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C E MBIRANE PERMEABILITY TO W.TEl

(LNoG-P,,S )

Btof sika L. N. Termishkin
(Biophysics)
Vol. 11, No. 4, pages 694-698, 1966

In the literature we can find several citations [1-4) to the effect
that measurements of water flow through natural membranes by two different
methods, osmotic and isotope, give different values for the rate of water
permeability. Permeability Pisot in isotope experiments is defined as

PIiot 0 f. fx

where f and fx are unidirectional flows of whole water and tagged water
through a membrane and a and ax are the activity of whole and tagged water
an the one side of the membrane and the side where the tagging is applied.

In the osmotic experimente permeability poem is defirnd by the ratio

foes 9 Poe,(al- a2) (2)

where &I and &2 are water activity on both sides of the membrane and foam
is the osmotic flow of water.

In the case of diluted solutions,

a 1 - &2 •=02 - el

where cI and c2 are the total concentrations of the dissolved substances in
the water wvhih do not pass through the membrane on both sides of the membrane.

In using this method for calculating permeability from experimental
data on osmotic and isotopic flow we always find that p m> pisot' I
eAdition, erythrocyte experiments [1) showed that the Issupie f depends
on oemotic pressue a n both Aides of the membrane which does not follow
fromn equation (1).
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In order to explain these facts it is usually assumed £2 - 4) that
the water passes through the membrane by long narrow pores having a diameter
only slightly larger than that of the water molecule so that the molecules
in the pore line up in a column. The following model can be considered: in
a pore there are always n molecules some of which have entered from the
left and some from the right. In some collisions of solution molecules against
the edges of the pore the entire column shifts forward one position and the
molecule which had the collision occupies the first place in the pore. At
the sam time one molecule passes from the pore into the solution on the
othea side of the membrane.

Setting up the problem in this fashion has led certain writers to
the paradomal conclusion that the frequency of passage to the right, let us
say, of tagged molecules which were originally on the left depends in a
nonlinear fashion on the concentration of these molecules on the left, in
other words

f a

where fX and f are the flow -*" tagged water and whole water from left to
right and a" and a are the rt, ective activities in the solution on the left.

The paradox in this conclusion can be readiU" seen from tVe following
exafple. Let's divided all the water on the left into several equal parts
and tag each part. Let's then measure the flow produced by each part. The
total water flow is equal to the sum of these flowb and must not depend on
the tagging method. However we will obtain a smaller total flow, the greater
the nmber of parts into which we divideý the water.

Let ushbaves a look at what constitutes the error in this approach.
Let's take Barris' method [2]. We assume that a tagped molecule has taken
over first place in the column. With the next collision at either end of
the pore there is !/2 probability that it will pass to second place (we
assume that the total activity of the molecules entering from both ends Ii
the sam and the average frequency of collision on both ends of the pore is
identical). The probability of pass ng fro.Nsecond to third position is
also 1/2 and from from first to third (1/2) . The probability of passage of
a tagged mclecule from first place to (n+l)st is (,/2)n. Hence the conclu-
sion that the ratio of tagged flow to total flow from left to right equals
(aX/6).( 1/2)n. The first error in this Judgment is obvious. The author
considers the passage of tagged molecules as only one of the infinite number
of possible methods, namely passage without return (1--'--3---...n+l). How-
ever passages are possible with 1, 2, and more returns, fw example (1-02 ..-P3
-2--v3--2----2 ... ). Lea [31 takes this possibility into account. For
a starting ratio the author takes the obvious equation Wi UUWi.1 + V~i+1
wher Wi is the probability that the tagped molecule is in the i-st position
from the left, a the probability of the movement of the entire column
to the right in successive collision with the pore and v movemnt to the left.
Unefovmetely in this equation the positions of probabilities u and v were
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For this reason in the final exprersion for unidirectional flow
obtained for solving this equation it is essential to exchange positions
U and Y.

However the principal reason for the paradoxal conclusions cf Harris
and Lea ties up with an incorrect interprdation of the final result. Both
authors assume that untagged molecules located originally on the left pass
out into the solution on the right at a rate of 1 emergence per collision
and equate the small numerical probability of passare of a tagged molecule

wi the ratio of tagged to total flow from one side of the metbrang to the
other.

Derivation of an equation for unidirectional flow

Let a membrane with identical pores separate two aqueous solutions
of substances which cannot penetrate a membrane. Let the activity of the
water on the left and right be represented as al and a2. It is natural to
assume that the column san be moved forward only by the impact of molecules
with a speed component along the Dore axis greater than a certain value vs.
Let Ot represent the ratio of Vie number of water molecules whose impact
advance the column to the total number of molecules. Then the number of
molecules moving the colum to the right will be Oki and to the left M'2.
Let us use as a unit of time the average time between column movements

#1 + 2

The probability of edvanoement of the column one place to the right
in a unit of time till be

VA ( •.l M al.

Ol + (a2 al + a2

and one piece to the lei = 2

al + a2

In a pore with n places it is possible to have n+l combinations of
molecules from each side (diagram). When the column moves to the right
a molecule of the left solution will be carried to the right solution only
with the first combination and only witM the (n+l)st combination will a
molecule of the right solution pass to the left.

Hodgkins and Keynes [5] considered a similar problem and obtained an
equation for the Atio of unidirectional flows by the following methods with
statiomary flow an aourate relationship is up,+, m vpi , whoer Pi is the
probability of the 1-st combination. Then

P i" -P1,l P .L Pi+2 - ... .)n P1v u
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With Im

Sith, the rate of entry of a molecule from the left solution into
ffr@% pIoe LM the eft is proportional to al and the moleoules on the right
to mthal P nW

Diagrams pare in menbrans abe iI me~dpavt
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We will try to obtain an-eqpaton--for unidirectional flow and use it
in determining the water permeability of the membrane.

The prosess descrLued is a very simple Markoe chain and the rate tf
emergence of a-leculeas of the left-hand solution on the right may Ie defined
as the product cf the probabilIty that the system is in the first state at a
given moment times the rate of progress of the colunm toward the right.

In a statione.-, state the probnbilities of t.he states can be deter-
ained through the probabilitierA of transition between etates. Yrom the
numeration of the combinstions we can see that the probability of a transi-
tion from the i-st to the (i+l)-st state is equal to the probability of
a collision on the right, i.e. v and the probability of a trasition from the
(itl) to the I state -- u.

The probabilities of the states in a stationary system are equal to
the absolute possible probabilities, a column of which (pi) is the proper
veotor of matrix P' for a characteristic number m 1:

P°'(Pk) s (PO) (4)

Hers the matrix P1 is the transitional matrix for the matrix of
probabilities of transitions P.
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GRAPHIC NOT REPRODUCIBLE
In ow oao c atrix P in simple in appearances

u 0 v 0

0 u 0 v

0 =p .. . I n+l).

The solution of the systen of equatione in (4) looks thus

4. t-, S
r a

p 1 ,Qi! ... _-Consequently, ____-

p,, - ()--'" - '-

P ,i -M"

The probability of P6ssage of moleu1 les fý-o• the left solution into
the right during the average-tims between collisions is_

upi .- a,

UP, matataa, +4 a

and the frequency of emergenc per U!,it of tim, ind'mpendent of the
frequency of collisions ie ...

aaa,

at /

Total flow fromaleft to right

a'L
1-- (6)

7ft+1

where p is the water permeability of the Mombane which depends oan O( and
the ratio of the effective surface of the paes to the surface of the "Rsans.
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aits, (7)

If we divide (6) by (7) we obtain equation-(3).

Sand f -ay be determined only by means of isotopes.

From (6) we can see that flow from left to right depends on water
aa+viy aot only on the e1ft but on the right.

_--P 4---
Owsmtic_flow is computed like f - f and equals

I -- IT- T-! 1- ( 8
""/pl aa, =p(a,--a.),

""-A 1_,~ i a '- ( L "

i.e. looks the sam as in an ordinary case of non-narrow pnres -

Now we can readiy see *by we obtain differpnt water permeability
ooefficients derived by using equations (1) and (2). The isotope ooefficient
*t be eamputed In the case of different osmotic pressures on the two sides
of the membrane by using (6). When the osmotic pressures are identical, i.e.
when sq/elm 1, exposure of the inaccuracy in (5) by L°Ropttal's rule gives

A-Iand (6) is transformed into 'n-,+

P as. (9)
ii+t

Thus tie use of equation (1) instead of (9) gives a value for the
water pwrmeability r~duoed n+l fold.

Combined osmotic and isotope measurements of water flow through men-
breas makes it possible from rotios (6) and (8) to determine permeability
p as well as the number of places in pare n.

Diamond [4], using eUation (3) found n = 56 in measuring water flow
through the gall bladder. The application of equation (9) to his date gives

a-54 - 56.

The case of a very wide pore signifies n - 0 and the absence of inter-
action of the flows. For a not too narrowepore (several molecule diameters)
the interaction will be weaker than in the case of a narrow pore and the con-
outed a will be less than the ratio of pore length to molecule diameter.

assume that theo emuted ratios are applicable as well in a case where
we osn•mder a sin•ly an indicator of the degree of interaction of the flows.
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Conclusions

1. We have considered a mathematical model describing the passage of
water tirough the long narrow pores of a membrane, In this case we have
observed an interaction between the opposing unidirectional flows of molecules.

2. We have obtained equations for unidirectional flow of water through
a membrane.

3. The ratios w~ek we have obtained agree essentially rith the
exnerimental data provided by a number of writers on the passage of water
through natural membranes and explain the dilference in the values for
water permeability of membranes obtained from osmotic and isotope experi-
ments.

Submitted to the editor
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