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ABSTRACT

A dynamic instability is described for rolling, finned missiles with
canted fins. The instabilicy occurs as an undawping of the angls o
and is caused by differential 1lift from unequal effectiveness of the windward
and leeward fing. The instability is similar to a Magnus instability in that
a yawing woment occurs that causes damping of negative precessionrand undamping
of positive precession motions. The equivalence of the Magnus coefficient and
the differential fin 14ft forces is derived, and the instability is- demoustrated
with computer simulations of the equations of motion for the angle—of-atzack
convergence of a reentry vehicle. The computer results are compared with a

closed-form solution for the angle-of-attack convergence envelope.
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NOMENCLATURE
constant

slope of fin lift effectiveness vs angle
of attack

aerodynamic fin-induced roll moment
coefficient

« aerodynamic fin lift derivative

aerodynamic pitch dawping derivative

aerodynamic Magnus woment derivative

aerodynamic normal force derivative

aerodynamic reference diameter
pitch or yaw moment of inertia

voll moment of inertia

fin 1lift force
vehicle mass

aerodynamic yaw moment
aerodynamic pitch moment
aerodynamic roll moment

roll rate

dynamic pressure
aerodynamic reference area
vehicle velocity
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(x,y,2)
(X,Y,2)
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NOMENCLATURE (Continued)
distance of fins aft of center of mass

static margin (distance <f center of
pressure aft of center of mass)

body-fixed coordinates
inertial coordinates
effective fin cant angle

fixed fin cant angle relative to body
axis of symmetry

yaw axis
pitch axis
total angle of attack (Euler angle)

roll moment coefficient, Cg qu(Ix
o ,

inertia ratio, Ix/I

pitch or yaw damping coefficient,

(q5d%/21u) (-, + 20, 1/md?)
q a

roll axis

2w/up

C, gSx/1
L

roll orientation relative to wind (Euler
angle)

precession angle (Euler angle)

natural pitch frequency

K3 }t.! ETEN
CTeY x T,

-Vaili=




I. INTRODUCTION

»% It has been observed in flight and demonstrated mathematically that a l
statically siable missile ai zero roil raie can become dynamically unsiable

at sufficiently high roll rates as a result of Magnus fot‘ces.l"'3 In effect, the
Magnus forces induce positive damping that, for sufficiently high roll rates,
overcomes the negative yaw damping that is usually present to some degree.

‘The Magnus force is characteristically dependent on both angle of attack and
roll rate, analogous to the classical Magnus lift on a spinning cylinder in a

cross flow. As such, Magnus instabilities have been observed on both finned

and unfinned bodies of revolution.

The addition of fins to an axisymmetric missile can alter its stability
- characteristics by increasing the classical Magnus forces or by causing Magnus-
E type effects that have a different origin than the classical Magnus iorces."s
E It has been demonstrated from wind tunnel tests4 that body interference on
a finned missile at angle of attack can cause an unbalance in fin lift forces
that produces a net yawing moment analogous to the body-induced Magnus moment.
The fin-induced yaw moment can act in the same or opposite directiop to the
body-indgced lagnus moment, depending on the angle of attack and om whether or
‘not the missile has reached Zts terwminal roll rate dictated by thé fin cant
angle and freestream velocity.
; This paper describes a mathematical model for predictiog a dynamic

instability similar to that identified in Ref. 4. This model assumes that an

: unbalance in fin lift forces for a missile with canted fins arises from

unequal efiectiveness of the windward and leeward fins when the missile is




at angle of attack. The equivalent y: ' damping and Magnus coefficient are
obtained as functions of the fin-induced rol! moment and the relative

effectiveness of the windward and ieeward fins. A closed-form solution is
obtained for the angle-of-attack convergence envelope of a rolling reentry
vehicie with canted spin fins. This is an extension of previous work, in
which a solution was obtained for the angle-of-attack coanvergence envelope

of = nonfinnned reentry vehicle with roll acceleration and pitch/yaw dauping.6



I1. EULER ANGLE COORDINATES
The vehicle rotational motion 1s described in terms of the Euler
angles y, ¢, 6, which describe the position of a set of body-fixed axes
X, ¥, € velative ¢o au ineriial frame X, %, z that transiates with the

vehicle, as shoun in Fig. 1. The axes {, n, i, are axes of roll, pitch,

and yaw, respectively, relacive to the plane of total angle of attack. They

precess about the velocity vector with angular rate @. The Euler angle 6
is the total angle of attack, and the angle ¢ is the roll angle relative
to the wind. The roll rate p is then the roll rate relative to the wind 6

plus the component of precession & cos 6 along the roll axis; i.e.,
p = 6 + i cos O

If the principal moments of inertia about the {, n, ¢ axes are Ix' I, I,
respectively, and the aerodynamic moments about these axes are Mg, Mn. MC'

the moment equations of motion in terms of the Euler angles for an axisym-

metric vehicle wmay be written7

M, = 10 + prﬁl sin 8 - 192 sin 6 cos O

d - ve .
MC 1 It (¢ sin 6) + 10y cos 6 - pre

)

(2)




Figure 1. Euler Angle Coordinates




III. AERODYNAMIC MOMENTS
It is assumed that the only forces acting on the vehicle that contribute

to the aerodynamic moments ME' Mn, M, are normal forces from angle of attack,

z
fin 1ift forces from cantad spin fins, and pitch and yaw damping forees.

For simplicity only two spin fins are considered, ailthough the results so
obtained could be generalized to any number. The fins are assumed to be located
on the aft end of the vehicle a distance x behind the vehicle center of mass,

as shown in Fig. 2. The fins are canted to produce a positive (clockvise)

roll moment and are designated Fin 1 and Fin 2 in order to differentiate Latween
the windward and leeward ﬁositions at any ianstant. The roll angle ¢ describes
the roll orientation of the vehicle relative to the plane of total angle of
attack and is referenced such that ¢ = 0 when Fin 1 is leeward and Fin 2 is
windward., The aerodynamic moments due to the,xln,lift forces L1 and Lz are then

= (L, + LZ)

1

e

M
gfins

M = {L, - L

) x sin ¢ (3)
rlfins 1 2

= (L, ~ L

2 l) x cos ¢

M
Cfins

and the total aerodynamic moments acting on the vehicle are

& Efins
o2 ZCNaI ]
M =N -C Bgsx -1 fc 4 (4)
n nfins Na st 2u mq md2
o2 ¢, 1
Moo= M - g:—— -C_ +—5—Jv sin @
fins q ud




Mf (ROLL MOMENT)

Figure 2, Vehicle Configuration
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The last terms in the second and third of Eas. (4) are niteh snd yav damping

moments, where 0 and @ sin 0 are the pitch and yaw rates, respectively.

The fin lift forces are given by

e (L
L, (:"6 qus
) (5
-c (2
7 L2 czé ézqs
where Cz S and Cg'(Z) are fin 1ifc derivatives and 61 and 62 are. the effective
6 . - .. 6 .

cant angles of Fins 1 and 2, respectively. 'The effective cant angles consist
of the fixed cant angle 60 of the fins relative to the axis of symmetry of
the vehicle plus theicomponent of angle of attack that naywadd to or subtract -

from 60. depending on the roll orientation ¢. The effective cant angle can be

written

61 - 60 - 0 sin ¢

(6)

52 - 60 + 0 sin ¢

The dependence of the fin 1lift forces on angle of attack is expressed through

the fin 1ift derivatives according to

1)
§

e

" Gy (1% 6, (0))
&)

@ - cp 1+ oty




vhere C. 1s tha zave sngle of steack valuz and £,{8) and i,{¢) are periodic
)

functions that describe the windward and leeward positions. The simplest

first order dependence on angle of attack is assumed., If we choose for f1(¢)

and f2(¢) the functions

£,(0) = 5‘2- (a ~ cos ¢)

7 (8)
£,(9) = % (a + cos ¢)
then the windward and leeward leues of Cz beéome
()
14+a
{C, ) [l + (—— )AG]
2'6 windwatd 26 2
€, ) = ¢y (1~ 5B (9
$ leeward [\}

For a = 1, the windward effectiveness increases with angle of attack vhile

the leeward effectiveness remains unchanged ‘whereas, for a < 1, the windward

effectiveness increases and the leeward effectiveness decreases with angle

of attack. Equations (5)-(8) give, for the fin 1lift moments of Eq. (3), the

expressions

. - (5,1 + age) + ﬁg—~ sin ¢ cos $]C, q8d
fias 6 (10)

PR




i—— ——

M - -IS“A sin ¢ cos ¢
"sne n

+ (2 + ar8) ein®elc,

2
M w [§ A cos™d
cﬁm o

+ (2 + aAl) sin ¢ coi HC%quO

For angles of attnck. greater than the trim vnlés from éoﬁﬂguration.md aero-
dyn;ic cyﬁctrtuu (assumed to be zero here), the vind\urci-ieridian rotation
rate 6 will, in general, be non:ero;6 i.e., the vehicle rolls about its axis
rélative to the wind. Consequently, the sinusoidal functions of ¢ in Eq. (10)
can be averaged over a éyéle to yield average values for the aerodynamic woments
due to the unbalanced fin lift forces. Making use of the defin;te 1ptegrals

2n 2n
lﬁfosin¢cos¢d¢-0. —;;fosinztb“

2%
=3[ coss do =
0

[T

we obtain for the average values of these moments

-+ 28

2 )¢y $y08d

M
S¢ins 8

M = -(1 + é—2—-6-)(: qSxg (11)
Neins 15

N - A—g Cl 6°qu
Ltins (]
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IV, EQUATIONS OF MOTION
The moment equations of motion in terms of the Euler angle coordinates,
obtained from substitution of the aerodynamic moments from Eqs. (4) and (11)

iato Eq. (2), can be written

Q +%—eﬂ).x -p

-{1 +,e%9)16 - uze -V b+ up& gin 6 - @2 sin 6 cos 8 - Q2)

%-GOTAG - U@ sin ¢ = %; (i sin 0) + é@ cos O -~ upé

where the coefficlents are

Czééqud 7 ) CNaqust
l('-—-i——-— W s
x
cchSx Ix
T e l u--l— (13)
2C. X
2 N
ve gl [, +—3
u n ud

The parameter w is the natural pitch frequency of the vehicle.
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V. EQUIVALENT MAGNUS COEFFICIENT
AND YAW DAMPING

Z|

The yaw moment in Eq. (11), created by the €in 1if¢ wnhalance

2 s

;fins
is equivalent to a Magnus woment

- C g8d’_ pb (14)

Mnagnus n__ 2u
po

in which the Magnus coefficient Cn has the value
pa

Xy Uy
C"pa Aclééo (d) 7(pd) 7 (15)

Unlike the classical Magnus moment, the yaw momgnt Mcﬂns is independent of
roll rate in the first-order approximation. The fin 1lift derivative C26
is defined such that the product 01660 is the zero-angle-of-attack value
of the total roll moment coefficient Cz induced by the canted spin fins.
Q

The fin-induced yiw moment can also be related f.0 an equivalent yaw damping
coefficient, From the yaw equation of motion in Eqs. (12), with the small-angle
approximation sin 9 = 0, the fin-1lift unbalance term is equivalent to a yaw

damping coefficient v of magnitude

fins

\)f. "
ins zw (16)
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Following the approach of Ref. 6, we find the quasi-steady value of the precessioa
rate w from the pitch equation of motion. Again using the swall angle approxi-

mations 5in & = & aud o8 0 = 1, we can write this equatiom in the foram

..

e+[u2+(1+£“2-§)r+up$~ézle+vé-o a”n

which, if we neglect v and assume aA0/2 << 1, yields, for the two precession
modes, the quasi-steady values

—

6"*.- -ty (1‘12’-)2 +ul e (18)
The term T under the radlcai. which arises from the fin-lift unbalance, increases
-slightly the static stability of the vehicle. Sincé Eq. (18) yfelds one positive
and one negative value for the two precession modes, the equivalent yaw danping
from Eq. (16) willibe either positive or negative, depending on which precession
mode prevails. The positive precession mode is undamped, whereas the negative

precession mode is damped, which is consistent with the results of Ref. 2.

-14-




V1. REENTRY VEHICLE ANGLE-OF~ATTACK
CONVERGENCE ENVELOPE

The influence of the fin 1ift unbalance on the angle of attack convergence
of a rolling reentry vehinle can be determined directly from the result of

Ref, 6, with the equivalent yew demping coefficient V¢ins defined by Eqs.

i
(16) and (18). If this coefficient is added to the usual yaw damping coefficient
and T 15 assumed small relative to wz. we obtain, for the average value of

the angle~of-attack convergence envelope, the expression

m|c4

PRRA r £l 1
o-(1+0) exp —}‘.';)(P+V)(I-IJ___T(J=Z;) (19)

6 TA l
2] at
?
up vV 1.+ a2 ‘
where the top signs in the *: and ¥ signs in the exponent corresponds to the
positive precession mode and the bottom signs correspond to the negative

precession mode. The parameter O is the ratio of the natural pitch frequency

to the reduced roll rate up/2. For a slender vehicle with u = 1/10. for example
2

-~

2 .
2¢ = 400/(p/w)”, which I{s a strong function of the ratic p/w. For roll rates
of the order of the pitch natural freqqency or less,rq? >> 1 and Eq. (19) reduces

to the simpler form

172
— d 1A
. (P 1 ,g.,) ’
CH = ( ” ) exp [- 5 J; (u ¥ o5 ) e (20)

-15-




To {lludtrate the effect of the unbalanced fin lift forces, we compare

the vesule, Ea, (19), with digieal computer solutione of the sgquations of
motion, Eq. (12). Figure 3 shows a comparison of angle-of-attack histories

for the two extreme cases of exoatwospheric wotion that vesult in nearly
circular motfion Sn both the positive and negative precession nodes.6 Also
shown, for comparison, is the cngle-of-attack behavior for a negative pre-
cession case, in which the fin 1ift unbalance is nonexistent. The theoretical
npproxtiation. Eq. (19), is 1ﬁcluded for comparison in each case. For reentries
in wvhich the axis of the exoat-osphéric precession cone does not coincide with
the velocity vector, the initial angle of attack will be oscillatory. The |
initial average value of the oscillation envelope Bo for such cases is the
angle between the velocity vector and the ax1s>of the precession conme.

Figures 4 and 5 show computer simulations of two such cases in which the
velocity vectors lie inside and tangent to the exoatmospheric precession

cones, respectively. The theoretical approximations to the average values of

the oscillation envelopes, computed from Eq. (19), are shown for comparison.

-16-




TOTAL ANGLE OF ATTACK, deq

—~ | I

POSITIVE PRECESSION WITH
FIN LIFT UNBALANCE

T

NEGATIVE PRECESSION
WITHOUT FIN LIFT
UNBALANCE

~
[

A = 20 PER RADCIAN

Cg, = 0000436 NEGATIVE PRECESSION

«~—— COMPUTER SOLUTION WinL EIN LT

O THEOQRETICAL
APPROXIMATION EQ.(19)

0 1 1 l

300 250 200 150 100
ALTITUDE, kit ’

Figure 3. Comparison of Angle-of-Attack
Histories
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VII. SUMMARY AND CONZLUSIONS

A Magnus-type instability of finned missiles, caused by an unbalance
in fin lift forces from unequal effectivensss of wvindward and leeward fins, has
been described quantitatively. Although of different origin thanr the classical
Hngpun soment of n.:pinning cylinder in a cross flow, the fin-lift-induced yaw
' moment pc;i in. the sase ditectiqn and caupes damping of negative precession
‘and und;nﬁing of positive precession motions. Unlike the classical Magnus
momant, the fin-induced yaw moment is independent of roll rate in the first-
order linear approximstion. The cguivalent Magnus coefficient is found to

have the value

wvhere A is the slope of the fin effectiveness vs angle-of-attack curve, assumed

to be linear, and Cz is the fin-induced roll moment coefficient of the missile.
)

A closed-form solution has been obtained for the angle-of-attack convergence

envelope of a finned reentry vehicle. This result indicates the magnitude of

the fin lift unbalance required to cause a net undamping of the angle of attack.
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