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1.1 

1.     Introdtoctlca 

If A ■ («JJ) !■ «n • x n attrlx, and B ■ (bjk) U an n x p attriSt 

than the aatrix product C ■ A.B la tha a x p aatrlx (cjk) daflnad by 

Hk- £ v1^ 
for 1 < 1 < «, X < k < p. 

(1.C1) 

Nitrix ■uUiplloation and ita apaelal oaaaa occur vary fraquantly 

In nunarloal aaalyala. POr axa^lat the Inner-product of two vaetora 

(the caaa • ■ p ■ 1)9 aatrix tlaaa vector ■altlplioation (the caaa p • l)f 

bade aubttttutlon when «olving linear ayataaa» iterative refinaaant (par* 

hap« with aeveral rlfbt hand aides at once), the power aethad for clean- 

valuei, in least aqua res probJLaas, and aany aore. H*neaf it ia iataraating 

to InvestIfite alforittaaa for aatrix anltipllcation9 and in particular to 

aaa in «hat drcuastances it ia possible to do better than the stralfht- 

fOranrd u^laaantation of the definition (1.C1). 

It ia clear that advantafls aay often be taken of special propartiaa 

of A» B or C| e.g* aparaaneaa or sjnaratry» if such prepertiea are known 

a priori. Wa shall only consider the fenaral oasa «here no such helpful 

properties are known. For practical applications» we need only conaidar 

astricea over the rational» real and ceaplex fields» alzhough the definition 

above aakas sense for «atrlces over any ring. The algorlthas described will 

•11 be applicable to the problea of aultiplicetlcn of natricea over an 

aitltrery eoaauutlve ring» and it will later be iaportant that» for aeaa 

of the elforithaa» the ring need not even be coaautative. 
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1.2 

If tlM «IforithM «r» to b« j^i—MJ on • digital eeapuUr, 

ih«i slnply eeuntliif «riUBMile epmtiona etn b« ntlwr pislMdtnfr 

for loads, «torts tad addros* ooapuutloo« art alfo taporUat.   Tbt 

boat teat ia to JMlc—t ttaa alforlUau and ata how fbat they aetually 

run» and «van than the eonolttsloo nay depend on the progia—er» coapiler 

and irtchlne used.   Alaoy fro« a piaetiaal point   of view, atoraft re- 

qulraaanta and roundoff error« nay be vitally iaportant.   Hanaa, after 

daseribing aavaral different elcorJMau in Sec. 29 I «hill diaauaa 

their nuaerical properties in See. }, and descrl'.« aeae axpariaantal 

reaulta in Sao* h,   in Seetiona 5 and 6 aa atteapt to find acaw new 

alforithaa ia described, and in 8ac. 7 the result« are «UHariaed end 

acne eoooluaion« dretm.   iha notation of the definition (1.01) will be 

uaed in See«. 2 to k. 

1 
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2.1 

i 

2«    tew« Htmlta 

2.1   Bw Uevml gtthod 

To evtliMt« tilt Srawproduet la tbt dcflaltlon fl.Cl) tatet n 

■ultipllottlenf tad n - 1 tddltieet.   Hcnc*, the m,f tlmtntt c^ ota 

bt found la anp ■dtipllcitioat tnd «(a - l)v tddltient» tad tbout tbt 

nuabtr of lotdt# ttortt tad tddrttt co^uutleot. 

If wt count only aaltlpUottloat then thlt «titlfhtfontrd attbod 

It known to bt optlatl la MM laporttnt tptcltl etttt.   Zf a ■ p ■ 1 

tbtn vt hurt tbt ettt of t vtetor Inner-produc*, tad t alaplt dlatatlootllty 

trpatnt •bom ttatt» la fiatitlf a aultlpllottloat trt oesttttiy.   If p ■ 1 

thta wt tatvt tbt ottt of Mtrlx tlatt vtetor ■ultipllcttioo» tad an aul- 

tlpllottlont trt atcttttvy la ftatitl (Vlaofnd» tt« fl]).   la the itatral 

ottt, however» lett then aap aultlpllcttlont trt nteesctry:   Strttttn't 

■etbod tbowt thlt tven when a ■ n « p ■ 2.   Dlatnti^mllty arfuatntt give 

1 tbt lower bound atx (m, npf pa)9 but utuilly thla it too lew, tad the 

bett pottlblo rtfmlt It not known.   For aore detail«, «ee Sect. 5 tad 6. 

2.2   Wlaoced'i Mtthod 

Hlaopad [71 btt given t attbod btttd m the following Identityt 

k     ****   '    k   ^J.I^J.^-I.SJ'VI^ 

|?/2J b/^l 
0 "       A    ^«J-1**»«     "       j?i     

biJ-l.lcb2J,k 

H Here fO  acens the grttt«at Integer y < x, ar.d nnaijg'-ucly Txl metne 

^ the letit lattger y £ x . 

(2.a) 
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8.2 

Zf n it tvwt tl» toft •!«• of (2.21) If Jiut cu, bat if a it odd, 

tho torn  o^mi "Mt bo oddod to givo c^.   UM point of Wnognd't aothod 

io tbft tht toft too nm in (2.21) etn bo pwdMpÜ^ «nd, eooo thif bof 

boon deno» roomily teif ttat uoool mribor of ■ultlpllostloot ort roq^iiiod 

tO OO^UtO MOb Oj^ OfiBf (2.21). 

Buppoalm for tto^lielty tbft a if ovw» lot «f eoloototo tbo 

of ■ultlplloftioos tad oddltlifn iawolvod In tbo oooputotlon of C by 

Vlnocrod'i attbod.   Vf fbfU aovor diftiafnifb bototta oddittoaf oad n*- 

i root teas.   To eooputo a/2 
n KI ■ E •i^-iai,2j (8-tt> 

rtqulro« a/2 aultlplleotioat tad (B/2 - 1) fdditi«aff tad tlaSlarly for 

b/2 

[] ^     '    &    b2J-l^b2J.k. (2.29) 

Hfneo9 to proeoaptto J^, «^ ... f x|B oad ylt Fg»««« » J-   totef (a ♦ p)a/2 

ottltlplioftionf oad (■ ♦ p)(a/2 - l) fdditioaf • 

01 v« x. fad jfj. to eoapute c..  ufing (2.21) tfkof a/2 nultlplloatiooa 

Jj «d(W2*l)-*lU-..   tl«. th. «^«.tl« * th. «tl«-trt. p». 
duct C tfkof (fp ♦ a ♦ p)a/2 ■ultlplicatloni oad (3op + ■ ♦ p)a/2 ♦ «p - a - p 

fdditioaf.   Proa 8*e, 2.1, no bfrt ffVfd (ap - a - p)n/2 anltiplioftioaf ft 

tbo fxpfDM of (op ♦ • ♦ p)a/2 «• sap - a - p odditiooi, in eoaporifon with 

tbo nonal aftbod. 

Since Bp-B-pa(a- l)(p - 1) - 19 ttaoro is no fiin ft fU if 

a «• 1 or p « 1» fo tbo rtafrief fbovo oo tbo ainiaf 1 maaber of anltiplioftioaf 

required for iftrix tlaes vector aultiplieotion ere not contrfdicted. 



2.3 

SuppMlac 'or fU^llelty tint « • n • p > lf Vinogrbd'i »ethod tavtc 

(a • 2)II/2 ■ultiyliattioMy «t UM «PMM of (n  ♦ 6n - %)n/2 addltlont. 

Hmctf ttatrt U • «tvlnc la ttat aoftor of MilUpllostloQi if a > I   (rtoall 

ttet wt •••uMd ttet a MM •wn, but it wy «illy bo vorifiod thit ttert 

I» no —ring for a • I or 3).   If a It Urft thoo about a /2 «ultipllottloaf 

htvt boon tvtdod for tddltloat.   If a aultiplioatloa takot v ilte« at loag 

at aa additioa, wt too thtt    Wlaoantd tine   m   w» 3   ^   ^n*1) (2.2k) 
■ontl tiM 2(vfl) 

to ttaa aott «a oan oxpoet ia a ftia of aaarly 30< if w aad a ara larft. 

Siaeo (2.21») aaglaota lotdt« ttorot ate. tho fila will probably bo lathtr 

laat than thit. lyploally m al^bt hav» w ■ 2 (tty roal nultlpllcttion) 

or v ■ b (jay coaplex aultipliottioo)» firiac tavingt of up to 17lt tad 

yA rttpaotiroly. Ia 8ao. k «a thtll diteutt how large a htt to bo for 

aay pia ia prtotieo» aad tha iaportaat quottion of roundoff error will 

be diteutted ia 8eo. 3* 



2.U 

2.3 StfMMn'i Mtthod 

Suppoie there it an algorithm for the multiplication of n( x n0 

■itrleee, for a certain fixed n0 > 1, taking N amltiplicetione and A 

additions. Suppose further thst this algorithm is applicable for ma- 

trices over an axfcitrary ring. In particular» we are not allowed to 

assuM the commuteti¥e lav for multiplication, so» for example, Winograd* s 

method is excluded. 

Let v(k) and w(k) be the number of multipli>»tions and additions, 

respectively, required to multiply "Q x n0 »trices, for k ■ 0, 1, 2 ... . 

We have      v(0) ■ 1,  w(0) - 0, 

v(l) < M,   w(l) < A. 

.. . 

> (2.31) 

Now consider ly  x n^  mstrices partitioned into n0 blocks, eech 

k  k 
block an n0 x n0 matrix. Our mstrices may be regarded as n0 x n0 matrices 

k   k 
with elements in the (noncommutatlve) ring of n x n * mstrices, so our 

algorithm is applicable. Applying it will take M multiplications, and A 

k  k 
additions, of n0 x n matrices. 

Hence        v(k + l) < M.v(k) 

and w(k + 1) < M.w(k) + A.n^ 

From (2.31) and (2.52) it follows by induction on k that 

>(2.32) 

v(k) < 1^ 

" (2.33) 
and w(k) <—^   (^ - n^k) 

(M^g) 0 

2 2 for any k > 0   (provided that M i n., but M <   n, is Impossible for 

n   > 1 anyway). 

} 



2.5 

Now, in order to multiply n x n «•trice« for any n > 1, Juet take 
k       k k ■ Cloff   nl and embed the n x n mwtricea In n0 x n   mntrleea with the 

last n   - n rowa and eolunna zero, and uae the above method.   Prom (2.33)> 

the number of arithmetic operationa required la 

Cdl10^) - ©(n1^*1)   aa n-» • . (2.^) 

For example, the normal method with any nc > 1 has M • n^, 
1

-
0
8M 

M * 5» 

giving O(nr) operations, which la no surprise. 

From (2.34), aqua re matrix multiplication can be done in 0(ir) 

operations, «here  0 « logL H ■ (log M)/(iog ur) . (It la interesting 

to note that 0 la independent of A.) Clearly there la a constant 

0O - inf ( 0 | C(nP) operations suffice} . (2.5$) 

The normal method, and Winograd* a method, both show that 0- < 3» while 

the results discussed in Sec. 2.1 show that 0O > 2. Tht actual value of 

BQ ia not known. While it might be considered "intuitively Obvioua" that 

0Q » 3» this ia false: as Stressen [5] has shown, 

0o<log2rA2.8   . (2.36) 

Straasen's idea is to give an algorithm for the multiplication of 2 x 2 

matrices over an arbitrary ring, with the algorithm involving 7 multipli- 

cations (inatead of the usual 8) and IB additions (instead cf the usual k). 

Putting HQ ■ 2, M ■ 7 and A > 18 in the above, his result follows. 
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2.6 

Strtsaen'a algoritbrn it bas«d en the following identltleüi 

If 11   e12| 
21   C22/ 

then 

and 

where 

and 

wll 
s12 
Ba 
B22 

^1 
^2 

% 

'•ll   •l2| 
^21   '221 

rbU   b12l 
lb21   b22i 

ql • ^ ■ S * ^ ' 

qg + qj. 

(•ll - •l2)*22 ' 
(«2! - a22)b11 , 

•22(bU * ha) ' 
•ll(b12 + W ' 
(a11 ♦ •ggXbag - b^ , 
(au ♦ a21)(b11 ♦ b12) , 

(•12+ «aP^a + V . 

\ 

>(2.37) 

Straaren In [5] givea no hint of how the iisntities (2.57) were 

dlaeovered, and they are certainly not ionedlatcly obvioua.   I ahall give 

a MgraphlcalM method which aakea the ideaa eleererf ond which enablea 

one to rediacover the identitiea (2.37) In a few minutes If they are not 

at hand.   We want the four aums of producta 

Clk * allbÄ * 0i2b2k (1, V. - I, 2). 

This night be repreaented dlagnianatically thua; 

'22 

'11 

'12 

21 111 
X i   22 12 

21 11 y 

1 22 12 
*k •u  ' »22 ^18 

where we want. t\\e four 

aums of prM.iei c which 

correspond to similarly 

labelled s^uaroj. 

8 



A product («JJ + tu)(bu ♦ bj,) niilit be reprumttd »a 

8.7 

'81 

»12 
r- r-i H -J 

(the signs of the 
terms are not 
represented in the 
die gran) 

•a   »n '22       a12 

Row consider the representations of the seven products q^,  ... q- 

of (2*37) • For example, 

and %   * 
1 
• 
1 

• 

iT 

It ia issMdlately obvious from the diagrams that we can coafeine q^ and q^ 

linearly to give terms involving the products «»J^J^» ai2b22' and aUb22' 

It ia conceivable that for a auitable cosbination the a^^ tern will 

drop out and leave c^« If the reader now draws the representations of 

q , <u, ... f q. and sees how they combine according to (2.37) to give 

c.,, ... 9 Cgg, he will see that one could reconstruct the identities 

(2.37) from the easily remembered graphical representations, apart from 

■ribicuities in sign. A little thought and Juggling of signs will then give 

t set of identities equivalent to Stressen*s (there nay be s trivial 

permutation of the suffices). 

It ia interesting to experiment with other graphical representations 

and convince oneself that it is impossible to multiply 2x2 matrices in 

lese than seven multiplications. Winograd [8] claims to have proved this. 
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2.8 

In 8«o. k «t •tell dlieuM how to l^liint Straften*• aothod for 

rectangular «itricei, end taov to avoid any wataftl "bordarln^* with 

zerof *   The queation of roundoff errora will be diaeuaaed in Sao. 3* 

10 



3.1 

3»     Irror Amlyli 

Tha aoit iaportant case in prtctlce is that of r««l natrie«! and 

liaitedkpreciaioo floating-point coaputatlon.   I shall use Wilkinson's 

notation [6], and assune all arithmetic operations are done in t-digit 

rounded binary srithmetie , except thst some operations may be especially 

noted to be done in double-precision (2t-digit).    Wilkinson's assumptions 

concerning the method of rounding or truncating trill be made.   Some of 

these assumptions^ e.g. binary arithmetic, do not hold for the IBM 360, 

and this will be discussed later.   For simplicity, all matrices will be 

assumed to be square (n x n) • 

It will be convenient to use the norm 

IWL     -     «x     Ix.  I (3.01) 
iü,;Kn     J 

(note that |lXY||M < ||X||M.||Y||N is generally false). This norm will usually 

be written Just as ||X|| . The results Obtained may be expressed in terms of 

more usual matrix norms by using the attainable bounds 

llXllM S IMIq < n.l|x||M    , (3.02) 

where q stands for 1, 2f • 9 or E. 

Wilkinson [6] defines nunbers t. snd t2 which are slightly less than t. 

Wherever t, or tg appear there is the implicit assumption that n.2'   < 0.1, 

which ia no restriction in practical cases. 

*   The analysis is similar with any base 0 > 2, snd in most esses the same 
bounds will hold with 2*   replaced by Iß1     .    For e discussion of WinO- 
grad's method, and some further applications of (2.21), with base 0 > 2, 
see [12] . 

11 
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He notee that if ||AB|lE « ||A||E.||B||E then the relative 

D 
accumulated in double-precision, 

[] then ||E||E < 2 "* .||AB||E + ^.i^.Wg'Mg > (3.13) 

0 

3.2 

3.1 Tha Nowal Method 

Wilklnaon [6] ahows that if 

C - a(A.B) • A.B •*• E (3.11) 

then ||E||E < (a"*1) .n.||A||E.||B||E       . (3-12) 

1E « l|A||E.||B||E 

error in C nay be high.   On the other hand, if the inner-producta are 

and hence the relative error in C will be low unless there ia so much 

cancellation that 1|A{|E.||B||E        gt 
>   n I IMI, 

To get a bound in terma of the norm II «IL» consider a typical tern 

in the product C. Such a term will be an 1 tmer-product 

fl(f xiyi> " ^*iyi + e  say. 

If the sum ia accumulated in the natural order, we have 

-t. 
|e|<2   x.(n.|x1|.|y1|   +   n.|x2|.|y2|   +   (n-D.^My^I 

+ ...+2.|xn|.|yn|) , (3.110 

■o     |e| < 2 \ <n  *|n"2). maxlxj.maxjyj     . (3.15) 

As the x. ar«* elements cf A, the y. elements of B,    (.7.15)    and the 
definition   (3.01) give -t,    , 2 J_       .. 

IWIM< 2   l. <n  *in-g). ||A11M.I|B||M  . (3.16) 
(3.12) aVii (3.l6) are of the same form 

llEll^1. f(n).||A||.|lB||   , (3.17) 
and a bound of this form, with acme reasonable f(n), is the best we can 
expect for any single-precis ion method. 

12 



3.3 

For dcüble-preclsion accumulation of inner-productA, the bound 

correapondlng to 0.1;)   la 

IWIM S 2"t.|lAB|lM * J . (n2 + 5n - 2) .2*  '2.||A|iM.|!BllM    . 

Again, unices there la exceptional cancellation, the relative error in 

C will be low. 

3.2   Winograd'e Method 

First consider a sinpl? inner-product 

P - fl(r - (5+1)) » 

(3.18) 

where 

and 

n/2 
/ - fl( ^   (x^ * y2J)( 

n/2 
t| - fK ^ y^y^J , 

X2J + ^J-l^ ' 
(3.SI) 

computed by Wlnograd's method (n even). 

A simple example Illustrates what can happen when limited-precision 

arithmetic is used.    Fuppose we are using ^-decimal floating arithmetic, n 

x1 - x2 « i.ooo'+5,   7! - y2 - i.ooo'^ . 

Then § « l.OOO'+e 

and T] ■ 1.000'-6 (both exactly correct), 

but y * l.OOO'+ö (instead of the exact 
1.000002000C01,+6), 

so p «= 0.000 instead of 2.000 . The difficulty is in 

forming fl(x24.i 
+ y^O etc• when the elements of x may differ widely In 

magnitude from the elements of £ . This conclusion will also follow from 

the rigorous error analysis below. 

15 



Let   o m mx (xj   and   b ■ mx \y.\ , (3*22) 

From   (3*19)   vlth n replaced by n/2 we get 

and let     | -  fc  x9im.x9. * €_     etc. 

|€3| < 2   ?.3.(a 4 b)2. 

where t. Is defined by 

-t,       -t       -2t 
2^-2     +2 

-3t 
+ 2       , 

(so in practice   t7 At), 

Hence |67| < 2   3.(5n/2).(a + b)? + 

2   1.((n2 + 2n - 8)/8)(a+b)2(l+5.2' 5)  . 

In all practical cases 

(3n/2 + 3.2' ^(n2 + 2n - 8)/8)).2   5 <   (3n/2).2   1 , 

(3.25) 

5 

I 
I 
I 
0 

U |cJ < 2   *.a".(nfc + 6n - 8)/8 ,   ^ 

rand similarly        "t.   «     a ? 
1 'Sjl - 2     •* •(»   + 6n - 8)/8 .   J 

If   fl( x + y) - x + y + c^y     (x any x^   y any yi) 

p then IVylls'VM ♦ M) 

li < 2"t.(a + b)  . (}.&) 

fl Thus fl((x+y)(x•+y•)) - (1 + €0)(x + y + e^Cx' + y' + e2) (3.25) 

- (x + yMx* +/) + €,    say, 

U where l«J< 2'*     and    Nj^Uhgl < ^(a + b)  . 

By expanding   (3*23)    it follows that 

.1 
:1 
11 

il 
0 
1 
I 

(3.26) 

and with this assumption we get 

Kl < 2' ^((n2 + Um - 8)/8).(a + b)2. (3.27) 

Ik 



3.5 

Fro« (3.??) and (3.27)* the error c in p It bounded by 

M < 2" 1 [((n2 ♦ I'M» - 8)/8)(a ♦ b)2 ♦ ((n2 ♦ 6n - 8)/8)(e2 ♦ b2) 

♦ |r -|-t||* |||* |ilil (3.28) 

(teru of order 2      have been neglected, but they nay be dealt with a a 

above (see [12])). 

Ho*   Ir - ? - HI < nab ♦ 0(2"*) ,  |{| < | a2 ♦ jtjj, |ll| < | b2 ♦ jc^l 

and   a2 + b2 < (a ♦ b)2 , 

•o     |<| < 2"tl. n2 * f1 • 8 • (a ♦ b)2    . (3.29) 

By considering   (3*29)   with n replaced by n - 1 and a term added for 

the error in computing and adding xv, it nay be shown that   (3*29) 

holds whether n la even or odd, and bounds the error in computing an 

inner-product by Winograd's method.   From   (3*29)   we obtain the bound 

Hill < 2'\ *2*V*-* . (M + ||B||)2 (3.210) 

for matrix multiplication by Winograd's method. (A slightly stronger 

result than (3*29) can be obtained if a « b, see [12].) 

Suppose ||A|| / ||B|| ■ k. (Assuming k 4 0 or •) 

Then 

(||A||+||B||)2-(k+2+lA).||A||.||B||, 

which shows th«t (3.210) will be much worse than (3.16) 

when k is very small or very large, and this is verified 

by the example above. 

Scaling 

Ignoring the cases ||A|| ■ 0   and ||B|| ■ 0, it is always possible to 

find an integer   X    such that   1/2 <^nSr < 2.     Hence a practical 

15 



I 5« 

•ehta« would bt to co^mto ||A||   ond   ||B|| (In 0(n ) oporotloni), find X 9 

and thon apply Wnogmd*! Mthod to   2^A   and   2*^8   rathar thin to A 

0 
0 

0 
D 

.0 

MX     (k ♦ 2 ♦ 1/k) - 9/2. 
l/2Ck<2 

we get, in place of   (3.210), the bound 

||B||<2"tl.g.(n2
+12n-8).||A||.||B|| , 

which ie of the form   (3*17)   and ii not much worse than   (5.l6). 

This shows that Winograd's method Is feasible provided some fom of 

scaling is used to make   ||A|| ~ ||B]| .   Without scaling, the results nsy 

easily lose all significance.   This does not seem to have been mentioned 

by anyone reccnmending the use of Winograd's method:    e.g. blindly fol- 

lowing the procedure recommended in [2] could lead to dissster. 

A more sophisticated font of scaling could be used, but it is im- 

portant to keep the time for scaling to a minimum, or Winograd's method 

becomes slower than the normal method.   The extra time taken by scaling 

will be considered in Sec. U. 

If it is easy to accumulate inner-products in double-precision then 

this may as well be done.    The error bound will still be like   (3*211) 

though, unless the terms     a. p. , + b.. . and a. p. + bg. , .    of   (2.21) 

are computed in double-precision.   Then we get a bound 

IWI < a^-NI ♦ a'^.g-U2 + 12n - 8).||A||.||Bl| , 

provided that the terns   xi   and   yk   of   (2.22), (2.23)   are kept in 

double-precision, and assuming scaling as above.    (3.212) is very similar 

to   (3«IB)   and the same remarks apply. 

16 



3.7 

3.3  StraBien*« Method 

Afiumlng a bound    ||E|| < 2mt.t(n).||A||.||B|| (3*31) 

for n x n B»triees# it is possible to deduce a similar expression for 

2n x 2n nstriees, if the multiplication of these matrices is reduced to 

the multiplication and addition of n x n matrices using Strassen's 

identities (2.37)* This gives f(2n) in terms of f(n), and as (3*31) 

is certainly true «hen n ■ 1 (with f(l) ■ l)> we can find f(n) for n 

an integral power of 2. If the "bordering" method is used for general 

n then the zeros will have no effect on the error, so the bound for the 

next power of two may be used. 

To express f(2n) in terns of f(n)9 let A, B, and C be 2n x 2n 

matrices (deviating slightly from our usual notation), and regard A, B, 

and C as 2x2 matrices with n x n blocks. Consider forming C ■ 

fl(A.B) using the Identities (2.37). Terns of order 2'2t will be 

ignored, for although they may be dealt with by replacing t by tWt 

as we replaced t by t., t. and t. in Sec. 3.2, this complicates the 

argument, and the results are not significantly different. For brevity 

let a - ||All^ b - ||B||M . (3.32) 

The error in computing q. of (2.37) will be denoted by E ., so for 

example  fl((a11 - »j^D^) - (a^ - a^b^ + E^ (where a^, a^, 

bgg and E . are n x n matrices). Similarly, the error in computing 

c.. of (2.37) will be denoted by E...   Thus 

C > fl(A.B) - A.B + E, where E - I «-l J1-? 
I E21; E22 

17 



3.8 

Since q. ■ fl((a.. - iio)**^) ' where the   n x n   matrix 

multiplication la done by Strassen's method with the error bound (3*31)# 

and the metrix addition la done in the uaual way, we have 

ao     l|Eqlll < S^.aab.Cn + f(n)) , (3.33) 

and similarly for Eg, E-, and E ^ .   For i - 5, 6 and 7 

we get the bound 

llEqill < 2"t.^ab.(2n+ f(n)) (3.3^) 

in the same way« 

Now it follows from   (2.37), neglecting terms in 2'   , that 

IM < l|Eqlll + llfyll ♦ 2-t(||qi|| + H^ll) , (3#35) 

but 
{2nab     for i « 1, 2, 3, It "N 

}(3.36) 
Unab     for i « 5, ^ 7   # J 

so from   (3.35), (3-35)    and   (3.36)   we obtain 

llB^H < 2"t.Ub.(2n + f(n)) , (3.37) 

and clearly the same bound holds for E0..    Similarly we have 

IM < iiv«+ fcj * iiE«ii+ M+ 

s^JlKII ♦ Jllqjll ♦ sll«,!! * «4,11) (3.38) 

(assuming q., q,, q. and q_ are added in this order), 

so  HEJ < S^.ab^UUn + 12f(n)) , (3.39) 

and similarly for E00. <=« , 

From   (3*37)    and   (3*39)   we see that 

||E|| < 2mt,(kkn * 12f(n)).||A||.||B|| , (3.3IO) 

so   (3.31)   will hold if f satisfies f(l) - 1   and   f(2n) -Mm+ 12f(n)  . 
(3.311) 
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3.9 I 
i 
I 
I 
I 
n »I»»        ||1|! < 2-Ä«".lWl.|lBll ^ 

«here c . lot, 12 s 3.58   • J 

D 
D 

D 
0 
0 
Q 

e 
1 
1 
1 
1 

By Induction on k, it folio« fro« (9.311) ttet 

^2*) - ^(27.12k - 22.2*)    , (3.312) 

.o     f(2k) < 2.i2k   . SL.iWh12   . (3.313) 
5 5 

v 
Itenctf for general n, taking k auch that   n < 2   < 2n   , 

«a have |1E|! < «•t^«a.W.ll|| 

where c ■ logg 12 s 3.38   . 
31^) 

(3*31^)   give« a bound for the error in aatrlx nultlpllcatlon by 

Straesen'a method, aa daaerlbad in See. 2.3*   The bound la n-f the form 

(3.17)f althoutfi the function   Star Increases rather »ore rapidly 

I than we would like.   On the other hand, all the error eatiaatea Obtained 

hare are rather pessimistic, for the individual rounding errors are un- 

likely to be correlated in the worst possible way.   If our bound la 

2'tf(n)||A||.||B|]   then the actual error la probably about 2** Jt(n) \\k\\,W 

(aee Sec. It.6). 

The analysis above assumes that a "pure" form of Straaaen'a method 

la used.    In practice it turns out that Stressen* a Identities trill be 

applied until the matrices to be multiplied   are of order ** 100 or lass, 

I] and then the nonoal method will be uaed   (aee Sec. U.3).    Supposing we 

have matrices of order 2 .n0, and apply Stressen* s Identities k times, 

multiplying the matrices of order n^ by the nornal method.    Then   (3.311) 

holds with 

tinj m (n*   +   IOQ   -   2)/2       (from 3.l6)   , 

ao, assuming n^ > 6 , we have 

^2^) < l6kn^ . (3.315) 

Thus, for n x n matrices, the bound becomes   ||E|| < 2'tAk.n2.||A||.||B||    .       (3.316) 
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3.10 

I 
Slneo k will b« very Mill in pnotle«, th» bound   (}*$l6) If net 

|( toe tad.   Co^pirinc It with   0.16)» it •vpmr» ttmt m mj IOM up to 

two bitfl of «ceurocy, eooptrtd to tint of tho noml nttlwd, «oeb tlat 

Sti«iaon% idontitios aro tpplltd roeurilvwly. 

In uflng Stroioon't atthod thtrt dot« not •««■ to bo Midi point in 

doing «one of tho «rlthMtlc in dotftlo-procision, unloi« it oun nil bo deno 

in doUblo-proeiiioB» wbon tho abort bounds hold with t roplaood by 8t 

(and • factor of 3/2 with Wilkinaon*« attuaptlona about tbt ntthod of 

rounding or truncating). 

0 
I 

!i 

n 
It la interetting to not« that with Stravaan*« ntthod thtrt 1« no 

point in «caUng th« aatrico« «o that ||A|HIB|!* Ihia 1« btetoat» unlikt 

Vfinograd*« identity, 8trB«««nf« idtntitita ntvtr Involv« tht addition of 

,1 «n element of A to an tltntnt of B. 

j 5.U    Conpla» Arithttic 

*] The «hove antlyti« is based on th« «««unption« that fl(x ♦ y) • 

x(l ♦ Cj) ♦ y(l ♦ c2) and fKxy) - xy(l ♦ «^ whara ^ < 2"*, 

i * 1, 2,  J*. Theae «««unption« will be valid for cooptot arittettio too» 

provided that t la decreesed by a «nail «nount (2 or 3) depending on how 

the arithmetic i« done. Hence, with thi« «noil change in t, th« ttowt 

bound« will hold for complex matrix multiplicatton. Similar rtnarka 

apply to real arithawtic done on a decimal or haxadecinal machine (o.g* 

the IBM >üC). A curioua anomaly which appeared whan tfinograd*« method 

wai being tested on «n IBM >6o/67 computer i« dt«orit«d in See. k,6  . 

*   A «tronger «««unption «bout addition, uatd in Section 3.2, wa« not 

really necestery («tt [12]). 

2C 
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k.l 

In ordtr to OMptr« the nonalf Winofnd'f and tfin«««!*! ■»thoda 

la praetle«, they vtrt til taplMtntad in fMOlM [V] or. - . im*M/tq 

eonpuur.   Ooubtltat «U Uure«; aathoda Mould run (katar li codad \u, 

my, FORTMN-H or »aaatribly Unfuaca» but ihalr ralatlva spacda would 

probably ba about tba aaaa.   Nblla it would ba aaay attouch to ooda 

tha noraal aathod and tfinocrad*a aathod in fORTRAR or aaatAly lanfuaca, 

for 8trBaaan*a aathod it ia vary eoovaniant to have a l^ncuafa which 

•llowa raouraiva prooadura ealla.   Tba ainplaat «ay to ooda 8traa«en*a 

natbod in a lanfa«fa lika F0R11UR would be to Unit tha daptb of ra- 

ouralon and dupliotta any aübroutinaa idüch would naturally ba oallad 

raeuraivoly.   Tba thraa Bathoda wara taatad on both raal and conplox 

■atrieaa» with raaulta which will ba aiamrisad balow. 

All thraa aathoda wara codad in tha fcm of a pura proc«dura9 

with oalllnc itquanca 

mm (k, *, C, H, n, P) 

to fom   C :• A.R , tdwra A la an   N x R   aitrix (diaanaioocd • I :: K, 

I tt R))t R ia     R x P»   and C ia   N x P.   Cilia auch aa   naaa (A» A» 

At H» R» N)   ara valid« and corract raaulta ahould b*  ratumad for *ny 

IV R and P > 1» provided anoufh taaporary atoraf« ia available. 

At firat tha proeadaraa wara codad ao thit tha Innar I or pa" involved 

rafaraneaa to doUbly-aubacripted array alaaanta.   In ALfQOUf audi ra- 

farancaa take confidarably loofer than rafaraneaa to ain^ly-aUbacriptad 

array alaaanta (11 )t and it waa found that aU tha proeadurea could ba 

apaadad op by paaaing croaa-aaetiena of two-diaanaienal arraya aa para- 

aatara to proeaduraa which than operated on then aa caa-diaanaional 
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k.9 

:i 

] 

•mya,   (Ibis if not •11OIM4 In ALQOI1-60.)   For «mapl«, Inftttd oft 

Pbr Z t* 1 until N do 

for J :- 1 uniU R do   A(ItJ)  la B(Itj)j 

Mt UMt 

Fbr I r- I until N do ■•■l#i (A(Z9«)#B(Z9«)f>)i 

uhtrt «• h»v# doflnod 

Proeodurt •••ipi (rool «my A* l(#)l inUfor wlut l)t 

for J i» I until II do A(J)   !• B(J) j 

Itat f«eond fom will eseouic fkiUr prorldod  V > 10 .   A« thia dovlot 

ap«odod up tbt norml nttked mh»r sort thtn Stnii«*! notbodf It it 

elttr thtt t eoqptriton of tbt thrtt attbedt dtptndt on tho lonfotft 

tnd tbt progmminf ttebnifntt uttd to inplontnt thtn. 

Ibt iapltatntlon cf tteb nttbad will nou be dttoribtd In nor» dtuil. 

Tbt proetdurt for tbt rttl tnd eoapltx otttt art vtry tialltr» tnd litt- 

inft for tbt rttl otto trt givtn in tbt Apptndix. 

h,l   Tbt »wntl Nttiiod 

(Prootdurt HATMULT, ttt Apptndix, lintt fBS-Sll.)   Tbcro trt no 

ptrtioultr diffieultitt In tbt inpltntnutien of tbit nttbod.   Btotntt 

of tbt pottlbUitjr thtt C it tbe ttat tt A er B in tbt ctll, tbt product 

it tamed in t ttnportvy trrty Q ond tbtn trtntftrrod to r.   tbut N*P 

woidt of ttaportry ttortft trt uttd.   Znntr-produett trt tccunnlttod in 

doublt-prtcition, tar in ALOOLtf tbit it rtry nttrly tt fbtt tt tecunu- 

Ittion in tinflt-prtoition.   Htnot tbt trror boundt   (3.13)   tnd   (3.1Ö) 

trt tppliotblt (vitb tbt tlttrttion nottd in 8to. 3*Mf ond in aott otttt ttob 

Cj, «ill bt tbt corrtctly roundtd rttultf tltboutfi tbit otn not bo futrtntttd. 
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(Proo«4ttrt vnOORAD, ■•• Appendix, 11MS 219-269.)   A#<ia tht 

U^lMMnutloa if fiirly fti«lgbt*forwird*   UM Mtrietf A and B 

art •eal«d •• dtserlb«d in Sec. },2$ and tht toalad «itrieat art 

atortd tMportrlly in array« 9 and I.   Strictly apttkiwfc acaling 

should bt don« to tht nsartat powtr of 16 rsthtr than 2$ for sealiag 

by powers of 2 could Introduce roundoff errors en tht 360» end these 

errors have not been taken into account in the error analysis (Sac. 3*8) • 

Taking account of these enors gives the error hound 

m < 2'\h2.HA||.«B||, (^.81) 

uhtre K Is a «all eenatantf inatttd of (3.211). In tht ecnpltx eese9 

\H*)\ ♦ |X(s)| rather then |s| ees used to stve tine, ibis inettaata 

tht tnor bound by t factor of tt aost 1*15 • 

the imer-products s. end y: of   (2.22)9 (2.25)   tre ofUl end 

stortd in tht eneys X and T.   Aa stated above, it la not slffuflcsntly 

hsrdtr to cjapute end stve the «j end y. in dodblt-prtoition, to this 

la 

In all, (n ♦ 2)(n ♦ p)   words of teavnary storaft are used, which 

la about twice at auch aa for the nonal ntthod if  n ■ n ■ p.   The tuna 

(li,8M * b2J,k*   **  (*i.2J * Vl^   ^  (2,a)   •»•0fl^rt^i» 
single-precisicn, and than the inner-product involving then ia cwyutad, 

aa usual, in dodblt-precisioo.   If n is odd thtn tht ntceesaiy correction 

ia aade, and ths final result   fl(C) ia foraed.   It ia interesting to note 

that if the»   (•lf8J.1 ♦ 1^)   ««  (•l,8J*Vl.1t>   wtec11- 
puted in doulble-precisicn, we would bt using doUhle-preclsion throu^iout^ 
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I 
and the bound (3,212)   would apply* Utofortunatoly, tbo «tn time taken to 

do this flova the procedure down to that It !• never After than the 

„ noraal Mthodf ao the euu could only be coeputed in alnfle-precifion, 

♦»        and the beat error bound we ean get la of the fom of (k,2l), 

U        k,5   straeaen'a Method 

'Procedure 8TRA88BI# »ee Appendix» lines 6-216.) The nethod In- 

^        pleMnted ia the followingt First« If n, n and p are aufficiently saallf 

^        noraal aatrlx ■ultiplicaticn ia used (see below for the preciae criterion). 

Otherwiae» ■ is replaced by 2|p/g , n by 2tt»/3 * and p by 2g>/g| . 

A is partitioned into four u/2 by n/2 aatricea and B into four n/2 by 

p/2 mtrlce»,  ignoring the last row and/or colunn If neceasery. the 

block 2 by 2 Matrices are aultiplied using Stressen*s Identities (2.57)» 

«hlch involves seven recursive cell» to BFM&Kß to cospute the m/2 by 

p/2 products «j.» ••• %j   (actually C ia used in place of 9 to save 

storafle). Finally, the reault is corrected If the originel % n or p 

were odd. This avoids Masting space and tiae by filling up the arrays 

with seroe es described in Sec. 2*3 . In eeae C coincides with A or 9» 

soae values needed for the correction step have been aeved in arrays 81 

and 82. 

Actually ispleasnting the identities (2.37) is tedious but strsigbt- 

forward. The fhst9 gsneral-purpose procedure OP i* -uaed to take advnatafa 

of the facility, noted ebove9 for passing croes-sectiooa of arraya as 

paraaeters to procedures. In foming c^ and c^ the terns %, ... q^ 

ere edded before q. ... %-,  for otherwise the error bound would he la* 

creesed slightly. All erithaetic is done in single-precision except 



M 

for the aeovanilation of inner-product« when nonnel matrix nultiplicetion 

i« uaed, so the error bound i},}l€)  1« appllceble. Because of the doUbie- 

k 2 
precision accumulation of Inner-products, the term 4 n in this bound may 

w 
be replaced by 5«12 nfi . 

Procedure lOERTITIES uses the temporary arrays T, V, ^X, ^2,  ... f wo , 

taking (mn ♦ np + 6pm)/>» words. Since the procedure Is called recursively, 

at any one time we may need < (on + np ♦ 6pm)(J»' ♦ U ♦ 4"' + ... ) 

■ (mn ♦ np ♦ 6pm)/} words of temporary storage.  (4.31) 

The arrays 81 and 82, and the stack space required for recursive proce- 

dure calls, will be negligible if m, n and p ore reasonably large. The 

specs for the array Q, used when normal matrix multiplication Is invoked, 

may be absotted Into (k.}l). Hence the temporary storage used Is rough- 

ly bounded by (Ml), end if m - n - p this Is 8n2/3 words, or slightly 

more than that required by Ulnograd'i method and 8/3 times that required 

by the normal method. For all three methods, the temporary storage re- 

quirements cen be reduced If C Is not allowed to overlap A or B. 

h,k   Cemparlson of the Three Methods 

Ths three procedures described ebove were mn under the seme con- 

ditions (Idle with "nocheck" option) for various test matrices A and B. 

Some running times for the eese of square matrices ere given in Table 1. 

In eech cese the depth of recursion In procedure CTRA88DI was kept at 

exactly one. 



k.6 

Tibl« 1 Running T1«M (in 1/60 MO.) 

R—1 «IM Coapl« OMg 

noxml Wlnocwa Btmitn Monml Wlnoarad Btgin« 

20 26 3^ ^ » » 66 

30 83 8b 107 167 130 187 

ko 18»» 18J» 221 58^ 330 koi 

50 3^7 336 392 731 6l5 7%8 

60 58l> 557 636 

•Stntfco'i Mthod with taetly OM r«cunloo.   Run tiaoi vtrlod 

•llgbtly» but wtr« eonitant to ♦ If. 

By ooonting opontlono it It eloor ttet tht runnlns tiat of tooh 

■tttaod tbould bt a cubic la n» and for Stntstn't wthod ttao oooffloitBto 

will dopend on tbt depth of rocurtloo.   Zt turn« oat ttet tte conotont 

torn It nofllglbl«« and tte tiato in Viblo 1 trc fiwon to ♦ l^S bF oAle« 

Tin) ■ oar ♦ ta8 ♦ en with tte following coeffldentt: 

Ibble 2 Cdbio Cooffioieiite. T • enr ♦ bn  ♦ on, in i» tec. 

£ I £ 
■owel ko 870 8000 

Winogod 37 200 9500 

Stritten 56 

90 

690 

380 

8000 

■owl 8000 

Wlncgwd 73 880 U300 

gtretten 80 790 8000 



k.7 

Sem InttrMting concluilom My bt drawn fro« Ttblts 1 and 2. 

Coaparlng tbt noratl Mttaod with Hinofrad'i Mtbod» wt itt tint 

Vinotrad*! will b« fbitcr if yit? * 200n2 ♦ 9500 < kOt? * 270n2 ♦ 2000, 

i.t. if n > UO in th« reel otMf«nd if 75n5 ♦ 220n2 ♦ U500 < 90B? ♦ 

320BS ♦ 2000, i.«. if n > 21 in tht eo^lw MM, which My b« verified 

by inipectioo of Tibl« 1.   At n •• • , Winograd's Mthod will run in 

37Ao - 92% of tbt noiwl tiM in tte rMl MM, and in 75/90 - 81ft 

of tht norMl tiM in tht CMPIM MM.   Tht (pin« art tignifiotnt 

for rMfOMbly Mill n:   t.f. for n ■ 100 Vinogrtd'i Mthod will MM 

T> (ntl) or 101 (CMPIM).   HMOO, for nodtrtttly Itrft Mtricti, 

HlrjQgnd*! Mthod Ittdt to tiftifiotnt, thoufh not tptettcultr, Mwingt, 

tnd la worthMhilt tapteitlly in tht cMpltx MM. 

Zt la worth notinc tort ttat it dnta not pay to rtdttM tht witi- 

pliMtiM of two ooa^lM n by n MtriMa to thrt« tultlpliMticoa of 

rMl n by n MtriMa (plus aeM additiona) by Ming  (A ♦ ii)(C ♦ Di) • 

(1 - F)* (0 - E - F)!,  wtort I - AC, F • BD, tnd 0 • (A ♦ B)(C ♦ D) , 

far OO^IM Mtrls ■oltipliMti« tttot laaa than thrM tiMt ta loot 

aa raal Mtrin ■ultipllcatiM (Ming any of tht thrM Mthod«). 

Zt foUowa fro« Tholt 2 that 8traaaM*a Mthod wiU bt fhattr 

than tht DOIMI Mthod if n > UO in tht rttl MM, tad if n > 6o in 

tht eca^lM MM.   HaMt yroeadiiM 8TtA88BI ahould ebtek to tM if 

n < lyj   (with n^   att at 110 or 6o), and if ao MO tha nonal Mthod. 

IT n> ly,   tton Straaam's idantitiM ahould bt uatd to raduct   a to n/2, 

and tha aaaa ttat appliad rtourtiwtly.   Thia ia what tha proeadur« ac- 

tMlly dMa, Motyt that n^ ia not eo^parad Juat with n, but alao with a 

and p in MM tht MtriMa art rtctanfular.   Zt OM bt tMn by Wtfalg 

oparatloM thai tha approprlau ttat ia if 3aBp < n^im ♦ np ♦ ya) rathar 
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given by » 
fiir (•n*' ♦ bn   ♦ en ♦ d   If n < n0 

7T8(n/2) ♦ a'n2 ♦ b'n ♦ c» If d > a   . (k'k2) 
'8 

Froi   (k,k2)   it follow tbit9 if 

I 
I 

thtn if ii< tut UM tlaet given in TUble 1 were obtained with n0 reduced 

f!       to that Straften*i idantitiea would be uted exactly once. 

By counting operations, it can easily be aean that the tiae Tg(n) 

for Multiplication of n by n wtrices using Stressen* s aathod should be 

0 
D 
H k - m*(C,    llogjn/nji  ♦ 1) , 

Othen 

Ta(n) ■ (i)k*J♦ ((i)kb*%$* • l)*,)n2 

II ♦ ((J)k c ♦ |((|)k - l)b*)n 

Jl ♦ (7^ ♦ ^ - l)c»)     . 

•* in Ibhla 2 (d ia negligible),   the constant» a1, b* and e* detandaad to fit 

7 the   su in Tible 1 arai 

Table 3 CCaatants In (k,k2)      (* «ee«) 

Real case a* > 190 b* « kOCC c* - UOOOO 

Co^Ux case 920 kcro 120000 

Iht eonataata ia Hiblea 2 and 5 era aoi veiy well deunrtnad by the 

data (especially e aad c')f aad are not exactly ceoaistent.   For exa^le, 

freei   (M2)   and   (k,k})   m ahould tasva, ia tibia 2, «ig ■ Ta^/B, «hile the 

Tsble gives «g ■ 3^  aad a^ ■ U*.   The cons ist oncy ia about aa good aa oaa be 

expected though. 

fro« {k.k2)   aad (k.k})   it follows that Tg(a) - C(a
lo«27) aa a <• • / 
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4.9 

•o for •ufficiently large Mtrlo«! Stmatn'i method it arbitnrily flitter 

then the nonael aethod or Wlnogred't aethod.   In prectlcel cetet# tty for 

a < 200, the norael aethod or Winograd* t aethod eppeert to be fetter. 

By the ebove foraulaa we can ettlaete that Straatan'e aethod will be 

fleeter then Wlnogred't only if n > 270 (reel eete) or n > 260 (eoaplex 

cete).   On the other hend, tbeee changeover pointe ere very tentitl ve 

to ohangee in prognaaing technlquet etc., to it it conceiveble that 

Streeaen'e aethod would be the fattett, in toae language on eoae atchlne, 

for aetricee of order «*»150.   In aoet prectical catet, Hinograd* a aethod 

will be the flattett, except thet the noraal aethod will be fitter for 

tufficlently eaall letrlcet. 

k,5   Baaed MiOhinet 

Bern» aediinee (e.g. the Burrought BHOO) have e fhirly eaell phyaieal 

aaaory bat a large "virtual" aaaory. The ueer'e progrea end data ie divid- 

ed lato "peget", toae of which aay be held in fbet core aeaory, end the 

othert oa e device tuch ee e dltc or drua. When reference ie aede to e 

page which ia act in aaaory» a hardaare interrupt occura, «nd the required 

pege ie read into ataory froa the «xtemel device (to aake rooa for it, a 

page aay have to be teved oa the device). He eey thet e "pege fbult" hat 

occurred. Aa • relatively elow «xtemel device ie involved, pege feultt 

ere very tiae-contualng and thould be evoided ee aueh ee poeeible. (fbr 

e ditcuttlon of the coaoepte of virtue 1 ataory, paging, eepientatioa etc. 

eee Randall and Ruefaner I9l.) 

He Keller and Cofftan [k] have coaeidered the number of pege fbulta 

ahich will occur üben certein aatrix operationt, including aultiplicetion, 

ere perforaed on large aetricee uelng a aechlne with peging like that 
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described «bow. They conclude that, for e illgfrt modiflcetion of the 

l|        nornel method of netrlx oniltipllcetlon, it ie better to store a large 

netrix by tubaatrlce«, with each sübaatrix fitting ln;o a raell number 

of pegeif than by ran or coluans. Even then, the nuriber of pege faults 

trill increase like n for sufficiently large n. Similar arguments would 

apply to Winograd's method, again suitably modified. 

I 
I 

I 

Unlike the nornel method or Winograd's method, Stressen*s method 

would perfom well, with eventually 0(n * j page faults, even eben 

simple row or column storage la used. This is because the only matrix 

jj operations on matrices with n > n. ere essignment end eddltion operations, 

and these can be perfozmed as efficiently when row or column storage is 

used es for eny other method of storage. A few modifications to the 

** procedure STRASSEH in the Appendix should be made.  n. should be de- 

creased if necessery so that n0 by n. matrices can be multiplied in 

2 core (without eny pege faulte). Also, inner loopa should involve opera- 

tions on one row rather then on one column, if row storage is used. 

Thus we should change dotible loops like 

For J :■ 1 until N do for I :■ 1 until N do ... 

to For I :■ 1 until N do for J :■ 1 until N do ...  . 

1 This else epplies to the NlmplicitN loops When procedure OP is called: 

e.g. lines 138 - 139 should be changed to 

For I :- 1 until H2 do 

OP(T(l,»),A(I,»),A(l,»),ie,0,M2,-l); . 

Hence Stressen* o method might be competitive with the other methods for 

1 smaller values of n on e pegad machine than on a machine without peging. 

1 
I 

] 
1 

I 
I 
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U.6   Rounding Erroro 

The procedures were tested using matrices with elements uniformly 

distributed in (-1/2, +1/2), or with real and inaginary parts having 

this distribution.    ||E|L and ||E||M were computed, assuming that the normol 

method gave exact results, which is reasot-Able considering the error 

bounds   (3*13)   and   (3«IB).   As expected, the error bounds (3*211) and 

(3.316) of the form   ||E|| < a^fMHAlMlBil were too pessimistic, and the 

actual    ||E||   was more like 8'* /f(n) ||A||.||B|| : See Table U. 

TableJt I|E1IM / ill /*&) l|A||M||Bl|M) 

n Real Stressen       Complex Stressen        Complex Winograd 

30 0.27 0.28 0.28 

bO 0.20 O.83 0.2k 

(taking f(n) 'ffyn2 * 12n -8)    for Winograd, 
v k 2 k n     for Stressen, and t ■ 21) 

A surprising result occurred with Winograd*s method in the real case. 

The single-precision results agreed exactly with those given by the normal 

method'.    This might be expected if the error bound   (3.212), rather than 

(3.211), were applicable.   The anomaly is apparently caused by the special 

nature of the test matrices and the characteristics of floating-point 

arithmetic on the   360/67.   As the elements of A and B were uniformly 

distributed in (-1/2, +1/2), about 7/8 of them would have absolute values 

in (l/l6, 1/2).   Since the 5^0 is a hexadecimal machine, any two such 

numbers will be added exactly.    This means that at least U9/6U of the sums 

^X2J-1 + y2^ and ^X2d + y2d-l^ of   te'21}    w111 1)e formed exactly.   As 
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«1.18 

irktd In 8«e. 3«29 thii MMM ttet wt art tffactivtly uaiag «t Imat 

doüblt-prtelslon aoit of tht tlat.   PrvttMibly tte tw trrert wd« la 

cooputlnf tlM abort §m» vtrt not wetttfi to äfftet tht rouadtd aiafU- 

prteltion rttultt, tlthoutf» it tttat ttnagt thtt til tht tltatntt of 

t $0 x $0 product abottld tgrtt« tvtn to tht Ittt bit« «btn tc^nittd by 

two lueh difftrtnt Mttaoda.   In tht coopltat et at thit taooaly dittppttrtf 

for t rounding error will ututUy bt aadt la adding aithar tht rttl er 

the imginary parts of the above rau* 
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9.1 

5.     StfMMaOite MtUiodt 

Por 8 i 8 m%rU ■oltt^lloatloo, both tbt norwl Mthod Md SiitfMB't 

■ttted My bt AtMrfbtd •• followtt   givia tbt • j. «ad b^ wt torn prod- 

Mta q^, ••• « q- of tbt fom 

tnd tbtn tto t    trt Uattr oeribiaitlOM of tbt o» i.t. tbtft trt 

ttntttatt r^^ tucb ttot T 

8td>ttitutlnf   (9*01)   la   (9*08)# tquttinf ootfflcltntsf tad using 

tbt dtflaitite of attrlx anltipliottltB» givtt tbt tot of tqpttioat 

i •ijpFttpW  ■   Bal6Jk6I«  , (5.03) 

tbtrt 6 it Krootcktr's dtltt.   (ibt Mbaexipt» on tbt c^. «trt rtvtrttd 

to iaertttt tbt ayHMtry of   (9.03) •)     Ftor tbt ■ultlpllettioo of N x I 
2 

■ttrlett by I a P attrlett,    (3*03)   fivti (MP)   tqiuttioat tt 1, i, k, 

L, % tad a mnc« ovtr tbt iattftn   1 < l#n < M,   1 < Jfk < i,   1 < L»a < P. 

for «xaaplt» la tbt 2 x 2 cttt «itb T ■ 7* «• btvt 61» tquttioat in 8i» un- 

knowniy tad 8trtfftn*s idtatititi sbov tbnt tbart it t «olution.   dtxtiatn'i 

solution tea tbt aiet property tbtt til tbt  o1j^ d^^ tad y      trt 0 or 

♦1 .   Hott tbtt» if t solutioo of   (3*03)   txirts, it «ill etrttinly not 

bt uniqut. 

Strtsttn* Mthod applied to ^ x U «atricot abowa tbtt tbt 

equations (3*03) bave an (integral) solution «ban N ■ H ■ P ■ Uf 

1 m kQ   (there trt U096 equatlona in 2332 unknoma). In general Strassen's 

•attaod abowa that there ia t aolution with T - 7k «hen N - H ■ P - 2k . 
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(5.?) 

If tlwrt !• • rml selutlon vltb  N ■ I ■ F  ud • Mrtoia f9 ihm 

MtrlMt of wter n «n b« Mltlplitd la ein10***) arltlattie optratioM 

by • almpU «XUMIOB of UM atthod d«Mrib«d at UM Wgjirtil of ••«• *•}• 

MUU tn lnt«cral or ratloml «olutioo 1« d«firabl«9 in thtoiy • r«tl or 

«v«n ■ coapl«* aolutieo would anfflaa. 

UM prdbl«« laadlag to •q^Mtion ($.05) «an ba fnarallaad la tha 

rolletfing «•/>    tuppost a.» ••• f a.  and b., ••• 9 b, ara aoo-ooMMt- 

Ing varlablaa« ajjk ia a fftvan thraa»dlaanalewal array of raal or eo^lax 

nuobor«, tnd wa «ant to coaput« tba K auaa of produeta Qj. • £ ffiA*i*j 

(k ■ lf ... « K) in at faw attltiplieatioaa aa poaaibla.   Than wa «aat 

tha I««ft poaaibla T and aoalara a.., Bit$ /^ aneh thit froa tba T 

produeta 

pt ■(r Vi^^jtV   »1 ^ * ^T * ^-^ 
«• can fom the q. aa linaar eoriblmtion« of tba pt , 

Coablniag   ($.oii)   and   (5«05)   and equatinc coefficient• fivaa 

f. 0lt».1tyl 

(5.05) 

Ä Wjt'kt   -   ^k (5#06) 

for   l<i<I,    1 < 4 $ J«    ! < k < K» 

and clearly   (5*03)    i« a apecial eaae of   (5«o6). 

To aharpan tba upper bound   (2.36)   for tba eooatant l0 defined by 

(2.35)» ve could look for aolutlona of   (5.03)   with N - R * P and 

logjgT < logg? •      FOr exanple, we would like to find aolutiona with M ■ 2, 

T - 6 or N - 5, T - 21 or N - U, T « 48.   Aa ( 5.03) ia a apecial caaa of 

(5.06), and a a it ia convenient to avoid triple aubacripta wherever poaaibla, 

we shall firat cooaider   (5.06). 
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r 5.3 

In tte MM I - I it 1« not dimeult to ahev ttot tlM minimi f 

f for «bleb • •olutlon of   (9.06) «rliU Is tho rank of tbt J x K Mtrix 

(ojj^» tad iSailorly If J or K • I.   If I, J oad K art gratur tten 

unity tbtn thtra dMf not ••«■ to b« amr «wb sia^U thaarwy and 

on#laa with X ■ J ■ K ■ 8 ahw tbtt tbt aioiaal T My dtpMA « 

«hatbtr tbt Oj , |jt and ?_ tra alltrad to ba ratioMl» rml, or 

n 
r 
f- 
I: 
i: 
i: 
r 
i 
f; 
(i 

i 

1! 
0 
c 

OMpU*.   ibis la to «van if all tbt a«- art latagral.   RMM M 

art ltd to tiy matriMl Mthoda far aolviac apaoial MMS of  (5*06). 

If tbaM Mtbodt find a raal felutioa» tbtn it la aortbahila to try 

to find aa latapal aolutioo, but if no raal solutioo axiitt tbtrt 

it at point la loeking for an Intagral aalutloB. 
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5.k 

5»I   t—it 3qmrti Approtcb 

BMtiu« of tte Urn» rator of tqptlcu ( ^096 far ■ • M» 

«onwatioMl nuMrlMl attted« Ilk« KovtOB't Mttaed art laprtotlotl 

for ringing • ioluiloo of   (5*06).   Iba froblca aay ba rtprdM at ena 

of function ■lalaiMticBi   wa «ant to «Inlalia tha aus of a«aaraa of 

raiidiiilf of tha itt of •quatSont   ($.06).   If | and ^ ara fimd , tha» 

(9.c6) la a aat of liaaar aquation« in tha oi%»   Manca «a eoold find a 

i«• «1-»quart« aOlution of thia (ovardatandaad) ayata% than fl« ^ » 

_ and find a laaat «quart« »olutlon for |f than for 2« oad rapaat tha 

cyela*   Tha «un of «quara« of raalduala vlll ccnraria to aoaa BOB* 

naptlva nu^bar« and hopafully thia will ba «aro.   Ivan thia aathad 

would ba lapractlcal, axoopt that tha eoaffieiant of o+t ^ *** ^,t*> 

of linear aquation« taappan« to bo iadopandant of I.   In othar worla« 

tha aatrix of eoaffieiant« ha« I idantieal T x T bloeka alone tha Min 

diagonal, and «aro« alaauliaraf «o etch laaat-aqpara* prOblaa «plit« up 

into a nuahtr of snallar on««. 

Writing xt for o^, we want tha laaat «quara« aOlution of Ax ■ b^ 

wham A . C^^^^j^   . (5.11) 

The solution ia given by x - (A'A)'^1^   (in tha real oaaa) , (5.12) 

and wa have 

ATA - (( ^JtPju)( ^ ykfeW>t,« (5.13) 

and A1* - ( £ Vkt^t  ' ^.1A) 

Ac noted above, (5.13) la independent of i, but (5.1^) dependa on i. 
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9.9 

s.g Acctiwtiuttif ommi • r 

It la not elasr hov one should MIW • §ood InttUl fuott «t • 

solution of   (9«0^)9   but to »ny c««#9 tdtb randomly ohotm u^ |^ «ad j> 

ilto InttUl »u of omvorgvne« Id rapid.   UbfortuMUly UM eoavorpHiot 

toon slow dOMn.   Otto poiflbU dirrioaity wy bt UJtMtratvd by • iwo- 

dlMMlocal «n^lot    fivpoM u* try 10 ainlalM t{o9$) by fixlag •» 

•Inlaiilng a vitb rowet to o^ fixing » and ■Inlalalag a vltb raaptot 

to I, •to.   If tba contour llnaa of a art «Illpaoa aa lUuatratad in 

tba dlagran bolow, thara will ba a alow "sIcaafT approach to tha 

*lnlm. ^     ^--**i    \*»4 

it 

In tha caaa illuatratad, tha follcving alforlthn will apaad up 

convarganca« 

1/  i !■ 0;  duaaa (fy $0  . 

2/    Find 6° to ■iniaisa  a(oi + b0,»^. 

3/  Find 60 to nlnlmize  aC^ ♦ 6°^ ♦ 5P). 

4/ Find w to niniaisa  ■^i+i'^i^* 

where af1+l m cii * *P*$toi m $i * ^  . 

5/  i :- i ♦ I . 

6/  Go back to 2/ . 
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In UM «lapU MM of • ^Mdntie fUnoti« 1(090)9 thii «IfMitlB 

will find UM aialMi in OM eyelt. 

9.6 

RTtM MM idM MB b« UMd iB OUT «Oft fMtMl prObl«.     Zf •<£ f |^ 2) 

is UM tu» of i^Mrtf of rMldMli» m find J   to alBlalM •(£♦1 »|#i) » 

tlMn 6* te BIBIBIM •( U ♦ jP$$ ♦ 6^2) » 

then ^ to BinlBiM •(£ ♦ i0»| ♦ f,i * l') 9 

UMn w   to BinlBiM •(2*ti'*I*)   **»•  2<a St4 ^ *tea 

Sine« 

•( ,'|,,y,)" ifSk [?(öit * "^^ * "^^ * ^Ü •    (5,aI) 

wt MB «xprtsi • •• • fLctb dofroo polyBOBUl in «9 ond thon w MB bt 

ehoson to BIBIBIM this polynonlol (clObiUy). 
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6.1 

6.    Bfreii for Maw AUorlUi br tht Uait tomm Mtthod 

A progrM MIS «rittm to try to find • lolution of  (9*05)   wing 

tk« UMt-iqntrm •pprooeh doicribod la 8oo« 5.   Alttaeutfi It Mould bo 

InUrtftlas to look for coopl«t tolntlono^ only tht rttl MM WO 

oMildorM* 

UM pojltlv« doflnltt •ynttrlo Mtrix ATA It found fit»   (9*13) 

tod t\ It found fro«   (9.1*)* uking tdvunttft of tht Identity. 

k>^I|fJ| 
lttu7Miu*nl0Jk*X«  "   ^•iJUirUu   * (6.01) 

6.1   Ctlculttlcp of t(fl«d.jd 

Wt tlall utt two or thrM tubfcrlptt on tht e^ 0 «d 7   tt 000- 

Ttnltnt.   The tua of iqutrtf of rtsldutU of   (9*06)   it 

•(2»M) -      L 

to    tf(o,0> r)-      Z ^ «itvktj 

2 ii r1* f^«*^) 

Tht atnifljbtforMird «vtluttioo of   (6.11)    for Mtrix ■ultiplioatioo with 

N ■ H ■ P   ttkot f&Tt   optrttiont (Jutt counting ■oUlplicttioot).   Uting 

(6.12)   inttMd, tht last two ttnt give no prcbltUf in ftct 

i,^k     lff        i,d,h,L,«,n     «T»"" 
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* i#^i,tai^»*,ut » t«jk) 
•nd tte •vtluttiea of   (6,lh)   Nquina OüJT^SH T optntieM.   At first 

Urn in   (6.18)   If 

•ad tte rl^it aid« of   (6.19)   lavoltti *yrr/9 opmtlOM (90)( art 

•M«d by lywttry) •   Sine« wt tm lotcrtttad la mluu of Mr* ,   ■ eta 

be found fMa  (6.12) - (6.15)   In*)*7' /2 opMatleat latt«d of ^a8,8 

uolag   (6.U) .   Hoaoo It ii auch fbotor to oto   (6.18) - (6.1$), olttaougb 

thli involvts »em» loos of «eeuraey. 

6.2    aatdittlc jtoroal—tloa 

At tint tht eooffleloBts of v la ttao sixth dogroo polytwiil p(w) 

of   ($.21)   «or« otleulitod uaioc   2» £> Z> 1°* £   •nd A7* l,nd tlM fl«*«1 

ainiiai of p(v) «M found.   Evaluation of ttaa coaffleianta of p(v) aaa 

rather tiaa-cooauBingf and it aaa noticed that the alnl— uaually occurred 

for 1 < w < 2, and in thia range p(w) aaa approaiaatad vary «all by the 

quadratic fitting p(0), p(l) and p(2). 

Since p(0) ■ •(<2>ft*z) is already Hnown, 

end both      p(l) • a(2*fta,fi+6P,z*,iy) 

end p(2) - •(2*2i0f,fi+2«*,jH-2«r) nay be found by the aathod of See. 6.1f 

the program aaa apeeded up considerably by uaing the quadratic approxiaatioa, 

end the rate of convergence «aa not noticeably diainiahed. 
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Al • prtatution» MOttMsy tot tht first ftv itcntleni *nymy, v 

U m, oo«t»i«d t. H. m U, 5) .  a».«», cto.«, *<**?. M», 

/*vjf) *•• co«put«A (uiing previously etleulstsd inmr-producti like 

!: i 0itt0i^f ind * ch*ck IIBd* th*t it *** ltfa tlMB ^^ *nd ^^ * 
After the first few iterstions these preceutloni usuelly turned out to 

be «meoesssnr.    Note thst, cnoe   s, . E (alu ♦ x»«tt)(alv ♦ xe«,) is 

6.3 

I 
I 
I 
I 

found for x ■ Of 1 end 2« ve een find sny sx fron 

i 
D 
n        ■x ■ ^^ ' '^o * (2 " ^'i ♦ ^ ♦ ^P» ,*•^• r ■ « • i • 

This device ms else used to seve SOM tise. There is e danger of 

IJ        mnwrieel InsUbillty unless ||(y2 - y)| < 1, i.e. unless 0 < x < 3 » 

p        which is one reesoo why v wes eoostreined to lie in [1, 3] • 

If N ■ H ■ P9 the nuriber of operetions (just counting ■ultlplicstlons) 

' •        per eoqplete cycle is ~(l5H*t)&/2 . Since H2 < T < IT for the esses of 

P        interest, this grows very rspidly with H. On the other hend, we ere trying 

to solve ■ ncnlineer equstioos in 3IY unknowns, so it would be suxprising 

I;        if sny other nethod could do auch better. 

D 
D 

6,3   8u—sry of Rssults 

The ettenpt to loner the bound   (2.36)   wer unsuccessful, but SOM 

interesting negstlve results were obtained.   For 2x2 astrices, neny 

u solutions were found with T ■ 7» but s never fell below 1 for T ■ 6, 

strongly indicating thst Stressen* s method gives the nininal nuriber of 

maltiplieations for 2 x 2 »trices (at leest for rssl 0^ £ snd 2) •   With 

T ■ 7 eecfa iteration took about 0.2 sec. and convergence was fsirly fist, 

sod appeered to be llnssr. 
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6.k 

Trying T ■ 1, 2,  •.. 7 for 2x2 mtrice», It was found that 

[ p if T - 5, 6 or f 
lnf(8) + T-< 8 if T - 1, 2 or 3 

1,7.59 it T mk . 

Thuü the minimal sum of squares of residuals is usually Integral, but 

appears to be nonintegral for T ■ U. 

D 
li 
11 
1! 3x3 matrices nay be multiplied in 26 multiplications by using 

Stressen*s method on a 2 x 2 subraatrix.    It appears that there is also 

a solution with T ■ 23:   the program (taking 3 sec./iteration) reduced 

s to O.183 in 33 iterations, and a was still slowly decreasing.   Knuth 

has found a solution, involving cube roots of unity, with T ■ 2it.    How- 

'T ever, log.2^ > logjf, and in fact log-21 < log.7 < log,22, so a solution 

with T < 21 is necessary to improve the bound (2.36) •   When the program was 

ii 

II 
I 

run with T ■ 21,  s appeared to be tending to 2 rather than to zero.    If 

the rule inf(s(T)) + T > T -   , which was observed for the 2x2 case, 

holds generally, this would indicate that for 3x3 matrices T.   < 23 • 

For k x k matrices the program was run with T ■ 48, to try to improve 

on Stressen's U9,    unfortunately, each iteration took 18 sec, end con- 

vergence was slow, so lack of computer time forced a return to smaller 

Probleme. 

Various cases of small rectangular matrices were investigated.    For 

example, the program was run with M ■ P ■ 2, N « U and with M ■ P » 4, 

N « 2 .   In these cases the smallest T for which s appeared to be tending 

to zero was exactly the T to be expected by partitioning the matrices and 
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6.5 

applying Straiien*! method. Convergence often slowed as a approached 1, 

and apeeded up again once a < 1, and there was no case In which a < 1 

was attained, hut for which u tailed to tend to zero. Perhaps a(Q > b Z) 

has some local minina or saddle polnta, hut they all have s > 1. 

To suonarize the results: although nothing has been rigorously 

proved, it appears likely that, to improve on the hound (2.56), matrices 

of size at leaat k xk mast he investigated. It is plausible that there 

are no (real) methods better than Stressen's for the 2x2 or 3x5 

case, and if this is so it if. unlikely that any new method could be of 

much practical use, although it would certainly be of theoretical interest. 

A practical method needs to have rational o, g and 2> end to be fast for 

reasonably small matrices moat of the components of a, £ end £ should 

vanieh. 
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7»  Coocluilcn 

While the nomel method takes oCn7) opentloni to multiply n x n 

nmtrice«, Streuen* • method thowi thet 0(n '^ suffice. In practlcey 

though, the nonml method !• faster for n < 100 . Winogred' s method, 

while still taking O(n^) Operation«, trades multiplications for 

additions and is definitely faster thsn the normal method for moderate 

and large n, with e gain of up to about 10% for real aatrioes and up to 

about 20% for complex matrices. The gsin would be greater for double 

or multiple-precision arithmetic. 

Floating-point error bounds can be given for Stressen's end Winogred* s 

methods, and the bounds ere conperable to those for the normal method if 

the same precision arithmetic is used. With Winogred* s method the necessity 

for prescaling can not be emphasized too strongly (see also [12]). 

Provided scaling is used, Winogred* s method can be recommended, es- 

pecially in the complex case, unless very high accuracy is essential. It 

is much easier to code thsn Stressen*s method. Possibly Stressen*s method 

would be preferable when working with large matrices on a paged machine. 

Attempts to lower the constant logJT ■ 2.8... given by Stressen*s 

method were unsuccessful. 4 completely new approach seems neeessery in 

order to bring the upper and lower bounds on the computational complexity 

of matrix multiplication much closer together. For matrices of reesonable 

size, though, it seems unlikely that any new method could be very much 

faster than the known methods on e serial computer. 
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(All ♦ A22).(B22 - BID, 
(All ♦ A21MB11 ♦ B12),  ANO 
(A12 ♦ A22).(B21 ♦ B22) 

0001 I- BEAIN COMMRNTt 
0002 — TEST PfUMRAH POR PROCEDURE STRASSEN, WINOORAO A flATflULT, 
OOOS — FILE  If BRUIT.TE8TSTRASSEN ON SVSO«; 
000% — 
0005 — 
0006 —     PROCEDURE BTRASSEN (REAL ARRAY A, B# C (•« •); 
0007 — INTERER VALUE H, M, P); 
0001 2- BEQIN COMMENTI 
0009 — IP A IS AN N X N MATRIX, AND B IS AN N X P MATRIX, 
0010 — THEN THE M X P PRODUCT MATRIX A.B IS RETURNED IN C. 
0011 — A MODIFIED FORM OF STRASSEN'S METHOD IS USED WHEN 
0012 — N, N# ANO P ARE SUFFICIENTLY LARflE.  IT IS BASED ON THE 
001S •- FOLLOWINO IDENTITIES WHICH HOLD IN THE 2X2 CASE} 
aoiu — 
0015 — Cll • Ql - OS - QS ♦ Q7, 
0016 — ci2 - a* - Ql# 
0017 » C21 - Q2 ♦ QS# AND 
001S — C22 • OS ♦ Q6 - Q2 • 0*, WHERE 
0019 — 01 - (All - A12).B22# 
0020 — 02 - (A21 - A22).B11# 
0021 -- OS - A22.(B11 ♦ B21), 
0022 -- 0«» - A11.(B12 ♦ B22)# 
0023 — 05 • (All ♦ A22MB22 - BID, 
002k  -- 06 - '•,, - '••* ♦■,'  - ■ 
0025 -- 07 
0026 — 
0027 — A, R AND/OR C MAY BE I0PNTICAL OR OVERLAPPING IN THF 
0028 — CALL TO STRASSEN.  IN THE CASE M-N-P THE INTERMPniATE 
0029 — STORAGE REOUIRED IS ABOUT 8N**2/3 REAL WOROS.  THIS 
0030 — COULD RE REDUCED TO N**2 (OR MORP RENERALLY 
0031 — (MH ♦ NP ♦ PM)/3 ) RY BUILDINR UP THE PRODUCT APTBR 
0032 — PACH CALL TO STRASSEN IN EVENMULT, BUT THEN C COULO 
0033 — NOT OVERLAP A OR R, AND THE PROCEDURE UOULO BE 
OOSli — RATHER SLOWER. 
0035 — 
0036 — IF 3MHP/(MN*NP*Pf1)<«N0 THEN NORMAL MATRIX MULTIPLICATION 
0037 — IS USPn. THIS IS BECAUSE STRASSEN'S IDENTITIES SAVE 
0038 » TIME ONLY IF A HULTIPLICATION TAKES LONGER THAN Ik 
0039 — ADDITIONS, WHICH IS CERTAINLY FALSE FOR MATRICES SMALLER 
OOitO » THAN Ik  X It, OR A LITTLE LARGER. THE NUMBER NO 
001» 1 — IS MACHINE ANO COMPILER-DEPENDENT, RUT 100 IS ABOUT 
00*2 — OPTIMAL POR ALGOLW ON THE 360/67 (WITH NO ARRAY BOUNDS 
00«» 3 — CHECKING). 
OOkk  — 
00%5 — THE TIME POR PROCEDURE STRASSEN IS ABOUT THE SAME AS 
00l»6 — FOR THE NORMAL METHOD FOR SMALL M, N ANO P, BUT POR 
00*7 -- LARGE M, N AND P THE TIME MULTIPLIES BY 7 (RATHER 
00*8 — THAN 8) EACH TIME M, N AND P ARE DOUBLED. ACCURACY 
00*9 — IS NOT MUCH WORSE THAN FOR MATRIX MULTIPLICATION BY 
0050 — THE USUAL METHOD WITH ALL OPERATIONS DONE IN SINGLE 
0051 — PRECISION. 
0052 — . 
0053 — R RRPNT, JULY 1969; 
005* — 
0055 — REAL PROCEDURE IP(RPAL ARRAY A, *(•); INTEGER VALUE N); 
0056 3- BEGIN COMMFNTt 
0057 — RETURNS THE INNER PRODUCT OF THE N-VECTGRS A ANO R; 
0058 » 
0059 — LONG REAL S; 
0060 — S t- OL; 
0061 — FOR I I« 1 UNTIL N DO S t- S ♦ A(|}*B(I); 
0062 — ROUNDTOREAL(S) 
0063 -3 END IP; 
006* — 
0065 — PROCEDURE OP(REAL ARRAY A, B, C(*); INTEGER VALUE Ml, M2, M3, P); 
0066 3- BEQIN COMMENTi 
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0067 — ePPCCTIVCLV OOMt 
0061 — FOR I I- 1 UNTIL Nl DO 
0069 •• A(l) i« i(l ♦ N2) ♦ MCCI ♦ MS) 
0070 — WHERE F • 0, ♦! OR -1. 
0071 — NOTE THAT IN ALftOLW 1-0 ARRAY ACCESSES ARE MUCH 
0072 — FASTER THAN 2-0 ACCESSES; 
007S -- 
007(1 —        IF F > 0 THEN 
0075 %- BEGIN IF M2 ■ 0 THEN 
0076 S- REQIN IF MS - 0 THEN 
0077 6- SERIN FOR I t- 1 UNTIL Ml 00 A(l) l> 1(1) ♦ C(l) 
0071 -6 ENO 
0079 — ELSE FOR I t> 1 UNTIL Ml 00 A(l) i« 1(1) ♦ C(l ♦ MS) 
0080 -S END 
0081 -- ELSE 
0082 S- SERIN IF MS - 0 THEN 
n08S 6- 1EQIN FOR I I« 1 UNTIL HI DO A(l) t- SCI ♦ MS) ♦ C(l) 
008(1 -6 ENO 
0085 -- ELSE FOR I i« 1 UNTIL Nl 00 A(l) t> B(l ♦ M2) ♦ 0(1 ♦ MS) 
0086 -5 ENO 
0087 -* ENO 
0088 —        ELSE IF F < 0 THEN 
0089 k- BEOIN IF M2 - 0 THEN 
0090 5- BERIN IF MS • 0 THEN 
0091 6- BERIN FOR I |> 1 UNTIL Ml 00 A(l) t* B(l) - C(l) 
0092 -6 ENO 
009S — ELSE FOR  I   t- 1 UNTIL Ml 00 A(l)  t* B(l) - C(l  ♦ MS) 
009l> -5 FNO 
0095 — ELSE 
0096 5- BEOIN IF MS ■ 0 THEN 
0097 6- BERIN FOR I I" 1 UNTIL Ml 00 A(I) t- B(I ♦ M2) - C(l) 
0098 -C END 
0099 — ELSE FOR I »■ 1 UNTIL Ml DO A(l) l- B(l ♦ M2) • C(l ♦ MS) 
0100 -5 END 
0101 -t END 
0102 —        ELSE 
0103 4- BERIN IF M2 - 0 THEN 
010* 5- »ERIN FOR I t- 1 UNTIL Ml RO A(l) t« B(l) 
0105 -5 END 
0106 — ELSE FOR f t- 1 UNTIL Ml DO A(l) t- R(l ♦ M2) 
0107 -fc END 
0108 -3        END OP; 
0109 -- 
0110 •- 
Olli —       rOMMFNTt  IF M, M, OR P SMALL USE NORMAL MATRIX MULTIPLICATION. 
0112 — THE CONSTANT NO MENTIONER ABOVE IS REDUCED TO 29 FOR 
0113 — CHECKINR PURPOSES; 
011% -- 
0115 — 
0116 —      IF (S*M*N*P) <> (29*(M*N ♦ N*P ♦ P*M)) THEN 
0117 — 
0118 3-        BERIN COMMENT} WE USE A TEMPORARY ARRAY 0 IN CASE C ■ A DR B; 
0119 —        REAL ARRAY 0 (1 :i M, 1 tt P); 
0120 ••        FOR I l« 1 UNTIL M DO FOR J :• 1 UNTIL P DO 
0121 —       0(1,J) »■ IP(A(I#*)# «(•,.]), N); 
0122 —        FOR I :■ 1 UNTIL M DO 0P(C(l#O# 0(1,*), 0(1,•), P, 0, 0, 0) 
0125 -3        CNP 
0121» — 
0125 —      ELSE 
0126 — 
0127 5-        BERIN COMMPNTt USE STRASSEN'S METHOD; 
0128 — 
0129 —        PROCEDURE IDENTITIES; 
0130 •»- »ERIN COMMENT! 
0131 — THE IDENTITIES ARE PUT HERE TO AVOID SERHENT 
0132 — OVERFLOW; 
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0 
0 
D 
0 
D 
D 
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U 
D 
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01SS 
015k 
0155 
0156 
0157 
0151 
0159 
01*0 
OIU 
01d2 
0H»5 
Olkk 
01*5 
011*6 
Oik? 
OIU 
OIU 
0150 
0151 
0152 
0155 
01511 
0155 
0156 
0157 
0158 
0159 
0160 
0161 
0162 
0165 
016«i 
0165 
0166 
0167 
0168 
0169 
0170 
0171 
0172 
0175 
017U 
0175 
0176 
0177 
0178 
0179 
0180 
0181 
0182 
0185 
018(1 
0185 
0186 
0187 
0188 
0189 
0190 
0191 
0192 
0195 
019«» 
0195 
0196 
0197 
1198 

•5 

REAL ARRAY T (1 it M2# 1 tt Nl)j 
REAL ARRAY U (1 ti N2, 1 tt P2)| 
REAL ARRAY Ql# 02« 05« 06, 05, 06 (1 tt N2# 1 tt R2)| 

FOR J t 
OR (T(* 
FOR I t 
OP (U(l 
STRASSCN 
FOR I t 
OP (T(l 
STRASSEN 
FOR I t 
OP (T(l 
FOR I t 
OP (U(l 
STRASS CN 
FOR 4 l 
OP (U(* 
STRASSEN 
FOR I t 
OP <T(I 
FOR I t 
OP (U(l 
STRASSEN 
FOR I i 
OP (TCI 
FOR J : 
OP (U(* 
STRASSEN 
FOR J t 
OP (T(« 
FOR I t 
OP (U(l« 
STRASSEN 

1); 

1 UNTIL N2 DO 
ft),  A(*# J), A(*# J ♦ N2), t42, 0, 0« -1)} 
1 UNTIL N2 HO 
•), R(l ♦ N2« •), B(l, •},  P2, P2# 0, 0)1 
(T# U, 01, M2# N2# P2)| 
1 UNTIL M2 DO 
•), A(l ♦ M2, •),  A(l ♦ HZ,   •), N2, 0, N2# 
(T# B# 02# M2, N2# P2); 
1 UNTIL N2 DO 
•), A(l ♦ M2# •), A(l# •), N2, N2# 0# 0); 
1 UNTIL N2 DO 
*), 6(1, •), 6(1 ♦ N2, •), P2, 0, 0, 1)J 
(T, U, 05, N2, N2, P2); 
1 UNTIL P2 DO 
J), B(*, J ♦ P2), B(*, J ♦ P2), N2, 0, N2, 1); 
(A, U, Ok, M2, N2, P2); 
1 UNTIL H2 DO 
•), A(l, •), A(l ♦ M2, •), N2, 0, N2, 1); 
1 UNTIL N2 DO 
•), R(l ♦ N2, •), 6(1, •), P2, P2, 0, -1); 
(T, U, 05, ri2, N2, P2)j 
1 UNTIL f12 DO 
•), A(l, •), A(l ♦ M2, •), N2, 0, 0, 1)} 
1 UNTIL P2 DO 
J), B(*, J), »(•, J ♦ P2), N2, 0, 0, l)j 
(T, U, 06, M2, fI2, P2); 
1 UNTIL N2 DO 
J), A(*, J ♦ N2), A(*, J ♦ N2), M2, 0, M2, 1); 
1 UNTIL N2 no 
*), R(l ♦ N2, •), 8(1 ♦ N2, •), P2, 0, P2, 1); 
(T, U, C , M2, N2, P2); 

i» 

FOR I t" 1 UNTIL M2 DO POR J :■ I UNTIL P2 HO 
BEQIN 
C (l,J) 
C (l,J ♦ P2) 
C (I ♦ M2,J) 
C (I*M2,J*P2) 
END 

END IDENTITIES; 

:- 01(I,J) - 05 (l,J) ♦ C (l,J) - 05(1,J); 
:• Oi»(l,J) - 01(I,J); 
:• 02(1,J) ♦ 05(1,J); 
t- 05(I,J) ♦ 06(1,J) - (02(1,J) ♦ QUI,J)) 

REAL ARRAY 61(1 tt P); 
REAL ARRAY S2(l tt M); 
INTEGER M2, N2, P2; 
M2 :■ M DIV 2; N2 t> N DIV 2; P2 t- P DIV 2; 

COMMENT: THIS PART MUST RE DONE NOW IN CASE C " A OR 8; 

IF (2*M2) < M THEN 
BEGIN FOR J t" 1 UNTIL 2*P2 DO 
SKJ) t> IP(A(H,*), B(*,J), N) 
END; 

IF (2*P2) < P THEN 
BEftIN FOR I !• 1 UNTIL M DO 
S2(l) f IP(A(I,*), B(*,P), N) 
END; 

IDENTITIES; 

112 t« 2*M2; N2 t" 2*N2; P2 t" 2*P2; 
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0199 — 
0200 — COMMENTi  IF ft« M, OR P WAS ODD WC HAVE TO FIX UP THE ■ORDCKSl 
0201 — 
0202 — IF N2 < N TMRN 
0203 %- REQIN 
02011 — FOR I I« 1 UNTIL N2 00 FOR J t- 1 UNTIL F2 00 
0205 — C(M) I« e(l,J) ♦ A(I#N)*B(N#J) 
0206 -* RNOj 
0207 — 
0201 — IF M2 < M THEN 
0209 k- KFQIN FOR J I- 1 UNTIL PI  00 C(M#J) t- 81(J) 
0210 -% ENO; 
0211 — 
0212 — IF P2 < P THEN 
0213 %- BEQIN FOR I I« 1 UNTIL M 00 e(l#P) I- S2(l) 
021k 'k END 
0215 -3 ENO 
0216 -2 CNO STRASSRN) 
0217 — 
0218 — 
0219 — PROCEOURE WINOHRAn (REAL ARRAY A,  R, C(*«*)|   INTEflER VALUE M#  H,  P); 
0220 2- SEOIN COMHFNTl 
0221 — IF A  IS AN M X N MATRIX AND B AN N X F MATRIX«  THEN 
0222 — THEIR PRODUCT A.B IS RETURNER  IN C.    UINOQRAn*S METHOD 
0223 — IS USED WITH PRESCALINQ TO ENSURE QOOD ACCURACY; 
022k — 
0225 — REAL PROCEPURE IIP(RFAL ARRAY A,  B(*);   LONG REAL VALUE X,  Y); 
0226 3- REOIN COMMENT! 
0227 — RETURNS THE  INNER PRODUCT OF THE N-VECTORS A AND B# 
0228 — USING PRECOMPUTEO X AND Y.      IMS GLOBAL; 
0229 — 
0230 — LONG REAL S; 
0231 •- S t- -(X ♦ Y); 
0232 — COMMENT!  IF THE NEXT STATEMENT IS REPLACED BY! 
0233 — FOR I !■ 2 STEP 2 UNTIL 2*(N DIV 2) DO 
023li — 3 t« 8 ♦ (LONG(A(l-l)) ♦ LONQ(B(l )))*(LONO(A(l)) ♦ LONG(B( 1-1)))., 
0235 — THEN THE CORRECTLY ROUNDED SINGLE-PRECISION RESULT IS USUALLY 
0236 — RETURNED (ASSUMING PRESCALING). UNFORTUNATELY THIS SLOWS DOWN 
0237 — THE ALGORITHM SO THAT IT IS NO LONGER FASTER THAN THE USUAL ONE; 
0238 — FOR I :• 2 STEP 2 UNTIL 2*(N 01V 2) DO 
0239 — S !- S * (A(l - 1) ♦ B(I))*(A<I) 4 B( I - 1)); 
02l»0 — IF (N REH 2) > 0 THEN S :• S ♦ A(N)*B(N); 
02U1 — ROUNDTOREAL(S) 
02«2 -3 END WP; 
02*3 — 
02U -- LONG REAL PROCEDURE XI(REAL ARRAY AC*)); 
02tS 3- BEGIN COMMENT! 
02«»6 — USED TO PRECOMPUTE THE FUNCTIONS OF A REQUIRED BY UP; 
02U7 •- 
02li8 — LONG REAL S; 
02«i9  — S  !■ OL; 
0250 — FOR I !■ 1 STEP 2 UNTIL N-lDOS:-S* A(I)*A(I ♦ 1); 
0251 — S 
0252 -3 ENO XI; 
0253 " Ä      -^ 025li —       PROCEDURE MAX (REAL ARRAY A(Wf  REAL VArtl RESULT BO); 
0255 — FOR I !- 1 UNTIL N DO IF BO < ABS(A(I)) THEN BD !- ABSCAd)); 
0250 -- 
0257 — PROCEDURE. UMLCREAL ARRAY A# R(*); REAL VALUE M); 
0258 — FOR I !■ 1 UNTIL N 00 A(l) !■ M*B(I); 
0259 » 
0260 — REAL AMAX# BMAX« MULT; 
0261 — COMMENT! THE ARRAYS 0 AND E ARE USED AS TEMPORARY STORAGE IN CASE 
0262 — SOME OP A, R AND C COINCIDE; 
C263 — REAL ARRAY 0(1 :: M# 1 :: N); 
026k --      REAL ARRAY Ed ü N, 1 ü P); 
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0265 •• LOHQ REAL ARRAY X(l it M); 
0266 — LONQ REAL ARRAY Yd tt P); 
0267 — 
0261 — COMMENTI A AND 6 ARE SCALED RY SUITABLE ROWERS OP TWO TO HIVE ROOD 
0269 — NUMERICAL PROPERTIES« AND THE SCALED MATRICES STORED IN 
0270 — n AND It 
0271 — A»1AX !■ BMAX I- 0.0; 
0272 -- FOR I I- 1 UNTIL M DO MAX(A(I#*)# AMAX); 
027S — FOR K t« 1 UNTIL P DO MAX(B(*#K)# BMAX); 
02711 — MULT I- IF (ANAX > 0) AND (UMAX > 0) THEN 
0275 — 2**(TRUNCATE((LOn(BMAX) - LOfl(AMAX))/LOR(li) ♦ 200.S) - 200) 
0276 -- ELSE 1.0; 
0277 -- FOR I I* 1 UNTIL M DO MUL(D(I#*)# A(l,*), MULT); 
0278 -- FOR K t- 1 UNTIL P DO MUL(E(*,K)* R(VK)« MULT); 
0279 » COMMENTS NOW SOME CONSTANTS ARE PRECOMPUTED AND SAVED IN X AND Y; 
0210 -- FOR I l« 1 UNTIL M DO X(l) I- XI(D(I#*)); 
02S1 — FOR K I* 1 UNTIL P DO Y(K) t- XI(E(*,K)); 
0282 » COMMENTt  NOW THE INNER PRODUCTS ARE FOUND; 
0283 — FOR I I« 1 UNTIL M DO FOR J t« 1 UNTIL P DO 
028% •• C(I,J) I- WP(D(I,*), E(*,J), X(l), Y(J)) 
0285 -2 END WINOORAD; 
0286 — 
0287 — 
0288 — PROCEDURE MATMULT (REAL ARRAY A, D# C(*#*); 
0289 » INTERER VALUE M, N, P); 
0290 2- REOIN COMMENT: 
0291 — FORMS C :> A.B IN THE USUAL WAY; 
0292 — 
0293 — REAL PROCEDURE IP(REAL ARRAY A# B(*); INTEGER VALUE N); 
029% 3- BEGIN COMMENT; 
0295 — RETURNS THE INNER PRODUCT OF THE N-VECTORS A AND B; 
0296 — 
0297 » LONG REAL S; 
0298 — S t- OL; 
0299 — FOR I :• 1 UNTIL N DO S :> S ♦ A(I)*B(I); 
0300 — ROUNDTOREAL(S) 
0301 -3 END IP; 
0302 — 
0303 — PROCEDURE ASSIGN (RFAL ARRAY A# n(*); INTFGER VALUE N); 
030% -- FOR I I" 1 UNTIL N DO A(I) :• B(l); 
0305 — 
0306 — COMMENT! Q IS USEn IN CASE C COINCIDES WITH A OR 9; 
0307 — REAL ARRAY Q(l it M, 1'tt P); 
0308 — FOR I t- 1 UNTIL M DO FOR J :- 1 UNTIL P DO 
0309 — Q(I,J) :■ IP(A(I,*), R(*#J)# N); 
0310 — FOR I l« 1 UNTIL H  DO ASSIGN (C(l#*)# 0(1,*), P) 
0311 -2 END MATMULT; 
0312 — 
0313 — 
031% — INTEGER RANI« RAN2, RAN3# RAN%; 
0315 -- INTEGER ARRAY RANS (0 :: 255); 
0316 — 
0317 — PROCEDURE RANI NIT (INTEGER VALUE Rl); 
0318 2- BEGIN COMMENT: 
0319 — MUST BE CALLED WITH ANY INTEGER Rl 
0320 — TO INITIALIZE PROCEDURE RANDOM; 
0321 — 
0322 — INTOVFL :■ NULL; COMMENT: MASKS OFF INTEGER OVERFLOW; 
0323 — RANI t« 1; RAN2 :- 2*ABS (Rl) ♦ 1; 
032% — FOR I :■ 0 UNTIL 255 DO RAN5 (I) :- RAN2 :- RAN2*65539 
0325 -2 END RANINIT; 
0326 — 
0327 — REAL PROCEDURE RANDOM; 
0328 2- BEGIN COMMENT: 
0329 -- USES Tin  SIMPLE LFHHER GENERATORS OF THE FORM 
0330 — X(N*1) - X(N)*A (MOD T) WITH 
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0331 — Al - 11**11 (MOO Tl) • 6*SS, Tl > 2**1S-1 - 1191, 
0332 — A2 • 2"16«3 ■ 6SSS9# T2 > 2**31 - 21*7*136*3. 
0333 — THE FIRST flIMMATOR JUST MINTS TO THE TABLE OF 
033* — ENTRIES FOR THE SECONO AENERATOR, SO OOOO RANDOM 
0335 — »UMBERS WITH A CYCLE LENOTH AT LEAST 2.10**12 ARE 
0336 — PROnuCED. 
0337 — THE IDEA IS DUE TO MACLAREN AND MARSAQLIA, SEE 
0338 — KNUTH, VOL I,  PQ 30, ALGORITHM M. 
0339 — REAL OUTPUT UNIFORM IN (0,1). 
03*0 — NOTE THAT INTEOER RANI, RAN2, RAMS, RAN* AND 
03*1 — INTEGER ARRAY RAN5 (0il2SS> MUST RE DECLARED 
03*2 — GLOBALLY AND RANI NIT MUST BE CALLED FOR 
03*3 — INITIALIZATION; 
03** — 
03*5 — RANI !■ (RAN1*6*35) REM 8191; 
03*6 — RAN3 !■ RANI REH 2S6; 
031.7 — RAN* l- RANS (RAN3); 
03*8 — RAN2 I- RANS (RAN3) t> RAN2 * 65539; 
03*9 — RAN* * 0.*65661287*-9 
0350 -2 END RANDOM; 
0351 — 
0352 — 
0353 — PROCEDURE RANSFT (RFAL ARRAY A(*,*);   INTEGER VALUE M,  N); 
035* — FOR  I   i- 1 UNTIL M DO FOR J  :■ 1 UNTIL N DO 
0355 — A(I,J) :• RANHOM - 0.5; 
0356 -- 
0357 — 
0358 — COMMENT:  CALL I NO PROGRAM; 
0359 — 
0360 — INTEGER R, M, N, P, T;  REAL S, MAX, DEL, SU, MAXH; 
0361 — READ(R); 
0362 — WHILE R "*■ 0 DO 
0363 2- BEGIN REAPON(M, N, P); RANINIT(R); WRITEC* **); WRITEC ">; 
036* — WRITECR", R, "          M", M, "          R", M, 
0365 — "             PM, P); 
0366 3- BEGIN 
0367 — REAL ARRAY A(l :: M, 1 tt N); 
0368 — REAL ARRAY B(l :: N, 1 it P>; 
0369 — REAL ARRAY C, 0, Ed t: M, 1 tt P); 
0370 — RANSET (A, M, N); 
0371 — RANSET (B, H, P); 
0372 — T f TIME(l); 
0373 — MATMULT(A, B, D, M, N, P); 
037* — WRITE ("MATMULT TIME ", TIME(l) - T); 
0375 -- T I- TIME(l); 
0376 — STRASSEN (A, R, C, M, N, P); 
0377 — WRITE ("STRASSEN TIME", TIMF(l) - T); T t« TIME(l); 
0378 — WINOGRAD(A, B, E, H, fl, P); 
0379 — WRITEC'WINORRAn TIME", TIME(l) - T); 
0380 — St- MAX :■ SW |« MAXW :• 0; 
0381 — FOR I t* 1 UNTIL M DO FOR J :• 1 UNTIL P DO 
0382 *- BEGIN DFL f ABS(r(|,J) - n(|#J)); 
0383 — IF MAX < DEL THEN MAX t- DEL; 
038* — S :■ S ♦ DFL*DEL; 
0385 — DEL t> ABS(D(|,J) - f:(l,J)); 
0386 — IF MAXW < DEL THEN MAXW :- BEL; 
0387 — SW t" SW ♦ DEL*nEL 
0388 -* END; 
0389 — WRI TEC'S ", S , "       MAX ", MAX ); 
0390 — WRITEC'SW", SW, "      MAXW", MAXW); 
0391 — READ(R) 
0392 -3 END 
0393 -2 END 
039* -1 END. 
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—-* strassen's and Winograd's algorithms for matrix multiplication cure investi- 

gated and compared with the normal algorithm. Floating - point error hounds are 

obtained, and it is shown that scaling is essential for numerical accuracy using 

Wlnograd's method. In practical cases Winograd's method appears to be slightly 

faster than the other two methods, but the gain ia, at most, about 20%.   Finally, 
an attempt to generalise Strassen's method is described. 
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