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ABSTRACT j

A discussion of the geodesic on the oblate spheroid (refer-
ence ellipsoid) is given with formulae of geodetic accuracy
(second order in the flattening, distance and azimuths) for
the noniterative direct and inverse solutions over the hemi-
spheroid, requiring no root extraction and no tabular data
except 3-place tables of the natural trigonometric functions.
Forms are presented for use with any ellipsoid of reference
and the formulae are adaptable to high speed electronic
computers. Instructions for use of the forms in desk comp-
utations are given with the parameters for ten known ellipsoids
of reference and the radii of spherical approximations.
A discussion is included of the computation of a long reference
line in stations and of reference systems in the vicinity of a
station as may be useful in oceanography, seismology, or
other geophysical disciplines. , -.1While the formulae introduced are satisfactory for short as

well as long. lines,'the emphasis is on long lines out to maxi-
mum spheroidal geodesic length under the shortest distance
property of the geodesic. The use of certain types of map
projections for such base line work is also discussed.
The direct and inverse solutions as presented here have been
adapted to high speed computers by the Earth Sciences Div-
ision of Teledyne, Inc., Alexandria, Virginia under the direction
of Dr. E. F. Chiburis. The Fortran statements for the inverse
solution are given in Appendix 4.
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FOREWORD

This report Fills a void in the theory and computation of long geodetic
distances on the reference ellipsoid. The results will be particularly useful to
long range navigation systems such as the Omega, and to several geophysical
disciplines such as oceanography, seismology, and geodesy.

T. K. TREADWELL
Captain, U. S. Navy
Commander
U. S. Naval Oceanographic Office
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PREFACE

The exposition of the computation of geodesics on the reference ellipsoid (oblate spheroid with snail

eccentricity) is based on the mathematical investigation I have conducted and included as Appendix I to this

report. The many papers which have appeared on the subject since the early work of Legendre and Be•sel

are evidence of the dissatisfaction with the classic methods. This paper is no exception. It is a 'Yesh" in-

vestigtlon, but shows the influence of literature search. Where results were identifiable in other treatises, I

have made reference to them. All the published works consulted are listed in the bibliography. Many of

the results presentel here are new. The emphasis is on long lines, based upon somewhat arbitrary criteria,

i.e., an accuracy of at least 1 meter in position-geodetic length within 1 meter; latitude, longitude, and

azimuth within .035 second-over the longest possible hemispheroidal geodesics employing no tables except

8-place natural trigonometric for desk computations-in any case meeting the 1/100,000 distance and I

second azimuth requirement as specified by ACIC in their special studies (bibliographical reference [221

of this report); easy adaptation to any reference ellipsoid by merely changing the defining parameters; no

root extraction or iteration with formulae limited to first and second powers of the flattening and which are

compatible with both desk and large electronic computers.

Since the investigation included the longest rosuible geodesics, the following questions had to be re-

solved in the evaluation: If we take an arbitrary point on a given nonplanar spheroidal geodesic, can we

find a second limiting point on the geodesc beyond which the unique shortest diee Property J,?

While Euler's differential equation is a necessary condition, is It sufficient? For example, in a limiting case,

the equator as well as a meridian on the spheroid are geodesics (both satisfy Euler's condition) and both

contain a common equatorial diameter-4 there an arc of the equator which sethifi the shotat dbkhnce
critasva? Are thee more then two conseutiw geodesi vrtices or mome than two node (equetoals
crosngs) In a hemipher•Jl? Are them any antipod points on nonplsw p g.ode*s? Wht
happens antpodfliy In a family of geodeics each hat a erta in a common merldan? How car we

independently check approximntion equatons for vey I goodessks?
In the 1957 report of the study group No. 2 on long lines, International Association of Geodesy,

we find the statement: "Conseuently, if two points are situated near the equator and are separated
by nearly 180 of longitude there is a certain ambiguity as to what Is meant by the podeski between

them." In his paper "The distance between two widely separated points on the surface otf the eaWth"

(Bibliographical referm 1171 below), Dr. W. D. Lambert stated (concerning the ambiguity): IThere
appears to be no comprehensive treatment :ad* available In Englid. The author hopes to publish one

shortly." This was never done.

Ill



From my investigation (Appendix 1) it was concluded that the maximum lengths of all oblate

•pheroidal geodesics, under the shortest distance property, each having a vertex in a common semimeridlan

(pole to pole) are contained in a hemispheroid (on the same side of the meridian orthogonal to that con-

taining the vertices). This permitted determination of maximum distances over which approximation

formulae to geodesics need hold under assumed accuracy criteria.

The antipodal zones were invesgated for such a family of geodesics (each with a vertex in a common

meridian) and formulae developed for determining the axes of the geodesic evolutes (envelopes). A formula

for the latitude of the con/ugate of an arbitrary point on the spheroidal geodesic (the point beyond which

the unique shortest distance property fails) w4; found

Formulae were developed in terms cq- ve, .rex kritude of the geodesic for longitude difference and

length to serve as control checks on approximation formulae, and to check already published lines to be

used for comparative purpose& A new direct solution was developed, and the inverse solution (previously

published in NA VOCEANO TR-182, 1966) Improved in form layout, azimuths to second order in the

flattening were added and the quadrant search for azimuths eliminated. Where possible or feasible the

formulae presented were developed through at least two different analyses, the details of which are pre-

sented in Appendix I.

No apology is made for including the computations of a large number of numerical results throughout

the discourse of Appendix 1, or for those included ar a group in Appendix 3. One of the disappointing

aspects of the literature review (Bibliography to this report), was the frequency of a single or at most two

numerical examples presented in verification of formulae, such formulae being subsequently unacceptable

when applied to lines differing considerably from those presented. The numerical results of Appendix 3 are

also useful as checks, should individual programming of the equations be attempted, and all the ACIC test

lines, already published in reference (22], have been included in Appendix 3 for check purposes. Appendix 2

contains the parameters for ten reference ellipsoids, the radii of spherical approximations, antipodal zone

axes and areas, coordinate systems and other useful formulae.

The formulae presented here for the direct and inverse (reverse) solutions of geodesics in terms of

parametric latitude have been programmed (Fortran) by the Earth Sciences Division, Teledyne, Inc.,

Alexandria, Virginia, under the supervision of Dr. E. F. Chiburis. The Fortran statements for the Inverse

solution are given in Appendix 4, and the card deck is available.

Finally, it seemed desirable to devote a section to a discussion of the use of forms presented for desk

computations, and in applications such as the computation of reference lines and local associated geometry

in the neighborhood of stations on the base line as inay be needed in geophysical surveys and studies.

Paul D. Thomas, Staff Mathematician

Research and Development Department
U. S. Naval Oceanographic Office
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HISTORICAL NOTE

The French Mathematician, Legendre, published papers in 1806 and 1811 on the theory of spheroidal

geodesics, conolidating and extending his work in the Traiti des Fonctions Efliptiques, 18-S.

The German astronomer, Bessel, published an approximation solution to the spheroidal geodesic in

1825, 1!) ], and since that time an almost endless stream of publications on the subje,.; has appeared. Other

famous 19th century scientists who studied the problem include Bennet (1850, 'SI1), Christoffel (1868),

Hansen (1868), Cayiey (1870), Jacobi (posthumous publication), Halphen (1888), Darboux (1894), A.R.

Forsyth (1895). Cayley was the first to use (he term "parametric latitude" for the eccentric angle of the

meridian ellipse, 1251. preferr ing it to Legendre's "reduced Waitude." Two outstanding 19th century

treatises, in each of which the geodesic problem is presented with approximatio'n solutions (iterative), are

those of the British geodesist Clarke and of Helrnert, the German contemporary, both volumes appearing in

188C, J21. b oel tt t lmnt h

The Bessel-lelmert method, which is an iterative type computation of the development of the pro-

jection on the sphere of the spheroidal geodesic, has been motified b o w invsa tpo elimnt the

iterative process and the use of tables other than natural trigonomnetric, but usually involving root extrac-

tion, 131, 141. Others have followed Clarke's method which in ?,entral involves tables for a particular ,

reference ellipsoid, and may involve root extraction, (St

Since the difference in Length between the elliptic norml sections or the Xmt elliptic section and the

geodesic is of the 4th order in the eccentricity of the meridian ellipse, forntulae have appeared computing

these lengths ratherf than the geodesic, some using also azimuths of then sections rather than geodesic

azimnuths and with the option, in some case of applying difference or differetisl cortection formulae for

finally converting to geodesic lenth and geodesic azimu-hs, 161. 171.181. 191. Particularly with respect toj

long geodetic tires. the litetature is quiltextensive, 1101). (Il I4. 121. 1131, 114). Many of these fortuise

as published were developed to give 4msancr up to a fixed ptidtenambvd mazinwrn lenh with a given

accracy and fad almost immediately on lires in cum~s of that nvxenum. Mary involve coefficients Of
many tems in powers of the eccentr icity or other auocamid peanit-er. Nowe of these examined appeared

capable of vtpprlyi% the varutfity requfred wider the criteria adopted for the pietu study.

THE C £ODEfC ON4 tINC OLA M mIEAMD

The klopia plime clond cum on the oblate ellhpsold of revoaluton tisthe cinasW equator, ail the

dwnerte closed c*Am. which bs ado a podeic. ts the mevdidan. This eqator and the neridians are the! nniy



plane geodesics and the only ý.osed geodesics. AD other geodesics are three dimensional spacc curves, that

is they hsve at each point two principal radii of curvature (a radius of curvature and a radius of torsion).

The Ponplanar geodesic oscillates symmetrically between tangencies to its two associated symmetric

parallels with respect to th. equator, and because of the flattening retrogressel through each revolution

about tne spheroid and thus cannot close on itself, as shown in Figure 1.

The geodesic is fundamer~tal!y defined as the curve of shortest distance between two points on a

surface. From the integral for arc length we r.-ay, by the calculus of variations, determine the conditions on

the integrand for the arc length tm be a minimum. Actually maximum or minimum (extrema). That is the

distance by way of th-e geodesic around the back side of the oblate spheroid, between two points within a

hlmispheroid, would be the longest geodesic distance. In Figure 1, note the geodesic arc P1 P2 where P2 is

a first point of crossing after on- .evolution ",bout the spheroid. Around the backside, the geodesic dis-

ance from P1 to P2 is the lon- ieodesic arc P1 CDEFP 2.

••--- -

e

A

If the geodesic is traced from• a point A, a node, on the equator in the direction of
the tmnents as shown it .n-t tpass apin through A after a complete revolution but
will cross the equator at a point Eu shown. The course is AP2PICDEFP2 G .... ; P2
is the first point where the geodesic crauses itself.

Figure 1. Pictorald repeaientation of the nonpanaur oededc on the oblate ellipeoid of revolution.
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From the results of the extremal conditions may be deduced the property that the osculating plane at

each point of a geodesic contains the normal to the surface, or equivalently that at each point of a geodesic;

the principal normal to the curve must coincide with the normal to the surface, [161. But from simple

mechanics, considering a string stretched under tension between two points on a smooth spinroid, we can.

xhow that the curve assumed by the string isa geodesic, [IS].

Analogy with the subetellte tace.

The normal projection of the orbit of an earth artificial sateilite upon m,, ellipsoid of reference simnu- 9.

lates the geodesic. The normal projection of an equatorial orbit is very near the equator and that of a polar

orbit is close to a meridian. For other orbits, the satellite responds in greater degree to the flattening (the

equatorial bulge) of the geoid (sea level surface) which is approximated by the reference ellipsoid. This

effect on the r-tellite (sustained by its velocity-falling very slowly back to earth) with the rotation of the

earth under the orbit, causes the trzce of the trajectory (orbit) as projected normally upon the reference

ellipsoid to osciYlate between two parallels symmetric with respect to the equator as shown in Figure 2.

The symmetric parallels are in latitude ± 48° zorresponding to the satellite inclination (the angle between

the orbit and the equator). Note also in Figure 2 that the longitude difference between successive equato-
rial traces is 301. Hence for each half revolution of the satellite the earth turns 15 to the east under the

orbit which is itself in an easterly direction. Hence the loreitude difference, node to node (NI to N2) of

the ',)ntinuous trace is 165° as shown. Tne orbit also retrogresses but only about 30 per day as shown at

dte injection point of the orbit. Now a geodesic on the Clarke 1866 ellipsoid with vertex parametric lati-

tude 480 has a longitude difference rode to node, of about 1790 36' (see TABLE 8), and no geodesic on it

can have a longitude difference, node to node, of less than about 1790 24' and this is along the equator

itself. Hence the substellite trace is not a geodesic on the reference ellipsoid but it behaves like one,

oscillating between two symmetric parallels in latitude equal to the inclination of the orbit, and with no

more than two nodes or two vertices (of the trace) within a hemispheroid (on the same side of a meridian).

But this digression is useful to rem-id us that the nonplanar geodesic tries to climb to the nearest pole.

Geodesic antipodal zones.

The behavior of the geodesic, when the geodesic ar., end points are nearly antipodal has been dis- 3
cussed in several sources [17], [24], [25]. Clearly if the two points are 1800 apart on the equator, then "

the shortest distance between them on the surface is the meridional semilength. In fact the shortest dis-

tance on the surface between the end points of any diameter of the spheroid is either of the two equal arcs

of the meridian subtended by the diameter-that is the meridims are the only antipodalgeodeca. This is

clearly so because of all the plane elliptic sections through any diameter of the oblate spheroid, the one with

the largest eccentricity and therefore shortest length is the meridian.

Only the circular length rb along the equator belongs to the hemispheroidal family of geodesics (a
vertex of each geodesic in a common meridian) and it is the shortest member. 7Twee are no antipodal point
on nonpinw spheroidalgeodesics. See Appendix I to this report for the proofs.

If the difference in longitude of two points on the equator is not ir radians but wfl-k) radians, wher.•
k is a small quantity, k < f (f is the flattening of the spheroid) then there are two geodesics, symmetric withj

3V.
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respect to the equator, which take r,•vantage of the flattening and climb toward the poles. Note the *
geodesics (1) and (2) in Figure 3. If k = f, the geodesic consists of the equatorwal arc D D' - C C' -
na() - e2)"!2 ", ira( -f).

Continuing the discussion, with the help of Figure 3, we suppose that T T' is an equatorial diameter

of the spheroid orthogonal to a fixed meridian as shown. An arbitrary point P on the meridian has the

symmetric R' with respect to the equator, the symmetric R with respect to the polar axis, and the sym-

metric P' with respect to the spheroidal center. There are thus four equal geodesics, two each with vertex

latitude ± 00, determined by every point P and all are orthogonal to the fixed meridian. In the limit as

k -- f, geodesics (1) and (2) coincide with the arc D D' of the equator and analogously geodesics (3) and

(4) coincide with the arc C C'. When k - 0, 00 -• f/2, -00 - i -r/2 and then geodesics (1) and (3), (2)

and (4) respectively coincide with the upper and lower halves of the meridian ABA'B' (plane of the paper

in Figure 3).

,R'c' ./geodei-c (1-)
~P

A' A

4',4

II

Fimg3. PicitaW pmontaio of the two pod@ datiodd son" with lp eto a gnm.
m#Mif of toh im sp~hoid.

1*
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It has been shown that this family of geodesics, as depicted in Figure 3, has two evolutes. Cayley,

(251, called these geodesic evolutes with respect a given meridian. These are shown pictorially in Figure 3

as the figures ABCD, A'B'C'D' and they resemble the evolute of the meridian ellipse or a hypocycloid

of four cusps since the eccentricity of the meridian is small with respect to earth reference ellipsoids. See

also Figure 12 of Appendix 1. (The evolute of a given plane curve is the curve tangent to all normals or

perpendiculars to the given curve-also called the envelope of the normals. On the spheroid, arcs of geo-

desics correspond to straight line segments in the plane relative to the shortest distance property.) Determi-

nation of the meridional arc axes of the geodesic evolutes (AB = A'B' of Figure 3) requires the solution of a

transcendental equation and is discussed in Appendix 1.

The spheroidal areas enclosed by the geodesic evolutes are called the geodesic antipodal zones with

respect to a given meridian. Note from Figure 3 that only two consecutive nodes (equator crossings) occur

in a hemispheroid and that they always lie in the geodesic antipodal zones with respect to the meridian con-

taiing the geodesic vertex. Because of the symmetry about the equator, the distance between consecutive

nodes is the same as between consecutive vertices. Hence we may within a hemispheroid (on the same side

of a meridian) have a maximum of two consecutive nodes and the vertex between them; or a maximum of

two vertices and the node between them. For proof see Appendix I to this report.

othes, propeslls of th geodeic.
The differential equation of the spheroidal seodesics may be found using the property of coincidence

of principal normal to the curve and the normal to the surface at an arbitrary common point and it can be

shown that the integral arc length depends on the evaluation of an elliptic integra. Since the eccentricity

and the flattening are small quantities for earth reference ellipsoids, the series expansion of the integral in

terms of eccentricity, flattening, or other associated parameter converges rapidly and evaluation is usually

made in this way rather than by interpolation in elliptic Integral tables.

An easily demonstrated but very important well known property of the gpodesic on the oblate

spheroid (or of the geodesic on any revolute) is rMt at esce pot of l, geodesk the poduct of the paws
of the pmW l end th sb of the 5 whk h the d eswdc numke with the moedM Is constnt. The

mathematical demonstration Is found in Appendix I.

The problem of determining aimuths or gorpi position of an end point of a podedc arc in.
volv solution of a polar spheroidal ftiale and is usually approximated by solution of a corMponding
spwIcal triangle or a sequence of them (iteration).

ACCURACY CRrfhUA FOR COMPUTATIONS

Whil sophisticated compWter systems are becoming more available w alily, there is a need addl-

tionally or alternatvely to have some computing forms which wi give a reasonabb odetic accuracy over

h -mimedal geodesic for both direct or ruvest (rmas) solutions with mnkinmm "equimmnh of a

disk computer oly a* l pc tabls of natural btronomtric flwAno-no iteration or root exuaction.

6 .
!I_
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Accordingly the folowwgcritera were adopted relative to the nathenatlcal stidy included as Abppendix I

to thi report:

I. An accuracy of I mntm in position-geodetic length within I meter; latitude, longitude, and azimuth

within .035 second-over the longest possible hemispheroidal geodesics, but in any caew equalling the

1/100,000 distance and I second azimuth Anquirement adopted by ACIC, [221.

2. No tabular data required except 8-1lace natural trigonometric for desk computations.
IL

3. 4 No iteration or root extraction with formulae also adaptable to large electronic computing systems.

4. Easy aaaptation to any reference ellipsoid by merely changing the scale parameters a, f, etc.

ilRUT SOLUTION

Al direct solutions of the spheroidal triangle involve approximations b .ve or more spherical tri-
angles. They differ with respect to the variables, parameters, required tabular data, arithmetic cperatlous

and subsequent accuracy. The formulae to be presented here involve com-tiom to a single splierl tri-
angle. The variables ame longitude, A, parametric latitude, 0 Parmeten are a, f, 0, where ., fare the

semimajor axis and flattening of the reference elipsoid and oa is the parametric latitude of the ,eodesic

vertex. The only tabular data required is a table, udc as Peters, of the natural tranognetrft functions. No

root extraction or iteration is required in arithmetic operations.
We are given the point P, (01,), 1) on the spheroid, where #j , ). are geodetic latitude and lonlitude

(geographic coordinates); the forward azimuth a, and distance S to a second point P3 (#3, X); and from

these we are to find the geographic coordinates #2, A2 and the back azimuth e-t. The gem quintitu are
Oil, Xt was,1,S.

Foanoe. (The derivations ar given In Appendix 1)

Ton0 1 -(1 -0tan* 1 , M-coOs, -cosi9 sn at.3,
6N a ws~l coul.gcl *fM. c2 "(1/4)41 - MIX D"~ (-qgXl -. -gild),

Pacg[I + (/2)cMO).€colsoe dn* 0 /*sin9o.,daS/h D.u-a 2(a -d),

W- I -2Pcae u.V- oa (u + d)- cosu coed-sin u id, X- l do uc o ds(2V3 - ),
Yo 2?VW in dn = d ÷ X - Y. Zo -2*j -4 a,

tm . sM (Ncoe .h-sin9, Idoi),

uan #I a-(do 0cos &g + N sin 4e) n%.#AI -fN,
toAnn do &ollat.t/(moIj **o -a~p lne d o l *waj .*X
Hoeg (I -q) &-¢C @*,n oV M .Ea, AX Aq- H, A3 A , + ,X

71:
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Flrst Order in f (f2 0)

We place terms in f2 equal to zero in the above equations which will remain the same except for the

following:

D= I -2c 2 -c 1 M, P c2/D, X 0, Ao d- Y, H c1 Ao.

SpherW (f - 0)

If we place f - 0 in the above equations we have tan 01 tan 0 , 0 ,

M - cos0 1 sin a1, 2 - cos oN cos 1 cosa,-,

Ao - d S Ssl, tan a2i aM/(N cos d - sin O 1 sin d),

tan #a =-(sin 9, cosd + N sin d) sin a 2.1 /M,

tanAXsndsina,-2 /(cos 1 cosd-nsin91in dcosal,.)

X2 - X, + AX;a may be the radhis of a sphercal approximation such as given in Appendix 2.

Sip Ceomosmtbin for Azimuth said Longitde
We take the initial point to be west of the terminus in the direct solution and then always

180I N a -1 4 3600. We also haveO 4q 4 AX < v. If two arbitrary points are both in the southern

hmlispherod (both in negative latitude), we solve as though both were in the northern hemispheroid and

write symmetric elements with respect to the equator. While not necessary, these conventions simplify

somnewhat the determination of azinuth and longitude difference in desk computing.

From the quantities above in the formulae we find the first quadrant angles u and v given by

tou= Itan a3._l, to v= Itan AqLi Itau as.- > 0, thim a -1 "- 18e + u if tan a2.- < 0, than a2., - 3606 -u. LIf tm An > 0. then
Aq-P. If tM an < 0, tMe An -18e" - V.

The conventions arse afficlent, under the asumptions, as demonstrated by the followi:

Aiway8s0 Ca,.. (I10. When tan as., >O, then a.1 i in the thirdquadrant and isof the form

I8t u, sce tan(I8W + u)atanu. When tania.- <0, then a-1 lsin the fourthquadrant andisof

the form 360" - u, dtsm tan (360' - u) -t to u.

S sno pa, 0 < A4• X •C, w ; when tan 6,i > 0. aq i in the frst quadrant and A v. When
tao q < 0, is in the uond quadnt and is ofthe form 180- v, des to (180- v) u-tan v.

The wriupmat of the direct fornuuae Into a computing form is hown in Fiure IS, Appendix I.

prlI (11VI~M) SOLUTION

The puladhod hwu. solutions have beae amo •w•d thain d direct. The wiins vpqmlson for the

pousich lngthi in the iing( , 1pls- leangth d(with reeence to the podse atitude of the vet
of the Post iptic am) in the form

IJS aBid - Fs(d)f + F-j(dWt . !

i puobised by A.R. Forsyth in IM, (201. So, n isn P,(d). mf untenable the use of the second
Mte tsum, in -A mdetectd mt 1965, [21!. The moro m uttsaho uuwe, that the
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Andoyer-Lambert expansions to first order in the flattening are merely those of Forsyth to first order in f,

(18]. An independent verification of the corrections to Forsyth's equations was found in the work of

Gougenheim, [23]. Gougenheim's work has apparently gone unnoticed although he hfs had a correct ex-

pansion in terms of geodetic latitude to second order in the fjattenin since 1950.

Forsyth had the expansion in parametric latitude to first order in the flattening. This was extended

to second order as ..-ported in [181. The formulae for distance to be used here are basically those from

1181. The azimuth formulae are adaptations of those presented by Gougenheim in [231. See Appendix 1,

Equations (143).

We are given the points P1 (0,, X,1), P2 (02, X2) on the spheroid and are to find the distance S

between the points and the forward and back azimuths, a,-2 and a2 -.. Given quantities are 01, X1, #2,

X22. It is assumed that east longitudes are positive and that P, is west of P2 .

Formulae

Second Order in f

tan o 1 -(1 -O tan i,is 1,2
0. -• (l/2XO I + 02). AOm "(I/2XO3 - 01), AX• -A: 2

- (1/2)X, H a cos2 AO - sin' 0, -cos Om sin2  0,,

L - sin2 Mm + H sin2  N, _ sin2 (1/2)d, I - L cos (1/2)d, cos d I - 2L,

U -2 sin 0, co9, •At(l - L), V 2 in' AO cot O/L, X - U + V,

Y - U - V, T- d/smn d, D - 4T. E= 2 cosd, A =DE, B a 2D,

C -T-((12XA-E); check: C- %iE + AD/B aT.

nI - X(A + CX), n2 - Y(B + EY), ns - DXY, 6, d - (I/4)(aTX -Y),

62d-(f3/64Xnl -n 2 +n3).S, S as•nd(T-86d),S -=a dnd(T-6&,d+6d),

V = 2Y - F4- X), M - 3n 2 - (2(T - A)X -(B+4) Y,

G-(112)rr+(f164IM,Q--(FGt nAX44.A .' -(I2XA+Q)

C, u- inOM*/Cose tan A,,.uu-arct= IC1,1as v-u.

c3 -cosMA./,n#. twnA .,,v-mtsm lcLas -v+u,

c, C3 at -3 44-1

- at 360-a, .
* + a, 360 -a,
- - ISO.-as ISOas ,
+ - S10-&3 I80+4

Ftuck'dir ftf' IfsO

tan 01 *(1 - 0 to#,, is 1. 2;010 .(lj2XOj+2, fita) *,.(I/2XOj -#I),

MA As - I. u & (I/2)Wý H ooss A0,0 -I*l#,a tco, -ido' at.
L-uIn't Ate Hsn' Am,-sin'a M. I-L-cOs idoosd a -2L,

9
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U - 2 n' 0= coil 40,(l - L), V 2 sin2 MO cosi O./L,

X- U + V, Y- U - V, T a d/dn d, 81d- (1/4)f(TX - Y),

S - a sn d (T -8 d), F - 2 [Y -(I - 2LX4 -X)I,G - (I/2)IT,

Q - -(FG ton A,)/4,AA'. (lI/2XAA + Q); the rest ofthe azimuth olution is the same a for

the or*"na formulae above.

With f- 0in the abo formula wehave:
ton=atane0j,a 0,,O.m a(I/2X), + Oz), AMn (I /2X)(8 - 1),

X =A.2 - )., WE a(II2)AkH cal O,• - in3 ,= "coal0, -dn At,,
L -sij 2 HUs +Hun' il),cosd,, I -2L.Saad.Q=O,AQ '- =As ,

c, a- iaAm/cos 0 tan X., c=a* w Mcs /dun On tan AA; the rest of the azimuth solution

6 the mes above.

Aslwt Dh) I st-51MIt of QmdI t Siats
Inhm W e s aitven by umarc tan IctL v arc tan Ic2 L We

dnfom a -y - a.sa V+ u ades~ermin the aziuftbsaccording tothe mot of c and c3 from the

+ 4n 360 - ,

+ + 4 360-61

- - 180-o, 180+a6
+ - 30O61 180+43

Aks, he , , af, Abiif the qn*W ms sbw it A Sem hem dv &i awk For the "vlopment

of these expm, do m Appad I.

The--mpop of the lanvoi fonnulas into a Computing fan is dowa in figure 25. AppeadtIzl
a .

DUK COWUTAXIrP OF DlICT AND ?4V UOUIONS

aFo a dinioautao of theo dkb and h a ,s frm. Fir 18, 2S-Appl•i • theI ow g W4e

bpubhd" I, mremn 141 wifll bewed. lteokmtau g there me:

ORIGIN #,w-20.A,-OS- % 12• • now

TIM 1 -4SW. X3- 106- e,., =42" S6' 30".03S.

f - .003367003367. a a 63783M mno ,., "295 11r 187600

To pegeli a check for tibs Mw. we orn equKdas (49). (SO) of Appendix I to wab anI indpu t

ctatwe as follms:
f - 3367003367.aa 637M- 8 as. cs 8 -. 640420, i to .7680242.

Sc - o" .21562M2 X 1. A -c,(I -€:c.-) .21552262 X 10'

I0

l .. .. .



c2 -(1/4)f sin" 00-.49651618X 100. B=(1/2)cnc2cu .53606X 106

c3 -1 +c, cos.o - .0013809386,D=2+c 2(cJ +c•)-(I +c÷3)c4 -c 2 -. 9976269631

c4 c2 +Ic3 a 1.0018774548, E c2 [2 + c3(c3- I) -c lj].49685942 X 10.'

S, 72" 23' 367933, F - %C22(2c4 -1) -. 6186 X 1- 7

-I "33* 47' 367695, L7- jI. + q2 106 1' V 37628 - 1.8533148482 red.

-n u63* 38' 26;269, Zo a, + 02 -86' 50' 29'583- 1.5156709899 rad,
S- 230 12'0334, sin Eo * .99848098, Ao -,l - o2 - 40 26' 22."955,

cosao-.76106893,n 2Zo- 1 i002746,pu- 2 sin cotsA I.S1986564,

cos 2Ao-.15851273,q - 2 •in 2M. cos2o -. 034881506.

X17 1.8533148482 Do 1.5120742467

-AUo - .0032666139 +Ep * .0007S51S96

1.8500482343 1.5128294063

+Bp + .0000008147 -Fq -. 22

A (d) 1.8500490490 S/a 1.5128294041

4A 106 00 00w009 S 9649412.917 m

Filles 4 to 9 am reqectively the direct and Wne ttions of this hoe - acond order in f, fit

otdet in f(f' - 0). and qseiwa (f- 0). The coon in qms of the fiWrs --der ad sphercal examples in-
cat* values to be omitted in the computation.

COMPettOR of doe dira "hel"u

Seo•w o,.r in f We fur identify the rfen ellsold to be wed at the top of the facm and enter

the indlcated pheroidal constants from Appendix 2. The g quandtie Ol ,a ,.. S. -\j then eatored

"in the spaes provided with heav underline as sown in flm 4; sm al., am &1 ., to a0 foMnM from

the Peters (ow other) S-pl tables of naturad Utoho rk functimo; tao O is multodi, d by I - f to &0

tn C I h a*Am. and dh" liu 0 1. wos8 an found fmmnhe tabka In wt bser i•erpolmt in de

Peterm Tables ahways take the tabular difference at the penicwulat sso in he t"a Mik Oh dew""

na connt for 0he particulr column a maiked top and bottom. For vium, at 41 * St fh tabular dr-

fwance isa onstant 361 for the 6e counh as WAdoated top &nd bottom, but -lis is slwdomaso, Coan-

valist ebskI are pov dby thidentitiin do /cam t l , d", +coo - .1,

After - N. e#, via4, be bume found we voqawe the cotntu cl, c1 , D. P. We say compose ca
inl twovwsl Since I -MISlat 09. We nam r•od ; fth a Wll ) -• kb is in rldbl.&li AtOwtp of the

form find I radimn- 20626.062 wond T (factot is m tWil by d (radis) ad tmh n died by

3600 econdts(I dept,) which *11 git &a kiepal madi0 of dieess pi a dodseid pst of a d4 e.

Thisdec pan iswm dby 60to pi a inp ] al ibee(wAirsaepbsa idim parst ofu 6sw.

The "da sl ofr a mit, i multiled by 60 to pt wmude ,•av* thme demal If th total

nmalbr o"(fmdI•bam600.butmorethmaO,wedkWieby60 toptnthq i n A d anO

as above. Alays ched by amviq the pIows to ps the raims d.

With a, anddindpses wefornva 2(e, -d4)ai ed s d, a.o au,,c€,u. Theoreo dsehed

byra x +cos"' 1-I. VandWwayom beomn tuudaddthe XiadY. Noethat Xmy be *i tIf

111



it is less than .3 X 10". Next bo is computed from the radian values of d, X, Y and converted to degrees.

4o and d always differ by only a few minutes. Zo is formed in degrees and then sin Ao. cos 4o, cos o

found from the tables. We are then able to compute tan a2t-. The first quadrant solution for tan u =

2.11661579 is u - 64* 42' 41'399. Since the sign of tan at-I as computed is negative, we have a2. 1

361O - u - 2950 17' 18"60 1; sin a2.- "sin (3600 - u)- sin u -sin 64 42' 41399, -. 9041683 1. We

may now conpute tan 0 which is found to be 1.0000003 a I + (3 X 104 ) and from the table 02 "

450 00' W.0003. Next find tan Au - - 3.4449133. From the Peters tables we find for tan v - + 3.4449133,

that v - 73 48' 46375, but since the sign of tan Al? is negative, A? a 180?-v - 1060 II' 13"625. Now

the computation for H is in radians and convening to angular value, H- I 1' 137620. We subtract H from

Aq and add the difference, &N, to X, to get X2 - 106° 00' 00.'005 as shown.

F&u orde niff' - OA The input quantities are the same as shown in fipure 4. We "cross out" the

quantities to be omitted as shown in Figure 6, and the computational procedure is then the same.

hoWa, (J- 0J. We must adopt a spherical radius. For figure 8 we have adopted the great normal

radius forf= 20, me Appendix 2, equations (II) and (22). The quantities to be omitted are then "crossed

out" and the sinplfied computations made as shown.

Comdsnof the hugese $Dhaka.
Sta& domderbif We enter the name of the ieference ellipsoid to be used and the coresponding

9ieroidal onstants from Appendix 2. The Si quantities 01 , #2, X1, XI are entered in the pacaes with

hoavy undurl as shown in Figure 5. We find tan #j, and 0 from the tables and compute tan 0,. tan 01

as hwn; then back to the tables to find 0 1 , 01. We then form S. andM A, and check by adding, since

0 m0 + Am . Next find AX. AXm and then from the tables sn , cos0m, ,m .Oe 0m. in AX,
tan A. We next compute two values of H as shown which should Mme. within 5 in the 9th place of

decbiss Take the morn and retain 8 decrals. L is then computed retaining 8 decimals

With the alueofLwe form I - L, cosd -2L asshown; then find d, sind from the tablM Now

cow lute*UV,VX.Y,T,E.D.B.AC. Notetht 8 -a2D, AvDEDu4T',C -T -(I2XA- E),sothat

them &%s atihely msy tno nmpule. The check is imn by T - C - KE + AD/B a d/,A d.

Coeq, ta a,,, na .and then 61,d,6id. We ca now cemrpute S, (first otle for *wnpuamnn)or go
dktcty to S for the "eond Order dimance as shown in f~sre S.

For• the aimuths, we compute in order F, M, G, Q, 64A, tan A,'M. Then ca. c, u. v and in that

order. We ad mdsubtract t qumtitiesu.vto10 , -v-u.a 2 -v*u. ?Now theO 'ofc€., area ,

+ asd ow in fpue S. Heo Ow t ute matre a., a,.t.a., * 360 -ata thown.

Fis ou*d iR I The heod infomation to firs ont in f and input quatituis or the maw as in

fine S. The quamtites to be omitted are -crowd out- a dsow in fiague 7 and t*an the computatkoos

we do** as beWnr comut S after rouigt the firt order owrection &ad.

SphwIrf' O We anwd a tndisa apprxizniatio to the dipid mad use that detenned for the

q101 d die& solution vtih is te pVast Wom l kv4i for n 20", re 63W0975. mtm (itmwsiomi

dip* Th omT ted q titdiki an then "cromd o at" is 1own in reim 9, and the smtitfied compuiw

12



DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01, X1. a)-.l S Ito ind 02. X, 02 ,. East

longitudes positive: azimuths clockwise from north: no root extraction, only A-place trigonometric natural tables

(as Peters) required for desk work.

JA/F*4/7Y)AALSPHEROID a S.7jfm f -,00 2C7-3%,
I - f t -•"fl' /-• I radiaO 206264.8062 seconds

LINE L*.LW/ 4 It= .TO L""WL _ _

, 20 0 0 tan 0,L .Z-1.fZ-a3 tanG, ()ran, .7

so'~~~, a, -1. g - M = COS 00 0COS 01 ,Sin a11. 4"2a•2AZT. 0.../ j

coso, 2 .7.321(7557 N - cos 0, Cos a,.z 3/ - sin 0, -2
,--M. 2 Is,¢ A. a _.•• f" ?,= D -c• 2-X -c ,IM) • ;6/"-

C2 - V4(I - M•) Iv_/ !• ?.r• 3 P - c2 (I + 1,4c€, M)iD ,!_Zq ,_,{.s•/ _ -

cos = sin 0,/s,,in 00o- a. 61- _Zb_.-,.2kZ7/

d=S/aD i~7 * a)d 32 Z~ S M

sin d UL . -. . , "(a, - d) Sl . u ,

cos d - 62"? " W- 1-2Pcosu-m L" '99f Cos u&#~ 9
V cos ucos d -sin usin d N - 2PVW sin d - 2,5X --

Xci c ndcsd(2V cos d 2 -!) 6oad+ X-Y 15-4 7,9 f

tlan al.1 / 1 1(N Cos Ao -sin 0 sin 4o) -Z2 444,94.
-(sin901 cosbo 4 in.Di .1 'O4

Stan#, 1- ILI- sin01

V 0.tansi 60 sin a & -

Mr An iLff~ tin eaioffO-a

(C!I4.(CK I e

1. ~cos 0 wsi a, - un & I isa& cot *I.

M *•- Oo oO 0 %n *I.; a casO 0 n( I AO ' s=.) Alm At# JU ',",

Foi 4. Dbad compowim-ima *uw is .

13



INVERSE POSITION COMPUTATION FORM FOR LONG LINES Given 01, X,: -02, X• to find S, of2. a2
Azimuths clockwise prom north, east longitudes positive, no tables except 8-place natural trigonometric (Peters); no
root extraction.

/kVT'7"AI /7"/?AASPHEROID a__ i m b 6_15 4"9 /Z, 91W m

I - f =b/a -..196 31 17 1f -/ LSZ2Z.. -4
f/64. • 6.1_, A I radian = 206264.8062 seconds

A, 1O 0 0 l. ,/7"/AI-x, 1 0
I/ A- t9 2. Z,.e1W,#S -x,. /pt 0

tan , . 70R 3 W ,t I. always west of 2. A= X2 - X, 1 '-_
tan _ Z /tan = (i - ftn0 tnd2m = A, .

82 A tan 02 - 6 L0 s Am - sin

0 -Ztan8 1 !YS -~4 '7.T tanA 1A•/4'-97LY
If 00m½=!4(0 I + 02)j.2- 2 erZ•4V7sin 0m,•L"L6/ f'.. COSOm ,4-/ Cs?415'y

BM. =/0 2 -8 )4ý I 923J Siti AO, ,A/Z/'6"d7 COS A6,,, 76 3 110 -
H = Cos 2Atm _ SIn,0m = COs 20m -sin2L00m A - L _ - . ' -9'-? 7

L= sin2AOm + Hsin AX.m -6cosd I - 2L 425.2- 7_Z 7

U =2 sin2 6, Cos'2 /B (I - L) 1!926 2... d ~42 Z.~.

V=2V = 2 6sin
2 Om cos50m/Li,4 2.iA.b..7, sin d 6'Z', ,,o d (rad)

X=U+VA/.Z77ffLZ/ T~d/sindjxm AP 62 "O E=2osd.-_L5•! Ž 7 Z

Y=U-V r fQft VZo7O D=4T'_Y./ZGZ-Z-'6V& B= 2D I__6i7• "

A=DE/,/Z637S -/ 2C=TT-i CHECK C-½E+AD/B=T
n, = X ( A + CX)A 6Mf• n 2 = Y (13 EY) 1 -XV71.0n3 = DXY_-9-t ?"0./' 7• ,9 , _.

8dd=¼f(TX-Y) - A940 7'9Y/7f 6,d=(f2 /64)n 1 -n2 +n 3)-.-.?,XlO - _
S, a sin d (T - 6 1,d) 2 !_t_,t , 7. -K .. • m S = a n d(T -8,d ÷6,d) X q~j/,,W 7T2 m

F = 2Y - E(4 - X) /- % 52 Z -- M = 32T - (20 T - A) X -JB + 4) Y-_6..JTYAW9_

G = ½fT + (fW/64) M.0 31,.2 . Q = -(FG tdn AX)/4 +L/i

AX= ½ (A + Q) $' ,$ ,,. •PL3 tan At J_33L5_L_1_
v=arctan Ic2l _ .' ,' v7 ". 7/7 c2  cos AOm/(sin m tanAX -*)_/.. •. 74 5"79-
u = arctan ic I W c =-sin AOm/(COSOm tan IXm) - 2Z-" 5'(v

0 Q+ -f E6 20 C2 V+U2

Cl C2  0l1-2 C #2-I1

- + - . Y49, og-y 3.0)9 360- a2 .,,0- / "7 00

+ $" a360-al -

- - 180 -t2 180+ oi

+ - 180-a, 180+a 2

Figure S. Inveut computatdon-.cond order in f.
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given o , ,X -I. S to find 02ýX, a•1,. East
longitudes positive; azimuths clockwise from north; no root extraction; only 8-place trigonometric natural tables

* (as Peters) required for desk work.

M- 7'- 7/AA7"9,1A/-- SPHEROID a 437-flZ t. m f .0012 7 001347
I - f . I radian = 206264.8062 seconds

LINE ______________________TO e"',lV6 5
O| ,•0 0 0tan¢ 01 tanO, =0I-l')tanO| _.42•_7 V/'Y7

04,-, l2. in..•ol'sO .0 / YV A0 7 Cos0, _1fA, 4,_ Io. e So 9.744,,
sma,_ 2 .F/ 2  ?Sv3 M =cos0o=cosO, sin al.2 .4yOo3 a'_L__ -

cos ,a -2_ C..2• Ls N = cos 1 Cos ,.a .-2/7 si 8o - 76,A2 siI 3

ci =fm .i 1 _62,2 __"" D=( 7A,

c = =(l-_M2)f/, " P=c 2 (I +A. /DuC214t 3

• • •~os ,7 = sin 0,• 1 o /sin• 00 -• 0, __ -7_

d=S/aD /,_ _A.?_ zL _rad) d 1. . S 4 Y 9'0/4. 9/sa m,

sin d -Zf a u 2~(a, -d) ~&Z~zsin u 7 V T.I.

* V=ccosd -in Wu I 2P os u C cos u ,_..

V = Cosu cos d -sin usin d .76 I/ra? /I Y 2PVW sin d 4 ?75"( 41/3 SXc sin d cos d (2V2 -I) X Ao = d -rad}

• I #

S s~ill A0_ 9f ;?,y V-/_of Cos 6o .,O'' !FC4 9 A0 6, • .2%€•

Cos ZO ZuY- = 2a, - 6o , ,

. tana 2 ., =M/(NcosAo-sin0, sin Ao) ... 1s, O,;Y a_, Z .'7 ZZ. 9•.

tan 0 -(sin 0, cos 6a + N sin Ao) sin•e., 9 sin 2 -1"_, 67r4
(I -f)M 9, 1 1

sta 6o sin A /a.[ I/ /-'./35"

=cos 01 cosAo - sin 01 sin Ao cos 01 -2
A H 00
AX=A?7-tt/-- 00 p0.01/•

0 0 0

CHECK *

M=cosOocosO, sin,. 2 =cos0 2 sin(180+o 2 .,) X2 X, + X _. _0.O//

Ftipae 6. Ditect computaidou--flut order in C.
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01. XI- 02, X2 to find S, a1 -2. -k_1

Azimuths clockwise from north- east longitudes positive: no tables except 8-place natural trigonometric (Peters): no
root extraction.

/4'7"oFCA-•A''/.-. 4- SPHEROID a 612UMm b 6-?S___- ___m

f0/64 1 radian 20,`4.8o2 seconds

V, .o o o •./d 7 t i.. a / I(

0 0 1. 1 ___411_ V 04

0,2 X." 2 0 2._-_',_ __1_06

tan 0 . ?•&.3, t , 3 1. always west of 2. AX=;X2 -X -
tan 02o tan 0 = (I - f) tan ¢ Ax',m = !". -"A-.... . .. ..

o, ,/±.;g 42 , tan 0 2  ,f(0 f- o silAXm, Z. ¢ .&2$$/

01  1 -, /6-701 tan0 1  Zg 2 11. tan/AZ,._I_

0m = ,(I + ) 62) sin 0m _ /, • L.• ,7_. cos0m 0 . . L.?/ _

•om -- Y•(o - oi)__ _ _ _ _ _ _ s~fn •o . 2d _k _/__• _ • cos •oB . € 7 / ' . .

HCOsAm-SiflOm =cos n Omsin 2AOtm -L- , S z .

L= sin2 AOm + H sin 2LAm _.* '4" e - cosd= I -2L
U=2sin Gm COS2 .0_m/(]-L)/ . LZ.•7A.'.. d - --- .- /,#, --- '-

V = 2 sinfl2 m cos20m/L,/d//T36 sind !..99r" 426,'4 d (rad) /.,?S7•?-• V-l/

X=u+VZ ft ,7"1ZS T=d/sind!, 2• 7 5 9•y.- E=2cosd•//.,-,/

Y=U-V .tf,,''rt'7 D=4T LA B=2D ... __

A=DEEx C = T - / (A - E) CHECK C - E + AD/B =T
n, = X(A +CX) , n2 = Y(B + EY) /n =DXY X• __

,id='/.f(TX-Y) - 6d .(f2_/64Xn, -n2 +_n3)

S, =asind(T- 6,d) 9 654,,'/94 m S2  a sind(T-bid+6id)n... ....... _ n

F=2Y-E(4-X) /.&%6r•-'2r M 32T-(20T-A) X- B+4)Y____

G = 'AfT+ (f2g M '0002. !$-2 2 I Q -(FG tan AX)/4 ---- L~)fO

1/2 = (6___AX + Q)_._________ tan AX_

v=arctan lc2l 47--l"J l Z _12? c2 =cosA m/(sinOm tanAXý) t .676,I'

u arctan 1C, I c, =-sinl £Om/(CosOm tan AA4)-- /• i•.l_.

_ C2 01_-2 0 C1 G2-I

,,+ O I t12 % jtr a../ 360- Q c gs

+ + a2- 360 - a,

- - 180-a 2  180+a,

+ - 180-aq 180+a 2

Fipre 7. Invers solution-fint order in f.
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 0, ,j, C -2, S to find 2. X2,02-I. East
longitudes positive, azimuths clockwise from north; no root extraction; only 8-place trigonometric natural tables
(as Peters) required for desk work.

S,,,,/,RQID .- Jam f 0
I - f i radian 206264.8062 seconds

LINE /,-/"/A- TO '/,1/•A4•15

¢, •. 7 0 t tan01 tan0 1 =(I-f) tan, 01

,. .,2 .j. _. n0, . Y',•2.,o//'osO, .Min 0S0 12 V ,

c =M N D=(I -c 2 Xi -c 2 -cM) X

C2 '4(1 -M2 )f X P=c 2 (I + tcM)/D X .

cos ol = sin 0 1 /sin 00 0o )

sin d u 2(o, -d) X sin u . ._ _

cos d X W = I - 2P cos u X cos u .-

V=cosucosd-sinusind. X Y_= 2PVA'sind d - _

X=c2 sindcosd(2V2 -I) u = od+X-Y • _____(rad)

sill COSf~ A~Z L cos - ?/a i60 W A•2"9
cos _____.•o =2o1 -Ao' .• • ,

Co-1 X0=2,-A

tana 2 .1 M/(NCO os - sin 01 sin Aa) -2 ~s /7 a2I 2E - 1.
S~~tan 02, =(sin O, COS Aoi +-f)N sin Ao) sin a,, .9 99,p" ,¢,07.1 sin a,, -a•" d•*f'l 6 4 /-V, i

(I f)M -

tan sin Ao 0ir -.?. A/tJ?, " A
n cos, 1cos 6o - sinG0 sin Ao coso, a,

H e~ll(I- c2)Ao - clc; sinAo Cos Yo 0,, (rad) H ........

CHIECK o

M scos0,cosO sinal.-=cos0 2 sin(I80+o2 .,) o2=X, +/ '? 6A? t/9../

FIp8 D& Comp. Wtioa-sqpbsaL
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 0j, XA; 02, XA to find S, ol.2, az-1.
Azimuths clockwise from north: east longitudes positive; no tables except 8-place natural trigonometric (Peters); no
root extraction.

S P/~A S'FfrRQA~a b A

I - fb/a %if /__ ¼ A__ ____

f0/64 1 ..... I radian = 206264.8062 seconds

U I N. 0 I ' I,

tan 01 X I. always West of 2. A = 2 - X,__

tan 03 X tan 0 =(I -f)tan _X. = ,h"a
02 OK tan 02 sin An•, - Z••J• ••

81 tan 01 t____ _ __an UX X
Om"0(1+02i) 2a , 0 sine, V;!1,7""q"Z- coso. _.'eo•:
AW,-" o40 -o,)122. 0 si A,•n ,, ZZA/.V/'?q, cosm AO. 9 7Y•. 1, ?&/
H = COS2* _ sinl.m =cos030m - sin'AOmg.A , j I -L L -

Lsin2•',.+Hsin'2 ,..J•7,4r S'•-?If cosd= -2L " 9"3_

U=2sin2m. COS'2i6M(I - L) - d S" r a
S V - 2 sin'60, cos'On,/L .,X sin d d (rad) 4.•/0 S elg4g ,,

X.U+V__ T - d/sin d E. Ea 2cos d ,
Y=U-V D -D4T' X B-2D ___

A-DE C CaT-'(A-E) CHECK C-YiE+AD/B=T

n, -X(A+CX) K . n3 "Y(B+EY) L n,3= DXY
Sd- ¼if(TX-Y) 62 _d _ (f=/6Xn| -_n_ +_n)
S, •L,4I1&.,)3d- EtVP.? C 9' m S,=asind(T-6,d+6dd) ) ..... m

F=2Y-E(4-X) Y M =32T-(20T-A)X- 1 B+4)Y Y

G - %r1T + (0 /64) m ly - - -(FG tan L)/4

v -arctan Ica I -9 Si/ &f. Zc~wosW/(%slmian0tnXt/

u arctan 1c, I c-.sin-- -c, , /(cos0 tan •Ak,)_-" .L _ i22 •t3
*,-v-u es,. £4' 2 as-*vu U -i .. ..

*I, x 6",' V7..a" 30-a, ,Z9.40"

+ + a 360-a,

- - O180-0 180+0a

+ - 180-0, 180+ a2
PFpin . 1,,m .mp,,mah•mtqu

1.1
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Table I gis a compauison of the given line elements, the control computation, second order, first

orders, and spheical computatioLn. See Appendix 3 for more examples ux direct and inverse solutions for

several line englths and in several aimuths. Also ee the evaluation an comparison in Appendix i.

NOTE: Appendix 481 the Fomw sth anmmufor the ihfwe whfiton apmetd hm The card

deck incdudins the arctanemnt library function (ATAN2) is avaflhb'e.

DISCUSSION OF PROBLEM INVOLVING LONG GEOMIC LUNS, LCAL COORDINATE
SYSTEMS, AND AUOCOATUD '•.• m Y

Gmeal Rm ks.
If we wish to compute reference lines connecting siidt, continents, shoals in ocean ram, there arm

several alternatives available depending on the purpose for which the reference is needed and the accuracy

required. Direct scalng from a large accurate &lobe may be used. If a mean spherial reprentation of the

reference ellipsoid can be tolerated, then a plot of compuwtd pet circle intervals on an mathlic (equal

area), autogonal (true anges about points), or aphylactt (neither authali nor autogonal) projection may
affice. Within a radius of 10 n~m. of a station, simp pla oordinates, appropt scaled, will be

adequate for most geodetic work, and smal relative otron will be incured as far as 100 n.m. See Table 14,

Appendix 2, for eror in disutac from the orijii ateociated with -ka coordinates involvi several types
of pometric propwtion. Also included the•r is a discusion of pa coordinate. See also referece (9].

For track line reference, the a•muthW eqa.ddssan cc doubly oqulium project6on may be ufWl,

althoug both are aphylactic. Appendix 2 has a dinsLeuio of the dou~bly equddtistat proection with its
equations. The Dpertment of Scientific ,t lndtra R -eseh. New Zealand, has found the azmuthal

equidistant projtions ueM in their S', th Pwac studie me vrfernce (341.

G~mItu.A a,141 45 1106 196494535142 56 X0Q35I M 17 1UC

I .. r - "I * ! I
COM 1" 0• I. . 0 • I .91•

Cmi1 43l 4 0 0.00 K00.0

I I .9.30I ' %0
tawms I I 1

Dt"i C U4 5, 59.i01 .0tim I I M960

SiI I 17.4941 2i9J51i .79

M i MM20) 0 44 M 112311iIS St 41.%I1 It 41.935

S(96"1 06450 54 41.M

T"b 1. COMPNee of do ad * kW= a bea
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The d*001I (skew. obiqW) Mercator (cy* W) Projection, is often useful, since the base line (the
trak) ib one ,.t( h reference ams for rectangular coordinates, the cale may be held true along the base line

or along two pwarNds symmnetric to the bam line, and the projection is autogonal. A mathematical de-
wiopisnt is Siv in reference 1161. General tables exist to provide coverap for route charting, see

reference (331.
For detail and greater accuracy in local area survey: connected with a base line, rectangular spherical

coordinates uuy be more convenient, particularly for point to point computation away from the base line.

The formulas for this kind of computation are included in Appendix 2. Appendix 2 also includes trans-

formations from local rectangular spherical coordinates to space rectangular at a point of the ellipsoid
referred to the normal, great normal seclion tangent, and meridional tangent, and this system in turn re-

ferrsd to the rectangular system at ellipsoid center, with the axis of rotation a coordinate axis. These may

be useful relative to the adoption of the World Geodetic Reference System, 1967, see Appendix 2.

For oceanographic suve, the positioning problem may not be essentially different from the naviga-
tion track plot. The psmonva limear plOt. with projection center on the track. gives the geographical

coordinates of tih peat cirde which can then be transferred to any suitable projection, the resulting curve

being the reat circle trac. Distances may then be scaled from the map or chart, azimuths or bearings
measured directly, if the imp is autogonal, etc. Where accuracy requirements are not high, the possibility
of using exisftin maps and charts dsould be considered since U. S. Government agencies such as AMS.

GIURADA, ACIS. C&GS, USGS. NAVOCEANO; the National Geographic Sockty; the State governments;
mapping iad charting agencies of other countrie collectively publish Ilrge numbers of naps, charts and

gpids on various proetion and at semral scales. DOet s•afg from a igeglobe nV asfre,

For world reference, positions may be expressed in terms of the £/eirsal T7)wsws Mawcaow

cooudbite ywet, reference (351. See also an extensive study of world plane coordinate reference sys

taits and ecmmendations as - in reference (361. Positions may also be referned in rectangular
coordinates at elipsoid center. see Appendix 2.

If the end points axe in triangulation nets on ddfernt qaherolds one station can be trasenred to the
eanlod of the other or both can be trasuferrd to a third. The equation as used in the NASA tracking
Wum wil be found in revrnce (371. See also refeences 191 and 138).

Wth the end point coordisnat on the same alpsoid, an invee computation will giv the distm and
samotls. Ti my be done by um of a form hmck as Fiure 5, The distance is partitioed according to a
pept of the bwee lUn on a globe,• ito Vatlom to fit ishnds. shal aress. etc beginning with the Irmt

diatmce mid forwa•dnin th of the b •se lin, the coordinates o the " station and beck azmuth are

compsil dby a dikc mstion aft the form of Figure 4. For bs accuracy on the owden computation,.
bqep the t•lt netuth nd p"ston e the d0itacae in eaially as pattioned until the

tuftal pokit is reAed. The ded computing could be formaidle if the line is mry long and the stations

sUse of a bh ae cotapae is thn indcatsd if &a&a .

""0



Alternatively one may compute from station to station along the base line, but this requires addi-

tional computation, even if first order in f suffices, since all input elements change for each succeeding

computation.

Spherical case.

A method of computing stations along a great circde and parallels to the great circle simultaneously is

given in reference 1181. Alternatively the forms as given in Figures 8 and 9, can be used. See also refer-

ence 139]. The best spherical radius to use is probably the ellipsodial mean radius computed for the m4na

latitude of the base line terminals, see Appendix 2, equation (12).

Problem in local geometry.

Problen. To compute the geographic coordinates of a point at distance Sfrcm a base Me station and at

angle a with the base line. The geographic coordinates 0j, Xt, and azimuth a4 at the particular station are

known, which with given S and a, provide the input 0j, )4, a4 + a, S for a direct solution from the form as

shown in Figures 4, 6 or 8, depending on the magnitude of S and accuracy required. For a point at dis.

tance S on the perpendicula' to the base line, a - 900. If S is constant and a a 90* at each base station,

the direct computation at each station provides points on a parallel at a given distance S from the geodetic

base line (this geodesic parallel is not itself a geodesic). If the base line is a great crcle, a circle parallel to

it is generated. If geographic coordinates along a partitioned spherical base line with corresponding

coordinates along two symmetric parallels are required, the method as given in reference 1181 may be wed.

Problen. Given the geogrphdc coordinates A ), 02(2 X )of rwo stations of. in**&**1 bate lRe,.
it) find the perpendlicular distaire sfrom an arbitary thxir point glo5. X&) to the bore 14Me.

From equations (3) and (4), page (23), reference I 81 solve for 0, Xo:

tan a. - (tanOz Cos) Xt(an# cesA2 tan 01 sin X, - tan 01 sn A,)

Cot Oo 0Cot0COcS (AO - Al Cot 01 CeOSX*- Al.
from the two figures, pap (!7) of reference 181, usin the spherical formula cos a cos b cos c 4 sin b-

sn c Cos A. with a - s, I nd

t w~~here the + sip corresonds to k =p. the - Op• to k ,, p'. relative to the points iptOV.) p*(e•, M,)r-

spectnaely as Shown in Figre 3, po 26, reference I M).

,Note also the solution i Appendix 2 following equations (47). with refeenc to the distace s of
Figure 341. Additionally s -*y--%:oordilte o( the doubty~equidistant pojection. we¢ the disc-iasion (wfootnl

equations (56). Appendix-.

A/kL An observer at the known Stattion Q (0)e. 4L) he meters above the spherical surface (assuawd seaII
level), Figuie 3 1. measure a linear distance D to S9 (taret an a hill, Wsand mounawn peak. etv) at a
measured ango of elration 6, and in measured or known urimuth a. If the *pheroid a Q is approirnated

with a sphere of radius N. (thet iat normal length for 0, equation II. Appendix 2) rind the r-cfanguitr

space coordinates of So referred to the normal and tangents to the parallel and meridian at Q. the geographicI•
21]
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coordinates of the normal projection P of So upon the sphere, the spherical distance d a PQ and the height

hofSo abovethesphere(usalevel). We have a, D, No, 6, , Ao., ho, to fnd X, Y. Z. h, d.•).X From

Figure 31, and some trigonometric identities we lave D3 - D cos 6, X - D2 cos a, Y - D2 sin a, Z-

ho + D sin 8, tanr " D2 /(No + Z),d a Nor (radians), h (No + Z) sec r -No, h - D3 cscr r- No, sin 0 z

cot d sin. # + sin d cost # cog a, cot AX = (cot Oo cos d - sin #o sind cos a)/sin d sin a, X -=Xo -AX

These problems illustrate the use of the geodetic line computing forms, and the formulae of Appendix

2, for solving lo6l problems of computation for a station configuration. For very long base lines, it may

be desirable to compute the positions of the stations along them very accurately, but in the vicinity of a

particulr station, a spherical approximation or plane coordinate configuration may suffice. Additional

formulae such as for dip; maximum separation, chord4arc; geographic coordinates of point of maximnum

separation, etc. will be found in reference [181. Other coordinate problems are discussed in Appendix 2.

For uniform high accuracy over a considerable extent of the spheroid, a plane rectangular coordinate sys.

ten based on one of the autogonal projections as used for geodesy may be more appropriate, see refer-

ences (9, (161, [361.
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MATHEMATICAL DISCUSSION OF THE SPIIEROIDAL GEODESIC

In Figure 10, a is the angle which the differential arc length, ds, makes with the meridian at Pt. The

radius of the parallel in parametric latitude 0 is a-cos 0. Then a-cos -d)- is the differential arc length along

the parallel in latitude 0. Now the element of arc length along the meridi", is defined a.v Rdo where R is

the radius of curvature in the meridian given by R = a(I - e2 )l - e2  n2 •).v2 see refertnce [16), pae

59. The transformation between geodetki and parametric latitude is tan • tan 0/(1 -e 2 )V2 ,

N

-- P

I I

'v / /

i/ I I

I I/ ac_,_.- - I-L

- -- - equator a-

From the differential right trimngle PP1 P2 we have ds2 
. a2 cou2 0 dX2 + r2d0 2  b

Fgure 10. Dlferetll arc Iegt on the oblate spheroi au obtaine from a diffterential rigt triangle. •
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whence 2 0)3/2

1/(= e (1 20).V2, d=(e - e2')"d8/(l -e 2 cos 2 0),
(1 -e2 )3/2

and Rd= a(l -e 2)dObI(l -e 2 si 2 S 0)2 _a( -e2 Xl -e2)c12 os20 (I -e2 )"t2d0
(_ -e2)3 /2  (I -e2 cos2 6)

or Rd rd0, where r = a( -e 2 cos2 )/2 R(I - e2 ) 2 (l -e2 cos 2 e ).

NOTE that r is not the radius of curvature in the spheroidal meridian, but rd9 is the differential arc length

along the meridian in terms of parametric latitude and applying the pythagorean theorem to the right

differential triangle PIP P2 we have at once the formula for the general differential arc length on the

spheroid in terms of parametric latitude:

ds2  a [(l -e 2 cos2 C)d82 +cos2 0d• 2 ]. (1)

Diffential equation from Euler's Condition

We may write (1) as

s=fH dO (2)

where H = all - e +cos 20 X'2 I 2,, dX/d0.

Now along geodesics, the Euler equation d(aHia?')/d8 - a8H/U =0 must be satisfied.

Since al•I, = 0, the equation is d(aH/;a,')/d8 = 0, a first integral being then

=a,' : c (constant). (3)

From (2) aH/"A7' = (aW' cos 0)/H and this value placed in (3) gives

.aX' os2  = cH ac[ l -e 2 cos2 8+cos2 eX']1/ 1  (4)

Solving (4) for V' and then placing X' = dA/d9 gives

C (I -ce cos2 0)L12
•: dX,= • dO. (5)

Scos 8 (cos2 8-c 2)1/2

From (2), H = ds/dO and this value place in (4) gives

a cos 0 dA/ds = c, or a2 cos2 OdX/ds = ac. (6)
From the differentia right triangle P P1 P2 of Figure 10

cos (900 - a) = a cos OdX/ds = sin a. (7)

The value from (7) placed in (6) gives

cos 0 sin a = c, or a cos 0 sin a = ac. (8)

Since a cos 6 is the radius of the parallel in latitude 0 and a is the angle which the geodesic makes

with the meridian as shown in Figure 10, equation (8) state6 that the product of the radius of the parallel

and the sine of the azimuth, a, Is a constant along the geodesic.

Now the geodesic will be orthogonal to a meridian when a = 900, and using this value in (8) we have

c - cos 80, where 00 Is the parametric latitude of the vertex of the geodesic. With this value of c, equation

(5) becomes

cos 0 o (1 -e2 Cos 2)1/2  d(9)

cos 0 (Cos2 8 - cos2 8o)72 d8,

where always

cos 0 sin a cos 00 . (10)
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With the differential equation to the geodesics in this ýform, equation (9), we carn make several obsenva-

tions concerning the behavior of the geodesic. Thie substimtion of ± 0 does not alter the coefficient of dO,

since cos ±90 = cos 0 and therefore the cwve is symmetric ibout the equatorial plane. When 9= ± o,
dO =0, which means that the geodesic Is tangent to the parallels 9 0*0 and hence undulates alternately

between tangencies to themn

From (10), with 9 = 0, we have sin ao = cos 9O. Tht Is at a node (a point where the geodesic crowsse

the equator) the sine of the angle which the geodesic makes with the ineridfrm Is equal to the cosine of the

Parametric latitude of the vertex, or a0 - 90 - Oo. (11)

For reference in the developments to follow we include here a short resume of elliptic integrals and

functions to be used, [261.

Elliptic Integrals (Legendre Forms) CLASS

(0 do a do
S --F(k a) = Jl 2 2 0)1/2 J -,k< I

ao~

41k, a) =j(I -k' sin2 a)1/dar =j Aa do 2 (12)

a nin do do~~j~

fl~~~noX -Ic o)sSn sin2 a)1/23

Complete Elliptic Integra.': CLASS

12 do ft 2 do
K F(k, f/2)J (1k 2  1)V2 0 AU (I 2)a

(w12 /n2

E E(k, ir/2)J (1-k 2 sin2 o)1/2 dom Aoda 2
0fJ

Elliptic Functions
In the elliptic integral of the first class, a is called the amplitude of S -F(k, a) and k< I is the

modulus. sin a, cos a, Auare called the sine, cosine, delta of the amplude of S and we have the following:

Definitions (Jacobi)
a a amS, sin a - snS, cos a a cnS, tan a MnS,

&a -(I -Ik2 3j2 CF)1/2 -dnS. (13)

Identities

sn2S + cn2S *dn2S + k2uS 1, tnS snSlcniS,
dn2 S - kcn2S -k1 2 -I -kV, k< I (Vc acocoa I -c k') (13)a
sn(S' S ) u(sd'cnSdnS i cnS'mSdnS')/( I - k'2 sn2 S'sn' S),
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E(k, o) ± E(k, a2)=a F(k, ol ± o2) ± k 2 snos Sno 2 sn(o 1 ± 02 )

cn(S + S') = (cnS' cnS - snS' dnS' mSdnS)/(l - cms m2 S'2 S)

E(xj + 2K, k) - E(xj, k) + 2E, E -A'K 2cc'dK/dc

E(x 1, k)-c'xA = c cn2 x dx

Speci1 Vahies.
S - 0, am(0) 0, cn(0) = dn(0) = 1, sn(O) = tn(O) 0;

forS=K; snK= l , cnK 0, dnK kW' (I l k2 )/ 2 ; (13)b

for S = 2K; sn2K = sn(0)= 0, cn(2K) = -cn(0) = -1, dn(2K) = dn(0) = 1;
cn(S + 2K) -cnS.

Dlfferentlals.•

damS-do=0(- -k 2 sin' o)U2 dS dnS dS

d snS = cos ad a = cnS dnS dS

d cnS = -sn a da = -snS dnS dS

ddnSu=d&• -k2 sin ocoso (1 -k2 sin2 o)'=do (I 3)c

= -4k nS cnS (dnS)" dnS dS

ddnS =-k 2snS cnS dS
dtnS secodo=do/cos2 o=ndnSdS/cn 2S

Note that the elliptic functions as determined by (13) ho'e an analogy with trigonometic functions

but S Is not an agk as hw dcwfrom its inteWi definitIon, (12). Like trigonometric functions they have a
real period and like exponential functions have a pure imaginary period and are thus doubly periodic.

If we define K' - F(k', ir/2) where k' - (I - k2)", that is K' is the complete integral K of ( 2)a
with the modulas k replaced by k' then the periods of the elliptic functions inS, cnS, dnS are:

Periods

is 4K, 2iK'
cnS 4K, 2k + 21K' (14)
dnS 2K, 41K'

where i K - F(k, w/2), K' F(k', w/2), k' - (I - kl)" 2, k < 1.

Expressio of zioitude and are lNO In empticletgrab.
If we let cogo aa cnS a sin /sin 0o we have then:

I -a, Coll 0(0 -ea Cos' ooXI -k' sin' o)=(I -el cos' 0o) Ao'

cos, 0 - co6' o -.sin, 00 sin' a
d' -sin2 '*o dn2 a do'/cos' 9

cos' - I -sin' 0- 1 -slnGocoso-o2 uncoi (I +nrnn o)-6cos2 0o

cos'i a cc'ol sin' =csc0 - l-w e G (I ) (-i)
a CBC30o -cot'o (I + n sin' 7)" acc'fo -6o cot'0o

sin3 a a I -coil' a-cot'9o + cot '
0o (I +nusn' a)- -cotGeo (I -6o)

k' - e sin' Oe/(I -e' coil 9o), n tan29o.
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Eliminating d?. between equations (1) and (9) we have.

A(1 - el Cos 0)1, Cos 0
(Cs os 32 dO (16)

Applying the transformation equations (15) to (16) and (9) we get

eA sin 0  ea si (0

S k fo(I-k' 2  0i~ )112 dou - ko do,

C tan 8 ( (I-k 2sin2 o)11d e tan9 if 40 o.(7
k.Jo Il+ nsin2 oa k ba

In the second of (17), multiply numerator and denominator of the integrand by (I - V2 an 2 o)"1

and in the resulting numerator replace sin2 a with its value from (15) which then allows the integral to be

written in the form

4) =(e tan 00/k) I+kV cot' 9O) f -.10-2 cot 2 0. 18
1( so Ao A01

Now comparing the first integral of (17) and the integrals of (18) with the elliptic integrals (12) we

can then mrite

ea sin 0  ('~
S - E(k, a).9

k

k 1(I + k2 cot 2 0)fl3(n, k,a) - k2 cot 2 90F(k, a)],

Where the modulus is k -e sin 001(1 _-e2 Cos 2 00)/2; n -tan' 9.; and tF'em tudais
a-arc cos (bsk 9/sb: 00) r the apherkel lerqth from the vota of the eodaki In pmnsetrl ktltde 0

toapobntbir.sme k kdhade~on the geodesicats hol~iM Ftmwe 101.9 I'IG,. 77witimtefoewuuke

t19) give loi~,tude and distnew eabg the geodesi meawed from rke geodesc retex in tfern of the

Whesrce distwice
The elliptic fimetons in lows of the ampltude ouand nsoduhs k, a mrc cos (sin 9/sin 09).

k e On Oo/() -e3 cos2 o)"/.

From the definitions ( 13) we have:

cnS acos a - sin 9/sin 09; &MS sin a (ain' 9e sin' 9)"Ii/ #a,

ItnS ft an a - /cd - (sin' 00-usin' O)"'/ln 0; (92
4o -dnS -(I - V sin' a)"' *(I -e' cos' 0)1'2I(l -e *ICos so)"';(9)

Sinceoa arc cot s(in$/sin 00), we hoethe correspondencus 0 -O, u/2; 0 0,,om0. Fromn

(I 3)c. (17) and (19*.,weinay write for the geodesic, vrtex to verex or node to rode:

So -2&0 -l ecosJO 801 dn'S dS

A..2(l _e' 3 OS2 9,)"' fP dsaS dS (19)b
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N

0

S~~900 o

P i an ubltat poiat on the geodeic, Po is the geodesic

vertx, w ad isb the amaphite of the elliptic functions. In the

deot shurical UhLe& PO.N as shown we have

dao --sb0o cos o. o a rvcos (sm /sin Oo), cos 7-
to 8/tan90.7- arc cos (tan ltan o), tn o- cosoW tan&
1- -nc ata (wc 0o t" 0.).

Flgm 11. Tn mipqmd of eulipti tucdos ipumd w
sdetd dltamcs bons amto u podc wsvto to n ubtmypoint o0 d Poedim

Whene u 0 0, we have from(19)a that I + n sn-S dnS-1, and from(19)b,

W1o a 20I-'u ds = w(I -e*')1" ,rbl,,

So g(I - e0)1n a wb; where a, b an the 1Umimb or, semiminor axes of the spheroid. Th" shows ttht in

we of the qawtor of Sarkt k & h t poskimon of kt gode i m eW Me t thaw we no anti

* poka on no)iy uW VkMU jO d*
Since the wrtex, 0,, may be neptive and internal or external to a agment S1.3 of the podesic, all

alternatives ate inchadel from the fast of(19) by wItiqI

S,., - ul GIda o E(k., a) .E(k., 01)1. (20)

and by use of the addition formula for efliptic intenpa of the wecond dam with the tmo modulus, from
(13) we may write (20)u

S,.--Idoa { ,E(k.o, to0) kt ,no at ,natn(at a,)})I (21)

w ea,r a a awe co6(d , 1/sin so), o, a arcoN (gin 2 I/dn9 ). kze 0 mao/(I - el coe, 00)".
S.n expmaulos may be written for the longiatde differem from the econd of(19).

Since many tables of th elptic intlps exid it wouki appear that evaluation of exprealons like
(21) woul be sknp. But (21) is In t of o. the paramtri latitude of thed ertex of the g odesc, and
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not obtainable directly from the geographic coordinates of two given points on the nonplanar geodesic.

Interpolation in the tables is not easy. Since the eccentricity and flattening of oblate spheroids, as used

for the earth representation, are small, series expansions in them converge rapidly and numerical evalua-

tion is then relatively simple. Now the elliptic integrals themselves can be expanded in series of e or f

since the modulus k is a function of e-see equations (19)-but we will fiut expand the differential equa-

tions (9) and (16) in powers of e and of f and integrate term by term. The eccentricity, e, and flattening,
f, are connected by the relation I - f - (I -e 2 )t 2 , or e3 - 2f- f2.

From (9) and (16) we write again for reference

Cos 00 (1 -e2 cos CO) /) 2 dt
cOS 9 (cos2  - c _ o ' 00)(i2

a cos2 0 a cos#f(I - e2 COS2 0)12 dO (22)
ds =- da 2

cos 0o (coS 0- coS, 0o)•

The expansion by the binomial formula of(I -e 2 cos2 
9)VI to sixth order in e is

(I -e 2 cos2 8)`'2 = I -(l/2)e2 COS' 0 -(1S1)e4 cos 9 -(l/16)e- coss 0-... (23)
If we place e' = 2f- f, e 4-4* 4f 3 , e6 -8f 3 , then

(I - ecos20 0)'2 = 1 -fco92 +(f2/2Xcos' 0-cooe 9)O)(f3 /2Xco.'9-cos' o)+.. . (24)

Substituting from (23) and (24), in (22) we find
&AX -II - (e'j12) cos 00 12 - (0*/8) cos 00 13 - (eG! 16) cos 00 14-.

=lI - fcos90 12 + (fl/2) coOS (12 - 13) + (f/2)I3 -1 4 ) cos0 + -..

S - (I, -(e2 /2)1 3 - (0/8)14 - (eG/16)l -.. . (25)

aD[z -fl3 +((P/2)(1 3 -14) + (f3/2XI4 - Is) + J
Where

Scos 0 do (ioan 0 dd

1, 2 it" tm tin alJ ol(Cosa-o'." Jj3 tan9 '2 (tan9J0 '
f n e(26)

1 C 0 dos)d •a-rc $ -inO\

J(coal 0 - 003109)"/ J sin OX \sin Oe

( c s ' 9 d 9- 2 l #sl n ) c o t 0 dt ( I - x ) d x

. 05 ... dt, r (I-do' 0)' cO d f,.)dx

(o ? 00. 0o )" f U t - -
J~cos~l-cs2 O.)~'~ (sina Os - sn'9)/ Jc 2 x)"

and Wterox Sin0.C An to..
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We let x a c sin 0 in the three last integr•h of (27), whence dx -c cos do, (02 - x2 ). 2 - c cos and

the integrals may be written

S-$(I-c 2 n2 )d, 14 -A(l -c3 n •2 d ' sIsu -(I-c 2sm n2 0)3dO (28)

where c sin 00 and 0 is the integrl 12 of (26)

Now sin 2 0-m(1/2X -cos 20)

sin4 ,l (1/8X3 - 4 cos 20+ cos 40)

4n6 ' - (1/32X10 - 15 cos 20+ 6 cos 40- cos 60) (29)

By expanding the integrands in equations (28) and using the identities (29) we are able to integrate

term by term and we find that the iategrals (28) are

13 =(1/4)[2(1 + cos2 0o)p + sinI Go sin 2$j,

14 -(1/32)(4(8 cos? o +3sin4 0o#+ 8 sin' 0o(i +Cos 2 8o) sin 2,+ sin" Oo sin 401,

1, -(1/192) 12(l + cos2 OoX8 cos' Oo + 5 sin4 Oo) 6

i+ 9(16 €os2 8, + 5 sin4 o) &in' Oo sin 20 (30)
L+ 9(! + 0OS1 00) Sin4 Po0 sin 40 + sin6 So0 sin 6,

where ,-13" -sc &in sine

Fornnhe Meared to a node

Ifwe place the ulues of the integpas 1 , 1,, Is, l,14 Is from (26) and (30) in (25) we may wrte in

terms of e

e e as
4)3- - cos i.--cos9.• 2(1 + coC2 9o)o n 9. sin 2P]

- Cos2 #a Oo[8 cos So + 3 sin Oo)P. + 3sin 00(, + cos' 0) in 2el
512

-ci+ 4onsin 4 00 sin 40

S/a -- [2(0 + coO Oo)+ s Oo sin 201 (31)

[4(8 coi2 o. + 3sin* 09) 8.sin' oe( + cs Oo)sn 20]

5 (6 oo+ sin' 0 sin 40

"---- lc [::z:O:X8o72# ::Ssi4 4e)/
30 2 + 9(16 o S 2 # 4 + 5 jjn # 0) ai n 1 # 0 Wib 0

+. 9(, + cs' 9 Aotn4 fe sin 40 + siO #a sin 60

ind in tems of

&"74" co5s9j+ -cos#9so, 10(20-in2O) (32)

+-- cos 09 sn So[4l + 3 cou(S3o$- 8 co' o sin 20- sin9inj•41.
64
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S/a =,,-(f/4)(2(1 + co9s o)p+ sin2 00 sin 2P

+ - sin2 0o14(l + 3 cos2 Oo)P -8 cos So n ,sin2  o sn 4P),
64

+ - sin 2 8 12(1÷2cos2 9o+5cos'9o)• "1
384 .-3(1 +3cos 2 OoX5 cos' 0o - 1) sin 2p

3(l +3 cos3 9O) sin' 0 -sin4P-sin4 8, sin60

tane sinG
Where y arc sn - , P arc sin

tano sinm00

lUitin c of iutepml squatiom
We first make some: preliminary evaluations of equations (32). First we find the values of AX, S

between 0 - 0, 0 - 00 or from a node to the first vertex. For 0 aO, y a arc sin 0 -O. For 0 a 09,
-, arc sin I vne/2, and from (32) we have (doubling the result)

&X* w 1 - fcos 0 + (P/4) cosg o sin2 0o + (fl/I 6) cos So sin' 9,(l + 3 cosl 00)J,

So x a[I -(f/2XI +cos2 0 o)+ (P/ 16) Qds2 n'o (1I4 3cos2 0o) (33)

+ (f/32) sn So (I + 2 cos' 0o + 5 cos.'

wikh wimsubsequently be &Aown to give a# Am Aerok*okWgode*s, weex to wtex or node to nodek

compare (19)b.

The expreMons (33) are even functions of 9., '(-S) -j f(0K), which would be expected from the

discussion of symmetry followfnt equation (I 0). Thereifore, the expresions (33) Ife Nondt Ad dip.

ownce between ccesbe vertices aod dlo betwem aceKve owde

From the ifut of equations (33) we have r - aA = wf cos 0" [ 1 - (f1/4) sin So

- (f2 /16) sin2 00(1, 3 coal Oo)l ,which Msows q t tha e t forO mt om (9o - 1/2). two

connmeurie Yvetis of the foode* on the obkte *Aid camot 6e rntxohl fd poiusu of,
dium.,mw.

From equations (32) and (33) we h with

So •aWO -O12 f) A , (341

Sl eais(l -f12 + f2116 +f('/32 . .).

If we take the dWrlvath ofit, wreit to So a phce to w o we obtan

siG 0 oa0,0(1Sfl coI' t9 .+6f(2-f)l cos' * 16- 41f- fP] IaO.
The dixoindmat of the qus*rtk fictcr in an' So is 41W 1211 + 0-171 <0. dcuct f< 1,hebo

the only rea amr at given by sain Sp aO, os# toa0, or by 09 0,# 00 n *2; eqim lo(34)•, evll

the awv d Jpwe bWOi to hw~AokaWgnod* kMAr (vertex to ot mete or node to not nd.
Along the "stor, only the arc w st~inf tmdmw mrit- dlnMion of te po6*. U., tO &sq

hom~drW o*% Isdwandwriimt* safwv h the *ho v~c ikThe vae Of So. &4
(rma (33) stytt imquaifius

*z(! - (12 + (0l/ 6 + ( "!3 2) > s . • , ; & % 4 ýP *W e (3 5)
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If derivative of the secod and thrd order terms in equations (33) are placed equal to zero, we find that

for the Clarke 1866 ellipsoid:

&XG: &Xo(f 2)Xmax) occurs t 0o a 54e 44' 08' 197

&%o(f 3Xmax) occ••s at 8 - 4f 28 31"
so: So(f Xmax) occurs ato a540 44' (.V'lQ7 136)

So(f3 Xmax) occurs at So a 43' 23' 31"

With the values of So from (36) placed i• k ý3) we find the maximc.n corntribution of second and

thid order terma owr the Clarke 1866 hefsviphkroid.

o(f` Xmix.) - 3474.2 X IV0 radimjn f 3.5 seconds

&.(f' Xmax.) - 6.8X l 1Y' tadim ,% .0012 seconds (37)
So(f*Xrmax.)- 19.190 meters

Se(f 3Xnia.)" .0aA0 meters

Foe�m~ vsuu o a vrta

Now equations (31) vad (32) Pm refenrvd to a node, (equator crossing) of the geodesic.

If we subsra, respeclively, tO equations for longitde and distanct in (32) from those of (33),

than pla y a (v/2) - q, o a (s/2) -0 wt Iwwve:
X q - f cos,; o + (21/8) m So s 00(2a + On 2o)

+ (e J64) cos9 0* do'So(4(i 3 co&3 So)&+ 8cos' fo sin 2o - tn' 0,,i ~4o),
o - -(f/4)1(2 + cos o)- sin'oun n 2o I

+ (e!64) s 3in h4(l + 3 cos' fo) 8 cos' to sin 2o -u w -' A n 4oa (38)

+ (f'13/4) sin3 06 7120 + 2 co3 1, o+ cornc C,)c-
3(l + 3 cos' Ox5 os' So -:+si J

3. 1 +" 3 + 3 co s i 0.) & 9. smi, + w 4' 0 C si n 6 0

whavenow am W-c cossm (sin .0 )14 $0 - arc cos (tan itan so). / .an kos-.v•vd

dIs.* *o m the Pogo Oo geodesic to a • ow ton Ar V4er M Pownew-c 10fide# w0, W

Note that v~ and v at uutical bWhWe mad qtwu"a diaiwe. ftom the toodesic wrtex. ie figuro
I I. To show that ,9. Nad S of equatlim (36) o in f(wt the .tp, omn- of .quationa (19), we write ftoM

thet t0 of ( 17) sut, boo ffmb.

ST. a a ( k, in, 9o)"•do

k o

*~.~!!J I -(112)kl gn' a -(1/9)k" On" a -(irdk ,a .'.. *)4a]39
-,(i--- *-(9/w,'e-, l o- )~.k',mn#,an'.-(l61ek'6s'd.mso'O aid

Fom (I S), k -&a #i/(I -e 2Coe 00)", S

Ak aim+ "-*' ms' 810 (112)r' on' to+ (3)** €GO So] (40)
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ek 3 sin 00 - e4 sin4 0(l1 + (3/2)e2 cos2 o]

ek' sin Oo -e' sin'6 ao.

Ncw from (29), vith 0 replaced by a, we have

f sin 2 o do - f(1/2)l -cos 2a) do a (I/4)(2 - sin 2o)

f sin4 odo f(1/8X3-4cos 2o + cos 40) do (IS)(3o- 2sin 2o + (1/4) sin 401 (41)

f sin' odo= -f(1/32XIO - 15 cos 2v + 6 cos 4a - cos 6o)do

- (1/32) 1Oo - (15/2) sin 2v + (3/2) sin 4o - (1/6) sin 6ol

With the valu,.s from (40) and (41) we may evahiate (39) and we have then
S/s I 1-(l/Met cost 800- (Il/8)e4 cos 30 - (1/16)e' cos' So Io

-(I/8)e2 sin' Ool + (l/2)e2 cos2 80 + (3/8)* cos* 9o1(2o-sin 2o) (42)

-(1/64)e4 sin4 oi ÷.I (3/2)el cos2 So ILo - 2 sin 2o + (114) sin 4o0
- (t/512)el sin' elOaIIOu - (1512) +. 2o + (3/2) sin 4o -(1i/6) sin 6ol

Collecting the coefficients of the terms in like powers of e, letting e2 - 2f - P, e' 4 4f - 4f 3 ,
e 8f 3 , and using some elementary trigonometric identities in the coefficients of the powers of f, we find

that equation (42) beciomes exactly the second of equations (38).

Similarly from the second of equations (17) we have:

etan 0 f 0a(I -k 2 Sint o)12 do etanSo
4A= • - ÷f n --. -- 11 - (l/2)ek tan So 12

0k +'o tnsin, a k
- (!8)ek3 tan 9el3 - (1/16)eks tan d8l. (43)

Where ao do
Fi-l sin2  - cos 9o asc tan (sec 0. tan o)a cos 6 %v (see Figure I1)

its sn, a do acot, (a (4

I+n1 

(44)ao sins o 4I F it -ti.,Xt..' So - Z)o - (I/4)tan' So sin 20.+ 11

". 14 sh§a o " CM& ýR •+ :+.+-,+' .%40 - 4 UO+ So + 8)o - 1,

Now k e +, •m So/(I - c- & 5, 8#)". # tono. k• secOdl - e cost So)lI2 and expding by the binomial

oramuls to sixth order tl m in C we haw
? tog 0e-... . 1W-, o 0--( l/]~ ,M oo tn4 g(/ • •• o -(1/16) * Cos' ofj]

k

- (t1+1)k tan o, •-(e2/ 2)%in9, t•nG, I( / Oft , + (3l8)0' 004 cr (45)

-(IlSj)k' tan, So - (118)*' *in" 0, tan, to 41+ (3412)e2 coo' S.o

-(,i16)tksnG -(t!?6n sn•0 o , tan O'
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Placing the values from (44) and (45) in (43), collecting like terms and employing some trigonometric

identities we have
e2 e4

AX = i?-- cos 00 o- -cos 00 [2(1 + cos 2 0u)o- sin 2 0 o sin 2a]
2 32

- COS 0o [4(8 cOS 2 00 + 3 sin 4 0o)o (46)

2 - 8 sin2 0n (I + cos 2 0o) sin 2o + sin40o sin 4o

Placinge= 2f -f 2,e 4 = 42 -4 3, e6 = 8f3 in (46) find
f2

a =r - f cos 0oo +- cos 0o sin 2 0 (2o + sin 2a)
8

+- cos 0o sin2  o[4(1 + 3 cos2 o)o + 8 cos2 0o sin 2o-sin2 osin40J
64

which is exactly the first of equations (38).

Collecting like terms in 03 and a, equations (32) and (38) may be written with longitude and arc length

meastred from the geodesic node;
LA = y - Ap - B sin 23 - C sin 40, -t = arc sin (tan 0/tan 0 o),

S/a = DO - E sin 20 - F sin 43- G sin 6#, 3 = arc sin (sin 0/sht 00),

longitude and arc length measured from the geodesic vertex;

AX = n7- Ao + B sin "-o - C sin 4o, 7 = arc cos (tan 0/tan 00)(

'/a = Do + E sin 2o - F sin 4o + G sin 6o, o = arc cos (sin 0/sin 0o)

and where in bolh cases with c, = f cos 00 , c2 = (1/4)f sin 2 00, c3 = I + c, cos 00, c4 = c2 + c3, we have

A = c, ( -c 2c4), B = (l/2)c, c 2c 3, C = (1/4)c c 2
2 ,

D = 2 -c(c 4
2 + c2

2) - (1 + c2) c4 -c 2, E (1/2)c 2 (2 + c 3(c3 - 1) - c 2
2 1, (49)

F =( 1/4)C2' (2C4 - 1), G = (1./6)c2 3

and c1, c2, c3 satisfy c 1
2 - 4c2(c,; - 1) + c3 ( - c3)=.

Formulae for longitude and arc length between two arbitrary points on the hemispheroid&l geodesic
From (48), for a geodesic arc containing a vertex

AX= ? •27- A.Zo + Bp -Cq 2;7= tI + 72, Fo-oU + 02,AoU 02 -a1 ,

S/a = DIo + Ep - Fq -Gr p = 2 sin Zu cos Ao, q = 2 sin 2Zo os 2Ao, (50)

r z 2 sin 32o cos 3o, %i = arc cos (tan Oj/tan 0o), ei = arc cos (sin 0j/sin 0,)

Also from (48) for a geodesic jrc containing neither node nor vertex

AX = Ai?-AAo+ Bp-Cq A77= 72 - 71,AoG o2 -oal,2o=o0 +02

S/a = DAo + Ep - Fq - Gr p = 2 cos Eo sin Ao, q =2 sin 2Ao os 22-o (51)

r = 2 cos 31o sin 3Ao, 1i = arc cos (tan O!tan 0o), oi = arc cos (sin 0j/sin 0o)
From (47) for a geodesic arc containing a node

AX = Ey - Alp - Bp - Cq, El'f =7 + 72, 2;0l = 1 + 02 , AO4 = 2 -t1

S/a = D23 - Ep - F I - Gr, p = 2 sin XPcos O, q = 2 sin 2P cos 2A, (52)

= 2 sin 3413 cos 3AO y' = arc sin(tan 01/tan0o),131  arc sin(sin Oi/sin 00)
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Also from (47) for a geodesic arr containing neither node nor vertex

U = Ay-AP-Bp -Cq AY=71 -72, IV 01 1%, 2=033 +82,

S/a = DAP - Ep - Fq - Gr p = 2 cos E. sin A, 1 2 cos 2Eu sin 2AP (53)

r = 2 cos 3, sin 360, -t = arc sin (tan 0/tan0o),pi =arc sin(sin 0/sinrio)

The constants A, B, C, D, E, F, G, of formulae (50), (51), (52), (53) are given by (49). Since (51)

and (53) should give the same results one should transform into the other if we make the substrwtions re-

spectively from a + 0 = 7r/2, il +7 f= r/2. For instance in (53)
Alt =7 -7 ••2 (a0/2) - t7l - ir12-) + t72 =172 - i?, = •,

A = PI - 02 = r/2) - 01 - (ir/2) + 02 0 2 01l AU, ZP - 01 + 02 = Ir- TO.-

These substitutions in AX and S/a of (53) give

A = A - AAo + Bp - Cq p= 2 cos ,o sinAo, q = 2cos 2Zo sin 2Aty

S/a = DAo+ Ep - Fq -Gr r= 2 cot 31o sin 3Ao

Which are formulae (51).

Now in (50) with 01 = 02 = 0, we have la = -Z7 = ir, p = q = r = 0. Analogously for (52) with

0t 1= 02 = 00 we have - = = r, p = q = r = 0 and both therefore give for length and longitude of

hemispheroidal geodesics, node to node or vertex to vertex,

Aon = i(l - A), So = naD. (54)

Equations (54) are thus a shorter version of equations (33). Referring to equations (49), (54), when

0o =ff/2.c = 0,c 2 = (I/4)fc = I,c 4 = I + (/4)fA = 0, D= I -f/2+ (1/16) +(1/32), and Infor

the semi-meridian AX =ir,S = air[l -f/2 + (1/16)f 2 +(1/32)f 3 ]. When 00 = O,cl = f, c2 M 0, c 3 c C4 I +f,

A = f. D = 2 - (1 + f) = I - f and we have again the equatorial limiting arc AX = wr(l - f), S = an(l - f).

Throughout this discussion Au has been used to represent two quantities. When dealing with elliptic

integrals and functions, Ao = (1 - k2 sin7 a)"/2, see equations (12). When dealing with computational

formulae for distance and longitude, AU = 02 -U1, see equations (50), (51). The usage is clearly indicated

in each case, and no ambiguity occurs.

We now have equations to third order in the flattening which may be used to check approximation

formulae to the geodesic and to r:eck known or published geodetic lines. After a discussion of the

spheroidal triangle -some of these formulae will be used in the derivation of the direct solution for the long

geodetic line. Buot we next examine the antipodal zones and conjugate points wich respect to the nonplanar

geodesic.

Antipodal zones

The hemispheroidal geodesic is that part included between two consecutive vertices or two consecu-

tive nodes since no more than two consecutive of either nodes or vertices ran be contained in the same

hemispheroid (on the same side of a meridian).

The antipodal zones are the two equal areas bounded by the two symmetric geodesic evolutes

(envelopes) of all oblate spheroidal geodesics which have a vertex in a common fixed meridian. Cayley,

reference [25].
NOTE: The evolute of a given curve is the curve tangent to all normals (perpendiculars) of the given

curve, or the envelope of the normals. The normal to the meridian ellipse in terms of parametric latitude
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0 (eccentric angle of the ellipse) is F(O) = ax/cos 0 - by/sin 0 - (a2 - b2) = 0, where a, b are semimajor,

semiminor axes of the spheroid, x and y are rectangular coordinates in the plane of the meridian, the

y-axis coinciding with the ellipsoidal polar axis. The evolute (envelope) is obtained by eliminating 0 be-

tween F(O) = F'(0) = 0 where the prime denotes differentiation with respect to 0. The result is the equa-

tion a213 x 2 3 + b2/3 y V3 = (O2 - b2)W', its graph resembling the geodetic evolutes as displayed in

Figure 12.
antBipodal zone antipodal zoneB' .// .

,' c, equato

/ ........... c ,

I ' I

1 / 'afJ A-I-*tr A

The geodesic evolutes are the fligres ADBC, A'D'B'C which resemble the meridional evolutc

EFE'F'. Geodlesic arcs PN, OM are equal. Location of the nodes N, N' within the antipodal zones is
known from equatlons (33). When P(O0, ff12) "* 0(0, w12), then G0 "* 0, and Q "• N -• D,
Q' •N'D -•D; w,•en P4•N 0, then N --T, N' - T', and Q--* A, Q' - A'.

Figure 1 2. Geodesic evolutea and antipodal zones on the oblate spheroid (picorial).

Two consecutive nodes ae in the geodesic antipodal zones with respect to the meridian containing

the included vertex of the geodesic. From the first of the inequalities (35) we have, when Oo = 0,
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So = irb anr(l - f). Hence the equatoral arc axis of the geodesic evolute is then air - air(l - f) = airf as

shown in Figure 12.

The distance from node to node (N to N' in the diametrically opposite antipodal zone) is given by

equations (33) and by symmetry this is the same distance as that between two consecutive vertices. Is the

geodesic distance thus obtained the maximum under the shortest distance property of the geodesic?

Apparently this is so from the limits given by inequalites (35). But for any point Pon a given geodesic, is

there a point P on the geodesic beyond which the unique shortest distance property does not hold? Before

we attempt to answer this question we find the length of the meridional arc axis of the geodetic evolute

(antipodal zone), the segments AB A'B of Figure 12.

In Figure 12, note that for the geodesic with vertex P(0o, if/2) we have 1.
AX = (r/2) - (12)A?•o. (55)

As 00 - ir/2, N -- T, Q -* A, and there exists the value +8 which is the parametric latitude of A as given

by (55). From equations (32), (33) and (55) we have to terms in f2 :

-f cos 0 P3 + (f/8) cos 60 sin 2 0o (2# - sin 20) = f/2 - ir/2 + (r/2)f cos 0o

-(ir/2Xf 2 /4) cos0o sin2 O0

or F(O, 0o) = (7/cos 00) - f(3 + ir/2) + (f 2/8) sin2 00 (r + 23 - sin 20) = 0. (56)

Where y = arc sin (tan 0 cot 0o), arc sin (sin 0 csc 0o).

We must therefore solve for 0 in the equation remaining by taking

lim

0o -f f/2 F(0, 00) = 0.

Only the first term of (56) is bothersome in determining the required limit:
0im / 0im arc sin (tan 0 cot 00) oim (d/d0o) arc sin (tan 0 cot 00)

cos Oo cos 0o (d/d~o) cos 00

lim tan 0
=
0o -/2 s Oo (1 -tan 2 0 cot 2 0o)1 2 = tan0.

We have then from (56) and (57)

lir

00 -i n/2 F(O, 0o) = tan 0 - (f/2Xir + 20) + (f2/8)(r + 20 - sin 20) = 0,
or tan 0 - B sin 20 = A(' + 20) (58)

B = P /8, A =(f/2) - B

In (58) let tan 0 = 0, B = 0, to get the approximation

20 = rf/(l - f. (59)

With the value f = .003390075283 (Clarke 1866 ellipsoid-Appendix 2), ir 3.1415926536, (59) gives

0 = 18' 22".121 which fails to satisfy (58) by .00000457, i.e.

tan 0 - 2A0 - B sin 20 > Ai r by .00000457.

Now the tangent different for I second at 18' 22" is .00000485 (Peters Tables). For I second change,

2A0 changes by 2 X 10"s but there is no change in B sin 20. Hence we take 459/485 = .946 second and

reduce the first estimate by that amount since tan 0 > 0 > sin 0, i.e. 0 = 18' 22"121 - "946 - 18' 217175.

This last values -heckq (58) to 1 in the 8th decimal.
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Since the flattening does not vary much among the 10 reference ellipsoids of Appendix 2, we may
alter the approximation (59) to give a solution for any reference ellipsoid. This was accomplished by
changing .946 second to radians, factoring irf, writing 1/(1 - f = I + f + ... and then adjusting for the varia-

tion in f among the values as given in Appendix 2. The resulting solution to terms in f2 is

20 = rf(l + .7495f). (60)

Seven of the values of 0 computed from (60) checked (58) exactly to 8 decimals and 3 were within I
in the 8th decimal. The computations are included in Appendix 2, where the axes and approximate areas

of the antipodal zones for the 10 spheroids are also given.

Conjugte points on spheroidal geodesics
For an arbitrary point P1 on a spheroidal geodesic there exists a second point P2 on that geodesic

beyond which the unique shortest distance property fails. Forsyth, citing Jacobi, called such pairs

conjugate points, reference [281.
Because of symmetry, the distance, node to node is the same as vertex to vertex, or point P, to P2

in numerically equal but opposite signed latitudes when the longitude difference is the same as node to node
or vertex to vertex. But consecutive nodes are not conjugate since there exist two equal geodesics sym-

metric with respect to the equator with these common nodes, see Figure 12. Again, but in the meridian,
any diameter bisects the meridianal arc length, hence the diametral end points are both antipodal and
conjugate. Hence by inference two consecutive vertices should be conjugate

That this is so may be demonstrated in Figure 13. The equal symmetric nodal hemispheroidal

geodesics are N QN 2 , RN2. Arc lengths NIP,, N2 P2 , PIT are equal, hence the hemispheroidal geodesics

PIQP2 , PISP2 are both equal to N, QN2 or N1 RN 2 . By symmetry the longitude difference, AXo, node to
node, is equal to that from P1 to P2 . Again, the arc lengths V, P', V2P2, P'I U are equal and therefore the
geodesics PF' OP'2 , PI MP2 , VI OV 2 , NIQN 2 are all equal and the longitude difference, P', to P'2, is AXe, the
same as from N I to N2.

lor 'be mathematical demonstration we will maximaue the equation for longitude difference between

two points on the geodesc. As a preliminary, note from the inequalities (35), that for hemispheroidal

geodesics we have the longitude difference and length satisfying
ff > AXe > frb/a

asi[I -((f/2) + (f2/16) + f3/32] > So > frb,
i.e. along the equator from a given point one can extend the length to ffb before two equal and symmetric

geodesics of length shorter than the subtended equatorial arc exist. In Figure 13 we can extend the dis-
tance along the equator from N, toTI, N1 T1 = Aib, before the two symmetric geodesics N1 QN2 ,NIRN 2

exist. That isNIN2 >NQN2  NIRN2 >N1 T1 =irband the pointsN 1 , T1 are conjugate.

From equations (17) we may write

A -IF, F= sec 00(1 - e2 cos2 00)1/2 e tan 00/k,

fe do, o (I-csino)'2 , I= + nsin2 a, (61)
024
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,. I - \i o

or equivalently

-l'd- dl i" I dF"
Figim 13. Conj02,o poinel on the oblate sphewhoid.

n = tan' 0o, c =e' sin2 0o/(l _C2 COS2 8o) = k 2,

aj = arc cos (sin 81/sin 0o), 1 O1 1-4 180o 1.

Now dA, Wl dF

-- F - d +I-(63)

d 0o d 0o dOo
or equivalently

I dAo\ dl I dF

- -- -+-- =---0 (62)F d~o dt~o F d~o

Since (1, )2, Ao, So are all functions of 00, we have
dl , ror' -L i do + &ol do! _ Aa3 do2 63~ "J62 Wo So So l d+ 60 -- "(6

.L A\.I d oi do6oi de

a 0"0 a6• W oo d& o / (64)

From (61) we have

dAo sin' a dc dc 2cW( -el)
---.---.. = .. cot Oo csc2 00,
deo 24o d 0o' d•oe
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dn dn
-sin2 o - , -i 2 tan 00 sec2 00,d•o oo M Oodd(65)

doi dF
- fcot oi cot 0o, (I/F) (c/e2) csc 0e sec 00
dO0  dOo

With the values of doi/d~o from (65) the last two terms of(63) may be written

Aodo, Ao2 do 2  Ao 2 CtS- cot 00 )cotO -- COt
8e, doe .02 NO6 o02 (66)

a°' d/JA° )
coto : Coto do

With the values of Au, So from (61) we find

d (Av cot a) Ao c cos2 a 2 tan 2 00 cos2 o Ao

- sin2 o Ag~g (67)do So So.n A 082

With the values of dAo/d~o, dho/dOo from (65), we may write (64) as

(1- e (I e) cot o csc 2 Oo sin 2 o-2 tan0o sec2 0 Ao sin' u (68)

NO so o e2 AoU m

With the value of (1/F) dF/d o from (65) and the value of ! from (61) we have

i IdF 2)° MCOpIF=- o (c/e ) csc 0o do. (69)

Now with the value of (67) placed in (66) Lad the remit returned to (63), together with the value of

a/3a0 (&a/6o) from (68) for the first term of(63), we may, with the resulting value of dl/deo and the

value of(l/F)dF/dOo from (69) write the condition (62) as

01 do (1) (2)
coto 00 c2 (! -e 2 )csc 2 Oo 5osin4 0+2e2nsec' 00 o•A sin4 0' (70)

(3) (4)

+e2 a6o Ao 2 + ce 2ao sin2 cos2 a =0
(5) (6)

+2e~n o2 &in2 oaos ao-c sec2 0o Ao3 So&in2 0
where n tan2 Go, •. u I- cin2 o,6o- I + n a oa, c- e' sin' Oo/(1.-e2 cos02 0).

In (70), within the braces, we first combine the terms (2) and (5) to get

(2) +(5) - 2e'n &U
2 6o sin2 a. (71)

We next combine terms (1),(4), arid (6) to get analogously

(1) +(4) +(6) -ne 2 6.isn2 o+ cne2 6 a sin4 a. (72)

With the values from (71) and (72) returned to (70), we now have for the quantity within tho braces

.Ao(eln Ao2 sin2 o+e3 n u S a-e2n&a' sin' o)} - {e 3o 2 8ao2, (73)

where in the reductions we have used the identities given with equation (70). The value from (73) placed

in (70) gives
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fo ' e2 Ao2 602 do

(I/F) dAA/d 0o =(dlldeo)+(I/FXdF/dOo))=-cot 0o e2 Ae be do

J e A62&UeSin2 a

C0' Aodo 
(74)

=-cot 0o J - =0
U2 a

Since the equation to the geodesic evolute will be given by the elimination of 0o between dAA/d 0o = 0,

and AX = FI, equations (61) and (74), we should be able to get an equation for determining the parametric

latitude of the meridional vertex of the geodesic evolute and thus provide a check for equation (58). In

fact the equation should be given by (74), that is from
lira w/r2 +0

0o - ir/2 J &do/sin o =0.f-(,r/2 + 0)

With 00 = r/2, c = e2, Ao = (I - e2 sin2 o)ui, we have

Ao/sin' o = csc2 o[1 -(I/2)e2 sin2 o-(l/8)e4 sin4 o-..a =csc2 o-f(1-f/4)+(1/4)f" cos 2o.

Integrating this last expression with respect to o and evaluating for the limits r/2 + 0, - (4r2 + 9) we

obtain equation (58).

In equation (74), the factor cot 00 = 0 implies the meridian, 0o =(1/2)r. Now from (13) and (13)c,

Ao = dnS, sin2 o = sn2 S, o = amS, do = d amS = dnS dS and the integral (74) may be written

fsidn2S dS/Sn 2S = 0. (75)

S2

By manipulation of the identities (13)a and differentials (13)c, we can write the integral (75),

indefinite, as

fdS (c' - dn2 S + dn3 S + u cn 2 S + cn'S dn 3 S/sn2 S) = fc'dS - fdn'S dS - fd (cnS dnS/snS), (76)

fdn2 S dS/sn2 S = c'S -fdn 2 S dS - cnS dnS/snS. (77)

From (12), (13),(13)c we have

E(k, o) Aodo = fdn IS dS -E(S, k). (78'
fo

From (77) and (78) the definite integral (75) may be written
st S 1

dn'S dS/sn3 S - (c'S - E(S, k) - cnS dnS/snSj -0. (79)
S 3 S 3

We expand (79) and write the result in the form

c'(S, - S2 ) - E(S,, k) - E(S3, k) -((cnS 3 dnS2 /mnS) -(cnS, dnS,/snS,)]. (80)

Using the difference formula for two elliptic integrals of the second clas with the samne modulus, and the

difference formula for the sine amplitude from (1 3)a, we can write the right members of (80) respectively

as

E(S,, k) - E(S3, k) o E(S, -S2, k) -c mnS m1 sn (S, - SI)

[-(cnS1 dnS,/snS,)+(cnS2 dnS/snS3 )] =90(S, -S)XI -csn'S, sn2 S2)/snSj mS2 . (1)
Placing the values from (81) in (80) and solving for sn(S, - S3) we find

a(S, - SO)a inS, snS2 (E(S, - S2, k) - c(S, - S3)), (82)

where c'- I -c- I -kV -( -el)/(l -e 2 oos Oo),c•e3 sin2 8o/(l -el cos3 9o).

45

A.



If we place Sz = S2 in equation (82), the equation is satisfied since from (12) and (13)b, sn(0) = E(0, k) = 0.

If we place, in equation (82), S1 = 2K, S2 = 0, the equation is satisfied since sn2K = sn(0) = 0. Hence the

value of S1 required is the root of(82) next greater than S2 where 0 < S2 < 2K. Note that K is a complete

elliptic integral, see (1 2)a.

For an approximation we write x for S1 in (82) and consider the intersection of the functions (curves)

y = S(x - S2)/sn(x)snS2 = E(x - S2, k) - c'(x - S), c' = 1 - k2

-(1 - e2 )/(l -e2 cos2 Oo)< 1.

As shown in Figure 14, the next value of x for which equations (83) are satisfied is SI and we have

0<x1 < 2K-S 2,where xi = S, -(S2 + 2K). (84)

If we solve (84) for S1 and place this value, x = S1 = x1 + S2 + 2K, in (83), we may write, using the values

from (1 3)b

y, = sn(xi + 2K)/sn(x, +S2 + 2K)snS2 = snx1 /sn(xI + S2 )sn.S 2

= E(x 1 + 2K, k) - c'(xI + 2K). (85)

Using the appropriate identities from (1 3)a, we tranform the right member of (85) as follows:

E(x, +2K,k)-c'(xi +2K)=-(x1 ,k)-c'x1 + 2(E -c'K) =E(x 1,k)-c'x1 +4cc'dK/dc
(86)

= c fo cni x dx + 4cc'dK/dc.

USing the value of K from (1 2)a, we have

L.2 scinls £n.sin
dK/dc= -c (I -csin 2 x)" x -=(1/2) (1 -c sin2 xY"Y sin x d.-.. (87)

From (85), (86), znd (87) wu have, for the determination of x1, the equation

Yi "mxl/sn(x, + S2)snS2 mc cn2 x dx
0O (88)

+ 20(l -c) f (I - csin' x)"•* sin' x d;.

Since c a e2 sin 2 0o/(l - e cos' Oo) - 2f sin' Oo + .., and 2f - e2 + f, then always 2f > e2 ; c. For

earth reference ellipsoids 2f - el af' P I X I T$. We consider here that 2f, e2, c are of the same order and

reject terms of second and higher order in c or f. Since x1 , snxI are of the same order as c, we place

mnX " x1 . sn(x1 + SI) - anS and write (88) ua

yl =xl/sn 2S2 "I (C 1..)dx + 2c 1 (1/2 -.. dx 0+ (1l2)cw,

and we find
xa "fi 12 X )cw S2. 

(89)

Placing c - 2f sin2 0o in (89) we may write

x I z wfsin' 8o sn'S2 ayn 1 s y,Y -rsin' O0 . (90)

From (84) and (90) we obtain

S, 2K+S, + xi 2K+Sa + ifsina Oo mS. (91)
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We write from (91), with the help of (92)

cnSl - cn[2K + (S2 +*N )j - cn(S2 + xl),

-s 1 sin o cn(S 2 + x),x,l fsin2' e SnIS2 w a Vsi' go -san 2 02 ), (93)

which to first order In f relates the pwumetrkc latitudes 8 1, 8 2 of conjugate points on spheroidal geode*Ls.

When 03 a O,, a geodesic vertex, then x, a 0, cnS2 = 1, and we have sin 61 - - sin 90 , or 0 1 a - 00.

That is the conjugate of a vertex of the geodesic is the next vertex, a result obtained by another argument.

See the discusion following equations (33) and the geometric demonstration, Figure 13. A special case of

this last is given 4 0 go (l/2)w, whence sin 9t = -1, 9, a -0./2)p,, i.e. the poles are conjugate as well as anti-

podal for the meridian, a known result. When Oc -0 1 - 0, then 0 1 - 0 and we have the end points of the

equatorial limiting geodesc arc rb, the segment NIT, of Figure 13.

Sincealongthe geodesic 10 1 < 100 i, therangeofx, for a particular geodesic isO<xI ifsin2 0 = yI

and over the spheroid is 0< xI < f. Note that if is the equatorial central arqle subtended by the equatomrl

arc axis of the geodesic eyohate see Fiure 12. or to frWV order in f. if a the meridional central angle sub-

tvdded by the mwkikonal arc axms, see equation (60). Consistent with the approximations used to obtain

(89), we have
ma, - xl,cnxt, dnxa = I,2fsin' 9o mx 3 -cxi .0. (94)

From (13)*, the addition formula for the cosine amplitude, we may write (93) as

sin: =-sin 0o (cnSscnx, - snSzdi•iSsnxdnx,)/(! - :f sin' So snx, sn'S)

and us* (94)

sin - - An &@(cnS3 - x IsnSdnS3). (95)

Now from (19), with e' - 2f and retain terms L6 f, we have

mS, - (sin, 9o - sin, 03)" /Shli O0, daS1 _ I - 2f (sin1 9o -_~iz 9•)! '"

cn% . sin 0I/sine*. (96)

The values from (96). and the value olfxI from (93), placed in (95), retaining terms of first order in f,

sin #I Aln #I vfffin 0 - An 03)"193 141 so 1, (97)
w x to first order in f aifatt eqwim r the e Irttudo 0 1, 0 1 of AonAlpt poAto

4Amk,• wdesksbwf i of#AVpkf/udwts.• Note that (97)sb gives the qwWc• ses•discusad
followitN equatioat (93). as it should,

Ukcuibit We have detontrated mathemam!lly va pomerkelty (pictoriiy in Fure 13) that Woq

the equator, the end points of the ,ement it are conjupte. We have proved that conscutivo wmices are
cor~gate from both (93) and (97). Now ifwe *m the term in f in equatioa (9). we have 0 , a- -

with the onWitude difference that of the hemnihoda geodesic in vertex parmetric latitude 90. thence
w pt two equal leodeo as dewsontratd in F*=ur 13. tHiew to tea appmimation formula to the

Spodesi we nee d not exceed the legt of the han, taoidal podesic (node to node oir vertx to vwe)
i u~km: it is maximumn under the uniqum ihoreta distwnm criterion.

Note theqat "io (74) pmovide throto the subsequent diwuIMo thea frociet conditim for

naximum poei ltnlb under the *#ortes distanc property the Euler eqwta.on eqttion (3) above
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Also note that the parallels 8 ±Oo are envelopes ofallthe geodesics whose vertex latitldes are

± 00, and the points V, V, (vcrt' -), Figure 13. arc points of tangets.y to the envelopes. But any conju-

gate point, ac:oAc. to t!ý, .o . e•finition, is a contact point of an envelope, reference [29j page 34,

Firwa!y ao-:e that two r'#-o .,i ,avelopes are involved. The envelope of all the geodesics having the same

e'citex parime:, c latitude I Oo I are the parallels 6 - ± 8o; the envelopes of all geodesics with a vertex in a

common meridian awe the two symmetric geodesic evolutes as shown in Figure 12.

Hemn•bw al podesk, under the Aotei dkbnfc propety
With the help of equations (33), (34), (35), (97) we establish that the nonplanar geodesic distance

between two given spheroidal points, under the shortest distance property of the spheroidal geodesic, ies

on an arc of one of the four equivalent spheroidal geodesics, as shown in Figure 15, where 80 is the vertex

parametric latitude of the geodesic through the two given points.

Graphic•lly, if a wire frame were constructed connecting the aemiequator, the semimeidian m, th:

meridian NTST' and the four hemispheroidal geodeiks with vertex latitude $o as sown in Figure 15, then

BI

O_•o

eI/ ' "

r -- 0

S

cos#g-c'os ia@ TI1 rc DO'-.II- fl - a. -
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the mtation of the elovoid about the poiar axs under this frame would bring the two gven points into

coincidence with one of then four equal noplan*= ipheroidal geodesics. Note that when 00 - 0, all

four geodesics coincide with the equatorial limiting distsnce DD' and when 100 1 --*(/2.l both spheroidal

geodesics (1) and (2) coincide with the semimeridian m while the spheroidal geodesics (3) and (4) coincide

with the meridian NTST'.

We may then construct a table of possible cases of hernispheroidal geodesics to be considered in the

testing of approximation formulae to the geodesic. With the help of equations (32), (33), (35), (38),

(50)(54), (97) the possible cases are listed in Table 2.

Note in Figure 15 that hemispheroidal geodesics (2) and (4) are the reflections in the equator of (1)

and (3). Also the meridian NQS bisects all four hemispheroidal geodesics with the same vertex latitude 0o.

We can treat a geodesic in the southern hemispheroid as though it were in the northern and translate com-

puted elements symmetrically with respect to the equator. Thus all possible cases required to test approxi-

mation formulae to a geodesic with vertex latitude 00 are as shown in Figure 15. Note that arc AB con-

tains a node, arc CE contains a vertex, and arc CF contains neither vertex nor node.

Table 2. Hemispheroidal podeucs.

AMo is the longitude difference, node to node or vertex to vertex, of the spheroidal geodesic whose vertex
parametric latitude is 0o. we equations (33) and Table 8.

CASE

L. 102 1 1011 1, As + 2 < AXo General - the geodesic arc may not include either

a. 1 1[ > 02 > 0>1 > 0 a vertex or a node; may include one vertex or

b. 1Go 1>01 >02G 0 one node.

c. 02 <0,01 >0
1. 180 1>1 02 1>01 >0
2. 18o 1>01 >102 I1>0

d. 01 <0,02 >0
1. 100o1>1 011>02 >0

2. 160o1>01 >l82 1>0

I1. 1  1a 019s I, i AAA 2 <(1/2)&No Symmetric- with respect to a node or vertex but

a. 190 1>01 >0,02 =-01 not maximum; contains one node or one vertex.

b. 01 <o0, 2 0= 1 1<10o0I Special case of'l.
C. 02 . 1,.100 I> 0

Ill. Al u±•A2"(1/2)Uo Maximum - between two consecutive vertices or

a. 192 8-I11  8 • 1o 0 two consecutive nodes or between two points

b. 01 a 02 a O, 0o0 0 as in llIc. Special case of 11.

€. e9 =-e2 ,A)=A?,5
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Some unwerical 'uweoM, m

Since there are 206264.8062 second: in one radian, a 6 in the ninth decimal place of one radian repre-

sents .001 second. Maximum hemispheroidal radian geodesic length is the semimeridian which is slightly

under ir radians. Table 3 shows the effect of radian decimal places and significant figures in computing

geodetic distances over the hemispheroid. Note that with 10 decimal places of radians there will be some

uncertainty in the third decimal of meters at maximum hemispheroidal geodetic length.

The spheroidal triangle

We first indicate some analogies between spherical and spheroidal right triangles. From the defini-

tions, equations (13), we have sin u = snS, cos a = cnS, tan a = tnS; where a = amS, amplitude of the elliptic

integral of the first kind, S = F(k, a), and where the modulus is k = e sin 0oI(I - e2 cos2 0)/2 -see equations

Table 3. Effect of radian decimal places and ignificant figures in computation of geodetic
distances over the hemispherold

Clarke 1866 ellipsoid, a * 6378206.4 meters

radians decimals meters (a-mdians)

flgwes

#/32- .0981748 7 6 626179

.77 8 7 8.9

... 10 9 .949

..... 25 12 11 .94904

ff/4 .7853982 7 7 5009432

.16 8 8 1.6

3 9 9 .59

.... 4 10 10 .592

ir/2 1.5707963 7 8 10018863

.3 8 9 3.2

.27 9 10 .19

.. 68 10 11 .185

n=3.1415927 7 8 20037727

.65 8 9 6.3

4 9 10 .37

.36 10 I1 .369
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(0 5) ad (19)a. H e for the ip micald ad hroWI Weaus NV,*rNP', NPOP as ow in Figure 16, we

bav the foam**~ MAWOMi

A.1 cooSo =cot0 sin a- equation (10)- cos 00 -cos0 ina B.]

A.2 cot 00 tam a sin a cot 00 = tan a mS B.2 (98)
A.3 uin 8 u sin 00 cos o sin 6 = sin 00 cnS B.3

A.4 tbi ao cos 00 tan tj tnS = cos 00 tan AX

= cot 8 cos a BA

From Figure 10 and the identity (98) (A. I B. 1) we have respectively:
7F _ n(2a) = a(l -e2 0)1/2 d-o

sin a cos So sec0,

whence cos O0  ds
tan a = , (99)

8'(1_eIcOS,) 112  -cose de

-I, / ,-1•' . /
I/, ' I, " /\

N POr -," •

* is geoceatlcM istie for th. aphai, puamsuk
tfa thsefllpold;* is I odel blattd

Pt (elpo) J#
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From (98),B .3 and (13)c

-cos 0 dO -sin 00 snS dinS dS (100)

From (13) and (15)

(I-e 2 cos' 0)"2 -(1-c 2 cos' Oo)II2 dnS (101)

From (13)c and (17)
ea sin 0o dn2S dS !ds = (102) 4

k
From (100) and (102), with k = e sin O0(l -e 2 cos2 9o)1/2,

ds = a(l -e 2 cos2 00)1/2 dnS (103)

-cos 0 dO sin Ou snS

Substituting from (101) and (103) in (99) fimd

cos 0o 1 s(l -e2 cosn 9o)I/2 dnS cot 90
tan .- -= -

a (1 -e cos2 Go)1 t adnS sin Oo nS nS 's
or cot 00 = tan a snS (104)

ao
which is (98) B.2 and becomes (98) A.2 when e - 0, k -* 0, S - do - a, see equations (12), and

snS -* sin a, cnS -* cos a, where a is then the spherical distance from the vertex of the geodesic (parametric

latitude 0o) to a point on the geodesic in parametric latitude, 0, i.e. o a arc cos (sin 9/sin 09) or (98) A.3;

see also Figure 11.

To find an expression for AX in (98) B.4, we have from equation (17)
(k/e) cot O0 d( - (I -kA in 2 4)u2 do/(l + n hin 2o), n u tan2 Oo (105)

and from (13)c and (19)a fnmd

(I-k 2 sin' o)"/ = dnS, sin2 a 3n2 S, do * dnS dS,
whence (105) becomes

(k/i) cot 00 dA - dn 2S dS/(l + n msS) (106)

If we let tan U - sec 0o tnS, then
sec' U dU- sec 0o d(tnS) - sec Oo dnS dS/cnS (107)

where we have used d(tnS) - dnS dS/cn2S from (13)c.

Now sec2 U I + tan' U a I + sec2 Oo tnS
a 1 +(I +tan, 00) tn'S
-(cnriS + sn'S + tan2 00 se S)/cnSS

We2 U -(l + n in'S)/cn2 S. (108) 7
(from the identittes(13,), on'S + cn'S * 1, tnS snS/cnS) "

From (107) and (108) we have

cost 0 dUu dnSdS/( I n &n3S),n =tan 90. (109)
Subtracting respective members of (106) from (109), find

dnS- dn2Sds
dX (e/k) tan 0 [cos 0o dU - ds),

I +n sn'S
or dnS -dn4SAr•X -(e si 041k)U -(e tan 00 /k) I n SS I 10

10 n anT
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where U - arc tan (sec 0o tnS), k - e sin 0o/(I - ee2 cos2 0o)"12, n = tan2 0o. Solving for U, (1 10) may be

written

tnS=cos 0 0 tan k/esin o)AX,+sec0o JS dnS - W "2 S]

1o +nsn2 S
When e - 0, k/e sin 0o -" I -* dnS, tnS -- tan a and ( 11) becomes the spherical foimula tan a = cos0o tan AX

where AX = , the spherical longitude, i.e. ( 11) becomes (98) A.4 when e - 0. Thus the analogies (98) are

Implicit in the spherical approxination to the spheroidal triangle as demonstrated in Figure 11.

Th approximate solution for geodesy

Direct Solution

For the direct solution we are given the geodesic length S from a given point P:(01, Xj) in given

azimuth al- 2 to find the geographic coordinates 02, X2 of a point P2(0, A2) and the azimuth a 2 -1 . A

solution, reliable over the hemispheroid, will be sought consistent with the following criteria:

1. An accuracy of I meter in position-geodetic distance within 1 meter: latitude, longitude, azimuth

within .035 second over the longest possible hemispheroidal geodesics; at least, in the limiting case,

equalling the 1/100,000 distance and I second azimuth requirement adopted by ACIC, reference [221.

2. No tables required in the computations except natural trigonometric as Peters 8-place for desk

computing.

3. Easy adaptation to any reference ellipsoid by merely changing the ellipsoid defining parameters.

4. No root calculation or iteration and formulae adaptable to both desk computation and large

electronic computers with terms no higher than second order in the flattening.

Now the parametric latitude 01 of P1 may be computed from tan 0 3 (1 - f)tan 01 and from equa-

tion (10) or (98) we have

"cos0e a=sinai .. cos9 0 -1sna 2 .1 cos0 2 . (112)

We place d / SAD, (113)

and from equations(48) write

S, /IaD'wa, +Psin 2o, -Q sin4o, + R sin 6o, (114)

13 =d--1 nS 2/aDo 2 ÷Pdn 2o2 -Qsin4oa + R sin 6a2  (115)

where a, - arc am(sin 0,I/sn 0o), o2 = arc cos(si 03l/sin 0o)

and P I E/Di,Q = F/D, R a G/D,

with D, E, F, G from equations (49).

Since we hae coS 0o from (112), the contanta cI, C2, c3, c 4 and A, B, C, D, E, F, G may be com-

puted from (49). Since we have 01 and to we can compute a, and then 11 from (114), 6 from ( I),

k0. from 2  d -I,. but we need o2 and therefore the seres(l 15) must be reversed. Figure 17 shows

the spherical triangle being used.

Now the rangesofc,,c3,cj,c, an for 04109 1 Cwu2; f;ca >O,O4c2 Mf/4, I + f;Oc 3 > 1,

I * f,'# c4 > I + f/4. Sinc the maximum hemlaphrolal peodedc length under the shortest distance

criterion Is the sumunerdian, Siven when 9o s(f1/2), we have for this value of to:
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A = 8 = C - 0, D u.9983056819, E u.8475185 X 10"l , F -. 1799 X 10-6,

G= I X l10' 0 ,P= E/D=.8489569 X 10"3 ,Q =F/D-.1802X W×", (116)

R - G/D - 1.001 X 10, where f •.3390075283 X 10'2 (Clarke 1866).

The maximum contributions of the terms E sin 2o, F sin 4o, G sin 6o are: 2aE = 10,811.296m,

2aF = 2.295m, 2aG = .0013m. An examination of Table 3 shows that there will bea maximum angular

error of .001 second in holding 8 decimals of radians. We arbitrarily reject all decimal radiam terms of the

order .3 X 10 or less in the analysis to follow. We have at once from (116) that G R - 0.

We write (115) as

2 = 02 + X-, -='P sin 2o2 -Q sin 40 2  (117)
whence sin 2t2 = sin 20 2 cos 2Z + cos 2o 2 sin 2L

sin 4t2 = sin 402 cos 4Z + cos 402 sin 4; (118)
We use the series approximations, sin X = X - X3 /6,

cos X = _ - X2 /2, and find, rejecting terms of the order of .3 X 10"8

oo

-Ile

Fir 17. IUphul MGiMsh d Is mppoximata Ow sphnoiM tdah. A as ue froma wit
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or les (using the values of P and Q from (116)):

sin 2Z = 2(P sin 202 -Q sin 402)

cos 21 = I - 2P2 sin2 202

sin 4; = 4(P sin 202 -Q sin 4o 2 ) (119)

cos 42; = 1 - 8P 2 sin 2 202

The values from (119) returned to (118), with the help of some trigonometric identities, give

sin 262 = f1-(3/2)4 -Q] sin 2a2 + P sin 402 + I(1/2)P2 -Q] sin 602 (120)

sin 4t 2 = - 2P sin 202 + (1 - 4P'2 ) Sin 40 2 + 2P sin 6o 2 + 2(P 2 -Q) sin 8o 2  (121)

If we multiply (120) by P, rejecting terms of the order .3 X 108 or less, with the values of P and Q

from (116), we get

Psin 26 = P sin 2o2 +p2 sin 4o2 (122)

Now subtract respective members of (122) from (117) to get

12 - P sin 2to 2 - (Q + p2 ) sin 402  (i 23)

Next multiply (121) by Q + P2
. rejecting terms of order .3 X I04 or less, to get

(Q + p2) sin 4 2  (Q + P2 ) sin 4o2  (124)

From (123) and (124) we have then

92 We2 - P s 12 + M sin 412, (125)

where M = P2 +Q.

Now from (116), Q-F a .3 X 10WO hence we may place Q F and we write from (114), (115), and

(125)withG=RO, Q=F,P=E/D,MP 2 + F, d - S/aD,

v2 -U-Psin 2U+M sin 4U (126)

Ud- d - , d -a -P sin 2oa + F sin 4a,.

We next examime ourfundanental coefficients for exchakpn of term? of orda' 3 X 10'8 or Rnaler.

From (49),

C a (1/4) ct 2 , ca I fcops 9o, C: a (1/4) f sin2 Oo,

-=(1/4)C2 1c•+e 2c, a2-J"0, -uo !-f sifln o, dC "(1/2)fsinO° cs°o,
d90  k *a d9., J do dB.

and we find

- "(1/4) cf sin So (-c2 +cl coo e9) - O,

whence the minimum k Siven by So a O(the equatorial limitinj arc), and the maximum by c2 - I cos So

or (1/4)f sin2 0 =fcos3 to, whence.tan 0 = 2,09 . 630 26'05'816 and maximum value of C is

C a (1/4) c,€ c2 
2 174 X ile'. Hence we place C a 0 with respect to our rejection criterion.3 X 104.

Slicec 3 0 /(l/64)lf3 sin 0 o, the nuximum value is at90 a -v2, when c2 .6 X 104 (Clarke 1866).

Hence we nege terms of the order c i3 in the coefficients D and E and write:
A a c. (I -c 2 c4,) B - (1/2)cl ccs. D s 2 + cc(c, - 1)-(c,2 + c).
E a (12)cs (2 + c,(c 3 - 1)], F a(1/4)c3 1(2c. - I), (127)
€a fcosOe,€ c "(l/4)f dn2 #ac. I +t c, cose, cs .c + c3.
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We next consider the effect of omlttbg the terms infa in the coefklentL. If this is done they

become

A=c,(I-C2 ),B=(1/2)c c2 ,D=(In-(cX2-c2 -c3),E=(1/2)c 2 (1+ C3),

F = (I/4)c2
2 , C, = N, c2 - (1/4)f(l - N2), c3 = I + fN2 , N = cos 0o, (128)

identity: c1
2 -4c2 (c3 - 1) + c3(2 - c) = I.

Now we form the differences of coefficient values from (127) and (128) and examine for maximum

values:
4N

IL3Al C1 Cc2 10c4- 1) I=(I/16)f3NXl - N 2)I + 3142) 4N AD

I + 3N
2

I AB I = (I/2)ci C2 10l -C3) I =(I/8)f3N3(l -N2) = 2N I•, AA I = 2N 2 ' 4N N2 1 ADIF N 2  N 2  4

1 DcI = c2 !c4(2 -c4) - I] =(I/64)f3(1 + 3N 2)2(l -N2 ) (129)

2N2  4N
IAE I =(1/2)c2 1(2c. 3-1-c 3

2 )1=(1/8)f 3N4(l-N')=NIAB I=N '- - -- IADI
!+3N' +3N 2

1 -N
I A•F J= (1/2)C2' I(] -c4) I = (1/128)f3(1 -N')'(1 + 3N')- =2I - N)I AD) I

Since I -N 2

10o 1 <ir/2, O<N scoseo 4 1,O.
2(1 + 3N2 )

2N 2  4N0 5., 0 1.2, wehave

from (129) that
16•A 1 < (1.2)1 A D I max, I AB 1, <(0.6) IADJ I max, I 4•E 1 ,4 (.6) 1 A•D I max,

I AF I C(O.5) I AD I max.

Thus we have only to find I AD I max and show that both it and I A I are lea than the rejection criterion,

.3 X 10-. We find

d I 1* (f1/64). 2(1 + 3N')NN'(S - 9N') 0,

d 9,
whence N -0,(0o0 -/2),N'-0,(to a0),N' max aS/9. With this IM value I AD I axm,.2 X 101,

I AA I < (!.2)I AD I max = .24 X 10* whch Is x4fkent to t ao the svi f128#A

Now Mn $a sin 00 coo 2 . tan•0 a tan 02/(1 -,

sia 2., cosG./solo co• , sin a,.,/cos 3  (130)

From (SO)
Ell 1-7 + 17, to al, + as.o AV 0 -o03,

Ps 2 snSaco$ 60,AA- S-AZ#o4BPA2 wtX + AX.

il u arc cot (tan Odtan 90 ) ae cos (aom 0. cos a,/cos 01) (131)

o, a ec co, (sin e$Id/ 9,).

&onnwy offtM dbvd wziakw, given #j. ,I, S. al.3

1. Convert*, to prt2Wetricbtittud from tan 1 (1 - 0 tan*#
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2. Compute cos 80 - ocs 9, sin ai2 (geodesic vertex)

3. Compute o0 -arc cos(sin 01/sin 0o), in 2o 1, sin 4ol
4. Compute A, B, D, E, F from (128) and (132)

P = E/D, M a F + D2, d - S/aD
5. From (126), U - d- - P sin 2ol + Fin 4ol, sin 2U, sin 4U
6. 02 =U-Psin 2U+M sin4U, coso2
7. 02 - arc sin (sin0o coso2),a 2 _1 = 2 w-a-csin(cos0 0/cos02)

co. 02, tan 82, tan 2 - tan 02 /(1 - f)
8. ill -arc cos(tan0 1 /tan 0 o),i?2 marccos(cos 0 ocosol/cos02)
9. From(131),=Z,- 7,l + %2,Eoaoa, +o 2 ,Au=, -o2,

p- 2 sin Za cosg o, AX -7 -Ao + Bp, X2 =A, + &X

Alternative trionometricformulaeý reference [ 19].

When .o a o I + o3 has been found
tana 2 .1 =cosOo/(sin, oasinO| -NcosZo),N-sn 0o sina, =cos 0o cosa,. 2

tan 02 a (cosg X sin 0 1 + N sin Zo) sin a2_1/(I - f) cog 00 (133)

DI - arc tan lsin Zo o 0o/(cos Eo - sin 0 sn 02A)

a arctan [sin uo sin az /(cog 01 cos Eao-sin01 sin -o cos a,-2)]
We make the following changes for a geodesic arc that will contain no vrt•x•, but will contain a node:

4- . w + a, air + arc sn(cOSo/cos 0 2 ),
U oa-d + Psin 2o, -F sin 4o, (134)

tan An a tan (q, - 4) a soin aj,. /(cosO, coa o-un 1 sin naocosa,3)

AX A4q - Ao + 2B dn Ao cos Zo, from (S1).

€un/lu hwmiihwomdhet aciion. (First form).
Now the fornumbe (132), (34) repectively, saUest the following general direct solution over the

from U-al -d+Pn2o, -F q ain4o,

a, -U+d-Ptn 29, +F an4o,

03 -U-Pdn2U+Mal4U
weoh wu-o, -as "d+P(hn2U-sln2ouj)+Fin4a, -Muin4U (135)
Now in 2U - hin Xo, -d)cos 2Z + cot 2(o,-d) in 2Z

S4UQ w d (0, -d) cos4U + cos 4(0l - d) do 4Z, (136)
where X a P in2o, -F sin 4o,.

Wit thaeappmalinatlons in xax - xJ 6, casx - I -x'/2, wtwrxa 21, U and t**ngterm whm
coaftntsa no.3X 1O0 o f ka in using th e v s•oof, .r rMl, + fm(I16), wfind

P I UPsn3a - d +2Vto2o, cos 2o, - d)
M i 4U Q (F + PI) *W 4(l - d) (17)

The vabes from (I 37) 0w in (I is) am ue of low twro•metuk d t e ki enable us to Wmte
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Ao= o1 -oi2d- 2Psin dcos(2oa -d) [I-2Pcos2(ot -d)] +2F sin 2dcos2(2o, -d) (138)
=O! -' + a, = 2ol -,do.

From equations (128), (133), and (138) we auemble the fornreit for the general direct hemispherokdl

schution:

tan0 1 -(14-)tano,,M,=coseo=cosOt sina 1 2.,N=cosOI cosa,. 2 ,

cl - f4, c2 = (1/4)f(1 - M 2), A = c, - 2B, B w (1/2)ci c2, D =(I -c2)
2 -AM,

E a c2 + BM, F = (l/4)c2 ', P E/D, Checkc AM - 2BM + D + 2E - 4F = 1.

oa I 0 ac cos (sin 0 1/sin 0o), d SiaD,

Ao ad - 2P sin d cos(2oi -d)(' - 2Pcos 2(oi -d)] + 2F sin 2d coso2(2ol - d)

cos (2ol - d) a cos 2(oa - ,) cos d - sin 2(ol - d) sin d, (139)

cos 2(2ol - d) = 2 wos (2ol - d) - 1,
to, 2ol -do, tan a. 1 = M/(N cost4o- sin81 sin Ao)

tan 02  - (Sin cos Lo + N n Ao) sin a2 -1 /(1 - f)M,
tn Aq-=sinosin aj A/(cosOI cosAo-sin91 sin •acosal-)

AX= A-A.Ao+ 2B sin AocosZo,Cheti M-cosU, sinals ,cos 2 uin(w+az.1 )

We mege pions (139) afolbw for wnstnwdon of a comutftformn

tanw o, (1-fltan ,M-cows9.cost, sina 1.,Nucos 1 cosatz,

c, TfA,c (1I/4)"(1- M2),D,(I -cXl -c 2 -cM),P• c.j (1 +(1/2)c~tJ/D,
CO~ usin9j/Ium 6,d=SiaD, u=2(o9 -4),W = 1 -27c~OS u,

V oo (u + d)a cos u cos .- - ski u sin d, (140)

X a' c sin d cos d (2V2 - 1), Y - 2PVW sin d,

Au= (d+XY -Y)oa - &a, ta3aM cot o - - ,a = An +o).

tm Ia -u(sj~~c~oHin 01 o 4 + sin 4)O 3 .,1 Al )M,
tan 'N sin 40 ft at 1 4 /(On0 1 Cos &I - lip 6 1 On 4. cot a)

H -c I(I - c2) Ao - t e sinAocos to. AX A - Hi.i) X + 4A.

Oheck: Macos #acos 0 An alo 0 Cose an t,+aa.a).

Fiw* I8 whon t eq r (140) thiped in a computlgI tofo.

GeauI km*,, w dkiva ectkt (Second form)
Afth the hop. of mduciq the manbot of utonometrk functions invoved, a womd Wut• was

developed wtih ivotves wmuve siutim oft two ghwems The fomdem we Identu in wei taanc

to tbose of the fost so"tkim The qunidties ame toe arx in ~mw cews but appew in W~ferat fom wMt
reqsVt to fo •. Thek pn p dOeWMa is n obta&n 4o, Th sohaitio from thmso is kW"nai.

The (O"amve. at:

cotz "as o0, Ib Ov. d.S/b,T a d/ dn, V- I + hsin' et.h -l•l(1 171141 () -'.A,- V~I -Ml).

Ca; .si#I mid + h smi,BtYw l, AnC-T -cwd,L*AC4 2.8.De ,(B +L -Acosd.
E -SW3 1L.)cot d,P 2ADa•n2 d,Q- Q3CA+ E. As doT../2hL+(h'l!6XIQ)P ,

(141)
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 1, X, o, .2, S to find 01, X2, a 2 -. East
longitudes positive- azimuths clockwise from north, no root extraction' only 8-place trigonometric natural tables
(as Peters) required for desk work.

SPHEROID a m f

I - f I radian = 206264.8062 seconds

LINE TO0 I II

0_, tan 01 tan0 (0 - f) tani 0,

,i -2  , _sin 0, cos 01 . __0 _

sin a, -2  M = cos 0o = cos 0 1 sin a, -2 0o

cos Ol -2  N = cos 9 8cos at -2  sin 00

c, =Mf_ D=( -c 2 Xi -c 2 -cM)

c2 = %(I -M 2)f P c2 (I + ½c,M)/D. I Is

cos o, = sin 01/sin 0o 0o

d=S/aD (rad) d S ,_,_m

sin d u= 2(ol -d)- sin u

cos d W = I - 2P cos u cos u

V = cos u cos d - sin u sin d Y =2PVW sin d

X=c! sin dcosd(2V2 -_ ) Ao= d + X - Y (rad)

sin Ao cos AGo Ao,

cos Z-o_ Ea_ _ 2u, - Ar"

tan a2.-1 M/(N cos Ao - sin 0 1 sinAO) 0_2 _1

- (sin 0 1 cos Ao + N sin Ao) sin a2.-1 sin % -
(I - f)M 0 ,

tan sin Ao sin a, -2  A_ _coso, cos Ao - sin 0 1 sin Aoacos a* .2
H - C,(I -C) AO -cClC2 sin Ao cos-o (rad) H

CHECK /

M cos On cos 01 sin a, -2= cos 02 sin (180 + a2-1) X2_ =A_, _ _+ AX

FIIPo IL FIn divct iolutn mmputing tonn.
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Ea - 2, -A o, tanu 2-1  M/ (N , c o - sin 6 sin Ac), (141)
tan0 = -.(in 01  s Au + N sn o) sin a 2. 11(1 -f)M,

t n Aq- &in Av sin a 4 /(cosS, coo Ao-sin 8, sin Aaocota- 2)

H = c¢(I -c2 )AV - c1 C sin Ao cos Eo,A AX aA - H, •2 w A, + A.
Check: M , cos 0 $i a,* MCos 0s sin ( V + C2 -1).

In essence, oae solves for &a through two !phericad triangles. With a1 ,4, 01, and d =S/b one olmes

fo- 0'2 in the triangle of Figure 19,by the fo sin9 A sin0 1 cosd+Nuind. With thisvalueof0'3,

one computes the several quantities including Ao and then ene solves for c.-,, 03, A$ in the triangle of

Figure 20 as was done in the fust general direct solutioi., equations (140).

The sewnd method appws to be &*htly less accwse thm the bnt, and ttk if aythbs a awd in

computation. Figure 21 shows equations (141) arranged in a computing form.

Conventions for azimuth and longitude

We assume the in i west of the tmnin in the direct solution and then always 0 a -. 4 (1801,
0 <A X<x. Wefla thefit q&*wnt mges r and v given by tan uI -tsn a2.1 ., tanv, Itan Aqs.

If tan a 2 _. > 0, then a2,_ = 180C + u; if tw a2 _1 < 0, then a2•1  360C - u. If tant A > 0, then

A s v; if tani•r < O, then ISO 180°-v.

N

C41

41

Ftmx 19. Pirut spb~akW bdsa.Unueood diret sobtiom FIure 20. Sesoa ahaici soblaima~emd diret ob
mdiod. dorn met"o.
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01, -, , -2, S to find 02 ,X, 02-1. East
longitudes positive; azinuihs clockwise from north; no root extraction; oidy 8-place trigonometric natural tabies
(as Peters) required for desk work.

SPHEROID a ..... m b IT,

I -f= b/a f _ h q [I [/(b/a)2 -!

I radian 206264.8062 seconds

LINE TO

__ _.... t01 tand, =(I -O)tano,

S inm 6 sin81 cosO8 +

s1 -a Sin 01- 2  COS 01 -2

d(rad)= S/b + d sin d +

M m cos0, sin a,.2  T =d/sind+ d cos d

NcosO 0cosa,. 2  V=!+hsin0, +

A=V(I -M 2)+ B=Vsin0t (Nsind+sin0l cosd)

C=T-cosd L= AC+ 2B

D=4(L+B)-Acosd E 8B(2L+ B)cos d

P= 2ADsin' d Q 3A 2 C+ E P+Q

Ao = sin d IT - (h/2) L + (h'/16)(P + Q)] + a _

sin ,_u cos Ao Ao

coso _ "o = 20, - AoV

tan a02-1  M/(N cos o -sin 0 sin Ao) - 2-.

tan 2  -= "(sin 0 coso + N sin AO) sincr 2- sina2 _,
f)Mo

sin ao sin a,-2
tan 7 cos 0 1 Cos Ao - sin 0 1 sin Ao cos &1 -2

H cl (I -c 2 )Ao-c 1c 2sin AocosZo , (rad) H

c,=fM LX= LA=A•-H

C? Y4¼fI -M2)- X, ..

CHECK ,

M cos~o =cosOl sira.2 cc0, sin(180+ 0(.,) ;,_ =At +AX.

Fiprs 21. Swoed dkM t,,"bdm momputiq team.
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General hemibpWoldal invem (remes) Solution

The following geodetic length approximation for the inverse (reverse) solution between two points

P,(0 1, Al ), P2(G2 , ),2) of the reference ellipsoid, was developed by the author, following the method of

Forsyth [201, and published in [18]:

S al[d - (f/4XXd - Y Sin d)+ (f2 64XAX-BY+CX 2 ÷DXY - EYt )],

cosd =sin91 sin0 2 +Cos91 cos0 2 cos -A, AX =X2 - X1, (142)

B = 8d2/sin d, A= B cosd, D =B/2, E =2 sin d cos dC - d + (1/2XE - A),

X (sinO, +sin 02•)/(1 +cosd)+(sinO, -.un92)2 /(l -cosd)- 2s 2 0'0,
Y = (s0 +sin0 2)I/(1 -cosd) -(sin0G -sinm 2 ) 2 /(l -cosd)= Xco(d, + d2 ),

where 0G is the vertex of the great elipýti section through P, , P2 (contains the center of the ellipsoid) and

dj, d2 are the spherical distances fm thi vertex to the points P1 , P2 ; (d = d, - d2 ). Other trigonometric

formulae may be used to obihe most accurate value of d. Figure 22 shows the spherical elements

involved.

N

S/ I \ ' 9 00 ""-' 9

P/ (2
2'2

di
6 10

- P BtJ) A.II' \
! ,!2

09 l ithe paametric btitude of the vetlex of the post elitic asction. In the phrical taaql NPI PS we '
have cosd a dn 01 dn02 + cos! Cos 0 3o0 AX In theug rbtq pheritdSW 8 NoPI,? ,PoP 2 we have
reopectvely cos d 1a dsln01/sinG0, coud 2 s Snj 0l . ThUddl aidd2 wesnalo to1 sind , f
equations (114) mndl Fue 11, whea So i the paumtric attude of the podeic vertex.

Pipr. 22. The npheriod m bqi o w m id o hyin s aqWroxlmiatl.
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Ii

To amue the best trigonometric solution for d, we adapt mid-latitude formulae, reference [I 81,

page 87. We factor sin d out of each term and write equations (142) in the following form for computing

(east longitudes considered positive):

Inmrse (Reome) Soluton Fonmbke
tao 0 = (I -f) tan #, i a 1, 2. OM "(1/2X0t + 02), IM, (1/2)02 -01),[

AX )- -- X., A•. = (112)AX, H= cos M sin' 0m ucos' 0m -in 2  m

L sin AMm + H sin%0 sin2 (1/2)d, 1 -L= cos (1/2)d, cosd 1 -2L,

U- 2 sin 9m cos' Am/(l-L),V- 2sin OM, cos2 Om/L,X=U+V,

Y = U-V, T = d/sln d, D = 4T', E= 2 cos d, A = DE, B - 2D,

C=T-(1/2XA-E);Checlr C-(I/2)E+AD/B=T. (143)

nl X(A+CX),n, =Y(B +EY),n3 =DXY, 1d=(1/4)f(TX-Y),

82 d"(f'/64Xnj -n2 + ns),S= a sin d(T-8 1 d),S2 -a sin d(T-5 1 d + 62d),

F=2Y-E(4-X),tM 32T.- (20T.-A)X- (B÷4)Y,
!l ~ ~G-(112)fr +(f2 164)M,Q Q -(F=0t•,)/4,, •m" -(112)(L+ Q),

-, -snA•,/(cos,, tan ).,m),u-arctan Ic, J,,aa v-u,

C,2 cos Am/(sin Om tan A?•,), v arc tan Ic2 ,a2 V + u,

€I C2 al 2  a 24-1

- + al 360-%0,

+ + a2 360 - a,

- - 180 - a2 180 + a,

+ - 180 - a, 180 + a,

The principal difference in equations (143) and those of reference [181 page 87, is the arrangement for

PI to be a.Mey west of P2, eat itudes pottre, d the aidlt Mion of anth qatom to stowd order

hif. The azimuths are an adaptation of Gugenheim's equations, reference (231, where conversion has

been made to parametric latitude and terms tranformed into the parameters used in the length computa-

tionU The arrangement for identifyin8 the azinuths without the quadrt march, a displayed in the last

of (143), will be generated in a discussion of azimuths to follow.

Ashethnl datumbatboi he tb he..alum letb

With the point P always wet of P, east lovgtuds poteM, we must eablish some conventions in

orde t detemin the azimuth from north. in a spheal trsale PNP?,u shown inF Fpre 23, we have

thbecomaoadlualall ts lted: 9ua, 4 ,A=360"-n 4 ,an90-0abu9-0 ,C=A?'•end
(I/2)XA+S!)- 180"+(112X6,4 -n, 4 ),(l12)(A-3)- l1OV-(l/2)( 1,•.z+ .)

(12Xa-b)0(ll202s -. ,).~,(lI2X&+b)*90(..(lIIX*, ÷,)-90-0., (144)

C/2 - (1/24)X
From Gun's oquaton, afewen (191 pqp 162:

to [(I/2XA+B)i am K(l/2a-b)l/cos KlI/2Xsb)l tan K(II2(,4
tm KII2XA-B)) uin [(112)(a-b)js1" 1(1/2)(&+b)) toa [(112)C]. i
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Ii
The values from (144) placed in (145) give

tan [(1/2Xat.2 + a2.1) = -sin AOm/CO$ 0m tan 4 -c¢, (146)

tan [(1/2Xa,.. - a2 .1 )] = Cos 5m/i1n OM tan AA,• - .C2

The formulae (146) were given with equations (143) where £1Xm b the men longitude differece as

corrected to account for the ellipsod.

Since 1 1 = I (1/2XO9 + 0 2) I49O and I AO : I - 1(1/2X02 -01) I1- 91?, then always

cot (t 0m) > 0, cot (+ 40m) > 0. Always, since east longitudes are positive, with P1 west of P2 A• > 0,

WO > 0, W > 0. Hence the sgns of cl and c2 , in equations (146) depend only or the gns of sin h~m

and of sin Om respectively. Now Figure 24 shows all the possible azimuth situations, 0 02, from which

the corresponding signs of sin Mm = sin [(1/2X(2 -, 1 )),sin = sin [(I12XO, +02)) can be determined.

A summary of sign conventions as obtained from Figure 24 and equations (146) is given in Table 4.

If we find the first quadrant angles u and v corresponding to tan u Icl tmn v c 2 Iand then

form a, v - u, a 2 =v + u, we may determine all azimuths from Table 5.

(C)

A.1
(b)

0i

:~~~30ý # /Coo,2._1!

/2/

(B)

FVss U AdIsb In ms2~ Spble 2AM0
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Table 4. Summary of azimuth slg coavelou.

F*OVe Sin 40m Sin 0m Latitude Conditions C2

IA, IIA + + 02 >0,A2>1•01 -I

IB, liB - 61 >0,01 >121 + +

HIJA, IVA + - 91<0,10,I>92 - -

IIIB, IVB - - 92<0,10 1>01 + -

Table S. Azimuth deturndmtion in the Iovean wbaton.

Figure Latitude Condltons C1  C2  at.2 a,-,

IAJIA 02 >0,02 >1 81 - + a, 360- a2

IIIB, B1 > 0,1 > 1I0 1 + + a 360 -a&

IIIA, IVA 01 <0,10 1,>02 - - 10-a 180+a 1

IUB, IVB 02<0,1 921>81 + - 180-a, 180÷+2

Slast four colmns of Table 5 iv eOn with equwa (143) and in effect eflbute the qmabwet

wrchsinmeithasbeendonein advnce. Flgue 25 thowsequations(143) mangpdInacomputig form L

Diectuad inves. ariatiom of mximm qamhooblal peodeaw, node to "nd, vat I* vamn
Vertex to mrftx The direct and invers are identical since the end points of the arc e the vertices

and the longitude difference and length are given by equations (33) or (54). Azimuths are 90? and 270.

Node to node For the direct, So =9( -a,.2 , longtude and length are then g by equations

(33)or(54). The bechuimuth isliwn bya3 = 27"0+O,. Fortheoiuwe,wereIgiwn&Ao= Xi - A2 ,

ie. the end points me P, (0, Al), P,(O, ,&) on the equator, and we have two cases:

1. &N'w(I-Q. The diotance PP2 lsSn" and azimuths are 90 and 270.

S2. wl-)<4,X.<v. Thenodeswe inthermmetivemantipodalzons lnthefs.tofaquimos(33)

we pace nl 0o a I - coe2 to and write

S(- -A).o/w)u (1 -f/4-- f16)cos9 0+(1/4)l(I -f/2)cons' eS + P moe' to/16, (147)

Using /(1 -x) a I + x + x, +.. we my write

D -(lI/fj - f/4- fI/16) a (1/() 11/4+ 2(14)2 + 3(f/4? + 4(f/4)1 +...)

We dwn write(147) a
COOS o + u coss So a"v a D(I - AX*/*), v a D(1/4)('(] - f/2) f/4 -(;/4)?.

P a (iOi( + (14 + 2(f/4), (148)

whomwascemuy terms hew baes oeutL

Finbly the famu forv is wvmed in (148) md wihdthe d quation for Srom (33) we Write for the

coafe a v -"vvýv a"D(I -"• )' v" a C4 -(f/4?.' D a (1/f)[i + Q4 + 2(f'/4)r]

a- " -W D,.4 - 27(0" +* #,, Suo (t - Zf/4)A + (ff4) + 2fQ/4)'CI, (149)

A- 1I + 4oa°'9, (1 + 3 oue #°Xi -was S9),C (I + 2 o# + S Doe) ").
(I-ce 9,). - "
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01, Xj; 02, X2 to find S, a-, o12.1.
Azimuths clockwise from north; east longitudes positive; no tables except 8.place natural trigonometric (Peters). no
root extraction.

SPHEROID a _m b m

I -tfb/a %f _ _f.

f2/64 I radian = 206264.8062 seconds

1 ,,2 I. X2_ ,,

tan 01 i. always west of 2. AX = X2 - X,,
tan 03 tan 0 = (I - 0tano AX =m =

02 tan 02 sin AX,

01 tan 81  tan AX

Om _ ___1 + 0) sin 0_ _ cos0m,
Aom a V402 -01) sinl 6. Cos Aem

H - cosfm. - sinu# • cos2G* - sin'Om, I -L _L

L" -in'A, + H sin'AA, cosd= I -2L

U a2 uin 2 co 2•JM,/(I - L) d

V 2 sin' 6.cos'0./L sin d d (rad)

X-U÷IV T - d/sin d Ea 2cosd

Y-U-V D_ a4T1 Bu2D

A•DE C=T-%I(A-E) CHECK C-½E'ADIB" T

n -X( A+CX) nu Y (B + EY) n3 a DXY

11d¼tf(TX-Y) 81d-(f'/64Xn, - nl +n3 )

Saaasind(T-61d) _S__aam S inaund(T-6ld+62d) . m

F , 2Y - E(4 - X) Mn32T-(20T-A)X -B÷4)Y

G a W + ( *l/4) M Q =(FG tan b,)1I4

* I, N

Y - mtsn Ivc I ca - Cos C61,/(vin lm t0 Is)" )
u "a Brct Ic, I C I -a-sin 0 1 • l( 0€ " # t an e,

of O÷ *a M•) "@
- -* I

+ - 180- . . 180÷ ..

PN 3. num, e"aft ,Wam bam.
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Now when 6o a 0 in (149) we get B u C = 0, A • 2, So & *i(I - ), v= Df I + f/4' 2(f/4)2,

uv3  f/4 + 2(f/4) 2 , cos 00 • v - uv3  , a. o 90, a.- a 270, which s case I with the euality

n and 1 - w(I - f). When 0o - r/2, AA. - or, v w 0, uvt3 a 0, cos o - 0O, A a B a C - 1,

1 2 aw(1 - f/2 + f2 /16 + f3 /32), the meridian semilength, we equations (34).

Direct and imse computatlon of the ACIC 6000 mde lines

To been the evaluAtion of equations (140) and (143), a aranged in the forms of Figures 18 and 25,

the nine ACIC 6000 mile lines were computed. The results are compared in Table 6 amd the ctua compu-

tations displayed in Appendix 3. Note, for the meridional limiting case of the direct wolutio, that when

00 =90. , then cos on sin = *os(90°-S,)oroj =90°-O, ,o m90-0 2 ,Nn=csO,,ovo 1

- v2 - Ox, - 0. Using the identity cos 0 sin at -3 w -co4 02 ain o2 -1 , wehave

(&sn0,cosAo+cosO, nAo)naa., sin(#,+Av) sn02  tanG0
tan 0 41 00062 sia:., (1-f)OcaG (1-Ocoaes (1-0)

and a,. -0,a,4 360°,9 02 901+o, -0o. !ece in Owlimit tan a - tan(90" + ol -Au)/(/ -0.

Table 6 shows that good reuits were obtained using only 8.p1ce tables, (Ieters). M nzuhsu di

ffm.e In kegth lfor the contol whe of 96S5977.36 motors h - 189 motri. dtho.iv m 47.wc Is

C.uplie Chek Of •ld and 0M 80110i1i1 OVW a h11huaslb VW"

In ordr to t for all thecasmaudellowtedl nTable 2.woomn t agedi cnmod a 4 In

Figure 26 containing the iven ia and torminal points of he ACIC 6M mil check iN baving the

lapst vortex parametric latitude (excuding the mddale), Le.
I (ltNi) #I - 740,G ,69 6W 14".S90,A -I B

T (terminus) #2 * 170 (6' 38"317, a 17* OS' 21296, )AS I l IS' 43r800

00 "76'0D' 26.641,.0 .. 7*5 S 42!0S3, S -96SM.366 metef5 (ISO)
- 4r, - 345' 17'6;277

From out pod*• modil, Fiare 26. we choos the arc"

Vo P, Ah, So A " to Od poilt

V, V3 me S. Coatains two artms (sad Pais• )

PIN, " S9 A nodwaft un "

PN: o• ,So , CAt anode (ad) "

toPS Ms+&I S.+S Contain mahe mDab sot it
Ptt A• S, Costaim uan dea am,,ntu

VT 6A,44A. S. +5, AWmtSa liOm
IT "1%-SaS GIvMe K 00Nm o imadmI
11IT AAJ+ 1 Sj+3 A va end pim••

iNa MAS 3 A made md pokes
NINI ,•lNI +NoVs Me So CORO utwood o d"("d p•s
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For control we compute )ýo, AW), AX2, a 3 , AX4 and So, St, S2, S3 , S4 from equations (47)(54).

This provides incidentally a check for the ACIC line (150). The computations are included in Appendix 3.

The values obtained are:

C ,. meters

AXo 179 51 07.553 So 20001779.136

Awl 46 46 49.167 S, 1611471.024

AW, 43 08 44.610) S2 8389418.545 (152)

A3 4 2.4 j9.1 16 S3  1956383.534

AX4 38 45 05.464 S4  6433035.010

From the longi:ude values of(152) and the given line (150) we have the coordinates of the points:

Point 0 _
o t P 8 I N

V, - 75 57 .12.053 - 151 04 18.387

P, - 69 56 1,.590 - 104 17 29.220

N, 0 - 01 08 44.610
P2  + 17 05 21.296 - 56 45 05.464

1 + 69 ,6 14.590 - 18 0 0 (153)

V2  + 75 57 42.053 28 46 49.161
P3 + 69 56 14.590 + 75 33 38.334

T + 17 05 21.296 + 114 18 43.798

N2  0 + 118 42 22.944

From (150), (152) we may write the values for (151) including azimuths:

Line WA_ S (metersn) a. 2  al -1
C t N 0 I N 0 P

VIP, 46 46 49.167 1611471.024 90 225

V1 V2  179 51 07.553 20001"79.136 90 270

PIN, 43 08 440") 8389418.545 45 194 02 17.947

NiP 2  4 23 39.146 1956383.534 14 02 17.947 194 42 03.723

PP3 47 32 23.756 10345802.079 45 194 42 03.723

P21 38 45 05.464 5433035.010 14 42 03.723 225 (154)

PI? 3  179 •i 17.553 29001779.136 45 315

V2T 85 31 54.631 8044506.034 90 345 17 56.277

IT 132 18 43.798 9655977.058 45 345 17 56.277

TN2  4 23 39.146 1956383.534 165 17 56.277 345 57 42.053

NIN 2  179 51 07.553 20001779.136 !4 02 17.947 345 57 42.053

By co'npering the properties of the lines, a& delineated in (151), with Table 2, it is seen that the

computation of hemispheroidal geodesics and arcs of (154) is sufficient. Note that the lines VI V2 , P1 P3 ,

N2 N2 are maximum hemispheroidal godesics under the unique shortest distanme property, i.e. node to
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node; vwtex to vortex; points in equl but opposite atned latitudes separated by nmmimun longitude (that

between accesusie nodes or sucices vertices).

We first dispose of the computation of the equal maximum hemripheroidal geodeics Vt V2 , N, N2,

PI P3.

V, V2 . Since the direct and inverse are identical, the end points of the arc are the vertices 1 00; one

uay compute A n D from (49) and then &Xo and So from (54). This h already been done and the

computations are given in Appendix 3. Azimuths are always at 4 = 90°, a -1 27O (second vertex

always east of the first).

Note in equations (143) that the term T = d/un d grows very large when d - r. Now from equations

(142) with0 2 •-9, =-0o1 a - - 2Wo we have:

-Y-X=2 sin 2 9' ,= 4 in2 
0 e/(.9 - ,s d) 2 sin o/sin(d/2).

tanu0 - sin Oo/cos 0o cos 4, cos (d/2) a coso in ., cos d - 2 cos (d/2) - 1,

S -a[d-(fI4)X(d+ sin d) +(f2I64)X{X(d- sin d cosd) + 4d2(2 -X) cot(d/2)}] (155)

wCiee 0' is the vcrtex puramnetrin latitude of the great elliptic section, see Figure 27.

I o°":(,o

\ - i2i/>,
(0,W) 0 (0,0

110 or i

P 1, , . . .

The peat ellptic section containing the geodesi vertices P1, P2 has the antipodal "dtimel P2,P and

equations (33),1 uated to, oby & ff- e, and = W/2 -00. ThemrelenghsPIQP2,QP 2R,Q'PR
am alroual mx tnu elihias shown. I p underh the shrequ t dion snGtanc p9opeuty.veb~1

Filgmu 27. The gwt elliptic wetion contaning two onsecutive vutle of the podade.
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From the control computations, Appendix 3, &o = 1790 51' 07.554, and hence AO = (1/2Xw -AWo)

' 4' 26:223;

sin Ao = .00129069, sin 0o = .97013371, cos 0G = .24257076, cos (d/2) = cos O0 sin io
=.00031308,

sin (d/2) = .99999995, sin d = 2 sin (d/2) cos (d/2) = .00062616, cos d = 2  (d/2) - 1

= -.99999980,
cot (d/2) = cos (d/2)/sin (d/2) = .00031308, d = 1790 57' 50'.846 = 3.140966498 radians,

d- sin d cos d = d + sin d = 3.141592658 = w, a = 6378206.4 meters

S = a(3.140966498 - .005011785 ÷.000001999) = (6378206.4)(3.135956712)

= 20001779.171 m,

which is within .035 meter of the control, Appendix 3.

IIpN2 . For the direct solution, 00 = 900 - a,- 2 . A, D are computed from (49) and &XO, So from

(54). For the inverse we are given AXo, whence we have two possible cases as described in (147). For our

case the second solution is appropriate and we solve for Oo and then So from equations (149). The calcula-

tions are given in Appendix 3. Note that there are :wo solutions symmetric with respect to the equator for

this reverse problem.

PIP3. For the direct solution we are given 0 1, a .2 and we have 0o from equation (10), cos 0o

=cos01 sin a1.2 . &o, So are then given by (54) after computing A and D from (49). 82 =-1,

a2- =360-a,.2 . For the reverse solution we are given 01,02, Al, X2 where 02 = -O1, &X= X2 -Al

- &NO. From &ko we may solve for cos 00 and then So from equations (149). Then sin al.2

= cos 0o/cos 01, a2 ._ = 360 0 - a,-2. Since there are two solutions (see Figure 13) the alternative azimuths

area , 2  180°-a,- 2 ,a .- - 18° + at-2 .

Comparison of direct and inverse computations of the geodesic line segments of(154) are given in

Table 7, and the computations are included in Appendix 3. Over lengths of 1.5, 2, 6, 8, 9.5, 10, 20

megameters, maximum length error was .26 m, and maximum angular error was .018 second. All values

were a factor of 2 to 10 better than the assumed crlterkL

A geometric limitation in the Inverse solution

Since T = d/sin d grows large when d - ir, some increase in accuracy is made for long almost antipodal

geodesic arcs by returning sin d to the formulae, that is using them in the form of equations (142).

However, when two spheroidal points are in nearly the same small latitude, and separated by maximum

hemispheroidal geodetic longitude difference, as shown in Figure 28, a limitation is imposed which is

purely geometric. An examination of Figure 28 shows that the separation of geodesic and great elliptic

vertices may be large where P, , P2 are in the same latitude and near the equator (in the antipodal zones),

because the great elliptic section through P1, P2 always contains the diameter AA', while the geodesic does

only in the limiting case of the meridian. In fact for the complete hemispheroidal geodesic, node to node,

the great elliptic section coincides with the equator, and S = "X, for all such hemisphercidal geodesics as

given by equations (142) but which is true for only the limiting case of the geodesic equatorial limiting arc

when AX x (1 - f), see equations (34).
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eOltptic action *en by tan9 t 01t/sin X, and with 2 "01 We hae ffro (47),(128), and (142) the

fodlowing fonnula:

9.arcsin (uln 1 Icos d/2) -arctan (ta 01 /sin ).), X Y 2 w 2 C10,
sin d/2 co0 1 cotX,

cood- I -2 dn d/2, X, -8XI + w/2-AXO/2, AX1 - -2X,, 1 o " o - ,0
S, - a [d - (fl4)X(d - dn d) + (0 l64)X {X(d - Aln d cos d') - 4d2 (1 -€oo d)(2 - X)/Ain d,-' 6

6X, - AO - B-n 20,y - rc••n (tan 6•l tan ), q- ac sin (sm 01 dn.o),
8S,/a"Do-E sn 20-Fsin4Au M -coso00, cl -iM, c2 w(l/4)K I -MI),A- cl -28,

Bk clc2/2, D "(1 - c2). -AM, E - c2 + BM, F -uc /4, a.2 a "arc dn (coe• /col , 1 ),
From Tabe 8 we hav So and Ako for the hmnu theroidal podedcs with votex parametric latitudes

to 5, IS, 30,45,60,7S, 85 dqpee The ahiesofA t - 0 - 0o given there efor the hemispheroldal

geodoc, witx to vertex- Simne the length of the podesic, node to node, is the ie and longitude dif-

ferencs is the wue, diutmes and longitude differences were computed between P.(G 1, X?) and

P3(01, s - )-j), Figure 28, as follow:

Wlth the vaua ofl01  30', Is,S, lOf for eachvalue ofo, the valwsof 6X, &S, w.re omputed from

thei fonhe as given in (1S6). Thusa 1 A,-U +uw12--hX.2,6,k =X -2X),SSo-26S, were

1a Vmept-d desensned which define the control for each geodetic Hi P, P3. Then 0' and St were

cO0 tdfim (IS adthe6) b tcoreu ndi•g skmh ofASw -S S, .A o-0 --0, S S, /AS obtained.

(&S in dod -kM w*ek OWmE~ lb~m ON Mhe bomm e OWE jMfd by w=*Mmgwde* boq*1mde
wm OWe obtsbut

Table 9 •ves the reeft of the compustiou,. Fiure 29 show the prpbs of O9 m ag M a 9. -*6

for 0 W30W, 1l,S*, 10' mICFwd c mo dlqdltaa ceu woo owr naxum podestc bqthk 10.6 to 19.9

Sm5am condem ay be drEwn from th reat. Under the distace criterion of oe

tur. whm two pokat in lbot the m bttUdo, 0 9 , IpW0. eusled by maxhuam henmpluroW

kligibde difernce for tot conmoe haltde and pIu podeidc the hnm. sokitin bolde for
poddc vewex bled uap I I0" 4C. 0 90(. UWd the ACIC criterion 1100000 for 41AMe, the

liawn b Utwaii y for two pobt it he same letihadel, ) I, fo* *mhs of pode*c •wt Iltitude

V' (9. C 900 , ad wt koitwde uprtlam mexhm,,m for a giwn godei. The form, h wi do hold
uder th AOC dbam c ria for, 0 a 30' at mamma lo -I ue pshlom for 0 (< to 30',

Sf (9. 0C 0. AN the•w vMoo as porinatlm a dued frim Table 9. Obvkiiy If the Il-gitude

wpusti am -ewe two pokat in theam. bft&Itud las the. the inism pootlot for mipk"rol
podel.,the lhiwi ~vobeftmterrai wth*"ke~ upatobbtee * ad uea oftpk

ONwtuG be Wo, on Pon 28.
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01, X,, ol. S to find 02. X,_ . East
longitudes positive; azimuths clockwise from north; no root extraction. only 8-place trigonometric natural tables
(as Peters) required for desk work.

SPHEROID a m f_

1 -4 f I iadian 206264.8062 seconds

LINE TO

3 ,,__. tang0 tan9, $ (I-f)tan 1  " ,0
al - _ . . .. .. . sin , cos a, _ _ _

sin a,-1 M coseo -cosa, sin o1 _2

cos$,. -2  N a cos5 1 Cos a&.1  sin 0

cfM _=(I -c2Xl -cl -cM)

c, - W. -M 2)f P c3 (i * ½cl M)/D

cos os = &in 1,/sin 80 o,

duS/aD 03.ad) d S., _, _ _

sind ....... u__ 2(o, -d) sinu

Cos d W__ I -2Pcos u cosu

SV cos u cos d -sm u sin d Y __ Y PVWs $in d

X-ac sindcosd(V' - 1) o d X-Y rad)

sin _ _ cut 6c -a

cos.,o X0 -.o2, -

tan a). MI(N cosAo- un 0 sn Ao) 01. __........1__,,__

tan 1 0 3 (sin9 0 os 6 m ba) %in *I.

___ _ ~1 ~0 5fl )M

on - r.._•. at., 
•4Coe Cos@-snm. 0"nta@Co Cos,.,

Hoc,() -€•)b...''''...-€•€) unaacos•o .. (rad) H .

CHEK,

SM cns 0 cOS9 1 an a s -1 sm 1 l a) u " .A a _, w, ....... ..

1.. . i i



INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 0,, X); 0, X2 to find S, a,-2. a.,.
Azimuths clockwise from north; east longitudes positive: no tables except 8-place .atural trigonometric (Peters); no

$ foot extraction.

__SPHEROID a _ m b m

I -f - b/&a. %f __f ____

fP/64 .... .. I radian a 206264.8062 seconds

* I 0 O It

__ _ __ _ _ __ _ __ _ _ i. __ _ _ _ _ __ _ _ _ _ _ .. . ..___ _ __ _ __ _

03 , 2. _-_ . ...

tan O, I. always west of 2.

tan , tan 0 -(1 -f)tano LA, -___

92 tan a, sin Am
O3 tan 9, tan AX
to• •a , *9_ 0) sin s. Cos 8_

Du'9-0..)__•_-) _ sin W. cos __M

H a cosi69. - si,", •coss20 -sin' _ _ I - L

L• - m • + H sin'&X, cosd- I-2L

U -2 sinO.. cos'0.t( I - L) d

V u 2 usin'.,, cos'mI/L sin d d (rad)

X-U+V ,, T- d/s d E -. 2 cosd

YLU-V D_ -4T_. B" 2D

A DE C-T-½%(A- E)CHECK C-Ai-s ADIB-T

n, - X ( A+ CX)_ nj Y (B EY)_ n - DXY

61d Wf(TX- Y) _ 6:da((2j64Xn, -nn, +nf))

S,- l ead(T-6,d) ini ... m Sz-aund(T - 61d), dii... .. m
F •2Y - E (4 - X) M - 32T - (,V T - A) X - ie 4) Y _ ,

G %'T + (f64) M Q* - (FG tan 6A)/4

v - amtan k€ I- cos .!(sm M,. tan ,ý)

u -ctUm k,I -C -- un bm(€•2,, tan )__
*3I *V) - _ ... . .. +__ __ __ _

'- @3a 3W-.,i
* • , - W-, -w
* - !SO-e. 180•,

+ 3-10 *1
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Afpmx 2.

SHEROID PARAMTRS. SPHERICAL APPROXIMATIONS; SPACE COORDIWATEI

AT A POINT OF THE SPHEROID; OTHER USE1FL FORMULAE
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APPKOXIMA1ING •PHERES FOR THE OBLATE SPHfEROID

Equiajeot was or vohme

The area and volume of the oblate spheroid are given by

A 4ir(a/b2 ) V +b4 +(a2 -b2)y 2

= a 2 + (b2 /e l/2)in 2ira 2 + (b2le) arc tanh (e)

VN 2x(b/a) (a2 -x 2 ) 2xdx (43P)a 2b,

where the meridian ellipse (y-axis polar), is

b2x2 + a2y2 = a b2 , b2 =a 2 (l- el)

The area and volume of the sphere are

A. = 4vR2, V. = (4/3)irR,. (2)

From: (1) and (2), the equalities A, = A, V, V lead to

2R = a' + (b2/e) arc tanh (e), b2 = a2(1 -e2 ), (3)

Rý = a2 b, b = a(l -e 2 )"'2  (4)

Now+e
(1/e)arctanh(e)=("/20)In I +e 2 /3+e"/5+e6/p+..

and this substitution in (3) gives

2R1 = a2 + a 2(l e2)Xl + e/3 + e4/5+e 6 7+.)

which may be written, after expanding and combining like terms as

RAaJ e 2(1/3 + e2/15+ e4 /35 +..)1 "2. (5)

Expanding the radical in (5) to 6tb order terms in e leads to

RA =a(l - e2 /6 - 17e4 /360 - 67e6/3024-..), ,6)

From (4) we have

an = a3(l -e 2 )1/2 of P, = a(l - e2)1/6

and expanding the radical to 6th order terms in e we find

R, = a(1 -e 2/6- 5e/72 - 55e/12 96-..). (7)

From (6) and (7) we have

AR - RA - R, = a(e'/45 + 23e'/1134+..). (8)

With e2  2f-Vf,e 4 =4f - 4f3 , e = 8f3 we may write from (7) and (8)

Rv = a(l -f/3 -f2 19 - 5f3 /81 -.. )

AR = (4/45)af 2(1 + 52f/63)

RA =RV +AR
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Mean sphurical approximations

rA = (I/2Xa + b), rG = (ab) " 2 , rfH - 2ab/(a + b) = ab/rA, (r & rA rH) (10)

are raspectively the radii equal to the arithmetic, geometric, and harmonic means of the ellipsoid semiaxes

and rA > rG > t H. Since a and b differ very little, rG - (I/ 2 )(rA + rH) is a satisfactory formula for refer-

ence ellipsoids.

thicpa radi of curature

The radii of curvature of the meridian and the normal section perpendicular to the meridian at a given

point of the reference ellipsoid &Te the principal radii of curvature, i.e.

Meriian: R= a(l .e2)/( -e2 'an2 0)312 = a(1 -e 2 cos2 0)3/2/(1 -e 2 )" 2

Great Normal: N -a/(i _e 2 sin' 0)" =a(l -e 2 cos2 0)1/2/(1 -e 2)1 12

= sin2 0/2 +e 3es sin 0/8 + 5e' sin' 0/16)
= a[ I f sin 0,-(1/2)f2 sin2 0(1 - 3sin2 •) -(1/2)f3 sin4 0(3 - 5 sin2 0,)_...] (11)

= a(l +(1/2)e2 sin 2 0 +(l/8)e4 [4-(1 + cos2 8)J +(l/16)e6 sin'2 04+(I +cos2 0)2]

sin €= sin 0/(1 -el cos2 0)n 2 ,cos 0=(I -e 2 ) " 2 cos 0/(1 -e 2 cos2 0)12,

tan 0 -tan 0/(l-e 2 )112 =tan0/(1-f),e 2 = 2f-fl.

M=a mdius of the sphiold at a given point of the surface

The mean radius of the spheroid at a given point of its surface is the geometric mean of the principal

radii of curvature. From (11) we have

Rm -" (RN')"2 = s1 -e 2)"2/(1 el sin2 0) = b/(l - e2 sin2 O),e= 2f-f2 ,

where * is geodetic latitude, or in terms of parametric latitude
Rm &{a/(l - e ) }(1-ecos 0) =(a /bX1 -ecos2' ), (12)

see references (6], [9], or [16].

Table 11 gives the corresponding radii RA, Rv, rA, rG, rH for each of the 10 reference elliproids

included here. Equations (9) and (10) above were used for the computations.

M*• ala and equatorial are axes and area of antipodal zones

From equations (58), (60)-Appendix I-with the constants for the 10 given ellipsoids, the parametric

latitudes of the endpoints of the meridional arc mAes of the antipodal zones were computed as shown in

Table 12.

From the second of equations (32)-Appendix 1-with 00 = v/2, and from Figure 12, we have for

the arc length of the antipodal zone axes:

SM - a[20 -(f/2X28 + sin 20)] (meridional), (13)

SE = arf (equatorial), 20 -rfwl + .74950.

An approximation to the area of the antipodal zone is that of the hypocycloid of four cusps, i.e.

A = (3/8)ft 2 , t - (l/ 4 XSM + SE). (14)

With the values of 0 from Table 12, SM, SE were computed from (13) and then A from (14) for each

of the 10 given spheroids. The computations are displayed in Table 13.
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4

A qpm cmwa s system rdred to the wrmal w.d tqipts to the meridin md

PudslthO"qba OM ps of the OO rdendlpul
In F*=r 30, note that a chane of coordinates from the center, 0, of the ellipoid with wxes x,,y,

z, to the point Q on the rface with axes X, Y, Z inwolves a translation from 0 to Q in the xt z I-plane,

and then a rotation about Q in that plane through the angle ,. If we are interested in the sant ranpe, D,

from a point So at a hooht h above or beow the el•losoka suwfe, to a point Qo at a height ho above or

Malow Q then the following derivation will give D.

From Figure 30, the parmetric representation of the point P(x 1, y 1, z,) on the elipsoidal surface

relative to the rectangular system with origin, 0, the ellipsoid center, is

x, -Nco o•uO&$.,yl -N cot sinAkz, =N(i -e 2 )in (IS)

where 0 is poidic latitude, A is the longitde computed from the me;dian throuth Q, N-

Al - e n2 "0)3 is the gret normal, we equation (I1) abo.

I. z

D/
Polo U~Idja ~ 'm

Pl 00( 0. 0. ho )

T

- 44

Pbem W 3"M 6W M ,"Ow" 6wd s~ommm m so aiNW f M MIU
a-mdu•m umi a go mA P O of to df
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F

The coordinates of any point So at a height h above or below P(x1 , yi, zj) on the normal to the

surface at P awe

x2 - (Nt h) cost 0cos A ya (Nt h) cos #in A.z2 - [(I -e2 )Nt hi smi. (16)

Now the ftr ormntion equations which giv the coordinates of So rrferred to the normal and tangents to

the merldimn and parale through a point Q in htitude # (trnslation from 0 to Q and rotation about Q

thtu ho in the x, z-plane) are

X (x2 - NO coS 00) in.00 - Iz- l -NO( e2) sin. 0 0 •C
Y Y2 (17)

Z7 (x3 - No coo Oo) cos o + [z2 - No() - e2) sn o I sn 0.

Placing the values of x2 , y2 , z2 from (16) in (17) we haw

X u, costcosA-u 2 sin -c,
Y - (N i h) cost sin AX

Z-v 1 cos$costi+v 3 uln*-C€ (18)

u, =(Nth)usin,,u 2 a N(M -e3).h| cos•*o,c, =No e3 An#c cos.O

va -(Nth)C€osO,v 2  [N(I -e 2 )±:hJ snoo,,c2 =No(l -el sn, 0i)

With the coordinates from (18) we have then, as men from Figue 30,

D22 =X2 + Y2 ,E 2 "ZZ; N.,D '(1A) + 4)1'2 - X2 + y2 +(Z ; ho)1] " 2 . (19)

In the computation of the coordinates (18), the values of N, No may be taken from tables, if avg"le,

or computed from the series given above in equations (11).

Now the cootdintes (16). with h w o, reprsnt a point on the ellipsild. Hence if we solve (17) for

x2 , y3 , z2 we obtain

x2 - Z coso + X sin o + N cos #

Y3 -Y (20)

i 2 ,Zmna, - Xcm#s +N,(I -.*2) ,

ad x1. yY2 ., Z2 with h ao0. mus satisfy the Dlipeoal equation

(xi + yl)Ia' + t./b' "lor ceb' u- &(1 -e').
(I - 0,' Of + A|) + &I| .43(1-02, 2

Now (21) my be wrt. as xi +yA + zj -*'0(xI *yJ -43) asi whlwb , e o. ropromts ti h tt s

ofradima. Awog yWwepi s.y, isy from(0) im(21). o obtmainde qN o R dof Me AV
r~f., &, te Q+d . ,oe4 (,See . QL •.•

X1 .Y' +(Z+No) =N1 -- L-(Xcos*-Z8M )). (22)

Now when m o. eqastiou (22) becom the #qiaton to a qtore twpat to the Alpsoid at Q wha

radhs Wt., the peat normal lenth at Q. limec the kAwratkodw for oth dwt pv o m'hruat the

9.
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Ifwe pacee - oin "qustons (18), we pt u a Yv "(No t h) suin#o, v -u: a"(No h) os o.,

e1 o, c. - No, where No is the reat normal rdius at Qw ee equation (22) above, and then

X-i(No t hXcos• sin cos AX- sin #cos o)

Y - (No ± h) cos sin AX
Z-(No t hXco s • cos + in # .ivo)- No (2)

DI - X3 + Y2, E, - Z * he, D- (D2 + E.I)"1 a (X2 + Y' + (Z *: ho)3]'

meFfiure31. Abonote in Fure 31, the quantlti, u,v, c, a,6,T. ais the azinuth ofP from Q.8 isthe

mil& of elevation of So abow the horizontal at Qo, 7 is the central angle mbtendWd by the ac ditance

S= PQ, r(rad) a 0/N. We may write the following fonnu invlving the spherical triangle PIFQ and other

qimttits m indimted in FPjs 31.

act c me 0 do me cX - sin cose ,e # •/0s o Ax

cot AX (cosg. cosw-ino in 7 cos a)/m sin e (24)

u+vl a% Dcoos,X- D, cos a,Y sina,Z-ho + Dsin

to, "D/(N, +Z)h(N + Z) w cr-No - D, car-No,

u - Ztanr, v- No tan r,c- Nq(I - cos r)/cos r,

uO a Z/N* -(h - 0)/09 +c),u+v- vs -(No +Z) tm r- (h + N,) sin r.
Now h, h.e .iqtom (24) can hm opposite or fik qsa, neptive *m indicatiq below the

surface of the Where, am Pipre 31. Note that further inuplfication of this type local rdemnm ystm

is pon" for 4 - PQ 4 8 admuts t 8 Dnatica rmos, fat then r I" in I tan r7, Cs 1.

Is Ftme 32, we heav the space rcutapdu ocoardbat. syseam X. Y. Z with su th nwmal and the

I mm- to the pws as d ndmdd thiovo a poant Q of the marfa. Now the twmt at Q to the

prb als b o taqsmt to the put c*Je cotinks the pole C. C' of the matifio throv Q. A recma

Vhedadm anm de tte mrfw m be ad uwuhm x-cooe.st m meamsd alo the civalar mauddis

6m Q ad y cooreis wlm mar d al the doest cikdse mthro the pois C, C'o. the mwiat

m- q0Q. The poista P and Tas dobo.um the qa1--ih-l coordiates x. y ad x'. y°' rqc f. The

wqs, it t P, T qro velywe masu• from the bPrT - a to pwdu thwoum P, T ha•t the em

poke C. C' m them , rI1 ouh lQ.

Nowl n ds9b"" utqe M webe"
F' 9Q =AT'. if .C (x *)/No. a y-My .

b- *- y/N,. c- et..P+T w -(-. (25)

a-b 4y'- y)N.. a+ b -v y . .

To Mrs, for k' y', JY av need the fowai dlme q SI forumalms (Napbin, fowtb wamal. si.

ad woe-lm)
ani(' T) ae cooMa - b) me %(a + b) cot ft.c

cos a cm b mc * sin b in c cooP i Cin doc in P/in a
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sin x = x -x3 /6, cos x I -_x2/2, tan x x + x3 /3. Hence we have

S(y'/No) = y'/No - y'"/6 No 3 , sin (y/No) = y/No - y'/6 No', (28)

sin (s/No) s s/No - st/6 No , cos (s/No) I - s'/2 No , cos (y/No) - I - y /2 No,.

The values from (28) [ aced in the second of (27) give
y'- y' 3/6N' -(1 -5s2/2NO')(y-y'/6N')+(s- s_/6NXI -y2 /2N•)sin0

yn/6 NI - yy+ s'sin- 6-' + 3yssin,+3ys2 +s sun) (29)

where the terms in s~y2 /12 NZ have been ignored.

Now in (29), if we ignore the terms in 1/6 N0 we have the first term of the teries which is y' y + s sin.

We now place this value of y' in the term in y13 and write (29) as

y'yy+ssin8+ 2 I(y + sSin0)J3  y 3 -3y2s sin8- 3ys2 -3 sinin
!

y y+ssinP+ -;-(3ys' sin2  3ys' + s3 i _33 sinP)

y'- y + s sin ,S coe 03y + s sin M/6No. (30)

Similarly from the last of equations (27) we have
(x'-x)' ( sy' 2  s'\R(1

(x' - x) -(' - ) + sq + ' o 32 ) Cos
6NIo 2No 6N2 J

and if we ignore the terms in 1/N1o we get as first approximation x' - x s cos . This value returned to the

term in (x' - x)3 in (31) allows us to write

xx scos•e~-~s :g +3y
x.-xa scos f + Cos( so ' 2 -s)

- bCO + L (3y" -s' sin' (32)

From the first of(27), since

and III , y yW -. • y'- Y)Iin -( +y) - tan (Y' -Y) COS +
ZNO N, .N, N, N

we may write

?ZNI ZN|,2N N. N-Jtan VO - f) -tan ^-•(I' - 1) •m_• Y- ) co No- Y (33)
2No " i~(Y'No

Using tan x x '/3 and the vhies of sin y/No. cos y/No from (28) we wcn wite the rthM member

of(33) at

~2NO 241, 4NI 2N1,
aitnim -tnn in IVN. we, from (34). w: ,* (33) as

tan - if) 4- XXY,- Y) 4 4%- y9 (3S)
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With x' - x = s cos p, y' - y = s sin 0 from (32) ,nd (30), equation (35) becomes

tan % -P = s cos P(2y + s sin P)/4N0 (36)

or 23' =-2arc tan i-Kcos P(2y + s sin p/4No0

With arc tan u = u - u3/3, we may write (36) as

= - s cos P(2y + s sin A1)2N~o. (37)

Finally, equations (30), (32), and (37) may be written as

y' = y + v - u2(3y + v)/6N2

X = x + u [I + (3y"2 - v2 )/6No (38)

P'= -u(2y + v)/2No sin I", u = s cos; , v s sin

- -u(y + y)/2N2 sin I",

since u u y (3y + v)] .

(y + ') ~ 2-yu v
2-'•o(+Y')= N~ot.+Y+V-U2 -- "o "= 2-•o(y )

If we place x = y = o, i = a, s = d, P - Q aid equations (38) become

x = d cos a( + d2 sin 2 a/3NO),y = d sin a(! - d2 cos'- a/6N0) (38)a

fP= a - d2 cos a sin a/2N2 sin 1".

The terms in 0/N• are corrections to plane coordinates. If the ellipsoid is to be taken into account

one uses instead of I/N', the vwlue l/RoNo which is the square of the mean radius in latitude 0o, see

equations (12). Equations (38), in equivalent form, are found in references [ 151, [321. Note that a. P are

not azimuths as usually defined, that is the lines PA', TB' in Figure 32 are parallels to the meridian.

Transformations between rectangular space coordinates X, Y, Z and local spherical

space coordinates x, y, h

In figure 32, if So(X, Y, Z) is a point at altitude h above or below the point P(x, y), where x, y are

the spherical coordinates as shown, we may from (24) and some formulae for right spherical triangles

establish some transformations between the x, y, h system and the X, Y, Z system.

We have C x = C C 1 -(X2 + y2) 2N\,cosr=cosl -cosi - I- (--- l( 2 y)N,IN 2)/2/\No / \No/ 2N 20 ~ 0

D2  (h+No)sin rsinamsi n ±( sinr, cosa = tan tanr
\ No (JNo YIx x '

X3X= D2 cosa=(h+No) tan (-L) Cos r Ih+ No) ( x + [I -(xl +y2)/2NOJ

X 1 x[I + h/No -(x2 + 3y 2)/6N x 42/3)--2

YfD2 sina=(h+No)sin (L) t(ý+No) \N -NY (39)

Y y[l + h/No - y 06N],- 0y- 6N-

Z = h cosr - No(l - Cos T) • h - (No + h)(x2 + V2)/2N2

Z h -(x' + y2 )/2No
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Now jo X /
we\sN0 /h+No \N0

o 6NO) h + No (No

x6-+3 /x + 2
sin h + No

y y 3  I
-:-Y~y •Y+ Y3 /6N•No 6Nh No

hýN Z+(x2 +y2 )/2No 2Z +(X1 + Y•2No

tl last•niplies x XD 2 cosa,3y XYD 2 sna

Sf;N2 +(4

3 0oSI

d

i NO

FPgaue 33. Tmemtfmc.chord.
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Pbw coordintes and map projections

Figure 33 shows the familiar tangent-arc-chord relationship as inherent in the spherical approxima-

tion as given in Figure 31. We have the following formulae relating T, v, d, L, H, r, No as shown in

Figure 33:

d =,r No = L + L3/24N' = v - v3 /3N•

L 2No sin (r/2) = No(" - r3 /24) = d -d 3/24N= v - 3v3 /8NO
v=No tanrNo(+ r3 /3)=d+d3 /3NO = L+3L2 /8NO

T = d/No = L/No + L3 /24N' = v/No -v
3 /3No (41)

H = No tan %7r = VNo(T + 1.3/ 12) = W(d + d 3/1I2N'0)

T = No sin 7 = No(r -,r3 /6) = d - d3/6NO

d-L= d3/24No, 2H-d= d3/l2No = 2(d - L), d-T = d3/6No = 4(d - L),

v-2H = d'/4No = 6(d - L), v - d = d3 /3N~o = 8(d - L), v - L =(3/8)d3 /ND,

v-T = d3 /2N = 12(d - L).

Table 14 gives the differences, the iast of equations (41), for arc distances from 10 to 100 n.m. in

5 n0at. increments.

Now in Figure 33 note that S, is the linear projection of the point P upon the tangent plane at Q

from the spherical center 0. Such projection is caliedgnomonic. Since the tangent, v, is the projection of

the great circle arc, d, upon the tangent plane, any straight line through Q in the tangent plane represents

a great circle on the sphere.

From equations (24), (26) we have, with Z = 0, h = c, see Figure 3 1,

v = D2 = No tan T, sin a = cos 0 sin AX/sin r,

cos a = (sin 0 - cos r sin 0e)/cos 0o sin 7, (42)

X= D2 cosa=sin¢ secr - sin0o,Y=D 2 sina=cos sin AX secr,

sec r = I/(sin € sin 00 + cos 0 cos Oo cos A),

COS 7 = No/(X 2 + Y2 + N2)1/ 2 , sin € = (X + sin 0o) cos r

sin AX = Y cos r/cos 0, X = Xo - AX.

Equations (42) thus give the plane coordinates X, Y as functions of the geographic coordinates of the

points P, Q, that is of 0, o, AX = Xo - X. The last of equations (42) show the solution for the geographic

coordinates 0, X of P when the plane coordinates X, Y of S, referenced to the tangents to the meridian and

parallel at Q, are given, assuming S is gnomonlcally projected.

Now if we let v = D2 = d = No r, the resulting plane coordinates map a Lambert azimuthal equi-

distant projection on the tangent plane; if v = D2 = L = 2No sin 7/2 the resulting projection is the Lambert

azimuthal authalic equal area); if v = D2 = T = No sin r the projection is orthographic, points P are pro-

jected on the tangent plane at Q by lines parallel to OQ, see Figure 33; if D2 = 2H = 2No tan 7/2 the

projection is stereographic, angles are preserved about each point of the projection (conformal or

autogonal).
The last four columns of Table 14 show the error in the radius v = D2 about Q when we allow v =D2

to be 2H, d, L, or T, i.e. the point P to be projected upon the tangent plane at Q stereographically,

equidistantly, equal-areally, or orthographically.
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Now from equations (24), (26),(41), (42) we have

U = cos" = sin 0 sin 0o + COS0 cOS Oo COS ,

V x sin 0 cos #o -cos 0 sin 0o cos AX, W -cos 0 sin AX, (43)

sin a = Wlsin r, cos a = V/sin?

With the help of(43) we can express the rectangular plane coordinates of the several projections as func-

tions of U, V, W and hence of the geographical coordinates of P and Q, i.e. as functions of 0, 0o, X =Xo - X.

Gnomonic. D2 = No tan r

No sin7 V
X = D2 cos a =No tan r cos a = . ... NoV/U

COS T an T

No sin? W
Y= D2 sin a =No tan r sin a = . ... NoW/U

Azinuthal equidirtant. D2 = d = No7

X = D2 cos a = s cos a = Nor cos a - NorV/sin r

= NOV arc cos U/sin (arc cos U)

Y= D2 sina= s sin a = Nor sin a - N0oW/sin 7

= NOW arc cos U/sin (arc cos U)

Azimuthal 7ual are (authali). D2 = L = 2No sin T/2 = No sin rl[/Vl + COS 7)] 1/2

No snr V
X=D 2 cosa= • -- = NOV/[Y4I + 1)]s2+COS +cs)] 112 sin 7

Y=D 2 sina ,Nosn= NoW/I[%(l + U)J 1/2

(i1 + cos),I, sin] r

Orthohuphic. D2 = T = No sin 7
V

X=No sinrcosa=N, sinr - =NOV (44)sin?

W
Y=No sin 7 sin a= No sin 7 --- NOW

sinr

Stereowgphic. D2 - 2H - 2No tan %½r = 2No sin 7/(l + cos r)

2No sin 2Nosin 7 VX cosa* - 2NoV/(l + U
I +cost I +coSt sin?

Y a 2Nosin 7 sin- 2No sin 7 W . 2NoW/(l + U)

I +cost I +cost 1+ 7 sin r

SpIherica coor t relative to a Va cirde arc determined by two oiwhn

points of the sphem

In Fiure 34, Q is the midpoint (but may be any point) of the great circle arc determined by two

given points P1 (01, A,), P2(0 2, A2) of length 2S. The azimuth at Q is a and Q is taken as origin of the
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F*Wa 34. Spks1W moadusitsle d a to a msedow *&oob ls uMuiMt of pangl pVW iO &M

spherical coordinate system as shown. At an ubitnry point P of P, P3. at distance d from Q. a perpendicular

PT a aisconstructed. Note that* w/2 - 1,thence the spherical rectangular coordinates x',y'of Tmay

be computed using the value of x and y from (38)o and the value *Pu #1-i where if s Sive by the

expreuion in (38k@ i.e.
y' y + y- u(3y + v)6Nj. x'-x + uf1+(3y" - v2 )) /6NI, (45)

when u - icoop, v as sin *~/2- a +d3 cota sina/Z?4 in I x dcos a( + d' sin' aj3NI),
y d sin a(I-d cos aI6N2).
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Note that in the mapph of qheika coordbae/, the y-coordinates are laid off perpendicular to the

central meridian, which causes an increase in the latitude scale as the distance from the central meridian

liacreases. Mhen qns &wkntaisren by K= 1 + (y+ y) 2 -yy', cotn 0/6NI and for short lines we may let
y a y', living K= I + y' cosr2 /2No2. When/ aI/2, K - 1, and the map gives then true longitude differ.

ences. When O = 0, K is minaimum with the value K = I + y2 j2N2.

Formiule ntgq sp e nil wcedhmter to gpo-aphic coooeistu

The given reference line PI P, of Figure 34, having been already established, we may wish to compute

the distance s toPI P2 from an arbitrary point T(O', A'), or given s, find geographical coordinates of

T(#',X•, and P(OX) at a given distance dfromQ alongPP 2. From the riht spherical trianglesTPPe,

QTT', M, QPQ', TTV, TPP2, we have

cot s' - coa x' cos y' =cosoos d =cosscos xcosy (46)

tan xa tan d cos a, sin y = tin d sin a, tan s - tan (a.. a) sin d,
sin0' acotry' sin (x' + Oo), sin y' - cos 0' sin (X' - Xo),

sin s- sin (a -a') sin s',

Cos (Oo + x') a tan y' cot () - ko), tan x' = tan s' cos a',

tan d - cor (a - a) tan a',
sin y' s sin s' sin a', cos r - cor s cos(S - d), cos r' cot S cos (S + d).

SincePa,Q,P 2 are fixed, the constants 2S m PIP 2, a, .,a, 0,02, 00, X1, ) 2, Ire known.
Some of the oblique spherical triangles involving these known parameters and the coordinates of T and P

are, P1 TP2, QTP2, P'QT, P'QP, PI P'T, PTP2 PP'P2, PP'P3 , TP'P. From these we obtain the following
spherical formulae from the sine and cosine laws for spherical triangles:

PTP2: cot r -si 0' sin 02 + cos 0' cos 02 cos (A. - X)
PQT: cot a' =in e sin 0' + cot Oo cos 0' cors ('- kn )

in s' in a' - ot0sin (A' - X( )
sin 0' corns' sin O + sin a' cost cos a'

sin#a sin 0o cot d + sin d cos #0 cor a
P'QP: coo 0,sin 0 +cos cot0costQ- Xo)

And ,tna= o *#sin -Xo)
QTP2 : cot r cos a cot S + so ln a'uoS coo (a- a') (47)

Pj TPT : cos 2S a cot r coe r' winrsin r'cos (A - A,)

WP',: coo(S+ d)- n01 an0 +cm 01 cos0•co(X - X)
in a,. sin(S+ d) a cotsiA (A - X,)

WFI: coo(S-d)- tinh sin#+ cot02 cos costW -X)
ceotsin 2-X)-slna,., sin(S-d)

PP'T: coo tr'- tin # in '+ oos#, cot0' c•s'- A,)
1?'P: u a a & sin* 0 + coo s cot 'cos -% )

From (38), (38),, (45), (46), (47) we have the formulae to handle most of the gometric prob.
lems which rmy occur in the local gpometry of a Oven bue line. For bskhm (f a is constant but d
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varies, then B varies, and the rectangular coordinates x', y', as given by (45), give points T on the pura at

distance i from the base line Pg P2 .

Suppose that we are given the geographic coordinates 0', X' of an arbitrary point T to ftnd the pe-

pendku distance s to the base lne, the geov'phk ecodites 0 X of the foot. P. of the ppergdkahr,

and the diwancedfrom the orignQ toP, Now the known constants aeS "(1/2Pj1 P2 , at- a,3It a,1 ,

1 XpoXX1 and watofids, d,,X From (46) we have

cos (S + d) w cos S cos d -sin S sin d t-cos r'/cos s (48)

cos (S - d) cos S cos d + sin S sin d = cos r/co s

Adding and subtracting respective members of(48) get

cos s sin d - (cos r - cos r')/2 sn S (9)

cos s cot d - (cos r + cos r')!2 cos S

Dividing respective members of(49) we find

tan d - cot S (cot r - cos r')/(cos r + cot r') (50)

where from (47), triangles P'TP2 , P'TP,

cos r - sin Sin 02 + coS #'cos 0 2 cos 2 -N')
cos r'I sin*'sin01 + cotn'cot,1 coQ,'-t )

From (46) and triangle P'QT of (47) we have

cons s -cos s'/cos d,

Los S, - sin ' sin #o + cos # cos Oo cot - (O).

From triangle P'QP of(4') .r have
An # a sin #o c s d + co t # 0 sin d co s a

s(in(A-Xo)=sindsinaicos* or- Xarc sin I& d sinalcos #] +(5.

Note also a type of spherical rectangular coordinate system r nfeded to the bas &e • ad a grt

cr*ck onthogonr to the base line at its midpoi at prented bi Refemnce 1 18).

The 4doubly equidismut pejection
This is a useful projectin for investigtous in fields sudc as seismology (earthquakes or microseiams),

meteorology (long range location of cyclone trajectories), electronic distance meairing systems as Hiran

or Shiran, location of aurorae or of meteors, studies of water waves, tsunamis or swelL oceanography. It is

obtained by constructing the spheroidal (spherical) ttiangle P PjT, of Figure 34, in the plane as shown in

Figure 35. The true length (to cak) of the base line PII a 2S is drawn as sstradht lUne in the plahge.

Points T are located with respect to the bose fir from the intersection of crcular arcs about Pg, P3 with

iadii the true lengths (saled) of r', r. Either tpheroidal or spherical diitances for S, r', r may be usd. The

projtion is not conforml, that is anles ase not prmessd about every point of the projecion.

The equationg relating the several parmneters as dsown in Figre 35 are.

x "pcose -j.(S +p' -rf)- -(r' -r)!=r'wOsa, -S=S-rcosa2.
2S 4S

y ft x #am p sin t (p' ~x3)h/1 a resnal a rsinA a., -j6SYr"
4S

#3 rl 4S')'
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I/

PI (i 1 , A1) s p P 2 - A2 )

Gien dismmc on the spbumoid (sphere) wre S, r'. r.

Figm 35. The doaesp itamt ptaitom

pi )- s - ('- a•- ?2 + 0 ,C) -(S/-Ps a p -1),

r 2)-S2 ,cose 4pS 2,

cos a, - (4S" + r'" - r)/4r'S. cos a2 - (4'$ - r'" + r)/4rS (53)

and where for the apherical case, we have from (47)

f • arc cos (sin sin + cos 0' cos* 2 cos (X2 -•,')1
f' a arc Cos (sin' sin +• Cos 0' Cos 0 1 Cos (-' - X I )I
2S-atcoos (sino tein#,~ * cot#, coo# ~ oosX -A)

Dhnaam The doubly equidistant projection may also be called bi-pola, snoe we hat two r 'd , r,

from two foci P., P2 and the angles a, a,. We hve iveno compute. the values S. r', r mnd then from(53)

Co. as -(4S' + 0 - r))/4r'Sx t' cost, - S, y - r' sin ao . (54)

co h -(4S1 -r0 + r2)/4S. x," S -t co a2,.y ar in ao

which provide a check (fo rectangular coordhunte computation.

Gh" the rcaWhr 0xvdlutes x. Y o ot ow pw o tit doubly squifb t pmtaww end the

CoW*mn S. 6. A. X, of Mte MV Ow as shown in A " A fld tin hgvq*kc oonewea'.V of tW

poW T on tOe qev.

From xy.S we hae

r'- Kx S), * y I"I.r" f(S-x)3 * y'"II.
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From (50) we have

tan d - cot S (cos r - cos r')/(cos r + cos r'), (55)

From (46) find

cos s' -cos r' cos d/cos (S + d) - cos r coa d/cos (S - d),

From (46) (QTP) we have

a - a - arc cos (tan d/tan s'),

Finally from P'QT of (47) find

an 0 arc sin (cos s' sin 0 + &in s' cos Oo cos a'),
A'n= X + arc sin (sin s' in a'/cos ').

From equation (50) we have

cos r - cos r' Cos 2 r-COS r' snn r' -sin3 rtan d ==-(6ta d=tanS(cosr+cosr') tanS(cosri+cosr')2  tanS(cosr+cosr')2  (56)

Considering d/No, r/No, r'/No, S/No to be small .nough to place tan d/No - d/No, tan S/No S/No,

cos r = cos r' = 1, sin r' = r', sin r - r, then (56) becomes d ('r - r24S x x-coordinate of the doubly equi-

distant projection, equations (53). From (46) (QTP) we have tan s = tan (a - a') sin d, and if we place

sin d/No = d/No, tan s/No = s/No then s = tan (a - a)d. But then d is x of Figure 35, a - a' a 9, and s is

the y-coordinate of the doubly equidistant projection, y a x tan ,. see figure 35 and equations (53).

The wordd aodetic refereaci system 1967

The International Union of Geodesy and Geophysics has tentatively adopted a new geodetic reference

system, we reference 1301. It is defined by the three constants: equatoral radius# - 6378160, mters"

earth geocentric gravitational constant including the atmosphere GM - 398603 X 1O0m9"Y; earth

dynainal form factot J, - 10827X lX 10.

Now the earth's rotational veaciry is given by

w -{f.2(l + s,/86400)11, +p cost /I.5001} s", where

s, - 31556925.9747 (ephermeris seconds in one tropical year, 1900)

p - 5025.64 (seconds genemal precesiion in longitude per tropical century, 1900)

e - 23" 27' 0(:26(oblquity of the eciptic, 1900)

- 7..2V111!44 X i1'0 s".

Sinet I e"(j - './cI Sqo)3(l +e'+), where

m - wzsa/GM(I * e")• q, - [( ! 3!eO).rc tan e' - 31e'j,

and a, GM.) 2 , w ane known we mnay sobve foi e',

r 0. 082005 882892 (the WeconW ccentric/ty).

We cant tn solve for b, Ilf, and el:

b aI(A +e')' W633g774.516)": J/f[!•#u - h4 298.247167,.
e3 (a' -_ hP ' - 2f - r = ,006946•6•3

The formulae (ot gravity at the poe; equato;. Voral (nord) amreý

"GM( I ÷ me qo-.'1qo1 g,, 1 a GI( - m - me','/6qo)i'b
m(it, col •0 •b sin' 0),4a co 0 + Ob * .
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where 1whee =3(l + l/e'2 (I - arc tan e') - 1.
e

With the above values of constants, thee become:

gp - 983.21772 79 pl, g, - 978.0318456 gal

g a 978.0318 (1 + .0053024 sin' € .0000058 sin' U) 9

(this last the series expansion of the above generiA formula).

The numerical values are preliminary. The off"!ia va'iet will be published Uy the Irznational

Association of Geodesy.

* Sanmmnwy Values

* Gt,' a=6378160rmGM 398603 X 10m 3f',J2 a- 10827X ,0.r

Computed w 7.292115144 X 10i'`, e' - 0.006694605326,

e¢ 2 -0.006739725126, gp -983.2177279 pl,
16 978.03184S6 gal, l/f - 298.'2471675, b = 6356774.516 m

g 978.0318 (1 +.0053024 sn:" 0 - .0000058 sin' 20) gai

GCmmmt. A comparison with the AUSTRAULAN eti'psoidal constants, Table 10, shows that, for oract-c.6t

geodetic purposs using 8-place tables. wo vmy use the A.USlALJANetipsoid Tables of n-riW ,n arc

length, pirincipal radii of ovAmture, and latitude fu.,vticns have been published for several k4 eroi .ry the

Depat nt of the Army as tedutical anu&als. Fo instance, CLARKE 1866 (Th5-241-i I), i'ti'-

NATIONAL (AMS TM.67); AUSTRALIAN (TMS-241-33): FISCHER (MFFRCURY) (ThM -24l-35.

If we take a - 6378160 m, cw 7.292115 X 10 s. 11/f- 298.25,

f-.3352892X iO',g..978.0318cm s,wer fndmmw,•aik ..34i.77 %3X !0V.

[m ..1162703 X 1O". From reference (31, pae 366, we have

g .[ I'P +A in' 0- an' 201, where

- (5/2)m - f - ( I 7/14)-J. A, - (5/8)mf - (,1 ,8

With the stated vakuts of f. m, and mf we haw

O" .003024,p, ".0000056.and

g a 978.0318(1 + .0053024 'n2 $-.00000586 sa' 2# gal.

h isravity fowaufs Sim only .0. sin' m20 a les than the rteooxmmded formula above, the

nmxkwnm diffencm ulw.06 anal at # - 45".
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Appimdlx 3.
THE ACIC CHECK LINES, $04000 MILES,

AND GEODETIC LINE COMPUTATIONS
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ACIC CHECK LINES

Taken directly from ACIC Technical Reports 59, 80. See bibliographical reference

[22]. The 500 mile lines are repeated since they were gives in both publications,

108



+1>*1
C I

S.1 No O 4 CN co -0 m I"

- 1. 1> -. o
00 M m" 0 = V--) 4a l

,t-1 ~ ", IM-. , o v 0 6 N % 1

0 0 0 -1 0 0 0 0 0 0 -0

o C) ( a•l a a a a a

t-N O 0 6l t-

,.'m ' - -m .. I0 N M
co 0 ' - 1 --d0

U)_ _, , O M+ D n LoCu O),q

6 0C 0 0% - 0 0 0 0 000 0000

: . Z . : . Z . -.- 
-.

0! 1€ 0• 0• eq oo M• ILO • •

m 6 6 0 co' co00 co o

0 0 0 <0Ca*a

a N 0 0 0% 0 0 0 I- I 0 1 @ 0 o 1 i

£6 N I616 '001 0 €• O0 N0l:

-4 -4-

w 16o 1610 C- m -o NON 16

* 0 00 0 0 0 aI 0 0 0 0 0

'0~~~ 00 0' '0 '1 0 N 6 N

le- -4-- 4 -4 S t- § 40

S ,C616600 -d o I• •

0~. cýJ 16c O 11 0 O4 N '
00 016 0%0 1

o o 1 60 16 M " N 0 0 m 0 0% c0o1t60
W 0 O f L C c 0- C 00 -d- - - - .

-4~ ~ ~~~7 .. ' N -4Ln 16 '- - i N 16

4 C- - - - - - - - - - - - - -

6 " 1O Nm N
0N0 0 1 0 C0 0

o~- wa

16O1 r- ic' c- a in-O N t-6e CN 1646 1~ 06

0 0 0 0 0 0 0 0 c 0 0 0 0 0 0. 0
N N '0 0 N 16t " .. , m 16 N 16 N 1

-~~ -0 w4' - - ~ - - 0 -

o a ooo 0 16 0 N N o6 N o40 o o% oN N
16 cc N o 00 N o 00 N o o -' 00 16 co *q- co 00uJ o 01 'o

-4 1. -4 -q -4 -. 1-4 (-16 '

o o o o o 0 0 0 0 0 0
0 000 Q 00100 66N00 1

0eW

Z 0 0 0 0 0 0 0 0 109 ~ 0 0 0 0 0 0 0 0 0 -



(A co co 00 Co co co C co co

'0~~% %0~ 0 ' O ' 0 %0

ao IS Co Co c O Co co co

w C4 C'* C~4 'J C14 C-4 1 C4I C'4 04

4) (m co co co co 00 co 00 00

oe qo t- qo f-d Wr- 114 r-

0o0 cv) 00 co co co co

%0 a0 '0 '0 a '0 a0 I'D

co C6 C o cooCo o 00 co

a% 07% 0% 0ý 0% 0% 0%S 0% ON

cla C1 N 1 C4 c*'3 C4J C4 C14
C10 00 C) o co co Co co Co0 co Co

*vt le 'le le %

0 ~-

C-4 01 Co Co4 CoC
60 14-4 1- -4 -4

w- C-I ON % 0 C'ý aI C- ChI CI -
C-o LO ') CY) O t In) Cn Lr) LO)

Go %0 '0 I'0 a ) '4 0 2

0) -4) 1t) -4) -. ( ) U

-1 C-I C-4 C14 C'i c-i C14 N C4

Co) CO Co - Co C 0 - C

%.0tn %. k0 '0O '
tO~' '0 '0Ul t

__ ON a,0 a 7% 0

__ 4 e,%C 14 ci l Ci C4



0c a

CD a C 0 00 0 0 0

0 o 0 >

40 0O 0 0 00)

a 2 a2 C> Q2 2a 0
0 0 0

,Oct8 0 8) to &0a~ Cl

tof 0 l C l C

4. R. 3t. 51
cn0 0> a

0 (D 0 0 all 0) 0 0 0)

0 0 0 0% 0 0 0 0
0 0 0 L 0 0 0> 0O

0 0e N ON ON 0%

Q0 C

CO 0 0 0) 0 C> 0l CC> 0 0 0 0 0% 0 0 8 0

C) ~ ~ CLflC

0 C> 0 Q C 8 0

b 0C8 b b b
0O 0) 0 a 0 0) 0) 0

0C) 0 0 0 0 0 0 0 0
a 0 C0 0 U0 LO~ LO) 0a

0 0 40 a% C> 0

o088 O 0 0 10:1
Wt n LOS 0 C

- 00 0 0

0 0 0 0 0 0 0

C> 0 CO C

mt t " R 1



C) I- 0> to i .0 co r~- cyoC> 0 CD2 C14 C1 to m - C'.4co 0 0D CA n C", C. (I- C7%

o) 0 0) 0 -4 -4 0) 0
o) 0 0 all F4. C" D '. 4 ;-q

0 D 0 > 0 D 0ý 0 o in-4 0I 0)
o o 0 0 0 0 0. 0 0
o0 00 00 '.0 0'. t~-e t.-
-4 -4 4 ' *j cj C4, C*'i C

Co -) 1 C14 m' Id r-4 to

m0 C'l le Lo CY C
oC0 O C'I t- 0l -4 0'. to

o 0 00 0 0 0 0 0 0
0 0 D in Co co r-d Ict i

00 00 00 N\ C14 m~ t- - 00
I4-< -4 c'JCi ' C'I C14 C'.4

o) \ 0 C). 0 o 00 00
C) a 4' '.0 Co%ý

- 0t 0 0d -' " -

0 C) t - %D (D to t- cli
0 0 0 0O m" le to q , m Id

0) 0 0 0 0 0 0 0 0 0.0 0 40 U') t- Id, 0= C",
CC) oo co C'14 e~ C-'1 r- i- 00

,- 4 C- C"i C14 c'J C-4 c"4

C) to \0C~
Co 0D 0) CD 00. qe0'

0 0 0O Un -4~ m -4 0O
oD 0ý 0O FI Q, in 'CO c'.j qd r-4 m I in

0O 0 0 0 0 0 0 0 0
c4i 0 0 0 in) \0 1-4 0> C4. t-

oo o 00 C'.4 C14 m t- t-- C-o " 4 C'. C13 CJi C14 CI

0 0o 0 '.1nCJ 0 '0 C'Jo) a 0ý i) -4 0.0 ON0' t-
Co 0> CO tl- r-4 - 0
0 4) 2 5 3

C) r- ON

o 0) 0 0 0 0 0 0 0 0
-4 0 0 0= iO to r- 0> m4 C

00 00 co c"i ' t- t- r-
1- -4 r-4 C14 C'4 C'. (N C14(

Cin iD 8'O.o 0 in 0'\
0 N C) 0 - a..-

CV) Cl 0- Y

o 0 0 0 0 0

r-4 r-4 -4 14a

0 0 0 0 0 0

00

112



t - -4 00 o--

o o o o r o-4 m ) 'o C- M L,' -O I O

00 00 00 00 0 c . 0 so o o

o 0

o a 0 80
oell r- \0 0o \0rin a r-4 \'.c \-l -4 r- -4 'A -4 '

Co~

C> zz •Z~• zzzzzzz z

C t" m': m" :": " A' C)M:'W 4ttC D\

-4 o t- ON CO o\ -. V) o o o o

w & - , =*: ,-• ,- • = -* ) =r- I- ,F. Ell -\,S :It

o~ o o M on '0 -o o* o co of .% LO o to .4 c-

cn ~ ~ C ý4 Eo ;t & q) - 0 E 0\ C-);r;,;4iZ f

e c"r.*r- l -4• ,0 oe r• C4o Le) -4' C) M,. [•.oo t--€.

0 0 0 0 0 0 0 0 00 0 0 0 0

-( D , o t ,

'O €O i I ,o or- m \o o .oqo CIO

-- P- -V CC Cd.".

\4--4 L4f) t o )00C

D6ooo ooooo oMo0o o o 00 oo

C' 0- a 0r

0 a 0 % Q0 000 a 0 0 00

CP -3 -e~ C44 -4 LO

-4 %0 t- m r-\ -'w m C -C -4 -.0 C, M.

o M 0 inzo0 zMz C l % \ O mr

o I -- e Lo e o4 c
~0 0 0aa0 0 0 0 00000

113

N t, 01 0 P- t



DISTANCE AND AZIMUTH

Distance Forward BackSa S
(meters) Azimuth Azimuth

100 00 500 804664.780 000 00 00'1.000 1800 00' 00'.'00
400 00 500 804664.780 000 00' 001.1000 1800 00' 00'.1000
700 00 500 804664.780 000 00' 00'.'000 1800 00' 00"000
100 450 500 804664.780 450 00' 00'!000 2260 09' 01"224
400 450 500 804664.780 450 00' 00'"000 2290 52' 15'!525
700 450 500 804664.780 450 001 00'.000 2430 13' 18'"356
100 900 500 804664.780 900 00' 00"1000 2710 16' 14"933
400 900 500 804664.780 900 00' 00'.'000 2760 01' 06'.'634
700 900 500 804664.780 900 00' 00'.'000 2890 01' 02"923

100 00 1000 1609329.561 000 00" 00'.'000 1800 00' 00'.000
400 00 1000 1609329.561 000 00' 00'.1000 1800 00' 00'"000
700 00 1000 1609329.561 000 00' 00'.'000 1800 00' 00'.'000
100 450 1000 1609329.561 450 00' 00'.'000 2270 49' 35'"353
400 450 1000 1609329.561 450 00' 00'"000 2360 04' 46'.'580
700 450 1000 1609329.561 450 00' 00'.'000 2690 55' 22'."938
100 900 1000 1609329.561 900 00' 00'.'000 2720 31' 12'.'316
400 90P 1000 1609329.561 900 00' O0'.000 2810 48' 53'.917
700 900 1000 1609329.561 900 00' 00"o000 3040 22' 03'.656

100 0I 3000 4827988.683 000 00' 00"1000 1800 00' 00"000
400 00 3000 4827988.683 000 00' 00',000 1800 00' 00"000
700 00 3000 4827988.683 000 00' 00":000 3600 00' 00'"'000
100 450 3000 4827988.683 450 00' 00"000 2400 59' 37'.'859
400 450 3000 4827988.683 450 00' 00'.'000 2740 57' 29"'108
700 450 3000 4827988.683 450 00' 00'.'000 3320 38' 58"143
100 900 3000 4827988.683 900 00' 001.1000 2760 53' 56'."283
400 900 3000 4827988.683 900 00' 00"000 2990 54' 41"259
700 900 3000 4827988.683 900 00' 00'.1000 3320 00' 43'.685

100 00 6000 9655977.366 00P 00' 00'.900 3600 00' 00'000
400 00 6000 9655977.366 000 00' 00'.1000 3600 00' 001'000
700 00 6000 9655977.366 000 00' 00"000 3600 00' 00'.'000
100 450 6000 9655977.366 450 00' 00'"000 2810 01' 12'.%685
400 450 6000 9655977.366 45V 00' 00'.W00 318r 23' 43'.'000
70° 450 6000 9655977.366 450 00' 00'.'000 3450 17' 56'277
100 90 6000 9655977.366 900 00' 001.'000 2790 57' 13'.'199
400 900 6000 9655977.366 900 00' 00'.V000 3090 51' 53'419
700 900 6000 9655977.366 900 00' 00'.000 3390 541 3'1.211

CLARKE 1866 ELLIPOOID
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DIRECT AND REVERSE COMPUTATIONS OF ALL ACIC 6000 MILE CHECK LINES -
Clarke 1866 Ellipsoid
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01, X1, A,, -2. S to find 02, X2A a 2 -1 - ast
longitudes positive. azimuths clockwise from north: no root extraction: only 8 place trigonometric natural tables
(as Peters) required for desk work.

t /4- K~ /2'A~E 1 SPHEROID a A 32 "V'rn f 71 WO2

I -_f _ I radian = 206264.8062 seconds

LINE _______ _ TOIio -

¢, /0 • 0 tan ¢, _.A " tan0, (I -Otan0,./t1-,Z7,. .7"

C1, -2 sin 6, ~L./7 2077 cos.2, 0771AZ o, _ ,"f

sin a,_2 t2 M = cos0o =cos01 sinc. 2 1 02 0()_ _
cos. 2  / N cos0, cosa. 2  sin 00 -

c, = fm D D (I -C2 X I -C2 C1M) . W X',• ,56g? ._

C, = ¼( - M2)f. Z• r ./•F# A-ZVA P c 2 ( + 1Ac, M)/D 0OO0 Adl " C57 7 2 A2 .•
0 / =0coso, iO/i~o•.S(•O.•) o agp •)/ 5*$9S9"

d=S/aD /4--e%( rad) d S? !799"_7ZO S m

si n d i# -gi Z2_7L u =2(o, 1d)L?4 i. £sin u~? 2 2

cos d W-p' •2 w = I - 2P cos u :0 9.I35&'3 cos u._7LS IVI .

V= cosu cosd-sin usind'-.2,?Ug L•S' Z Y= 2PVWsin d *,.•f,_P/,If 7,rlP
X~c] sindcosd(2V2 I) -- •,•/ tXOX=c2sndCSdG2- .) 22. 2,it1 A = j + x - Y /.,E ___• _,d)

sin Aou co.: _ ___o ,_/ . -,7

cos 2-o 1- = 2o, -Ao

tan a2 , = M/(N cos Ao - sin 0, sin Ao) _ _2 -I. - .

tan, 2  -(sin 0, cosAo + N sin Ao) sin *1-, 40' sin 0., -1
(I - OM o

S / II

tanAn sin Ao sina,.2  _ _ _ Aa, 61_
cos , cosAo- sin 0, sin Ao cos oa r

H c, (I - c2) Ao - c, c, sin 6a cos o . ... 0 (rad) f 0

>, - Ii.,,,f

CHECK / ii

M =Cos 0o cos 0, sin a,.2 cos 01 sin (180 + a, =A, .
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 0,, XI 02, X•2 to find S, ao-2, a:2..
Azimuths clockwise from north; east longitudes positive; nc tables except 8-place natural trigonometric (Peters): no
root extraction.

11 1 A•Ae /A-t6 1 SPHEROID a6_ZALn m b i f .

I - f =b/a -99 ~92 ±k 7' f 1/ \f.•27f 7Ct/OiP 7
f2/64, L -. 7 • • 1 radian 206264.80602 seconds

UlI .. •,•_•I,"• I-0 1 I

02 , I 7_"1e 2 *4:41A 5h _ _ _ _0 X

tan i l _ I always west of 2. -X i ,- --Xtan 0,2 f)_• • 9J.,,"tn0:( tan 0 '•, •AX .. • _- . ... _

02 40.- .- 4 tan 02 J3? .7 l.- sinAXm ._

0, IWL. oof2'O tan o, .. •L4 "I,- ta:n X Ax

Or,, =(0, + 02) 2•a__/ sinOm 0. l7 it- cos0m r,'/_"

AOm !:(0 -0 1)i_. JJ. sin 60-m f."9 :, 7f 71 cos no m_, it P_ 'O
I! cos'Am- SmlOm = CCsA0m - sil 2l mtt'2 l - L . _. .. 2 -__.iSL. t.

L = sin 2Aom + H sill m 26X...L cos d I - 2L L __._ , .PZ _ . ... . .

U = 2 siriOm cos 2 0,m/(1 -) ,_L 9L) d d .

V =2 sin2AMn co'0m /L tW=W~&sin d Mf W d (rad) ~Z213t

x: u,, + v _._ ,," r ,,,��.~..k.... r A d 7/6 E 2 cos I . i.,_ 2. .2iJ3 t
Y= U- v__ D.7,7 o 4T'_ :_;2 7)_7__,__ !I .D It-,_
A C ) 4A / .•_ .= l -'. (A C +l!/ +l _• (I|(K(-' - + Al),,lB ---r'

X, : xA + M11.2Xi3 n, = Y (B+ + LYvti• m_,4 f~a.,1_ n.,- DXY ,'.........._• ,!_'Z1

, d '(T X - ) - d (1": 64X, -nn + n..

S, T as,,,d (T-61d) m S; n d -, ,, . +- ,d
F = 2Y -E(4 -X) .. . .......... .M '2 -I•O -AIX -•IB +4 . . .... , ..

;-4 ,+'X r • (f',/64),M . ...... . .. . .. ... - !( l a'.~ ~s

AA , (X+ Q) .4A~mi Ia i tP'
v aitcan ici I :. .... .C. C AOms 0.m m far, t P9.

o ctn IC, I C' M., n cos 0n, 41 Vx)
ai=v -u...... ..------ -,E ÷ u , j.~ .... . .............

+ A(0 ..- , - .. .... ... ...

180-a ...... .. ....... 1804o .............

+ l80- ) ....... IO o 8 ............

j17



DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 0i •,t, ol., S to find Oz. X2, 02 -.. East
longitudes positive: azimuths clockwise from north. no root extraction- only 8-place trigonometric natural tables
(as Peters) required for desk work.

24~ 4-" SPHEROID aA61.4=-Ym f 13V6c27:z "?X /&
I - f• 099 ,, 7 I radian = 206264.8062 seconds

LINE aelf /1141 TO A07,,7/_(<J
01 tan7 0, tanG 0 ( 0__ a . 2/ _

01 -2. sins 1 .6i&S"-•612 cosA _ZZ11 _ 6, _. '_. 4-3
sin c, M = coso =cosO0 sina,. 2 0• 0o.- _ 0-

cos a,. / N N=cos0, cosa,. 2 a, a L- 49-- smn0 0

c, -fM a'. D=(I -cXI -c, -ciM) ?gm.

c2 = ¼(1 - M )f- P- c2 (I + ½.c1 M)/D

cos a sin 8 1/sinOo5"-LarZ2,o Ci .0"Oj 2.T It,*/- 7S 7

,S. &D / aIA•Y1_2;?S ... ,d) d a- _S 32tjgL,0 S V/A4 S'• 77. 7 Z m

sin d i.. - f"..S: 2 u 2(a, - d) -tL I,•9~~ sin u _-L~ r1$-flk-i.Yf

cosd4 -_ 91'r ST W= WI-2Pcosu Cosu_ -._t . , . ..

V-cosucosd-sinusind *._f AAA... Z f - Ya 2PVW sind "0_'±oIý•±'?tY 5 4 7 -

c',si~n d os d (V' - ) ,V-j '• • 7 ,, d -Y d..: ,_.fr_6 I.. ,d

sil A0 ______ Cos A0__ ___ AGd ' J~A/

cos a 1o__ 20, - .6

tan *). -.M/N cosAo - sin 0 1 sin Ato) 02________ Oii

tan* =-~(sini' cos6 .*N smn o)s ina2 , / . Z i L. 3 , .... .
tan~~~~( 02 4 tj L 0,(I - M

,m•ou e, Cos o- un ,n&o cc* at ý

Iimck(l -i.)tbo-cjc1  sin ~ co% _ ___ _ad) I t

Ax An -l /t1

'WF.CK

M oss G 0 cotesin a,.= coest sin(ito4 aD.,i I -- #A ale,-

Iti



INVERSE POSITION COMPUTATION FORM FOR LON(G LINES. Given 01 X1, 02, X to find S. a., u:.
Azimuths clockwise from north: east Iongtude.S r' ,itve: no tables e.cept 8-place naitUrai trigonornei ric (Peters). no
root extraction.

aAA~ ze -.- vM a m 4 -?i

4 147f 710= I radian 2062(A.8062 sconds

e,+" /P I, .. I._ .__ L _ •x -, . •o .

.7 ._0- . 2- I . 2" •_ ..... . •, _ 2 A

!an 1 1, L ,•..'.ziI alwa-ys west of 2. AN - A-, 1= .0 -

tai 0 2I~ tall0 =0 -Otano ' -19,0 0,

6,~ I 1 ~i tan 02 /~~L ~sinl LAN, L

0~ tanl 0~ 1 tar' LX\ - IV-

0, .' _. + sill A, 0 . co._ , , 1.. 7 . .....

ii Cos, -m - sulom Cosm - l - i . ", - .79 r i- .

L 11~~+ HsiA .-- & d PS7 S' 5?-c YrI 'r

L,= 2 sill'O,, ,&-.ýq",l( I - L)i d d 97 .

A--I)I /.7 .?6$ g~•A. -(A - ,I ( K (- .- .1- t4 I

M- J -I -, .,d I[ Ji 1  ,,, 1 1
.. .... .. ,ii 11 S : ,,s • ,,, -¾ -,,:•,, .O O +

-" "' . - - . . ..... . •'. % ,1 -i"t - , -i 41i N

(. s I ' tF 5  ) t : fi.t, tC4i .X 4 0
ili ill ."A

Q) 190 4A1n

*,' *~t~ it:I O .. t )€..G ''m lin m fn..i,, l!

u + ii~i+..,', ! 0 . ,, - - mn . tl• ig,+ ,, tin .'-.t., I t0

1 • - k ., - O: ' # U

18- !t 01)- 0

I ~ !1•0 - O i ... ..... 1!.I'O : ....

i !ij



DIRECT POSITION COMPUTATION FORM FOR LONG LIN*S. Givep 01, X1. al-2, S to iind 02. X. a 2.1 East

longitudes positive- azimuths clockwise from north; no root extraction: only 8-place trigonometric natural tables

(as Peters) required for desk work.

~~A4fK4J L- SPHEROID a 2?i ip ?e..,;e m f /P~l~
I - f - f9f 9 a1r-f'7/Z I radian = 206264.8062 seconds

LINE /1/1 TO " ,7_"L)
, 0 0 0 an€

0t Z2. 41 0 tan 0 ,7E.7¢e 772/;. tan 0O,--(I - f) tan 01,7k 6•i•

Cil -2-- ____ __sin 01 ______.Cos 0 1 0 IkA- f

sin at 1 -2  M= cos 0 o =cosO0 sinal- 2  00 - -----

cos aOf / N = cos c0 • CS a["-2  sin 0o /

Cf=M O D--(I-c 2 )(0-c 2 -c,M) -994pAOS• PO4

C2 =Y(I Y- M) =c¢ (I + 'Act M)/D -a ,omq"2

coso, =sin0,/sin0, )-0  , ., e 2 Y-g",67

d=S/aD _ . _ ._L_(rad) d , S ,,',977.,?6 m
sin d s$.._,99--r-,Y?-•__ u = 2(o1 - d)-!• .L t.. /'sin u 7, '. 7-/2

cos d : 9'' ' W ' W = I - 2P cos u ÷ Z jQ/LZ79Z cos u ,4a-

V=cosucosd-sinusin dkS," 02 ,.., Y=2PVWsind 7'•A,6 74W7%

_sin dcosd(2 Ao=d+X-y /Y . .S/ t29, ._(rad)

sin Ao. cosAa to P,• ' /A0 2Z,.•

cos Y-o. Z = 2a, - Ao

tan ct2 = M/(N cos Ao - sin 08 sin An) C2a 2.2-

-(sinO, cos Ao+Nsin Ao)sina_, #.9"?o . sinaa_,

(1- AM -- 047"

tan A sin Ao sinna,- 2  0 ,
tan/os0 CosAo-sin0, sinAocosa. 2

H = c,(I -c 2)Ao -ctc 2 sinAucos la .(rad) H -_---._-

AXx Arn -H Jt
x, -i -•

LHECK

M=cOSo=coS0,sjinai.2u=cosB2sin(I 8O+ a.2) -1 =+_ +AX 14 7_ _
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01, A,; 02, A2 to find S, a, -2.1

Azimuths clockwise from north; east longitudes positive; no tables except 8-place natural trigonometric (Peters): no
root extraction.

AeZJ]. ."ESPHEROID a.",0._, m b 6d1'4 ,-,.?• - m
I -f= b/a o i',& _iwd/l<ý4_3¼f _J,"7,•!,A 0 71'teAQ
f2 /64_.L../_7• 1gAla i radian 206264.8062 seconds

01 42

tan , , I. always west of 2. AX X,2 A, .IetZ!.-- _ "."

tan0 2 **,Ji'9 A1,/ 4  tan 0 =(I -f)tano AXm = /zA.

02 2. W4/ o..6. tan 0 2  ;L!?~Ž sint~ / ___ J

01 tan 01 7.?A'9" 6. A tan AX _______

Om ==(01 +0z) 464 .22" sin0 4-U.7I2. dl•4/7-/ cosOm 0 .o A f7V/•9/ 0
A0m =•(02 -0,)--L226• 97/.•. sinA0m'., /I / A cOs sm•, ga/PO / 7

Hsin~0 -llO c si20m ,, _.?L f-L9 _2 7 7 2 .9/.

LilmHsinm inAm V 7 4.ltd7I ,, cosd I-2L OS• ,tf•

U =2 sin50m cos2AOm/(l - L) /. W.tf 7' VPtRR d ae 477

V = 2 sin sin d - feq,"fe d (rad) b. 975'3•2,24k,,,

X=U+VA2. 2Q0A72'k T=d/sindLZ,,••",L . E = 2 cos d * - /_______

Y=U-VLZZZ7•.•.T9__ D=4T9 I.7e5!7_03 L2" B = 2D /_. a3,'t.f&. 6 ZA

A = DE/.//lff VY',• C = T -' (A - E)Z,42 I CHECK C-1/E+AD/B=T

Sd = ¼f(TX-Y).O/,O'• 2O 6d=(2/64Xn,-n20n3)

Si =asind(T-6 1 d)-_____________"___ m S2=asind(T-6id+62d)+?AWd,. -.) Z m

F=2Y-E(4-X) M=32T-(20T-A)X-ýB+4)Y ,
G = ½tfT + (,f2/64) M Q = (FG tan AX,)/4 42
AXm = 1h (AX + Q) CA} •tan AX,m .' a ,A -0 O
v = arctan Ic2 l c2 = cos tAm /(sin Om tan AX ) ,0
u = arctani c, I _...c I =-sin AOm/(cos Om tan AXý) 0

Oi =V-u 02 =v+u

Cl c 2  a1. 2  0 Y at2 -1

- + Oi 0 360-0a2  AZ .

+ + Q2  360 - a,
- - 180-a 2  180+a 1

+ - 180-a2 180+a 2

121
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01, X, k a-, S to find 02, a, a. East
longitudes positive; azimuths clockwise from north; no root extraction; only 8-place trigonometric natural tables

(as Peters) required for desk work.

6/Z Ae/] 6E- /f• SPHEROID a 6f .3 m f :E -.32•?k/O"

Sf . 9-9! i0 ! •9! t,7/7 I radian = 206264.8062 seconds

LINE , t/S/Z/ TO :',• $',/ F" / oe
0, /0 0p tano , fj•..3 .24p tanO,=(0-f)tan¢, .ZIL,•,Z ,,9"i

a,. 1 _ D 0 sin 0, LZZI 7 7A cost 01 0..O,_l ,.•
sin til.2 -. ZQ7.Z 4M72' - M=cosOo=COS0, sinai. 2 .brK•72- ,.1 0o_.y:1_.__z__

cI = •M .o,2A_ oz U,2A D =(I -c2 XI - C2 -c,M) 9V7Vr- 122 9
C2 = %(I _-M2)f VA• Mir•-/J.•Cl P =C2 (I + '/.ct1 M)/D oa=_dOiZP'tff7- •

coso, =In=sinB1/sinOo .,911 ,p 3 _ _-_o__2._, ,___,

d=S/aD /I L 249". 7-.Q_•.-_(rad) d 2,P-S7 n It.•f,-977. ,'•S,,
sin d 46 u 2(",0 •o--.' , - d)-_a/__ sin u -" , , r.4, .,"

cos d & Q.aLS O " w= I -12P7cos6u W 2P l cosuu -__,, __Z

V= cosu cosd-sin u sind " Y= 2PVW sin d ,._ __V

X=c! sindcosd(2V 2 -I) &1.5 6,X ,/" AG=d+X-Y /. f'7,S .?/ 7 (ad)

sino .A A -f'Z72%..A cos ._•.0 : .,62'177 Au ,& y a ". _'

tar, a2~ -=Ml(N cosAu -sin 0 sin Ao) %." /'6••I a. ,J. _ , jp3

-(sin , cos Ao + N sin Ao) sin a2, -71/$' 9.?••
(II 0I

02 IVY r3W t0S IF)
sin Asin osin ,a••-

tan r1 coso, cosAo-sin0, sin Ao cos a, ... .

AN--A, -H. 9T:s S it, PSI-

CHECK 0

M-cos0o =cos0, sina•, 2 =cos02 sin(180+a 2 -. ) X, =?+, 77 A r- 4.P

122



INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01, X,; 02, A3 to find S, a,- 2, a2 -1.
Azimuths clockwise from north; east longitudes positive; no tables except 8-place natural trigonometric (Peters); no
root extraction.

ZIAP, & Lr SPEROID a62 ,~m b A-' t9? m
I -f =b/a -9htOf94.7 I.A 5:A V1:1

f'/64 1 7_A-ZA& i- 7_2 a./ " I radian = 206264.8062 seconds

,2 We € o 0. X,2/ 2-'r 74404

tan 0, ." U , 2 1. Ialways west of 2. AQ =X2 -X, FZ 2 .2 .

tan 02 5" '7f/ tan0-(I-f)tano am ="mL v7 V, VW

082 of, 4CZr-*li tan 02 l~.~ff-.sin aXm ~zfZ2.9-
01 ,r . tanG, ./7 7 fit, 7V tanAX -/I r2Z'CZ

Om =/2(01 + 82) sin 0m.P 5 %9 ZW2 cos~m 0, .It 7 &t/,PA
Atm = *(02 -0,) sin LOm-/. 2qjCJ'.q2. cosAOm, 1.L.ir ' Z%.9

H COS2 A8m - sin 2 8m COS2G a' - Li 22 AQSZt9 4/

Lsin2 AOm +Hsin2aAXm1,72O•j'I9.S cosd=l-2L OS-'Ot"/

U~ 2sin2 mos8/( - L) - ZL ?Z•4 7 •12+0 Z d

V= 2sin 2 A2Lsind .-n•.9'•tX!2 Z d(rad)

X=U+VAV/2,W/Zf202/ T=d/sindL/?2 •3o•.Y E=2cosd .. ///.4 /•4f
Y -U -V &W2Jg• •'9?VC7 D =4T2€ B,]" ,•, #" = 2D 1.1 r, 9¢f•.••-

A =DE A Z ,9-92 C = T- ((A-E) &M3f"WCHECK C-½ E+ AD/B=T
n, X ( A + CX) A _ 2-M n2 = Y (B + EY) 1-- 96 -7 n3 = DXY 4ý'077VJM24 . _

61d = 4f(TX - Y): t• •" ' t6 d = (f2/64Xn, - n2 + 3)-

S,=asind(T-6,d) 9.A"-7•.IV2' m S2=asind(T-6,d+62d) m

F =2Y -E (4 -X) 4~~. if, PV : , =2-2T-)-B4YtZ 42
G = fT + (f0/64) M . s'" 7• Y ? Q -(FG tan ai)/4. /2 /iP-

AX½, = AX+ Q) V/ 4 -C;e¥ tan A_ !.-/4Z8JV 4,A 1
v =arctan lc2 1 6 J 9 2?~. c3 cos 68./(sin 0. tan aXý±..Lyb.Z

u =arctan ic, 1 .4. to .. 3a. c1 isin ~IV, (cos 8. tan am)~ r'?OA
oil 42 (k2 " I t1 a2 "v+u

c1  r, a4,.2  a12-1

+ - o a, OW C- 0.ft 360 - a, il 921 12 .7tZ
+ + a2  360 - _a _

- -180- 180+ a,
+ - 180-a, 180+a0-
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 0,, A,, aI -2. S to find 02,. X,24 (2- East
longitudes positive; azimuths clockwise from north; no root extraction* only 8-place trigonometric natural tables
(as Peters) required for desk work.

,•6Z4A0'*'6 /6'_ SPHEROID a ..Z 120.nm f 1,1 ?QW4271 ,X' X /O-

I - f f lulaO 992fj'7/1 i radian = 206264.8062 seconds

LINE TOI 14111115)

0O tan4 1 , *?f tan 0 =( -tf)tan, 1  6 7 _' 4T 42

a,..".2 -€ V sine, -g4"/425OUf cosO, . 7-6 Z7 1W-__ 0, 9 _r:_3

sin a,.- .7) M =coseo =cosOI sin 0 ..-2 - 0 ,o..7IL•L_-

cosa*1 2 ZA Z Ncos01COsa,., . 014S" Sin 00 . /fp ff

c,=fM D (I - C2XI - C2 - C, M) -7-' 7

c,=ay(I-M2)f ..- ' P c 2 (l + Ac, M)/D 0 r "7 7/- Ind

cosoa =isinsn~ o .1 /sin 00 Or / o,

d-S/aD /oXZ2!J'-FW r....(tad) d ift 4S W .. f. , S 9geS' 9'Z7. Y4 m

sin d ,MZXJA1 u= 201 -, sinu__

cosd. .O.fL1'' ," W= I -2PcosuA 4940 7179a osu7- 9 7"•2f ....

V = cos u cos d - sin u sin d P97•9,•7.? 7O3 Y = 2PVW sin d ____

X c' sin d cosd(2V2 - 1) A'.=d +, tAod+X-Y /, ,?° V"2 (ad)

Co n Z 2- Am , ls" '. S"6 11,
costoa ...27 -14 Mo=2o, -oao - , ,, sin

tan 02 - -(sin 0, cos A+ N sinAo) sina&2 . . LTLg -A7 . sina -c -1
(I - 0'M "o ,,

02 es: It Sh"
sino / sina,-2  .1,7

cos9, cosAo-sinG, sinAocosci.-3
H,,c,(l-c2)Ao-clc2 sin Aocos Zo *-a/'22f7•,• Z (rad) H 2 '/'~•

, /f 0 0

CHECK 0

M cos o=Cos01sin,1. 2 Cos0 sin(180+a 2 .1) X3=X,+A /AZa al 2,2'4i 2

124



INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 0,. X,; 02, A2 to find S, fa, .2,. 2

Azimuths clockwise from north; east longitudes positive; no tables except 8-place natural trigonometric (Peters); no
root extraction.

6IAR,,< /•h SPHEROID a. Z, .m b_.. m

_f_/64, _,__._7_____ _ _f _ I radian = 206264.8062 seconds

Of 0 a .. . .14 A, Ir•, q49 o 0 I____._____,_____

2 -,,C" /0 L'(., 2. a,, v •.
tanO, O Jf " 2. 1.- . 3always west of 2. A=XZ-, Al 120 OPk
tan 02 -/)• " 7l tan 0=(I -t1)tano ' !••g //•,/

02 ? 4/3 tan 02  ZOf101 Z L srA4 #tL2-,A9,?
0, 2- LL '. a tanG, 01• 2fX 2,'3f tanAA, "- 72?Z/.e'f•l

0m =V4(), +02)3.4# 22. sin~m ,' - It/ .71'V cosOm 4 ,,92, t0f, •

AO, = 1402 -01) AO sin AO,-Zf cos AO£..f L fZ.
H = cos2AOm- m - sin 2 0 M COS2 0m _s in - L . 2,1' k,•M,

L = sin 2A0m + H sinAm cosn_., 9,19.,. cos d =I -2L 412CA'70160,tV

U = 2 sin2 0m cos2 tGm/(I - L)-,€'/paP 7 -,. d f A .. ,,
V = 2 sin2 &0m cos20m/L Atwl•-a sin d -RJC172/• Z d (tad) /.'9S./ '€.'

X=U+VL4,562f" Ak Z T=d/sind 6 L5"1!eZ7 .L E=2cosd ./___ /___A___

Y -U - V,6 Ka 91 9S D -4T' 1 7422 V B=2 D,6F. Ark

A= DE aZE2'fU!-• 7 ?• C - T - % (A - E)4CHECK C -½ E + AD/B = T

n, =X(A+CX)L nn-Y(B+EY)Ah.s206& n3 =DXY Z-L...•.aLZi

6, d - %f (TX - Y) -0,O 2 •S."7.2 61d = (f2/64Xn, - n2 + n3)

S, =asind(T-6,d)_S- 9"l .1'0 m S3 -asind(T-6d+62d)-

F = 2Y - E (4- X) 2 .fO•9• J•. M-32T-(20T-A)X-JB+4)Y'••a4/ .'O.ih

t G= fIT+(f 2 /64) MEI•DL'#' 9 /*hi'• Qa -(FG tan LA)/4 at

$0ý -m -hn (Ax_+__)___S_______

v=arctanc Icl c2  cos A0mI(sinOm tan X), 0j,,

u = arctan Ic, I -0e c, 1-sin A0,/(cOsO0 tan a,ý)

Off -V u 24 A 02 Wv+u y
C1 c2  a. / N IV

- + a, 360 - a3

+ + 02 .5 • , 3d-e,_ 42 360 -&1.s1

180- 3 180+01

+ - 180-a1 180+a0
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 1,. j a . S to find 0,. X,.02... East
longitudes positive; azimuths clockwise from north; no root extraction; only 8-place trigonometric natural tables

(as Peters) required for desk work.

aL4z ,e' /zn SPHEROID a SfW•m f f?-?e9,Wlr1-& -1AP'7-?

I- f .I9 . 1 radian 206264.8062 seconds

LINE z,,To ' (IlO/6,
0tan 0, .ZfZ77Y tan 01

C11 -2 o 61 tffn, , ,Cos 86,-4 ,,nC 0L1,kA., / 6. f ,
Sino - ,.U. Z &Jj' 7j? M=,:Sos0=cosO, ,na•.,,,,.:7A .ZOo Zf 1,7 -,R.o0
CO ,, .II-,2T N = cos 0, 1 os,& -, .=i .2, Ile•, ,sin .O:o / .,,1 ,

C2 u(I .M2)f~.Z(S~i~2.7P c2 (I + 4c, M)/D j9A 7!9 i'.h

cosausinOl/sino *.PfSf'no a,'l.. P f•.7/

duS/aD A ASY--rid) d 2 xC 4 S gd.l--f77 7 ~1a m
si nd -A••P~tlq/ u=a2(o, -d) -•4W ,eg Z214 '!sin u - C ZJC At•

cos d÷ , "!97J7- W= I -2Pcosu CL"2os U $

V-cosucosd..sinusind ouiXYL2.4&-L•fatqO Y= 2PVWsind d '- '' _
X.claindcosd(I20.|) -. A 7,"&'dF-M _ Ao-d*X-Y A ,S/'77 7"5 ?-7 (rad)

" 4Wcos i - W

ta % - sin sn.2I'?

tana�, -.(Min(cosAo+Nsin~o)sina-., 3' OY"U n=.a "" r7 ?4r"YO

(I -N Q
02 0 P '

co ,cosao-sin sin Cos ....

H cl (I -cl) A- c, c2 sin4o cos Zo-AL ~k~ &,7Zrad) H ~i.a
&X q -H 1i' 2e V 2 A

CHECK

M-cos0,-coO, sina,_- -cos9 sin(I8O+=3.,) +& A, +• / /, .. .,
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 0,, X,; 02, A2 to find S, a, -2, 2 -.

Azimuths clockwise from north; east longitudes positive; no tables except 8-place natural trigonometric (Peters); no
root extraction.

_tIAA .•" /I• SPHEROID a 191 m b . m

I - f =b/a - 9 921?2 V?'Z f 1"6 wvifa f
f0/64iZSA Z.L I radian = 206264.8062 seconds

0 0 "' l °.•, 7• o o . t2PI,,/t/,/ f4, -lip' 0•

0, 1/7 Of ,,.1•- 2.- 7,e 4&? z. , A2 i40 1 ,_Z.J'Z o

tanO, 0 2 7V 797792Y l. always west of 2. AX " X2-X,/'
tan 02_. '",P ,,,- tan 0=(I -ftan0 AX,=•!i a 9 •

02 !.'1 46 24.4 1, tan 82 ,07 2I-CM sinAm A ' Q#L9 4djo7

0m½(Otan 61 .2 S?1ri.2f anA -- OR~dfS7 1"

H =cos 2 AO, -sin 2O8 cos'em - i'0,3& -L -___

Lsin + H +inH AXm IVZA cosd I -2L .•f"f 9A I.,

V 1snACS ,/LfY1421- i Of* d (rad) 7Pi

II

SX :~U + V/,4,2Qj.7raW)1 T =d/sin d/rZ2,Z!?S1/2 1v E - 2 cos d _&/J0,"S'E2 AW

i ~Y=U-V,1-AW!/S"L?•2?- D=4T1.__f /Z•9•i"-VT B =2 D/J.-" -. .I

t A =DE 40•Z ft i 7 Z ZZf C - T - ýi (A - E) /& J2ýHECK C - ý' E: + AD/B,% T

I ~n, =X ( A + CX) S*,--=2 n, ,=Y (B +EY)IZ2 V n, -DXYZZ--WW , 22222.fP

S,=asind(T-6,d),r's .asin,/ 7  , m S2 dT ,+6d)AU,4A Z-,. e R 1

F - 2Y - E (4 - X) f' .75AtZA j!/a_ M KIT - GO T - A) X - JB + 4) Y 0

(m q*T + (f' 164) M~k~**•42.... Q -(FG tan AA.114

40 ,A tanaýA-A~APAe.6•iL!FL ___

v -arc"an lc•l At IC. lc, co C--n,,l/(scoe,, tan i 1 ,)..1it 7 ZjW 20
u - arclan Ic, I ,4S-' PIC M . cj,,%ifl6.(CO18M tlfl , ' ZA LZ4f"
off v u .. .v+u ,,,. 42 ,2

CI C 01 -| 03.1

+ a, 3S60 -a ,

++ *, a 360-a, -- _7 *,A ,

- - 180-02 180+ 'o -

+ - I0-a80+

127



DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01. A,, al. S it) find 02. X2, 02 ast
longitudes positive; azimuths clockwise from north; nc root extraction: only 8-place trigonometric natural table-
(as Peters) required for desk work.

L4 fF/ SPHEROID a l -?762 f 5?2AQ7 ARP3xadr3

f f9 &, e F;Y7 I radian =206264.8062 seconds

LINE, (I TO-/V/"All

tan t 17 1094 tan 01 = (I - )tan 01 .Z~~i
ct,-2 Ja Osin e,-/ 1 ~7~ co! e, 19 81~~ C Mli

sina, (1 / M~cosGo~cosO, sine,.. 2 CP_.V

COS oft 2  0 N ýcos 0 1 cos *1 2  42sn0 -P-:

c2= - ( -M2)f- i0A2W ."PFLQJ1e P~c2 (l+ý4cjM)/D .~.4~.$9i

cos a, -sin 01/sino 0 01 a Q

duS/aD /.Qf1P4Y~Zkj9ZA(rad) d JL2L.fZI~ M hSf7#4i

sin d .. dL4~I.1L u -2(o, - d) -12e..02t...±si.n u aI-ter

cos d# O/9 Wal-2Pcosu~Le1 7C Cos u

V-cs u te2t LLcos d sn sin d /PXA di9 Y-21`ICOind

cl(sin d cos d (2u3 - )mi=J2 . 0Ar9 A0) a-1S- a

9 1

Co .# LZ [L CAU Xa a,-m "
ta * o1M/e cos Ao-mtT Aftl 21U 02.1 Z C6Z 411
Huc(I.c 1 ti-csA +Nsnti oea) t2LzU.rd si *7 .at

)mi-- --DIET POSTIO sinUATO FOR sin a,., LIE.Gvnb, m 12 to 9id0 2e oZ , 1%st

CHECK 0
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01, X; 02, X2 to find S, c, +I. a 2 -1 .

Azimuths clockwise from north; east longitudes positive; no tables except 8-place natural trigonometric (Peters): no
root extraction.

t?,r 0  Z"~ SPHEROID aWAM IrnA,' b __?Z m S- f = b/a- A9 S 4 ' 9 37/6 .

f2/64 •._LZ7!?_1"0X_4_v I radian 206264,8G62 seconds

'0 I • " .. ". .0 I+t

0, /i• 0 ___ e. ,P~/s/ (4 P..',•) •-,-r p

02 • ?O s.t•9 2. A, &,, g-'.2t
tan 01 1. always west of 2. X, _ X, Z t7 f .

, 0 . r._ ,., t,,an .2 J sin AXm . -,

em = 1 i, -o, 1 + 8) sin , - 11,0 2 csm 0,, .-4.q.S . -P

H = cos,•8, - sin'9m, o,, O,,, -si'm,, I -L 2 .. ri. f #_ Z , tch.

L=sin'tm + Hsin'aXm .- • A&'? cosd-Cl-2L M- ..-cosd - I-2L

U =2 sin'9 cos' AB,/( I L)-2/ 04MV -d -- A%-- d

V= 2sin'0 cos'O?/mL - sin d .. • 9912 li/PI- d (tad) ,__a!_Z SYI71*,,
x.- u + v &!•rig• / 21ýpjef TT= d/s., d/+.!.2.:_? E - "os d :-]+•

Y - U - V_ - , VkZZL.• D 4T- Wf, Z.$ ffLZf9 B - 2D /la At•+Lf Z

A-DEA"If&T7/9k.PS C-T-%(A-E) ~~D CHECK C-!2 E +ADIB vT
-X( A + CX), a4 f2 n, - Y (B + EY)• •* 4Cni/ =','$2 ,C"

6,d - %f(TX - Y)it - ... S74 2 2_ 9 6;- (P/64 n,-nz + n)_)_ ..

S, uasind(T-61d) -Q-r 2I~ m S,-udTfd6dF.. 2Y -E (A - X)- .,&rj,+ eV~ M "_ - l'T-(.+0T-A)X-X, +,4,),Y j•_•,y
G~rr.(r!64)M.~~4~~ 7 ~R7 0 -(IG tail aX)14 *--

v -arctan )c3 C3 *COSA&$. A. c, tan taBIsf) IS

u v actan • c, I _ r c1 * be., t (Cos , . ,an j ) , +..L.•_ _•__+m7

C 5  C 3 @k4 . 1 1W

- am- at -

- 180-0 IS o*,

* - )Ito 180o
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 0, A,, u, -7, S to find (2. X2, 02.. East
longitudes positive, azimuths clockwise from north; no root extraction; only 8-place trigonometric natural tables
(as Peters) required for desk work.

6K, ~ SPHEROID a 6?7Zt1& - rn f ee7$t -30

I -f I9 O' 9• '7'7 1 radian = 206264.8062 seconds

LINE TO /

,, .'0 0tano 01 !i$.•$?" tano0, 1_-.f) tan0,,_

01 -2 0~~f sin LIfZ, ~ L eO ULZ/1b2" e, o &C~ S2&2

sin a:- M = cos Oo =cos 1 sinal-2 ".,4 &V o '

COS al. -.2 . N = cosO, cos *1.-2  psin Oo z AZ
C, = fm (2o,•_ 190o ST__ Z 1 D= (i - C2X< - C2 - CM). .• '• .

C2 - (1-MIY.-=ltIV' C' Pc 2 (I +%c, M)/D _

cos la, = ils01/sin 00 in o L o9 0

d-S/aD /Z I -I ff 7AZY..Ar ad) d S 9 rAYJ S fA r 7f7. Z "( m

sin d ,u = 2(a. -2)M, -d) ,2ULa 'itWsin u 4 • S_ ' .i 2 /1/

cosd , = . 0 714eL,/, W= I -2Pcosu+4, 2 E111 cosu - -., _W'1_7k7

V=cosucosd-sinusind .",.2, Y= 2PVWsind --

X=c2 sindcosd(2V 2 -I) : , , ......o=d+X-Y X,€ Re/.r ,- (rad)
si u t"! 9e CO -"0 "3 o0

costo un 1Ad= cArasn,-=oi-#, -0-" 162

ta l=- (sin 01 co COSo + N sin Ao) sin a2-1. o.0.ly /O

tan(-M sin 02 4 --

0 / aI

sin Auosin a1 -2 An #
cos6, cosAo-sin0, sinAocosa,.2  . . ..

Hc,(I -c 2 )AU-cIc 2 sin ocosoZaA,&Q. t Z.,32Z(rad) H 13. 9I"O

?t, - /7 0

CHECK

M=cost~ocos6, sin.-,2. cosO2 sin(l80+a*2 ,) - +AX _ 2A7
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INVERSE POSITION COMPUTATION FORM FOR LONG LANES. Given 01, A,; 0?, X2 to find S, a.2, a-
Azimuths clockwise from north; east longitudes positive; no tables except 8-place natural trigonometric (Peters); no
root extrLction.

CAK / t  SPH1EROID a~il2YtZWL~m b iC f?1Pm
I -f b/a±t!'g 06.Af9MIZL7J_7 f iq'.f7T•€//" ¼f_ .7•_7Ai7M /" 3

f2/64 /ZSr22 I radian 206264.8062 seconds

SN a• t... . 0 • S

/ , .f XjP 2._•• 4/ LA 2 x, 2.7 X/2 Z a
tan 01 V9.W 9!9 1. always west of 2. AX X2 - NJ .jlt

tan 01 . ..2 --. tan 0 =(I - 0 tano ANLm = YA -.

02 r A j". 2 rZ tan .2 sin AX. . , i/ 99
OJfJ4/4,._3 tant, at.92!' SDOk tan&N 14-"iRC6C

='A(O, +0 2)2 D rr i2.Y'/ sinG,, 2Z.frS~7 11?4W cos 0m. ?VQ5 A/4
AO,= ½(0 0 -,If S:?_j2W intAO, 2t,11ef2'~7-V Cosi8, A9,L A WE

H = cus2 AO,, -sinOm 2 0, s .26, - sin'28,. Z I# l - L "17 g e 7

L=sin2m0m+[-sin2 Lam .!/7&;7. •osd= I - 2 L &r Arz
U = 2 sin'6m, cos'AO ../(I - L) -,_V41M I•L• 02 Z•t At• Z''• d,

V=snI! os d•• -sin-,,-". d (rad) I- juf,'.-f2 72
x= u + v_ 3.,7& ,!% 9 1 • ,j in d I.' Z LAL1 f7 E = 2 cos d •

Y U -V .2*2Z~L D T B=2D

A =DE/./___ C= T - Ii (A - E)&A ff9 CHECK C - ½ E + AD/B = T

n, =X(AtCX)1-%i&€2O n2 =Y(B+EY)JZZ"" n3=DXY-11/4SS9 %' _

5, d =Vf (TX -Y) _ 8 62d =(f
2164Xn1- n.,+ n3) gat .Z

S =asiSand(ml -6,d +6 2d)!,"..SZZjZ m
F = 2Y - E (4 - X) .. M 32T -(20Tr- A) X- B + 4) Y I,

G = ½fT + (0/64) M F, .. _20 Q = (FG tan AV/4 A
j= (AN + Q) 40 _., 1 tan A,.

v = arctan Icz I ,• c2  cos 60m/(sin Om tan A),, ,-

u=ayrtan 1cI . -f '._X. 7. _ c I-sinLAOm/(cos~m 0 tan -J) i g A
"o=- "- at e'- 1 O° " --

all =V-U .., _ 0121 =V+t

Cl C2  &1 =2 *2-I

- + 02 360 - 02
+ + *, . 360-,, -

180 - a2 180+ a,
- - 180- .. 180+a0
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01 1,, S tU find 02, X2 ,02-. East
longitudes positive; azimuths clockwise from north; no roo: extraction; only 8-place trigonometric natural tables
(as Peters) required for desk work.

LLA~2~ii2.SPHEROID a' m7O~r f . $Z 1 A2
I - f .o.4 .&kOZ9J Z VI radian = 206264.8062 seconds

LINE a l&AI TO 7 .4& /V'I6'3

$in 0. z
MNcosO0 =Cos 012 si ai-COS 01 -2 • N Cos 1CS01 -o2l~ 0 sin 0o. sir _ e, A

C, = MCC/ D= (I - c X I - c -c IM),, O #/pA fsfr

C2 ZV(I )f- P= c2 (I + ½clM)/D .O•V&/& .•9"StO$

cosoa = sin 01/sin 00 L/ o_

d=S/aD /.LZA77J?1,3.(rad) d IZ LI#29.. S 4'1..'f 77. mS• m

sin d 12'# PC Y- u' =: i( - d) sin u o _-__¢, •
0sdW= I -'&Pcosu$.~e1AL COS U . 1I

V = cos u Cos d - sin u sin d_._ __ 0/ Y 2PVWsind Me.l Zo._a9AA•

X2clsindcosd(2VI Au 97I/ZO . to=d+X-Y /Y ILL,)"•4 (rod)* I I,

cosZo A•&Aow- Zo2o= -Acr iia _ _ _.

tan a2., M/(N cos Ao-sin61 sin Ai) --. ?h/7 C1 .2-1 __--_-

-(sin O cos Ao + N sin Ao) sin a2 ., " • __n__-_-"___/._______
tan 02  ?/ sin U2 -1  ~.V92

(I-OM o -,

sin Ao sin a,. 1•3 -2 7. / n _f " •
cos 0 1 cos Ao - sin 6 1 sin Ao cos a, -2

H=c(I -c 2 )AO-cIc 2 sin Aocos Zod- 216n/1J -rad) II I.

A),X = - H It iO A,, R,3,

CHECK ,

M = cosO COsin Sin 12 COS02snm(i80+ a2 .i Xl = C1 +
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01, Al; 02, A2 to find S, o,-2, 02-1.

Azimuths clockwise from north: east longitudes positive; no tables except 8-place natural trigonometric (Peters); no
root extraction.

6XZAe"r !/f"AZ SPHEROID a ZJUM" im b 03rm
-f =b/a ,fgp99 .7/7 f

f2/64 I______________ __" l radian = 206264.8062 seconds

S, , i- ,,d 2, i, i ,, , ,- ,, f

' 2 IJ
ta 01 _l Z! 7 7. Y 1.awy etoi.& 2-A

0, It ta•,1AL tnA

0m 4(01+ n2). , cOSem t2 sin0, 9Cos40

AOm W(O 2 -01)f.13_0S•-.,t. sinL9m A -, t /co7 cOms7Bm 2-
H = cos•i~m - sincere = cosem - sin'Om, , .- - __L _____ 2 =" ,I

L~sin 2in. +Hssin..9m "1/,,kS/ cosd I-2L .OX"6_ 1000

U = sin 28,9 cos'A0m/(I - L) AP2•299.Tt. d7

V = 2 sin60m cos52Omf/L 12MV15%in d .M -.7'-q9 . d (rad) LARM921,
X - U + V/o 7•-,•1• T = d/sin d tf-.• ?Z/!9- 7&. 1 E = 2 cosd ,14/02,

Y=U-V 9?!2VA qf07.1 D=4T2. ._Z&2-7 B=2D /It,. ,L7.X3Y&..-

A DEiOt9tS2L C T- -h(A -E)La,617-fd ~CHECK C-thE+AD/B=T

nX A+CX) C /022ffC2nl = Y(B +EY) ±ZYLMQdZO n, DXY! A IMA .'2-
bi d = ~f (TX - Y)/ A.!•, •62d = (f2/64Xn, - n2 + n0)'A.••2 O 3

S, =asin d(T -6d) M S2 ='as/n d$' ( m $d + 62d) "2

F = 2Y- E(4- X) S'),*/ /9" M=32T-(20T-A)X-JB+4)Y-.),ZZ, ,,

G= qlT + (f2 /64) M oA20AfA2,1r729 Q -(FG tanL L)/4 A..S.

4#(A +Q 01 r"- A tan A XXW

v = arctan Ic2 l 40 1, C2 = cos AO /(sin 0m tan AX,) 0. 9?VS, •'2,

u arctan 1c, I ./J*• ,,_L_.. __Ld1 c =-sinLl0m/(Cos8m tanA~)m')1 *e'f_•16D
a,--.v-.. : t &Z, a 16, ._e ,,2 v+u .,-g 41-• 1? Z,

C 1  C2  01.-2 0 I2 -I

+ a 4 360 - a2 7+ + a2, JC .'f-•- 36o-a, -A -Y'•":/Z

- 180-a, 180+ aoi

+ - 180-a, 180+02
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CONTROL COMPUTATIONS FOR THE HEMISPIEROIDAL GEODESIC CONTAINING
AN ACIC GIVEN ARC

These are the control computations for the geodesic as presented in Figure 26. To completely

determine the configuration we need compute only the constants A, B, C, D, E, F from equations

(49); al, St from equations (48); A2, S2 and AX3, S3 from equations (47); and &NO, So from

equations (54). (The equations cited are from Appendix 1). These will provide the check equations

Now f =.003390075283, sin 00 =.97013371, cos0 = .24257076, c, = fcos90  .0008223331378,
c2 =(Il/4)f sin2 00 =.0007976503177, ca Il + cl cos 0 = 1.000199474,c 4  C2 + c3

- 1.000997124,

A = cc(l - c 2c4)' .00082167655, B =(1/2)cc 2 c, =.3280325 X 10", C =0/4)clc€

--.130X 10',
D: 2 +ca(c +)-(1 + c2)c4 -c 2 a.9982060223, E =412c2 [2 + cs(cs - 1) -ell

- .0007977296351,
F =-(/4)c(2c4 - 1) = .1593787 X 10".

From equations (150) (Appendix I) we have:

01 = 690 56' 14".590, 02 170 05' 21'.296,9o • 750 57' 421053

sin 0 = .93931830 sin 02 -. 29386097 si 00 - .97013371
cos 01 = .34304686 cos 0 2 -. 95584817 cos 00 - .24257076

tan 1 - 2.73816326 tan 02 - .30743478 tan 0- - 3.99938439

sin 0 t/sin 0 = .96823591 sin 02 /sin 0 o .30290770
tan 0 1/tan 00 - .68464618 tan 02/tan 00 = .07687053

From these last four numbers:
a, n arc cos .96823591 • 140 28' 47."231 = .2427199475 radians

q, a arc cos .68464618 - 46* 47' 3 1 !966 = .81661,8177S radians

-= arc sin .%6823591 a 750 31V 12!769 = 1.3180763796 radians

72 a arc sin .68464618 a 430 12' 28!034 - .7541181497 radians

As = arc sin .30290770 a 170 37' 56"390 - .3077422231 radians
73 * arc sin .07687053 = 40 24' 31 .342 - .0769464374 radians
sin 2o, -. 48419238 sin 2#2 -. 48419238 sin 20$ * .57735414
sin 4, = .84729944 sin 402 "•84729944 sin 4ps - .94281220

We can now make the computations, with a = 6378206.4 meters and w 3.141 5926536:
t,.8166781775 Do, .252266S735

-Aul - .0002076541 + E sio 2a, +.0003862546
.8164705234 .2526528281

+ B sin 2a, +_ .jI - F duo 4 - 1350

.8164706822 SI/a .2526526931

-Cin4q1 - I
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aX,(rod) .8164706821

a, 460 46'49.167 S, 1611471.024 meters

,a .7541181497 D2 1.3157117800

-AP2- .0010830332 -E sin 2A2 - .0003862546

.7530351165 1.31-53255254
-B sin 22 - 1588 -F sin 4P2 + 1350

.7530349577 S2/a 1.3153256604

-C suu4P2 + __

4A2 (rad) .7530349578

a 2 430 08' 447610 S2 8389418.545 meters

7s .0769464374 D03 .3071901404

-A3 - .0002528648 - E sin 2P 3- .0004605725

.0766935726 .3067295679

-B sin 23 - 1894 -F sin 4P3 - 1503

IA3(rad) .0766933832 S3/a .3067294176

as 40 23' 39! 146 S, 1956383.534 meters

AX = Ah - as =02o/IX - alq -a•3 =3e 45' 05:.464

S4 = S2 - S3 "00/2)So - StI - S3 - 6433035.0 10 meters

I - A a .9991783229, ao - w(l - A) - 3.1390112787 (rad) - 1790 5 1' 077.55 3

ae/2 - 89 55' 33.777, So = awD i 20001779.136 m, So/2 - 10000889.568 m

S~~As an oven&Udw hck, we compute from formulae (48), Appendix 1, the Values a = al, + a4,

S S= +$4. We he

ro2 -= arc coS .30290770 - 72S 22' 03.S610 - 1.2630541041 radians
q2 = awc cos .07687053 = 85* 35' 28.•658 - 1.49M8498897 radians

sin 202 a .S7735414, sin 4v2 -.94281220
t12 1.4938498897 D02 1.2607882132!

- A 42 - .0010378227 + E s3 23s + .0004605725

1.4928120670 1.2612487457
+ B sil Uos + 1894 -F sin 4cr2 + 1503

1.4928122564

-C dft 4o2 + I

A•r@4) 1.4928122S65 S/a 1.2612489360

AX Al + ÷X 850 31' 54*631 S=St ÷S4 8044SM6036 motors

Aal + &4 + as Sr85 31' 54:631 + 4° 23' 39!146 W 9 55' 330777 -0/2)Ug.
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S1 + S4 + S3 = 8044506.036 + 1956383.534 = 10000889.570 -(1/2)So, which gives a flat check for

longitude, and length within .002 meter.

Computation of NIN 2 from Figure 26. (Inverse slutlon)

Formulae are from equations (149), Appendix 1. We have

ff .003390075283, a = 6378206.4 meters, ffi = 179* 51' 07"554 = 3.1390112787 radians,I = 3.1415926536, D = (1/O[i + (1/4)f+ 2(f/4) 2] = 295.22912379,

u = (1/4)f- (f/4)2 = .0008468005326, v = D(I - &O/vr) =.2425830253,

cos 0o = v -uv 3 = .24257094, 0o = 750 57' 427015, a,. 2 = 90* - 00 = 140 02' 17'985,
a2 -1 = 270+ 0o =3450 57' 427015,"A =1 +cos' 0o = 1.0588406609,

B ffi(1 + 3 cos2 GoXl-cos2 o)= 1.1072946516,

C = (1 + 2 cos2 0o + 5 cos4 0oXi - cos 2 00) a 1.0682087334,

So = air [I - 2(f/4)A + (f/4)2 B + 2(f/4)3C] = 20001779.127 meters.

Alternatively, when one has cos 0o, So may be computed from equations (54) after computing

D from equations (49), Appendix 1. Since there are two reverse solutions for the geodesic, node to node,

the azimuths of the second solution are a' 2 - 90 + 00 = 165* 57' &015, a,2 1  27V -G0

= 1940 02' 17'.985. Now from (150), Appendix 1, 0o z 750 57' 42"053; from (152),(154) respectively

So = 20001779.136 meters, a1 .2 = 140 02' 177947. Hence the computed values by use of equations(149),

Appendix 1, are within the criteria adopted initially.

1I

'If
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II

EERM AND NDJI LINE COMPUA11ONS OVER A HlM OIDAL
GWDOEC CONTANING AN AaC 60 MIE ARC

(Clarke 1866 eltptoid-See Appendix 1, Figure 26)
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given Ot, At,& a-1 , S to find 02, A a2 .1. East
longitudes positive; azimuths clockwise from north; no root extraction; only 8-place trigonometric natural tables
(as Peters) required for desk work.

-L A• / 2_ SPHEROID a fW •m f A 44 ",2 Z .

I - f .Q491A O9f/7V •I radian 206264.80$2 seconds

. l, -7- 4 O ,,1•.•// tan~z • otan 9, (1-f) tan01 f -,

: sin ,_.2  / M=cos9 0 =cosO, sinaI.2 . V Ad77- 0o tilt

cos 01,.2 N cos, 0cos a,.2 c sino 0 02e1  2 ..-•- ,Z

C, = -AA212 3, W4,. D,7 (I - c,XI - c, - c, M) 'I-.OO,7
C2 .%(l I-fam.I CIA ZORY/• P cl (I + ýicM)/fD am ,ZV0% M
cos a, = sin O isin -/ o, j/ a /n

d-S/aD ,/ 7_j*•. (rad) d SSJI-/7 S1 ZJ/V 7/j,02 '

cos d -A fA SitLje. W aI - 2P COS u 0fif k cosu *4 ZZLfff*A 422f~
V = cos u cos d - sin u sin d . .40-" 4,1 L 3. Y 2PVW sin d A.- a ft J111- _ ,J

Xac22sn dcosd(2V-l). , .6a aod+X-Y Z.r~t" UfPW, (rad)

cos, o IP &IAt!, Loa 2o,-•o -A y.du

tan a2., -M/(Ncos Ao-sin , sin6o) 0. J4A~p /v. a,., , k

taniu 02.fZ&1, 0• -r •OM

sin A0 sin a, 
. $

tan~s" cos o 0o60-,ns, ainfaoco ,. ....
H'Ic,(l-c2)Ao-c#C, ,in~ocOsE*,b.AL2Xfi~.rad) Hi "F-1

a ~ # All .' H/&I

CHECK i.

M-O0, 0 0o-01, ,Mn,.., -CO, u,,(lSO+e,.,) *,AX, a."-a4P # . 2, 1V
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01, XI; 02, X2 to find S. a,. 2 , C2-1

Azimuths clockwise from north; east longitudes positive; no tables except 8-place natural trigonometric (Peters); no
root extraction.

S/4eA_'e /1 PL4 SPHEROID aj3Z& 0m b m
I-f. b/a - 16_0 :9r2 ,'Af f,9A 7W'k0 %f _.P 4~ t ' M_
02/64 -LfZI? _7 1 t 4Y• " ! radian = 206264.8062 seconds

tan,, 1. always west of 2. X =A, -A, 7
tan # tanme=(! -Qtane A$x. =,/, _I,.x A ,13 AXO. P•t,,tan 0_ A.- ___ _,, sin AX,, -_ _ f&3 Z

a, ýx 7 -C -d ox ta tanA 44VCA

H a Y40•,. O-7)6 s rL -sJl.- sinG, fXAQ4oP Cos,5 1 .?

L-. •H4G2 -+ ,3 HL - sLEIYr cod-I-2L c, ,. ffI! i.4y

U 2 sin29.cos2&M./(l -L) 4 1 f~ d .i*•..zt w
v- 2n'•A. os'8./L&sd ,•¢fj7J d(rad) afZj'i fA,2,7

X-U+V1, N.W lifPo T-d/sind A. o /A Z A E - 2 cos d I. fJ I.

y-uV!..-Vk,PXU.."t D-4TV. Y, IfLU2G2B-21) 1.2 7 &.2I.32.
A - DE Z 1111f .1 f . :-.. C - T - % (A - E)I CHECK C-% E.AD/BT

n, -X (A+ CX)LNAA71 na -Y (11 +EY)2LXZ4 n3 -DXYL*SZLLfZ
6,d -%f(TX-Y) &Z '?d-"(,g/4Xn, -n +nS).

S,asand(T-6,d) r 'SD a a sind m S-6d +6d) ,

F - 2Y - E (4 - X) -- ,, _ M, 32T - (20 T - A) X -e + 4)Y,

G - V'tT + f'/64) hLqw Qi14 al e -(FG too M/)4 3!

uArcan; £7 % 4cn4ý--jj ,rZ
V ua &manlc, I A 72.Lca* f cos..66s./Min * tan 4.) 2.4 #W02!IJ!2.

~~,2 29 *.

+ + 0. ,.... 36,•.,,
-- 1800-.6 #0 D,,Dt ISO,_. air &9 a -eAM

+ - ISO-., lSO*.,..........



I
DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 0,. A,, a, -2. S to find 02. A2, .-. East
longitudes positive; aiimuths clockwise from north; no root extraction; only 8-place trigor~ometric natural tables
(as Peters) required for desk work.

0!/A K g"tIZ Z SPHEROID a m f 0,0 Ait
I-f I radianl 206264.8062 seconds

LINE .',d'"C / TO•/,derF, /
:. 7,9 " '00 &A -.•Jr tan o, 4/,1, ?ZZ I7 tan 0,0 - f)tan ,v,01 •~dY

a0. ED D * sine, -.fWlZR7Z2 cos9, JVA1t_21_ZIP-.. 9, o _ 2iJ,

sin /, M - cos 90 = cos 8, sin 0,.2 0..fa. 2 io2 s Z
cosa,. 2  N=cos , cosa,. 2  2 sinG•0  P.? 7

c, =fM . •,'.?3 IsT,? Db(I -c 2 X(l - c -c,M) m#9 ,fOtOis 7

i,: (1 -MU')r •, ~ ~7¢4, 7/ P c, (I + Y-c M)/D Ag 7 f9 ./ 3141,!

coso: usinj~l/in#0  " / /s in0 0 0

d-A/D 1.,1'S?,ý Sl 1" (rad) d • 0 S2OO ./?t./,-.

%in d u r 2(o, - d) 0 sin u . .

cosd "/ W I--2Pcosu ......... _ cos u L
V = cosu cos d - sin u sin d - / -Y 2PVW sin d .
Xmcjsindcosd(2V'-I)_ 0 6o-d+X-Y r.-.V/S-f a A r r

sill 6,.. Cos 6 /60 'of W

Cos .To --. , -4

tgna 2 ., aMI(Ncos/o -sin$, sinto) 01 " A a).3

-(sin 0 cost•o + N sin 6o) &ine
tanh m (I -ON

tan jfA sinAin ar. An--- Jri A92 if.L.V ofs9 Cos tlo- Uii 81 sinta0 osr ,.3
H" c,(I -c)) o -,c .cln 4v cos Z d..a lro 7 d) H .

. . . . . . . . . . . . . . . . . . . .. . . . . . . . - -

WS so*e ,,Cos 0 son 01.3 Cos #I un(IBO* o1.,) W.k ' • ~ mll•

141 I



INVERSE POSITION COMPUTATIOi FORM FOR LONG LINES. Given 01, A,; 02, X2 to find S, a,_2. a.-,.
Azimuths clockwise from north: east longitudes positive, no tables except 8-place natural trigonometric (Peters); no

root extraction.

dL AU ,/,•ir SPHEROID a Z mY b m

I - f b/a___ ____ -

f2 /54 -179f 7 241- /4" 6 I radian= 206264.8062 seconds

________ . 1  X /A / Ii/

tan 01 1__I. alwlys west of 2. X2 - X"

tan02 tan0 ( tan = . .
02 t an 02 sin AXm - 7"•

0, ____ ___ tan 0, tanAX 7,

Om((I~tV2)9,JL~~ CiOS20,29t CS~ '.7tk~~st•Bm = •(o, - ,)1•ZI _4Z1 sIf~n •. ,J. •,29.7f € i' cos t=_m. ZtI- 2, S'L

HcoS2 Am - sin s2 nm cos2Om - sin I - L XAQO/ .si- p

L=sin 2 A&Om+Hsin2'am 9?4',v cosd=1-2L.- O$i! 3 'O

V = 2 sin',Am cos'6m/L, sind d (rad) 4,4770 ,P3. 1
X = U + V.L., L T = d/sin d /aI 7i !L E =2 cos d ,2O2 2 d 2 0

y -U -V -. 060 CA TW D =4T2 A sSZI# 9A B =2D - U 1/1 Y2, i
A = DE,•I._/LZZ1fTdZ/ C= -. ½(A-E) 4-.UZZ7W CHECK C--4E+AD/B=T

81d = ¼f(TX - Y) 042 Oýr" , a? 6 2d = (f2 !64Xn, - n2 + n3) - Md" A Yh
S, =asind(T-6ld).4 ,,M•.•j-af2_ m S, =a sin d(T-6,d +62d)/A-J, fA' ,,I,•L- m

F = 2.Y - E (4 - X) -•, ,," * ,.; "...M=32T-(20T-A)X-JB+4)Yý,-J-,'rZ •f"L•,,

G =WfT-+(P/64)M • -(FGtan AX)/4 st 9
A•m' = ',(A + )) Q ,*O 6. iD tan 6X 4 _ 1."ogWAO.72

v = arctan ic 2 1 ,7 C 2 -cos A8m/(sin 0m tan AXm) -- I/' GZ 2 Yt,!e'

u = arctan IcA .rLdi c - sin AOm/(cos 0m tan AX,,) ' 2-'•&t.._._
a, =v-u /A` f Z, 2 =v+u

C I -C 011-2 0 :02-1
-+ Oi 3- 360-0

+ + 02  360 - a,

- - 180-a,__7 bo M,.O,./ !80+ a,-,.L' .Z,

- 180- a, 180+ 2a
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01, A,. , .2. S to find 0, X2, a-, -.. East
"longitudes positive; azimuths clockwise from north. no root extraction; only 8-place trigonometric natural tables
(as Peters) required for desk work.

(1* ? I k~ SPHEROIDa f4 .

I-f I radian= 206264•.•62 wconds

LINE TO__ _ _ _"_ _

1 7D 'tan 01  tan , (' - )tan -1

o1 - . -. ,.sin e.1 ZP212 cos 9, Z V4. 9 .4 .. 4*.
ani,., 2 0-62o S " M=osSocost,, sin•,,. .a2•2"7L .o2C....I1... _L

COS a,.01 -- N. .ost2 N 0= cos9, c&s1,, .-2 2- sineo .fMo ,?19/

CI ____=_____ D=(I- CAI C2 C I ~ fk.22

C-2 = V0 - M')" -awn 76.cal* P=cC (I + cM)/D
COISo =sin0 1/sin~o 60 g]t'?.9J o0 9

d •=SiaD /..i"t f_,___(rad) d . f_.'.it S ,€'#I f. V' p

Si d .@,IA Zy2, u = 2(a, - d) ZJRD ,a 7, j,.tf1 sin u "" k2 • A• 2e,

cos d _"X.4 / W = i - 2P cos u - u

S V = cos u cs d - sin u sin d 2 Y = 2PVW sin d

Xc2 sin d cosd (2V -bI) L-. o=d+X-Y /. L' A' , (rad)

S- @ I - IC

S~Cos Zo 2. "-p'•' ,2PJOV Zo 2a, -4o ,1tS .. Iill

1.i tan a,.-1 M/(N cos Au- sin 0 sin Ao) Y!T't 413!11• I'_/.•••

tan = -(sint, cosAo+NsinAo)sina2.-., '1 a --, " 'D7•
(I - OM Sin C4 -1

ta sin Ao sina 'O2 Q1t IZ L.. -2 .
Cos 0 1 cos Ao - sin 0 Sin Ao Cns 0,1  H

H=c,(I-0 2 )Ao-c,c 2 sin aG cos Zo rad) H

axAl -1. H• al.p

CHECK

M COS 60COS9 01Sin0 1 -2 COS 02 sin (180+ 012 -.1  A2 MAI +t, Axt y~'O
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01, A; 02, A2 to find S, oi_2, a2..-.
Azimuths clockwise from north; east longitudes positive; no tables except 8-place natural trigonometric (Peters); no
root extrauict.

-,Z/ • Z AM" SPHEROID a IZ• L±±n m b m
-f= b/aa~9' O• 49~ It '721, •f., •OA9 4 _•' Y4, •f4•oP;" f•

f2 164 -/-ZCC711ejex /P I radian 206264.8062 seconds

0 1 .' 0 1 . -

02 _ _ _ _ _ _ _ _ _ 2. A/ D_ _ _ _ _ _ _ _ _ _

tan 0, I. always west of 2. AX X2 -

tan 02  - tan 8 =(l -f)tanO tAm YztA 2/ . / 12. 0r

02 0 tan 02  s_ _ Am-, d-Z, -.1•/ --/

eI-d0 ' - tan 0 tan AX 6z _"7__- __7

Om = 14(0, 1 +6).f_ •' X.•in Om._.t7 12 97I.1•.. cosOm .

H =COSm A Si. -s 2om cos'e,, Sifl2 A,.Mod I - L______________

Lrsifl.AO+Hs•ftI',,?4. cosd I -2L 7 ?

U= 2sin20. cos'AGm/(I-L) 7L Z'f)/ d 7./.S

V = 2 sin2Am cos2O,/L/_.-Z,•tt- sin d Z d (rad) /- . Z/..? z.

X = U + VUL T = d/sin dL.•s.t* # E = 2 cos d-- _________

Y=U-V 41Z T D=4T2 74/079 B=2D

A = DE M :?• 4 7 l 2,2 C T -½ (A - E) L. 7 CHECK C-'AE+AD/B=T

n,=X (A + CX) /&YZ7f n2=Y(B+EY)_- M n =DXY-A 4-"

8,d = ¼f(TX -Y) .iO•7.1, (•/ _ 62d=(f 2 /64Xnl-n 2 +ns) , -YS"J./""

S, =asind(T-5,d) ,Mf"VJ 2- / 1 m S2 =asind(T-6td+82d) m

F = 2Y - E (4 - X) -1. O 4', M =32T -(20 T - A) X - JB + 4) Y *L4,/A9,,

G = fT + (f0/64) M, Ad I 3tf- VA .-2 Q -(FG tan AX))/4 AP ¶,'/4 2/
=(AX + Q) 14 , / 7 tanAX'_39dOD•g",

v=arctan Ic3 l 4! 1/ O42e 7 2e c2 =cos AOm/(sinOm tanAXm)

u = arctan lI 0 _", 0 2 c, =-sinA m/(cos 0m tan AXm) -/- .Lf71.r

CI C2  04. 2  a , 2 -1

- + ao, 360-a 2

+ 4 a2% 360-al

- - 180-a 2 &co O. 180+a, IU9 #, /7.+ c,,

+ - 180- at 180+ a2
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01, Al, al -2, S to find 02, X2 , a2-.East

longitudes positive; azimuths clockwise from north; no root extraction; only 8-place trigonometric natural tables
(as Peters) required for desk work.

4,4 je,9 Z" 4- SPHEROID aa ~L±1m f_______

I- 4SO9~7 I radian =206264.8062 seconds

LINE TO'~L R, - _81___ _

si c,-cWE TM= o8o cos 01siG 1 -2 '2 7 7- o, Cr, &W

COS Of] -2 1 CA926f-A N~cosO1 cosa,.. 2 41W/ Uf71 sino VQ1 L 237~1ZL
C I fm U fjf D=(I -c2Xl -C2 -CIM) -.0 9,60A 0 7
C2=%IM) 59" P= '(I+ 'c, M)/D '14000 7994~

0 grip

cos o I sin 8,1/sin 0o 0 IQ 01 0 0

d=SfaD Zf6L rd)d /Y J4 2A~f S /( I.J'M
sin da.01•ZtL.. u 2(a,-d)i 7101snit.fA d/

cosd -!9'-?/ 9MO W~l2csA/,&3a Iou- -VZ "I%-/1.1

V o o i ind I-"fi ti r Y =2PVW sin d -- -O~/ A00V1 hff

X = c sind cos d(2V' .. 1)0-aZ z,. V.. ~ io =d +X -Y *.,Li 77f ;tz ' (rad)
sinAo 0W1 Y,70 Cost~ Au /f9 f 4? A e7 fJop

Cos 2:0 W - i ff oZo 2o, - Ao ___ ___ ___ ___ Af

tan 02 4,M/(N Cos Ao -sin 0 1sin o) 0%Y. 2 17AY

tan~ -2(sinG 0CosAo +N sinAo) sin , a2 -1 ______________

sin~si a,., sia.2

(I~D - f)M

tan~,~ 6i nA 3 ?

M~cos~o-cos0, sin a,. 2 -cos9 2 sin(180+ &I-,) -At") +~?f AX'S p YAA
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01, ,,; 02, X2 to find S, a1 .2 , a2-.1.

Azimuths clockwise from north; cast longitudes positive; no tables except 8-place natural trigonometric (Peters); no
root extraction.

A/,kA, /f• SPHEROID aL •Z •_m b m

I - f /- O Gq '7" _f .,J - 1, a,,2,fM11_

f0/64- u" 1 radian = 206264.8062 seconds

W I o'1 0 I OI

€, , I. •,• ,

_ _ 2 -_ _ 21.______) 2.
tan 0, 1. always west of 2. A =X2 -, I

tann 2  tan0(I-Otano M, = IhA.

0 2 .11 4A p,2 tanG2  si02t.m sin 3 W7-3 9

9, 0 tan01 tan AX, .02it 4.ýO

em = %(01 + 2) .. 42a uinm 0,,~ 79. Ir Cos 0, -00f Ve~O

H a(cos.+O, - -sin29 cosG•,, -sin e../¢t.Trl - L - -71/. 92.U?

L = s•.2A +Hsm=•,. cosd= I -2L

U=2sinsOcos'60./(I-L)-,l-O -3! • d 17 ZIT

V=2sin3tA9mcoS2Om/L~ft=m.Wind -20~21r'M2P d (rad) W7P 2

X=U+V AtJ offA ft1-. T=d/sind L ,Z ,"Jit,& E-2cosd. •& a7 Z6 .

Y=U .V./.79/ Z 4,"f 4 , D - 4T=L'-t,•LJ*. 2 A • B=2D 13-s A?2"," Dt,.
A,,DE .2,/.S C-T-%(A-E)4 CHECK C-• %E+AD/B=T
n, - X ( A + CX) Ziff~e n3 - Y (B + EY)-F-.(2.••~ n3 - DXY-,/./f- 9e •I0P/#r"

6,d -.f(TX -Y) W010/ Z 2 * + 4 -J 6d - (f2/64Xn, -n 2 + n,) 3oA#/

S, - sifnd(T-6,d) i P 2 ,l m S,-asind(T-61d + 3d) m

F-2Y-E(4-X) -2. •6 1• CZ - M 32T - (20 T - A) X - JB + 4) Y J/-•A 4tZ•

G - % + (W/64) M. t 7 Z e VA 2 Q -(FG tan b)/41
0 I

Aal;(ox+ Q) 1'ý A2i'& tan A 21L ZZ
va- ctan 1c3 1 * , 1 c3 - cos AOm/(sin#,m tan Wý)4,•.LZ., 40.L

u - arctan Ic, I __-Zt" ... ' c, u-sn M/(cos*m tn )

oil , ,,7.?7 a"-v+u ,'AI 1 , 2 i2r

-l G, 14 03' 17.+-6zea /- 360 -* °ek AMW

+ + 03 360-a,

- - 180-a, 180+I €

+ - 10-01 180 + a2
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DIREC T POSITION COMPUTATION FORM FOR LONG LINES. Given 01, X1, o, -2, S to find 02. A2, a2.,. East
longitudes positive; azimuths clockwise from north; no root extraction; only 8-place trigonometric naturt! tables
(as Peters) required for desk work.

6l/ AR &2' /AZ 4 SPHEROID a m f _j2 AgL L..
I-f • 9'CO9924 V I radian = 206264.8062 seconds

LINE TO _ _ _ _ o_
0, /ii0a __ __ __ __ __tan0 tan 8 1 (l f)tan 01

al -2 sin 1 9Z WE30201Q cos ei J Oa~ " A.. 81 S9 .4K OR
sin cil.-2 -7AIZ I h ' M=coso -=cosn1 sin &1 -2
COSC11 .2 -A.V7 dp77" N cos Cos oi -2 ne 1 . 2  •.2 sine 0Z,1.

C, =fM Poo-21kaf/I ip D cu(l -c2 c 2 - clM) - f$alPADD2 40
C =( - M 2)f AOj".Z •27I7/ P c2 (I + ½c2 M)/D op_'4f9/S?%'CI

cosol sine I/sin go.99'A9 oiIL..L.4i6
d-S/aD /,az 7"0;. (t..rad) d j2 IV IZ17 s :gOkj-A&2-t17g I,

si d--j u r-2a 1- d) I fV f f4jsin u aLZtf..4lfcos d"M-REV Zfe V'," W =I- 2P Cos u 4 W-?AP&SJr Cos u -.- JRI 'k 2•I

V=cosucosd-sinusind ."OA"P•9",4 Y-2PVWsind P- _ idP1 ipezr

X sc sindcosd(2V3 -I) x /..- Ae -7 Au -od+X - Y /- 2fePf,•4e (rad)

sin Au-9!infjE*s P6N64nCos ino . aMJ•,,l•• W in7,." Au *" feP at of Icos Zoc-hj&ZZ;!77Lo E2a,- A17 ft 19.77 1
tan a3.-1 aM/(N Cos Au- sin 01 sin4ao) X.ld L9J9 013-1 4 ~ 172

& &
tan A (sn, Cos A+Nsin A)sin o3 .1 1.,W11 sin -L 5" I C __

0x•,- -, f), 0L • 1"
03 it

tan -/o, W .. 1 Z,.cose, cos40-uine, sinAOCo601.2

)hX -/l-Hde XI? Tgr

CHECK
M cosOo -€cos , sino,. 3 -cos* sin(800* 0a.,) ________"_______,_____
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01, X,; ,02, X2 to find S, a&.2, a2..,.
Azimuths clockwise from north; east longitudes positive; no tables except 8-place natural trigonometric (Peters); no
root extraction.

I.C1 A ZZA / 45 SPHEROID a d t ?D.Ym b m

I-f b/a.Q/d.924 7", ½f 2_VP is"pj•i ¼f - 0 ,tv7"-DAD?
f2/64 • .i72677kb X/'t& 4 1 radian = 206264.8062 seconds

0 I X2s0 1 i

tan , I. always west of 2. AX = X2 - X1 / . 2!f 2.-7

tanO, tanO=(l -Otano AXm= YzAX fl,02 / A

"2 09! aA tan O2  sin a 6
9,- 0 tan 0, tan •X AX,__

Om=½1(0,+90) - . Lr .uin~m 2. s4i'n0 //41'/ cos~m . AWY" ST,/fO

AOm =a02-0)!9 0l sin AO . &f toJ cost-6m AO. f" i.i$
H _ Cos2Am _ sinler *coSI m - sin 2A9, • I .- L. .4' _• 9, t,

Lasin'29e, + Hsin 2 Xm _. I.t5 cosd -2L

U -2sif2 0,cos2t 60,/(l -L)V69jA d A9P at 2.31

Vin2sin3A0mcos28,/L4_ftL1&*&sind !E QW1-d(a) A!"ic

XJ XU + VtZt2 ?. T-d/sind 41272949 - .Ecos d 5*193 2 PI
y.u-v-/.,uiJ,9/a2., D-4T3.0- 1&r44a L.f B=21D A/- 10/13/2,

A-DE -/- !rA7.J..&X C - T - % (A - E).L 2-.4f ..•2'HECK C• - ý E + AD/B = T

in, -X(A+CX)CdZtf71LU 3 n=Y(84EY)LLLU&ZMA'nhuDXY -1/f9.9t~rtZf
6,d - Yf(TX - Y) WZSWX4 !F 7 86d - (f•64Xn, - n + n))

S, -asind(T-8,d)_..I-sf . m S3 aand(T-6d+ d)

F-2YE(4X)-ZZjV jfif toM a32T -(20 T- A) X -JB +4) Y L&2

~~I~iQ) i 4'' Z94'j~ tan~ax .*VZ2!-%tV?
v -arctan leaI Ile A"? Ani*DA'- c:os 40 (sin 0,tan 4A,ý)~1~L~
u - aictan Ic, I _A92 O~f1 c, muI -sn 401I(Coss. tan~A')" 43S'~

*Iv MV aI71 92 v~ $Ogg~f
Cl C3 4 ..

+ m360-*
+ + a) 360-3a

- - Iqo - ,, .W."I 1.80, I ,O tU_04.*.tLZ.OJI'l
+ - 180-a, 1804+0,2-
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rIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01, A,, at -2, S to find 02, X2 , a-.,. East
!ongitudes positive; azimuths clockwise from north: no root extraction; only 8&place trigonometric natural tables
(as Peters) required for desk work.

(ZAleJ(" I*', SPHEROID a inm f
1 - f o.F 6• 99 29' • I radian = 206264.8062 seconds

LINE TO (/2/L ...
1 ... .. tan 1  tan 1 =(0I-0tan 0,

at -2 1- 01,721 sin e•, .ef_••t.&,' cose, L __r t _0, 63 ' "

sina,. 2 .1iSr.? 7r4/ M=cos 00 =cosO 1 sina,-. 2  Z9716 Oo

cosa,..2  2eA 7 1. 17 N=cos 01 cosa,.2 ._!f*_1T 7_IM sinOo .A-7l .27Z

c = fM s-,,21.2 ,d,?I pp D= (I - c2 X I - c2 - c,M) . 20Oa O07

C= =¼(1 _ M2)f-_ Z•,2.-2=7/ P= c2 (I + ½c, M)/D . f* 1A-M -'

coso,=sin 0/sin Oo o02 AIM a, 72,

d-S/aD ft I 2j9 L(rad) d f' S2 ?7 S7 A V134AZBS a& .2.
sind. - flftc u (l-d 2 ! W snua$* -tr

cosod - 4CtMI W--c u - Cos u_-I 7r__t_

V= cos u cos d - si u sin d•. _ _ Y = 2PVWsin 4 --

X c' sin d cosd (2V'-) - o-d+4X-Y 4VO-O2, " WE f (rad)

sinAer 12Y.74 Afr 20 cos~v -.dPIZ 77;!k~ Ao C7 CR A 4i7

cosX o_____ Zou,& . 16A1 - /
tana1 ., UM/(Ncos~a-sin~a sin~o) /A Aftaw ~s- a- ixr .

(I - f)OM

Osn 6o sin *,I.. vA .fp ; S I o
ta c0561cos O €osta-sinet sinm ocsaO - - ' ' 7...

Hec,(l cj)4o0-€c,sin Aocos ,o..MJPAMUie (rad) H

CHUCK"

M" co.50 -ose, un*,.z a Cos#, sin(IRO1.1.g) At A, + AX,. too
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given A,, 02, X2 to find S, a, -. ' a2.Q.
Azimuths clockwise from north; east longitudes positive; no tables except 8-place natural trigonometric (Peters), no
root extraction.

ZA'"• /t' •SPHEROID a 4J2gaL m b .n

I -f=b/a w
1`2/64 -1,2VIC2 " 9 I radian = 206264.8062 seconds

U I ' 0 / #0l ,,__ __ _ _ __ _ _ _ I. • _ ____,___ _,__,__ __

__ _..... 2. Y1'/AZ / •A 1,

tan 1, I. always west of 2. A = X2 _ X,

tan 2# tan 8 =(I -f)tano t•m = ý ia - 2-L- Zf .-

0269 A tan 01 sin AX., - - L

ea A,/.=- ,) % ,lm an 0 e,14" tan Ax,, W 26 f" 40'/
Om '4a *0' 03)±L~~ &in 0, fir-2.L~ cos Gm 7% /'S
A~-,0-jj SC_19CD SiAd/Ij' UZ cos A8 jC 4'2 V00

H - cos'Mm - sin2f, - cos2 erm - sin'44,, -aUiit2MW I - L .... _' 7t

L -rWAO + m+Hsin'.m 243' "2!/*F#/ cosd= I-2L 7V J&

U=2sin2 6.cos'M.((I-L) 2 74'W2•91 d CZ .i- ..2 ?4L..

V a 2 sin36m oos:m/L ,fi .. fL sin d -,IW'f •021 ? d (rad) I. QL1IitA2,Z..

X uaU+V/. A .'2'f-,t/ T-d/snd. _ 7 Ecosd ,

Y -U .- , V - t AS L../ D.4T'•A o#0 4'?t , W. 2 D B-21)

A -DE .A'/ZI2e,1 7 , = C-T-½%(A-E) L CHECK C -. E*AD/B=T

n&-X(A+CX) AJ tUM2, n.aY(B+EY)ZZtiM n3'-DXYLAIWt27-ff1
A,d-¼f(X-y Y) jO il',r'&dA7 6jd-(f.!64Xn,-nj+n3) • ..

$1=asind(T-S6d)&P lO• 2-. 0-f m S, aund(T-6,d+61d),- rnm

F,- 2Y.E(4- X) -1. -4016f T7.t" 2% M.32T-(20T-A)X-•B.4)YJVA" f..2.e

G ½- ff -(f'164)M .A2 & Q.,e .Q z,. O .Q(FG, tanei)I4 ... .. , ..

K (AA-+uQ) ta•t_, a.,"ý A / _ ____ 0

va -rctan IC, I 9 IAPI ci ucos s6*.I(sin 9. tan ~A),;) f2. i fit Zf

urn wrclan 1c, I AJ.tta L c wsin bo~l(col 0, too W4)

-o 0e)a 0 1lr ,
cj Cj i ' i

+ 01 W-0 Jar • 4P

+ _ _ _ _ _ _ _ _ 360-.,
- - 80-o= ... 10+ .,

* - 180-@, 150O4@)I+

ISO



DIRECT POSITION COMPUTATION FORM FOR i.ONG LINES. Given 0, 1, , an-, S to find l X, 0_. East
* longitudes positive; azimu~hs clockwise from north, no root extraction; only 8-place trigonometric natural tables

(as Peters) required for desk work.

ti"czXjf&', / SPHEROID a __m f

*I - f • ?1 pu'72k' I radian 206264.9062 seconds

Sin *, 2 ZQ oe 42A7 M -cos~o cos9, sin*,-, J$ZIX 70,71,

Cosa,-, ZQZ diff Ncos 1 COS. 2 ,211 2,9,2Z.& , 0.

e 'c I =II I1 aWIIn /1 7f (( -3 I-c -cf) tanWnO • 2 ,

If A.-

cos, .a IasinG1/sneo =o, n, ... !rf Z•L.. 4?o .i...

d-S/ID 3 - X11.S'I -- rad) d Jei 1 Sg &aW71ff.I"L
sin d u = 2(o, - d) sinu-

cosd -Z W=I-2Pcosu cosu . .... ...

V cosu cosd -sin usind ,_Y = 2PVW sind d
X - c| sin d Cos d (2V3 - 1) 6o -=d +X - Y rI ( l)

sin __ __ Cos tA0 ' _ _

cos Y'o_ Zo 20, -• I0

lana3.1 - M(Ncs-o-si- sin$, o) ,1 .1 #04y

tanhUI~~ #2 sin..22.?. *). -7Z/ opt7r
(I - O M

z 120M ?0 un 0j.1

cost, cosoz-5unif, saniocosal,,

Hu€,( -c) o-c,c€ undocos L ..W/A 7"M / (rad) H ... .....

6A - ,,H _41Z.... 4 f.LZ

CaHECK sis
M ac osGo " .Qs$ , pno. 4  - cos9,= san(18 O 'e..) X, u•, *&X _ _•.• IA 13 1? ,

15

[ $



DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01, A,, 01 -2, S to find 02. aX2,. East
longitudes positive; azimuthi clockwise from north; no root extraction: only 8-place trigonometric natural tables

(as Peters) required for desk work.

6AAe!<" /1' • SPHEROID a A.. _ __, f

I - f • '9 ff2!'72 I radian = 206264.8062 seconds

LINE TA~7X 1. TO 7~ )
_ _ _ _ ,_ _ , tan €1 tan8 1 =(0 -f) tan , 0,

a, -2 u, a A C As, cos e, %',.,, 4_,LS._4•, $"

si e,... / M =cos 0o0= cos e, sin a, .2_* Sfe - eo_7A.2 9- , '_.&r3
coGaI.. 4 N =cosa, cos,. 11 s2 - -. in 0, . --7

c, I M a • -A•N41•JP O -7c D (I - c2 X - c, -M)-.9_Z_

cz = •%•(I- M1)f -A'",& •22 P c2 (I + '.cM)/D
Cosa, - sine,/sineo_ - 0o1

d,,&D -' (rad) d f 2. a J'/1I S ___________

cos d - W-.'.. , 1 2P cos, u _.V/3 12acs u--

V- cosu cosd -sin Assind Y2~!i Y 2PVW sin d at AWA IM -L.

I X€c| sin d cos d (2VW -1) !/!!oA -o d+ X-Y /a.kLL7 •",, (red)

Cos~ AOJ~ XVd~ .Pe2 9 07I' 20, - Z6

tan *..j M/(N cos a -sin 01sin 6) a31AV9~ ., ~ 7 r.7

t (an ($i #ACos 60 N sirtl) Ono~, tit~~t~@* A~LZC
(I -O f ,,

si / sinata' "A
Ian q'€• 0, m A* -, sin , 1 n Io .os ' 3A- 'Cos

H mcl(I -cl)6o -c~c, sin oeas sý;a -tt AIZU..ts.(aid) H

x, at 4', , '9r. 7'
C4-CK & -H

M oxobCos, anes.3 aCos#,9 1san0lS03.1.) At -, +~ AXI 1 '.

152



INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01, X.; 02, X2 to find S, r. -2, 2 .1.

Azimuths clockwise from north; east longitudes positive; no tables except 8-place na'ural trigonometric (Peters); no
root extraction.

SPHEROID aA? &z .. m b - m
S!~~~ - f = b/a f_• • aa7 r• f . _,_ • _r' r

Sf/64 • 1." eX/e -W I radian 206264.8062 seconds

e ., ... I ,,
01 1

02 2. X, _ __,_ _ __._ _ _ _

tanO0 I. always west of 2.

tan 02 tan =(I -f) tan 0 = AX '/4,AXW" .. ,

62 L7 tan 62 sin ALAm.•.-Z &YZ

0, 7r ý Z ,!V!2.0$ tanG, tanA, 42.7#7/2 7

M,,, 2r•n.(6 - 4.1t, sin 60,, -. 7i4ZV. .'/" cosm ,. .07f&ZJ/' .

Ii cos2D-,,• "• sin'8, = cos-( -s -in ,E. -I - L I ,S7 .17- D -T

L i O i ), wfl cos d=I- 2L -t -1 & YLV

U=2si - , TnO cos- a /(I- L) _. 22/ A,101,,., I d - ' 24 -I-A15

2--:si-( c-x) -.j v'•_,rTK? ,e'V .n -i -:!•'T - d"o (fad)X, A 11Y-. 24i00 .JL V,

XU - UT + V4• a4., 1.... T ' - -d/sin:dLAU.S.4LtLI* Ea .)4 ... cos.d25

.YaU..V a Dt -. Z--- LD4T21• ,Q /f20 B-2- .Lj,,r?) .

A ADEiL~T)~1 C -T - %(A -E) 415VZ&tffCHECK C - E+ ADI9 aT

6- 1T- Y) -,0u vd(Txa,6X

Sua sin d(T -6 1d) U&M~fQ m S,-sn(-646d
F 2Y - E(4 -X) ff ./eVkl M -32T -GOT -A) X - B +4) Y- fitt
G~ 1~ (0/164) M 0 - (KG tan ta)14

tx). - t (bA + Q) 4k.. ?ta
Vt - Wctan IC1 X k-' 6 a./ DJjA CVS tcft3,I(sin . tan L~A;) 42ft1PjftL
u -arcian I,I ... Z..f.ItA c, I st" 6,. ACos 9, tan &X) ZLtk

* ~ 1 o~v-uI=I 02 *V~ +~.2 @zvu tt~t

C, c) C11 1 02-

3w -, a,__ JIMf-.-

S - ISO-.., 18040I

+ 153
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01 ,, aI -,2 S to find ¢2. .,2  East
longitudes positive; azimuths clockwise from north; no root extraction; only 8-place trigonometric latural t;b es
(as Peters) required for desk work.

04Mt IAF-4 SPHEROID a ? 4•m 9___mf

If_.. Uo 424,2 V' 7• ! radia, = 206264.8062 seconds

LINE I"- 71A TO -7#ee

0 _ _,_, tan 01 tan 61 =(l-f tan -- ,01

CJ,, -2 sin 9 •i cos 8, .ai. S_.L-, o, $$,P

oin,,,.2 • •-C71os 80 cos,0, sina, 2•±..An 0 ,To-.. S,3

cos a,d Zd 7aA1 N = cos 1 cos a, ., y• sIo OJ -. EO2_0j7

c 4( -M)f Z P C2 (I + 'ctM)!D -Z

cos a, = sin 9,1/sin 8o~ qA.kt~ L. 0at~ it i
dwS/aD A/ 4 £A 20'9L---(rad) d _4ajýt.VjAI S !fL cM

sin d u =A - 2(a, 1 )XZI i uZSE 7S5!

Cos d - fV eZ- W =I- 2P Cos u 4 a24a24 4Cos u INL7 72 9~
V = cos u cos d - sin u sin d Y = 2PVW sin d - --#- _.A_

X X=c2 sindcosd(2VW-) If- X/ &a = dod+X-Y ./f . 7 7 5"4- (rad)

sin CO AO- -,Q.. co AY COV ~f'

cos XoZ- .Z ZL. 7o = 2o, - 6o ___A• •1?JO

tan a2., M/(N cos Au-sinG, sinao) -. 41 V? a 2 -1C 1-JigA
tan0=--(sin91 cosAo+ N sinAo)sina3.1 &2& 29 sina 2 -1 .- f-.- 5'/ r

(I -f)M 0 ii

II / sI

tanLt Aios -, -L.7o7r2zw4±•.
cos1, cos Ao-sin 0, sinAocos a.1 -

ti=c,(I -c 2 )A'-CIC2 sir.Aocos ;o,OOiOiV'i/2i1t._ (rad) H , . 4

NJ -H /

CHECK

M cos Oo cos9, sina,&a =cos a sin(180+aa,) + 2 =?,,+AX /. /. 4,,'. 7. _

154
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given A, ?,; X2, ,X to find S, a -2, a2-1.
Azimuths clockwise from north, east longitudes positive; no tables except 8-place natural trigonometric (Peters); no
root extraction.

" /$ kSPHEROID a-. -- 7m b m

I -f =b/a - f.~jZ$1 WfA"Of4'7S/91!~
I radian 206264.8062 seconds

tan 01 1. always west of 2. A X , X• - z, i

tan 0•, tan 0 =( -f)1zn0 Yn Az as .,

* 02 17 4C Z 20L tan 07 sinm AX

O, " ,!4%JnfP tan n 01 an AX - ' " j

Om IW I+82) si 0 t A2 COS 8,
60.m = ½(0O - -01) ._"inAOm CO'SO '/ cosMm . C'r 2 f"
H = COS2A8m - sifl2 Om cos28, - sin'6,.2 2 I~B -1Z~~~ L -1-716~?'f/i2

L = sin2AL0m + H siAX_, 7 2 3-..",l a cosd I -2L .r f it361

U = 2 sin'0, cos2 ,./(i - L) 4/ 4Vaý 4"2 d
V ." 2AOmSi cos'Om /L -VQ%~ in d - MOfPe 64 d (rad) A/dl"//W - Z r

X =U+V 4 &z;kV7A=1 T=d/sind44lC 17 Z2 I E=2cosd-__________

Y=u-Vj 4"40 lk D = 4T2. Z LW Z#A f't e=2D V S 6
A =DE h C = T - ½ (A,- E)½/ASE fAZI•• ICHECK C -½ E + AD/B = T

n=X(A+CX)S n,=Y(B+EY)1 n,=DXY LZ. -M? VXZ2Ž'

6 1d = 4f (TX - Y) _ __ 1'_ i 6 2d = (f2 /64Xn, - n2 + n3 ) - ,Ii AW ,

S1 a sin d(T- 6 ,d) Q~r7 /2' m S2 =asind(T-6,d+6 2d)f.iL;=.ZZ..LLj. rn

F=2Y-E(4-X) tZ4fM 2! P$ 0, M=32T-(20T-A)X-JB+4)Y_ $ 2 z# 2V

G = ½fr + (f'/64) M . •.tl .7'f M Q - (FG tan AX)i4 2. 26
0 -

AXi (AX +Q) tan AX, 2OS'. !F9________

v=arctan Ic2 l 1. ,j*/ CA•t• .v c2 = cosMGm/(sin m tanAXý))..." ., ._ ,t•

uarctan 1c, I z A2 -me j•ff cI =-sinAOm/(cOSOm tan AX.) iL.d2.7_. '

, 0, =v-u 24 , p.7. ( 2 =v+u _~c o

Cl C2  0 o '21-i

- + a, 360-•2

+ + 01 360-o!% '7gý /Z S.-
- - 180 - a2 180+0a

+ - 180-a, 180+02
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DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01, i al . S to find 02, X2, a2 ,1. Easi
longitudes positive; azimuths clockwise from north; no root extraction; only 8-place trigonometric natural tables
(as Peters) required for desk work.

t6d#A(l,' /Zt6' SPHEROID a .417V,0411 m f_

I - f ,9I~9 4 !f7 I radian= 206264,8062 seconds

LINE rAmA,#4A TO_ •" iki.

0. _ ... .. tanft tan0 (1 =( -f) tan0, -w , ,0

01 _-2 .defi 9r4.AaZZsin 01 iZ1 400I.1. cos 0, efi"f !r o0, -11 0 .j25' /.A4
sinal. 2 .. 2-.?.' _"'/ M=coso0 =CosO0 sinal- 2 - 1.3VIX rZANO

cosa,., -. ?S7•2'?J7 N=cosO, cosa 1, 2 -5.Z.3 sin 00

C2 =¼(1-M 2 )f PO79_-'?4 V=c 2 (I + ½c1 M)/D .QO•7_9 9 /6 ."5,,/

cos0. =sin,/sin0 0 .20-25O o 72-al 7 22!. 9U- 4, r/ ,e 1C0

d=S/aD _ad) d ____ S m

sin d u = 2(o1 -d) _ sin u

cos d W = I - 2P cos u cosu_

V=cosu cosd -sin u sind ..... _ Y = 2PVW sin d

X=cI sin dcosd(2V2 -i) Ao=d+X-Y _rad

sin o. ,j• Z 7,0 cos6o 9rX L, AIQZ_, 7 __iP A /
cosZo -- 1!9!9 0g 'lo =o2o, -Ao 40L

tana 2 .1 =M/(N cosAo -sin01 sinAo) -"DO 25I'9 aQ.2 -1 •.. ' , ,

-(sin 0 1 cosAo+ N sin Ao) sinin a_ --2 -1_.....
tan 02  = 92) sina~ o -( I - f)M 0 ,

tans67 sinl 6a sin a 1 -2 .,'0a72~P~ 70f i 4V
tan cosO, cos Ao -sinG0 sin Ao cos a0 -2

H8 c(I -c 2 )Ao-cjc 2 sin Aocos Y- , (rad) H
S= n-. _H __4 Z_ L. , _JL'

x, €t it. Va. €IgE

CHECK / , -
M cos8o =cosP1  sina&.2  cosO2 sin(180+a 2-1 ) 2 =A, + , AN i _4'1' 2_.__2
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INVERSE POSITION COMPUTATION FORM FOR LONG LINES. Given 01, Xj; 02, A2 to find S, ON.2, a2-.
Azimuths clockwise from north', east longitudes positive; no tables except 8-place natural trigonometric (Peters), no
root extraction.

, IA Ap &-&th SPHEROID aA 4!2=-'4m b m

I - f= b/a-- 'f- 9 /2,9%'7AY. -'. Z, /_,a &F
f2 /64 4 _S7_.•L__�. I radian = 206264.8062 seconds

_, I. A7"2•A _ _,

tan (A I. always west of 2. AX 2 - X I

tant; tan0=(I -f)tano AX.. = ,6.

02 • tan 02 sin AXm , a i....Z

0N 7 425 ;.Tip tan0o. tan AX .07 A I? /yV O _Om,= 'Meo, +o0 ) p f>¢~i' sinm 0," f/.,# Zq1. Co 0" • €• OjWY
O m= Y2(02 - ,)-j ! sin V,,, /V 71 j cos £MOn ,.4•*•I...

It cos 2 At n=0m - s110m = cos inm - ,n•,.igmt2.t#Zd- - L 2 60$,"9 2?/_

L= sinf2 L0m + H SinA~m ., O ..• QJ cosd= I - 2L _ • ..7O, _

U= 2 sin 20m cos2 A'm/(I - L)•7 •j/L 2ý- d .... ,x .

V =2 sin'AOm co 0//d W Y sin d..- IQt24 *L.-fig d (rad)

X = U+ VZ~34f T =d/sindL ft9 L E =2 cos d e?6 YASf t-
Y=u-v-4Zfý41Y_?a D=4T2 ,/7I,?_jY9* B = 2D 7

A= DE V-" ?X:S C I T - , (A - E) -/ ?CHECK ( -!,i E + AD/B T

b, d --f (TX - Y) -_WJA " 14 7 - 5 6d - (f'/64)(nj - 1`1 + nj)"- s, t-a"! -4• ..

S,=asind(T-6 1 d)/EC- r2..-I m

F= 2Y - E (4- X) -.Z 7 eL1X• I.. M - 32T-(20T- A) X-B + 4) Y-
G = .-irt + (f2164) M . aO t Z•Zt7"•j%.. 0a -QW(FG tan 6•)14 ..

AA (A + .Q) tan Axý ~v = a•rclan Ical Iz =9 4Zc,-os 60, /(smn O tart Lx• ) it_//•,•O)/

u arcta,, Ic, I-Zr- --- Z-4 c, -san W.B A(cos ,0 tan Xý) Z"

sl Cl O .N -

N- 360-ol

+ + fig 4I1 A 1 .2az 76C - 2 A
- - 180-a0. I_8_ + ON

+ - g0-1 . ....... 180 + *

j 57



DIRECT POSITION COMPUTATION FORM FOR LONG LINES. Given 01, Al, a0 2 . S to find 02, X2,0 2 .2 . East
longitudes positive; azimuths clockwise from north; no root extraction; only 8-place trigonometric natural tables
(as Peters) required for desk work.

SPHEROID a UZOJa-• m f

I - f 1 9_•IO•9297t' I radian = 206264.8062 seconds

LINE "A9/:Z TO A1I i . L
, I N

01 .. .. _tan _ _t tan Ot 0(- f) tan 1 0

a0. 2  02:n___g7.__Tsme, _ _ cos8, _____ _ e,. .- .....

sin ,-,.. s A M- cos0o =cos6, sin ae,-2 - ' V'21.
so,•,,., .___•A. N-cos9, cos a,. 2 -..7,a/ .L' 1i, eo-t-o4-- fe7

cr •(M --A~lft I V alt..r-•,' D = ( - c2 X -c2 - c M)

C3 -%(I - mP)f ,P c (I + 4c, M)/D

cosol -sin 0/sino00 of #a

d-S/aD A2$kLL ... ad d ,2Osa S D / 71. 116

sin d A u - 2(, -d).!JD sinu 0

cos d Z _ W 1-2Pcosu Cosu " . .

V - cos u cos d - sin u sind / Y2 2PVW sind d

X - €c sin d cotd (2V' - i) .O -od+ X-Y *•.. 1__. (rad)

Cos Zo - 20, -t ot

tmn ca., M/(N cot 4ýa- sin 0, sn 6o)1 -, 02.2 j~ :.1.1
-co + N sin A) sin*

(I -• O,

tan~~~~~i Ao sin 0*I~~______
Cos#, COSAO-sino. liflaocma.1 6 4

H • c,(I -cA(j -€n€o.so• rod) H

2, -H 4$..oi' €•.. lJL3
"6 a- t / _'g

CHECK

Mincm to cot01s~in a,., cot 0sin (18 +*Iu.,) + mA.~'gl V'P' 29

Is$
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SUBROUTIN GIODUT

Fortran statements as prepared by the Ea., Siences Divion of Teidyne Indutris

and band on the inivem (revere) solutkl• o I'P.D. Thum (Te cud dock ud• g

the arc tangent i ybry fttrcon IAT 4M.1) is avalble).
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SEISMIC DATA LABORATORY
EARTH SCIENCElS

A TELEDYNE COMPANY
ALEXANDRIA, VIRGINIA

TITLEs Subroutine GOODIST

DATE: August 1968

GUODIST is a fortran-63 subroutine used in computing surface
distances on a given spherc 'd. The method used was supplied by
Mr. Paul D. Thomas of the Naval Research Laboratory.

The subroutine currently uses the constants for the Clarke
1866 model of the Barth but another model may eat'ily be substituted
by replacing the semi-major and semi-minor axes (in kilometers) in
the subroutine. The variable names are respectively, AL and BL.

The calling sequence for this subroutine includes the following
values in the order listed: (Latitude 1. Longitude 1, Latitude 2,
Longitude 2, Azimuth, back Azimuth, Distance-kilometers, Distance-
degrees). The Latitudes and Longitudes are the Geographic coordinates
of the two points. The subroutine assumes that positive values are
North or Bast and that negative values are South or West. The forward
azimuth, in degrees east of north, is from point one to point two and
conversely the back azimuth is from point two to point one. The dis-
tance in kilometers is the geodesic distance between the two points
on the surface of the spheroid. The fiducial central angle distance
in degrees (based on an equivalent mean sphere) is obtained by assuming
that one degree equals 111.195 kilometers. All arguments are type
RUAL.

CAUTIONi The back azimuth from either pole may be slightly in error.

The subroutine requires 225 CDC 1604 words plus four 1604 words
of labeled c*=non/GSOWIW. There are no alarms, error returns,
error stops or printouts. The time required ia less than 0.15 seconds
per call.

This subroutine uses an arotangent library function (ATA92) which
returns an angle between 0 and 2 Pi redians. If this function is not
in the system library. it must be input with the subroutine. The
fortran statements for this function are attached.

RIPumcs Mr. Poul D. Thomas. Code 7004. aval search ortry.
W o OD.C. 203
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SUBROUTIN•E GEODISTIEPLATEPLUNSTLAT#STLON#AZogAZoD;TEG
COMMON/6eO0i6TC/AL,9Leo2R# plZ

TYPE REAL LlR*L2R#KLKK#LDATA (AL86378206.49,eSL263561#83.•),(D2e.O~l7453292919)0
il 1pI2"6.28315830716$

S OA86L/AL

S P1Retp~Ar.p 2 R
P2RSSTLAI* 0 2R

S L1R8~PLOJVDR

L2RrSTLONm. 2 R
OLR*L2R-.L1

F2RwATAN(9oA eyAh p2R))

GY"8(T2R-TlR)12,0

CYN*COS(Ihl

CDTH§CSo(Dym)

KL86TM*CDTy
•AXSUTH*UTN
SDLNmeSIl(0Lk1 2 oUl

LUSDTN*SDTN5SDLmR*SDLHP.(CDTftCDTeq.STMqST.i,CD4.100..OL

5DsSJh(DL1
IeDLoSD

* $JS2SUKL*KL/I1.eUL)

Vu5e.,OU*KWE/

Olrt (AlfV961'e'sI$ltotle~poef•plt)eJ(• I $o601 '**D(. To I

* 016 OI~T/11.62

i ~i INSN~PIV.eN03.I-apgR

S* I90 WeGT p,,4,

•, ~0 70 3llafl

i. 00 VQo
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lUNCIION ATAN2 t V.X)
P12:3.1415926536
ARGmATANF (YI/)
IF jA) 10#14#11

'13 ATAN28PI*APG

11 IF (y) 12013D13
j2 AlAN'en2°o*p|+ARQ

1 3 AIAN;seARG

REOILHN
14 If (T) 1'*16'17
j5 ATANd•u1o*Pi

FRETtRh
16 ATANjesooo

j 17 ATANdsooS*P!

I END
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W1 Subroutine Geodist
CLARKE 1866 CONSTANTS 

6378206#4000 b3%60e36 8 0 0 0

REFEFOENCE POINT 
OBJECT POINT

LATITUUE 4, 49 190 LATITcUE 033s56 03&5LONGITUDE 47 34 15,s LON6|TUDE 18 28 41.4
DISTANCE BEIME;N PnINTS 10102o069865 KMFORWARn *ZTMUTH 19A 43 17.6 PEGwACM &ZrHiITN 10 39 32.3 DEG

QEFkkE4Ci POIT 
001Jic1 POINT

LAIITUUE 45 0 0 LATITUOE 20 0 0LON'•ITUUE 106 0 n LONUITUUE 6 a 0
DISTANCE 9ET"FEN POINTS 96490171338 K"rl)hfulAR &ZIMUTH 29b 17 20.9 DEGVACK AZIMUTH 4k 56 30,1 DES

PEFEkENCE POiNT 
OBJECT POINT

LA1ITUVE 21 26 bee LATITUDEO S 5 2aeSLONGITUbE -150 -1-4 3 ,0 LONGMTU 94
UII3ANCI ilI4Et POINTS 1406*.2iI* KM

FotriAl £ZIMUTW 65 3? l0. DE4
SACW AZIOUTH 289 S7 17.4 oss
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I

W/ Subroutine Geoitst

INTFRNATIONAL CON!TANIS 63/83bdsooOo 635691199462

REFERENCE POINT OdsJET POINT

LATITUUt 55 45 Ives LATITUOE 033056 *3.5

LON41TUUE 37 34 12*q LONGITUOE 18 28 41.4

uISTANCE BEINEFN POINTS I1GU2;6 7 0 9 88 KH
IOkHAR" AZIMUTH 195 4b 16,5 DEG

OACK AZIMUTH ju 39 31*1 06G

RVFENENCe PQIT OdJECT POINT

LAYITUvE 40 a LATITUDE 20 a 0

LONGITUUE 1O0 1 n LONGITUDE 0 0 0

UISTANCE Ufi•!Eh Pn14TS 9649.412604 N1
FnRNARft AZITUTH 295 17 16#6 DEG

UACK A/tNUTH 4k 96 30,O DEG

A6FEAENCk POWkT Ow.iECT POINT

LA!ITUUE 21 26 6.0 LATITUDE a S6 2500

-LOWITUUF -5fl *1 -4J.0 LONGITUDE -79-34a54ol

61TANCE WEINEpN PnINTS $466&-.6562 K9

FemAgR" all"UT" S6v 37 12*3 DUi
ACaK aZtmUT 26V S7 1-8.S 056
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