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The main results of a structural analysis program concerning 

a conventional submarine pressure hull configuration consisting of a 

rib-stiffened cylindrical shell with a reinforced circular penetration 

under hydrostatic pressure are discussed* The mathematical solution 

la series form has been obtained by superposing the analytical solutions 

for (a) a long» unstiffened, and unperforated circular cylindrical 

thin shell, closed at the enc4, under external hydrostatic pressure, 

(b) a long, unstiffened, and unperforated circular cylindrical thin shell 

under a prescribed number of arbitrary radial line load», and (c) a 

long, unstiffened, circular cylindrical shallow thin shell under 

arbitrary loading along the boundary of a circular penetration. During 

the computation, following truncation of the series, the method of 

least squares Is employed in solving for the integration constants 

determined by the boundary conditions prescribed along the ribs and 

the reinforced penetration. The analysis has been codftd and the 

numerical results generated by the use of a digital computer for an 

unstiffened as well as a lib-stiffened shell with a reinforced penetration 

are presented and compared graphically with experimental data available 

from certain photoelastlc model tests* The corresponding zone of 

influence of the penetration and the state of stress concentration 

about it are delineated. 
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i. unaooucno* 

Current interest in the structural analysis of damp diving summed 

submersible* and of submerged habitats, sueb as naval or commercial 

submarines and installations and oceanographlc rasaarcb vehicles and 

laboratories, is due to evolving tactical concapts and emerging eco- 

nomic and scientific goals in the development of underwater resources 

and the exploration of the underwater environment. It la generell« 

recognised that the presence of structure! penetrations» such aa 

missile tubas» hatches» locke» observation ports, valves» and various 

other functional connections, constitute« a source of weakness in any 

pressure hull» Related problems arise in the pressure vessel and 

pipeline technologies where structural intersections are common. A 

cosjprehenalve review of past research on the subject is available. 

In recent years» considerable analytical and experimental dete 

on the stress analysis of pressure vessels with intersections hove 
2-4 

been obtained  in support of programs for the development of asso- 

ciated design codes« The results make possible the planning of further 

experiments and the partial verification cf information obtained by 

more powerful methods of computational stress analysts 

Pressure hulls with penetrations have also been Investigated 

by both analytical and experimental means in the course of recent 

programs of submarine structural research involving conventional 

hull configurations. The present woUc, part of such efforts, concerns 

the analysis of a rib-stiffened cylindrical shell with a reinforced 

circular penetration subjected to hydrostatic pressure* The special 

cases of a rib-stiffened shell with an unreinforced penetration , 

including the presence of multiple stiff'eners , and that of an unstif- 
o 

fened shell with a reinforced penetration have been reported earlier. 
Q 

Other numerical results on the last problem are also available. Experi- 

mentally, all of the above pressure hull configurations have been 

««died.10"12 
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The configuration consider«* here, as shown in Fig.l, consist« 

of s long, circular cylindrical, thin shell of uniform wall thickness 

t and middle surface radios t, closed at the ends, with several 

identical, internal» circumferential stiffeuere of centroidal radios 

R1, and a single, centrally located, reinforced circular penetration 

of outer radius p , closed by a flat membrane. The loading consists I 
of external hydrostatic pressure pv and the deformation is taken small 

and static» The dimensionless axial and circumferential coordinates, 

n and 6, respectively, are centered at the point of intersection 0 

of the longitudinal and transverse axes of the shell, as shown in 

Fig.l, with Rii a measure of length. The corresponding axial, circum- 

ferential, and radial displacements, U, V, and W, respccttrely, stress 

resultants S^, NA, N^, N0|), Q^ Qe, couple rasultsnts H^  Mfl, M^, 

Mfi , and an arbitrary radial load p' for an element of the shell middle 

surface are Indicated in Fig.2 where the intended sense of s couple 

is also given. The surface coordinates p and $, representing polar 
2 

coordinates defined in the plane obtained by developing the cylindrical 

middle surface, are centered at the point 0* directly above point 0, 

at the intersection of the main generator and ihe transverse axio of 

the shell, as shown in Fig.l, with 

&.i - pcos $, B.6 * psln $, (1) 

The corresponding displacements U , U., stress resultants N , N., N ., 
P   $ P       V       91 

N. , Q , Q., end couple resultants M , M , M ., M. for an element of 

the shell middle surface are indicated in Fig»2. Partial derivatives 

will be denoted by e comma followed by the particular coordinates as 

subscripts. 

The circumferential stlffeners or ribs are assumed to act as 

slender, curved beams possessing a plane of longitudinal symmetry and 

undergoing only flexural and extensional deformations and radial inter* 

action with the shell. The relevant geometrical properties of a normal 

cross section of a rib are then the area A and the area moment of 

inertia I with respect to the centroidal principal axis normal to the 

plane of the rib. 
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A representative reinforced circular penetration ^r ring 

intersecting the ahell is shown in Fig* 3 in the transverse plane 

of intersection normal to the axle of the ahell. The ring ie 

aaaiafttd to realst flexoral, extenslonely and toraional deformatlons. 

A nomal croaa section of the ring has an area A with an axle of 

symmetry 2-2 in the plane of the ring. The axis 1-1 la the other 

centroldal principal axis of the crocs section, located a distance 

p from the transverse axis of the shell« The area moments of 

Inertia of the croaa section with respect to the 1-1 and 2-2 

axea are denoted by X, and 1,» respectively. The distance e fro« 

the axis 1-1 to the point of intersection of the ring and the 

shell is assumed to be independent of y. The distance e la 

measured from the axis 1-1 to the point of intersection of the 

ring and the flat membrane covering the opening. The vertical 

distance from the plane of the ring to points above it on the 

ahell middle surface at p ■ p is denoted by h(+), and the depth 

of the ring, by h.. 

The materials of the shell, ribs» and ring* assuued different 

in the analysis, are homogeneous, Isotropie, and elastic. The 

material constants are the Young's moduli E, E1, and E, and Poisson's 

ratios vt v
1, and ~ for the shell, rib, and ring, respectively. 

The toraional rigidity of the rirg depends on E, v, and the geometry 

of the cross section, and is denoted by C. 

The solution for the total state of deformation of the shell 

is obtained by superposing the intermediate solutions for (a) a long, 

unstiffsued, and unperforated circular cylindrical thin ahell, closed 

at the ends, under external hydrostatic pressure, (b) a long, unstif- 

fened, and unperforated circular cylindrical thin shell under a 

prescribed number of arbitrary radial tine loads, such as those 

exerted by the ribs, and (c) a long, unstif'fened, circular cylindrical 

shallow thin shell under arbitrary leading aJong the boundary of 

a circular penetration. Quantities referring to these iutenasediate 
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solutions (a), (b), and (c) are denoted by the subscripts a, bf 

load c, respectively. Shell quantities without such subscripts 

refsr to the solution for the total state of deformation evaluated, 

la femoral, by suaming results fro« cases (a)f (b)9 and (c) 

above. This total solution for the shell must fulfill specified 

boundary conditions along the ribs end the reinforced penetration. 

For Instance» the loads exerted by the shell on the ring are 

shown in Fig. 3 «here Q and N . are respectively the effective 

transverse end membrane shear stress resultants defined» In 

general, as 

V V P"1 MPM • "w S "P# + R"X V* * '      <2) 

«ttb 

V MP.P * p~1 <V "♦+ *»,♦> • (3> 

The final form of the solution is expressed in terns of Fourier 

series expansions in the 6 or 4 coordinates, with coefficients that 

are function« of the n or p coordinates, respectively» and contain 

arbitrary Integration constants and various constant parameters« 

During the computation, the different series are truncated and the 

method of least squares is employed in solving for the appropriate 

number of integration constants from the boundary conditions. Con- 

vergence Is verified numerically. 

The numerical data reported here refer to fche state of stress 

in an unstlffened and a rib-stiffened cylindrical shell, respectively, 

In the presence of a reinforced circular penetration. The results 

are also utilized in calculating the state of stress concentration 

in the shell. For this purpose, e dlmenslonless principal stress 

concentration factor 5 is defined, in general, ä? 

S 5 max | ox, o2 | /mas ) o^, o^  | , (4) 
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«her« Q1$ <?2 *f the principal stresses st a point of the «boll 

with the ribs and the penetration present, while 5-, <L ere the 

principal stresses at the seme point in the absence of the ribe 

end the penetration, The corner are given by 

(5) 

in terse of the normal end shearing stresses a  , o,, end v ., 

respectively, in the p, 4 coordinate system, while the latter» for 

the loading considered here» correspond to 

| av a2  | • pR/t . (6) 

Denoting by s the thickness coordinate of the shell, measured 

positive outward from the middle surface, with 

K  s *«* mK~  *2sJT/t' , P   P   P     P 

N^ £ o^t • H - 12tM^/t*, 

SPv » V " "* + 12ÄMPv/fc2 ■ 

(7) 

it follows from Eqa.{4)-(6) that 

S - «pRT1 mas I 8p * S4 * [<Np - N^>
2 -f 4NJ4 ]* | .    (8) 

From Eq.(8), setting s equal to %t, -*$t, and sero in Eq.(7), the 

particular values of 5 at the outer, innrx, and middle surfaces of 

the shell, respectively, are determined. 

2. CLOSED CYLINDRICAL SHELL UNDER HYDROSTATIC PRESSURE 

For a long, unstiffened, and unp«rforated circular cylindrical 

thin shell, closed at the ends, under external hydrostatic pressure, 

the solution is 
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\n - %>*, \B  - -pR, öm • (v - *> pR
2(Bt)-1tl , 

Wm - «v - 2) pR^Kt)""
1 

In the n, 6 coordinate system, and 

%♦ " %> - *"*** ala 2* • 

Uap - (v * W PR(Et)"lp coe2 * » 

Ua* " *ft " v) PR(Bt>"1<> ain *♦  » 

Wa - W - 2) pR2 (Et)"*1 

in the pf 4 eor-dinete eystem, ell other quan itles being equal 

to sero, so that fron Eqe.(2) and (3), 

(9) 

(10) 

ap   *  ap<jj   ap4> (U) 

3.  CYLINDRICAL SHELL UNDER MULTIPLE ARBITRARY RADIAL LINE LOADS 

For a long, unstiffened, and unperforated circular cylindrical 

thin shell under an arbitrary radial load, the governing displacement 
13 equations of equilibrium are 

*oa -») »M9 - wb>nnn + wi - •) wb>nerj - 0 , 

W» + w) V«e + vb,ee + *l " v) Vnn + V \. in) 

* 4« - *> \m ' *3 - •> wb,one] " ° 
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- *<3 - v) Vb^n||e + ^me + a^i?ll|M + «b^nnn 

.»2, + ^.ea + V - P,R /D   ■ 
K 5 K/or 

where 

Ö S *t/(l - v2)    ,     K 5 Et3/12(l - v2)    , (13) 

are reflectively the extensions! arid flexural rigidities of the «hell. 

In the particular case of an arbitrary radial line i^ad, 

solutions of Eq.(12) decaying to zero ae n ->   ff    are sought. 

Bxpmdlng the line load exerted on the shell by a single rib 

locftel at n » 0, and the displacements in Sq.(12), in tern» of 

suitable Fourier series in 0, 

fp', ub> wb> - 1^    {Pn«(n)f uo(n), wm(n) i cos me , 

vb " Lo    Vn) sltt m9   • 
vaere m i an integer» p are arbitrary constants denoting Inter- 

action lo d amplitudes, 5(n) is the ftirac delta function, and U , 

V , W an displacement amplitudes, and applying to Eq-(12) the 

Fourier transform defined, for an arbitrary function f(n), as 

f (a) « C2*)"3* C  f <F>) «*P i«n dn  , 

where a is the transform variable corresponding to n» and 

i s (-1)'(J a system of equations for 0Q(a), \(<*) *  «ad Wm<oO 

is obtai j( d the solution of which is of the form 

(14) 

(15) 

<V V V " P«*{fr V V'0^ DA (16) 
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W 

ifjmtm 

(17) 

A(o) s *5 (o
8 + «4o

6 + a3a
4 + y2 + a^ , 

fx(a)5 laO^a
4 ♦ b2a2 -f b3>  , 

f2(a> f b4«
4 + b5o

2 + b6  , 

f3(a) 2 b7a' + b8o
2 + b9  , 

and the coefficients ai, i ■ lf 2, «•• , 5, and b^, 1 * lf 2t .•. , 9, 

depend on v, K» «, It should be noted that p- £ 0 if the equilibrium 

of the force« exerted on the rib by the shell is to be ensured» 

Accordingly« solutions obtained in this section are for ia ** 1. 

In order to determine U . V , V. the inverse Fourier transform. m  m  lu 
defined as 

f(n) « (2*)"^£ {f(e)/exp ien] do  , 

is applied to Eq.(l6), the resulting integrals being evaluated by 

means of contour integration in the lover half of the complex plane, 

taking account of the fact that U. is an odd function of n while 

V. and W, are even function»• Since A is a fourth order polynomial 

in a with real coefficients, it can be written as 

A « a5 fa
4 - (af1*2 + e?>V ♦ a^V3*2} [a4 - <*f2>2 f af4)2)a2 

(18) 

m m 

(2)2 (4)2 

m m 

+ a m m ] (19) 

»2 where a   v a  * 1, 29  3, 4, arc the roots of the polynomial, such 

that 

r(3) a i". i.«8 
** *•£ 

(2) 
a 

with a superposed bit denoting the complex conjugate, lf a (3) 
CJ TU 

(20) 

and a  , a "*" are respectively ia the third and fourth quadrants of the 
xü m 

complete plane. 
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For si v, 2, it follow« that 

2 

»   «<•> U). ■<'.-<0"» «• «»-i^'W, 

«hare ge denote« the reel pert, end 

K^' Qv8>» Q?*»8 "*<•)<-*!» f2' f3} 1(a - ^8))M 

(21) 

(22) 
m a*«, m 

ere the appropriate residues et a simple pole, the numerically 

evaluated roots of A, for the corresponding range of m employed in 

the calculations, having been found to be distinct end different 

from the roots of f,, f^, end f^. 

For m » 0r f9/a vanishes, therefore,V,. * 0. At the origin of 
(2) the complex plane, where A now has a double root denoted by ai , 

fj/A has a simple pole, while f-/A is analytic, so thet 

Q*2)- W(V2
 -r - 1), Q<2> «0, 

u0 ^0 
(23) 

Furthermore, in the lower helf of the complex plane, A hes the 

remaining two distinct roots ai  and ai , different from those 

of f« and f*, and the corresponding residues can be evaluated from 

Eq.(22) with % * 0. Then,u*0 and WQ are determined from Eq, (21) with 

m- 0. 

Finally, considering a given number N of pairs of arbitrary 

radial line loads located symmetrically across the transverse axis 

of the shell at n « * t./R, J » 1, 2, ... ,N, where £ represents 

half the distance between the J-th pair of ribs, the soluti.*  *or 

the displacements is 
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_1*     .     * 

\'m JbJkA. ^(apx nj «q> C} 

+ »j« >ij up «pi pmi CM «e, 

*« 

+ «P 6j)) PBj«la »6, 

N 2 

«b - -»"xjfc Jo A 8t[OSä)C«P C' 
■Ml * 

►<24) 

n\ * *s~tJR , nlj * n ■► i^/R   , 

«here p  are Interaction load amplitudes for thej*th pair of radial 

line loads. This solution allows noo-unifora spacing of adjacent 

ribs» 

Substituting Eq„(2A) into the following resultant atrese- 
13 

displacement relations 

"be " 
DR_l l*b + vb.e + *V + *<\ + \tn"> 

Hbne " ha ~ '»"X.t * vb,«i + «%,. - W1' 

10 
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^ - Wl - v>«D<l^# - Vb>n + I^> , 

the corresponding solution for the «treu« end couple re«ultento is 

obtained« These results ere then represented In the p,+ coordlnett 

eyetea by tren«formation, alter which, expressions for Q. and N. 

are found fron Bqe.<2) and (3). 

4. CYLINDRICAL SHELL UNDER ARBITRARY LOADING ALONG A CIRCULAR PENETRATION 

For a long, unstiffened, clrculer cylindrical «hallow thin shell 

under edge loading only, the stress and couple resultants can be 
2 

expressed in terns of e complex, dlnensionless potential function 

* as 

Co >♦ c* PP 
-2, 

%♦ - %P " *    "*•# " 'S**' 

M -2, 
-Kp Re[^p      +0    <$,      + p*,  >J, <* ^o—"pp   "  "       *>* 

-2r M        » -M (1 - u)^^   teW^ ~ *>4>» 

B Sp Et2/(12(1 - v2)]3*  , 

(26) 

where Im denotes the imaginary part, and 

11 
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,(2*> 

«ich u tht eftterlal-eurvatare parao»ter. Various conditions 

concerning the applicability of the «hallow «hell theory to the 

present problen have heen recorded el«where. 

The solution of Bq.(27) In the p,+ coordinate aystea, 

satisfying the condition« of biaxial «ynaetry and of decaying 

to rero «a p + •, la 

*-l ♦ - »Jo JA + *V W"» **• 
- * Ci)2ttHltJ_^ (1 - «^>4L^jH\.t n»i s~2n vs0'tfft42ai<ft«rl 

(28) 

vht£t» n,i are Integers» d« la a Kronecker delta t A_# A' are 
(1) 

arbitrary Integration constante, and J. and H?  are the Bee«el 

end iankel function« of the first hind and Integer order k, 

re* actively, of the corplex, disieaaionlees argument flp(2i)^; 

three function« are evaluated by means of a aerie» representation» 

Egression« for <)  and H . are found from Eoe« (2) and (3) by 
cp    cps 

«i ploying Sqs«(26) and (rs). 

In order to determine D  and 0 ., with W£ given by Eq.(2?), 

tie following reeultant stress-displacement relations 

orj «c:fUsed, the solution« being subject to conditions of symmetry 

spislfled above. 

Finally» W *n the n,6 coordinate system is 

(29) 

12 



GBNE&L TECHNOLOGY COUPORAXiOtf 

»." ■* Jo Jo<cLK - C«V «■ -. 
«her« 

(30) 

S»W * ^W 5 P0
R lo«n C0* '&**&$* - %**] «*P %tn«, 

D   (n) s ■n {&^}j<ü -«•—•«« {:ü}. 
noting the transformation relations in Kq.(l); the integral 

enjHttKrmg in Eq.(31) le evaluated numerically. 

(31) 

5* BOUKDAHY CONDITIONS 

Conaiderlng first the boundary conditions at the ribs, 

since the total solution im  symmetric in n, only the conditions 

at n - i./R, i - 1, 2, ... , N, namely, 

H - w1 , 
13 need to be employed, where 

w» • cu cos n + R,4CnrXJ^[(l - I/AR,2>« 
***1 

-fo2 - i)*"2^ COB n8 

(32) 

B0 

(33) 

(34) 

is the oirvard radial displacement of the i-£h pair of ribs, with 

c.. denoting arbitrary Integration constants representing rigid 

body displacements. From Bqs.(9),<24),(30), (32), and (33)*-it 

follows that, for m 4  1, 

pnj -JiW" -2Hi - «2>_l^„o+ JO^I
A
; - wv'8;}!. 

where B~  Is the invers« of 

2 

+ (DR'*'B'lE)[(i - I/AR,2}u - - <m2 - i)"2]6u ,       (35) 

13 
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respectively, evaluated itq" t^/H, and, for ■ « 1, 

«11 - W~\Io<CkiAn * Cl*tV- (36) 

Considering next the reinforced penetration, the load* 

exerted on toe ring by the hydrostatic pressure and, along its 

external and internal boundaries, by the shell and tie membrane 

covering the opening» are equipollent to the following system 

of radial, tangential,and transverse forces, F., F«, F*, respec- 

tively, and torslonal moment M acting along p • p« 

VZPZ\  * ^pP - [h(*)Np*J ^ + 5[Qp + p0R""
l(llp sin

2 * 

+ ^  sin 2A) 1, 1(31) 
99 

HP?*  8 *p - h(*)Np -f ^Cj5 - S^p 

- e(Q + p R"1^ sin2 * ♦ y»  ein 2A) J. 
P   °    P Pv 

The equilibrium of these forces and moaant, the positive directions 

of which can be inferred from Eq.(3 7) and Fig.3, is essentially 

ensured» since it can be shown that the solution In Eq.(?8) lapLies 

a self-equilibrating system of loads along the boundary of the 

penetration. 

Denoting by u, v, and w the displacements, in the outward 

radial, tangential, and upward transverse directions, respectively, 

of points of the ring on p » p, the boundary conditions at the 
Q 

penetration are 

» 

), 
(38) 

W 
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tfhere, approximately , 

w - W - eV ä 

(39) 

Shall quantities appearing in Eos.(37) and (39) are evaluated 

at p - p , and» In the course of the solution» h(+) and w  are 
o ,p 

replaced approximately by 

h(T) - h - %>V
l sin2 ♦, h 5 h (0). w ä - V A . 

o »P   »P 

6» NUMERICAL AND KXPRRIMENTAL RESULTS 

The above analysis has bean coded and numerical results for 

certain configurations within the range of applicability of the 

theory and for which experimental results are presently available 

have been generated by the use of a digital computer. 

In the special case of a cylindrical shell stiffened by 

multiple ribs, with an unreinforced penetration, a comparison of 

the previous analyses ' and experimental data has already been 

reported.   These analyses have also been confirmed by further 
14 

numerical results  obtained on the basis of an energy method utilising 

a finite difference representation. The following account, then, 

consists of similar comparisons between the result*? of the present 

analysis and those of further experiments for the regaining cases of 
12 

an unstiffened shell with a reinforced penetration ^ and a rib-stiffened 

shell with a reinforced penetration , respectively, for which no such 

evaluations yet exist. The corresponding zone of influence of the 

penetration and the state of stress concentration about it are thereby 

delineated. 

Numerical results obtained during the present investigation 

for the {.articular case of an urstiffened cylindrical shell with 

a reinforced circular penetration, and describing the variation 

of the dimensionless hoop and longitudinal stresses with p/p at 

the outer and inner surfaces of the shell for $ ■ 0 and w/2, are 

15 
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Indicated by the solid curves in Fig« .4-7 where to« experimental 
12 

mvlu  for the same CUM «re shown by tb« dashed curves, lbs 
12 

latter ara based on photoelastlclty testa performed  on an «poxy 

(Hyeol 4290) shell model, with a ring of rectangular cross section 

and of the sane material around the opening covered with a plug, 

loaded by internal hydrostatic pressure. The relevant dimensions 

for the test model «re R - 5-7/8 inches, t « 1/4 inch» p - 7/8 inch, 

hl - 1/2 inch» and e • e - 1/8 inch; the ring haa a fillet with a 

radius of 1/16 inch, the point at which it moots the shell being 

indicated by a vertical dash on the experimental curves. The value 

of E la taken as aero. 

Corresponding results for the general case of a rib-stiffened 

cylindrical shell with a reinforced circular penetration are given 

in Tigs.8-11 where the solid curves are obtained from the present 

analysis and the dashed curves represent the experimental data. 

The latter are based on tests, similar to those mentioned above, 

conducted  on a model of the same material and dimensions, except 

for the presence of multiple ribs of rectangular cross section 

and of the same material, with adjacent ribs spaced uniformly a 

distance 2£ apart, as shown in Fig.l, the additional relevant 

dimensions being i^ ■ 1-1/2 inches, t'» 5/16 inch, and e' * 1-1/8 

inches, where t1 and e1 are the width and the depth of a rib, 

respectively. The calculations were carried out for the case N ■ 4; 

the centerllnes of the first two ribs only are shown in Figs.8 and 

9, with the width of the ribs indicated by a pair of vertical dashes 

on the experimental curves. 

Finally, the calculated values of the principal stress concen- 

tration factor at the outer, inner, and middle surfaces of the 

shell, for the two cases considered herevare shown in Fig.12 for 

0 Z + z  IT/2 and p/p • 1, with the curves a and b referring respectively 

to the unstiffened and the rib-stiffened cylindrical shell with a 

reinforced circular penetration. 

16 
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7. CONCLUSION 

From the preceding graphical comparisons of analytical and 

experimental results, It can b« concluded that, in general, a 

•atiefactory agreement exists. Complete agreement is not expected, 

chic« there are certain features of the teat models causing 

localised perturbations, such aa the fillets around the rin^ and 

the ribs, the finite width of the rlba, and the particular plug 

covering the penetration, that are not accounted for in the theory. 

It should also be noted that sons of the experimental data reported 

for the fillet region at the ring are based on extrapolations. 

It Bay, however, be desirable to refine the present analysis 

by considering the influence of the circumferential Interaction 

between the shell and the ribs. 
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