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Chapter 1 

SCOPE 

Thia monograph ia a critical review of current art in selecting, designing, 
analyzing, and using cuahions. 

Cushions mitigate the effects of shock or vibration. They also prevent mar­
ring of highly finished surfaces, abeorb spilled liquids, protect barriers from 
puncture from within or without, and even, fairly often simply fill void spaces 
., that irregular objects can be fitted into shaped containers. 

The word "cushion," or the alternative "cuahioning," has taken on several 
meanings over the years. It ia appropriate, therefore, to begin with a descrip­
tion of what will and will not be covered in the following pages. 

In the broadest aenae, a cuahion ia anything interpoeed between one object 
and another to mitigate the eft'ecta of shock or vibration on the first object. 
The basic mechanism by which the cuahion performs this function ia through 
being deformed in response to the forcee induced. Thia deformation occurs 
in accord with Newton's laws of mechanics. Since all materials will be 
deformed to a greater or leaser degree, we should restrict the area of inquiry. 

Thia monograph ia concerned with materials which will deform signifi­
cantly under applied forces. The word "significantly" ia not cloeely defined; 
quantitative limits can be 1et only by an individual designer with a specific 
problem to .,lve. However, this reetriction has objective meaning. For 
example, thoae interested in ballistic impact, in body armor, in brittle fracture, 
or in basic strength of structural materials under impsct conditions will not 
find their required anawen here. 

The main thruat of thia moDOIJ'&ph will be directed at materials rather than 
devicea. Generally ,peaking, therefore, metal 1prinp, lhock 1truts (~.g., 
airplane landing par), and "shock mounts" -composite fabricated atruc­
tW'el with a yielding element-will n .>t be diacuaed. Such devices can 
receive the kind of mathematical treatment used throughout thil monOll"aph; 
one cannot draw a hard-and-fut line between 1uch devicea and cuahiona. 
It ii frequently accepted that the mau of a cushioning device can be considered 
ne,lisible in comparilon with the mau of the cushioned object. A. will be 
lhown, thil limplification ii not pcai' e with materiala, except in very pre­
liminary delip conaiderationa. Another dift'erence: culhioning materials 
are not very often attaclied to the object cuahioned, although many of the 
materiala do have tenaile and abear properti• that permit 1uch uae. Actu­
ally, moat of the el'ecta under diacuuion are compnuive el'ectl. 

Cuahi0111 ulld in contact with a apeciftc object must be compatible with the 
cqect. Included are chemical compatibility, abrasion or marring charac­
teriltica, and absorbency. While theae properti• are important, they are 
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2 aeon 
not mentioned in this monograph, which is limited t.o the mechanical proper­
ties exhibited by the material. 

The basic objective of this monograph is t.o bring all persons concerned with 
cushions-theoretician, materials engineer, designer, specification writ.er, 
producer, and user-to the same point of reference. A secondary but impor­
tant objective is t.o indicate crou-fertilization potentials between lines of 
work proceeding in widely separated localities and even to suggest pouible 
new lines of endeavor which might produce fruitful results. 

To the extent that either goal is achieved, the eft"ort is worthwhile. 



Chapter 2 

BASIC QUALITATIVE 
CONSIDERATIONS 

The function of a cuahion ia to mitigate the el'ectl of •hock or vibration on 
an object. Certain fundamental poatulate• and definition• an, required 10 
that tbia •tatemeut may have objective meaning. 

Con• ider the pneraliled •y•tem •hown in Fig. 2.1. The •yatem con•iata of a 
subetrate or 1upport •urface, a cue, the cuahion, and the item. The item 
contain• one or more attached mecbanir.al 1ubauembli•, identified u ele­
ment a and element b. The cushion is very much 1-rilid than the •ubatrat.e, 
cue, or item 1urface. In fact, it is uaual to con•ider tbele three infinitely 
rigid-with little or no lou in accuracy, u will be •bown. Element• a and b 
are moat conveniently thought of u being 1- rilid than the cue. 

ELEMENT o 

Now let the cue and it• content.a unc:lerao a cbanp in •tate of mouon. Such 
a change might occur beca111e of the cue being •topped by colliaion with the 
•ubetrat.e, or through one or more cbanpl in the direction of displacement, 
or in the velocity of the •ub•trate. In aa:ord with Newton'• law•, the item 
will tend to continue to move in the orit;nal direction, with tbia motion being 
reaist.ed by the eu1bion. 

If the item ia an operatiq piece of equipment, •uch u a motor or •imilar 
mechaniam, the motion may be induced from in•ide. In the ~rity of the 
cuee diaculled, however, the motion will be induced in 10rne fuhion from 
outaide the 1y•tem. The efort is then concentrated on finding the efectl of 
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4 BABIC QUALITATIVE CONSIDERATIONS 

thia motion at the item-cuahion interface and aa it proceeda further and further 
into the item. . 

The motion may be vibratory or it may collltitute mechanical •hock. Vibra­
tion i• variation with time of the magnitude of a quantity. Thia quantity ia 
deecriptive of the motion or poaition of a mechanical ayatem and it• magnitude 
ia alternately greater and •mailer than aome average value. Mechanical 
•hock, on the other hand, ia characterized by aignificant internal forces in a 
ayatem resulting from audden changes in excitation. Mechanical •hock 
exiata when a force, poaition, velocity, or acceleration ia auddenly changed, 
exciting mechanical transient• in a ayatem. 

The definitions of •hock and vibration given in the preceding paragraph are 
both accurate and inclusive; they are made to cover all cases in which the two 
words can appear. For expoaitory purpoeea, the thought• of two author• are 
borrowed. 

Morrow [ 1] has defined •hock aa a pulse, a transient, or a change of accelera­
tion which atands out above the general vibration level and occur• in a 
relatively ahort period of time. Thia particular view permit• one to consider 
a •hock aa a apecial case, warranting separate analysia, in the univerae of 
motions to which an aaaembly may be expoeed. 

Fung [2] prefers to conaider four aeparate types of shock problem. These 
depend largely on how the •hock occurs and are: 

l. Impact-Thia form ofahock occurs in aircraft landing•, in colliaions, in 
package handling, and the like. It is frequently characterized by a change of 
velocity and was called velocity •hock by Crede (3). 

2. lmpoeed external loads-Typical examples are blast •hock on building• 
and near-miu exploaions in general. 

3. Ground acceleration-Here the base (or substrate) undergoes a audden 
change in motion. Examples are building• shaken by earthquakes, packages 
rattling in a vehicle, or inatrumenta mounted on a larger atructure which 
undergoea aome form of •hock. 

4. Aeroelastic •hock-Typical of thia are gust loads on aircraft and •hip 
• lamming. 

At leaat part of the difficulty in achieving satiafactory definition• which 
separate the meaning of "•hock" from the meaning of "vibration" ia that 
essentially the aame equation ia used in both types of problem. Aa an illustra­
tion, consider the aimple ayaterna ahown in Fig. 2.2. In Fig. 2.2(a) a maaa m 
i• aupported on a fixed foundation by a apring and a dashpot. The maaa is 
then aubjected to a force varying with time, F,(t). The equation of motion for 
thia ayatem i• 

(2.1) 

If the maaa were • imply diaplaced and then released and allowed to vibrate 
freely, F,(t) • 0 and Eq. (2.1) would become the clauical equation for damped 
free vibration. 

Figure 2.2(b) ia aimilar except that the excitation i• the motion .r,(t) of the 
foundation. The equation of motion for thia ayatem ia 

(2.2) 
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F10. 2.2. in11e-derree4-freedom 
11y11tema: (a) excited by force, and 
(b) excited by motion. 

(al 

.,,11 

~.,11 

C 

l b l 

Eq tion (2.2) can be diff'erentiated once with reepect to time to yield 

d'i .. . . 
m Tt + ex.+ Ju. - kx ,( I) . (2.3) 

This is the relation e1isting when the foundation disturbance is expr e1ud in 
terms of velocity. Proceeding 1imilarly, one finda that 

d1'i . + d'i . + '- " = '- "(I ) 
m dt• c di "x• "JC' (2.4) 

applies when the foundation disturbance i1 expreued in terms of acceleration. 
By introducing the term JC, u the relative motion between the foundation and 
the mu1 (JC, = JC. - JC,), Eq. (2.4) may also be written 

m'i , + c.i, + kJC, =- - m'i ,(t ). (2.5) 

Since it is generally pouible to diff'erentiate Eq. (2.2) any number of timea 
n, the following may alao be written 

.f!... (d•JC•) + Jl.. (d"JC•) + k d•JC. ,.. k [d•JC, t>] 
m dt1 dt• c dt dt• dt• dt• . (2.6) 

Define the following quantities: 

1. The 1quare of the undamped natural frequency of the 1ystem u 

-· =.! · -· ' m 
(2.7) 

2. The critical damping coefficient u 

Cr :a: 2\fim, (2.8) 

which is the smallest value of c for which the free vibration of mau m ia not 
oecillatory; 

3. The damping ratio u 

C C 
/j = Cr = 2\fim . (2.9) 

With appropriate subetitution from Eqa. (2.7) through (2.9), Eqa. (2.1 ) 
through (2.6) can all be written u the same aecond-order diff'erential equation 

(2.10) 
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14 THIIOUTICAL Al'PIIOACN TO .,._ 1H A CUIHJON 

Thia ....,.uon may be reprded • the ....,.uon ol a vector into ita com­
ponent perta. 

Tbe two wa"' cnvel with ~t velodu.: 

• (A 2,i)"' v, p ' 
(3.9 

(#£)''' v.--p • 

when V, la the velocity ol the clilatational wave and V, la the velocity of 
the cli81ortional wave. 

Equat.ionl (3.7) and (3.8 an the clMeical wave equat.ionl written here 
only for " but with the undentandiq that corr.pondina relationa niat 
for and w. 

Tbe .....,.1uect aolution for &MN equation, la 

11 • ( , (.1' - v, .. I) , . (.r v, .. t , 3.10) 

when f, and (, an arbitrary func:tiona depenclin, on the initial and boundary 
condition,. The function f, conwponda to a wave uavelin, aAon, the poaitive 
cliNCtion ol the s-u.la, while ft con-,onda to a wave cnvelin, in the nep­
t.ive direction aJons the aame u:ia. 

One. (, and (, an band, atraiptlorward double clilenntiation with re­
apect. to time will produce a value for ace.lent.ion at any time at point P. 

1.1.2. U.U el ......._, Suppc,N now &bat the ya.plane ol F6-. 3.1 
ia a ,,_ IIU'face and that an ina.nal wave 1triua tlua Rrface. The wave 
wiU be relec:lecl back into the medium al an an,le equal to the an,le of 
incidence. 

To complicale mau.a, ho .. ,., wh kind ol wave (acept at O or 90 
..,_ i.ncidlnm will live rt. to (at laMt.) two waftl, one ol ita own type 
and one ol the other type. Th-. a clilaaatioaal trave will produce a clilata­
Lional wa" at an an,le ol departure from the _,.,. equal to the an,le 
ol incWence, and .., a clilt.artiaaal wave at a cWfarmt an,le. Seuiq 
o,, • the cllputun an,le ol the clilatatioaal wave and /J, u the departure 
ancle ol the dillGrtionaJ wave, it ia found that 

ala o, v, 
lin /J, • V, · (S.II ) 

NOie that the total ....., cona.nt ol the two wavea mUlt equal the enero 
cona.n.t ol the lnddent wave. On a limple liqle re8ec:don, &ben(ore, there 
would be two cliSlnnt tJPII ol wave, wh with two clilitnnt --V levela. 
It can be NIii &bat lnclins the aact atate ol ltnll at any pven inatant can 
be clillcwt. 

In addition, there an "Ra.Jleilh lllrfam wa .... • Their e8lct decrN... 
rapidly with dlptb, and &heir propaption velodtiea an IIUller than the 
two kiadl ol wa" preriou9ly comidend. Dlrivation ol the equationa of 
motion ia compla <•4·, Kollky 122D and wut not be liven here. Tbe particle 
motion in Rayleip waftl ia in a plane perpeadkular to the IW'f'ace aloq 
which the waftl an ua..U... and parallel to the clinction ol propaption. 
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The velocity of'Rayleish wavee ia a fraction,«,, of'the velocity of diatortional 
wavee, V,. The value of'"' ia obtained from 

"•' - 8«,• + (2Va - 18aI 1)«1 + 18011 - 18 - 0, (3.12) 

in which a, ia an elutic constant of the material totally dependent on Poiuon'• 
ratio, auch that 

(3.13) 

Depth o( penetration of the wave• i1 of the order of a email fraction of the 
wavelength. With amall cuahiona, Rayleigh wavea may contribute a 1ig­
niftcant element to the overall atreu atate. 

3.1.J. Plue WHN in S..i-lnlnlte Media aad Roda. No reetrictiona 
have yet been placed on the direction of motion of the wavea through the 
medium with rNpect to any particular aet of coordinate•; a deaigner can 
usually arranp coordinate• to auit hi• convenience. We will now diacuu 
the propagation of' wave• in 1pecified directiona. 

Conatruct a •t of three rectangular coordinate•. Consider a wave propa­
gated parallel to the x-axia in an infinite medium. In the body of the medium, 
construct two plane• parallel to the yz-plane. A plane wave exiata if there 
i• one-to-one corrNpondence between the magnitude1 and direction• of JOOtion 
of corTNpondin, pointa in each plane. To obtain 1uch correapondence, let 
there be uniform atreaa on the yz-aurface of the infinitesimal cube 1hown in 
Fig. 3.1. In rnacroacopic real atructww, the aame reetriction prevail,; 
practically all available deei,n information depend• on thia buic auumption. 

Now let the velocity of propqation of thi• plane wave be V,. Then the 
diaplacementl, u, v, and w, will each be function• of a 1ingle parameter, 
• = x - Vat. We will then have the acceleration equationa, 

a•u a•u a•v a•v a•w a•w 
at• ,_ V 11 a••• at• =- V 31 a••• at• -= V ,• at• ' 

and the acceleration equation•, 

a•u a•u a•v a•v a•w a•w 
ax• - at• ' ax• - a.,,•' ax1 - a•• · 

(3.14) 

(3.15) 

The difl'erential ooefflcientl of u, v, and w with reepect toy and z will all be zero. 
Subetitute theae 1ix relation• in Eq1. (3.3). The re•ult ii 

a•u a•u 
pV~• a"'' = (A+ 2µ) a••· 

(3.16) 

a•w a•w 
pV~• a•• =" a.,,1 • 

Equationa (3.16) can be aatiafied in either of two mutually excluaive way1: 
Either 
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with both a•v/81/11 and a•w!at/,1 equal to zero, or 

Va•= µ./p 

with a•u/81/11 = o. 
In the former cue, there are longitudinal waves traveling in the x-direction 

with the velocity of dilatational waves; in the latter, the motion is transverse 
and parallel to the wave front and moving with the speed of distortional waves. 
This does not mean that waves of the two types cannot coexist in the same 
solid, but it does mean that longitudinal motion is not aft'ected by trans­
verse motion, and vice versa; this permits emphasis on motion in any chosen 
direction. 

Let ua see how far this theory will go, when applied to cushions with finite 
dimensions. Consider a cushion such as that shown in Fig. 3.2; the shape 
of the upper 1urface being any closed curve whose area is Ac, 

T 
Tc 

FIG. 3.2. A finite cuahion. 

1 

When the stress is compressive, a plane wave obviously will no longer 
exist if the column buckles. The maximum allowable streBB (30) for a column 
with unfixed ends is given by 

(3.17) 

where I,, is the area moment of inertia and Tr is the cushion thickneBB. In 
practice, stresses leBB than this should be used. Assuming reasonably large 
values of the dimensions in the y and z directions, Kerstner's (31] rule of 
thumb, 

Ar ~ (1.33T,.)2, (3.18) 

proves satisfactory in practice. 
Because of the boundary conditions imposed by the side walls, great theoret­

ical difficulties are encountered in considering a cushion as a bar or uniformly 
stressed plate. The only complete theoretical treatments are concerned with 
uniform bars of circular croes section. These solutions involve the frequency 
and wavelength of the disturbance, the radius of the cylinder, the elastic 
constants>.. andµ., and the density p. Even these are not exact for cylinders 
of finite length. When the length is very much larger than the radius, the 
residual stress becomes very small. In the exact theory, the waves move with 
the dilatational wave velocity. In the simplified solution (satisfactory only 
when the wavelength is approximately ten times the radius), the wave velocity 
is found to equal (E/p)1'1 . The Poiuon effect is thereby ignored; actually it 
is very small, sometimes negligible, for many cushions. From the definition 
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of v in terma of Lame'• constants (column 2 of Table 3.1) it can be seen that 
a neceuary condition for v = 0 is that >. be zero al10. With>. zero, dilatational 
velocity becomes (2µ/p) 111, while E becomes equal to 2µ. Thua, V3 muat 
take on the value (E/p)1' 1, u indicated by the simplified theory. In other 
words, when Poi880n'1 ratio is truly zero, the velocity given by the simpli­
fied theory will hold regardless of the dimensions of the top surface area, 
Ac, up to the buckling stress limit. 

For plane waves pasaing through plates (dimensions of Ar are large com­
pared with Tc as in Fig. 3.2), Bancroft (32] suggests a distinction between 
those cases where lateral motion is inhibited and those where it may occur 
without restriction. When lateral motion can occur freely, the operative 
elastic constant will be E; where it cannot, it will be >. + 2µ. 

Soper and Dove (33] examined the problem from the standpoint of an in­
fluence zone acijacent t.o the free edge of a cushion undergoing an impulsive 
loading. They considered a flat cushion confined top and bottom, as shown 
in Fig. 3.3. The stress laws of the cushion are linear and iaotropic, and the 
system is infinite in the z-direction. 

Fm. 3.3. Cuahion 1ystem of Soper and Dove (33); 
z-ui1 i1 normal to paper. 

The streu laws applicable to the material in Fig. 3.3 are 

Etz = Uz - VU 11 vu,, 

Et11 = U11 - VUz - VU,, 

and 

Et,= U, - VfTz - VU11, 

(3.19) 

Material deformation begins with an instantaneous compression in the 
x-direction to a stress of u z . Immediately following compression, the state 
of strain in the material is everywhere constant, since there has been no time 
for waves to travel from the streu-free edges into the material. The con­
ditions at this moment are 

f11 = fz = 0, Uz = U11, 

from which we obtain, by substitution in Eqs. (3.19), 

and 

II 
Uz = U11 = -

1
-- Uz -v 

I - 2v u, 
fz = (1 - v)• • E. 

(3.20) 

(3.21) 
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STRESS 

ORIGINAL 
WAVE POSITION OF 
FRONT MATE~AL 

la l 

._,,. __ V ----I 

( bl 

Fm. 3.4. Edge eft'ecta in a compreaed cuahion (331: (a) vi1ualization 
of wave front, and (b) free body dia,ram. 

Following compression, a wave runs into the material from the free edge. 
Behind the wave the streuea are leu, they-strain is poeitive, and the material 
is slipping outward. The situation near an edge is shown in Fig. 3.4. Values 
behind the wave front are denoted by primes. Note that the shear stress ex­
erted by the slipping portion is g\Ven by c,a'r, where c1 is the coefficient of 
friction between the cuahion and the confining surface. 

The situation immediately after the start of relaxation wave motion can be 
described in terms of the following set of conditions 

I - 211 
u',, = t',, = 0, f

1

r = fr, u'r ... (I - 11)1. Ur. 

From the definition of shear stress, these conditions give rise to the inequality 

, 2vc1 I - 211 
U r ;;ii, Tc · (I _ 

11 
)I · Ur , (3.22) 

where, 88 before, vis the motion in they-direction. It can be seen that the 
value of u 'r increases 88 v increases, since all other terms are constant for 
the system. When u'r attains its own maximum value Ur, the wave must 
fail to exert significant influence on the x-direction state of strain. This 
limiting value of vis obtained by setting u'r = ur, from which the criterion 

11Tc l - II v=-·---
2c1 I - 211 

(3.23) 

is achieved. 
When c1 is zero, v is infinite, and relaxation waves alter the state of stress 

throughout the material. This fact is not troublesome, because frictional 
forces never vanish completely in real systems. Similarly, if 11 = 0, then 
v = O; this is to be expected since the material does not tend to expand in the 
y-direction. This result was predicted by the other considerations sum­
marized above. 

For known real values of Poi880n's ratio, the magnitude of the edge effect 
is clearly dependent on the value of this ratio and on the coefficient of friction. 
If, for example, both variables equal 0.3, then v equals about 0.9Tc. On 
this basis, the edge-zone effect doee not extend into the cushion by more than 
the order of magnitude of cushion thickness. Everywhere else, stress in the 
cushion is essentially uniform. 
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Thus, if the cuahion surface i1 1ufflciently large in compari10n with the 
thickneu, the relaxation-wave eft'ecta from the free edges can be ignored 
for practical purpoeea. If the Poiuon eff'ect ia negligible, edge eff'ecta can be 
ignored regardless of cushion dimenaiona. Finally, edge eff'ects can be ignored 
whenever the cuahion can expand laterally with total freedom. Of c:oune, 
when the atreu ia compreuional, column stability i• a factor. 

What if the cushion i1 1imilar to that illuatrated in Fig. 2.1, where there are 
no edges? Then, by specifying that the cushioned-item dimenaiona shall be 
large in compari10n with cushion thickneu, a semi-infinite continuum may 
beauumed. 

3.t.,. Limitation• of the Treatment. Thia monograph baa 10 far given 
only a limited treatment to ita 1ubject. It bu not done justice to the more 
faacinating problems of wave motion in extended 101ida. It is now time to 
review some key auumptiona which have governed the treatment and discU98 
10me of their practical implicationa. 

1. An elastic material obeys Hooke's law; i.e., stress and strain are linearly 
related. No materials obey this law exactly, although 10me metals almost do 
for small strains. In metallurgy and engineering, the point of departure 
from linearity is called the elastic limit, a well-recognized property of most 
materials. To be mathematically rigorous, we must say that the equations 
used here were derived and are valid only for infinitesimally small strains. 
Satisfactory theory for measurable strains seems lacking although Murna­
ghan [34) baa made progress; al10 Green and Adkins [35) discU98 the difficul­
ties involved and show that considerable progress has been made. However, 
this theoretical limitation is true for almost every significant formula in the 
strength-of-mate. ials field, and it bu never prevented practical use of the 
findings. 

2. All detailed derivations have proceeded on the 888umption that the 
material is isotropic. It was pointed out that the original equations of 
motion, Eqs. (3.3), were independent not only of the form of the stress-strain 
relation in specified directions but also of the linearity or nonlinearity of the 
functions concerned. In an anisotropic solid, the 36 independent constants 
must be used. The problems are complicated, though responsive to the appli­
cation of matrices in an electronic computer. However, by shifting to the 
concept of plane waves, we can-without significant 1088 in generality­
concentrate on an elastic constant applicable to a given direction. The de­
mands of rigor are not met in the determination of effects of edges on overall 
response, but the treatment used is acceptable in terms of orders of magnitude. 

3. All derivations have assumed continuity of the material. How can 
conclusions based on this assumption be drawn when many of the materials 
dealt with are evidently macroscopically discontinuous? In Chapter 2, 
continuity is assumed almost u an article of faith. Smiley [36] investigated 
wave motion through rubberized curled hair, a cushion whose structure is 
obviously discontinuous. Working with strains on the li,1ear portion of the 
stress-strain curve he computed wave-transit times, t11king into account in­
creased medium density with each increment of strain. Even though he 
ignored diBBipative eff'ects of internal friction in the medium, he found re­
markably close correlation between the time of appearance of reflected pulses 
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in an accelerometer record taken from a drop t.-t and the resulta to be ex­
pected from theory. In other worda, there i• 1C>me experimental evidence that 
the overall •chema i• adequate for supplying a de•cription of the actual 
phenomena. 

4. Harde• t to justify i• the auumption of linearity. Nonlinearity ii the 
general rule for material• . Some upecta of thi1 problem will be diacuued in 
the next aection. 

3.2. Imperfectly Elutie Solid• 
Previous di1CUS1ion hu auumed that the 1treu-etrain curve in a given 

direction, meuured while the material i1 being loaded or unloaded, ii u 
shown in Fig. 3.5. If thi• were the cue, there would be no energy lOllel in the 
system; once di1turbed, it would continue to Olcillate with the aame frequency 
and amplitude. Obviously thil doea not deacribe reality. Even an ideal 
pendulum, fabricated from a very thin wire with a weight at it• end, will come 
to rest in time- whether the oecillation take• place in air or in a vacuum. 

+ CT 

-CT 

Fm. 3.5. Theoretical 1treu-strain curve 
for a linear undaniped material under 
cyclic 1tre11. 

Imperfect eluticity exi1t• whenever the material fails to conform to Hooke's 
law. A material may not obey Hooke's law because of inherent nonlinearity 
of ita atreu-atrain relatiomhip, or becauae it has been strained beyond the 
"proportional elutic limit" (where the atre•a-atrain curve ceases to be linear) 
or beyond it• "true elutic limit" (where deformation becomes permanent). 
Straina beyond this point are called plastic strains. Both types of imperfect 
eluticity occur in cushions. Thia overall di1CUUion will begin with thoae 
deviations from perfect cushion elasticity due to internal cauaea clauified 
aa "damping" or "internal friction." 

When a material ia 1treued, aome energy ia always lost u heat. The 
ltreu-strain relation, even for a material which appears linear when the 
stre•a ia applied very 1lowly (uaually called static or quaaistatic loading), 
uaually reaemblea the curve 1hown in Fig. 3.6. The area encloeed by the loop, 
called a hysteresis loop, is a measure of the energy 1088. In vibration or shock 
work this energy 1088 i1 called "d mping." Any material that tenda to return 
to the r.ero point when stress is removed may be comidered anelaatic. Thia 
definition holds ven when the time for return to zero ii very long. 
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Flo. 3.6. Typbl ~n diqram 
for an actual material under cyclic ...,_; 
OA 1epr-nta Initial loedi111, and ABBA 
la complew h,......_. loop. 
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A number of theori• have been advanced to 11C100unt for the phenomenon 
sketched in Fig. 3.6. For organic materiala, the cauaea have been traced to 
the behavior of individual moleculel; excellent diacuaaiona of theae areu 
may be found in Alfrey (15), Ferry (20], Houwink (231, and Tobolaky, Powell , 
and Eyring (37]. In metala, a 1ut.tantial cauae appenn to be the relative 
motion of individual cry1tala of the material; here, 7.ener'a uaxt (381 ia con­
sidered clauic. Lazan and Goodman (39I summarize by pointing out that 
damping may be auociated with, but not limited to, plutic slip or flow, 
magnetomecbanical efl'ecll, di1location movements, and inhomopneom 
strain. Kolaky (22] emphuizee the distinction between "static" hy1tereai1 
(where the damping ii practically independent of frequency) and frequency­
dependent energy lOllel (which may be considered viacoua in character). 

Regardleu of root cauaea, the engineer must realize that the comfortable 
world of 10lida, liquids, and guea, with their well-defined laws of behavior, 
does not necessarily exist. Explanations of energy loues in cushions are 
forthcoming in the field of"viacoeluticity," a coined work which deecribes the 
fluid characteristics of deformed 10lida. Varioua upecta of viacoelaaticity 
will be di8C\Ullled in the following sections, in order to establish a frame of 
reference within which we may aueu the current state of development of 
cushioning theory and practice. 

3.2.1. Buie Concept of Viacoeluticity. Solid materials which poue88 

certain fluid characteristics are called vi1100elutic. They exhibit 10me 
qualities of rigidity characteristic of 10lid bodies but, at the same time, they 
flow and diuipate energy by frictional 1088e8 u do BOme fluids. Heat is 
generated by friction; therefore, thermal effects accompany mechanical de­
formation and flow. 

Investigations of viacoeluticity are not new. However, pouibly because of 
the demands of solid-propellant technology, what was once a quiet theoretical 
backwater has become one of the most active fields of research in theoretical 
mechanics. As an example of its activity, the files of the Defense Documenta­
tion Center produced about 300 abetracts of reports treating various aspects 
of vi1100eluticity which had appeared between 1961 and 1966. 
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· Com,... rniew and 111111 n1ut ~ IUCb an acdve leld la ouuWe the_,.,.. 
~ lhla IDOftGl'8Ph. For ta.. ln...,.... ln punwlll the lllllect further, 
Erin,en and Orot 1401 ,tve a brief lfflff ol liplleant work ln the leld. 
Early work la IUIIUDariad by Eirich I 181, ama111 Olhen. The utua ~ de­
wlopment ol nonUDNr theoriN throu,h 1982 la diacuwd by Erln,n I 191. 
An excellent rniew ol prGll'W ln the •tire leld ol continuum mechanlca 
·-prepareclbySpencer1411. 

ThrN pertinent f'acu about pne111t theory may be uted: 

I. Axiomatic, riprou, theoriel ~ viamlMtidty aiau; -• f'or example, 
Ref',. 19, 40 and 42. 

2. There ere adequate theoriea c:overiq 8nite motionl, IUCh u time f'ound 
in Ref• . 43, 44, and 46. 

3. Problenw of waw motion in vilcoelutic materiala are beiq actively 
au.eked by many inveetipton, notably M. E. Gurtin and hil ~worken at 
Brown Univenity. 

This IUllllnaJ')', t.houlh incomplete, indicatee the exiatence ol a broad body 
o( rl,oroua theory upon which to bue IOUlld eqineerin, practice. 

Viacoelutic theory ltatee that F.q. (3.2) doee not f'ully delcribe the one­
dimenaional ltreN law applicable to a material. lnatead, we muat write 

where t = time, 

" • (,(t, t, T.) 

Q, - (,(t, t, T.) 

t, = (a( t , t, T.) 

~ = f•<• , t, T.) , 

T. = abmlute temperature, 

Q1 == heat ftux, 

t, = internal energy denaity per unit m .. , and 

t, = entropy per unit l'llUI, 

(3.24) 

thua forming a thermodynamic syltem in terms of obeervable valuea. When 
generalir.ed for a thre«Hlimensional volume, Eq1. (3.24) take a tenaor form, and 
the functions,(,, are "functionals" (461, i.t., generalizationa of ordinary func­
tions. If a function is considered u a "mapping" of a aet of numben in the 
number apace, then a functional i1 the operation of "mapping" a aet of func­
tions into another 1uch aet in the function apace. 

The argument. on the right-hand aide of F.q1. (3.24) include not only present 
time but alao time derivativea of strain and time derivativea of 1treu. 

Engineering aolutiona to the general tenaor equationa, auuming that the 
appropriate material conatanta are available, are extremely complex; moet 
practical work is done with u many 1implifying auumptiona aa the problem 
allow,. 

In any cue, however, it i1 clear that the streu in real material• is a function 
not only of ,train but alao of time (present time nnd rate) and of temperature. 
Studies of cuahiona are incomplete when they do not take theae latter variables 



28 

into eccounL In cllcermlnin, lplldflc propertill ol materiall it ia always 
important 10 ldpulate IIINIUl'WIINtftt &empentun and t!me. 

The ...,.1 theor'- ol cont!nuum mechana ol vimJeluuc 111t.aanc. an 
atwly compla, • intimated abcmt. The nat ....,.1 IICliolll will 
atnct from the body o1.....,.i theory .......i important prindplN applicable 
10 euahiont. The -.uadom will be wriu.n • thoup plane .,._ wen 
bein, applied, in order IO a"6d the dillc:ultill ol temor notation. Further, 
unlllll o&herwiN lndicat.ed, lbw equation, will wume a COMtant ambient 
&emperatun and no beet lu into or out ol the c:uahion. The ftrwt ol tbeee 
conditiona ia-, to achieYe uperlmentally. The NCDnd can be approxi­
mat.ed by maldna .,... applicat!on either 10 rapid that there ia no time for 
heat lranl(er, or., alow that the heat pneralion rate ia ne,Hsible. 

U.2. TM 11......, C...,.. Pretend that materiall have a "memory." 
The purely elutic materiall, which obey Hooke'• law, haw the aimple• t 
memory ol all. When atrw ia removed, tbw materiall invariably return 
IO the "remembered" umtrained atate. For mmt materiall, however, memory 
ia more complicated; the pneent atate ol the material cannot be determined 
unlell ill put hiatory ia known. Some ol the couequencm ol thia aimple 
premile will now be developed, followin, the line taken by Fung ( 11 ). 

Let the atrw at time t be mme ti....,_ndent function, u(t). Alao, let 
the total •train be a time-dependent function, t(t). If u(t) ia continuoua and 
dif'erentiable, then, in a unall time interval, dT, the au.a increment ii 
o-(T)dT. Thi• increment will continue to act and contributea an element 
d t(t) to the previoua atraint(O,dependingon the time interval (t- T) through 
a proportionality factor C. Hence, 

d t(t) a: C(t - T) ir (T) dT. (3.25) 

Then, the entire hiatory of the loading producee 

t(t) .. f.' C(t - T) ir (T) dT, (3.26) 

where C(t - T), uaually written C(t) (aince T can have any arbitrarily amall 
finite value) ii called the creep function. Phyaically, C(t) may be regarded 
u the deflection produced by audden application at t = 0 of a oonatant force of 
unit magnitude, i~ .• of a unit atep function, 10metimes called the Heaviside 
Unit Function. 

Since atre•a and strain are related through aome functional arrangement, 
the following alao holda: 

u(t) = f r(t - T) i (T) dT. (3.27) 

The group r(t - T), or more aimply, r(t), ia called the "relaxation function" and 
may be regarded aa the force which muat be applied at t = 0 to produce a 
normalbed atrain that changes from O to 1.0 and remaina 1.0 thereafter. 
Materiala behaving in accordance with Eqa. (3.26) and (3.27) are called 
Boltzmann aolida. 

In order to expreu non-retroactivity- i.e., the requirement that the future 
ahall not govern the present- it is CWllomary to write the oonditiona 
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CI) - 0, I 0, 

r(I) - 0, I < 0, 
3.28 

aJt.houp non-Nltloactivity ia implicit in lltlin, I u the upper limit ol inte­
,ration in F.qe. (3.26) and (3.27). 

Table 3.2 lhow9 the creep and relaxation func:tionl for a number ol 1imple 
mathematical modela made up ol 1imple 1priq elemenll that are ueumed 
linear and mua1- and ol duhpou in which a pilton ia movin, throqh a 
liquid that obeya Newton'• law olvilCOlity (velocity ia prop,rt.ionaJ to It.rain). 
Typical creep functione are shown in Fi1. 3. 7, while Fi1. 3.8 1howe relaxation 
behavior. 

STIIAIN 

STll£SS 

TIM[­

lol 

STII 

STll[SS 

TIM[­

Utl 

Fm. 3. 7. Behavior ot .,.... llimple awp functiona: (a) Muwell 
10lid, and (b) Vcqt 10lid. 

,_ 
Io I 

• 

• 

.,-c,I ll- tel 

I 

F10. 3.8. Behavior ot ac,me llimple reluation functiona: 
(a) Muwel110lid, and (b) Voi,t 101id. 

In Table 3.2 the function H(t) ia the unit step function, defined aa 

{
1.0, t > 0 

H(t) = ' 
0, t < 0 

(3.29) 

while 3(t) ia the Dirac delta function. Thia latter function haa the following 
characteriatica: 

3(t) = 0, when t " 0, 

3(1) = ao, when t = 0, and (3.30) 

f _ .... 3(t) dt = 1.0. 
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'"ltd'°" u,..., Duly,ol V°'lf Solid lloa.wll Solul 

PktGriaJ , c 
,-,,wn&alion E \ ~[ 

__ r. 
.f 

---•., !., 

81.,-law " -.. de " -.. de " I dt1 de 
,r - C di C di C Bdt • dt 

..., (\lnctioft ~ . ff(I) ! · HI ) 
I 

~ ~) • ff I ) - I I - , a,, · HUI 
C • 

Reluation function B · H ( t ) C • &(I) B · HU) C 6(1) tB, '" '> . HIil 

The appearance cl thia latter function in the ,_ult.I indicatee that the streu 
is infinite at the instant that strain occun. A duhpot, unlike a spring, 
cannot live a finite inatantaneoua at.rain ,-ponae to a finite inatantaneoua 
force chanp. Therefore, an infinite force ia required to produce a finite 
instantaneous strain. 

It is Nen in Table 3.2 that the creep function for the Voigt 101id contains the 
factor r 6' '", u doet the relaxation function for the Muwell 10lid. By eetting 
-r' s c/E, the deecriptiona can be simplified 10 that the creep function for the 
Voigt element can be written 

C(t) = Y · (1 - e-1 
' ) • H(t>, (3.31 ) 

where Y is the oomplianc:e, defined as 1/E. Here, -r' is called the retardation 
time. Similarly, the relaxation function for the Maxwell 10lid can be written 

r(t) = E · e-11•· • H(t), (3.32) 

where -r ' is now called the relaxation time. 
Consider, now, a number, n, or Maxwell unit.I oonnected in parallel, as 

shown in Fig. 3.9. Two conditions preecribe the behavior of the model: 

a. The total streu is the sum of the streuee in each element, or 

• 
u(t) = ~ u(t>; , j = 1,2, .. . , n. 

J• I 

b. The strain in each element is the same, or 

•<t>, = •<t);, iJ = 1,2, ... , n. 

Fio. 3.9. A number (n) of Maxwell elementa in parallel. 

(3.33) 

(3.34) 
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Ulinc 0- prindplN, Bland I 181 lhowa that any number ol Mu II ele­
ment.I may be added to arrive al a diecnle relaulion --: Lru ffl for the eolid 

• 
r(t - I E, . -, 'J • H I . 3.36 

) • I 

A particularly int.erNtina lpldal caae arilel when, in Fi1. 3.9, , • 0 
eo lhal the ftnt element la a linear lpring and E, • 0, eo that the NCOnd 

element ia a cluhpot only). 1llen, uaiq the prindplee for combination - Eqa. 
(3.33) and 3.34)- F,q. 3.3&) may be written 

• 
r(t) • E, · H t) c, · 3 t I E1 • ,r ' > • H t . (3.36) 

J• . 

>.. n - QC , the summation term in F.q. (3.36) tenda to an integral, IO lhal 

r(t) - HCt · J. r ' t · e-1 
• dT ' , 3.37 

where r '( t) i1 to be interpreted u the oonlinuoua relaxation apec:trum. 

E, c, c. 

--Q-i} 
F10 . 3.10. A number (11 ) o( Voi,t lementa in Nriee. 

Now, oonaider a number of Voigt. element.a connected in aeries, u in Fig. 
3.10. The oonditiona on a aeriea model of t.hia nature are: 

1. The external at.rain equals the sum of the alraina on each element., or 

• 
•(t) = I •W1,J = 1,2, ... , " · 

J• I 

2. The alreu in each element. is the same 

u(t) , = u(t)J, iJ = 1,2, ... , n. 

Aa before, the generalized creep function is 

• 
C(t) = ff (t) · I Y1( 1 - e-1l•j ), 

J• I 

and, in the cue of c, = 0 and E r= 0, 

C(t) = H(t) · f C'(t) • (1 - e-11•·) • dT', 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

where C'(t) is the generalized creep spectrum. The generalized Maxwell 
model and the generalized Voigt model take a particularly interesting simple 
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form when the number al elementa it held to two, and either one damper or 
one aprin, it dropped. ,,,_ fOl"ffll are illustrated in Fi1. 3.11 . Evidently 
uch it a •pedal cue al Fip. 3.9 or 3.10, with their reluaUon and creep 
function• dnwn directly from t:qa. (3.36) and (3.40). 

'Ille two model• are mathematically and mechanically equivalent, provided 
that IUitable aqu•tmenta are made in the aprin, and dampin, conatanta; 
thu• it it purely a matter ~ convenience which model ii u•ed. Creep and 
relaution behavior are identical and •hown in Fig. 3.12. Note, in particular, 
the abeence al the •pike due to the Dirac delta function normally found in the 
relaution function al a Voigt -,lid. Since the delta function ii a mathemati­
cal abetnction, thia feature •ua-ta that either of't.heee model• giv• perhap• 
the 1impleat poaible dNc:ription al a real vi8coelutic material. 7.ener 1381 
ha• uaed the model with metala to 1uch an extent that he calla it a atandard 
linear -,lid. Neubert 147) ahowa quite clearly how the model can be gener­
alized into a deacription al the macroecopic behavior of a number of real -,Iida. 

'Ille mathematical 1imilarity between Fip. 3.ll(a) and 3.ll(b) 1ugpata 
that pneraliaed Voi,t and Maxwell -,Iida may aoo be interchanpable, with 
1uitable dift'erencN in elutic and damping conatantl. With 10me reatrictiona, 
thia turns out to be true. Note, in thia connection, that Bland'• elegant 
approach (16) to the foundations of linear viacoeluticity it independent of the 
1pedftc model .. umed for engineering convenience, u ii Erinpn'• more 
pneral axiomatic theory 142). 

, .... 
l • I 

" 

( b l 

FIO. 3.12. Performance for the modell of Fi1. 3.11 : 
(a) creep, and (b) reluation. 

Aa hu been shown by Skudrzyk (48,49], the conatant-temperature plane 
alrela-etrain equation for any linear vi1100elutic material can be expreued 
u a linear partial dift'erential equation of arbitrary order, or 

[• a•] [• a•] ~ A. at• "= ~ 8 • at• •· (3.42) 
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where the arbitrary oonatanta A. and B. may be zero or finite. Writing in 
ten,or notation, Erinpn 1421 conllnna an equivalent form u the general 
conatitutive equation for three~imensional linear vi1COeluticity. Examplet1 
of applicability o( Eq. (3.42) are 

a. Linear 1priq only: A , and B, finite, all othen zero; 

b. Duhpot only: A. and B, finite, all othen zero; 

c. Voigt eolid: A,, B,, and B, finite, all others zero; 

d. Maxwell eolid: A,, A, and B, finite, all othen zero; 

e. Fig. 3.1 l(a): Ao, A, , B, , ond B, finite, all othen zero; and 

f. Fig. 3.1 l(b): Ao, A,, Bo, and B, finite, all othen zero. 

In Eq. (3.42), the low-order terms govern long-term behavior while the higher­
order terma govern 1hort-term behavior. If there i• long-term vi11COus flow, 
B, i• zero (~.g., duhpot only or 1ingle Maxwell element); otherwiae Bo is 
poeitive and finite. If the material 1how1 an instantaneous elutic reaponae, 
m = n, but if the reaponae ia retarded, then m = n + 1. 

On theee or 1imilar grounds, Alfrey 1151 hu 1hown topological similarities 
between 1pecific modela and ahown aome algebraic methods of transferring 
from one model to another. Grou I 50 I haa claaaified the model• in accordance 
with their topological 1imilarities; aee Table 3.3. Figure 3.13 illustrates 
equivalent model• by reaponee claaa. Shift.a from one representation to 
another may only be made in a single claaa. 

One can therefore decide at one'• convenience to take a generalized Voigt 
or Maxwell aolid u the model; if they are equivalent topologically, one can 
ahift from one to another at will. Generally a Voigt model is used to present 
creep and complex compliance data, while a Maxwell model is used for re­
laxation and for complex modulus. Bland (16) demonatratea a procedure for 
curve-fitting for a number of simple modela; Goldberg and Dean (51) give a 
semi-graphical method of considerable utility. Shifting from one model to 
another is a straightforward procedure, though laborious without an elec­
tronic computer. Elder [52) outlines the baaic procedure and gives an 
example for a ten-element model of polyiaobutylene at 25°C. 

Thus, the concept of a material memory haa led to laws covering creep and 
relaxation phenomena. However, thia ia not all that can be deduced from the 
idea of memory. The reaponae of a 1ingle Maxwell model- using the streu 
law shown in Table 3.2-can be shown [17) to be 

u(t) = E, · e(t) - E,' [ e -1-rt, · · f(T) · dT. 
T o 

(3.43) 

The fint term on the right-hand side is the instantaneous reaponae of the 
syatem; the second term repreaenta the remembered response, usuming both 
E, and T' to be finite. The term (1/T')e+•t•· is a weighting factor and is called 
the "memory function." Obviously, for a given E, and t, the relaxation time 
increaaea aa T becomes larger. The model thus haa a decaying memory; this 
concept means that for engineering purpoaea we do not need to know the com­
plete put history of the cushion. 
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TABLE 3.3. PaoPSRTIU or LINEAR VJ8COSLA8TIC 

Moona av CLA88 

Clcua Elcutic Reaponae 
Long-Term 

Form of Eq. 3.42 
Viacoua Flow 

I lnatantaneoua Abeent i =j, Bo> 0 
II Instantaneous Present i =j, Bo = 0 
III Retarded Abeent j = i + l, Bo> 0 
IV Retarded Present j = i+l,B, = O 

CL ASS VOIGT MAX WELL 

E3 E1 +1 ,:~ ---} :, 
I ~¥ Cz _ __ :r'• 

CJ Cl • I 

Ei E1 • I n---1 c1.QO- E: Ei E: 
n 

~ I 1~ 2 - - ~ Ci 
,, Cl • I 

m ~~ '{~:--1e:. ,, r ' J I 

E1 E l + I n-----
N -t.-00- <~L _ t:, 

C3 CI t i 

Fm. 3.13. Equivalent linear viscoelastic models; note that the standard 
linear solid is in cla88 I. Elder 1521. 
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Similarly, with Voigt models, it is found, for the single element, that [17) 

f(t) = - <T(T) e - l - r/r ' dT. 11' 
C u 

(3.44) 

Both Eqs. (3.43) and (3.44) can be expanded to Maxwell or Voigt models with 
any number of elements. 

Hence, beginning with the concept of memory, expressions for the following 
properties of cushions have been derived: 

1. Relaxation, or loss of stress under constant strain; 
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2. The concept of creep ·and relaxation spectra and means of deducing the 
elastic moduli of a continuum from these properties; and 

3. The concept of a decaying memory wherein recent events are more 
important than those in a remote past. 

All of the di8CU88ion in this section has been written on a plane-strain 
basis. From the previous section, however, it is easy to see that the results 
can be generalized (at the cost of mathematical complexity) to a three-dimen­
sional continuum. 

A real problem arises in generalizing these concepts to nonlinear streBS 
laws-called "constitutive equations" in much of the theoretical literature­
because: 

1. The memory concept in a Boltzmann solid depends on the 888Umption 
that the effect of each deformation is independent of the others, and that the 
total effect is the result of super-position (a principle normally restricted to 
linear 888emblages). Eringen (42), for one, overcomes this difficulty by 
stating that the memory function is smooth in the neighborhood of interest; 
he approximates the memory integral by a suitable functional and then pro­
ceeds succeBSfully. 

2. The examples given are all cases of functions that are linear in both 
elasticity and damping; the constitutive equations can be formed directly by 
using the principle of superposition, as shown in Eq. (3.42). For nonlinear 
materials, however, equations of this type are physically inadmiBSible. 
NevertheleBS, it should be noted that any number of linear and nonlinear 
elements may be combined into either a generalized Maxwell solid where all 
strains are equal or a generalized Voigt solid where all stresses are equal. 

Eringen (42), however, has developed an axiomatic theory for nonlinear 
materials satisfying the functional description of Eq. (3.24). The complete 
theory describes materials by lengthy constitutive relations; engineering 
solutions involve very complicated nonlinear boundary-value problems. 
Excluding some special simple problems (mostly one-dimensional), exact 
solution of the field equations is impossible. Approximate methods are 
available, and Eringen and Grot [ 40) list several promising schemes for ob­
taining solutions by computer. 

For most cushioning work, at least for short-time vibration exposure and 
for shock problems, we can 888ume constant-temperature' adiabatic conditions, 
as well as plane stress, thus avoiding tensor notation. Several methods of 
handling these simplified problems have been suggested. Some of the more 
useful ones are listed below. 

1. Davis (17) suggests expanding the nonlinear elasticities as polynomi­
nals in strain (E) and in strain rate (i), thus taking advantage of Weientr888' 
theorem that any continuous function can be so expanded to any degree of 
accuracy. 

2. Snowdon [53,541 has calculated the response of tangent and arctangent 
elasticity with linear damping. 

These two papen will be discuued somewhat later; they are cited here to 
lessen the discouragement that the complicated equations of Eringen and 
Grot (40) might produce. 
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3.2.3. Complex Modulu1 and Complex Compliance. This section exam­
ines the results of exposing a Boltzmann solid to a sinusoidal force. This is 
equivalent to defining the stress-time relation as the real part of 

u(t) = CT* = CT,,, e1"'1, (3.45) 

where CT,,, is the peak value of stress reached in the steady state, w is the 
frequency of force application in radians per unit time, and i = v'='i. 

For convenience, set the beginning of the motion at t = - 00 , and change the 
variable so that C = t - T. When these changes are made, Eq. (3.26) becomes 

E(t) = f C(C) ir (t - C) dC. 

Substituting Eq. (3.45) in Eq. (3.46) leads to 

E(t) = iwE* f C(C) e-1w< dC, 

where E* is a complex strain, defined below. 

(3.46) 

(3.47) 

Now since C(t) is zero when tis less that zero, the lower limit of integration 
in Eq. (3.47) can be set at-00 without loss of accuracy. Further, by definition, 
the Fourier transform of C(t) is 

C(w) = fx C(T) e - lwl dT, 

from which, assuming the existence of the integral, 

E(t) = iwtCT* C(w) . 

Hence, E(t) is a periodic function of strain. Let 

E(t) = E* = E,,,el(w1+3) 

and substitute in Eq. (3.49). The result is 

E* * = Y* = iw C(w) = lwC(w)le- 16 • 
CT 

(3.48) 

(3.49) 

(3.50) 

where Y* is the "complex compliance" and S is the phase angle (loss angle). 
The quantity tan S is a measure of internal friction, or damping, and is often 
called the "loss tangent." 

A similar series of operations will produce the Fourier transform of the 
relaxation function 

which leads to 

r(w) = fx r(T) e-1
"" dT, 

* 
CT• = iw r(w) = E* = lwr(w)I e16 , 
E 

where E* is the "complex modulus." 

(3.51) , 

(3.52) 

Combining Eqs. (3.50) and (3.52) produces a forml\l definition of the relation 
between the creep and relaxation functions: 
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-w2 C(w)r(w ) = 1, 

which may also be written 

E* Y* = 1. 

(3.53) 

(3.54) 

Note that complex modulus is defined as a real term multiplied by e16 • Using 
Euler's rule, and other conventions, E* may take on any of several forms 

E* =Ee"'= E(cos 6 + i sin 6) = E, (1 + i tan 6) = E, + iE,, (3.55) 

where 

IE*I = (E,2 + E, 2)1/2, 

and 
E, 

tan 6 = E,' 

E,, the real part, is called the storage modulus while E,, the coefficient of the 
imaginary part, is called the loss modulus. 

The preceding approach to the concept of a complex modulus existing in the 
presence of sinusoidal excitation is adapted from Fung's text (11). It was 
chosen for use here to show that a complex modulus can be thought of as 
existing for any material exhibiting creep or relaxation behavior. 

For linear viscoelastic materials a more direct approach is possible using 
Skudrzyk's relation, Eq. (3.42). When stress varies sinusoidally as in Eq. 
13.45), the partial derivatives in this relation can be expressed as 

a•u (. )" at• = iw u, 
(3.56) 

Thus, Eq. (3.42) becomes 

u · i A,.(iw)• = E · f B 111 (iw)m, (3.57) 
H= O m = O 

which may be written 
E* = ~ = b'(w) + i b"(w) 

E a'(w) + i a"(w)' (3.58) 

where a'(w), a"(w), b'(w), and b"(w) are functions of the frequency. Since 
the ratio of two complex numbers is a single complex number, there is a single 
complex number for the complex modulus. 

When a Voigt-solid model is used, complex compliance is the quantity 
usually found first, while with a Maxwell !Dodel, the complex modulus is the 
easier to find. 

With the rules set forth in the previous section for establishing the re­
sponse functions of generalized Maxwell or Voigt solids, Skudrzyk's scheme of 
presentation can be followed; then, after some manipulation of complex 
numbers, a specific expression for the complex modulus or complex com­
pliance of any linear viscoelastic model can be derived. Some simple values 
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are shown in Table 3.4. Generalized expressions, using the notation defined 
in Fig. 3.13 are 

• ( 1 1 )-I E* = E.* + L -+ -. -, . 
Jz2 Ej lWC j 

(3.59) 
• 

Y* = Y,* + L (E; + iwc;) - •, 
j =3 

where the complex compliance or complex modulus for the first unit arc taken 
from the simple models in Table 3.4. 

TABLE 3.4. COMPLEX MODULI AND COMPLIANCES 

OF 8oME SIMPLE VISCOELASTIC MODELS 

Type Solid 
Complex Modulus Complex Compliance 

EH E.lw YH Yiw 

Elastic E, 0 
1 

0 Ei 

Dashpot 0 0 
1 

C1 -
C1 

Maxwell 
W C1 2 E. C1 E, 2 1 1 

Ei -E, 2 + W C1 1 E12 + w2 c,2 C1 

Voigt E E w 2 C1 
C1 E 2 +w2 c, 2 E2 + w2 c,2 

Consider the atandard linear solid shown in Fig. 3.ll(a). The stress law 
ap.,licable to this unit is 

(1 .60) 

From the sinusoidal stress input and strain response, the complex modulus is 
found [47J to be 

E * =E, 1 +- · 
E, 

( 

E i WT + . E2 
i-· 

, + 1 E, 
WT WT' 

1 ) 1 ' 
WT'+-, 

WT 

(3.61) 

where T' = c1/E2 and is the relaxation time of the system. From Eq. (3.55), 
the real part of the complex modulus is 

WT' 
E, = E, + Ei l . (3.62) 

WT'+­
WT' 

and the loss tangent is 

tan 6 = -----1----­
wT' (1 + E•)+ E, . _1_ 

Ei Ei WT' 

(3.63) 
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This latter expression obviously has a maximum. Setting wo as the fre­
quency at which this maximum occurs, and differentiating Eq. (3.63) with 
respect to w, leads to 

Wol = [ :: (i. + iJ r• . 
Substitution of Eq. (3.64) in Eq. (3.63) produces 

and 

tan 6 = 2 tan 60 . 
.!!!._+Wo 
Wo W 

(3.64) 

(3.65) 

(3.66) 

When Eq. (3.65) is substituted in Eq. (3.64) there results a quadratic in 
c2wo/E2, the solution of which, corresponding to the physics of the problem, is 

Ci<uo 
E

2 
= sec 60 - tan 60. 

Equations (3.65) and (3.67 J can be combined to give 

tan 60 = E2/E1 
2 \/1 + E2/E1 

and 

E2 
Wo = -C2_\/.,.l_+_E_2_/ E-. -

Substitution of appropriate quantities in Eq. (3.62) leads to 

E•= 1 ___ 2_ 
E, 1 + woz 

WI 

where sin 60 = (1 + 2 E1/E2)- 1. 

sin 60 
1 + sin 60' 

(3.67) 

(3.68) 

(3.69) 

13.70) 

These results are due to Kosten and Zwikker [55], who • .-~re ., 111 1.., the 
early investigators of the properties of open-celled foam rubbers. .r.:quations 
(3.66) and (3.70) are plotted in Fig. 3.14 with 60 888umed to be 20 degrees. 
It can be seen that, for w >> wo, 6 approaches zero while E.IE, approaches a 
finite asymptote 

E. I = 
E, ... .. 

1 - sin 60 
1 + sin 60' 

(3.71) 

One of the major advantages of the complex modulus is that for small 
excursions it corresponds mathematically to the linear elastic modulus. This 
correspondence permits solution of equations involving damping terms in 
simple form and then separation after a solution is found. Myklestad [56] 
was one of the earlier writers to urge use of the complex modulus in engi­
neering problems. Snowdon [57-61] has used the complex modulus to solve 
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problems of forced vibration of damped materials and there are a number of 
other solutions on record. Burgess (62) also urges use of the technique and 
disc\188e8 how impedance measurements can be used to obtain complex moduli. 

In other words, the complex-modulus concept provides a powerful tool for 
predicting the behavior of cushions, provided that the pertinent materials 
data are available. Viscoelastic moduli of a number of materials are avail­
able in the literature. Lazan and Goodman (39) summarize in their Table 
36.4a a large number of these moduli in shear(µ*). Snowdon (57,60,61) also 
presents shear moduli for a number of elastomeric materials. Fletcher and 
Schofield (63) present useful data on a number of rubber compounds, while 
Cook, Lee, and Fitzgerald (64) have developed a large body of data evaluating 
the damping characteristics of several compounds. 

Since most of the foregoing data involve solid materials, the shear values 
can also be used for small tensions and compressions on the assumption that 
Poisson's ratio (v) is a true constant. The governing relation is 

E* = 2µ* (1 + v), (3.72) 

which is derivable directly from the interrelations summarized in the early 
part of section 3.1. Since Poisson's ratio, by definition, may only take on 
values between O and 1/2 and since for these limits, 

2µ * E; E* E; 3µ *, (3.73) 

the error in computing E* from µ * cannot exceed 50 percent. Thus, when v 
is known to one significant figure, the error in shifting from shear moduli 
to tension or compression moduli will not exceed 5 percent (62). 

A similar bank of data for most cushioning materials in compression does 
not appear to exist. Burgess [62) did, however, obtain the results shown in 
Table 3.5. 

There are some restrictions on using E* to solve dynamic problems. The 
limits propounded by Bland [16) are: 
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1. The elastic solution must be known or knowable; 
2. The boundary conditions must remain the same; and 
3. No operation in the elastic solution may have a corresponding operation 

in the viscoelastic solution that would involve separating the complex moduli 
into their real and imaginary parts, with the exception of the final-force 
determination.* 

Strictly speaking, complex moduli are only exact when referring to sinusoi­
dal disturbances of very small magnitude. However, there is no engineering 

TABLE 3.5. ESTIMATED VALUES OF STORAGE MODULI 

AND Loss T ANOINTS FOR VARIOUS MEDIA IN 

THE FREQUENCY RANGE 10 TO 40 CYCLES Pl:R SECOND 

Material 
EH (psi) Ea/ER 

f= 10 cps f= 40 cps f = 10 to 40 cps 

Microporous 450 500 0.4 -0.6 
nitrile rubber 

Silastic 350 400 0.25-0.35 
homogeneous 

Silastic 450 500 0.4 -0.5 
w/solid inclusions 

Silastic 130 140 0.3 -0.4 
w/holes 

Fibrous 5 5.2 0.15-0.20 
silicone 
rubber 

BTR 1000 1000 0.15-0.3 

Scottfoam 5 6 0.1 -0.3 
(30 pores/inch) 

Scottfoam 5 6 0.1 -0.4 
(20 pores/inch) 

Scottfoam 5 6 0.2 -0.3 
(45 pores/inch) 

Scottfoam 5 6 0.25-0.45 
(60 pores/inch) 

Neoprene 30 40 0.15-0.25 
latex 
foam 

*There may be disagreement here. It is understood that, in the related discipline of 
mechanical impedance, real and imaginary parts are separated early in the computing 
program. Obviously much depends on how the separation is accomplished. We disclaim 
competence to judge validity at this time of writing. 
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objection to using the concept for nonsinusoidal disturbances, because 
Fourier's rules can always be used to represent an arbitrarily shaped dis­
turbance as the sum of a series of sinusoids. 

For large excursions, Er and E, can only be considered frequency-dependent 
constants over the linear range of the stress-strain curve. Er and E* may be 
regarded as the slope of the stress-strain curve which, if the function be 
dift'erentiable, would become a continuous variable du I dE. There are rela­
tively few data available on dynamic moduli at large deflections. An example 
of the variation in l'-r and µ., for a proprietary low-temperature rubber com­
pound is shown in Figs. 3.15 and 3.16 (65]. Painter has also obtained similar 
results on silicone rubber (66]. 

Is there a complex modulus at very large strains such as those which occur 
in shock loading on cushions? Even in the absence of definitive experimental 
evid"'!)ce, we think we can say yes. For example, Soper and Dove (in a paper 
(67) to be discussed in greater detail in the next chapter) have shown that 
the shock response of a cushion system can be represented at constant tem­
perature by 

___ u __ =f(u,V2 
~) 

ff(E,t) dE + tJ,(t) 2 Tr, T,. , 

where tJ,(t) = an arbitrary function of time, 

u . = static stress on the cushion, 

Tr = cushion thickness, and 

V = velocity of load application. 
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FIG. 3.15. Storage modulus as a function ofstrain for a silicone rubber. 
Painter (651. 

(3.74) 
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Fm. 3.16. Lou modulus as a function of strain for a silicone rubber. 
Painter (65). 

By the principle of conservation of energy, and since VI Tc has the dimensions 
of reciprocal of time, Eq. (3. 7 4) can be written 

O' = {(E , t) , (3.75) 

which could just as well be 

O' 
E* = - = f (t). 

E 
(3.76) 

When the viscoelastic system is nonlinear and these nonlinearities can be 
expressed as suitable functions , then powerful techniques exist for arriving 
at suitable solutions. It is not within the province of this monograph to make 
a complete review of the fast-moving field of nonlinear solid mechanics. 
Abramson (68] has written an excellent short review. More detailed methods 
may be found in Stoker [69], Minorsky [70] , McLachlan [71], Levy and 
Baggott [72], Kryloff and Bogoliuboff [73], Andronow and Chaikin [74], 
Ku [75], and others. Automation, with it11 emphasis on feedback in servo­
mechanisms, is responsible for much of the intense current interest in non­
linear oscillations. 

Complex-modulus concepts provide powerful assistance for the existing 
methods of solving nonlinear dilferential equations, particularly where_ 
computers are available. One method, due to Davis [ 17 J, is summarized in 
what follows. 

Define E,, as the nonlinear elastic coefficient and c,, as the nonlinear vis­
cosity coefficient and Eo and co as the corresponding linear coefficients. Let 
Ei· and Er be the strains on the elastic and viscous elements, respectively. 
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Approximate (using Weierstr888' theorem) E. and c. by nth degree poly­
nominala: 

" 
E. = Eo + l: 'YE" a . EE", 

·-• (3.77) 
" c,. = Co + l: 'Ye" b,.ir, 

where 'YE and 'Yr are dimensionless constant parameters giving a measure of 
nonlinearity, and a,. and b. are constants depending on Eo and co, Restrict 
the foregoing equations to first-order nonlinearities ao that all but the first 
power of 'YE and 'Yr may be neglected. Then Eqa. (3. 77) become 

It 

En= Eo + 'YE l: an EE"= Eo + 'YE s, . ,,_, 
• 

c,, = Co+ 'Yr l: b,, i c" =Co+ 'Ye s~. 
·-• 

For a single Voigt model the equation of motion can be shown to be 

E + 2{J2 E + w, 1E + 'Yi· s, + 'Yr S2 = -
1
- u (t), 

me 

where w, 1 = Eo,mc, 

fJ2 = Co/2mc, and 

me = mass of the Voigt element. 

(3.78) 

(3.79) 

This is Duffing's equation, and methods of solution are clearly outlined in the 
literature (69,70). 

For a Voigt solid, nonlinear complex compliances are found in the form 

Y* =Yo*+ Y,* =Yo*+ Y , , + i Y,,, (3.80) 

where Yo* is the linear complex compliance and Y, *, is the first-order non­
linear contribution to Y* . Davis found specific values for this contribution 
for quadratic and cubic nonlinearities. A cubic equation can be used quite 
often to simulate nonlinear stress-strain curves for cushions; "quadratic 
damping'' (i.e., damping force proportional to the square of the velocity) is 
sometimes found. 

A similar approach to the Maxwell model yields nonlinear complex moduli 
in the form 

E* = Eo* + ')' i · • [f(E)] - 'Yr[f(i)] =Er+ i E,, (3.81) 

and Davis found specific expressions for quadratic and cubic nonlinearities. 
For coupled Voigt (and Maxwell) elements, the requirement that the strain 

(and stress) be constant in all elements leads to simple additive rules such that 

" Y* = l: Y,* 
•=• (3.82) 
• 

E* = l: E,*. 
,, .. 
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Superposition is therefore acceptable even for nonlinear complex compliances 
and moduli. Since Davis showed that linear complex moduli and com­
pliances were special cases of the nonlinear; it follows that mixed models can 
be developed should the need arise. There is such a need-for materials 
exhibiting a collapsing-column effect in compression, e.g., foamed elastomers. 

Relationships between complex moduli and complex compliances have been 
derived. It has been shown that these derivations can be extended to non­
linear materials, and some examples have been given. The derivation of the 
formal expressions for complex modulus and compliance began with the 
concept of creep and relaxation functions which were shown to be interrelated 
in section 3.2.2. Thus, all four functions are interrelated through simple 
mathematical operations. Figure 3.17 summarizes these interrelations and 
makes a fit ending to this section. 

COMPLEX 

COMPLIANCE 
ALGEBRAIC ~· INVERSION 

:I 
II:: II:: 
w 0 - ... 
II:: "' ::::, z 
0 C( 
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CREEP 
INTEGRAL 

FUNCTION 
C(I) TRANSFORMATION 

COMPLEX 
MODULUS 

E* 

:I 
II:: II:: ... e 
a: "' ::::, z 
0 C( 
... II:: ... 

RELAXATION 
FUNCTION 

r (I) 

FIG. 3.17. Block diagram of interrela­
tions among viscoelastic characteristics . 
DiTaranto (781. 

3.2.4. Time and Temperature Supet'))Osition. Equations (3.24) state 
that stress is a function of strain, time, and temperature. In sections 3.2.2 
and 3.2.3 the heat factor was ignored, although always with the tacit ad­
mission that any material constants developed would be affected by changes in 
temperature. This section considers the effects of temperature on the per­
formance of viscoelastic materials. 

Temperature changes affect the moduli of viscoelastic materials in very 
much the same manner as changes in frequency. Figure 3.18 summarizes 
this story and is typical of all materials with slight molecular cross-linking. 
Performance is divided into three zones: 

1. The glassy zone where the storage modulus is large and the loss modulus 
is small, so that behavior resembles that of a stiff elastic material; 

2. The rubbery zone, occurring at low frequencies or high temperatures, 
where the storage modulus and the loss modulus are both small and, therefore, 
energy dissipation is small; and 

3. The transition zone, where the loss modulus peaks. 



IMPERFECTLY BLABl'IC SOLIDS 

RUBBERY TRANSITION GLASSY ----·--- - _ ... _____ . 
,,. 

,_,_,--- ......... _.. 

T • CONSTANT,"' -
.., , CONSTANT, t--

~ E, 

\ TAN 8: ~ 
\ E, 

'--
LOG SCALE 
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Fm. 3.19. Approximate behavior of E, and 1088 tangent over a wide range of 
frequency and temperature; sketches are based on experimental data for a 
carbon-filled buna-N. Nolle (76). 
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Most practical shock and vibration problems are associated with the glassy 
and transition zones. 

The effects noted occur simultaneously and demand a three-dimensional 
plot. Nolie's work in this area [76] is a classic. He derived data for natural 
rubber, buna-N, butyl, neoprene and GR-S; his results for carbon filled buna-N 
are shown in Fig. 3.19. 

Prolonged vibration at a given frequency will produce heat which will often 
not dissipate as rapidly as formed. The result is an increase in the tempera­
ture of the material and, as Fig. 3.19 shows, a change in the mechanical 
properties. Fortunately, in most cases this particular problem can be ignored. 
Heat transfer and buildup is usually quite slow. However, in evaluating 
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the utility of specific materials, longer-term vibration behavior is of more 
than passing interest, whether it is expressed qualitatively or quantitatively. 

There are a number of theories which account for the behavior of materials 
at varying temperatures, which seem to arise from the behavior of the mole­
cule. The molecule may be visualized as a long curled elastic chain which 
may have more or less cross-linking with other molecular chains. Since 
molecular activity is a function of temperature, strain response-the summa­
tion of individual molecule respo118es - is also a function of temperature. 
On this basis, in the glassy zone (below T 0) molecular "curling and uncurling" 
cannot occur rapidly enough to follow the stress. In the rubbery zone, on the 
other hand, curling and uncurling are in phase with the stress; this is not 
conducive to energy dissipation. 

In the light of the foregoing, it is logical to examine whether and how the 
time and temperature behaviors of a material are interrelated. These 
simplified considerations, plus many more of considerably greater depth, have 
led to the concept of time and temperature superposition, also called the 
method of reduced variables. The genesis of this concept is discussed by 
Tobolsky [77). 

t 
w 

LOGt­

FIG. 3.20. Shift in elaaticlty charac­
teriatica aa a function of time and 
temperature. 

Let the elasticity of a material at a given temperature, T., be plotted 
against the natural logarithm of time. Suppose, now, that the curve shifts 
horizontally to the right as the temperature is lowered. This situation 
is illustrated in Fig. 3.20 for three temperatures. The behavior sketched 
in Fig. 3.20 is typical of many materials used as cushions. Materials 
which behave in this manner are called thermorheologically simple. Amor­
phous polymers behave in this manner while polymers with crystalline struc­
tures do not. Most cushioning materials may be considered amorphous. 
(Teflon and plasticized polyvinyl chloride are not amorphous, but they are 
rarely used as cushions.) 

Consider the elastic modulusE, which is a function of time and temperature. 
When the material is thermorheologically simple, the following holds: 

E(t,T,,) = E[(log t)-f(T,,)J . (3.83) 
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Function ((Ta) is an unknown shift function which controls the manner in 
which the E vs log t curve shifts horizontally as the temperature is varied. 
By setting 

{(Ta)= log or, (3.84) 

Eq. (3.83) becomes 

(3.85) 

The term or is called the shift factor. The function E(t ,Ta) is called the 
master curve for the property of interest an . determines the shape of all the 
curves of behavior of this particular property. 

Since the shift is only horizontal along tht"J log taxis, a given curve, E(t,T,,), 
can be related to another curve, E(t,To), for the same material through the 
shift function f(T,,). This feature may be written 

E(log t,To) = E(log t ,T,,)+ f(Ta -To). (3.86) 

Now, since f(T,, - To) is a constant on the log t scale, 

f(T,, - To)= - log Or. 

Equation (3.86) thus becomes 

E(log t ,T,,) = E(log t ,To) - log or, 

or 

(3.87) 

(3.88) 

(3.89) 

Since time and frequency are inversely related, Eq. (3.89) may also be written 

(3.90) 

The foregoing simple summary of the principles of time and temperature in­
terrelation is given by Di Taranto (78]. 

The above relations allow the construction of a master curve for any charac­
teristic desired. The reduction in the quantity of data required is astonishing. 
Figure 3.21 shows typical reduction in the complexity of the data on the shear 
compliance Y. of a given sample of polyisobutylene, taken from Ferry, 
Grandine, and Fitzgerald (79]. 

The master curve is usually obtained for the selected reference temperature 
(quite frequently 26°C) by proper shifting and joining of curves attained at 
different temperatures. The shift factor for each temperature is determined 
empirically from the amount of movement required to bring the curves into 
exact superposition. A plot of log or vs temperature can then be used in 
conjunction with the master curve to predict behavior over a wide range of 
temperatures or "Jver a wide ranie of frequencies. A typical plot is shown in 
Fig. 3.22. 

Williams, Lande!, and Ferry (80] came to the conclusion that a single 
empirical equation could describe the behavior of the shift factor for all 
materials investigated. Their equation is 

-8.86 (T - To) 
log or = 101.6 + T- To' (3.91 ) 
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where T = test temperature (°K), 
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To = arbitrarily ch0&en reference temperature, which for most systems 
is T,, + 50° with a standard deviation of± 5°, and 

T,, = glass temperature of the polymer. 

The authors prefer this form because of difficulty in determining T,, accurately. 
The form of the equation forces coincidence at the reference temperature so 
that, if T,, is slightly in error, the entire curve will be in error. Neverthelees, 
using T II as the reference temperature, they derived the relation 

l 
_ -17 .44 (T- T,,) 

og or - 51. 6 + T - T 
11 

(3.92) 

Tobolsky (81] has approached the problem from the standpoint of charac­
teristic relaxation times and finds, using the foregoing empirical relation, that 

K(T) 
log K(T

11
) = log ar, (3.93) 

where K(T) = characteristic relaxation time at temperature T, i.e., the time 
for the tension relaxation modulus to attain a value of 1011 

dyne/cm•, 

K(T ,,) = characteristic relaxation time at the glaee temperature. 

Equations (3.91) and (3.92) are considered applicable only in the range 
T,, .:; T .:; T 11 + 100°. Below T II there will be deviations from the line. Above 
T 11 + 100° the material begins to behave as a liquid, and log or must be de­
termined empirically. However, these equations at least provide a valuable 
practical prediction tool and a framework for a test program that verifies 
material performance. 

----·-
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Tobolsky (82) also states that the tension relaxation modulus could be ex­
pressed in terms of a distribution function H(log T), such that 

ER(t) = f,. H(log T) e-11, d(log T) (3.94) 

H(log T) can be estimated from experimental values of ER(t) (83,84,85). 
Values of H(log T) at 298°K 88 a function of log T have been tabulated by 
Tobolsky and Catsiff' (84). Tobolsky and Eyring (85) showed that storage and 
loss moduli of polymers could be computed from H(log T) through 

(3.95) 

f" W'T 
E, = _., 1 + w2'T1 H(log T) d(log T), 

and results are given by Tobolsky and Catsiff' (84,86). 
In plotting master curves (87), it is customary to plot the factor of interest 

as a group function against. the reduced time factor in order to express the 
variable in a fashion consistent with the material's thermodynamics. Thus, 
for compliance one would plot 

Y,Topo 
log T = ((log war), 

aP 

Y,Topo 
log T = ((log war). 

aP 

For complex modulus the following relations are pertinent: 

E,T11p 
log -T-- = ((log war) 

oPo 

E,T"p 
log-T-- = f(log war) 

oPo 

(3.96) 

(3.97) 

In Eqs. (3.96) and (3.97), p and Po are the material densities at T and To­
The factor p/po is often taken 88 1.0 within the limits of experimental error. 
To is often taken as any convenient reference temperature, such 88 25°C. 

The shift factor must be the same, whatever mechanical property is being 
measured. Hence, a master stress-strain curve would be plotted 88 

uTopo ( E ) log-- =flog-. - . 
Tp Ear 

(3.98) 

Static drift (or creep) is defined as the percentage 1088 in thickness as a 
function of time and static stress. Hence, a master drift curve would be 
plotted 88 

log -1£.. (1 - E) = r(1og ~)-Topo ar (3.99) 
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The simplification that time and temperature superposition offers to the 
experimenter is obvious. Most rip capable of vibrating a specimen through 
some regime will, sooner or later, develop characteristic resonances. These 
resonances will prevent further valid data from being obtained. It is, how­
ever, relatively simple to vary the temperature surrounding the test apparatus 
in a controllable and reproducible manner. Thus, if the experiment is re­
peated through a limited frequency range with varying temperature, the 
data may be safely extrapolated to a wide range of frequencies. Snowdon [60], 
as an example, used time and temperature superposition and the shift factor 
of Eq. (3.91) to plot the storage and 1088 moduli of a number of polymers over 
the frequency range of 1 to 10,000 cps at 25°C. 

30.0-------------------

25.0 

HIGH- RATE TEST 
6 FPS AT ROOM 
TEMPERATURE 
VACUUM CONDITIONS 

-1o•c AT 10 MIN°1l 
LOW-TEMPERATURE 
EQUIVALENT TO 6 FPS 
FOR 4 IN. THICK PER 
TIME-TEMPERATURE 
SUPERPOSITION 
THEORY 

20 40 60 80 100 
DEFLECTION (%) 

Fm. 3.23. Predicted and meuured •treu-etrain curve• in 
vacuo for a polyurethane foam, impact velocity 6 fp• . Volz (89). 

The only work known to be in progress using time and temperature super­
position on foam cushions is that recently briefed by Volz [88,89]. Low-speed 
compression tests (at 0.1, 1.0, and 10.0 inches of thickness) were run at three 
temperatures: 2°, -10°, and -200C. Figure 3.23 shows experimental versus 
calculated results for a 6-ft/sec impact. Note that the impact test was con­
ducted in a vacuum to elimiuate trapped air efl'ects. Complete analysis of 
the behavior of a foam requires estimation of these efl'ects and will be dis­
cussed in the next section. 

.. 
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3.3. Behavior of Some Model• of Real Cu•hion• 
The majority of resilient cushioning materials for which extensive data are 

available are ol)f3n- or closed-cell elast.omeric foams. 'l'his section will discuss 
some of ttie inner structural details that govern the behavior of such materials 
and will then discuss e•isting, relevant, mechapical, and mathematical models. 

Gent and Thomas [90) summari1.e the mechanisms peculiar t.o the behavior 
of foam. The paragraphs wl:)ich follow concerning the static tension and com­
pression behavior of open- and closed-cell foams are based directly on their 
analysis. 

A simplified model of an open-celled foam is shown in Fig. 3.24. The foam 
consists of thin threads whose unstrained length is lo and whose cross­
sectional area is D, 1. The threads are joined t.ogether t.o form a cubical 
lattice. The intersections are cubical regions whose volume is D1 3 ; these 
intersections ,are assumed rigid, or substantially undeformable. 

"""f 
lo 

,....---,,,,---- .tt. ---.--
D1 

Fm. 3.24. Structural model of a 
foam material. Gent and Thomaa 
(90]. 

Apply a small stress in tension parallel to the axis of one set of threads. 
The strain E taken by the overall foam lattice is associated with a strain 
E' in the thread, such that 

E' = (1 + Q,) E, (3.100) 

where Q, = D, 1 / lo, 
The threads occupy a fraction of the area for any cross section perpendicular 

t.o one set of threads. This fraction is Q, 1 / (1 + Q 1 )
1 • 

The tension modulus of elasticity for the foam model, E1, is given by 

Q,• 
E1 = E,,. · 1 + Qi' 

where E,,. is the tension modulus for the unfoamed material. 

(3.101) 

The density of the model is determined by con• idering a cube who•e side is 
D, + lo, centered on one intersection. The ratio of the volume of solid 
material t.o the t.otal volume of the model is given by 

v,,. 3 Q, 1 + Q, 3 

VR = v, = (1 + Q,)3 . 

At low densities VH is approximately equal t.o 3Q, 1 . 

(3.102) 

The parameter QI is thus a direct measure of foam density. The relation 
between model density and Q, is shown in Fig. 3.25. 
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These relations are reported as keeping the same general form even for 
more complex foam lattice shapes. For example, when n randomly dispersed 
threads enter each intersection and the intersection is approximated by a 
sphere of surface area nD1 , the density of the foam is still given by Eq. (3.102). 

When a random structure is stressed in tension, Young's modulus is 

Q,1 
E,= Em· 20 + Qi)' 

which differs from the previous value by a factor of 1/2. 

(3.103) 

Equations (3.102) and (3.103) indicate a relation between density and foam 
modulus through the factor Q,. Figure 3.26 plots the experimentally mea­
sured relationship and the theoretical relationship. 

0 .3 

Et 
Em 0.2 

0 .1 

o....-:;~...__......___ ........ _ __., __ ..__ _ _, 
0 0.2 0 .4 0 .6 

VR 

Fm. 3.26. Experimental relation between the 
ratio of the Young's moduli of foam and solid 
rubbers, E1I E ,., and the volume fraction V # of 
rubber in the foam; full curve is the theoretical 
relation, and duhed curve represents the 
limiting form of the theoretical relation for low­
density foams (901. 
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Gent and Thomas further record that Poi880n's ratio for the simple model 
is zero, since transverse threads are not deformed. For randomly disposed 
threads, Poisson's ratio is 1/4, independent of density. 

Apply a compression stress parallel to one set of threads and assume that 
compression takes place as a result of thread buckling. It can be shown that 
the average compressive stress will be given by 

Q.• , 
CT= Em · (1 + Q.)Z • /l.E ), (3.104) 

where /tE') is an unknown function of the strain assumed by the thread ends. 
A contribution to the total deformation will be made by simple compression of 
the threads in the amount u/E,,,, but the main deformation will result from 
thread buckling, particularly with low-density foams. 

1.2 ,-------------... 
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Fm. 3.27. Experimental relation between 
{(1 ') and 1' obtained from the streu-strain re­
lations for six low-density natural-rubber 
foams (90). 

Compression tests were run on six natural rubber foams of low density 
(V H leBB than C.2). The average results are shown in Fig. 3.27 which shows 
the familiar "knee effect" expected of collapsing columns. The knee is not as 
abrupt as would be expected with a simple strut, presumably (partly, at least) 
because of wide variation in individual thread dimensions. For more regular 
foams a more marked plateau effect is to be expected and is found to exist 
with low-density polyurethane foams. 

Resistance to compression is strongly dependent on foam density. Figure 
3.28 shows the compressive stress at 25 percent compression plotted against 
the volume fraction. It can be seen that theory and experimental results 
closely agree. 

A closed-cell foam is a three-phase system: the material matrix, the enclosed 
gas, and the ambient atmosphere. ABBuming that matrix behavior is the 
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same for an open-celled foam, the problem reduces to determining the effects 
of the trapped gas. For small compressions, Gent and Thomas show that the 
compression modulus is given by 

2[ 5Ke + (pa - pi)+ 2 0
3
~

1VR)] [4Ke - (pa - pi)] 
E, = ----------------0----- (3.105) 

[ BK,. + (p" - pi) + 1 ~pv J 
where 5K,. is the value of the compression modulus for the corresponding open­
celled foam, defined in Eq. (3.103), and pa and pi are the ambient and internal 
pressures, the latter being measured when the foam is unstrained. · Poisaon's 
ratio is 

[ 2Ke + (pa - pi)+ (l :
0
V H)] 

v= . 
[BK,.+ (pa - pi)+ (1 :OVH)] 

(3.106) 

If the internal and external pressures are equal, i.e., Pa = pi = p, the last 
two equations become 

E _ 2Ke [l0K,. (1- VH) + 3p] (
3

_
107

) 
,- 4K,. (1 - VH) + p ' 

2Kc (1 - VH) + p v=------......a...-
2[ 4Kc (1 - VR) + p]" (3.108) 

When the foam modulus 5K,. is much greater than p, then E1 and v have the 
same values as the corresponding open-celled foams. When p is much greater 
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than the foam modulus, the two values become equal to 6Kc and 1/2, re­
spectively. In the latter case, clO&ed-cell structure does not have much effect 
on static mechanical properties. For a soft cloeed-cell foam, the compression 
modulus cannot be more than 20 percent higher than that of equivalent open­
celled foam. 

Under deformations varying with time, foam materials will exhibit visco­
elastic behavior. Energy is dissipated in the material, as expected. In 
addition, in open-celled foams energy is dissipated as air flows through the 
pores. In closed-cell foams, the contained gas is compressed and expands 
rapidly as stress is removed. Damping constants in gases are very small, 
and (with some exceptions-one will be discussed in the section on quasi­
resilient foams) energy dissipation is small in closed-cell foams. Another 
drawback has been found with some soft cloeed-cell foams: under prolonged 
static load, contained gas under preuure apparently migrates through the 
cell wall to the ambient atmosphere, causing excessive creep in the material. 

T 
2'...1 

' -J--1 

FIG. 3.29. Koeten and Zwikker's 
analogy to fine-pored open-celled 
plastic or rubber foams (55]. 

Among the earliest investigators of the dynamic characteristics of open­
celled foams were Kosten and Zwikker in 1937 (55). They postulated that 
the behavior of an open-celled foam was similar to the mechanical model 
shown in Fig. 3.29. A frictionless, massless piston moves inside a cylinder 
which communicates with ambient air (pressure Pa) through a capillary of 
length I, and radius r . As the air behind the piston is compressed, some 
pressure is relieved by flow through the capillary, which thus has the effect 
of a damper. This analogy is, therefore, exactly similar to the standard 
linear solid shown in Fig. 3.lla and analyzed in section 3.2.2; E. being the 
static modulus for the foam in compression; Ez, the resistance to compression 
of the air; and c, the damping coefficient (a function of capillary resistance to 
the flow of air). 

E2 and c, per unit surface area of foam, can be estimated from the relations 

and 

E 
_ naPa 

2---
Tca' 

Bev lAc 
c= 

1rr4 ' 

(3.109) 

(3.110) 
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where T,.,, = average thickness of the air in the foam sample, 

n,, = ratio of the specific heats of air at constant volume and at con­
stant pressure (1.0 for isothermal processes and 1.4 for adiabatic 
compression), 

Ar= area of the piston, and 

c,, = viscosity coefficient of air. 

Strictly speaking, Eq. (3.109) is only applicable to very small compressions 
of air. Equation (3.110) is directly derivable from Poiseuille's law on the 
assumption of laminar flow. 

Using the previous expressions, the peak loBB angle can be approximated by 

., n,,p,,/E1Tr11 
tan uo = --=,---~ , 

2 1 + !!:!d!!!. 
E1T11 

and the associated frequency by 

Be,. l A,. T," 1 + n"p" 
E1Tru 

(3.111) 

(3.112) 

Although the peak loBB tangent is independent of area, it is not independent 
of Tr11 which is a function not only of cushion thickness but also of porosity. 
The characteristic frequency depends not only on foam area but also on the 
average length of the pores and on the thickness parameter T e11, Thus, there 
is definitely a shape factor in the behavior of foam materials; predictions that 
ignore this factor are probably inaccurate. However, these dimensional 
constants enter as the first power, while the capillary radius enters as the 
fourth power and, when different foams are compared, has ~ much stronger 
influence. 

Figure 3.30 shows some results Kosten and Zwikker found experimentally 
for a specific foam. Volume fraction was around 30 percent. For this foam 
they computed a peak loss angle of 20.9 degrees on the assumption of iso­
thermal compression. Compare also the curves of Fig. 3.30 with the theo­
retical curves of Fig. 3.14, taken from the same paper. Note that the mea­
sured loss-angle curve does not pass through the origin as predicted by theory; 
thus, there must be some damping in the rubber matrix. For this particular 
foam, however, the material contribution was not large. 

The foregoing discussion clearly establishes the important influence of air 
on the damping capacity of open-celled foams. It also shows how easy it is 
to learn something about the performance of individual foams in a vibratory 
environment. 

More roc-ently, Venning (91] has been investigating the viscoelastic proper­
ties of polyurethane foams. He has found that behavior (before the col­
lapsing-column effect) can be simulated by the models shown in Figs. 3.31 and 
3.32. Measured values of the complex modulus from which these models are 
derived are shown in Fig. 3.33. Figure 3.31 is·obviol.ialy very similar to the 
standard linear-solid concept investigated by Koeten and Zwikker but with 
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Fm. 3.30. Koeten and Zwikker'e results 011 a rubber foam [55]. 

Fro. 3.31. Model for 1.8-pcf 
polyurethane foam at small 
oompreuiona in the frequency 
range 20 to 100 cpa; E, ie 
12.81 lb/in./aq in., E1 is 5.22 
lb/in./aq in., c, ia 0.00425 lb­
NC/in./aq in., c1 ia 0.025 lb­
NC/in./aq in. Venning [91]. 

E' I 

Fm. 3.32. Model for 1.8-pcf poly­
urethane foam at small compreuiona 
in the frequency range 0.5 to 100 cpe; 
E1, c,; and c1 are u before, E', ie 6.56 
lb/in./tq in., E", is 2. 75 lb/in./eq in., 
c' is 0.125 lb-aec/in./aq in., c" is 0.83 
lb-aec/in./eq in. [91]. 

the addition of a damper, c,, to account for material damping. However, at 
low frequencies the springlike behavior of the material is more complicated 
and EI must be broken up into several spring and damping components 
(Fig. 3.32). Nevertheless, the principle still holds that foams can be repre­
sented by mechanical models of their viscoelastic behavior, at least within 
the range of quasi-linear response. 

The genesis of the work summarized in the •preceding paragraph is worth 
di8CU88ing. Venning and Guttridge [92,931 fint propoeed an analog-computer 
approach to package-cushioning problems. But because of the difficulty of 
predicting dynamic performance they shifted to a hybrid system in which 
the cushion itself generated the dynamic stress data directly. A block 
diagram of the experimental rig is shown in Fig. 3.34. Some preliminary 
results are shown in Table 3.6. 
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directly. 
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TABLE 3.6. SoME RESULTS BY VENNING AND GUTTERIDGE 

Pulse Peak 
Peak 

Material Length Stress 
Strain (msec) (psi) 

4-pcf rubberized hair 125 0.58 0.23 

4-pcf rubberized hair 214 1.03 0.38 

2-pcf polyester urethane 136 1.92 0.49 

12-pcf open-celled polyvinyl chloride 145 2.43 0.83 

Cellulose wadding 152 1.42 0.92 

The device used to obtain the results of Table 3.6 was a standard vibration 
generator modified to provide a 2-inch stroke. A later modification, currently 
being checked for performance, includes the use of air bearings to reduce 
spurious chatter. The largest velocity which can be achieved with the 
existing experimental rig is determined by the ratio of the peak force avail­
able to the total moving mass. On the currently available machine, peak 
velocity is limited to about 20 inches per second, about one-fifth the velocity 
attained in an 18-inch drop test. 

Further, Venning's device starts with the compression platen in contact 
with the cushion, applying a measured static stress. It is obviously impos­
sible to create a true-velocity step at the start of a compression stroke; this 
would require infinite force. Figure 3.35 shows a comparison between 
analog-computer results and test results at large strains. Venning attributes 
the discrepancy to one or more of the following possible causes: 

1. Low-frequency stiffness of the model being higher than that of the 
actual sample; 

2. Use of viscous damping elements in the model leading to higher fric­
tional forces than necessary; and 

3. Compression velocity in the experimental measurements being too low 
during the initial part of the compression stroke. 
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Fm. 3.35. Venning's comparison (91 I between computed and 
meaaured results at finite strains of a polyurethane foam. 
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TABLE 3.7. ScALING FACTORS FOR ELECTRICAL ANALOGS 

Mechanical Quantity Electrical Quantity 
Relationshifi' 

Name Symbol Name Symbol 

Mass m Inductance L m=S, L 

Displacement X Charge Q X = S 2 Q 
Time t,,. Time tr tm = 8 3 tr 

Velocity V Current I V= s. I 
Force F Voltage E F=S5 E 

Damping constant C Resistance R c = SsR 

Spring compliance 1/k Capacitance C 1/k = S1 C 

Frequency f,,, Frequency fe f,,, = Ss fe 
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Using an analog-computer representation requires selection of the correct 
dyna'1lic model. Soroka [94] shows many such analogies. The basic shift 
from mechanical to electrical systems is attained by using the analogies 
summarized in Table 3.7. Although eight scaling constants are shown, the 
last five (as noted in the footnote to the table) are functions of the first three. 
Note, further, that it is possible to slow down the time scale (S 3) 80 that a 
transient occupying a millisecond in real time can take a full second on the 
computer, thus permitting the use of relatively inexpensive recording devices. 

Osborn and his associates at Wilmot Packaging, Ltd. [95] are working on a 
larger version of Venning's initial concept. This device will accelerate the 
moving head before it comes in contact with the cushion surface, 80 that 
higher initial velocities will be possible. Because of the general compact­
ness- as compared with a conventional drop tester or a pendulum impact 
rig- accurate measures of deflection under dynamic load should be possible. 
After making the necessary checks, we should obtain some interesting results 
more closely approaching the velocity-shock situation. 

Volz' model [89] is shown in Fig. 3.36. This is more complicated than 
Kosten and Zwikker's model [55] (though less complicated than Venning's 
[911). 

The element K, represents the nonlinear static load deflection charac­
teristics of the foam. The changes in the Maxwell element are due to changes 
in strain rate. These two elements, added together, produce the dynamic 
stress-strain curve independent of any effects due to trapped air. 

Fm. 3.36. Volz' model 
of a polyurethane foam 
1891. 

m 

1/, 
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LEADING UNIT 
AIR PISTON MODEL 

-­MOTION 

Fm. 3.37. Volz' cushion problem (89). 

The third element in the model is a piston with an orifice. This orifice has 
a variable diameter to simulate the reduction in cushion thickness during 
compression. A simplified version of tl}e reality considered is shown in 
Fig. 3.37. The value for the area of the orifice, Ao, at any instant was found 
to be 

(Ao)2 4d,, V ,, 3 

A, = c'1l. 1 - V,,' (3.113) 

where A, = initial area of free edge of the element of the cushion being 
considered, 

d,, = average foam cell diameter, 

c'1 = air friction coefficient factor, or drag, 

l = a characteristic length of the cushion (in Fig. 3.37, l = L/2), and, 

V,, = instantaneous value of porosity, or•volume fraction. 

For a stipulated foam, pore diameter is readily estimated from the number 
of pores per inch. The quantity l is dictated by the geometry of the cushion 
and is readily estimated. The instantaneous porosity, V ,, , is a function of the 
strain at a given instant, while initial porosity is the ratio offree-air volume 
to total volume. 

The drag coefficient, c'1, can be obtained by measuring the pressure drop 
across a sample and then using the relation 

iJP = _ £.:.1. pV2 (1 - V,,) 
al d,. 2 V,,3 ' 

where :: = rate of change of pressure with distance, 

p = air mass density, and 

V = air velocity. 

(3.114) 

The forces from the individual single-piston models were then summed 
around the ring, as were the elastomer forces, to make mathematical model 
of behavior during an impact test; these predictions were compared with test 
results, Fig. 3.38. 
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Note the anomalous behavior of the measured acceleration curve between 
0 and 0.2 seconds. This anomaly was later traced to a tight-fitting Teflon 
liner between the cushion and the tube liner which adhered to the liner long 
enough to cause the foam opposite the impact face to be loaded in tension 
and to develop an effective vacuum. It is difficult to foretell every <:!Vent; 
nevertheless, it can be seen that good predictions of cushion performance can 
be made from calculations. 



Chapter 4 

PEAK SHOCK TRANSMI'ITED 
BY A CUSHION 

A designer must nearly always begin by evaluating the peak acceleration 
at the interface between the cushion and the object he is trying to protect. 
This chapter deals with this topic on the assumption that the system is under­
going velocity shock, i.e., that the state of motion of the system has been 
suddenly changed, say by contact with a rigid surface after a free drop or, if 
the systt.m is at rest on the substrate (Fig. 2.1), by a sudden velocity change 
by this substrate. 

In practical terms, the condition to be analyzed is typical of those en-
countered by designers working in the following fields: 

l. Package cushioning; 
2. Aerial delivery, whether by free fall or parachute; 
3. Near-miss shock absorbers; 
4. Recoil pads; and 

many others. Controlling the peak shock is often the limit of the designer's 
responsibility. 

Most of the available data is concentrated in this particular area of interest, 
thus providing an additional reason for devoting an entire chapter to this 
single topic. 

It is assumed that the designer has a realistic limiting value for allowable 
peak acceleration. It has often been stated that this quantity is a prerequisite 
for completely rational design; no matter how obtained, it is assumed to be 
an input constraint. 

For the sake of consistency, all equations have been written on the assump­
tion that the problem is to reduce the shock produced by falling from a height 
h. In any equation where found, h may be replacPd by V2/2g, where g is the 
acceleration of gravity. In equations where g is given as a numerical con­
stant, the value 32.2 ft/sec2 or 386.4 in./sec2 has been used. 

Occasionally the designer will be given the input shock as a peak accelera­
tion of so many g. Conversion to the equations used here is a reasonably 
straightforward operation, provided that the input shock waveform is also 
specified. Jacobsen [96) has recently published a slide rule and associated 
instruction book which make conversion a routine exercise. 

4.1. Historical Note 

The beginning of a scientific approach to cushions is generally credited to 
Mindlin's classic paper of 1945 [97). There is, however, evidence [98,99,100) 

61 
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TABLE 4.1. SoMI: PAPl:RS BASl:D ON USING SIMPLE 

ELASTICITY Rl:LATIONS AS A BASIS FOR 01:BIGN 

Reference Author Date 

102 H.H. Berk 1946 
103 R.A.L. Cole 1946 
104 R.F. Ettinger 1953 
105 D.J. Gasch 1953 
106 R.E. Jones 1953 
107 R.E. Jones and D. L. Hunzicker 1954 
108 K.Q. Kellicutt 1946 

109,110 E.O. Lieberg 1953 
111 M. Masel 1953 
112 I. McNamee 1954 

113,114 G.S. Mustin 1953 
115 S.J. Ruffini 1959 
116 F. Stowell, H.C. Pusey, and K.N. Carr 1954 

117,118 A.M. Underhill 1946, 1950 

that others were considering the problem; the long, fruitful Forest Products 
Laboratory work in this area had already begun [101]. Mindlin's paper 
mentions a procedure adopted by the Committee on Packing and Handling 
of Radio Valves of the British Radio Board. 

Mindlin's paper was followed by a number of di8CU88ions by authors who 
adopted his procedures practically unchanged. Some of these, not elsewhere 
mentioned, are listed in Table 4.1. 

The next major step forward was the concept of cushion efficiency as de­
veloped by Gretz [119,120,121] and the more sophisticated development of 
optimum efficiency design points by Janssen [122,123,124]. Both these 
pioneers, like Mindlin, stayed with material properties determined by quasi­
static means, i.e., stress-strain curves determined on a conventional compres­
sion tester with the speed of compression quite slow, i.e., not more than about 
2 inches per minute. The Janssen approach produced design data in more 
usable form than did Gretz's and soon became the standard for practically all 
approaches. Many papers were written around this theme; a number of them 
are mentioned in Table 4.2. 

Mustin [135] pointed out that Yurenka and Giacobine [136] had proved a 
clear connection between Janssen and Mindlin. 

TABLE 4.2. SoME PAPERS EXPANDING ON 

JANSSEN'& CONCEPT 

Reference Author Date 

125 H. Himelblau 1954 
126 J .A. Hoffman 1959 

127,128,129 R.E. Jones and W.L. James 1955, 1956 
130,131,132 R.B. Orensteen 1953, 1954 

133 R.E. Slaughter undated 
134 J.C. Snowdon 1959 
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An interesting variation of the Janssen approach was that of Hardigg [ 137], 
who found that the stress-strain functions for several different types of 
cushioning materials could be reduced to a single function by dividing actual 
stress for a given material by Janssen's optimum stress for that material 
and plotting this reduced variable against actual strain divided by the mate­
rial's optimum strain. This concept was also discussed in the open literature 
[138,139,140], and the master curve is shown in Fig. 4.1. This curve seems to 
hold for materials whose stress-strain curves appear essentially smooth. 
It is not necessarily valid, however, for materials strongly exhibiting col­
lapsing-column behavior, like some of the polyurethane foams. 
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Fm. 4.1. Hardigg's master function I 1371. 

Hermansen, Evans, and Mustin [141] extended Hardigg's concept to the 
whole family of rubberized hairs and attempted to develop a correlation be­
tween performance characteristics and density (Fig. 4.2). 

However, it soon became apparent that single curves based on the static 
stress-strain of a material would not describe the dynamic behavior. Several 
methods of presentation, all involving families of curves, were tried. Grad­
ually Kerstner's suggestion [31J became the most popular. In this approach, 
a family of curves is drawn for each material thickness at each drop height, 
plotting peak dynamic stress (or acceleration) against the original static 
stress. A typical set of such curves, taken from Humbert and Hanlon [142), 
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is shown in Fig. 4.3. Many of the principal papers containing such families 
of curves are listed in Table 4.3. 

In 1961 and 1962, Soper and Dove [33,671 showed that peak acceleration 
should be plotted as a function of energy per unit volume and of a parameter 
equalling velocity at impact divided by thickness of the pad. Their plots 
thus took care of the material damping factor more compactly than the 
Kerstner suggeetion, which neoeuitatea a multiplicity of curves. More 
recently it has been shown by Mustin [171] that the two variables can be sepa­
rated, and, at least for optimum design points, two simple empirical functions 
describe the behavior of 16 cushioning materials undergoing velocity shock. 

4.2. The Fundamental Equationa of Velocity Shock Iaolation 

Consider the system shown in Fig. 4.4. At first ignore the mass of the 
cushion ao that the iaothennal stress law is a continuous function 

u = f(«,t), 0 "' t -. 1.0, t ;;a, 0. (4.1) 
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TABLE 4.3. SoME PAPERS CONTAINING DYNAMIC 

PERFORMANCE CURVE FAMILIES 

Reference Author Date 

143 C.H. Abner 1958 
144,145,146,147 H.C. Blake 1962,1964 

148 
149 
150 

151,152 
153,154 

155 
156 
157 

158 
159 
160 
161 
162 

163 
164 

165,166,167,168 
169,170 

Department of Defense 
E.A. Falkner 
General Electric Co. 

M.E. Gigliotti 
T.J. Grabowski 
G.A. Gordon 
G.A. Gordon and E.E. Wheeler 
R.G. Hanlon 

J .S. Hardigg and G.C. Thomas 
J .S. Hardigg 
M.T. Hatae and P.E. Franklin 
P.E. Franklin and M.T. Hatae 
P.E. Jockle, Jr. and L.T. Wilson 

S.M. Krakover and A. Olevitch 
North American Aviation 
R.K. Stern 
L.T. Wilson 

h 

RIGID OUTER CONTAINER 

CUSHIONED ITEM 

CUSHiON 

;77 7 7 7 7777 ) 
I a) lb) 

1964 
1962 
1959 

1960,1961 
1960,1962 

1960 
1961 
1962 

1959 
1961 
1957 
1961 
1958 

1958 
1957 

1958, 1959, 1960, 1962 
1957,1959 

l c) 

Fm. 4.4. Basic c118hioning problem: (a) at instant of release, (b) at 
instant of contact with the floor, and (c) at time of maximum stress. 

Following the line taken by Mindlin [97), it is easy to show that the accelera­
tion of m888 m is given by 

~ m V1 + Ac T c [f {(E,t) dE + 1/J(t)] = mg (h + T cE), (4.2) 

where t = 0 is taken as the instant of contact with the floor. In Eq. (4.2), 
Ac is cushion area, Tc is cuahion thickness, and the value of arbitrary func­
tion t/1(.t) is determined by the initial and boundary conditions. Equation (4.2) 
expresses the law of conservation of energy, since (1/2)m V1 is the instan­
taneous kinetic energy of m, the term containing the integral is the energy 
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stored in the cushion at any instant, and the right-hand member is the poten­
tial energy of the mus at ita initial height above the instantaneous position. 

It is evident that f is at ita maximum f'" when the velocity becomes zero, 
so that, for maximum stress o-'", 

f ''" mg 
{(E,t)df + 1/,(t) = A T (h + Tch), 

0 C C 

(4.3) 

which is more conveniently handled when written in operator notation as 

D- 1 O"'" = o-, (;c + h ), (4.4) 

where o-~ is the static stress on the cushion and D- 1 o-'" is the complete integral 
defined in Eq. (4.3). D- 1 o-,,. is the energy abaorbed per unit volume of the 
cushion. 

From energy considerations alone it is apparent that the peak force on the 
item equals its inertial force plus its own weight. This relation may be 
writt.en 

um= o-,(G,,, + 1), (4.5) 

where G,,, is the peak acceleration divided by the acceleration of gravity. 
With the aid of Eq. (4.5), o-'" can be substituted for u, in Eq. (4.4) which can 
then be solved for peak arceleration ratio. The result is 

(4.6) 

Peak acceleration and cushion thickness, two quantities of prime impor­
tance in any design problem, are thus directly related through the parameter 
J which is the ratio of peak streu developed in the cushion to the energy 
stored per unit volume of the cushion. J is called the cushion factor by some 
writers, and denoted by C, but ita significance for cushion design was first 
derived by Janssen [122) who assigned the symbol J. 

In normal situations, his very much larger than Tr and fm is less than 1.0 
by definition. In actual practice, maximum possible compreuive strain is 
on the order of 0.8 or 0.9, since the cushion consists of a real material which 
becomes incompressible for all practical purpoees. The numerical contribu­
tion of actual strain to peak acceleration can nearly always be ignored, since 
h!Tc greatly exceeds fm, 

The subtrahend, -1, in Eq. (4.6) can also be dropped in most cases without 
significant 1088 of numerical accuracy, since peak acceleration ratios are 
generally much larger than 1.0. At Gm = 10.0, the error is 10 percent. 

On the basis of the two preceding paragraphs we can write with good 
accuracy: 

(4.7) 

Note that errors resulting from these simplifications terid to off'set one another. 
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Equation (4.4) can also be solved for static stress. To the same degree of 
accuracy as in Eq. (4.7), the result is 

Tc J 
<T, = h • D- • <Tm= Gm• D-• <Tm, (4.8) 

With Gm and h given, Tc is found from Eq. (4.7), and required static stress 
from Eq. (4.8). A straightforward division of the weight of the cushioned 
object by the required static stress gives the required cushion area. 

Obviously Tc is minimized as J is minimized. Most real materials show 
minimal values of J and it is convenient to show the conditions under which 
Jo, the minimum value of J, exists. 

Since the function defining J is continuous, it is integrable. Assume that 
it is differentiable (which is reasonable since it is a continuous function of 
real variables). It is clearly evident from its definition, Eq. (4.6), that J 
is some function of E and oft, since D- 1 u,. contains these variables as does 
u,. (Eq. (4.1)). For J to reach a single minimum value, it is necessary that 

aJ = o 
OE ' 
aJ 
at=O, 

(4.9) 

simultaneously. Working only with the partial derivative with respect to 
strain, we obtain a locus of points in the J surface, each one of which is opti­
mum for a given value of the arbitrary function, t/,(t). 

For all practical purposes, then, Jo must be accepted as a time-dependent 
variable. If a real material shows a steady value for Jo it must be regarded 
as an exceptional case. Of course, the way in which time enters the relation 
may, for some materials, have an effect that cannot be determined experi­
mentally so that constancy of Jo may be a practical engineering approximate 
assumption. 

Nevertheless, it is useful to consider the consequences of the first of Eqs. 
(4.9). Differentiating gives 

[ 
<To ] { /(Eo,t) } 

D. Jo= D. D- • <To = D. D- •[f(Eo, t)] ' (4.10) 

where <To and Eo are the dynamic stress and strain producing Jo- Setting 
Eq. (4.10) equal to zero and simplifying leads to 

Uo2 
D - • uo=-­

D. Uo 

as a condition for the existence of Jo, 

(4.11) 

Specific values for Jo can be found by solving Eq. (4.11) for corresponding 
Eo and then substituting in the original elasticity statement and its integral. 

Without an electronic computer and a large quantity of data, it would be 
tedious work to apply the criteria just given, in all possible cases. Neverthe­
less, certain important conclusions can be drawn by considering various 
classes of elasticity which are not time-dependent in their mathematical 
statements; this is done in the next section. 
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4.3. Some Computed Values of Jo and the Consequences 

The information contained in this section is an expansion of the work of 
Yurenka and Giacobine [136) who considered tangent, algebraic, and loga­
rithmic elasticities. Mindlin (97) used a different approach for tangent 
elasticity but the results are the same, thus buttressing confidence in the 
results reported here. 

Assume that the cushion consists of a real material with a strain that 
cannot be exceeded, and call this strain the bottoming strain Eb. Bottoming 
strain is defined as the strain that would require an infinite stress to increase 
it. With this concept, rewrite the general stress law (Eq. (4.1)) to read 

O' = {(E/Eb, t), 0 ~ E/Eb E; 1.0, t ~ 0. (4.12) 

But only non-time-dependent systems are to be considered, so, for purposes 
of this section, write 

O' = {(E/Eb), 0 E; E/Eb E; 1.0, 

where the function is continuous and differentiable. 

(4.13) 

By the Weierstrass theorem, any nonperiodic function which is continuous 
between limits can be represented to any degree of accuracy by a polynomial 
of suitable degree. It is always tempting to try matching experimentally 
determined stress-strain. curves to a polynomial, especially when so many 
electronic computers have "canned" routines for accomplishing the work in 
minimal time. Accordingly, we start with an examination of the implications 
of using polynomial elasticity statements to describe the behavior of cushions. 

The generalized polynomial may be written 

" 
<T =Ao+ ~ An (E/Eb)", (4.14) 

n = I 

where the A,, are independent of E/Eb and may have any finite value on the 
real-number line. 

The integral, considering E/Eb as the variable, is 

D- 1 u = Ao(E/Eh) + i n !• l (E/Eh)n+ 1. 
" = I 

(4.15) 

Dividing Eq. (4.14) by Eq. (4.15) and separating into partial fractions pro­
duces 

n 

n ~ A,, (E/Eh)n - l 

J=-1-+----'-"=~1'-------­
(E/Et,) ao(n + 1) + ± A,, (E/E,,)• 

11 = 1 

(4.16) 

It is clear by inspection that, so long as J is a monotonic function, it reaches 
its minimum when E/E11 reaches its maximum of 1.0. 

Values of J for a few classes of elasticity of interest are shown in Table 4.4. 
The linear function is the most thoroughly analyzed and the least useful in 

an immediate sense. Nevertheless, it forms a basis for the analysis of sys­
tems that are intrinsically nonlinear or have dissipative mechanisms that 



70 PIAK SHOCK TRANSMITTED BY A CUSHION 

TABLE 4.4. J FOR CERTAIN POLYNOMIALS 

Function 
Function Symbol 

J 
(T 

Linear, zero slope 
1 

Clo 
E/Eb 

Linear a, (:J 2 -
E/Eb 

Linear with preload ao+a, (;J _l_+ 1 
E/Eb 2 ao + .!. 

a1 Eb 

Cubic a1 (t) + a3 (:J3 ...!_ + E/Eb 

E/Eb a1 + ! ( _!, r 
Q3 2 Eb 

Cubic with preload ao + a1 (t) + a3 (;J _l_+ 2a1 + 3a3 (E/Eb)2 

E/Eb ( E) (Er 4ao + 2a1 Eb + a3 Eb 

produce nonlinear dynamic behavior. The linear function with u,ro slope 
was shown by Mindlin (97] to be the limiting case for hyperbolic tangent 
elasticity; he extensively analyzed the cubic function as a design tool for de­
vkes (like springs) that are essentially linear but have nonlinear geometries. 

In general, most cushioning materials for which data have been examined 
indicate an Eo less than Eb, characterized by a relatively smooth arrival and 
departure from Jo- It is believed, therefore, that polynomial characterization 
is not a valid general approach to material properties. However, for specific 
design problems, using polynomials can sometimes lead to quick engineering 
answers. 

Before leaving polynomial elasticity, note that 1.0 is a reasonable assump­
tion for the least possible value of Jo, Theoretically, the value could be less 
if one or another of the summation terms were negative, but this appears un­
likely in practice with monotonic (single-valued) functions. 

There are at least four stress functions satisfying the criterion Eo/Eb < 1.0. 
These four are defined in Table 4.5 and are plotted in Fig. 4.5. 

In the first five functions, the term ao is to be construed as the initial slope 
of the stress-strain curve (with the dimensions of stress). It is, in effect, the 
initial "stiffness" parameter of the material. 

In the sixth equation, pi is the reference pressure in the container, or in the 
individual cells in a closed-cell material usually considered atmospheric. It 
may be regarded as directly equivalent to the term ao in the first five equa­
tions. While there exists a theoretical bottoming strain (resulting from 
packing all the air molecules into a "aolid"), the practical limit occurs before 
this is reached and is set by the bursting strength of the walls of the con­
tainer. This design problem is outside the scope of this monograph. 

Hence, the air equation may be considered exactly equivalent to the first 
five equations, except that Eb = 1.0 for all practical purposes. All equations, 
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TABLE 4.5. SoME NONLINEAR 

ELASTICITY FUNCTION8° 

Function 
Function Symbol 

u 

Tangent 
2 1T E 
- ao Eb tan - · -
1T' 2 Eb 

Inverse tangent 
ao E 
- Eb tan- • a, -
01 Eb 

Hyperbolic tangent 
ao E 

u o Eb tanh - · -
U'o Eb 

Algebraic a,, E 1--( Er Et, 

Logarithmic -ao Eb [ log ( 1 - E:)] 
Airb Pl (1 -- E)-• 
•All angles in radians. All logarithms are natural 

logarithms. 
&p, is reference pressure in cushion; usually taken 

as atmospheric. Exponent, n, is 1.0 for isothermal 
compression and 1.4 for adiabatic compression. 
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F10. 4.5. Some elasticity functions. 
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therefore, contain a characteristic multiplier, aoEb, so that it is convenient to 
rewrite Eq. (4.12) in the form 

<T = aoEb [{1(E/Eb)] = Oofb u', 

Differentiating with respect to E gives 

Du= ao Du'. 

Integrating gives 

(4.17) 

(4.18) 

(4.19) 

u' may be regarded as a reduced stress variable. 
These relations can be substituted in Eq. (4.11) to find Eo, Some values of 

Eo and Jo are shown in Table 4.6. 

TABLE 4.6. SoME VALUES WR fo AND Jo 

Function Eo Jo 

Tangent 0.707 Et, 3.9/Eb 2.8/Eo 

Algebraic 0.686 Et, 4.6/Et, 3.2/Eo 

Logarithmic 0.835 Eb 3.4/Eb 2.8/Eo 

Air, adiabatic 0.569 3.25 3.25 

Note that Eb is difficult to determine experimentally. Thus least-squares 
fits of empirically derived stress-strain curves (more particularly those de­
rived by relatively slow compression-testing machines) could be difficult. 
On the other hand, ao can be estimated fairly readily from a rough plot of 
the data, while Eo can be computed rather closely through numerical integra­
tion of the data. Hence, the estimating equations of Table 4. 7 are recom­
mended for curve-matching purposes. In each of these equations, when E = Eo, 
optimum dynamic stress becomes a function of ao and Eo only . . 

TABLE 4.7. ESTIMATING EQUATIONS 

Stress-Strain Optimum Stress 
Function of Materia/ 0 

(T <To 

Tangent 0.91 ao Eo tan 1.11 E/Eo 1.7 a'o Eo 

Algebraic 
E/Eo 

3.2 a'o Eo 1.46 ao Eo l 46 / 
. - E fo 

Logarithmic - 1.2 ao Eo log (1 - 0.835 E/Eo) 2.2 a'o Eo 

•a'o = optimum initial slope of streBB-strain curve. 

The author regrets not having test-matched the rubberized hair curves 
(141] to each of the three possible functions and selected the best overall 
fit. Perhaps the final results would then have been more useful. Since the 
operation is relatively easy with an electronic computer, it is hoped that such 
matching will be tried in the future. 
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Combining Eqs. (4.4) and (4.19), the reduced integral is 

u ,h v-•u'=---
aoEb1Tc' 

(4.20) 

ignoring the contribution of E to the right-hand side. Solving with Eo to pro­
duce u'0 jeads to expressions for optimum initial slope, a'o, The results are 
shown in Table 4.8. 

TABLE 4.8. OPJ'IMUM INITIAL STIFFNESSES 

Value of Reduced 
Optimum Initial Stiffness 

Function , Eb 2Tc , Eo2Tc Integral, D- •u' o a o • u ,h a o. u ,h 

Tangent 0.32 3.1 1.55 

Algebraic 0.47 2.1 1.0 

Logarithmic 0.54 1.9 1.33 

Postulate, now, a linear material with the same initial stiffness ao as the 
nonlinear material but without a bottoming strain. The applicable stress 
law is 

<Tl= a o E1, (4.21) 

where E, is a fictitious strain that the material would assume. Keep static 
stress, thickness, and drop height the same as before. Integrating over the 
strain produces 

1 u ,h 
D - •u1 = - aoE 1

2 =-. 
2 T,. (4.22) 

Substituting Eq. (4.22) in Eq. (4.20) produces 

D - 1u=D- 1u1 = - - . 1 (E')2 
2 E1, 

(4.23) 

Dividing Eq. (4.17) by Eq. (4.21) results in 

G u J u' 
G, = <Tl= J1 = E1/Eb

0 (4.24) 

Plots of the acceleration ratio as a function of E1i/E, for several elasticities are 
given in Fig. 4.6. For tangent elasticity, Mindlin (97] found that 

(4.25) 

Simple expressions of this type are not compatible with the transcendental 
integrals obtained from logarithmic and algebraic elasticities. 

Now let the au of the hypothetical linear material differ from the optimum 
value of initial stiffness, a'o. Combining Eqs. (4.20) and (4.22) gives 

~ = 2 (E")2 D - • ' ' (T (I, a o E1 
(4.26) 
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4 

J for the hypothetical linear cushion is J1 and is found directly from Eqs. 
(4.21) and (4.22) to be 2IE1, From this one obtains, using Eq. (4.24), 

2 Go 
f1 = Jo G1' (4.27) 

where Go is the acceleration produced at Jo, Equation (4.26) thus becomes 

~ = Jou'o (G') 2 

a'0 2 Go · 
(4.28) 

Recall that ao was originally defined as the initial stiffness of a nonhnear 
material. Using the limits of GIG,, suggested by Fig. 4.6 permits setting 
limits on the initial stiffness ratio of Eq. (4.28). From this figure it is ap­
parent that the acceleration ratio begins to rise rapidly after EblE, becomes 
less than 1.0. Setting this as the minimum safe value for Eblf1 and taking 
the corresponding value of GIG, produces one set of limits. The other set 
of limits is evidently established for stiffening materials when Go = G,. 
Results of the pertinent calculations are shown in Table 4.9. 

TABLE 4.9. VARIATIONS IN INITIAL STIFFNESSES 

FOR CONSTANT THICKNESS 

Class of Minimum Optimum Maximum 
Elasticity G/G1 ao/a'o GIG, ao/a'o GIG, ao/a'o 

Tangent 2.00 0.61 1.56 1.0 1.0 2.45 

Algebraic 3.36 0.94 - 1.0 1.0 5.04 

Logarithmic 1.73 1.0 1.73 1.0 1.0 3.04 
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The foregoing discussion of the effect of varying the initial material stiffness 
for nonlinear materials while holding area and thickness constant is a general­
ization of the results for tangent elasticity obtained by Mustin (135). 

The foregoing indicates primarily that a wide variety of materials may be 
usable at a given thickness. There are two other potential benefits from the 
range of usable values shown in Table 4.9. These other benefits are: 

1. Stiffness of most materials is affected by temperature changes. The 
surprisingly good performance of some materials at low temperatures may be 
directly related to the range of usable values. Further discussion of this 
point will be found in Chapter 7. 

2. Most of the materials used in package cushioning vary in their pub­
lished properties because of manufacturing tolerances. The usable value 
range permits use of the published values with more confidence that the 
maximum G will not be exceeded. 

The effect of varying the area of a given cushioning material with a fixed 
supported weight can be estimated by looking at the effects of varying static 
stress. Each class of elasticity examined so far has a Jo corresponding to 
an optimum static stress u', for the conditions of drop. Dividing each side 
of Eq. 4.6 by these optimum values for each class of elasticity gives a relation 
of the form (171) 

J G ( u,) h - = - = f -, , - = a constant. 
Jo Go CT • Tr 

(4.29) 

The results are plotted in Fig. 4.7. It is particularly noteworthy that the 
curves practically coincide where u,/u '., ~ 1.6 and are flat where 0.6 ~ 
u,/u ', ~ 1.6. 

Figure 4. 7 indicates that the designer has considerable latitude in selecting 
a conveniently dimensioned actual area in order to achieve desired shock 
levels within engineering limits of accuracy. 

. 
~ 

4 o~-------~-L-OGA-R0 -ITH-M-1C_E_L_AS_T_IC-IT-Y------~ 

<2) TANC.ENT ELASTICITY 
(3) ALGEBRAIC ELASTICITY 

Fm. 4. 7. Effect of varying surface area. 

4.4. Effects of Damping 

In the previous section, material damping was not considered in derivin~ 
the equations for J and Jo. Since it has previously been shown that damping 
has a significant effect on the behavior of materials, let us see what we can 
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learn about the behavior of real cushions from the rather Ii mited literature on 
damping effects in velocity shock. 

For simplicity, begin with the familiar Voigt solid sketched in Fig. 4.8. 
It is simple to show [97) that the equation of motion for such a cushion is given 
by 

E + 2/3, Wn E + w,,1 E = 0, 

where 

w,,=~=f!i, 
cA r cg 

/3,· = -- = ---2m w,, 2a-, w,, · 

Equation (4.30) is analogous to Eq. (2.10). 

m 

C 

FIG. 4.8. Linear massless cu1h­
ioning with viscous damping 
(Voigt solid). 

(4.30) 

Proceeding as outlined in section 4.2, we find that peak acceleration is given 
by 

E = - w,,V2gh e - llcwnl cos (w t v'l - /3 2 + y) Vl _ /3r2 11 r • (4.31) 

where 

2/3r2 
- 1 

tan 'Y = ------2/3, v' 1 - /3r2 • 

Mindlin's results for various values of the critical damping ratio (/Jr) are 
shown in Fig. 4.9. 

With the hypothetical undamped linear cushion defined in Eq. (4.21), 
consider the effect of damping on peak acceleration. When t = 0, 

Gm a.= 2/3,, (4.32) 

and, after t = 0, 

(4.33) 
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where the time of maximum acceleration t,,. is given by 

1 - 4/3r2 

tan w,,t,. = /3r (3 - 4f3r2) 

77 

(4.34) 

The larger of the two values obtained from Eqs. (4.32) and (4.33) is plotted 
against /3r in Fig. 4.10. Note that this figure is also a plot of Jo versus damp­
ing fraction, since there is a direct relation between J and G at equivalent 
drop heights and thicknesses. 
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Fm. 4.10. Effect of cushion damping on peak acceleration. 
Mindlin (97). 
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Nobody, apparently, explicitly treats damped nonlinear elasticities in the 
same manner as Mindlin. Snowdon [53,54) considers the response of damped 
tangent and inverse-tangent elasticities to base disturbance caused by a 
"rounded step" function defined as 

xo(t) = 0 when t < 0 

(4.35) 

where Xm,,.r is a · constant, and wn is the natural frequency of the equivalent 
linear system. The parameter A1 determines the duration of the displace­
ment pulse. Equation (4.35) is plotted for several values of A1 in Fig. 4.11. 
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2.5 j< t 3.5 

FIG. 4.11. Rounded-step velocity change function 
used by Snowdon (54). 

4 .0 

This disturbance function is similar to, though not identical with the rigid­
base concept in Mindlin's analysis. In fact, it may be thought of as what 
would actually occur if the impact floor were not infinitely rigid, or if there 
were a stiff' body, such as a box, between the floor and the cushion. Thus the 
results shown here are more conservative than they would be if the Mindlin 
approach were followed literally. They may also be considered closer to 
reality, since all impacted surfaces exhibit their own elasticities. 

Figure 4.12 shows the response of a tangt:ut mounting at about E' /Eb= 0.95 
and fJ c = 0.10; Fig. 4.13 shows the same with /Jc= 0.05. Note that, in both 
cases for>.,= 50 (the nearest approach to the Mindlin case), peak acceleration 
ratio is close to 9, as compared with the maximum of 2 for the damped linear 
case. For inverse-tangent elasticity, the effect is not so drastic, but Fig. 4.14 
show11 wide variation with respect to acceleration rise time. 

It is evident, then, that variation in damping can produce wide variation 
in response. More particularly, it can produce wide variation in the value 
of Jo for a specific material. Hence, one is forced to the conclusion that Jo 
can never, except by coincidence, be a single-valued function for all values of 
drop height and static stress. 

We must say again that, as a minimum, the isothermal stress-strain rela­
tion in real cushions is as given in Eq. (4.12), i.e., 

<T = {(E/Et,, t), 0 lit E/Eb lit 1.0, t ;. 0. 
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4.5. Effects of the Mus of the Cushion 

Explicit formulations of the effects of cushion mass on the acceleration 
response to velocity shock seem to have been explored only for linear elas­
ticity (97). 

Consider the system shown in Fig. 4.15. Assume that the conditions for 
one-dimensional waves are met (see section 3.1.3), so that 

where 

2 E v3 =-. 
p 

m 

FIG. 4.15. Undamped linear cushioning with 
distributed mass. 

The initial and boundary conditions are 

[u],=o = 0, [ ~~L., = - V = - V2gh, 

[au] [a 2 u] EA c -;-- - = - m iJt2 , [u]r=O = 0, 
uX r - T,. r=T,. 

from which the complete solution is found to be 

2v . cu ,x . 

· --! (W• ~:·: i' ··::.·~·r 
1= 1 cu, --i,- 2 sm -r 

3 .J 

where cu; is the ith root of the transcendental equation 

CU; Tr t CU; T,. m,. -- an--=--
V:, V:i m· 

(4.36) 

(4.37) 

(4.38) 

The acceleration at x = Tc, i.e., the acceleration of m888 m, is then obtained 
by double differentiation of Eq. (4.37) and is 
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(4.39) 

where 

2 f mr (mc
2

1 + w,2 ~r2
) 

B _ V m ffl v3 
, - m2 1r2 

mr + _ c_ + ~ 
ffl m2 V32 

(4.40) 

and 

EA r w,,2 = --, 
T,.m (4.41) 

which is the natural frequency of the massless linear spring. 
The peak acceleration of mass m, therefore, is a sum of sinusoids of fre­

quency w, and amplitude V :iw,, B ,. Now, V3w,, is G., the acceleration that 
the mass would obtain if the cushion were effectively massless. Calling G;,,, 
the maximum acceleration corresponding tow;, we have 

G;,,,=B· G, ,. 

Equations (4.42) and (4.38) are plotted in Figs. 4.16 and 4.17. 

(4.42) 

It can be seen that the mass of the cushioning generally tends to reduce 
peak acceleration in the basic mode. If, however, the packaged article has 
an element whose natural frequency corresponds to one of the higher values 
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Fm. 4.16. Influence of ma88 on peak acceleration. Mindlin 1971. 
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Fm. 4.17. Influence of mass on natural frequency (97] . 

of w;, then this element could be damaged even though fundamental mode 
acceleration is quite low. 

In any case, sections 4.4 and 4.5 demonstrat~ that damping and cushion 
mass modify the amplitude and shape of the acceleration pulse transmitted 
to the cushioned object and this change affects the response of elements of this 
object. Hence, the considerable interest in shock spectra, to be discussed in 
the next chapter. 

4.6. Room-Temperature Behavior of Real Materials 

Sections 4.4 and 4.5 demonstrate that formulating correct elasticity state­
ments, and solutions of the equations of motion involving such statements, 
can become a very difficult exercise-so laborious as to forbid its use in pre­
liminary design. This is especially true in package cushioning where, quite 
often, the design is one of a kind and must be prepared under the pressure of 
short deadlines. In any case, computer solutions are rarely worth the effort 
unless a preliminary selection has been made; in preliminary design, simpli­
fied solutions are the best. 

Hence, most data on real materials are empirical although, with new 
techniques recently made available, we can generalize somewhat more now 
than in the past. 

Real materials used for the isolation of velocity shock can be divided into 
three broad groupings: 

1. Resilient materials, such as lightweight open-celled plastic foams, 
rubberized hair, and the like, designed to absorb relatively small amounts 
of energy and, within reasonable time, absorb a similar amount again. 

--------
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2. Quasi-resilient materials that remain substantially resilient under 
small excursions but, when large dist.ortions are applied, do not recover 
completely. 

3. Non-resilient materials used for one-time absorption of very large 
amounts of energy. Dist.ortion under loading is invariably intended t.o be 
in the plastic range, and the designer is content if the material performs its 
function once. Prize examples of usage here are aerial delivery of cargo, 
astronaut recovery, pilot's escape pods, and the like. 

The line between groups 1 and 2 is difficult t.o draw on purely mechanical 
grounds, because materials usually classed under group 1 show some perma­
nent set under repeated loads. Hence, we draw the line as dictated by the 
designer's intent. 

For convenience, not in order of importance, these three groupings will 
be discussed in this order. 

4.6.1. Resilient Materials. The literature on resilient materials is very 
large. As an example, van der Toom's comprehensive bibliography [172), 
prepared in 1961, runs to more than 250 pages with abstracts. Gigliotti's 
study [152) contains some 70 pertinent references; the Package Cushioning 
Design Handbook [148), though drastically limiting its scope, has 59 citations. 
Pendered's [173) excellent recent review contains 83 detailed references and 
cites six pertinent bibliographies. 

The most common current practice is to present the data concerning speci­
fic materials as curves of peak acceleration versus static stress, in line with 
the suggestion by Kerstner [31). See Fig. 4.3. This manner of presentation, 
based on data obtained with flat cushions, has certain drawbacks primarily 
in terms of the number of curves a designer must consult to obtain the best 
design for a specific problem. Soper and Dove [33,67) analyzed the problem 
of presenting data for cushioning materials. Starting with the assumption 
of an adiabatic process (justified by the short duration of response to an im­
pulsive load), and using the principle of similitude for an arbitrary package 
as in Fig. 2.1, they arrived at a generalized scaling law for the response of 
the cushion system: 

V2~2lr = r(~[:. r. c,), 
where ap = peak acceleration (in./sec2), 

V = velocity change of the package (in./sec) without rebound, 

I,.. = any characteristic length of the cushion (in.), and 

(4.43) 

c, = coefficient of friction between the cushion and the cushioned item 
(dimensionless). 

In deriving the foregoing relation, Soper and Dove made the further assump­
tion that the stress laws applicable to the cushion involve only time deriva­
tives and integrals of the component functions, e.g., Skudrzyk's relation 
Eq. (3.57). Mass of the cushioning is not included (a slightly conservative 
assumption, as shown in the previous section), nor the acceleration of gravity 
(a minor fact.or when peak acceleration is more than ten times as great). 
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From this general scaling law they derived a specialized scaling law, valid 
for a broad number of practical problems: 

a,, ( mV2 V ) 
V 2/2Tr = f 2A.,T r' T r' CJ • 

(4.44) 

Note that, in this law, area of the cushion may be varied independently of 
the thickness, thus providing design flexibility. In order to be valid, the 
configuration must be such that the local stress state in the cushion depends 
only on the angle at which the stress is applied, the coefficient of friction, time, 
strain, and the constants of the material's stress-strain function. Con­
figurations for which the specialized law is valid (not necessarily exhaustive) 
include: 

1. Material thickness everywhere very small relative to dimensions of 
the cushioned article, and no slippage at one or both interfaces; 

2. Flat, uniform cushion, laterally confined or possessing negligible 
Poisson effect; and 

3. Flat uniform cushion and lubricated surfaces. 

Cases 2 and 3 obviously do not involve a friction component. 
plane cushion, where most of the data gathering has occurred, 

By definition, 

so that Eq. (4.45) becomes 

aµ ( mV2 V) 
V 2/2Tr = f 2A ,.T r' T r . 

<Tm A r 
aµ = ~ • 

if Ill = ,I = r( m y 2 ~) 
mV2 /2A rT ,. 2ArT r' T,. ' 

which may be written 

J ,= t(u•h, .!!:_) . 
Tr T ,. 

If the material is undamped, then the term h/T vanishes and 

, J,\ 
J=f(~ T,. ) ' 

Hence, for a 

(4.45) 

(4.46) 

(4.47) 

(4.48) 

(4.49) 

which is the expression for J originally found by Janssen [122] and derived 
in general terms in section 4.2. 

Soper and Dove have shown that tht• peak response of an impulsively loaded 
cushion system is a function of only two variables: energy per unit volume and 
an initial-strain rate. Their resul•.s require, for complete accuracy, that the 
systems be geometrically similar and that the effects of gravity and cushion 
mass be practically negligible. Under certain circumstances, fortunately 
the most common, the requirement for geometric similarity may be relaxed 
to permit varying cushion thickness independently of other dimensions. 
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Based on these findings, Soper and Dove recommend that a single family of 
curves (one for each value of V/T,.) could suffice if the ordinate were J or 
GT,./h and the abcissa u , h/T,.. The compactness inherent in this schema, 
as compared with Fig. 4.3 is obvious. For the designer, however, the advan­
tage is ephemeral since his unknowns are T,. and u, while acceleration and 
velocity change (or height of drop) are the knowns. Working from such 
curves, with T,. appearing in the ordinate, the abcissa, and the individual 
curves, the only possible design technique is successive approximation. 

The possibility of simplifying the relationship for preliminary design 
purposes has been investigated recently [171]. The treatment is largely 
limited to simplification with respect to the minimum point on the J curve 
which, by definition, is the optimum point of the design. The treatment 
is far from rigorous, but the attainment of useful results justifies the line 
followed . 

As was made clear in Eq. (4.47), energy per unit volume appears on both 
sides of the functional relation. Hence, it seems logical to write 

, (u', h h) 
<To= <T ., Go = f ~• T, . . (4.50) 

Dividing through by u' ., leads to 

Go= r(;J (4.51) 

Substitute for Jo its equivalent from Eq. 4.7. Dividing both sides by 
energy per unit volume gives 

G0 T
2 

= r(.!!..) 
u '., h 2 T,. ' (4.52) 

which may be further simplified and written as 

u' ., = r( Go ;J (4.53) 

By means of least squares, the 16 materials identified in Table 4.10 have 
been fitted to straight lines 

Go= a(;,.)+ b. (4.54) 

Values of the constants a and b are shown in Table 4.11 along with a standard 
deviation for each regression line and various statistical operations (such as 
Chi squared test, correlation coefficient and Students t test) designed to test 
the goodness of fit. Note that 19 materials are listed in Table 4.11. Mate­
rials 15, 16, and 17 are three different densities of polystyrene foam . ThP. 
Forest Products Laboratory [1481 combined data concerning the same mate­
rials into a single set, identified as material 4. Data concerning material!'. 
15, 16, and 17 are combined into 18; then all of 18 and 4 are combined into J ~-

Working primarily with high-energy absorptive materials, Soper and f\lVe 
[33j found that J,, tended to become constant and postulated this tende•1cy as 
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TABLE 4.10. IDENTIFICATION OF MATERIALS ANALYZED 

BY MUSTIN [171] 

Material Description No. 

1 Polyester polyurethane foam, 4.0 pcf 
2 Rubberized hair, 1.4 pcf 
3 Rubberized hair, 1.5 pcf 
4 Polystyrene foam, 0.4 to 1.5 pcf 
5 Polyester polyurethane foam, 2.0 pcf 

6 Polyether polyurethane foam, 1.5 pcf 
7 Wood fiber felt, 1.8 pcf 
8 Wood fiber felt, 2.4 pcf 
9 Rubberized hair, 2.0 pcf 

10 Polyethylene foam, 2.0 pcf 

11 Wood fiber felt, 1.5 pcf 
12 Cellulose wadding, asphalt-treated, plain or embossed 
13 Polyester polyurethane foam, large-celled, 4.0 pcf 
14 Bound fiberglass, 1.1 pcf 
15 Resilo-Pak 200 

16 Resilo Pak 300 
17 Resilo Pak 400 

a characteristic of many cushioning materials. If we divide both sides of 
Eq. (4.54) by h!Tr we obtain 

(4.55) 

Where b is small, Jo can be considered a constant for all practical purposes, 
even at the relatively low strain rates used here. In any case, for these 
materials, the larger h/T, becomes, the lesser the influence of the constant 
b on the value of Jo to be used. Sabbagh [174], working with many of the 
same types of materials as those covered in Table 4.10, but at h/T, ratios on 
the order of 80, found single stress-strain curves to be sufficient material 
descriptors. Thus, the empirical equation derived agrees with observed 
data. Further, if the material is assumed to be viscoelastic, such as repre­
sented by the "standard linear" solid or the more generalized Maxwell and 
Voigt solids, then it is evident that observation agrees with theory. In effect, 
at very high rates of initial strain, the dashpot element does not have time 
to respond to the stress pulse: thus, movement in the dashpot does not affect 
stress response. 

From Eq. (4.53), it has been found that the same 16 materials provide a 
satisfactory least-squares fit to the explicit equation 

u', = c( Gu :Jd (4.56) 

Values of the constants c and d are shown in Table 4.12, which also contains 
the standard deviation and the x1 statistic. Previous remarks concerning 
materials 4 and 15 through 19 apply. 
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TABLE 4.12. SoLUTIONS TO THE STATIC-STRESS EQUATION 

Material 
No. of 

Standard Computed 
Maximum 

No. 
Data C d 

Deviation x2 x2 
Points P =-= 0.99" 

1 16 0.80 - 0.23 0.025 0.035 5.229 
2 19 0.35 - 0.41 0.016 0.065 7.012 
3 27 0.21 -0.26 0.017 0.106 12.198 
4 22 6.81 -0.40 0.070 0.134 8.897 
5 26 0.37 -0.13 0.052 0.297 11.524 

6 16 0.41 - 0.12 0.038 0.097 5.229 
7 16 0.11 -0.18 0.009 0.028 5.229 
8 16 0.20 -0.23 0.017 0.072 5.229 
9 28 0.72 -0.43 0.011 C,,032 12.879 

10 28 11.86 -0.48 0.190 0.754 12.879 

11 16 0.091 -0.15 0.009 0.030 5.229 
12 8 0.069 - 0.18 0.004 0.005 1.239 
13 12 1.00 -0.23 0.022 0.019 3.053 
14 7 0.31 -0.36 0.016 0.023 0.872 
15 15 3.54 - 0.31 0.101 0.157 4.660 

16 21 4.76 - 0.32 0.196 1.088 8.260 
17 20 3.72 - 0.29 0.137 0.417 7.633 
18 56 3.68 - 0.29 0.164 1.843 27.012 
19 78 4.36 - 0.32 0.156 2.240 43.054 

"From Fisher's tables. 

It is evident from Tables 4.11 and 4.12 that reasonably acceptable fits to 
the data have been obtained. No one, however, should leap to the conclusion 
that the empirical fits are the true measure of the variation in Jo and er ' • . 
All that has been proved is a strong probability that these variations can be 
expressed as continuous functions and that two sets of functions have been 
found that are reasonably satisfactory for engineering purposes. 

Equations (4.54) and (4.56) are plotted for a single material in Fig. 4.18. 
It is evident that, with these two curves, the designer can operate near opti­
mum no matter what the drop height. 

It must be noted that Birnbaum [1751 mentioned some possible straight­
line relationships in 1950. Apparently the wrong variables were sought, 
with unfruitful results, and the effort was abandoned. 

The same 16 materials were also examined in the light of Eq. (4.29). The 
envelope of results is plotted in Fig. 4.19. Most of the materials developed 
what appeared to be a single curve independent of the parameter h/T,. but 
the rubberized hairs did not. Though an interesting topic for investigation, 
this area was not explored; in the face of the finding it was found that all 
curves practically coincide in the stress ratio region where 0.4 ~ er.Ju \~ 1.5 
and are flat where 0.7 ~ cr,/cr' ., ~ 1.3. 

Figure 4.19 demonstrates that wide static-stress variation from optimum 
can occur without significant effect on peak acceleration. This and the 
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PSAlt SHOCK TRANIIIITl'l:D BY A CUSHION 

...,,.,., APPARENT LIMIT OF EMPIRICAL DATA 

i LOGARITHMIC ELASTICITY 
TANGENT ELASTICITY 
ALGEBRAIC ELASTICITY 

0.2 0.4 06 0.8 10 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0 

'6; 
FIG. 4.19. Acceleration wrsw 1tatic 1tre•I ratio• (171]. 

theoretical findinp 1UJ1llll8l'if.ed in Table 4.9 indicate that the designer 
has wide latitude both in selecting materials and in detailing the design. 
But in any case, Fig. 4.19 eetabliahes reaaonably wide limit• on the accuracy 
with which Go and u ', muat be determined for any given material. 

Normally, the deeigner atarta with the projected area of the object t.o be 
cuahioned aa a determinant of the 1tatic-etreu range in which he must 
work. Figure 4.20 can be uaed 88 a guide in narrowing choice. A more 
elegant form of Fig. 4.20 has been published by the Ministry of Aviation 
(176), and is 1hown in Fig. 4.21 for uae with materials available in the United 
Kingdom, identified in Table 4.13. The eff'ect with either type of preaentation 
is euentially the aame. Blake [177) also recommends •tarting the design on 
the basis of 1urface area although his curves are still limited t.o the 30-inch 
drop teat. 

There are 10me definite limitations on the validity of Muatin'• approach. 
Theae limitations are amplifications of thoee stated in the original paper 
[171) and are: 

1. Secondary data, proceued for publication, were uaed for the curve 
matches found. The moat important 10urce of error is the inveetigat.or's 
reading of semilogarithmic plot• without intermediate grid line•. Numerous 
checks have been made, however, and theee curves predict 88 well 88 the 
original curvee, t.o 11ide-rule accuracy. The second pouible source of error 
is the method of gathering data [178). Three 1pecimens are used and five 
dropa at each velocity and 1tatic atreu are made. Result• of the fint drop 
are discarded and the remaining four are averaged; then the result• of the 



ROOM·TBMPBRATUU BIHAVIOR OP UAL MATERIALS 91 

I CELLULOSE WADDING I 
I WOOD FIBER FELTS I 
I RUBBERIZED HAIRS I 

I . I I I I I I I I I I I I I 
0 .02 0 .03 o.o4 o.~ o.06 0.08 0.1 0.15 

STATIC STRESS (PSII 

I URETHANE FOAMS I 

I POLYSTYRENE FOAM I 
I POLYETHYLENE FOAM I 

I I I I I I I I I I I I I I I 
0.15 0 .20 0.lO 0.40 0.50 0.60 0 .80 1.0 1.5 

STATIC STRESS I PSI I 

FIG. 4.2:>. Range of recorded optimum static atreues. 

three replicates are averaged to obtain a single data point. When dynamic 
compression set (measured three minutes after the last drop) exceeds 10 
percent, a new set of samples is used. The reason for the procedure is that 
many if not all of the materials exhibit some degree of dynamic "permanent" 
set after impacting. Typical behavior, taken from Zell [179], is shown in 
Fig. 4.22. AB can be seen, statistical operations are being piled on statistical 
operations; obviously it would be better to use the original readings to obtain 
the least-squares fit. 

2. Moet of the data were obtained using constant-surf ace-area cushions 
in which the thickness was varied. Since in moet cases samples are 8 x 8 x Tr 
(inches), it can be seen that a six-inch thickness is not sufficiently negligible 
to satisfy the criterion of Soper and Dove. Further, there is definite evidence 
(see iteetion 3.5) that the behavior of some package-cushioning materials is 
influenced by the length of the path that eacaping air must travel, i.e., by 
shape. While it is true that acceptable curve matches were found even with 
six-inch samples, there is no guarantee that the slope of the curve would not 
have changed, suppoeing, for example, that the ratio of surface area to side 
area had been kept reasonably constant. In connection with shape effects 
in general, note that Poi880n effects in the material must be reasonably small 
if the technique is to be valid. Thus, a design using aolid rubber slabs must 
still use the cl888ical technique, summarir.ed very well by Burns [180J, and 
also appearing in Crede [3], Payne and Davey [181], and Harris and Crede 
[26]. AB a general rule, moet solid elastomen are far too incompressible to 
be used as a solid slab under a substantial portion of the applied load. Thus 
they fall mto the category of "point" isolaton and are outside the scope 
of this monograph. 
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TABLE 4.13. MATERIALS IN MINISTRY or AVIATION CHART 

No. Material Description 
Density 

Specification 
(pcf) 

1 Rubberized hair 4 UK/AID/919 

2 Rubberized hair 6 UK/AID/919 

3 Latex foam 10 c.s. 3067 

4 Expanded rubber (light) 10 c.s. 2808 

5 Expanded rubber (medium) 16 c.s. 2808 

6 Expanded rubber (heavy) 33 c.s. 3092 

120 
- MUIMUM ACCELERATION i 

(AVG . 5 IMPACTS) .,, 

~ 100 -: --- DYNAMIC SET(AFTER 51MPACTS) ~ 
4. 

.,, ! 
~ 80 ~ 
~ ~ 
~ w 
w ~ 
~ 60 20 ct 
u ~ u w 
c( .,, 

2 40 10 u 
J i : ---------------- : 
; 20 1------------------------------------1 0 ~ 

0 .....__......__.......__......._ _ __._ _ ___. _ __. ____ ...... ___ ~--
.2 .4 .6 .8 1.0 1.2 1.4 1.6 1.8 2 .0 

STATIC LOAD I PSI) 

FIG. 4.22. Peak accelerations and dynamic set for 5-in., 1.5-pcf polystyrene 
foam. Zell 1179]. 

3. Many of the materials are open-celled plastics. Hence, ability of air 
to escape might affect the results obtained with a specific design. Also 
it is doubtful what would happen if the sides of the cushion were partially 
or totally sealed. Some aspects of this problem have been explored by 
Gigliotti (151) and Blake (182). The mathematical models developed by 
Volz (89], Venning (91], and Kosten and Zwikker (55] also include an air­
escape constraint. 

4. These data apply only to room-temperature conditions. Available 
information on extreme temperature perti:>rmance will be summarized in 
a later section. 

5. The optimum static-stress values d,weloped here are valid only for 
the shock condition. They may be too high for satisfactory control of drift 
under prolonged storage. There is some evidence (179] also, that in some 
cases they may be so high that unacceptable drift will occur under prolonged 
vibration; this factor will be discussed in a later section. 
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6. One major disadvantage in plotting J versus energy per unit volume or 
Gus u',, and in MUBtin's simplified approach, is that alteration in the stress­
strain behavior of the material by dynamic conditions is masked in the data 
reduction. 
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Fm. 4.23. Dynamic stre88-strain curves for rubberized hair. 
After Schuler I 1831. 

For many materials the shape of the stress-strain curve is not significantly 
altered by strain-rate considerations. Figure 4.23, taken from Schuler 
[183J, illustrates the change in stress-strain curves for various drop heights 
with rubberized hair. On the other hand, with materials that are heavily 
dependent upon trapped air for their composite dynamic properties, a complete 
change in the shape of the material's stress-strain curve may result when the 
loading is dynamic. Figure 4.24, plotted from two separate curves in Keast 
and Baruch [184], illustrates the problem. A change in properties for the 
whole material indicates that trapped air and its release from the edge of 
the cushion can be a strong enough influence to mask the collapsing-column 
effect of the cushion matrix. The point at which the ·mee effect disappears 
is not clearly established. Figure 4.25, taken from Venning [91J, shows a 
distinct knee at compression rates up to 12 in./sec. 

Dynamic stress-strain curves can be plotted from the original data used to 
derive the curves previously discussed. It may often be informative to make 
these plots when specific mathematical models of behavior are to be selected. 

In sum then, there is much information available concerning the dynamic 
shock behavior of resilient cushions, most of it collected for use in package 
cushioning. The suggestions of Soper and Dove [33,671 give a logical basis 
for plotting the behavior of the materials in a fashion that explicitly recog­
nizes damping in the material. Mustin's analysis [171J gives a short method, 
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usable at least for preliminary design, for achieving near-optimum shock­
isolation designs with available materials. 

In other words, we have come a long way toward rationalizing design with 
cushions, but we are no closer to reducing the design process to a "cook book" 
operation. We are possibly even farther from a complete theoretical explana­
tion of observed behavior. 

4.6.1.1. Some Methods of Modifying Material Performance. The data 
summarized in the immediately preceding section were concerned exclusively 
with pads shaped as rectangular parallelepipeds. In addition, most measure­
ments were taken on the material in the as-produced state and orientation 
and thus would be valid for all conditions only if the material were isotropic. 
This section will discuss some of the design variations for which data or 
reasonable inferences are available. 
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Shape of Cushioned Object. If the cushioned object is hemispherical, Soper 
and Dove [33] show that, at least for one material, J curves are directly 
usable if the effective area is taken as 0.81 of the projected area of the 
cushioned object. If, as a drawing board exercise, one plots the position of 
a cylindrical object at maximum deflection, one will find that the remaining 
area is of the same order of magnitude. Hence, the shape factor of 0.81 
appears a uaeful figure for preliminary design purposes. 

Edge Loading. Rubberized hair blankets in commercial production, and 
probably most molded shapes, are definitely anisotropic. In general, there 
is a tendency for the hair lengths to be oriented somewhat more parallel 
than normal to the surface of the blanket. Edge-loaded pads can be made 
by slitting the material to the desired thickness and then gluing the strips 
into blocks which are loaded edgewise. Figure 4.26 show11 a typical example 
of the modification in performance so obtainable. 
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Fm. 4.26. Effect of edge loading 5-in. thick rubberized hair; curve 
A is 2 pcf loaded flat, and curve B is 1.8 pcf loaded on edge [148]. 

There are some signs that polyurethane foam may not be isotropic [185]. 
Figure 4.27 shows the effects of laminating this material in different direc­
tions. The work is still in progress and it is too early to draw definitive 
conclusions. Note, however, that horizontal lamination produced the largest 
reduction in peak acceleration. It would seem plausible that the interface 
causes internal reflections of the stress wave (as expected by theory), thus 
reducing the final peak acceleration ratio achieved. It is interesting to 
speculate on the effect of carrying the laminating technique to the limit 
of an infinity of layers. 

Convoluted Surfaces. A convoluted surface can be produced in a foam 
material by techniques well recognized in the industry. Typical effects are 
shown in Fig. 4.28. Here, apparently, the total area being compressed in­
creases as the load deflects, thus increasing the effective spring rate of the 
material [185]. Note, however, that drutic decrease in optimum static stress 
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also occurs and must be allowed for in design. Drift potential under pro­
longed static load also needs evaluation. 

Hole Cutting. Effects of die-cutting 1-inch diameter holes in the surface 
of a polyurethane pad are illustrated in Fig. 4.29. Here the reduction in 
peak acceleration is a function not only of the reduction in overall stiffneSB 
of the material but also of the change of shape, reducing the path required 
for air to escape. 
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FIG. 4.29. Effect of die-cutting a 2.6-pcf polyurethane foam ; 
h/T is 1511861. 

Table 4.14 summarizes the effects of varying the size of the hole while 
keeping surface area constant. These results of Goldberg (185, 186) form 
one more piece of evidence that polyurethane foam is heavily air-damped. 
Mouri [187) has continued this study with the tentative conclusion that 
shock absorption increases as hole size decreases. On an 8- by 8-inch sample, 
16 holes 1/4-inch in diameter in 1.6-inch centers, produced a 54 percent 
reduction in peak acceleration, as compared with the unmodified pad. 

Mouri (187] also compared the effects of horiwntal and vertical holes. 
Four 1/4-inch horiwntal holes in 2.2-pcf polyester urethane on 2-inch centers 
showed 24 percent reduction in peak acceleration, as compared with the 
16-vertical-hole configuration. Apparently, easing passage of air com­
pletely out of the sample has beneficial results. 

The logical end product of the various hole-cutting techniques is a composite 
mount with the foam elements in the form of columns. In limited tests, 
Mouri had anomalous results; he did not recommend further study of this 
configuration. 
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TABLE 4.14. EFFECTS OF VARYING ffoLB AREA 

Diameter Cushion Area Total 
Minimum 

No. of 
of Hole Reduction Hole Area 

Peak Percent 
Holes Acceleration Reduction (in.) (sq in.) (sq in.) 

(g) 

0 - 0 0 64.5 -
1 4 12-1/2 25.2 64.0 0 .8 

3 2-1/4 12-1/2 42.2 63.0 2.3 

16 1 12-1/2 100.8 58.0 10.0 

Rupture and Diasolution. Goldberg (186] also notes that the cellular 
structure of polyurethane is a thick ribbed polyhedron forming the lattice 
structure with thin membranes stret.ched between the ribs, with more or 
fewer holes in the membranes. These membranes can be ruptured by passing 
the foam between rollers. Between 7 and 15 percent reduction of peak 
acceleration at optimum static stress is reported, without significant change 
in this optimum. 

Mat.erial can also be dissolved out c.f the matrix chemically. Figure 4.30 
is indicative of the effects. For short di8801ution periods, reduction in peak 
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acceleration on the order of 10 percent is achieved without significant re­
duction in optimum static stress. This result suggests that the main 1088 
is in membranous structure. 

Schmidt and Hoffmann [188), however, attribute dynamic drift under suc­
cessive impacts not only to the number of impacts but also to the progressive 
breakdown of thin membranes between structural ribs. This breakdown is 
apparently caused by compressed air. Figure 4.31 shows stabilization of 
properties after a number of drops for three different polyurethane foams. 
Decrease of the specific air resistance Z with increased number of drops is 
shown in Fig. 4.32. 

These factors suggest that the properties of some foams can be stabilized 
before use, by controlling the specific air resistance. 

Most of the foregoing techniques are documented for polyurethane foam 
but the literature says little about similar treatment of other materials. 
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and h/T wu 20). Schmidt and Hoffmann (188]. 
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In any case, it is clear that the designer need not confine himself to the 
properties of the material in its as-produced form. Whether he exercises 
any of the suggested options will depend on availability and cost considera­
tions. 

Effects of Pre-Compression. In all of the previous discussions of design 
techniques, it has been assumed that the material becomes unstressed during 
the course of the free drop. In most packages, however, there is a pad above 
the cushioned object; the top and bottom pads, at least at the time of packing, 
are under some preload. 

There are indications, at least in theory based on static considerations, that 
this preload is beneficial to overall performance of the package. Yurenka 
and Giacobine [136) considered a single pad of an unspecified material and 
found that 20 percent precompression was optimum. Masel [111], on the 
other hand, considered an arbitrary material with the same material pressing 
down from above and found that 10 percent precompression of the lower 
cushion was optimum. These two findings are not inconsistent. 

However, there must remain some doubt concerning the real benefits of 
precompression, in view of the well known tendency of materials to creep 
under prolonged static load. In actual design one usually makes some 
allowance for creep and then closes the container with some convenient 
amount of preload (largely dictated by the strength of the closure or of the 
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cloeer) to auure a snug pack. While our preeent state of ignorance exists, 
this practical expedient must be tolerated. 

Effect of Side Cushions. When the cushioning surrounds the object, say 
on all six sides of a cubical container, then the side pads are in shear or are 
applying frictional constraints, or both. Hohmann, Penzkofer and Hei88 
[189) packed a wooden block in various cushioning materials inside a cor­
rugated fiberboard box. Comparison of the drop test results in packages with 
the drop test results on flat pads is shown in Fig. 4.33. 

200 

50 

Fm. 4.33. Relation between peak 
acceleration and drop height for 
a packaged item and for pads un­
streased at instant of impact; 
dashed lines are for the material 
itself, and solid lines represent 
performance in a package: (a) rub­
berized cocoa fiber, (b) polystyrene 
foam, and (c) polyurethane foam. 
Hohmann, et al. (1891. o------------0 20 40 10 10 100 

DROP HEIGHT (CM) 

Allen [1901 compared measured accelerations with predicted values based 
on flat-pad design data. His results were 

Package No. Design g 

1 5 
2 20 
3 30 

Measuredg 

13 
30 
39 

Note that as the design acceleration rises, the frictional component remains 
reasonably constant. 

But in any case the method of packaging is shown to have significant 
effects on actual behavior. This is another way of emphasizing the nece88ity 
of testing. 

Composite Structures. Five particular developments are noteworthy: 

1. Pearsons and Ungar (191] propose a cushion assembly (that can be 
produced at will and to any desired configuration) consisting of buckling 
levers and collapsing columns of foam-cushioning material. This structure 
approximates a constant restoring force. 

2. Jacobsen [192) proposes pads, or mounts, with Teflon rods imbedded 
in a silicone rubber matrix. The rods enhance the damping characteristics 
of the material. 
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3. Hardigg [159] increues the static-load-bearing capacity of conventional 
polyurethane foam by imbedding hollow rubber tubing in the material matrix. 
When the streu exceeda aome predetermined value, the tube column buckles; 
the foam then takes over aa the primary cushioning material. 

4. Payne [193] shows a corrugated rubber mat with Jo aa low 88 2.1. 
5. Bache [194] deecribea the design of a torsion bar unit which baa become 

popular in the United Kingdom. 

4.6.1.2. Effect, of Outer Container. We would expect that a cushion will 
behave one way in an actual container and another way when teated 88 a flat 
pad. Actually, there have been very few direct comparieone in this area, 
the assumption being that flat-pad data result in conservative designs. 

TABLE 4.15. TYPICAL EPn:CT OP OUTER CONTAINER 

ON PEAK ACCELERATION 

Static 
Thiclrne11 D-1596 g's Package 11'• Stress 

(pei) 
(in.) (avg)• (avg)• 

Corrugated board containen 

48-in. drop height 0.76 4 56 45 

30-in. drop height 0.19 1-3/4 90 72 
0.19 2-3/4 66 61 
0.19 5-1/4 40 36 

0.18 1-1/2 108 84 
0.18 2-1/2 70 61 
0.18 5 42 41 

Wood crate+ corrugated-board 
container (30-in. drop height only) 

At room temperature 0.64 4-3/4 32 29 
0.64 5 30 27 
0.64 5 30 24 
0.64 5-1/2 28 25 
0.64 5-3/4 27 23 
0.64 7-1/8 21 21 
0.64 7-7/8 20 22 

At +15o•r 0.64 5-1/2 28 23 

At-40°r 0.64 4-3/4 32 30 
0.64 5-1/8 30 26 
0.64 7-1/8 22 21 
0.64 7-1/4 22 21 

Small 1teel cylindrical container 
(30-in. drop height only) 

0.72 3 49 47 
0.52 3 50 55 

0.72 4 36 33 
0.52 4 38 45 

0.72 5 31 29 
0.52 5 33 41 

0.72 6 26 24 
0.52 6 29 31 

• Rounded ID the neareat whole I · 
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Grabowski [154], UBing foamed polystyrene and flat drops, developed the 
data shown in Table 4.15. In obtaining these data, Grabowski did not fill 
the bott.om of the container with the material. Stern (167] has shown the 
effects of various containers on the performance of a rubberized hair and 
a polyurethane foam, Figs. 4.34 and 4.35. In this case, it was not clear from 
the reference whether the CUBhion abutted against the side walls of the 
container. 
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Blake [182) tested a variety of materials contained in corrugated fiberboard 
boxes. In all cases the cushion was on the bottom only of the test load, 
supported by the double thickneu of corrugated board representing the 
flaps of a square based container. When the 8- by 8-inch pads were placed 
in 8- by 8-inch boxes, peak;accelerations averaged 50 percent above design 
expectancy. When the samJ cushions were placed in similar boxes but with 
inside dimensions 8-1/4 by 8-1/4 inches, accelerations at about 80 to 90 
percent of expectancy were measured. Thus, for air-damped materials, even 
the presence of a fairly flexible fiberboard box can affect the results. 

4.6.1.3. Non-Flat Drops. The data di8CU88ed so far were all obtained in 
simulated flat-drop conditions. Apart from the fact that a true flat drop 
is not easy to arrange, container tests are more frequently run as comer or 
edge drops, or rotational drops. 

Gammell and Gretz [195) compared the effects of comer and edge drops to 
flat drops in a report that has not apparently been added to. They dropped 
a box containing a wood block surroun&ed by a cushion system and measured 
the accelerations in three mutually perpendicular axes, recording the re­
sultant peak acceleration. 
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The ftm aeries of teats began with a flat drop. Subeequent drops were 
made with varying orientation until a true comer drop was reached. The 
angle of impact was then varied until an edge drop was attained. A aecond 
aeriee began with a flat drop, continued to an edge, and concluded with a 
flat drop on a side normal to the original side. The results are summarized 
in Fig. 4.36. 

Based on the 10mewhat limited results obtained, the Cushioning Handbook 
(148) recommends considering comer-drop cushioning the same aa flat 
cuahioning except when working with the projected area of the cushioned 
object suspended in its dropping position. For a rectangular parallelepiped­
shaped object, the projected area is 

3(LWD) 
Ap = \f Lz + wz + vz· (4.57) 

Writing an analytical 10lution to the problem of a corner or edge drop can 
be very complicated. In fact, as far as is known, a complete set of equations 
of motion for the comer drop has never been attempted. Chase and Vigness 
[196), however, did consider an edge drop of a system symmetrical about 
the xy-plane. The essential geometry is shown in Fig. 4.37. They have 
shown that the equations of motion prevailing while the edge is in contact 
with the floor can be written as 

.. .. 1 au 
62+6, +--=O 

11 06 ' 

.. . . . 1 au 
a'+ b, 6, - 261 62 - a, 622 + g sin 61 +--;-, = 0, m, ua 

.. .. ;. ;. 1 au 
b' + a, 6, + 2111 112 - b,62 2 + g cos 6, + m, ab'= 0, 

C,81 + a,b' - b1 a'+ 2(a, a'+ b, b1 )61 + g(:: a2 + a1) cos 6, 

-g(:: b2 + b1) sin 6, = 0, 

where m, = mass of object, 

m2 = mass of container, 

(4.58) 

U = energy stored in the springs due to deflection from equilibrium 
position, 

C mz ( /2 ) I, , = - - + a, 1 + b1 1 +- + a, 1 + b, 2 , m, m1 m, 

11 = moment of inertia of mass m1 about ita center of gravity (e.g.) in 
the xy plane, and 

Ii= moment of inertia of mass m1 about its center of gravity (e.g.) 
in the xy-plane. 
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y 

Fm. 4.37. Edgewi11e drop test, after impact with floor; initial position of e.g. of m, 
is displaced downward by distance b' and to left by distance a'. 

The initial boundary conditions depend on the translational and rotational 
velocity of the package at impact. Assume that the item is at its equilibrium 
position in the container and that their relative motions are zero. Then, 
just before the impact, 

a'= b' = 81 =a'= b· = 81 = 0. (4.59) 

If the drop is arranged in such a fashion that the system e.g. is directly above 
the impact edge at the time of striking (as normally attempted in this kind 
of test), then, at the instant of impact, 

81 = x = 0. (4.60) 

If minor differences between heights of the item e.g., container e.g. and 
system e.g. are ignored, the velocities of the item e.g. are given by 

81 = 81 
(4.61) 

a'= V2gh sin 8, + b.iJ1 . 

Chaae and Vigness then proceeded to trace the behavior of the package 
through direct rebound, toppling over onto the flat side, and combinations of 
the two motions. Because of diuipative forces in the system, the second 
impact will usually be leu severe, in terms of peak acceleration, than the 
first; therefore, the analysis is stopped with the first impact. As for toppling 
over, the equations of motion are similar (with different initial conditions) 
to those used in the rotational drop test. Since this test will be di8CU88ed 
next, the analysis is not given here. 
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Though equations (4.58) are complicated, they can be solved provided that 
suitable expressioll8 for U can be substituted. Such substitution requires 
knowledge of the dynamic-load-deflection characteristics of the isolating 
medium and knowledge of the geometry of placement of the mounts or cushion 
pads. Note that the force-deflection curve need not be expressed as a mathe­
matical function but can be fed into the computer by any curve-following 
device, together with the other factors involved in the equations, and solved 
by analog or digital methods. Evidently, however, a concept of the design 
should exist before the solutions are begun. 

Another common form of test involves a rotational drop, usually used on 
longer containers (say 5 feet long, or more). The essential geometry of 
this test is shown in Fig. 4.38. One end of the container is supported on a 
block of height ht ( usually a nominal 6 by 6 inches, so that h2 is approximately 
5 inches). The other end of the container is raised to a height h1 and then 
allowed to fall freely. The problem is to limit the acceleration at some point 
on the packaged item away from the pivot point, 0. This point is identified 
in the figure as having the coordinates a,b,. 

Upon impact the container will cease its motion (at least for a brief instant) 
but the cushioned item will tend to continue its motion, resisted by whatever 
elastic medium may be placed between the item and the container. In the 
xy-plane this motion will consist of a rotation, 82, of the entire unit in the 
cushion, a displacement in the x-direction, and a displacement in the y­
direction. Similar displacements in the yz-plane give a minimum of six 
degrees of freedom. 

RIGID CONTAINER. MASS mz 

RIGID OBJECT, MASS m1 

T 
hz 

_[ 

Fm. 4.38. Rotational drop test. 
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In most practical cases, the designer is concerned only with motions in the 
xy-plane, and the analysis is somewhat simplified. Such analysis is permis­
sible provided that the complete system is symmetrical about the xy-plane 
passing through the center of gravity of the item, the center of gravity of 
the container, and (as a result) through the center of gravity of the combined 
system. This is the two-dimensional problem shown in Fig. 4.38. 

The system response is a function of the angular velocity attained at the 
moment of impact after passing through angle 8,. Equating the kinetic 
energy of the motion with the potential energy of the position prior to drop 
(and ignoring pre-impact motion in the cushioning medium as in the flat drop), 
gives 

(4.62) 

where lo= moment of inertia of the complete system about the pivot point, 0 , 

h = height of drop of the center of gravity of combined m888 m3, 

W3 = weight of the combined mass = m3g 

R3 = .J{f;, the radius of gyration about system center of gravity, 

R. = \i a31 + b31 , the radius of gyration about point 0, and 

/3 = moment of inertia of the complete system about its center of 
gravity. 

Solution of Eq. (4.62) requires knowledge of a3, b3, and W3, none of which the 
designer has at the beginning of the work. It is therefore usual to add 
allowances for these quantities as a preliminary estimate (allowances based 
on experience). Altheugh the design must be approached by successive 
approximations, experience has shown that erron of several inches in b3 
have little eft'ect cm the result. The value of a3 can be approximated by 
considering the end-impact condition first. It takes a fairly large error in 
W3 to aft'ect significantly the value of R31 which, in any caae, is usually con­
siderably smaller than R.1• Hence, although successive approximations are 
required, their number is not great. 

The value of the height of drop h of the center of gravity of the combined 
mass is determined by the geometry of the container system and the drop 
conditions. Using the inverse trigonometric identities involved we obtain, 
for the general case, 

h = ba [h,aa + /1 _ (h, - hi )'_ /1 
L,ba 'J L, 'J / h2

)

2

] \L, . (4.63) 

In the special case where h2 is zero, 

(4.64) 
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Where h.lL1 is small (e.g., 0.3 or leas) the approximate formula 

h=a3!!.l 
Li 

(4.65) 

is satisfactory for preliminary design. In the further special case where the 
center of gravity is vertically above the pivot point, 0, as in a ti~ver teat 
of a tall container, then 

(4.66) 

applies. 
Assume that during the course of rotational motion the container remains 

constantly in contact with the pivot point 0, and that it lands ont.o a perfectly 
rough surface- so that there is no sliding in the x or z direction- and consider 
the period when the container is in contact with the floor, i.e., when 81 = 0. 
Chaae and Vigne88 (196) have shown that the general equations of motion 
during this interval, provided that the packaged object is in its equilibrium 
position at the instant of impact, are 

The initial conditions are 

.. 1 au 
82 + 1. a82 = 0, 

a'+...!.. au= o 
m1 aa' ' 

L' 1 au 
0 

I + m1 ab' = o. 

a'= b' = 82 = 0, 

a'= bi 61, 

b' =a.,;., 

(4.67) 

(4.68) 

and 61 is given by one of Eqa. (4.63) through (4.66). Equations (4.68) will no 
longer hold if the reaction of m I causes the container t.o bounce backwards, 
rotating around pivot point 0, or t.o rotate about the impact edge. The former 
event occurs when 

m1 ( a1 b' + !'. 81 - bi a')+ (m1 a1 + m2 a2)g < O; 

the latter event occurs when (4.69) 

m1 [ (a. -L.) b' + !'. 82 - 01 a']+ [m1(a1 - L1) + m2 (a2 - L1)]g > 0. 

When h2 is zero, the container may land flat and the reaction of m I may cause 
a simple bounce without noticeable rotation around either edge. Thia will 
occur when 

mi b' + (m1 + m1)g < 0. (4.70) 

Equations (4.69) and (4.70) thus make a suitable end t.o analysis. 
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When appropriate substitutions are reade for U - even for linear springs -
it is found that the three equations are not independent but, rather, are 
coupled and require simultaneous solution. The linear spring case has been 
extensively analyzed by Ayre and Abrams (197). The analysis has been 
repeated by Blake (198) in his excellent review of basic vibration theory. 
The complete analysis will not be given here. For clarity, however, it is 
worthwhile considering a particular system of linear springs as shown in 
Fig. 4.39. These linear "prings operate in tension and compression. The 
equations of motion for this system are 

m, x + K,,.x - K ,,.R ,/J2 = 0, 

m, y + K 11y + K 11R.rfJ2 = m,g (4.71) 

I, 62 + K882 - K .rR 11X + K,,R.rY = 0, 

where the spring and coupling constants are defined in Table 4.16. In 
determining the moments, k,s,, it is simple to keep the signs straight by 
assigning positive and negative directions to the x- and y-axes with respect 
to the center of gravity of m, and then following this sign convention. 

It can be seen that Eqs. (4.71) are mutually dependent because of the 
coupling constants R.r and R 11 • Partial decoupling occurs when either 
coupling constant can be made zero, and complete decoupling occurs when 
both constants are zero. The condition for a zero coupling constant is ob­
viously that the algebraic sum of the pertinent moments be zero. The 
easiest way to reach this goal , if the configuration of the item permits, is to 
make the pertinent spring rates equal and to space them equidistantly about 
the pertinent axes through the center of gravity. Other techniques are 
possible, but normal design practice should start with this arrangement. 

L ------- --~ 

.------------1 ----------.rRIGIO CONTAINER, mz 
_I_ I _j RIGID OBJECT, m 1 c,..,.-cz ...... 1- --, 

----•· 

Sz 

~~-- s~--~+ .... --- j_ 

1-- s1-t-~ S4 
Fm. 4.39. A particul ar conta iner with linear springs. 
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TABLE 4.16. SPRING AND COUPLING CONSTANTS 

FOR EQUATIONS (4.71), (4.76), AND (4.77) 

Constant General Value 
Particular Value 

for Fig. 4.39 

Kr Ir k1 k, + k2 

K11 I.11 k, k:1 + k4 

RJ. I11k1s1 
14 

R11 
Irk1s1 
~ 

I,, k,s, k:,sa - k4S4 

Ir k,s, k2s2 - k,s, 

K11 I k ,si2 k,s, 2 + k2s22 + k:,sa2 + k4S42 

The basic schema t.sed in deriving Kr, K 11 , and K11 can be generalized to a 
very large number of individual springs. Going to the limit would produce 
a continuous linear cushion. For analytical purposes all springs could be 
lumped into a single spring whose line of action would be at the centroid of 
the springs located on either side of the pertinent axis. If the cushion is, 
for example, continuous under the object, then the centroid will be found at 
half the distance from the pertinent axis to the end of the object. Referring 
to Fig. 4.39, we would have sa = c,, and 84 = C2 . 

However, the designer still has the problem of deciding what spring rates 
and spacings to select in order to achieve a given design goal. One of the 
first to publish a designer's solution was Goodill (199). Unfortunately, his 
method requires an arbitrary assumption concerning deflections (or accelera-. 
tions) due to translational and rotational motion of the item while the con­
tainer is in contact with the ground. It has been shown (135) that such an 
arbitrary division is unnecedsary, and the reasoning-which can be fairly 
general - is worth repeating. 

Referring to Fig. 4.38, suppose that it is desired to limit peak acceleration 
normal to the base of the container to some value, G,,,, at the impact end of 
the cushioned object so that a; = a, + a4 . The stopping distance at this 
point must be controlled, thus determining the total deflection dr required. 
With neglibible error (even by conservative estimation) this stopping dis­
tance is given (135) by 

(4.72) 

where R. = radius of gyration of total maBB about pivot point, 0. As before, 
useful preliminary approximations can be made. 

Consider the ratio, M, of total deflection dr to deflection due to translation 
alone, d, . This ratio (135) is 

(4.73) 
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where d, = deflection due to rotation, 

N, = rotational energy, and 

N, = translational energy. 

In the very special case where threefold symmetry is achieved by using 
shear mounts equally spaced along the x-axis, Eq. (4.73) becomes 

M= l + 04 R, _ 
o, 83 

(4.74) 

This special case teaches that there are certain practical limits to the value 
of M. Thus 83 will rarely exceed 04 because excessive container volume 
would ensue. Similarly, experience indicates that rotational natural fre­
quency becomes very low when 8 3 < R i/3. Hence, the practical designer's 
limits on the value of M for a specific object are 

1 + !:..! ,s;;: M ,s;;: 1 + 3 a •. 
o, a, 

(4.75) 

These limits may be expected to remain reasonably valid regardless of the 
types of symmetry prevailing in the final design. An even rougher approxi­
mation of the value of M is to state that its most probable value lies between 
1+ and 4.0. Note that the limits of Min Eq. (4.75) are independent of drop 
height, spring rate, or allowable acceleration. 

Mustin (135] further extended the work to isolators exhibiting tangent 
elasticity, but the technique obviously will fail to predict with accuracy the 
response of strain-rate-sensitive cushions since strain rate varies continuously 
with distance from pivot point 0. 

By ringing appropriate changes on Eq. (4.73), it is possible to select from 
currently available mounts and to fix the spacing for useful results. Then, 
solution of Eq. (4. 71) for final check of the design is straightforward. 

The specific design techniques suggested by Ayre and Abrams (197] and 
Mustin (135] both assume linear mounts which are undamped or in which 
damping is so small as to be negligible. Ayre and Abrams did extend their 
work to undamped cubic elasticity [200]. Tsui and Stem [201], however, 
show how the approach can be expanded to cover damping and nonlinearities. 
The equations of motion, analogous to Eqs. (4.71) are 

m, y + CuY + K 11y + C11R'.r62 + K 11R.r82 = m, g 

/, 62 + C,62 + C11R'.rY + C.rR '11 x + K,8- K.rR 11x + K 11RrY = 0, 

where c, = coefficient of viscous damping in the ith mount, 

Cr= Ir Ct, 

C11=I11c1, 

C, = I c,s,1 , 

(4.76) 



114 PEAK SHOCK TRANSMITTED BY A CUSHION 

R' = Ir C1B1 
11 Cr ' 

R I = I,, c,s, 
r Cu ' 

and the other constants are defined in Table 4.16. 
In deriving Eqs. (4. 76) it was assumed that each mount had its own damping, 

i.e. was a Voigt solid. The equations could be generalized to a continuous 
series of Voigt elements without inherent difficulty. Where the spring is 
nonlinear, the equations are not so straightforward but may be written in the 
form 

m, :i + Crx - CrR'11 62 + I F,(x,) = 0, 

m, y + C,,y + CuR'r 62 + I F ,(y ,) = m,g, (4.77) · 

I, 62 + C'62 + CuR'rY +,.. CrR 'ux- I F ',(x,) + I F',(y;) = 0, 

where F ,(x,) = force in the ith mount due to displacement x,, 

F,(y,) = force in the ith mount due to displacement y,, 

I F' ,(x,) = algebraic sum of each force in each mount resisting rotation 
by displacement x,, and 

I F' ,(y1) = algebraic sum of each force in each mount resisting rotation 
by displacement y ,. 

Tsui and Stern stated that there seems to be no acceptable approach to 
the analytical solution of the general problem except when the vertical 
mount spring spacing equals the object's own radius of gyration and the 
horiwntal mounts are along the x-axis. 

However, computer solutions are perfectly feasible, either digital (using 
finite differences) or analog. The authors showed a useful analog computer 
and give results for a particular example. 

If Eqs. (4.77) are going to be solved by a computer, they can be further 
generalized to account for nonlinear damping terms or to use any mathe­
matical model of behavior desired, including a generalized Maxwell or Voigt 
solid as a diffuse cushion. Such procedures would be possible should suitable 
models of specific cushioning materials become available, but the designer 
would still have to narrow his field of choice to specific materials. 

Mustin's [171) simplified approach to the flat-drop problem can be adapted 
to this preliminary-choice dilemma by rewriting Eq. (4.62) in terms of the 
equivalent height of drop h, of any point a; along the item, i.e., 

a ,2 • a ,2h 
h1 = 2g (JI = R.2. (4.78) 

The appropriate material design curves can now be entered for material choice. 
This will probably be dictated by thickness and the static stress likely to 
occur. This gives the designer a concrete concept for further analysis or 
testing. 
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4.6.1.4. Air Bags. Performance of large air bags of U.S. and U.K. design 
is discussed by Thompson and Ripperger [202). These bags inflate themselves 
during descent and compress themselves during impact. Special blow-oft' 
patches are provided so that, when air reaches a predetermined pressure, 
escape is allowed; this reduces rebound energy. A straightforward design 
procedure is given by Browning [203). 

The two designs discussed in the previous paragraph are made from rubber 
or synthetic rubber. Matlock and Thompson [204) report some preliminary 
results on an air bag, fabricated from paper with plywood facing plates, de­
veloped by Hardigg. A weak spring opens the bag during fall. During im­
pact, small openings permit escape of air at varying velocities as the shape 
of the opening varies with distortion of the bags. These were not as efficient 
as the rubber air bags. It was suggested that light-weight blow-oft' patches 
might improve their performance but further test data are not available. 

Den Hartog, Newland, and Flory [205) investigated problems of shock, 
isolating a very large structure; large corrugated metal bellows gave prom­
ising results. Some design procedures using such bellows were suggested. 

4.6.2. Quasi-Resilient Materials. Quasi-resilient materials were de­
fined in the introduction of section 4.6 as materials that remain substantially 
resilient under small distortions but do not completely recover under large 
distortions. Materials are classified as quasi-resilient or nonresilient ac­
cording to the designer's intended use of them. 

Two broad classes of material are classified as quasi-resilient in this mono­
graph: corrugated fiberboard structures and plastic foams, usually of higher 
density than those foams discussed in section 4.6.1. They have nonresilient 
as well as resilient properties; both will be discussed in this sub-section. 

There are many other quasi-resilient materials but we lack data on most 
of them. Popcorn was investigated by Stern but found unsuitable for military 
packaging [206). 

4.6.2.1. Corrugated Fiberboard. Corrugated fiberboard is far and away 
the most used of cushion materials. It is also the most misunderstood by 
engineers. They seem to dismiss it, believing that it is only good for one 
shock, or on the grounds that anything so familiar must be beneath contempt. 

This paradox of utility versus engineering interest has been exhibited 
many times; it is something that positively cries out for further investigation. 
It suggests, also, that most items are much stronger than we care to admit; 
our general ignorance, added to our particular ignorance about corrugated 
fiberboard , makes us overly protective. In this monograph, we can but show 
what information is available. 

One possible reason that we know so little about corrugated fiberboard as a 
cushion is its versatility. It can readily be creased and folded into many 
shapes. Figure 4.40 shows 59 reasonably common configurations for corru­
gated inner packing pieces. Most box designers select a configuration and a 
material on the basis of experience; sometimes this is assisted by performance 
tests of the complete package. The examples in the figure show that the mate­
rial can be loaded not only in compression normal to the respective faces, but 
also as plates, columns, and beams. The available data are mostly limited to 
use of the material as plain pads (singly and in stacks) and as partitions. 
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_/ __ / 
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FIG. 4.40. Some interior packing pieces. 
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Fm. 4.40 (Continued). Some interior packing pieces. 
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SI-S ing le Ce ll 

~,-Partition, 
54-Partltlon, 

SS-Partllion1 S7-Sin1l • C e ll ~9-Stemware Partllion • 

FIG. 4.40 (Continued). Some interior packing pieces. 

The material itself is regularly available in many configurations and 
strengths. General configurations available are summarii.ed in Fig. 4.41. 
The corrugations themselves can be made in four differel)t styles, three of 
which (A-, B-, and C-flute) are shown in Fig. 4.42 with the dimensions con­
forming to United States practice. The fourth style, E-flute is relatively 
recent and there do not appear to be any published data concerning its use 
as a cushion. 

The corrugating medium can be fabricated from several different kinds of 
paper, with or without resin additives for wet strength. In most commercial 
corrugated boards in the United States the medium must be at least 0.009 
inch thick (9-point board), while the medium for V- and W-Board used by the 
services is stipulated as being 10-point. There are some commercially 
available boards with even thicker corrugating media, but the usual practical 
upper limit is about 12-point material. 

In addition, when the material is required to act as a column or a plate 
supported at the edges, the many variations possible in facing materials 
and strengths add more complications; they will not be reviewed here. 

A compressive load normal to the fac.,-es of a single sheet of double-faced 
corrugated fiberboard will evidently cause deformation of the arches; then, 
at some point, these arches will collapse as the result of elastic instability. 
A typical stress-strain curve for corrugated fiberboard is shown in Fig. 4.43. 
Almost always the materials show a primary peak; also a secondary peak 
which characterizes an arch beginning to assume a new shape and then 
collapsing again. Below 35 percent strain, the curve is very nearly linear. 
The apex of the first peak is called the flat-crush value. The flat-crush test 
is frequently run in the corrugated box trade as a measure of the quality 
with which arches are formed and with which liners are glued to the cor­
rugating medium. Values will vary with the character of the corrugating 
medium, but certain minimum expectancies from a well-made piece of board 
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UNLINED 

SINCLE·FACEO 

DOUBLE•FACED ISINCLE WAL L I 

DOUBLE WALL 

TRIPLE WALL 

FJG. 4.41. Types of corrugated fiberboard. 
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40 

0.2 

A - FLUTE 
36 PER FOOT 

B- FLUTE 
50 PER FOOT 

C-FLUTE 
42 PER FOOT 

Fm. 4.42. Flutes. 

Q4 0.6 
STUIN 

3/16 " NOMINAL 

• 1/8" NOMINAL 

5/32" NOMINAL. 

o.a 1.0 

Fm. 4.43. Typical static stress-strain curve 
for corrugated fiberboard. 

TABLE 4.17. FLAT-CRUSH EXPECTANCIES 

FOR CORRUGATED FIBERBOARD 

Flute 
Flat Crush (pei) 

Single Wall Double Wall, per Layer 

A 25 21 
B 35 31 
C 30 26 
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have come to be considered normal. These expectancies are summari7.ed in 
, Table 4.17. 

Dagel (207] has considered the nature of the stress-strain curve as a prob­
lem in elastic instability. After setting up a force diagram, Fig. 4.44, he 
derives the stress-strain equation for compression as 

= 41r2Erl ,,n sin3
a :i [c. _ ~ c. 2 2 + ~ c. a a _ ] 

CT T,. 2 2f 4 2 E 8 2 E . . . ' 

where E ,. = Young's modulus of the corrugating medium, 

/ ,, =area moment of inertia of the corrugating medium, 

n = number of flutes per unit length, and 

T,.2 
Ci= 36 . 2 • sma 

(4.79) 

This equation is valid up to the point of collapse of the arches. A linear 
first approximation is obviously satisfactory for most purposes and can be 
written 

[
7T2 • ] 

CT= 9 Erl,,n 810 Q 3 E . 

Tc 

--~~~~--• 

•, 

Fm. 4.44 . Corrugated fiberboard in 
compression. Dagel (207 J. 

(4.80) 

Complete viscoelastic solutions in analogous form have not been obtained. 
Anderson (208] discusses buckling of shallow viscoelastic arches, but the 
shapes considered are not directly applicable. Goff (209], however, did in­
vestigate the damping characteristics of corrugated board. Using A-flute 
semichemical medium with 42-pound kraft liners, he found that the loss 
angle varied between 1.2 and 1.8 degrees in the range 0.125 to 7 .5 cps. Actual 
values appeared to depend on stress amplitude and to be inversely proportional. 
to static stress. All static stresses tested were well below the flat-crush 
point for the material. 

Since strains were small in Goff's work, one would not expect that air 
trapped in the rather large corrugated structure would exert significant 
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influence. At very high strain rates, coupled with collapse of the arches, 
one would normally expect air to play an additional role. 

Figure 4.45, taken from Ali [210], illustrates the type of effect although 
the citation did not identify the material being tested. 

A limited number of dynamic tests, using a crude but reasonably effective 
test rig, were run by Marvin and Page [211]. Figure 4.46 shows changes 
in cushioning values for single thicknesses with repeated impacts at two 
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Fm. 4.45. Static and dynamic compression curves 
for 2-1/2-in.-thick corrugated fiberboard; impact 
velocity 24.8 fps. Ali [2101. 
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Fm. 4.46. Cushioning properties of 175-lb A-flute. 
Marvin and Page 12111. 
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different static stresses. These results indicate that recovery after each im­
pact is definitely less than 100 percent. Figure 4.47 plots peak deceleration 
versus static stress for A-flute and B-flute, showing that choice between the 
flutes will depend on the static stress. 

There was some evidence (Fig. 4.48) that the area ar.d the number of flutes 
affect performance. Doubling the thickness causes i.mprovement (Fig. 4.49); 
facing basis weight also has an effect (Figs. 4.50 arid 4.51). Why, we do not 
know. Perhaps different thicknesses of facing paper passing through the 
corrugator rolls or the double backer may produce very slight changes in 
arch shape that could significantly affect the stress-strain relation, Eq. (4.79). 
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FIG. 4.47 . Cushioning properties of A-flute and 
8 -flute [211 J. 

05 

Because of the progressive nature of the breakdown of corrugated fiber­
board, practical tests have concentrated on evaluating this form of behavior. 
A system is tested to failure and the number of drops at various heights is 
summed and recorded as foot-falls to failure (1 foot-fall equals one drop 
from a height of 1 foot) . Toulouse and Berens (212] reasoned that, for glass 
bottles, failure occurred as a result of glass-to-glass contact. Accordingly, 
a logical failure point is when the bottle has completely crushed the flutes 
between two acljacent bottles. The bearing area of the bottle at the ha lfway 
point was computed by simple geometry. Figure 4.52 shows their results. 
The equations for the regression lines are 

logy = 1.21 - 1.17 log x 

logy = 1.372 - 2.988 log x 
(4.81) 
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FIG. 4.52. Foot-falls to total compression of 
corrugated fiberboard. Toulouse and Berens 
[212]. 

where the first equation applies to single wall and the second to double wall. 
y is foot-falls to failure and x is the static stress at the failure point, i.e., 
bottle halfway through the board. 

Matching in this fashion did not reveal significant differences between 
constructions. Later, however, Beardsell and Kipnees [213) investigated 
whiskey-bottle packaging extensively, using a failure criterion of foot-falls 
to breakage or foot-falls to 500 g acceleration, whichever occurred first. 
Significant differences were found between board constructions; they selected 
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FIG. 4.53. Performance of multiple layers of 200-lb test 
A-flute corrugated fiberboard. Static stress 0.182 p11i. 
Blake [214,215]. 
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their final pack (which has largely become an industry standard) upon what 
would now be called cost-effectiveness grounds. Note that the two criteria 
of a test endpoint diff'cr. 

The School of Packaging at Michigan State University has been conducting 
a cooperatively sponsored research program on control of damage in shipment 
for the past several years. During the counie of their work, some evaluations 
of the performance of corrugated fiberboard under multiple-impact conditions 
have been conducted [214,215,216]. Figure 4.53 illustrates the performance 
capability of layers of 200-lb test A-flute corrugated board when repeatedly 
dropped from a height of 24 inches. The two-layer configuration is the same 
as the number of board thicknesses encountered at the top and bottom of a 
regular slotted container with a square or nearly square opening. Thus, 
the curve for two layers also indicates the shock reduction to be expel.'ted 

Fm. 4.54. Performance of A-flute 
spring pads at varioUB static 
stresses. Blake (216). 
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from a corrugated container without inner cushions or p'lds. Note that, 
from the 25th drop onward, performance is greatly degraded. 

Figures 4.54 and 4.55 illustrate the protection attainable from two dif• 
ferent styles of formed inner pads. While performMce for a small number 
of drops is quite good, the pads tend to collapse rather soon and, by the 15th 
drop, are of marginal utility. 

4.6.2.2. Quasi-Resilient Plastic Foams. Many elastomeric materials can 
be produced as foams: rubbers (natural or synthetic), polyurethane, poly­
styrene, polyethylene, vinyl, phenolic, silicone, cellulose acetate, urea form• 
aldehyde, and epoxy. Of these, the first four are the ones most commonly 
used as cushion11, although all are candidates. Most of the data available on 
quasi•resilient behavior is limited to polystyrene and polyurethane foams, 
the majority of which are classified as semi•rigid or rigid. 

The utility of any foamed plastic material as a cushion depends on the 
specific characteristics of the foam (size of cells, porosity, and volume fraction 
of material) and on the specific thermorheological properties of the plastic 
substance. These latter, in tum, will vary depending upon the characteristics 
of the individual molecules. Useful cushions are usually required to have 
good properties in the transition and glassy regions (see Fig. 3.18). Thus 
the temperature at which glassy behavior starts is a useful classifying scale 
for materials. 

Schmidt and Hoffmann (188] have plotted the rigidity modulus for a number 
of polyurethane foams, Fig. 4.56. The rigid foams are almost always used 
in the glassy state, and mechanical properties are nearly temperature• 
independent down to -50°C. Soft and semi•rigid foams, by contrast, are 
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Fm. 4.56. Rigidity modulus for a number of polyurethane foams; dotted lines are for soft 
foams, dashed lines for rigid foams, and solid lines for semi-rigid foams; the small numbers 
opposite each line represent the apparent density of the foam. Schmidt and Hoffmann [ 188 ). 
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generally used in transition-zone temperatures. Note that the glass tem­
perature T,, is considerably lower for polyether foams than for polyester 
foams. However, polyether foams tend to hydrolyze in the presence of water 
and this limits their use in practical design. Temperature-dependence of 
all usable polyurethane foams is clearly demonstrated in Fig. 4.56. 

Damping characteristics for semi-rigid foams are far less air-dependent 
than for soft foams because of cross-linking in the molecules. For semi­
rigid foams the static stress-strain curves lie from 50 to 70 percent below the 
dynamic curves. The plateau area remains prominent, as shown in Fig. 4.57. 
For rigid materials, the dynamic curves are only about 20 to 30 percent higher 
than the static (Fig. 4.58). 

For both semi-rigid and rigid foams, recove,·y from stresses below the 
knee is quite good though not rapid. Stresses above the knee are probably 
irreversible. This irreversibility may not necessarily result in higher ac­
celerations under impact shock, even though, in a package, the contents 
may become loose with time. Figure 4.59 shows that the plateau area con­
tributes to continued good shock-isolation performance through a number 
of impacts. 

The figure shows a progressive dynamic drift of the strains actually en­
countered (with zero strain being measured before the test syllabus). For 
low static stresses, the cushion was still working its way over the knee. 
For intermediate stresses, strains were in the plateau region and, for high 
stresses, strains were on the second sharply increasing portion of the curve. 

Basically, Fig. 4.59 shows that if the design can be so arranged that dynamic 
strain is less than some critical value (about 30 percent in the figure), repeated 
impacts of the same magnitude will not result in higher peak accelerations, 
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up to about 10 impacts. In effect, even though there be permanent set, 
polyurethane foams still provide much protection. Perhaps, as with cor­
rugated fiberboard, the concept of foot-falls to failure could be useful here, 
or the box materials could be rated in the same way as the plastic foams . 

Polystyrene foam is more popular in the United States, at least for package­
cushioning purposes, than the semi-rigid polyurethane foams. In semi­
rigid form, the material is a closed-cell foam with rather strong cell walls. 
It is available in various nominal densities. Figure 4.60 shows static stress­
strain curves for several different densities (expressed as pounds per cubic 
foot, pcf) of materials in use on both sides of the Atlantic [152,217]. Note 
that elastic behavior is similar to that of foam rubber compression-curve 
theory developed by Gent and Thomas [90) and summarized in section 3.3. 

Drysdale et al. [217) have investigated the properties of several polystyrene 
foams for packaging. Figure 4.61 compares some materials as absorbers 
of impact energy. Figure 4.62 shows the typical U-shaped curves predicted 
by Soper and Dove. Evidently they could be plotted in accordance with 
Mustin's recommendations. Significant movement of these curves from the 
first to the second drop is apparent. The authors noted, however, that with 
the lower-density materials (1.0 pcf nominal) most of the irreversible loss 
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Fm. 4.60. Typical static &treas-strain curves for semi-rigid poly­
styrene foams: approximate nominal densities in pcf: 1 - 0. 7, 2 - 1.0, 
3 - 1.2, 4 - 1.5, 5 - 2.0, 6 - 3.0, and 7 - 5.0. Curves 1 through 4 
from Drysdale, et al. [2171. Curves 5 through 7 from Gigliotti [1521. 
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Fm. 4.61. First drop performance of several cushions (217]. 

12 

occurs on the first drop and that dynamic thickness drift is less on subsequent 
impacts, so that a constant acceleration level is approached. As an example, 
the fifth drop on 0.8-pcf material was less severe than the fifth drop on 2-pcf 
material, although this was not true on the first drop. Defining relaxed 
strain as the no-load strain remaining one minute after previous compres­
sion, they plotted loss of thickness as a function of density for one set of 
conditions in Fig. 4.63. Relaxed strain as a function of energy per unit 
initial volume is shown in Fig. 4.64. Useful, thorough information is also 
given by Mahler and Stockburger [218]. 

In the United States most of the data on the polystyrene foams are in 
manufacturer's literature, although Gigliotti has some data [151]. Figure 
4.65 contains some dynamic data for expandable polystyrene foams from one 
manufacturer [219]. Use of fifth-drop data is recommended for design pur­
poses because the results of future drops are more predictable. Data for 
dynamic deflection and permanant set versus static stress for the same 
materials at the same drop height are given in Fig. 4.66. In order to prevent 
too much rattle space being developed immediately a<ljacent to the container 
contents, the manufacturer recommends making a design that will take all 
deflection in ribs on the outside of the cushion adjacent to the container walls. 
Then the depth of the ribs will be determined by tht- required deflection. 
Typical rib shapes of optimum strength characteristics are shown in Fig. 
4.67. Rib width (across the rib tips) is computed on the basis of the static 
stress requirement for optimum performance. In finalizing designs, attention 
must be paid to good molding practice. 
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FIG. 4.66. Deflection and permanent set for some polystyrene 
foams; all data based on fifth drop from 30 in.: (a) 1.2 pcf, 
(b) 2.0 pcf, and (c) 3.0 pcf [2191. 
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FIG. 4.67 . Suggested rib configurations for some 
polystyrene foams (219]. 

4.6.3. Rigid Materials. Any material can be used as a shock absorber 
if the designer will accept an irreversible process such as permanent deforma­
tion or disintegration. This section is therefore confined to practical situ­
ations where commercially available materials have been examined for 
possible utility in solving real problems. 

It is stipulated that most of the materials and techniques to be discussed 
are intended for use in the lower ranges of velocity changes. Velocities are 
subsonic, most of them very -much less than Mach 1. 

Probably the most sustained and searching inquiry into the cushioning 
properties of rigid materials has been undertaken at the University of Texas 
in connection with the classical problem of aerial delivery of equipment 
and supplies, a technique of great interest to ground troops. The fact that 
this work has a very practical objective forces concentration on low-cost 
materials. ' 
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The overall approach, sponsored by the U.S. Army Natick Laboratories 
has produced significant and useful information. This information can be 
grouped as follows: 

1. Searching reviews [220,221] of all the pertinent literature covering 
shock and response to shock. Brennan's two-volume review [221] contains 
over 800 abstracts from the open literature alone and was used as a guide 
in the literature search required for this monograph. 

2. A number of excellent papers on response of structures to shock pulses, 
including plastic irreversible flow of elements of these structures. Several 
of these will be discussed in the next chapter. 

3. A group of reports concerning the dynamic behavior of cushions at im­
pact velocities ranging from 20 feet per second (fps) (equivalent to a 6-foot 
drop in a vacuum) to around 100 fps. Much of these data will be summarized 
here. 

In 1962 Thompson and Ripperger [202) gave an excellent summary of their 
progress up to that time, including many of the background considerations 
guiding their work. From the standpoint of this monograph, it is important 
to note that they were seeking b material with very low coefficient of resti­
tution. Maximum possible storage of impact energy was desired in order to 
discourage the load from bounding all over the countryside [202). See also 
Stevens [222]. The energy storage time needed, at least, to be very long 
with respect to the shock pulse duration. There was no technical objection 
to its being permanent. 

Secondly, they were, for obvious reasons, seeking maximum energy absorp­
tion for minimum thickness of cushioning [223). These two factors lead to 
a definition of the ideal material as one exhibiting a rectang,,1:- .. stress­
strain curve such that, when unloading takes place, stress drop~ . ..lrtically 
at the strain assumed during peak stress. Performance of the materials 
evaluated was measured against this ideal. A rectangular stress-strain 
curve (linear elasticity with zero slope) was shown by Mindlin [97 J to be 
the optimum shape for minimum thickness for a given acceleration. 

As a result of these consideratior .3, Thompson and Ripperger focused on 
materials and structures that would show a collapsing-column effect under 
loading and show large, essentially permanent strains. Honeycomb struc­
ture, rigid plastic foams, and axially loaded tubing, among others, meet 
these definitions. Figure 4.68 demonstrates the significant improvement 
made possible by using a honeycomb structure as compared with the pre­
viously used felt pad shock absorbers. 

4.6.3.1. Honeycombs. Honeycomb consists of material formed into hexag­
onal cells and cemented to one or more facing sheets placed across the open 
ends of the cells. Materials used may be paper or metal, in various combina­
tions. Aluminum or stainless steel are the most common metals used today 
to satisfy the requirements of the aerospace industry. 

It is evident that paper honeycomb must have a lower first cost than an 
all-metal honeycomb. Therefore, most of the data concern paper materials. 

Typical dynamic stress-strain curves for a paper honeycomb with varied 
maximum strain (achieved by varying sample thickness for constant mass 
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FIG. 4.68. Comparative dynamic performance of paper 
honeycombs and felt. Thompson and Ripperger (2021. 

and impact velocity) are shown in Fig. 4.69 [224). Note that there is an 
initial peak, followed by a U-shaped portion of the curve and then a rising 
portion as the cushion begins to bottom out. Practically all paper honeycombs 
seem to begin bottoming at or slightly above the 70 percent strain point. 

Note the honeycomb classification scheme used in Fig. 4.69. The first num­
ber is the basis weight of the paper. The second (parenthetical number) 
is the resin content of the paper in percent, anJ the third number is the cell 
size across the flats of the hexagon. 

The initial peak stress and the energy absorbed are largely a function of 
overall density, as shown in Fig. 4. 70. 
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Fie. 4.69. Stress versus strain for a paper honeycomb with maximum 
strain varied . Karnes, et al. (2241. 
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Moisture content does not have a significant effect on performance until 
very high moisture contents are reached [224). See Fig. 4.71. Reasonable 
protection under field storage conditions should usually prove adequate 
[202). 

Honeycombs are essentially strain-rate-insensitive, at least at impact 
velocities ranging from 30 to 90 fps f224] . In terms of Soper and Dove 
theory, h/T is greater than 50, and this result is not surprising. Figure 
4. 72 is illustrative. Here, the cushion thickness and the mass were varied 

5000F""---,o..----

.. ... 
3 4000 

' m 
.J .. 
~ 3000 
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~ CIC 80 (0) I 
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• C) 

~ 1000 
z ... 

o.._ __ ...... ___ ...... ___ ..._ ___ ..._ __ __. ___ _. 
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WATER CONTENT (PERCENT) 

FIG. 4.71. Effect of water content on energy absorbed at 70 percent 
strain for three paper honeycombs 1224 I. 
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FIG. 4.72. Streu-strain curves for 99(0)3/4 paper honeycomb at 12 percent 
water content and velocity varied (224]. 
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with impact velocity to produce about the same peak strain on each drop; 
thus the shapes of the curves above 70 percent strain vary somewhat, but the 
overall effect in the range of interest is substantially the same. For lighter 
basis weight papers, there were occasional blow-outs of the cell walls at the 
edge of the pad but, for pads with large surf ace area, the effect on stress­
strain behavior was negligible. 

Because of overall consistency of behavior, it has been recommended that 
equipment be designed according to the average energy absorbed at 70 per­
cent strain [225,226,227]. Suitable average stress values for a number of 
different materials are listed in Table 4.18. It is reported that values in 
the range of interest will not vary by more than plus or minus 10 percent 

TABLE 4.18. SUMMARY OF AVERAGED RESULTS ON PAPER HONEYCOMB 

Moisture Impact Average Stress 
Total Energy 

Maximum 
Honeycomb Absorbed to 

Content Type 
Velocity to 70% Strain 

70% Strain 
Strain 

(%) (fps) (kips/ft2) (ft-lb/fl.3) 
(%) 

34 6.89 4820 86 
0 99(0)3/4 61 7.22 5060 89 

87 6.66 4660 90 

33 7.30 5100 86 
0 99(0)3/4 59 7.26 5080 82 

84 7.38 5160 84 

32 6.85 4790 83 
12 99(0)3/4 57 7.03 4920 80 

84 7.00 4900 81 

30 5.73 3960 87 
17 99(0)3/4 63 5.72 3930 84 

89 6.10 4170 83 

29 4.92 3450 86 
24 99(0)3/4 60 5.03 3530 83 

85 5.33 3660 82 

0 80(0)1/2 60 6.27 4400 92 

30 6.24 4360 93 
12 80(0)1/2 60 5.67 3950 92 

93 5.99 4190 86 

18 80(0)1/2 60 5.42 3790 86 

24 80(0)1/2 60 4.74 3320 93 

1 80(0)1 60 2.75 1930 93 

30 2.94 2060 85 
10 80(0)1 62 2.82 1980 87 

88 2.79 1950 83 

-5 80(0)1 60 2.75 1920 83 

30 80(0)1 60 2.74 1920 83 
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on a dynamic basis. Dynamic curves are a reasonably consistent 140 to 
150 percent of corresponding static values, up to about 190 fps for impact 
velocity. 

Given the allowable acceleration at the interface of the load and the cushion, 
recommended design procedures [228,229,230] reduce to solution of the fol­
lowing equations: 

T V e 
cf= 2gG' 

(4.82) 
Acua '"' w(G + 1), 

where u,, is the average stress from Table 4.18. 
A typical dynamic stress-strain curve [202] for aluminum honeycomb 

under incompletely specified test conditions is shown in Fig. 4. 73. Note 
that, quite similarly to the paper honeycombs, bottoming begins at around 
70 percent strain but that the enerl!O' absorption capacity is considerably 
larger. For parachute, or (approximately) free-fall delivery, where velocity 
seldom exceeds 100 fps, the metal honeycombs were ruled out on a cost basis. 
For higher energies, however, they could be highly satisfactory. 

In consonance with the idea behind the last sentence of the preceding 
paragraph, Soper and Dove [33] give results for cellular magnesium and 
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Fm. 4.73. Dynamic 1treu-1train curve for 2.7-pcf aluminum 
honeycomb impacted at 26.1 fpe (202]. 
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0 .7~ 
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~ X 10- 3 (PSI) 
2T 

FIG. 4.74. Performance of aluminum honeycomb and cellular magnesium; 
materials are identified in Table 4.19. Soper and Dove (331. 

TABLE 4.19. HIGH-ENERGY ABSORBING MATERIALS 

INVESTIGATED BY SoPER AND DoVE 

(ff C = ALUMINUM HONEYCOMB) 

Designator Description 

A HC + Stafoam, 5.8 pcf 
C HC + Stafoam, 9.0 pcf 
D HC + Stafoam, 8.1 pcf 
E HC + Stafoam, 19.7 pcf 
F HC + Stafoam, 17.3 pcf 

G Cellular Magnesium, 42 pcf 
H Cellular Magnesium, 52 pcf 
I HC + Stafoam, 23. 7 pcf 
K HC + Stafoam, 15.4 pcf 
L Silicone Rubber with 44% glass beads, vi h > 400 

M Stafoam, 20 pcf 
N Aluminum Foam, 16.4 pcf 
0 Aluminum Foam, 24 pcf 
p Aluminum Foam, 20 pcf 
Q Polyrubber and Stafoam, vi h > 400 
R Stafoam, 5 pcf 

4,5 
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aluminum honeycomb (1-1/8 cell, density 9 pcf) which include approach 
velocities up to and over 200 fps. Their honeycomb cells were filled with 
foamed plastic of varying density. The results are plotted as J versus energy 
per unit volume in Fig. 4.74. Materials are identified in Table 4.19. The 
filler not only increased the energy-absorptive capacity of the material but 
also smoothed out the approach to bottoming, as illustrated by the smoothness 
of most of the curves around the optimum point. The curves for cellular 
magnesium are particularly interesting. 

Where the material is not strain-rate-sensitive in the region of interest, 
design with curves of J-energy per unit volume is straightforward. Thick­
ness is determined from 

T = Jh =JV2 
,. G,,, 2a,,' (4.83) 

which requires knowledge of the velocity and the peak acceleration allowable, 
as in all impact problems. 

Performance of aluminum honeycombs has been explored by David [231] 
at impact velocities between 600 and 900 feet per second. A typical load­
displacement curve is shown in Fig. 4. 75. The very high initial peak is 
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Fm. 4. 75. Typical load deflection 
curve for aluminum honeycomb 
at impact velocities between 600 
and 900 fps; sample about 1 fl 
in diameter and 6 in. thick . 
David [231 I. 



ROOM-TEMPERATURE BEHAVIOR OF REAL MATERIALS 149 

charged to an initial smashing of the structure. This smashing destroys the 
bond of the material to the plate being impacted and occurs before the normal 
column-collapse effect has time to take place. In the particular tests reported, 
the after-test appearance of the samples showed about half smashing (or 
structural disintegration) and half column collapse. 

Obviously an engineer's task is not finished until he analyzes relative 
costs and tries to maximize cost effectiveness. For the air-drop condition 
this was done by Turnbow and Steyer [232) with the highlights repeated in 
the summary reports [202,228). Because of the cost efficiency achievable 
with paper honeycombs, it was suggested [228) that the optimum combina­
tion for air drop involved smaller parachutes (thus increasing impact velocity) 
and fairly extensive cushioning. 

4.6.3.2. Rigid Foams. Some elasticity characteristics of rigid plastic 
foams were treated in section 4.6.2.2. This section will amplify the prior 
discussion, with particular emphasis on impacts with higher velocity than 
those encountered in normal package-cushioning work. As before, most of 
the data were <»llected on polystyrene and polyurethane foams. 

28 

24 

_20 
~ ... 
0 .,, 
.... .,, 
~ 16 

I 

0.1 0.2 o.3 o.4 o.~ o., 0 .1 o.a o.9 1.0 
ST"AIN ( PE"CENT I 

Fm. 4. 76. Dynamic streu-strain curves for rigid poly­
styrene foams: (1 ) Lockfoam, 2.44 pcf; (2) styrofoam, 
1.8 pcf; (3) styrofoam, 3.0 pcf; and (4) styrofoam, 4.5 pcf. 
Turnbow (2331. 
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At air-drop velocities, polystyrene foams are strain-rate-insensitive. This 
conclusion by Turnbow [233) is not affected by Carr et al. [234] who found 
that both pulse shape and peak-pulse value affected response shape. Figure 
4. 76, a composite of several figures from Turnbow, shows dynamic stress­
strain curves for a number of different densities. The Lockfoam material is 
somewhat more brittle than the styrofoams, but is capable of field expansion 
without special curing equipment. It shattered under impacts of about 60 
fps. Except for Lockfoam, the polystyrene foams do not show the initial 
peak stress characteristic of honeycombs. Limiting maximum strains to 
65 percent is recommended (226] in order to avoid danger of bottoming, 
since materials vary from batch to batch. 

Some tests were run on rigid polyurethane foams specially formulated to 
permit field foaming. The results [235]are shown in Fig. 4.77. 
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Fm. 4.77. Dynamic stresa-strain curves for some rigid polyurethane foams: 
1 - 6.87 pcf, 75 fp11 impact; 2 - 6.00 pcf, 71 fps; 3- 5.00 pcf, 58 fps ; 4 - 4.25 pcf, 
50 fp11; and 5 - 4.00 pcf, 50 fps. Shield and Covington (235 I. 

Soper and Dove [33] examined some foamed metals and foamed organic 
or quasi-organic materials. Their results are shown in Fig. 4. 78. Here, 
all impact velocities were on the order of several hundred feet per second. 

Daigle and Lonborg [236] investigated a limited number of polystyrene 
foams and one polyurethane foam. Their results were similar to those pre­
viously reported. They also evaluated, in preliminary fashion, an epoxy 
foam and the same foam with vertical dowel pins. Results were 
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Density, pcf 

Energy absorbed, 
ft-lb/ft3 

Crushing strength, 
psi 

12 
N 

II 0 

10 

• 
• 
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4.0 

7300 

100 
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o..._ __ ..._ __ ......_ __ __._ __ ___. __ __, 

0 0. !!10 1.0 l .!!I 2.0 2 .!!I 
2 

!!..!,_ X 10·:S (PSI) 
2T 

Fm. 4. 78. Performance of 10me metallic- and organic­
type foama; materials are identified in Table 4.19. 
Soper and Dove (33). 

4.6.3.3. Wood. As is well known, wood will compress under stress. 
Some of the lighter woods, balsa for example, exhibit a light-weight cellular 
structure which opens up interesting possibilities in high-velocity work. 
Ali (210) shows a dynamic stre88-strain curve for wood (38 pcf, species 
unidentified). 

Daigle and Lonborg (236) evaluated various balsas and their results are 
shown in Table 4.20. Grain direction aft'ects performance, as shown in 
Fig. 4.79. 

Ali and Matlock (237) have considered devices in which a length of a wood 
board, such as a 2-foot long 1 x 4, is forced between shaped compressive 
jaws, thus compressing the material in a direction normal to the grain. 
Excellent results are obtained with these devices. Stevens (222) shows 
a wooden mandrel pushed into tubing. 

4.6.3.4. Tubular Structures or Devices. Some results for tubular struc­
tures that are not, strictly speaking, cushions should be included at this 
point. 
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TABLE 4.20. AVERAGES OF PEAK AND MEAN CRUSHING STRENGTHS 

OF VARIOUS DENSITIES OF BALSA 

Density 
Peak Crushing Mean Crushing Ratio j 

Strength Strength Peak-to-Mean Ratio 
(pcf) 

(psi) (psi) (%) 

6.5-7.4 1689 1232 137.0 
7.5-8.4 2080 1452 143.2 
8.5-9.4 1460° 965a 153.3 
9.5-10.4 2750 1624 169.3 

10.5-11.4 3070 1780 172.5 
11.5-12.4 3055° 1715° 178.2 

"Low values believed due to insufficient testing. 

40 ...... __.__..__........__....__.____.'--......____. _ __.___, 
0 20 40 60 80 100 

ANGLE GRAIN 8 (DEG) 

Fm. 4.79. Grain effects on shock-absorbing character­
istics of balsa, with density and maximum deceleration 
held constant. Daigle and Lonborg [236]. 

Some typical dynamic stress-strain curves are shown in Fig. 4.80, taken 
from Morgan and Moore [238]. Two of the curves were obtained with cyl­
inders filled with water which was forced out through holes drilled in t~ae sides 
of the container. Empty food or beverage cans, used drums, etc., could all 
be sources of material for field improvisation. Cans could also be used for 
absorbing the energy of point loads where, otherwise, excessive load-spreader 
structure might be required. 

Kroell [239] has iJOme interesting static data for a tubular shock absorber 
that literally turns itself inside out, thus making available a deflection 
twice the length of the capsule. One form of the device is shown in Fig. 4.81, 
while a typical static load deflection curve is shown in Fig. 4.82. Efficiency 
is obviously very high. 
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FIG. 4.80. Force strain curveB for some tubing. 
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Chapter 5 

RESPONSE OF 
THE CUSHIONED OBJECT 

Chapter 4 dealt with the peak acceleration that is developed at the interface 
between an object and a cushion while the other end of the cushion is under­
going a step velocity change. For rational design, 88 long as the object is 
completely rigid, it is enough to know the peak acceleration. Here is a para­
dox: a rigid object needs no cushioning. The blacksmith generates extremely 
high accelerations when he hits the anvil with a hammer, but neither object 
seems adversely affected. 

But no obj£cl (including the anvil) is infinitely rigid. The cushion not only 
reduces the almost infinite acceleration resulting from a step velocity change 
but also modifies the time in which the original velocity change appears at 
the interface. We know instinctively that we must consider what the cushion 
does to the object. 

This chapter will explore the little that is known on a mechanically com­
plex subject. Plenty of theory is forthcoming, but very little has been so 
applied 88 to satisfy a designer's needs. 

5.1. Fundamental• of Re•pon•e 

Consider one of the simplest possible cases, 88 shown in Fig. 5.1. This 
is a simplification of the general case of Fig. 2.1, with the system having only 
one degree of freedom while undergoing plane motion. 

Fm. 5.1. Simple 1y1tem 
3hown at inatant of contact 
with floor; cuahioned item 
of ffl8l8 m haa an element of 
mUB m,, 1upported by a 
linear 1pring with 1pring 
rate le, and a vilCOUI damper 
c,. 

Ill 

[L[MENT 

Tx.111 

IT[M 

The complete system hits the floor with a velocity V. Assume that the 
element and the item have the same velocity at the instant of impact. This 
is equivalent to assuming no oecillation of the element during the time of 
fall. This 888Umption is true if the system is initially at rest and the velocity 
change seen by the cushion is an impulsive motion of the base. 
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Fro. 5.2. Po1111ible motion x,(t) of 
the mBII m on its cuahion. 

The distanre-v,-time function o( the motion of the itetn-x,(t)-is an initial 
pulse having magnitude, duration, and shape. The shape is characteristic 
of the cushiou-its elasticity function and dimensions; the magnitude and 
duration are characterir.ed by the cushion and the initial conditions at time 
zero, i.e., the instant of contact with the floor. Figure 5.2 is the graph of 
a pouible motion. At the end of the first pulse, x,(t) becomes negative and 
the whole auembly tends to rise from the floor. Whether or not rebound 
occurs, the item will oecillate about its equilibrium position until oscillation 
subsides. If me is negligible with respect to m, the amplitude and duration 
of each oacillation, as well as the total number of oscillations, will be a function 
of the damped-force deflection characteristic.. Jf the cushion. 

Motion of the element will be triggered by the motion of the item. The 
motion of the element has the distance-vs-time function xo(t), and is charac­
terized by the elasticity characteristics of the element-me, ke, and Ce-and 
the input motion of the item. 

In general terms, 

x,(t) = fl.t;(t) ], (5.1) 

where x , (t) = Xo(O - xi(t) is the distance-vs-time function of the motion of 
the element relative to the item. Similarly, 

.i:,(t) = f(.i,(t)] (5.2) 

and 

:i,(t) = f[:i ,(t)] (5.3) 

are functional descriptors of relative output velocity and relative output 
acceleration. 

Now generalize the problem so that there are many elements, ~ach with its 
own elasticity characteristics, subjected to the motion x,(t). Figure 5.3 
illustrates this situation. As long as the mass of each element is very much 
smaller than that of the whole system, the response of any one of them is 
governed by any one of the three prior functional relations. We can examine 
the behavior of one of them, and generalize from this one to the behavior 
of all. 

Return to the simple system of Fig. 5.1. Suppose that the complete system 
is dropped from some height and that the cushion then produces an input 
pulse of maximum displacement x,m, whose duration is T. Figure 5.4 is a 
very arbitrary graph of what a cushion might produce at the outer boundary 
of the cushioned item. Define the "shape" of this pulse es a geometric entity 
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Fm. 5.3. A number of elements, each with 
their own spring and damping constants, con­
tained in a cushioned maaa. 

Fm. 5.4. A single input acceleration pulse. · 
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which can be described in terms of pure number as a closed curve in the 
motion-time plane. Examples of this abstraction are triangles, arcs of 
circles, conic sections generally, or completely irregular closed curves, as 
in Fig. 5.4. Whatever the numerical or pure geometric character of this 
shape, it is dimensionless. Denote the quantitative measure of the shape 
of the pulse by S. 

Since Fig. 5.1 describes all the factors influencing Eq. (5.1 ), dimensional 
analysis shows that 

(5.4) 

There are seven variables to be accounted for in finding output motion as 
a function of input. There are, however, only three dimensions involved: 
mass, length, and time. According to Buckingham's Pi Theorem, Eq. (5.4) 
must be expressible in terms of four dimensionless groups. By definition , 
S is already dimensionless and, therefore, there are only three groups to 
find. To obtain answers in terms of motion, the ratio of output motion to 
input motion is one dimensionless group that should be used. Putting 
this on one side of the equation gives 

x , (t) 
x,(t) = f(S , T, mp, kP, Cp) , (5.5) 

thus leaving two dimensionless groups t.o be found from the remaining four 
variables. 



158 RESPONSE OP THI: CUSHIONED OBJECT 

Critical damping, i.e., that amount of~ing which just stops an oscil­
latory response, is defined as c,. = 2Vk, mr , The dimensionless element 
damping ratio can then be defined 

c. 
/J,, = - ....... --

2v'k. m. 
(5.6) 

The natural frequency of the element is also defined in terms of the circula1 
angle subtended per unit time as 

"'• = (i; radians/sec. v,;; (5.7) 

The term Tw, is dimensionless and could be used. We may consider the pulse 
as half a period of oscillation about the equilibrium position. The natural 
period of this oscillation would be 2T = T. ; hence, the natural frequency of 
the pulse is 

(5.8) 

Substituting Eqs. (5.6) through (5.8) in Eq. (5.4) gives 

:~::~ = {( 8 , /J, , TWe ) = r( 8, /Je , : : ) (5.9) 

as the motional response of the element to the input pulse generated by the 
cushion. 

For a given shape of pulse, S is a constant and Eq. (5.9) becomes 

X,( t) f r( Wr ) x ,(t) = (/J,, , Tw , ) = /J e , Wp • 

If the pulse shape is constant and the element is undamped, then 

x,(t)=f( )=~"'•) 
(t) 

TWe . 
Xi Wp 

(5.10) 

(5.11) 

Evidently similar expressions exist for the velocity and acceleration ratios. 
Also, what is true at any time must be true for the maximum values of the 
input and output functions. Hence, 

X rm f f -X· = (/Je, TWe ) = (/J~, We/Wp), ,,,, 

(5.12) 

The same functional relations will hold for each element of the multi­
element model (Fig. 5.3). If there were many such elements, all element 
responses over the frequency spectrum would be covered. For displacement, 

(5.13) 
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at all frequencies. For velocity, 

R.iw) = Xrmlit,,,. 

at all frequencies. For acceleration, 

Ra.(w) = "i,,,./"i,,,. 

at all frequencies. 
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(5.14) 

(5.15) 

In the foregoing equations, the basic symbol R(w) refers to any form of 
response spectrum. The first subscript to R denotes the kind of spectrum: 
d for displacement, v for velocity, and a for acceleration. A second subscript, 
invariably n, will be used when the spectrum is normalized, i.e., expre888d in 
dimensionless form. 

We are indebted to Pendered's lucid exposition [240) for the line taken in 
the foregoing paragraphs. 

Consistent with the foregoing notational convention, the non-normalized 
shock response spectra corresponding to Eqs. (5.13) through (5.15) would be 
written 

Rtt<.w) =x,,,., 
R.(w) = Xrm, 

RaCw) = "i,,,.. 

(5.16) 

In these cases, the input disturbance would remain a part of the functional 
statement. For example, at each element frequency, 

(5.17) 

would define the relative displacement functional relation. 
As pointetl out in chapter 2, the general functional relation covering the 

response of a system to an input excitation is given by Eq. (2.10). Where the 
input excitation (i(t) can be written as a deterministic function, explicit 
mathematical solutions to Eq. (2.10) can be obtained using the methods found 
in texts on differential equations; operational calculus, including the Laplace 
and Fourier transforms, is a useful tool. At present, this monograph will not 
deal with these methods in depth, but it will show a method usable on any 
arbitrary disturbance. In chapter 6, the use of Fourier's rule in computing 
transient behavior will be discu888d. 

Before covering response to a general excitation, it is convenient to analyze 
response to an impulsive disturbance, that is, a disturbance that jumps from 
zero to some finite magnitude and then returns to zero, all in an extremely 
short interval of time. 

Let the simple system of Fig. 2.1 be at rest. At t = 0, apply an impulsive 
excitation such that 

r,, = £ (i(t) d t. (5.18) 

Then Eq. (2.10) may be written 

x + 2f:Jw,.x + w,.•x = w,.•fi,6<t>, (5.19) 

where 6(t) is the Dirac-delta function defined in Eq. (3.30). Initial conditions 
are x = x = 0 for t < 0. 
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At t = 0, there is a finite change in velocity. After t = 0 there is no further 
excitation and the system executes free vibration. To find the initial condi­
tions for this free vibration, integrate Eq. (5.19) over a very short time interval 
t' using the given initial conditions. The result is 

L
t' 

x(t') + 2~w.x(t') + cu,.1 

0 
xdt = w.1(,,, 

since the integral of 3(t) is unity by definition. 
Now, as 

t' - o, x<t'> - o 
and 

r xdt- 0. 

(5.20) 

Hence x(t') - w. 2 (,,. Accordingly, the initial conditions for the free vibra­
tion occurring after the impulsive excitation has passed are x = 0 and x = w.2 f;, 
at t = 0. 

With these initial conditions, the solution of Eq. (5.19) which describes the 
free vibration is 

(5.21) 

where 

Wd = "'• Vl - ~1
. 

Figure 5.5 illustrates Eq. (5.21). 

+ 

X FIG. 5.5. Impulse response of a lightly 
damped system with one degree of 
freedom. 

Define the impulsive response to a unit impulse as h(t), such that 

h(t) = V "' 11 
e-/J,,,,it sin cudt, 

1 -~2 

The response to the impulsive input f;, is then 

X = f;, h(t). 

(5.22) 

(5.23) 

If a unit impulse were applied at t = T instead of t = 0, then the response 
would be h(t - T), with h(t - T) necessarily being zero fort < T. 
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+ 

Fm. 5.6. Approximation of a pulee by a sequence of impulaes. 

Now consider the response to a general excitation, {1( t), as shown in Fig. 5.6. 
The continuous function {1(t) can be approximated by a series of impulses of 
magnitude /i,4T1. The change in velocity from each impulsive disturbance is 
independent of the displacement or velocity then existing and of any forces, 
such as the spring force, which may be acting at the time. Thus the response 
of the system to any one of the impulses is 

}(1 = {,,tu, h(t - T1), i = 1, 2, ... , m. (5.24) 

Because of system linearity, the individual responses may be added to obtain 

'" }( = L f,,AT1 h(t - T1) (5.25) 
l= l 

as the approximate response at t = T,,, . Going to the limit as AT1 - 0, Eq. 
(5.25) approaches the integral 

}( = L' {,(t) h(t - T) dT, 

which, on substituting Eq. (5.22), may be written 

(5.26) 

}( = "'• L' {,(t) e-lJ..,n(l-r) sin tud(t - T) dT. (5.27) 
v'l - /31 o 

It is inherent in the derivation of Eq. (2.10) that the response and excitation 
functions must be compatible. In most cases, however, the output desired is 
relative motion, and the input is an acceleration-time function - usually the 
recording of an acceleration during some dynamic test. Nevertheless, 
bearing in mind that x,(t) = cu.1x,(t), we can rewrite Eq. (5.27) as 

(5.28) 

This is the form generally used. It can also be seen that substitution of 
F,(t)/m for X1(t) in Eq. (5.28) permits computation of the relative response 
when the input excitation is a force applied to the base. 

Equations (5.26) through (5.28) are various forms of the same integral, 
called Duhamel's integral. There are versions of this integral with additional 
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terms designed to take into account motion at t < 0, but these more complete 
versions are not needed here. 

As can be aeen from Eqs. (5.27) and (5.28), x, is frequency-dependent. 
Concentrating on peak values from these equations, but generalizing to all 
frequencies, leads to the displacement spectrum defined in Eq. (5.16). 

Note that the input disturbance in Duhamel's integral is buried under the 
integral sign, whence it cannot be conveniently extracted. For this and 
other reasons (including our desire to retain a simple relation between the 
various forms), shock-response spectra are normally defined mathematically 
88 

(5.29) 

In Eqs. (5.29) it must be reoogni7.ed that the velocity and acceleration 
response spectra are generally not the true maximum responses. The 
velocity response maxima, for example, occur at other times than the dis­
placement maxima, and damping further increases the discrepancy. This 
velocity shock spectrum is more properly called a pseudo-velocity spectrum. 
Acceleration response spectra from Eqs. (5.29) are exact if there is zero 
damping. Otherwise they may differ slightly. 

Even though the responses may not be exact, they are usually good enough 
for practical purposes, and this is the form they usually take in the current 
literature. 

We can also normalize the shock spectra of Eqs. (5.29). The usual way to 
normalize is to consider the reference excitation 88 the excitation which 
would occur if the peak value (displacement, velocity, or acceleration) had 
been reached very slowly. The equivalent static displacement can be found 
directly from Eq. (2.5) by omitting the transient terms involving :i , and .i,. 
The result is 

:i im m., .. 
X, 1 =-1 =-k Xi m, 

We e 

For a drop test Eq. (5.30) may be written 

X,1 = W ei 'V2gh, 
W e 

where We is the natural frequency of the cushion. 
Then the normalized shock spectra may be defined 

S ( ) Xrm Wp
1 A 

dH W =-=-,.- X rm = mXrm, 
X11 X im 

S ( ) W eX rm W p
2 A 

•• W = -,- = -.. - Xrm = mX rm, 

x,, " '"' 

where A ,,. was called amplification factor by Mindlin (97]. 

(5.30) 

(5.31) 

(5.32) 
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It ia clear that the magnitude of A"' depends on the shape of the input 
pulse when peak value ia held constant. Some examples are given in Fig. 5. 7. 

Detine 

Ge=A ... G ... , 

where Gr = equivalent static acceleration of the element response, and 

G ... = maximum value of the disturbing acceleration. 

A spectrum in Ge is synonymous with the acceleration shock response spec­
trum. This definition ia the one used by Mindlin; the concept was first 
introduced by Biot (241]. 

Setting G, as the safe value of acceleration for the element of the packaged 
article determined by 1tatic-1trength test or by the U8U8l static-strength cal­
culations for materials, we obtain the criterion of 1ucceuful shock absorption: 

(5.33) 

G, i1 the static fragility rating of the mat.erial. This term may be 10mewhat 
misleading since the higher G, is, the more durable is the article. Neverthe­
leu, Eq. (5.33) shows that item fragility can never be completely separated 
from the performance of an individual cushion. Not undel'ltanding this 
fact-and thinking that the minimum contract design strength must be 
enough to withstand the maximum allowable dynamic shock-has caused 
more overdesign than be81'8 thinking about. 

Response spectra can be computed numerically from the dynamic stress­
strain curve applicable to initial input conditions. The fil'lt step is to de­
termine the acceleration-time history of the motion 10 that it can be substi­
tuted into Duhamel's integral. 

It was shown in section 4.2 that the general equation of motion for velocity 
shock was 

mx, = mg - f(x ,), (5.34) 

where f(x,) is the load-displacement function. After integrating once, Eq. 
(5.34) becomes 

.i,1 = 2gh - - f(x,) d x,. 2 LZI 
m o 

(5.35) 

Solve Eq. (5.35) for dt, remembering that 

. dx, 
x,=dt 

and integrate. The result is 

•= r ~·= r ✓2gh-i:L-- fl») d.,. 
(5.36) 

Thia equation gives the time at which each deflection x, OOCUl'II, By con­
tinuing the integration, we obtain the rise time t ... , that ia, the time at which 
the peak acceleration OCCUl'I. If the pulse ia symmetrical, doubling this time 
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Fm. 5.7. Typical normalb.ed shock spectra; dashed curves indicate why aquare 
wave can be considered the limiting case. 
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will give the total pulse duration -r. Otherwise, similar operations are con­
ducted on the unloading curve; then simple addition will give pulse duration. 

Mindlin [97) gives a concise numerical integration procedure, using me­
chanical quadrature, which gives both acceleration and time. The method 
(provided that some programming precautions are taken toward the end of 
the integration to avoid dividing by zero) is adaptable to machine computa­
tion and applicable to a pulse of any shape. Once tm and T nre known, Xrm 

can be determined by taking these values as limits of integration in Duhamel's 
integral, Eq. (5.28). 

Using the basic procedure just outlined, Mindlin [97) computed acceleration­
time pulses for a number of different elasticity functions. Results for various 
values of the ratio of Eb/Et (see section 4.3) for undamped tangent elasticity 
are plotted in Fig. 5.8. The ordinate of the curve is the ratio of cushion 
acceleration to the acceleration which would have developed had the cushion­
ing been linear, and the abscissa is the natural frequency for very small ex­
cursions (linear) multiplied by pulse duration. The curve for Eb/Et - 00 is 
the purely linear case. Ayre [242) compiled a number of response spectra 
for different input pulses. 

Figure 5.8 promises an infinity of shock spectra for a nonlinear cushion. 
However, the optimum ratio of Eb/Et is identified in section 4.3 as 1.35. The 
pulse shape would then fall somewhere between the curves for Eb/Et = 1.0 
and Eb/Et = 2.0. By concentrating on the spectrum for the shock pulse at 
optimum thickness and static stress, much useful information would be 
achieved at a considerable reduction in overall labor. 
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l'JG. 5.8. Acceleration-time pulses for tangent 
elasticity. Mindlin (97). 
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Duhamel's integral is independent of the pulse shape. In certain cases 
this integral can be found in cloaed form without much trouble. Mindlin 
analyzed several of theae cases and some of his results will be diacuued 
later in this section. In moat cues, however, the analyst proceeds directly 
from the measured acceleration-time record, or assumes a pulse of some 
arbitrary shape, and computes the shock spectrum directly using an analog 
or digital computer. Elegant mathematics is sacrificed to speed. 

Several schemes exist for computing shock response spectra by analog 
computer. Rubin [243] bas a diagram of operational flow, and Morrow and 
Riesen [244] developed a device specifically to compute shock spectra. More 
recently, Painter and Parry [245] describe an improved version using solid­
state circuitry. In these devices the acceleration pulse is recorded on tape 
and then processed through the analyzer. Results are recorded and then 
the input parameters are changed. For each set of input parameters, the 
maximum output is recorded and the results are plotted as the shock spectrum. 

Whenever a valid equation can be written it can be solved on a digital com­
puter. Duhamel's integral can be so solved. O'Hara's method [246] consists 
of breaking Eq. (5.28) into pairs of recursion equations 

w.,(Xr)n +t = A,w.,(x,)" + A2(.i:,)n + A 3(X1)n + A4fl(x1)n, 

(.i:,)n+t = Aaw.,(x,)" + A,(.i:,)n + A1(:i1)n + Asfl(:i1)n, (5.37) 

where (.t , )n = Xr at time tn, 

(.i:,)n = .i:, at time tn, 

(.t,)n+t = Xr at time tn + flt , 

(.Xr)n+I = Xr at time tn + flt, 
flt= t n+ , - tn, usually taken in equal increments, 

A,=a+/3., b, 

Az = b, 

1 A3 =- <A, -1), 
W e 

A4 = .!_ · {-
1- [(1 - 2/3r1)b + 2/3,2(1 - a)] - 1}, 

W e w.,tlt 

A s =-b, 

As= a - f3., b, 

b 
A1 =--, 

W e 

A3 
As= w,,tlt' 

b = (e-lJ.,..~t sin wd4t) v'l - /3,1, 
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Ci,),,= x, at t., and 

~<x,),, = increment in x, in time period t,, + ~t. 

It is understood that canned programs are available. Suitably small incre­
ments of time are selected, the test record is digitii.ed (which can be done 
automatically) and the digitized data are fed to the computer. The output 
is plotted as the shock spectrum. 

The simplest shock spectrum is that of a linear undamped element excited 
by the half-sine pulse characteristic of linear undamped cushioning examined 
by Mindlin (97). By straightforward methods, it can be shown that 

A 
_ W e /Wp • 2mr 

m - I 1 sm / 1' W e wp- W e Wp -
O~t~-r. (5.38) 

where n is a positive integer chosen to make the sine term as large as possible 
while the argument remains less than 1r. 

After rebound, Am is given by 

0.2 

2 / 
1TWe 

'We Wp • cos 2 A"' = ------2 __ w~e 
l - W e 

w,,2 

t ;ao 'T. (5.39) 

0 0!'--....... --~2--~3--...... --,--....... 6--.._1 __ ..,a __ _.9 __ ....,10 

111, 

lllp 

FIG. 5.9. Response spectra to half-sine input pulses [971. 
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For w,,/w,,,,;; 1, Eq. (5.39) gives the larger value of A,,,, while for w,,/w,, ;a,, 1, 
Eq. (5.38) gives the larger value. Figure 5.9 is a plot of the larger of the two 
values of A,,, for various damping ratios. When impact duration is shorter 
than one half of the natural period of element vibration, maximum response 
occurs after the system has bounced. Element damping reduces A,,,, whose 
peak value is 1.76 at w,,/wp = 1r/2. 

The undamped shock spectrum can be seen to be the worst-case response 
and is reasonably accurate for lightly damped elements. 

Mindlin (97] also considered response spectra resulting from damped 
sinusoidal inputs. He plotted six families of curves, one for each of a selected 
value of cushion damping, with each family containing several values of 
element damping. To emphasize the effect of cushion damping on peak 
acceleration ratio, Crede [3] rearranged the plots for a single element damping 
ratio but with varying amounts of cushion damping. This latter plot is 
reproduced in Fig. 5.10. The high amplification is the result of resonant 
vibration of the element which is excited by the continuing transient vibra­
tion of the item on the lightly damix·d isolator. Note, however, that amplifi­
cation is plotted as Ao since Mindlin was carefuf to stipulate that his reference 
acceleration was not the maximum developed by the cushion but, rather, the 
maximum which would have been reached had the damping in the cushion 
been zero. 

The curves presented so far have assumed that element mass is negligible 
compared to item mass. McCalley (247] points out, however, that mass will 
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Fm. 5.10. Response spectra for damped sinusoidal input pulses. Crede [31. 



SHOCK SPECTRUM ASYMPTOTES 169 

affect the results actually achieved. As an example, maximum Ao for a 
one percent-damped element on a one percent-damped linear cushion, as 
computed when element mass is neglected, is only 10; whereas Fig. 5.10 
shows the actual amplification as 17. 

The curves of Fig. 5.10 assume that there is no rebound. A necessary but 
not sufficient condition for rebound with linear elasticity has also been 
derived by Mindlin (97) as 

m :1 
G,,, > 1 +-, 

m 
(5.40) 

where m:i is the total mass of the system, i.e. , object, cushion anrl outer con­
tainer. Actually, acceleration on the rebound is the G,,, that should be con­
sidered. Damping in the cushion strongly affects this value, as shown in 
Fig. 5.11. 

' \ 
\ 

\ 
' "" 
'\ 

' 0.2 
""' r--..... - -

0 
0.2 0.4 0 .6 0.8 1.0 

/3c 
Fm. 5.11 . Effect of cushion damping on maximum 
upstroke acceleration, linear elasticity. Mindlin 
[97). 

5.2. Shock Spectrum Asymptotes 

The behavior of shock spectra in general can best be illustrated by plotting 
several on one set of coordinates, as in Fig. 5.12 from Kornhauser (248). 

Note that, for very long pulses, all the shock spectra, except that for the 
square pulse approach an asymptotic value of 1.0. This means that for 
long shock pulses the computations of section 4 are sufficient. The single 
exception, the square wave, rises quickly to its peak value of 2 and remains 
there. For all other undamped elements, the behavior is very similar. 
Where there is damping in the cushion, the secondary excursions of the A,,, 
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Fm. 5.12. Normalized shock spectra. Kornhauser (248]. 

curve disappear rapidly and the frequency ratio for which amplification be­
comes less than about 1.1 arises earlier. More important, however, the value 
of the asymptotic value of Am tends to increase. Mindlin [97] examined 
this problem for various amounts of damping in a linear cushion. The value 
of the asymptote is 2.0 for a critically damped cushion. For more reasonable 
damping fractions, say 0.3 or less, the asymptote appears indistinguishable 
from 1.0.* 

Thus, for all real systems the asymptotic value of A,,, is 1.0, regardless of 
input pulse shape; this value is approximated for any frequency ratio roughly 
exceeding 8.0. This is useful not only in design engineering but also in 
investigating specific cushioning materials, since the computing procedure 
may be terminated after a reasonable number of frequency ratios have been 
checked. 

At the other end of the shock spectrum, the amplification curve is linear to 
all intents and purposes. As noted by Mindlin, the initial slope of the ampli­
fication factor curve is directly proportional to the area under the acceleration­
time curve. For instance, the slope in Fig. 5.9 is 2 when the input pulse is 

•Unless Mindlin is very carefully read, the foregoing statement may appear incredible. 
In the curves plotted, however, he med as a reference input pulse the pure sine wave obtained 
from an undamped linear cushion and arrives at an asymptotic amplification factor of 4 for 
the critically damped linear cushion. One half of this amplification r, .ct.or is due to the fact 
that the peak input acceleration from a critically damped cushion ;., twice the accel~ration 
from an undamped c111hion. There is no inconsi1tency. 
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a half-sine wave. The slope, on the same scale, for a square wave is 1r and 
for a triangular pulse is 1r/2. 

In this region, say for we/wp ,..; 1.0, Am can be estimated directly from 

Am=C~, 
Wp 

(5.41) 

where C is 2.0 for a half-sine wave, 1r/2 for triangular, and,,,. for rectangular. 
This leads to an interesting consideration, first explored by Mindlin. For 

lightly damped elements, say fJ, -. 0.10, the amplification factor is given by 

Am= 2 "'" . 
Wp 

(5.42) 

Combining Eq. (5.42) with our criterion for failure of an element, Eq. (5.33) 
gives 

(5.43) 

This may be written 

(5.44) 

where {e is the element natural frequency in cycles per second and h is the 
drop height in inches. In effect then, the element needs no cushioning, pro­
vided that its natural frequency meets the criterion of Eq. (5.44). 

A physical reason for Mindlin's observation can be deduced. The undamped 
equation of motion for the simple system of Fig. 5.1 is 

Xr + We 1 Xr = - X ,(t). (5.45) 

Recalling that x, is defined as the difference between Xo and x,, Eq. (5.45) 
can be written 

Xo + We1(Xo - X1) = 0. 

The acceleration solution, with the usual initial conditions, is 

Xn = - (.io - .i1) "'" sin w,,t, 

for which the maximum value is 

Xom = (.io - X1) W e . 

(5.46) 

(5.47) 

(5.48) 

At t = 0, .io = .i1. For a true impulse .io does not change during the excita­
tion. Hence, .io is the common velocity prior to impact, and .i1 is the velocity 
following impact. The term Cio - .i1) is, therefore, the change of velocity of 
the item during the excitation. Integrating the acceleration-time curve at 
the cushion-object interface, shows that the change in velocity is equal to 
the area under this curve. If this area is Aa, the peak output acceleration is 

(5.49) 

which may be written 

x •• = 1 
w,,Aa · (5.50) 



172 RESPONSE OF THE · CUSHIONED OBJECT 

Crede [249) suggested that this idea be extended to longer pulses, and 
that the function 

X (W•') -A = {(Tw,,) = f -
W,, n w,, (5.51) 

be plotted. Typical Crede spectra are shown in Fig. 5.13, which confirms the 
short-pulse relationship of Eq. (5.50). The main advantage claimed was that 
the effect of pulse shape on the spectrum was reduced materially as compared 
with the normal spectrum. This is true for short pulses and, to a lesser ex­
tent, for intermediate-length pulses. The behavior of long pulses is partly 
disguised by rapid approach of the spectra to 1.ero. 
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Fie. 5.13. Crede spectra [249]. 

For velocity shock, as in package testing, the velocity change can be directly 
related to impact and rebound velocities. Pendered [240) shows that 

A,,= (1 + c,.) V2gh, = (1 + c,.)V = V + V,., (5.52) 

where c,. is the coefficient ofrestitution of the material* and V,. is the rebound 
velocity. Thus the ordinate on the Crede spectrum can be constructed 
without laborious integration of the acceleration-time function. 

In particular, it should be noted that a "poor man's" Crede spectrum can 
be constructed with a minimum of calculation and effort. Where an article 
is damaged in test, the Crede-spectrum approach can show the way to logical 
corrective action. 

-The coefficient of restitution ia defined as the ratio of upward velocity to downward velocity 
in a drop test, being zero for inelaatic materials and 1.0 for perfectly elaatic materials. 
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Note that none of the plotted Crede spectrum curves rise above the asymp­
totic value 1.0. Hence (240): 

G, g _. (1 + c,) W e '\/2gh, (5.53) 

as a condition of no failure of an element. This reduces to 

2.2 G, 
{e ._ (1 + c, ) Vh' (5.54) 

which should be compared to Eq. (5.44). Mindlin's version is obviously a 
special case. The general case is independent of input pulse shape. 

5.3. Demase Senaitivity 

So far, we have considered two types of shock spectra: the conventional 
spectrum defined in terms of amplitude, duration, and shape; and Crede 
spectra based on area, duration, and shape. 

Combine the variables of the general functional relation, Eq. (5.4), omitting 
the damping term. Then 

Xo111 = f('.%1111, S, Aa, me, k e), (5.55) 

The output pulse is thus defined in terms of input peak value, shape, and 
area. These can be arranged in dimensionle88 form to write, for a given pulse 
shape, 

%0111 = r(~o"'). 
A aWe X Im 

(5.56) 

Define the average height, Xa, of the input acceleration pulse such that 

.. Aa 
Xa=-. 

T 
(5.57) 

Equation (5.56) can then be written 

%0111 Xom X1m 
AaWe = X1m • XaTWe0 (5.58) 

Pendered's (240) plot of Eq. (5.56) for three different pulse shapes is shown on 
normal coordinates in Fig. 5.14 and on logarithmic coordinates in Fig. 5.15. 
(The term "damage-sensitivity" applied to the curves was coined by Korn­
hauser, see below.) 

The slope of the line joining a point on one of the curves of Fig. 5.13 to the 
origin gives the term 

and is thus a measure of pulse duration Tw.,. On log-log paper, the inverse 
of this term is a series of logarithmically spaced lines oriented at 45 degrees 
to the main axes, and the slope of the inverse term can be read directly from 
the intercept of the appropriate line with the 

axis. 
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Fm. 5.15. Pendered's damage-sensitivity curves on logarithmic coordinates (240]. 

Note that, with the exception of the rectangular pulse, the curves display 
two asymptotes and that, even in the intermediate regions, the curves lie 
inside a narrow band. 

Curves similar to Pendered's were first suggested by Kornhauser (248], 
who plotted the velocity change (pulse area) and average acceleration neces­
sary to give a predetermined displacement to the system and called the 
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result a damage-sensitivity curve. This results in the type of plot shown in 
Fig. 5.16. It can be seen that Kornhauser's plots are, with minor exceptions, 
the inverse of Pendered's who considered Kornhauser's designation appro­
priate to his own curves. 

Pendered goes on to note that, for defined pulse parameters, it is possible 
to plot a point with the coordinates 

~ and JC,,,, 

where G, is static fragility of a given component. If (and only if) this point 
lies inside the sensitivity curve, damage will ensue. Note that the ordinate 
of the damage-sensitivity curve can be expressed as 

(1 + c,) w, v'2gh' 

so that one axis of the spectrum can be computed quite easily. 
Instead of plotting in terms of the velocity change of the pulse, one could 

plot in terms of the displacement across the cushion. This approach is recom­
mended by Parfitt and Snowdon [250). A typical plot from their work is 
shown in Fig. 5.17. 

Parfitt and Snowdon note that, in those common cases where cushion 
displacement must also be limited, the most effective mount is one whose 
characteristic curve lies far from the origin: that is, the shock-acceleration 
ratio and cushion-displacement ratio are simultaneously · small. In this 
connection, note the fine performance of the heavily damped linear mount 
as compared with a lightly damped linear mount and with stiffening and 
softening mounts exposed to a rounded velocity step. 
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Fm. 5.17. Shock and deflection ratios for several 
mounts. Parfitt and Snowdon 12501. 

5.4. Permanent Deformation 

0 

In this monograph, prior discussions concerning fragility have all assumed 
that response as a function of displacement could be an adequate measure of 
the fragility of an item. This response was usually expressed as an accelera­
tion. This seems reasonably valid for elements which could fail either as 
the result of fracture or by collision with adjacent components. Acceleration 
could, possibly, be a valid descriptor of damage sensitivity where failure 
is the result of permanent deformation of some element. But is it? The 
question assumed importance in the work at the University of Texas on 
cushioning for air drop because it was observed that failure in most vehicles 
was usually of the permanent-deformation type. 

Ripperger and Fowler (251) have done work in this area. The details are 
in reports by Huckaby (252), Luke (253), Fowler (254), Reifel (2551, and 
Richter (256). The highlights are summarized in a final report by Ripperger 
(228) on the whole subject of impact sensitivity. Only the key results are 
given here. 

Consider the small cantilever beam shown in Fig. 5.18. Assume that beam 
mass is negligible compared with tip mass and that relative tip displace­
ments are small compared with length, so that rotational effects can be 
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ignored. Internal damping of the beam is very small or non-existent so that 
strain-rate effects may be ignored. The stress-strain curve is the static­
stress/strain curve for a mild-steel cantilever beam which, for purposes of 
the study, was approximated by three straight-line functions. The unloading 
curve is parallel to the loading curve up to the yield point of the beam. These 
latter assumptions are shown in Fig. 5.19. 

Using dimensional analysis, Fowler developed the following functional 
statement for the permanent deformation of the beam 

~ = r('i ' T2 
''" Au .I. 611) 

611 l ' T' XaT' T.' l ' 

where 611 = permanent deflection deformation, 

811 = deflection at the yield point, 

trn = rise time to peak amplitude of '.i,, 

l = beam length, and 

T~ = natural period of the beam. 

(5.59) 
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Compare this relation with the general relation of Eq. (5.4); it can be seen 
that this is a special form of response function which, as before, takes into 
account the significant system variables of pulse shape and magnitude and 
the significant variables of the element. 

These significant variables were then programmed into a computer and 
subjected to sixteen different pulse shapes, the first ten of which were varia­
tions of the triangular pulse with different rise times. The time peak varied 
from tm = 0 to tm = T. The latter is often called a terminal peak sawtooth 
pulse. The next five pulses were arbitrary forms of step functions, while 
the sixteenth was a shape closely simulating the pulse due to paper honey­
comb. 

The effects of individual groups on total response can be studied by keeping 
other groups constant. In this way, effects of rise time, pulse amplitude, 
element natural frequency and pulse duration were all studied theoretically, 
using a digital computer. For triangular pulses, the effect of rise time is 
shown in Fig. 5.20. Note that the peak value occurs at about tm = (Tel4). 
This pulse approximates the first quarter period of a pure sine-wave pulse 
with natural period Te and will cause the most permanent deformation. 
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Fm. 5.20. Permanent deformation versus rise time for triangular 
pul!!C8 (254). 

Three different pulses were selected in order to investigate the effect of 
pulse shape. The analytical results are plotted in Fig. 5.21. In the computed 
data, the rectangular pulse had the same values of 'i1 and T as did the tri­
angular pulses, so that the velocity change was double. Measured results 
with a half-sine-wave pulse are shown in Fig. 5.22. 

Considering the probable interaction of all variables, it can be seen that 
there should be a boundary between permanent deformation and no perma­
nent deformation. Both the analytical and the experimental results con­
firmed the existence of this boundary. The experimental results are shown 
in Fig. 5.23. Note that the effects of 'i1, T, and l cannot be separated. For 
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a given pulse shape and a given beam, the permanent deformation increases 
as either 'i, or T increases, after a certain minimum value of 'i, is exceeded. 

Reifel [255) considered the effects of damping (in a more conventional 
spring-mass system) on the onset of permanent deformation. He found 
that sensitivity to permanent deformation of the spring is strikingly reduced 
by the introduction of damping in the element support system. 
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Fm. 5.24. Permanent deformation for a rectan­
gular pulse with variable damping factor, 
T/T, = 1.287; peak acceleration over yield force = 
1.212. Reifel [255). 

Figure 5.24 shows a typical result for a specific rectangular pulse with 
the percentage of critical damping varied. Figure 5.25 compares the effect 
of only 10 percent critical damping on a triangular pulse with T/Tp = 1.287. 
A reduction of 50 percent in the overall permanent deformation must be con­
sidered beneficial. 
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For triangular pulses, with amplitude and rise time fixed, permanent de­
formation seems to increase with pulse duration, indicating that permanent 
deformation is also affected by pulse decay time. 

No correlation between conventional shock-spectra values and the amount 
of permanent deformation could be found. Actually, this result is not sur­
prising since, in a shock spectrum, the element springs are assumed linear 
while these studies deliberately explored the plastic, nonlinear range. A 
shock spectrum can, at best, indicate the acceleration and forces which would 
be developed if the system were linear, undamped, and able to move without 
limit. As such, it can only indicate crudely whether permanent deformation 
is likely to occur. It cannot render a go/no-go verdict; it cannot be used when 
damage is measured by quantitative, permanent deformation. It is not a 
Rubicon that tells us to stop, before we have to cross it. 

5.5. Collision 

This section briefly discusses the possibility of collision between adjacent 
elements. Consider the system shown in Fig. 5.26. The rigid base is sub­
jected to a shock motion in the direction shown, and the two masses respond 
to this motion. The distance between the two masses at any time is P. This 
distance is the static distance between the two masses plus the dynamic 
change 11,. of this distance under excitation. P is called the proximity and 
~,. the proximity criterion. The ability of an excitation to create relatively 
large values of 11,. is a measure of its ability to cause proximity failures, 
i.e., failures by collision. 

This concept is due to Schell [257,258J, whose very recent efforts can only 
be briefly mentioned here. Schell points out that, while a complete history 
of the proximity criterion would be ideal, most investigators are more con­
cerned with its extreme values, positive or negative. By restricting attention 
to extreme values and varying the frequencies of the element springs, the 
proximity-criterion concept is expanded to the proximity spectrum. 
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Fm. 5.26. Model uaed in deriving proximity 1pectra. 
Schell (2571. 

The proximity spectrum is a special form of response spectrum which- like 
the proximity criterion-depends not only on the element masses, springs, 
and damping, but also on the input-pulse shape. Figures 5.27 and 5.28 
represent reasonably typical sets of results of a very extensive and complicated 
computing program. The ordinate is the difference A of the displacements 
of the two systems divided by the product of squared pulse duration T2 and 
the peak acceleration Ev of the input pulse. The abscissa is the normalized 
product of frequency '2, of the second mass and pulse duration T. Each curve 
is plotted for a separate value of normalized product Tf1, where (1 is the 
frequency of the first mass. 

Figure 5.27 is the undamped proximity spectrum for the terminal peak 
sawtooth excitation. This is a highly special case, which only involves 
algebraic addition of the individual shock spectra. The square-wave results, 
as shown in Fig. 5.28, are very much more complicated. 

Both plots, however, show that the proximity spectrum becomes nearly 
constant at some value of fi. They also show that when f. is small, the 
spectrum becomes nearly constant only when fi also is small. The basic 
reason for this phenomenon is that, as '2 increases, the response of m2 becomes 
smaller and smaller, eventually becoming substantially insignificant. Thus 
the entire proximity spectrum will be due to the response of m1 at the 
frequency{. . 

In the square-wave plot, Fig. 5.28, there are peaks and valleys and sudden 
trend reversals. Schell recommends that the plots be separated into separate 
plots for separate values of Tf1, so that the results can be studied without 
built-in confusion. 

Schell attributes these reversals, at least for the undamped case, to the 
fact that the maximum and minimum spectral values in the spectra occurring 
during the initial pulse and the free vibrational spt,-ctra occurring thereafter 
exhibit opposite trends. Thus, a point occurs on the curves where the one 
becomes greater or lesser than the other. Since the plots are only the maxi­
mum and minimum values without regard to the time when they occur, a 
sudden trend reversal results. Where the minimum curve departs from 
the maximum curve, minima occur during the initial pulse, but sudden 
changes in trends still occur. These changes can be explained by the fol­
lowing: (a) the minima occur at a time when the response of system 1 is zero, 
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4 

and the response of system 2 is maximum, in •ivhich case the phase relation­
ship is correct for producing the smallest of the possible minima for the 
two frequencies involved; (b) the phase relationship is such that the largest 
of the minima is produced; or (c) intermediate minima are produced. 

The concept of a proximity spectrum is still too new to have been carried 
beyond the preliminary theoretical stages of investigation, so that its ultimate 
utility cannot be estimated at this time. Nevertheless, the proximity spec­
trum is one more tool for analyzing the damage potential of a given shock. 
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5.6. Other Forms of the Shock Spectrum 

4 

For the most part, the shock and response spectra that have been shown 
are primarily limit.ed to the zero-rebound case. There are other forms in 
which spectra may be reported or analyzed, depending on what is especially 
interesting at any time. These may be categorized into a few simple concepts: 

1. (a) When the analysis gives two spectra, there is a spectrum of what 
occurs during the shock pulse ("initial" or "dur.ing" spectrum), and (b) a 
spectrum of what occurs afterward ("residual" or "after" spectrum). The 
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terms "during" and "after" were coined by Morrow [1]. As previously noted, 
the equations of motion for "after" spectra are dependent on whether the 
system has left the floor. 

2. If the first part of the analysis concerns peak response of the element in 
one direction and the second part concerns peak response in the opposite 
direction, we obtain positive and negative spectra. This is of interest when 
the investigator knows that specific elements are more sensitive to distur­
bances in tension than to disturbances in compression. Normally, however, 
it is enough to know the absolute value of the peak response, regardless 
of the direction of the response. Negative spectra are important in analysis 
of proximity failure. 

Finally, of course, there is no reason why response spectra cannot be com­
puted for systems with several degrees of freedom. A typical situation which 
might be of particular interest is shown in Fig. 5.29. Morrow [1] defines the 
response of the second mass m2 as the "second-order spectrum." He then 
shows how to derive its probable behavior, using simple rules that apply 
when 

and 

r. ~ (i. 
He suggests that applying these rules usually makes it unnecessary to 
compute second-order or (especially) higher-order spectra. 

Fm. 5.29. Resonant member with 
two degrees of freedom. 

Richter (256), however, has computed second-order spectra for half-sine, 
triangular, and rectangular pulses and an irregular pulse analogous to that 
produced by honeycomb. A number of different frequency and mass ratios 
were investigated. Some first- and second-order spectra are shown in Fig. 
5.30. Note that the second-order spectrum becomes very similar to the first­
order spectrum as k2 increases with respect to k, . When m2 approaches 
m, (not plotted), first- and second-order spectra seem indistinguishable. 

5. 7. A Look at the Future 

Writing in 1950, Walsh (41 said: "Cushion A iR better than cushion B, 
in the large majority of cases, if A produces a lower spectrum than B." He 
was the first to state explicitly the importance of the shock spectrum in 
selecting optimum cushioning, although the idea is implicit in Mindlin's 
classic analysis. 

This simple statement has recently led to some interesting theoretical 
studies of how to define the optimum isolator. Blake (2591 reports the re­
snits of a mathematical search for the best possible load-deflection curve 
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Fm. 5.30. Acceleration reaponae 1pectra for an irregular pul•e typical of paper 
honeycomb: (a) flnt-order 1pectrum, and (b) •eoond-order spectrum. Richter 
(256]. 

that will describe an isolator in terms of the aeverity of transmitted shock. 
In making this approach Blake considered only the effects of a single pulse, 
but he considered that the vibratory components of response deaerved greater 
emphasis than was attainable with a conventional shock spectrum. With 
these and still deeper considerations in mind, he has begun to diBOOver aome 
mount characteristics that seem optimal for certain pulled inputs. Eventual­
ly, this should lead to an objective meaning of the "goodness" of a cushion 
and an estimate of how far cushions may be improved. 
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Liber and Sevin [260) have been considering an analogous problem, except 
that they considered inputs with strong reversals of stress direction, charac­
teristic of ground shocks on hardened installations. So far, they have come 
up with answers somewhat different from thoee given by Blake's eft'ort. 
They give an interesting definition of the optimum characteristics of the 
mount as a special problem in linear programming. This,' it seems, has not 
previously been attempted in shock and vibration technology. 

The use of linear programming leads to tradeoft' limit diagrams, of which 
Fig. 5.31 may be considered typical. This procedure of plotting maximum 
acceleration ratio versus maximum displacement ratio was recommended by 
Parfitt and Snowdon [250) (see Fig. 5.17) for cases where both acceleration 
and space available are practical design constraints. 

It is too early to predict whether either of the approaches just mentioned 
will produce anything usable on a day-to-day basis, especially since neither 
considers the character of real materials available today. 

1.0-------------------, 

i 
~ 
.: 0 .6 : ..., ..., ..., 
u 
~ 0 .4 
2 

i 
~ 
2 0.2 

OPTIMUM DAMPED 
LINEAR ISOLATOR I 

UNDAMPED 
LINEAR 
ISOLATOR 

MAXIMUM DISPLACEMENT RATIO 

Fm. 5.31 . Trade-off' limit diagram for a particular 
input pulee. Liber and Sevin [260]. 

5.8. The State of the Art 

The previous sections have shown that the problem of object fragility is 
really a problem of the fragility of key elements and that the subject of 
fragility cannot be separated from cushion performance. Further, it has 
been shown that the shock-response spectrum is one measure of cushion 
performance thut. is essential to rational design. Several specialized forms 
of the conventional shock spectrum have been introduced as improved methods 
of presenting cushion data. Two special forms of response spectra, one 
measuring permanent deformation and the other measuring susceptibility 
to collision among the elements, have been discuued. 
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With one exception, every curve presented was theoretical in character. 
This is a measure of the state of the art, and which may be described as all 
theory and no practice. Mindlin's classic monograph [97) stated almost 
twenty years ago that knowledge of three things was essential to rational 
design of cushions: 

1. The magnitude of the maximum acceleration that the cushioning per­
mits the packaged object to reach, 

2. The form of the acceleration-time relation so that elen1ent response 
could be computed, and 

3. The strengths, natural frequencies of vibration, and damping of struc­
tural elements of the packaged article. 

AB of today, we are only beginning to collect good data on the first of these. 
There are many reasons why progress has been so slow. Walsh's remark 

(see "A Look at the Future") emphasizes the importance of filling the enormous 
gap in the area of shock spectra. It has been shown that one of the inhibitory 
factors in cushion shock spectral determinations is the vast number of curves 
that may be drawn for nonlinear materials. However, since an easy method 
of operating very close to optimum thickness and static stress has been shown, 
shock spectra computations could be confined to the optimum coordinates in 
the acceleration/static-stress plane. Considerable progress could then be 
made. 

It has been shown that item fragility cannot be separated completely 
from cushion performance. After all, what is a cushion for? For simple 
structures, it might be possible to use specific test results, such as the square­
wave decelerator discussed by Schuler [261,262]. Pendered [263) and Mindlin 
[97) also discuss the possibility of making centrifuge tests to evaluate static 
strengths of some elements, and vibration tests to evaluate natural fre­
quencies. Such tests presented many difficulties. Pendered thinks that 
information qualitatively better than what is now being used could be de­
rived from the shock tests that all equipment must undergo as a part of its 
qualification for service. 

For really complex structures, it seems unlikely that practical designs -
particularly package designs-will be based on valid element fragilities for 
a very long time. Even the extensive work at the University of Texas could 
not produce readily usable ways to determine objectively the fragility of 
reasonably simple structures- trucks, for instance. Ellis, Ripperger, and 
Thompson [229) conclude that some cut-and-try testing will always be 
inevitable. Availability of shock spectra, plus knowledge of the test failure, 
can reduce the number of experiments drastically. 

But now the path has been shown; we have only to follow it. 



Chapter 6 

VIBRATION ISOLATION 

The second main function of CUBhions is iaolation of vibration. With very 
few exceptions, every object produced encounten vibration. Even a piece of 
furniture, which sits undistrubed in its final location, is vibrat:.ed during its 
journey from factory to owner. 

The subject of vibration isolation- like the subject of shock-will be de­
veloped from basic principles. The information available concerning specific 
materials or problems will also be summarir.ed. 

6.1. Buie Principles of Vibration laolation 

The basic principles of vibration isolation can be found in almost any 
textbook on differential equations. In addition, Crede's exposition (3) 
is very lucid. Den Hartog (25) and Timoshenko [29) both give rigorous 
derivations, and McLachlan's short book (27] is a most valuable adjunct. 
Chapten 2 and 3 of the Shock and Vibration Handbook (26) are excellent 
refreshen. 

Since this wealth of background information exists, the concepts needed to 
analyze vibratory systems will not be rigorously derived here. Instead, 
a brief review will be undertaken, chiefly to ensure consistent terminology. 
The lead given by Crandall (24) will be followed, since the concepts of random 
vibration and mechanical impedance and mobility follow logically from his 
approach. 

The system considered is that shown in Fig. 2.2. Equation (2.10) is the 
general differential equation. The response sought is the absolute motion, 
Xo, of the mass m. According to Table 2.1, the generali7.ed excitation f;(t) 
can be applied either to the mass, with the base immobile, or to the base. 

Assume that the excitation is a simple harmonic function with frequency 
w, amplitude A, and phase angle 4>, such that 

f;(t) = A cos (wt+ t/>). 

Equation (6.1) can be written in the form 

{i(t) = A *e'"", 

(6.1) 

(6.2) 

provided that only the real part ofEq. (6.2) is used and that the complex ampli­
tude A• is given by 

(6.3) 

With the Eq. (6.2) excitation function, it can be shown that, in terms 
of the absolute output motion xo, the complete solution to Eq. (2.10) is 
given by 

189 



190 VIBRATION ISOLATION 

A *e'"" Xo = B*tf.-fJ.,,.1+iy) + -------, 
(W )I W 1 - - + i2fj-
w. w,, 

(6.4) 

where Wd ="'•~is the damped natural frequency. 
The t.erm involving B* is the complementary function and the term in-

. volving A* is the particular int.egral. Eq. (6.4) is evidently consistent with 
the overall solution requirement of Eq. (2.11). The term involving B* is a 
free-vibration solution, with the value of B* depending on the initial con­
ditions. Note that a solution involving only free-vibration response to a 
particular form of disturbance is shown in Eqs. (5.18) through (5.21). 

Where the input disturbance continues for a substantial time, the free­
vibration term tends to zero, leaving only the steady-state term. Hence, 
the steady-state solution to Eq. (2.10) is given by 

A *e""' = f,(t) Xo = ------- ___ ._____ (6.5) 

1 - (~)I+ i2{j ~ 1 -(~)I+ i2{j ~ • 
w. w. w,. w. 

Not.e that the absolute response is the input function divided by a quantity 
related to the natural frequency and damping of the cushion. 

The dimensionless ratio of the steady-stat.e output to the steady-stat.e exci­
tation is called the complex frequency response, or the complex magnification 
factor, and is expressed as 

H(w)=-X_o_= ____ l ___ _ 
/i(t) 1 - (~)I + i2{j .!!!.._, 

w. "'" 

(6.6) 

For the force-excitation case, H(w) is the complex ratio of the force in the 
spring to the exciting force. H(w) is also the ratio of dynamic displacement 
to static displacement from an exciting force that is applied very slowly. 
For the motion-excitation case, H(w) is the complex ratio of the force in the 
spring to the inertia force that would be imposed on the mass if it were rigidly 
attached to the moving foundation. 

The absolute value of H(w) is 

{[ ( 
W )']' [ W ]l}-1/1 H = IH(w)I = 1 - w. + 2fj "'• (6.7) 

H is called the magnification factor throughout this monograph. The 
omission of "complex" signifies absolute value. The value of H depends on 
frequency. Figure 6.1 shows the relationship. Damping reduces H at all 
frequencies. 

In many applications, the engineer is interested in other ratios. For 
instance, complex transmissibility, 

T(w) = [ 1 + i2fj :J[ 1 - (:.r + i2fj :J-•. (6.8) 

In the force-excitation case, T(w) is the complex ratio of the force transmitted 
to the foundation by the spring and dashpot to the exciting force. For the 
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Fm. 6.1. Typical magnification-factor 
curve for a lightly damped 1y1tem. 

motion-excitation cue, it is the ratio of the absolute displacement of m, 
Xo, to the input displacement, x,. 

Again-omitting "complex" -the absolute value of T(w) or transmis­
sibility, is 

{[ "']1 [( "'1)2 wz] - 1}1/2 T = IT(w)I = 1 + 2fj "'" 1 - Wnz + 4{J2 w,,z • (6.9) 

Note that magnification factor and transmissibility are related to one another 
by a single factor such that 

T(w) = ( 1 + i2fj :J · H(w) (for complex values), 

and (6.10) 

T = ( 1 + 2fj :J · H (for absolute values), 

so that magnification factor and transmissibility are equal if, and only if, 
the system is undamped. Figure 6.2 shows transmissibility versus frequency 
for the systems of Fig. 2.2 where the forcing function is harmonic. 

For the undamped case, transmissibility reaches its maximum when 
w/wn = 1.0 and at a frequency ratio always less than unity when the damping 
ratio is greater than zero. By differentiation of Eq. (6.9) we obtain 

~1 . = ...!.. [-1 + (1 + 8fj2)1 /2)1 /2, (6.11) 
Wn T • IH ll r 2fj 

This value can be substituted in Eq. (6.9) to give maximum transmissibility, 
T'" ; this is found to be 

T ,nar = 4fj2 [16fj4 - 8fj2 - 2 + 2(1 + 8fj2)1i2) - l/2, (6.12) 

w-

Fm. 6.2. Tran1mi11ibility of a lightly 
damped 1y1tem with one degree of· 
freedom. 
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Writers often use the quality factor Q instead of the damping ratio, bor­
rowing frpm the analogous disciplin~ of electrical circuitry. Q is formally 
defined as 

Q = __!_= Vkm 
2/3 C • 

(6.13) 

From Eq. (6.13), the previous two relations can be written 

.!£.I = Q[-1 + Q - 1(Q2 + 2 )1/2) 1,2. 
cu,, T= mu r 

(6.14) 

and 
T,,,ar - 1 = [1 - 2Q2 - 2Q• + 2Q3(Q2 + 2)1/2] i12. (6.15) 

For small values of /3 (i .e., large values of Q), T,,, ,,.r is approximated by 

T,,,,, .r == ( 2{3)- 1 = Q. (6.16) 

When the damping in the system is light (Q ;;a. 10.0 or /3 ,;;; 0.05), the res­
onance peak in the magnification factor occurs at w = w,, and the curve of H 
versus frequency is approximately symmetrical for small variations in w 

about w,, . The peak amplitude is approximately the value of Q. The ampli­
tude falls to 1/V2 times this value at the points P1 and A with frequencies 
w,, [ 1 ± (2Q) - 1 ] shown in Fig. 6 .3. These points are called the half-power 
points because the power that can be absorbed by a dashpot from a simple 
harmonic motion at a given frequency is proportional to the square of the 
amplitude. The frequency difference between the half-power points is called 
the bandwidth B of the system, defined as 

H 

a 
{f 

B = w,, (Q )- 1 = 2fjw,,. 

FIG. 6.3. Bandwidth of a light­
ly damped system with one de­
gree of freedom. 

,.__~ _ __., ___ ........, ____ w 

Wn 

(6.17) 

Another ratio, particularly useful in foundation-excitation cases is the 
complex ratio of the relative displacement of mx,., to the foundation displace­
ment x,. This ratio is 

x ,. ( W )2 - = - H (w). 
x , w,, 

(6.18) 

The absolute values are given by 
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Ix,. I = (~)4 H. 
X1 W 11 

(6.19) 

In some cases of foundation excitation, the input acceleration "i 1 is given 
and the response (output) acceleration "io is desired. From basic considera­
tions 

Xu= .. T . 
X; 

(6.2()) 

The response relative motion is given by 

x,. I 1 x .. 
1 

1 
• • - - 2 • - - 4 • H. 
X ; W 11 X; w,, 

(6.21) 

6.2. Complex Modulus Usage 

Chapter 3 defines the complex modulus as the ratio between stress and 
strain of a viscoelastic material exposed to a sinusoidal disturbance. The 
complex modulus E* has two elements, the storage modulus Er and the 
loss modulus E,, such that 

E* =Er+ i E, = Er ( 1 + i !:) = Er(l + i tan 6) , (6.22) 

where tan 6 is the loss tangent. 
The general equation of motion for a system subjected to base-motion 

excitation is 

mx o + d:o + kxo = kx ;(t). 

Let the input motion be sinusoidal such that 

X;(t) = X;* = X ;,,,e1"'1• 

(6.23) 

(6.24) 

Ther, the output motion, xo( t) is sinusoidal also, but of different phase, so that 

Xo(O = Xo * = x,,,,,eHwl +• 1 = Xo111*e1"'1. (6.25) 

The correspondence principle (discussed in detail in Chapter 3) permits 
writing damped equations without an explicit damping term, since the 
damping is accounted for by the complex modulus. Hence, Eq. (6.23) may 
be written 

(6.26) 

where C :1 is a shape factor converting complex mt.Julus (in pounds per square 
inch) to a complex spring rate with dimensions of pounds per inch. When 
the surface area under stress is A,. and the thickness is T,, then C:i = A,./T, .. 

Equation (6.26) leads to 

(6.27) 

from which 

1 1 + i tan 6 
T (w ) = 

2 
= -------

mw mw2 • 
1 - c .. E* 1 - -- + i tan 6 

~ C:iE,. 

t6.28) 
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Define Er. as the value of the storage modulus at the natural frequency of 
the cushion. Then, 

• - C Er,, w.• - 3 -. 
m 

(6.29) 

Substituting Eq. (6.29) in Eq. (6.28) gives 

T( ) = 1 + i tan 6 

w 1 - (~)
1 

E~• + i tan 6° 
cu,, Er 

(6.30) 

the absolute value of which is 

T = 1 + tan1 6 

{ }

/2 

[ 1 - (:.J ~,~ r + tan
1 

6 

(6.31) 

The foregoing derivation is due to Snowdon [58-60). By the correspondence 
principle, and Eq. (6.10), 

H(w) = [ 1 - (;J2 

~: + i tan 6 r•, 
and (6.32) 

Figure 6.4 plots shear transmissibility of three solid rubbers on the assump­
tion that undamped natural frequency is 5 cps. 

In the previous section it was assumed that the masses of the spring and 
of the damper are negligible. Similarly, the cushion mass has so far been 
assumed negligible in this section. Snowdon [61) examined the effects of 
mass on transmissibility, using a modified form of the Love [6] longitudinal­
vibration theory for a rod of uniform cross section. Snowdon points out that 
an expression for transmissibility can be found in the general form 

T -• = I ( COS N*Tr - : N *Tr sin N* Tr) I, (6.33) 

where Tc = cushion thickness 

mr = cushion mass, and 

N* = p . + iq •. 

The complex quantity, N*, is given by the relations 

_ n1Tc (Er. 1 + sec 6) 1
'
2 

P• --- --· sec 6 Er 2 
(6.34) 

and 

q, = _ n,Tr (E,.,, . sec 6 - 1)''1 

sec 6 Er 2 ' 
(6.35) 
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and p is t:1e density of the material. 
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Since Eq. (6.33) is expressed in terms of the circular functions of a complex 
number, the equation must be expanded by the multiple-angle formulas and 
the denominator grouped into real and imaginary parts. Equation (6.33) 
then bec<-mes: 

T-2 = [ cos P• · cosh q, - :::,. (p1 • sinp1 · cosh q1 - q1 · cos p, · cosh q, )r 

(6.36) 

+ [ sil'_l Pi · sinh q1 + :::, (p, · cos P• · sinh q, + q1 · sin Pi · cosh q1 )r 

Snowdon computed a number of transmissibility curves at different density 
ratios. Figure 6.5 shows the transmissibilities of the three materials il­
lustrated in Fig. 6.4 for the ratio m/m, = 50. Effects of varying the mass 
ratio for natural rubber are shown in Fig. 6.6. 
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The transmissibility of natural rubber at some high frequencies is increased 
by about 20 db, because of wave rc&onances, although peak transmissibility 
remains small. The transmissibility of high-damping Thiokol RD rubber, 
however, is increased only slightly by wave effects; the simple theory accurate­
ly predicts the frequency-dependence of the transmissibility of this and all 
other high-damping materials. 

For quick analysis, the simple theory involving massless cushions provides 
a very good approximation, particularly in the range 0 o5;: w/w,, o5;: 10.0, even 
with light damping. 

The complex modulus is only absolutely correct for relatively small excur­
sions over the range of linear behavior of the material. Effects of non­
linearities on resonance will be discussed in a later section. 

6.3. Using Fourier's Rules 

It will be recalled that Fourier's rules were referred to in Chapter 3, particu­
larly when deriving expressions for relaxation and creep functions. They 
will be used (though not derived) in this section. 

Consider the system of Fig. 2.1, which has one degree of freedom. Now let 
the steady-state excitation be a complicated wave. Fourier's first rule states 
that any periodic wave can be expressed as the sum of a number of simple 
harmonic functions having different amplitudes, phases, and frequencies. In 
other words, the steady-state excitation, f;(t), can be written as the real part of 

m 

/i(t) = L A,.* e'"''"', m = 1,2, ... ,m, (6.37) 
m= t 

where w,,, is the natural frequency of the mth wave and A,,,* is its complex 
amplitude. 

Because of the linearity of the simple system, solutions may be obtained by 
superposition. Hence, the steady-state solution is 

m 

Xo = L H,,,(w) · A,,,* · e'"''"' , (6.38) 
m ~ I 

where 

H,,,(w) = (1 -(w"') 2 

+ i2{J "'"'] - •. 
w,, w,, 

(6.39) 

The output motion, Xo, is a complicated wave that stems from the input com­
plicated wave but may look very different, since each component of the input 
wave has had its amplitude and phase altered differently. 

When {,(t) has a natural period t,,, thew,,, in the foregoing equations will 
all be positive multiples of the fundamental excitation frequency, w,, = 21T/t 11 • 

Hence Eq. (6.39) may be written 

H,,,(w) = (1-(mw,,)2 + i2fj mw,,] -•. 
w,, w,, 

(6.40) 

The absolute value is given by 

H-2 = IH,,,(w>I -• = [ 1-(::,,rr + [ 2/3 ::,,r (6.41) 
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Any series of the form 

f(t) = i Am*e'"'""" (6.42) 

is called a Fourier series in the exponential form. The coefficients A,,, for 
a given f(t) may be evaluated from the integral 

Am* = - f(t)e - 1"',.,,,, dt. 1 Il+l11 
ln I 

(6.43) 

There are other forms of representation of the Fourier series such as the 
trigonometric form with two sub-forms, the cosine series, and the sine series; 
these are not reviewed here. 

Consider that f, (t) is represented by the real part of the Fourier series 

"' {,(t) = 2 Am*e1'",.,,,,, (6.44) 
,n- o 

Note that this equation is the same as Eq. (6.42) since there are no negative 
multiples of natural frequency. Information concerning the phases of the 
constituents is contained in the coefficients Am•. Solutions in terms of 
complex frequency response or in terms of the magnification factor will be 
the same as those of Eqs. (6.40) and (6.41). 

Although any complicated wave can be resolved into its Fourier series 
components, it can be seen from Eq. (6.41) that deterministic analysis of 
even a two-component wave could be arduous. On the other hand, the 
statistical characteristics of the wave are adequately measured by the mean 
square of the amplitude, y2 , defined as 

- 11· yz = - yzdt. 
T o 

(6.45) 

Applying this definition to a Fourier-series excitation, and recalling that 
only the real part of the series is of interest, leads to 

{i2 = 1, (' [ f Am *e'"'Wf>l]
2 

dt . 
T Jo m• O 

(6.46) 

Since the A,,,• are defined as complex numbers, Eq. (6.46) can be written 

- 1 L' [ "' ]I f, 1 =-
4 

2 (Am*e''"...,+A',,,e- 1"',.,,,,) dt, 
T O m KO 

(6.47) 

where A',,, is the complex cortjugate of A,,,. Integrating Eq. (6.47) gives 

- '" 1 "' 1 f, 2 - ~ -A *A' - ~ -(IA *1)2 1-~2 m 1•-~2 Ill • 

M • l IH • I 

(6.48) 

Accordingly, the mean square of the response motion is 

- '"1 
Xo2 = 2 2 Hm 1 (IA,,,*1)1• 

m• I 
(6.49) 

Equations (6.48) and (6.49) can be combined to give 

\ 
I 
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zol = H,.I r,1. 
Similar reasoning, using Eqs. (6.19), (6.20), and (6.21), leads to 

%01 = T,.1 x,1, 

and 

x.a=(:J H,.x, 1
, 

where T,. is transmissibility corresponding to H ,.. 

199 

(6.50) 

(6.51) 

Consider a system with one degree of freedom, under a transient excitation. 
Assume that f,(t) looks something like the solid-line pulse of Fig. 6.7 such 
that f,(t) • 0 fort < O. Select a time T that is large compared to the duration 
of f,(t) and then construct a periodic function f,(T) that coincides with f,(t) 
in the interval -T -. t c. T and then repeats indefinitely wiLh period -2T. 
AB in Fig. 6.7 where the dotted curve represents the artificial periodicity. 

Since f,(T) is periodic, the response can be obtained by following Fourier's 
rules. Expand {,( T) in a Fourier series. The result is 

f,(T) = f A ,.*e1-.i, cub= 1r/T, (6.52) 

where the A,,,* are now given by 

1 f' A,.*=-
2 

f,(T)e - 1'"...,,,dt. 
T - I 

(6.53) 

If Eq. (6.52) is taken to the limit, the result is known as the Fourier integral 
transform, F,(cu), of f,(t), defined as 

(6.54) 

Operating as before, the approximate steady-state response .ro(T) to f,(T) 

is given by 
,..,X) 

Xo(T) = ~ Am* H,,.(cu)e''""'fll. 
m•- x 

-T 

Fm. 6.7. A tranaient excitation artificially 
converted to a periodic excitation with period 2T. 

(6.55) 
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To obtain an exact solution let T and w.i approach infinity. In performing this 
operation, hold mwb = w constant during a limiting process in which the sums 
in Eqs. (6.55) and (6.52) approach integrals. Multiply and divide by 2T 
and set mwh = w and Wb = 4w. Then, from Eq. (6.52): 

m-.. 4w 
f,(T) = l: (2TAm*)el"" 

2
17'. (6.56) 

m• - oo 

Substituting Eq. (6.54) in Eq. (6.56), and proceeding to the limit, gives 

1 J"" f,(T) = -
2 

F,(w)e""' dw. 
1T - ,o 

(6.57) 

Repeating the limit process for Eq. (6.55) gives 

1 f "' Xo(T) = 
2

17' _ ,,, H(w) · F,(w)el"" dw. (6.58) 

It is clear that the Fourier integral transform of the output motion is defined as 

Fo(w) = L: Xo(t)e- 1
"" dt. (6.59) 

Hence, Eq. (6.58) may also be written 

1 J" Xo(t) = -
2 

Fo(w)e1"" dt, 
1T - 0< 

(6.60) 

from which 

Fo(w) = H(w) · F,(w). (6.61) 

That is to say, the Fourier transform of the response is the Fourier trans­
form of the excitation multiplied by the complex magnification factor. 

The Fourier integral solution for a transient pulse is derived from a super­
position of steady-state responses to simple harmonic excitations. The 
Duhamel-integral solution (derived in Chapter 5) is built up from a super­
position of free-vibration solutions to a sequence of impulsive disturbances. 
For a given excitation f,(t), the two methods of representing the response 
must be identical. To see the connection, apply the Fourier-integral method 
to an impulsive disturbance. 

Let the impulsive disturbance be the Dirac-delta function 6(t) used in the 
derivation of Duhamel's integral and defined in Eq. (3.30). In accordance 
with Eq. (6.54), the Fourier transform of the excitation is 

F ,(w) = L: 6tt)e-1
"" dt. (6.62) 

Since 6(t) = 0 for t "' 0, and its integral is unity at t = 0, Eq. (6.62) can be 
written 

F,(w) = 1. (6.63) 

Accordingly, using Eq. (6.61), the Fourier transform of the response is 

Fo(w) = H(w). (6.64) 
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In Chapter 5 the re~ponse to an impulsive input was defined as h(t) and 
called response to a unit-impulse function. Thus, from Eq. (6.60), 

1 f"' h(t) = 
2

1r _,, H(w)e'.., dw, (6.65) 

which states that the unit impulse response is the Fourier transform of the 
complex frequency response. Using the relation suggested by Eq. (6.59), 
one can also write 

H(w) = 1: h(t)e_,.., dt, 

showing that h(t) and H(w) are Fourier-transform pairs. 

(6.66) 

The Fourier transform has not been a popular method of finding what a 
transient does to a system, although it has some advantages. Rubin (243) 
and O'Hara (264) both discuSB its utility, and point out that a fixed relation 
exists between the Fourier spectrum and the undamped shock spectrum aft.er 
the initial pulse has occurred: 

Fu(w) = w,, · S,1(w), (6.67) 

where S,,(w) is taken after the initial transient; the system being undamped. 
In effect, Eq. (6.67) indicates that the pseudo-velocity of the after, or 

residual, shock spectrum is identical with the Fourier amplitude spectrum of 
the pulse. Gertel and Holland (265) recently gave an excellent short review 
of the relative utility of the two approaches. 

In this section, some properties of the Fourier rules applicable to practical 
problems have been shown. Statistical concepts such as mean-square excita­
tion and response have been defined. 

In all of these examples, as in the previous two sections, the complex 
frequency response H(w) has been proved central in all operations. For 
all practical purposes, H(w) can be ccnsidered an almost universal transfer 
function relating output to input and thus, in many ways, reducing the 
cushion to a "black box." 

6.4. Random Vibratiun 

This section will consider time-varying functions so complicated that they 
conceal function periodicity.* An example of such a function is shown in 
Fig. 6.8. These very complicated functions seem to include all frequencies 
and exhibit very wide fluctuations in amplitude from moment to moment. 

Because the fundamental period is not discernible, Fourier's rules cannot 
be used directly to determine magnitude at any instant. The investigator 
must therefore fall back on statistical descriptions of the motions. 

Most of the approaches taken are an almost direct borrowing from the 
analysis of noise in communications circuits, the study of which was pio­
neered by Rice (266). Robson's book [267) is an excellent review of the 
fundamentals. 

*Periodicity cannot be discerned with the tools now available in a convenient time frame . 
This does not mean that periodicity is unobservable in the sense used by modern physicists; 
if it were, there would be little reason for proceeding further. 



202 VIBRATION ISOLATION 

Fm. 6.8. A random vibration. 

• t 

6.4.1. Stathatical Analy1i1 of a Fluctuatinar Quantity. To apply statisti­
cal methods to obaerved quantities which vary with respect to some reference, 
it is necessary to auume that the value of any obaervation of the variable 
is random. That is, one must usume that variation in observed values from 
one observation to the next is the result of chance. 

The statistician usually collects observed data (which are necessarily sample 
data) and arranges these data in groups according to the frequency of occur­
rence of each value (or range of values). When enough data are accumulated, 
he tries to match the sample data to a mathematical function. The function 
is then used to estimate the behavior of the total population from which the 
samples have been drawn. 

This mathematical function, found by empirical curve-matching techniques, 
is called a distribution function. Some writers call it a probability density 
function. The distribution function p(y) of the variable y is defined as 

p(y) = f(y), (6.68) 

where p(y) = number of occurrences of y within a sufficiently small range, and 

f(y) = some mathematical function of y. 

By basic definition, probability is the integral of the distribution function. 
Further, by the same basic definition, the certainty that no event will occur 
has a probability of zero and the certainty that all possible events will occur 
has a probability of 1.0. To satisfy this definition, the form of f(y) must be 
such that the integral P(y) of the distribution function p(y) satisfy the relation 

ill111az 
P(y) = f(y) · dy = 1.0, 

I/min 

where P(y) = probability of y, 

Jm1n = least conceivable value of y, and 

Ymar = largest conceivable value of y. 

(6.69) 

In theory any distribution function meeting the criterion of Eq. (6.69) 
may be used, providing the function fits the empirical data. For convenience, 
buttressed by reaaons advanced later, vibration analysts consider that the 
value of a random vibration at a given instant fits the normal, or Gaussian, 
distribution function. This distribution function is defined as 

1 p(y) = --- e- •111.11- 11a.,I•,,.,., 
B11Th (6.70) 

where Yav = mean value of y, and 

B11 = standard deviation of y such that s11 = (y1 ) 111 • 
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In vibration work it is always possible to set Yav = 0. Now let z, = ylsu, 
Equation (6.70) can then be transformed to the standardized normal distribu­
tion function 

1 p(z.) = Th e-0/1).r,•, (6.71) 

where z, may assume all values along the real number line. Equation 
(6. 71) is plotted in Fig. 6.9. The function is symmetrical about its mean and 
is uniquely determined by the standard deviation which, by definition, is 
the square root of the variance. 

0 .6 ....-----------, 

OA 

Pl 1,1 

Fm. 6.9. Normal or GaU81ian 0.2 
distribution function. 

The criterion of Eq. (6.69) is met by writing 

1 f"' P(z.) = ~ e-otz).r,'dz, = 1.0. 
V21T -,c 

(6.72) 

Although the integration limits are shown as being infinite, one is not justi­
fied in assuming that the real population also has infinite limits. A distribu­
tion function is no more than the result of an empirical curve-matching 
procedure; no absolute conclusions can be drawn concerning the limits of the 
population. 

In the normal distribution, the probability thatz, will have some magnitude 
+z2 or less is given by 

1 f .. P(z2) = ~ e-012).r,• dz, . 
V21r - 00 

(6. 73) 

P(z2) is called the probability (or cumulative probability function) of z2. 
Since z, may have positive or negative values, the probability that the absolute 
value of z, is equal to or less than ±z2 is 

2 f'' ( Z2 ) P(lz2I) = Th Jo e-011>•,• dz,= erf Y2 , (6.74) 

where 

erf(y) = ~ e-- • dy, 2 L" 
V1T II 

and erf{y) is known as the error function of y. 
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The probability that lz, I exceeds a stipulated value lz2 I (exceedance proba-
bility) is given by • 

P(lz, I > lz2 I)= 1 - P<. lz21) = erfc ( ✓2) , (6.76) 

where erfc (y) is called the complementary error function of y. 
Values of the integrals given in Eqs. (6.73) and (6.74) are tabulated in 

numerous standard texts and special statistical publications. Canned digital 
computer routines are readily available. 

The statistician is not entitled to state that a random variable fits a particu­
lar distribution function until sufficient data have been accumulated, the 
function has been postulated, and various tests of the goodness of fit have 
been performed. However, when the statistician knows that there are 
particular scientific factors influencing the data collected, he can usually 
make some rational deductions concerning the most likely distribution 
function, thus obtaining an a priori distribution function or probability. 
Similar reasoning tells him that the instantaneous value of y in random 
vibration work is a Gaussian variable. 

The reason for assuming that the instantaneous value of y is normally 
distributed lies in the powerful Central Limit Theorem of mathematical 
statistics. With some qualifications, this theorem states that any random 
variable tends to become Gauss,a• · if each value is in itself the resultant 
of a very large number (tending to infinity) of independently caused random 
variables-no matter what their individual distribution functions may be. 

Strictly speaking, the statistical distribution is concerned with the value 
at a specific instant, taken from a very large number of records. Data 
analysis is very laborious, particularly if several instants are taken in order 
to ensure that a sound picture of the distribution at a given instant is 
developed. 

All the samples available may have been taken from some larger sample; 
for instance, the complicated wave shown in Fig. 6.8. It would be much 
easier to deal with the sample record if the distribution of y-values over the 
duration of the record were not only the statistics of the whole sample but 
also the statistics applicable to any arbitrarily chosen instant. It happens 
that this simplification is possible provided that the wave being sampled 
has two properties: 

1. The sample is drawn from a stationary process. That is, no translation 
of the time origin will affect the statistical properties of the wave. 

2. The sample is drawn from an ergodic process. That is, the sample 
analyzed is "typical" of the process from which it is drawn. 

The investigator cannot be sure that these conditions are met before the 
data are analyzed, though he can make it more probable by careful design 
and sample selection. Sometimes he can do nothing but hope for the best. 

6.4.2. Determining the Variance of a Random Variable. Assuming 
a priori that the record of Fig. 6.8 is a random normal variable taken from a 
stationary and ergodic process, it can be seen that the variance y2 must be 
determined since the Gaussian distribution function is uniquely determined 
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t I I .. w 
(a) 
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L1111,11111, ,, 
( b) 

Fm. 6.10. Spectra l lines for a random vibra­
tion: (a ) period T and (b) period 2T. Miles and 
Thompson 12681. 
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by this quantity. This section will deal with the basic theory of measuring 
random-vibration variance. 

Assume that the sample record is on magnetic tape whose ends can be 
spliced together to form a loop of arbitnry fixed length.* The loop can be 
cycled through the playback device an indefinite number of times. With the 
loop, the sample has been made periodic with the loop period equal to 2T, 
or twice the arbitrarily chosen fundamental period of the sample motion. 
Fourier's rules can be used t,,, analyze this periodic motion. Specifically, 
the quantity y ( t) will be described, for a specific loop length, by 

"' 1T y (t ) = L C.,, *elmo,t,1 , wb=-, 
,n =- x T 

(6. 77) 

where 

1 f' C,,,* = -
2 

y(t )e-1"'"'"' dt . 
T - T 

(6.78) 

Then, using Eq. (6.48), the variance is 

y2 = 2 f IC,,, *12 (6.79) 
,,, .. , 

A graph of IC,,,*12 versus frequency is shown in Fig. 6.lO(a). 
If the loop period is doubled, then the number of lines will be doubled, as 

in Fig. 6.lO(b). With the change in period, the Fourier coefficients will take 
on new values, D,.*. Since y(t) is unchanged, the mean-square value must 
remain unchanged; a situation which leads to 

IIC,,, *I = IID,,,*I. (6 .80) 

*This loop need not be actually fabricated. A shuttling mechanism on the tape deck will 
perform adequately while satisfying the concept of a loop. The area of a splice might some­
times develop spurious signals. 
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Since the period has been doubled, 

Cm•= 2Dm•, (6.81) 

The increment in the variance, divided by the frequency increment, remains 
approximately constant, or 

(6.82) 

where W(wm) is called the discrete power spectral density of the quantity 
represented by the variable y. 

As the length of the loop is increased, ICm•l2 decreases correspondingly but 
W(wm) remains finite. In the limiting case, as T- 00 or Aw - 0, the spectrum 
becomes continuous and the discrete values of W(wm) approach the smooth, 
continuous, power-density spectrum, defined as 

. Ayi dyi 
W(w)= hm -=-

4"' 0 Aw dw' (6.83) 

or 

y 2 = f" W(w)dw . (6.84) 

In other words, the variance of y(t) can be found by determining W(wm) at 
various frequencies and then summing. 

In practice, W(w), is estimated by feeding the sample record through a 
spectrum analyzer that transmits only those frequency components within 
the passband 

-+ 1 A 
W- 2 i.aw. 

The output of the analyzer, A.r, is indicated by a mean-square meter, and the 
mean-power spectral density is computed by dividing the meter reading 
by Aw; this operation can be incorporated in the calibration of the meter. 
The complete power spectral density can be estimated by changing the 
passband central frequency, w. A typical set of passbands in a commercially 
available instrument is shown in Table 6.1. 

The principle of determining a power spectral density spectrum is relatively 
simple. There are some experimental pitfalls, but most of these have been 
recognized and procedures are fairly standard. 

Note that, in all of the foregoing, the fluctuating quantity y was perfect­
ly general. Hence, there can be several different types of power spectral 
density derived for the same motion. The more common forms are absolute 
displacement (input and output), relative displacement, and acceleration 
(input and output). Uses of specific forms are discussed in the remainder 
of this chapter. 

6.4.3. Reaponae of a Simple Resonator to Random Excitation. For a 
simple harmonic function, it was shown in section 6.1 that 
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TABLE 6.1. TYPICAL SET OF PASS BANDS 

IN A SPECTRUM ANALVZBR 

- 1.:1 cu±2 cu w - 1 .:1 w±2 w w 

125 112-140 1250 
14-18 160 140-180 1600 
18-22.5 200 180-225 2000 

22.5-28 250 225-210 2500 
28-35 315 280-350 3150 
35-45 400 350-450 4000 
45-56 500 450-560 5000 
56-71 630 560-710 6300 
71-88 800 710-880 8000 
88-112 1000 880-1120 10000 

Xo J; =H(w), 

,x,. ( "')2 -= - · H(w), 
X1 Wn 

Xo ,,, - = l (cu) 
X1 ' 

~.
0 = (1 + i2f3 ~) · H(w), and 

X w,, 

Xr 1 H 7.""=1. (w). 
Xi C&I 

- 1 .:1 cu±2 cu 

1120-1400 
1400-1800 
1800-2250 
2250-2800 
2800-3500 
3500-4500 
4500-5600 
5600-7100 
7100-8800 
8800-11200 

207 

(6.85) 

These concepts were then extended to the mean-square values of functions 
which could be described by Fourier series so that 

and 

~1 
!!;_=-·H 
x2 Wn 

4 
' 

x,Z ( w )• -= - H x11 w,, · 

(6.86) 

Finally, in the previous section, it was shown that the power spectral 
density spectrum was a measure of the mean square of a random function. 
While the proof is quite complicated (see, for example, Miles and Thompson 
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(268)), it can be seen that it is logical to write the following power spectral 
density ratios for a simple resonator 

and 

Wo.,.(w) = W,,n(w) = T 2 

W1Aw) W1,,(w) ' 

W,Aw) = _1_. H 
W1,,(w) w,, 4 ' 

W,Aw) = (~)•. H 
W1.Aw) w,, . 

(6.87) 

Subscripts i and o stand for input and output, respectively. Where the 
subscript r is used, the power spectral density refers to relative motion 
x,. = Xo - x1. The additional subscripts x and a denote displacement and 
acceleration, respectively. Equations (6.87) thus describe the interrelations 
between five different kinds of power spectral densities. 

Combining Eqs. (6.84) and (6.87) produces 

Xo 2 = Lx T2 • W;Aw) · dw, 

- lx H x,.2 = -
4 

• W;,,(w) · dw, 
0 w,, 

(6.88) 

and 

Xo 2 = Lx T2 • W;,,(w) · dw. 

Other combinations are possible but these are the ones most frequently used. 
In evaluating the foregoing integrals, note that the units used for power 

spectral density in writing Eqs. (6.87) are square inches/radian/second or 
g2/radian/second. If the input data are in terms of square inches/cps or 
g2/cps, each w must be multiplied by a constant, 1/21T. 

If the instantaneo11s value of the input is Gaussian, then the instantaneous 
value of the output must also be normally distributed. Using Eq. (6.74) 
gives 

x,. 
P(jx,.I) = erf Y2

2
. 

X,· 
(6.89) 

Similar relations can be written for Xo and Xu. 
Expose the simple resonator to white noise, that is, excitation with equal 

power spectral density at all frequencies. Denote the acceleration power 
spectral density for this white noise by W1,,(c). Then the relative-motion 
response can be shown to be 

- 1T 
x,.2 = 4f3w,,3 

1TQ 
W1,,(c) = -

2 3 
• W;,,(c). 

w,, 
(6.90) 

Similarly, for absolute motion, 

-2 1TW,, W 1rQw,, W 
Xu = 413 · 1,,(c) = 

2 
· ;,,(c), (6.91) 
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W(wl 

Fm. 6.11 . Response of a narrow-band oscillator 
to broadband excitation (268]. 

and for acceleration, 

~ = 'Tl'Wn ( 1 + 4 a2) · W ( ) = 1rw.(Q% + 1) · W ( ) Xo 
213 

,-, 1,, C Q ,,, C • 
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(6.92) 

Strictly speaking, these results are valid only if the input is white noise; 
this is physically impossible because it needs infinite power. However, if 
the resonator is narrow-band and the excitation power spectral density curve 
is only approximately flat in this region, then Eqa. (6.90) through (6.92) give 
a very close approximation to the responses. Figure 6.11 indicates behavior 
where excitation bandwidth is broad compared with response bandwidth. 
The cushion acts as a filter, and the cushioned system receives energy only 
in the neighborhood of its natural frequency. 

It is possible, though unlikely, that the input spectral density has a peak 
within the bounds of the bandwidth of the simple resonator. 

Assume that this peak is at w,, and the bandwidth of the input motion is 
B, defined in Fig. 6.3 and Eq. (6.17). The quantity B/w,, is a measure of the 
power content of the power spectral density in the neighborhood of w,,. Hence, 
the input motion may oo regarded as responding to some outside, unspecified 
force. On this basis, it may be reasoned that the power spectral density in 
the region of this bandwidth will have a response such that 

W1a(wB) __ (~)
2 

H, 
W;u(w) w,, 

(6.93) 

where W1a(wB) is the power spectral density in the bandwidth. 
It has been shown [269,270] that the acceleration response is then 

~ = 11'W11 • 1 + 4/32 . W· ( ) Xo 413 l ,,, w , 

1+-
(6.94) 

w,, 

while the relative-motion response is 

Xr
2 = ('Ir l ) W1,,(w). 

4wn 3/3 1 +-
w,, 

(6.95) 

As can be seen from Fig. 6.11, this refinement should rarely be needed. 
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Let us now turn to examining f!Ome of the other statistical information 
which can be developed concerning random vibration. Consider a random 
oecillation y(t). The mean value of this oscillation is stipulated to be u,ro 
and the distribution of its value at any instant is assumed to fit the normal 
distribution function. 

Rice [266) has shown that the number of times no that the value of y(t) 
passes through 1.ero per unit time is, on the average 

n,-/f :•. W(.,). d,:r 
L L W(w) · dw j (6.96) 

The quantity no is often called the number of 1.ero CJ'088ings per unit time. 
Since the motion is oscillatory, there are occasions when the value of 

y(t) is increasing, i.e., when the function y(t) has a positive slope. Take 
any value of y(t), say y. Rice has also shown that the average number per 
unit time n 11 that y(t) p8888S through y while y(t) is increasing in value is 

n" = ½ no exp [-½ (trl (6.97) 

Since the motion is oscillatory, what went up must come down; there must 
be maximum, or peak values of y(t). The number per unit time of positive 
peaks n11p of _y(t) equal to or infinitesimally greater than y is found by equating 
the derivative of Eq. (6.97) to u,ro and ignoring the sign. The result is 

n11p =½;!·exp[-½ (tr]· dy. (6.98) 

When the responding system is excited by white noise, the average number 
of zero crossings per unit time is found to be 

no=w.,/1r, (6.99) 

which is also the number of 1.ero crossings that would occur if the system were 
undamped and vibrating freely. 

When a lightly damped system is exposed to broadband excitation, the be­
havior is similar to that of a general system exposed to white noise. The 
response resembles that shown in Fig. 6.12. The response wave appears 
to be a sine wave with a natural frequency w,, but with a slowly varying but 
random amplitude. 

Applying Eq. (6.98) to this case, using Eq. (6.99), gives 

nup = 2';~ exp[-¾ (tf] dy, (6.100) 

as the average number per unit time of positive peaks of y(t) equalling or 
very slightly exceeding y. Multiplying by the natural period of the response 
motion, t" = 21r/w., results in 

t.n 11 p = L exp[-.! (.l...)1
] dy = z,e-012>111 dz,. yl 2 811 

(6.101) 
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ENVELOPE OF POSITIVE 
PEAK VALUES 

I -

Fm. 6.12. Narrow-band response to random 
noise (a random sine wave). 
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There can be but one positive peak per cycle. Hence, Eq. (6.101) can be 
taken as one means of expressing the distribution function of the peaks of 
a random sine wave, i.e., of the distribution function of the envelope of peak 
magnitudes. 

Setting Zp as a peak value of the standardized variate z,, the distribution 
function implied by Eq. (6.101) can be written explicitly as 

(6.102) 

which is known as the Rayleigh distribution function and is also called the 
two-dimensional error distribution. Equation (6.102) is plotted in Fig. 6.13. 

To meet the essential definition of a probability function, the limits of 
integration are set at zero and plus infinity. The probability that a peak 
value is equal to or less than some stipulated value, say Zp is 

P(zp) = 1 - exp [- ½ zP']. (6.103) 

Although Eq. (6.103) implies that Zp may have an infinite value, it is 
emphasized again that very large values may not be physically realizable 
because of such limitations as strength or available space. 

6.4.4. Space Requirements. For random vibration, the collision-free 
space required must be expressed in probability terms. The answer must 
be found in the field of extremal statistics; most of what follows was derived 
from Gumbel's comprehensive text [271). Some aspects of this problem 
were recently considered by Gray [272). 

Fm. 6.13. Rayleigh, or two-dimensional error, 
distribution function. 
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c, 

Fm. 6.14. Simple single oscillator with fixed travel limits; 
impedance of base infinite. 

Consider tt- ~ simple single oscillator system shown in Fig. 6.14. The 
relative response motion Xr ,(t) of the mass m, is a function of the input 
motion xi(t ) of the base member, whose mechanical impedance is assumed 
infinite. When x ,(t ) is random, stationary and ergodic, the output motion 
is characterized by 

- 956 L" x,.,2 = T. H 2 • W,,,( f) · df, 
/ II 1 0 

where Xr , 2 = variance of X r 1(t), in.2, 

W, ,,( f) = input acceleration spectral density, g2/cps, 

f,, , = undam~ natural frequency of the oscillator, cps, and 

H = magnification factor, see Eq. (6. 7). 

Equation (6.104) is a conversion of the second of Eqs. (6.88). 

(6.104) 

When the oscillator is lightly damped (/3 ,s;; 0.1) and the input is white 
noise (W,,l f) = W,,,(c) = a constant), Eq. (6.104) becomes 

- z = 150 1 Q,W,,,(c) 
Xri • I' 3 , 

I HI 
(6.105) 

whereQ, = (213, )- 1• When Eq. (6.105) is used for broadband excitation with 
narrow-band response, the error is negligible when the upper frequency 
limit of integration is about four or more times the natural frequency of the 
oscillator. 

The original problem may now be restated in terms of Fig. 6.14. We wish 
to know the probable time when lxr,WI will exceed the distance x,. To 
generalize the resulting equations, let z2 be the maximum value of the stan­
dardized variate, such that z2 = x,/y;;;i. Set z, = Xri (t)/~ as the 
standardized value ofxr,(t) and let Zp be a peak value ofz,. Using Eq. (6.98), 
the average number of peaks Zp equalling or very slightly exceeding a stipu­
lated value of z, per unit of time is 

n,p = noZp exp [-i Zp2] dz,, (6.106) 
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where no is the average number of zero crossings per unit time. For narrow­
band response, no will be twice f,, 1- Note that the factor 1/2, appearing in 
Eq. (6.98), has been dropped because, in this problem, we are interested in 
both positive and negative peaks. 

If z,, is considered to be the extreme value after each zero crossing, there 
can be hut one such value per crossing. Regard each zero crossing as the 
start of an independent experiment that will produce one, and only one, 
extreme value z,,. It is evident heuristically that the distribution function 
for z,, may be written 

p(z1, ) = z,, exp [--½ z1,
2 ] . (6.107) 

In other words, the distribution of z1, is a Rayleigh distribution. 
The probability that z,, is greater than z2 can be written 

P(z1, > z2)= l -P(z2) . (6.108) 

According to Gumbel [2711, the mean time t, to first exceedance of z2 can 
be written 

t = 1 _ ...!_ [! . 2] 
'' no[l - P(z2) ] - no exp 2 z2 · (6.109) 

Equation (6.109) simply restates the truism that, if an event has a probability 
P, one has to make on the average 1/P trials for the event to happen once. 
The specific form of the relation is derived from the familiar binomial 
distribution. 

The mean time to first exceedance is a variable which is limited to the left 
(since an exceedance need not occur) and unlimited to the right. The 
standard deviation oft,,, s,,,, may be found from 

s,,,no = Y (t,,no)2 - t ,,nu = t,,n11 -½- (6.110) 

The actual time T to first exceedance is a variable. The probability P ( T ) 

that exceedance occurs before or at time Tis gi ven by 

P (T) = 1 - [P(z2) ] ' . (6.111) 

When z2 is larger than about 3.0, Eq. (6.111) may be written, with good 
accuracy, 

P (T) = 1 - exp [- T/t,,] , (6.112) 

which is recognizable as the probability obtained from a Poisson distribution. 
For large values of T/t ,,, the probability rapidly approaches certainty; that is, 
P(T ) approaches 1. Expansion of Eq. (6.112) into a power series will show 
that for small values of T/t, the probability is closely approximated by 

P (T) = T/t ,,. (6.113) 

In most design situations, the probability P (T) and the period of exposure 
T are specified and the desired clearance needs to be determined. Solving 
Eq. (6.109) for z2 and using t,, from Eq. (6.112) or from Eq. (6.113) leads to 
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Fm. 6.15. Design quotient versus required value of z,. 

Z2 = (2 log Qd)I /I = {2 log - log {t- P(T)]rz - { 2 log ;~;J'2 ' (6.114) 

where Qd is called the design quotient. Figure 6.15 is a plot of required z2 
versus various values of the design quotient. The numbers at the top of the 
graph represent the probability that any given peak will exceed z2. 

In a given design problem, the time of exposure may be fixed; we wish to 
know the characteristic largest value of z, seen during this time T. This 
value, Zr, is defined as that value which is expected to be exceeded once in 
a given number of trials (no in our case) and is defined by the general proba­
bility relation 

1 
P(zr) = 1--· 

Tno 

Substituting Eq. (6.108) and solving for Zr leads to 

Zr = V2 log Tno , 

which may be written, for narrow-band response, 

(6.115) 

(6.116) 

Zr = V2 log 2Tf,., . (6.117) 

As an example of the utility ofEq. (6.117), suppose that the natural frequency 
of an oscillator is 20 cps and the specified time of exposure to a random 
signal is 30 minutes. Then the characteristic largest value is about 3.8 
standard deviations of the response motion. Desirability of redesign is 
made apparent by using the simple equation. 
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Although the characteristic largest value is formally defined by Eq. (6.115), 
comparison between Eqs. (6.109) and (6.116) shows that mean time to first 
exceedance and characteristic largest value are eBBentially equivalent con­
cepts with the Rayleigh distribution. 

The most probable, or modal, largest value of z,, Z111, in a Rayleigh distribu­
tion is given by the solution of 

1 
Tno = 2 Z111 2 [1- 1/z111 2 ] + 1/z,,,1 , (6.118) 

from which a first-approximation solution is 

Z111 = Zc = \12 log Tno . (6.119) 

Hence the most probable largest value is very close to the characteristic 
largest value. 

Where exposure time and space available are fixed, the designer must 
control natural frequency of the oscillator if exceedance is to be avoided 
with a stipulated probability. For small values of the ratio T/te, Eq. (6.114) 
may be written 

(6.120) 

where x,.• is frequency-dependent and also contains damping terms because 
of the complex frequency response. The term no is also frequency-dependent. 
For practical purposes, an oscillator with a discrete natural fn..>quency would 
be quite narrow-band with respect to broadband excitation; so it should 
be sufficient to substitute Eq. (6.105). Then, Eq. (6.120) transforms to 

r = [300 QaWia(c) l 2Tf#a]a/:s 
/#a xa• og P(T) · (6.121) 

Although transcendental, this equation is reasonably tractable, even for 
hand computation. Note that the higher the &11umed value of Q., the higher 
the natural frequency and the safer the deeign. 

Consider the problem posed by Fig. 6.16. If the relative motion Xr3(t) is 
large enough in the inward direction, collision will occur. That is, it will 
occur at the moment when Xr3(t) is greater in one direction than the static 
equilibrium distance %3 between masses ma and m2, 

The essential difference between Figs. 6.14 and 6.16 is that, in the former, 
bottoming can occur in either direction while, in the latter, two-mau collision 
can occur only in a single direction. 

Motion of mus ma is deecribed by Eq. (6.104) or Eq. (6.105). Motion of 
mass m1, Xr1(O, is covered by the same equations, with simple one-for-one 
substitution of the quantities indicat.ed in the figure. 

Since Xra(t) and Xra(t) are random variable&,Xr:sW is also a random variable. 
The problem of whether Xr3(t) could become large enough to cause collision 
wu first explored by Skoog and Setterlund [273] whoae approach was later 
amplified by Himelblau and Keer [274]. Equations (6.122) through (6.125) 
follow the latter reference. 
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Fm. 6.16. Two 08cillators connected through 
a common base of infinite impedan .. -e. 

The variance x,-:12 of x , :,( t> is given by 

x,-:12 = x,. ,2 - 2R + x,-22, 

where the cross-product R is 

95.6 L" R = ( f, f, )2 H,H2W;,,( {) cos (cl>, - c/, 2) df, 
nl 11 2 0 

and the phase angles are 

t .,,. _ 2{3u (f/(111. 11 2) 
an 'I', .2 - f I' ) 2 • 1- ( l1111.11 2 

(6.122) 

(6.123) 

(6.124) 

Where both responses are narrow-band, and the excitation is broadband, 
Eq. (6.123) becomes 

R = 300.3 [W1,~(c)/(f.,f.2)2] [(Qi/ f,,,) + (Q2/ f,, 2)] . (6.125) 

[ ..!.. + ...!..] + Q,Q2 [& + &] + _1_ [Q, + Q2] 
f,,, f,, 2 (1123 f,,, 3 f,,1(11 2 Q2 Q, 

With the value of x ,:12 established, pertinent probability values can (with 
one significant exception) be taken using the probability equations developed 
for the single-oscillator condition. The single exception is that wherever 
the term no appears, it should be taken as one half the value developed from 
using Eq. (6.96) since interest is concentrated only on motion in a single 
direction. 

Table 6.2 gives some numerical values for bottoming probability and 
collision probability for several values of z,. 

In developing the probability equations of this section, extensive use was 
made of Gumbel's comprehensive text [271]. A key assumption was made 
that each zero crossing was the start of a statistically independent experi­
ment; this may not alw.:\ys be warranted. Gray [272] makes the point, 
however, that the assumption of statistical independence provides an upper 
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TABLE 6.2. PROBABILITY OF 8CYM'OM­

ING, P,, AND OF COLLISION, P2, FOR 

SEVERAL VALUES OF A STANDARDIZED 

VARIATE 

z, P, P2 

0 1.000 0.500 
1 0.317 0.159 
2 4.55 X 10-2 2.28 X l0-2 

3 2.70 X lQ- 3 1.35 X 10-3 

4 6.33 X lQ- 5 3.17 X l0-5 

5 5.73 X lQ- 7 2.87 X l0- 7 

6 1.97 X lQ- 9 9.86 X lQ- lo 

7 2.56 X 10- 12 1.28 X 10- 12 

8 1.24 X lQ- 15 6.22 X lQ- I& 

9 2.28 X 10- 19 1.13 X 10- 19 

10 1.52 X 10-23 7.62 X 10- 24 

217 

bound on the prevailing probabilities. Hence, the equations given here 
provide a safe design margin. 

6.5. Mechanical Impedance and Mobility 

Previous discussions have been aimed at systems with one degree of 
freedom. Much is applicable to systems with multiple degrees of freedom, 
by means of the concept of normal modes. This concept leads to solutions 
in terms of differential equations using eigenvalue techniques. Another 
very powerful technique for such systems, borrowed from electrical engi­
neering, is called mechanical impedance and mobility and has this major 
advantage: one can change one parameter of a complete system without 
solving the complete set of differential equations over again. 

Impedance and mobility are not much used in work with cushions; but one 
should be able to transfer cushion data to impedance terms for analysis of 
more complex systems. Methods of measuring impedance are well estab­
lished, and it is possible to obtain cushioning data from impedance measure­
ments. Some elementary details are therefore presented here. 

The complex modulus has been defined as the ratio of stress to strain in 
a body subjected to a sinusoidal motion. Impedance, by contrast, is defined 
as the ratio of the force to the velocity in a linear system excited by a sinusoidal 
force. Let the velocity at some point in a system be 

V* = Ve'"", 

and let the force causing this velocity be 

F* = Fe'<wt+•> = Fe1•e'"", 

where (/, is the phase angle. Then the complex impedance is 

F* F 
Z* = V* = Ve'•= Ze1

•, 

(6.126) 

(6.127) 

(6.128) 
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which, using Euler's formula, may also be written 

Z* = Z(cos ti,+ i sin ti,)= ZrO + i tan ti,)= Zr+ i Z,, (6.129) 

where z = IZ"'I = (Zrl + Z,1)1/1, 

tan ti,= Z,IZr. 

Mobility, M*, is the reciprocal of impedance 80 that 

Z*M* = 1. (6.130) 

Impedance and mobility are called phasor quantities and they can be 
plotted in the same manner aa vectors but in the phasor plane, often called 
the impedance plane. Since both force and velocity are vector quantities, 
both place and direction of measurement must be stipulated. When both 
force and velocity are measured at the same point in a system and in the same 
direction, the resulting impedance is called driving-point impedance. All 
other cases (including those for which the velocity is measured at the driving 
point, but in a direction other than the force) are called transfer impedances. 

Elementary impedances for single elements of a system are given by: 

1. For mass, 

z• = iwm. (6.131a) 

2. For a damper, 

z• = c. (6.131b) 

3. For a spring, 

z• =-; ! . 
"' 

(6.131c) 

Complex impedances for individual elements of a system can be added to 
give the impedance of the complete system. Hixson (275) derives Eqs. (6.131) 
and gives a table of impedance formulas for many simple mechanical models 
involving various combinations of mass, spring, and damper. He also 
summarizes the rules for combining and simplifying very complex systems 
so that an estimat.e of vibration behavior can be made. In this monograph 
the discUSBion will be limited to the simplest poasible case: the massleBB 
cushion with a single spring and dashpot shown in Fig. 2.2. 

The complex impedance for this simple cushion is 

Z*=c-i! w' 

which can be separated directly into its real and imaginary parts 

Zr= c, 

le z, = --, 
"' 

80 that, in terms of amplitude and phase, 

( 
Jel)l/1 z = c• + w• 

(6.132) 

(6.133) 

(6.134) 
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k tan cf)=--. 
we 
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Both of these are measurable quantities. The real and imaginary portions 
of the complex impedance are equal at a certain frequency, tuo, called the 
characteristic frequency. Using Eqs. (6.131), this characteristic frequency is 

so that 

k 
wo=c• 

Wo tan cf>= - -. 
(II 

(6.135) 

(6.136) 

When the characteristic frequency is known, the isolat.or is completely 
described. 

Note that the complex modulus for a cushion of thickness Tc and surface 
area Ac is given by 

from which 

and 

E* = !: (k + iwc), 

Er= kTclAc, 

Ea = wcTcf Ac, 

tan 6 = WC = ~. 
k wo 

(6.137) 

(6.138) 

Thus, if the mechanical impedance parameters of a given cushion have been 
measured, then the complex moduli may be calculated from 

Er=!: wZ sin cf>, 
(6.139) 

E, = !: wZ cos cf>, 

and 

tan 6 = - cot cf>. 

A frequently used form of impedance head contains a force transducer 
and an accelerometer. The absolute values of complex moduli can be cal­
culated directly by making the substitutions a= wV and Z = wF/a, 110 that 

E Tcw1F . .,. 
r =-A-- sm .,,, 

ca 

E, = Tcw
1
F 008 cf>. 

Aca 

(6.140) 
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From a practical standpoint in design and test work, the analyst starts 
with the complex moduli for the cushion and wishes to convert to impedance 
or mobility in order to analyze a more complex structure. These relations are 

z = A,.E, = A,E, 
wT,. sin 6 wT,. cos 6' 

(6.141) 
tan ff, = - cot 6. 

The foregoing simplified explanation of the relation between impedance 
and complex moduli is taken from Burgess (62], who was careful to note 
that Nolle (76] had previously found the relation between loss angle and 
impedance angle. 

6.6. Nonlinear Response 

The foregoing discussions are reasonably correct for some nonlinear 
cushions, provided that the disturbance is small. Most cushions are non­
linear, particularly in their response to large disturbances. This section will 
review some of the basic phenomena of nonlinear oscillations. 

Take an isolator whose stress-strain curve exhibits stiffening charac­
teristics; see curve A in Fig. 6.17. When the strain exceeds some value E,, 
the stress exerted by the cushion is greater than would be obtained from a 
continuation of the straight line. Since the natural frequency is a function 
of the ratio between stress and strain, the natural frequency would also be 
increased during that portion of the vibratory cycle when E > E, . 

FIG. 6.17. Nonlinear stress-strain functions: 
A is hardening curve, and B is softening curve. 

Th~ re(lult is shown in Fig. 6.18 for a hardening system. The vertically 
rising peak of the response curve is bent towards the right. If the forcing 
frequency be continually increased towards resonance, each added frequency 
element increases the system response until a peak value is reached. As 
frequency is increased beyond this peak value, the response cannot follow 
the solid curve, for this would require a decrease in frequency. Accordingly, 
the response jumps on a straight line down to the only value it can assume 
following the arrows. When the excitation begins at a high frequency and 
is gradually reduced, the response follows the solid line uhtil such time as 
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Fm. 6.18. Response of a hardening system. 
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following the solid curve would require an increase in frequency. At this 
point, the response shifts upward as indicated by the arrows to the higher 
curve. The change of amplitude is not instantaneous; usually several cycles 
of vibration are required to establish the change. 

The following general remarks may be made concerning nonlinear behavior: 

1. Vibration amplitude determines the extent of the nonlinearity effect 
and therefore governs the extent to which the peak of the damped response 
curve is deflected from the vertical. 

2. The amount of damping determines not only the maximum value of 
the response but also the frequency for this maximum response. 

3. Maximum-response amplitude and frequency depend on whether the 
forcing frequency is being swept from a lower to a higher frequency or the 
reverse. 

4. The region between the vertical tangents to the theoretical response 
curve is called the region of instability. If we could excite response at a steady 
amplitude corresponding to a point along the theoretical line, then any 
disturbance of the system would cause a jump to either of the more stable 
response amplitudes. 

Consider a system with a general elastic restoring force , but with linear 
damping, exposed to a sinusoidal exciting force so that the equation of mo­
tion is 

a,x + a2.i + aaf(x ) - F cos wt = 0. (6.142) 

There are many ways to attack such equations. Abramson [68] summarizes 
most of these; further examples are given in the books on nonlinear vibrations 
cited in Chapter 2. 

One procedure, called the Ritz method involves satisfying the equation in 
the average. Assuming a solution of Eq. (6.142) of the form 

x,,,. = A cos (wt - (/, ), (6.143) 

in which x,,,, is the average value of x, and using the Ritz method leads to a 
pair of equations for the two unknowns A and(/,, 

[ a1 ]2 (a2 )2 ( F )2 f (A ) - - w 2 + - w = -
a a a a ,a:,A (6.144) 
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and 

where 
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(6.145) 

{(A) = '"~ f" f(A cosy) cosy dy, 

and y is an integration variable. The form of f(A cos y) is dictated by the 
form of f(x). 

Equation (6.144) describes response curves of the form shown in Fig. 6.18, 
and Eq. (6.145) gives corresponding phase-angle relationships. From these 
two equations, certain special relations are also found. Equations for these 
relations are listed below. 

1. The undamped-free-vibration curve or natural-frequency trajectory: 

a1 f(A) = - wi. 
a3 

2. The undamped response curves: 

aaw1 = a3f(A) + F · 
A 

3. The locus of vertical tangents of the undamped response curves: 

; w2 = f(A) + A a~c:>. 
4. The damped response curves: 

5. The locus of vertical tangents to the damped response curves: 

[ f(A) - !!.!. wz] [f<A) + A af(A) - a1 wz] = - (a2 w)z. 
03 aA 03 0 3 

(6.146) 

(6.147) 

(6.148) 

(6.149) 

(6.150) 

In practical design, the maximum response amplitude is of prime interest. 
This resonance amplitude occurs at the point where the natural frequency 
trajectory crosses the damped response curve. Solving Eqs. (6.146) and 
(6.149) simultaneously leads to 

and 

bw F 
7=a3A 

ti, = Tr/2. 
(6.151) 

The first of Eqs. (6.151) defines a hyperbola in the response diagram defining 
the locus of resonance amplitudes. The coordinates of the intersection of the 
free-vibration curve and the hyperbola define not only the maximum ampli­
tude but also the frequency at which this amplitude occurs. Equation (6.151) 
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also states that the phase angle at maximum amplitude is 1r/2; this is identical 
with the linear case. 

As in the linear case, the effects of reasonably small amounts of damping 
are alm01t negligible except near resonance. Hence, one could achieve a 
reasonable approximation of the response curve by computing only the un­
damped response curves and the hyperbola and then drawing the portions 
between, using the Cl'088ing point as the maximum. These operations are 
illustrated in Fig. 6.19. 

Snowdon [60) makes the particular point that conventional transmiuibility 
curves based on small dynamic strains still provide an extremely useful first 
approximation for large-strain behavior because, in well-designed mounting 
systems, the natural frequencies and the resonant frequencies fall well below 
the critical frequencies of the isolated object.• Further, the bending of 
the transmiuibility curve to the right or left for the same energy input 
indicates that the transmiuibility would be leu than that calculated on the 
basis of a linear approximation. 

lxl f(Al-L • ..!!.w1 

/ 

Ac C 

f(A)•.ll.wZ 
/ .,,.--- C 

/,.,~-...._f(Al+L • .!.wt 
' Ac C 

"---------------~Ill C 

Fm. 6.19. Reeonant amplitude of a nonlinear function. 

Thus conventional transmiuibility curves are definitely needed for cushions 
as a part of input-design data. It is important, however, that these curves be 
identified for the range of exciting amplitudes that appear reasonably valid. 

6. 7. E•timatiq Natural Frequency 

For a linear system, the natural frequency is a unique value determined 
by the spring rate and the m888 supported, or 

"'" = .J! = 19.6 ~. 

'" = ;; -= 3.13 ~-

(6,152) 

The last relation is valid numerically when le is in weight units per inch of 
deflection. 

*Where the cuahion bu alao been deei,ned u a ,hock i10lator u in a package, thi• •tate­
ment doe• not hold true except for item• with high fragility index. 
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In terms of a diffuse cushion, Eqs. (6.152) transform to 

(6.153) 

f,, = 3.13 ,/ ET = 3.13 ✓ ET, , 
0"# r 0"# C 

where Eis the modulus of elasticity and E, is the real part of E*. Damped 
natural frequencies are given by 

W,t = Wn ✓ 1 - /J2 
= ✓ ~~;1/ 

(6.154) 

{ d = Wd = _!_ ✓ IE* I 
21r 21r u , T<" 

For nonlinear systems, the slope of the stress-strain curve is no longer a 
straight line. The undamped natural frequency for any small excursions 
about the static load position will be given by [3]: 

Wn = 19.6 ✓dF/dx = 19.6 ✓du/TdE , 
W <T, r 

(6.155) 

which can be written 

(6.156) 

provided that the elastic moduli (E' and E ',) are determined in the region of 
the equilibrium position. 

Table 6.3 gives some natural frequencies for various nonlinear elasticity 
functions. 

TABLE 6.3. NATURAL FREQUENCIES FOR 

CERTAIN CLASSES OF ELASTICITY 

Function 
Natural Frequency 

Name W n = 19.6 (<T,T r)- I/I Q 
O" Q 

Tangent 
2 1T E 1T E ½, - a1Eb tan - - sec 2 - U1 

1T 2 Eb Eb 

Algebraic ( Er• ( Er• a1E 1 - Eb a1 - (1 - E/Eb) - I 
Et, 

Logarithmic a1Eb [log ( 1 - EEJ] [-a, (1 - E/Eb)- l}1/I 

Air 0 P,,(1 - E)-11 [nP,,(1 - E) -<HO] i /2 

Cubic E ( Er ( E 3a2 r2 
a1 - + a2 - -+-t• 

ft, ft, Eh Eb3 

"n = 1.0 for i10thermal compreuion and 1.4 for adiabatic compression. 
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6.8. Data on Real Materials 
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Despite the wealth of tools available for analysis, there are few data avail­
able in the literature in a form usable by designers. It seems that most of 
the vibration testing which has been performed is related to specific design 
projects, and the results are not readily retrievable. This paucity of informa­
tion and many putative reasons for it have been discussed by Zell (179). 

It will have been noted that all of the theoretical formulas depend on an 
assumption that the "spring" will operate in tension as well as compression. 
This is not necessarily true of cushions. The following include some of the 
variations from the ideal: 

1. The cushion is bonded to the exciting surface and the load. In effect, 
the cushion becomes the elastomeric element in a mount. If the disturbances 
are small, tension and compression moduli are substantially equal and the 
test results can be analyzed by conventional theory. If the disturbance is 
large, however, and if the cushion is a foam or otherwise exhibits a collapsing­
column effect, then the compression and tension moduli are different, as shown 
in Section 3.5. Several resonant points may appear because of the differences 
in moduli ; these resonances would not be related to the wave-effect ph~nomena 
predicted by Snowdon (61). 

2. The load is sandwiched between two layers of cushioning. Here the 
cushion acts in compression in both directions. When the test is run with the 
elements of the response system arranged vertically, then the downward 
force exerted by the load is greater than the upward force because of gravity. 
When the cushion is precompressed, the force on the cushion being compressed 
during a given cycle is increased by relief of the compression stress in the 
other cushion . Nevertheless, this configuration is reasonably typical of real 
packages and was selected as the test configuration by Zell (179]. There are 
further complexities involved in this configuration; they are discussed in 
Section 6.8.2. 

3. The cushion is placed under a small, known precompression and vi­
brated by a moving head in such fashion that the head never leaves the 
cushion surface. This method is valid only for small inputs, but many 
valuable data can thus be obtained. Venning's [91] method of obtaining 
complex elastic moduli for the first portion of the curve for polyurethane foam 
is based on this technique. 

Data obtained by any of these techniques are only as valid as the test 
technique allows them to be. Some form of vibration testing of individual 
designs will probably always be required. 

6.8.1. Cushion Mounts. For the purpose of this monograph, a cushion 
mount is any combinati:m of cushion and face plates for which vibration 
data have been obtained in compression and tension. In practice, these 
mounts are also loaded in shear and, where shear data are available, the 
results are also summarized. 

What is perhaps the most comprehensive effort to use foam cushions for 
shock and vibration protection of installed equipment has been led by per­
sonnel of the Naval Air Development Center at Johnsville. This work in­
cludes laboratory evaluation and design studies; also, service test under 
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instrumented conditions, aided by practical service experience with specific 
designs installed in operational high-performance naval aircraft. The sole 
conclusion that can be drawn is that a properly designed foam mount surpasses 
the conventional point isolator mounts by several orders of magnitude when 
measured by the only significant criterion: equipment failure rate. From 
these results it seems inevitable that every designer faced with the problem 
of mounting equipment in a larger structure must consider the use of foam 
mounts, particularly where severe shocks and strong vibration are part of 
the environment. 

The very superior performan~ of foam equipment mounting bases, as 
compared with the conventional point isolator mounting bases, is partly (at 
least) due to some assumptions that underly the design specification for the 
latter [276). For example, this specification permits, in one configuration, a 
maximum overall height of the isolator of 1-5/8 in. with minimum rated load. 
It requires the use of snubbers, so that maximum travel before bottoming 
is 3/8 in. 

The bottoming distance is therefore less than 25 percent of the available 
height. A foam, on the other hand, does not really bottom (although it may 
become very stiff) at 80 percent of its available thickness. Cohen [277) 
reasoned that this lack of travel was at the root of the problem; because 
mount-bottoming occurs at about a 2g acceleration input and this is well 
within the normal naval aircraft environment. Shock transmissibility in 
the vertical direction for a 3.8-pcf foam mount, compared with a conventional 
point isolator base, is shown in Fig. 6.20 (static stress, 0.18 psi). Typical 
vertical-vibration transmissibility for a 6.5-pcf polyurethane foam at the same 
static stress is shown in Fig. 6.21, while lateral transmissibilities for the 
same foam are shown in Fig. 6.22. Note that, as expected, natural frequency 
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rises as thickness is decreased. Input test syllabus was that of the referenced 
specification [276], i.e., 

5-14 cps, 
14-23 cps, 
23-74 cps, 
74-1000 cps, 

0.100 in. double amplitude (d.a.) 
lg 
0.036 in. d.a. 
10 g. 

Vertical- and lateral-vibration transmissibilities for different foam densities 
are shown in Figs. 6.23 and 6.24. 
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Cohen's work has been extended by Calcaterra [278) in the form of a design 
guide. Note that this design guide is only one of two papers reviewed- the 
other being Mustin's [171)-that recognized the importance of the contribu­
tjon to cushion design made by Soper and Dove [33,67). For an 8- by 8- by 
1-9/16-in. sample of 3.8-pcf foam, resonant frequency versus static stress with 
several different steady-state input amplitudes is shown in Fig. 6.25. Peak 
transmissibility versus static stress for the same foam and three different input 
acceleration amplitudes is shown in Fig. 6.26. 

Fie. 6.25. Resona,1t compression 
frequency versus static stress 
wiLh rfiff'erent vibrat ion inputs 
for 3.8-pcf polyurethane foam; 
thickness 1-9/16 in. Calcaterra 
:21s1. 
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Calcaterra [279] also reports the results of tests of various foam isolators 
placed at various locations in an A-3D aircraft with measurements being made 
during takeoff', landing, turn, sea-level flight, cruise at altitude, pullout, 
catapult shots, and arrest.ed landings. A oomparison of conventional mounts 
with foam mounts is given in Fig. 6.27, which shows that the two types of 
isolators are comparable in vibration isolation over a wide frequency range. 
The ordinate of these curves is "effective transmissibility ," defined as the 
square root of the ratio of output to input power spectral density ("effective" 
because of the nonlinearity of the foam mounts). A comparison of measured 
responses for foam and oonventional mounts for an arrested landing is given 
in Fig. 6.28. The peak input pulses are typical for the cockpit area of this 
aircraft. Inputs as high as 13g were measured in the vertical-stabilizer area, 
where aircraft structural attenuation would naturally be less. 
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Some care is required in fabricating these mounts, largely t.o assure an 
adequate bond between the foam and the metal mounting plates. Cohen 
(277] found that he could test mounts at rated load with a 90-g sinusoidal 
shock wave in shear without encountering separation, provided that he 
used the correct adhesive on properly cleaned metal. He was not the first 
to use polyurethane foam in both compression and shear. Ha11iigg's Hardi­
Pads (159] are glued between an inner and outer container. Unfortunately, 
the data available are rather inadequate. 

Foam isolators were also used for the instrumentation capsule used on 
Edwards Air Force Base high-speed track sleds (280]. For all of these tracks, 
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speeds are so high and rail anomalies so unpredictable that random-vibration 
technology is the only useful analytical tool. Burgess [281) has described the 
environment and developed [282,283] a resilient slipper for these sleds to 
reduce the generally Gaussian input from the rails. Because of the heat of 
friction, the resilient material used was stainless-steel knitted wire mesh 
bonded to stainless-steel backing sheets. Figure 6.29 shows rms accelerations 
versus sled velocity for the conventional slipper without isolator and for the 
proposed resilient slipper. The acceleration values shown were obtained by 
numerically integrating the response acceleration spectral-density curves 
and taking the square root of the result. 

Burgess [62) has also investigated the problt:m of distributed media for 
shock and vibration isolation of installed electronic equipment. In this 
work he determined complex moduli for certain solid elastomers, some with 
very small closed holes scattered throughout the matrix, Jacobsen's [192) 
silastic with Teflon inclusions, a polyurethane foam, and a fibrous silicone 
rubber. He noted that thickness to achieve a specified natural frequency was 
given by 

T - gE ,. -986 E,. ,. -4 2 1'2- . ~-
TT <r, 1 11 <r, 111 

(6.157) 

On this basis, for the materials investigated, he computed the values shown 
in Table 6.4. Using these results, and considering the weight penalty 
involved, he concluded that only foams and similar materials offered real 
promise as distributed shock and vibration isolators. 
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TABLE 6.4. THICKNESS OF VARIOUS MATERIALS 

FOR A SPECIFIED NATURAL FREQUENCY 

T,., Approximate Thickness Required (in.) 

Material <T, = 0.1 psi u . = 1.0 psi 

f,, = 10 cps f. = 40 cps f,, = 10 cps f,, = 40 cps 

BTR Rubber 980 60 98 6 

Microporous nitrile 
rubber 440 30 44 3 

Silastic with 
Teflon rods 440 30 44 3 

Homogeneous 
silastic 340 25 34 2.5 

Silastic with air-
filled holes 130 8.5 13 0.85 

Neoprene latex 
foam 30 2.5 3 0.25 

Polyurethane foam 5 0.37 0.5 0.04 

Fibrous silicone 
rubber 5 0.32 0.5 0.03 
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6.8.2. Simulated Packages. The major available work on vibration 
properties of cushions using the simulated-package technique is that of 
Zell (179). 

In using the simulated-package technique several variables that may 
affect the results obtained must be recognized. In Fig. 6.30, the upper 
cushion is placed in contact with the mass in its static position. Figure 6.31 
shows how a pair of linear undamped cushions would respond to a sinusoidal 
excitation. The response of the cushioned mass is inherently nonlinear 
despite the linearity of the material. 

+ 

x,ttl+ 
+ 

X1(tl+ 

m 

T 
Tc 
j_ 

_j_ 
T •s 

Tc T 

Fm. 6.30. Package cushion with upper cush­
ion not precompressed; x, is static deflection 
produced by mass m. (single-degree-of-freedom 
response assumed). 
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BOTTOM CUSHION 
ONLY 

TOP CUSHION ONLY 

-F 

Fm. 6.31. Force on mll88 versus deflection 
of the Fig. ~.30 .:<>nfiguration; responae in­
herently nonl:near tven when cU8hions are 
linear and mll8lllet111. 

Figure 6.32 shows the configuration used by 1.ell. Here a static preload is 
applied through the upper plate of the test rig. The upper cushion is com­
pre88ed a distance 4xu produced by this preload, whereas the lower cushion is 
compre88ed a total distance x, + 4%1. When the cushions are linear and mass­
leu, 4Xw = 4%1. When the cushions are nonlinear, 4Xw is not expected to 
equal 4%1 unleu the preload produces strains in the linear range of the 
material. Figure 6.33 illustrates the response of linear massless cushions 
to sinUBOidal excitation. The response is linear as long as the peak-to-peak 
value of Xr(t) is less than 24x, but becomes nonlinear when 24x is e: :ceeded. 

A third po88ible condition which might exist is shown in Fig. 6.34. Here, 
the static deflection of the lower cushion under the influence of mass m is 
not compensated for in the test rig. In addition, the lower cushion has taken 
a set, Xd, over and above the initial static deflection, x,. The response is 
shown in Fig. 6.35. Aa soon as the upward moving mass overcomes distance 

Tiu 
Tc T 

j_ 

m 

F10. 6.32. Package cuahion when preload ia applied 
to top and bottom cuahions. 



DATA ON REAL MATERIALS 

+F 

-F 

NO STRESS ON LOWER 
/ CUSHION 

BOTH CUSHIONS 

FIG. 6.33. Response of linear m888le88 undamped 
cushions in the Fig. 6.32 configuration. 

m 

FIG. 6.34. Uncompensated configuration; distance 
Xd is a set 888Umed by the lower cushion. 
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x,, the upward cushion force drops to 1.ero and the mass is in free flight up­
ward until brought to rest by the force of gravity or until it contacts the upper 
cushion. (Figures 6.31, 6.33, and 6.35 ignore gravity for the sake of clarity.) 

Figure 6.34 shows a degenerate case of the configurations in Figs. 6.30 and 
6.32. In an actual package, the additional deflection, Xd, of the lower cushion 
can arise from drift or creep during storage. This topic is discussed in more 
detail in Chapter 8. 

A situation like that shown in Fig. 6.35 can arise in vibration-testing real 
cushions, all of which have marked damping characteristics. Where x,(t) is 
a relatively high-frequency oscillation, the cushion may not have time to 
recover before force direction changes. Such a situation is shown in Fig. 
6.36; this is for the configuration of Fig. 6.32 with the peak-to-peak value of 
x r(t) less than 211x. (Compare Fig. 6.36 with Fig. 3.6.) 
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LOWER CUSHION 

VIBRATION ISOLATION 

+F 

-F 

INITIAL ZERO STRESS IN 
BOTH CUSHIONS 

Fm. 6.35. Response of the Fig. 6.34 configuration; mass is 
in free flight over distance x,1. 

x, It I -++ 
+F 

+• 

-F 

Fm. 6.36. Force versus deflection for a pair 
of linear damped cushions. 

Finally, free flight can be induced simply because x,(t ) is so large as to 
induce substantial permanent set in either or both members of the cushion 
pair. 

All the foregoing factors demonstrate why information is scarce and why 
the designer must use available data with caution and insight. 

Zell [179] began with a test syllabus based on a military specification [284] 
that was being considered by the American Society for Testing and Materials 
as a package-cushioning vibration-properties test. This test syllabus re­
quires exposure to the following frequencies and amplitudes: 
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2-5 cps, 1.0 in. d.a. 
5-25 cps, 1 g peak acceleration 

25-50 cps, 0.04 in. d.a. 
50-300 cps, 5 g peak acceleration. 

Working initially with polystyrene foam, Zell found that trying to hold 
to these extreme conditions produced drastic permanent set of the material 
even when the total test period was 15 minutes but only about 5 minutes at 
resonance. Remaining tests were run at much lower amplitudes. 

Figure 6.37 shows typical results for 2-pcf polyether urethane foam at a 
thickness of 2.9 in. and a static stress of 0.16 psi. Note that the measured 
peak transmissibilities lean to the left as the response moves into the softening 
range of the foam and then lean to the right as the response amplitude extends 
into the hardening area of the dynamic stress-strain function. 

Figures 6.38 through 6.41 show the results for various polystyrene foams at 
different static stresses and thicknesses. Note that, except in Fig. 6.38, 
these static stresses were at the lower end of the optimum static-stress values 
obtained from shock-testing the foams. When testing 0.8-pcf polystyrene at 
the indicated optimum shock stress of 1.5 psi, thickness losses in the upper and 
lower cushions were 18 and 36 percent respectively. At 0.7 psi , however, the 
losses were reduced to 8 and 10 percent. 
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Fm. 6.42. StreBB-strain curve for 
the polyurethane foam checked by 
Henny and Leslie 12851. 

In discussing his results with polystyrene foam, Zell tentatively suggested 
that the 0.8-pcf foam was demonstrating a linear spring characteristic but 
nonlinear damping. However, one can argue the opposite from the same set 
of data. Since, for a given static stress, 

w. = r(::). (6.158) 

a reduction in elastic modulus at a given deflection matched to an equal re­
duction in thickness (through cushion creep) would leave the natural fre­
quency unchanged. 

Benny and Leslie (285) have also reported results on a polyurethane foam 
whose static stress-strain curve is shown in Fig. 6.42. Results for various 
static stresses and inputs are shown in Fig. 6.43. When the input vibration 
spectrum of Fig. 6.44 was applied with a bearing stress of0.81 psi, the results 
were as shown in Fig. 6.45. Isolation occurred at all frequencies above 6 cps. 
These authors also noted that a package designer must compromise between 
the shock data and the vibration-response data. For the 2-inch-thick poly­
urethane foam (Fig. 6.45) they recommended a static stress between 0.23 
and 0.30 psi as the best compromise to meet the requirements of Fig. 6.44. 

More recently, Zell and his co-workers have explored the results obtainable 
from the Fig. 6.32 configuration in greater depth and with two additional 
materials.• All these tests have been run at a constant peak input accelera­
tion of 2g, with varied frequency. Since x1(t) is essentially sinusoidal, maxi­
mum displacement is directly ascertainable by using the familiar relationship 

*The work di1euued here wu not available at first writing. The graphs first became 
available in manll8Cript review. The approach taken was conaidered so buic as to warrant 
rewriting Section 6.8.2 despite the publication delays involved. A. of this writing, the 
polyethylene foam data are acheduled to be publi11hed in a Picatinny Anenal Report tentative­
ly titled "Vibration Testing of Resilient Package Cuahioning Materials; Polyethylene Foam." 
The poly1tyrene-acrylonitrile co-polymer data are BCheduled to follow in a separate report, 
which will be prepared after additional te•ting. Particular thank• are due for permiBBion 
to 1118 the data in advance of publication. The reader will appreciate that any concluaiona 
drawn are my own and are not neceuarily related to thole which Zell may draw with all the 
data before him. 
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FIG. 6.43. Transmissibility curves for a polyurethane foam: 
(a) static stress 0.23 psi and various input amplitudes, and 
(b) input 2.5 g and various static stresses [285 I. 

which may be written 

_QB__ 10 G. 
X = (21rf)2 "" f2 m., 
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(6.159) 

(6.160) 

where f is frequency in cps, and G is a multiple of the engineering value of 
the acceleration of gravity, g = 386 in./sec/sec. 
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Fm. 6.44. A required teet 1yllabua (285). 
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Fm. 6.45. Result.a of exposing a 2-in.-thick 
polyurethane foam to the teet 1yllabua of 
Fig. 6.44; 1tatic 1trell 0.81 pei (285). 

Figure 6.46 plots results obtained with 2.1-pcf polyethylene foam with 1.0-
pai static stress. Testing began at 200 cps and was run in decreasing fre­
quency intervals with the amplitude at zero between aucceuive data points. 
Sample dimensions were 8 x 8 x 2 inches. Peak response amplitude of llg 
was noted at about 11 cps. Testing was continued down to about 6 cps, at 
which point a set of 3/16 inch became evident. The frequency changp, proce­
dure was then reversed, using the same sample throughout; these results are 
also shown. This figure clearly illustrates the anomaly introduced by 
dynamic set of a given material. 

Figure 6.4 7, on the other hand, used one sample for the increasing fre­
quency sweep and another sample for the decreasing sweep. This figure 
shows behavior that is in consonance with cl888ical theory, summarized in 
Section 6.6. 

Figures 6.46 and 6.4 7 demonstrate rather dramatically the difficulty 
of making firm predictions of service behavior baaed on idealized laboratory 
tests. 
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FIG. 6.48. Input vibratory acceleration pro­
ducing dynamic set versus static stress, for 
2.1-pcf polyethylene foam. Zell. 

Considerable effort was devoted to finding what combination of input motion 
and static stress would produce dynamic set. The results, which seem 
largely independent of thickness, are shown in Fig. 6.48. The equation for 
the least-squares fit to the available data is 

G; = 1.3 u , -o.M, (6.161 ) 

where G 1 = input acceleration amplitude (dimensionless). 
The closeness of the slope of the line to -1/2 suggests that the true slope 

from a very large population might well be -1/2. Refitting the data to the 
a priori relation results in the normalized line shown. This latter line seems 
to provide a lower bound to the data available and therefore could be used 
as the design curve with some confidence. The equation for the normalized 
line is 

G, = u , - 111. (6.162) 

In plotting the results obtained from extensive tests at many frequencies 
and thicknesses (while generally maintaining the 8- by 8-inch plan for the 
samples), the investigators found a consistency of relationship between two 
quantities. The first quantity, "effective modulus" E1, is the modulus at 
resonance of a linear cushion having the same resonant frequency as the 
actual nonlinear system under given test conditions. The second quantity, 
"forcing strain" E1, is the ratio of peak input motion to cushion thickness. 
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Fm. 6.49. Effective modulus versus forcing strain for four different 
thicknesses of 2.1-pcf polyethylene foam, note apparent material 
linearity at low forcing strains, i.e., at high frequencies. Zell. 
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Since the input motion is always sinusoidal, EJ and EI can be defined mathe­
matically as 

(6,163) 

(6.164) 

For both the polyethylene foam and the styrene co-polymer they found that 
E1 is a constant for lower values of EJ and then tends to follow an exponential 
regression line of the form 

(6.165) 

where a and bare empirically obtained from least squares. Specific results 
for polyethylene foam are shown in Fig. 6.49. Again, the slope of the em­
pirical line being close to -1/2 suggests an approximation in the form 

(6.166) 

where, for polyethylene foam, a' is 8.5. 
For the styrene co-polymer, it was found that the constant for the approxi­

mate regression line is a' = 12.5. E1 has a constant value of 270 psi when 
E/ E; 2 X 10-3 • 

Combining Eqs. (6.164) and (6.166) leads to a prediction of natural fre­
quency for varying E1 in the form 

(nu,= c(GT,.)- 1t1 , (6,167) 
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Fm. 6.50. Maximum transmiaaibility versus forcing strain for four thicknesses 
of 2.1-pcf polyurethane foam. 1.ell. 

where 

a' 
C = 21r 'Vg. 

For polyethylene foam, c = 26.7; for the styrene co-polymer, c = 39.3. 
Plotting transmiasibility against forcing strain does not produce such simple 

curves. Data from four thicknesses and varying static stresses for polyethyl­
ene foam are summari7.ed in Fig. 6.50. 

The work performed to date by Zell and his co-workers represents a signifi­
cant improvement in methods of attacking the complex problem of cushion 
performance in the simulated package mode. Note that the definition of 
E1 given in Eq. (6.164) can be shown to be the same as the definition of the 
storage modulus at the natural frequency of the cushion given by Eq. (6.29). 
Evidently, therefore, Fig. 6.49 is a plot of the storage modulus at the natural 
frequency of polyethylene against a parameter representing cushion de­
flection. AB pointed out in Chapter 3, this is the goal to be sought in con­
sidering the complex moduli of nonlinear materials. 

Equation (6.31) gives transmiasibilii.y in terms of the complex modulus. 
Transmissibility at reaonance can be <.-stimated with reasonable accuracy from 

(6.168) 

which is a restatement of Eq. (6.31) assuming that peak transmissibility 
occurs at a frequency ratio of 1.0. Naturally, this is not accurate for heavily 
damped materials but such inaccuracies would undoubtedly be masked by 
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inherent material variability. Hence, the simplified equation could be used 
in preliminary design. 

Since t.he test procedure evaluates the muximum transmissibility at a 
fixed input acceleration and variable frequency, the 1088 modulus at a given 
excitation l"•vel is 

Ea = E1(T ma.r1 - 1)- I/I, (6.169) 

It would be interesting to see a plot of the loss modul\11, ao derived, against 
11; a usable relation is badly needed. It m\llt be admitted that the loss 
modulus so determined may not be translatable to other cushion shapes, 
because of the strong effect of shape on the effective air damping. Shape­
factor corrections could undoubtedly be determined in due course. 

6.8.3. Precompreaaed Siqle Cu•hiona. AB not.ed in the first part of 
Section 6.8, successful results are obtained with this configuration only if the 
response is such that the load does not part company with the cushion. 

North American Aviation [164] exposed a firm (nominal density around 
3 pcf) latex hair sample 3 inches thick to the following vibration spectrum: 

2 cps, 0.25 in. d.a. 
3 cps, 0.45 in. d.a. 
5-16.5 cps, 0.5 in. d.a. 
16.5 to 200 cps, 7 g peak. 

Three static stresses were used: 0.266, 0.284, and 0.363 psi. Under these 
conditions, the differences in stresses and amplitudes produced no significant 
difference in results, so one transmissibility curve was enough (Fig. 6.51). 
This curve is repeated in Franklin and Hatae [161], who also show one trans­
missibility curve for 2.2-pcf polyester urethane, presumably obtained from 
the same form of test syllabus. 

Fm. 6.51. Tranamisaibility of firm rub­
berized hair. North American Aviation 
(164). 

... 
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Keast and Baruch [184) have computed the transmissibilities of a number 
of packaging materials. Since their chief aim was to observe the effects of 
extreme environments on these materials, their results will be discussed in 
the next chapter. 

Felt has been rather neglected in shock isolation work in recent years and 
its popularity as a vibration isolator has apparently declined, except for 
applications made in a traditional manner. Lehmberg's [286) data on the 
six SAE grades of felt provide much valuable practical information. Tyzzer 
and Hardy [287) found useful results with 10-, 22-, and 49-pcf felts for vibra­
tion isolation. 

Finally, as a reminder that the property of vibration isolation is nJt con­
fined to carefully fabricated materials, Ezzat [288) has found that dry Oregon 
Pine sawdust is a good isolator for all except low-frequency, low-ampliil.irle 
vibrations. 

6.9. The State of the Art 

Vibration theory is far ahead of the availability of data on which sound 
designs can be based. Few cases are recorded of rational designia based on 
specific efforts to control vibration characteristics with cushions. As far as 
packaging is concerned, the number of such designs is negligible. 

This is unfortunate. Hatae [289] has correctly labeled vibrati<>:1 as the 
true frontier for package designers. Morrow [290,291] suggested almost nint 
years ago that packages be designed on the basis of the vibration to be isolated, 
letting the shock values fall where they may. He noted, in particular, that 
the Q of the system can be established as satisfactorily by designer's choice 
as by vibration test, provided that the designer separates the suspension reso­
nance and the first resonance of the equipment by at least an octave. 

My own observation over a number of years convinces me that it is far more 
common for packaged items to fail in shock from hard bottoming of the cushion 
than from exceeding an arbitrarily chosen peak acceleration. Perhaps, 
in some golden age when we have adequate statistical data on the shipping 
environment, designers will calculate thickness on the basis of preventing 
bottoming under root-mean-square shock intensity, except for very high­
value items which might be protected for three or more standard deviations. 
Then they can concentrate on the vibration problem. 

Mains [292) states that shock intensity practically has to have the charac­
teristics of a random variable, noting that one must think of a punch press 
or a drop hammer to visualize a structure for which shock loading is anything 
but random. 

Undoubtedly a major current difficulty is the selection of a reasonable vibra­
tion-test amplitude and syllabus. The commonly used military standard 
[284) is known to be based on an envelope of worst conditions, and many test 
syllabi do not recognize the effects on the forcing structure of the mass of 
the object being vibrated. For heavy loads, as pointed out by O'Hara [264], 
the impedance of the supporting structure- be it rail car, truck, or ship deck­
cannot be considered infinite. 

There has been a tendency to regard field vibration as random and then 
equate more convenient sinU80idal testing through a cumulative fatigue 
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function such as the Miner-Palmgren [293,294] linear hypothesis. One such 
effort was discussed recently by Kasuba [295]. In general, as shown by Gertel 
[296], this results in a sinusoidal amplitude which is 2.17 times the root­
mean-square random amplitude. Results for vehicles traveling over the 
Munson Road course at Aberdeen are shown in Fig. 6.52. It is now felt, 
despite my own contribution using Miner-Palmgren a few years ago [269,270], 
that these amplitudes are too high to measure the vibration behavior of 
cushions. Doubts of the validity of a connection through Miner-Palmgren 
are supported by lack of a clearly defined endpoint for compression cushions, 
such as exists when a fatigued metal sample breaks. 

Lee [297] instrumented three different heavy packages (80-400 lb). These 
packages were placed in a standard 4 x 4 truck which was then driven over 
a potholed paved course used as a standard in Great Britain for testing 
vehicle suspensions. After records of the response of the store were taken, 
the package was placed on an LAB low-frequency package-vibration tester 
which was operated in the nonsynchronous linear mode. Table travel was 
one inch double amplitude. 

The packages were not fastened to the truck or the table, although cables 
were used to encourage a response with a quasi-single degree of freedom 
and keep the packages within the confines of the test &rea. The results are 
shown in Fig. 6.53. Note that 1 minute on the tester seems roughly equiva­
lent to 5 minutes in the truck. The inevitable conclusion is that the severe 
rough-road environment produces shocks, not steady-state vibration. 

The foregoing statements do not mean to deny the existence of a very severe 
environment in moving military cargo over rough roads. All we can say, 
and that only tentatively, is that the vibratory behavior of cushions should 
be evaluated at small amplitudes and that the large-amplitude package 
"vibration" tests should be considered as shock tests. 
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Chapter 7 

EXTREME ENVIRONMENT 
PERFORMANCE 

Extreme environment aa uaed in this chapter meana very low or very 
high temperatures, plua (in the cue of low temperatUl'el) the low ambient 
prellUl'el UIOciated with high altitude or outer apace. 

>.. lhown in Chapter 3, moet of the material• U18ble u cu•hions exhibit 
viacoelaatic propertie•. Thus, merely on theoretical ground•, one would 
upect considerable •tiff'ening of the material u the temperature i1 reduced. 
At the glaa• tran•ition temperature T, peculiar to the elutomeric 1ubetance, 
near-maximum •tiff'neu would be achieved. A. temperature ii lowered 
below T,, •tiftheu would remain reaeonably constant until the material 
became 10 brittle u to fail through fracture. (The well-known brittleneu 
of rubber at very low temperature• ii typical.) 

A. temperatures increaae, the dynamic moduli become progreuively 
lower until the temperature region called the rubbery plateau i1 reached. 
Here the material ii •tabiliF.ed for a •pecific range of temperature• peculiar 
to the material; the width of the plateau being a function of polymer crou­
linkage. At the top end of the rubbery-plateau region the material behaves 
aa a thermoplaatic; it• •hock and vibration i•olation characteriltica are 
largely nonexi•tent, or, in many C8181, irrevenible. 

High altitude or out.er •pace will reduce the quantity of air trapped in a 
matrix. Where a material baa propertie• that are markedly dependent on 
thil air, theee propertie• will be changed. For clOled-cell foam• the•e changes 
may be draatic, 1uch u cell wall rupture. Change• may al•o occur in the 
lou modulus, provided that air play• a prominent role in the lou modulus 
(aa it doe• in open-celled foam•). 

The limited data confirm 10me theoretical prophecie•. 
Early attempt• to e•timate low-temperature eff'ecta on culhion• were largely 

in term• of the eft'ecta on the 1tatic •treu-•train curve•. Jordan and Witting 
[298) produced a number of curve• for conventional package-cushioning 
material• which indicated ltiff'ening and, at - 70°C, ruled out a number 
of material• aa probably un•uitable for u•e in 1uch an environment. 

Hatae [299) plotted •tatic 1treu-•train curve• for polyurethane foam at 
165°, 120", 70", 30", 0°, -30", and -50"F. The degree of 10ftening between 
+70" and + 165° wu not nearly 10 marked u the hardening betw&en O" and 
- 30". The diff'erence between -30" and -50" wu not very marked. This 
latter obee"ation ii not 1urpri1ing 1ince Fig. 4.56 indicate• that the glUB 
temperature for polyether urethane foam• ii about -40"F and for the poly­
ester foam• ii about -4°F. 

251 
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Wilson (170) reports static stress-strain data on some 27 different cushions 
at -65°F and +165°F. Some of these results are repeated in Giglio~ti [152] 
and some were given at a Shock and Vibration Symposium (169). 

Eller (300] investigated 19 different polyurethane foams at -20°, -40°, 
and -67°F. These results are also reproduced in Gigliotti (152], who also 
gives some data on resilient polystyrene foams. Statically, at least, these 
latter materials are relatively unaffected by wide temperature fluctuation. 

North American Aviation (164) plotted stress-strain curves for a firm 
n1bberized hair and found that the stiffness approximately doubled in going 
from room temperature to -50°F. On the other hand, drop tests conducted 
at this temperature resulted in little or no increase in peak acceleration. 
This may be explained by the theoretically allowable stiffness range for a 
given drop test, as shown in Table 4.9. 

Gordon and Wheeler (301) investigated polyester urethane, latex foam, 
closed cell rubber, sponge rubber, neoprene sheet, expanded polyvinyl chlo­
ride (pvc), and 11.6-pcf felt at 20°, 10°, 0°, -10°, -20°, -30°, and -40°C. 
They plotted their results in the form of curves for J versus energy per unit 
volume. For all the cellular materials the entire curve was lowered, at first; 
then the left-hand side of the curve (corresponding to low energy per unit 
volume) rose rapidly and eventually the whole cur" rose rapidly. As 
temperature is reduced the materials become not only harder but also less 
resilient. Hence the initial improvement in performance. As temperature 
is lowered even further, however, stiffness increases more rapidly and even­
tually overwhelms the decreased resilience effect. 

Gordon ano Wheeler make the special point that a large increase in cushion 
stiffness may not show up as an increased acceleration, particularly where 

TABLE 7.1. MINIMUM "SAFE" TEMPERATURE FOR CUSHIONED PACKAGES 

Minimum "Safe" Temperature 

Material (OC) 

Gordon and Wheeler (301] Letchford (302) 

Polyester urethane foam -10 -10 
Latex foam (open-celled) -2011 -20 
Closed cell rqbber -20 -
Neoprene sheet 0 -
Expanded pvc -10 -
Polyether polyurethane - -30 
Felt -34b -
Rubberized hair - -40 
Plastic bonded hair - -40 
Latex bonded wood wool - -50b 

Latex bonded glass fiber - -50b 
-

"Stiffness increase not sharp. P088ibly usable to -34°C. 
b Limit of data taken. Material appears safe to some lower but unspecified temperature. 
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the design has been set close to the optimum point. The "safe" temperature 
for a package designed to operate at room temperature was defined as the 
lowest temperature achieved before drastic increase in peak acceleration 
begins. This definition led to the compilation shown in Table 7.1. Letchford 
[302] noted similar effects and his results are also included in Table 7.1. 
All three authors cautioned that their data were valid only for materials 
that are substantially dry initially and throughout the test program. 

Mazzei [303] has examined the effects of wetting rubberized hair and test­
ing at room temperature and after freezing the drip-dry matrix at -40°F. 
At ambient temperatures, water actually lowered optimum peak acceleration 
but, after freezing, produced a drastic increase in the optimum room-tem­
perature loading range. However, at high static loadings (say, double the 
optimum), lower accelerations were recorded, indicating that ice could play 
a beneficial role under certain circumstances. 

Tolley [304 I has asked this question: Can static tests be used to predict 
low-temperature dynamic performance? Using a polyurethane foam, he 
showed that a number of static properties changed drastically at a tempera­
ture that seemed characteristic of that foam. For polyurethane foam he 
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checked initial spring rate (the slope of the stress-strain curve prior to column 
collapse), the yield point (the stress at which the strain becomes nonlinear), 
and energy per unit volume up to a strain of 1/3 the original thickneBB of 
3 inches. These results are shown in Fig. 7.1. 

As a design input, Tolley was seeking 25g max at - 65°F with an 8-inch 
drop height. Static streBB for the particular design was 0.5 psi, and 15 per­
cent precompression was necessary. Figure 7 .2 shows how this result was 
achieved with the particular foam covered in Fig. 7.1, with a density of 
4.1 ± 0.14 pcf. Figure 7.3 shows the range of peak accelerations for various 
drop heights and temperatures with this foam. 
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FIG. 7.2. Peak 1CCeleration uer,ua temperature 
for a polyurethane foam at an 8-in. drop height. 
Tolley (304). 

O 8 10 12 14 16 18 20 22 24 
DROP HEIGHT (IN.) 

Fro. 7.3. Peak 1CCeleration llf!T'lua drop height 
for a particular polyurethane foam deaign at 
varioua temperaturee (304). 
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Note that the results of Fig. 7 .2 show a sharp rise in peak acceleration 
in the neighborhood of -10°F-the temperature at which the static properties 
also show a sharp rise. ThUB, the static properties can be used to evaluate 
the lower bound for maintaining room-temperature performance charac­
teristics. From previous studies of viBCOelasticity mentioned in this mono­
graph, we see that - lOOF mUBt be near the gl888 transition temperature 
of the polymer and that the results achieved apparently show a gratifying 
confirmation of theory. 

Tolley aleo investigated some 17 different materials; he reports that the 
only ones that performed as well at - 65°F as they did at +65°F were some 
silicone rubber foams and a fibergl888 pad of unspecified properties. 

Soper and Dove (33) aleo investigated low- and high-temperature shock 
performance of two special rubber compounds at initial strain rates of 400 
sec- 1• The two "rubbers" were a polyrubber-Stafoam mix and a silicone 
rubber filled with gl888 beads. Temperatures were +160°, +60°, and -60°F. 
The results are shown in Fig. 7 .4. These authors further suggested that the 
optimum deaign for performance over a wide temperature range was dictated 
by the upper bound of all the J curves for the range considered. This is shown 
by the heavy line in Fig. 7 .4 for 65 percent polyrubber and 25 percent Stafoam. 

Cohen (277) was more interested in input shocks expressed in terms of 
input acceleration than in drop height. Measured shock tranemissibility 
for a 1-in. thick 5-pcf polyurethane foam pad at 2500 and -60°F is shown 
in Fig. 7.5. Static stre88 was 0.2 pei. Input acceleration was a half-sine 

s--------------. 

lo 

0.1 0.2 o.s o.4 o.~ o., 0 .1 o.e 
~ v• =f,; a 10"1 (PSI) 

Fm. 7 .4. Performance or 1pecial rubbers at 
varioua temperaturea: curvee 1 are 65 per­
cent polyrubber, 211 percent Stafoam; curves 
2 are a 1ilicone rubber filled with glaa 
beada; curvea la and 2a are meuured at 
160"F., curvea lb and 2b at 80°F, and curves 
le and 2c at -60"F; initial •train rate 400 
aec- 1• Soper and Dove (33). 
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FIG. 7.5. Vertical shock transmi88ibility at high and 
low temperature for a 5-pcf polyurethane foam; static 
stre88 0.2 psi, thickne88 1 in. Cohen (277]. 
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FIG. 7.6. Lateral vibration transmi88ibility at low, 
room, and high temperature for 5-pcf polyurethane 
foam, 1-in. thick (2771. 

70 

pulse. By contrast, at room temperature transmissibility was under 50 
percent for input shocks less than Sg-a shock figure considered less than 
might be expected as a part of the aircraft shock envelope. Note that at 8g 
transmissibility is only about 55 percent at -60°F, thus confirming that 
peak acceleration need not rise excessively. 

Cohen checked vibration transmissibility at eeveral temperatures. Figure 
7.6 gives lateral transmissibilities at room temperature, +250° and -60°F. 
Note that peak transmissibility actually decreased at - 60°F, although, as 
expected, natural frequency increased. 
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500.------------------, 

Fm. 7.7. Vertical-vibration trans­
miuibility of polyurethane foam 
at different altitudes; static stre88 
0.225 psi, thickneBB 1 in. (277]. 
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Fm. 7.8. Vibration response ofa poly­
urethane foam to high-stre1111 vibration 
at -65°F; static streBB 0.81 psi, thick­
neBB 2 in. Henny and Leslie (285). 

Cohen also exposed polyurethane foam to several simulated altitudes, 
as shown in Fig. 7.7. In these tests the sample was only 4 x 5 x 1 in., and 
static stress was 0.225 psi. One might expect a substantial increase in 
transmissibility due to lack of an air damping factor. Cohen suspected 
that the high transmissibilities at sea level might have been the result of 
using a much smaller sample than the normal aircraft mount installation. 
If so, this would be one more proof that air in foam cushions cannot be ignored. 

Henny and Leslie [285) exposed the foam whose static stress-strain curve 
is given in Fig. 6.42 to the vibration spectrum given in Fig. 6.44. The results, 
at -65°F, for 2-in.-thick material at 0.81 psi static stress, are shown in 
Fig. 7.8. Note that, despite considerable stiffening, transmissibility did 
not exceed 1.5. 

Keast and Baruch [184) studied the properties of a number of materials 
at very low temperatures and pressures. These included glass fiber, latex 
bound hair, polyether polyurethane foam, silicone rubber foam, and paper 
honeycomb. Temperatures were +75°, -65°, and -200°F. Measurements 
were made at sea level pressures and at 10-• mm Hg (a virtual vacuum). 

Temperature alone had little or no effect on the vibration performance 
or stress-strain characteristics of glass fiber materials but a vacuum effec­
tively changed the material from a good vibration absorber to a poor one. 
Results are summarized in Table 7.2. 

Unfortunately, the Keast and Baruch report does not stipulate the input 
vibration amplitudes, but they were apparently small. 

Considerable difficulty was encountered in testing polyurethane foam as 
a free cushion at low temperatures, because of the tendency of the material 
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to curl. Finally, Keast and Baruch cemented the sample to an aluminum 
plate, thus effectively producing a cushion mount. They found a transmis­
sibility of 1.0 at all frequencies up to 1000 cps at -65° and -200°F. 

For polyurethane foam, pre88ure and temperature both strongly affect the 
dynamic stress-strain curves (see Figs. 7.9 and 7.10), but not for rubberized 
hair (see Fig. 7.11). The different effects of room temperature (+73°F) and 
-65°F are shown in Fig. 7.12. The difference seems to be due more to 
sample variability than t.o softening. At -200°F, the material simply 
disintegrated during the course of testing. 

Dynamic stre88-strain curves for silicone rubber foam remained almost 
unchanged at -65°F, as compared with room temperature conditions. At 
-200°F, however, the material was almost as stiff as the polyurethane 
foam at the same temperature. Vacuum adversely affected vibration trans­
miBSibility (which was not very good in the first place); see Table 7.3. 

Paper honeycomb was not affected significantly by temperature changes. 
To summarize: most cushions become considerably stiffer as temperature 

drops; with the glass temperature T,, playing a key role in the temperature 
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Fm. 7.9. Effect of vacuum on dynamic 1treu-
1train characteriatica of polyurethane foam. 
Keast and Baruch [184). 

50 

c'ii 40 
Cl. 

~ 30 
w 
a: 
I-
"'20 
u 
2 
j 10 

~ 

+70°F 

0 .2 0 .3 0 .4 0.5 0.6 0.7 0 .8 0 .9 
STRAIN 

Fm. 7.10. Effect of temperature on dynamic 1treu-
1train characteriatica of polyurethane foam I 184]. 
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FIG. 7.11. Effect of vacuum on dynamic stress-strain 
characteristics of rubberized hair I 184 I. 
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FIG. 7.12. Dynamic stress-strain curves for rubberized 
hair, at two different temperatures I 184 I. 

level at which maximum stiffness is found. As regards shock, peak accelera­
tions do not rise as rapidly as the stiffness parameter. Systems designed 
for room temperature service do not show very large changes in peak accel­
eration until they reach the neighborhood of Tu, The minimum safe tem­
peratures of Table 7.1 indicate the approximate location of the point at 
which the acceleration increase rate undergoes an abrupt change. This 
point is in the neighborhood of Tu, 

Vibration transmissibility is also affected by temperature changes; the 
most noticeable effect being a change in natural frequency. There are 
changes in transmissibility but not aa large as might be expected. For 
small vibration amplitudes, materials which have a strong air-damping 
effect at large excursions do not necessarily have the same effect at small 
excursions. Air effect must be determined empirically and is probably a 
function of samvle size. 
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There seems some possibility that, for small excursions, time and tempera­
ture superposition could be used to good effect to develop expressions for 
natural frequency and transmissibility as a function of static stress and 
thickness. This would effect a considerable reduction in the number of 
curves required. Plotting master curves of complex moduli as a function 
of frequency and temperature would reduce the load even further. Trans­
missibilities could be computed directly for a specific design, using Snowdon's 
(60) formula, Eq. (6.31). 

The foregoing must be considered as tentative opinions stated as pos­
sible guides for future work. There are not enough data to warrant firm 
conclusions. 



Chapter 8 

DRIFT AND CREEP 

Drift is defined a, the percentage lou in thickneu of a material under 
streu. Some investigators uae the phraaes dynamic drift and static drift 
to diff'erentiate between thickness lou due to repetitive shock or vibration 
stresses, and long-term thickness lou due to static stress. 

Dynamic drift occurs with practically all cushions but is particularly marked 
with quui-resilient and rigid cushions. Dynamic drift of theee materials baa 
been dilCUlled in Chapters 4 and 6. Schmidt and Hoffmann [188) strongly 
imply that dynamic drift of polyurethane foams can be controlled by pre­
working the material enough to ensure constant air drag. 7.ell [179) ob­
aerves that dynamic drift of cloaed-cell polystyrene foams seems uaociated, 
also, with cell wall rupture and consequent modification of air-cushioning 
eff'ect. With lighter-weight rubberized hairs, dynamic drift is apparently 
uaociated with progressive felting of the hair-rubber matrix. 

Drift under static load is something common to all materials. It is usually 
ignored with metals at normal temperatures, because the rate and absolute 
magnitude are very low. More properly, this phenomenon should be called 
creep, since it involves a change in strain under constant stress. The vari­
ables aff'ecting creep in a viecoelutic material can be identified as: 

1. the stress applied; 
2. the material's own creep characteristics, i.e., the specific damping con­

stants when the material is regarded aa a generalir.ed Maxwell body (aee 
Chapter 3); 

3. the temperature at which the measurements are made; and 
4. the time of the expoeure. 

Perhaps we should al10 consider changes in density of the material during 
the experiment, and the relative humidity at which the measurements were 
made. The physical properties of many organic materials, especially cellu­
loeic materials, are intimately related to water content; for accurate work, 
relative humidity should always be controlled. 

In section 3.2.4 on the uses of time and temperature superpoeition, it waa 
suggested that a drift muter curve could be plotted for a given material 
expoaed to a given static stress using the following relation 

1 (1 - «)pT t(1 t) og = og-. 
Po To ar 

(8.1) 

This procedure would permit shortening test time by elevating the tempera­
ture to the region of the material's rubbery plateau. 

263 



264 DRlrl' AND CREEP 

Since relaxation modulus can be plotted by the reduced-variable technique, 
and since creep and relaxation moduli are interrelated (Chapter 3), perhaps 
we could plot a single master curve in a form such as 

log (u,Tp) = f(log (1 - f)t). 
Topo ar 

(8.2) 

However, no evidence was found to support this hypothesis. 
As it is, drift tests are very time-consuming, and none of the available data 

indicate that reduced-variable technique was employed. A typical test set 
up for measuring drift of package-cushioning materials is shown in Fig. 8.1. 
After the cushion and measuring platen are installed, thickness is read. 
Then the weight box containing a sufficient quantity of lead shot to produce 
the desired static stress is eased down onto the cushion and the thickness 
is read promptly. Generally speaking, a substantial portion of the drift 
occurs during the first few hours. 

Ci) 

0 

FIG. 8.1. Kentner creep box: 1- cover, 2- weight 
box with total weight a<ljusted with lead shot, 
3- measuring platen, 4- cushion, 5- outer plywood 
box, 6- clear plastic window, 7- measuring scale, 
and 8- record card. 

Table 8.1 contains some results extracted from the sources indicated. 
Whilt: these data are indicative, rather than conclusive, it can be seen that 
very large creep losses can occur with some materials. Blake's results 
[305,306,307] are particularly interesting because his static stresses were 
the optimum for particular drop heights and thicknesses. 

For polystyrene foam, Drysdale et al. [217 J found that creep was very small 
if the material had not previously been compressed. Table 8.2 lists recom­
mended maximum loadings to keep creep below 5 percent and 10 percent for 
a 100-hour period. Figure 8.2 shows measured creep of 0.1-pcf polystyrene 
foam with various static loads after the material has undergone one impact 
from a height of 36 inches with a drop-test static stress of 0.165 psi. 
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TABLE 8.1. SoME CREEP TEST RESULTS" 

Density 
Static 

Material 
(pcf) 

Stress 
(pei) 

Rubberized hair 1.80 0.090 
Rubberized hair 1.80 0.180 
Rubberized hair 2.70 0.180 
Rubberized hair 2.70 0.362 
Rubberized hair 2.70 0.542 

Rubberized hair Soft 0.180 
Rubberized hair Soft 0.090 
Rubberized hair Medium 0.180 
Rubberized hair Firm 0.180 
Rubberized hair Firm 0.194 

Rubberized hair Firm 0.362 
Rubberized hair Firm 0.542 
Rubberized hair Firm 0.400 
Rubberized hair 1.6 0.050 
Rubberized hair 1.6 0.055 

Rubberized hair 3.7 0.065 
Rubberized hair 5.9 0.058 
Polyurethane foam (ester) 2.4 0.382 
Polyurethane foam (ester) 2.2 0.400 
Polyurethane foam (ester) 2.2 0.120 

Polyurethane 2.4 0.382 
Polyurethane 2.2 0.400 
Polyurethane DR Chemfoam 0.65 
Polyurethane LP Reclaim 0.350 
Polyurethane LP Reclaim 0.400 

Polyurethane LP Reclaim 0.500 
Polyurethane 78 Reclaim 0.150 
Polyurethane 78 Reclaim 0.200 
Polyurethane 78 Reclaim 0.250 
Polyurethane PE Reclaim 0.600 

Polyurethane PE Reclaim 0.650 
Polystyrene Tyrilfoam 0.420 
Polystyrene Tyrilfoam 0.750 
Polystyrene Tyrilfoam 0.850 
Polystyrene Celluliner 20 0.470 

Polystyrene Celluliner 20 0.630 
Polystyrene Celluliner 20 0.800 
Polystyrene Celluliner 30 0.500 
Polystyrene Celluliner 30 0.640 
Polystyrene Celluliner 30 0.650 

Polystyrene Celluliner 30 0.800 
Polystyrene Celluliner 40 0.700 
Polystyrene Celluliner 40 0.750 
Polystyrene Celluliner 40 0.850 
Polystyrene Ololite 0.800 

• Room temperature, uncontrolled unleu otherwise indicated. 
•Test terminated at 5 mo. 
' Test terminated at 4 mo. 

Creep, % Loss in Thickness 

24 Hr 1 WI,, 1 Mo 6Mo 

10.0 10.5 13.0 22.7 
24.5 31.6 36.5 46.06 

8.0 9.0 10.5 17.8 
10.0 14.0 16.5 24.8 
22.1 26.4 29.5 36.0< 

30.0 30.4 37.7 49.0 
10.0 12.0 14.0 23.0 
39.0 42.0 46.0 52.0 

8.0 10.0 12.0 17.0 
12.0 15.0 20.0 20.0 

12.0 17.0 18.0 23.0 
27.0 28.0 29.5 40.0 
30.0 32.0 37.0 40.0 

4.0 5.0 5.0 -
4.0 5.0 6.0 -
4.0 5.0 5.0 -
3.0 3.0 3.0 -
5.0 6.6 10.0 11.6' 
2.5 5.2 6.0 7.0' 
5.0 10.0 13.0 14.0 

5.0 6.5 10.0 10.6' 
4.4 5.0 6.0 7.0' 

66.0 68.0 68.0 -
3 3 3 -
4 5 5 -
5 5 6 -
2 2 2 -
3 3 3 -
4 4 5 -
2 2 2 -
3 3 3 -
0 0 0 -
0 0 0 -
0 0 0 -
0 0 0 -
0 0 0 -
0.7 0.7 0.7 -
0 0 0 -
0 0 0 -
1.0 1.0 1.0 -
0.7 1.4 1.4 -
0 0 0 -
0 0 0 -
1.0 1.0 1.0 -
0 0 0 -
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31 
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31 
31 
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TABLS 8.1 (Continued) . SoMS Cusp Tur RuULTS0 

Dcnaity 
Static Crnp, ~ Lo,, in Thiclineu 

Mat.rial 
(pcf) 

Strn, 
(pei) 24Hr 1 Wli 1 Mo 

Polyltyrene Ololit.e 0.730 0 0 0 
Polyltyrene Ololite 0.750 0.8 J.8 0.8 
Polyltyrene Tyrilfoam 0.60 0.4 0.4 0.4 
Polyltyrene Tyrilfoam 0.806 0 0 0 
Polyltyrene Celluliner 20 0.60 0.5 1.0 u 
Polyltyrene Celluliner 20 0.806 0.4 0.5 0.7 
Polyltyrene Celluliner 30 0.806 0.5 0.5 0.5 
Polyltyrene Celluliner 40 0.806 0.3 0.3 0.3 
Polyltyrene Dylite #1 0.600 0.5 1.0 1.0 
Polyltyrene Dylite #2 0.600 0 0 0 

Polyltyrene Dylite #2 0.806 0 0.3 0.3 
Polyltyrene KRB Chemfoam 0.500 2 2 2 
Polyltyrene KR-1 Chemfoam 0.650 0 0 0 
Neoprene NFChemfoam 0.050 0.7 0.7 0.7 
Polyethylene Ethafoam 0.350 0 0 0 

Polyethylene Ethafoam 0.550 2 3 3 
Polyethylene Ethafoam 0.600 3 3 3 
Cellulole fiber felt Tufflex U-150 0.080 4.7 5.2 5.8 
Cellul01e fiber felt Tufflex U-200 0.080 5.4 6.8 6.8 
Cellul01e fiber felt Tufflex U-300 0.050 8.6 8.6 8.6 

Celluloee fiber felt Tufflex U-300 0.080 8.7 8.7 8.7 
Cellulole fiber felt Tufflex U-300 0.110 13 13 14 

• Room temperature, uncontrolled un.._ otherwiae indicated. 

TABu: 8.2. SAPS Srusus roa 100-Houa 
EXPOIUU or PoLYSTYUNJ: FOAMS 

Uncompreued Compressed 
Density 5% 10% Density 5% 10% 

(pcf) Creep Creep (pcf) Creep Creep 

0.77 4.2 7.0 0.74 2.1 2.8 
0.93 4.2 <6.9 1.01 2.1 2.8 
1.17 4.2 6.9-9.7 1.27 2.8 4.2 
1.36 12.4 <18 1.32 7.0 <9.5 
1.77 12.4 <18 1.60 7.0 12.5 

6Mo 

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

I -

Ref. 

306 
306 
307 
307 
307 

307 
307 
307 
307 
307 

307 
306 
306 
305 
305 

305 
305 
306 
306 
306 

306 
306 

One problem with reepect to creep ia that at present there ia no univenally 
accepted endpoint establishing acceptable creep performance. Schmidt and 
Hoft'mann (188) imply that 5 percent creep in about one year may be a good 
general meuure. Figure 8.3 ia a plot for polyurethane foams showing density 
ver,ua the 1tatic •trees which would produce 5 percent creep in 104 hours at 
55 percent relative humidity and 1torage temperature under 22°C. 

Exceuive •tatic ,trees can produce cataatrophic creep failuree. Eller, 
Stein, and Chatten [308) expoeed a number of foam materials to static stresses 
great enough to cauae 20- to 25-percent initial 1train on the cuahion. The 
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FIG. 8.2. Creep tf0.1-pcf polystyrene foam with vari-
0111 static loads, after impact from 36-in. height with 
0.165-pei static stress. Drysdale, et al. (217). 
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FIG. 8.4. Creep of cushions with static stret111 
sufficient to cause 20 to 25 percent initial strain. 
Eller, Stein, and Chatten (308]. 

results are shown in Fig. 8.4. Note the sharp rise in the polyurethane creep 
values. For a cushion with a constant-stress plateau, such as polyurethane 
foam, static stress close to the knee will eventually creep over the knee and 
then proceed across the plateau at least until the stiffening portion of the 
stress-strain curve is reached. 

When a resilient polyurethane foam with a pronounced knee in the static 
stress-strain curve is loaded close to the knee and the stress is not uniform, 
a catastrophic failure can occur quite rapidly. If one comer of the pad is 
overstressed, this corner will creep to failure first. The overstress is then 
gradually transferred across the pad, and the entire pad is reduced in thick­
ness by about 70 or 80 percent. Design shock and vibration isolation char­
acteristics, of course, are substantially lost. It is particularly important, 
therefore, to ensure good balance on polyurethane foam cushions. Indeed, 
this is a goal that should be sought for all cushions, since both static and 
dynamic properties depend on uniformity of stress. 

Creep performance of cushions required to support a static load may well 
be a more limiting factor in design than either: (a) the optimum static stress 
for mii1imum shock acceleration, or (b) the vibration isolation characteristics 
of a pad with certain dimensions. The data available are scanty, and do not 
give a firm picture of the allowable static stresses for certain materials; nor 
do they provide means of evaluating creep at different temperatures. 



Chapter 9 

CONCLUSIONS 

The literature reviewed in preparing this monograph generally falls into 
one of three broad groups; individual papers ma: fall in all three. These 
groups are: 

1. Studies of the properties of continuous, deformable media under stress; 
2. Analyses, some highly mathematical, of the forces exerted by materials 

on objects being isolated; and 
3. Data concerning the performance of specific materials or classes of 

materials. 

The purpose of this chapter is to summarize the highlights of these studies 
and draw any possible conclusions. 

9.1. Theory 

Stress passes through a cushion in waves. Wave velocity is a function 
of the cushion's mechanical constants. The waves are reflected in a complex 
manner from all interfaces, including the edges of the cushion. Simplifica­
tion and better understanding are achieved by assuming that the stress wave 
is plane. Conditions for the validity of this assumption are that the stress 
be applied parallel to some arbitrarily selected axis and be uniformly dis­
tributed over the face of the cushion. 

As a plane stress wave passes through a cushion, waves are generated at 
the edges behind the wave front. It has been shown, however, that the waves 
will not penetrate further than a distam:e about the same as the thickness 
of the material. Hence, if surface dimensions are large compared to cushion 
thickness, surface stress can be considered uniform. 

The behavior of cushions can be fitted into a consistent pattern when 
analyzed in terms of modern viscoelastic theory. This is a very active field; 
it has recently been extended to cover nonlinear behavior and large-strain 
behavior, leading to practical application. From a very large reservoir of 
theoretical studies, only a limited number of concepts need be drawn at this 
time; the most pertinent are presented below. 

The strain behavior of a cushion is a function of the stress, time, and tem­
perature. All three variables must be considered in any problem although, 
for most shock applications, temperature rise in the cushions can be ignored; 
this reduces the problem to studying and recording the effects of ambient 
temperature. 

Performance of cushions at any one temperature can be equated to per­
formance at any other temperature through an empirical shift factor. If 
we know the temperature T,, at which the material begins to behave in a 
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glassy fashion, we can predict the shift factor for most elastomeric mate­
rials by a single empirical equation; this is accurate within the limits of 
experimental error from T" to T" + 100°C, a range that covers most ambient 
temperatures. 

Below T,, most materials are very stiff and the damping is relatively small. 
As the temperature is raised, stiffneu decreases through a transition zone 
and then stabilizes in a rubbery-plateau region. In the rubbery-plateau 
region stiffneu remains constant until a temperature is reached at which the 
material becomes plastic and flowing. Stiffness characteristics have gone 
(as least for shock-isolation purposes) and the lo88 may be irreversible. 
As the temperature increases, damping increases, reaching a peak value 
just past the transition temperature. After peaking, damping diminishes, 
reaching a new minimum at the boundary between the transition and rubbery­
plateau regions. 

Exactly the same phenomena are observed when the time of streu applica­
tion is changed, while the temperature is kept constant. As the time of 
application is shortened (frequency increasing), the material becomes stiffer 
and behaves exactly as it does when the temperature is lowered. 

This parallel between temperature and time means that they can be super­
posed. As shown in a well-proven theory, there is a unique relationship 
between a physical property, such as stiffne11R, and temperature, or time 
(which may be expre88ed as strain rate or ,· 8 frequency) and the empirical 
shift factor. This principle governs all nH .. >chanical constants: dynamic 
stre88-strain, stiffness under vibration, damping capacity, and creep­
whether determined in tension, compression, or shear. For example, suppose 
that we make vibration tests at a certain temperature over a limited fre­
quency range. Then, by making the same tests at a different temperature, 
we produce the same effect as if we had altered the range; thus, we can obtain 
the equivalent of full-range tests by temperature change. This principle 
is of prime importance in extending knowledge of the behavior of cushions, 
particularly in vibration and creep. 

Cushions, especially those with good energy-absorption characteristics 
at low impact velocities, have creep characteristics; i.e., they increase in 
strain under constant load. They alsc., .ihow relaxation properties, i.e., gradual 
reduction in the stress required to maintain a constant strain. It is clearly 
established that these characteristics are a consequence of the viscoelastic 
nature of the materials. 

For a vibratory input, especially for small strain, the concept of a complex 
elastic modulus is a very important aid to understanding and predicting 
cushion behavior. The complex modulus combines in a single quantity the 
stiffne88 and damping characteristics of a given material, thus permitting 
simplified analysis; at the same time, it takes into account the fact that 
stre88 behavior depends on time as well as on strain. 

While relatively few investigators actively use the complex-modulus 
concept with cushioning materials, much of the accomplished work is con-­
sistent with the tenets of complex-modulus theory which is a direct outcome 
of the viscoelasticity concept. Although complex moduli are usually used 
for small excursions due to sinusoidal disturbance, they can also be used 
for large excursions such as shock motions, with the help of Fourier's rules. 
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Further, although complex modulus began with the assumption of a linear 
response, we can now apply the concept to nonlinear materials with enough 
accuracy for engineering purposes. 

Tension and shear moduli for elastomeric foams can be predicted with 
good accuracy from knowledge of the foam density and tension modulus 
(Young's modulus) of the unfoamed material. Compression resistance also 
depends on foam density but must usually be determined experimentally, 
since much of the overall behavior is directly related to collapse of somewhat 
randomly oriented columns (often with differing cross sections). Euler's 
column rules (which are related to Young's modulus of the material itself) 
apply to this effec~ but, in the absence of a specific structural model, prediction 
is difficult. 

The foregoing rules particularly apply to open-celled foams. They also 
apply to closed-cell foams, with the addition of terms appropriate to the 
compression of air in the closed cells. Maintenance of behavior as a closed­
cell foam is directly related to cell wall strength. 

With open-celled foams, the behavior of the foam itself can be isolated 
from the behavior of the air trapped in the matrix of the material. At very 
slow compressions, the air within the material is not compressed; as the 
rate of compression is increased, the air is subjected to pressure which is 
changed by ability of the air to escape from free surfaces of the cushion. 

This ability is a function of the cushion geometry. Thus many cushioning 
materials must be expected to exhibit a shape factor, whose importance 
depends on foam density, cell size, and degree of interconnection between 
the cells. Surprisingly enough, some non-cellular materials (notably, 
bound fiberglass) also show strong air-damping effects. Control of the air­
resistance properties of specific materials, perhaps through measurement 
of the specific drag of the matrix, is apparently one way to control the damping 
factor. 

There are indications that, at least for polyurethane foams, air-resistance 
characteristics become stabilized after prework or a few reasonably large 
dynamic strains. This has been attributed to rupture of very thin membranes 
(which are not necessarily continuous but do restrict air flow) between the 
larger threads of polymer forming the main structure of the foam. This 
suggests a way to control the properties of the material. 

To make further progress in understanding, specifying, designing, and 
using foam cushioning materials, we must apply the le880ns of viscoelastic 
theory. This conclusion is inevitable. 

9.2. Mathematical Analyses of Shock and Vibration 
Behavior of Cushions 

The response of a cushion to shock or oscillatory input depends directly 
on the dynamic stress-strain relation of the cushion. Shock is a special 
case of vibration and can be analyzed by techniques developed for the vibra­
tion-isolation condition. 

For velocity-shock isolation, the optimum point for design is the least 
material thickness for a stipulated peak acceleration. It is indicated by 
the point on the dynamic stress-strain curve where the ratio of dynamic 
stress to energy absorbed per unit volume is a minimum. But because of 
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the viscoelastic nature of cushions, it is unlikely that a single dynamic 
stress-strain curve for the material exists until very high impact velocities, 
or very high-frequency vibrations, are encountered. Hence, the minimum 
ratio of stress to energy per unit volume, called Jo, is represented, not by a 
single point but by a line in a surface whose coordinates are stress, strain, 
and some function of time. 

The time function is quite often expressed in terms of the first derivative 
of the strain, i.e., strain rate. It can be measured by dividing the velocity 
at the start of cushion distortion by the undistorted thickness of the cushion. 
In packaging work it is more convenient to convert strain rate to a dimen­
sionless number: height of drop divided by cushion thickness. 

For each value of Ju in the J surface there is a corresponding value of the 
optimum static stress. Actual static stress may be allowed to vary from about 
60 to about 140 percent of optimum without significant effect on peak ac­
celeration, all other input conditions remaining the same. This phenomenon 
is one of the key explanations for the following observed behavior of cushions: 

1. As the material stiffens with decreasing temperatt,~ neak acceleration 
does not rise as rapidly as the temperature until the gl1:Ls temperature of 
the cushion is reached; then, peak acceleration jumps to a new and reasonably 
stable value. 

2. Considerable change in drop height can occur before significant change 
in peak acceleration. 

Both features, peculiar to nonlinear cushion materials, provide unexpected 
safety margins. Further, they allow the designer to deviate from the opti­
mum static stress (for such purposes as giving the cushion dimensions con­
venient to manufacture) without undue concern over the acceleration value. 

While J and Jo are functions of the dynamic stress-strain curve of the 
material, they can be measured in terms of the static stress, velocity (or drop 
height), and thickness without detailed knowledge of the dynamic stress­
strain curve. Further, it seems well established, at least for package­
cushioning materials, that the variables can be separated so that the de­
signer can select thickness and optimum static stress by means of empirical 
equations. 

The data which have been analyzed to show that the variables of minimum 
thickness and optimum static stress can be separated have limited applica­
bility, as do all data concerning cushions. The approved method of obtaining 
the data does not seem to assure a constant shape factor for the material, 
nor does it take into account the following factors which affect real designs: 

1. Precompression of the cushion caused, in packages for example, by a 
top pad placed on the store; 

2. Friction by side pads which will serve to increase peak acceleration 
through additional damping effects; 

3. Confinement of the edges of bottom pads, say, by an outer container 
that restricts the flow of air from the cushion matrix-this may have a sur­
prisingly large effect even when the outer container is a non-rigid corrugated 
fiberboard box; and 

4. Using semicircular shapes or other geometric figures . 
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Nonetheless, the suggested design method using separated variables 
gives a sound point of departure. Further calculations can be made, as 
required by the complexity of any design problem. 

The data used to derive J curves can also be used to derive families of 
dynamic stress-strain curves. The latter are undoubtedly more useful in 
complex design problems, particularly when it is not feasible to make a 
realistic full-scale test with an adequate sample, making extensive analysis 
necessary. 

It has been implied that the concept of separating variables is the best 
method of approaching an optimum design. This may or may not be true; 
it is too early to tell. However, other methods may be cumbersome, requiring 
many curves and some interpolation. 

The foregoing discussion has been based on an implicit assumption of a 
system with one degree of freedom, such as a perfectly flat drop on a uni­
formly stressed cushion. 

When it comes to analyzing situations involving nonlinear geometries in 
addition to nonlinear materials, we must use the applicable stress-strain 
curve. (Suppose, for example, that the drop is not completely flat, involving 
combined rotations and translations.) There are analytical techniques, 
reinforced by computers, that permit solution of very complex problems. 
Equations have been written and programmed for nonlinear damped elas­
ticity for the familiar rotational-drop test on the assumption that the outer 
container is rigid and the cushioned object is also rigid. The nonlinear 
elasticity characteristics need not be described by mathematical expres­
sions but can be programmed for a curve follower or for an equation of any 
complexity. 

To sum up: the state of the art is well equipped to estimate the peak shock 
developed at the interface between cushion and cushioned object, but not 
how elements of the cushioned object respond to peak shock and the asso­
ciated wave form; here, practice lags far behind theory. In most practical 
cases, shock isolators are rated in terms of the shock spectrum. The shock 
spectrum is the response of a system with one degree of freedom to the shock 
pulse developed by the cushion. With modern tools, response is readily 
computable over a wide range of element natural frequencies. 

Shock spectrum theory clearly establishes that designing for minimum 
thickness for a given peak acceleration at the cushion load interface is not 
necessarily the best way to protect a complex item. This gap between theory 
and practice demands closure. 

The definition of shock spectrum implies some of the difficulties involved in 
determining response. This difficulty, coupled with the fact that nonlinear 
materials may have an infinity of shock spectra, means that there are practi­
cally no usable spectral data on cushions. It is essential to rational design 
that these data be accumulated. Further, it would appear most useful to 
begin by accumulating the data with the cushions loaded at optimum thick­
ness and static stress. The need for such an approach was stressed at the very 
beginning of rational design (over twenty years ago), yet nothing concrete 
has yet been accomplished in this area. 
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Part of the problem has been the lengthy computations required to develop 
a single shock spectrum. Very accurate digital-computer programs have 
been developed within the past several years; some automatic analog com­
puters have also been designed. 

The shock spectrum by its very nature is only a rough indicator of cushioned­
item response. Neverthele88, a cushion with a low shock spectrum is better 
than a cushion with a high shock spectrum. 

A conventional shock spectrum is only one of several ratings for cushioning 
materials. A particular form of spectrum due to the late C. E. Crede has the 
advantage of being easily computable and quite useful in indicating the 
direction that corrective action should take when there is a test failure. 
Another form of response spectrum is the damage-sensitivity spectrum. 
Here, the sensitivity of individual elements of the cushioned object to damage 
can be computed as coordinates and plotted on graph paper. If a point is 
inside the envelope curve, the corresponding element is subject to damage. 
If the point is outside, the element will be safe with that cushion. 

A major obstacle to our making a broad use of the shock spectrum is the 
assumption that the elements of the cushioned object are supported on springs 
that remain linear throughout their travel range lllld do not bottom. Be­
cause much shock damage consists of permanent deformation, there has 
been an tlff'ort to develop special response spectra that will predict when this 
will occur and how badly. The theory of such spectra is not nearly so simple 
or well developed as that of the simple shock spectrum. But it contains 
the germ of a rational way to predict fragility in certain elements of cushioned 
objects. 

Another form of damage occurs in the collision of adjacent components. 
Recently, the proximity spectrum concept has been advanced as a possible 
way to predict this sort of damage. Proximity spectra for half-sine and 
triangular pulses could be very useful in packaging work; proximity spectra 
for step pulses, such as the square wave, would apply to high-velocity impacts 
on rigid or quasi-resilient cushions. Proximity-spectrum theory is relatively 
new in shock; however, in vibration, collision probabilities have been worked 
out for input and response. 

Fragility of an item under shock can only be expre88ed in terms of the 
fragility of individual elements, and these fragilities cannot be divorced from 
the behavior of specific cushions. Shock spectra, and the various specialized 
forms of response epectra, show what a cushion does to a cushioned object; 
also, they suggest means of estimating item fragility. 

The tools needed to analyze the behavior of cushions under vibratory 
stress have existed for some time. This is true for sinusoidal inputs (periodic 
with many forcing frequencies) or random inputs (disturbances so complicated 
that periodicity cannot be readily detected). A measure of cushion response 
is provided by the complex magnification factor, or by its absolute value, 
the magnification factor. Other measures of response, such as relative­
motion response or absolute-displacement response (transmi88ibility) are 
functions of the magnification factor. Magnification factor and transmissi­
bility can be computed from the complex moduli of the materials. 

In general, a cushion's natural frequency is controlled by the static stress 
on the cushion and by its thickness. Stress and thickness therefore affect 
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magnification factor and transmissibility, which are functions of natural 
frequency. 

The concept of mechanical impedance and mobility provides a powerful 
tool for the analysis of complex systems, particularly those with multiple 
degrees of freedom. If the complex modulus for a cushion and its dimen­
sions are known, then conversion to impedance terms is straightforward. 
Similarly, impedance techniques can be used to excellent advantage in 
finding complex-modulus values for cushions. This is another argument for 
further concentration on the complex modulus. 

Most of the foregoing statements concerning vibration behavior are based 
on linear theory, which is not necessarily applicable to cushions, particularly 
where excursion is large. Most usable materials stiffen with increasing 
strain. For these materials the familiar family of transmissibility curves, 
evenly distributed about the vertical axis of the natural frequency of the sys­
tem, is distorted. Distortion occurs to the right for stiffening materials, to the 
left for softening; the natural-frequency axis becomes a trajectory. In 
linear systems, the peak value of transmissibility is a function of cushion 
damping only. With nonlinear systems peak value of transmissibility is a 
function of input amplitude, frequency, and damping; but peak value is less 
than it would be if the system were linear. Thus analysis on the basis of a 
linear response determines the envelope of possible peak responses. 

For specific cushion thicknesses and inputs, that is, for specific designs, 
response curves can be drawn with reasonable accuracy. Recent work, 
as yet unpublished, promises near-term ability to predict maximum transmis­
sibility and associated frequency in a simple manner. 

There is not at present a consensus on what constitutes a sound method 
of evaluating the vibration performance of cushions. For example, tests 
based on military specifications requiring a sinusoidal equivalent of a rough­
road environment have been found to produce shock motions, not vibratory 
response. 

9.3. Behavior of Material• 

Materials usable as cushions can be divided into three categories: resilient, 
quasi-resilient, and rigid. In analyzing the utility of materials, three broad 
ranges of impact velocity have been investigated: 

1. Low velocities, resulting from drops of a few feet, typical of the packag­
ing environment; 

2. High velocities, resulting from drops of up to 20 feet, typical of para­
chute delivery; and 

3. Very high but subsonic velocities typical of explosive impacts. Data 
in this category are rather scanty. 

Most data are concerned with the behavior of resilient and quasi-resilient 
materials used for packaging, although a good collection of data covers paper 
honeycombs for air-drop shock absorption. Almost all of the data, however, 
are concerned with peak acceleration at the interface between the cushion 
and the object; practically none with shock spectral effects. 

For delicate items, the data show that soft open-celled plastic foams, bound 
fibers such as animal hair, vegetable fiber and fibrous glass, reclaimed rubber 
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and plastic foams, hair or cellulosic felts and a host of other materials can 
be used. Practical utility is based on the energy-absorptive capacity of the 
material, creep characteristics, and (especially for military work) extreme­
temperature performance. 

Data on extreme-temperature performance are scanty. Much of this 
scarcity is due to not making sufficient use of viscoelastic theory, so as to 
give a consistent approach. However, it does seem that although most mate­
rials stiffen as the temperature drops, there is little increase in peak ac­
celeration (other conditions being equal) until the region of the glass tem­
perature is reached. From this there arises the concept of the lowest "safe" 
temperature for a cushion, that is, the lowest temperature attained before 
a room-temperature design is no longer approximately valid. Several mate­
rials continue to be "safe" down to - 40°C, although most plastic foams 
become "unsafe" at -10°C to -20°C. 

Data on drift of package-cushioning materials is far from complete although 
some developments show promise. For any given material, enough tests 
must be run to establish the maximum practical load for a given creep over 
a given time. Creep is a function of the materials properties (including 
cross linking, in the case of polymers). For the polyurethane foams there 
is a set of curves giving maximum static stress for 5 percent creep in about one 
year, related to the density of the foam. Data on other materials are not so 
satisfactory, since the time and creep end points have not been established. 

Among quasi-resilient materials, there is plenty of available data on 
polystyrene foams. These data indicate considerRbly more shock and vibra­
tion isolation utility for this material than might be expected. The semi­
rigid polyurethane foams perform especially well, even after a number of 
drops, if the original static stress is properly set. 

The most popular (and a very versatile) quasi-resilient cushion material 
is corrugated fiberboard; the available data only begin to sample its properties. 
A double layer of corrugated fiberboard (such as occurs at the bottom of a 
conventional box) continues to give protection up to 30 or 40 Revere drops. 
When formed into accordion or rat trap pads, corrugated fiberboard gives 
as much protection as any of the resilient materials, but the structure has 
limited durability. 

Among the nonresilient materials, paper honeycomb seems the most 
popular, at least for air-drop cushioning. But there are indications that 
metal honeycombs absorb more energy per unit volume; honeycombs filled 
with plastic or rubbery materials are even better, in this respect. 

In short, we have a large choice of materials with known properties. The 
choice for a given application depends on design constraints and goals. 

9.4. General 

More than 300 written contributions have been drawn upon in writing 
this monograph. This shows that much solid work, by some of the world's 
best minds, has been devoted to the subject of cushioning. 

One of the first papers to discuss velocity-shock isolation was Mindlin's 
"The Dynamics of Package Cushioning." This classic is almost invariably 
referenced in any serious work on velocity shock isolation; it is referred 
to here many times. 
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However, in the general field of cushions, too many packaging studies 
have avoided such deeper i88ues as damping, shape, and viscoelasticity. 
Their authors have let slip from their hands the ownership of a fascinating 
and difficult field. Too many engineers and physicists still do not consider 
packaging respectable. So, cookbook answers are given to questions that 
need the best thinking. 

This refusal to take packaging seriously has hampered the shock and 
vibration experts, for the packagers have much to teach them even if it is 
not expre88ed in elegant mathematical terms. Package cushions are ex­
cellent shock and vibration isolators, but only recently have their properties 
begun to be exploited in non-packaging applications. 

Finally, both cl8888s of expert have widely ignored what the polymer 
scientists have to say. The fact that only one engineering study of cushions 
used the principle of time and temperature superposition (which has been 
recognized since 1943) is a good example. 

The three disciplines must be brought together. May this monograph 
be a let.ter of introduction. 
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METHODOLOGY 

In this monograph we have tried to include every paper having an identifi­
able bearing on the problem of cushions, within the bounds established in 
the introduction. 

First, the known bibliographies were consulted. Of particular value here 
was Brennan's (221] monumental work which brought the literature up 
through 1956, thus appreciably shortening search time. Van der Toorn's 
(172] bibliography was particularly helpful. Gigliotti's report (152], Ali and 
Benson (220], Strachwitz (309], a report from the Central Packaging Branch, 
Ministry of Aviation (310], Curti1 (311] and The Package Cushioning Design 
Handbook (148]; all have pertinent bibliographies which were reviewed. 

Finally, the abstract journals from 1955 onward were read. In particular, 
Engineering Index and Packaging Abstracts were both read through Decem­
ber 1965. 

It was found that pt,rtinent references were included in a surprisingly 
large number of technical and quasi-technical journals and periodicals. 
Table 1-1 lists by journal the open source material consulted in preparing 
this monograph. 

A special search was made of abstracts available in the Defense Documenta­
tion Center. Over 300 references to cushions were found, as well as over 
300 citations to viscoelasticity studies in the past five years. The complete 
file of Shock and Vibration Bulletins at the Shock and Vibration Information 
Center was reread. 

Each paper and report identified as having possible bearing on the problem 
was read and annotated with the needs of this monograph in mind. Cita­
tions in each paper were also checked for possible further contributions to 
understanding. 

In addition to the foregoing, and possibly more important to the timeliness 
of this writing, many workers identifiably active in early 1966 were asked 
about the direction of their work and any conclusions that they cared to draw. 

Thus, this overview represents a determined effort to attain completeness. 
However, the great volume of the literature and its scattered availability 
make it very pouible that some significant paper or report may have been 
miued; any comments on such omiuions will be gratefully received. 

For the sake of coherence, the author \lied his own judgment concerning 
what was significant in the light of today's knowledge. This monograph 
therefore contains an element of bias; nevertheless, every reaaonable effort 
bu been made to preeent a balanced view of every topic. 
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TABLE 1-1. DIS'lRIJIUTION OF PERIODICAL REFERENCES ...----------------r-------, 
Journal No. of Citations 

J . Acoust. Soc. Am. 10 
J . Am. Chem. Soc. 2 
Aeron. Quart. 1 
Am. J . Math. 1 
J. Appl. Mech. 4 

J. Appl. Phys. 1 
Arch. Rat. Mech. Anal. 1 
ASTM Bulletin 1 
Bell System Tech. J . 2 
Br. J. Appl. Phys. 2 

Bull. Seismological Soc. Am. 1 
J . Chem. Phys. 2 
J. Colloid Sci. 1 
Electrical Communication 1 
Engineering 1 

Experimental Mechanics 1 
Ind. Eng. Chem. 1 
Industrial Packaging 1 
Materials Handling Engineering (Flow) 6 
Mech. Engineering 1 

Modern Materials Handling 1 
Modern Packaging 10 
Neue Verpackung 1 
Noise Control 3 
Ost. I ng.-Arch. 2 

Package Engineering 5 
Packaging 1 
Packaging News 1 
Packaging Review 2 
Physica 1 

Phys. Rev. 1 
~hfymuS~ 2 
Reus. Modern Phys. 1 
J. Roy. Aeronaut. Soc. 1 
J. Sound Vibr. 1 

J . Sci. Instr. 1 
Shock and Vibration Bulletins 31 
Soc. Exp. Stu.:s Anal. Proc. 1 
Trans. Am. Soc. Mech. Engrs. 11 
Verpackungs Rundschau 3 
Z. Ver. Deuts. Ing. 1 
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NOTATION 

A Constant, usually denoting amplitude of a time varying 
disturbance 

A,, Area under an acceleration-time curve 

Ac Area of a cushion exposed to static stress 

A, Initial area of a variable orifice 

A,,, Amplification factor 

A,, Arbitrary constant of the nth order 

Au Area of a variable orifice at any instant; also, first term in a 
polynomial 

AP Projected area of ll cushion 

A* Complex amplitude of a sinusoidal motion 

A,,,* Complex amplitude of the mth component wave 

A'"' Complex cortjugate of A ,n * 

a, Variable distance from the end of a container 

an Constants of order n, defined in the equations in which used 

ao Initial slope of a stress-strain curve; also, when clear from 
context, the first of n constants of order n 

ap Peak acceleration 

ar Temperature shift factor 

a' Motion in a direction defined in an associated figure 

a' Vel<lCitv of the motion a' 

a' o Optimum value of ao 

a'(w), a"(w) Unspecified functions of frequency 

Directio 18 of motion defined in pertinent figures 

Bandwidth 

Cushion mass factor 

Arbitrary constant of the mth order 
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B' w,,/B 

b. Constant of the nth order, defined in the equation in which uaed 

b' Motion in a direction defined in an 8880Ciated figure 

b'("'), b"("') Unspecified functions of frequency 

c,,c . .. 
C,,. 

Cz 

C11 

c, 

C(t) 

C("') 

C'(t> 

C 

Cc 

c~ 

CJ 

c, 

CJ 

Co 

Cp 

c,. 

Cr 

D 

D'" 

D. 
D, 

D-• 

Arbitrary constants defined in the equations in which used 

Fourier coefficients 

Sum of the coefficients of damping acting in the x-direction 

Sum of the coefficients of damping acting in the y-direction 

The rotational damping coefficient; sum of the damping coeffi­
cient in each isolator times the square of its distance from the 
center of rotation 

Creep function 

Fourier transform of the creep function 

Generali7.ed creep spectrum 

Damping coefficient 

Critical damping coefficient 

Damping coefficient of an element of the cushioned object 

Coefficient of friction 

Air friction coefficient, or drag 

Damping coefficient in the ith element 

Damping coefficient of thejth element . 

Damping coefficient of thejth element in a Maxwell model 

Nonlinear damping coefficient 

First term in a polynomial expansion of c. 

Specific heat per unit volume 

Coefficient of restitution 

Coefficient of thermal expansion 

Depth of a cushioned object; when immediately followed by a 
variable symbol, an operator notation denoting differentiation. 

Fourier coefficients 

Operator notation denoting partial derivative with respect to f 

Cross-sectional dimension of a thread of foam material 

Operator notation denoting integration of the variable imme­
diately following 

I 
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d Deflection due to translational motion 

dr Average foam cell diameter 

dr Total deflection 

d, Deflection due to rotation 

d,,dz.. Distances defined in the pertinent figure 

E Modulus of elasticity; usually taken herein to mean in compression; 
when tension, shear, rigidity or bulk moduli are meant, they are 
so specified 

Er Young's modulus for the corrugating medium in corrugated 
fiberboard 

E1 Tensile modulus for a foamed sample; also, in Ch. 6, the effective 
modulus in compression 

E1 Elasticity modulus for thejth element 

E, Loss modulus; imaginary part of the complex modulus of elasticity 

E,. Tensile modulus for an unfoamed material 

E. Nonlinear modulus of elasticity 

Eo First term in a polynomial expansion of E. 

Er Storage modulus; real part of a complex modulus 

Er. Value of Er at the natural frequency of the cushion 

E,, First-order nonlinear contribution to the nonlinear 1088 modulus 

Er, First-order nonlinear contribution to the nonlinear storage modulus 

E(t,T) Modulus of elasticity as a function of time and temperature 

Er(t) Modulus of elasticity at a given temperature as a function of time 

Er(w) Modulus of elasticity at a given temperature as a function of 
frequency 

Er. Modulus of elasticity at a specified reference temperature To 

E* Complex modulus of elasticity 

E, • First-order nonlinear contribution to a nonlinear complex modulus 
of elasticity 

E' Modulus of elasticity of a nonlinear material measured at a specified 
strain E 

E' r Storage modulus of a nonlinear material measured at a specified 
strain E 

e Base of natural logarithms, e = 2.71828 ... 

er{ Error function 
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erfc 

e, 

e2 

F 

F* 

F,(t) 

F,(x,> 

F,(y,) 

F',(x,) 

F',(y,) 

F;(w) 

Fo(w) 

f 

(( ), f[ 

{(T,,) 

fp 

r,, 
{, 

{,(t) 

{,( t) 

f,, 

G,. 

G; 

G,,. 

Gm 

G,, 

G. 

G, 

g 

H 

H(t) 

J 

NOTATION 

Complimentary error function 

Internal energy density per unit mass 

Entropy per unit mass 

Force 

Complex force 

Time-varying input force 

Force in the ith mount due to displacement x, 

Force in the ith mount due to displacement y, 

Force in the ith mount resisting rotation by displacement x; 

Force in the ith mount resisting rotation by displacement y, 

Fourier integral transform of{,( t) 

Fourier integral transform of xo(t) 

Frequency (cps) 

Denotes a function of the terms contained in the parentheses or 
brackets 

Temperature shift function 

Natural frequency of an element (cJ>8) 

Impulsive disturbing excitation 

Root mean square value of f,(t) 

Generali7.ed time-dependent excitation fun~ion 

Artificial f,(t) in which a transient is converted to a steady-state 
excitation 

Natural frequency (cps) 

Equivalent static acceleration ratio 

Peak input acceleration ratio 

Peak acceleration ratio corresponding to frequency w ; 

Peak acceleration ratio 

Minimum value of Gm corresponding to J,, 

Maximum safe static ~cceleration ratio 

Peak acceleration ratio from a hypothetical linear cushion 
Acceleration of gravity 

Magnification factor; absolute value of H(w) 

Unit step function 
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H(log T) Distribution function of relaxation times 

H(w) Complex magnification factor 

H,,.(w) Complex magnification factor for the mth component wave 

H, ,H 2 Magnification factors for subsystems 1 and 2 

h Height of drop 

h(t) Response to a unit impulse function 

h, ,h2 Heights defined in pertinent figures 

/,, Area moment of inertia 

/ 0 Moment of inertia of a complete system about a point 0 

/, Moment of inertia of m, about its center of gravity (e.g.) 

/ 2 Moment of inertia of m2 about its e.g. 

I 3 Moment of inertia of complete system about its e.g. 

v'=-i, except when used as a subscript where it denotes the ith 
element in an assembly of many elements 

J Ratio of peak stress developed by a cushion to the energy absorbed 
per unit volume by the cushion at that stress 

J o Minimum value of J 

J1 Minimum value of J for a hypothetical linear cushion 

j Subscript denoting the j th element in an assembly of many 
elements 

K Bulk modulus 

Kc One-fifth the compression modulus for an open celled foam 

K(T) Characteristic relaxation time of a polymer at temperature T,, 

K<Tu) Characteristic relaxation time of a polymer at T,, 

K., Total spring rate acting in the x-direction 

Ku Total spring rate acting in the y-direction 

K, Rotatio~al spring rate 

k Spring rate 

k, Spring rate of an element of a cushioned object 

L Length of a cushioned object 

L , Overall length of a contaiuer 

l Length of a capillary; also, length of a cantilever beam 

l e Characteristic length of a cushion 
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lo Unstrained length of an individual thread in a foam material 

M Ratio of total deflection to translation deflection 

m Mass of a cushioned object; when used as a subecript denotes the mth 
element in an assembly of many elements 

me Mass of a cushion 

m~ Mass of an element of the cushioned object 

m, Sprung mass 

mz Container mass 

ma Mass of complete systel!l 

N* Complex quantity defined in Eq. (6.33) 

n A number; when used as a subscript denotes the nth element in an 
assembly of many elements 

na Ratio of specific heats of air at constant volume and constant pressure 

no Number of zero crossings of a random variable 

n 11 Number of times y(t) passes through y with positive slope 

n 11p Number of peaks of y(t) per unit time 

0 Point in space 

P Proximity, the distance at any instant between two moving masses 

P ( Probability of the variable contained in the parentheses; where only 
a single variable is given it is to be understood that the probability 
meant is the probability that the value of the variable is equal to or 
less than some value of that variable 

p Pressure 

p,, Ambient pressure 

p, Internal pressure 

Pn Structural response parameter, identified in the equation in which 
used 

p ( Statistical distribution function of the variable indicated in 
parentheses 

p, Real part of N*, Eq. (6.35) 

Q Quality factor, numerically equal to 1/2(3 

Qi Heat flux in a thermodynamic system 

Q, D,1/ lo 

q, Imaginary part of N, see Eq. (6.35) 

R. Structural response parameter defined in the equation in which used 
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Rr Spring coupling constant denoting coupling from x-coordinate into 
y-coordinate 

Ru Spring coupling constant denoting coupling from y-coordinate into 
x-coordinate 

R 'r Damping coupling constant equivalent to R z 

R 'w Damping coupling constant equivalent to R w 

Ra(w) Any acceleration response spectrum 

Ra"(w) Normalized (dimensionless) acceleration response spectrum 

R i w) Displacement response spectrum 

Rdn(w) Normalized displacement response spectrum 

R .(w) Velocity response spectrum 

R .,.(w) Normalized velocity response spectrum 

R, Radius of gyration of sprung mass 

R2 Radius of gyration of container 

R3 Radius of gyration of complete system about point 0 

R, Distance from point O to system e.g. 

r Radius of a capillary 

r(t) Relaxation function 

r'(t) Continuous relaxation spectrum 

r(w) Fourier transform of r(t) 

S Shape of a pulse (dimensionless) 

Sa(w) Standard acceleration shock response spectrum 

Sa.(w) Normalized acceleration shock response spectrum 

Sd(w) Standard displacement shock response spectrum 

S,,.(w) Normalized displacement shock response spectrum 

S.(w) Standard velocity shock response spectrum 

s . "(w) Normalized velocity shock response spectrum 

81r Standard deviation of the mean time to first exceedance tr 

8 u Standard deviation of the random variable y 

8 2 Variance of a normal (Gaussian) variate 

81,82, ... Distances defined in the pertinent figures 

T Transmissibility; absolute value of T(w) 

Ta Absolute temperature 
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T,. Cushion thickness 

Tr,, Average thickness of the air in a foam cushion 

T11 Glass temperature of a polymer 

T,,, Transmissibility corresponding to H,,, 

T,,,,,.r Maximum value of T 

To Reference temperature 

T(w) Complex transmissibility 

T(z2) Return period for z2 

t Time 

t' Time interval, very short compared tot 

t,, Mean time to exceedance of a stipulated value 

t,,, Rise time; time at which maximum acceleration occurs 

t,, Natural period of a motion 

to Starting time 

t,,t2 , ... Specific times identified in the equations in which used 

U Energy stored in a spring system at any instant 

u Change in the magnitude of a vector in the x-direction 
V Velocity 

V * Complex velocity 

V1 Total volume of a foam material 

V,,, Volume of solid material in a foam 

VH Volume ratio, V,,,/V
1 

V,. Rebound velocity 

V,., Instantaneous value of V,. 

V, Velocity of the dilatational wave 

V2 Velocity of the distortional wave 

Va Velocity of a plane wave 

u Deflection in the y-direction 

W Weight 

W, Weight of sprung mass 

W2 Weight of container 

W, Weight of complete system 

W (w) Power spectral density 
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W(w,, ) 

W,,,(c) 

W,,,(f) 

Power spectral density in the neighborhood of w,, 

Input power spectral acceleration density for white noise 

Input power spectral acceleration density (g2/cps) 

W ;,,(w) Input power spectral density 

W,,,(wB) Input acceleration spectral density in bandwidth B 

W;.,.(w) Input motion power spectral density 

W,,,, (w) Output acceleration power spectral density 

W,, _,(w) Absolute output motion power spectral density 

W,. _,.(w) Relative motion power spectral density 

w Deflection in the z-direction 

x Cartesian coordinate 

X; Input or excitation motion 

x,* Complex input motion 

x;(t) Time varying input motion 

x;,,, Maximum value of an input motion 

Xo Ab8())ute output motion 

xu* Complex output motion 

Xo(t) Time-varying absolute output motion 

x,, ,,, Maximum value of Xo 

x ,. Xo - x ;; relative motion 

x,. ( t ) Time-varying relative motion 

x,.,,, Maximum value of x,. 

x., Maximum equivalent static motion 

x, ,x 2,X:1 Dimensions 

x, Input velocity 

Xu Output velocity 

x ,. Relative velocity 

'i,, Average height of input acceleration pulse 

x I Input acceleration 

Xu Output acceleration 

Y Compliance, 1/ E 

Y* Complex compliance 
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Yj Compliance in thejth element 

Yi Loss compliance; imaginary part of Y 

Yi• First-order nonlinear contribution to polynomial expansion of a non-
linear compliance 

Y0* First term in polynomial expansion of a nonlinear complex compliance 

Y ,. Storage compliance; real part of Y 

Y,. 1 First-order nonlinear contribution to polynomial expansion of the real 
part of a nonlinear complex compliance 

Y., Shear compliance 

Y1 First-order nonlinear contribution to the polynomial expansion of a 
nonlinear complex compliance 

y Direction in Cartesian coordinates; also used as the designator of a 
variable quantity 

Z Specific air resistance (Rayleighs/cm) 

z Direction in Cartesian coordinates 

z1 Standardized, or normalized, statistical variate; the actual value of 
the variable divided by its standard deviation, otherwise known as the 
root mean square value 

z2 Particular value of z1 

z,. Characteristic largest value of z 1 

z,, Peak value of z, 

z,,, Most probable, or modal , largest value of z, 

a,. P11ase angles corresponding to certain Fourier coefficients, defined in 
the equations in which used 

a I Angle of departure of a dilatational wave reflected from a surface 

a 2 Elastic constant depending on Poisson's ratio, Eq. (3.13) 

a ,1 Angle between corrugating medium and facing 

/3 Ratio of damping coefficient to critical damping coefficient 

(3 ,. Damping ratio of an element of a cushioned object 

/31 Angle of departure of a distortional wave reflected from a surface 

/32 Linear component of a nonlinear damping component 

y ,. Dimensionless damping parameters in a polynomial expansion of a 
nonlinear viscoelastic equation 

y i-.· Dimensionless elasticity parameter 

~ Dilatation, the change in volume of a unit cube; when followed imme­
diately by a single variable, denotes a small , but finite, change in that 
variable 
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NOTATION 

Proximity criterion 
. a2 a2 a2 

Laplac1an operator, ax2 + ay2 + az2 

Angle, usually a phase angle; loss angle in complex modulus 

terminology 

6 (t) Dirac-delta function 

Peak loss angle for a standard linear solid 

Permanent deformation 

Deflection at the yield point 

E Strain 

Strain of individual threads in a foam material 

E * Complex strain 

E( t ) Time-dependent strain function 

E( t )1 Strain in the ith time-dependent strain variable 

E( t )J Strain in thejth time-dependent strain variable 

Eb Bottoming strain 

Ee Strain on the viscous element of a nonlinear cushion 
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E,-: Strain on the elastic element of a nonlinear cushion 

EJ Forcing strain, i.e., ratio between peak input motion and cushion 

thickness 

E,,. Maximum value of strain 

Eo Strain producing J o 

E.r Strain in the x-direction 

E ' .r Strain in the x-direction behind a wave front 

Eu Strain in the y-direction 

E' u Strain in they-direction behind a wave front 

E, Strain in the z-direction 
E, Strain for a hypothetical linear cushion with slope equal to the initial 

slope of a nonlinear cushion 

E Strain rate; T cf = velocity 

E,• Strain rate on the viscous element of a nonlinear cushion 

t i· Strain rate on the elastic element of a nonlinear cushion 

E Rate of change of strain rate; T cE = acceleration 

, Substituted variable; defined in equation in which used 
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6,,fh, ... Angles, defined in the pertinent figures 

iJ Angular velocity 

6 Angular acceleration 

K Velocity of a Rayleigh wave as a fraction of the velocity of a distor-
tional wave 

>.. Lame coefficient 

>.., Time parameter defined in the equation in which used 

µ Lame coefficient; also rigidity or shear modulus 

µ * Complex shear modulus 

µ, Shear loss modulus; imaginary part of complex shear modulus 

µ r Shear storage modulu3; real part of complex shear modulus 

v Poisson's ratio 

1r 3.14169 .. . 

p Density of a material 

po Density of a material at reference temperature To 

u Stress 

u* Complex stress 

u' Reduced stress; u' = u/aoEb 

u(t) Time-dependent stress function 

u(t); Stress in the ith time-dependent stress variable 

u(t)i Stress in thejth time-dependent stress variable 

u,, Average stress at 70 percent strain for honeycomb material 

u, Stress produced by a hypothetical linear cushion 

u,,, Peak value of stress 

Uo Stress producing Jo 

u , Static stress on a cushion 

u', Optimum static stress 

u.,. Stress in the x-direction 

u'.,. Stress in the x-direction behind a wave front 

u II Stress in the y-direction 

u ' 11 Stress in the y-direction behind a wave front 

u, Stress in the z-direction 

I • 
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u .,.r,U.ru, ... Stress acting in a particular direction and in a partic11lar plane; 
the first subscript denotes the direction and the second denotes 
the plane in which acting 

u Rate of change of stress 

T Time, necessarily different from t ; sometimes used to designate 
pulse length 

T; ith value of Tin an assembly of many values of T 

T ' Relaxation or retardation time; in a standard linear solid T = c/E 1 

T 'j Relaxation or rf>tardation time of the j th element 

<f, Phase angle 

x Generalized response parameter 

x 
I 

Complementary solution of the differential equation of motion 
involving X 

x 
2 

Particular solution of the differential equation of motion involv-
ing X 

1/, Parameter reflecting the velocity of plane waves 

1/, ( t) Arbitrary function of time 

.J,,, Phase angle difference 

w Angular frequency (radians/sec) 

w1, Fundamental frequency in a complicated wave 

w,. Natural frequency of a cushion 

w,. Natural frequency of an element of a cushioned object 

w ; ith frequency in a cushion with distributed mass 

w111 Frequency of the m th component of a complicated wave 

w,, Natural frequency 

wo Frequency at which loss angle peaks; also used to denote fre­
quency at which real and imaginary portions of complex imped­
ance are equal 

w 1, Natural frequency of a pulse 

w Median frequency in a frequency band 

w I Linear component of frequency in a nonlinear system 
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cushion factor is inverse of Janssen's but has same ingredients. 

134. J. C. Snowdon, Noise Control, 5 (5), 32 (Sept. 1959) 
General discussion of Mindlin, Janssen, and Hardigg. Has a 
number of static J-stress curves for polystyrene ar.d polyurethane 
foams. 

135. G. S. Mustin, Shock and Vibration Bull. No. 28, Pt. 4, 79 (Aug. 1960) 
Discusses a simplified approach to designing shock-isolation systems 
for the rotational drop test. Discusses thickness determination for 
tangent elasticity. 

136. S. Yurenka and C. R. Giacobine, "The Selection of Package Cushion 
Dimensions Based on Optimum Cushion Factors," Douglas Aircraft 
Co. Testing Div., Rept. Dev-2128, July 1956 

Applies Janssen's principles to tangent, algebraic, and logarithmic 
elasticities and shows connection with Mindlin's approach. Some 
discussion of precompression. 

137. J. S. Hardigg, "The Development of a Cushioning Nomogram," Con-
tainer Labs., Inc. , Rept. NOrd 13882, Feb. 9, 1954 

Using static data ar,d plotting stress/optimum stress vs strain/ 
optimum strain, finds a master curve for a number of classes of 
cushioning material characterized by smooth stiffening. 

138. J . S. Hardigg, Modern Packaging, 27 (12), 124 (Aug. 1954) 
Same information as in Ref. 137. 

139. J. S. Hardigg, Flow, 9, 110 (Aug. 1954) 
Same information as in Ref. 137. 

140. T. P. Wharton, Flow, 12 (11), 106 (Aug. 1957), and 12 (12), 110 (Sept. 
1957) 

Part 1 is a popularized explanation of Hardigg's nomogram. Part 2 
goes into secondary factors such as creep in popular terms. 

141. D. D. Hermansen, R. E. Evans, and G. S. Mustin, "Preliminary Study 
of Shock and Vibration Isolation Characteristics of Some Rubber­
ized Hairs," Douglas Aircraft Co. Testing Div., Rept. Dev-3125, Feb. 
1960 

Fourteen densities of molded rubberized hair from two different 
sources combined into a single design curve using Hardigg's tech­
nique and static data. Some correlation between density and 
"stiffness". 

142. W. G. Humbert and R. G. Hanlon , Package Engineering (April 1962) 
Acceleration versus static-stress curves for polyethylene foam. 

143. C. H. Abner, "Detc:rmination of Static Creep and Dynamic Properties 
of Materials Used as Package Cushioning," Northrop Aircraft, Inc. , 
Rept. NAI-58-70, Feb. 1, 1958 

Discusses acceleration versus static stress for a number of materials. 
Only one creep curve. 

144. H. C. Blake, III, "Acceleration-Stress Properties of Selected Cushioning 
Materials," Michigan State Univ., School of Packaging, Project I, 
Tech. Rept. 1, Jan. 1, 1962 

Acceleration static-stress curves for some polyurethanes and rub­
berized hairs at 30-in. drop height. 
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145. H. C. Blake, III, "Acceleration-Stress Properties of Additional Selected 
Cushioning Materials," Michigan State Univ., School of Packaging, 
Project I, Supplement to Tech. Rept. 1, April 1, 1962 

Bonded hair and reclaimed polyurethane foams at 30-in. drop 
height. 

146. H. C. Blake, III, "Peak Deceleration-Static Stress Curves for Selected 
Cushioning Materials,'' Michigan State Univ., School of Packaging, 
Project I, Tech. Rept. 4, July 10, 1964 

Covers some polyurethane foams, reclaimed foams, expanded poly­
styrenes and wood-wool felts with various backings at 30-in. drop 
height. 

147. H. C. Blake, III, "24" Drop Height Peak Deceleration-Static Stress 
Curves for Selected Cushioning Materials," Michigan State Univ., 
School of Packaging, Project I, Tech. Rept. 5, Nov. 1, 1964 

Twenty-four-inch drop-height data for materials covered in Refs. 144, 
145, 146, plus a neoprene foam. 

148. MIL-HDBK-304, Package Cushioning Design Handbook, Defense 
Supply Agency, Washington, Nov. 25, 1964 

A comprehensive review of various methods of designing package 
cushions with strong preference for acceleration-static stress ap­
proach. Data covering some 16 different materials typical of those 
available in U.S. A valuable first step but now needs revision. 

149. E. A. Falkner, Packaging Review, 82 (4), 46 (April 1962) 
Thorough coverage of packaging uses of rubberized hair. Develops 
a nomogram for this material. 

150. General Electric Co., Light Military Electronics Dept., Cushioning 
Material Study Program, Report to Feltman Research and Engineering 
Labs., 1959 

Static and dynamic test results on rubberized hairs, rubberir.ed cocoa 
fiber, polyurethane foams, Tufflex, Fiberglas, Kimpak, and Sponge 
Rubber. Dynamic data presented as peak acceleration versus drop 
height. 

151. M. E. Gigliotti, Modern Packaging, 3' (1), 148(Sept. 1960) 
A descriptive paper discussing work at Picatinny Arsenal in package 
cushioning. Advances argument for testing cushions in a confined 
state. 

J 52. M. E. Gigliotti, "Design Criteria for Plastic Package-Cushioning 
Materials," PLASTEC, Picatinny Arsenal, Plastics Tech. Evaluation 
Center, Dover, N.J., Rept. 4, Dec. 4, 1961 

Dynamic data on a number of plastic foams including polyurethanes, 
polystyrenes, polyethylenes, and some vinyls. Some discussion 
of uses of rigid and semi-rigid foams in packaging. Reviews testing 
programs and procedures. Excellent bibliography. 

153. T. J. Grabowski, Modern Packaging, 33 (12), 119 (Aug. 1960) 
Discussion of packaging uses of resilient foamed polystyrene. Some 
low temperature static data. 

154. T. J . Grabowski, Shock and Vibration Bull. No. 30, Pt. 3, 76 (Feb. 1962) 
Acceleration-static stress data on resilient polystyrene foam plus 
extensive tests in various containers to compare effects. 
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155. G. A. Gordon, "Evaluation of Cushioning Properties," Paper No. 2, 
Proc. of Symposium on Dynamics of Package Cushioning, Royal Radar 
Establishment, Malvern, England, April 27-28, 1960 

Dynamic tests on latex foam, open-celled rubber, cellular neoprene, 
polyester urethane, closed-cell rubbers, molded wood wool, and rub­
beri7.ed hair. Some dynamic drift data and qualitative observations 
on creep. 

156. G. A. Gordon and E. E. Wheeler, "Evaluation of Cushioning Material 
Properties, Part I," Preliminary Report, Printing, Packaging and 
Allied Trades Research Assoc. (PATRA), Rept. 21, Aug. 1961 

Complete data upon which Ref. 155 was based. 
157. R. G. Hanlon, Modern Packaging, 35 (10), 158 (June 1962) 

Review of G versus static-stress argument. Some data on poly­
ethylene foam, polystyrene foam, and Pelaspan 8. 

158. J. S. Hardigg and G. C. Thomas, Modern Materials Handling (April 
1959) 

Popular-type article reducing some of the complexities of shock isola­
lation theory to everyday, practical terms. 

159. J. S. Hardigg, Industrial Packaging (December 1960, January-June 
1961) 

Five-part article dealing with some of the fundamentals of package 
cushioning. Uses approach: J versus energy per unit volume. Some 
data on air, rubberi7.ed hair, polyurethane foam, polyethylene foam, 
polystyrene foam, the Hardi-Pad, and the Hardigg Air Cushion. 

160. M. T. Hatae and P. E. Franklin, "Optimum Cushioning Properties of 
Packaging Cushioning Materials," North American Aviation Missile 
Div., Rept. AL-2478, May 15, 1957 

Describes NAA tester. Static data on 17 materials. Dynamic 
data on 9 materials. Many of these latter data are repeated in 
Ref. 161. 

161. P. E. Franklin and M. T. Hatae, "Packaging Design," Ch. 41 in Shock 
and Vibration Handbook (C. M. Harris and C. E. CJ'P.de, eds.) McGraw­
Hill, New York, 1961 

Excellent review, as of 1961, of the state of the art in package cush­
ioning. 

162. P. E. Jockle, Jr., and L. T. Wilson, Materials Handling Engineering, 
8 (1), 92 (Oct. 1958) and 8 (2), 96 (Nov. 1958) 

Materials covered are modified and regular PVC, natural rubber, 
latex foam, vinyl, polyurethane, cellulose, glass fiber, felt and bound 
hair. Evaluations included static compression and shear, creep, 
and a limited number of dynamic tests at vibration and natural 
frequency, and some physical and chemical properties. A very 
thorough two-part paper. 

163. S. M. Krakover and A. Olevitch, "Investigation of Design Criteria for 
Cushioning Materials," WADC, Tech. Rept. WADC-TR-58-639, Nov. 
1958 

Discusses with examples how to design with cushioning materials. 
Opts for acceleration-static stress. Also discusses static data and 
creep pl us economic factors. 
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164. North American Aviation, Design Specifications Group, "Properties 
of Latex Hair Package Cushioning Material for Shock and Vibration 
Protection," Rept. AL-2609, Sept. 9, 1957 

Acceleration static stress. Transmissibility from 2 cps t.o 200 cps. 
Some creep data and some testing at -50"F. 

165. R. K. Stern, "The Cushion Factor Stress Curve and its Value for Clas­
sifying and Selecting Package Cushioning Materials," WADC, Tech. 
Rept. 58-233, Nov. 1958 

Shows that single curve for cushion factor versus stress cannot be 
drawn for most materials. 

166. R. K. Stem, Modern Packaging, 33 (4), 138 (Dec. 1959) 
Much the same information as in Ref. 165. 

167. R. K. Stem, "Recent American Developments in Package Cushioning," 
Paper No. 10, Proc. of Symposium on Package Cushioning Dynamics, 
Royal Radar Establishment, Malvern, England, April 27-28, 1960 

Discussion of the development of dynamic testing procedures for 
cushioning. Some comparative dynamic data on unidentified 
materials. 

168. R. K. Stern, Siwek and Vibration Bull. No. 30, Pt. 3, 57 (Feb. 1962) 
Tutorial lecture on trends in package-cushioning studies and design 
techniques. Contains an argument for acceleration/static-stress 
curves and some illustrative dynamic data, including effects of 
containers. 

169. L. T. Wilson, Siwek and Vibration Bull. No. 25, Pt. 2, 324 (Dec. 1957) 
Static stress-strain curves for various materials, some transmissi­
bility data. Drop-test data presented as energy per unit volume 
versus acceleration and strain. 

170. L. T. Wilson, "Resilient Cushioning Materials," Sandia Corp. Tech. 
Memo 35-59(12), Feb. 1959 

Properties of some 27 different materials. See Ref. 162. 
171. G. S. Mustin, Shock and Vibration Bull. No. 35, Pt. 5, 193 (Feb. 1966) 

Takes 16 materials from Ref. 48 and other sources. Finds, for the 
optimum points, a linear relation between peak acceleration, drop 
height, and thickness. For optimum static stress, a logarithmic 
relation between optimum static stress and acceleration, drop 
height, and thickness was discovered. Paper also discusses some of 
the limitations on the validity of the design technique suggested. 

172. L. J. Van Der Toorn, Bibliography, "Shock and Vibration Absorption 
in Packaging (Cushioning)," Technisch Documentie En Informatie 
Centrum, The Hague, Nov. 1961 

A very complete, thoroughly annotated bibliography of the package­
cushioning literature through 1961. Abstracts are usually in the 
language of the country of origin. A very useful document. 

173. J . W. Pendered, "An Historical Survey of the Literature Relating to 
Theoretical Aspects of Packaging Dynamics," Univ. College, London, 
Dept. of Mech. Engineering, Rept. 65/1, April 1965 

A recent review of what is considered significant progress in the field 
since Mindlin's original paper. Implies, guardedly, that progress 
could have been greater. 
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174. E. N. Sabbagh, "Performance Characteristic of Cushioning Materials 
lmpact.ed Under a Heavy Weight High Impact Shock Machine," WAOC, 
Tech. Rept. 55-229, Feb. 19Fi6 

Proves that many conventional package-cushioning materials are 
not suitable for high-energy absorption problems. At the strain 
rates invelltigated, did not find that the materials investigated were 
strain-rate-sensitive. In the light of present knowledge, results 
not surprising. 

175. S. M. Birnbaum, Shock and Vibration Bull. No. 16, 100 (Oct. 1950) 
Notes an apparent set of exponential relationships for thickne88, 
stre88, and drop conditions. Ingredients of significant variable 
unfortunately not pursued. Compare with Ref. 171. 

176. "Code of Practice for the Cushioning of Fragile Supplies, BD/45/09," 
Ministry of Aviation, Central Packaging Section, Cambridge Terraa>, 
London,Sept. 1965 

A simplified approach to package-cushioning design selection. Much 
of the more difficult mathematics has been reduced to reasonably 
simple graphs. 

177. H. C. Blake, III, "A Cushion Design Method and Static Stre88-Peak 
Deceleration Curves for Select.ed Cushioning Materials," Michigan 
State Univ., School of Packaging, Proj. I, Tech Rept. 2, Mar. 25, 
1963 

A design procedure, starting with projected area of object to be CU8h• 
ioned. Takes materials discU88ed in Refs. 144 and 145, and develops 
sets of design curves. 

178. "Package Cushioning Materials," ASTM Specification D1372-55T, 
Am. Soc. for Testing and Materials, 1955 

The procedural specification for determining significant dynamic 
properties of CU8hioning material. 

179. G. 1.ell, "Vibration Testing of Resilient Package Cushioning Materials," 
Picatinny Arsenal, Tech. Rept. 3160, Aug. 1964 

Thorough report on vibration behavior of three densities of polysty­
rene foam and polyether urethane. Test syllabus severe. Optimum 
shock static stress for some materials sometime produces poor vibra­
tion performance. 

180. A. B. Burns, "Guide for the Selection and Application of Shock 
Mounts for Shipboard Equipment," American Machine and Foundry 
Co., Greenwich Engineering Div., Rept. to Bureau of Ships, Sept. 1, 
1961 

Excellent design engineer's vade mecum for shock mounts. Couched 
in simple language but contains many elegant solutions to common 
problems. An excellent work. 

181. A. R. Payne and A. B. Davey, "Rubber in Engineering Practice," 
Maclarens and Palmerton, London, 1965 

A basic text on rubber in shock and vibration isolation. Contains 
a chapter on the general problems of packaging. 

182. H. C. Blake, Ill, "Some Package Drop Tests Utilizing the Package 
Cushion Design Method," Michigan State Univ., School of Packaging, 
Proj. I, Tech. Rept. No. 8, Feb. 15, 1965 

4 
I 
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Showa increaae over predicted values resulting from cushion pad 
tightly fitting outer container. Direct comparison is made to packs 
with a loose-fitting cushion. 

183. S. C. Schuler, J. Roy. Aeronaut. Soc., 55 (7), 335 (May 1957) 
General di8CU88ion of packaging problems. Contains a set of dy­
namic streu-strain curves for 5.75-pcf rubberir.ed hair. 

184. D. N. Keast and J. J. Baruch, "Effects of Simulated Space Environ-
ments of Cushioning Materials," W ADC, Tech. Rept. 58-667, June 1959 

Materials: gl888 fiber, rubberized hair, polyurethane foam, silicone 
rubber foam, and paper honeycomb. Static and dynamic stress­
strain curves and transmiuibilities at 75°F, -65°F and -200°F at 
ambient preuures and at 10-• mm Hg. Definitely shows effects of 
air in some of the materials. 

185. S. M. Goldberg, "Development of Configurations and Combinations 
of Polyurethane Foam to Produce Maximum Efficiency in Package 
Cushioning Materials," First Quarterly Progreu Rept. to BuWeps, 
April 28, 1965 

Improvement in dynamic performance through hole-cutting, lam­
inating, egg-crating and preworking. An interesting approach to 
improving and standardizing the behavior of the material. 

186. S. M. Goldberg, "Development of Configurations and Combinations 
of Polyurethane Foam to Produce Maximum Efficiency in Package 
Cushioning Materials," Second Quarterly Progreu Rept. to BuWeps, 
August 4, 1965 

Continues work of Ref. 185. 
187. G. J. Mouri, "Development of Configurations and Combinations of 

Polyurethane Foam to Produce Maximum Efficiency in Package Cush­
ioning Materials," Third Quarterly Progress Rept. to BuWeps 

Continues Goldberg's work with different hole configurations, special 
shapes and some low temperature considerations. 

188. W. Schmidt and J. Hoffmann, Verpackungs Rundschau, Technical and 
Scientific Suppl., 16 (2), 9 (Feb. 1965) 

Masterful expoeition of packaging properties of a large number of 
resilient, semi-rigid and rigid polyurethane foams. Contains dyna­
mic atreu data, dynamic drift for semi-rigid and rigid foams, and 
recommendations on static loading for acceptable creep performance. 

189. H.J. Hohmann, J. Penzkofer and R. HeiBB, Verpackungs Rundschau, 
Technical and Scientific Suppl., 16 (4), 25 (April 1965) 

Evaluates shock-abeorbing characteristics of materials as actually 
uaed in packages, compared with flat-pad design data. Shows defi­
nite change resulting from presence of side pads. Has a persuasive 
argument for shock-spectrum approach to cushion design. 

190. D. C. Allen, Packaging News, 9 (4), 34 (April 1962) 
Looks at effects cf side friction on performance of cushioned packs. 
Side pads increase peak acceleration seen by contents. 

191. K. S. Pearaona and E. E. Ungar, "Development of Packaging Material 
with Constant Reatoring Force," WADD, Tech. Rept. 60-573, Dec. 1960 

Develops a mount with collapsing foam columns and buckled link­
Mount can be fabricated on a "do-it-yourself" basis. 
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192. R. H. Jacobsen, "New Medium for the Protection of Electronic Equip­
ment Against Shock and Vibration," WADC, Tech. Rept. 57-530, 
April 1958 

A silicone rubber matrix filled with alternating layers of Teflon rods. 
193. A. R. Payne, "Design of Shock Absorption Mat of Solid Rubber," Paper 

No. 9, Proc. of Symposium on Dynamics of Package Cushioning, Royal 
Radar Establishment, Malvern, England, April 26-27, 1960 

A corrugated mat of rubber with a collapsing-column effect. Ex­
cellent performance predicted on the basis of static data. 

194. J. K. Bache, "The Development of a Torsion Bar Cushion Unit," Paper 
11, Proc. of Symposium on Package Cushioning Dynamics, Royal 
Radar Establishment, Malvern, England, April 26-27, 1960 

A device, useful for heavy loads, using torsion springs and friction. 
Popular in U.K. where cushioning materials and rubber mounts 
can be expensive. 

195. L. W. Gammell and J. L. Gretz, "Effect of Drop Test Orientation on 
Impact Accelerations," Physical Test Lab., Texfoam Div., B. F. Goodrich 
Sponge Products Div., Shelton, Conn., 1955 

Evaluation of the effects of the angle of impact on measured peak 
accelerations in packages. 

196. D. M. Chase and I. Vigness, "Dynamics of Package Cushioning In­
volving Combined Rotations and Translations," Naval Research Lab., 
Rept. 4719, March 1956 

Describes the behavior of a rigid article flexibly mounted in a rigid 
container. Equations apply for any type of elastic system, but no 
damping has been assumed. Useful solutions can oo obtained by 
means of specific elasticity functions, or with a computer. 

197. R. S. Ayre and J. I. Abrams, "Linear Theory of Vibration of an Elasti­
cally Supported Rigid Body Within a Container," Ch. 11 in Funda­
mentals of Gui<kd Missile Packaging (E. Klein, ed.), RD219/3, Office 
of the Assistant Secretary of Defense, Research and Development, 
Washington, July 1955 

A complete set of equations, with varying degrees of mounting sym­
metry, and solutions for linear springs in containers undergoing 
translational and rotational motions. 

198. R. E. Blake, "Basic Vibration Theory," Ch. 2 in Shock and Vibration 
Handbook (C. M. Harris and C. E. Crede, eds.), McGraw-Hill, New York, 
1961 

Complete set of equations of motion, and some solutions for vibra­
tion problems involving rigid bodies. An excellent refresher. 

199. J. J. Goodill, "Flexible Suspension Systems for Equipment in Transit," 
SAE Golden Anniversary Aeronautic Meeting, New York, April 18-21, 
1955 

A review of successful designs with mounts and a detailed design 
procedure. Some of this procedure is reproduced in Chapter 8 of 
RD219/3 (see Ref. 129) 

200. R. S. Ayre and J. I. Abrams, Shock and Vibration Bull. No. 23, 35 (July 
1956) 

Extends the analysis of Ref. 197 to cubic elasticity, thus making 
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allowance for nonlinear mountings. Absence of damping forces 
assumed. 

201. E. Y. W. Tsui and P. Stern, Shock and Vibration Bull. No. 30, Pt. 3, 
194 (April 1962) , 

An excellent approach to the problem of rotational drop using non­
linear mounts with damping. Requires knowledge of energy absorp­
tion characteristics of the isolator. 

202. J. N. Thompson and E. A. Ripperger, Shock and Vibration Bull. No. 30, 
Pt. 3, 261 (Feb. 1962) 

A review to date of the work being done at the University of Texas 
on problems of cushioning for aerial delivery. 

203. A. C. Browning, "A Theoretical Approach to Air Bag Shock Absorbers," 
R.A.E., Tech. Note Mech. Eng. 369, Feb. 1963 

A complete theoretical review of the design procedures for air bag 
shock absorbers. 

204. H. Matlock and J. N. Thompson, "Preliminary Tests on a Non pressurized 
Air Bag, Cushioning for Aerial Delivery, Part III," Texas Univ., Struc­
tural Mechanics Research Lab. (SMRL), Austin, Texas, Oct. 15, 1957 

Preliminary tests on Hardigg's paper air bag with variable orifice 
which is opened by a light spring. 

205. J . P. Den Hartog, D. E. Newland, and J . F. Flory, "Feasibility Study 
of Shock Isoluting a Very Large Structure," Tech. Doc. Rept. AFWL 
TDR-64-20, Sept. 1964 

Discusses pros and cons of springs and metal bellows for bottom 
support of very heavy missiles in silos. Gives design suggestions 
for bellows. 

206. R. K. Stern, "An Evaluation of Popcorn as a Cushioning Material," 
WADC, Tech. Rept. WADC-TR-56-600, May 1957 

Drop and other tests on packages with popcorn as a cushioning mate­
rial. Has marginal utility, only, and some severe drawbacks. 

207. Y. Dagel, Verpackungs Rundschau, Technical and Scientific Supple-
ment, 13 (11), 85 (1962) 

Derives a general expression for the stress-strain behavior of cush­
ioning materials in the form of a polynomial of arbitrary order and 
with damping as a binomial. Particularly interesting for his deriva­
tion of the stress-strain law for corrugated fiberboard. 

208. D. L. Anderson, "Buckling of Shallow Viscoelastic Arches," Stanford 
Univ., Div. of Mech. Engr., Tech. Rept. 155, Aug. 1955 

An interesting approach but more concerned with "snap through" 
buckling than with the type encountered with corrugated fiberboard. 

209. J. W. Goff', "The Damping Capacity of Corrugated Paperboard as a 
Function of Stress and Frequency," Michigan State Univ., Dept. of 
Forest Products, Doctoral Dissertation, 1957 

Measures damping capacity of A-Flute semichemical medium with 
42-42-lb kraft liners. Also reviews other work on damping capacity 
of wood and paper. 

210. A. Ali, "Dynamic Stress Strain Characteristics of VarioUI Materials, 
Cushioning for Air Drop, Part VII," Texas Univ., Structural Mechanics 
Research Lab. (SMRL), June 3, 1957 
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Dynamic streu-strain curves, at air-drop velocities, for a number 
of resilient and quasi-resilient materials. 

211. K. R. Marvin and G. S. Page, Jr., Package Engineering, 8 (3), 48 (Feb. 
1963) 

Preliminary studies (using a rather crude test rig) of the cushioning 
properties of 10me flat pads of corrugated fiberboard. 

212. J. H. Toulouae and P. J. Berens, ASTM Bull. No. 152, 77 (May 1948) 
Uses technique of foot-falls to failure to evaluate probability of bottle 
breakage in cases with corrugated fiberboard partitions. Failure 
is penetration through half-board thickneu. 

213. A. C. Beardsell and J. J. Kipnees, Package Engineering, 3 (10), 34 
(Oct. 1956), 3 (11), 38 (Nov. 1956), and 3 (12), 49 (Dec. 1956) 

Uses foot-falls to breakage or to 500g to evaluate various container 
combinations for whiskey bottles. Final recommendations based 
on cost effectiveness grounds. 

214. H. C. Blake, Ill, "Response of Some Shock Measuring Devices to Pack­
age Drop Test Shocks," Michigan State TJniv., School of Packaging, 
Proj. I, Tech. Rept. 3, June 15, 1964 

Evaluation of several commercially available peak-shock indicators. 
Also extensive data on multiple drops onto two layers of corrugated 
fiberboard. 

215. H. C. Blake, ID, "The Degradation of Corrugated Board Utili7.ed in 
Package Drop Tests," Michigan State Univ., School of Packaging, 
Project I, Tech. Rept. 10, Sept. 1, 1965 

Evaluation of gradual breakdown of protection afforded by mul­
tiple layers of corrugated fiberboard. 

216. H. C. Blake, III, "The Energy Absorbing Properties of Selected Creased 
Corrugated Pads," Michigan State Univ., School of Packaging, Project I, 
Tech. Rept. 11, April 30, 1966 

Two rat traps and one spring pad made of 200-lb A-Flute and 275-lb 
A-Flute subjected to repeated drops. Initial protection very good 
but failure rapid. 

217. J. Drysdale, G. A. Gordon, E. E. Wheeler, and P. D. Marsden,Packaging, 
34 (396, 399, and 400), (March, June, and July, 1963) (Memoir No. 6, 
Packaging Div., PATRA) 

Extensive tests and evaluations of packaging uses of expanded 
polystyrene foams. 

218. K. Mahler and D. Stockburger, Neue Verpackung, 16 (4) 372 (April 
1963) and 16 (5), 576 (May 1963) 

Part Il baa 10me specific data on polystyrene foams with a nomogram. 
Also constructs an equation for heat transfer through a cushion in 
storage. 

219. Sinclair-Koppers Co., "Dy lite Expandable Polystyrene- Principles 
of Packaging Design" 

Dynamic data for three common densities of expanded polystyrene 
foam plus deflection and permanent-set data. Practical design hints 
for ribs and efficient molding. 

220. A. Ali and L. R. Benson, "Bibliography of Literature Pertaining to 
the Abeorption of Impact Energy, Cushioning for Air Drop, Part IX," 



• 

REFERENCES 315 

Texas Univ., Structural Mechanics Research Lab. (SMRL), June 9, 
1957 

Annotat.ed bibliography, with over 90 entries, pertaining to title 
subject and divided into theory, available materials, test facilities 
and test results. 

221. J . N. Brennan, ed., "Bibliography on Shock and Shock Excit.ed Vibra­
tions, Vol. l," College of Engineering and Architecture, University 
Park, Pa., Engineering Research Bull. No. 68 (Aug. 15, 1957), and Vol. 2 
Tech. Rept. No. 6, Jan. 15, 1958 

Monumental annotat.ed bibliography, with over 800 entries, covering 
the open literature in the subject field. 

222. G. W. H. Stevens, Shock and Vibration Bull. No. 30, Pt. 3, 290 (Feb. 
1962) 

A general discussion of the U .K. approach to aerial delivery problems 
including di8CU88ion of design requirements and techniques. 

223. G. E. Murray, "Basic Concepts on the Energy Dissipation of Cushioning 
Materials," Quartermaster Research and Engineering Center, Natick, 
Mass., April 1958 

DiscU88ion of the goals to be sought in a material development pro­
gram for air-drop cushioning. Energy dissipat.ed per unit volume, 
dynamic stress-strain, and resilience are defined as the most impor­
tant material properties. 

224. C.H. Karnes, J . W. Turnbow, E. A. Ripperger and J. N. Thompson, 
"High Velocity Impact Cushioning, Part V-Energy Absorption Capac­
ity of Paper Honeycomb," Texas Univ., Structural Mechanics Research 
Lab., May 25, 1959 

Extensive discussion of the behavior of several paper honey­
combs. 

225. H. Matlock, E. A. Ripperger, J. W. Turnbow and J. N. Thompson, 
Shock and Vibration Bull. No. 25, Pt. 2, 305 (Dec. 1957) 

A condensation of Ref. 226. 
226. H. Matlock, E. A. Ripperger, J . W. Turnbow and J . N. Thompson, 

"High Velocity Impact Cushioning, Part II-Energy Absorbing Mate­
rials and Systems," Texas Univ., Structural Mechanics Research Lab., 
Aug.26, 1957 

A complete review of the major energy-absorbing systems and mate­
rials test.ed to date. 

227. E. F. Williams, Package Engineering, 1 (6), 7 (June 1956) 
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