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CELL MEMBRANE PFRMEABILITY TO W..TER
(LONG-PCRE EFFECT )

izika L. N, Yermishkin
EB jophysics)

Vol. 11, No. 4, pages 694-698, 1966

In the literature we can find several citations [1-4] to the effect
that measurements of water flow through natural membranes by two different
methods, osmotic and isotope, give different values for the rate of water
peroeability. Permeability Pisot 1n isotope experiments is defined as

Pi t fa fx
80 - = (1)
where £ and £~ are unidirecticnal flows of whole water end tagped water
through a membrane and a and a* are the activity of wholé and tagged water
on the one side of thu memdrane and the side where the tagging 1s applied.

In the osmotic experiments permeability Posn i® defirad by the ratio

fosm * Poen(sl - 82) (2)

where aj and a2 are water activity on both sides of the membrane and f..n
15 the osmotic flow of water,

In the case of diluted solutions,
-8 ¢ -y

where ¢] and ¢) are the total concentrations of the dissclved substances in
the water which do not pass through the membrane on both sides of the membrsne,

In using this method for calculating permeability from experimnt.nl
* dats on osmotic and isotopic flow we always find that »p
sAdition, exythrocyte experiments [1) showed that the 183fmpic risdta dopendl
an osmotic pressures on both dides of the membrane which does not follow
fros equation (1),
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In order to explain these facts it is usually assumed [2 - 4] that
the water passes through the membrane by long narrow pores having a dismeter
only slightly larger than that of the water molecule so that the molecules
in the pore line up in a colum, The following model can be considered: in
& pore there are always n molecules some of which have entered from the
left and soms from the right, In some collisions of solution molecules agairmt
the edges of the pare the entire column shifts forward oné position and the
molecule which had the collision occupies the first place in the pore. At
the sam tims one moleculs passes from the pare into the solution on the
other side of the membrane,

Setting up the problem in this fashion has led certain writers to
the paradoxal conclusion that the freguency of passage to the right, let us
say, of tagged molecules which were originally on the left depends in a
ng:rinur fashion on the concentration of these molscules on the left, in
o worde
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where fX and £ ars the flow -* tagged water and whole water from left to
right and &* and a are the re. ective activities in the solution on the left.

The paradox in this conclusion can be readily seen from the following
exsiple. Let's divided all the water on the left into several equal parts
and tag each part. Let's then measure the flow produced by each part. The
total water flow is equal to the sum of these flows and must not depend on
the tagging method. However we will obtain a smaller total flow, the greater
the number of parts into which we divide the water,

Let us-have a look at what constitutes the error in this approach.
Let's take Harris' method [2], We assume that a tagsed molecule has taken
over first place in the columm. With the next collision at either end of
the pore there is 1/2 probability that it will pass to second place (we
assums that the total activity of the mclecules entering from both ends 1a
the sams and the average frequency of collision on both ends of the pore is
identical), The probability of pasd ng from,second to third position is
als0 1/2 and from from first to third (1/2)°, The probability of pasaage of
a tagged mclecule from first place to (n+l)st is (1/2)", Hence the conclu-
sion that the ratio of tagged flow to total flow from left to right equals
(s®/a)+(1/2)R, The first error in this judgment is obvious. The author
considers the pessage of tagged molecules as only one of the infinite number
of possible msthods, namely passage without return (1-*2-93—,,.n+1), How-
ever passages are possible with 1, 2, and more returne, fx example (1-2—3
R2-—+2-31—2 ,..)., Lea [3] takes this possibility into account. Far
a starting ratio the author takes the obvious equation Wy suly_; + Wi,y
where W; s the probability that the tagred molecule is in the 1-st positiom
from the left, u the probability of the movement of the entire columm
to the right in successive collision with the pore and v movement to the left.
Unfortunately in this equation the positions of probabilities u and v were

transposed,




For this reason in the final expreesion for unidirectional flow
obtained for solving this equation it 18 essential to exchange positions
u and v,

However the principal reason for the paradoxal conclusions cf Harris
and Lea ties up with an incorrect interprdation of the final result, Both
authars assume that untagged molecules located originally on the left pass
out into the solution on the right at a rate of 1 emergence per collision
and equate the small numerical probability of passare of a tagged molscule

with the ratio of tagged to total flow from one side of the mecbrane to the

other,

Derivation of an equation for unidirectional flow

Let a membrane with identical pores separate two aqueous solutions
of substances which cannot penetrate a membrane, Let the activity of the
water on the left and right be represented as aj and as, It is natural to
assume that the column san be moved forward only by the impact of molecules
with a speed component along the pore axis greater than a certain weslue v,
Let O represent the ratio of t'ie number of water molecules whnse impact
sdvance the column to the total number of molecules. Then the number of
molecules moving the column to the right will be oy and to the left oly,
Let us use as a unit of time the average time between column movements

At =
op) + a2

The probability of edvancement of the column one place to the right
in a unit of time will de
U= __aa - 3]

oy +oa2 a] + 82

and one place to the lexs
v = 82
a] + a2

In a pare with n places it {s possible to have n+l combinations of
molecules from each side (diagram), When the column moves to the right
s woleaule of the left solution will be carried to the right solution only
with the first combination and only witr the (n+l)st combimatiom will a
molecule of the right solution pass to the left.

Hodgkize and Keynes [5] considered a similar problem and obtained an
eguation for the ratio of unidirectional flows by the following methods with
stationary flow an acourste relationship is up i,y == vpy , where Py 1s the
probability of the i-st combination. Then

» n
PL = Sp, -(—3-) Pie2 = —(—*,‘-) Pisn
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With
n n
1=, 11 -(_\L) __:%)
Pn+l v
8in>" the rate of entry of a molscule from the left solution into
first place o the left is proportional to aj and the molecules on the right

to a2 then . n+l :
L O S R ) (3)
T L) pm-l a2
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We will try to obtain an—e;a€13n~f6r_u;idirw'ctional flow and use it
in determining the water permeability of the membrene,

The process desecr.ved is a very simple Markov chain and the rate of
emergence of aclecules of the left-hand zolution on the right may He defined
as thc product <€ the probability that the system is in the first state at a
given moment times the rate of progress of the column toward the right.

In a stationz:;, state the probebilities of the =tates can be deter-
nined through the probabilities of transiticn between etates, From the
numeration of the combinations we can see that the probability of a transi-
tion from the i-st to the (1+1)-st state is equal to the probability of
e collision on the right, 1.e. v and the probability of a trasition from the
(141) to the 1 state -- u.

The probebilities of the states in a stationary system are equal to
the adbsolute possible probabilities, a column of which (Pi) is the proper
veotar of matrix P' for a characteristic number = 1;

P'-(py) = (py) (2)

Here the matrix Pl is the transitional matrix for the matrix of
probabilities of transitions P,
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In our case matrix P is simple in appearance:

o L] L] L L] o‘
v O .p
0O v .
. . . . '(n+1)o
L L] L] o
L ] * .'
e ¢ o« 0 u wvU

Consequently, o ‘-7‘:‘ l—% .
O

”'*"(’:)n’“’qum - (Z‘.’)"‘T(-_,f?rj (50

u [ Y

The probability of passsge of molecules f:om the left solution into
the right during the average_time between collisions is_

aa, . a,
aay 4 ady . -(i‘_)wn

u .

and the frequency ot' elerganco per unit of time, indspendent of the
frequency of ocollisions is — _

Oy ¢ —————
t ay a1
(@)

a

Total flow from left to right

| T-WI_—“—_%’-!_-' ©)
a, \"H
-(%)

where p is the water permeabllity of the membrane which depends on ©C and
the ratio of the effective surface of the poares to the suwface of the mexbtrane.
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If we divide (6) by (7) we obtain eqation (3).
e
!'lon_? and £ may be determined only by means of isotopes.

From (6) we can see that flow from left to right depernds on water
astivity not only on the left but on the right,

o B
Osmotic flow is computed like £ — £ and equals

. o o —
fmmf —Tmpy— e (8) T n gy ®
Ty ) e

1.0, looks the same as in an ardinary case of non-narrow pores.”

Now we can readily see why we obtain different water permeability
coefficients derived by ueing equations (1) and (2), The isc%ope coefficient
mt be computed in the case of different osmotic pressures on the two sides
of the mowbrans by using (6). When the osmotic pressures are identical, i.e.
when a3/a)®= 1, expesure of the inacouracy in (5§'rby L'Hopftal's rule gives

1
and (6) s transfarmed inte =T B
f=5gor 9

Thus the use of equation (1) instead of (9) gives a value for the
water permeability raduced n+l fold,

Combined osmotic and isotope measuremsnts of weter flow through mem-
brenes makes it possidble from ratios (6) and (8) to determine permeability
p s well as the number of places in pore n.

Diamond [4], using enyation (3) found n =* 56 in measuring water flow
through the gall bladder. The application of equation (9) to his data gives
n = “ - 56-

The case of & wory wide pore signifies n ™= O and the absence of inter-
action of the flows. For a not too narrownpore (several moleculs diameters)
the interaction will be weaker than {n the case of a narrow pare and the com-
:uud n will be less than the ratio of pore length to molecules diameter.
e may assume that the computed ratios are applicable as well in a case where
we oonsider n eimply an indicator of the degree of intersotion of the flows,

)




Conclusions

1. We have considered a mathematical model describing the passage of
water unrough the long narrow pores of .a membrane, In this case we have
observed an interaction between the opposing unidirectional flows of molecules.

2, We have obtained equations for unidirectiunal flow of water through
a membrane.

3. The ratios whioh we have obtained agree essentially with the
exnerimental data provided by a number of writers on the passage of water
through natural membranes and explain the diiference in the values for
water permeability of membranes obtained from osmotic and isotope experi-
ments,
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