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ERROR THEORY OF INTERSECTION PHOTOGRAMMETRY

ABSTRACT

Formulas are developed for evaluating the propagation of the
various errors present in a system of photogrammetric cameras in
triangulating the space position of a photographed pointo
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I. INTRODUCTION

If at different points ort the surface of .the earth photogrammetric
cameras are established in. order to record points, and if the orientation
of the photographs is known and the corresponding plate coordinates are
measured, then the spatial position of such points may be computed,
Besides the errors in the geodetic reference data of the stations, the
errors of the parameters of orientation and of the measured plate coordi-
nates contribute to errors in'the computation of the individual spatial
direction to any target point, and consequently lead to errors of the
spatial coordinates of the target0 This paper deals with the determi-
nation of the influence of the individual residuals and gives formulas.
for the combined effect of these errors0

A study of the error theory of intersection photogrammetry must
follow steps which are typical of the application of the method,, A
basic characteristic of the triangulation method is the fact that each
camera in the course of''the reductions is-treated as an independent
unit 'Up to the moment when the direction to a target is obtained. Such
a direction may be expressed by two position angles (e.g«, Azimuth and
Zenith distance),, Only in the final step in the triangulation procedure
will the directions from the individual cameras-be combined for the deter-
minatiofl of the most probable point of intersection. Consequently, the
problem is to develop first the error theory of an individual photogram-
.metric camera, andijla.ter to determine the propagation of the individual
'station errors in the triangulation procedure,,

'II „ THE -ERROR THEORY OF A PHOTOGRAMMETRIC CAMERA

10 The orientation of a photogrammetric camera
• a-

¥e introduce a rectangular cartesian coordinate system in such a
way that its origin is the center of projeption and .its orientation is
consistent with the local geodetfe reference system. Thus, the X, Y,
plane represents the horizontal plane at the station, . The X-axis may
be chosen positive "to the north. The Z-axis is'perpendicular to the
Xs Y axes, positive to the zenith. Further, we always consider the
interior and" exterior orientation of a plate simultaneously; that is,
we consider the plate in its spatial position. Consequently, the plate
coordinate system -'primarily a plane system - will be introduced as
another rectangular cartesian spatial system with its origin again at
the center of projection. The plate-is introduced-.as a diapositive.
Figure 1 shows the situation„ - "





U. is the center of project!on„ Its geodetic coordinates denoted
by XL, yL and ZL may be expressed in any suitable .rectangular coordi-
nate, system which need not necessarily be a cartesian system. In |_
we establish two rectangular cartesian systems. The X-Y-Z system,
denoted as the station system, is expressed by the unit vectors i,
;), Ko In this system, a spatial target point R is determined by the
coordinates X, Y, Z. Its image point is r, denoted by the coordi-
nates u, v, w respectively. The system is oriented.according to the
geodetic reference' system. The other cartesian system expressed by
the unit vectors i, j, K denotes the camera system,. Its orientation
relative to the station s;/stem is expressed by the three elements of
exterior orientation denoted by the azimuth angle A (counted clock-
wise from the south), the tilt angle v of the plate perpendicular,
and by the swing angle )( of the fiducial mark system. The length of
the plate perpendicular - the principal., distance - is denoted by d,
A x and Ay are the coordinates of the .principal point P in any
rectangular plane plate coordinate system established by fiducial
marks and denoted by x and y«• x and y are the plane plate coordinates
of the image point r in the>briented x, .y system.

Further, we introduce the image vector
respectively.

and the object vector R

Them

"r*" = iu + jv + kw = +id - jx - Icy

and T= iX + jY + kZ

(1)

The transformation of'the triple vector i, *, K into the triple vector
i, j, k is obtained from the transformation matrix

0

k

t
if

tf

The individual transformation matrices are:

1.) for a rotation in azimuth denoted temporarily by*:



i = -i-x- cos, A + j# sin A

j = -i* gin A - j* cos A

k = k* •

i* ' j* . k*.

rotation clockwise positive

i .

3

k

-cos A +sin A 0.

-sin A -cos A 0

0 0 1

2e) for a rotation\in zenith distance, positive downwards 5

i* - i sin v - k cos v
*•#

A

i-«-

j*

and the combined transformation matrix is:

-* A />i 3 k

cos

A

v + K sin v

. ,
sin v • 0 -cos v

0 1 •• 0

cos v ' 0 sin v

i

J

k

-cos A sin v +sin A +cos A cos v

-sin A sin v -cos A +sin A cos v

+cos v 0 ' + sin v

Ors
i - -i cos A sin v - j sin A sin v + k cos v

j = +i sin A - j cos A

k = +i cos A cos v +jsin A cos y"+ k sin 'v

(2)



with formulas (1) and (2)5 we obtain;

A ' -
+id = -id cos A sin v - jd sin A sin v + kd cos v

-jx = -ix sin A + jx cos A

-ky = -iy cos A cos v - jy sin.-A cos v - ky sin v

r = i(-x sin A - y cos A cos y - d cos A sin v) + j(+x cos A - y sin A cos v —

d sin A sin v) + k(-y sin v + d cos v)

and again from formula (1)

u = -x sin A - y cos A cos v - d cos A sin v

v » +x cos A - y sin A cos v - d sin A sin v (3)

w = -y sin v + d cos v

The coordinates X and Y. of a point along., the vector R for a certain
elevation Z are" therefore;

Y = Z (+x sin A + y cos A cos v + d cos A sin vj^
+y sin v - d cos v

y - Z (-x cos A + y sin A cos v + d sin A sin v)
+y sin v - d 'Cos v

From Figure 1 we obtains

x = (x -AX) cos iC" (y -Ay) sin AT

y « (y -Ay) cos K + (x — &x) sin K

Substituting these values, in (U), we have;
/It" -J" T • ><»« • ^ "^ —~ ^^ ^1 \

Z H (y-^y)cos K+ (X-AX.)sinK I cos v+d sin vt cos A+T(X-AX)COS/C-(y-Ay) sin</sin A)
x=-^- _ ' 1 —± ^ L

ic-flx) sin/cTsin v-d cos v • (6)*

*These formulas, are in agreement with formulas No, 12 derived by
0» y» Gruber .in Ferienkupg in Photograrametrie, Page 2?.



Z M£(y-Ay)cosX+(x~Ax)sin/c]c6s v+d sin vlsih A-Jjx-Ax) co.sx-.(y-Ay)sintf]cos A\

j_(y-Ay) cos/C + (X-AX) sin/c7:sin v-d cos v

With Z = 1, these formulas reduce to formulas lOa for the standard '
coordinates £ , ~n obtained in BRL Report No. ?8U *

i . > .

Sometimes-, especially in a eriaL-photogrammetry, it becomes necessary
to express the direction of the camera axis, by two tilt angles. Let us
denote the tilt in the x-direction by a and the tilt in the y-direction
by co, as in Figure 2<, V/e have;

»r

~r' = iu + jv + kw = id + jy - toe

The individual transformation matrices are:
l.)for a rotation in a-tiltj denoted temporarily by*

.^ i - i* sin a - k*- cos a

' \ i

, -5

•wise, positive k

k = i* cos a - k*

i* 3*

sin a 0

0 1

cos a 0 .

*• sin a

k*

-Cos a

0

«»!lin a
i

2-«) for a rotation in co-tilt, pOiSiti-veturning clockwise?

i* = i cos co - -5* sin co

j# = i sin co + jf cos co

k* = k

i*

j*

k*

^i ^^ "\f1 . J . K

COS CO

sin co

Q
\,

-sin co

+ COS CO

. 0

\
0

0

1

(7)

*H. Schmid - "Spatial Triangulati-on by Means of Photdgrammetry."
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and the combined transformation matrix is:

i

J

k

1s ^ ^r. . j- j *•

sin a cos co

sin co

cos a cos co
^

-sin a sin co

COS CO

-sin co cos a

-cos a

0

sin a
i

or

i » i sin. a cos co •*• j sin co + k cos a cos co/

j =-i sin a sin co + j cos co - k sin co cos a

K =-± cos a + k sin a (8)

with formulas (7) and (8) we obtain;

+id = +id sin a cos co + jd sin co + kd cos a cos co

+jy ~ -iy- sin a sin co + jy cos co - ky cos a sin co

-tac = 4ix cos a . - lex sin a

~? = i(d sin a cos co - y sin -a sin co + x cos a)

+j(d.sin co + y cos co) + k(d cos a cos co - y cos a sin co - x sin a)
i

and,again with formula (7)

u = d sin a cos co - y sin a sin co + x cos a

v = d sin co •+ y cos co

. w = d'cos a 903 co. - y cos a sin co - x sin a (9).

The coordinates X and Y for a point along the vector R for a certain
elevation 2 are therefore:

12



X

Y

Z(d sin a cos co - y sin a sin co + x cos q)_
d cos a cos co - y cos a sin co - x sin a , - (10); \ . '

Z, (d sin co + y cos co) - _
d cos a cos co - y cos a sin co -.x sin a

From Figure 2, we obtain y = (y-Ay) cos. * ~ (*~Ax) sin'/f

x = (y-A^) sin/c + (x-Ax) ccis >C

Substituting formula (11) into formula (10)

_ _ z( j_(x-Ax) cgs£+(y-Ay)sin/^}cos q+jd cos. co-LCy-Ay) cos/C~(x-Aa^si.n^lsin cofsin
Td cos co-fCy-AyJcosic-Cx-^Jsin^cfein co'lcos q-jpx^Ax)cosic+(y-Ay)sin>c]3in d.

(12)

„ Z { _(y"-Ay) COS>C-(X-AX) sin^fcos co +;.d sin co} •'

cos torr(yr^)cos/(^(x-4x)sLn)ton^

For Z = 1 (unit distance) , formulas (12) reduce to the expressions given
in the BRL Report Wo. 78i(.** for the standard coordinates and ? .

2« Differential Formulas

We will, now consider the differential changes on the image vector

r* and object vector R respectively* These changes, are caused by dif-
ferential changes 'of the individual parameters of the solution,,

We denote the spatial position of the optical axis with respect to
the station system either by the azimuth A and the zenith distance v, or
by the a-tilt and co-tilt angles „ The .corresponding differential changes
are dAs dv, and da, dco respectively. The swing angle of the fiducial
mark system, is denoted by /C and its differential, change by d /C . The
principal distance of the camera is denoted by d and the coordinates of
the origin of the fiducial mark system denoted by1 0 are5 in the oriented
x̂ yfsystem, x , and y 0 The corresponding differential changes are dd,

dx and.dy respectively. The ̂location of any target point on the plate is
determined by a fiducial mark system and expressed by x and yj the dif-
ferential changes being dx and dy. Finally, the spatial location of the
center of prpjection (L) within a certain geodetic reference system is

•̂ Formulas 12 are in agreement .with formulas 13 derived by 0. v, Gruber.
Compare footnote on .page *7 »

reference on page Q ,
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given by the coordinates

changes ar§ dxLS dyt and

and zt and the corresponding differential

Coordinates in the various systems according to this nomenclature are
summarized in the following tables

1

/
i

g
EH

£2*
psQs
°
o
CO
&
g
9
H

§g
M

H §
^ o
£?

fn
0

(D
-P

£

O
•H
In
0)

Is
H

Pi C
\ • (DO
v W +3 -H J

<U C -P
- P O O
nj O Q) •

•H (D O

O '
O CH 4-|
O O 0

S|

•H w nj
-P 0) O
•H rH -H
W b0'-P'o c a

PL. CO O i

' "8 (1) J«!

to -P cfl
<D • E

*P fi t

S O 'H
cd

•rl C -H E-
•p --H 0.0)
H hD 3 +*
O -H '73 W
O ^H "H. ?»

O O CH to

O 0)
*"i **^ ^^

•O tj W
•rl ra Ps
fc E W

x = coordinate

y - coordinate

z •- coordinate

Azimuth

Zenith distance

Swing
• , '

Principal., .distance

X - coordinate

y - coordinate

. x - coordinate

y - coordinate

.

Azimuth, zenith
distance-system

4.

"' yt - dyL

ZL t dzL ̂

fi

A i dA.
4

V °" CW

4

d.. i dd

' x - dx

. y0 - dy

— 4 —x - dx.
_| A

• y - 47 .

-
i

a-tilt, co-tilt-
system

^XL -dxL

41 yi. *° dyi
4

-

a-tilt a - da,

co-tilt co - dco
.

K - d^C

•
d i dd

x - dx

yo - dy

x- -•- dx

y - dy '



A differential... translation, .ds (d2q_s dyc and dẑ } of the center of

projection causes a change in the vector r9 corresponding..to the
relation ds = idxL + jdŷ  + kdz., (13)

The three differential rotations _dA, dv and d K cause a differen-
tial rotation der on the vector r . From Figure 1 and 3> we obtain

da = +i (-d *c sin v cos A + dv sin A)

+j (-d/C sin v sin A - dv cos A)

+k (+d ̂ c cos v + dA) cm)

Figure 3



and the corresponding differential rotation in the tilt-system is
with Figo 2 and Iu

= +i(-d x cos co sin a - d co cos a)
+j(-d f£ sin co + d. a) (15)
+k(-d /d cos co cos a + d co sin a)

X

Figure ij.

The differential chang.es on-the elements of interior orientation
denoted by dd,, dx5 and. dy are three translations, in the î K̂ system«
With, formula 1̂  we "obtains

dd)

k(w

dx) dy) (16)

16



and from (3) ' •

(TT+ dr ) = i(u-dd cos A sin. v - dx. sin A - dy cos A cos v)

+j(v-dd sin A sin v + dx cos A - dy sin A cos v)

(17)+k(w+dd cos v - dy sin v) ^ '

and the corresponding computations with formulas. 7 and 9 give for the
tilt-system:

( r"+ dr*") = i(u + j5u) +j(v + Sv) + k(w + 8w) = l(dtdd)-«-j-(y+dy)4(x+dx)

(18) '

-*• -* ' l<

( r + dr ) = i^u+dd sin o cos co + dx cos a - dy sin a sin a>)

+j(v+dd sin: co + dy cos co) . (19)

+k(w+dd cos a cos w - dx sin a - dy cos a sin co)

The differenti.al changes dx and. dy are two further translations in

the i, 3, 1t system. With formulas (5) and (11.) respectively, we have:

dx * dy sin /C + dx cos K • '

dy = dy cos *c - dx. sin *

and

dx = dx cos. AT - dy sin tc

dy = dx sin /c + dy cos *c

and therefore, with (17) and (19) respectively

d? = i|-dx(+sin A cos/c+, cos A cos v sin/r)+dy(sin A sin/c-cos A cos v cos *c)J

+j p-dx(+cos A cos^C- sin A cos. y siri/c)-dy(+cos A sin<+sin A cos v cos/O |

r - - -. (20)
+k|-dx. sin v sin K. - dy«sin v cos tc\

17



and

dr *» i|dx(cos a cos/c+sin a sin co sin /c)+dy(cos a sin/c-sin a sin co cos /c)J

j[-dx cos co sirrx+dy cos co cos/C/
r- - -,kfdx.(-sin-a cos/C+cos a sin co sin >c)-dy(sin a sin/c+cos a sin co cos AC)J

The resulting differential change of. the vector r is obtained by
superimposing the individual changes « -For A, v-system, we have with
formulas . (13), -(lU), (17), and (20).s

\
dr = rda"rji"i j-dd cos A sin v=dx sin A-dy cos A cos v '

-dx(sin> A cos ̂C+cos A cos v sin K)*dy(sin A sinAC-cos A cos v cos AT)

.+ j [jdd sin A sin v+dx cos A~dy sin A cos v+dx(cos A cos K -sin A cos v sinx)

-dy(cos A sin/C+sin A cos v cos /C)+dyt J -

+kf+dd cos v-dy sin v-=dx sin v sin /C-dy sin v cos<C+

and for the a-<o-tilt system with formulas (13), (l£),. (19) and (21),

dr = Fda "? +i J+dd sin 'o cos co+dx cos a-dy sin a sin co+dx(cos a cos K+ sin a sin.:x: since)

+dy(cos a sin*'-sin a cos K sin co)+dxL J

+ j fdd sin co+dy cos cp~abf cos co sin/f+dy cos co cos>c+ dy. J

+kjdd cos a cos co^-dx sin a-dy cos a sin co+dx(-sin a cos>0+cos a sin co sin*)

. -dy(sin a sin/C+ cos' a sin co cos ^O+dSiJ (23)

I .

The vector product. Pdcj ̂r j in formulas (22) and (23) may be written
with formulas (lU) and"(l5>) respectively, ass .

[da
k
c

u ' v w

i j . . k
-d/Csin v cos A+dv-sin A -dvcsin v sin A~dv cos A +d/Ccos v+dA

'
(2U)

18



and in the tilt system?
i j. . k

-d/Ccos co sin a-dco cos a -d/csin co+da -dffcos co cos a+dco sin a
u v w •

A reduction of -these determinants gives f.or (2U)

|dcrr*J= i|-d^c(w sin v sin A+v cos v)-dv » w cos A-dA • v J

+j [+d/c(+u cos v+w sin v cos .A)-dv • w sin A+dA • u"l

+k|~d<(v sin v cos A-u sin v sin A)+dv(v sin A+u cos A)J

fda 7

(250

and forrj~
+i [-d*(w sin co-v cos co cos a+da • w-dco • v sin aj

+j j-d^u cos co cos a-w cos co sin a)+dco(;u sin a+w cos o)J ?.

+k J-d/f(v cos to sin a-u sin co)-da o u-dco • v cos a~l

Consequently, we obtain with formula (16) or (18) from formulas
(22) and (23).

/ 9 f\ r-

\r + drj= +i|u-d>c(w sin v sin A+v cos y)-dv « w cos A-^dA. • y-dd cos A sin v

-dx sin -A-dy cos A cos y-dx(sih A cosxr+cos A cos v sini«c)

. .*dy(sin. A sin AT -cos A cos \» cos/c*)+dxj (26)

+j[v+d/C(u cos v+w sin v .cos A)-dy • w • sin A+dA • urdd sin A. sin .v,

+dx cos A-dy sin A cos v+dx(cos A cos/f-sin A cos v sin/f)

-dy(cps A sinA'+sin A cos v cos/c)+dyL J

+kjw-d/f(v sin v cos A-u sin y sin A*dy(v sin A+u cos A)+dd cos v v

. -dy sin v-dx sin v sin/C-dy sin .v cos/c+dzM

19



+drV= +i[u-d<(w sin co-v cos co cos a)+da o w-dco » v •• sin a+dd-,.sin a cos co

+dx cos a~dy sin a sin co+dx(cos a cos^+sin a sin/f sin co)

+dyr(cos o sinX-sin a cosKsin co^+dx^J

+j[v-d/c(u: cos co cos a-w cos co sin a)+dco(u sin a+w cos a)+dd sin co
» — > "i ' ' '

•+dy cos co=dx..cos co-sinK+dy cos co cos/r+dy^ J

v ;,cos co sin a»u sin co)-dct ° u^dco « v cos. a+dd cos a cos co tyj\

s^h a»dy cos a sin co+dx(-sin a cos K+ cos a sin co sin/c)

-dy(sih a sin/C+cos a sin co cos/c)+dz, J

If we. -intersect the vector ( "r + dr ) with a plane, we haves

"\ (r-+ dr.) =:.iX(u t S».)+jX(y + 8v)+k\(w + Sw) '

For a. plane at an elevation w - constantj we oljtain^

X(w + $w) = w

or . -. ' •» • • and with sufficient approximation
• ..;vs=-^r—

• ••: w t. i 5 w . • .' ' '

. '- (1 » & w)

ands therefore, neglecting second order terms?

X(r* +' dr) = i(u - ~ & w + 8 u) + j(v - I S w + 8 v) +kw (28)

The -point in which the vector ~r* + t3r • intersects the plane w = constant
may be denoted by r'»' and the components of its differential change
within this plane are du and dv«

Then

X(r"+ dr) = x(u +du) +j(v •*• dv) + kw

20



and consequently with formula (28)

(29)
du = - - & w ,+ & u

dv = - - 8 w + S v

Further, the object vector R may be expressed by

T= n . "? (30)

where [j, is a parameter,,

From Figure 1 we obtain;

"r* « :L = d.

with R»i = i J L « r « i we have'

and with formulas (1) and (2)

Ri = - X cos A. sin v - Y sin A sin v. + Z- cos v = D

V- = § ' (32)

From formula (30), it follows directly that

X • (a. u

Y = n. y ' (33)

Z =.n. w.

Substituting formulas (33) into formula (29}s we obtain

T ' (3U)
dv = - 77 6w +• 8v

21



The differential coordinate changes of the point R within a plane
Z s constant follow from (30)

dX = n d u

dl = i d y

and with (3U)

dX' =

dl - Y
Z

(35)

The terms for Su, &v and 5w are obtained from formulas (26) and (27)
with respect to formulas (16) and (18) respectively,. Substituting in
formula (35)* we obtains

dX • -dK

-dv

-dd

XT•x- sin v cos A -IT?
h \ L

XT
+ £- sin A

+ Z). sin v si

j cos A -I

sin A + Y cos v

+ Z cos A

X
cos v + cos A sin

Pp. sin A|

in v)] (-36)

-dx 1 p, sin A

i-dy iH-lT 1 s^n v ~ cos A cos • v)]

sir^ V sin K " sin A cos " cos A cos v

I |a,/s- sin v cos K + sin A sin^C- cos A cos v cos/cYj

. L zJ

22



and
• x i i \r

dl f" XY /Y \ ~l- -d fc 1+ j— sin v sin A "( 7- + 2 J sin v cos A - X cos ,v I

2
-?dv ft !=• cos A + r~- + ZJ sin A!

+dA [x] p

-dd I M- { 7- cos v i+ sin A sin v) I

_ " ' (37)
+6bc [ (j, cos A I

dy I M- (7 s^-n v " s^-n A cos v) J

| P- (•+dx P- •7- sin v sin K + cos A cos /< - sin A cos ..v s

sin:.v cosK- cos A sinK- sin A cos v cos/dj«•

•tihere „ x cog A sin v _ ysin A sin v + Z cos v

and the corresponding expressions in the tilt system are:

T2t /X \ XT T-iw— + Z J sin co •*• w— cos <x> sin a + Y cos co cos .al

[ XT nw— cos a - Y sin al

+dd I \ L - ( - TT cos a cos co + sin a cos cojj

+dx I M- ( 2" s^n a + C0S a/J

+dy J - jj. f 2° cos a sin " ~ sin a sin w) J

23



+dx. jp, f y /sin a cos df -cos a sin co sinK>+cos a cosjK+ sin a sin^fsin ay I
' " '

(38)*
+dy (j, / Y {sin a sin/C+cos a sin co cos/fl+cos a sin#- sin a cos^Csin at] 1

'< • •

•+dx,u

and •' ;

[ /Y2 \ YX • 1
\~7~~ * I C°S W 5^"n ° "°'7~ S"*"n ^ ~ ^ COS ^ COS a I

cos a + X sinin a J

+dd I \ i \ ~ . v cos a cos co + sin cojl

.. ' -- ' . r T -i
tdx H. w sin a

i ,

• *<fer I W-'l jT'cos a sin co + cos c o l l

+dx ( j , f^-4s in a cos K- cos a sin co sin K. [• - cos co sin K) I (39)*

•i-dy |i f w- <sin a sin >(•»• cos a sin co cos K \ + cos co cos/Cyj

here:

|x = + X sin a cos co + Y sin co .+ Z. cos-a' cos co
+dyL . " ' . • . d

The .poeff icients in formulas (38) and (39) for the .differentials of the'
elements of exterior orientation agree with the results obtained by ,|u
Branderiberger in Fehlertheorie der &usseren Orientierung von Steiiaufnah,
menj' Zurich, " ' '



With Z = 1 (unit distance) the formulas (36), (37),. (38)., and (39)"
reduce to the formulas for the • differential changes d £ and d ~n
of the corresponding standard coordinates £ and ~n ' ,#

* BRL Report "No. ?81i c£ reference on p. 8.



HI". THE TRIANGULATION OF THE MOST PROBABLE POINT AND THE PROPAGATION
OF RESIDUAL ERRORS IN THE TRIANGULATION PROCEDURE

In intersection photogrammetry, we have in general as many "rays"
to the target point as there are established measuring.stations. Due
to the inevitable errors, these rays will not intersect in space unless
corrections are applied to the individual rays. The criterion selected
for the most probable corrections must lead to the determination of the
most probable point of intersection. First we shall assume that the
systematic errors of the orientation elements are small compared with
the expected accuracy of the plate measurements and. can, therefore, be
neglected. This means that we assume that the elements of interior and
exterior orientation are known sufficiently accurately either from dial
rea'dings and instrument calibration procedures, or from preceding compu-
tations of the orientation elements from recorded control points. Conse-
quently, we may say that the most probable point is determined by the
intersection of such rays for which the corrections applied to the measured
plate coordinates of the individual measuring stations satisfy the condi-
tion that the sum of the least squares is a minimum. After the most
probable corrections have been applied we have a rigorous triangulation
and the spatial coordinates may now be computed from any two stations*

Formulas for such a triangulation follows

In Figure 5 we have two stations. - I and' II - for which P, = b + P?.

This, multiplied vectorially by pu

gives pt'x^)=bxpt + P0x'pT

and because P? x p,

with P, = u « p.

where |i is a parameter.

b x p

0, we obtain

(Uo)
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With

Pl =

P2 = iu2 + jv2

—»

the vector products ares

b x x

i
b

The directions of both vector products are the same and consequently

b bx y

U2 V2

ul Vl

b. b
y z

V2 W2

Vl ' Wl

b b
x . z

U2 W2

U-. W_

(UD

'Directly from formula (ij.0) s
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X -

The u, v and w values are computed from formulas (3) or (9), It is
noted that the vector triplet of the Station II must first be trans-
formed in the vector triplet of. the Station I in order to eliminate
the earth's curvature0

Although the result obtained with (lj.2) is correct only'for a
unique solution., these formulas enable us to study the propagation
of the error of the individual stations in a triangulation proce-
dure. We shall limit our consideration to two stations, Further,
we shall neglect the influence of the curvature of the earth and
consider the errors on the geodetic basic data as negligibly small.
We introduce a cartesian coordinate system with its brigin at Station ,1
oriented in such a way that the horizontal base line component coin-
cides with the + y axis, as shown in Figure 60

Prom fonmilaB £k2), vie ob'tain by differentiation, the differential changes
in the space coordinates, 8X5 SI and 8Z0

8X = LU 8 u-. + u-, 8 LU

8Z

Jl8 vl + vl 8

xl ^ wl + wl ^ + |j,0 8 w0 + w0 8 |j.0d. £ £ c (U3)
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With formulas (la), (U2) and (H3)

b

6u ) - (Y-

Z(2Y-b)-b Y 22 -b
82 = 2bX

where 8u. 5 Sv. and 8w. are obtained from formulas (26) or (2U)

From formulas (U2) and (26) , we have:

L.&U. = -Y. «dA-i i i i ,

-Z. cos A.dV.

-(Z. sin v. sin A.+Y. cos v()»d/r-

x. sin A. «dx.

-u. cos A. cos v.ody.pi i i Jx

-(j,. (sin A. cos K .+cos A. cos v. sin/r.)dx-

/

+ti. (sin A. sin K. -cos A. cos v. cos t(. \ ,—

,: cos A. sin v. °dd.x i i. i

Z sin' A- °dv.

(X cos v.+Z. sin v. cos A. )»d>C.

- cos A. »dx.

sin A. cos v. dy.
X X X
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i. (cos A. cos*. -sin A. cos v. sin/f . )«dx..

A. (cos A. sin/c.+sin A. cos v. eos/c.)<>dy.

sin A. sin v:. «dd.

H..&W. .= + (Y. sin A. + X cos A.)-dv.

-(Yi cos Ai sin vi~Xi sin A.̂  sin

sin

-p,. sin v.

-p.̂  sin v̂  cos "̂̂ ^

+|JL. cos v. »dd.i i . i /

where, in accordance with formulas (31) and (32 )a

Di|j.. s -r- and D. = -X. cos A. sin v. --¥. sin A- sin v. + Z. cos v.

and from formula (27)

-Y. sin Oj«dco.

-(Z. sin co. -Y. cos co. cos. a. )«dK.

cos ct.»dx.

.. sin a. sin co. • dy.

(cos a. cps/c^+sin a. sin>c. sin eo.)» dx.

+(i. (cos a;, sin <. -sin â  cos^c. sin<o.)« dy.
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•+\i. sin a. cos co. « dd.
_L _L •*- J-

-Sv. = t(X sin a. + 2. eos a. )doo.
J_ J- ' JL .L J_ p _L

»

-(X cos co. cos a. - Z. cos co. sin o. )• d>c.

v +jj.. cos co. • dy.

-p,. cos co. sin >c. • dx.

i. cos w. cos

+|j,. sin co. • dd.

-T. cos a. dec.

--(Y. cos co. sin a. - X. sin co. )« d/C.

sin

,̂  cos â  sin cô  .

.. (sin a. _ cos K. -cos a. sin. co. sin>c.)» dx.

j,. (sin a. sin tc. +co's a. sin co'. cos/C-)« dy.

,. cos a. cos co. « dd. .

where , with formulas. (31) and (32) 9

Diu. = -a— and D. = X sin .a. cos co. + Y. sin co. + Z. cos a., cos' co., i dT. . • i . i i. i, i i. . x i .

Hellmut Schmid
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