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in accessible sources, but many are not readily available. Some are new, such as the expansion

of 't, geodesic to second order in the flattening in both geodetic and parametric latitudes, and

conversion formulas between the two forms.

Since the entire treatment is mathematical, an overall summary of the investigation is first

presented to allow a quick assay of the topics and accomplishments. This summary is followed

by a condensation of the formulas developed or included. The details of the actual development

follow in three sections with computational examples in the Appendices.

Paul D. Thomas
Scientific Staff Assistant

Marine Sciences Department
U. S. Naval Oceanographic Office
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MATHEMATICAL MODELS

FOR

NAVIGATION SYSTEMS

OVERALL SUMMARY OF INVESTIGATIONS

Latitude

A loran station positioned on the auxiliary sphere of the ellipsoid of reference has as its

geodetic latitude the angle at the equator made by that normal to the meridian which passes

through the station of the sphere. Its longitude will remain the same. See Figure 1, page 13.

Now this is analogous to the geodetic latitude of a subsatellite point, if the trajectory were

confined wholly to the surface of the auxiliary sphere. It is clearly not one of the three

commonly associated latitudes as shown in equation (1), page 12. Actually the relationship

between geocentric latitude on the sphere and geodetic latitude on the ellipsoid is given by

equation (2). page 12. From these one may find the maximum value of the difference,AO, and

the value of 0, the geodetic latitude, at which this maximum difference occurs, equations (3) -

(6), page 14. The expansions of A0S in series in terms of 0 were obtained and are given in

equations (7) - (20), pages 15, 16.

For computation of ( as a function of 0, the geocentric latitude, it was necessary to employ

the Lagrange expansion formula and the resulting expansion and formulas are given in equations

(21) - (33), pages 16 to 18. Development of the series expansions for the height, h, of the

auxiliary sphere above the ellipsoid is given in equations (43)- (48). See Figure 1, page 13

and pages 19,20. A summary of latitude formulas and a bibliography of pertinent references

are included, pages 21 -22.

The great circie track as determined by the geographical coordinates of two given points on the

auxiliary sphere. Parallels at a given distance from a great circle track.

As shown in figure 2, page 24, the treatment is somewhat different than the usual one in

that one works from the vertex of the great circle or the point where the great circle is or-

thogonal to a meridian. This simplifies computations and provides well balanced triangles

from which to compute. It also facilitates the computations for parallels at a given distance

from a fixed great circle track as shown in Figures 3 and 4, pages 26 and 27. See also

equations (1) - (13), pages 23-27.
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A spherical rectangular coordinate system with a great circle base line as an axis.

Figure 5, page 29, shows, pictorially, this coordinate system dexeloped on the great circle

base line referenced to the vertex of the great circle base line. The conversion equations are 

developed in equations(14)to(26),pages 28 to 30.

Derivation of the equations of spherical hyperbolas and their plane equivalents.

Having established a spherical rectangular coordinate system %%e are in a position to derive !" '

the equations of spherical hyperbolas referenced to the system. This is done in both spherical

rectangular coordinates and spherical polar form, equations (27) to (50), pages 31 to 34. See

also figures 5, 6, and 7, pages 29, 32,34.
P. Z,-The plane hyperbola equivalents are dcveloped in equations (51) to (59), pages 35 and 36

and a comparison table of the spherical and plane equivalents is given as equation (60), page

37. See also Figures (8) and (9), pages 35 and 36.

An example of computations using the plane hyperbola approximation is given as Appendix 1,

pages 99 to 110

Distance computations and conversions; Azimuths; Associated geometrical quantities.

The classical "inverse" problem of geodes) was considered here since it is inherent in the

electronic navigational systems problem. In the "inverse" problem, the latitudes and longitudes

of each of two points are given from %%hich the distance bet%%een the points and the azimuths at

the two given points are to be determined.

The geodesic on the reference ellipsoid, other than meridians and circular equator, is a

space curve, and its vertex (the latitude where it is orthogonal to a meridian) is not easily ex-

pressible in terms of the geographical coordinates (latitude and longitude) of two points on it.

The actual length involves the evaluation of an elliptic integral, whose modulus depends on the

latitude of the vertex of the geodesic. Iterative solutions have been devised as llelmert's,

based on the earlier work of Bessel.

Npproximations based on plane curves wvhich are near the geodesic in length as the normal

sections and the great elliptic arc have been devised. An investigation of these was made,

including some extensions for instance in the series development for the great elliptic arc

approximation. See pages 48 to 51 and Figure 15, page 50. Also their use and expression in

terms of common computational parameters %%ith some associated geometrical quantities useful

in operational applications as the angle of depression of the chord belo%% the horizon, the

maximum separation betwcen the chord and the surface, and the geographic coordinates of the

point on the surface where maximum separation occurs.

An investigation of the expansion of the geodesic length in poiers of the flattening was

made which to first order in the flattening are the %ell-known, so-called Ando)er-Lambert
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approximation formulas, one in terms of parametric latitude, the other in terms of geodetic

latitude. Since this Office uses the Andoyer-Lambert form in terms of parametric latitude, in

which geographic latitudes must first be converted to parametric, an investigation was made to

see if use of the parametric form to first order in the flattening was justified or necessary in

terms of operational requirements. This iwas done in connection with a re%iew of an extensive

study by USAF (ACIC) of geodetic lines up to 6000 miles in length where the Andoyer-Lambert

approximation %as recommended for such tasks as LORAN computing, since the errors in the

very nea, geodetic distan,.es obtained are fairly constant on lines 50 to 6000 miles in lcngth

and in all azimuths. The comparisons are given in tables 1 - 3, pages 65 to 67.

Since some of the excursions in the first order form were of the order of 10 meters, the

problem of obtaining the expansion of the geodesic to second order terms in the flattening was

examined. By introducing two parameters X and Y, in terms of the latitude of the vertex of the

great elliptic arc, it was found that the great elliptic arc approximation pcoduced the so-called

Andoyer-Lambert first order approximations. (See pages 68-69.) Similarly they could be

produced by modification of the differential equation to the geodesic (See pages 69 to 74).

In review of an 1895 paper by the British Mathematician, A. R. Forsyth, by identifying his

fundamental approximation parameter as the vertex of the great elliptic arc, it was found that

he actually had both so-called Andoyer-Lambert first order expansions in the flattening, but

it had apparently not been recognized. Furthermore, he had an expansion to second order terms

in t!.e flattening and in terms of geodetic latitude but it had two errors in the second order term.

After these had been detected and corrected, computations based on the resulting equations

give distances within a meter on all lines computed from 50 to 6000 miles. See pages 75 to 81.

Forsyth did not have the expansion to the geodesic in terms of parametric latitude to second

order terms in the flattening, so his results were extended to second order terms. See pages

79 to 90. Then transformation equations were developed to convert one form to the other as far

as second order terms in the flattening, pages 90 to 92, and finally the difference formulas for

the pinipal parameters, pages 92 to 93. As a result of this study, distance and azimuth

formulas are available in terms of easily computed parameters, in terms of either parametric

or geodetic latitude which will give distances over all lines within a meter and azimuths Nithin

a second which is adequate for any operational requirement. A more detailed summary of the

investigations of this section with a bibliography of references is given on pages 93 to 97.
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COLLECTED FORMULAE

NEW LATITUD)E FORMULAS

If 0 is the geocentric latitude of a point P(acos0, a siniO) onl tile auxiliary sphere, then thek,.

currebpoxiding geudetiL latitude of P at dn altitude li abo-,c the ellipsoid of reference as shown

in Figure 1, is given by

sin A6 sin(6-0) -(0 2 a) Nsin 26- We sin 6eos (h)/I(I.-esin26YI2

= cisin 26 - c~sin 46 + c~sin 66,3- c,,sin 8(b,

C, = (C' 19) + (C",18) 4 (1.5e 6 /256) +0(501 1024)

C= (c" '16) + (3e' '64) + (3508/1024),

c, = (306 /256) + (15c" 1024),IT

Sc_, = .5e' '2048

With the same coefficients, L

6- 0 =A6 (radians) = (e, + c /8) sin 26 - (c, + C 2 /4) sill,10 + (c, - c '/24) sin 66

A6 (seconds) = (206,2641.8062) - AO (radians).

TIo express \(3 ill ternis of 0, we have ~~
tan6 tall 0 + (C2 'a cosO) N sin63

=tall 0 + (el 1COS 0) Sill 6/O _ C IS i, 2 )1/2,

wh~ich, when expanded by, the Lag-rallge expansion formlula giv'es

A0 =0- 0 = e~sill 20 + C2 Sill '10 ( c, ill 60 4+ C4sil 80

e (' 2) + (e4 '8) 4 (li e6 '256) + (31e 8'/1024)

C2 -(2e
4 '16) + (5c" '64) + (25c /1024)

(, = (7c' 1768) + (59c' '1024),

C4 127c'4 '20.18t

The d1istanlce h is giv'en by

h 'a Cos \- a ' N =COS \6 - (I -e2Siln26)/

-(I 2S i 16 [111 c2 5il126(i CICOS26)1/1+ si%6

h = a(d1  d~cos 24-i +dJcos "161 - 14Cos 66 4+ (1, co 86)

(is 53v '16:18 1
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STANDARD LATITUDE FORMULAS

The three latitudes usually associated with the auxiliary sphere ellipsoid configuration as shown

in Figure 1, are the geocentric, parametric, and geodetic represented here by , , and €o

respectively and related through the equations

tan 0b/tan 0 = tan 0/tan € = (1- e2)I [2,

where e is the eccentricity of the meridian ellipse. The parametric latitude, 0, is also called here

the geocentric latitude of points on the auxiliary sphere. I
LATITUDES FOR CLARKE 1886 SPHEROID

Series representations, accurate to 0.001 second, for the differences in q, €o, 0, 0 are:

A0 (seconds) = € - 0 =699 .2540 sin 20 -0 .'5936 sin 4q5 + 010004 sin 60

A95 (seconds) = - 0 = 699"2520 sin 20 + 1.7769 sin 4 0 + 0'0064 sin 60

A0o (seconds) = - 0o = 349".0318 sin 20 + 1!4796 sin 40 + 0'0061 sin 60

h (meters) = 10,788.3852 - 10,811.2646 cos 25 + 22.9147 cos 4k - 0.0350 cos 69

o- = 700"4385 sin 20 - 1"1893 sin 40 + 010027 sin 60

0o - = 700'4385 sin 21p + 1 "1893 sin 4qf + 0'0027 sin 60t

00 - 0 = 35012202 sin 2¢0 - 0.2973 sin 450 + 0!0003 sin 60

.o- 0 = 350!2202 sin 20 + 0'2973 sin 40 + 00003 sin 60

0 - ip = 350'.2202 sin 20 - 0"2973 sin 40 + 010003 sin 60

0 - tp = 350'.2202 sin 2tp + 012973 sin 40b + 0'0003 sin 6,_

GREAT CIRCLE TRACK FORMULAS

First compute X 0 and 00 from

tan 02 cos X,- tan 0, cos ,
tan X,, = tan 01 sin X,2- tan 02sin X,

cot 00 = cot 0, cos (Ao- A) = cot 02 cos (X, - A2). (See Figure 2).

Then compute a, and a2 from

cos 00 cos 0o
sin a, = 7- ,sina 2 =

cos 01 cos 02

Next compute S, and S, from

tan S, = cos a , cot 0,, tan S2 = cos a 2 cot 02

The computations for a,, a2, S, and S2 are checked by

cos (X2 -,) = cos a, cos a2 + sin a, sin a2 cos (St -S 2)

5



For equally spaced intervals along the great circle track, for instance in 100 nautical mile -
'

intervals, let S = Sj+ 100K, K = 1, 2, 3, - - -, n. With these values of S one computes

successively corresponding values of 0, X' and a'from M

sin 0'= sin 0o cos S, tan (X, - X ') = tan S/cos 00, tan -a'= cot 00 /sin S
and checks by means of sin 0' tan (,\o-tt) tan a'= 1 .

PARALLELS AT A GIVEN DISTANCE FROM THE GREAT CIRCLE TRACK

To compute the coordinates (Op, tp) and (Op, Ap') of points at a given distance s from a given

great circle track and symmetric with respect to it one computes (see Figure 3):

sin Ok = A cos S ± B when k = p, use + sign

sin (X"- Xk) = C sin S/cos Ok k=p',use-sign

S and 0, are the same as given under the great circle track formulas above and A = C sin 00,,

B = cos 0o sin s, C = cos s. The computations may be checked by

cos 2s = sin Op sin Op' + cos Op cos 0p'cos (Xp'- Xp).

SPHERICAL RECTANGULAR COORDINATE SYSTEM WITH A GREAT CIRCLE BASE LINE AS

AN AXIS
It is assumed that the base line has been established, that is the coordinates (0, 4)

of the vertex of the great circle base line have been computed from the coordinates of two given

points Q,(0,, A,), Q2(02, X,), see Figures 2 and 5.

Formulas for computing y, S, x from 0 and X

sin y = cos 0, sin 0 - sin 0, cos 0 cos (A, - )

sin 0, cos 0 sin (X,,- A) cos 0 sin (Xo - X)
tan S = sin 0 - cos o0, sin y sin O, sin 0 + cos 0c cos 0 cos (Xo - A)
sin x = sin (S - St) cos y

Formulas for computing S, 0, X from x and y

Let C=cos y, D=sin y, E=sinx,A=C sin 0., B=D cos, then

S = arc sin (E/C) + S1

0 = arc sin (A cos S + B)

X = A, -arc sin (C sin S/cos 0)

6



SPHERICAL HYPERBOLA FORMULAS AND PLANE EQUIVALENTS

Spherical Plane

tt_n 2a (sin 2 c - sin2 a) 2 a2 (c 2 
- a 2)

sin 'c cos 2a - sin 2 cos 2a -a2

smn 2a cos 2C a*222
*2 *i2--ia siny+sin~a = -aC2

(3) sin 2 cosf sin2a c cos -a a
(4) tan2 (3/2)~ sin (c-a)sin (R+c+a) (c a(

sin (c+a) sin (R-c+a) tan(/2) (c -a)(R-c+a)
sin(c a)sin(R c a)(c+ a) (R-c + a)

In (1) and (2) the origin of coordinates is the midpoint of Q Q2 , see Figure 5. Equations (3)

and (4) are two polar forms with origin at a focus Q,, see Figures (5) and (6). Appendix 1 has

computations based on the plane equivalent of (3).

DISTANCE AND AZIMUTH FORMULAS

Normal section azimuths (Geodetic latitude, €)

[sin 02 (N/A) sin 01de 2 cos ¢, sec €, + (sin 0, cos AX -tan 0, cos 0,)cot aAB = sin AX

cotaBA - sin 5 - (N,/N,) sin 02] e cos 0, sec S6 + (sin 5, cos AX - tan S6 cos 2)

sin AX

Normal Section Azimuths (parametric latitude 0)

sin 0, cos AX- cos 01 tan 0, + e' (sin 0, - sin 01 ) cos 0, sec 0,
cot aAB (I-e2 cos2o 1 )

q' sin AX

sin Ocos AX- cos 0, tan 01 + e2 (sin 01 - sin 02) cos 02 sec 0,
cot aBA -(1- e cos2 02)1/2sin AX

Great Elliptic Section Azimuths (Geodetic latitude €)

2) 
N , (tan (k cos AX- tan 02) cos 0

cot aAB =(1 -e 2 -
2

a' sin AX

N2  (tan k, - tan 02 cos AX) cos €1cotaBA = (1-e 2 )---
2a sin AX

Great Elliptic Section Azimuths (parametric latitude 0)

(tan 0, cos AX - tan 02) (cos 0,) (1 - e cos 2 0,)1/2

cot aAB =sin

(tan 0, - tan 02 cos AX) (cos 4 ) (1 - e 0 cos 2 
02)1/

cot aBA = ____

sin AX



Great Elliptic Arc Distance

s/a = (d, + d±) - k2 [(d, + d,) - sin (d, + d2) co!' (d1 - d,)]

- (1/128) k4 [6(d, + d) - 8 sin (d, + d2) cos (d, - d2) + sin 2(d, + d,) cos 2(d, - d2)]

- (1/1536) k [30(d1 + d2) - 45 sin (dr + d,) cos (d, - d2) + 9 sin 2(d, + d) cos 2(d, - d2)

- sin 3(d, + d2) cos 3(d, - d,)]

Where in terms of geodetic latitude q,

k = (eV1 - e/a) N. sin 0.,, d, = arc cos (N, sin f5,/N 0 sin b),

d, = arc cos (N sin c,2/N sin )

sin 95o - [J/(J + sin2 AX)]/2, J - tancm1 + tan2'9 2 - 2 tan .0, tan ,2 cos AX,

and in terms of parametric latitude 0

k = e sin 0., d, = arc cos (sin 01/sin 0o), d2 = arc cos (sin 0 /sin 00)

sin 00 = [F/(F + sin2AX)]'/, F = tan "0t + tan2O2 - 2 tan 01 tan 02 cos AX.

Also in terms of parametric latitude 0, great ellipticarc distance

s = a Fd - (e2/8) (Xd - Y sin d) 1
- (e4/512) [(6d3- sin2d) X - 8 (sin d) XY + 2 (sin 2d) y2]

- (e6/12288) [3(d - 3 sin 2d) X - 3(15 sin d - sin 3d) X2 Y 18(sin 2d) XY2-4(sin 3d) Y

(sin 01 + sin 02) (sin 01 - sin 02),
where X= +

1 + cos d 1 - cos d

Y (sin 01+ sin 027 (sin 0 - sin 02)2, d = d2- d,, where d,, d, are spherical distances from P1(01, A1),

1+ cos d 1- cos d

P2(02, '\ 2 ) to the vertex P(0,, Xo).
NOTE: If e2 - 2f, the higher order terms in f then ignored, this becomes the so-called Andoyer-Lambert

approximation in terms of parametric latitude.

GEODESIC IN TERMS OF GREAT ELLIPTIC ARC, IN GEODETIC LATITUDE WITH SECOND ORDER

TERMS IN THE FLATTENING

Given the points P( 0,, A1) , P2 (0,, XA) on the reference ellipsoid, P west of P,, west longitudes

considered positive.

With m = 2(0b + 02), AO m = Y2(02 - (0) AX = X2- A, Am = A

Let k = sin Om cos A~km, K = sin Aom cos Om,

H = cos'A-Om - sin24,m = cos2qom - sin2Anm
L = sin2Abm + H sin2AAm = sin2(d/2), 1 - L = cos 2(d/2), cos d 1 - 2L,

t =sin2d =4L(1 -L), U =2k2/(1- L), V 2K 2/L; X U + V, Y U -V,-

8



T = d/sin d = 1 + (t/6) + 3(t'/40) + 5(t 3/112) + 35(t/1152) + 63(t'/2816) +,(1 radian - 206,264.8062 seconds)

E - 30 cos d , A - 4T (8 + TE/15), D - 4(6 + T2), B - -2D,

C = T - 'A(A + E), f/4 - 0.000847518825, f2/64 - 0.179572039x 10' (Clarke 1866)

S = a sin d [T - (f/4) (TX - 3Y) + (f2/64) I X(A + CX) + Y(B + EY) + DXYII,

sin (a2 + a1) = (K sin AX\)/L, sin (a 2- a1) = (k sin A)/(1 - L),

%(8a2 + &r%) = -(f/2) H (T + 1) sin (a2 + a,), A(8a, - &a) = -(f/2) H (T - 1) sin (a2 - a),

al. 2 = a, + -a,, a2 .-- a2 + a .

Additional check formulae

(sin 01 + sin 42) (sin 95 - sin k2)2

( ( = 2 ,sin 2 0 = 2F/(F + sin2AX)
+ cosd l- cos d

(sin , + sin 02)2 (sin 01 - sin 02)
2

Y = 1 2 sin 20" cos (d, + d2)

F = tan 241 + tan 240 - 2 tan 0, tan 4 2 cos AX

cos (d, + d2) =Y/X, 1 + cos d =8k2 /(X + Y), 1 - cos d =8K/(X - Y),

cos d = 4 ( - +

NOTE: If the second order term is ignored, the resulting equations are the equivalent of the so called

Andoyer-Lambert approximation in terms of geodetic latitude.

The quantities H, T, L, k, K enter into both distance and azimuth formulas. Distances are given

within a meter and azimuths within a second over all lines in all latitudes and azimuths. Other advantages

are (1) no conversion to parametric latitudes, (2) no square root calculations, (3) for desk computers the

only tabular data required is a table of the natural trigonometric functions as Peter's eight place tables.

(4) the formulas are adaptable to high speed computers. See Table 4 page 81 and Appendix 3, lines 12

through 16, for desk computer sample computations based on these formulas as checked against 5 Coast

and Geodetic Survey specially computed lines. The mean difference for the 5 lines between true geodetic

lengths and computed values was 0.15 meter with a maximum difference of 0.24 meter. The mean difference

between true and computed azimuths was 0.59 second with a maximum difference of 0.93 second.

GEODESIC IN TERMS OF GREAT ELLIPTIC ARC, IN PARAMETRIC LATITUDE WITH SECOND ORDER

TERMS IN THE FLATTENING

Given on the reference ellipsoid the points P(O, X0 1), P2(02, 1\2); P west of P1 , west longitudes

considered positive. (Geodetic latitudes are converted to parametric by the relation tan 0 = (1 - f) tan 4

or an equivalent formula). With 0 m = %(0, + 0k), AOm = Y2(0 2 - 0,), Ax = ,- X, AXm = AX/2;

9



let k = sin-om Cos AOm, K = sin A m Cos Om'

H coseAOm - sin'Om = cos0r - sirn AOm,

L =sin2 A0m + H sinWAhm = sird/2, 1-L = cos'd/2,

cos d = I - 2L, h = sin2d = 4L(i - L), U = 2k 2/(1 - L),
V = 2K2/L, X =U +V, Y = U- V,
T = d/sin d = 1 + (1/6)h + (3/40)h2 + (5/112)h' + (35/1152)h4 + (63/2816)h5 +- ...

Eo - -2 cos d, Do = 4T 2, Ao --DoE o, Bo = -2Do, Co - T - %(A, + Eo),

S -a sin d [T - (f/4) (TX -Y) + (f2/64) (AoX + BoY + C0X2 + DoXY + E0Y2)]

sin (a 2 + a1) = (K sin A)/L, sin (a, - a1) = (k sin AX)/(l - L)

'(8a2 + 8oa) = - (f/2) TH sin (a, + a2)

(aa2- al) = - (f/2) TH sin (a2 - a1)

a..2= a1 +e&aj,a 2-1 = a 2 + 8a2

Additional check formulae

(sin 0, + sin 02)2 (sin 0, - sin 02)2X -+ = 2 sin 20 = 2F/(F + sin 2AX)

1 + cos d 1 -cos d

(sin 0, + sin 02)2 (sin 0, - sin 02)2
Y - = 2 sin200cos (d1 + d2)

1 + cos d 1- cos d

F = tan20 + tan 202 - 2 tan 0, tan 02 Cos AX

cos (d, + d) = Y/X, 1 + cos d = 8k 2/(X + Y), 1 -cos d = 8K2/(X - Y),

('k2  K2 k2 K2
cosd = 4 -+y _ 4 +

NOTE: If the second order term is ignored, the resulting equations are the equivalent of the so-called

Andoyer-Lambert approximation in terms of parametric latitude.

TRANSFORMATIONS: GEODETIC TO PARAMETRIC - PARAMETRIC TO GEODETIC
If primed quantities denote those in geodetic latitude, then the transformation equations are:

d = d - (f/2) Y sin d + (fW/16) [4Y(X-3) sin d + (2Y2 - X') sin 2d],

sin d =sin d -(f/4) Y sin 2d
X'= X[I+ f(2 -X)]

Y '= Y[1 + f (2 - X)] + (f/2) (X - Y2) cos d

d = d '+ (f/2) Y 'sin d '+ (fW/16) [4'" (X'-1) sin d '+ (2Y '2 X") sin 2dl

sin d = sin d'+ f/4) Y'sin 2d'

X = X'[1 - f(2 -X')]

Y = Y'[1 - f(2 - X')] - (f/2) (X"2- Y2) cos d'

10



DIFFERENCE FORMULAS TO SECOND ORDER IN THE FLATTENING

d'- d =-(f/2) Y sin d + (f2/16) [4Y (X - 3) sin d + (2Y 2 - X2 ) sin 2d],

= - (f/2) Y'sin d'- (f2 /16) [4Y' (X'- 1) sin d'+ (2Y"2 - X"2) sin 2dj

X'- X = fX (2 - X) 11 + (f/2) (3-2 X),

= fX'(2 - X')1 - (f/2) (1 - 2X');

Y'- Y = fY(2 - X) + (f/2) (X 2 - y 2 ) cos d
+ (f2/8 4Y(2 - X) (3 - 2X)

+ x2 Y2 ) 11 - 5X) cos d +Y ( - 3 cos 2 d)

fY'(2 - X') + (f/2) (X"2 - Y12) cos d"
- (f2/8) 4Y' (2 - X') (1 - 2X') 1

1Y'2) 2(5 - 3X') cos d'+ Y'(1 - 3 cos2d')

CHORD DISTANCE, c
c = a [[l- cos (d, + d2)) 12 - k i ( _ oOS (d, - d2))]11 i/2

Where in terms of geodetic latitude 95,

d, = arc cos (N, sin , IN, sin 950), d2 = arc cos (N2 sin 02/N, sin 0,)

k 2 = [e 2(1 - e 2 )/a2 ] N02 sin 2 0

in terms of parametric latitude 0

d,=arc cos (sin 0,/sin 00), d2 = arc cos (sin 02 /sin 0,), k2= e2 sin0O,.

ANGLE OF DIP OF THE CHORD,/3

-e 2 )[1 - cos (d, + d2 )] 1/2

sin = {[2_k2 11 _CO (d,-d,) (1 2+-k; e 2cos2 d,)

with k, d,, d, expressible in terms of either geodetic or parametric latitude as given above.

MAXIMUM SEPARATION OF CHORD AND ELLIPTIC ARC, H,

Ho = 2abosin Y(d, + d,) [1 - cos Y(d, + d2)],

where c is the chord length as given above, bo = a /7- k' 2; c, k, d,, d, expressible in either

parametric or geodetic latitude as given above.

GEOGRAPHIC COORDINATES OF POINT OF MAXIMUM SEPARATION

tan qS = R/D, or cos 29 = (D2 - R')/(D2 + RZ ), tan X = (cos 02 sin iX)/(cos 0i + cos 02 cos AX),

R = sin 0, + sin 02, D = (0.996609925) (4 cos" id-R2)'" d is spherical distance between the

points P, (0,, A,), P2 (02, A,) on the ellipsoid, 0 is parametric latitude, AA =2,-x,. See Figure 23

for sample computation.



DEVELOPMENT

SECTION 1. LATITUDE FORMULAE

The auxiliary sphere, associated with an ellipsoid of reference, is the sphere -tangent to the

spheroid along the equator. If it is desired to work on this sphere with formulae for conversion

to the spheroidal surface, then a correspondence between geocentric latitude 0 on the sphere and

geodetic latitude 4> on the ellipsoid is needed. Longitudes will be the same.

Now there are three latitudes in geodetic usage associated with the auxiliary-sphere ellipsoid

configuration as shown in Figure 1. The 0 as shown, and which we shall call geocentric latitude,

is called the reduced or parametric latitude since it is the eccentric angle of the meridian ellipse.

The angle zA , as shown, is called in geodetic nomenclature, the geocentric latitude since it is

the angle measured from the center of the ellipsoid to the point R on the meridian from the equator.

The angle 0, as shown, is a geodetic latitude corresponding to 0. The three latitudes V1, 0, 950,

are related through the equations L

tan & = '/1 - e2 tan 0= (1- e') tan qbo (1)

or tan h / tan 0 = tan 0 / tan =V1 - e'.

where e is the eccentricity of the meridian ellipse [1].*

However, for working directly on the auxiliary sphere and transferring d'Iectly to the ellipsoid,

if 0 is the geocentric latitude of the point P (a cos 0, a sin 0) on the auxiliary sphere, then the

latitude actually corresponding on the spheroid is that found by dropping a perpendicular upon

the meridian ellipse from P meeting the meridian in Q as shown in Figure 1, the normal making

the angle 0b as shown with the equator. The distance PQ = h, and q! are needed for the conversion

where 0 h . a - b, a and b the semimajor and semiminor axes of the spheroid. We now develop

the necessary conversion formulas between and 0.

The law of sines applied to triangles POT, P0K of figure 1, yields

Ne 2sino _ h + N a Ne2cosO - h + N(1-e 2) a
(2)

sinA0b cos 0 cos 9 sin 0 sin 0

where N=a//1-e2 sin2 ; e, a are the eccentricity and equatorial radius of the reference

ellipsoi6. (A0 = - 0).

*[1I] Bracketed numbers refer to the list of references at the end of the section.
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a-b

__~ ~~~~ __- - - - - \ (a cosO, a sine0)

A_ =0 Cos - R (0\cos0, b sin 0)
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From the first and last of either sets of equations (2) find

sin Ao~ - Nsin 2q e esin;6cos 0 (3)
2a X/I - e'sin 2 0

To find the maximum value of Ao6 and the value of 4 at which the maximum occurs, one

differentiates Atp = arc sin e 2 si 0 to obtain
V -e'sin'qo

IA~ e2  
2 e 2 cos' 2 2 + 2(2 --e2) cos 2 + e 2 (4

do~ (2- e 2+ e2 cos 2gb) 1 2(2- e 2) - e' + 2e 2 cos 20 + e cos 2 20

neither factor of the denominator of (4) is zero for 0~q < .900. Hence to find the maximum from

j (4), place the numerator equal to zero and solve for cos 20b to obtain L
cos 2 = I+ 2 (N1-e2- 1) /e. (5)

The flattening, f, of the reference ellipsoid is given by f (a-b)/a =1 - b/a I -V/1-e,

whence e =2f-f 2 we can write I
sin 22Ij=1 _COS

2 20 1f 2 /A2-) 2 = 4(1 - f)/(2-f) 2

1 1 1 f 1
sin~q cos 2= + - -

2 2 2 2(2-f) 2-f

1-e 2 sin 2 q1 -f(2- 0/(2 -f)= -f.

e4  sin 2 q f(2-) 4(1 -f) 1
from (3) sin 'AqS

2 24 1-e 2Sin 2 0 4 (2_02 1f

sin AOif

hence sin A95max f =0.0033900753 (Clarke 1866 ellipsoid).

cos 295- 0.001697914

95=450 02'55!'106 , 
J

and A~max = 00 11' 39'!255, (6)2

0 = 95 - O 440 511 15'!851.

Now from (3) and 0 =0- Aoa complete table for corresponding latitudes can be computed II
readily since complete tables for N to 0.001 meter have been computed for most reference

ellipsoids. [2]

To develop sin Ao is a series for computation without the necessity of tables of N, write

(3) in the form sin Ao = e 2 sin q0 cos ob (1I e2 sin 2 0q) /2then expand the radical by theK4

binominal formula to get 235

sin Ao=e sin qOcos 0(1+~- sin ~- e sin + - e sin6 o)
2 8 16

14



e " e " 0¢+ 3 e ¢5 e 8 s n €.

sin 2¢+ -sin '9cos € e' sin '0 cos + -e sn cos . (7)
2 2 8 16'

now sin3 ¢ cos -= sin2€ - '/ sin 4¢,

sin s¢ cos €=s/2 , sin 2¢ - ' sin 4+ '/ sin 6 € (8)

sin 7b cos 0= 74 sin 2 - 7/4 sin 4 + 3/4 sin 60 - /28 sin 80,

and the values from (8) placed in (7) give

sin Ak= clsin 2q- c2 sin 40+ c 3 sin 6O- c4 sin 895;
where c, = + 8 + e5/, , e6 - .4 e', c. = e + "+ 34 e6 + 3/.4 e 8 , (9)

C 3 / e + " /, ,4 e , C 4  = S/2. . e I .t
If A9 in radians is desired rather than sin A0, then in thu expansion

arc sin x = x(1 + x2/ + - - -) (10)

let x = sin A0, whence arc sin x = A5 and

AO= sin AO (1 + sina - + (11)6

from (9) with e' = 0.006768657997, find

c, = 0.003390074081, C2 
= 0.000002878029, (12)

c3 = 3.665 x 10" , c4 = 5 x 10.12 (negligible).

For estimation purposes the values in (12) may be written

c 3 x10 c = 3 X 10",c,4x 0 (13) I
cl2 = 9 x 10- 6, c2

2 = 9 x 10 - 12, c32 - 2 x 10".
With the value of sin AO from (9) in terms of the estimation coefficients ('3) we examine

the term (sin 3AO)/6 in (11), and find that (11) may be written AO = sin AO +
3 2

- sin 2- c- sin 2 sin 40. (14)
6 2

since sin3 20 = X sin 2 0 - Y4 sin 695

sin 220 sin 4 = % sin 40 - Y sin 80, (15)

equation (14) may be written, with the value of sin AO from (9), as

A¢(radians) = + sin 2€ - 2 + 4d + 3 sin 6 €k, (16)

or
AO (seconds) = (206,264.8062) A (radians),

where c1, c2 , c., are given by the expressions in (9) in terms of the eccentricity of the meridian

ellipse.
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We now check equations (9) and (17), using again values for the Clarke 1866 spheroid and

for the maximum value of A0.

From (9) and (12) we have

sin A0 = 3.390074081 x 10' sin 295 - 2.878029 x 10 sin 4q0 + 3.665 x 10. sin 60. (18)

From (12) and (17) find

AO (seconds) = 699"2540 sin 20b - 0".5936 sin 40k + 0 ."0004 sin 69S. (19) I
Now with 0 = 450 02 55"106 from (6), find sin 2= + 0.99999856, sin 40 = - 0.00339575, (20)

sin 656 = - 0.99998703.

The values from (20) placed in (18) give

sin A06 = 0.0033900753 which checks the value found before in the 10th place. (See (6)).

The values from (20) placed in (19) give A06 (seconds) = 699" 2530 + !'0020 - '0004 =

699" 2546, or 11' 39" 255 which is the value of A56max .  (See (6)).
For explicit computation of 56 as a function of 0, we obtain the following development. From

the second and third of each set of equations (2), find

h + N = a cos 0/cos 5 = Ne' + a sin 0/sin 06, whence

tan 56= tan 0 + (e/a cos 0) (N sin _) (
(21)

or tan 5= tan 0 + (e' 1 /1T+ tan 0) (tan l/ 1 + (1 - e2 ) tar? 56).,
(NOTE: Equation (21) also follows directly from (3) by expanding the left hand side and

dividing every term by the product cos (6 cos 0. sin A6 = sin 56 cos 0 - cos 6 sin 0.)

Now (21) is of the form

y = x + h (x) g (y)

and the Lagrange expansion formula may be used, [3].

Equation (21) may be written

y=x+ e2(l + x')/ . y[I+ (1- e') y,] - ,/  (22)

Where y = tan 56, x = tan 0, h (x) = e2(1 + x2)'/2 , g(y) = y[1 + (1- e') y'] - /.

By use of the Lagrange expansion formula, a function f(y) which has a power seriesQr. j

representation may be written

0 h(x) In dn - 1

f(y) = f(x) + I n dx f (x) I g(x)n (23)
n=1 n! dn

Withy=tan 0,f(y)=arctany 5;x=tan0, f(x)=arctanx=0, f(x)= 1 =cos'0,

equation (23) may be written

A5=05-0= I eznsecn0dlG(0) (24)
n=1 n! dx n-1

Where G(0) = (cos1 0) (tan 0/1/1 + (1 - e) tan2 0) n 0= arc tan x.
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First write G(0) in the form

G(O) = (cos'0) [sin 0(1 - e2 sin2O0-AI n (25)

We wish to retain terms to e", but no higher. Hence we expand the radical in (25) to

powers of e6 since for n = 1, equation (25) will be multiplied by e' as seen from (24). Using

the binomial formula for the expansion we can write (25) as P

G(0) = (cos'0) (sin 0 + Y2e' sin' 0 + (/) e' sin s 0 + (s) e6 sin' 0)n.  (26)

To retain terms in e' we will need the first four terms of tile expansion (24) and hence
three derivatives of (26). Now 0 = arc tan x*d 1.= cosO2 , dk = - 2 sin 0 cos'0,

dx 1 + x2 dx 2

d 30
= 2(3 sin 20- cos 20) cos .0.

dx

dG dG dO dG

--= c o s 2 0 
( 2 7 )dx dO dx do

d2G d2G dO2 dG (dV

dx2  \dO'/ \dx adOV dx()dix 2) I
-cos0L\ a°  co! 0  6dO" Jo i d/( i' o')(9

dx' = dO dx d: XdOdx'

2 s0 ) 0+ i M) ' i 6 0

( dG('\ d

cos 0 -(3) " 6n0 c i(2

2 (cos'O) (sinO s 0 2 sin 0

d3G / 3(coG0 (sin 0 + ( 2 sGn' ) (d 2! -('

4 3 (cos'0 sn) , X*)

The terms of (241) are now formed by finding the derivatives of G(0) ith respect to 0 using '5
the appropriate form of G(0) from (30) and finding

dG d'G dGG
- , - by means of (27), (28), and (29). s

dO dxLV
s of t'6

for n = 1 , 2 , , 4 : :
n G(O),t,,1- L



i

Thus it is found that the first four terms of (24) are

e" sin 0 cos 0 + %e4 sin3 0 cos 0 + (3/8)e6 sin 0 cos 0 + (5/16)e' si? 0 cos 0;

e sin 0 cos 0 + (2e'- 2e 4) sin' 0 cos 0 + (3e6 - 3e) sin' 0 cos 0 - 4e3 sin7 0 cos 0;

e sin 0 cos 0 + (5e- 3 4 e6) sin3 0 cos 0 + (354e 6 - "/4e ) sin' 0 cos 0 + 3/4e' sin'0 cos 0;

e8 sin 0 cos 0 - 12e' sin' 0 cos 0 + 30e' sin' 0 cos 0 - 20e' sin7 0 cos 0.

Adding corresponding terms of these we have

Aq=- 0 = (e' + e4 + e' + e8) sin 0 cos 0 - [(3/2)e4 +(23/6)e' +7e8Isin30cos 0 (31)

+[(77/24)e6 + (55/4)e ] sin5 0 cos 0 - (127/16)e 8 sin7 0 cos 0.
Now sin 0 cos 0 = 2 sin 20

sin' 0 cos 0= Y sin 20- (1/8) sin 40

sin' 0 cos 0= (5/32) sin 20 - (1/8) sin 40 + (1/32) sin 60 (32)

sin7 0 cos 0 = (7/64) sin 20 - (7/64) sin 40 + (3/64) sin 60 - (1/128) sin 80.

The values from (32) placed in (31) give finally

95=0-0=C1 sin20+C 2 sin40+ C3 sin60+C 4 sin 80

where C, = /e' + (1/8)e4 + (11/256)e6 + (31/1024)e$ (33)

C2 = (3/16)e' + (5/64)e' + (25/1024)e8

C, = (77/768)e 6 + (59/1024)e', C4 - (127/2048)e8.

Again for the Clarke 1866 spheroid

02 = 0.006768657997, e4 = 0.00004581473108, (34)
S

6 = 0.0000003101042459, e' = 0.000000002098989584, whence from (33)

C, = 3.390069228 x 10 " , C, - 8.614540216 x 10 - , (35)

C, = 3.12121 x 1 C4 = 1.302 x 10 '0.

We now check (33) directly from the maximum value of AO, the assumption being that if it

holds for the maximum it will hold for all AS.

From (6) 0 = 440 51' 15' 851, whence

sin 20 = 0.99998708, sin 40 = 0.01016441, sin 60 = - 0.99988377, sin 80 = - 0.02032777. (36)

With the values from (35) and (36) find

C, sin 20 = 0.0033900254283 C, sin 60 = - 0.0000000312085

C, sin 40= 0.0000000875617 C4 sin 80 = - 0.0000000000026

0.0033901129900 0.0000000312111

A0 3 (radians)= 0.0033900817789

A(A (seconds) = (0.0033900817789) (206,264.8062) 699V.2545611,

or A9bmax= 11' 39"255 which checks (6).
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Note that the term C4 sin 80 does not contribute to the result. Also, only eight place tables

of trigonometric natural functions were used, [4].

Hence for geodetic latitude 95 corresponding to geocentric latitude 0 on the auxiliary sphere,

the following formulas are sufficient for any spheroid of reference to 0.001 second:

AO (seconds) = (k - 0 = (206,264.8062) (C1 sin 20 + C2 sin 40 + C3 sin 60)

C, - YAe2 + (1/8)e4 '14(1/256)e +(31/1024)e', C2 "(3/16)e' + (5/o4)e6 + (25/1024)e$, (37)

C3 -(77/768)e' +(59/1024)e', e is eccentricity of the meridian.

Now we have noted that the geocentric latitude 0 as defined here is called the parametric or

reduced latitude in geodetic nomenclature and has a corresponding geodetic latitude 95o as shown

in Figure 1. From (1) we see that they are related by the equation tan Oo = (tan 0)/ I - e . (38)

For instance from (6) for 0 = 440 51' 15"851 find from (38) that 0 = 440 57' 06069. Also from

(6), 95 = 450 02' 55!'106, whence for 0 = 440 51' 15."851 we have A0.o = 95- 0 = 0' 05' 49M037.0 3 9)

Using the values from (34), equation (37) may be written for the Clarke 1866 spheroid as

AO (seconds) = 9 - 0 = 699."2520 sin 20 + 1r"7769 sin 40 + 0"0064 sin 60. (40)

From C. & G.S. special publication No. 67, [5], find

90 - 0 = 350"2202 sin 20 + 02973 sin 40 - 0"0003 sin 60. (41)

Subtracting (41) from (40) one finds

Ao = 0 - 90 = 349".0318 sin 20 + 1".4796 sin 40 + 0"0061 sin 60. (42)

With 0 = 440 51' 15-.851 and the values from (28), equation (42) gives

A -o = 5' 49"036 which is within 0.001 second of (39).

From the second and third members of each set of equations (2) find

h=asin0 cscq5-(l-e')N=acos0sec 95 -N. (43)

To develop h in a power series in 05, free of N and 0, refer again to Figure 1. If the

tangent at Q meets OP in P', then PP'= a - (a2/N) sec AO/, h = PP'cos AO, whence

h/a = cos AO - a/N = cos A95 - /1 - e' sin'24 (44)

With cos AO =11- sin'AO, and the value of sin A95 from (3), (44) may be written

h/a = (1 - e2 sin2 )- [1 - e' sin' 0 (1 + e 'cos2O)]1/'A 1 + e' sin' s1. (45)

The relation (45) may also be obtained directly from equation (2) by eliminating 0

between the equations a cos 0 = (h + N) cos (k and a sin 0 = [h + N(1 - e0)] sin q5.

Expanding the two radicals by the binomial formula, (45) may be written

h/a = (e2/2 - e/2) sin 2 + [(5/8)e4 - %'e - (1/8)e ] sin 40 (46)

+[(9/16)e' - (1/4)e8I sin '95 + (53/128)e8 sin 5
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Now sin2 = Y (1- cos 20)

sin4 95 = 3/8 - !/ cos 20 + (1/8) cos 495

sin6 5 = 5/16 - (15/32) cos 206 + (3/16) cos 4 05- (1/32) cos 60I

sin' Ip = 35/128 - (7/16) cos 2q5 + (7/32) cos 49 - (1/16) cos 69 + (1/128) cos 8 95

and these values placed in-(46) give
h = a (d, - d, cos 2q5 + d3 cos 40/ - d, cos 695 + d, cos 8qS)

d, = e2/4 - e4/64 - (3/256)e6 - (233/16,384)e,

d2 = e 2 /4 + e4/16 + 7e 6/512 + 3e"/2048,

d, = 5e'/64 + 11e 6/256 + 115e"/4096

d4 = 9e 6/512 + 37e'/2048, d, = 53e'/16,384

a, e are the semimajor axis, eccentricity of the reference ellipsoid.

We now check (47) using the values of a and e for the Clarke 1866 spheroid. From (34)

and (47) with a = 6,378,206.4 meters one has h(meters) = 10,788.3852 -10,811.2646 cos 2I

+ 22.9147 cos 40 - 0.0350 cos 604. (48)

As a check, equation (48) should give

h = a - b = 6,378,206.4 - 6,356,583.8 = 21,622.6 meters

when 5= 900. Placing 0 = 90' in (48) gives

h = 10,788.3852 + 10,811.2646 + 22.9147 + 0.0350 = 21,622.5995 meters.

Since we have the values of 0 and 95 for A5max'from (6) we now check the value given by

(48) against the closed formula (43),

Cos 0
h =a - - N().

Cos
= 450 02' 55'106, cos = 0.70650624, cos 20b =- 0.00169788

cos 495 = - 0.99999423, cos 6= + 0.00509360.

0 = 440 51' 151851, cos 0 = 0.70890136, N(O) = 6,389,045.266.
cos 0

h =a N(O5) = (6,378,206.4) (0.70890136) / (0.70650624) - 6,389,045.266
Cos

= 6,399,829.094 - 6,389,045.266 = 10,783.828 meters

Equation (48) gives

h 10,788.3852 + 18.3562 - 22.9146 - 0.0002 = 10,783.827 meters,

when 5 =0, h = 0 and (48) gives

h = 10,788.3852 - 10,811.2646 + 22.9147 - 0.0350 = + 0.0003 meter.

Unless h were required to very high precision it is clear from the above checks that the

formula (48) is adequate.
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SUMMARY OF LATITUDE FORMULAE

If 0 is the geocentric latitude of a point P (a cos 0, a sin 0) on the auxiliary sphere, then

the corresponding geodetic latitude 0 of P at an altitude h above the ellipsoid reference, as

shown in figure 1, is given by

sin AO = sin (0 - 0) = (e2/2a) N sin 20 = (e2 sin 5 cos )/V 1 - e2 sin2o

= c sin 29 - C2 sin 4.0 + c, sin 6 q5 - c4 sin 80, (49)

cl= e2/2 + e'/8 + 15/256 + 35e/1024,

c2 = e4/16 + 3e 6/64 + 35e'/1024

c3 = 3e 6/256 + 15e"/1024, c4 = 5es/2048

e - eccentricity of the meridian ellipse.

With the same coefficients as (49), we have

AO (radians) = (c, + c 3 /8) sin 20 - (c2 +- c2) sin 4 0 +(c3 -e-) sin 60 (505
24

and in seconds (51)

Ah(seconds) = (206,264.8062) [ (c, + c,3/8) sin 20 - (c2 + c,2 c2/4) sin 40 + (c, - c, /24) sin 6q5].

To express A0 in terms of 0, instead of 0, we have the relation

tan € = tan 0 + (e2/a cos 0) N sin (k

Which may be expanded by use of the Lagrange expansion formula to give

AO=O- =C1 sin 20+ C2 sin 40+ C3 sin 60 + C4 sin 80

C1 - e2/2 + e4/8 + 11e/256 + 310/1024, (52)

C2 = 3e 4 /16 + 5e 6/64 + 25e 8/1024,

C3  77e6/768 + 59e/1024, C4 -127ee/2048.

For checks within 0.001 second, (52) may be written A (seconds) = (206,264.8062)

(C, sin 20+ C2 sin 40+ C3 sin 60) (53)

with C, C2, C3 the same as in (52).

h/a = cos AO - a/N - (1 - e' sin "¢) '/[ - e2 sin2 € (1 + I cos 2 €5]I/ ' - 1 + e sin2 €

h = a(d,-d 2 cos 20 + d3 cos 40 - d4 cos 60 + d, cos 8q5) (54)

d, e2/4 - e'/64 - 3e/256 - 233e*/16,384

d2 e2/4 + e'/16 + 7e6/512 + 3e/2048 0<h<a-b

d' - 5e /64 + 11e6/256 + 115e 8/4096

d4 - 9e6/512 + 37e'/2048, d, - 5308/16,384

a radius of the auxiliary sphere (semimajor axis of the reference ellipsoid).

i
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For the Clarke 1866 spheroid of reference we have from the above formulas:

AO (seconds) = 0 - 0 = 699'!2540 sin 2q0 - 0'.5936 sin 4q5 + 0'!0004 sin 6q0, (55) -

AOS (seconds) = 0 - 0 = 699"2520 sin 20 + 1.7769 sin 40 + 0'!0064 sin 60, (56)

Abo( (seconds) = qk - 95,= 349'0318 sin 20 + 1.4796 sin 40 + 010061 sin 60, (57)

h (meters) = 10,788.3852 - 10,811.2646 cos 20 + 22.9147 cos 495 - 0.0350 cos 69S. (58)

For the Clarke 1866 spheroid, the maximum value of Aq/ was found to be 11' 39"255 at

= 450 02' 55'!106.

The value of A950, at this maximum of AO, was found to be 5' 49"037. Finally (58) was

checked at 0 = 0, 900 and qb = 450 02' 55'106. At = 90' the check was within 0.0005 meter;

at = 0, it was within 0.0003 meter; at q = 450 02' 55"1.06, it was within 0.001 meter.

The following latitude formulae are from C & G.S. Special Publication No. 67, [51,

Where (ho, r, 0 are shown in figure 1.

- = 700'4385 sin 2q0o - 1'1893 sin 40(, + 0'0027 sin 600 (59)

00 - z= 700'4385 sin 2qi + 1'1893 sin 4Vf + Y'0027 sin 6Vi (60)

- 0 = 359!2202 sin 20,, - 0'!2973 sin 40 + 0'!0003 sin 60, (61)

Oo - 0 = 350'!2202 sin 20 + 012973 sin 40 + 0'0003 sin 60 (62)

0 - = 350'.2202 sin 20 - 0.2973 sin 40 + 0'0003 sin 60 (63) 1
0 - i/ = 35012202 sin 2qi + 0'!2973 sin 4qi + 0'!0003 sin 6P (64)

The above are the series expansions for the expressions given as equation (1) page 12, "hi
that is

tan -1 -- e' tan 0 = (1 - e'" tan 0 0. (65)

REFERENCES

[1] Geodesy, Hosmer, Second Edition, John Wiley & Sons, 1930, page 181.

[21 Army Map Service TM No. 67, Latitude Functions, Hayford Spheroid (International) 1944;

AMS TM5-241-18, Latitude Functions, Clarke 1866 Spheroid, December 1960.

[3] Course in Higher Analysis, Whittaker and Watson, 1962 Edition, page 133, Cambridge

University Press.

[4] Peters, J. Eight-place Tables of Trigonometric Functions, Berlin 1939; Edward Brothers, Inc.,

Photo-Lithoprint Reproductions, Ann Arbor, Michigan, 1943.

[5] Latitude Development Connected With Geodesy and Cartography, U.S.C. & G.S. Special

Publication No. 67, G.P.O., 1921.
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DEVELOPMENT

SECTION 2. SPHERICAL RECTANGULAR COORDINATE SYSTEM; LOCI

THE GREAT CIRCLE TRACK AS DETERMINED BY THE GEOGRAPHICAL COORDINATES OF
TWO GIVEN POINTS ON THE AUXILIARY SPHERE

In figure 2, the two given points are Q1(01, A1), Q2(02, A2). The great circle track is then

determined from the spherical triangle PQQ 2- In order to simplify the computations and to have

well balanced triangles from which to compute, one finds the point O(00,k) where the great circle

QQ2 is orthogonal to a meridian A0. One then works from the right spherical triangle POQ'by

adding or subtracting increments of distance from S, = OQ1 to get the distance S. One always has

then a strong right triangle POQ 'from which to compute the latitude, longitude and azimuth a

of the point Q'(O',') on the base line QIQ2.

DERIVATION OF FORMULAE

From right spherical triangle POQ'

cos (A o- X') = tan(- -0o )ot(-- - 0 )= cot 00 tan 0' (1)
2 2

If the points Q, and Q2 satisfy (1), we have by substituting their coordinates in (1)

cos (Xo- A1) = cot 00 tan 01, (2)

cos (A - 2)= cot 00 tan 02

By forming the ratios of (2), expanding cos (A,- A1) and cos (Ao- A2),divriding the left

member numerator and denominator by cos k0 one derives the formula

tan k, _tan 02 cos X1 - tan 01 cos k2  (3)

tan 0x sin A, - tan 02 sin A,

Equations (2) may be written as

cot 00 = cot 01 cos (A - 1 ) = cot 02 cos (A4- A,) (4)

From right spherical triangle POQ'one has also
sin(- .- = COS55

sin a'= 2 (s)
sin( r-0") CoO 0

2

cos a* tan = tan S tan 0', (6)
tan(7 -0P)
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Figure 2. The great circle track configuration.
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sin 0'= cos S sin 0o, (7)

tan S tan S
tan (k- X') =- = _ , (8)

sir(2.- 0) cos 0"
2

tan 0_ cot O 0
tan a '= 2 = (9)

sin S sin S

sin 0'= cot (Xo- A') cot a* or

tan a'sin 0'tan (A - ') = 1 (10)

From the oblique spherical triangle PQQ 2 find

cos (A - A) =- cos-(v -a 2) cos a,+ sin (7-a 2 ) sin acos (SI- S 2) or

cos (X2 - X) = cos a, cos a 2 + sin a, sin a 2 cos (S±- $2). (10.1)

Computations from the formulae

First compute Ak and 00 from (3) and (4).

tan 02 Cos A1- tan 0, cos X 2tan A o=
tan 01 sin A2- tan 02 sin A1

cot0 = cot O1 cos (Ao - A1 ) = cot 02 cos (A 0-? 2 )

Next compute a1 and a2 from (5),

cos 0o cos 0o
sin a,= , sin a 2 =

cos 01 cos 02

Then S, and S2 from (6)

tan S 1 = cos at cot 01, tan S 2 =cosa 2Cot0 2

The computations for a,, a 2; S, and S2 are checked by (10.1)

cos (X 2 - X1) = cos a, cos a 2 + sin a1 sin a2 cos (S1 - S2).

Now for equally spaced intervals along the great circle track, for instance in 100 nautical

mile intervals, let S = S, ± look.
k = 1, 2, 3 . ...... N.

With these values of S one computes successively corresponding values of 0', A' and a'

from equations (7), (8), and (9)
tan S ,cot 0o

sin 0'= sin 0o cos S, tan(1 0 - .') = t ,tana'- c .

cos 0o sin S

These last computations are checked by (10)

sin 0' • tan (A0 - X') • tan a'= 1.
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Figure 3. Parallels at a given distance from a great circle track.
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PARALLELS AT A GIVEN DISTANCE FROM A GREAT CIRCLE TRACK

In Figure 3, the basic great circle track determined by Q, (0k, A), Q2 (06, A2) is the same

and the point 0(0,, A) is the same - (vertex of the great circle track). The point P'is the pole

of the great circle determined by Q,, Q2. The angle at P'of the spherical triangle P'PQ'is the

distance S = OQ'along the great circle track. If p and p "are points on the parallels at a distance

s from the great circle track, then the coordinates of p and p' can be computed from the two

spherical triangles PP 'p, PP 'p ' (Figure 4).

P P

7Oo X0o- p)

_ - 0 PP 0

2 P

Sr+ s P.

2 --- s
p 2.

Figure 4

From these triangles one has

sin Op = cos 0, sin s + sin 0 0 cos s cos S

sin p'= - cos o sin s + sin 0 ocos s cos S (11)
cos s cos cp Cos s cos OPP

_,_ - ~(12)

sin (Ao- hp) sin S sin (A 0 - Ap') sin S

From (11) and (12) one may write

sin Ok = A cos S ± B

sin (X 0 - A k) = C sin S/ cos Ok (13)

where A = sin 0. cos s, B=cos0 0 sins, C=coss.

A, B, C are constants for a given s. When k = p, the + sign is used in the first of

equations (13). When k = p', the - sign is used.

The computations may be checked as before by means of the equation

cos 2s= sin Op sin Op'+ cos Op cos Op' cos (\p'- Ap).
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A SPHERICAL RECTANGULAR
COORDINATE SYSTEM WITH A GREAT

CIRCLE BASE LINE AS AN AXIS
Figure 5 is a further elaboration of Figures 2 and 3. M is the midpoint of the spherical

segment QQ,. The section MP'P"is perpendicular to the base line at M. The general point

Q (0, A) has for the foot of the perpendicular from Q upon the base line, the point Q'(0',A') as

shown in figure 2. The great circle arc QQ 'passes through P, and QQ 'is taken for spherical

rectangular coordinate y. The great circle perpendicular to the section MP'P 'and passing

through Q meets MP'P" in T. The distance OQ'is S as shown in Figure 5. Note that the s of

Figure 3 in the y of Figure 5. The great circle arc QT is taken for x. That is the spherical

rectangular system chosen is x = QT, y = QQ . Spherical polar coordinates are then r and a as

shown in Figure 5, where r = MQ, and a is the angle between r and MQ'.

From the right spherical triangles MQT, MQQ* one finds
sin x = sin r cos a

sin y = sin r sin a (14)

whence

sin r = (sin'x + sin2y) 1/2

tan a =sin y/sin x,
that is (14) and (15) represent the conversion formulas between the spherical rectangular and

spherical polar systems as given.

We now develop the coordinates x and y as functions of S and of 0 and A. Also 0 and A
as functions of x and y.

COMPUTATION OF S, x, y, FROM 0 AND A

Assume that the base line has been established, that is the coordinates 00, A0o of the

vertex, 0, of the great circle base line have been computed from the coordinates of the two given
points Qt(0t, A), Q2(02, A2) by means of the equations as given on page 23. Then referring to
Figure 5, find in spherical triangles:

PP'Q: cos y sin S = cos 0 sin (ko - A), (16)

: sin y = cos 0o sin 0 - sin 0o cos 0 cos (X, - X), (17)

OPQ: cos f = sin 00 sin 0 + cos 0o cos 0 cos (A0 - A), (18)

OQQ': cos y cos S = cos f, (19)

TP Q: sin x= sin d cos y. (20)
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Figure 5. Spherical rectangular coordinate system.
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Dividing respective members of (16) and (19) find

tan S = cos 0 sin (Ao - )/ cos f (21)

where cos f is given by (18).

From (17) and (18) we have sin 0o cos f = sin 0 - cos 0o sin y whence (21) may be

written

sin 0o cos 0 sin (A0 - A) (22)tan S= -(22)

sin 0- cos 0. sin y

Referring now to Figures 1 and 5, it is seen that d = MQ '= S - %(S, + S2), where

S, and S, are the distances from 0(0o, AL) to Q, and Q, respectively.

Hence given the spherical curvilinear coordinates 0, A of a point Q (0, X), to find S, x

and y with 0., \,, S1, S2 known, compute y and S from (17) and (21) or (22) and then x from (20), i. e.

sin y = cos 0 , sin 0- sin 00 cos 0 cos (4t - A)

sin 0o cos 0 sin (Ao- A) cos 0 sin ( 0 - A)(tan S == (23)

sin 0- cos O0 sin y cos f

cos 0 sin (Ao A)

sin O0 sin 0 + cos 00 cos 0 cos (X, - X)

sin x =sin d cos y = sinIS - (S+ S (I- sin y)1

COMPUTATION OF S, 0, A FROM x AND y

From equation (20) one has sin d = sin x / cos y or sin [S - (S+S 2 )] = sin x /cos y

whence

S = arc sin (sin x / cos y) + p(Se + (24)

From equations (13) page 27,

sin ( 0 =A cos S + B (25)

sin Ao- X) = C sin S/cos 0

whereA=C sin0t, B=D cos0o, C=cos y, D=sin y

Hence to compute S, 0, A from x and y, first compute S from (24) and then 0 and A from

(25) i.e.:

let C =cos y, D =sin y, E =sin x, A =C sin 0o, B =D cos 00.

Then

S= arc sin (E/C) + Y2(Sl+ S2)

0= arc sin (A cos S+B) (26)

A = A0 -arc sin (C sin S/cos 0)
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DERIVATION OF THE EQUATIONS TO SPHERICAL HYPERBOLAS

Having established a rectangular spherical coordinate system on a great circle base line,

we are now in a position to develop the equations of spherical hyperbolas referred to our

rectangular system. Referring again to Figure 5, we restrict the point Q (0, X) or Q (x,y) to the

locus defined by demanding that the distances a, and a, from the points Q, and Q, respectively

satisfy the condition

a, = =2c/e = 2a (27)

2c " S-$2,

where as before S,, S2 are the distances of Q1, Q2 respectively from O(00, X0); e is a number

such that e > 1.

From the spherical triangles MQQ,, MQQ 2 one has

cos a2 = cos r cos c + sin r sine cos a

cos a, = cos r cos c - sin r sin c cos a (28)

Adding and substracting respective members of (28) obtain

COS a1 + COS O 2 = 2 COS r cos c

cos a, - cos a2 = - 2 sin r sin c cos a (29)

By well known trigonometric identities and condition (27), equations (29) may be

written

cos a,+ cos a2= 2 cos A( 1 + a2 ) cos W(a- a2 ) = 2 cos (a,+a) cos a = 2(cos r) (cos c),

cos a,-cos a2= 2 sin (a + a2) sin 'A(oi -a 2) = 2 sin Y2(a 1+ 2) sin a =-2(sin r) (sin c) cos a,

or cos a,(a + a2) = cos r cos c/cos a, (30)

sin Y2 (a1 + a 2)= sin r sin c cos a/sin a.

Squaring and adding respective members of (30), get

(cos 2r) (cosIc/cos 2a) + (sin~r cos 2a) (sin2c/sin2a) = 1. (31)

Now in (31) place cos 2 r - 1/(1 + tan2 r),

sin2 r - tan 2r/(1 + tan2 r), whence (31) may be written

tan2r tan2 a (cos 2 a - cos 2 c) tan2 a (sin2C - sin2 a) (32)
sin2C cos a-sin a sinC cos a-sin a

Now (32) is the polar form of the equation to the spherical hyperbola.

From conversion formulas (15) we have

tan 2r = (sin 2x + sin2y)/(1 - sin~x - sin 2y),

cos a - sin 2x/(sin x + sin Y) (33)
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and substitutions for tan 2r, cos'a from (33) in (32) give the rectangular equation to the

spherical hyperbola
sin'a cos'c [

sin2x- sinac -sc " sin'y + sin2a. (34)sin c -sin a

THE POLAR EQUATION OF SPHERICAL HYPERBOLAS WITH ORIGIN AT A FOCUS
If we choose the given point Q, (0,, X) of the great circle base line as origin of co-

ordinates and a focus, then the following figure may be abstracted from Figure 5:

7
iy

P." 2 y

2

2Q2 77 y .
2c U7

Q, k Q"
Figure 6.

The polar radius is now R a2 , 0 is the angle between R and QQ'. k = QQ" S - S,. From

spherical triangle Q2QQI we find cos a, - cos R cos 2c - sin R sin 2 c cos /, (35)

and from (27) a, - R = 2a, whence

cos (a,- R) = cos oi cos R + sin or sin R = cos 2a, (36)

sin (a,-R) = cos a sin R + sin acos R = sin 2a.

Multiply the first of (36) by sin R, the second by cos R and add respective members to

solve for

sin a1 = cos 2a sin R + sin 2a cos R. (37)

Square and add respective members of (35) and (37) to get

(cos R cos 2c - sinRsin2c Cosj3) 2 + (cos 2a sin R + sin 2a cos R)" = 1. (38)

Multiply every term of (38) by sec2R, whence it may be written j
(cos 2c - tan R sin 2c cos P3)2 + (cos 2a tan R + sin 2a)' - sec 2 R - 1 + tan2R. (39)

Expanding (39) and writing as a quadratic in tan R find

tan2R (sin22c cos 2/3 - sin2 2a) + 2tan R (sin 2a cos 2a - sin 2c cos2c cosp) (40)

+ cos 2 2c -cos2 2a = 0.
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Now equation (40) factors into [tan R (sin 2c cos 13 + sin 2a) - (cos 2c + cos 2a)].

[tan R (sin 2c cos 13-sin 2a) - (cos 2e - cos 2a)] = 0. (41)

Whence

cos 2c + cos 2a cos 2c -cos 2atan R = ,tan R =

sin 2c cos f + sin 2a sin 2c cos 13- sin 2a
or_ _ _I

cos 2c ± cos 2atan R = ,(42)

sin 2c cos P + sin 2a

where either the (two plus signs) or (two minus) signs are taken together.

Equation (42) is the polar equation to spherical hyperbolas referred to a focus as pole.

We now derive expressions for the spherical rectangular coordinates x, y as functions of the

polar coordinates R, P.

From right triangles WP Q, WQQ 1, QQQ'(Figure 6) find

sin x = sin R cos 63,

sin y = sin R sin 1. (43)

sin x= sink cosy

cos R = cos k cos y. (44)

Equations (43) are similar to equations (14)and provide the conversions from polar to

rectangular coordinates, i.e. from (43)

sin R = (sin2x + sin2y) 1/2, (45)

tan 13= sin y/sin x .

Since moving the origin from M to Q, (see Figure 5) is only a translation along the x-axis,

there is no change in y, but x is changed. Hence from (44) and the relations (23) and (26) we

can write when the origin is at Q, k = S - Si:

FORMULAS FOR COMPUTATION OF S, x, y, FROM 0 AND A

sin y = cos 0, sin 0- sin 00 cos 0 cos (A 0 - A)

sin 0, cos 0 sin (Ao- A) cos 0 sin (A - )tan S == (46)

sin 0- cos 00 sin y cos f

cos 0 sin (X0 - X)

sin 0 osin 0+ cos 0, cos 0 cos (Ao- A)

sin x = sin k cos y = sin (S- S) cos y

FORMULAS FOR COMPUTATION OF S, 0, A FROM x AND y

Let C = cos y, D = sin y, E =sin x, = C sin 0o, B =D cos 0 , then

S = arc sin (E/C) + S,
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0 = arc sin (A cos S + B) (47)

X = k - arc sin (C sin S/cos 0)

AN ALTERNATIVE EQUATION TO THE SPHERICAL HYPERBOLA WITH ORIGIN AT A FOCUS

If S % /(a + bo + c) in the spherical triangle

ao 2cl BC C

Figure 7. r

sin (s - b,) sin (s - c,)then tan2 'A = , [6]. (48)
sin S sin (s - a.)

Referring to figure 6, ao = ,, b,, - 2c, co R: and from (27) we have the conditions

a, - R = 2a, a, + R - 2(R +a).
Hence

s= y(a, +R) + c -R +a + c,

s -ao %(R -or) + e - c - a, (49)

s-b,R+a-c, S-co-c+a

A = 7- (, tan !/2A = tan (ff/2 - (3/2) = cot 8/2

With the values from (49) placed in (48) find

sin(c - a) sin (R + c + a)
sin(c+a) sin (R- c + a)

which is the desired alternative form, [7].

CORRESPONDING PLANE HYPERBOLA EQUIVALENTS

For the plane case and analogous reference system, Figure 5 becomes

34
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YQ

r /

22 2

whence a, 2 + 0,2 = 2(r 2 + C2) , or,2 (72 2 (r 2 + C2)2 -4r 2 C2 cos 2a (1

Now by squaring both sides of a, - a 2 =2a obtain

arl2 _ 
2U, a2 + a2 2-4a 

2 whence

(0a1
2 + a2,

2 - 4a 2) 2 = 1 1
2a2

2  (52)

With the values of a1
2 + a 2

2 , a1l
2 
0 2

2 from (51.) placed in (52) obtain

(2r2+C2) - 4aT - 4 [Ur 2 + c2)1 - 4r' c2 cos 2 a] . (53)I

r 2c 2Cos 2a -a 2r -_a 2 c 2 + a 0

or 2 a 2(c 2 _ a 2) (54

c 2cos 2a- a2

To transform to rectangular equation we have x = r cos a, y =r sin a, or r 2  X2 + 2

tan a- = 1, Cos 2 a - x 1/(X
2 + y2 ) and these values of r 2 and cos 2 a placed in (54) give

x

x2 .a 2 y2  +2

c 2 _ a2 (55)

as corresponding rectangular equation.
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If the focus Q, is to be the origin and a2 = R, the radius for polar coordinates, and fl

the angle which R makes with the positive x-axis, i.e. /3 is the angle QQQQ, then our plane

figure is as follows:

y x Q

at R

% 2c q Q,

Figure 9.

By the law of cosines in triangle Q2QQI

at2 = 4c2 + R' + 4cR cos /3 (56)

From the condition a, - R = 2a, a, = R + 2a, and this value of a, placed in (56) gives

(R + 2a) 2 = 4c2 + R2 + 4cR cos 0, which when expanded gives
a2 c

2

-c
c cos fl-a (57)

For the alternative form of (57), we have the well known formula

(s - bo) (s - c,)
tan2 %A , where 2s = a, + bo + Co (58)s(s -ao)

Here ao , at, bo - R, co - 2c, A = r - P3,

Hence: aa+c +R, s-a, = c-a,s-bo =a +c,s-c, a-c +R,

whence tan 2  (c - a) (R + c + a) (59)

(c+a)(R-c+a)

which is an alternative form of (57).

Now (54), (55), (57) and (59) could have been obtained directly from (32), (34),(42) and

(50) by replacing correctly the trigonometric functions of lengths by corresponding lengths, i.e.

tan a = sin a = a, cos a = 1, etc. We place them side by side for direct comparison in the

following table which will also serve as a summary for both:
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SPHERICAL HYPERBOLA FORMULAS AND PLANE EQUIVALENTS, [7]

SPHERICAL PLANE (60)

tan2a (sin2c - sin2a) r2  a2(c2 - a2)

sin c cos2a - sin2a c2cos2 a-a2

sin2 a cos~c a2y2

(2) sin 2x s sin2y + sin'a x 2 -a +a2
sin2C -sin 2a c -a2

cos2c ± cos2a a -c2
(3) tan R =R

sin 2c cos ± sin 2a c cosp - a

sin (c - a) sin (R + c + a) (c-a) (R + c + a)(4) tan' 2(I/2) = ___________tan 2(13/2) = ______

sin (c + a) sin (R - c + a) (c+a) (R - c + a)

In (1) and (2) of equations (60), the origin of coordinates is the midpoint Mi, of the segment

Q2, see Figure 5. (3) and (4) are two polar forms with origin at a Focus Q,, see Figures (5)

and (6).

REFERENCES

[6] Chauvenet, Plane and Spherical Trigonometry, 1871, page 158.

[7] Equations (32), (34), (42), (50) to spherical hyperbolas are essentially those given without

derivalion in LORAN, Pierce, McKenzie, Woodward, McGraw Hill 1948, pages 173, 175.
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DEVELOPMENT: DISTANCE FORMULAE;

SECTION 3. DISTANCE COMPUTATIONS AND CONVERSIONS; AZIMUTHS

If we are given two points P1 (b1,A), P2(952, X2) on the ellipsoid of reference as shown in

Figure 10, we may compute distances and azimuths according to known or given elements. That

is we may compute the geographic coordinates of the point P2 (O2,,X2 ) if we know the geographic

coordinates of P1 (0, 1 ) the distance between P, and P2, and the azimuth from P1 to P2. This is

the direct problem and the one most important in Geodesy relative to establishing triangulation

control nets. If the coordinates of both P, and P2 are given, the distance between them and theI

azimuths can be computed. This is the inverse problem, and the one concerned primarily in

electronic positioning systems as Loran.

Since there are several possible curves connecting the points P1 and P2 on the ellipsoid

along which distances would differ very little, for instance - the geodesic, the normal sections,

the great elliptic arc, the curve of alinement, etc. - criteria for selection would be simplicity in

computations relative to required accuracy. Also to be considered are other useful geometric

quantities associated with the configuration and expressible in terms of common computational
parameters. (See Figure 11).

The shortest distance is always the geodesic or the geodetic line between P1 and P2. It is

usually a space curve (that is it has a first and second curvature at each point). For instance on

the reference ellipsoid, the equator and the meridians are the only plane geodesics, [8].

Now in Figure 10, the point P0 ( 0 ,,\ 0) is the vertex of the great elliptic arc, that is P. is

the point where the great elliptic arc is orthogonal to a meridian. The goedesic, or geodetic line,

between P, and P2 also has a vertex where it is orthogonal to a meridian. Since the geodesic is

a space curve and climbs nearer to the ellipsoid pole, T,, than any of the other representative

curves (if P, and P2 were ends of a diameter of the equator, the geodesic would be the elliptic

meridian through P, and P2 since it is shorter than the equator), the vertex of the geodesic is

closer to T. than is P. Unfortunately the geographic coordinates of the geodesic vertex cannot

be expressed simply in terms of the geographic coordinates of P and P2, hence an approximation

scheme, usually iterative, is used. [9] The computations are usually quite lengthy for long

lines. Many schemes and formulae have been devised to approximate the geodesic and studies

have been made comparing them. [21] The geodetic line is of most interest to the geodesist

proper, since he is primarily concerned with closure on a particular ellipsoid of reference of large

arcs and areas of triangulation, hence the geodesic or geodetic line and geodetic azimuths on tile

ellipsoid are consonant with his mathematical model.
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OPERATIONAL APPLICATIONS

Requirements, accuracy wise, with respect to geodetic data obviously depend on the particular

guidance system employing it. If some guidance, particularly external, is to be provided a missile,

its initial launch requirements are not as critical as say for a purely ballistic missile. Since it

has yet to be demonstrated that the flight of missiles are geodesic or that the traces of the

trajectories upon the ellipsoid of reference are geodesics, distances can be computed by any

method which will give results within the capability of the particular system. Since alinement is

usually with respect to a local vertical and a "bearing", the normal section azimuth, the angle of

depression of the chord below the horizon and the maximum separation between the chord and the

surface are all useful associated quantities which can be "integrated" in the computations for

distance as will subsequently be shown in the discussion of distance computations along the

great elliptic arc. This configuration is shown in Figure 11 as abstracted from Figure 10.

HYPERBOLIC MEASURING SYSTEMS

For Loran systems, the earth must be considered an oblate ellipsoid or spheroid, but the

nearest hundred feet is probably close enough particularly on long lines. [7], page 170.

Hence a computational system is desirable which provides modifications to spherical elements,

i.e. functions of spherical arc lengths so that the auxiliary sphere of the particular spheroid of

reference can be uged since the hyperbolic propagation of systems as Loran may be worldwide

as base lines are added or extended. Also to be considered is the use of such computational

systems in local areas as for oceanographic surveying and corresponding adaptation to a local

sphere of reference. Azimuth computations should be independent, except for dependence on

spherical arc length, so that one can have readily the Normal plane section azimuths as well as

geodetic azimuths. Finally the system should be easily adapted to local area work in terms of

plane coordinates. This can probably best be accomplished through the series of projections,

all conformal; spheroid to aposphere, aposphere to sphere, sphere to plane. [8].

The present investigation will center about the configuration depicted in Figure 12 which

shows the relationships, exaggerated; between the Normal sections, The Great Elliptic Section,

The Geodesic, and the Chord between two points Q,, Q, on the ellipsoid. We begin by deriving

the formulae for the Normal Section Azimuths and the Great Elliptic Arc Azimuths.

NORMAL SECTION AZIMUTHS

The normal section azimuths are shown in Figure 13, as extended from Figure 11. The

spheroid has been referred to its center as origin of rectangular coordinates, with the reference

plane - xz containing the point Q1 (€, A) as shown. The z-axis is the polar axis of the spheroid
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C NO O

\ I ,I

CC =Normal Section Azimuth at Pi (from North)
S=Arc length-Geodetic distance
C=Chord lenqth, P P2
,1 =Angle of depression of C below horizon at Pi
Ho=Maximum separation of arc S and chord C

Figure 11. Relationship between arc length, normal section azimuth, chord length,
angle of depression of the chord below the horizon, maximum separation
of arc and chord.
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GEODE SIC

- -NORMAL SECTION IN(@a) and Oi,(t,, X,)]

NORMAL SECTION [N( ,) and Oz( 2,X.a}]

..................... GREAT ELLIPTIC SECTION

Figure 12. Relationships relative to thle pole on thle ellipsoid of reference, of the

geodesic, normal sections, and great elliptic section.
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and the y-axis is then in the plane of the equator - the xy-plane is the equatorial plane of the

ellipsoid. In this coordinate system the points Q1 (€1 ,X1 ), Q(¢ 2, -2) have the rectangular

coordinates:

Q': x, . N1 cos , Q,: x2 - N2 cos 52 COS AXL

Y' = 0 Y2 = N2 cos 2 sinAX (1)

z, = N (1 - e2) sin z2 
= N2 (1 - e ) sin 0 2

The rectangular equation to the ellipsoid is

(1- e2) (x2 + y2) + z 2 - a2 (1 - e2) = 0, (2)

where a, e are respectively the semimajor axis and eccentricity of the meridian ellipse.

The tangent plane to (2) at any point (x,, y,, zt) is

(I - e2) (xx1 + yy1 ) + zz, - a' (1 - e') = 0. (3)

Hence the tangent plane at Q, is, from (1) and (3)

xNi cos ,1 + z N, sin 95 - a2 = 0. (4)

The equation of the plane containing the normal at Q,-and the point Q2 is determined by

Q2 and the points (Ne 2 cos0, 0,0), (0,0, - Nte2 sin 95), see Figure 13. With the coordinates

of Q2 from (1) we can write the equation as

x y z 1

N 2 cos 0 2 cos AX N2 cos 02 sin AX N2(1-e)sin0 2  1

Ne 2 cos 1  0 0 1

0 0 -Nte 2sino, 1 1
which upon expansion may be written

Ax + By - Cz - D - 0

where A = N2 sin 0, cos 95, sin AX (5)

B -e (N, sin 0,- N, sin (2) e 2 cos 0,+ N2 (sin Ozcos 0,-sin ¢, cos 0 2 cos AX)

C = N2 cos Cos 02 sin AX

D = NN 2 e
2 sin 0, cos 01 cos 02 sin AX.

Now the direction cosines p, q, r of the intersection of two planes Alx + Bty + Ctz = D1,

A2x + B2y + C 2z - D2 are given by

p = (BIC 2 - B2C,)/d, q = (CA 2 - AC 2)/d, r = (A,B2 - A2B,)/d (6)

where d [(BC 2 - BC 2)2 + (C,A2 - AICY)* + (AB 2 - A2B1 )2 ] 1/2.

Note from figure 13 that the tangent, ti, to the meridian at Q, lies in the plane y = 0 and

that defined by equation (4). To apply (6) to these two planes we have respectively

A, = C1 = D, - 0, B, = 1; A2 - N, cos , B2 0, C2 N sin 0, D2 a 2 and (6) gives the

direction cosines of t, as P, , sin 01, q, , 0, r2 = - cos 01. (7)
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(These were apparent from inspection of Figure 13 but illustrate the use of (6)).

From Figure 13, the tangent t2 to the elliptic section lying in the plane (5) is the line of

intersection of the planes (4) and (5). From (4) and (5) we have respectively A1 = N1 cos q 1 ,

B1 = 9, C, = N, sin 01; A2 = A, B2 
= B, C2 = -C and applying (6) find the direction cosines of

t2 to be

P 2 = (-B sin ( 1)/d, q2 = (A sin (b + C cos 01)/d, r2 = (B cos ¢A)/d

where d=[B2 + (Asin9i+Ccos0i)2]1A. (8)

The forward azimuth aAB from Q1 to Q2, as shown in Figure 13, is the angle reckoned

clockwise from south between the tangents tj and t 2. Hence from (7) and (8)
B 2

cos aAB = PIP2 + qjq2 + rjr2 = - -sin 2 - cos,0 - , (9)
d d d

d [B 2 + (A sin 95 + C cos .0)
2] 1/2

Since cot aAB = cos aAB/(1 - cos2aAB ) 
q

2 we have from (9) that

cot aAB = - B/(d2 
- B2) 1/2, (10)

Now d2 - B2 = B2 + (A sin €1 + C cos 01)2 - B2 = (A sin 95+ C cos 0,) 2,

so N - 13 = A sin 01 + C cos 0, and (10) may be written

cot aAB = - B/(A sin 0, + C cos 91). (11)

With the values of A, B, C from (5), equation (11) may be written as

[sin 02 - (N1 /N2) sin0 ] e2 cos ,1 sec 0k 2 + (sin 1 cos AA - tan qS2 cos 01). (12)cot aAB = (2

sin A X

Referring again to figure 13, it is seen that from considerations of symmetry, we have only

to interchange the subscripts 1 and 2 and change AX to - A X in (12) to obtain cOtBA (the back

azimuth on the other normal section). We thus obtain from (12)

[sin 0, - (N2/N) sin 2'e 2 cos 02 sec €1+ (sin q52 cos AX - tan 0 1cos 02) (13)cot aBA =-sin A X- (3

GREAT ELLIPTIC SECTION AZIMUTHS

Figure 14 shows the great elliptic section and azimuths as abstracted from Figure 12. The

same coordinate system is used as in Figure 13 so that most of the equations developed with the

normal section azimuths can be used. The angle aAB between the tangents t1 and t2 is the

forward azimuth required. We already have the direction cosines of t, see equations (7). The

tangent t2 is the intersection of the great elliptic plane with the tangent plane at Q,, equation (4).

The equation of the great elliptic plane through Q1, Q2, using equations(1),is given by the determinant
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GREAT ELLIPTIC SECTION AZIMUTHS
AND ASSOCIATED GEOMETRY
P-point of maximum separation, chord and arc

Ho-maximum separation of chord and arc

Figure 14. The great elliptic section azimuths.
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x y z 1

Nicoso 1  0 N (1 - e2) sin 1  1
=0

N 2 cos0 2 cos AX N2cos 0 2 sin AX N, (1 - (?) sin 0, 1

0 0 0 1

which when expanded reduces to

Ax + By - Cz = 0,

A = (1 - e2) tan (6,sin AX (14)

B = (1 - e2) (tan 0,- tan , 1cos AX) =k2 - )

C = sin AX
Since equation (11) was developed for generalized coefficients A, B, C we have only to .

substitute the values of A, B, C from (14) in (11) to obtain after some algebraic manipulation,

Nt 2 (tan 0,cos AX-tan 02) cos 0,
cotaAB=(l-e)sAX(5 a 2  sin AX

By symmetrical interchange of subscripts and replacing A X by - A X, we obtain cot aBA from

(15) as

N22 (tan 0 1- tan 0,cos AX) cos 2
a2 sin AX

Equations (15) and (16) represent the azimuths of the great elliptic section as shown in
Figure 14.

NORMAL SECTION AND GREAT ELLIPTIC SECTION AZIMUTHS IN TERMS OF PARAMETRIC

LATITUDE 0

From the transformation equations tan 0 = (1 - e2)1/2 tan 0, cos 0 N cos ,a

sin0= (1-e2)1/2 Nsin ,(1 e2cos20)1/ 2= (1-e 2) 1/2 N
a a

applied to equations (12), (13), (15), 16) we have the normal section and great elliptic section

azimuths in terms of parametric latitude.

Normal Section Azimuths in terms of 0.

sin a cos AX- cos 01 tan 02 + e2 (sin 02- sin 0,) cos 0, sec 02

cot aAB = + (1 - e 2 cos2O)1/2sinA X (17)

sin 02 cos AX - cos 02 tan 0, + e2 (sin 01- sin 02) cos 0 2 sec 01

(1- e2 cos20 2 )/2 sin AX
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Great Elliptic Section Azimuths in terms of 0

(tan 0 1 cos A X -tan 0.) (cos 0,) (1 - e2 cos2 0)1/2cot aAB = 4 si+sin AX

(tan 0,- tan 02 cos'A X) (cos 02) (1 - e2 cos20 2 )1/ (
Cot aBA =+ sin AX

GREAT ELLIPTIC ARC DISTANCE

Referring to Figure 9, it is seen that the great elliptic arc is orthogonal to a meridian at

a point Po(o, 0) which is the vertex of the great elliptic arc determined by the points

P1(6 ,? X), P2(952, X 2) on the ellipsoid. The equation of the great elliptic plane through P

and P2 is given by equations (14). Now a meridional plane orthogonal to (14) has an equation

of the form Bx - Ay = 0 and the rectangular coordinates of P0 (60, X0) must satisfy both planes.

From (1), the rectangular coordinates of P0 (0, A,) are x0 = N0 cos 6qocos AX0,

Yo = No cos 60 sin AX, z = No(1 - e2) sin 60 and these placed in Bx - Ay = 0 and (14) give

B cos A,,- A sin A 4 = 0, (19)

A cos A,+ B sin AA0 = C (1 - e2) tan qo.

From the first of (19) find tan A,= B/A, whence sin Ao= B/(A 2+ B2) /and these values

placed in the second of (19) give tan 0,= (A2 + B2)1/2/C (1 - e 2),
2a16 )/2/ A+B 2  ,(20

sin o tan 0o/(1 + tan 2 1 A2 + B2+ 22 (20)
A2+B 2 + C i-e2)

tan A X = B/A.

With the values of A, B, C from (14), equations (20) may be written

sn ' tan 2 "1- 2tan 0, tanO 2 cos A + tan2 '2  1/2

sin n(-,,"- " (21)
s tan 2  tf

- 2 tan tan ,cos AX + tan 2qS2 2A)(

tan AXA = (cot q1 tan 0 2 - cos AX)/sin A X,

tan qo (tan 2, + tan2 
2 - 2tan 0, tan 9 2cos AX)/2/sin AX

From the second of equations (19), dropping the subscript zero and differentiating we obtain

(-A sin AX+B cos AX) (d AX)=C (1-e 2) sec 2 0 d k. (22)

By solving A cos AX + B sin AX =C (1 - e2) tan 0 with the identity sin 2AX+cos 2 A = 1, find

BC (1 - e2) tan 0 + A [(A 2 + B2) - C2 (1 - e2 )2 tan2]1/2 (23)

A2 + B
2

- AC(1 - e 2 ) tan 95 + B [(A2 - B2) - C2 (1 - e2)2 tan 2 1/I
cos AX

A"2 + B32
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From (23) one has then

- A sin A X + B cos AX = [(A 2 + B2) - C2 (1 - e2)2 tan2 
O] 1/2 and this value placed in

(22) gives

C(1 - e 2) sec2 q d 0 (4

[(A 2 + B2)- C2 (1 - e2)2 tanq] 1/2 (24) 

whence, by means of relations (20) and trigonometric identities,

C2(1 - e2)2 sec'Od k2  sec' 4 d952

(d A1) = A+B2 - C2 (1 - e 2)2 tan= A2 + B2  - tan
2

C2(1 - e2)2

sec4 d02  sec 4k do2  (25)

tan 20 0 -tan
2 0 sec ok0 -sec

2q

Now the linear element of the spheroid is, [8] page 62,

ds2=[sect€de2+ (dAX) R2cos2 , (26)

where R a(1 - e2)/(1 - e2 sin2 )V2 1- e 2 N3;N=a/(1-e sin
a
2

Now from (25) and (26) it is seen that we will be able to express the quantity in brackets

in terms of sec 95 and sec qo since

( 2 (1- e sir?5) 2  [(1- e2) see 24 + e2] 2 =
(27)

S (1- e2)2  sec4q(

With the values of (dAX) 2 and from (25) and (27), the linear element (26) may be

be written

d S2  se0+ (1 - e2) se C2 
0 + e 2  1 2 cos2 0d 2). (28)

- e2) sec 2 0 + e2 0)

If the quantity in brackets is given a common denominator, then (28) may be written as

ds2  (1 - e2) sec'¢ [(1 - e) sec'qo + 2e]+e (12 C OdO2) . (29)
(1 - e2) 2 (seC 20¢ -sec 20)

To bring (29) into manageable form we place k - N. sin o, and (30)
a

N sin 0

N, sin 0,

(Note that k - e,, is the eccentricity of the great elliptic arc. See Figure 15.)
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GRA ELIPTC SETO

Major emiaxs isb

Great Elliptic Section

eo is the eccentricity of the Great Elliptic 2
eo = (a?.b0) 2 /a =e sin oo (eqVe-/a) N os in 0

Coordinates of Po are Po (a cos 0o cos Xo~a cos0o sin Xo, b sin 0o) or in

terms of geodetic latitude Oo

Po (No cos 0o cos aXo,No cos 0o sin ft~o,NaO-e2)sin Oo

Figure 15. Elements of the great elliptic section.
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From the first of (30), placing N. = a/(1 - e' sinQo) fl and solving for seco950 find

sec2 o = (1 - e' + k')/(1 - e') (1 -k/e'). (31)

With the value of N. sin qo from the first of (30) placed in the second find

N sin € = (ak/evJF =e-) cos d and with N = a/ - e sin 2q5, solving for seC2q0 find

1 - e' + k' cos'd (32)
(1 - e2) [1 - (k/e 2 ) cos 2 d]

By differentiating N sin 0 = (ak/e /1- - ) cos d obtain

(N sin ) d9 = - (ak/eV 1 -e 2) sin d 8d (33)

R cos 9
Since (N sin 9 ,= equation (33) may be written

R Cos -d = - (ak/eVTC-) sin d 8d or finally

I - e
2

(R2 cos 2 Od5 2) = (1 - e2) a2 (k2/e 2) sin2 d 8d2. (34)

Now from (31) and (32) find

(k2/e2 ) sin2dseaCot~ - sec:q€ = ,(35)
(1 - e2) (1 - k2/e2) [1 - (k2/e2) cos2d]

and the numerator of (29) becomes

1 - k2 + k" cos~d
(1 - e2) sec20[a - e2) sec2:0 + 2e2] + e4 

= - k 2 + k 2 C____d_(36)
(1 - k2/e2) [ 1 - k2/e2) cos2d]

With the values from (34), (35), (36) the linear element (29) becomes

d1 S2 -k 2 + k2 cos2 d (1 - e2)(1 -k 2 /e2 )[1-(k2 /e2 ) cos2d]. (1-e 2).

k(1 - k/e 2) [1 - (k/e 2 ) cos 2d] (k2/e 2) sin2d (1 - e2)2

a2(k 2/e2) sin2d 8d2 
2 a2(1 - k2 + k2 cos2d) 8d 2,

ds' - a2(1 - k2 sin 2d) 8d2. (37)

Now equation (37) is the usual elliptic integral form with modulus k, and we write

s = a f.d, + fd 2  (1 -k2sin2d) '/2 d, (38)

where k = (e /Y-- e 2 /a) No sin 95, the modulus of the elliptic integral, and

d, = cos" 1 (N, sin ,1/No sin 0,), d2 = cos"1 (N2 sin 02/N0 sin q%). (k is equal to e. the

eccentricity of the great elliptic arc - see Figure 15).

The integrand of (38) may be expanded by the binomial formula and integrated term by

term to obtain an approximation formula for direct computation. To 6th order terms in

k: (1 - k2 sind/2 = 1 - %k2 sin'd - (1/8)k' sin d - (1/16)k sin6d -. (39)
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Making the identity substitutions

sin' =d Y - 1V2 cos 2d, sin'd = (3/8) -Acos 2d + (cos 4d)/8

sin6d = (5/16) - (15/32) cos 2d + (3/16) cos4d - (1/32) cos6d, in (39) and integrating

term by term according to (38) one obtains

s/a = (d, + d2) - %k2[' (d, + d2) - Y4(sin 2d, + sin 2d2)] - (1/8)k'[(3/8) (d, + d2) -

/4(sin 2d, + sin 2d) + (1/32) (sin4d, + sin 4d2)] - (1/16)k [(5/16) (d, + d2) - (40)

(15/64) (sin2d, + sin2d2) + (3/64) (sin4d, + sin4d2) - (1/192) (sin6d, + sin6d2)].

By means of the identity sin x + sin y =

2 sin 'A(x + y) cos Y2 (x - y), equation (40) may be written finally as
s/a = (di + d2) - Y4k

2 [(d, + d2) - sin (d, + d2) cos (d, - d2)]

- (1/128)k' [6(d, + d2) - 8 sin (d, + d2) cos d, - d2 ) + sin 2(d, + d2) cos2(d, -d 2)] (41)

- (1/1536)k [30(d, + d2) -45 sin (d, +d 2) cos (d,-d 2) +9 sin 2(d, +d2) cos2(dj-d 2)
- sin 3(d i + d2) cos 3(d, - d2)1,

a and e are semimajor axis and eccentricity of the meridian ellipse, k = (e V,1-e 2/a) No sin qS0

(k = e,, the eccentricity of the great elliptic arc), 0o is the vertex of the great elliptic arc as

given by (21). d, = arc cos (N, sin O,/No sin q%), d2 - arc cos (N2 sin 95/N o sin 0o). When

9% = 900; equation (41) gives a meridian arc of the spheroid. When 0o = 0, an arc of the

equator or circle of radius a is given. Formula (41) thus consists of a circular arc and successive

corrective terms.

To examine the contribution of the terms in (41) take the case S6 = 0 2 = 0, ko= 450,

di = d2 = 90' which will give the semilength of the great ellipse making an angle of 45' with

the equator. For the Clarke 1866 spheroid, e2 = 6.768657997 X 10', a = 6,378,206.4 meters.

From (41) we have then

1st term a x(d, +d,) = 20,037,773 meters

2nd term -a x 2.65804 x 10' = - 16,954 meters

3rd term -a x 0.17 x 10 " 
= - 11 meters

4th term -a x 0.24 x 10- 0.015 meters

When 0. = 90, -b1= '0 2 = 0, di + d2 = vt, and (41) reduces to the usual formula for length of

the semimeridian from equator to equator through the pole s -a [1l-%e2 -(3/64)e 2 -(5/256)e 6 --- ].
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GREAT ELLIPTIC ARC LENGTH IN TERMS OF PARAMETRIC LATITUDE 0

Equation (41) gives the arc length, but the modulus k, d, and d2, and vertex 0o must be

expressed in terms of parametric latitude, 0, if the geographic latitudes (k,, 952 of the given

points P, P2 have been first converted to parametric latitudes 01, 02.

tan 0 a
The relationships tan (1e2)/2 N sin (1 - e2) sin 0, appliedto

k = (e/1 - e2/a) N, sin 0o,

d= arc cos (N, sin A,1/No sin 0), d2 = arc cos (N2 sin 02 /N. sin 0,), and the last

of equations (21) give

eo = k = e sin 00 ,d, = arc cos (sin 0,/sin 0.), d2 = arc cos (sin 02/sin 0o),

tan 00 = (tar? 0 r + tar?02 - 2 tan 01 tan 02 cos A \)1/2/sin AX ,

whence

sin Oo = tan o/(1 + tan2 Oo) 1/2 (42)

sin 00 tan2 0 + tan 202 -2 tan 0, tan 02 COS A )
tan 2 1 + tan 2 02- 2 tan 0, tan 02 cos AX + sir?AX

Equations (41) and (42) give then the arc length along the great elliptic arc when geographic

latitudes have been converted to parametric latitudes.

THE CHORD DISTANCE

The chord distance between the points Q, (x,, 0, z1), Q2 (x2, Y2, z2) as shown in Figures (13)

and (14) is given by the usual distance formula where the coordinates may be expressed in

terms of either 95 or 0, that is from (1)

x, = N1 cos ,, y, " 0, z, - N, (1 - e2) sin q, (in terms of (k)

x2 - N2 cos 02 cos A\, y2 - N2 cos 02 sin AX, z2 - N2 (1- e2) sin 2, (43)

or x, . a cos 0,, y = 0, = a /T'S 2 sin 0, (in terms of 0)

x2 -a cos 02 cos A, y2 = a cos 02 sin AX, z2 = a -e 2 sin02.

Applying the distance formula to each set of formulas in (43) for coordinates one obtains

C = [(N1 cos j,-N 2 cos 9 Scos A\)2 +N2
2 cosS2 

2sin2 AX + (1-e2)2(N, sin i-Nasin 2 )]/2

and in terms of 0

C = a[(cos0 2 cos AX -cos 0)2 + cos2 02 sin 2AX+ (1-e) (sin 0.- sin 01 )2]V2 (45)

In (45), expand the quantities in the brackets combining terms to obtain

C = a [2-2 (sin 01 sin 02+cos 0 1 cos 0 2 cos AX) - e2 (sin 02 - sin 01)211/2 (46)

Now cos (d, + d2) -sin 01 sin 02+ cos 0, cos 0 2 cos AX and with sin 0,= sin 00 cos d,

sin 02 = sin 00 cos d2, k2 = e2 sin2
0 0 from (42), equation (46) can be written

C = a[211 - cos (d, + d2)1 - k2 (cos d, - cos d2 )2]1/2. (47)
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With the identity (cos d, - cos d,)' = [1 - cos (d, + d,)] [1 - cos (d, - d,)],

we can write (47) finally as

C=aI1 - cos (d, + d.2)} {2- k'[1 - cos (d, -d,)! 12 (48)

Now (48) gives the chord length no matter which latitude is used, 4) or 0, since for 4):
di = arc cos (N1 sin 451/N0 sin 0)o), d2 = arc cos (N2 sin 042/Nsin 4)o),

k [e2 (1 - e)/a)] No'sin2') 0 ; while for 0:

d= arc cos (sin 01/sin 00), d2 = arc cos (sin 02/sin 0,), k2 = e2 sin2
0 o . Also (41) and (48)

make it possible to prepare a computing form in terms of either 4) or 0 with corresponding

azimuth forms from equations (12), (13), (15), (16), (17), (18).

THE ANGLE BETWEEN THE CHORD AND THE HORIZON AT A GIVEN POINT OF THE

ELLIPSOID

Referring to Figure 13, it is seen that the angle 3 is determined by a perpendicular, u,

from Q2 upon the tangent at Q, and the chord c. That is sin B = u/c.

Now the length of u is obtained by normalizing the equation of the tangent plane at Qi,

equation (4), and substituting the coordinates of the point Q2 from (1):

1[a 1 2
-  cos cos) 2 =cosAX(1e)NN sin b1 sin ),]. (49)

We can express u in parametric latitude, 0, since (1 - e2) NIN , sin 0, sin 4), =

2 sin 0,sin 02, NjN 2 cos 0 1 cos 4)2= a2 cos 01 cos 02, N1 = (a/,1 ) l/1 - eeCos ' 01,

i.e.

2a1 - (sin 01 sin 0, + cos 01 cos 0, cos A X)u = a\/l - e' (50)

Referring to equation (46) and the discussion there,

cos (d, + d2) -sin 0 1sin 0, + cos 0, cos 02 cos AX,

sin 0, = sin 00 cos d1, k = e sin 0 and (50) can be written in the form

1 - cos (d1 +d2)u = b ,(51)

(1 - e2 + k 2cos'di) 1/'

Where b a \/l - e' is the minor semiaxis of the reference ellipsoid. From (48) and (51)

we have then

u ( ( -e 2 )[1 -cos (d+d 2 )] 
sin3 =- = [2 - k 2 -1 _ C-e+ k2 cos'd) (52)

c [k co (d -d2 )1 (1e+~o~i~

and thus sin is expressed in the same quantities as the distance and chord lengths; see

equations (41) and (48).
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MAXIMUM SEPARATION OF CHORD AND ELLIPTIC ARC

In Figure 14, H, is the maximum separation between the great elliptic are and the chord.

As shown, this occurs when the tangent to the ellipse is parallel to the chord. Also when

this occurs the center of the ellipse, the midpoint of the chord, and the point P on the curve

are collinear, [101. Hence the geographic coordinates of the point P can be found from the

intersection of the meridian through Q and the plane of the great elliptic section.

The coordinates of Q, the midpoint of the chord QQ 2, are

"(a/2) (cos92 cos AX + cos 01)

Q ' (a/2) (cos 0, sin A)

((b/2) (sin 01 + sin 02)

and the meridian through Q has the equation (cos 02 sin AX) x - (cos 0, + cos 02cosAX)y=0. (53)

The equation to the plane of the great elliptic arc in terms of parametric latitude is

Ax +By+Cz=0, (54)

A = b tan 0, sin AX, B = b (tan 0, - tan 0, cos AX), C= -a sin AX

(Compare equation (14), where it is in terms of geodetic latitude (A). Now the point P

(a cos 0 cos X, a cos 0 sin X, b sin 0) on the the ellipsoid must satisfy both equations (53)

and (54) if it is to be the required point P on the great elliptic arc. This leads to the

equations cos 02 sin AX cos X - (cos 0, + cos 02 cos AX) sin X = 0,

A cos X+ B sin X + C tan 0=0, (55)

where A, B, C are those of equation (54).

Solving (55) for A and 0 find,

P X = arc tan [(cos 02 sin A X)/(cos 0 2 cos A X + cos 0,)], (56)

Lsin AX X
P0 ar tan(tan 1sinA)cosX+(tan02,-tan 1 cosAX) sinh

L=arct an 02 sin A+ tan 0, sin (AX-L sin AX
0= arc tan snA )

0 =arc tan [(sin 0, + sin 02)/(cos2 0 + cos1O2 + 2 cos 0, cos 02 cos AX)'].

We have seen that

cos (d + d2) 
= sin 0 sin 02 + cos 01 cos 02 cos AX

sin 0, = sin 00 cos d,, sin 02= sin 0 , cos d,

whence we can express

cos' + cos'02 + 2cos 0 cos 02 cos AX = [1+cos (d,+d,)][2- sin 2 0 Il+cos(d,-d 2)1],

(sin 01+sin 0,)2 = sin 2O0 [1 + cos (d, + d2)] [1 + cos (d, - d2)]
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and the last equation of (56) may be written

arc tan sin 0, VT. + cos (d, - d,)

N/2-sin'00o 1+cos (d,-d,)] (58)

It is known that Ho2 = PP' 2 will be given by H0
2 [(y - yi) r - (z - z1) q]1 + [(z - z1) p -

(x - x1)r] 2 + [(x - x1) q - (y - y1)p]Y, where x,y, z, are coordinates of P; x1, Yi, z1 are co- (59)

ordinates of Q, and p, q, r are direction cosines of the chord c = QQ 2, [11]. See Figure 14.

From (56) and (58) we can express the rectangular coordinates of P as

x=a cos Ocos a cos 01+cos 02cos A'

/11 + cos(d + d2)

a cos 02 sin AA

vr 1 +cos(d,+d2) (60)

z=bsin0= b sin 01+ sin 02

2 /1+ cos (d+d2)

If the coordinates from (1) are converted to parametric latitude they will be Q1 (a cos 01,

0, b sin 01); Q2 ( a cos 02 cos AX, a cos 02 sin AA, b sin 02) whence the direction cosines of

the chord c = QjQ2 are

a
p = - (cos 02 cos A X- cos 0,)

C

a
q =- cos 02 sin AX (61)

c

b
r = - (sin 02 - sin 01)

e

From (60) and the coordinates of Q, (a cos 01, 0, b sin 0,) we have

a
x -x .- (cos 01 + cos 02 cosAX) -a cos 01NF R,

y -y (a cos 02 sin AX)/V2 Ro (62)

b
z-z1 \ no(sin 01 + sin 02)- b sin 01

Where Ro - V1 + cos (d1 + d2) - \F2 cos 2(d + d2).

With the values from (61) and (62) the expression (59) is formed to give

H2 (N2  - R)2 cos 201 cos202[b2 (tan 201 + tan 202 -2 tan O1tanO2 cosAX\)+ a 2sin 2A A] (63)
c2 R0

2
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Where R, = [1 + cos (d, + d2)]1/2 = cos /2(d, + d2).

Using the relationships (42), (48), (57) equation (63) can be solved for H. in any of the

following several forms:

Hb. ( V2- - /1r + c os (d + d (64Ho = b('-lcs(d+d), (64)
V2 -k9 1 -cos(d1 - d)l

=-\ - )sin (d, + d=),

2ab(
- sin /2(d, + d2) [1 - cos Y(d, + d2),

Where R, = V I + COs (d,+ d2) = V2cos %(d, + d2)

b, = /1-k = a/1 - e 0
2  minor semiaxis of the great elliptic arc - see Figure 15. Thus

H. is also expressed in quantities common with other elements of the great elliptic arc - see

equations (41), (48), and (52).

A COMPUTING FORM FOR GREAT ELLIPTIC ARC LENGTH AND ASSOCIATED ELEMENTS

Since the computations to be discussed with the great elliptic arc approximation and the

Andoyer-Lambert approximation both involve corrections to spherical elements, the basic spherical

approximation is reviewed in Figure 16, and basic spherical formulae listed.

Now from (42) write

sin2 0o = K/(K + 1),

K = (A tan 01 + B tan 02)/ sin' AX (65)

A = tan 0, - tan 02 cos A X, B = tan 02 - tan 0 , cos A X. (66)

Azimuth equations (17) become

cot aAB = D, (R, - B), cot aBA = D2 (A - R2)

D I cos 01/T, sin AX, D2 = cos 02 /T 2 sin AX (67)

R, - C/cos 0,, R2 - - C/cos 01

C e2 (sin 02 - sin 01)

T= (1 - e 2 cos 20) 1/2 , T 2 = (1 - e" cos 202)1/

Equation (41) becomes

s = a (H + U1 + U2 + U) (68)

where U, = -N, (H - Q1), U2 = - N2 (6H - 8Q, + Q),

U3 = - N, (30H - 45Q1 + 9Q2 - Q)

k2 - e' sin2 00 = e0
2 (eccentricity of the great elliptic arc).
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Bi AX

sltcoS sin~oAX

cot B~cos G~alIsifl2AX

cos(di+d)=sini siflO2+coOiCOS02COSAX I
sin(di+dz)=(cos~isinAXk)/sin B=(CaS02SMfAX)sinA

sio~i~c sd, inw~sin~ocosi:d2

NOTE:Qomay be external to QiQz,,..if either

A or B is greater than 900

Figure 16. Elements of polar spherical triangles.
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N, = k2/4, N2 k4/128 = 1/8N1
2, N3 = k/1536 = (1/3)NN 2,

Q = sin H cos P, Q2 sin 2H cos 2P, Q, sin 3H cos 3P, H= d+d 2, P =d -d 2 .

d, and d, are computed from

cos 2d, = 2(1 - cos2O)/sin200 - 1

cos 2d2 = 2(1 - cos 20 2)/sin2 0 0 - 1 (69)

since cos 20, and cos '02 are already needed for T, and T2, (67) above, and the use of sin 200

eliminates the computation of the square root of K/(K + 1). A check is provided by

sin (d. + d2)
= sin 01 sin 02 + cos 01 cos 02 cos A A.

From (48) the equation of the chord may be written

c = a(VW)/2, V (1- cos H), W = 2 - k2R, R (1 - cos P). (70)

From (51) and (52) in terms of the symbols used above find

u = bV/T, sin f3=bV/cT,= - . (71)
TV W

From (64) in terms of the above symbols find Ho = 2 ab-  (sin Y/H) (1 - cos %H), (72)
c

bo = a/jV T, k2 = e2 sin '0o.

Figure 17, shows equations (65) through (72) arranged for computing and a computation

performed on the line Moscow to Cape of Good Hope. On the form find the geodetic distance,

the normal section azimuths, the chord distance, the angle between the chord and the horizon

at P1 , and the maximum separation of the chord and surface. The following table lists these

values and gives a comparison with the distances computed by the rigorous Helmert method and

the Andoyer-Lambert Approximation. Note that the geographic coordinates of the point

P(rk,A) where the maximum chord separation from the surface occurs may be computed from (56),

(58), and already computed quantities in Figure (17).

MOSCOW TO CAPE OF GOOD HOPE

DISTANCE AZIMUTHS

Meters n.m. Method Forward Back Type

10,102,069.91 5454.6814 Great Elliptic 15046 ' 56"744 190039 27'350 Great Elliptic Section

150 49' 57'607 1900 41' 29'799 Normal Section

10,102,069.06 5454.6809 Helmert 15048' 17'674 190039' 32"208 Geodetic

10,102,065.28 5454.6789 Andoyer- 15048 ' 17'!518 1900391 32'!110 GeodeticLambert

meters n.m.

CHORD DISTANCE 9,068,419.05 4896.5546

(MAXIMUM CHORD SEPARATION) 1,906,854.55 1029.6191

CHORD DEPRESSION ANGLE 450 32' 37':462.
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Figures 18 and 19 show the great elliptic arc formulae for distance arranged with geodetic

azimuth formulae and the computations for distance and azimuth over the two lines

(1) MOSCOW TO CAPE OF GOOD HOPE and (2) RAMEY AFB to MOUNTAIN HOME AFB.

No square roots are involved and only eight place tables of trigonometric functions, as

Peters, are needed in addition to the constants for a particular spheroid of reference. The

comparison with the Helmert rigorous and Andoyer-Lambert approximation is: E l
Line Distance(meters) Method Forward Az. Back Az.

(1) 10,102,069.91 Great Elliptic Are 150 48' 17'!519 1900 39' 32'109

10,102,069.06 Helmert 150 48' 171674 1900 39' 32'!208

10,102,065.28 Andoyer-Lambert 150 48' 17"518 1900 39' 32'"110

(2) 5,304,035.439 Great Elliptic Arc 1310 52' 34"985 2850 10' 06"!870

5,304,032.437 Helmert 1310 52' 35"29 2850 10' 06'!65

5,304,030.844 Andoyer-Lambert 1310 52' 351043 2850 10' 06'869

REVIEW OF FORMER STUDIES

The Air Force Aeronautical Charting and Information Center made an extensive study of

the Inverse Problem of Geodesy (1956-1957), over lines 50 to 6000 miles, [12]. A review of

this study indicates favorably the use of the so called Andoyer-Lambert Formulae relative

to requirements for Hyperbolic Electronic Systems since (1) they give very nearly geodetic

distance with about the same error over all lines from 50 to at least 6000 miles, (2) azimuths

are within about a second of true geodetic azimuths over all lines, (3) no tabular data for a

particular spheroid is needed, (4) the only table of mathematical functions required is a table

of the natural trigonometric functions as Peters eight place tables, (5) no root extraction is

involved in the computations. The formulae are thus quite adaptable to small electric desk

calculators or larger high speed digital machines. However, in review it seemed unnecessary

to convert geographic coordinates to parametric before making the computations, hence a

series of computations were made over the ACIC chosen lines for direct comparison. A

representative group from 50 to 6000 miles was selected and additional comparisons were

made against two lines whose true geodetic lengths and azimuths were known. No lines of

0' azimuth (meridional sections) were used because this is the trivial or limiting case and

extensive tables of meridional distances for all reference ellipsoids are available or quite

simple computation formulae are available for computing meridional arcs. The spherical

formulae used are:
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Spherical Formulae (see Figure 16)

cos d = sin 0, sin ¢52 + cos cos 2cos AX

sin A = (cos 92 sin AX)/sin d, sin B = (cos 6,sin A)/sin d (73) R-

cot A = (cos Cttan f 2- sin 0, cos A)/sin AX

cot B = (cos ¢2 tan sin- s cos A)/sin AX

sin d = (cos € sin A)/sin B = (cos 0 2 sin AM/sin A.

The Andoyer-Lambert correction [13] for distance is:
3 sin dd - 3 sin d1

d - d (sin -sin )+ (sin + sin 2 )2l (74)
4 1-cosd 1+cosd

where d is spherical distance from (73) and s = a(d + 6d), f is the flattening, f = (a - b)/a,

where a, b are the semiaxes of the reference ellipsoid (a is the radius of the auxiliary sphere).

Now (73) and (74) are essentially the same as used for several years in Loran computations

except for the conversion to parametric latitudes which is not required with these formulas.

The only difference in the appearance of the formulas is in the term 3 sin d in (74) which is

simply sin d in the formulae for parametric latitude, [14].

The corrections to the spherical angles A and B as given by (73) to get geodesic azimuths

are, [13]:

[A = - cos€2q sin 2B - cos '95, sin 2A] '2 sin d (75)

8B=- f cos 20, sin 2B - d cos ' sin 2A]
2 sind8± +.

the geodetic azimuths being then
aAB = 180' - A + 6A, a B A  =180 + B+ 8B. .'

The formulae as given by (73), (74), (75) were arranged in computing forms to make the

check computations of the ACIC chosen lines. Note that the azimuths as given in the ACIC

publications differ by 1800 from the usual geodetic azimuths and the forward and back azimuths

are interchanged from the conventions used in the check computations. The lines chosen are

shown in TABLE 1, the comparisons are given in TABLES 2 and 3, while the actual computations

are in Appendix 2.
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TABLE 1

LINES COMPUTED

Line No. Az. Terminus Origin Distance

Lat. Long Lat. Long. Miles
0 0 1 ii 0 g i i 0 II 0 1 I

1 45 40 18 40 30 37.757 17 19 43.280 50

2 90 10 18 9 59 48.349 16 31 55.877 100

3 90 70 18 69 48 05.701 9 37 28.637 200

4 45 10 18 13 04 12.564 14 51 13.283 300

5 45 70 18 73 35 09.206 3 26 35.101 400

6 90 40 18 39 37 06.613 8 36 43.276 500

7 45 40 18 44 54 28.507 10 47 43.883 500

8 45 70N 18W 76 00 26.603N 28 42 03.567E 1000

9 90 40N 18W 27 49 42.130N 32 54 12.997E 3000

10 45 40N 18W 35 18 45.644N 102 02 29.370E 6000

11 50 43 03 19.6 115 52 54.7 18 29 57.9 67 07 30.3 3000 n.m.

12 10 33 56 03.5S 18 28 41.4E 55 45 19.5N 37 34 15.450E 5500 n.m.

1-10 From ACIC Reports 59 (page 39), 80 (page 23).

11 Ramey AFB to Mountain Home AFB, AFAC-TN-57-53, Astia Document 135972, 1957

12 Cape of Good Hope to Moscow
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INVESTIGATION OF HIGHER ORDER TERMS

IN ANDOYER-LAMBERT APPROXIMATION

While either form of Andoyer-Lambert approximation is probably satisfactory in the "state

of the art" in hyperbolic navigational systems development, the question arises as to the higher

order terms in the flattening of the Andoyer-Lambert approximation and the possibility of a single

set of formulae which will give distance within one meter and azimuth within one second over all

geodetic lines on the spheroid. This would be a practical operational system particularly if it
maintained the several attributes of the Andoyer-Lambert first order approximation. !

HISTORICAL

Now Lambert, [131, never published his derivation but had equivalent formulae for a first

order approximation several years before the publication posthumously in 1932 of Andoyer's.

sketch, [15], of the derivation of the form as given in equation (74). Andoyer's derivation

employs a differential oblique spherical triangle and it is not clear how one would proceed to

higher order terms in the flattening. It is believed that Andoyer's derivation is the only

recognized published one in existence.

DERIVATION FROM THE GREAT ELLIPTIC ARC

Independent derivations of the Andoyer-Lambert approximations were sought in the hopes of

discovering a simple method of arriving at higher order terms in the flattening. It was noticed

that the computations using the Andoyer-Lambert approximations; the ratios (d - sin d)/(1 + cos d), .4

(d + sin d)/(1 - cos d) were being used in forming computational parameters, [16]. It was decided

to try the ratios

(sin 0, + sin 0,)2/(1 + cos d),(sin 0, - sin 02)2/(1 - cos d) (76)

with the hope of relating these to other parameters and identification of the Andoyer-Lambert

approximations in some other extant series expansion as the great elliptic arc approximation.

See equations (19) through (42).
From equations (42) we have

sin 0, = sin 0o cos d, sin 0, = sin 0, cos d,. (77)

From (77), by simple algebraic operations and trigonometric identities, we may express

(76) as

(sin 0, + sin 0,)'/(1 + cos d) = 2 sin2 0, co2 Y2(d, + d2)

(sin 0,- sin 02)21(1 - cos d) 2 sin20o sin 2Y2(d, + d2), (78)
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where d = d2 - d,.

From (78) by adding and subtracting respective members, we write

(sin 01 + sin 02)' (sin 01 - sin 02) =2[sinO.] (79)

1 +cosd 1-cosd 

Y (sin 0, + sin 02)2 (sin 0, - sin 0X = 2[sino cos (d + d,)],
I + cos d I1- cos d

where d = d2 - d1 .

The Andoyer-Lambert forms can now be written in terms of X and Y of (79) as

S = a[d - (f/4) (Xd - Y sin d)],il

S = a[d - (f/4) (Xd - 3Y sin d)], (80) I
where in the second equation, the geodetic latitude, 95, is used in forming the X and Y of

(79).

If in the expansion of the great elliptic arc, equation (41), we place d, to -d1 , and then

d = d2 - d,, k f e sin 0,, we obtain as far as sixth order terms in e:

S = a d- ' e2 sin 20. [d - sin d cos (d, + d2)] -

-" (1/128)e 4sin'0o[ 6d - 8 sin d cos (d, + d) + sin2d cos 2(d, + d 2)] (81)

-(1/1536)e" sin'Oo Od -45 sin d cos (d, + d2 ) + 9 sin 2d cos 2(d, + d2 )] j (81)

L (1153)e6 L -sin 3d cos 3(d, + d.) I L~j
Using relations (79), equation (81) can be written:

S-a d-(e/8) (Xd -Y sin d)1

(e"/512) [(6d - sin 2d) X2 - 8(sin d) XY + 2(sin 2d) Y'] (82)

-W/12,288) 3(10d - 3 sin 2d) X3 - 3(15 sin d - sin 3d) X2Y
r + 18(sin 2d) XY2 - 4(sin 3d) Y3

Note in (82) that if all terms above the first power in f are ignored (e2  2f) equation (82) reduces

directly to the Andoyer-Lambert form as given by the first of (80). Now it is known that the %[

difference in lengths of the great elliptic arc and the geodesic is of 4th order in e, [17), but the

6th order term will be useful for comparison later in the investigation.

DERIVATION FROM MODIFIED DIFFERENTIAL EQUATIONS -

The corresponding differential triangles, auxiliary sphere, spheroid, where geodetic latitude

has been converted to parametric are, as abstracted from Figure (20):
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a ~ag

aDl)8 great adO ds geodesic a(1-e'cosO1)1/2 dO
circle

parallel

a cos OdA a cos Od

and since ac = a (property of geodesics on surfaces of revolution, i. e. r sin ac = r sin ag,

r = a cos 0), ds/aD~d = a(1 - e2 cos20)1
/2 dO/adO = (1 - e2 cos 20)1/2, which may be written

S=a(d+8d)= d + f d2 [( - e2 cos0)'1/2 - 1] D~dl - (83)

If (83) also represents the equator, then 8d = 0, when 0 = 0o = 0. Hence we add to the

integrand 1 - (1 - e2 cos 20o)1/2 to get

S = a(d + 8d) = aId + f2RI - e' cos 2 0)1/2 -(1-e 2 cos2o)'/2] D8 d], (84)

and we note that when 0 = 0(, 0, 8d = 0; when 0 = 00 , s = d = Bd= 0; when 0"= rf/2, d=0 1,

d= 02, D~d = dO, d = 02- 01 then (84) represents the meridian.

Expanding (84) to 6th order terms in e, find

2 + 324/8) f d2 si 20"
S a Fd - (e2/2) (1 + e/2 + 3e (sin 0- siniO)D~d

+ (e4/8) (1 + 3e2/2) d2 (Sin'Oo -sin40) D~d (85)I 'd,

L (e6/16) f d2 (sin6o, - sin6O) D~d

Now from (77), sin 0 = sin 00 cos d,

2h 0 vleosi 20 fom62
sin sin d - (1 + cos 2d). (86)

The value of sin2 from (86) placed in (85) and the resulting integrations performed with

respect to d, leads to expressions in powers of the right hand quantities in (79) so that (85)

may be written finally as
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S=a d -(e2/8) (1 + e/2 + 3e"/8) (Xd - Y sin d)

- (e/51) ( + 3'/2 (1d +sin 2d) XV + 8(sin d) XY (7

- e451) 1 3 2 / I - (ld++ 2(sin 2d) ] (87

- (e6/12,288) f(22d + 3 sin 2d) XV - 3(15 sin d - sin 3d) X2

L 18(s in 2d) XY 2 - 4(sin 3d)YJ

Again if all terms above first order in f (e 2 =20 in (87) are ignored then the first two terms of

(87) represent the Andoyer-Lambert form as given by the first of equations (80).

For the case where geographic latitudes, q0, are not first converted to parametric, but are

considered spherical, the corresponding differential right triangles are:

cirle ~ . adoS ds geodesic Rd

a cos OdX o d

We have for the approximation

Rdo ds cos ag

or Rdob ds ,placing cos ag cosa

ds = R D~d = a(1 - e2 ) (1- c 2 sin'95)--/ 2 Dad. (88)

If (88) represents the equator, then when o = 0, ds =aD~d. Hence add e' cos 'o, to the

integrand of (88), to obtain

(ds/a) = [1 - e2) (1 - el Sin2o)Y3/2 + e' cos'qS0I Ma. (89)

Note the following for (89): When = 0, ds =a D8 d; when U, =i/2, D8 d do,

equation (89) will represent the meridian.

Expanding (89) to 6th order terms in e get

(d/) +(/)'sin'qo + (15/8)e' Sin 4o + (35/16)e' sin'~) 1D~d (90) __

e[1 + (3/2)e' sin2~ (15/8)e' sin4o] + e2 (1sin4 0

which may be written in the integral form
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S a d -(e 2/2) f 2 (2 sin2  - 3 sin',f)D8d

- (3e'/8) f d2 sin2o(4 - 5 sin2 9) D~d (91)

- (5e 6/16) f d2 sin'0(6 - 7 sin2-0) D~d

From (77), with 0 replaced by q, we have sin2 0 = sin 25, (1 + cos 2d), and with the aid of
'2

trigonometric identities we can find expressions for sin' 0 and sin6', i.e.

sin2 nb o (1 + cos 2d),
2

sin-O = (3 + 4 cos 2d + cos 4d), (92)8

sin6 
00sin injo (10 + 15 cos 2d + 6 cos 4d + cos 6d).

32

The values of sin 2, sin' , sin 6o from (92) placed in (91) give (93)

S a d-(e/4) sin20o fd2 (1-3cos2d) Dd
d,

-(3e 4/64) sin 200° fd2 [16 - 15 sin'0°) + (16 - 20 sin 2Q° COs 2d]d  i 2ocs4 D~d

L - sin 2 cos 4dd

Integration of (93) with respect to d leads to: (94)

S a d-(eW/4) I d[sin 2 0 ]- 3sin d[sin 2 0 cos (d, +d 2)11

-(3e'/128) 32d (sin2
0 j _ 30d [Sinlo0 ] 2 + 32 sin d [sin2 0 COS (d, + d2)]

-40 sin d [sin 2
0 7 ] [sin2 b0 cos (d, + d2)]

- 10 sin 2d [sin 20o COS (d, + d2)]' + 5 sin 2d [sin 2 0 ]2 J
-(5e'./1536) -216d [sin 2 00] 2 - 210d [sin'950o]'+ 288 sin d [sin 0.1[sin 2 ocos (d,+ d,)]

-315 sin d [sin' ] [sin2 qo cos (d + d2)] +72 sin 2d [sin'q5o cos (d,+ d2)]1

-126 sin 2d [sin2c0) [sin
2q0 cos (d, + d 2]- 36 sin 2d [sin2 qoj,

+ 63 sin 2d [sin2
0 P1'- 28 sin 3d [sin '0, cos (d, + d2)1'

+ 21 sin 3d [sin 3o]1 [sin(So cos (d, + d2)]



From (79), with 0 replaced by b, we have

X = (sin q6 + sin 0 2) (sin 0, - sin 92)2 , , 9+ = 2[sin2q%], (95)

1 + cos d 1- cos d

Y = (sin 9o + sin (2)' (sin 95, - sin ) 2[sinO cos (d, + d)].

1 + cos d 1 -cos d

Substituting from (95) in (94) we obtain finally

S =a d -We/8) (Xd - 3Y sin d) -.

- (3e 4/512) 4(Xd+Ysin d) + (5 sin 2d -30d) X2  (96)

- 40 (sin d) XY - 10 (sin 2d) y

- (5e 6/12,288) F432d - 72 sin 2d) X + 576 (sin d) XY - 144 (sin 2d)

+ (63 sin 2d - 210 d) X3 + (21 sin 3d - 315 sin d) X2Y

L126 (sin 2d) XY2 - 28(sin 3d) Y3

If, in (96), we place e' 2f, ignoring all terms above first order in f, one obtains the second

of equations (80), or the Andoyer-Lambert approximation in terms of geodetic latitude, q.

Now the Andoyer-Lambert forms can be obtained from other modifications of differential

equations. For instance if the differential for arc length along the geodesic is taken in the form,

[8] page 64,

ds = (N' cos'O/N, cos .0) dX, N = a/(1 - e' sinO) 1/2; (97)

if the differential of arc length from (84), after converting to geodetic latitude is written

ds = [(1 - e=sin2O)- / - (1 - e' sin20o)V2] D8d; (98)

and if (97) and (98) are combined with the relationship dX = (sin ac/cos k) D8d = (cos q0 cos'o) D~d

from the differential right triangles above with 0 replaced by 0, one can write

(ds/a) = D8d + 1 - e2 sin 9 )
1 (1 - e2 sin:q%)1/2 - 1

2)1/ Sn~)1/ 2.-12D~d (99)+(Q - e)/ R(1 - e: i') t z (1 - e :sin :o -/  $d(9

Expanding the expressions in (99) to first order terms in f, e 2 2f, equation (99) can be written

in the integral form El
S=a [ d-f f d2 (2 sin 2 0 - 3sin 2 ) D8d]. (100)

Comparison of equations (100) and (91) (with e 2 2f) shows that (100) will again give the

second of equations (80) oi the Andoyer-Lambert Approximation in terms of geodetic latitude.
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DERIVATIONS FROM EXPANSIONS OF FORSYTH

In reviewing the literature on geodetic computation one finds that A. R. Forsyth, [18], as

early as 1895 had given some series expansions for geodetic arc length in terms of the flattening

and certain spherical and elliptic parameters. On page 120 of his treatise one finds the expression
S,,/a = '4- v'- c(v'- v') + (1/8)c(sin 2 '- sin 2v,') . (101)

Now the correspondences between the parameters as used by Forsyth in deriving (101) and

those used above in this investigation are to first order in f:

v2"=d 2 ,v '=d,, V2-V=d-d, =d, c = 2f sin2 0,

sin 2 '- sin 2v'= sin 2d2 - sin 2d, = 2 sin (d2 - d,) cos (d, + d2) = 2 sin d cos (d, + d2)

so that equation (101) becomes equivalently

S = a[d - (f/2) {d[sin 20.] - sin d [sin2 0 cos (d, + d,))g,

which in turn by means of relations (79) can be written S = a[d - (f/4) (Xd - Y sin d)], and

identified as the first Andoyer-Lambert form of equations (80).

On page 116 of Forsyth's treatise one finds the expression

S/a = v2 - V, + 1i(3/4) cos 2 ao(sin 2v2 - sin 2v,) - (YA) (v 2 - v±) cos 2a. I
+ " ('A) (v2- v,)2 cos 2a sin'a sin €," sin k2/sin 2 "

(v2 - v,) [(1/16) aosa, + cos 2ao sin 2a,] (102)

*2 + (3/8) sin'ao cos 2 a. (sin 202' - sin 244)

- (3/4) cos2 a, sin 2a, (sin 2v2 - sin 2v,) b

*1 + (23/64) cos 4 a, (sin 4V, - sin 4v,)

Now the equivalent relationships between Forsyth's parameters as used in (102) and the ones

used in this investigation are:

V, = d, v2 = d2 , V2- V d2 - d, =d f, I, = ,, 12 = 02s

20. = - 4"= 02- 4) =? - Al = AA, cos 0'= cot 4, tan 0,= cos (A cos d, sec 4,

sin (A'= sin d, sec 0,, cos (A'= cot 4, tan 02 = cos 4), cos d2 sec 02 (103)

sin (b4= sin d2 sec 02, cos v,= cos d,= sin 0z/sin 4),

cos v2 = cosd 2= sin4) 2/sin Oo, ao=2 -0), the relationship sin a, sin (v2 - 1j)

cos 1, cos 12 sin 20 given on pages 106, 121 of Forsyth, [18],

becomes cos q), sin d = cos k, cos 42 sin A X in the notation of this investigation.
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Assurance that Forsyth's a, is the complement of the geodetic latitude, 9%, of the great

elliptic arc is found from his expression, [181 page 106, which is

tan a, = sin 2 0o/1 (tan 1, + tan 1,)2 - 4 tan 1, tan 12 cos 2 o }1/2 .

With equivalent substitutions from (103) and some trigonometric identities it will transform into

tan 0 = (tan 'o + tan 22 - 2 tan 0, tan 0, cos AX) /2/sin AX

which defines the vertex of the great elliptic arc. See equations (21) of this investigation.

A cursory check of the equations just preceding (102) in Forsyth's treatise revealed that

the numerical coefficient of the second order term *1 in (102) should be 15/64 instead of 23/64.

Then by use of relations (103) and (95) it was-found that (102) could be written as

S = a -(f/4) (Xd - 3Y sin d)[ + (X(104)
+ (f2/128) (AX - BY - CX2 + DY 2 + EXY + FX2Y + GX 3

where A = 64d + 16d 2 cot d, B = 96 sin d + 16 d2 csc d - 48 sin2 AX csc d, C = 30d + 15 sin 2d

+8d 2 cot d + 12 sin 2 AXcot d, D = 30 sin 2d, E = 48 sin d + 8d 2 csc d - 36 sin2 AA csc d,

F = 6 sin2 AX csc d, G = 6 sin 2AX cot d.

Note that the first two terms of (104) are exactly the Andoyer-Lambert form given by the

second of equations (80). But we apparently also have the second order term in the flattening.

Thus, Forsyth had both so-called Andoyer-Lambert approximation forms as early as 1895 but

they had not been recognized as such.

Equation (104) was used to compute several lines of known lengths. On those in which the

term *2 of (102) was small, an improvement would be obtained by including the second order

terms. On others, the error introduced would outweigh the first order correction, which could

mean, since equation (104) is a power series in f, that the coefficient of the second order term in

f is erroneous. Now examination of the second order terms of equations (82) and (96) shows no

cubic terms in X and Y as are found in the second order term of (104). Hence Forsyth's paper

[181, was reworked from the beginning and it was found that indeed the term *2 in (102) actually

vanishes and reaffirmation was also made that the numerical coefficient of the term *1 of (102)

should be 15/64 rather than 23/64. These errors are the result of carrying throughout the

derivation the numerical factor 9/32 in the last term of the expression for 8, [18], section 17,

page 98, when it should be 3/32. This affects the approximation equation for tan (D, section 22,

page 104. In the last term, the factor -7 sin 'a should be +5 sin 'a. This continues to be reflected

through section 27, pages 111 to 115, until the term is actually seen to vanish in collecting the

terms together on page 115. Also on page 115, omission of a factor /2 in use of a trigonometric

identity in the third line from the bottom gave the printed Nalue for the numerical coefficient of
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cos 4 a, sin U when it should be 1/8. This leads in turn to the printed value 23/64 as given on

page 116 when it should be 15/64.

After the two errors in Forsyth's second order term in f had been detected, two papers were I
found which are concerned with the Forsyth derivation, Wassef 1948, [19], and Gougenheim 1950,

[201. Wassef purports to give the corrected version of Forsyth's second order term but he includes

the term *2 in (102) and he gives 15/23 for the numerical coefficient of *1 in (102). Hence Wassef's

results are erroneous and useless. Gougenheim, unaware of Forsyth's work, had developed his

formulae independently and he has the term *2 in (102) missing in his derivation and the correct

numerical coefficient 15/64 for *1 of (102). His formula for the second order term is (in the

notation of Forsyth)
- (105)

+6 2 -(1/2) (V2 -V) cos 2ao sin 2ao + (1/16) (v 2 - v') (cos 2a, + 15 cos 2asin02a)

cot v2- cot v1

- (3/4) cos 2ao sin2ao (sin 2 v 2 - sin 2v1)

L + (15/64) cos'a, (sin 4v 2 - sin 4v, j

Since the last two terms of (105) are the same as the last two of (102), as corrected, we have

only to show that

(1/16) cos'a, + cos 2a, sin 2a, = (1/16) (cos 2a, + 15 cos 2a, sin2a,), (106)
1/(cot vI - cot v 2) = (sin a, sin O,'sin 0')/sin 20,.

Writing the right member of the first of (106) as

(1/16) cos 2ao + (15/16) cos 2a, sin2a, + (1/16) cos'a, -(1/16) cos 2ao (1 - sin 2a o)

= (1/16) cos 4ao + (1/16) cos 2a, + (15/16) cos 2a, sin 2ao

- (1/16) cos 2a, + (1/16) cos 2a, sin ao

(1/16) cos'a. 4 cos 2a, sin 2ao.

From relations (103) we have

sin ao sin (v2 - v,) = cos 11 cos 12 sin 2q5, or

sin a, cos 1, cos 12

sin 20b, sin ("2 - VI) (107)
cos 1, sin b , cos 12 sin 952'

sin a,) sin h1 sin (b2 cos 1, sin -. COS 12 sin (A' sinv 1  sin2

sin 2i0 sin v2 ' osv, - cos v 2 sin v, cot vI - cot v 2
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From pages 111, 117 of Forsyth find:

tan 0'sin ao = tan vj, cos 0'= tan ao tan 1,, cos v, cos ao = sin 11,

tan Or' sin a,= tan v', Co S = tan ao tan 12, COS v2 cos ao - sin 12,

whence

cos 1, sin " sin 1, 10= = 1,(108)
sin v, cos vi cos ao

COS 12 sin tj4 sin 12

sin V 2  COSV 2 COS a,

The values from (108) placed in (107) prove the second of (106) and thus Gougenheim's paper

provides an independent check of the corrections given here to Forsyth's second order term.

Gougenheim also gave formulae for azimuths, convergence of the meridians, and difference in

longitude between the spheroidal and spherical (elliptical) vertices of geodesics in terms of the

same variables. The importance of Gougenheim's work has not been recognized. He has had a

correct expansion including the second order term in the flattening, in print since 1950.

THE FORSYTH-ANDOYER-LAMBERT TYPE APPROXIMATION IN GEODETIC LATITUDE WITH

SECOND ORDER TERMS

With the corrections to (102), i.e. with the numerical coefficient of *1 as 15/64 and the term

*2 omitted, equation (102) may be written, with relations (103) and (95), as U
S - a[d - (f/4) (Xd - 3Y sin d ) + (f2/128) (AX + BY + CX2 + DXY + EY'2)], (109)

where a, f are the semimajor axis and flattening of the reference ellipsoid; d is the spherical

distance between the points P, ((b X,,), P 2 (0S2 1 X,) on the ellipsoid given by some spherical

formula as cos d = sin qS, sin 01a + cos (kl cos 952 cos AX; 95 is geodetic latitude, X is longitude,

AX X - X, ; A = 6 4 d + 16 d c ot d , D -48 sin d + 8d cs c d , B  - 2 D , E  30 s in 2d ,

(sin qS, + sin 02 ) 2  (sin (k, - sin 0,)
2

C .- (30d + 8d 2 cot d + E/2), X d + 1 o1+ COS d 1-cos d

(sin qS, + sin 02)
2  (sin q, - sin 02)

2

Y .. o - d dd2 - . here d, and d2 are spherical distances
I + cos d 1-cos d

from the vertex of the great elliptic arc to the points P1 (1b , 1, P2 (2, XA2).

Now by factoring sin d out of every term of (109) and using the azimuth formulae as given by

Lambert, [13], we can, by means nf trigonometric identities, arrange equations (109) in a form

more convenient for computing as follows:
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Given on the reference ellipsoid the points P, (0b, ?X), P2 (9 2 , X2 , 0 is geodetic latitude,

X is longitude, P2 is west of P, with west longitudes considered positive.

With Om = (1/2) (01 + 0 2), Aqm = (1/2) (0, - 0), AX= X2 -X, A ,m= (1/2) AA;

Let: k = sin Om Cos Aom, K = sin A~m cos 9m,

H = cos 2Aom - sin -m = cos "¢m -sin A m

L = sin 24em + H sin 2A0m = sin2(d/2), 1 - L = cos2(d/2), cos d 1 - 2L, t - sin 2df4L(1-L),

U = 2k 2/(1 - L), V = 2K 2/L, X - U + V, Y = U - V,

T = d/sin d- 1 +(t/6) + 3(t 2/40) + 5(t 3/1125 +35(t 4/1152) + 63 (ts/2816) + - - -

E = 30 cos d, A = 4T (8 + TE/15), D = 4(6 + T 2), B =-2D, C = T - 2 (A + E), (110)

S = a sin d [T - (f/4) (TX - 3Y) + (f 2/64) 1 X(A + CX) + Y (B + EY) + DXY 11;

sin (a2 + a2) = (K sin AX)/L, sin (a2 - a) = (k sin AX)/(1 - L)

(!0 (6a + 8a) = - (f/2) H (T + 1) sin (a2 +a,), () (&a2-3a,)= -(f/2) H (T- 1) sin (a2 -a,),

al2= a, + 8a,, a 2 -1 = a 2 +8a*

Note that the quantities H, T, L, k, K enter into both distance and azimuth formulas.

Figure (21) shows an arrangement of equations (110) for desk computing using an ordinary

ten bank electrip desk calculator and Peters eight place tables of trigonometric functions. It

is arranged to show the contribution of both the first and second order terms in the flattening.

Table 4 summarizes the results of computations over 17 lines of known lengths and

azimuths. The computations are given in Appendix 3. Part of these lines were used in the

computations of Appendix 2. The first 11 lines are from two ACIC publications [12], lines 12

through 17 are Coast and Geodetic Survey specially computed lines, [221.

Note that all distances are within one meter and azimuths are within one second which

was the objective since this is adequate for any operational requirement. OLher advantages

are (1) no conversion to parametric latitudes, (2) no square root calculation, (3) for desk

computers the only tabular data required is a table of the natural trigonometric functions as

Peters eight place tables, (4) the formulas are adaptable to high speed computers, (5) about

the same accuracy is obtained over all lines in all azimuths and latitudes.

EXPANSION TO SECOND ORDER TERMS IN f USING PARAMETRIC LATITUDE

Foriyth [18], gave an expansion of the geodesic to first order in the elliptic modulus

c = (e2 cos'a)/(1 - e2 sin'a) where a is the complement of the parametric latitude of the vertex

of the geodesic. (See pages 118-120 of his treatise). We will follow the Forsyth method and
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ai

DISTANCE COMPUTING FORM, FORSYTH-ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f 2/64 = 0.1795720390 x 10-6

1 radian = 206,264.8062 seconds
0 I II 0 l

8 , Y8 z5.o I,AR, 9 , 7.9 .5' 24.0

02 21 26 06.0 2. _-/___, ____ /z -:0 $5.'
0 1 ~

0r '/(0 + 0 2) ' " AR '6'2 2. Always west of 1. aA=)_k- 78 27 69. 0
Inre A(= ,)$ 5,O. Xm = AA 5 / 4

_________n___ (k .,5622-17

sin m .2 226sn m' sin Am sin AX ____,- __

os m -9&61,96 7- Cos Ao. ~7 /~~ sin A 63X8 2
k = sin Om cos AAm K 260 2/, K =sin A m o "/0  -296 .

H s 2Aqm-sin2 Am= cos2msm - si 2A -m -/. -91959635c 1- Lm,. 2 73

L=sinI+ H nm -37 7 cos d = 1 - 2L - V05

d + /..275. '288S sin d + "9Y0//29 T =d/sin d +/5 7 ,,,

U=2k/(1L' o 2/967/828 V=2K2iL - 6,."7//8k9 E 30 cos d /L25/66.98

X=U+V +.276,8 7,-Z Y=U-V 4.! 6e,.8. D 4(6 +T 2 ) 74&/. $t6126/

A =4T(8+ET/15)4 4 5"' f70?'2 C=T-Y,(A+E)-,__2_',5/Z.. B= -2D 4L'2, ?6ZJ'.
XY(A + CX) IZIf,.l'.T/l". Y(B + EY) f,9 T7 f3 DXY ____________

(TX-3Y)--/ 8" f f = (f/4) (TX-3Y) "': 7? /  "

T+8f - 677 0 S,=asin d(T+ -. meters

S=X(A+CX)+Y(B+EY)+DXY - " ,,-819-.r'7- 8f2 =+(f2 /64)m

T+5f+5f2 -I-/*J 76 355 S2 =a sin d(T+8f+ f2 ) meters

sin(a,+a)=(KsinAX)/L +' 270 /'114 a2 +a, S7S ° ' 445 ,',f7

sin (a2-a)=(k sin AX)/(1-L) "4 "-- /-, 4Z a2-al 14- *15 ,

/(a4a +a7)=-(f/2) H (T+ 1)sin (a2+a,) 6- '78O£</./ a, - 7 I?173g X IO A

'(a 2-8a,)=-(f/2)It(T-1)sin(a2-a,) 8Za27 7rY-f,' " a-I233 0' 292 X/O
/ 0 

0 iII
a, S9 0%/y a 266 4/1

a, 37,./( o 8a2 Al 14ee

a1-2 ,57 I ., ".-. a2-1 Z 4 " .7 1.716
a-2= a, + 8a, a2-1 a2 + aa2

FVgure 21.

. -'V-..
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TABLE 4

Summary of Computations

Approx. True Computed Length True Computed

No. Lat. Az. Length S1(3f) S2(6f2 ) S -S S2 - S Azimuths Azimuths
o o S(Meters) Meters Meters Meters Meters o , o , it

45 26 01.69 00.44 !

1 40 45 80,466.49 67.25 67.02 + 0.76 + 0.53 I224 59 59.997 58.76

90 15 17.48 17.51

2 10 90 160,932.96 32.99 32.96 + 0.03 0.0 270 0 0 00.02

97 52 01.06 01.11

31 70 90 321,865.91 62.98 65.64 -2.93 - 0.27 269 59 59.95 270 00 00.03

45 37 46.11 44.97

4 10 45 482,798.87 94.74 99.23 - 4.13 + 0.36 224 59 59.73 58.63

58 50 31.60 31.30
x-A

5 70 45 643,732.43 27.96 32.44 - 4.47 + 0.01 225 00 00.15 224 59 59.86

91 16 14.93 14.87

6 10 90 804,664.78 65.22 65.10 + 0.44 + 0.32 270 0 0 269 59 59.98

49 52 15.53 14.35

7 40 45 804,664.77 66.62 64.75 + 1.95 - 0.02 224 59 59.99 58.83

89 55 22.83 22.64

8 70 45 1,609,329.06 15.61 29.04 -13.45 - 0.02 224 59 59.96 59.83

119 54 41.26 41.40

9 40 90 4,827,984.25 83.17 85.09 - 1.08 + 0.84 270 00 00.12 269 59 59.61
138 23 42.76 42.39

10 40 45 9,655,969.75 72.49 70.13 + 2.74 + 0.38 225 00 00.28 00.67

159 54 37.21 37.78

11 70 90 9,655,977.15 63.63 77.01 -13.52 - 0.14 270 00 00.02 00.81 2
599, 600, 260 17 09.79 09.78

12 70 95 600,000.00 995.26 000.24 - 4.74 + 0.24 95 0 0 94 59 59.93

900, 900, 50 0 0 49 59 59.20

13 60 50 900,000.00 000.56 000.23 + 0.56 + 0.23 221 03 33.54 32.73

128 33 08.34 09.17

14 25 50 979,251.25 247.67 251.45 - 3.58 + 0.20 305 38 13.25 14.18

35 16 34.25 33.34

15 60 35 1,232,647.21 652.17 647.21 + 4.96 0.0 207 08 33.82 32.91

109 57 17.41 16.86

16 20 70 8,466,621.01 618.26 621.11 - 2.75 + 0.10 265 37 10.59 10.71

15 48 17.67 16.94
17 55 15 10,102,069.06 057.93 069.86 -11.13 + 0.80 190 39 32.21 31.45
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extend the results to second order in c and subsequently to second order in f since c can be

expressed as a series in f.

The quantities needed to achieve the approximation are found in or derived from the results

of Forsyth's work, pages 86, 97-105. We list them here for reference in the development.

ch + -u'sec atan a[I + C(I - 6tana)] Illa
2

u = V + cU + cV lllb

a caio+ cA Cot ao+c213 hild

cn u osu'll - 4c sin u -- sin '(7+ 4 Mo~) le

c = (e 2 cos 2a)/(i - e 2 sina), e 2 = 2f -f
2, e" 4 2

c = 2f cos2a + f2 cos 2a (3 - 4 cos 2a) 11 if

cos0 cnu cos a 1lug

tan 1 D tan u' csc a [I + '/4c + (1/64) C2 (9 -2 sin'v'- 4 tan 2 a)] Ilh

Q2. (- e sin'a)1/2 E(u)
a

u +-~[sin 2u'-(l 2tanau]li

64

si a [sn' sin a,+c o 2 u ( + c 2 ta a, (B 18 ' 2 cta a,) (13llj) 1 '

Cos a Cosa,-c A -C 2 tan a,(B + zA 2 Cotlao) 11k

tan a=tanao [1+cA CSC 2a, +C CSC2 a. (A 2 + Btana,)] 1 lm

sec a =sec aR+ cA +C2 tana, (B +A 2 cot a, + !cot 2ajfl] 111n

csc a =csc a,rI- c Acot' a_C2 cota, IB -A 2
9 cot a,(I+2 Cot 2 a,)U Illo

sin u= si V+ CtV C2 (Cot V1_U1/2)1 hilp

cos u'= cos v'[i - c U tan V- C
2 (V tan V'+ U 2 /2)] lllq

tan u'= tan v'+ c Usec v' +c' sec 'VUtanv~ Iihr

sin 2u'= sin 2v'(1 + 2c U cot 2v') (to first order in c)

tan0'= tannv' csca,1 + tan'v CSC 2 U = sec '0' ills

U = (A cot v'+ (1/8) sin 20), A =-(v'/2) tan a, tan v' lilt

9+ W1'2) sin a,,sec 'a. =A csc 2 a, Cot 4
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In these formulas, a is the complement of the parametric latitude of the vertex of the great %

elliptic arc. To see this, find on page 119 of Forsyth, the expression

sin a = (tan 5o)/[(p sec '0, o- 1) (p'sec 2 950 +

where p = sin2 (0, + 02)/sin 01 sin 02 (112)

p'= cos2  ,( + 0)/sin 0, sin 02 I
Now replace Forsyth's 01 and 0, by 90 - 01, 90 - 02 respectively and his qS0 by AX/2.

Then find:

tan o = tan (AX/2) = (1 - cos AX)/ sin AX

p sec - 1 = [(1 - cos AX)/sinAX] (1 + sec 0, sec 02 - tan 0, tan 0) - 1 (113)

p'sec '100 + 1 = [(1- cos AX)/sin 2 AX] (- 1 + sec 0, sec 0, + tan 01 tan 02) + 1

The values from (113) placed in (112) give

sin a = sin AX/(tan20, + tan 0, - 2 tan 01 tan 02 cos AX + sin 2A,)/2 (114)

Now the right member of (114) is cos 00 where 0, is the parametric latitude of the vertex

of the great elliptic arc [17] . (See also GEODESICS AND PLANE ARCS ON AN OBLATE

SPHEROID, L. E. Ward, American Mathematical Monthly, Aug.-Sept., 1943 page 427).

From ilia, 1l1b, l11c, 11im, llln we have, retaining terms to c2 inclusive:

' = c (a +-- sec a 0 tan ao) (115)

2

+ c2 I +% secao tan aoU+Av/'(1+ csc2ao) + (1/8) v'(1 - 6 tan 2 ao))]

If R, S are the coefficients respectively of c and c2 in (115), then

tan (D = tan 0'+ c sec C 0" R + C2 see C '(S + R2 tan 01 (116)

With the values of R and S from (115) and the values of Q + (v'/2) sec a 0 tan aand U

from llt, cot OS'from hi1s, we can write (116) as

tan (D = tan k'- c A cot v'csc aoseC2 '95 (117)

+ C2 seCc2 
0, '+AV cot V, csc' a)

+ % sn aosec' a[ (1+ cscao)-cot v']

(1/8) sin 2v'+L (1-6 tan 2a.)]

8 a0 )]]
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From 111h, 111o, Ilir we write a second formula for tan (D:

tan (D = tan v'csc ao- cA (csc 2v'+ cot 2ao) tan v'csc a,

+ c 2 tan v" csc a. V sec v" csc v'- B cot a, + (9/64) +(1/32) sinV"
+ A(2- CSC2 V") - (1/16) sec ao (118)

+ A2 (csc 2vI cSC 2ao + cot 4 a, + Y Cot2 ao)j

From lllg, ilie, 111k, i1p, 11q, llt we can write:

cos 0 = cos ao cos v'+ c • 0 (119)
+2 os o o  "  A 2' 4'

+cCOS ao v - cos 2 v'- V tan v'- (5/64) sin 2v- (3/32) sin 'V
4

-B tan a0 - A' (I + % cot 2 ao + % Cot
2 v') /

Now in (119), the coefficient of c was zero as it should be and the coefficient of c2 must

be zero since cos 0 = cos a0 cos v'. Placing the coefficient of c2 in (119) equal to zero find:

A
- B cot a, = A(1 + % cot' a0+'V cot 2 v') cot 2 ao - A cos 2 v' cot'ao

4

+ V tan v'cot2a, + (5/64) sin2v'cot2a 0 + (3/32) sin 4v cot2ao (120)

With the value of - B cot ao from (120) placed in the second order term of (118) and with

some manipulation through the identities Ills, we can write (118) as:

tan (= tan v'csc ao- c A cot v' csc a, seC2 
0,

+ c2 csc ao sec 2.k A1 cot v'(1 + (3/2) cot 2 a,) + V (121)

+ - (sin 2 v'- cot v') + (1/16) sin 2v'

-(3/256) sin 4 v'- (1/32) sin 2v' tan ao

From (117) and (121), since tan 0'= tan v'csc a, from Ills, the coefficients of the terms

in c and c2 must be respeceively equal. Equating the second order terms in (117) and (121) and

solving for V we find:

V= Tp sin a,-, - A cotv'cot 2a, (122)
A

+- [2v'tan 2a(1+ csc2a)- sin 2v'+ cot v'(1 - 2 tan 2ao)]4

sin 2v* 3 sin 4v" tan 2a, sin 2v"
+ -- tan 2 a  (1- 6 tan a  ) -+-

16 16 256 32

From llii, 111b, illm, Illp, lllq, the value of U in terms of A from lIlt, and V from

(122) we may write:
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S P

-= v'+ c [(1/8) sin 2v'- A cot v'- - (1 + 2 tan 2a()] (123)a 4

+ C2  T sin a,-A 2 cot a, cot V +2 (sin 2v'- 2v 1

1+ (1/256) [8 sin 2v'(1 - 3 tan2ao) - sin 4v'] + (3/64) v'(4 tan2 ao - 1)

Referring (123) to the end points of the geodesic arc we have:

(v- v) + c [(1/8) (sin 2v- sin 2v) -A (cot v* - cot v4) - (vQ-v)(+2tan 2ao)]

A 1] (124) V2

+c 2  % A2 cot 2a,, (cot ' cot v')+A [(sin 2v2'- sin 2v') - 2(v - vP)] (124)

+ (1/256) [8 (1 - 3 tan2a,) (sin 2v2 -sin 2v,") - (sin 4v'*- sin 4v4)]

+ (3/64) (4- 4) (4 tan 2 o - 1) V2

Note that the term T sin ao vanishes in (124).

From lilt we have from the expression forA that:

tan "ao
- A (cot v2'- cot vi') = (14-14), (125)

2

A = 4(v,'- 14) tan a,[cot ( P - 4) - csc (4- v) cos (v+ vp)

We list also for reference the identities:
sin 2v'"- sin 2vp'= 2 sin (v "- vt') cos (v*'+ v",(126)

sin 4v P - sin aWt = 2 sin 2(v'"- v P) [ 2 COS'2(v**+ VP) -

Applying (125) and (126) to (124) we obtain:

S= (4v)- 14)-(c/4) [(v- v4)-sin (v2 - v') cos (W4+ v')] (127)

a a c2FA A 1
sin (v- v) cos (v'+ v,) - (- )+ (3/64) (v2- v, )(4 tan ao- 1)

2 2 4(1/16) (1 - 3 tancao) sin (v1- v') cos (v+ v4)

(1/128) sin 2 (- v') [2 cos2(v+ 1)- 1]

Note that the first two terms of (127) are equivalent to Forsyth's equation, page 120 of

his treatise.

Now for the value of c, we find on page 97 of Forsyth, that for approximations involving

f2 (second order in the flattening) a value of a that is accurate up to f inclusive must be

substituted in the first term of c. Hence from 111d, 111f, 111k we have

c = 2f cos 2 ao + 3f 2 cos2a - 4f 2 cos 4 a, (1 + 2A) . (128)

This value of c placed in (127) with the value of A from (125) gives:
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(v'- v')- (f/2) cos'ao [(v'- v) - sin ('- v) cos (v'+14)] (129)
a 2 + 4 )2 Cot (V4-1I C05 2 a0 '/1 v) 2 Cot(v'1)csa4(V _ V, I .,2co ';_ cos'ao,V2 2(; 1[5 co a v o o-  -~w -v,

-/(v- v)2 csc(2- 14) cos 2a, cos(v + 14)

+'(2G- 14)2 csc14- 24) cos'ao cos (vi+ v')

-(1/16) sin 2 (V2- v) cos 'a, cos 2(v1+ v4)

+(1/16) (W4- v) cos'ao + (1/32) sin 2(v'- vi,') cos 4ca

Now in (129) let a, = 900 - 0,, d, = v',d2 = r4, d = d2 - v'= - and the equation

becomes:

aS d -(f/2) [d sin 20 sin d sin 2
0 os(d, + d2)] (130)

a%

+ f2  '4 d2 cot d sin200 - YAd2 cot d sin 0o

- 4 d2 csc d sin 20 cos (d, + d2)

+'Ad2 cscdsin0 Oo cos(d,+d 2)

- (1/16) sin 2d sin 10" cos 2(d, + d2) + (1/16) d sin'Oo + (1/32) sin 2d sin'0o_

Since 0o is the parametric latitude of the vertex of the Great elliptic arc, we have ( or

may place)

(sin 0, + sin 02) 2  (sin 0, - sin 02)2
X = +=2 sin %00 (131)

1 +cosd 1-cosd

(sin 01 + sin 02) 2  (sin 0, - sin 02)2 2 sin 20 cos (di + d2 )

1 +cosd 1 -cosd

From (131) sin29o0 = X/2, sin 20o cos (d, + d2) = Y/2, and we can write (130) in the form:

S- d - (f/4) (Xd - Y sin d)
a

+ (f2/128) F(16d 2 cot d) X - (16d 2 csc d) Y (132)

+(2d+ sin 2d- 8d 2 cot d) X
2

1+ (8d 2 cscd) XY - (2 sin 2d) Y2

If we factor sin d out of every term of (132), we can write:
S - a sin d [T - (f/4) (TX -Y) + (f 2 /64) (AX + BoY + CoX 2 + DoXY + EoY 2)]

T= d/sin d, E0 
= -2 cos d, Ao = - DoEo, Co - T - !/(A, +Eo), (133)

D,= 4T 2, B, = -2 D,, d is the spherical distance between the points P,(0,,X,) and P 2(02,1A2)

given by some spherical formula as

cos d = sin 4 sin 02 + cos 0, cos 02 cos AX, AA =A 2 - A.
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COMPARISON WITH AN EXISTING EXPANSION

On page 8,GIMRADA Research Note No. 11, E. M. Sodano, April 1963 123] one finds the

following formula:I

=(1 +f+f 2) q! [(f+ f2) inS-(f 2 /2 02 CSC qS1

f +f2  f+E, f2  I
0- - sin q0 cos - qct)(134)

f2  2  f 2

In +- sin (kcos9 S.-ooq-- sin q S s

/f2  f2 I
+ m- 2CSCq +-_ sinb CO - (f'/2) sin 0 cos 9

Now the correspondence bc!,een the parameters as used in (133) and those of Sodano

ar:m(Sodano) = X/2, a(Sodano) = /(Y + X cos d) (k(Sodano) =d, b,,(Sodano) = a(1 - 0 (135)

(a is equatorial radius, f the flattening).

asIf we substitute from (135) into (134) , retaining terms to f2 inclusive, we can write (134)

S
-=d - 4f/4) M~ - Y sin d)

a

+ Wf/128) (16d 2 cot d) X - (16d 2 csc d) Y ](136)r+ (2d + sin 2d -8d 2 Cot d) X1

L+ (8d 2 csc d) XY - (2 sin 2d) y2j

Now comparing (132) and (136) find that the equations are identical which gives an

independent check of Sodano's inverse formula.

COMPUTING FORM IN TERMS OF PARAMETRIC LATITUDE

Given on the reference ellipsoid the pointsp P\ 1 )0, X,) P2 (0 2 ,1 X 1); P2 n;est of P,, west

longitudes considered positive. (Geodetic latitudes are converted to parametric by tan 0=(1-f0.

tan (k or an equivalent formula). Formulas (133) may be used as follows:

With Omn = Y/2(01 + 02), AOm = Y/2(02 - 01), AX 2 1 AXm M =

2

let k =sin OM COS Aomy K = sin AC S cos

H CO co 2 A6m _ sin 2 OM =cos 2 OM _Sin 2 AOM'

L sinA In+ H sinAXm =sin'd/2, I -L COS2 d/2,
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cos d = 1 - 2L, h - sin2d = 4L(1 - L), U - 2k 2/(1 - L),

V=2K2/L,X= U+V, Y-U-V

T - (d/sin d) - 1 + (1/6)h + (3/40)h2 + (5/112)h3 + (35/1152)h4 + (63/2816)h5 + ....

Eo= -2 cos d, Ao=-DoE,, - 4EoT , Do = 4T 2, Bo - - 2Do, Co = T- %(A, + E,) (137)

S = a sin d [T - (f/4) (TX - Y) + (f2/64) (AoX + BY +C0 X2 +DXY +EoY 2)]

sin (a2 + a±) = (K sin A)/L, sin (a2 - a1) = (k sin A,.)/(1 - L)

(a2 + 8a1) = - (f/ 2) TH sin (a, + a2)

(a- a) = - (f/2) TH sin (a2 - a,)

a,-2 = a, + 8at, a2- 1 = a2 + a2.

The azimuth formulas of (137) are obtained by manipulation of expressions given on pages

126-128 of THE DISTANCE BETWEEN TWO WIDELY SEPARATED POINTS ON THE SURFACE

OF THE EARTH, W. D. Lambert, Journal of the Washington Academy of Sciences, Vol. 32, No. 5,

May 15, 1942, [13]. Note that in the distance and azimuth fornulas of (137), the same quantities

H, T, L, k, K are used. C. ,

Figure 22 in an example of the arrangements of equations (137) and computations for

comparison with those of Figure 21, page 80. The results are:

True distance Geodetic Latitude Parametric Latitude
meters Fig. 21 Fig. 22

Sf2  5f f2

8,466,621.01 618.26 621.11. 622.30 621.08

True Azimuths

1090 57 17141 16"186 16' 68

2650 37 10' 59 10'.71 11'! 37

As was to be expected both approximations are adequate within any operational requirements.

The coefficients Ao, B0, Co, Do, E0 of the parametric latitude form, Figure 22, are slightly less

complicated than those of the geodetic form, Figure 21. But no conversion to parametric latitudes

needs to be made for Figure 21. For purely geodetic computations further investigation needs to

be made aiad it is suggested that computations be made using both forms against the computed

lines contained in the revised issues of ACIC Reports 59 and 80, Sept. 1960 and December 1959.[12]
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DISTANCE COMPUTING FORM, FORSYTH-ANDOYER-LAMBERT

TYPE APPROXIMATION WITH SECOND ORDER TERMS -:

tan 0 = 0.996609925 tan q,

Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2 /64 = 0.1795720390 x 10-6

1 radian = 206,264.8062 seconds

0 III 0 1 II

0 8 58 25.0 1. PANAMA At 74 34 24.0

02 21 26 06.0 2. HAWAII 2  158 01 33.0
0 m -2 (0, + 02) 15' 09' 22.644 2. Always west of 1. A'\= ,\2 - \ 780 27' 0910

Am= 12 (02 - 0) 6 12 45.386 0, 80 56' 37'!258 Axm='AAk 39 13 34.5

02 21 22 08 .029

sin 0m + 0.26145290 sinA0m + 0.10821810 sin A, + 0.97975909

cos 0m + 0.96521623 cos AOm + 0.99412718 sin Am + 0.63238428

k = sin 0m cos AOm + 0.25991743 K = sin AOm cos 0m  + 0.10445387

H = cosAOm - sin'0m = coS20M - sin2AOm + 0.91993122 1 - L + 0.62039926

L = sin2Am + H sin2AXm + 0.37960074 cos d = 1 - 2L + 0.24079852

d + 1.3276078324 sin d + 0.97057512 T = d/sin d + 1.367856856

U = 2k 2/(1 - L) + 0.2177857865 V = 2K 2/L + 0.0574846667 E = - 2 cos d - 0.48159704

X = U + V + 0.2752704532 Y = U - V + 0.1603011198 D= 4T 2  + 7.484129512

A =-DE - 4ET2 + 3.604334620 C = T - (A+ E) - 0.19351193 B = - 2D - 14.968259024

X(A + CX) + 0.977503686 Y (B + EY) - 2.411804017 DXY + 0.330245911

(TX - Y) + 0.216229457 Sf = - (f/4) (TX - Y) - 1.83259 x 10'

T + 8f + 1.367673597 S, = a sin d (T + Sf) 8,466,622.30 meters

= X(A + CX) + Y(B + EY) + DXY - 1.10405442 &f
2 

_ + (f2/64) 1 - 1.9826 x 10-7

T + af + 8f2 + 1.367673399 S2 - a sin d (T + 6f + 8f') 8,466,621.08 meters
0 | I

sin (a 2 + al) = (K sin A)/L + 0.26959808 a, + a 2  375 38 25.266

sin (a2 - a,) = (k sin AX) (1 - L) + 0.41047190 a 2 - a, 155 45 55.864

A(Sa, + 8a2) = - (f/2) H T sin (a2 + a,) - 5.75032185 x 10-4 8a, + 0.300473136 x 10- '

i( 5a2 - a)= - (f/2) HT sin (a2 - a1) - 8.75505321 X 10-4 8a2 - 1.450537506 x 10- 3

0 0 I I |1

al 109 56 14.701 a2  265 42 10.565

8a, + 1 01.977 Sa2  - 4 59.195

a1.-2  109 57 16.678 a2. 1  265 37 11.370

a1.- 2 = a, + a, a 2 -1 = a2 + 8a2

Figure 22
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TRANSFORMATION FROM SECOND ORDER FORM IN GEODETIC LATITUDE

TO SECOND ORDER IN PARAMETRIC'I

In terms of geodetic latitude, the equations corresponding to (132) are:

s=d'"- (f/4) (Xd ".- 3Y'sin d')
a

+ (f
2
/128) (AX'+ BY'+ CX + DX'Y'+ EY" 2 )

A = 64d'+ 16d' 2 cot d', B =-96 sin d'- 16d' csc d', (138)

C = - 30d'- 15 sin 2d'- 8d' 2 cot d',

D = 48 sin d'+ 8d" csc d', E = 30 sin 2d'

(See Equation (109), page 78.

Equation (132) is written here in the form:

s d - (f/4) (Xd - Y sin d) (139)

+ (fW/128) (AoX + BoY + CoX2 + DXY + E OY2 )

A, = 16d2 cot d, B, = - 16d2 csc d, C, = 2d + sin 2d - 8d2 cot d,

Do - 8d 2 csc d, E, = - 2 sin 2d

Now we should be able to find transformation equations of the form:

d'= d'(d, X, Y), X'= X'(X, Y, d), Y'= Y'(Y, X, d) (140)

which when substituted in (138) should produce equations (139).

The definitions of X , Y 'and X, Y are:

X'= 2 sin'0q, X = 2 sin20o (141)

Y'= 2 sin 20o cos (d'+ d'), Y = 2 sin 200 cos (d, + d2)

where 950, 0, are respectively geodetic, parametric latitude of the vertex of the great

elliptic arc. From the equation tan 0 = (1 - f) tan q5, or equivalent, we find:

qSo=o + f sin ( cos 00(1+ f cos 20o). (142)

From the values indicated by Forsyth on page 120, of his treatise, to first order in f,

extending the results to second order in f we find:

d'= d - (f/2) Y sin d + (W/16) [4Y (X - 3) sin d + (2Y2  X2) sin 2d] (143)

and to first order in f,
, ( d.-:

cos (d+ d2)=cos(dt±d2 )+f cosd sin2 0, - f cos d sin 0 cos(d, + d2). (144)

From (142), to first order in f, find

2 sin 20o 2 sin 200 (1 + 2f cos 20,). (145)
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From (143), to first order in f, find

sin d'= sin d - (f/4) Y sin 2d (146)

From (141), (144), and (145) find

X= X + 2fX - fX2
(147)

Y'= Y + 2fY -fXY + (U/2) (X2 -Y 2) cos d.

Hence the transformations (140) are from (143), (146), and (147) the following:

d'= d - (f/2) Y sin d + ( 2/16) [4Y (X - 3) sin d + (2Y2 -X 2) sin 2d]

sin d'= sin d - (f/4) Y sin 2d

X'= X + 2fX - fX2  (148)

y = d'+ 2Y - fXY + (f/2) (X' - Y') co s d

Substution of the relations (148) into (138) produces equations (139; providing a second

check of Sodano's formula for the inverse solution

The inverse of the transformations (148) which will carry (139) into (138) are:
d = d'+ (f/2) Y'sin d' + Wf/16) [4Y'(X'-I1) sin d'+ (2Y" - X ") sin 2d,*]

sin d = sin d'+ (f/4) Y'sin 2d'

X = X '- 2fX'+ fX "2  (149)

Y = Y'- 2fY'+ fX'Y'+ (f/2) (y, 2 _ X 2) cos d.

DIFFERENCE FORMULAE FOR THE TWO SECOND ORDER FORMS

From equation (142) to second order in f, find

2 sin 20 - 2 sin 200 (1 + 2f - 2f sin 200 + 3f2 - 7f2 sin 2 00 + 4f" sin "0.), (150)
and extending (144) to second order in f

cos (dC"+ d2 ) = cos (d, + d2) + f sin 20, cos d sin 2 (d1 + d,) (151)

(f2/2) sin 20" sin 2(d, + d2) sin 200 cos (d, + d2)

+sin 200 cos d - (3/2) cos d

+(3/2) sin 200 cos 2d cos (d, + d2 )

From equations (148), by factoring sin d out of every term of the expression for d', we

can write:

d'= sin d IT - (f/2) Y + (fW/8) [2Y(X-3) + (2Y2 
- X2) cos d~l (152)

Since we can write X'= 2 sin , X = 2 sin 200, Y'= 2 sin 20 cos (d"+ d'),

Y - 2 sin 00 cos (d, + d2) we have from (150) and then combining (150) and (151)

(multiplying respective members together)

9
91



X'=X[1 +f-2-X)1+ (f/2) (3-2X)1] (153)

Y'= Y [1 + f(2 - X)] + (f/2) (X" - Y2) cos d (154)

+ (f2/8) [4Y (2 - X) (3 - 2X)

+ (X 2 Y2) I(11 - 5X) cos d + Y (1 - 3 cos 2d)

From Figure 22 we have

X = 0.2752704532, Y = 0.1603011198,

sin d = 0.97057512, cos d = 0.24079852, (155)

T = 1.367856856, f = 0.0033900753,

f/2 = 0.00169503765, f2/8 = 1.436576317 x 10- 6

Using the values from (155) to compute d I X , Y"from (152), (153), (154) find:

d'= (0.97057512) (1.367856856 - 2.717164 x 10-4 - 1.2634 x 10"6)

= (0.97057512) (1.367583876) = 1.327342885; (156)

X'= (0.2752704532) (1.005871239) = 0.27688663;

Y'= 0.160301120 + 9.37275 x 10- 4 2.0440 x 10- s + 4.068 x 10- 6" 0.16126290.

From Figure 21, d'= 1.327342885, X'= 0.27688668, Y'= 0.16126298 and comparing

with the values from (156), we have a "flat" check for d', 5 in the eighth place for X'and

8 in the eighth place for Y . Now the first significant figure of f2 is 1 in the 5th decimal

place and of P is 4 in the 8th decimal place. If seven place tables are used, terms in f2

are sufficient. If eight figure tables are used, as Peters trigonometric functions, there is

some uncertainty in the 8th place of decimals.

Now the corresponding formulas for d, X, Y in the terms of d' X, Y'are found similarly

to be, to second order terms in f inclusive;

d = sin d' IT '+ (f/2) Y'+ (£/8) [2 Y'(X'- 1) + (2Y "2 
- X 2) cos d'

X =X'[1 + f (X'- 2) 1 + (f/2) (2X'- 1)11 (157)

Y Y'[1 - f (2 - X")1 - (/2) (X' 2 
- Y' 2) cos d

+ (2/8) 4Y'(2- X') (1 - 2X') 1
"+ (X"  Y")1(5 -3X') 2 cos d'+ Y'(1 - 3 COS 2"d')} 1,

From Figure 21 we have

X '= 0.276886675, Y'= 0.161262981, (158)

sin d'= 0.97051129, cos d'= 0.24105566

T'= 1.367673822.

With the values of X', Y', sin d', cos d', T'from (158) and of f, f/2, f2/8 from (155)
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we find from (157) that

d = (0.97051129) (1.367673822 + 2.73347 x 1O" -3.44 x lO-)

d = (0.97051129) (1.36794682) = 1.327607833

X = (0.276886675) (0.994162934) = 0.27527047 (159)

Y = 0.161262981 - 9.42015 x 10-4 - 2.0700 x 10-s + 8.68 x 10 -
7 - 0.16030113.

From(155). X = 0.27527045, Y = 0.16030112, and from Figure 22, d = 1.327607832.

Comparing with (159) we have a difference in d of I in the 9th decimal place; in X and Y

of 2 and 1 in the 8th decimal place respectively, which is within the computational

uncertainties.

From (152), (153), (154), and (157) we can express the differences as functions of either

set of variables:

Ad = d'- d = - (f/2) Y sin d + (W/16) [4Y (X - 3) sin d + (2Y2 - X2) sin 2d],

(f/2) Y'sin d'- (f2/16) [4Y'(X'- 1) sin d'+ (2Y ,2 X, 2 ) sin 2d'];

AX = X'- X = fX(2 - X) 11 + (f/2) (3 - 2V,

= fX'(2 - X') - (f/2) (1 - 2X') 1; (160)

AY =Y'- Y = fY (2 -X) + (f/2) (X -Y)cos d

+(f2/8) 4Y(2-X)(3-2X)
+ (X2-y2) {R11 -5X) cos d+Y (1 -3 cos 2d),

= fY'(2- X') + (U/2) (X'2 - Y' 2 ) cos d'

(f2/8) F4Y (2 - X') (1 - 2X')
/+ (X12 _ y 11) 12(5_- 3X') cos d'+ Y'(1 - 3 cOs2 d')]l

SUMMARY OF DISTANCE COMPUTATIONS INVESTIGATION

As long as accuracy requirements remain within the range of the capabilities of the

Andoyer-Lambert formulae, as exhibited in TABLE 3, they are quite adequate and it makes

no difference if geographic latitudes are transformed to parametric latitudes first as far as

accuracy requirements are concerned relative to hyperbolic electronic measuring systems.

However, the formulae for geodetic azimuths are slightly more complicated in terms of

geodetic latitude and some of the auxiliary quantities as chord length, dip of the chord, etc.

are slightly less difficult to compute when expressed in terms of parametric lacitude.

In order to arrange the computing in conformance with the Andoyer-Lambert formulae,

equations (17), (48), (52), 56)), and (64) have been rearranged as follows to be expressible

in common computational parameters:
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The spherical length, d, is determined from formulae as given with Figure 16,

(d = -d 2 );

cot A = (cos 0, tan 02 - sin 0, cos AX\)/sin AX

cot B = (cos 02 tan 01 - sin 02 cos AX)/sin AX

sin d = cos 01 sin AX /sin B = cos02 sinAXL/sin A;

these will compensate for any unfavorable triangle geometry.

The Andoyer-Lambert Formulae are taken in the form [13]

8dr = - (f/8) (VQ/sin2 'd + UR 2/cos 2 %d)

(1) s=a(dr +8dr), Q=sin 0 -sin 4, R=sin 0,+sin 02.

V =dr+sind, U=dr-sind,

With corresponding geodetic azimuths computed from

T = (f/2) d"/sin d, 8A"= T cos 202 sin 2B,

(2) 8B"= T cos 20, sin 2A; gaAB = 180' - A + 8A; gaBA = 1800+ B - 8B

The Normal Section Azimuths may be written

(3) cotnaAB =- (cot A)/T, + (e2 Q cos 0,)/(sin AX)TI cos 02

CotnaBA = (cot B/T 2 + (e2 Q cos 0,)/(sin AX)T 2 cos 01

T, = ( -e2 cos'O,)12 T, = (1 -e2 cos20 2 )/2

The chord length becomes

(4) c - a (4 sin 2d/2 - e2Q2)1/2

The angle of dip of the chord may be written

(5) 3 = arc sin [2b (sin 2d/2)/cT 1]

b = semiminor axis of ellipsoid, c = chord length, T, = (1 -e 2 cos 201 )1/2

The maximum separation of chord and arc becomes

(6) H = (a2/C) (1 - cos 'Ad) [4 sin 2d/2 (cos 2d/2 - M) - e2Q2]1/2/cos 'Ad

a - the semimajor axis of ellipsoid, c - chord length, M = e 2 sin 0, sin 02,

Q - sin 0, - sin 01, e = eccentricity of the spheroid.

The geographic coordinates of the point where maximum separation of chord and arc occurs

(7) tan A = (cos 02 sin AX)/(cos 01 + cos 02 cos AX)

tan 0 = R/(0.996609925) / 4 cos 2 Ad - R'

where R = sin 0, + sin 02.

Figure 23, shows the above formulae arranged in a computing form and the computations done

over the line MOSCOW TO CAPE OF GOOD HOPE. See line No. 12, TABLE 1, and Figure 17.
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Note in Figure 23 that two values of longitude are given, X and A g. A is the longitude

associated with the point where maximum separation of chord and arc occurs but corresponding

to the rectangular coordinate system as defined in say Figure 14. Ag is the true geodetic
longitude of the same point and is of course obtained by adding X to X, since X, is negative.

While a continuous system based on either the great elliptic section as depicted by Figure

17, or the Forsyth-Andoyer-Lambert approximation, Figure 23, will provide all the information

as indicated and accurate enough for hyperbolic electronic systems and any present operational

requirements, the Forsyth-Andoyer-Lambert is probably to be preferred because of computational

simplicity and existence of programs already operating for high speed computers. Should the

need arise for accuracy of the order of 1 meter in distance and 1 second inazimuth over the

ellipsoid, the extension to second order terms in the flattening provided by equations (110) or

(137), will suffice.

Many formulae are available for geodetic lines and differential corrections are available for

transforming elements such as geodetic azimuths to normal section azimuths, etc. [24]. Usually

these are complicated, involve tabular material for a particular spheroid of reference, require

extensive root computation, and accuracy depends on line length. For instance, Bomford says

Rudoe's formulae for the reverse problem, are "Unnecessarily complex for general use," [21],

page 108. Also they give "Normal Section" distances - not geodetic. The difference between

the geodesic and the Normal Section distance is of 4th order in the eccentricity of the meridian

ellipse [24].

Finally this investigation has raised the question as to whether either Andoyer or Lambert

should share any credit for the first order approximation formula in terms of parametric latitude

recognizable intact in Forsyth's 1895 paper. While Forsyth had an erroneous second order term

to the same expansion in terms of geodetic latitude, his first order term was correct and he thus

had both so-called Andoyer-Lambert formulae. Gougenheim apparently had in 1950 the first

correct expansion in print in terms of geodetic latitude which included the second order terms in

the flattening.
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APPENDIX 1

Example of

Computations of Loran Lines

of Position (Plane Approximation)
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Intersections of Loran Lines of Position

(Plane Approximation)

P. D. Thomas, Mathematician

Consider the hyperbolic system as shown in Figure24. The hyperbolic locus with foci F, F'
has for equation

c( c' - a )  k' -  ay ' -a ' (c' - a ), (e " - > 1 1 .
a

As a varies (a < c) all the hyperbolas with the fixed foci F, F '(which are 2c apart) are I
generated.

The hyperboiic locus with the fixed foci F, F"when referred to the same coordinate system

as (1), has for equation

Ax' + Bxy + Cy2 + Dx + Ey + F - 0, (e - d/b> 1). (2)

where one may first compute r = b - d2, I = d cos a, v = d sin a, S = r- c L, and then

A = I 2 - b2, B = 2tv, C = v 2 - b2, D = 2(rL- c A), E = 2Sv, F = S2 - b2c2 .

As b varies (b < d) all the hyperbolas with the fixed foci F, F " (which are 2d apart) are

generated.

The respective pairs of constants c, a; d, b for each hyperbola are related to the fundamental

constants of a Loran line by

c = kB,/2, a - kV,/2; d - kB 2/2, b - kV,/2 (2.1)

where v i = ti , ti is the time difference, vi is the difference of light microseconds, Bi is the

length (measured in light microseconds) of the direct line (baseline) between two Loran stations.

k is the length of a light microsecond in the linear units in which x and y are expressed. 1

Since five distinct points determine a conic uniquely, two conics can have at most four

points in common. For the hyperbolas (1) and (2) there will always be four real points of

intersection except when F", F, F "are collinear (a = 0) and then there will be two.

ALGEBRAIC SOLUTIONS

I. If equations (1) and (2) are solved simultaneously for x one obtains the quartic equation

x4 + Hx' + Jx 2 + Mx + N 0 (3)

where one may first compute G - c2 - a2, o = CG + Aa 2, co = F - CG, 8 = BEG,

y = a2B2 -ELz- G B2a2, and then H - 2a 2 (Do, - 8)/L, J = a2 (a D2+ 2po) o + Gy)/L,

'Loran; Pierce, McKenzie, Woodward; McGraw Hill, 1948, pages 52, 53, 174.
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M = 2a4(Dw + 8)/L, N = a'(W2 + GE)/L. The corresponding values of y are then given by
y - _. [G(x 2 

- a2)]112/a.

Equation (3) may be solved by the standard algebraic method2 or by any of a number of

numerical techniques.'

H. Again, if equations (1) and (2) are written in the forms x' - Qy2 - a2, x' + Uxy + Vy2

+ Wx + Ry + T " 0, where Q - a/(c2 - a2), U - B/A, V - C/A, W - D/A, R - E/A, T - F/A

and these forms of the equations solved simultaneously with the line of slope m through the

common focus F(c,o) whose equation is y - m(x - c), one obtains the two equations:

(Qm2 - 1) x2 - 2cQm2x + (a' + c2Qm') 0 0, (4)

(1 + Um+Vm2 ) x2 + [W+(R-cU)m-2cVm'] x + (c2Vm2 - cRm + T) - 0.

The resultant of the quadratic equations (4) is the condition that they have the same

solutions or correspondingly that the parameter m will be restricted to those values for the

points common to the hyperbolas (1) and (2). 4

The resultant of the quadratics ax 2 + alx + a, - 0, box' + btx + b2 = 0 is given by

(ab, - boa )2 + (bla2 - alb2 ) (aobt - alb0 ) - 0. (5)

From (4) ao - Qm2 
- 1, a, - -2cQm 2 , a2 - a2 + c2Qm2 , b, - 1 +Um +Vm 2 ,

b, = [W + (R - cU) m - 2cVm9, b2 = c2 Vm2 - cRm + T, and these values placed in (5) lead

to the quartic equation

k1m' + k2m
3 + k m2 + k4 m + k, " 0, (6)

where with G = c2 -a =, l=(a +c2 ) V 40 (c2 -T),0o - R + cU =c2 +cW+T,

-q = R - cU, =aU - cR, p = a - T, p'= a + T one finds: k, - (GV + -Q)2 -a0o=,

k2 - 2 [ 6 + 21 caV + a RQ. (W + 2c) + c2QU(cW + 2T)], k, "2 - ai 2 + 2p'fl + W[4a'cV +

2cpQ - a2 W], k4 - 2(p' - a2Wq), k, _ p' 2 - a2W2.

Again the solutions of (6) may be found by well known algebraic or numerical methods.

The values of m obtained are of course the slopes of the lines through F(c,o) and the points

of intersection of the hyperbolas (1) and (2).

2 College Algebra, H. B. Fine, Page 486.

3Numerical Mathematical Analysis, J. B. Scarborough, Second Edition, 1950, Pages 62-72.
(The Johns Hopkins Press, Baltimore)

'College Algebra, H. B. Fine, Page 512.
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POLAR SOLUTION

The following procedure involves tables of the trigonometric functions but no root extraction.

First express the equations of (1) and (2) in polar form both referred to the common focus F(c,o),

and the corresponding rectangular coordinates in terms of the polar parameters. Find for equation

ra  a (c>a) (see equation (3) PLANE, page 37 with R ra, =0)
_ a - c cos 0

x =c + ra cos 0, y =ra sin 0 (7)

and for equation (2)

r (d2 - b) [d cos (0 - a)- b] (d>b)d co (0 - a) - V IN

x =c + rb cos 0, y =rb sin 0 (8)

Since (7) and (8) express the two hyperbolas in polar form with respect to the same pole

F(c,o), a common focus of the two loci, it is clear (see Figure 24) that at a point of intersection

P'(x,y) the two values ra and rb are equal to a common value r'for a common value of 0 and

the distances to P'from F'and F"are then given by r, = r'+ 2a, r2 = r'+ 2b.

Equating the values of ra, rb from (7) and (8) one obtains

c2 - a d2 - b2

r "=
±a-c cos 0 d cos (0 - a) ±b (9)

and since c, d, a are constants, (9) is a relation between the parameters a, b, and 0. That is

given any two of the three the third may be found from (9).

Consider a and b given. First write (9) in the form

d cos (0 - a)c- b d -b-- K, whence+a- c cos 0 c - a=

(d cosa+cK) cos O+(dsina) sin 0= ±aK ±b. (10)

The solution of the trigonometric equation (10) is

Oi = + Yi

tan = (d sin a)/(d cos a + cK) (i = 1,2,3,4)

cos Yi= ( aK ± b) sin //d sin a. (11)

From (11) it is seen that in general there will be four angles (yi), and thus four values
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IIof 0i four values of riffrom (9) and four sets of rectangular coordinates from xi = c+rI'cosO0i ,

Yi = r! sin Oi (i = 1,2,3,4) (12)

and for each point of intersection two of the additional distances

ri = ri ± 2b, ri+ 4 = r! + 2 a (i = 1,2,3,4). (13)

A procedure for using equations (9) through (13) will be described and used for two

examples. Since a,b,c,d,a will be given, first compute K = (d' - b2)/(c2 - a2), I = d cos a,

v = d sin a, tan/3 = v/(IL + cK).

From tan /3, using tables, find /3 and sin /3. Then compute

cos yi= (± aK ± b) sin /3/v (i = 1,2,3,4), and

0 i +/3 Yi (i = 1,2,3,4). Next compute

c2 - a2  d2 - b2

r = = - i = 1,2,3,4
-+ a- cos 0i  d cos (0i-a)±b

choosing the proper value (with respect to sign) of + a, + b in each member which will make

them equal and positive for each value of Oi. Now the rectangular coordinates may be computed

from xi = c + ri'cos Oi, yi = r! sin 0i" Useful checks are provided at this point by the relations

(xi-c)2 +y 2 ri' and by 1 =- H from equation (3). H = 2a2 (Dg3o - 8)/L, /3g CG + Aa2,

a=BEG, L =/3 2 -GB 2a 2, Gc 2  a , A = i2 b B = 2tv, C = v - b, D = 2( - cA),

E = 2Sv, r = b2 - d2, S = r - cp. Finally compute the additional distances ri = ri'± 2b,

ri +4 = ri' ± 2a. (i = 1,2,3,4).

Example 1. Let c =d =2, a= b = 1, a = 45. sin a = cos a = N2/2.

K = (d" b2)/(c 2 - a2) = 1. v = it = 2 (0.70710678) = 1.41421356.

tan /3= v/(t + cK) = (1.41421356)/(3.41421356) = 0.41421356.

/3 = 22c30', sin /3 = 0.38268343.

cos Yi= ( aK ± b) (sin/3/v) = (01 1 ± 1) (0.27059805) " ± (0.54119610), 0.

0 < Yi < 2u.

Yi = 570 14' 05'1666, 900, 1220 45' 541334, 2700

0i =/3 + Yi 0, = 79'44' 05'.666, 02 = 112'30 ' , 0,= 145' 15' 54'334, 0, = 292' 30'

3 3
ri  I = 4 . (Choose the proper value of ±1 in each member which

will make them equal and positive for each value of 0i. If this cannot be done the values of

0i may be in error.) The work may be arranged in table form as follows:
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Table 1.

Oi  0i - 45 sin 0i  cos 0i  cos ( i - 45) ri'

79 44 05. 666 34 44 05.666 0.98399379 0.17820275 0.82179706 4.6613215

112 30 6730 0.92387953 -0.38268343 0.38268343 1.6993635

145 15 54.334 100 15 54.334 0.56978031 -0.82179706 -0.17820275 4.6613215

292 30 247 30 -0.92387953 0.38268343 -0.38268343 12.785918

xi = 2 + ri"cos 0i  Yi = ri'sin i ri = ri'+ 2 ri + 4 ri" -2

2.8306603 4.5867114 r, = 2.6613215 r, = 6.6613215

1.3496817 1.5700072 r2 = 3.6993635 r6 = 3.6993635

-1.8306603 2.6559292 r3 = 6.6613215 r7 - 2.6613215

6.8929590 -11.812648 r, - 14.785918 r, - 14.785918

Checks were computed but are not shown here. Figure 25 shows the results ot Table 1 graphically.

Example 2. Letc=3, a=d=2, b=1, a=30. sina=,cosa==/37 /2

K = 0.6, tan ' = 1/(v/- + 1.8) = 1/(3.5320508) 0.28312164, v = 1, IL = N/3-
_+1.2 ±_ 1) (.4884

= 15' 48' 28'!676. sin 0.27241402, cos - 2 (0.54482804)

cos Yi± (1.1) (0.54482804), ± (0.1) (0.54482804)

cos yi - 0.59931084, ± 0.054482804

Yi = 53' 10' 46'000, 860 52' 361550, 1260 49' 14'"000, 2730 07' 23'450

Oi = + Yi, 0, = 680 59' 14'676, 02 = 1020 41' 05'!226, 02 = 1420 37' 42'!676

5 3
0, - 2880 55' 52"126. r! - . The work is arranged in the

+ 2- 3 cos 0i  
2 cos (Oi- 30)± 1

following table:
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Table 2

i  0i - 30 sin Oi cos Oi cos (Oi -39) ri"

68 59 14.676 38 59 14.676 0.93350166 0.35857308 0.77728423 5.40961166

102 41 05.226 72 41 05.226 0.97559289 -0.21958714 0.29762840 1.88057496

142 37 42.676 112 37 42.676 0.60698032 -0.79471687 -0.38475484 13.015729

288 55 52.126 258 55 52.126 -0.94590914 0.32443167 -0.19198850 4.86994806

xi=3+ r cosO r'sis Oi  ri =r.2 ri+4 ri 4 tanO i

4.93974111 5.04988146 r, = 3.40961166 r. 9.40961161 2.60337906 O

2.58704992 1.83467556 r2 = 3.88057496 r= 5.88057496 - 4.4428508

- 7.34381941 7.90029135 r3 = 15.015729 r.= 9.015729 - 0.76376927

4.57996538 - 4.60652838 r4 = 6.86994806 r, = 8.86994806 - 2.91558822

Checks of the computations of Table 2 were made as follows:

1. Using (xi -3)2 + yi2 ri2 and values from Table 2:

(xi -3) 2  2  (xi - 3)2 + yi
2  ri2

3.762 59557 25.501 30276 29.263 89833 29.263 89831

0.170 52777 3.366 03441 3.536 56218 3.536 56218

106.994 59999 26.414 60341 169.409 20340 169.409 20140

2.496 29060 21.220 10372 23.716 39432 23.716 39410

2. From the formulas of (2) and (3) find A = 2, B = 2/3, C = 0, D = - 6(X/- + 2), E = -6(\/+ 1),

F=9(23+ 3), 8= BEG = 60 (X3 + 3),3o=a2A + CG =8, L = 2 a2 GB2 "1x 2

H - - 2' [- 48 (/T+ 2) + 60 (\'3"+ 3)] /11 x2', = 7 (2/11) [26.1961524] = - 4.76293680.

From Table 2, Ixi = 4.76293700 = - H = 4.76293680. Again computing N from equations (3),

find N = - 429.826515. From Table 2 find U1 x. - 429.826494 and IIxi N.

3. From equation (6), compute the quantities:

U = B/A = \, V = C/A = 0, W = D/A = -3 (\3+ 2), R = E/A = -(3 + 1), T = F/A

=9 (2/3 + 3)/2, =c 2 + cW+ T = 9/2, Oo = R + cU =-3, p'= a2 + T = (183 + 35),

Q = a2/(c2 - a2) - 4/5, k, - (GV + -Q)2 
- a20o2 . - 2632/52, ks p -2 

- a2W2 +(1189+684\/)/22.

Now from equation (6), 11m i _- l tan 0i = k,/k - 52 (1189 + 684 1/3)/2832 = - 25.756540.

Now forming Hl tan Oi from the values in Table 2, find

1I tan 0i = - 25.756539. i\'
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Figure (26) depicts the solution graphically.

SUMMARY REMARKS (Plane Approximation)

While the formulas (9) through (13) are convenient for hand computing, since no root

extraction is involved, the use of trigonometric tables may make it unsuitable for larger machine

coding and computation, and it may be better to use the algebraic solution, equation (3). If the

algebraic solution is to be used, the number of significant figures to be retained in the co-

efficients of the resulting quartic, equation (3), will have to be considered relative to the

number of significant figures required in the rectangular coordinates of the intersections points.

If solutions only above the base line, F' F", are desired (see Figure 24), then in the
trigonometric solution, equations (9) - (13), 0 should be limited to 17 > 0 > a.f

Note that the parameters a and b of the two families of confocal hyperbolas are related to

the fundamental constants of a Loran line by the relations (2.1).

1I
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F'(-2,o) Fj (2,o)

I'

Figure 25. Intersection of plane hyperbolas. Example 1.
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APPENDIX 2

Computations

Using Andoyer-Lambert

First Order Formulae Without Conversion

to Parametric Latitude
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION

(No conversion to parametric latitudes)

Clarke Spheroid 1866 a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825
1 radian = 206,264.8062 seconds

01 46 .__ __ __ -TT~ 1. /17 43-zao
0 0I II

~40 00 1io.eoo 2. /m,'~ix 8 0'0 o0000

sin 0, • -49. S723 2. West of 1. AX=A'- ?L,= 4 /0

A Cos 9,4? 7(07 sin 0,725 sin AX 0/1/632
tan 9, cos 5q73 cos AA fJ.
tan 9." 3 cos d=sin 5, sin4, + cos 5, cos 95,cos AX

M=cos45,tan 4i-sinq5,cosAX sinl.-''00 4 cot A = M 04 7'
sin AX

N = cos42 tan(, -sin02 cosAX 74 187 Z cotB= *N 0/ 5? 4 (582
sin AX

sin d= cos 0,sinAX h.oi2(22eI sin A " 2/c,44o A /34 4o 46. V2/v
sin B

cos 9Osin AX £,24/B B 71-T498 14 ;F J i1K97'
- sin A _____ 

Brz/si

K = (sin 0,- sin 0,) H = (d + 3 sin d)/(1 -cos d) 65o 74 f?

L = (sin 0, +sin O)" /. 670;3 Z7.5 G = (d - 3 sin d)/(l+cos d) -. /Z6 ,4. 8

ad =-(f/4) (HK+GL) s =-a (d + ad) 80, 40 "893meters

d (radians) - s A1-' W89 n.m.

d + ad (rad) T=d/sin d
0 | I0

2A___26__7_2/___3_,__2 2B 99 -6 2. 994
sin 2A -- ____,__4 sin 2B 9V9,2/6

U = (f/2) cos2O, sin 2A -______________V - (f,2) cos '0 sin 2B* "" 9 4 d&////'/0 " f
VT "'-'10471-2656 /-0-4 UT -. 9 797a 146 x /0
6A =VT -U '14 5015,;ft"4 &B=- UT +V . '/7-2

8 A 4:7, 24Y +81 -B047z

-A 40 B -3

+180 0+ 180AlOA8  '0' 1 2

a1 -2 44 ca,

a-2 a AB- 180' - A + SA a,-, = BA= 1800+ B + 5B

Line No. 1 (See Tables 1,2 - pages 65,66)
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION
(No conversion to parametric latitudes)

Clarke Spheroid 1866 a = 6,378,206.4 meters
f/2 = 0.00169503765, f/4 = 0.000847518825

1 radian = 206,264.8062 seconds 0

0 I., x ' .

(A, _ oo 0o4*a 2. e dA, /'2O0o 2

sin 01  -7 2. Westof 1. AX=- -)t= / At= '/'3

Cos 6' 92//8 4"6 sin 62 "/93 9' r/f sin AX , ,

tan _______ COS 2 ' ~cos AA - 99 4 71f

tan ,, /22. 97' cos d=sin OtsinO 2+cos 01cos 2cos AX V '9 6 09/1;

M cos0,tan962-sin 6, cosAX cot A = M,",N -e-
sin AB

N =cos 62 tan 0, -sin 02 cosAX " O " 000 sOO ~ co B -' K, T a

sin d=Cos 6 sinAX 1''Ir~ /sin A "  7 0 9  A ' /W ;" '"7

sin BB

CO 02Sil B B
sin AK=(sin 01- sin 0, )2 -H/=d(d +3 sin d)/(1 -cos d)"/ ' " 'vr

L = (sin S, +sin 2 )2  . .. /.. G = (d - 3 sin d)/(+cos d)-

Bd -- (Y/4) (HK+GL "3"4"/ ) -' s = a (d + 8d) "4- 3? eters

d(radians) " s --" ' n.m.

d+8d (rad) - /d.3..- T =d/sind '
0 I I0

2A /7? 1 2B____________

sin 2A 7t, l " " sin 2B ' . 9 7

U = /2) cos 2 sin 2A V = (f/2) cos 2 sin 2B

VT '? f UT '414 ) /
_A=_VT_-_U 8_" B = -UT +V _____________

-A -:79 +B 9-0 40e2 el &et

+180 0 ,, +180 0

ai-2 go 6 a2 -1 -2 90

a1- 2 = aAB = 1800 - A + BA a2-1 = aBA= 1800+ B + 8B

Line No. 2 (See Tables 1,2 - pages 65,66)
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION

(No conversion to parametric latitudes)
Clarke Spheroid 1866 a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825

1 radian = 206,264.8062 seconds

0 ! 0 0 I

k, 27o dO 6 8o 2. .. x, /9_a________o

sin-0 j, " 2,f 9 2. West of 1. \,=2 - = "

Cos_____ sin 95, si A~Xx'~~~9

tan 
"

.k cos , ",_Cos A A

tan 0 *"!?cos d=-sin O1 sin4, 2 + cosO qSCos 0,Cos AX

M=cosS, tan 02-sin0, os AX1-O- O /a1 '-Z44 cotA=M -'1/.
sin AX

N=cos 02 tanq0,-sin0 2 cosAA-' 0'9' 9 O I cotB=s*n -__7VO N
in Ai\

sin d = c Ctsinah '#, 9 " 3 sin A - 0, . A 0 t . '"
sin B

_ Cos ¢2sin A-__-__ s B -'"/ 0 e'drO'c B se' //. dTs/A
sin A S . . ,

K(sin - sin . H= (d+3 sin d)/(1 -Cos d) '' * '

L = (sin q5 +sin0 2 )2. ", G = (d- 3 sin d)/(l+cos d).d "6 ."

8d =-(/4) (HK+G -L) -70 oo ' s = a (d + 8d) -q,/ a' " 77 meters

d (radians) j 04741 1-, ,S-.,2 s / , "7 " / n.m.

d + 8d (rad) -Z  9. T =d/sin d a e "

2A Id 1--Ad 2B re 04

sin2A*'w1 7 / .29/1- sin2B "- 'o /0 9'g"
U = (/2) cos 2

0' sin 2A = Vt/6 , - (f/2) cos 29 sin 2B -" / ' /  , -

VT--/. 2-X/,o- 7  UT -t- /f' /a

8A = VT -U - 'J' / 'f" 8B =-UT +V0 / 0 4.i

4 8A - II- -- / + __B_ __ __ ___ 3
-A - fL a7 -9, 74 B " - io /, ,

+180 0 ,, +180 o
a,2 17a2 -,

a,- 2 aAB = 1800 - A + 8A a2- 1 = aBA= 1800+ B + 3B

Line No. 3 (See Tables 1,2 - pages 65,66)
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COMPUTING FORM, ANDOYER-LAMBERT

(No conversion to parametric latitudes)

Clarke Spheroid, 1866 a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825
1 radian = 206,264.8062 seconds

0 I It 0 ; t

X6 4' 2 /o44 1. Origin AL /4 /9 . 3

$2 / ()6 d -,006 2. Terminus X2 e/ tO 6;'oo
sin , _

7  
_0, _ 2. West of 1. Ax x2 -X1 3 d //'. 7

Cos S sin ___________sin A X _____________

cos 2* d'g7 cos _______4 ____ cosAX .___ _ _2_ _ _
2(b ____A,\___ 97 114

cos "S * cosd=sin61 sin 5+cos bcosS, cosAX

K=(sin 0-sin0 2)
2  d c1/'722

L = (sin 0i + sin A2)" • rS3 76 d (radians) •6 7&5 96/7/
H = (d + 3 sin d)/(-cos d) -_-- ______.. ______sin d &.' "723'

G =(d-3sin d)/(1+cos d) -.. d93Oi'e2 s =a(d+8d) # 7/.7- .' meters

Ud-f(HK+GL)/4 S.2s n.m.

R = sinAX/sin d - 7__________/  T =d/sin d O60 9 /6

sin A=R cosS, ' 7/ 24 / sin B R cos 51 "7a4 7 79'
A /0 S 2o16 B 4;V -4/ -1 6

2A Z62 0~6 Z 27a 2B3 6Y ,..7 Jx~?
sin 2A - . 9 f*T6 - sin 2B -_q_ _ 7974

U = (f/2) cos 2css sin 2A V = (f/2) cos 2 , sin 2B
u(rad) V- - /"(td) "/" 001/6 43

U V

VT "€ "  U / "LIT - OcQ6 cq7c'
o I a0 1 P

BA=VT-U 53//*B =-UT+V " /- -//./-9

aAB= 180 - A +8A -46 .7 "--4 "272 aBA 1800+B+ B224 .6+ B '+813

Line No. 4 (See Tables 1,2 - pages 65,66)
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COMPUTING FORM, ANDOYER-LAMBERT

(No conversion to parametric latitudes)

Clarke Spheroid, 1866 a = 6,378,206.4 meters
f/2 = 0.00169503765, f/4 = 0.000847518825

p1 radian = 206,264.8062 seconds

0 0 0 1

j 73-6 Z.o .: 1. Origin A, 3 4 '/:/

o 70 00 0O,000 2. Terminus 0 /00 00 ,

sin , 7, e' 42 2. West of 1. AA A 2-A /' ' o
COS~~~~~1 _si q5,___sn X______cos 95 - 1g osn€, , n2  77, 1 osin AX .2,

cos (k, .0 7745016 cos d-sinb, sind 2 2+cC, cos,_c_____osAX"_
0 I /

K =(sin 0,-sin 92 )2  d -<Z 4-2

L =(sin ,+ sin q5)' 2./,f%., d (radians)./l d4'46 {

H = (d+3sind)/(l-cosd) " 7  '/79, sin d * /0

G =(d-3sin d)/(l+cos d) -- /'0 1' . 9 s = a(d+8d) 43 --. 7'9 meters

5d=-f(HK + GL)/ Zi- Y) / " s Q7. "Z,,4l n.m.

R sin AX /sin d_________________ T ,d/sin d 4 6. 902

sin 2A -U 86 'V o/0106 sin 2B *- -  €o

U = Uf/2) COS 2(b sin 2A ___ ___________V = (f/2) COS 2 0 sin 2B_ _________

U (rad) V (rad)X ,4

U _ _ _ _ _ _ _ _ _ V _ _ _ _ _ _ _

VT 7i /K /0 UT_ ______

BA =VT -U -6 9 81 B= -UT +V~ /0:7

aAB=180O-A+8A a B A=180' aBA- 80O+B+ 8 B 613 2 6.

Line No. 5 (See Tables 1,2 - pages 65,66)

1
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION
(No conversion to parametric latitudes)

Clarke Spheroid 1866 a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825
1 radian = 206,264.8062 seconds

0 0 1 I!

sin 64' y .92 0 2. West of 1. A4~2 - h= .. 3 /6- ?V
Cosj 1 79 .9' .'4, sin9 2  d/02 7f9/w sin AX - '~ '~

tan , ViCos ;7 Il4l'cos AX -9f e%4

tan 02 " a cos d=sin O1 sinO2 + cos 0 1 cos 0cos At, \ o "'.'/'/'

M=Cos , tan 02 -sin, cosAk , cot A = MI '* /,- '
sin AX

- 400 /~5ON - -",'N = cos 2 tan 1 -sin 2 cosA,\ cot B = ;Tin oAA

sind- cos 0,sinAA sinA r3 ____"__"_A_____________sin B

_cos 0, sin AX /.'.V 'i B " '' B 4,, 2"

sinTAK(sin 0, - sin 02 ) 2" ,// Y'H = (d+3 sin d)/(1 -cos d) ,.'"f '

L=(sinth,+sin02 )2 / f'9' G=(d-3 sind)/(1+cos d)-"

&d =-(f/4) (HK+GL) 2* /7" s a (d + 8d) 8 / 46 t 6 9 '7meters
d (radians) t- / ,"f ",4 s '4'9'/ " n.m.

d +&8d (rad) " t"- T =_d/sin d_____
0 I t0 I

2A 14,7 r6 /, -74 /f 2B '/ 9.$

sin 2A 7% -ar'2-1- 4 0-S_ sin 2B ". 0
U = (f/2) COS295, sin 2A /0 . / V = 4,12) cos '0, sin 2B V. -21/ 'K /0 -

VT- /' 2 X'; 7 UT -- v.1) ,-

SA=VT-U- ,,",". /," 8B=-UT+V -" 4 2 '

+ 5A______ +6B -
-A - 3 ,s" 0 7"7/ .- B -5-- R 7,i1'. B

+ 180 0 +180 0 , ,,

a,-2 = aAB ' 180' - A + 6A a2 -, = aBA= 1800+ B + 5B

Line No. 6 (See Tables 1,2 - pages 65,66)
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION

(No conversion to parametric latitudes)
Clarke Spheroid 1866 a = 6,378,206.4 meters
f/2 = 0.00169503765, f/4 = 0.000847518825

1 radian = 206,264.8062 seconds

0 1 0
e- , 0&f' ago c2

sin -9 7, " 2. West of 1. AX=- 2 A = 9 . .

cost 70 6 0 / sinq2 49V2 7 fZ/ sin AX__________

cos , cos AA

tan 42 ° . 9 0 9'Y6 S cos d=sin Osine,+ cos qCcos Ako A " . ._ e'

M=cos btan , -sine, cosAX -- /' , cotAX = __ -
sin AX

Cos= sNAX -"

sind siinAnd/J2f" /sA A"/0'/' A /"9 ,V aK'" d
sin B

cos (ksinA./2.ffVs n " 7e9& ya" 9J B "

sin 3 ,'3 A. o -.
_= (sin_0_sin_2_YH = (d+3 sin d)/(1 -cos d) "  & .3 6 /$ -

L=(sin , +sin )E9/, ,V=dJ' G=(d-3sind)/(1+cosd) - /g~' ',. -)/

s =a (d + d) o 1 " meters

d (radians) -7/ /4 f &a s 4-2 n.m.

d+8d(rad)..7 /J- 9 6 T=d/sind 5 23' '0 I i 0 I

2A ...76 a, 6' d,,,.2- 2B Y Y7 . 9"--
t* sin 2A .. . .i ' 6 .. ;' ' n. 2B Z " ' -

U = (f/2) cos 2q, sin 2A V- Y- 6- V/o'V= (f/2) cos ' sin 2B 4" .2 /

VT -70
" 

_ '.. UT Y' 4o . /a-

8A = VT- U 6 - B UT+V -0 / s 1

-A -- a.l +8B ""'  6 1 I -Ia

+180 0 , +180 0 ,,

a, .,_2. .A 2 2 . . . - ' .:1,

a, aAB = 180' - A + 8A a,-_ aBA= 1800+ B + 8B

Line No. 7 (See Tables 1,2 -pages 65,66)
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION
(No conversion to parametric latitudes)

Clarke Spheroid 1866 a = 6,378,206.4 meters
f/2 = 0.00169503765, f/4 = 0.000847518825

1 radian = 206,264.8062 seconds

0 , 0,- 0 S I

0, -7 00o -74 __________ 401140 ..2j Y, .2 q3.4T 7C

0,470 64 e1:9, fe44r2. ________ x gl 1-44

sin , - f7 o 3 2 9 2. West of 1. AXl-e= 4'g 4/.. 47

cosC, ,'/' -117 .5"" sine , 91f !F 49- . sin&\ A 4 "

ta , .. ? '/?94 '.2. cos d=sin ¢1 sin¢ 2 + cos €,cos 2 cos AX g,.". //,
tan 01 COS_02__osAX

M=cos ,tan q2-sincb1  cosA, - /AX - 0 cot A = M __,____-___. __. _

sin AX

N=cos 0tanS-sinO2cosAX 7" cotB N AX 5,0'
sinAA 5 - 4o

sind sinA' ' 9/-' sinA A ' '.r ,',s.,Y
sin B

COS c s sin B B ,
sin hAB

K = (sin 0,-sin 02) V ' O ' - H = (d+3 sin d)/(1 -cos d)-31
L = (sin (k +sin02) 2  ""  " P G = (d - 3 sin d)/(l+cos d) -'
ad---(f/4)(HK+GL) 7 "L,"' o,4. ," s=a(d+Sd) /,' y 2/60meters
d(radians) S 2 "- - 7 ___d._ _ ___ n.m.

d + 8d (rad) -2" T=d/sind A.

2A 0 ?r f- " .5-0 6 2B x

sin 2A - " o. 7 _sin 2B 9" 9 5P 5W

U =(f /2) cos2 ¢1 sin 2A -3 0 ' ')/3Y/o-v = (V12) cos '2, sin 2B 0" P' 7 = -/*

VT 4- 2o3 s f UT -_?- _ _-
/ 57 4 _

BA = VT - U - Z X3'/o B= -UT + V "/ 9 -2 / -

+6A -L/''9 +8B -0 /,- 2 " 0o$ " '"Y .B " / 5 ' / t'  / '

+ 180 0 ,, +180

a,-2 aAB = 180'. A + 8A a2 -1 = aBA= 180'+ B + SB

Line No. 8 (See Tables 1,2 - pagep 65,66)
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COMPUTING FORM, ANDOYER-LAMBERT

(No conversion to parametric latitudes)

Clarke Spheroid, 1866 a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825
1 radian = 206,264.8062 seconds

00 it

, 27 41 , Y,2JOA. Origin x S2 ' /-2, M7"

2 (::0 4)0,43 2. Terminus A "€O ,

sin052 .a4Z 7? 761 / 2. West of 1. A\ .- -6-4 /2, "7
cos s 7iO 41.,€a sin X, 77,

Sos= , • " - cos 0 ,• ,cosAX__________

Cos 2 7g,6 4 cos d = sin 6 s 7+C O 2 O A//

K =(sin 9, sinl 2 ) d 2 2Y d6

L = (sin 0, + sin 52) . 2 / d (radians) 7 . .B 9g
H = (d+3sind)/(1-cosd) 0 , __.__.. 'PRY sin d o  .,228

G =(d-3 sin d)/(1+cos d) -- s =a(di d)._2. 9. '0 5 meters

5d -f(HK + GL)4UA~~ ~~ e n.m.-F

R =sin AX/sin d 41S-0_77--3197 T = d/sin d A- _ 1__ t,____-__
sin A = Rcos 2 -P 6/ sin B = R cos 95,

f- 0 /1

AO / 2/. V39 B 5-0 es 2/. aO 6

2A /20 02 -92,a76 2B /<fo t28 4/2,OO

sin 2A - sin 2B_-

U = (f/2) cos 20, sin 2A V = (f/2) cos 20 sin 2B

U (rad) ~~e'4~V (rad) -~77e~~
0 it I

-V1

V UTA =VT-U - £ 6 -"7.8B=-UT+V 2 s.,$8

aAB 180-A+A - / '"; aBA= 18018+ B + 8B ' .$' /2

Line No. 9 (See Tables 1,2 - pages 65,66)
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COMPUTING FORM, ANDOYER-LAMBERT

(No conversion to parametric latitudes)

Clarke Spheroid, 1866 a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825
1 radian = 206,264.8062 seconds

0 II 0 1 It

q,/ ,4/. Origin x, /2 oz Z, ,o"

h2 4o 66 6Oi64),t/2. Terminus 2 13 oo &40440

sin €, .g 2. West of 1. A= x-x /2o O Z 237
Cos • 7,o44. sin .__________ sinA o"266T~3e'9
cos 6 2 cos €, .Yl;V cosAX o_,__,____2_

cos 2¢ . 7/6', cos d=sin6, sin¢ 2+cos0,Cos01cosA /

K=(sin(,-sin 2)2  d 86 , ,

L=(sin 5+ sin q2)' / '4?~'1/t5 G d (radians) A -5"/4i7
t=(d+3sind)/(1-cosd) "_-_______________ sin d e'. 9'fe, &

G =(d-3 sin d)/(1+cos d).--___________ s = a(d + 8d) _4 -6 ? ,,2'18 meters

Sd=-f(HK+GL)/4 sTt" 5O/7l"/ s '/"-. '" 79 n.m.

R--sin AX /sin d "T 7 " T=d/sin d /_______ '  
_____

"
_

sinA=Rcos¢ , sinB=Rcost q5 " 70 7

A 7 7, /1 B 70 .2"

2A / 14 .0'2 2B d , ,, 41

sin 2 A IL9$O76 sin 2B 9 Z922
U = (f/2) cos 2¢5 sin 2A V = (f/2) cos '02 sin 2B

U (rad) V (rad)
U- V (a)6~77~S

# Io p pg

__ __ _ __ _ __ __ _ __ _ __ 5 -25.039
VT b UT

6A = VT-U 5 /B.U+-. "eB = -UT + V

aAB = 1800- A + 8A /3a' a BA= 180' + B + 8B 2  O

Line No. 10 (See Tables 1,2 - pages 65,66)
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INVERSE COMPUTATION
(Andoyer-Lambert Formula)

Clarke 1866 Ellipsoid
40-50-6000 Line

, 400 00' 00'!000N 1. Point of Origin x1  180 00' 00'.000W

95 35 18 45.644N 2. Terminal Point A2 102 02 29.370E

Point I should be AX 1200 02' 291370
west of point_2 

tan 3=b/a tan 95 sin AX 0.86566309

tan 95 0.83909963 cos AX -0.50062701
tan q, 0.70837174

tan angle sin cos
)9, 0.83625502 390 54' 15"!203 0.64150618 0.76711787

1, 0.70597031 35 13 15.443 0.57673115 0.81693401

cos c, tan sin tcos A cos3 2 tan/3 -sin3 2 cos AXco cotB=
cAsin AX T sin AX

cot angle sin cos (5 places)
A 0.99659760 450 05' 51'.495 0.70831073 0.705901

tan B
B 0.89069853 41 41 29.068 0.66511838 0.746738

cos P, sin AX cos 132 sin AX sin a 0.99841720
sin B sin A cos a 0.05624132

cos a = sin Pt sin P32 + cos 03, cos 132 cos AX a 860 46' 33271

M = (sin /3, + sin132)' M 1.48410219 a" 312393.271

N = (sin /3 - sin32)' U 0.48862709 a 1.51452532 radians

a-sin a N 0.00419580 s = aa- H (MU + NV)
1+ cos a V 2.66269606 aa 9659955.089

a + sin a for - H (MU + NV) - 3980.422
V 1060.7155 s 9 655 974 .667 meters

1 - cos a sina

fa-
&A"= - cos 213 sin B cos B -sin a8A" -351.593

83= - O P i ACsA f 8 B " - 312.098Bsin a

A 450 05' 51'1495 B 410 41' 29':068

8A - 05 51.593 8B - 5 12.098

Af  44 59 59.902 Bf 41 36 16.970

a = 1800+ Af 2240 59' 59"902 a2 =1800- Bf 1380 23' 43'1030

Line No. 10 as computed by ACIC, converting to parametric latitude.

(From Page 39 of the ACIC Technical Report No. 80 - August 1957)

122



COMPUTING FORM, ANDOYER-LAMBERT

(No conversion to parametric latitudes)

Clarke Spheroid, 1866 a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825

1 radian = 206,264.8062 seconds

00 

6 ,-f ,,7 6 1. Origin 1 6/7 67 3' 6

6 < .. . '. 9 c 2. Terminus X /A5"" L%.2 9 o

sin S6 . 7 7 2. West of 1. AX = X-,-A, V7 "

cos95 ~ 3 7  sino,, 1 1'-~ sinAX .4 '~~

cos 2 " cos d=sin6l sin'02 + Cos 4b Cos 02 cos AL
K =(sin 5, -sin (b)2 t'. 5"-,"m 7  d "-1-7 *', '. f

L = (sin 0, + sin 2 / ''6 Z, 2. d (radians) - '"/

H = (d+3sind)/(1-cosd) ' " " 'fly' ,Ve";.5-- sin d -

G =(-3sin d)/(+cos d) -- ,fr ,'9 s = a(d + 3d) met er

sd=-f(HK+GL)/4 s n.m.

R = sin AX/sin d A/"7/9'9 el / T = d/sin d -A -

sinA=Rcos -2  sinB=RCos6 1" V 5 9- 9'6

A 'e~ B 1'9' A /

2A eo 2B -2 ' le el

sin 2A "9 ' 6'/sin 2 B -52'r

U = (£/2) cos 2(, sin 2A 3 V = (/2) cos 20 sin 2B

U (rad) V/ "9% x"  / - v(rad) - /. o fis '/o- q

U V

VT LIz~//6 T

8A = VT-U -- 6 ."/ 8B=-UT+V - 7 . ' 2--

aAB180° -A+6A Azi" U 180'+ B + 8B

Line No. 11 (See Tables 1,2 - pages 65,66)

123



DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION

(No conversion to parametric latitudes)

Clarke Spheroid 1866 a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825
1 radian = 206,264.8062 seconds

0 6At) . 0 66)

s , J , n, f.2 2. Westof1. '= , ,

Co -sq ... 'It 6 Z,.. s"/,S2  ___. __ n__,/ sinAX ,".,'7 d 9'i
tn5,COS 02 CO Ak3; ;atan q/62 4 'i,2 Z cos d=sin 0,sin 2+ cos 1 cos 0 2Cos AX,

M=cos 0, tan s,-sine-0, cosAX" /49 '.95" cot A = M± -- ?,
sin AX

N = cos 02 tan i, -sn . c os Ah -rA ,?f .. 2 /Sc ot B = N

sin d= cos ,sinAX , 9 79*/%.fsin A Y- A /  '/  %r9.' .2

sin B

- cos 02 sin AX 9 rfYsin B 20' lf¢l iO. /5 B-
sin A d 4V o9 Vo-Y -"

K = (sin 5,- sin02 91-)' 7 5P4;;.2 7 - H = (d+3 sin d)/(1 -cos d) #4 , ,,..".-

L = (sin 0, +sin 02 )2  -7.2 0, 9 0 Y'/ G = (d - 3 sin d)/(1+cos d) " ',"7 7-2 "

8d =-(f/4) (HK+GL,) -- " .' 7,5"4/o s = a (d + 8d) / 047'2 . emeter s

d (radians) It / O' /04 sS (' , n.m.

d +8d (ad '/~VA. T-d,'sind
0 I f0

s2A '2( C2B .3

U= (f2) COS 2
0' sin 2A""Y "Y'/" V = (f02) C os 2 sin 2B 91 -- k

VT -i 7-20-21 /"y/ 7 -- _0 UT - '_ _9k I, Z-

BA=VT-U '-94'2/ * /7A0'i 8'B=-UT+V "/f-l- )

-A B B

+ 180 0 +1800<,,, . 4/,iS /69 <,,_, / ' d7 ..t' ¢.'+K

a,-2= aAB = 1800 - A + 6A a2- 1 = aBA= 180'+ B + 8B

Line No. 12 (See Tables 1,2 - pages 65,66)
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APPENDIX 3

Computations

Using Forsyth-Andoyer-Lambert Type

Second Order Formulae

Without Conversion to Parametric Latitude
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DISTANCE COMPUTING FORM - ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 0.00169503765, f/4 = 0.000847518825, f2/128 = 0.0897860195 x 10'
0 0 I II

€, o -o JI '/.,"', Ay ' ' /"

02, €' eo 6,-o- 2. A " 2 / 6' SoO
sin 0, 7 - ' . .3 2. west of 1. AX=X2 -X, .€' /7/ . (-

* Cos<* si n0p2 1 s6 9 7 sin AN ' 969
tan €, "9 . cos €a " " 6*4V cos AX 9 9 9.3/3d
tan " f02 9 O'96' cos d =sin 0, sinb,+ cos 0, cos 02 cos AN 9'' ,03
M = cos 0, tan 0 2 - sin 0, cos A X 6'// 6f0'"E' cot u = M/sinA -

N = cos (p, tan (P- sin 0, cos AX re' ',96. , cot v = N/sin AX m/,
sin d cos 0, sin AX/sin v = cos Opsin AX/sin u It , 6,.5/ u -

csc d ds/ ' c o t d19'A ' V ~e
1 + cos d 7,/, 09," 1-cos d I ,P' sin u -__________

(sin 0t+sin0p)2 / O-C/i 9 - (sinsn-sinS) 2  2 "Ti'J"4' 5  v 9' "

K = (sin 0, + sin 02)/(1 + cos d) f- V5'c K2 =(s-in -,'-sin'p 2)2 /-(1-cos d) " - .," 9., .2'sY

X=K +K 2-" &" '7 I9A Y-K -K __ __-___ XY 7*--e,6 -1126d/

A=64dr +16d cot d 414 'if041'22'M D48 sin d +8d2 csc d "- 6/" 9'; ;,
13=-2D':-" 1& r Q;¢1 E- 30 sin 2d "€" t, ;.€,sin 2d " " " -" -. 0

C= -(30dr +8d 2 cot d + E/2)- Z4 /',k 41(5- AX -- '2 0,-

EY , S/ 2=AX+BY+CX
2 +DXY+Ey 2 -

8d f =-(f/4)(Xd - 3Y sin d) - 319 X/d 8 '"df 2 = +W(f/128) -- .. 9-, ( ' -2
dr+ 8dt ,,f , t/Of J d + 6df d ", 6dl 2/0- ,, .
r f - fOf

S(+df,) = -+ I m S(&df2) = a(dr + 8df + 4df2) f'w' 'V ' m

0, T =d/sin d

2u ' ' ''-" 2v 7 0

sin 2u 999 y'/9 sin 2v " -
U = (f/2) coseS sin 2 u " :Sx./6-V -(f/2) cos 2C, sin 2v t" ' 7,'liX'/O -'

VT *%- /76 UT '- '7 7- ?96 6 l
3u= VT-U 8. O"9 P6Z 9' 8v =-UT+V a'e 7,o ? W6 .2?

-u -/o - + v €_ _ _ _ -_. _ _ __.

+180 0 a +180 0 ,

a- 2 = auv = 18 0. -u +u a 2  avu = 180 + V + 8 V

Line No. 1, See Tables 1 and 2. True distance -4,/ "' VY,€' meters.
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DISTANCE COMPUTING FORM - ANDOYER-LAMBERT

TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)

Clarke Spheroid 1866, a = 6,378,206.4 meters
f/2 = 0.00169503765, f/4 = 0.000847518825, f2/128 = 0.0897860195 x 10-6

0 g II 0 II

02 -019 2. __ _ __ ____ 1\2  ' -

sin 0, / ' 49 - 2. west of 1. AX-X 2-X1 , c ;
cos 9,' 9' € .- t sin 02 Tlo d 6 /fsin AX - - 5
tan , 7L '? 1' CO 0o 2 Nf Y'gZos AX 1" 99 ,
tan 0, I- ' / .4 - fP cos d =sin 0,sin 2 + cos 0 1cosq= cos A 7' : 9
M = cos 0, tan 02 - sin 0, cos AX 7" ' "' . cot u = M/sin AX "' "
N = cos 02 tan (k,- sin 02 cos AX - ''0 0 '0 1Ole' cot v = N/sin AX a"" ' vr'3

sin d = cos 0,tsinAX/sin v = cos 92sinAX/sin u t" €""'u% ,9 , ,.9 ,"

csc d 1/4::' ' R?24 cot d rl fV - v eo a 4?'"2O

1+cosd7-'/ ,9f/' 1-cosd -- , ,f9,/'03 sin u ,:", 5C 2 a"
(sin o,+sin 2 -.a'T/- (sin (A-sin0 2)2 .,,./ // - sin v .9-/.c'6? O=_OO 6

K, = (sin c, + sin 0 2),/(1 + cos d)' ?6 O. ,f9 9 .,4.K, = (sin 0,-sin A,)/(1-cos d) 59 17*//0g A'/6 -/0

X=K,+K 2 "3WO. - Y K1 -K, "- XY '" ,, P0
X2 "- ; . . ,1 ' ¢.od gq2' d 7;., ..r% /.2.. dr 2-70-,0 . ,",,, ,
A64dr + 16drcot d ,,- , ' D=48 sin d +8dr csc d -/,'/. ,

B =-2D.--- Wil 9' E..30 s;n 2d fl/J3 I,&. sin 2d 3'O "3f9'
C= -(30d +8d' cot d+E!2) r/. 2/15 Z$" AX l. l 71,6"-0 *
BY-, / - ____ CX ) ''C2 /1 DXY . ,'-/A'. 9/6 ?

YY.'~ 9.'/ =AX+BY +CX2 +DXY+E Y 2 _______
ad f =-(f/4)(Xdr-3Y sin d) A'a, +(128) 1

d + 3d f ,".i ,s d + 3d + 3df "- f i " 'r f r m

S(6df) = a(dr + 6df)/ 6C_' " 9f7 m S(6df2) = a(dr + 8df + df2)/C 109, 96

. , T = d/sin d -;7', 6e 6:6"22,2.u 9~y 2, /"/ v IK °

sin 2u -7- 'oe7 oc sin 2v -- 47,00

U = (f/2) cos'CA1 sin 2u / ' ,S'&O -- , =(f/2) cos2 02 sin 2v - V. ?9/ /6 -VT - 3'/, 0 Y k/ le - UT A /;:;' '," A$/  -"

6u = VT- U - / V -2 A0 -'8v =-UT+V-/ .-
+ au + av_____ ___
_u - o.. 0/ ? + ,-- C ,-

+180 0 +180 o
at-2 2-

a,-_=auv =180° -u + 3u a ,=avu= 180' +v+v

Line No. 2, See Tables 1 and 2. True distance I( -,,. , meters.
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DISTANCE COMPUTING FORM - ANDOYER-LAMBERT

TYPE APPROXIMATION WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)

Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2/128 = 0.0897860195 x 10-6

0 ii 0 I

€2 76 6'0 6o6-ooo2. " r,/. ~ X2 /t &o? 6do',eo'

sin , _"_,___- ___ _ 2. west of 1. AX=X2-X, f , -/ 36S

Co sin -' 4 A - "sn AX --
tan -S 7f /.,.1 cos ql, l' °.,26icos AX 2t ?-

tan S62 "-" - . cos d =sin 0, sin 0, + cos cos 02 cos AX " 9.5
M = cos 0, tan 2 - sin 0, cos A - 020 /cot u - Msin AX -

N = cos q, tan 0,- sin 02 cos AX--" 0 k cot v = N/sin AX - /5Os'o9
sin d = cos 0, sin A/sin v = cos 0 2sin AX/sin u ", ' .: " u ,.5
csc d 7 11, Eff 4 ,: cot d '.2,-C-f- v o /.,- ,..
1 +cosd 7- 9ff Y'1S" 1-cos d -/o 9' - sin u -

(sin 5, +sin (k)
2  *-'9 's n(sin € -sin 0,)'/ 1 / -sin v A_ 6eo76a

K, = (sin k, + sin02 +COS K 2= (sin 0,- sin 2)(l-cos d) " ///9
X=K,+K 2 9-7466 -4441 Y =K, -K 2 i $Y /6Xy -f/?996
X2 #.9i1f 9'.,: "4 y2  , /// d1M/94 dr - 5o,,7J./. 'O52.dr2 ,.. 6"..5.f 9.,

A=64dr+16drcot d bid, '. D-48 sin d +8d 2 cscd ,- ,/6 66 '6)
B =-2D.--1 3 f E=30 sin 2d ___________ sin 2d 10,/1 00/, '

C= (30 4-8d cotd +E2) 11-I ?t9Ql A X 77 le/6 l6~~
BY- -/a. le6/-6 1114/V DXY t9S, 9"J' f t. ,
EY2 IF., .- 6 =AX+BY+CX +DXY+Ey,# -

6df =-(f,'4)(Xdr - 3Y sin d) 8" Od/4-'/9 'df 2 =(f/128)Y. " "49 ,o e /'

dd f 9 d,+ d, + 8d /%

S(6df) =-a(dr + 8df) f" ' 9# : S(8df 2)= a(dr + 3df + &df2) . , 6 %// m
T= dlIs in d A- aae

2u 2- ' 1 4 2v i 6o .'A.f$
sin 2u -2 -2 24/ sin 2v 5 e. i

U / (f!2) cos 2
95, sin 2u ',d,. -161 9Z/ V = (f,2) cos'2 , sin 2v -- 2, /, /' -

VT 2-&2 XM UT 11F i/ l
3u = VT - U '9/ / O  - 3v U T + V-- 96j~'x" 6 -
+ su ""/,."/+ 8v - t ',.

+180 0 , " +1800 ' o I

a1 - 2 -a = 180 0- u + 6u a2-1 avu =180 0 + v +v

Line No.3, See Tables 1 and 2. True distance " f66 * meters.
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DISTANCE COMPUTING FORM - ANDOYER-LAMBERT

TYPE APPROXIMATION WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)

Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2/128 = 0.0897860195 x 10-6
0 0 I II

9 _ _ __ __2_ _ 2. X 2  N4 ~
sin 7'j-2.,, -*.''7 2. west of 1. AX=X2-X1 3' 1 '1'' / ' '
cos 1 7" '-,/ "9? a'"9 sin 02 -' sin AX "7". as,"'3'7

tan -C, 3' '2 2f cos d in 0, sin 2 + cos ¢,cos¢ cos AX 7" 4

M = cos q0, tan 02 - sin cos AX -- ' ' ' , ' cot u = M/sin AX --"if/'

N = cos 42 tan 0,- sin 952 cos AX . ',- YrS- cot v = N/sin AX '

sin d = cos qS, sin AX/sin v = cos 0 2sin AX/sin u - /- .'/ ..3 ," 6
csc d / -/. f4  cot d -,j'/ 14 '. v ,/1 #.€. 1
1 + cos d -" 9' //fd 1-cos d _-_",___ _,, sin u ",-"4 /,4O

(sin 0b,+sin0 2)tZ/4V (sin 0,-sin 2 ) . -0 ""/ sin v ,

K, = (sin 0, + sin b2)2,/(1 + cos d) 10160, ' 1' K,= (sin0b,--sin 0k2) 2/(1-cos d)

X -K + K 7-/a 4'6 Y=-K 2 K 2 4X Y-9 '
X2  P!;/ 2~9/ ;0- Y ~d r d d 2  d A3~
A=64dr+16d'cot d" ,'t'e O A ..- D-48.sin d +8d 2 csc di"/9/' ,V9 /'0-9
3 = -2D1 ) sin 2d -" t- 5 sin 2d 7'-/,$ .i -

C= -(30dr +8d2 cot d+E'2)"-"/3'$"? 9" 9 AX - .' 9SY - ' 6/ 4 "/

By ' t f~"~ CX2.~~ AIRSf DXY -0 47d~-
Ey2 ',. o ","Yo' Y' 'a¢- =AX+BY+CX +DXY+Ey 2 #..i 4"764."/
6df =-(f/4)(Xdr-3Ysin d) Odr = +/128) 7-"

_____________d + 5d + 8d~ -9 9~/
S(8df) = a(dr + 6df) 1f"? 79k" ? m S(3df2) = a(dr + 8df + 8df2) '" " 2 m

0 / d/s / ,

2u ,,6d 64 s-/ 9." 2v -IT7 .7 ..

sin 2u - 5 7 ? sin 2v 7- Jor o,

U = (f/2) cos 2', sin 2 u -V ,'- .... V =(f/2) cos2 b sin 2v -,I

VT 7"' 165 UT -'-Y' 9~2*

8u = VT - U 7", 3v = -UT + V # ,o0. .6" .7Y'..
+ au -/"1 6 'Y"+ av-/ I. /.

-u - i,.€,/ ,.____v 4- ,,,
+180 0 +180 0 "

a -2 a ~ _ _ _ _ _ _ _ _

al2 =auv =180'-u +&u a =avu =180 +v+8v

Line No. 4, See Tables 1 and 2. True distance 7, : " meters.
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DISTANCE COMPUTING FORM - ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2 /128 = 0.0897860195 x 10-6
0 1 II 0 I II 6

'k .9%? ./$ 00. 266 2 "7"______,__.. X jr /- o o 1/o

02 00e A2O0 '~v~/~' ~
sin 3;" ;-1 *-,44'// 2. west of 1. AX=k-X1 -"' /
Cos 0, sq~y.. il9g sn q) s '""' sin AX -,.' , ig, .

tan 1 ~.~M ~Cos 0 - ': 014co AX7
tan 27 0V-'- -e9'. ' e'V cos d = sin 0, sin 0 2 + COS 01 COS 02 cos AX" 95f'7a  3
M = cos q1 tan 92 - sin q5 cos AX- ./52 o9&.5. cot u = M/sin AX -- - '0"

N = cos 02 tan 6- sin 02 cos AX "70" -,4"/ 620 ' cot v = N/sin AX 70Z "4'fgrs ,7,,

sin d = Cos 0, sin AX/sin v = cos 9 2sin AX /sin u 74-" /' / ¢-/-/ u ,f/ /MY u - 9,/e.
csc d / 942 cot d It~ 9, 7,''fAX v -0/0 5F/*/Y
1 + cos d el- 5EY%' 9.f!6S' 1-cos d -I,_______ sin u 7'YJf &"5Z6
(sin +sin)2,_______ (sin -sin 02) 2 -sin v ;01 ", // ==

K, = (sin 0, + sin S2 )/(I + cos d) "'/" "6  '7K 2 = (sin .- sin 2)/(1-cos d)"1  94Y""- .'' -

X=K,+KZ7'Y. ff,' d!P' Y=K,-K 2 , '/...-Z/i47 XY"f____________

A=64dr + 16d2cot d 7 " - 9 D=48rsin d +8d 2csc d 7._r___._____

B =-2D //*OfE' 30 sin 2d sin 2d / .

C= -(30dr +8d2 cot d + E!2) " , ? , AX AX" -

BY- IEvg5O0 , CX -- '/, DXY ____-_.-______O'4_ /

EY27'79 9lfo71. =AX+BY+CX +DXY+Ey2 7' 9/8/ ,/ eg 6s
8df =f/4)(Xd_3Ysin d (d2 A8df = 28) -

dr+ 8dflee 50 I-d/" d + 8dfI+ 6d f 'g '

S(df) = a(dr + 6df)4" ? ' m S(8df2)= a(dr + 8df + 8df2) n .-

2u T=d/sind "91 4gr; -w 2 2 -

2u/ 2v

sin 2u -- , (C d/f9, sin 2v 7",' 5'Y 995J )
U--(U/2) cosqS, sin 2u -A /'P9$f /6 - -V(f2)cos'q, sin 2v r I- Z'o , ei c"
VT 2-4 -A l Z i7, -'/- UT -/ Z,. 0 :Fr Z, ' 41

3u = VT - U 70- " J' _  , /2 l" - '7 8v = -UT + V Z- ./--O ,)(' -
+ u Z " FE / 5v 7- 47/ 4-,a

+180 o , +180 0 , ,,

a _ ________,___.______ _ , 2 2-- - -

a,-. 2 = auv= 180'-u + &u a_- =a=vu 180' +v+ 8v

Line No. 5, See Tables 1 and 2. True distance ( '/3 .. ,,. 9'. 9 meters.
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT

TYPE APPROXIMATION WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2/128 = 0.0897860195 x 10-6

1 radian = 206,264.8062 seconds

0 , 1. O rig in 0 , ,,
S61 9 55 09.138 2. Terminus x 10 39 43.554

02 10 0 0 X2  18 0 0
10m = 02(+S) 9 57 34.569 2. Always west of 1. Ax=X2 - , 1  7 20 16.446

Ao m = (02 - 01) 2 25.431 Alm = ' Ax 3 40 08.223

sin OSm + 0.17295377 sin A9bm + 0.00070507 sin AX + 0.12772073

cos 9Sm + 0.98492994 cos A~Sm + 0.99999975 sin AXm + 0.06399152

k = sin Om cos A-bm + 0.17295373 K = sinA9bmcos O5m + 0.00069444
H = eoS2Aom - sin 2(km = eoS101m - sin2A95m + 0.97008649 1 - L 0.99602708
L = sin2Aqbm + H sinAm + 0.00397292 cos d = 1 - 2L 0.99205416

d + 0.1261458534 sin d + 0.12581156 T = d/sin d + 1.00265710

U = 2k 2/(1 - L) + 0.060064618 V = 2K 2/L + 0.000242767 E - 60 cos d + 59.52324960

X = U + V + 0.060307385 Y = U - V + 0.059821851 D = 8 (6 + T2) +56.04257008

A = 4T (16 + ET/15) + 80.12738460 C = 2"' - 12(A + E) - 67.82000290 B= -2D -112.08514016

X(A + CX) + 4.58561299 Y (B + EY) - 6.49212745 DXY + 0.20218475

(TX - 3Y) - 0.118997925 8f = - (f/4) (TX - 3Y) + 1.00853 x 10'

T + 5f + 1.00275795 S, = a sin d (T + 80 804,665.223 meters

= X(A + CX) + Y(B + EY) + DXY - 1.70432971 f2 
= + (f2/128) - 1.53 x 10-

T + 8f + 8f2 + 1.00275780 S2 = a sin d (T + 5f + f2) 804,665.102 meters
0 1 II

sin (a2 + a1) = (K sin A)/L + 0.02232473 a2 + a 361 16 45.188

sin (a2 - a1) = (k sin AX)/(1- L) + 0.02217789 a2 - at 178 43 45.107

Y2(aat + 8a2) 
= -(f/2) H (T + 1) sin (a2 + a1) - 7.351613 x 10-5  8a - 7.350644 x 10- '

(Sa2 - 8a1) = - (f/2) H (T- 1) sin (a2 - a1) - 0.000969006 x 10' -  Sa2 - 7.352582 x 10"'
0 1 It 0 1 IIa1  91 16 30.040 a2  270 00 15.147

La 15.162 aa2 - 15,166

al-2 91 16 14,878 a2-1  269 59 59.981

al-2= a, + &a, a 2- 1 = a 2 + a2

d =7 13' 39'450
Line No. 6, see Tables 1 and 2. (Pages 65,66)

131



DISTANCE COMPUTING FORM - ANDOYER-LAMBERT

TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)

Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 0.00169503765, f/4 = 0.000847518825, fV/128 = 0.0897860195 x 10-6
., "/ .-ri . 1 C---___-_, ____ /, '" -V9 d3,J8,

0 2.

sin t " P, ,5 96 9'i -  2. west of 1. AXX=-X, 7 .
cos s n'61 e- s 7_ 2 9f'tsin AnA Z'-/.5"- .9S-"

tan (1, 7- '' 77'/ cos aW, 7", '"cos AX "O 7-

tan02 _, -/. € cos d = sinin0 2 + coS 0 1 cos 2 Cos AX
M = cos 0, tan q 2 - sin qcos AX "-" 5 ." cot u = M/sin AX

N = cos 02 tan 0,- sin (b2 cos AX -' . 9 cot v = N/sin AN "/. O./ kO

sin d = cos 0, sin AX/sin v = Cs) 2sin AX/sin u 7. '/u- /, i*" u-".i/e

l+cosd- Z /- So- 1-cosd7 ';"-  sinuee I/ s." Z/'0-7

(sin 0,+sin0)-c (sin 0,-nsin 74741.4 s 7" On,2'" yO2 6
K, = (sin 0b, + sin q) 2/(1 + cos d)t 97/4"', "2? K2=(sin ,,-sin ,i,)2 (1-cos d) $" ' ,C"

X =K, +K2 5'/ -  :7s- Y =KK-K 2 1-t./idr x' XY-- "fo' 6

A=64dr+16d2cot d lr-.f&S/. D 48 sin d +8d 2 csc d "7. "6//,

B = -2D _- '14' 24 'f t E E- 30 sin 2d "7' / sin 2d _. Z V9 f :-7

C- -(30dr +8d2 cot d+E/2) '7?'/ AX -"e '- 4' / .  'S-

BY - V-' ' CX2 -/7 , DXY ' o , A.
E -, , =AX+BY+CX2 +DXY+Ey 2 -,./ ,

3d f =-(f/4) (Xd - 3Y sin d) -/' '.4Xf"11e - 8d fd_ =_+_f2/128) Y,--

r f r f f e 7 1
S(8d) =a(dr + df) feTZ 666. ;.6s S(adf2) a(dr+ df+ df)fO o m

T d/sin d /,'4.a. 6,9'S3

sin 2u -- 9Ycd ,9 ' 3 sin 2v "- ,9' 9'.Z ..
U = (f/2)cos:qS sin 2u -, . '6fY/O-' V =(f/2)cos'1), sin 2v 15- f/ . ,6'-

VT 7'9- 3p', "'t'- UT - -8u = VT - U xll le4"Sd- 6(/ v = -UT + V_ /50, 719/'"A
/ d - 5

+ au -""- 4-' + av -r- 6
- u -. ", ,,, 4. / + -t.4/' '. [t .. /'

+180 0 +180 0

al_ _ __a 2-1

a,_,2= auv = 18,00 - u + 8u a 2 , =av = 1800 v + av

Line No. 7, See 'ables 1 and 2. True distance ' < meters.
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DISTANCE COMPUTING FORM - ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 0.00169503765, f/4 = 0.000847518825, f2/128 = 0.0897860195 x 10'
0 U II 0 I

02 ' P' '' O! e-WW 2. C_ "-X 2 ZI CWC "'l "'
_, -f-i_, _o ________ 2. west of 1. AX=A2-X, -146

co ,sin 0299 -;- AX __22 _____

tan 5, Cos , -S o '2 "7 9 f/" 1 cos AX - ' -" 99
tan O2  " cos d = sin 0, sin 0, + Cos , Cos , cos AX 7" -

M = cos 0, tan 2 -sin q, Cos AX- 00//2 '/ ? cot u = M/sin AX -
N = cos 02 tan 95,- sin 0, cos AX "' , , '"q5"4 cot v = N/sin AX -"

sin d = cos 0, sin AX/sin v = cos 0 2 sin AX /sin u u. /.9 0 > /o , f
csc d "I" ____ cot d 7-.-. " v ,/,/ 4- /2Y/"
1 + cos d ,I/ ' f 1-cos d '. a'/ 's n -. u ?' A ,&
(sin ,+sin , - (sin2-sin 2)2  - sin v -"

K, = (sin 0, + sin 9b2)/(1 + cos d) "/" ,..,. , K2 = (sin 0,- sin 02)/(1-cos d) -- ' .e ?,/ ' LX =K, +K2''. ' -¢1 ,Y=K,-2"" -. Z ' - -',d Y -" '.' ,'J'f '

X2  1-Y£~C~4~1Y i~~~~" ~2 d~2

A=64dr+16d2cot d-e. $P. 9/0 £ D-48 sin d +8d 2 csc d O/- :t .2Af
B =-2D1) -- d1f0 . E-30 sin 2d ./' g 1 9-Sf9( sin 2d "

C= -(30dr +8dr2 cot d+E/2)/g" A AX "--'- 9': /-.S" .Z..
BY -- '- feoz6f.2f _ CX2 - " DXY " ,
EY 2 -- 4- O9V_ d /  _ " .=AX+BY+CX2 +DXY+Ey 2 11'".- -*/'- #/b' '
8df=_.(f,/4)(Xdr_3Ysin d) 8df2 = +(f2 ,/128)Y -', /6.o.2-1.Z/'44

d+8df' '+ 6' +8d + 6d 2 -a X"-
r f r f f

S(6df) = a(dr + Idf) n . O m S($df,) - a(dr + Sdf + 8df2) / 66o f. 2 o m

T = d/sin d 4/i6."- ?7
2u / go -, . -,46 2v 9 - .2o
sin 2u e- eO9 ') / ___ sin 2v 7-I --99 99;-2-
U = (f/2) cos 2

0, sin 2u 7'06- ',3%A, -V =(f/2) cos2
0 2 sin 2v -/, /9.2-,'/6 -'

VT -7 -?- 0oW',d0 X /0 - 4 UT - -L 10 5 4- £ '/160 '

8u = VT - U 7k - " ,2ff X 6v = -/T + V. -/ ZZ, ,d2 '

+ lau -t'/, 2 I + 5v_____"_-________
-u - + .,, v/f ft,

+180 o +180 0 1 ,I]
aE 1 2  

Y/p 2-1/

al_ 2 = auv = 180' - u + au a2 1 = avu =1 80 ' + v + 8v

Line No. 8, See Tables l and 2. True distance 4 O ..'9 " 0 0 meters.
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DISTANCE COMPUTING FORM - ANDOYER-LAMBERT

TYPE APPROXIMATION WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2/128 = 0.0897860195 x 10-6

0 II 0 6 ii

95. -06 677 2._________A66 & J
sin,. 0 '/, fz-, 2. west of 1. AX=A2- 4 -."' ,/j 999
CO(lr 'fg, s in02 -P6 / /s i n A X .~

tan , COS- cos02 IN 0-"!V'/cosAx_____________

tan 0 , f'Cos d =sin 01 sin0 2 + os¢cos 1 cos A2 C A), 9 .'f-/'
M = cos 0, tan 02 - sin 01 cos AX 201 1152 64,5C -- cot u = M/sin AX '01 945-F

N = cos 02 tan 0,- sin 0 cos AX- "'0 9V fF cot v = N/sin AX 7 ,

sin d = cos 95 sin AX/sin v = cos 0 2sin AN /sin u :-e,6 ",2 2 5 u • C O / , /,,
csc d - - 4/ 'Zea-4O/ c o td -- O"- /- e/ v- I, -- " ".f 61 '

1 +cosd-"/t 74,;.2 K// 1-cosd 2-2., ?/a9 sinu 70L, :' ,,.,/

(sin 0 1+sinq) 2 .23 -2/ (sin,-sin0 sin v 9-'- 99 Sff/
K, = (sin 5, + sin 0,)

2/(1 + cos d) 21/ /- K2= (sin 0j-sin952)
2/(1-cos d) ',// 1 2 .10

X =K 1 + K, Y, f-2&1 V ,', -/Y-K-KK2 € ,"If ,.7 2J-AY -- , 1VISC ,. V',2-

X2 -70, .1f.2 ,ree,,,V,'yLLo, Ir/SY-. dr --- 21" "/,,?,-'8dr 2 1.,",0'.J= 3 / a

A64dr+16d2 cot d ZZ'A &;?' ? A , -9/ D'48 sin d +8d 2 csc d I'S? 4./ 9,/ '9

B =-2D9,6 - 99/ E-30 sin 2d 7' 9, 9'' d 98 sin 2d '- -ff

C=-(30d. +8d, cot d+E/2) AX Y f d,.,.9/,
BY -'W 9k /a'9 76 CX2 - ,.,-9. ' DXY ,
EY= .21 "~/6,7.f O09~~6~ 5=AX+BY+CX2+DXY+Ey2#,o..-3 -..r
8d f =-(f/4) (Xdr- 3Y sin d) ., o,9, ± ' 8d2 =+(f2 /128) 5: 66600L.9//

d + d#,.ZS ' _d+ 6d +8d2,. s'9
r' f r f
S(8df -= a(dr + 5df) if i S(df2)= a(dr + .df + 8 -f)

2./ T d/sind //"2/..'9s9' /
2u 9 68 2v /'6 ,.
sin 2u _=e7 i".0?e sin 2v --.00 96'
U = (/2) cos2 O, sin 2u * '/ -- "$ V =(/2) cos0 2

2 sin 2v -.- /-l 'X/6 -

VT-- UT 4-, 04-/2, -/9g. 19V19
8_u = V _T - U " S_,"______- f 8v = -UT + V- 6 '/ 244 '/

+ au _, + av -9

-u _64 / J/ S '. + v -t/o 7'< e 7/. 2-g
+180 o +180 0, ,

a,., - / //" a2-1 Ae era e'0 aiff

a,-2 =auv= 180° - u +&u a2- =avu =180' +v+8v

Line No. 9, See Tables land 2. True distance , - f,¢ -Z '7 meters.
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DISTANCE COMPUTING FORM - ANDOYER-LAMBERT

TYPE APPROXIMATION WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)

Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 -0.00169503765, f/4 = 0.000847518825, f2/128 = 0.0897860195 x 10-6

0 II 0 iI

' / 62.ooo4'2. e-1:-'2,a- X2  '26 a',.da
sin -q, e. 9( 6"9-t V 2. west of 1. AX=X-X ',  O

Cos 0, # / sin 02 . 9 6q 9 4/ sin AX 7" ...FO 9
tan 0, 1', 9 . I1 cos 6, W1 9 dA'V*cos AX-.o X 9/
tan0 2 -' "/ " y " O Y cos d=sin 0, sin 2 + coscos 91 cos AX

= cos 0, tan 0, - sin .01 cos AX 9'" 6 9A -d  cot u = M/sin AX X /,, 9
N -os €,2 tan 9,- sin 02 cos AXcot v = N/sin -

sin d = cos 0, sin AX/sin v = cos qS2sinAX/sin u 9 , u -.&f"d"/A/

csc d -"/ 1/2f - cot d 2-,4f y4,,/ v .6 V

1+cosd 70%Ao6f /Ol 1-cosd ',V/ f.// sinu -"6V u5

(sin 01 +sin9 • '/f (sin 0,-sin0 2).//9'/f 1Y sin v " "69 6O6OJ

K, = (sin 0, + sin €2)2/(1 + cos d) ,' 9 91'd.2' K, = (sin 0,- sin q,) 2/(1-cos d) 24

x=m, +m " /  "" f.  - Y - mK - - , 0" /.W1 f1W XY Z-1 7f /4'999

X2  1' y'2 ,-/. yz V. ,f'9/ di 11-Adr 1-21 ,2-1/ dr2 -2,p/1,9A4f

A=64dr +16d 2cot df# U9, -d ld - D-48 sin d +8d csc d "'' 29/7 -

B = 2D-/ *',Y" E -30 sin 2d - ?/Z?, sin 2d Z' //96*.2d 2/7cZ

C= -(30dr +8d 2 cot d +E/2) 11f, Z/U JV'/?' AX --A,9 9//f,-"
BY - ' ..5-- CX2 .- ,/,?'/7 5 DXY ".- 0 , .

Ey2 2-9, C/ ,, 7 9 X=AX+BY+CX2 +DXY+Ey 2 -. /,.2 ,, ,.

8df =-(f,4)(Xdr-3Ysin d) ,"v7Co/, ., 8df 2 = +(f2 ,/128)5 -" 660"7//

d + 8d .. , 96,,/, dr + 8d + 6d 2

r fr f f
S(Sdf) = a(dr + df) ; y4fi ,2. " m2- S(adf2)= a(dr + 3df + 8df2) 9 ,.fC', ,'.,

V , T d/sin d -a//" ' /

2u /,, 2v &
sin 2u 's'-93' O96.& sin 2v -. 999 ,9''
U = (f/2)cos 2 q, cm 2u 1", oo//S 'f06 / V =(f/2)cos 2 q2 sin2

VT J 6 f9,a UT 4.' ,

6u=VT-U 5/ C "  8v = -UT + V ,._21_____,__

+ u 7' vi.¢,s +8, -5v

-u +S1" .. 9/. Iv - "- ,.

+180 0 +180 o ,

,K9J9 'le z4-1 a2- ae

a,-2 = au v = 180 °- u + au a2 -_ =avu = 180
° + v + 8v

Line No.10, See Tables 1 and 2. True distance ' " , , 5;.P-/ meters.
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DISTANCE COMPUTING FORM - ANDOYER-LAMBERT

TYPE APPROXIMATION WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2/128 = 0.0897860195 x 10-6
0 0 I

sn - 2. westof 1. Ax=X2 -, 1#,si6 6, 7 ,6a/A.)2 a s*A T" 66 L.6''
"

~2 ~-~965~-~Sin AX Z '"9 7-/

tan 0 2  -" , - cos d =sin ,s in 0 2 + cos 0 1 cos0 2 cos AX- A 9 ZA'
M = cos 0, tan 02 - sin qS, cos AX ', 24/2 o6¢ &7 - cot u = M/sin A" -  -

N = cos 02 tan 0,- sin 02 cos AX- " / "., ,/ cot v = N/sin AX* 0""/4eK, -
sin d = cos 0, sin AX/sin v = cos 02sin AX /sin u 9,'9 "// u h 6 O .6' '/
c s c c o t d t - _ _.__, v 5 od N

- vl+ c o sd d O' l/6'./ 1osi- 4/-/", sinu "-'-1/ f''?

(sin +Sin 2 sin,-sin)2 ) " 6'7 sin v 1-
K, = (sin 0, + sin 2)2/(1 + cos d)'-; 201 - K2 = (sin 0,-sin 0 2 ) 2/(1-cos d) 9-23'ii -L a.

X=K,+K 2 * A 74/ -1 -'0 S/ 1'r6 / Y=K,-K 2 e- O°'a '  XY -7L'g d 22LJX'

X 2  / , ' /. 'y 27",' 4- i . 6 f & d r / -/ < " ?6/ f d r 2 ._,__ _ _O_ _ _ _ _

A=64dr+16drcot d79 f Y,.d9",,, D=48 sin d +8dr csc d_________________
B =-2D-/, f . '95"0/, E-30 sin 2d7-. -eo 'y"' . sin 2d -/"" /Oy&'/ ,

C= -(30dr +8d 2 cot d +E/2) 17"/,a'-./ - Z AX 9/-9/ 7e , :-

BY-T Y/ 5' CX2 &-k! 'WU 2 DXY V-d9'f&
EY2--7 .7 ' :=AX+BY+CX +DXY+EY2 -..- q-- - 7 95f'9

ad f =-(f/4) (Xdr-3Y sin d) -- * ,.,. &df2 = +(f 2 /128) F' -" oe'lknozo 9ae

d + adf 7- /A 9 d + adf+8d "/- 7 5"/, .2/r f

S(adf) = a(dr + 8df) 9 - - m S(3df2) = a(dr + adf + adf2) Ins..' ,9f".,Oc'7m
T = d/sin d "f/" ,2/. 9

A. ,

2u es . , /0 //
sin 2u 2 1 -S, ,5/,.i'9_ sin 2v - - , -- 3
U = (f/2) cos=% sin 2u -.7/ O,9f '5f '- 'V =(0'2) cos'e% sin 2v - -. c6A', ,/O "
VT -- 1P -a-F ' )/ UT It Z"/LI Z5/-:?O 6(, X -

au = VT - U C--?11,/2?Y'7 1/ 3v = -UT + V.-

- u - + 7- 4,r- 411 /

+180 0 , +180 0 ,

al- 2 = auv = 180'
- u +8u a 2- 1 =avu = 1

8 0 1 + v + 8v

Line No.11, See Tables 1 and 2. True distance 9' ' meters.
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION
WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)

Clarke Spheroid 1866, a = 6,378,206.4 meters
f/2 = 0.00169503765, f/4 = 0.000847518825, f2 /128 = 0.0897860195 x 10-6

1 radian = 206,264.8062 seconds
0 I II . 0 S II

- "4 2. 7 "eA,- 1 1 ,20 ,S

lb m=Y+) .0 0' -3 /f-7f '/ 2. Always west of 1. AX=X,-X / -- 9 -'Y
0m-= Y2"95 717_ AXmAN 2

sin 0,mA'i 5'" /y~t # 7" sinAq5m-6/ Y917-.' sin AX _ .219-f92J

cos OM  .7 ' ' /, )os A)m " 0 '9 M,-g/) sin AX,/t-
k = sin om cosA~m 7-- 9-?Y K - sin A rm0cos 95m -- 9'9Z79
H =cos ,Am-sin smCOS2 4m-sin ,A m , -' 2 11 1 -L Z. ZFK Z &
L=sin A6m+H sinAm . "/7 A/' cos d = 1-2L 7"-

d + # '.OL 75 -?-' -- sin d + O_ 6__-___ T = dIsin d + 57__"

U=2k/(1L), 7 i-// /- V V =-2K /L "'6 4/,J' /."-1

x=U+V 1, ., 'c' ?- " y=UV -iMAd' r'9 xy 1'.../43 <fZ".

X2 4.?, /iY"9', -/ y 2  / E=60 cos d -.'. 7i'td.4'd, /

A=4[16T+(E/15)T]" 7OO / D=8(6+T 2) 9-.., ',gdA
B -2D .-//,?," / y/ C=2T-/(A + E) - 7, 4/ZO /-2-

AX 14/ 'O ./ BY -/Y,/-f 9/?/ f  CX" -

DXY .7/-l- E9/r-,f EY2 /= - (f /4) (TX - 3Y) 4.702 9A' .. //9g",

T+ 8f -/-A/, 47 5167 ? S1=-a sin d (T+&f)- 9 ?Y- - m

6f2 = + (f 2/128) (AX + BY + CX 2 + DXY + EY2 ) '* -Z/ /0 - m

T + 8f / "+ 6f, S2 =a sin d(T+&f+6f2) UkZ O O . -

sin (a2+at) =(KsinAX)/L - . f 0 2af* - a2 +a, ... f / . 9Y
sin (a2- at) =(k sin AX)/(1-L) / =.2- 9'9'- as-. a, / /.1 O,0 Y-/

/(8a 1,+ 8a) -(f/2) n (T + 1) sin (a + a2) 1".12 3 &a, -7- If"

2(8a2 - 8a) =-(f,/2)H(T-1) sin (a2-al) e'674-0 ,1 0 8a, t

8a, 8a2 A 7
a,-2 40?, ,Fo a2- 1 9' .'5? 4-?, ? "

al-2 = + a, +8a, a 2-1 - + a2 + 8a 2

d -. True distance 0 0 meters

True Azimuths . o9079 9. &0 O ,

Line No. 12
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION
WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2 /128 = 0.0897860195 x 10-
1 radian = 206,264.8062 seconds

0 , 2. -- 1" 0 

/0 1. o _ _ _ _ _ _ _ _ _

02-9.1, ST/ 9 2. 'k2~4dJ_______

V=(b+ 0) Always west of 1. AX=k 2- //..7 1\.l/9A

A~m(~ 2 ~z) ~ 9"~ 4'VcY2 AX_ ____

kssin6mc°Sm '-' / KAXsinA~mCOS m
H =cos2AcmSin'qm=COS4m-sinAmm "i -L .-

L=sin Aom+Hsin-AAm - '. .- '-- cos d = 1-21t" -9

d + ________sin__d_+cT d Is L/ ind+Z "0

U=2k-/(-L)/ -/. ', 60$ V=2K /L 5-?/ 291 w 7 4/e
X=U+V+- 7A 7 Z,2,f.g Y=U-V //232 xY - 9/,-o/-/
X2  - 9//#//*/' - y2 9-/t,2- 2 -79-f2 .?E=60 cos d -4 Z ,0-"..1//1.2-

A=4[ 16T+(E/15)T] -iO,/5"Y O6e , D=8(6+T) - ,'"./J"' ./'-

B=-2D .,/j?- / ',---"- / C=2T-Y(A+E) -e 0' 77-C--1-2 14f-

AX _.___ ________ BY-/.fT 1'1' ' 2 CX2 -/ .. ." . -

DXY "/6.,/O4'.29/.' EY2 #-'! !,f2C6"f =-(f/4) (TX-3Y) - -' i l  --

T + 8f -t'.4VAo l J?7 / Z- S a sin d (T+f) 8 '6.-" m

af2 = + (f42/128) (AX + BY + CX2 + DXY + EY2 ) --- m

T +&f + 8f2 S2 =a sin d(T+8f+3f2) m

sin (a2+a,) =(K si-AX)lL,-9 P F., a2 +al .' 90 . * - "
sin (a2- al) =(k sin AA)/(-L) -1".79,//2 a,2-a, .f/ , ~

Y/(& a+ 8a,) = -(f/2) H (T+ 1) sin (a,+ a,)- o-... P- :/ 8 a1 d?- /9"X'/) -

W&~a2 - Sal) =-(f/2) H(T-1) sin (a2- a) -09. 4AV,V.?Y/O 83a Vd) S'; 9Ii'%~
0 21

8a1 . -s- o.? ... 9, aa, -#-- 05.3 ..,€/.7

a = a- = + a2  + &a2

al2 + al + 8a1  a21aI %

d= True distance meters

True Azimuths 00, /1 0 ,

Line No. 13
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S
DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION

WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)

Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2/128 = 0.0897860195 x 10-
6

1 radian = 206,264.8062 seconds
0 ii0 u

,2 2. 7, -X2 _ __

Sm= V _ ) (,. 2. Always west of 1. AX 2- ' 7 . 6-/.

sin 0m7741m -/ -3 s in-A- " sin AX 2',/ 0- /
c os 9 5m 92 d, 5-l o s COA~ 0 m s in AA-&6 \A2

k = sin Sm cos Aom 74/7 4:2',5- K =sin A0 mcos m
=cos 2A m-sinCm0m-sin o -sin 2 Am -'0* . S ' 1-L " 4: '9

L=sinA~m+H sin AAm 7;-6' 25'6- "'41? cos d = 1-2L /Je /9fr2,

d_+ __1___f_5_1__ sin d+ T____ T=d/sin d+ ______

U=2k 2 /(1-) I 7 - Q ,f2, , V=2K2/L 1-, 1a; a " -.'l /1

X=U+VI,-9- ..'9. 9 y=U-V--1..5J ,_ 53/':ZA xy--- 2-2, - '

X2  
' ,S.%"/, cf4' .y 2  . //1 / , E=60 cos d ".,' "9/f/-#/0

A=4[16T+(E/15)T2] T /fY.,26/ D=8(6+T') -2 ') '. ,9-

B=-2D -/12 /21 ?' /9 C=2T-Y2(A+E) - . J'. , F *4"
A X BY~ 10- 2 'f- 93- BY(II~''~' CX 2 -~. ~'~he

DXY -/97"4//'8¢72I '7f EY 2 ?.5"29]i7/'. f -(f/4) (TX -3Y) - /5"9"5 ? '"±

T + ff - -t5'' S,=a sin d(T+af) 09'9.,,+'9.. d'/

1f2 = + (f2/128) (AX + BY + CX= + DXY + EY2) " ,dj' -6 m

+,f+, /O S -// '7 S=a sin d (T+f+f,) m

sin (a 2+ +a)=(KsinA X)/L 36,, 5a +a, 1.' ...9/ a. +, /
sin (a2- a) =(k sin AA)/(1-L) 7,oa-f 9.'O a 2-a 1 /, " 0 & .Y'/

a(&a+ 6a2)= -(f/2)lI (T+ 1) sin (at + a2) -?, " '.- .." O

(a2 - 8a) = -(f/2) H(T- 1) sin (a2 - al) 92 7.-I - 8 $a 2 'f" .9 ,', - 3

6a 6' &2 F

al12 J~6'~6a2-1 %99~

a,-2= + a, +&a, a2-= + a2 + Sa2

I?,; 61'3 True distance ______ ____ meters

True Azimuths

Line No. 14
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION II
WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)

Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2 /128 = 0.0897860195 x 106
1 radian = 206,264.8062 seconds

__, ___- ___o __ ____ ____ 2. ___ --____ _________ _______ =

(hm=%( (h+) .'. y" 9 2. Always west of 1. AX--- # ," /
A0 m= 1/(0,_- V 4" a¢- ee=A ./.' .d,g-,
sin qbm '-/-4 914 .-1 sinAo~m-- 9r,-2'.2 sinAX A-P--- ,'3
Cos (hm 7'-':9, 1CM7 ZZ.. 3;,-- cos AO m -'0- R3; 65"- S sin A,\m  -oi/' .f31,39 59

k=sin OmcosAbm -f-.€/.' K=sinAqbmCOS~bm A0.' 'os/On,
H =cosAm-sinmsin 9 bm.9tJ')t /99..5" 1L f6 -L5Z. ,f
L=sin ASm+HsinAhm 7- 009a, 97 , cos d = 1-2L - / -

d+ '/93 i+d "-sind+ /9/'' T=d/sind+ Ad6'fdt5

U=2k2/(1 V=2K2/L ,' - ' I ,-.. , , . ,,"-

x=u+V -i- Y.,/..2. Y=U-V "/', f 1"- 9.?',Y 7 "/--&V 4/°.2 . ,3

X2 J € e0 / y 2 7- ' e E=60 cos d /J o5lY

A=4[16T+(E/15)T'] 7 - 9- -, , D=8(6+T) #Sd / i 't .' '

B=-2D -/l..Z • ,. o/ C=2T-%(A+E) -- 6", A'. 79e2
AX 7" /V'. /1" ""~ 9 BY - .- P ,6'fJ ' CX9 2  90

DXY 7'g. .,3,,t' - EY2 7'*iO/'1tOf,244 = (f/4) (TX -3Y) c " OeO f-,..5'

T+8f ,. /-. S,=asind(T+8f)
8 f2 + (f 2/128) (AX + BY + CX" + DXY + EY') -z/. .. (/6-

T 8f +8S /- = a sin d (T+ 8f + a2) m0 t iI

sin(a,+a,)=(KsinAA)/L--.f - /1 Iaf- a, +a, , /f 4/6-c-

sin (a2-a,)=(k sin AX)/(1-L) -/ ! , /'/Z93 a2-a, / 1 .. ". '?/

'(Aa,+ 8a2) -(f/2) 11 (T + 1) sin (a, + a,) * -g .. 2-1. "-. )r'/ - . g,,2 . "

1/(a - 8a,) -(f/2)li(T-1) sin (a2 - a,) ' / l 8a2 :'Y" .'
al 020 2I

8a 8a2 a~- -'

al3-2e a2-4 4 rM -, /
at- = + al +&al a2-1 = + a2 + 8a2

d/ -' ' ? True distance ' ' '"' ' ' / " "  / meters

True Azimuths _,. __. __________ c 0 0-

Line No. 15
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION
WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2 /128 = 0.0897860195 x 10- ' 6.
1 radian = 206,264.8062 seconds

0 S i0

, _ / _ e'. 2. /A I4"v A 7S 6/ P -?Z

/m=V2-'-(fj ) / - 2. Always west of 1. A\=X2-A, 94E' -2 09's
A0m=Y(o2-O) 1: 1 ".-" Ahm=YAX -- 5p /S- /-J"

sin s 1~,d in A95m~ sin Ax\~- 9

coso yn- cosA~m-;' / ;9VL:23 9Z sinAmt4 2: 12
kOS= s in (Am c os A 95m "f-- d 7 - ' "/.;- K = s in A 0 m c os Om -1"4d' , ii
S=sAm-sin m--C msinAm

L=sin'A~m+H sin5Am 9X. - '7,2 / O cos d = 1-2L _____.__-___

d+ /.7f/,2f"S sind+ Z' //,,9 Tad/sin d + /- f49..2 --

U = 2k/(I-L) -. 21. 9 o L' '. V = 2K /L -', 6-57 9//f-/ j'

x~~ p.v4 8d ¢¢o y=U--/ '/..72 ?9/,, xv ,ox'.'/5 /

X2 - T ! ,97e .. y2 -Y y -."' 0o9 E=60 cos d 9V/ ,/.
A=4[16T+(E/15)T ]-7,- .0;$7/4, " 1-7.,6 D=8(6+T 2 ) 7 *-'. 9%/..

B=-2D -- A- 92Y2. 5,P C=2T-!/(A + E) -Z- 4" /

AX -  1 7J/' - BY - fe eO-f/.' CX2.-. a , 
2 9'g 4o.5 r

DXY YV-., f//4'( f,.2/ EY" = .- (f/4) (TX -3Y) ;L ,Z/X"f-

T + f 4.1 29 " S,=a sin d (T+6f) ,m4".24f "

af2 =+(f 2/128)(AX+BY+CX +DXY+EY2 ) "/ d/'/A./' - ,

+&f + 5f 7'/- "S2 =a sin d (T+8f +8f2)_J/d /44 mf0 1 11

sin (a2 +a1 ) =(KsinAA)/L-72,7 4,1'/0/ a 2 +a, .- ' "/ /./9?
sin (a 2-a)=(k sin AX)/(-L) -¢'/W/291 a2-a, -4"- // ./,/I-

/2(8a,+ 8a 2)=-(f/2)H(T+I) sin (at+ a,) e0,2250 2f'Sf-? 3a, -T4Z/ - /.//
/(8a2 - &a,) = -(f/2)H(T-1) sin (a2 - at) - 2-- "-.- , 4; ,'2 7 '/8a 3

3a, - . /,a 2 - / ,/ -

a. 2  /. , .i',Z' a2 -, " 7 ej5 /

a,-2= +a,+3a, , ,, a2- 1  a2 + &a,

d True distance 0 1/ , O/ meters

True Azimuths ,' .r"7 /'" €/ 2.6 3'7 /0-,59

Line No. 16
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION
WITH SECOND ORDER TERMS

(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

f/2 = 0.00169503765, f/4 = 0.000847518825, f2 /128 = 0.0897860195 x 10-6

1 radian = 206,264.8062 seconds
0 0 

s-g-5s-(S) 2. #PE .ZVJ/T -// ZZo -2 6

om=2(2+€,) -' ./' 3A 2. Always west of 1. AX=,\ 2-X, -f o- .1g 6S' ,
AS6m= Y262- 0) -, V11 ,52't 4-:W' --  A,\m= YAX"20- 1,2. /o,'--

sin Om '" ,/fZ - '/ ' 2Jf" sin ~ - m0--/ '"-2 sin/AX -/- 0 Z

cos cm -", Z/6,,-f'" cos AOm % 9' I sin Axm -./6" 't/
k=sinOmcosA m --/.-- ' 70O/9 K=sinAnc0Sm A0 /1_cosO

H =eos2 A fm-sin 20M --oS1qm-sin2Am1- -2- ZA'9 fd -

L=sin2 AOm+Hsin2 AXm ',/ /,-? '/ cos d = 1-2L ,-9'-

d + A .-2 09E4, sin d + • 95K994'-, T=d/sin d + / 9/'"9t., -
U=2k 2 /A(I-LQ 2, If ZJS.2 "4f V=2K 2 /L J'.f2?/'6 dr
X=U+V,/./eI-. 6o-y=uv-xY S* 4"rye = U V-roe -

X2 " "2 y2 1.i... 2
eJ

9 6 . E =60 cos d /- .. /g f9.W6'

A=4[16T+(E/15)T] 7"o O9, &.9, f - D=8(6+T') I.- ,. J 7
B=-2D ----- C=2T_(A_+E) - Ile , /2 J 'l_ .

AX -C997 4JV/-VBY -  CX _ 2 _________

DXY -14O. f/19 /3 ISfX/ EY2 -i. 967 Yf/Y/f = -(f,4) (TX -3Y) - .. & 7-Z2 7e,' 9
T + 8f Z/ 5"//$-- - S  

S =a sin d (T + f) i-m, ,,.Z 9, .m
f2 = + (f2/128) (AX + BY + CX2  + DXY + EYA) 9 -, 202 t/ /O --

T + f + 8f2 7'/' -5"/ 67 S2 =a sin d (T+8f +af2) A'l /l 6d9,'963
sin (a2 +a,) =(K sin AM)/L" 5K, S- -,9 46 a +a, 0 ,2 m

sin (a 2-a)=(k sin AX)A(1-L) -'O' a9'17'2 a2-a, t- Z  .7 .A, ?02

/2(6a,+ aa2) = -(f/2) H (T+ 1) sin (a, + a2) /o4",.i'f9...)( /9 a 9-' "
( 2- 8a,) =-(f/2)H(T-1) sin (a2 -ai) -a/.). - " / -a t ' a "

0 I0 II

a, /x- 4'. " 6&. 4 6a 2 /9X ga -' . .2 f3

a1 ,A,- 4.? a2_ ," 4'? ..€1, _

a--2 = + a, +6a, a2-= + a2 + 3a 2

d = True distance /0; /0 01 9- 0 meters

True Azimuths s-" 4 19 /7,'.8 / __, _______-

Line No. 17
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