here for PET would indicate the relative importance of the amorphous and
crystalline regions in the deformation of crystalline polymers.
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APPENDIX I E PLANE STRAIN COMPRESSION TEST

1.1 Introduction

To analyse the deformation of glassy polymers, compression testing in rlane
strain as developed by Ford and Williams (1964) was chosen as this method
has several advantages over the more commonly used uniaxial tensile and
compression tests. ýThe behaviour of polymers at large strains is difficult
to determine in a uniaxial tensile test because the reduction in area
produces necking and hence indeterminate stral. conditions, while in uniaxial
compression although fracture may be eliminated some barrelling of the
specimen is unavoidable and the load bearing area cf the specimen will vary
throughout the test. The plane strain compression test overcomes these
problems to a large extent, and a definable strain system and area under loadIi are produced from which the stress-strain behaviour for large strains may be
derived.

S1.2 Simple plane strain compression

The specimen in the form oi a flat plate with edges parallel to the axes of

x, y, and z, is compressed in the x direction between two parallel, flat,
highly polished dies as shown schematically in Figure 36. The dies are
lubricated to give minimal friction, and the specimen then suffers negligible
constraint to elongatiou in the y direction. The material under the tool is,
however, restrained from moving in the z direction by the constrain of theh undeformed material on either side of the deformed section. This test has
the advantage that the area under load remains constant, and no instability
due to reduction in area can occur. It is also possible to )btain ductile
behaviour from materials such as polystyrene (PS) and polymethylmethecrylate
(PMMA) which normally breax in a brittle manner in tension. Stress and
strain can be directly derived from simple measurements of load and displace-
ment, and if one thickness of test piece is used material variations are
minimised, as the test sections may be taken over a limited area of material.

1.3 Plane strain compression with tension or compression

[• In any investigation of a yield criteiion it is necessary that the material
should be subjected to a stress system which allows variation.of the principal
stress ratios, and in this way sections of the yield locus in stress space
can be charted. Therefore the arrangement described above was modified so
that small tensile or compressive loads could be applied in the plane of the
sheet, in the y direction, as shown in Figure 37. In this way a range of

stress ratios could be achieved.

1.4 The assumption of planar deformation

In practice it is important to be sure that at the yield point the
plastically deforaing material under the dies is elastically constrained by
the undeformed region outside tne dics because only if this is true will it
be possible to define the stress system. For there to be no movement of
material in the - direction, the specimen must ideally be confined between
effectively r'igid blocks with faces parallel to the planes of flow, and the
dleminsýions of tile specimen and forces or displacements applicd to it must Ue
independent of the z co-ordinate. This experimental arrangement has beeen
employed by idgma, (194'). However, the simpler test arrangement desc'ibed
iu Appundix 1.2 has been widely occd fo;' the plane strain testing of metals
in compression, and the assumption th't deformation is constrained to be
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planar has been carefully justified fo6 these materials by Ford (1948).o V
was found that, provided the percentag- iaýeral spread was small in comparison
with the percentage reduction in thickness, compression of a wide sheet
approximated to plane strain deformation wifth the exception. of narrow zonesý
near the ends of the compressed section.

Ford and Williams (1964) have checked this last point using polyethylene
sheet, and their tests have been repeated here using PMMA..(see 8ectionsl~eci Jsfng J wMa'se &bgeýtion .6)

in both cases it was found that if tX4 s _ecimxi width (nw) 1as greater'than
four times the die breadth (b), deformation was effectively constrained.
Further proof of planar flow in this type of test has been noted' from
observations of deformed sections of glassy po6ymers viewed in polarised light
which showed a birefringence pattern consistent with ,ý,nstrained flew along
the dies except for small regions at the ends of the def6rmed'section.
(Private communication - S Raha). If small values of the additional stress

02 are applied to a strip where the width (w) is greater than or equal to the
length and much greater than the thickness (ho) then the assumption that
the percentage lateral spread is small in comparison with the percentage
redaction in thickness will still be true, and approximate planar deformation
will be maintained.

1.5 The state of stress

Considering first the case of simple plane strain compression without applied
tension or compression. The dies are assumed to b6 so well lubricated that
no shear stresses arise across the die surface, and the applied stress T, will
therefore be a principal stress. It is also assumed that there is no strain
in the z direction along the dies, and a principal stress c is therefore
necessary to accounit for the constraint. There will be no stress, cr2 in the
y direction (Green (1951)). Provided the stresses are uniform and the
material isotropic, the stresses acting on an elemental cube of material in
the deforming section will be as shown in Figure 34 and a biaxial state of
stress will exist.

For the case of plane strain compression with applied tension or compression,
a third principal stress 02 is added, and the stresses acting on an elemental
cube will be as shown in Figure 35 and a triaxial state of stress will be
produced.

Both of the stresses c' and a2 are known from measurements of the applied
load and the area of the specimen while the stress 0 is unknown. With a
knowledge of the relation between stress and Atrain for the material under
test, the principal stress oý can be found in terms of the other two stresses
provided it can be assumed that the strain in the z direction (83) is zero.
It has been shown for metals, for which well known stress-strain laws exist,
that at the yield point a-3 = v al for simple plane strain (Hill 1950)), and
consequently '= v(O- - 0-2) * for plane strain compression with applied
tension. Whether such simple relations between the stresses can be found
for polymeric materials is doubtful b:it it is sufficient to note that a- will
be some function of the other two applied stresses, which can therefore be
used to give various states of triaxial stress for an investigation of the
yield condition.

The principal stresses a-1, u,2, and (r3 form the components of the applied
stress tensor which can be split in the usual way into deviatoric and
hydrostatic components. Calling tensile stresses positive and compressive
stresses negative the stress tensor may be written:-

*v ir Poisson's ratio, typically 0.3 for metals.
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A 3 B

3- V3

+ 0 + (o- +0.3)1

I(a.1 -0.3)/3, (0'2 + (Y/3)/

- where A is the hydrostatic stress component, and B is a shear stress in the
plane defined by a.1 and &?. Both the sign and magnitude of A will depend upon
the relative magnitude of O-l and a2- For example by applying a sufficiently
large tensile value of 0T2 a state of hydrostatic tension could be achieved, or
on the other hand applying a compressive value of 0'2 a state of hydrostatic
compression could be achieved. This test arrangement can therefore be used
for studying the effect of the hydrostatic component of stress over a limited
range.

1.6 The mode of deformation and test geometry

In the simple analysis of the stress system for plane strain compression
mentioned above, it was assumed that the stress and strain were homogeneous
throughout the test section. However, it is well known for this kind of
double indentation test that the corners of the dies produce singular points
in the stress distribution (Nadai (1950)). This leads to definite
inhomogeneous distributions of stress and strain as plastic flow begins. This
inhomogeneous deformation has been closely investigated by Green (1951) and
Hill (1950) and their theoretical predictions have been confirmed for some
metals. By considering slip line field theory Green shows that two modes of
deformation can occur in this type of test depending upon the ratio of die
breadth (b) to the specimen thickness (h) at yield. For 1 <,. < Nr2 the
deformation is mainlybconfined to regions of intense shear radiating from the
die edges, while for r > 12 deformation takes place as a number of
independent rigid wedges sliding along a criss-cross of slip lines inclined
at 450 to the compression axis. These two possibilities are shown schematic-
ally in Figure 42. Using these modes of deformation Green goes on to
calculate the increase in pressure on the dies over that for homogeneous
compression, and the variation he found is shown in Figure 43.

The material conditions assumed by Green seem unlikely to apply to a polymeric
V material but in the paper by Ford and Williams (1964) the same form of

variation as predicted by Green is shown for polyethylene, although the maxim:-
were shifted along the axis. This shift could occur if they did not use th-,

specimen thickness at yield; but also as they suggest it may be due to the
fact that polyethylene work hardens and is therefore unlike the ideal
material assumed by Green in his analysis. The agreement between the results
of Ford and Williams and the theoretical predictions of Green arp neverthe-
less surprising, and a check for this geometrical effect was made here for
PMMA. No significant variation of the yield stress with the ratio t was
found within the experimental error (Section 2.3). However, it is apparent
from Green's analysis that any error in yield stress measurements from this

V geometrical effect is minimised by using the smallest possible ratio of the
specimen thickness to die breadth (h).
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Although no agreement With Green's anralysis. was f6und;here from the PMMA yield
stress data, striking confirmation ,of his proposed mbdes of'- 6deformation. was.
found.
1-.7 Other factors affecting the mnasurement of streps

Detaiied analysis of -a set of exper'imentU, results with a discussion Of the
necessary- corrtctions is given in, the section on experimental results. For
the sake of completeness, however, the fadtors affecting measurements from
the plane strain compression test will be briefl~y mentioned here.

1.7-1 Friction

Although the dies were well lubricated, it is possible that the friction
between the specimen asid dies was sufficiently large to exert an
appreciable restraint on the specimen. This will lead to an. increase
in pressure under the central region of the dies. The magnitude of the
effect can be estimated, and it can be shown that it is likely to lead
to only a small correction.

1.7.2 Shoulder restraint

The region of undeformed specimen just outside the dies will exert a
restraining force in opposition to the principal stress T,. It has

been shown that this restraining force is independent of the die breadth
(Williams (1967)) and can be corrected for by making measurements
using dies of different breadths.

1.7.3 Nominal and true stress'

In Appendix 1.4 it was noted that in narrow zones at the end of the
compressed section there is no effective constraint. This leads to
flow along the dies within these zones, and a corresponding increase
in load bearing area. The magnitude of this effect has been estimated
and found to be small at the yield point so that the error in taking
a' as a nominal stress (load divided by the area of specimen under
load as calculated from the original specimen widtl w and the die
breadth b) instead of a true stress (load divided by the current area
of specimen under load), will be small.

The effective area over which the additional stress 02 acts will however
decrease in proportion to the compressive strain (el). Since the compressive
strains Vl measured at yield are relatively large (-0.13) the true stress
value of o2 at yield will be noticeably larger than its nominal stress value,
and a correction will be necessary to give q2 in terms of true stress.
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APPENDIX 2 THE APPARATUS

2.1 Requirements for design

The factors controlling the conditions ofplane strain in the double indenta-
tion test have already been outlined in Appendix I, and it Was these factors

which also controlledthe dimensions of the cQmpression apparatus. 'he
specimen wieh had to be greater than four times the die breadth while the

die breadth had to be at least twice the specimen thickness. With these
limitations in mind, an, optimum die breadth of-6.4 mm was -chosen together
with a specimen width of 38 mm. Other re'quirements were that the dies had to
remain accurately parallel and in line throughout the test while being able
to move freely vertically. The surfaces in contract with the specimen had to
be highly polished to minimise friction and as flat as possible to ensure
uniform stress distribution. Since loads of up to 50 kN could be applied to
the compression rig, it was also necessary that the component parts of the
rig could withstand these loads with only a negligible amount of distortion.
An accurate method of measuring large strains without the complicating effect
of machine elasticity was also required.

Within the dimensions of the compression rig and the limitations imposed for
plane strain conditions, it was also necessary to construct a tensile rig in
order to apply 6, tensile stress to the specimen whilst under compression. A
completely independent loading system was required which would apply a uniform
stress to the sheet specimen, and which would allow various values of load to
be applied and maintained constant. A simple but effective arrangement to
meet these requirements is given in Appendix 2.3.

Later in the project, the apparatus was used in conjunction with a 100 kN
Tens:meter Type E testing machine but no changes in design were necessary.
A refined piece of apparatus for this type of plane strain compression test
has been developed by Ford and Williams (1964) in which a sub-press provides
te coi.pression, and resistance transducers measure specimen strain. However

the apparatus described here is considerably cheaper, and is relatively simple
to construct and operate.

2.2 Design of the compression rig

A diagram of the compression rig is shown in Figure 44. The rig was constructed
throughout of mild steel, and a set of four interchangeable dies in the range
of breadths 2.4 mm - 9.5 mm and of standard width 57.2 mm were made.

To ensure rigidity, the dies were made by machining to size 12.7 mm square
mild steel blocks. These were subsequently cyanide hardened to a depth of
0.25 rn so that the polished die faces would be undamaged by small flaws on
the specimens. Each pair of dies was made so that the edges were parallel
to t 0.01 mm and the faces flat and parallel to 1 0.01 mm. A high polish
was gEiven to the die faces using emery papers and diamond powder, and during
this polishing the edges of the die were given a small radius, as 6harp
corners were known to restrict material from flowing perpendicular to the
dies (Ford and Williams (1964)).

Each of the dies was rigidly mounted on a 25.4 mm square section block of mild
steel. The relative movement of the dies was maintained accurately in line
by four carefully machined plates attached to the bottom die block. Ample
lubrication e, :ured minimal frictiorn between the die block and the plate faces.
The assembled rig was built so that the top was parallel to the bottom to
within + 0.05 mm.
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In this type of arrangement measurement Of specimen strfain is relatively
simple in that it i< only necessary t6 measuir4 the relative displacement of
the top and bottom dies. This Was accomplished by rigidly m6unting two dial
gauges at each end of the top die block such tha:t their stems made contact
with small plates attached to the bottom die block. The gauges had a full
scale deflection of 1.02 mm and were scaled to reardO.Q025 mm. The zero
reading of these gauges could be adjusted by means of screws under the
contact plates. Since the separation of the dial gauges (approximately
150 rm)' was much greater than the width of specimen being compressed
(approximately 38.1 mm) any tilt occurring during the compression was magni-;
fied. Such tilting of the top die with respect to the bottom cou.d ,be
virtually eliminated by using metal shims between the top of the rig ard. the
compression anvil of the testing machine. Generally atilt of less than
0.025 mm over a tool section of 38.1 mm was considered acceptable. However,
the deflection finally recorded was the mean of the two dial gauge readings,
which automatically corrected for any tilt of the dies. Dial gauges are known
to be subject to dynamic errors likely in such spring and lever systems but
the rates of testing hare were generally sufficiently slow for these errors
to be small. Figure 45 shows the complete compression rig.

2.3 Design of tensile rig

A tensile stress was applied to the sheet specimen, while under compression,
-. I using an independent tensile rig. Tension was provided by means of a small

hydraulic ram constructed out of the components of a ij ton (15 kN) 'Evershure'
hydraulic car jack, and mounted in a stirrup arrangement. The remainder of
the car jack was used as an oil reservoir and pumpiag unit connected to the
ram by means of flexible hydraulic hosing. The pressure of the hydraulic
fluid in the system was monitored by means of the Badenberg hydraulic pressure
gauge, with a full scale deflection of 1200 lb/in2 (8.3 MN/m 2 ), and scaled to
read in steps of 20 lb/in2 (0.17 MN/m2). The pressure of the hydraulic ram
was converted into a tension on the specimen, by means of the stirrup arrange-
ment shown in Figure 46 and a pair of wide grips in which the specimen was
mounted. The grips which fitted close up to the compression dies were of the
self-locking type, and pivoted so that any misalignment of the specimen was
compensated for as loading proceeded. The dimensions of the grips and stirrup
arrangement were such that a standard specimen 102 mm x 38 mm x 1.6 mm was
gripped over 32 mm at each end, leaving a section of specimen actually under
test approximately 38 mm x 38 mm x 1.6 mm.

The whole of the tensile rig was hung by soft springs from a supporting frame
around the compression apparatus. This arrangement was necessary so that
small deviations of the specimen from the plane perpendicular to the dies
were automatically rectified as the compression dies began to load the
specimen. The supporting frame for the tensile loading system was also
mounted on levelling screws so that the system could be approximately aligned
before loading. A photograph of the complete biaxial loading system is shown
in Figure 47. To check that the rig was pulling uniformly, a PMMA specimen
of dimensions 38 mm x 38 mm x 1.' mm was mounted in the tensile rig, and
loaded whilst being observed in polarised light. The pattern of birefringence
was uniform across the whole width of the specimen showing that with careful
mounting a uniform stress distribution could be accomplished.

To load the sheet in compression in the plane of the sheet, the tensile rig
was replaced by a similar rig suspended in the same way but this time the
pressure of the ram was applied directly to the ends of the specimen, by means
of small holders. These specimen holders consisted of mild steel blocks ii,
which an accurately machined slot had been made to take the specimen with a
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tight 'fit. The holders- were mounted rigidly in the rig and., bittcd ud t'o
wi.hil, 3 mm of the main compression dies 'to ensure no buckling 6f the 'spcimen
Cculd o ccur. This arrangement is shown' in 'Figure 46.

2.4 Correction f,.r rig defrection.5  
j '•

Although the compression rig was constructed so thut its 'deflection under load
would be small 'some elastic distortion' bs -well an the usual "settling", of
component parts occurred under loading, and' it was nIcessary tc cdrrect for
this effect. As the dial gauges ate mounted to measure the displacement
between the top and bottom dies only; any deflection of the testing machine
or load cell dfiring loading is not involved in the gauge readings.

The rig was set up for compression in the usual way, (see Section 2.1), with
the usual amount Of lubricant but no specimen was included., Figure 48 sýows

-1 the resulting plot of rig deflection, as recorded by the dial gauges, against '

the applied load. The rapid initial rise of rig deflection was due to the
lubricant being squeezed out, and tosettling of the componentd. At higher
"loads a linear relation between deflection and load was' seen due to the
Selastic distortion of the rig. The curve in Figure 48 together with similar
curves taken at intervals during the period of thIs •roject were used to
correct the dial gauge reaaings for rig deflection.

I 2.5 Calibration of the hydraulic ram in the tensile rig

-L The force exerted by the small hydraulic ram in the tensile rig was mdasurqd
C experimentally from the pressure of tAe fluid ill the purhping system, and. it

was necessary to relate' the reading of the pressure gauge to the load applied
to the specimen. This calibration was achieved by mbunting' the ram between
the crosshead atid load cell of the Inst3on testing machine, and thereby
measuring the load on the ram for' a given pressure.

Keeping the crosshead stationary, the pressdre in the ram was slopwly increased,
and readings of pressure were taken against load recorded by the Instron.,
Corresponding load readings were taken while'slowly reledbing the pressure.
The results of these tests are shown in Figure 49 and although it' is apparent
that some sticking in the ram has occurred, the error due to sticking was
within the error of reading (t 34 kN/m 2) and a useful linear relagion between
pressure and load is obtained. It was also roted during 'th'es tests that
any creep in load recorded by the Instron load cell was reflected by a
corresponding creep in the r eading of the pressure gauge. These experiments
indicated that the hydraulic ram was q sufficiently sensitive and accurate
means of loading.

5

I F

57



APPENDIX 3 RICTION BETEEN THE DiES' ANhtTHE SPE •IEN DJR!NG.COMPRESSION

Ih Sections 2.3.6.2 and 2.3.T7expressions were given f, r the increase in1
pressure under the dies due to" the effect ofsurface friction between the
specibienr arid the dies. The, derivatipn of these expressionsb is given here in
terms bf the pressure dependent yield Critekia described earlier.

3.1 Plane strain compreisioh . .1:
In Figure 50 the forces acting on an element of &1terial between the dies
of thickness dx at a distance x from the centre line, are shown. Thepressuere on the elemenit is -vand is ", the cbbeTficiezit of surfaceII frictibn t'etween the specime rand the$d te fa efsurfaces.
Resolving horizontally 2,0' dk" h-dx , (39)

According to pressure dependent Tresca's yield criterion, yield will
occur when

"2-o) = 2 +( a-" + z
ýD% 3

and for plane strain a' = ( x + oy )

(a y "a o" 2k0 -• .(ao" + o Y)' (40)

Pressure dependent von Mises yield criterion written as
2

( .)2 + ( o-. o- ) 2 + (z . o 2= ko + a" + o-
Sy x x 3 x Y

also gives equaticn (40) for plane strain conditions.

Differentiating equation (40)

(i - [t) do- =(1 + p) do
~ j

-and in equation (39) we have

(ldo - 4,.,, 2s •y d =(l + P) dyh

b 2k
Using the condition that when x = x = 0 and 0y = o

we have
2k 20s (1 + )1

o-y = o exp (l'Y x

Integrating over the surface of the die, we find the mean pressure acting:
b

2k 0 
02 (

b- (1_-9) exp s (i + x dx
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F+

-2k bý {+ 4.)

2k 01-g. I.+.J assuming% is ma

Coefficit r i ction. The stress 2 z isass2med constant

throughout h and ot is Set equal to 0r-

For equilibrium we. have h do, r - 205 p = 0 (41)
S~dr

According to pressure dependent Tresca's yield criterion, yield will
occur when

•: ~ ~~~ a- -+ k-
:z r

or when

(p +Or) = 2 k° -E (20-r P)

p (3 - 2 ) + oT (3 +4p ) =6k (42)

According to pressure dependent von Mises yield criterion, yield will occur
when

22
( _GD 2+ e _a) 2 + (a-z - ar )2 + 6 T 2 rz= 00'[k - (°86+Vr+(rz-]

For small friction T 2rz is negligible, and therefore

12

(0r r o - 3 (20r-

or P(3 V 3 ) + 0' (3 +2 3. ) = 3 3 k (43)
r o
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Differentiating (42) and (43), we have

d4,- dp (3- 21.p) - dp 2qs (3+4 p)
Tresca r r(3 +4p) p .in (41) --- p P3-

-ddr T Wh (3-2)

da _ dp (3 -434 ) • dp 208 (3+23•3)
von Mises dr dr (3+213 .) ( -1 = - P T3-73-1)

These last two equations can be integrated with respect to r

so that

Tresca p = 6ko exp [2s (3-+k4) (a- r
- -- (3 - 2p ) i h (3 _-27

3 ý '3 k o 2 0 8 (3 + 2 " .]P

von Mises p - exp (a - r
(3 - ,r3 •)(3 -1"3g•

where a is the radius of the cylinder.

The mean pressure on the dies is therefore

a
2 r p dr

At a 
2

which gives 6k 20s(
0 a

Tresca = 6k+ (3+-2) a (44)

[ • . 313 k F 2 gs (37 +-213,r )•](5
Von Mises = + F (

5 ( 7, h-~• " ~(3 -,f 3) h

In Section 2.3.? these equations are represented by:-

aI
- = " (i +0•s m)

where (" and m are constants found in Equations (44) and (45).

6.0

•" : " R6o
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10_4 APPENDIX 4 DEFORMATION BANDS IN A4ORPHOUS POLYSTYRENE AND THEIR RELATION
STO THE SLIP LINE FIELD -

Polystyrene deformed-in plare strain qompression shows inhomogeneous .plastic
shear deformation in the form of intense shear-deformatipn bands. These bands
are distinct from craze marks and-must not be confused with the latter.
Crazes occur in a direction perpendicular to the principal tensile stress,
while the deformation bands are nearly parallel to the planes of maximum shear
stress (see S;'ection23

A -general. theory, known as the slip line field theory, has beer. developed to
analyse deformation in metals. The theory assumes a rigid, perfectly plastic,I isotropic solid, with no strain-hardening and no time or strain rate effects.

j It considers the loci of the directions of maximum shear stress and shear
strain rate in the material to form two orthogonal families of curves known
as slip lines. These lines not only provide a theoretical indication of theL manner in which the material deforms but also through the plasticity equations
and Hencky's relations (Hill (1950)) can be used to give good approximations to
loads required to produce plastic deformation. No direct observation of slip
line fields in deforming metals can be made but a proposed slip line field
can be verified by comparing experimental and theoretical deformation loads,
and by observing the foim of the elastic-plastic boundaries within the deformed
material.

Since the slip lines are loci of directions of maximum shear stress, and the
deformation bands in polystyrene are approximately parallel to planes of
maximum shear stress, the bands will give some indication of the shape of a
slip line field.

Samples of unoriented compression moulded polystyrene sheet %ere compressed
in plane strain at room temperature between polished dies. Two types of test
were carried out and in each case the material was compressed just to the
yield point. Sections cut from the rentre of the deformed specimens were

II studied in transmitted light.

4.1 Plane strain lubricated compression (compression between smooth"
parallel dies)

In this case the dies were well lubricated so that it could be assumed that
the die-specimen interface was unable to support any shear stress. The
theoretical slip line field consists of tw3 sets of lines intersecting

Sorthogonally and inclined at 450 to the compression axis. For comparison
Figure 14 shows the deformation bands, viewed in polariued light. in a section
of a polystyrene specimen deformed between lubricated dies. Although the
shearing of one band by another causes some distortion, the bands in the
centre of the specimen are straight and inclined at approximately 450 to the
compression axis. The two sets of bands intersecting approximately

£ -orthogonally clearly show the slip line field described above.

In order to apply slip line field theory, the experimentally observed deviation
of the bands from the directioii of maximum shear stress will be neglected. For
the above simple slip line field for compression between smooth parallel dies
the pressure under the die is 2k at yield, where k is the shear yield stress
of the material. The experimentally measured pressure to produce yield in the
specimen shown in Figure 14 was 106 + 5 N/mm2 at an approximate strain rate of

0.0014 sec . Hence the constant k is 53.4 N/mm

4.2 Plane strain unlubricated compression kcomprcssion between "rough"
parallel dies)

The dies and specimen were ;leaned free of grease oo tli•it for theoretic;l
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analysis the dies could be assumed to be so rough that the greatest possible
frictional stress, namely the yield stress in shear, was induced at the d-e
specimen interface in the regions where yield occurred. The slip line field
solution for these conditions as developed by Hill (1950) is shown in Figure 52
for a ratio of die width to specimen height of 5.0 which was the ratio used
experimentally. Because the die-specimen interface is ideally rough, slip
lines of one family meet the surface tangentially i;hile lines of the other
family meet the surface normally. The undeformed regions are shaded in the
figure.

Figure 53 shows a section of a polystyrene specimen, deformed under the
unlu-ricated conditions described above, viewed in white light. Although heavy
cracking has occurred the deformation bands are clearl, visible. It is
apparent that there are regions of undeformed material bow0 '-.sSde the dies
and at the centre of the specimen consistent with the slh ip:e :ýPid solution:.
It can also be seen that the deformation bands show the curvau:'es suggested
for the slip lines in Figure 52 and the orthogonal sets of bands meet the
surfaces approximately normally and tangentially. The deviation of the band
angle by about 10 from the "Jeal slip line field solution at the surfaceindicates that there has been a small amount of slippage and that the interface
was not ideally rough.

Using the slip line field in Figure 52 the theoretical mean pressure under
the dies is 4.08 k. The constant k 1as been determined from Appendix 4ki.
Hence the predicted mean pressure is 217 N/mm2 . Experimentally the pressure
required to produce yield in the specimen shown in Figure' 5w a.s

226 + 15 N/mn12 at an approximate strain rate of 0.00' sec-.

This agreement is surprising in the light of the assumptions i,:,,de about the
material in order to construct the slip line fields, and in the deviations of
the experimentally observed dir.ctions of the slip lines from the theoretically
predicted ones. The fact that the unlubricated dies are not ideally rough
should lead to a yield stress below the predicted one. However, there is
evidence that the shear yield stress of a number of polymeric materials,
including polystyrene, increases with applied pressure (see Se--.:ions 2.7,
and 3.2) and this effect may be leading to fortuitously good agreement.
Nevertheless deformation bands in polystyrene when approximated to planes of
maximum shear stress give a useful qualitative verification of the postulated
slip lin.ý field.

62
4-'



STABLE 1

MODULUS, YIELD STRESS AND YIELD STPAIN FOR ALL POLYMERS EXAMINED

MODULUS YIELD STRESS
S~YIELD

MATERIAL STRAIN RT-, 2 STRAIN RATE
kN/mm2 'N/mm STRAIN,

SSEC aoEc-

PM 3.5 0.3 0.20 x 10-3 143.O +2.1 2.12 x 10-3 0.133 + 0.015

PS 3.2 +0.3 o.16 x lo0-3 107.4 +1'.9 1.49 x l0-3 0.058 + .O15-

PVC 4.4 +0.3 0.12 x 10-3 93-3 +'*1.8' 2.02 x 10-3 0.047 ± 0.015J

EPOXY D 2.4 + 0.2 0.23 x 10- 100.6 + 1.3 2.35 x 1o0 0.068 ± 0.015
PET 1.4 + 0.2 0.52 x 10-3 64.3 5.05 x 103 0.068 0.020

HDPE 1.0 - 0.2 0.37x 10-3 41.3 ± 0.7 2.30 x 10-3 0.016 ± 0.020

LDPE 0.12 t 0.03 0.95 x I0-3 10.3 t 0.5 1.53 x 10-3 0.012 t 0.020

I
'ABLE 2

SHEAR ZONE ANGLES FOR ALL POLYMERS EXAMINED

MATERIAL 0 °MEASURED a °0 CORRECTED

"PKMA 37.1 + 2.1 44 + 2

y PS 37.3 - 0.7 42 - 1

PET 42.0 1.5 47 2

PVC 41.2 + 1.9 46 + 2

EPOXY D 39.6 1.5 44 2

63



TABLE

, jEQTUATION OF PLANE STRAIN COMPRESSIVE STRESS AGAINST APPLIED
T]NSION CURVES FOR ALL POLYMERS EXAMINED

EQUA•TION OF THE BEST STRAIGHT LINE IN STRAN
v V RATE

MATERIAL 1 2

DIAGRAM IN N/mm2 (0' b-aO0 ) SEC- 1
2 1

PMMA = 73.8 (+ 0.98) - o.619 (f 0.011) 0" 2.13 x 10-
21

PS 0 =-62.1 (+ 6.2 ) - 0.593 (+ 0.064) 0 1.38 x 1o-3

PVC = 73.4 (t 2.3 ) - 0.787 (1 0.028) ' 2.02 x 10-3
21

EPOXY D. - = 65.7 (+ 2.7 ) - 0.652 (t 0.035) T 2.22 x 10-3
2 1

PET = 51.6 (+ 1.8 ) - 0.775 (t O.O41) - 4.80 x 10-3
2 1

HDPE T 29.2 (- 0.7 ) - 0.711 -+ 0:02k) 0 2.30 x IO-

LDPE 02 = 8.0 (o 0.2 ) - 0.853 (t 0.036) 0"1 1.57 x 10-3

TABLE 4
EQUATION OF PLANE STRAIN COMPRESSIVE STRESS AGAINST APPLIED

COMPRESSION CURVES FOR PMMA AND PS

EQUATION OF THE BEST STRAIGHT LINE IN STRAIN
S0- VS cr RATE

MATERIAL 1  
R

DIGAMI -1DIAGRAM IN N/mm (0 = b-ao'-) SEC

PMMA = 98.6 (1 3.3) - 0.637 (+ 0.019) cr1 2.34 x 103

S = 62.3 (- 2.0) - 0.580 (t 0.015) 0- 1.57 x 10
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TABLE 5
I

VARIATION OF THE COEFFICIENT OF INTERNAL FRICTION
AND THE COHESION WITH CRYSTALLINITY FOR PET

CRYSTALLINITY

+ 
k 0. /Nmm 2

% 4)

AMORPHOUS 0.127 - 0.026 29.C -+ 1.9S+ +

12 0.077 - 0.027 31.2 -1.6

21 0.139 + 0.012 34.8 o 0.9

27 0.187 + 0.042 37.6 + 3.8

31 0.228 + 0.022 41.1 + 2.6

TABLE 6

VARIATION OF THE COEFFICIENT OF INTERNAL FRICTION
AND THE COHESION WITH PLASTICISER CONTENT FOR THE TWO EPOXY RESINS

-2
MATERIAL k /Nmm2

(C) 20 parts by weight plasticiser 46.3 + 4.3 0.121 + 0.025

(Dj) 40 parts by weight plasticiser 40.1 + 1.8 0.210 + 0.034

TABLE 7

COHESION, COEFFICIENT OF INTERNAL FRICTION AND RATIO OF
VOLUME STRAIN TO SHEAR STRAIN FOR ALL POLYMERS EXAMINED

THE COEFFICIENT THE RATIO OF
MATERIAL THE COHESION OF INTERNAL VOLUME STRAIN 2kBTX
MATE/NmIL 2  FRICTION TO SHEAR V

k STRAIN c a

PMMA 46.2 1 1.1 0.225- 0.008 0.035 0.190
PS 38.8 + 3.3 0.256 + 0.050 0.123 0.133

PVC 41.1 . 1.5 0.119 0.015 0 0.119

EPOXY D 4o.1 1 1.8 0.210 + 0.025 0.035 0.175

PET 29.0 + 1.9 0.127 + 0.026 0 0.127

LDPE 4.3 f 0.3 0.079 - 0.021 NO RESULT

SHDPE 17.1 + 0.6 o.169 o.o016 NO RESULT
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I 1.

FIGURE 1. Diagram showing the position of a section cut from a
deformved specimen in order to observe the mode of
deformation.
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Nominal
*, Residual

Strain

o1I x

strains which
relax out
after I week

! I-_____________

0 0.1 02 .0"3
Nominal Applied Strain C.

/I

FIGURE 4. Residual sliain rmuasuied immedintely afiel unloading, against
dhe applied sticin. (P.M.M.A. specimens compressed at r,
temperoluie using 6.4 ,ira dies and constant ciosshead speed of
0. 2 min/min. After I week at room temperature approximately
0. 039 res'dual strain hkod relaxed out.)
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0.109
strain

0.119
strain

strain

0.219
strain

FIGURE 5. Sections of PMNA specimens taken to ia reasing
compressive strains, viewed betwepn crossed polars.
The strains quoted are nominal strains and relate
to the stress-strain curve in Figure



STRES

(U p r .il

- (Uppe) Yield

pointnt

Proportional-
U limit

STRAIN
Yield
Stra n

44



Q -~ - Load

t- ~Specimhen- detledtion,

speed
2P 0.050oConstnn

{ strain
rate7

0 2

min

rat mtteyed on a coet . 272/i)



150 - I ........

100-

2N/mm
II Constant crosshead// speed

- - -Constant strain

50 / rate

0 0.1 0-2 0-3

FIGURE 8. Nominal stress-nominal strain for P.M.M.A. at constant
crosshead speed and constant strain rate. (Curves, derived4
from figure 7, illustrate that strain rate behavijour prior to
yield does riot significantly affect the yiwdd stress).
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•. t,,FIGURE 9. Vaniation of plane shlain compressive yield stress of P.M.M.A.
.. : with strain rate as calcJlated from the crosshead speed.

; •, (Specimens compressed at constant crosshead speed using
S6.4 mm dies at room temnperature).
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StesNominal ES~Stress

N/mm
2

i t. f EPOýXY RESIN D

i i 501

0.1 0.2
-; True Strain

- -FIGURE 10. Stress-stiain cuives deler.mined in plane strain compression for
four glassy polymers. (A load drop is seen with each material
and the yield point is defined as the maximum stress point.
Materials compressed between 6.4 mm dies at room temperature,

and at crosshead speed of 0.2 mm/mmn).
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1iel ton HDPETI

ii 40-fi ~ Nominial
Stress
N/mm2

fl 30-

Y -ield point - LDPE

10-

0 0.1 0-2
J True Strain

F IGURE 11l. Stress-strain curves determined in plane strain compression
for the polyethylenes and P.E.T. (Yield point taken as
indicated for L. D. P.E. and H1.D. P. E., while for P. E.T. the
yield point is as before at the maximum stress point).



1-67N/mm 2

11

10 ~ ~~~Yield -1"7 mm

8

N2=7.25N/mm j

kN

2,

min.

L

FIGURE 12. Curves of load against time, as produced by the Instron or
Tensoraeter, for plane strain compression of H. D. P. E. with
various values of additional tension 0- 2 " (Specimens
compressed at room temperature using 6.4 mm dies and constant
crosshead speed of 0.2 mm/min, NB at higher tensions a load
drop is produced giving the yield point as the maximum load
as for the glassy polymers).
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FIGURE~ 13. PMNA 1m

FIGURE 14. PS m

FIGUREI 15 PVC1m



•,FIGURE 16. Epoxy Resin D1 m

:,I o
mI

ii

FGRi6 EpyRei D mm

FIGURE 17. PET 1 mm

FIGURES 13-17. Sections viewed in plane -olarised white light from

specimens taken jjust to the yield point using 6.4 mm dies.

In the text the rcgions of yielded material such as those shown by

PMMA are called shear zones, and the much narrower plastic regions

shown by PS and PET are called shear or deformation bands.
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100 um

FIGURE 18. Englarged section of PET specimen showing two types

of deformation with narrow deformation bands a few
microatetres wide, and broader shear zones.

The large shear strains contained in these zones can
be seen where they have cut the smaller deformation

bands.
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200 um

A FIGURE 19. Englarged section of PS specimen viewed between

'ii crossed polars.

Some banas appear to be slightly blurred due to the

thickness of the section used. However, the narrow

well defined nature of these bands can be seen, which

appear to propagate withouc distortion of the

surrounding material.

il(j/



Coýo

FIGURE 20. Section of PMi4A specimen, viewea in polari~ed light,

for which a number of fine scratches on o.l( surfacc

have locailsed the deformation into narro;Ner shear

zores.
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FIGURE 2'. Diagram to show the affect of relaxation on the shear zone angle,
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FIGUR<E 2i. Diagram to show the effect of relaxation on the shear zone angle.
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50- Cr2= 128 N/mm"

a2  27-4N/mm 2

aT2 40.2 N/mm 2

I -- I - _

0.1 0.2

FIGURE 22. Stress-strain curves for Epoxy Resin D measuied in plane
strain compression for various values of additional tension OY
(Curves obtained at ioom temperature using 6.)4 mm dies
and constant crosshed soeed of 0. 2 mm /min).
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FIGURE 23. Variation of the plane strain compressive yield stress
(-T"1) with additicnal tension (+0",) for P.M.M.A, using
6.4 mm and 3. 2 mm dies at room timperature and constant
crosshead speed of 0. 2 mm/min. (The line corrected for
shoulder restraint @sdies) is also shown).
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FIGURE 25. Va, ition of pcre s!,ain compressive yield otiess 0, with
applied tension 0T^ Ihiough expe•rmental yield points.
(Range of stresses ivestigated for glassy polymers limited
by intervention of fracture).
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FIGURE 26. Variation of plane stiain compressive yield stiess of P M.M.A.

and P.S. witii appli'ed tension or compresion, (Specimens

compiessed between 6 4 mm dies, at ioom temperature with

constont crosshead speed of 0. 2 mm/•i'in).
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FIGURE 28. Plane stfain compression of P.M.M.A. at v'Jious temperatures
tjsirq A.4 mm dies anci constant crossheod speec of 0. 2 mm,/min.
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FIGURE 29. Variation of plane strain compressive yield stress of P.MM.A.
with temperature (derived from figure 28).
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FIGURE 32. ,tiess-trni| curves foi crystallised ac d unctstallised P.E.T.
using 6.4 mm dies -t toom tempetature, and constant crosshead

speed of 0.05 mm/w in. Crystal I iiiy quoted found from
density readings; unci ystallised material showed no
crystallinity by x-rays vide 3.1.5).



0 10 20 30 40 50 ~ 7

S/ / -

10, /

41 I1
/ /

A /

10

i ~/ / /I

/ - / /
I I) 0I

20 / // /
: l/ / Io /

'1/

/ / '

40

/ `

70 22 01c Approximate
*27% Crystallinity
a 31'/.

80- /

90+

10 (Stress in N/mm')
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FIGURE 34. Simple plane strain compression
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FIGURE 35. Plane strain comnpression with additional tension.

Stresses acting on elemental cube under the dies. Stresses
Oý" anld G- 2 aie applied; stress 0" 3 results from conlst, inod

flowv in th z direction.
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FIGURE 36. Schematic diagram of test arrangement for plane strain
compression.
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FIGURE 38. Shape of yield locus in two dimensional stress space (equation 8)
for von Mises yield criterion modified to include linear pressure

dependence. The unmodified form of von Mises criterion
(equation 4) would appear as two straight lines parallel to the
line 0- = 0F2 in this diagram.
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FIGURE 39. Mohr's circle construction showing Coulomb's yield lvcus and a

stress circle representing yield on a plcne inclined at angle LX.

The angle 0 is the angle of internal friction equal to tan pu.
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FIGURE 40. Diagram showing decieose in height of energy barrier to flow
as a result of the applied shear force F from Glasstone,
'aidler and Fyring (1941).
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FIGURE 41. Stresses acting on an element of material within a plastic shear
zone produced in plane strain compression. Zone inclined at
an angle (90 -/3) to principal stress OT,. Flow within the
p~astic zone, in the y direction, is uvs.,mned es!,i, 'ed by the
elastic material oortside the zone
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FIGURE 42. Two possible modes ur deformation in plane strain
compression, alter Green (1951).
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FIGURE 43. Ratio of moon piessm~e on dies over thct for h~omogeneous
compression (P/2k), as a function of ratio ofr specimen

thickness to die breadth (l,/6), after Green (1951).
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FlGURE.-. 41-. Apparatus for p-ane strain compression, showing

dial, gauges used to meas,,Lre strain, and specimen

in position bOetween the dies.
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FIGURE 46. Rigs used for applying an additional tension c-

compression in the plane of a sheet sp cimen.

In foreground specimen mounted in tensile grips,

and springs used for suspending the rig.

compression, rompite with specimer, holders.
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FIGURE 47. Complete biaxial loading system showing the hydraulic ram

mounted in the ten ~ile rig. Re
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FIGURE 48. A typical curve used to correct dial gauge readings for rig
deflection urder load. The gouge reading from this curve
for a particular load is subtracted from the equivalent gauge
reading )btained with a specimen in p-lsition.
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FIGURE 50. Stresses acting on an element of material between the dies
in simple plane strain compression. Die breadth b ondj specimen thickness h.
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FIGURE 51. Stresses acting on an element of material under the dies in
* uniaxiol compression, Cylinder radius a and height 1h
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FIGURE 53. Section of a poly>-l-yene specimen taken just to yiela in

plane strain compression, viewed in transmitted whfte

liglht. Compression was in the direction indicated,

oetween linlubricated dies.


