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ERROR THEORY OF INTERSECTION PHOTOGRAMMETRY

ABSTRACT

Formulas. are developed for evaluating the propagation of the

various errors present in a system of photogrammetric cameras in

triangulating the space position of a photographed point.
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I, INTRODUCTION

If at different points ont the surface of the earth photogrammetric
cameras are established.in order to record points, and if the orientation
of the photographs is known and the corresponding plate coordinates are

‘measured, then the spatial position of such points may be computed.

Besides the errors in the geodetic reference dats of the stations, the
errors of the parameters of orientation and of the measured plate coordi-
nates contribute to errors in the computation of the individual spatial
direction to any target point; and consequently lead to errors of the
spatial coordinates of the target. This paper deals with the determi-
nation of the 1nfluence of the individual residuals and gives formulas

. for the combined effect of these’ Errors.

A study of the error theory of 1ntersectlon photogrammetry mst
follow steps which are typical of the application of -the method. 4
basic characteristic of the trlangulatlon method is the fact that each
camera in the course of "the reductions is .treated as an independent

-unit -ap to the moment when the direction to a target is obtained. Such

a direction may be expressed by two position angles (es.gs, Azirmth and
Zenith dlstance) Only in the final step in the triangulation procedure
will the directions from the individual cameras:-be combined for the deter-
minationl of the most probable point of intersection. Consequently, the.
problem is to develop first the error theory of an individual photogram-

metric camera; andilater to determine the propagation of the individual

statlon errors in the triangulation procedureu

IT, THEvERROR THEORY OF A PHQTOG&AMMETRIC CAMERA

1., The orientﬁtion of a photogrammetric camera

We introduce a rectangular cartegian coordinate system in such a
way that its origin is the center of projegtion and its orientation is
consistent with the local geodetfc reference system., Thus, the X, ¥,
plané represenfs the horizontal plane at the station, . The X~axis may
be chosen positive “to the north, The Z~axis is perpendicular to the
X, Y axes, positive to the zenith, Further, we always consider the
infterior and“exterlor orientation of a plate similtaneously; that is,
we censider the plate in.its spatial position. Consequently, the plate
coordlnate system. - primarily a plane system = will be introduced as
another rectangular cartesian spatial system with its origin again at
the center of projection. The plate‘is 1ntroduced as a dlap051t1ve.
Flgure 1 shows the situatién.
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b is the center of projection. Its geodetic coordinates denoted
by x,, ¥, and z, may be expressed in any suitable rectangular coordi-
nate. system which need not necessarily be a cartesian system. In L.
we establish two rectangular cartesian systems. The X-Y-Z system,
denoted as the station system, is expressed by the unit vectors i,
35 k. In this system, a spatial target point R is determined by the
coordinates X, ¥, 4. Itg image point is r, denoted by the coordi-
nates u, v, w respectively. The system is oriented according to the
geodetic reference s stem. The other cartesian system expressed by
‘the unit vectors 1, Js denotes the camera system. Its orientation
relative to the station system is expressed by the three elements of
exterior orientation denoted by the azimuth angle A (counted clock-
wise from the south), the tilt angle v of the plate perpendicular,
and by the swing angle X of the fiducial mark system. The length of
the plate perpendicular - the principal.distance - is denoted by d.
A x and Ay are the coordinates of the_principal point P in any
rectangular plane plate coordinate system established by fiducial
marks and denoted by x and ¥. X and y are the plane plate coordinates
of the image point r in thé?briented X, ¥ system.

Further, we introduce the image vector T and the object vector ]
respectively. :

~ Thenz
Teoin+ jv+hw=+d-% -2y | (1)
‘and R = iX + JT + k2 |

The transforhation of " the triple vector'@, 3, into the trlple vector
i, Js k is obtained from the transformation matrix

-+

b 5 %
1|2 i$ ik
3155 it k-
e | Vi k4 Y

"he individual transformation matrices are:

1,) for a rotation in agimuth denoted temporarily by e




rotation clockwise "posi'bive

1

i= ~i% cos A + Ji sin &
j = -i% gin A = j* cos A
k = k¥ |

R I
i.|[~cos A +sin A O.
J ~-sin A -cos 4 O
x {\ o 0 1

~ 2,) for a rotatiori"-%;n zenith dié‘t.qnc:e, positive downwards:

¢

i*=isinv-?.cosv '
=75
k%='5‘.\cosv+ﬁsinv
b g
i sin v 0 =cos v
g% 0 1 - 0
Jost cos v .0 sin v

and the combined transformation matrix is:

i -cos A sin v +sin A  +cos A cos v\
J -gin A sin v =cos A +s'in A cos v
k +C038 v | O + 3in v |

+i sin A - j cos A

x> oy P
i

-1 cos A sinwv - Jsin A sin v + k cos v .

+i cos A cos v +jsin A cos »% k sin v

(2)




with formlas (1) and (2), we obtain:

i

‘484 = «id cos A sin v = jd sin A sin v + kd cos v

fx = «ix sin A + jx cos A

~ky = -iy cos A cos v - Jy sin A cos v = ky sin v

> ' . ' . )
r = 3i(=x sin'A -y cos A cos v - d cos A sin v) + j(+x cos A - ¥y sin A coS V=

d sin A sin v) + k{~y sin v + d cos v)

and again from formula (1)

u=-x sin A -y cos Acos v -d cos A sin v
vem+x cos A -~y sin A cos v = d sin A sin v (3) .
Ww==ysginv *dcosv

The coordinates X a.n'd;Y. of a point along. the v'ector‘ﬁ.for a certain
elevation Z are therefore:

Z (+x sin A * y cos A cos v + d cos A sin v)

XT—- +y sin v - d cos v
v =% (=x cos A + v sin A cos v + d sin A sin v) (L)
+y sin v - d .cos v -
From Figure 1 we obtains
= (% -Ax)’cos x~ (y -dy) sin &« ' (
)

¥ = (¥ -ay) cos « + (X -AXx) sinx

Substituting these values. in (L4), we have:

({[(—-oy)cos K+ (x—-mc)s:.ndc] cos v+d sin \Lcos A+ [(x-nx)cosx (y-Ay) s:.nx]sm A)

[(y-ay) cos K+(x—-ax) s:.px]s:.n v=d cos v

#These i‘ormulas are in agreement with formulas No. 12 derived by
0. ¥. Gruber in Ferienkurs in Photogrammetrie, Page 27. :




({[{y—Ay)cosx +(x—4x)sm:c]cos v+d sin v}sm A”[(_-Al) CosK =~ (Y'AY)Sln“—']c"s A) contl

(6)

[(y-t\y) cosk +(x-Ax)s:.n,|c]s:Ln v=d cos v

With 2 = 1, t.hese formilas reduce to formulas 10a for the sta.ndard
coord:.na‘bes <, 7 obtained in BRL Report No. 78l #

Sometlmes, espec:.a:l_'l_y in aerial. photogrammetry, it becmes necessary
to express the direction of the camera axis by two tilt angles, Let us
denote the tilt in the x=direction by a and the tllt in the y—dlrectlon
by w, as in Figure 2. Ve have: .

T=iu+ jv + kw = %4 + §y = ﬁx R . (1)

The individual transformation matrices are:
1l.)for a rotation in a=-tilt, denoted témporarily by

i=1i% gina - k¥* cos a

| j= 3%
k = i% cos @ - k¥ sin a
% g e
3 | [aina | G . egos a
. 0 1 a
‘Rotation clockwise positive k \ cos a 0 . -$in a

2,) for a rotation in @~tilt, positiveturning clockwises

. N -
i# = T cos @ - § sin o

j*=@sinm+§cosm

k* = Xk
ix céé w ~siﬁ w@ 0
J# sin o +cos w 0]
ke 0 0 1

#H, Schmid - "Spatisl Triangulation by Means of Photégrammetry."
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:

and the combined transformation matrix is:

A 5
) %) 8>
i sin @ cos @ =sin a sin & =cos a
) ‘ 3 gin w cos w -0
k cos g ecosw =sinwcosa sina
or
AL . : s s
i=3singcosw+ jsinw+ k cos a cos w,
A ' ' '
J=-isinasinw+ jcosw=ksinwcos a
g =«j cos a: A + k sin a ’ (8)

with formulas (_,T) and (8) we obtains

h . . . .
+id = +id sin a cos w + jd sin w + kd cos a cos w ' '

A . . . . -
+3y = =iy'sin a sinw + jy cos @ = ky cos a sin @

mfa:=+_’_lxcosa .o - k¥ 5ini |

r=i(d sin @ cos @ - ¥ sin a sin w + X cos a)

+j(d sinw + ¥y cos w) + k{d cds a'cos w - y cos a.sin & = x sin a)

and again with formula (7)

u=dsinacosw =y sin g sin® + %X cos @

<
[

d sin w + y cos »-

]
i

dcos a gos w. -y cos a sinw -~ x sina (9).

The coordinates X and Y for a point along the vector R for a certain
‘elevation Z are therefore:

12

[T




~

Z(d51nacosm-—y51na51nw+xcos a)

dcosucosm-ycosasunm-xs:.na - o (10)
. N :

Xs=

Z (d sin @ + ¥ cos @) .
decosacosw=ycosdasinw -x sin a

Ts=

(y=-8y) cos & - (E-A;) sin'x

{1 2

From Figure 2, we obtain y (11)
11

x = (y-&f) sinx + (X-Ax) cos 4

Substituting formula . (11) into formula (10)

COSN- x—z\_x)s:n_nx'l sin (0}311'1 u)

in m}cos a Z-A%) CosK* y-Ay}sinKJgin a
(12) =

% {[(F-Ajr) cos & ~(X-ax) singlcos ® +-d sin m}
{d cos m-[(y—l\y)cos(-(x=Ax)m)¢,m}cos x-=4.x)cos&+ (y-Ay)s:Ln)t sin-

Y =

"For Z = 1-(unit distance), formulas (12) reduce to the expressions given
in the BRL Report No. 78lp# for the standard coordinates & and 2 .

Ca Différential Formulas

We w:LJ_'I. now consider the differential cha.nges on the image vector

T and object vector R regpectively. These changes. are caused by dif-
ferential changes of the individual parameﬁerq of the solution.

_ We dénote the spatial position of the optieal axds with respect to -
the station system either by the azimuth A and the zenith distance v, or
by the a-tilt and w~tilt angles. The corresponding differential changes
are dA, dv, and da; dw respectively. The swing angle of the fiducial
mark system is denoted by A and its differential. change by d & ., The
pnnc:u.pal distance of the camera is denoted by 4 and the coord:.nates oF
the origin of the fiducial mark system denoted by O are, in the oriented
x,y-systam, %, and Yoo The corresponding differential changes are dd,

dx and.dy respectively, The location of any target po:Lnt on the plate is
determined by a fiducial ma.rk system and expressed by X and ¥; the dif-
ferential changes being & and d¥. Finally, the spatial location of the
center of proJect:Lon (L) within a certain geodetic reference system is

#Formulas 12 are in agreement w:Lth formilas 13 derived by Q. ¥. Gruber.,
Corpare footnote on page .
##cf reference on page 8 .

....tu’ul
R T
I B

-v'-?!
o“‘(
")

‘1 97 ﬂ feanmy,
. LY
ey

13 T o s

N




given by the coordinates x;, y, and z,_ and the corresponding differential
changes are dx,, dy, and dz‘_ .

" Coordinates in the various systems according to this nomenclature are
summarized in the following table:

, " Azimuth, Zenith a~tilt, @-tilt-
distance-system ' gystem
©» -§ n§ & - i Ia -
gES X = coordinate x, - dx‘_ - x, = dx,
ST X . - + +
% ° ’é’ y = coordinate ¥y, - dgr.L ' o= dy
B a .
§,é'qa z = coordinate 2z, : dz ° N = dz
B 2 : ! . * T+
= g + % Azimuth . A = dA la~tilt a = da,
= fy @ . : .
B o . s .
: § § w o | -Zenith distance. v = aw e-tilt © = &
< 0o
i o o - :
= o ¥e | Swing | K Zax Kk tan
p-t i °| 3 . R .
)
0 . + T+
= "8 o™ Principal, distance d < dd _ d - dd
_ > ,
0B :
%'g 3‘2 X = coordinate © xS x * &
“1E & ea"f'u n : ° + ° +
: _E Eagg ¥ = coordingte : yp = &y T, = dy
Al g .
LR
. % = coordinate X <& %%
Epé : 7‘0 ) + '
- - - —_ ot -,
3% o § y = coordinate y = dy y -dy
& = 5
H o ﬁ m
gg '["l'-u' E 53.. n
[ ) ' . |




]

- A differential translation ds (dx,, dy, and dz } of the center of

projection causes a change in the vector —:f:':' corresponding. to the
relation ds = idx,_ + gdy, + kdz, (13)

The three d:.t‘ferential rotations dA dv and d & cause a differen-
‘ tlal rotation do on the vector T . From Figure 1 and 3 we cbtain

! do = +i (=d A sin v cos A + dv sin A)

+j (=d4 sin v sin A - dv cos A)

+2 +k (+d # cos v + dA) . (1)
A : ' '

-‘dVGI'nA/ —d!-"s'/n?cos,q
» -d& siny sm

t+ X

Figpre 3 '




and the corresponding differential rotation in’ the tlltvsystem is
with Fig. 2 and b«

do = +i(=d & cos @ sin a -~ d @ cos &)

~+z | +3{=d s sin w + 4 a) (15)

+k{-d &£ cos w cos a + d ®» sin a)

~dk cosw smd

[

S~

R dw cose -f X
x

Figure L

The differential changes on-the elements of interior orlgntatlon
denoted by dd; dx, and dy are three transla.tlon.s in the T,3 ,?.

system.
With formula 1 we obtaing
(T &) = ilu+ su) + jly + §v) + k(v + §w)
=R+ dd) -z + ax) -y + @) . (16

16




ar =

and from (3) !
(T + d:?) = j(u=dd cos A sin v -~ dx sin 4 - dy cos A cos v)
+j(v-dd sin A sin v + dx cos A - dy sin & cos v)

+k(w+dd cos v = dy sin v) (17)

and the corresponding computat:.ons with formlas. 7 and 9 give for the
tilt-system:

(T + &) = i(u+ gu) +lj(v + Bv) + k(w + 8w) = ’i-(dtdd)+5°(wdy)-ﬁ(x+dx)
‘ (18)

R

. { .
(7 +dF) = i{w+dd sin @ cos w + dx cos @ - dy sin a sin o)

+j(v+d.& sin w + dy cos w) . (19)

+k(w+dd cos @ cos © - dx sin « - dy cos a sin w)

Thé differential changes dx and dy are two further translations in
the @, fj", % system. W:L'bh formulas (5) and (11) respectively, we have:

= dy sin & + dx cosx
v = dy cos & - dx. Sin &
and
dE = dx. cos A = dy sin &
dy = dx sin & + dy cosx
- and 't.heréfore, with (17) and (19) respectively
Ai[-d§(+sin A cosxc+ cos A cos v sina)+dy(sin A sina-cos A cos v cos x)] .
+j J*dx(+cos A cosk - sin A cos. y sine )-dy(+cos A sinK+sin A cos v cosk)]

- - (20}
+kEd;c_ gi'n v sin &£ - dy+sin v cos ICJ '

17




and

=~ — - - » . g 7- a -

dr = i[dx(cos @ cosK+sin a sin o sin x)+dy{cos @ sin x=sin « sin o cos K)J
jEcb? cos w sing+dy cos w cosﬁg

. (21)
k[di(ﬂsin-a. cosK+cos a sin o sin &)=dy(sin a sin x+cos a sin o cos A:B

The resuiting differential change of the vector T is obtained by
supérimposing the individual changes. .For A, v-system, we have with
i‘ormulas (13), (1), (17), and (20).s '
[dc ?} [dd cos A sin v=dx sin A=dy cos A cos Vv

=dx(sin A cos K+cos A cos v sin K)+dy(51n A sink=cos A .cos v cos K)

T+ dxl:l

*J E»dd sin A sin v+dx cos A-dy sin A cos v+dx(cos A cos K'_-s_in A cos v sina)
=dy{cos A sinx+sin A cos v cos x‘)+dy‘_] (22)

+k|+dd cos v=-dy sin v=dx sin v sin K=dy sin v cos &+ dz‘_j

and for the a-w-tilt system with formulas (13); (15), (19) .and (21),
ar = [dc r]+3.[+dd sin a cos w+dx cos aw-dy sin @ sin w+dx(cos a@ cos XK+ sin a 51nhxrs:|.nm)
+dy(cos a sinK=gin @ cos A 5in m)+dxl_]
+3 [dd sin w+dy cos w-dx co5 w sink+dy cos w cosx+ dyb]
+k[dd cos a co$ w=dx sin a~dy cos a sin w*+dx(=-5in a cosK +cos @ sin w sink)
«dy(sin @ sinkK+ cos a sin w cos K)+dz|_:| . , (23}

3
1

The vector product. [dﬂd‘]ln formulas (22) and (23) may be written
with formulas (1k) and’” {15) respectively; as:

J o . k
[dcr _1?] -'-sz:Ln v cos Atdv-sin A ~dKsin v sin A-dv cos A #*dacos v+dA
v B W (21)

18




and in the tilt system: ~
= i j | k
[do'r = f{=dKcos m,sin a=-dw cos @ =disin wtda =dacos o cos a+dw sin a
° v LW (25)
A reduction of these determinants gives for (21,)
[da-?]f iE—dK(w sin v sin A+v cos v)=dv + w cos A-dA - v]

+j{*d x(+u cos v+w sin v cos A)=dv « W sin A+dA . u:l

. +k [—d #(v sin v .cos A-u sin vy sin A)+dv(v sin A+u cos AS]

and f'c:_r (25)
[da _r']= +iE—dk(w gin w=v cos ® cos a+da - w-dm « v sin a]
+j E-dx(u cos @ cos a~w cos w sin a)+dw(u sin a+w cos a)]
+k [—dx(v cos @ sin a-u sin w)-da « u~dw « v cos a] |
Consequently, we obtain with formula (16) or (18) from formulas
(22) and (23), N o .
(—r.*- df'.)= +:'|._[u-d.k(# sin v _sin' A.+v‘.‘ 'cqs y_)-c}v o W cos -A-dA « v=dd c_b_s_ Asinv
‘-d_x sin-A-dy cos A cos vf-.dx"(s_in A cosiK+cos A cos v sin ) .
’ _+d5r'(si'r'i_;'.A s.'i_nk.‘-cos A cos vy cos Jc);l;ﬁxl_] ‘ | . (2,6)“
+j [v-p-dx(u cos vty s.in"'v,cos“-A)-dy “ W sin A+dA « u~dd sin A sin w
+dx cos A=dy sin A cos q+d§(coé A cosx ~sin A cos v sink)
-dy(cos A sink+§in A cos v cos K)+dy,_]
+k [w-dl{'(v gin v cos A=u sin y sin A+dy(v sin A+u cos A)+dc_1" cos y

. =dy sin v=dx sin v sinx=dy sin v cosx+dz,_]

19




or
('F '-'-aﬂ= -Iii[ﬁ-»dl_t(wrsin @-V COS @ COS a)+du. o w-dm’ o Vo 3in gtdd. sin @ cos @
+dx coé u.wdy sin @ sin w+dx(cos a cos K.'+=s-in ¢ sin& sin m)'-
+dy(cos a sinM ~sin a cosAsin m)+de]
+j [v—dx(u COS @ COS a=W COS sin a)+dw(u sin a+w cos @)+dd sin @
+dy cos cnwd.x cos w-gin K+dy £Os ® COSA +dy‘_]
+k[w-=dx(v' .cos @ sin a-u sin m)«-da o u=dy » v cos atdd cos a cos @ (27)
' . ’-dx sin a~dy cos a sin a)+dx(==51n a.cos K+ cos a sin o sind)

" ~dy(sih @ sink+cos ¢ sin @ cos;c)+dz‘_]

If wé .'in‘oersect the vector ( T + ar ) with a plane, rw.e have:
A (r + dr) 17&(11 + su)+in(v + 8v)+kl(w + 5w) |
"For a pl‘ane: at an elevation w = constant, 1‘JeA obt.a‘iin,

R+ g0 = |

or ... l - .and with sufficient épproximation

A= (13

=i
o
=
—

and; therefoi'e, neglecting second order termss

AT + 3r) ?i(u-='%"5.w+5u) +j(v-%8w+8v) +¥w o (28)
The point in which the vector * + dr - intersects the plane w = constant
may be denoted by r';’ and the components of its differential change
within this plane are du and dv,

Then -

'_X(zf+ d-;-) = i(u +du) +j{v + av) + kw

20 .




and consequently with formmla (28)

du=--%bw,+8u _
: ~ (?9)
dv=--¥'6w+6v
Further, the object vector ® may be expressed by _
R = boeT . : ' (30)
- where p is a para.m.eter.
From Figure 1 we obtain:
= . ’:L\"'*_' d
with Refepn.7% . we have
. , n =%§— (1)
and with formilas (1) and (2)
§%=-Xéos A_s;‘th_-Y'sinAsinu-tZ-co_s v=2D
no= g - (32)
From formula (30), it follows directly that
X= |
Y=pv | ' (33)
Z=pw )
Substituting formulas (33) into forma (29), e obtain
| “du=--_-zzc-.&w+ﬁ_u. .
: (34)

dv = - % & + §v




The differentlal coordinate changes of the point R within a plane
Z = cons'bant follow from (30)

dX = p du

d =pdv

and vith (3L)

The terms for ,Su; v and dw are obtained from formulas (26) and (27)
with respect to formulas(16) and (18) respectively.

ax' = -p%-SW"' pdu

dI=-u§-§W+u§v

formula (35), we obtain:

-dK[ 8in v cos A -F(-—-—- + Z), sin v sih A+ Y cos q

=-dv [-z-s:.nA+(%—+ Z)cos A]

-8 [1] -
—dsi [ (12- coS v + cos 4 sin v)]
-dx [p....?.ln A]

"‘dV [p.(-;E sin v = cos A cos v)] | .

fda—c [u(%— gin v sin £ -~ sin & COSK'. cos A c-os_ v sin K)]

Z

~dz [%]

+dxl_

+dy ) [p.(E sin v cos & + gin A sinK=- cos A cos v cosl‘)]

- 22

Substituting in

" (38)

(36) .




-

e = — v 4 .

and

'

=dd [ ( cos v r+ sin. A sin v)]

"'ax ['p. cos A] e

+dy [ (- sin v = sin A cos v)]
+dx { (—- sin v. 51n K + cos A cos K = sin A qos_:,v sin;c)]

+dy - p.(z- simy cogK - cos A sinK= sin A cos v coa@]
shere -XcosAs:an-YalnAs:an+Zcosv
~ds = d

+dy,

and the corresponding expressions in the tilt system are:

d¥ = +d & [v(z— + Z) sin w + w— COS5 W sin a + Y cos o cos g]
2
e [ e
+do [ 23:1’_ cos a - Yv"sin a]
B X . ) . :
+dd ft-\= ¥ COS @& cos'® + 8in o cos @

+dx -.p. (%- sin a‘;‘.+ cos -a)._]

‘ +dy |:n (% cos @.8in w - sin @ sin cn)]




2

+dx [ ( {s;n a cosi-cos a sin o 51n{}+cos a cos M+ sin a sin &'sin u.)J

. (38)+
+d3r' [p, (’Z {sin a sinK_*-cos ¢ sin w cos;ﬁ+cos ¢ sin K~ sin a cosK sin m)_] ?
- - )
TX
(7]
-_'-,-+.de_ E
and :
d¥ =+dx +(-'-2--‘+ Z) cos w sin « - sin w -~ X cos w cos cr.]
“ 12 L
Z_ +2)cosa ?-.Isun u:l
"fdd p-(e_z,cos-a cos w * sin Q)] .
RRLY. -gﬂ§ sin;u]
* ' -I . . + ) a
A I'S 7 cos @ sinw + cos m)]
+d5c' [1 (%{sin € coS K= ¢cos a 5sin w sin K.} - cOS o sin K)] (39)
% [u(3 )]
dy [el® sin a sin K+ cos @ sin w cosK p+ cos w cosk
[ }]
- here- "
p.=+Xsmcr.cosm+Is:|.nco+Z cosacosm
+dy, 7 ; : d

. 0
A - M - .
s ' ; S ’

* The goefficients in formulas (38) and (39) for the differentials of the'

A fEy

elements of exterior orientation agree with the results obtaindd by 4.
Bra.ndenberger in Fehlertheorie der ﬂusaeren f“rlen'blerung von btellaufnah-
men; Zﬁrlch, 19L46. S SR
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With 2 = 1 (unit distance) the formulas (36), (37), (38), and (39)
reduce to the formulas for the differential changes d and d /.
of the corresponding standard coordinates & and ‘7".* :

L2

BRL Report No. 78L ¢f reference on p. 8.
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IIT. THE TRIANGULATION OF THE MOST PROBABLE POINT AND THE PROPAGATION
OF RESIDUAL ERRORS IN TH: TRIANGULATION PRUCEDURE .

In intersection photogrammetry, we have in general as many "rays"
to the target point as there are established measuring stations. Due
to the inevitable errors, these rays will not intersect in space unless
corrections are applied to the individuval rays. The criterion selected
for the most probable corrections must lead to the determination of the
most probable point of intersection. First we shall assume that the
gystematic errors of the orientation elements are small compared with
the expected accuracy of the plate measurements and can, therefore, be
neglected. ~ This means . that we assume that the elements of interior and
exterior orientation are known sufficiently accurately either from dial
readings and instrument calibration procedures, or from preceding compu-
tations of the orientation elements from recorded control points. Conse=
quently, we may say that the most probable point is determined by the
intersection of such rays for which the corrections applied to the measured
plate coordinates of the individual measuring stations satisfy the condi-
tion that the sum of the least squares is a minisum. After the most
probable corrections have been applied we have a rigorous triangulation
and the spatial coordinates may now be computed from any two stations.

Formulas for such a triangulation follow:

- . - —r — —lip
In Figure 5 we have two stations. = I and II - for which P =b+ P,
This, multiplied vectorially by '15‘2'
z . - = — -t — — —
_ gives Pl X Py = b x Py * Pz X Py
T _ . ‘ and because ﬁgx 'ﬁ; = 0, we obtain
i g .
with Py = p o Py : (LO)
P where | is a parameter.

-

bx E;
H = =
1
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 With

= iul + jvl + kwl

= iu, + jv 0

o *

2.

ib_ + jb_ + kb
X ¥y .

"~ . the vector products are:

i N k-
b b b
T?}:E; = X - ?
42 V2 Y2
i 3 k
- _ = _|™ 1 M
pl X 'P2 -
U V2 e
The directions of both vector products are the Same and consequently
b b b. b b b
X ¥ y z X Jz
Y2 V2 V2 W2 Yo 2
P‘ - - =’
! "1 N "1 ! 1
%2 V2 V2 2 %2 -

Directly from formula (40)
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L e R
Y= By UV = By V, b
2= W S oy thy | o (k2)

The u, v and w values are computed from formulas (3) or (9). It is
noted that the vector triplet of the Station IT must first be trans-
formed in the vector triplet of the Station I in order to ellmlnate -
the earth's curvature,

Al though the result obtained with (42) is correct only for a
unique solution, these formulas enable us to study the propagation
of the error of the individuwal stations in a triangulation proce-
dure. We shall 1imit our consideration to two stations. Further,
we shall neglect the influence of the curvature of the earth and
congider the errors on the geodetic basic data as negligibly smail.
We introduce a cartesian coordinate system with its drigin at Station I
oriented in such a way that the horizontal base line component coin-
cides with the + y axis, as shown in Figure 6,

o
, ba__+y
;-l - T:S‘G

From_ﬁormﬁlaﬂ {h2}, we obtain by differentiation, the differential changes
in the space coordinates, 8X, 8 and 8Z.

= 8wy vy 3o
= 8v + v, B “i

W Sw, +w dp, +p, dw, +w, B | :
b = b 1 “% 2 9" " Yo O H (13)
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With formulas (L1), (42) and (h3)

s Yplbu.l—(Y—b)u28u2~x(;1.18v1—u28v2)
BY = : :
: b

8T = Y_(%ﬁ)’)‘.(“laul“”zbuz)'CY'b)“ls"l_*m'c’s"z
B

Z(27-b)=b Y 22-b_ L
8z = “'_“Ei"_'(“lsul‘”zsuz) g (1 8V =14, 87, )45 (g Sy +u, 80, )

where 8u, , Svi and &w; are obtained from formuias (26) or (2L).
From formulas (42) and (26), we have:

wyBuy = =¥, cdA;
'mzi cos Aidvi
-(Zi sin v, sin A +Y, cos vi)-dﬁi
THy Sin Ay edxy
-3 ©OS Ai cos vimdyi

-y, (sin A, cos k.+cos A. cos v. sin x. )dx.
by ( Al i i 1 i”~ .KlJ i

‘

‘ -+ (sin A, sink;-cos A, cos v; cos Kﬁ)d?&
7ui'cos Ai sin #i?&di

Liibvi = +XdA,
=7 siniAiodui

+(X cos v;*2; sin v, cos Ai)od Ky

+ Y & '
g COS Ai dxi

g sin Ai cos vi dyi
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i+p..i(cos‘ Ay cos xi-=s?‘._n Ay cdé_vi ‘sin gi),"dic'i
mi(gqs A; sin xi+sin A; cos v; cos xi)ed"y'i
-y Sljl Ai sin Vi‘eddi

&, = +(Y, sin Ai‘ + X cos Ai) *dv,
-(Yi cos A, sin. vi-léi sin A; sin vi)o-d K
by Sin vy edy;
-4 As'in v; sin Ki;dii

. si .
-y Sin vy

cos &, ~dy.
g cos ”-’i"-ddj_'

where, in accordance with formﬁlgs (31) and (32),

and from fomula (é?)
uyBuy = +Z;da;
| ~‘.1."i sin aj_ocbail
-(_Zi sin o;=Y; cos o, cos.ai)od,xi
tu, cos aiodxi
4 gin a, sin @, d'yi
iy {cos a; cos K +sin 1:[.:'.T sinx-i sin mi)- d:"'c'i

CHy {cos ay sink;-sin a; cosX, sin ay)s dyﬂi
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s =o* and D, = =X, cos A, sin v, ~¥. sin A, sin v, + Z. cos v.
“':L_a; i1 i i i Ay Vi T 4y oS Y
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+ in a. . e ad,
u; sin e, cos @+ dd;
pi&v, = +(X sin g, + %, cos @, )do,
f(X cos @; COS @3 ~Zy cos @; sin a,)e d&,

© oy, COS W, dy. ‘
g i i '

.
o

. CO8 w;, sin K. 4x.
Hy i Ksi i

*u; COS @, COS Ky« dFi

Hiy sin @ e ddi
pi_ﬁw. = -Xco{j_.

-'Yi cos a; dmi

-.(Yi cos @; sin a; - X; sin ao.i)e d&,

=, si Lo .
[.Ll n O‘.:Lo 5

1. Cco3 a4, sin w. . .
~H; c0s @y Si ; dyy

™ &

<-1_|,i(51_n ui'cqs #;=cos a, sin o sin Ki)’ d?ci

A

sin @, sin K.+cds a. Sin @, COS . )e dy.

—‘_J'i( - i . A T Kl? i
. CO3 (. w.s dd, .

HL; COS G, cOS w.e dd

where, with formulas. (31) and (32),

D. _
e = > oand D, =X sina, cos o, + ¥, sinw, + Z, cos @, COS ®,
Fi a:i‘ - T i 1, 3. i » N § i

<

N . . ) . ) s a ' .
) Hellmat Schmid
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