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in accessible sources, but many are not readily available. Some are new, such as the expansion
of *%o geodesic to second order in the flattening in both geodetic and parametric latitudes, and
conversion formulas between the two forms.

Since the entire treatment is mathematical, an overall summary of the investigation is first
presented to allow a quick assay of the topics and accomplishments. This summary is followed
by a condensation of the formulas developed or included. The details of the actual development

follow in three sections with computational examples in the Appendices.

Paul D. Thomas
Scientific Staff Assistant
Marine Sciences Department

U. S. Naval Oceanographic Office
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MATHEMATICAL MODELS
FOR
NAVIGATION SYSTEMS

OVERALL SUMMARY OF INVESTIGATIONS

Latitude

A loran station positioned on the auxiliary sphere of the ellipsoid of reference has as its
geodetic latitude the angle at the equator made by that normal to the meridian which passes
through the station of the sphere. Its longitude will remain the same. See Figure 1, page 13.
Now this is analogous to the geodetic latitude of a subsatellite point, if the trajectory were
confined wholly to the surface of the auxiliary sphere. It is clearly not one of the three
commonly associated latitudes as shown in equation (1), page 12. Actually the relationship
between geocentric latitude on the sphere and geodetic latitude on the ellipsoid is given by
equation (2), page 12. From these one may find the maximum value of the difference,A¢, and
the value of ¢, the geodetic latitude, at which this maximum difference occurs, equations (3) —
(6), page 14. The expansions of A¢ in series in terms of ¢ were obtained and are given in
equations (7) — (20), pages 15, 16.

For computation of ¢ as a function of @, the geocentric latitude, it was necessary to employ
the Lagrange expansion formula and the resulting expansion and formulas are given in equations
(21) ~ (33), pages 16 to 18. Development of the series expansions for the height, h, of the
auxiliary sphere above the ellipsoid is given in equations (43)~ (48). See Figure 1, page 13
and pages 19,20. A summary of latitude formulas and a bibliography of pertinent references

are included, pages 21 -22.

The great circie track as determined by the geographical coordinates of two given points on the

auxiliary sphere. Parallels at a given distance from a great circle track.

As shown in figure 2, page 24, the treatment is somewhat different than the usual one in
that one works from the vertex of the great circle or the point where the great circle is or-
thogonal to a meridian. This simplifies computations and provides well balanced triangles
from which to compute. It also facilitates the computations for parallels at a given distance
from a fixed great circle track as shown in Figures 3 and 4, pages 26and 27. See also

equations (1) — (13), pages 23--27.
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A spherical rectangular coordinate system with a great circle base line as an axis.

Figure 5, page 29, shows, pictorially, this coordinate system developed on the great circle
base line referenced to the vertex of the great circie base line. The conversion equations are

developed in equations(14) to(26), pages 28 to 30.

Derivation of the equations of spherical hyperbolas and their plane equivalents.

Having established a spherical rectangular coordinate system we are in a position to derive
the equations of spherical hyperbolas referenced t, the system. This is done in both spherical
rectangular coordinates and spherical polar form, equations (27) to (50), pages 31 to 34. See
also figures 5, 6, and 7, pages 29, 32,34.

The plane hyperbola equivalents are dcveloped in equations (51) to (59), pages 35 and 36
and a comparison table of the spherical and plane equivalents is given as equation (60), page
37. See also Figures (8) and (9), pages 35and 36.

An example of computations using the plane hyperbola approximation is given as Appendix 1,

pages 99 to 110,

Distance computations and conversicps; Azimuths; Associated geometrical quantities.

The classical ““inverse’ problem of geodesy was considered here since it is inherent in the
electronic navigational systems problem. In the “‘inversc” problem, the latitudes and longitudes
of cach of two points are given from which the distance between the points and the azimuths at
the two given points are to be determined.

The geodesic on the reference ellipsoid, other than meridians and circular equator, is a
space curve, and its vertex (the latitude where it is orthogonal to a meridian) is not easily ex-
pressible in terms of the geographical coordinates (latitude and longitude) of two poiats on it.
The actual length involves the evaluation of an elliptic integral, whose modulus depends on the
latitude of the vertex of the geodesic. Iterative solutions have been devised as Helmert’s,
based on the earlier work of Bessel.

Approximations based on plane curves which are near the geodesic in length as the normal
sections and the great elliptic arc have been devised. An investigation of these was made,
including some extensions for instance in the scries development for the great elliptic arc
approximation. See pages 48 to 51 and Figure 15, page 50. Also their use and expression in
terms of common computational parameters with some associated geometrical quantities useful
in operational applications as the angle of depression of the chord below the horizon, the
maximum scparation betwcen the chord and the surface, and the geographic coordinates of the
point on the surface where maximum separation occurs.

An investigation of the expansion of the geodesic length in powers of the flattening was

made which to first order in the flattening are the well-hnown, so-called Andoyer-Lambert
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approximation formulas, one in terms of parametric latitude, the other in terms of geodetic
latitude. Since this Office uses the Andoyer-Lambert form in terms of parametric latitude, in
which geographic latitudes must first be converted to parametric, an investigation was made to
see if use of the parametric form to first order in the flattening was justified or necessary in
terms of operational requirements. This was done in connection with a review of an extensive
study by USAF (ACIC) of geodetic lines up to 6000 miles in length where the Andoyer-Lambert
approximation was recommended for such tasks as LORAN computing, since the errors in the
very neai geodetic distances obtained are fairly constant on lines 50 to 6000 miles in lcngth
and in all azimuths. The comparisons are given in tables 1 — 3, pages 65t0 7.

Since some of the excursions in the first order form were of the order of 10 meters, the
problem of obtaining the expansion of the geodesic to second order terms in the flattening was
examined. By introducing two parameters X and Y, in terms of the latitude of the vertex of the
great elliptic arc, it was found that the great elliptic arc approximation produced the so-called
Andoyer-Lambert first order approximations. (See pages 68—69.) Similarly they could be
produced by modification of the differential equation to the geodesic (See pages 69 to74).

In review of an 1895 paper by the British Mathematician, A. R. Forsyth, by identifying his
fundamental approximation parameter as the vertex of the great elliptic arc, it was found that
he actually had both so-called Andoyer-Lambert first order expansions in the flattening, but
it had apparently not been recognized. Furthermore, he had an expansion to second order terms
in the flattening and in terms of geodetic latitude but it had two errors 1n the second order term.
After these had been detected and corrected, computations based on the resulting equations
give distances within a meter on all lines computed from 50 to 6000 miles. See pages 75 to 81.

Forsyth did not have the expansion to the geodesic in terms of parametric latitude to second
order terms in the flattening, so his results were extended to second order terms. See pages
79 to 90. Then transformation equations were developed to convert one form to the other as far
as second order terms in the flattening, pages 90 to 92, and finally the difference formulas for
the piincipal parameters, pages 92 to 93. As a result of this study, distance and azimuth
formulas are available in terms of easily computed parameters, in terms of either parametric
or geodetic latitude which will give distances over all lines within a meter and azimuths within
a second which is adequate for any operational requirement. A more detailed summary of the

investigations of this section with a bibliography of references is given on pages 93 to 97.
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COLLECTED FORMULAE

el |

NEW LATITUDE FORMULAS

[\
If 6 is the geocentric latitude of a point Placos6, a sinf) on the auxiliary sphere, then the E: +
correspoading geudetic latitude ¢ of P at an altitude h above the ellipsoid of reference as shown %ﬁ-

in Figure 1, is given by
sin Ad = sin(é~0) = (¢*/2a) Nsin 28 = (e? sin dcos &)/ (1-e?sin’@)Y

a7

»,

. AT
1ty 2]

% |

=c¢,sin 2 ~ c,sin 4@ + ¢;sin 66 ~ ¢ sin 8¢,
¢y = (e?72) + (e*/B) + (15¢°/256) + (35¢° /1024)
c, = (e* '16) * (3c® '64) + (35¢°/1024),
c; = (3¢°7256) + (15¢" 71024),

.
2

-

s
e
N
.1

c. = 5¢* 12048 L
MLy
With the same coefficients, {'k 3

a
bl

& - 0= Ad (radians) = (c, * ¢, /8) sin2¢ — (¢, + cfc,/4) sind¢ + (c; — ¢/24) sin 6
Aé (seconds) = (206,264.8062) - A (radians).
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To express \d in terms of 0, we have
tand = tan 0 + (e? 'acos?) \sind g

=1an § + (e?’cos 0) sin &/l — ¢*sin 2¢)l/2, E%

‘.l:# o

M

. . e

which, when expanded by the [agrange expansion formula gives \_
. . . . NS

Ad == 0=c,;sin20+ c,sindd + ¢,sin 60 + ¢ sin 80 i

¢, = (e?72) +(c*’'8) + (11e®’256) + (31¢%/1024)
ey = (22 716) + (5e°7/64) + (25¢°/1024)
¢, = {770 7768) + (390° '1024),

cs = 127572048
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The distance h is given by

h'a=cos \d-a N=cos \¢~{(l - ezsinzd,)’/z

ey~
» P ¥ 3
A
«

2 er oz Wl

(1 = e*sin?d)- {(1 —csinél + cieost A= 1 + c’sin’d} L]
h =ald; = d,cos 2+ dycos 4 ~ dycos 66 4+ dg cos 8¢p) ;::.':;‘
dy = D = (* '01) = (3¢°"256) — (233¢* 1638 #) s

dy = (@21 # {e*716) + (Te® '512) + (3¢°/2048)

dy = (5e® 64) + (11e® '256) + (115¢° 1096) o
d, = (9e® 512 + (37e* 12048)
dg =53e* 16381 - [l




STANDARD LATITUDE FORMULAS

The three latitudes usually associated with the auxiliary sphere ellipsoid configuration as shown
in Figure 1, are the geocentric, parametric, and geodetic represented here by ¥, 6, and ¢,
respectively and related through the equations

tan i/tan 0 = tan 6/tan ¢, = (1 —e?)
where e is the eccentricity of the meridian ellipse. The parametric latitude, 6, is also called here

the geocentric latitude of points on the auxiliary sphere.

LATITUDES FOR CLARKE 1886 SPHEROID
Series representations, accurate to 0.001 second, for the differences in @, ¢o, 0, ¢ are:
A (seconds) = ¢ — 6 = 699 12540 sin 26 — 05936 sin 4¢ + 0"0004 sin 6¢
A (seconds) = ¢ — 0 = 6992520 sin 20 + 17769 sin 4 0 + 0"0064 sin 66
Aeo (seconds)= ¢ - ¢, = 3490318 sin 26 + 194796 sin 46 + 070061 sin 60
h (meters) = 10,788.3852 ~ 10,811.2646 cos 2¢ + 22.9147 cos 4¢5 ~ 0.0350 cos 6¢
¢, — ¥ = 70014385 sin 2, — 11893 sin 46, + 010027 sin 6,
o — ¢ = 7004385 sin 2¢) + 11893 sin 4y + 090027 sin 64
¢, — 0 = 350%2202 sin 2¢, ~ 092973 sin 44, + 00003 sin 6¢,,
¢, — 0 = 350%2202 sin 20 + 02973 sin 46 + 020003 sin 66
0 - ¢ = 350%2202 sin 26 — 012973 sin 48 + 0%0003 sin 60
0 - ¢ = 35012202 sin 2 + 02973 sin 4¢ + 020003 sin 6y

GREAT CIRCLE TRACK FORMULAS

First compute A jand 6, from

tan 0, cos A,—tan 0, cos A,

tan A, = : :
°" tan 6, sin A,—tan §,sin \,

cot 6, = cot @, cos (A= A,) = cot 6, cos (Ay = A,). (See Figure 2).
Then compute a, and a, from
cos 6, cos b,

,sina, =
os 0, cos 0,

sin q, =

Next compute S,and S, from
tan S,=cos a,cot §,, tan S, = cos a,cot 8,
The computations for a,, a,, S, and S,are checked by

cos (A, = A;) = cos a, cos a, + sin @, sin a,cos (S, - S,)

‘Ma‘fd

3
154

o
£9

@ff,

gaF g
!
Eyrs

K
L

L7
TN aty

e
o

.

Ay A A,
."(‘(

55
n %
X .

.

-
e
!'A -~
A
I“ )




For equally spaced intervais along the great circle track, for instance in 100 nautical mile
intervals, let S = Sli 100K, K = 1, 2, 3, — —~ —, n. With these values of S one computes
successively corresponding values of 6 A, and a” from

sin §”=sin B, cos S, tan (A, =X ) =tan S/cos @,, tan'a’= cot 6, /sin S

and checks by means of sin 8% tan (\,— A’) - tana’=1 .

PARALLELS AT A GIVEN DISTANCE FROM THE GREAT CIRCLE TRACK

To compute the coordinates (6p, Ap) and (6p”, Ap ) of points at a given distance s from a given
great circle track and symmetric with respect to it one computes (see Figure 3):

sin ) =AcosStB when k = p, use -+ sign
sin (A\o= A}) = C sin S/cos 6} k =p’, use - sign
S and 6, are the same as given under the great circle track formulas above and A = C sin §,,

B =cos 6§, sins, C=coss. Thecomputations may be checked by

cos 2s = sin fp sin Op” + cos fp cos Op”cos (Ap = Ap).

SPHERICAL RECTANGULAR COORDINATE SYSTEM WITH A GREAT CIRCLE BASE LINE AS
AN AXIS

It is assumed that the base line has been established, that is the coordinates (6,, Ay
of the vertex of the great circle base line have been computed from the coordinates of two given
points Q,(8;, A,), Q,(0,, A,), see Figures 2 and 5.

Formulas for computing y, S, x from 8 and A

sin y = cos 6, sin 6 — sin 6, cos @ cos (Aq — A)

sin 6, cos @ sin (A,—A) cos B sin (A, =)
sin € - cos 6, sin y = sin 6, sin 0 + cos 6, cos 0 cos (Ao~ A)

tan S=

sin x =sin (S~ §,) cos y

Formulas for computing S, 6, A from x and y

Let C=cosy,D=siny, E=sinx, A=Csin §,, B=D cos 4, then
S =arc sin (E/C) + S,
0 =arc sin (A cos S + B)
A= Ay ~arc sin (C sin S/cos 6)
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SPHERICAL HYPERBOLA FORMULAS AND PLANE EQUIVALENTS

Spherical Plane
2 tan %a (sin %c ~ sina) 2 a(c?-a?)
(D tan? = — - — P = . -
sin’c cos’a -~ sin’a dcos’a~a
. 2 sinacos’ ., . 2 a’y®
(2 sin =————— sin% +sin’a x* = = ta
sin ’c ~ sin %a c*-a
2 2
cos 2c  cos 2a a“-c
(3) tan R = _ R =
sin 2¢ cos B+ sin 2a ccos B-a

(c ~a)(R+c+a)
(c+a)(R=-c+a)

sin{c-a) sin R+c +a)
sin{c +a) sin (R - ¢ +a)

(4) tan®(B/2) = tan’(B/2)

In (1) and (2) the origin of coordinates is the midpoint of Q Q, , see Figure 5. Equations (3)
and (4) are two polar forms with origin at a focus Q, , see Figures (5) and (6). Appendix 1 has

computations based on the plane equivalent of (3).

DISTANCE AND AZIMUTH FORMULAS

Normal section azimuths (Geodetic latitude, ¢)

[sin ¢, - (N, /) sin $1]e” cos ¢, sec ¢, + (sin ¢, cos AN —tan ¢, cos ¢,)
cot aAB = -
sin AA

_ [sin é1 ~ (No/N,) sin ¢,] ” cos ¢, sec ¢, + (sin ¢, cos AA—tan ¢, cos ¢,)

cot a =
BA sin AA

Normal Section Azimuths (parametric latitude )

. sin 6, cos AX - cos 6, tan 6, + e* (sin 6, - sin 6,) cos 0, sec 6,
€teAB = (1-e? cos26,)" sin AX

sin 6,cos AA - cos 0, tan 6, + e* (sin 6, — sin 6,) cos 6, sec 6,
(1~ ¢ cos? 6,)sin AX

cot agp =-

Great Elliptic Section Azimuths (Geodetic latitude ¢)

N, (tan ¢, cos A\ ~tan ¢,) cos ¢,
cot aAB = (1 - eZ) -—T
a

sin AA
\ N,* (tan ¢, ~tan ¢, cos AX) cos ¢,
cotapy = (1-¢) a’ sin AA

Great Elliptic Section Azimuths (parametric latitude 6)

(tan , cos AX —tan 6,) (cos 6,) (1 - & cos?8,)¥?
cotapp = sin AA

(tan 6, — tan 8, cos AX) (cos 6 ) (1 - e? cos® 0,)’/2

cot agpA =

sin AA




Y SAthradoridd

Great Elliptic Arc Distance
sfa=(d, +d,) ~ % k* [(d, +d,) - sin {d, +d,) co= (d, - d,)]
- (1/128) k* [6(d, + d,) - 8 sin (d, +d,) cos (d, - d,) + sin 2(d, + d,) cos 2(d, - d,)]
- (1/1536) k° [30(d, +d,) ~ 45 sin (d, + d,) cos (d, - d,) +9 sin 2(d, +d,) cos 2(d, - d,)
- sin 3(d, + d,) cos 3(d, - d,)] ~
Where in terms of geodetic latitude ¢,
k = (e\/T?-/a) N, sin ¢, d, = arc cos (N, sin ¢,/N, sin ¢,),
d, = arc cos (N, sin ¢,/N, sin ¢,)
sin ¢ = [J/(J + sin? A)\)]‘lz, J = tan’$, + tan’@p, — 2 tan ¢, tan ¢, cos AX,

L ST

and in terms of parametric latitude
k =e sin 6,, d, = arc cos (sin ,/sin 6,), d, = arc cos (sin 9 ,/sin 8,)
sin 6, = [F/(F + sin? A\)]Y2, F = tan 26, + tan®), - 2 tan 6, tan 6, cos A\.
Also in terms of parametric latitude 6, great ellipticarc distance
s=a d ~(e?/8) (Xd ~ Y sin d)
- (e*/512) [(6d - sin2d) X* ~ 8 (sin d) XY + 2 (sin 2d) Y*]
~(e°/12288) [3(10d - 3 sin 2d) X* - 3(15 sin d ~ sin 3d) X*Y + 18(sin 2d) XY2~4(sin 3d) Y’]

(sin 6, + sin 6,  (sin € ~ sin A,)%,
+

where X =
1+cosd l1-~cosd

y (sin 0,+sin 6, (sin § - sin 6,)%, d = d,~ d,, where d,, d, are spherical distances from P,(6,, A,),

1+cosd l-cosd
P,(6:, A,) to the vertex Py(6,, Ao).
NOTE: If e* = 2f, the higher order terms in f then ignored, this becomes the so-called Andoyer-Lambert

approximation in terms of parametric latitude,

GEODESIC IN TERMS OF GREAT ELLIPTIC ARC, IN GEODETIC LATITUDE WITH SECOND ORDER
TERMS IN THE FLATTENING
Given the points P,(¢,, A,) , P,{¢;, A,) on the reference ellipsoid, P, west of P,, west longitudes

considered positive.
With ¢\ = Y, + &), Ad = %(ha = 1), AA = A= Ay, Ad, = HAN,
Let k=siné  cos Ap,, K=sin Ad,, cos L

H = cos’A¢  — sin’¢ = cos’,, ~ sin’Ad,

L= sin’At;bm + H sin®AN [ = sin*(d/2), 1 - L = cos*(d/2), cos d =1 - 2L,

t =sin’d =4L(1-L),U=2*/(1-L), V=2K*/L; X=U+V,Y=U=-V,




T =d/sin d = 1 + (t/6) + 3(t?/40) + 5(t*/112) + 35(t*/1152) + 63(t°/2816) +’(1 radian = 206,264.8062 seconds)
E=30cosd ,A=4T (8 +TE/15), D = 4(6 + T?), B = -2D,
C =T - Y%(A +E), {/4 = 0.000847518825, £*/64 = 0.179572039x10~° (Clarke 1866)
S =asind [T~ (£/4) (TX - 3Y) + (#/64) { X(A + CX) + Y(B + EY) + DXY1],
sin (@, + a,) = (K sin A))/L, sin (a,~ a,) = (k sin AX)/(1 - L),
Y(8ay + 8g) = 1/2) H (T + 1) sin (a, + ay), %(da; - 8a,) = ~(£/2) H(T - 1) sin (q; - a),
., =a, + 64y, 2., = a, + day.
Additional check formulae

(sin ¢, + sin ¢,)* (si ~si ?
X - ¢1 ¢2 N sin ¢!. sin ¢1) - 2'Sin2¢° - 2F/(F + sinzm)

l+cosd l1-cosd
(sin ¢, + sin ¢;)* (sin ¢, - sin ¢,)*
= : r- - é = 2 sin *¢, cos (d, + d,)
l4+cosd l~cosd

F = tan®¢, + tan *¢, ~ 2 tan ¢, tan ¢, cos AL
cos(d +d,)=Y/X,1 +cosd=8k/(X+Y),1-cosd=8K/X-Y),

kl K2 kz K2
cosd= 4| = —] fl—+ —|=1,
X+Y X-Y, X+Y X-Y

NOTE: If the second order term is ignored, the resulting equations are the equivalent of the so called

Andoyer-Lambert approximation in terms of geodetic latitude.
The quantities H, T, L, k, K enter into both distance and azimuth formulas. Distances are given

within a meter and azimuths within a second over all lines in all latitudes and azimuths. Other advantages
are (1) no conversion to parametric latitudes, (2) no square root calculations, (3) for desk computers the
only tabular data required is a table of the natural trigonometric functions as Peter’s eight place tables.
(4) the formulas are adaptable to high speed computers. See Table 4 page 81 and Appendix 3, lines 12
through 16, for desk computer sample computations based on these formulas as checked against 5 Coast
and Geodetic Survey specially computed lines. The mean difference for the 5 lines between true geodetic
lengths and computed values was 0.15 meter with a maximum difference of 0.24 meter. The mean difference

between true and computed azimuths was 0.59 second with a maximum difference of 0.93 second.

GEODESIC IN TERMS OF GREAT ELLIPTIC ARC, IN PARAMETRIC LATITUDE WITH SECOND ORDER

TERMS IN THE FLATTENING
Given on the reference ellipsoid the points P(6,, A,), Py(6,, A,); P, west of P,, west longitudes

considered positive. (Geodetic latitudes are converted to parametric by the relation tan 6 = (1-1) tan ¢

or an equivalent formula). With 6, ='%(6, + 6,), A0m = ¥%(0; - 6,), AN = X, = Xy, BNy = AN/2;

[T ) e e
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let k= sin—Gm cos Aem, K =sin Ag,, cos Gm,

H =cos’Af, - sinzqm = cos’d, ~ si’ AG,
L =sin’Af, + H sic AA | = si’d/2, 1-L = cos?d/2,

cosd=1-2L, h =sin’d =4L(). - L), U =2k*/(1 - L),
V=2K/L,X=U+V,Y=U-V,
T =d/sin d =1+ (1/6)h +(3/40)h? + (5/112)h* + €85/1152)h* + (63/2816)h° + = - - - - ,
E, = =2 cos d, D, = 4T?, A, = -D,E,, B, = -2D,, C, = T - %4(A, + E,),
S=asin d [T - (f/4) (TX -Y) + (£/64) (AX + B,Y + C,X* + DXY + E;Y?)]
sin (@,+ a;) = (K sin AN)/L, sin (g, — a,) = (k sin AA)/(1 -L)
(8, + a,) =~ (£/2) TH sin (a, + a,)
¥%(ba, ~ 8a,) =~ (£/2) TH sin (a, ~ a,)
ayy = a, +8ay, ayy =a,+ da,

Additional check formulae

(sin 6, + sin 6,)* ' (sin 6, — sin 0,)?

X= + = 2 sin?4, = 2F /(F + sin®A))
1+cosd 1~cosd

(sin 6, + sin §,)* (sin 6, — sin 6,)
Y= - = 2 sin*Gycos (d, + d,)
1+cosd l~cosd

F = tan®g, + tan 29, — 2 tan 0, tan 6, cos A
cos (d, +d) =Y/X, 1 +cos d=8k°/(X +Y), 1 —cos d =8K*/X ~Y),

kz Kz k2 Kz
cosd = 4|l— - —), 4|—+ —] =1
X+Y X-Y X+Y X-Y

NOTE: If the second order term is ignored, the resulting equations are the equivalent of the so-called

Andoyer-Lambert approximation in terms of parametric latitude.

TRANSFORMATIONS: GEODETIC TO PARAMETRIC — PARAMETRIC TO GEODETIC
If primed quantities denote those in geodetic latitude, then the transformation equations are:
d’ =d-(f/2) Y sin d + (/16) [4Y(X-3) sin d + (2Y* - X*} sin 2d],
sind’=sind - (f/4) Y sin 2d ‘
X=Xl +£2-X)]
Y = Y0 + £ (2 - X)) +{£/2) (X* - Y*) cos d

d = d"+(#/2) Y sind’+ (/16) [4Y’ (X"=1) sin d '+ QY "*~ X**) sin 2d]
sin d = sin d’+ {f/4) Y’sin 2d°

X=X0l-12-X]

Y=YQ -2 -X-(/2) X"*-Y"? cos d’
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DIFFERENCE FORMULAS TO SECOND ORDER IN THE FLATTENING
d’-d=-({/2) Y sind + (f%16) [4Y (X - 3) sin d + (2Y* —= X?) sin 2d],
=~(£/2) Y’sin 4"~ (2/16) [4Y’(X’=1) sin d"+ (2Y"*~ X"?) sin 2d7] ;

X=X =X (2-X){1 +(£/2) B-2X)},
=fX'@2 -X711 - (£/2) O - 2X);

Y-Y=£tY2-X)+(/2) X*-Y?) cos d

+(£2/8 14Y 2 -X) 3 -2X)
+(X2=Y) {11 -5X)cos d + Y (1 -3 cos*d)}

=fY (2 - X+ (£/2) X?*~Y") cos d’
— @) 4Y7 @2 -X) (L -2X) }
l: +(X72-Y"?) {2(5-3X") cos d’+ Y’ (1 -3 cos®d’)}

CHORD DISTANCE, ¢

c=a [{1 —~cos (d, +d;)} {2 = k*[1 - cos (d, ~ d,)]} 4
Where in terms of geodetic latitude ¢,

d, =arc cos (N, sin ¢, /N, sin ¢, ), d, = arc cos (N, sin ¢, /N, sin ¢,)

k* =[e*(1 - e?)/a?] Ng*sin’¢,
in terms of parametric latitude 6

d,=arc cos (sin 6, /sin 6,), d, = arc cos (sin 6, /sin 6,), k* = ¢* sin?6,.

ANGLE OF DIP OF THE CHORD, 8

. 1L-e) [ ~cos(d; +d;)] 12
inf= [2-k* {1 -cos (d;-dz)ﬂ (1 -e? +k? cos?d,) ,

with k, d,, d, expressible in terms of either geodetic or parametric latitude as given above.

MAXIMUM SEPARATION OF CHORD AND ELLIPTIC ARC, H,
H, = 2a::bosin Y%, +d,) 1 - cos %(d, +4d,)],

where c is the chord length as given above, bo = ay/1 ~k*; ¢, k, d, d, expressible in either

parametric or geodetic latitude as given above.

GEOGRAPHIC COORDINATES OF POINT OF MAXIMUM SEPARATION
tan ¢ = R/D, or cos 2¢ = (D* ~R*)/(D? + R*), tan A = (cos 6, sin AX)/(cos 6, + cos 0, cos AM),
R =sin 6, + sin 8,, D = (0.996609925) (4 cos? Vzd-R’)"/,z dis spherical distance between the
points P,(6,, A,), P, (6,, A,) on the ellipsoid, § is parametric latitude, AN =A,-A,. See Figure 23

for sample computation.
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DEVELOPMENT

SECTION 1. LATITUDE FORMULAE

The auxiliary sphere, associated with an ellipsoid of reference, is the sphere-tangent to the
spheroid along the equator. If it is desired to work on this sphere with formulae for conversion
to the spheroidal surface, then a correspondence between geocentric latitude 6 on the sphere and
geodetic latitude ¢ on the ellipsoid is needed. Longitudes will be the same.

Now there are three latitudes in geodetic usage associated with the auxiliary-sphere ellipsoid
configuration as shown in Figure 1. The 6 as shown, and which we shall call geocentric latitude,
is called the reduced or parametric latitude since it is the eccentric angle of the meridian ellipse.
The angle i , as shown, is called in geodetic nomenclature, the geocentric latitude since it is
the angle measured from the center of the ellipsoid to the point R on the meridian from the equator.
The angle ¢,, as shown, is a geodetic latitude corresponding to §. The three latitudes ¥, 6, ¢,
are related through the equations

tan ¢ = /1 — ¢ tan 0 = (1 ~ ¢? tan ¢,

ortan ¢ / tan @ = tan 0/ tan ¢y =1 —e>.
where e is the eccentricity of the meridian ellipse [1].*

However, for working directly on the auxiliary sphere and transferring directly to the ellipsoid,
if 6 is the geocentric latitude of the point P (a cos 6, a sin 6) on the auxiliary sphere, then the
latitude actually corresponding on the spheroid is that found by dropping a perpendicular upon
the meridian ellipse from P meeting the meridian in Q as shown in Figure 1, the normal making
the angle ¢ as shown with the equator. The distance PQ = h, and ¢ are needed for the conversion
where 0 <h <a -b, a and b the semimajor and semiminor axes of the spheroid. We now develop

the necessary conversion formulas between ¢ and 0.

The law of sines applied to triangles POT, POK of figure 1, yields

Ne’sing _ h+N _ a Ne’cos¢p _ h+N(1-e?) _ _a , @
sinA¢ cos§ cos ¢ " sin A sin sin ¢ 2

where N=a/\/1-¢*sin’} ; e, a are the eccentricity and equatorial radius of the reference
ellipsoia. (A¢=¢ - 0).

#[1] Bracketed numbers refer to the list of references at the end of the section.
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acose

[N cos¢>, N(I- ea) sin®]Q
AN
r acosf

Pél

N\

P (a cosg, a sin g)
\

R (c\x cos @, b sing)

Figure 1. Latitude relationships in the auxiliary sphere-sphereid configuration.
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From the first and last of either sets of equations (2) find

2 2 .
sinAdp= —" Nsin2¢ =2 Snfcosd 3)
2a V1-e’sin’p
To find the maximum value of A¢ and the value of ¢ at which the maximum occurs, one
e’sin ¢ cos ¢
differentiates A¢ = arc sihn———————— to obtain
V 1-e*sin’p
dAd R e cos?2¢ + 22 —e?) cos 2¢ + €? @
dép (2 €2 + e? cos 2¢) 1/ 22—e?) — e* + 2¢? cos 2¢ + € cos?2 ’

neither factor of the denominator of (4) is zero for 0 < ¢ <90° Hence to find the maximum from
(4), place the numerator equal to zero and solve for cos 2¢ to obtain

cos 2p=1+2(y1-e’-1) /e’ (5)

The flattening, f, of the reference ellipsoid is given by f = (a~b)/a=1-b/a=1 -V1-¢3,
whence e?=2f~f%, we can write

cos 2p=1~201~\/1-e?)/e? =1~ 21/(2f ~ ) = - {/(2-1)

sin 226 = 1 - cos?2 = 1 - £2/(2 - 2 = 4(1 - D/(2 - 1)?

sin ’¢ = -]:---l—cos2¢=—1- + £ 1

2 2 2 2(2-f) 2-f

l-e’sin*p=1-f(2-0)/2-0)=1-1
from (3) sin *Ag = e sin’2¢ £(2-0)* 40-0) 1
4 1-e%sin’gp 4 (2-f? 1

sin®A¢ = f?

hence  sin Ad 5, = f=0.0033900753 (Clarke 1866 ellipsoid).

cos 26 = ~ 0001697914
& = 45° 02'55 106 ,

and Appax = 0°11' 394255, (6)
6 = ¢ - Agp = 44° 51" 15'851.

Now from (3) and @ = ¢ — A a complete table for coresponding latitudes can be computed
readily since complete tables for N to 0.001 meter have been computed for most reference
ellipsoids. [2]

To develop sin Ag is a series for computation without the necessity of tables of N, write
(3) in the form sin A¢ = e® sin ¢ cos ¢ (1 - € sin® qS)-l/z, then expand the radical by the
binominal formula to get

: 3 5
sin Ag = e” sin ¢ cos ¢ (1 +-(—3-2 sin’ ¢+-§- et sin‘g13+-1—6 e®sin’ @)

14




et . et | 3 ) 5 .
=~ sin 2¢ + — sin *¢ cos ¢ +Ee° sin %@ cos ¢ + % e® sin” ¢ cos ¢.
now sin’g cos ¢ =Y sin2¢ ~ '/ sin 4¢
sin °$ cos ¢ = °/, sin 2¢ — '/, sin 4¢ + *4, sin 6
sin ' cos ¢ = "/, sin 2¢ — "4, sin 4¢ + 3/, sin 6 - '/,, sin 8¢,
and the values from (8) placed in (7) give
sin A¢ = ¢, sin 2¢— ¢, sin 4¢p + ¢y sin 6¢p ~ ¢, sin 8¢;

2 4 .

e

E & s 6 4 35 s 4 3, 6,135 8
where = 9 tgt hse € F T foge €3 C2= € fis t g € F a0,

Cy = 3/256 et + l5/1024 ef,c,= s/zou e®
If A¢ in radians is desired rather than sin A¢, then in the expansion
arc sin x =x(1 + x% +---)
let x =sin A¢, whence arc sin x = A¢ and

A = sin Ag (1 + Si";’-\‘ﬁ

Foemn),

from (9) with ¢* = 0.006768657997, find
¢, = 0.003390074081, ¢, = 0.000002878029,
¢y = 3,665 x 107, ¢, = 5 x 10°** (negligible).

For estimation purposes the values in (12) may be written
¢, =3%107% ¢, =8x10"°, ¢, = 4 %10°°

2 =9%107% ¢,2=9x 107, 2= 2 x 10777,

With the value of sin Ag from (9) in terms of the estimation coefficients (?3) we examine

the term (sin *A¢5)/6 in (11), and find that (11) may be written A¢p = sin A +
¢’ c,’c,
— sin ® 2¢ ~ sin *2¢ sin 4¢.
6 2
since sin’2¢ = % sin 2¢p - X sin 6¢
sin’2¢ sin 4¢p = ¥ sin 4¢ - ¥ sin 8¢,

equation (14) may be written, with the value of sin A¢ from (9), as
3

2 3
A¢ (radians) =<(cl + %;—)>sin 24 - <c2 + c"tc’)sin 4¢ + [ c, -g;;—) sin 6¢,

or

A¢ (seconds) = (206,264.8062) A¢ (radians),

(7)

8

9

(10)

(11)

(12)

(13)

(14)

(15)

(16)

where c,, c,, c;, are given by the expressions in (9) in terms of the eccentricity of the meridian

ellipse.
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We now check equations (9) and (17), using again values for the Clarke 1866 spheroid and
for the maximum value of Ad.
From (9) and (12) we have
sin A = 3.300074081 x 10~ sin 2 ~ 2.878020 x 10~° sin 4¢ + 3.665 x 10 sin 6. (18
From (12) and (17) find
A¢ (seconds) = 69912540 sin 2¢ — 0"5936 sin 4¢b + 0 %0004 sin 6¢. (19)
Now with ¢ = 45°02 55106 from (6), find sin 2¢ = + 0.99999856, sin 4¢» = - 0.00339575,
sin 6¢ = - 0.99998703.
The values from (20) placed in (18) give
sin A¢ = 0.0033900753 which checks the value found before in the 10th place. (See (6)).
The values from (20) placed in (19) give A (seconds) = 699 2530 + "0020 - 0004 =
6997 2546, or 11' 397 255 which is the value of A¢ ...  (See (6)).

For explicit computation of ¢ as a function of 6, we obtain the following development. From

20)

the second and third of each set of equations (2), find
h+ N =acos §/cos ¢ = Ne® + a sin 0/sin ¢, whence
tan ¢ = tan § + (e*/a cos 6) (N sin ¢)
or tan ¢ =tan 0+ (e*y/ 1+ tan’ 0) (tan ¢/ 1+ (1 - €°) tar’ ¢ ).

(NOTE: Equation (21) also follows directly from (3) by expanding the left hand side and

(21)

dividing every term by the product cos ¢ cos 6. sin A¢ = sin ¢ cos 6 ~ cos ¢ sin 6.)
Now (21) is of the form
y=x+h(x) g(y)
and the Lagrange expansion formula may be used, [3].
Equation (21) may be written
y=x+ e(1+x)Y: . y[14+(1-¢? y ™2 (22)
Where y = tan ¢, x = tan §, h (x) = ¢*(1 + 2 g =y[1+ Q1 -e?)y ™2
By use of the Lagrange expansion formula, a function f(y) which has a power series

representation may be written

® {(hi" ¢""r .
f(y) = £() + n2=:1 —— T 0 {g)] (23)
1
With y =tan ¢, f(y) =arc tany = ¢; x = tan 0, f(x) = arc tan x = 9, { (x) = - = cos’0,
1+x
equation (23) may be written
Ap=¢-9= 3 &hsecho dnl oo (24)

n=1 n! dx -1

Where G(6) = (cos?0) (tan 6/ 1+ (1= ¢?) tan?@) ™, 9 = arc tan x.
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First write G(6) in the form

G(6) = (cos?0) {sin 0(1 - e’sin"O)"/z]n . (25)

We wish to retain terms to e°, but no higher. Hence we expand the radical in (25) to

powers of e® since for n = 1, equation (25) will be multiplied by ¢ as seen from (21). Using

the binomial formula for the expansion we can write (25) as

G(0) = (cos?0) (sin @ + % e? sin® @ + (%) ¢* sin * 0 + (°/¢) e® sin” O) (26)

To retain terms in e® we will need the first four terms of the expansion (24) and hence

three derivatives of (26). Now 0 = arc tan x,.d_t9 =1 = cos?0, 0 __ 2 sin 6 cos’,
dx 1+x* dx?
d3
— = 2(3 sin*@ - cos?@) cos 4.
dx®
dG dG d6 dG
—me— — =|—) co0s@ (27)
dx d6 dx dg

&G (& ( do\? [dc\ [d%
& \igt) \ax) "\ / \ax?
/d’G dG
=cos’@|{ — ] cosG-2|—) sin @ (28)
\do* do
4G G do\? 3 <d2 > (d@ d20> <dG> ¢ >
— ] — —_— 4 — —_— — R —_—
dx’ do’ dx do? dx dx? da dx’
6\, &6 dG
= cos*0 <—> cos’0 -6 (-—) cos O sin @+ 2 (—) (3 sin%@ ~ cos®0) (29)
0’ d6* do

Because of the factor e " as a multiplier in (24), we can assume the following terms for (26)

forn=1, 2,3, 4:

-hwx\:w»—‘|:=

G(6)

(cos®0)(sin @ + ¥ e? sir® 0 + (3/8)¢" sin® 0+ (5/16)¢® sin’ 0) (30)
(cos®@) (sin® 0 + €* sin* 9+ ¢* sin® 0)

(cos?0) (sin® 0 + (3/2)e? sin®0)

(cos?0) (sin*0)

The terms of (21) are now formed by finding the derivatives of G(6) with respect to 0 using

the appropriate form of G(6) from (30) and finding

dG

dx

4’6 4G
y — ; —— by means of (27), (28), and (29).
dx*  dx®
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Co SEn e = s

Thus it is found that the first four terms of (24) are
€ sin 0 cos 0 + Ye' sin® € cos 0 + (3/8)e® sir’® O cos 0 + (5/16)e® siv” @ cos 6;
e* sin 0 cos 6 + (2e°~ 2e*) sin® @ cos 0 + (3¢® — 3¢°) sin® @ cos @ — 4e®sin” @ cos 0 ;
e® sin 0 cos 6 + (5"~ €°) sin®@ cos 6 + (**/e® - 7"/ e®) sin® f cos @ + **/e® sin” 6 cos 6;
e® sin @ cos § - 12¢° sin® 0 cos 0 + 30¢® sin® @ cos 6 ~ 20e® sin” 0 cos 0.
Adding corresponding terms of these we have
Ap=c¢—-0=(e +e* +e°+e) sin 0 cos 0 ~ [(3/2)e* +(23/6)e® +7e®]sin*F cos § (31)
#(77/24)e® + (55/4)e’] sir® 6 cos 0 ~ (127/16)€ sin” 0 cos 6.
Now sin @ cos 6 = }; sin 20
sin® § cos 0 = ¥ sin 20 ~ (1/8) sin 40
sin® @ cos 0 = (5/32) sin 20 ~ (1/8) sin 40 + (1/32) sin 66 (32)
sin’ @ cos 0 = (7/64) sin 20 - (7/64) sin 40 + (3/64) sin 66 - (1/128) sin 86.
The values from (82) placed in (31) give finally
¢=c¢—-0=C, sin 20 + C, sin 40 + C, sin 60 + C, sin 80
where C, = Y%e? +(1/8)e* + (11/256)e® + (31/1024)e® (33)
C, = (8/16)c* + (5/64)e® + (25/1024)e"
C, = (77/768)e® + (59/1024)e®, C, = (127/2048)e°.
Again for the Clarke 1866 spheroid

e? = 0.006768657997, e* = 0.00004581473108, (34)
¢® = 0.0000003101042459, ¢* = 0.000000002098989584, whence from (33)
C, = 3.390069228 x 10~%, C, = 8.614540216 x 10°°, (35)

C, =3.12121 x 10°%, C, = 1.302 x 10~"°,
We now check (33) directly from the maximum value of A¢, the assumption being that if it
holds for the maximum it will hold for all A¢.
From (6) 0 = 44°51' 15" 851, whence
sin 20 = 0.99998708, sin 10 = 0.01016441, sin 60 = - 0,99988377, sin 80 = ~ 0.02032777. (36)
With the values from (35) and (36) find

C, sin 20 = 0.0033900254283 C, sin 66 = - 0.0000000312085
C, sin40 =0.0000000875617 C, sin 80 = - 0.0000000000026
0.0033901129900 ~ 0.0000000312111

Ag (radians) = 0.0033900817789
A¢ (seconds) = (0.0033900817789) (206,264.8062) = 6992545611,
or Adpax= 11" 39255 which checks (6).
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Note that the term C, sin 8@ does not contribute to the result. Also, only eight place tables
of trigonometric natural functions were used, [4].

Hence for geodetic latitude ¢ corresponding to geocentric latitude § on the auxiliary sphere,
the following formulas are sufficient for any spheroid of reference to 0.001 second:

A¢ (seconds) = ¢ ~ 6 = (206,264.8062) (C, sin 20 + C, sin 40 + C, sin 66)

C, = %e? + (1/8)e* +(11/256)e® +(31/1024)e®, C,=(3/16)e* +(5, 0d)e® +(25/1024)e®, 37

C, =(77/768)e® +(59/1024)e’ e is eccentricity of the meridian.

Now we have noted that the geocentric latitude € as defined here is called the parametric or
reduced latitude in geodetic nomenclature and has a comesponding geodetic latitude ¢b as shown
in Figure 1. From (1) we see that they are related by the equation tan ¢, = (taun 6)/ Vi-é. (39
For instance from (6) for 6 = 44° 51' 15¥851 find from (38) that ¢, = 44°57" 06!'069. Also from
(6), ¢ = 45° 02" 55106, whence for 6 = 44°51' 15"851 we have Ay = ¢ — ¢ = 0° 05' 407037, (39

Using the values from (34), equation (37) may be written for the Clarke 1866 spheroid as

A¢ (seconds) = ¢ — 0 = 69952520 sin 20 + 177769 sin 40 + 070064 sin 66, (40)
From C. & G.S. special publication No. 67, [5], find
éo — 0 = 35012202 sin 20 + 02973 sin 46 + 070003 sin 60. (41)
Subtracting (41) from (40) one finds
Ado= - by = 3490318 sin 20 + 1"4796 sin 49 + 010061 sin 66 (42)

With @ = 44°51' 152851 and the values from (28), equation (42) gives
A¢, = 5 491036 which is withir 0.001 second of (39),
From the second and third members of each set of equations (2) find
h=asinf csc ¢~ (1 —e’) N=acos § sec - N. (43)
To develop h in a power series in ¢, free of N and 6, refer again to Figure 1. If the

tangent at Q meets OP in P, then PP“= a — (a’/N) sec A¢, h = PP“cos A¢, whence

h/a = cos Ag - a/N = cos A — /1 —e® sin®¢ (44)
With cos A¢ =+/1 - sin® Ag, and the value of sin A¢ from (3), (44) may be written
h/a=(1 - & sif §)"Y? {[1 - e? sin? ¢ (1 + e ?cos?¢)] /2] 4 ¢? sin? 1. (45)

The relation (45) may also be obtained directly from equation (2) by eliminating 0
between the equations a cos 6 = (h + N) cos ¢ and a sin @ = [h+ N(1 - €%)] sin ¢.

Expanding the two radicals by the binomial formula, (45) may be written

h/a =(e*/2 - e*/2) sin®p + [(5/8)e* - 4e® - (1/8)e*] sin ‘@

46)
+[(9/16)e® = (1/4)e*] sin®p + (53/128)e® sin ¢ (
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Now sin® ¢ =% (1 - cos 2¢)

sin* ¢ = 3/8 - ¥ cos 2¢ + (1/8) cos 4¢

sin® ¢ = 5/16 ~ (15/32) cos 2¢ + (3/16) cos 4¢= (1/32) cos 6¢

sin® ¢ = 35/128 - (7/16) cos 2¢ + (7/32) cos 4¢ - (1/16) cos 6¢ + (1/128) cos 8¢
and these values placed in-(46) give

h=a(d; - d, cos 2¢ +d, cos 4¢ - d, cos 6¢ + d; cos 8¢)

d, = e*/4 - ¢*/64 ~(3/256)e® - (233/16,384)e",

dy = /4 + ¢*/16 +Te®/512 + 3¢%/2048,

d, = 5e*/64 + 11e°/256 + 115¢°/4096

d, = 9¢%/512 + 37e°/2048, d; = 53¢°/16,384

0.<hga-b (47)

a, e are the semimajor axis, eccentricity of the reference.ellipsoid.
We now check (47) using the values of a and e for the Clarke 1866 spheroid. From (34)
and (47) with a = 6,378,206.4 meters one has h(meters) = 10,788.3852 —10,811.2646 cos 2¢
+ 22,9147 cos 4¢ - 0.0350 cos 6. (48)
As a check, equation (48) should give
h=a-b=6,378,206.4 - 6,356,583.8 = 21,622.6 meters
when ¢ = 90°% Placing ¢ = 90° in (48) gives
h =10,788.3852 + 10,811.2646 + 22.9147 + 0.0350 = 21,622.5995 meters.

Since we have the values of 6 and ¢ for Ad,,, Tfrom (6) we now check the value given by

(48) against the closed formula (43),

cos @

h=a -N(¢).

cos ¢
¢ = 45°02' 554106, cos ¢ = 0.70650624, cos 2¢ = — 0.00169788
cos 4¢ = ~ 0,99999423, cos 6¢ = + 0.00509360.
6 = 44°51' 151851, cos 6 = 0.70890136, N(¢) = 6,389,045.266.
cos 0

cos ¢

h=a

~ N(¢) = (6,378,206.4) (0.70890136) / (0.70650624) ~ 6,389,045.266

= 6,399,829.094 - 6,389,045.266 = 10,783.828 meters
Equation (48) gives
h =10,788.3852 + 18.3562 — 22.9146 ~ 0.0002 = 10,783.827 meters,
when ¢ =0, h =0 and (48) gives
h = 10,788.3852 — 10,811.2646 + 22.9147 - 0.0350 = + 0.0003 meter.
Unless h were required to very high precision it is clear from the above checks that the

formula (48) is adequate.
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SUMMARY OF LATITUDE FORMULAE ‘
If 6 is the geocentric latitude of a point P (a cos 6, a sin 6) on the auxiliary sphere, then
the corresponding geodetic latitude ¢ of P at an altitude h above the ellipsoid reference, as
shown in figure 1, is given by
sin Ag = sin (¢ ~ 6) = (¢*/2a) N sin 26 = (e*sin ¢ cos $)/\/1 - e*sin’¢p
= ¢, sin 2¢ — ¢, sin 4¢ + c; sin 6¢ — ¢, sin 8¢, (49)
c,= e%/2 + e*/8 + 15¢° /256 + 35¢°/1024,
¢, = ¢*/16 + 3¢°/64 + 35¢°/1024
¢y = 3¢%/256 + 15¢°/1024, ¢, = 5¢°/2048

e = eccentricity of the meridian ellipse.

With the same coefficients as (49), we hgve
3

A (radians) = (¢, +c,*/8) sin 2¢ ~ (c, +-(—:i— c,) sin 4 ¢ +(c, -;—:1-) sin 6¢ (50)

and in seconds

(51)
Ag(seconds) = (206,264.8062) [ (c, + ¢,*/8) sin 2¢ - (e, +c,? c,/4) sin 4¢ + (¢, — ¢,/24) sin 6¢].

To express A¢ in terms of 6, instead of ¢, we have the relation
tan ¢ = tan 0 + (e*/a cos 6) N sin ¢
Which may be expanded by use of the Lagrange expansion formula to give
A¢p = ¢ - 0=C, sin 20 + C, sin 46 + C; sin 60 + C, sin 80
C,=e?/2+e*/8 + 11e/256 + 31e°/1024, (52)
C, = 3e*/16 + 5e°/64 + 25¢°/1024,
C, = 77¢%/768 + 59¢°/1024, C, = 127¢°/2048.
For checks within 0.001 second, (52) may be written A¢ (seconds) = (206,264.8062)
(C, sin 20 + C, sin 40 + C, sin 66) (53)
with C,, C,, C, the same as in (52).
h/a=cos A¢p ~a/N = (1 -e®sin 24)" {1 ~ e? sin? ¢ (1 + & cos® P)]~ 1 + e? sin? ¢}
h = a(d, -d, cos 2¢ + d, cos 4¢p — d, cos 6¢ + d; cos 8¢) (54)
d, = e?/4 - e*/64 - 3¢°/256 -~ 233¢%/16,384
d, = e?/4 + */16 + Te%/512 + 3¢°/2048 0<h<a-b
d, = 5e*/64 + 11e°/256 + 115¢*/4096
d, = 9¢°/512 + 37¢%/2048, d, = 53¢°/16,384

a = radius of the auxiliary sphere (semimajor axis of the reference ellipsoid).
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For the Clarke 1866 spheroid of reference we have from the above formulas:

A (seconds) = ¢ — § = 699"2540 sin 24 ~ 05936 sin 4¢ + 010004 sin 6¢, (55)
A¢ (seconds) = ¢ — 6 = 6992520 sin 20 + 1%7769 sin 46 + 00064 sin 60, (56)
A, (seconds) = ¢ — ¢ o= 349"0318 sin 20 + 14796 sin 40 + 00061 sin 60, (67
h (meters) = 10,788.3852 — 10,811.2646 cos 2¢ + 22.9147 cos 4¢ — 0.0350 cos 6¢. (58)

For the Clarke 1866 spheroid, the maximum value of Ag was found to be 11' 39255 at
¢ = 45°02' 55"106.
The value of A, at this maximum of A¢, was found to be 5'49%037. Finally (58) was
checked at ¢ = 0, 90° and ¢ = 45°02'55"106. At ¢ = 90°, the check was within 0.0005 meter;
at ¢ = 0, it was within 0.0003 meter; at ¢ = 45° 02' 55106, it was within 0.001 meter.

The following latitude formulae are from C & G.S. Special Publication No. 67, (s},
Where ¢y, i, 0 are shown in figure 1.

¢ — ¢ = 700"4385 sin 2¢, — 111893 sin 4¢, + 020027 sin 6¢, (59)
o — ¥ = 70094385 sin 2 + 111893 sin 4 + 000027 sin 64 (60)
o — 6 = 3502202 sin 2¢p, — 02973 sin 4¢, + 0%0003 sin 6¢h, (61)
o — 0 = 3502202 sin 20 + 012973 sin 46 + 070003 sin 60 (62)
0 — ¢y = 3502202 sin 20 — 02973 sin 46 + 010003 sin 60 (63)
6 — ¢ = 350"2202 sin 2y + 02973 sin 4 + 00003 sin 6y (64)
The above are the series expansions for the expressions given as equation (1) page 12,
that is
tan ¢y =+/1~ e* tan 6 =(1-e” tan g, (65)
REFERENCES

{11 Geodesy, Hosmer, Second Edition, John Wiley & Sons, 1930, page 181.
pag

{2] Army Map Service TM No. 67, Latitude Functions, Hayford Spheroid (International) 1944;
AMS TM5-241-18, Latitude Functions, Clarke 1866 Spheroid, December 1960.

[38] Course in Higher Analysis, Whittaker and Watson, 1962 Edition, page 133, Cambridge
University Press.

[4] Peters, J. Eight-place Tables of Trigonometric Functions, Berlin 1939; Edward Brothers, Inc.,
Photo-Lithoprint Reproductions, Ann Arbor, Michigan, 1943.

[5] Latitude Development Connected With Geodesy and Cartography, U.S.C. & G.S. Special
Publication No. 67, G.P.O., 1921.
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DEVELOPMENT

SECTION 2. SPHERICAL RECTANGULAR COORDINATE SYSTEM; LOCI

THE GREAT CIRCLE TRACK AS DETERMINED BY THE GEOGRAPHICAL COORDINATES OF
TWO GIVEN POINTS ON THE AUXILIARY SPHERE

In figure 2, the two given points are Q,(6,, A;), Q,(6,, A,). The great circle track is then
determined from the spherical triangle PQ,Q,. In order to simplify the computations and to have
well balanced triangles from which to compute, one finds the point 0(6,,A ;) where the great circle
Q,Q, is orthogonal to a meridian A,. One then works from the right spherical triangle POQ’ by
adding or subtracting increments of distance from S, = 0Q, to get the distance S. One always has

then a strong right triangle POQ’ from which to compute the latitude, longitude and azimuth a
of the point Q“(6%,A”) on the base line Q,Q,.

DERIVATION OF FORMULAE

From right spherical triangle POQ*

cos (A o~ A%) = tan(Z -6, ):ot(% ~0%)=cot 6, tan 0° (1)
2

If the points Q, and Q, satisfy (1), we have by substituting their coordinates in (1)

cos (A,—A,) = cot G, tan 6,, (2
cos (A = A,) =cot 6, tan 0,

By forming the ratios of (2), expanding cos (A,— A,) and cos (A,— A,),dividing the left

member numerator and denominator by cos A, one derives the formula

tan @, cos A, — tan 0, cos A,

an o tan §, sin A, - tan 6, sin A,

Equations (2) may be written as

cot G, = cot 6, cos (A, = A,) = cot G, cos (A= A,) 4

From right spherical triangle POQ” one has also

sin{ X -6, cos 6

sing’= (2 o)= ° , (5)
sin(Z ~0") cos @’

2

cosa’ = tan § =tan S tan 6’, 6)

tan (-1—; -6")
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sin 8= cos S sin 4,,

(o= A% tan S tan S
tan - = = ,
sin( % ~6,) cos 6,

ta"(';i—%) cot 0,

tana’=

sin S sin §
sin °= cot (A, —~A") cota’ or
tan a”sin 0”tan (A= A") =1

From the oblique spherical triangle PQ,Q, find

cos (A, ~A,)=—~cos(r—-a,) cosa,+ sin(r-a,)sina,cos (5,~S,) or

cos (A, -], =cosa, cos a, + sin g, sin a, cos (S,-S,).

Computations from the formulae
First compute A, and 6, from (3) and (4).

tan 6, cos A,~tan 0, cos A,

tan A,
tan 6, sin A,— tan 6, sin A,

cot @, = cot B,cos (A~ A;) =cot 0, cos (Ag—Aj)

Next compute a, and a, from (5),
cos 6, cos 6,

, sina, =
cos 6, cos G,

Then S, and S, from (6)

tan S, = cos a, cot 6,, tan S, =cos a,cot 6,

sin a, =

The computations for a,, a,; S, and S, are checked by (10.1)

cos (A, = A;) = cos a, cos a, + sin g, sin a, cos (S; - S,).

(N

(8)

)

(10)

(10.1)

Now for equally spaced intervals along the great circle track, for instance in 100 nautical

mile intervals, let S=S, + 100k,

With these values of S one computes successively corresponding values of 6%, A” and @*

from equations (7), (8), and (9)

tan S , cotf,

,tana =
cos G, sin §

sin 8°=sin O, cos S, tan (A= A") =

These last computations are checked by (10)

sin®’ « tan (Ag~A") « tana’=1,
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. PARALLELS AT A GIVEN DISTANCE FROM A GREAT CIRCLE TRACK
In Figure 3, the basic great circle track determined by Q, (6;, A,), Q, (6,, A,) is the same

Ll,’,'.‘j‘n'

and the point 0(6,, A,) is the same — (vertex of the great circle track). The point P’ is the pole
of the great circle determined by Q,, Q,. The angle at P*of the spherical triangle P‘PQ’is the

distance S = 0Q along the great circle track. If p and p”are points on the parallels at a distance

Rl LA A

%

s from the great circle track, then the coordinates of p and p” can be computed from the two

spherical triangles PP p, PP p°, (Figure 4).

Syl |

'1'"-9 Py A

7
Yy

Figure 4

From these triangles one has
sin @p = cos §, sin s + sin @,cos s cos S
sin fp "= — cos @, sin s + sin f,cos s cos S 11)
cos s _ tos 6p ’ cos s _ tos 6p” (12
sin (A, = Ap) sin S sin (A, = Ap”) sin S

From (11) and (12) one may write

| sinf =AcosStB

sin (Ao~ A ) = C sin S/ cos 6 (13)

where A = sin §, cos s, B=cos 6, sins, C=cos s,
A, B, C are constants for a given s. When k = p, the + sign is used in the first of
equations (13). When k = p’, the — sign is used.

The computations may be checked as before by means of the equation

cos 2s = sin fp sin Op’+ cos fp cos p’cos (Ap = Ap).




A SPHERICAL RECTANGULAR
COORDINATE SYSTEM WITH A GREAT
CIRCLE BASE LINE AS AN AXIS

Figure 5 is a further elaboration of Figures 2 and 3. M is the midpoint of the spherical
segment Q,Q,. The section MP’P”is perpendicular to the base line at M. The general point
Q (6, A) has for the foot of the perpendicular from Q upon the base line, the point Q“(6%,1") as
shown in figure 2. The great circle arc QQ“passes through P; and QQ’is taken for spherical
rectangular coordinate y. The great circle perpendicular to the section MP’P * and passing
through Q meets MP’P”” in T. The distance 0Q”is S as shown in Figure 5. Note that the s of
Figure 3 in the y of Figure 5. The great circle arc QT is taken for x. That is the spherical
rectangular system chosen is x = QT, y = QQ*% Spherical polar coordinates are then r and a as
shown in Figure 5, where r =MQ, and a is the angle between r and MQ",

From the right spherical triangles MQT, MQQ *one finds

sinx=sinrcosa

siny = sinrsina (14)
whence

sin r = (sin’x + sin’y) 12

tan q = sin y/sin x, (19
that is (14) and (15) represent the conversion formulas between the spherical rectangular and
spherical polar systems as given,

We now develop the coordinates x and y as functions of S and of @ and A. Also 6 and A

as functions of x and y.

COMPUTATION OF S, x, y, FROM @ AND A

Assume that the base linc has been established, that is the coordinates 6, , A, of the
vertex, 0, of the great circle base line have been computed from the coordinates of the two given
points Q(0,, A,), Q,(6,, A,) by means of the equations as given on page 23.  Then referring to

Figure 5, find in spherical triangles:

PPQ: cosy sinS=cos §sin (A ~A), (16)

: sin y = cos 0, sin @ — sin 6, cos @ cos (A, ~ A), an

OPQ: cos f = sin §, sin @ + cos 0, cos @ cos (A,—A), (18)

0QQ”: cosy cos S=cos {, (19)

TPQ: sinx=sindcosy. (20)
28
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Dividing respective members of (16) and (19) find
tan S = cos @ sin (Ao~ A)/ cos
where cos f is given by (18).
From (17) and (18) we have sin @, cos f = sin 8 ~ cos 0, sin y whence (21) may be

written

sin 6, cos 0 sin (A — A)
tan S =

sin § - cos 6, sin y
Referring now to Figures 1 and 5, it is seen that d = MQ "= S = J4(S, + S,), where
S, and S, are the distances from 0(6,, A,) to Q, and Q, respectively.

Hence given the spherical curvilinear coordinates 6, A of a point Q(6, ), to find S, x

sin y = cos 6, sin § — sin 6, cos 6 cos (A, ~ A)
sin 6, cos @ sin (A,— A) cos @ sin (A, - A)
tan S = =
sin @ — cos @,sin y cos f
cos @ sin (A, ~ A)
sin 6, sin 0 + cos 6, cos @ cos (A, ~ A)

sin x = sin d cos y = sin[S - %(S, + s a- sin’y)’/z

COMPUTATION OF S, 6, A FROM x AND y
From equation (20) one has sind=sinx / cosy or sin[S~% (S, +85,)] =sinx / cos y
whence
S = arc sin (sin x / cos y) + %(S, + S,).
From equations (13) page 27,
sin @=A cos S+B
sin (Ao=A)=C sin S/cos 0
where A=Csin@,, B=Dcos 6, C=cosy, D=siny
Hence to compute S, 8, A from x and y, first compute S from (24) and then 6 and A from
(25) i.e.:
let C=cosy, D=siny, E=sinx, A=Csin8,, B=D cos 6,
Then
S = arc sin (E/C) + %(S,+S,)
0 = arc sin (A cos S + B)
A = ), - arc sin (C sin S/cos 6)
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(21)

(22)

and y with 0y, Ay, S;, S, known, compute y and S from (17) and (21) or (22) and then x from (20), i.e.

(23)

(24)

(25)

(26)
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DERIVATION OF THE EQUATIONS TO SPHERICAL HYPERBOLAS

Having established a rectangular spherical coordinate system on a great circle base line,

we are now in a position to develop the equations of spherical hyperbolas referred to our

rectangular system. Referring again to Figure 5, we restrict the point Q(6, A) or Q(x,y) to the %

g

locus defined by demanding that the distances o, and o, from the points Q, and Q, respectively

satisfy the condition

A

ALY T AN

0y~ 0y=2c/e =2a

2c=S5, -5,, @) ¢

where as before S,, S, are the distances of Q,, Q, respectively from 0(6,, A,); e is a number 8%3

such thate > 1. )"‘D:f‘
From the spherical triangles MQQ,, MQQ, one has e
COS 0, =CcoS T cos c+sinrsinccosqg H
€0s 0, =cos r cos ¢ ~ sinr sin ¢ cos a (28) %&S}\

Adding and substracting respective members of (28) obtain ‘E’:f{
€0S 0,+ Cc0S 0,=2¢0oST CcOS C ‘\‘:J'
cos g, — cos g, =— 2 sin r sin ¢ cos a (29)

By well known trigonometric identities and condition (27), equations (29) may be

written

cos 0’4+ oS 0, = 2 cos (0, + a,) cos Yo, - 0,) = 2 cos ¥(o,+0,) cos a = 2cos 1) (cos ¢),

cos 0, ~cos 0,= 2 sin (0, +0,) sin Y%l ~0,) = 2 sin Y%(o,+0,) sin a = -~ 2(sin r)(sin ¢) cos a,

or cos Y%(o, + 0;) = cosr cos ¢/cos a,

(30
sin % (0, + 0,) = sin r sin ¢ cos a/sin a.
Squaring and adding respective members of (30), get
(cos®r) (cos®c/cos®a) + (sin’r cos®a) (sin’c/sin’a) = 1. (31)

Now in (31) place cos’r = 1/(1 + tan),
sin’r = tan’r/(1 + tan’r), whence (31) may be written
tan’a (cos?a — cos’c) tan’a (sin’c - sin’a)

tan’r = : " - " (32)
sin’c cos’a-sin’a sin’c cos’a —sin’a

Now (32) is the polar form of the equation to the spherical hyperbola.
From conversion formulas (15) we have
tan’r = (sin’x + sin’y)/(1 - sin’x - sin’y),

cos’a = sin’x/(sin’x + sin?y) (33)
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and substitutions for tan’r, cos’a from (33) in (32) give the rectangular equation to the
spherical hyperbola
a2 2
sinx s ° sin’y + sin’a,
sin’c ~sin’a
THE POLAR EQUATION OF SPHERICAL HYPERBOLAS WITH ORIGIN AT A FOCUS
If we choose the given point Q, (6,, A,) of the great circle base line as origin of co-

erdinates and a focus, then the following figure may be abstracted from Figure 5:

0602 Q(6, 1)

Q k Q
Figure 6.

(34)

The polar radius is now R = ¢,, B is the angle between R and Q,Q". k=Q,Q’=S ~S,. From

spherical triangle Q,QQ, we find cos g, = cos R cos 2¢c -~ sin R sin 2¢ cos 8,
and from (27) o, - R = 2a, whence
cos (0,- R) = cos ¢ cos R + sin o, sin R = cos 2a,
sin (g,~R) = cos o, sin R + sin ¢, cos R = sin 2a.
Multiply the first of (36) by sin R, the second by cos R and add respective members to
solve for
sin o, = cos 2a sin R + sin 2a cos R.
Square and add respective members of (35) and (37) to get
(cos R cos 2c - sinRsin2¢ cosB)? + (cos 2a sin R + sin 2a cos R)*=1.
Multiply every term of (38) by sec’R, whence it may be written
(cos 2¢c —tan R sin 2¢c cos 8)* + (cos 2a tan R + sin 2a)* = sec’R = 1 + tan®R.
Expanding (39) and writing as a quadratic in tan R find
tan’R (sin*2c cos®B - sin® 2a) + 2tan R (sin 2a cos 2a - sin 2¢ cos 2¢ cosf)

+co0s?2c~cos” 2a = 0.
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Now equation (40) factors into [tan R (sin 2c cos B8 + sin 2a) — (cos 2¢ + cos 2a)].

[tan R (sin 2c cos B - sin 2a) - (cos 2¢ ~ cos 2a)] = 0. (41)
Whence
cos 2¢ + cos 2a cos 2c — cos 2a
tan R = ,tanR =
sin 2c cos B + sin 2a sin2c cos B - sin 2a

or

cos 2¢ % cos 2a

tan R = (42)

sin 2c cos B + sin 2a ’
where either the (two plus signs) or (two minus) signs are taken together.
Equation (42) is the polar equation to spherical hyperbolas referred to a focus as pole.

We now derive expressions for the spherical rectangular coordinates x, y as functions of the

polar coordinates R, 8.

From right triangles WP Q, WQQ,, Q,QQ’ (Figure 6) find

sin x = sin R cos 8,

sin y = sin R sin 8.

(43)
sinx=sink cos y ;
cos R=cos k cos y. (44)
Equations (43) are similar to equations(14)and provide the conversions from polar to
rectangular coordinates, i.e. from (43)
sin R = (sin’x + sin’) /2, (45)
tan B = sin y/sin x .
Since moving the origin from M to Q, (see Figure 5) is only a translation along the x-axis,
there is no change in y, but x is changed. Hence from (44) and the relations (23) and (26) we
can write when the origin is at Q;, k =S ~ §;:
FORMULAS FOR COMPUTATION OF S, x,y, FROM 8 AND A
sin y = cos 0, sin 6 ~ sin 6, cos 6 cos (A, — A)
o S = sin @, cos @ sin (A= A) } cos @ sin (A, = A) “6)

sin @ - cos @, sin y cos f

- cos @ sin (Ao —A)
sin ,sin 0 + cos @, cos 6 cos (A,— A)

sinx=sink cos y =sin (§-S,) cos y
FORMULAS FOR COMPUTATION OF S, 6, A FROM x AND y

Let C= cosy,D=siny, E=sinx, A=Csin 6, B=D cos §,, then
S = arc sin (E/C) + S,

33

T F" ’a; ’,17
»

ST

|y

Yy
,' l:, "u‘ﬁa
.“’v‘:'

o

7




0 = arc sin (A cos S+ B)
A=), — arc sin (C sin S/cos 6)
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AN ALTERNATIVE EQUATION TO THE SPHERICAL HYPERBOLA WITH ORIGIN AT A FOCUS

If S=%(a,+ by + ¢,) in the spherical triangle

ao"(fl B

c co~ R
by = 2¢ A

Figure 7.

then tan® 4A = sin (s ~ b sin (s ~ co) , [6].
sin S sin (s - a,)

Referring to figure 6, a, = g,,b, = 2¢c, ¢, = R: and from (27) we have the conditions
o,~R=2a,0, +R=2(R +a).
Hence
s=Y%lo, +R)+c=R+a+c,
s-a,=%R=~0)+c=c-a,
s=-b,=R+a-c, S=cy=c+a

A =7-p,tan YA =tan (n/2 - B8/2) = cot B/2

With the values from (49) placed in (48) find

sin(lc —a) sin (R + ¢ +a)

2 2=
tan/ sin(c+a) sin (R-c +a)

which is the desired alternative form, [7].
CORRESPONDING PLANE HYPERBOLA EQUIVALENTS

For the plane case and analogous reference system, Figure 5 becomes
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Figure 8.

Given the condition o, -~ 0, = 2a
By the law of cosines applied to triangles MQQ, MQQ,
0,2 = 1% + ¢ ~2rc cos @, g,® = r*+c? +2r1c coS a
whence 0,2 + 0,2 = 20 + ¢?), 6,% 0,7 = (I + ¢*)* ~ &* ¢ cos’a
Now by squaring both sides of ¢, - 0, = 2a obtain
0, - 20, 0, *+ 0,° = 4a® whence
(0,2 + 0,7 - 4% = 40,70,
With the values of ¢,* + 0,%, 0,%0;* from (51) placed in (52) obtain
[20% + c?) ~ 4a®]® = 4[(r* + ¢?)? - 4r*c? cos® al.
Expanding (53) find
r*clcosta-alrP-a’c’tat=0

of a¥(c? - a?)
=

c¢? cos’ @ - a*
To transform to rectangular equation we have x =r cos a, y =r sina, orr* = x* +y?,

tan a _i_ , cos® @ = x*/(x* +y?) and these values of r* and cos®a placed in (54) give

2.2
z_ay

X + a?

c?-g?

as corresponding rectangular equation.
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If the focus Q, is to be the origin and o, = R, the radius for polar coordinates, and S
the angle which R makes with the positive x-axis, i.e. 8 is the angle QQ,Q, then our plane

figure is as follows:

y X Q
?‘ /f
-~
~ |
~ R
o, l y
~~
~ - l
{7/ /”— B /3\‘ ‘ - x
Q, 2c Q Q’
Figure 9.

By the law of cosines in triangle Q,QQ,
0, =4c* +R*+4cR cos B
From the condition g, ~ R = 2a, o, = R + 2a, and this value of o, placed in (56) gives

(R + 2a)* = 4c® + R* + 4cR cos B8, which when expanded gives
p

¢ cos B-a
For the alternative form of (57), we have the well known formula
(s =by) (s -
tan® J5A = —SM, where 25 = a, + b, + ¢,
s(s ~a,)
Here ag =0y, b= R, ¢ = 2¢, A=7 -~ 3,

Hence: s=a+c+R,s~a,=c=~a,s-b,=atc,s—c,~a~-c+R
H 0 ? 0 H 0 ?

(c~a) R+c+a)

whence tan® Y8 = ,
(c+a)(R-c+a)

which is an alternative form of (57).

Now (54), (55), (57) and (59) could have been obtained directly from (32), (34),(42) and

tan a = sin a = a, cos a = 1, etc. We place them side by side for direct comparison in the

following table which will also serve as a summary for both:
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(50) by replacing correctly the trigonometric functions of lengths by corresponding lengths, i.e.

(56)

(57)

(58)

(59)




SPHERICAL HYPERBOLA FORMULAS AND PLANE EQUIVALENTS, [7]

SPHERICAL PLANE (60)
tan®a (sin’c - sin’a) a*(c? - a%)
(1) tan’r = =
sin’c cos’a - sin’a c’cos’a—a?
sin’a cos’c a’y?
(2) sin’x = —————— sin’y + sin’a R A
sin%c -sin’a c?-a?
~ cos2c % cos2a a®-¢?
(3) tanR = — - R= -
sin’c cos B & sin 2a ccosB-a
@ tan(B/2) sin (c —a) sin (R + ¢ +a) tan?(8/2) -a) (R + ¢ +a)
n = an B e
sin (c +a) sin R-¢ +a) (cta) R~ ¢ +a)

In (1) and (2) of equations (60), the origin of coordinates is the midpoint M,, of the segment
Q.Q,, see Figure 5. (3) and (4) are two polar forms with origin at a Focus Q,, see Figures (5)
and (6).

REFERENCES

[6] Chauvenet, Plane and Spherical Trigonometry, 1871, page 158.

[7] Equations (32), (34), (42), (50) to spherical hyperbolas are essentially those given without
derivaiion in LORAN, Pierce, McKenzie, Woodward, McGraw Hill 1948, pages 173, 175.
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DEVELOPMENT: DISTANCE FORMULAE;
SECTION 3. DISTANCE COMPUTATIONS AND CONVERSIONS; AZIMUTHS

If we are given two points P,(¢;,A,), Py{(¢h,, A,) on the ellipsoid of reference as shown in
Figure 10, we may compute distances and azimuths according to known or given elements. That
is we may compute the geographic coordinates of the point P,(¢,,A,) if we know the geographic
coordinates of P, (¢,,A,) the distance between P, and P,, and the azimuth from P, to P,. This is
the direct problem and the one most important in Geodesy relative to establishing triangulation
control nets. If the coordinates of both P, and P, are given, the distance between them and the
azimuths can be computed. This is the inverse problem, and the one concerned primarily in
electronic positioning systems as Loran.

Since there are several possible curves connecting the points P, and P, on the ellipsoid
along which distances would differ very little, for instance — the geodesic, the normal sections,
the great elliptic arc, the curve of alinement, etc, — criteria for selection would be simplicity in
computations relative to required accuracy. Also to be considered are other useful geometric
quantities associated with the configuration and expressible in terms of common computational
parameters. (See Figure 11).

The shortest distance is always the geodesic or the geodetic line between P, and P,. It is
usually a space curve (that is it has a first and second curvature at each point). For instance on
the reference ellipsoid, the equator and the meridians are the only plane geodesics, [8).

Now in Figure 10, the point Py(¢,,A,) is the vertex of the great elliptic arc, that is P, is
the point where the great elliptic arc is orthogonal to a meridian. The goedesic, or geodetic line,
between P, and P, also has a vertex where it is orthogonal to a meridian. Since the geodesic is
a space curve and climbs nearer to the ellipsoid pole, T,, than any of the other representative
curves (if P, and P, were ends of a diameter of the equator, the geodesic would be the elliptic
meridian through P, and P, since it is shorter than the equator), the vertex of the geodesic is
closer to T, than is P,. Unfortunately the geographic coordinates of the geodesic vertex cannot
be expressed simply in terms of the geographic coordinates of P, and P,, hence an approximation
scheme, usually iterative, is used. [9] The computations are usually quite lengthy for long
lines. Many schemes and formulae have been devised to approximate the geodesic and studies
have been made comparing them. [21] The geodetic line is of most interest to the geodesist
proper, since he is primarily concerned with closure on a particular ellipsoid of reference of large
arcs and areas of triangulation, hence the geodesic or geodetic line and geodetic azimuths on the

ellipsoid are consonant with his mathematical model.
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OPERATIONAL APPLICATIONS

Requirements, accuracy wise, with respect to geodetic data obviously depend on the particular
guidance system employing it. If some guidance, particularly external, is to be provided a missile, -
its initial launch requirements are not as critical as say for a purely ballistic missile. Since it
has yet to be demonstrated that the flight of missiles are geodesic or that the traces of the
trajectories upon the ellipsoid of reference are geodesics, distances can be computed by any
method which will give results within the capability of the particular system. Since alinement is
usually with respect to a local vertical and a ‘‘bearing”, the normal section azimuth, the angle of
depression of the chord below the horizon and the maximum separation between the chord and the
surface are all useful associated quantities which can be ““integrated”” in the computations for
distance as will subsequently be shown in the discussion of distance computations along the

great elliptic arc. This configuration is shown in Figure 11 as abstracted from Figure 10.

HYPERBOLIC MEASURING SYSTEMS

For Loran systems, the earth must be considered an oblate ellipsoid or spheroid, but the
nearest hundred feet is probably close enough particularly on long lines. [7], page 170.
Hence a computational system is desirable which provides modifications to spherical elements,
i.e. functions of spherical arc lengths so that the auxiliary sphere of the particular spheroid of
reference can be used since the hyperbolic propagation of systems as Loran may be worldwide
as base lines are added or extended. Also to be considered is the use of such computational
systems in local areas as for oceanographic surveying and corresponding adaptation to a local
sphere of reference. Azimuth computations should be independent, except for dependence on
spherical arc length, so that one can have readily the Normal plane section azimuths as well as
geodetic azimuths. Finally the system should be easily adapted to local area work in terms of
plane coordinates. This can probably Lest be accomplished through the series of projcetions,
all conformal; spheroid to aposphere, aposphere to sphere, sphere to plane. [8].

The present investigation will center about the configuration depicted in Figure 12 which
shows the relationships, exaggerated; between the Normal sections, The Great Elliptic Section,
The Geodesic, and the Chord between two points Q,, Q, on the ellipsoid. We begin by deriving

the formulae for the Normal Section Azimuths and the Great Elliptic Arc Azimuths.

NORMAL SECTION AZIMUTHS
The normal section azimuths are shown in Figure 13, as extended from Figure 11. The
spheroid has been referred to its center as origin of rectangular coordinates, with the reference -

plane — xz containing the point Q, (¢,, A,) as shown. The z-axis is the polar axis of the spheroid
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& =Normal Section Azimuth at Pi (from North)

S=Arc length-Geodetic distance

C=Chord length, PiPe

B=Angle of depression of C below horizon at P
Ho=Maximum separation of arc S and chord C

Figure 11, Relationship between arc length, normal section azimuth, chord length,
angle of depression of the chord below the horizon, maximum separation
of arc and chord.
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gQ

GEODESIC

— — —— NORMAL SECTION [N{¢2) and Qi (gr, L))
—— ————— NORMAL SECTION [N(¢1) and Qz(fz,12)]
................................. GREAT ELLIPTIC SECTION

Figure 12. Relationships relative to the pole on the ellipsoid of reference, of the
g p P P
geodesic, normal sections, and great elliptic section.
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and the y-axis is then in the plane of the equator — the xy-plane is the equatorial plane of the

ellipsoid. In this coordinate system the points Q, (¢;,X,), Q,(¢,,A,) have the rectangular

coordinates:
Q: x, =N, cos ¢, Q,: x,=N, cos ¢, cos AA
y, =0 y2= N, cos ¢, sin AA (1
z, = N, (1 - ¢ sin ¢, 2, = N, (1 - €®) sin ¢,
The rectangular equation to the ellipsoid is
1-e) (P +y?) +22~a’(1 ~e?) =0, 2

where a, e are respectively the semimajor axis and eccentricity of the meridian ellipse.

The tangent plane to (2) at any point (x,, y,, z,) is
(1 -e® (xx, +yy,) +zz, —a*(1-e?)=0. (3
Hence the tangent plane at Q, is, from (1) and (3)
xN; cos ¢, + z N, sin ¢, =a* = 0. (4)
The equation of the plane containing the normal at Q, and the point Q, is determined by

Q, and the points (N, e? cos ¢,, 0,0), (0,0, - N,e?® sin¢,), see Figure 13. With the coordinates

L T A P TN X+

of Q, from (1) we can write the equation as

X y z 1 ’
N,cos ¢, cos AX N, cos ¢, sin AA N,(1-e’)sing, 1 "
N,e*cos ¢, 0 0 1 ’ )
0 0 -N,e’sin¢, 1

which upon expansion may be written
Ax+By-Cz-D=0
where A =N, sin ¢, cos ¢,sin AA (5)
B = (N, sin ¢, = N, sin ¢,) e*cos ¢, + N, (sin ¢,cos ¢, —sin ¢, cos ¢,cos AX)
C =N, cos ¢, cos ¢,sin AX
D = N,N, e* sin ¢, cos ¢, cos ¢, sin AX.
Now the direction cosines p, q, r of the intersection of two planes A;x + Byy +C,z=D,,
A;x + B,y + C,z = D, are given by
p =(B,C, - B,C))/d, q=(C,A, - A,C,)/d, r = (A,B, - A,B,)/d (6)
where d =[(B,C, - B,C,)? + (C,A, - A,C,)* + (A,B, - A,B,)*]2.
Note from figure 13 that the tangent, t,, to the meridian at Q, lies in the plane y = 0 and

that defined by equation (4). To apply (6) to these two planes we have respectively

A;=C,=D,=0,B,=1;A,=N, cos ¢, B, = 0, C, = N, sin ¢, D, = a* and (6) gives the .
direction cosines of ¢, as p, = sin ¢,, q, = 0, r, = - cos ¢,. (M
N
L,
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(These were apparent from inspection of Figure 13 but illustrate the use of (6)).

From Figure 13, the tangent t, to the elliptic section lying in the plane (5) is the line of
intersection of the planes (4) and (5). From (4) and (5) we have respectively A, = N, cos ¢, ,
B,=6,C, =N, sin ¢,; A, = A, B, = B, C, = -C and applying (6) find the direction cosines of
t, to be

P, = (-B sin ¢,)/d, q, = (A sin ¢, + C cos ¢,)/d, r, = (B cos ¢,)/d
where d =[B?+ (A sin ¢, + C cos ¢1)2]‘/z. (8)
The forward azimuth ap g from Q, to Q,, as shown in Figure 13, is the angle reckoned

clockwise from south between the tangents t, and t,. Hence from (7) and (8)

B . B B
COS QAR = PiP2 t 1z t Tyl = "; sin®¢, ~ — cos’¢p, = - T ’ 9)
d = [B? + (A sin ¢, + C cos ¢,)*] %

Since cot gqpg = cos apB/(1 ~ cos’app) Y2 we have from (9) that
cot ayp = - B/(d? - BY) 2, (10)
Now d* - B? = B? + (A sin ¢, + C cos ¢,)* ~ B* = (A sin ¢+ C cos ¢,)?,
soy/d® - B?= A sin ¢, + C cos ¢, and (10) may be written
cot apg =~ B/(A sin ¢, + C cos ¢,). (11)
With the values of A, B, C from (5), equation (11) may be written as

cot app = [sin ¢, - (N,/N,) sin,¢p Je*cos ¢, s.ecA¢;+ (sin ¢, cos AX ~tan ¢ ,cos ¢,). (a2
sin

Referring again to figure 13, it is seen that from considerations of symmetry, we have only
to interchange the subscripts 1 and 2 and change AAto— AX in (12) to obtain cotgp (the back
azimuth on the other normal section). We thus obtain from (12)

[sin ¢, — (N,/N,) sin ¢,le* cos ¢, sec ¢+ (sin ¢p,cos A~ tan ¢ ,cos ¢,)
sin AA

cot GBA = — (13)

GREAT ELLIPTIC SECTION AZIMUTHS

Figure 14 shows the great elliptic section and azimuths as abstracted from Figure 12, The
same coordinate system is used as in Figure 13 so that most of the equations developed with the
normal section azimuths can be used. The angle ap g between the tangents t, and t, is the
forward azimuth required. We already have the direction cosines of t, see equations (7). The
tangent t, is the intersection of the great elliptic plane with the tangent plane at Q,, equation (4).

The equation of the great elliptic plane through Q,, Q,, using equations(1),is given by the determinant
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GREAT ELLIPTIC SECTION AZIMUTHS
AND  ASSOCIATED GEOMETRY

P-point of maximum separation, chord and

Ho~- maximuin separation of chord and arc

Figure 14. The great elliptic section azimuths.
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| x y z 1
S N,cosd, 0 N,(1 - e?) sing, 1 o
: N, cos ¢, cos AA N,cos ¢, sin AA N, 1 - €) sin ¢, 1 ’
| 0 0 0 1.
which when expanded reduces to
Ax+By~Cz=0,
A=(1-¢*tan &,sin AA (14)
T (Ax=X,-))p
B =(1- ¢’ (tan ¢, — tan ¢, cos AA)
C =sin AA

Since equation (11) was developed for generalized coefficients A, B, C we have only to

substitute the values of A, B, C from (14) in (11) to obtain after some algebraic manipulation,

N,* (tan ¢,cos AX~tan ¢,) cos ¢,

cot app=(1-ed) — (15)
ap={1-e a’ sin AA
! By symmetrical interchange of subscripts and replacing AX by ~ AX, we obtain cot agp from
1 (15) as
‘ N, (tan ¢,~ tan ¢p,cos AA) cos
2 é, P! ¢ 126)

cotapp = (1 -e?) —
BA a’ sin AA
Equations (15) and (16) represent the azimuths of the great elliptic section as shown in

Figure 14.

| NORMAL SECTION AND GREAT ELLIPTIC SECTION AZIMUTHS IN TERMS OF PARAMETRIC
j LATITUDE 0
‘ From the transformation equations tan 6 = (1 - e?)'/2 tan ¢, cos 0 = -1;- cos ¢,

(1 _ ez) 1/2 (1 - ez) 1/2
a a

sin 0 =

N sin ¢, (1 - e? cos? )=

applied to equations (12), (13), (15), 16) we have the normal section and great elliptic section
azimuths in terms of parametric latitude.
Normal Section Azimuths in terms of 6.

sin 6,cos AA - cos 0, tan 0, + e*(sin 6, — sin 8,) cos 0, sec @,
(1 - e? cos?6,)*sin A X a7)
: sin @, cos AX - cos 0, tan 6, + e? (sin @, - sin ,) cos §,sec 0,

cot = _
“BA 1-¢? cos2(9,)’/2 sin AA

cot aAB =

I
}V

%
X
.
N
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Great Elliptic Section Azimuths in terms of 8

(tan 6, cos A\ —tan 6,) (cos ,) (1 ~ e? cos? §,)/*

cot a =4
AB sin AA
(18)
(tan 6, - tan @, cos’AA) (cos 6,) (1 - e? cos? 02)‘/2
cot aBA =+ -
sin A

GREAT ELLIPTIC ARC DISTANCE
Referring to Figure 9, it is seen that the great elliptic arc is orthogonal to a meridian at
a point Py, Ao) which is the vertex of the great elliptic arc determined by the points
P, (¢, Ay), Py(h,, A,) on the ellipsoid. The equation of the great elliptic plane through P,
and P, is given by equations (14). Now a meridional plane orthogonal to (14) has an equation
of the form Bx — Ay = 0 and the rectangular coordinates of P, (¢,, A,) must satisfy both planes.
From (1), the rectangular coordinates of P, (¢, a,) are x, = N, cos ¢p,cos A ),
Yo =N, cos ¢osin AXy, z = Ny (1 - €?) sin ¢, and these placed in Bx — Ay = 0 and (14) give
Becos AA,—Asin A) =0,
A cos AXo+ B sin Ady=C (1 -¢? tan ¢,.
From the first of (19) find tan AX,= B/A, whence sin AA,=B/(A% B")‘/z and these values
placed in the second of (19) give tan o= (A* + Bz)’/Z/C (1-e%,
A+ B? &
A’+B’+C%1—e§’) ’

(19)

sin ¢b, = tan ¢,/ (1 + tan qu o) & =( (20)

tan AX, = B/A.
With the values of A, B, C from (14), equations (20) may be written
) tan’¢,~ 2 tan ¢, tan ¢, cos AX +tan’ g, v
ot do =<tan’¢ 1~ 2 tan ¢, tan ¢, cos AX + tan’p,+ sin ’AA)
tan A ), = (cot ¢, tan ¢, - cos AA)/sin AN,
tan ¢, = (tan®¢, + tan® ¢, ~ 2tan ¢, tan ¢, cos ANYZsin AX .
From the second of equations (19), dropping the subscript zero and differentiating we obtain
(~A sin AA+Bcos AA) (dAX) =C (1 -€*) sec’ ¢ d ¢ (22)
By solving A cos AX+B sin AN =C (1-¢? tan ¢ with the identity sin *AX+cos®’AX =1, find
BC (1 - e? tan ¢ + A [ (A + B?) = C2(1 - ¢?)? tan® ¢ V2

(21)

sin Al =~ 1 (23)
AI + B2
~AC(1 - ¢?) tan ¢ + B [(A? = B?) - C2(1 - e?)* tan’$]
cos AA = .
A2 + B2
48
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From (23) one has then
~ A sin AX+ B cos AA=[(A? + B) - C2(1 - ¢7)* tan® @) /2 and this value placed in
(22) gives
C(1 -e?) sec’ pd ¢
[(A® + BY) - C2(1 - &))" tan’¢) ¥2

whence, by means of relations (20) and trigonometric identities,

dAXN) =

(dAN)? = C3(1 - &%) sec'pd ¢* ) sect ¢pd ¢*
A?+B? - C2(1 - e")’tan’p AP+B®  _ang
Cx1-e%
sec'pdg? sec'pd o’
i tan®, ~tan’¢ i sec’@, ~sec’p

Now the linear element of the spheroid is, [8] page 62,

&s* =[sec=¢d g+ <-§-> ‘@ W]Rz cos’5,

1 -l
where R = a(1l - e?)/(1 - ¢? sin’gﬁ)’/‘l = ze N*; N=a/(1 ~¢? sin’(j))‘/’

a

Now from (25) and (26) it is seen that we will be able to express the quantity in brackets

in terms of sec ¢ and sec ¢, since

(N)2 (1-e*sirf¢)? [(1-e% sec’qp + ]

R

(1-e9? ) (1-¢%? sec*d
2
With the values of (d AX)? and <E> from (25) and (27), the linear element (26) may be
R

be written
(1~ e? sec? ¢ + e’
(1 - e*)? (sec’p, - sec’d)

ds? =Lsec’¢ + ] (R? cos® pdep?).

If the quantity in brackets is given a common denominator, then (28) may be written as

(1 - e?) sec*¢ [(1 — e?) sec’p, + 2e?] + ¢*

ds*= (1 - e*)?(sec’p, —sec’dp)

(R? cos® ¢pdgp?) .

2
]

-e
To bring (29) into manageable form we place k = —————N, sin ¢, and
a

N sin ¢
N, sin ¢,

cos d =

(Note that k = e,, is the eccentricity of the great elliptic arc. See Figure 15.)

(24)

(25)

(26)

(27)

(28)

(29)

(30)




GREAT ELLIPTIC SECTION
Major semiaxis is a
Minor serniaxis is  bo =aVi-€2sin2f,
a,e are semimajor axis and eccentricity of the ellipsoidal meridian

Bo is the geocentric latitude of the vertex Po of the

Great Elliptic Section

€0 is the eccentricity of the Great Elliptic
1

eo =(a2bs?)*/a = e singo = (eVI-e2/a)Nosingo

Coordinates of Po are Po (a cosgo cOS 20,0 COS fo Sin Lo, b Singo) oOr in
terms of geodetic latitude ¢o

Po (No €0S go €OS & o,No COS o Sin & )o,No(1-e?)sin go)

Figure 15. Elements of the great elliptic section.
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From the first of (30), placing N, = a/(1 - e? sin? ;) V2 and solving for sec’p, find
sec’dy = (1 - e* +kI)/(1 - e?) (1 - k¥/¢?). (31)
With the value of N, sin ¢, from the first of (30) placed in the second find
N sin ¢ = (ak/e VT = €?) cos d and with N = a/y/1 - e sin?g, solving for sec’¢ find
1 - e® +k? cos’d (32)
1 - e)[1~(k*/e?) cos¥d]
By differentiating N sin ¢ = (ak/e+/1 - €2) cos d obtain

sec’p =

(N sin ¢)“d¢p = - (ak/e/1-¢*) sind &d (33)
R )
Since (N sin ¢) "= __2_5_2.(_#_ , equation (33) may be written
~e

R cos
) 2 2¢ d¢ = - (ak/e/1 = e?) sin d 8d or finally

-e
(R? cos® pdep®) = (1 ~ e?) a® (k*/e?) sin’d 5d°. (34)

Now from (31) and (32) find
(k?/e?) sin%d
(1 -e?) (1 - k¥/ed) [1 - (k?/e?) cos®d] ~

(35)

sec’d, — sec’p =

and the numerator of {29) becomes
1 - k* + k? cos*d
(1 - e? sec?’d[(l - e?) sec®, + 2e2] + e* = . 36
¢ Po (1 -k%*e®) [1 -k*e? cos?d] (30)
With the values from (34), (35), (36) the linear element (29) becomes

) 1-k? + k¥ cos®d . (1 -1 -k*/e?) [1-(k¥e?) cos™d]

st = +(1-~¢e%.
(1 ~%*/e?)[1 - (k¥e?) cos®d] (k*/e? sin%d (1 - &?)?
a*(k?*/e?) sin®d 8d% = a%(1 - k2 + k? cos?d) 86d?,
ds? = a*(1 ~ k? sin?d) §d*. (37)

Now equation (37) is the usual elliptic integral form with modulus k, and we write
s=a [{odl _— d2] (1 - K2 sin®d) 2 84, (38)
where k = (e V1 - e*/a) N, sin ¢, , the modulus of the elliptic integral, and
d, = cos™* (N, sin ¢,/N, sin ¢,), d, = cos ™ (N, sin ¢,/N, sin ¢,). (k is equal to e, the
eccentricity of the great elliptic arc — see Figure 15).
The integrand of (38) may be expanded by the binomial formula and integrated term by
term to obtain an approximation formula for direct computation. To 6th order terms in

k: (1 - k2 sin?d) Y2 = 1 - Y%k? sin%d - (1/8)k* sin*d - (1/16)k® sin®d -, (39)
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Making the identity substitutions
sin®d = % - Y cos 2d, sin*d = (3/8) ~%cos 2d + (cos 4d)/8
sin®d = (5/16) ~ (15/32) cos 2d + (3/16) cos4d - (1/32) cos6d, in (39) and integrating
term by term according to (38) one obtains
s/a=(d, +d,) - %k?[% (@, +d,) - Y% (sin 2d, +sin 2d,)] - (1/8)k*[(3/8) (d, +d,) -
Y%(sin2d, + sin 2d,) +(1/32) (sindd, + sin4d,)]-(1/16)k® [(5/16)(d, +d,) - (40)
(15/64) (sin2d, +sin2d,) +(3/64) (sindd, +sindd,) - (1/192) (sin6d, + sin6d,)].
By means of the identity sin x + siny =
2 sin %(x +y) cos¥(x ~ y), equation (40) may be written finally as
s/a=(d, +d;) = %k* [(d, + d,) - sin (d, *+ d,) cos (d; - d,)]
- (1/128)k* [6(d, + d,) - 8 sin (d, +d,) cos d, — d,) +sin2(d, + d,) cos2(d, ~d,)] (41)
- (1/1536)k® [30(d, + d,) —45 sin(d, +d,) cos (d,~d,) +9 sin 2(d, +d,) cos2(d,-d,)
- sin 3(d, + d,) cos 3(d, - d,)],
a and e are semimajor axis and eccentricity of the meridian ellipse, k = (e V1=e?/a) N, sin ¢,
(k = e,, the eccentricity of the great elliptic arc), ¢, is the vertex of the great elliptic arc as
given by (21). d, = arc cos (N, sin ¢,/N, sin ¢,), d, = arc cos (N, sin ¢,/N, sin ¢§). When
éo = 90% equation (41) gives a meridian arc of the spheroid. When ¢, = 0, an arc of the
equator or circle of radius a is given. Formula (41) thus consists of a circular arc and successive
corrective terms.
To examine the contribution of the terms in (41) take the case ¢, = ¢, =0, ¢ =455
d, = d, = 90° which will give the semilength of the great ellipse making an angle of 45° with
the equator. For the Clarke 1866 spheroid, e* = 6.768657997 % 107, a = 6,378,206.4 meters.
From (41) we have then
1st term a x(d, +d,) = 20,037,773 meters
2nd term -a x 2.65804 x 107* = - 16,954 meters
3rd term ~a X 0.17 X 107° = - 11 meters
4th term ~a % 0,24 X 10~* = - 0.015 meters
When ¢ = 90, ¢ ,= &, = 0, d, + d, = 7, and (41) reduces to the usual formula for length of

the semimeridian from equator to equator through the pole s =an[1-Y%e*~(3/64)e*~(5/256)e®---].
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GREAT ELLIPTIC ARC LENGTH IN TERMS OF PARAMETRIC LATITUDE 6
Equation (41) gives the arc length, but the modulus k, d, and d,, and vertex ¢, must be
expressed in terms of parametric latitude, 6, if the geographic latitudes ¢,, ¢, of the given

points P,, P, have been first converted to parametric latitudes 6,, 0,.

tan 0 . a ) )
The relationships tan ¢ =(—1j;2—):/7, Nsin¢ = m sin 6, appliedto

k=(e \/_1_-—e—2/a) N, sin ¢y,

d, = arc cos (N, sin ¢,/N, sin ¢,), d, = arc cos (N, sin ¢,/N, sin ¢,), and the last
of equations (21) give

e, =k =e sin 6, , d; = arc cos (sin 6, /sin §,), d, = arc cos (sin 0,/sin §,),

tan 0, = (tar 0; + tar? 6 ,~ 2 tan 0, tan 6, cos AN)Y? /sin A\,
whence

sin @, = tan & /(1 + tan®0,) ¥/, y (42)
1/2
. < tanf, + tan 0, - 2 tan 6, tan 6, cos A\ >
sin f, =
t

an®0, + tan 20, - 2 tan 6, tan 0, cos AN + sif AA
Equations (41) and (42) give then the arc length along the great elliptic arc when geographic
latitudes have been converted to parametric latitudes.
THE CHORD DISTANCE
The chord distance between the points Q, (x,, 0, z,), Q, (x,, y,, 2,) as shown in Figures (13)
and (14) is given by the usual distance formula where the coordinates may be expressed in
terms of either ¢ or 6, that is from (1)

x, = N, cos ¢y, v, = 0, 2, = N, (1 = ¢?) sin ¢ (in terms of ¢)

x, = N, cos ¢, cos AA, y, = N, cos ¢, sin A}, z, = N, (1 - €?) sin ¢,, (43)
or X, =acos 0, y=0,z=ay1~e* sin 6, (in terms of 6)

X, = acos 0, cos AN, y,=acos 6,sinAA,z,=a/1-e’sinf,.
Applying the distance formula to each set of formulas in (43) for coordinates one obtains (44)
C =[(N, cos ¢,~N, cos ¢, cos AX)* +N?cos’p,sin?AX + (1-e)?(N, sin ¢~ N, sin )]

and in terms of 0

C = al(cos 6, cos A ~cos 6,)* + cos 20, sin A\ + (1-e?) (sin 0, sin 6,)*1? (45)
In (45), expand the quantities in the brackets combining terms to obtain
C=a[2-2(sin 6, sin §,+cos 6,cos O,cos AX) — e* (sin 6, ~ sin (‘)l)"]'/2 . (46)

Now cos (d, +d,) = sin 0, sin 0,+ cos 0, cos 8,cos A X and with sin 6,= sin 6, cos d,,
sin 6, = sin 0, cos d,, k* = e?sin®f, from (42), equation (46) can be written

C =al2{1 - cos (d, + d)} - k? (cos d, - cos d,)?]*/2. (47
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With the identity (cos d, = cos d,)* = [1 = cos (d, + d,)] [1 - cos (d, - d,)],
we can write (47) finally as
C= aEl —-cos (d, + d,)} {2 -k*[1 - cos (d, —dz)]}] vz, (48)

Now (48) gives the chord length no matter which latitude is used, ¢ or 8, since for ¢:

, = arc cos (N, sin ¢, /N, sin ¢,), d; = arc cos (N, sin ¢,/Nosin ¢ ),
k* = [e*(1 - &)/&)] Ny*sin’¢,; while for 6:
d, = arc cos (sin 6, /sin 6,), d, = arc cos (sin 6,/sin 0,), k*=e’sin?@, . Also (41) and (48)
make it possible to prepare a computing form in terms of either ¢ or 6 with corresponding

azimuth forms from equations (12), (13), (15), (16), (17), (18).

THE ANGLE BETWEEN THE CHORD AND THE HORIZON AT A GIVEN POINT OF THE
ELLIPSOID

Referring to Figure 13, it is seen that the angle B is determined by a perpendicular, u,
from Q, upon the tangent at Q, and the chord c¢. That is sin B = u/c.

Now the length of u is obtained by normalizing the equation of the tangent plane at Q,,
equation (4), and substituting the coordinates of the point Q, from (1):

1
us [a® - N\N, cos ¢, cos ¢, cos AX = (1 —-e?) NN, sin ¢,sin ¢,]. (49)

1
We can express u in parametric latitude, 6, since (1 - e?) N,N, sin ¢,sin ¢, =
a’ sin 6, sin 0, \,N, cos ¢, cos ¢, = a* cos 6, cos 0,, N, = (a/\/1~¢€)/1-e’cos’ g, ,

i.e.

1 — (sin 6, sin 6, + cos 6, cos 0, cos A))

(50)
/1 -~ e*cos?0,

Referring to equation (46) and the discussion there,

u=a/l -e’

cos (d, +d,) = sin §,sin 6, + cos 0, cos 6, cos A},
sin @, = sin @, cos d,, k = ¢ sin @, and (50) can be written in the form

1 - cos (d, +d,)

u=b , (51)
(1 -e? +k? cos?d,) V2
Where b = ay/1 - e? is the minor semiaxis of the reference ellipsoid. From (48) and (51)
we have then
2 /2
SiﬂB=i= [ (l—e)[l—cos (dl+d2)] (52)
c 1[2 - k*{1 - cos (d,~d,}] (1 - e* #+ k* cos *d,)

and thus sin 8 is expressed in the same quantities as the distance and chord lengths; sce

equations (41) and (48).
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MAXIMUM SEPARATION OF CHORD AND ELLIPTIC ARC

In Figure 14, H, is the maximum separation between the great elliptic arc and the chord.

T

As shown, this occurs when the tangent to the ellipse is parallel to the chord. Also when

this occurs the center of the ellipse, the midpoint of the chord, and the point P on the curve

are collinear, [10]. Hence the geographic coordinates of the point P can be found from the

gy
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intersection of the meridian through Q and the plane of the great elliptic section.
The coordinates of Q, the midpoint of the chord Q,Q,, are
(a/2) (cosb, cos AX + cos 6,)
Q 5(a/2) (cos 6, sin AA)
{ /2) (sin 6, + sin 6,)
and the meridian through Q has the equation (cos 6, sin AA) x - (cos 6, + cos 6,cos AA)y=0. (53)
The equation to the plane of the great elliptic arc in terms of parametric latitude is
Ax +By +Cz =0, (54)
A=btan 9, sin A\, B=b(tan 6, ~tan 0, cos AA), C= —asin AA
(Compare equation (14), where it is in terms of geodetic latitude ¢). Now the point P
(acos O cos A, acos § sin), b sin 6) on the the ellipsoid must satisfy both equations (53)
and (54) if it is to be the required point P on the great elliptic arc. This leads to the
equations cos @, sin AX cos A~ (cos 6, + cos 0, cos AN) sin A =0,
AcosA+BsinA+Ctan =0, (55)
where A, B, C are those of equation (54),

Solving (55) for A and 6 find,
b f)\ = arc tan [(cos @,sin A))/(cos §,cos AX + cos 6,)],

(56)
1 l:(tan 6, sinAM) cos A + (tan @, - tan 6, cos AN) sin )\:,
@ = arc tan ’
sin AA
l:tan @, sin A + tan 6, sin (AX - M:l
0 = arc tan
sin AA
9 =arc tan [(sin 0, + sin6,)/(cos?6, + cos?, + 2 cos 0, cos 6, cos ANY?],
We have seen that

cos (d, +d,) = sin @, sin 0, + cos 6, cos 6, cos AA

(57

sin 6, = sin 6, cos d,, sin @,= sin 6§, cos d,
whence we can express
cos’ @, + cos®0, + 2cos O, cos 0, cos AN = [1+cos(d;+d,)][2~sin?0,{1+cos(d~d)}],
(sin 0, +sin 0,)* = sin%f, [1 + cos (d; + d;)] [1 + cos (d, - d,)]
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and the last equation of (56) may be written

sin 6, 1 + cos (d, - d,)
V 2~ sin®6, [1 + cos (d,~d,)] . (58)
It is known that H,2 = PP "2 will be given by H? = [(y ~y)r~(z =2} q)* +[(z - 2,) p -

0 = arc tan

(x = x,)r)? + [(x = x,) q = (y = y,)p}’, where x,y, 2, are coordinates of P; x,, y,, z, are co- (59)
ordinates of Q, and p, q, r are direction cosines of the chord ¢ = Q,Q,, [11]. See Figure 14.
From (56) and (58) we can express the rectangular coordinates of P as

P: a cos 8+ cos f,cos AA
* x=acosfcos \=—

VZ VTxcos (@ +d)

a cos0,sin AX

y =acos fsinA= — ———————
V2 T+cos(d, +d,) (60)

2= b sin 0= b sinf,+sinf,

V2 V1+cos(d +dy)

If the coordinates from (1) are converted to parametric latitude they will be Q, (a cos 6,,
0, bsin 4,); Q, (a cos 6, cos AX, a cos 6, sin A, b sin §,) whence the direction cosines of

the chord ¢ = Q,Q, are

a
p =—(cos 0, cos AA - cos 6,)
c

a
q =—cos 0, sin AA (61)
c

r=— (sin @, — sin 6,)

From (60) and the coordinates of Q, (a cos 8, O, b sin 0,) we have

a
x=% *==— (cos 8, +cos G,cos AN) ~a cos 8,
o

y =y, =(a cos 6, sin AN) /2R, (62)

z~2,= __ (sin @, +sin §,) -b sin 6,

V2R,
Where R, = /1 + cos (d, +d,) =/2 cos %(d, +d,).

With the values from (61) and (62) the expression (59) is formed to give

2(y2-R,)?
Hy? = ——2—;— cos®, coszf)z[b2 (tan?@, +tan *9,—2 tan 0, tand, cos A A)+a’sin *A )\] (63)
MR
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Where Ry = [1+ cos (d, +d)1*? =/Z cos %(d, +d,).
Using the relationships (42), (48), (57) equation (63) can be solved for H, in any of the

following several forms:

H, - bo (V2 ~1/1+cos (4, +d,) , )

V2 -Kk*11 - cos(d, - d,)}

= _ah’_ ((_\/E -])sin (dl + dz)’

[+

0

2ab
= 2220 Sin (4, +d) [1 - cos %(d, +4,)],

c

Where R, = /1 + cos (4, +d,) = v/2 cos %(d, +d,)

b, = 1 - k* = ay/1 - ¢,” = minor semiaxis of the great elliptic arc — see Figure 15. Thus

TR WY TTY T

H, is also expressed in quantities common with other elements of the great elliptic arc — see

equations (41), (48), and (52).

T T

A COMPUTING FORM FOR GREAT ELLIPTIC ARC LENGTH AND ASSOCIATED ELEMENTS

Since the computations to be discussed with the great elliptic arc approximation and the

Andoyer-Lambert approximation both invelve corrections to spherical elements, the basic spherical

approximation is reviewed in Figure 16, and basic spherical formulae listed.

Ty

Now from (42) write
sin?6, = K/(K + 1),
K= (Atan 6, +Btan 0,)/ sin®* AA (65)
A =tan 0, —tan 0, cos A\, B =tan 6, —tan 0,cos AX. (66)

———c

Azimuth equations (17) become

cot apg=D, (R, - B), cot agp = D, (A - R,)

D, = cos 6,/T, sin AA, D, = cos 6,/T, sin AA (67)

R, = C/cos 8,, R,=~-C/cos 6,

C = ¢?(sin 6, - sin 6,)

T, = (1 - e* cos 20,) Y/, T, = (1 - e? cos 20,) "/
Equation (41) becomes

s=a(H+U, +U, +U,) (68)
where U, =-N, (H-Q,), U,=-N,(6H - 8Q, +Q,),

U, = - N, (30H - 45Q, +9Q, - Q,)

k? = ¢? sin?6, = e,’ (eccentricity of the great elliptic arc).
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_cos@itange-singi cos A A
cot A= SnAL

cot B=£OS g21an@i=singzcos A X
sinAd

cos(di+ d2)=singi Sinf2+c0s61C0SG2C0S AL
sin(di+d2)={cosgisinAA)/sin B=(cosgazsinAA)/sin A
singi=sinfocos di , singz= sinfocos d2

NOTE:Qo may be external to QiQz,ie. if either
A or B 1s greater than 90°

Figure 16. Elements of polar spherical triangles.
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N, = k¥4, N, = k*/128 = 1/8N,?, N, = k°/1536 = (1/3)N,N,,
Q,=sinHcos P, Q,=sin 2H cos 2P, Q, =sin3H cos 3P, H=4d, +d,, P = d, - d,.
d, and d, are computed from

cos 2d, = 2(1 - cos®6,)/sin’Y, - 1

cos 2d, = 2(1 - cos *0,)/sin%f, ~ 1 (69)
since cos’0, and cos *), are already needed for T, and T,, (67) above, and the use of sin 2,
eliminates the computation of the square root of K/(K +1). A check is provided by
sin (d, +d,) = sin 6, sin 6, + cos 0, cos 6, cos AX.

From (48) the equation of the chord may be written

¢ = a(VWw) ‘/2, V=(1-cos H), W=2-kR, R = (1 - cos P). (70)
From (51) and (52) in terms of the symbols used above find
u=bV/T, sin B=bV/cT, = L) —\i . (71)
T, W
From (64) in terms of the above symbols find H, = 2ab, (sin ¥H) (1 - cos %H), (72)
c

bo = ay/T ~ k3, k* = €2 sin %4,.

Figure 17, shows equations (65) through(72) arranged for computing and a computation
performed on the line Moscow to Cape of Good Hope. On the form find the geodetic distance,
the normal section azimuths, the chord distance, the angle between the chord and the horizon
at P, and the maximum separation of the chord and surface. The following table lists these
values and gives a comparison with the distances computed by the rigorous Helmert method and
the Andoyer-Lambert Approximation. Note that the geographic coordinates of the point
P(¢,A) where the maximum chord separation from the surface occurs may be computed from (56),

(58), and already computed quantities in Figure (17).

MOSCOW TO CAPE OF GOOD HOPE
DISTANCE AZIMUTHS
Meters n.m. Method Forward Back Type
10,102,069.91 5454.6814 Great Elliptic 15°46' 569744 190°39' 27350 Great Elliptic Section
15°49' 579607 190°41' 29799 Normal Section
10,102,069.06 5454.6809  Helmert 15°48' 17674 190°39' 329208 Geodetic

10,102,065.28 5454.6789 Andoyer- 15°48' 17%518 190°39' 329110 Geodetic
Lambert
meters n.m.
CHORD DISTANCE 9,068,419.05 4896.5546
(MAXIMUM CHORD SEPARATION) 1,906,854.55 1029.6191
CHORD DEPRESSION ANGLE 45° 32' 37462,
59
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Figures 18 and 19 show the great elliptic arc formulae for distance arranged with geodetic
azimuth formulae and the computations for distance and azimuth over the two lines
(1) MOSCOW TO CAPE OF GOOD HOPE and (2) RAMEY AFB to MOUNTAIN HOME AFB.

No square roots are involved and only eight place tables of trigonometric functions, as
Peters, are needed in addition to the constants for a particular spheroid of reference. The

comparison with the Helmert rigorous and Andoyer-Lambert approximation is:

Line Distance(meters) Method Forward Az. Back Az.
)} 10,102,069.91  Great Elliptic Arc 15° 48' 17519 190° 39 324109
10,102,069.06 Helmert 15° 48' 17674 190° 39' 32"208

10,102,065.28  Andoyer-Lambert 15° 48' 17518 190° 39' 329110

(2) 5,304,035.439 Great Elliptic Arc  131° 52' 344985 285° 10' 06870
5,304,032.437 Helmert 131° 52' 35129 285° 10' 06165
5,304,030.844 Andoyer-Lambert ~ 131° 52' 35"043 285° 10' 06869

REVIEW OF FORMER STUDIES

The Air Force Aeronautical Charting and Information Center made an extensive study of
the Inverse Problem of Geodesy (1956-1957), over lines 50 to 6000 miles, [12]. A review of
this study indicates favorably the use of the so called Andoyer-Lambert Formulae relative
to requirements for Hyperbolic Electronic Systems since (1) they give very nearly geodetic
distance with about the same error over all lines from 50 to at least 6000 miles, (2) azimuths
are within about a second of true geodetic azimuths over all lines, (3) no tabular data for a
particular spheroid is needed, (4) the only table of mathematical functions required is a table
of the natural trigonometric functions as Peters eight place tables, (5) no root extraction is
involved in the computations. The formulae are thus quite adaptable to small electric desk
calculators or larger high speed digital machines. However, in review it seemed unnecessary
to convert geographic coordinates to parametric before making the computations, hence a
series of computations were made over the ACIC chosen lines for direct comparison. A
representative group from 50 to 6000 miles was selected and additional comparisons were

made against two lines whose true geodetic lengths and azimuths were known. No lines of
0° azimuth (meridional sections) were used because this is the trivial or limiting case and
extensive tables of meridional distances for all reference ellipsoids are available or quite

simple computation formulae are available for computing meridional arcs. The spherical

formulae used are:
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Spherical Formulae (see Figure 16)
cos d = sin ¢, sin ¢, + cos ¢, cos g,cos AA
sin A = (cos ¢, sin AX)/sin d, sin B = (cos ¢, sin AA)/sin d (73)
cot A =(cos ¢, tan ¢,— sin ¢, cos AX)/sin A
cot B = (cos ¢, tan ¢, ~ sin ¢, cos AN)/sin AA
sin d = (cos ¢, sin AA)/sin B = (cos ¢,sin AX)/sin A.
The Andoyer-Lambert correction [13] for distance is:
od = —EEM (sin ¢, — sin ¢,)* + d-38sind (sin ¢, + sin ¢2){| , (74)
4{ 1-cosd 1 +cos
where d is spherical distance from (73) and s = a(d + 8d), f is the flattening, f = (a — b)/a,
where a, b are the semiaxes of the reference ellipsoid (a is the radius of the auxiliary sphere).
Now (73) and (74) are essentially the same as used for several years in Loran computations
except for the conversion to parametric latitudes which is not required with these formulas.
The only difference in the appearance of the formulas is in the term 3 sin d in (74) which is
simply sin d in the formulae for parametric latitude, [14].
The corrections to the spherical angles A and B as given by (73) to get geodesic azimuths

are, [13]:

f d
A =-— [ cos’¢, sin 2B ~ cos *¢, sin 2A] ,

2 sin d

. (75)
OB =— [cos ¢, sin 2B - — cos ¢, sin 2A:| )

P) sin

the geodetic azimuths being then

a\pg = 180°~ A + 8A, agy = 180 + B + 6B.

The formulac as given by (73), (74), (75) were arranged in computing forms to make the
check computations of the ACIC chosen lines. Note that the azimuths as given in the ACIC
publications differ by 180° from the usual geodetic azimuths and the forward and back azimuths
are interchanged from the conventions used in the check computations. The lines chosen are
shown in TABLE 1, the comparisons are given in TABLES 2 and 3, while the actual computations

are in Appendix 2.
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TABLE 1

\ LINES COMPUTED
Line No. Az. Terminus Origin Distance
Lat. Long Lat Long. Miles
o o « m oo v o ' noo ' n
1 45 40 18 40 30 37.757 17 19 43.280 50
2 90 10 18 9 59 48.349 16 31 55.877 100
3 90 70 18 69 48 05.701 9 37 28.637 200
4 45 10 18 13 04 12564 14 51 13.283 300
5 45 70 18 73 35 09.206 3 26 35.101 400
6 90 40 18 39 37 06,613 8 36 43.276 500
7 45 40 18 44 54 28,507 10 47 43.883 500
8 45 70N 18W 76 00 26.603N28 42 03.567E | 1000
9 90 40N 18W 27 49 42.130N 32 54 12.997E] 3000
10 45 40N 18W 35 18 45.644N 10202 29.370E| 6000
11 50 43 03 19.6 115 52 54.7 18 29 57.9 67 07 30.3 3000 n.m.
12 10 3356 03.55 182841.4E | 55 45 19.5N 37 34 15.450E{ 5500 n.m.
1-10 From ACIC Reports 59 (page 39), 80 (page 23).
11  Ramey AFB to Mountain Home AFB, AFAC-TN-57-53, Astia Document 135972, 1957
12 Cape of Good Hope to Moscow
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INVESTIGATION OF BIGHER ORDER TERMS
IN ANDOYER-LAMBERT APPROXIMATION

While either form of Andoyer-Lambert approximation is probably satisfactory in the “‘state
of the art’ in hyperbolic navigational systems development, the question arises as to the higher
order terms in the flattening of the Andoyer-Lambert approximation and the possibility of a single
set of formulae which will give distance within one meter and azimuth within one second over all
geodetic lines on the spheroid. This would be a practical operational system particularly if it

maintained the several attributes of the Andoyer-Lambert first order approximation.

HISTORICAL
Now Lambert, {13], never published his derivation but had equivalent formulae for a first
order approximation several years before the publication posthumously in 1932 of Andoyer’s,
sketch, [15], of the derivation of the form as given in equation (74). Andoyer’s derivation
employs a differential oblique spherical triangle and it is not clear how one would proceed to
higher order terms in the flattening. It is believed that Andoyer’s derivation is the only

recognized published one in existence.

DERIVATION FROM THE GREAT ELLIPTIC ARC

Independent derivations of the Andoyer-Lambert approximations were sought in the hopes of

R et

o,

o b X~

1

discovering a simple method of arriving at higher order terms in the flattening. It was noticed

P

that the computations using the Andoyer-Lambert approximations; the ratios (d - sin d)/(1 + cos d),

G

(d + sin d)/(1 - cos d) were being used in forming computational parameters, [16]. It was decided

N
A o™

to try the ratios
(sin 6, + sin 6,)*/(1 + cos d),(sin 6, ~ sin 8,)*/(1 - cos d) (76)

with the hope of relating these to other parameters and identification of the Andoyer-Lambert

L3

=7

approximations in some other extant series expansion as the great elliptic arc approximation.

rhele sl

See equations (19) through (42).

From equations (42) we have
sin 0, = sin 6, cos d,, sin , = sin 6, cos d,. (77)
From (77), by simple algebraic operations and trigonometric identities, we may express
(76) as
(sin 6, + sin 6,)%/(1 + cos d) = 2 sin’f, cos® %4(d, + d,)

(sin 8, — sin 6,)*/(1 - cos d) = 2 sin®§, sin *%(d, + d,), (78)
- g2
h% W
68 ¥
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where d = d; - d,.
From (78) by adding and subtracting respective members, we write

(sin 6, + sin 8,)* (sin 6, ~ sin 6,)°
= +

X = 2 [sin?6,) (79)
1+cosd 1-cosd
(sin 6, + sin 6,)*> (sin 6, ~ sin 6,)
Yo sin 6, + sin 0,)* (sin 6, ~ sin 6, — 2{sin’, cos (@, + &),
1+ cosd l-cosd

where d=d, ~d,.
The Andoyer-Lambert forms can now be written in terms of X and Y of (79) as
S=ald - (f/4) (Xd ~ Y sin d)],
S = a[d ~ (f/4) (Xd - 3Y sin d)], (80)
where in the second equation, the geodetic latitude, ¢, is used in forming the X and Y of
(79).
If in the expansion of the great elliptic arc, equation (41), we place d, = to -d,, and then
d=d,-d,, k = e sin §,, we obtain as far as sixth order terms in e:
S=a [d~% e®sin?0,[d - sin d cos (d, +d,)]
~(1/128)e* sin*6,[ 6d ~ 8 sin d cos (d, +d,) + sin2d cos 2d, +d,)] (81)
~ (1/1536)e® sin®f, |i30d - 45 sin d cos (d, +d,) +9 sin 2d cos 2(d, + d,):'
- sin 3d cos 3(d, +d,)

Using relations (79), equation (81) can be written:
S=a [d-(e?/8)(Xd -~ Y sin d)
- (e*/512) [(6d - sin 2d) X* - 8(sin d) XY + 2(sin 2d) Y (82)
- (¢%/12,288) [3(10d - 3 sin 2d) X* - (15 sin d - sin 3d) X’Y:\
+ 18(sin 2d) XY? - 4(sin 3d) Y*

Note in (82) that if all terms above the first power in f are ignored (e® = 2f) equation (82) reduces
directly to the Andoyer-Lambert form as given by the first of (80). Now it is known that the
difference in lengths of the great elliptic arc and the geodesic is of 4th order in e, [17], but the

6th order term will be useful for comparison later in the investigation.

DERIVATION FROM MODIFIED DIFFERENTIAL EQUATIONS
The corresponding differential triangles, auxiliary sphere, spheroid, where geodetic latitude

has been converted to parametric are, as abstracted from Figure (20):
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aD &d a(l-e*cos?d)¥? 4o

add ds,/” geodesic

great
circle

parallel
a cos Ad\ a cos 0dh

and since q_ = ag (property of geodesics on surfaces of revolution, i. e. rsina,=rsina

c g’
r=a cos 6),ds/aD8d = a(l - e? cos?0)"/* d6/adf = (1 ~ * cos %9)/%, which may be written
S=ald+6d)=a [d + ﬁd’[(l - e? cos?0)Y/? ~ 1] Db‘d] . (83)
1

If (83) also represents the equator, then 8d = 0, when 6 = 6, = 0. Hence we add to the

integrand 1~ (1 - e? cos ?6,)*% to get

S=a(d+5d) = a[d + [0 - ¢ cos? 007 - (1 -  cos’ty) V7] Dad] , (84)
1

and we note that when 0=6,=0, 8d =0; when 0=0,, s=d = §d= 0; when 6, = #/2, d, = 6,,
d, = 6,, D8d = d0, d = 6,- 6, then (84) represents the meridian.
Expanding (84) to 6th order terms in e, find

S=a [d-(e¥/2) (1 +e¥/2 +36"/8) iy b2 (4in%g, - sin’6) D54

+(e*/8) (1 + 3¢/2) f 2(sm *6, ~ sin*0) D&d (85)
l
- (e*/16) |. d. (sin®f, - sin®g) D&d
B d, i
Now from (77), sin @ = sin 6, cos d,
s 2 2 2 2 sin’g,
sin’@ = sin?@, cos’d = (1 + cos 2d). (86)

The value of sin’d from (86) placed in (85) and the resulting integrations performed with
respect to d, leads to expressions in powers of the right hand quantities in (79) so that (85)

may be written finally as

1




S=a [d-£%/8) (1 +e¥/2 +3¢*/8) (Xd - Y sin d)
- (e*/512) (1 +3e%/2) | -(10d + sin 2d) X* + 8(sin d) XY:‘ (87)
[ + %sin 2d) Y?
- (%/12,288) [3(22d +3sin2d) X* - 3(15 sin d - sin 3d) X*Y
[ ~18(sin 2d) XY? - 4(sin 3d)Y;|

— —

Again if all terms above first order in f (e* = 2f) in (87) are ignored then the first two terms of
(87) represent the Andoyer-Lambert form as given by the first of equations (80).
For the case where geographic latitudes, ¢, are not first converted to parametric, but are

considered spherical, the corresponding differential right triangles are:

f

o

3
t
cgi[;i?e %o.‘ ad ¢ geodesic g Rdg
g
parallel parallel
acos pdA N cos ¢dA
We have for the approximution
Rd¢ = ds cos a
d d
or Rdg = ds 1—)% , placing cos ag = C0S a; = 13?(-1 .
ds = RD8d = a(1 - e (1 - ¢? sin ’p)~¥/2 D&d. (89)

If (88) represents the equator, then when ¢ = 0, ds = aD8d. Hence add e? cos *¢, to the
integrand of (88), to obtain
(ds/a) = [1 - &) (1 - ¢® sin®*p)~*” + e? cos’e,) DSd. (89)
Note the following for (89): When ¢ = ¢, = 0, ds = aD&d; when ¢, = #/2, D6d = d¢,
equation (89) will represent the meridian.
Expanding (89) to 6th order terms in e get
(ds/a) =| 1 + (8/2)e® sin’¢ + (15/8)e* sin'p + (35/16)e® sin®p) |D&d (90)
{— e’[1 + (3/2)e? sin’¢ + (15/8)e* sin*p] + e*(1 —sinquo):l

which may be written in the integral form
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S=a | d-(e¥/2) _{i"z (2 sin %@, - 3 sin’p) D4

4 (91)
- (3¢*/8) [ sin’p(4 - 5 sin’¢) D5 d

d,
- (5¢°/16) J:i d. sin*@(6 - 7 sin’p) Do d
1

L.

.~y
From (77), with 0 replaced by ¢, we have sin’ = ﬂ%ﬂ (1+cos 2d), and with the aid of

trigonometric identities we can find expressions for sin‘® and sin®g, i.e.

s 2
sin
sin’¢p = _;i“. (1 + cos 2d),

. sin'eh,
sin’¢ = (8 + 4 cos 2d + cos 4d), (92)
. sin’g,
sin’¢ e (10 + 15 cos 2d + 6 cos 4d + cos 6d).
The values of sin *¢, sin* ¢, sin ¢ from (92) placed in (91) give (93)

S=a E*- (e%/4) sin*¢, fddz (1 -3 cos 2d) D&d

1

d
- (3¢*/64) sin *¢, {1 2 [(16 = 15 sin’g,) + (16 - 20 sin4,) cos 2d] D&d
‘ - 5 sin *g, cos 4d

- (5e°/512) sin ‘g, {ldz (72 = 70 sin’p,) + (96 - 105 sin’¢h,) cos 2d
+(24 - 42 sin’g,) cos 4d Déd
= 7 sin’$, cos 6d

Integration of (93) with respect to d leads to: (94)

S=a | d- (e?/4) {d [sin*¢ ) ~ 3 sin d [ sin® ¢, cos (d, + d,) 1}

- (3e*/128) | 32d [sin® ¢! -~ 30d [sin’y)? + 32 sin d [sin®¢, cos (d, + d,)]
- 40 sin d [sin® ¢, ] [sin® ¢, cos (d, + d,)]
= 10 sin 2d [sin®¢, cos (d, + d;)]* + 5 sin 2d [sin*¢,)?

- (5¢%/1536) | 216d [sin® ¢o)? = 210d [sin® o] * + 288 sin d[sin’ ] [sin’¢h, cos (dl+d,)i-1
=315 sin d[sin’@,]* [sin’p, cos (d, +d,)] + 72 sin 2d[sin’¢, cos (d,+d,))?
~126 sin 2d [sin’¢,] [sin’@, cos (d, +d,)]*-~ 36 sin 2d [sin? ¢,)?

+63 sin  2d [sin’®,)* - 28 sin 3d [sin *¢, cos (d, + d,))°

|+ 21 sin 3d [sin’p,)* [sin’¢, cos (d, + d,)]
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From (79), with 0 replaced by ¢, we have
(sin ¢, + sin ¢,)* (sin ¢, — sin ¢,)*
X= +

1+cosd 1-cosd

= 2[sin’g,], (95)

y (sin ¢ + sin ¢,)*  (sin ¢, — sin ¢,)?

l+cosd l-cosd

= 2[sin*¢, cos (d, + d,)].

Substituting from (95) in (94) we obtain finally
S=a | d-(c¥8) (Xd - 3V sin &)
-(3e*/512) |64(Xd +Y sin d) +(5 sin 2d - 30d) X? (96)
I: ~ 40 (sin d) XY - 10 (sin 2d) Y’]
- (5e%/12,288) |(432d - 72 sin 2d) X* +576 (sin d) XY - 144 (sin 2d) Y*

+ (63 sin 2d - 210 d) X* + (21 sin 3d - 315 sin d) X*Y
- 126 (sin 2d) XY? ~ 28(sin 3d) Y?

=

If, in (96), we place e* = 2, ignoring all terms above first order in f, one obtains the second

of equations (80), or the Andoyer-Lambert approximation in terms of geodetic latitude, ¢.
Now the Andoyer-Lambert forms can be obtained from other modifications of differential

equations. For instance if the differential for arc length along the geodesic is taken in the form,
[8] page 64,

ds = (N? cos? /N, cos ) dA, N=a/(1 - ¢? sin’gb)‘/z; (97)
if the differential of arc length from (84), after converting to geodetic latitude is written

ds = [(1 = e ?sin?g) 2 — (1 - e? sin’y"¥2] Dd; (98)
and if (97) and (98) are combined with the relationship dA = = (sin a,/cos @) D&d = (cos ¢, ’cos’¢p) D&d

from the differential right triangles above with @ replaced by ¢, one can write

(ds/a) = D8d + |(1 - e? sin’p )™ (1 - €? sin’gbo)‘/’- 1
| Dad

+(1=e) Y2 {(1 - e sin*g)™ /2= (1 - & *sin *gpp) " 09

Expanding the expressions in (99) to first order terms in f, e* = 2f, equation (99) can be written

in the integral form

S=ald-f fdz (2 sin’¢, — 3 sin*¢) D&d].
d

1

(100)

Comparison of equations (100) and (91) (with e* = 2f) shows that (100) will again give the

second of equations (80) o1 the Andoyer-Lambert Approximation in terms of geodetic latitude.

74




DERIVATIONS FROM EXPANSIONS OF FORSYTH
In reviewing the literature on geodetic computation one finds that A. R. Forsyth, [18], as
early as 1895 had given some series expansions for geodetic arc length in terms of the flattening
and certain spherical and elliptic parameters. On page 120 of his treatise one finds the expression
Sio/a=vi-vi=Y%ecl-v) + (1/8) c(sin 2v5 - sin 2)) . (101)
Now the correspondences between the parameters as used by Forsyth in deriving (101) and
those used above in this investigation are to first order in f:
vi=d,, v=d, vy -vi=d,-d, =d, ¢ = 2A sin?4,,
sin 2v; - sin 2v; = sin 2d, - sin 2d, = 2 sin (d, - d,) cos (d; + d;) = 2 sin d cos (d, + d,)
so that equation (101) becomes equivalently
S= a[d ~(£/2) {d(sin %,) - sin d [sin?§, cos (d, + d,)]z-l,
which in turn by means of relations (79) can be written S = a[d - (f/4) (Xd ~ Y sin d)], and
identified as the first Andoyer-Lambert form of equations (80).

On page 116 of Forsyth’s treatise one finds the expression

Si/a = vy—v, + E{(3/4) cos® a,(sin 2v, — sin 2v,) - (4) (v, v,) cos®ayt
+ &2 (%) (v~ 1,)? cos*a,sin®a,sin ¢ sin ¢, /sin 2¢T

+ (1 = ) [(1/16) cos*a, + cos ’aq sin’q,) (102)
%2 | + (8/8) sin’q, cos’q, (sin 2¢, — sin 2¢,

~ (8/4) cos’a, sin’a, (sin 2v, — sin 2v,)

*1 | +(23/64) cos*a, (sin 4v, - sin 4v,)

.

Now the equivalent relationships between Forsyth’s parameters as used in (102) and the ones

used in this investigation are:

m=d,v=dy vy =d,=dy=d, =1, ] =y, 1, = ¢y,

2o =y = b = b= 1 = A = Ay = A), cos ¢, = cot @, tan ¢,= cos ¢ cos d, sec ¢,

sin ¢, = sin d, sec ¢,, cos b, = cot P, tan ¢, = cos ¢, cos d, sec ¢, (103)

sin ¢, = sin d, sec ¢,, cos v, = cos d,= sin ¢,/sin ¢,,

cos v, = cosd,=sin ¢,/sin ¢, ao=% — ¢, the relationship sin a,sin (v, - )

= cos |, cos 1, sin 2¢, given on pages 106, 121 of Forsyth, [18],

becomes cos @, sin d = cos ¢, cos ¢, sin AX in the notation of this investigation.
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Assurance that Forsyth’s g, is the complement of the geodetic latitude, ¢, of the great
elliptic arc is found from his expression, [18] page 106, which is
tan a, = sin 2 ¢/ {(tan 1, +tan 1,)* - 4 tan 1, tan 1, cos®p, }'/%
With equivalent substitutions from (103) and some trigonometric identities it will transform into
tan ¢, = (tan >, + tan>¢b, — 2 tan ¢, tan ¢, cos AN) 2 /sin AA
which defines the vertex of the great elliptic arc. See equations (21) of this investigation.
A cursory check of the equations just preceding (102) in Forsyth’s treatise revealed that
the numerical coefficient of the second order term *1 in (102) should be 15/64 instead of 23/64.
Then by use of relations (103) and (95) it was-found that (102) could be written as
S=a|d-(f/4) (Xd - 3Y sin d)
\: + (£2/128) (AX - BY - CX* + DY? + EXY + FX?Y + GX’):l

where A = 64d +16d* cot d, B =96 sind + 16 d* csc d - 48 sin’AA csc d, 'C = 30d +15 sin 2d
+8d*cotd +12sin?AAcot d, D = 30 sin 2d, E = 48 sin d + 8d* csc d - 36 sin*AX csc d,
F =6 sin*AA csc d, G =6 sin®?A A cot d.

Note that the first two terms of (104) are exactly the Andoyer-Lambert form given by the
second of equations (80). But we apparently also have the second order term in the flattening.
Thus, Forsyth had both so-called Andoyer-Lambert approximation forms as early as 1895 but
they had not been recognized as such,

Equation (104) was used to compute several lines of known lengths. On those in which the
term *2 of (102) was small, an improvement would be obtained by including the second order
terms. On others, the error introduced would outweigh the first order correction, which could
mean, since equation (104) is a power series in {, that the coefficient of the second order term in
f is erroneous. Now examination of the second order terms of equations (82) and (96) shows no
cubic terms in X and Y as are found in the second order term of (104). Hence Forsyth’s paper
[18], was reworked from the beginning and it was found that indeed the term ¥2 in (102) actually
vanishes and reaffirmation was also made that the numerical coefficient of the term *1 of (102)
should be 15/64 rather than 23/64. These errors are the result of carrying throughout the
derivation the numerical factor 9/32 in the last term of the expression for §, [18], sectiou 17,

page 98, when it should be 3/32. This affects the epproximation equation for tan ®, section 22,

page 104. In the last term, the factor 7 sin ’a should be +5 sin ’a. This continues to be reflected

through section 27, pages 111 to 115, until the term is actually seen to vanish in collecting the
terms together on page 115. Also on page 115, omission of a factor } in use of a trigonometric

identity in the third line from the bottom gave the printed value % for the numerical coefficient of
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cos “a, sin 4v when it should be 1/8. This leads in turn to the printed value 23/64 as given on
page 116 when it should be 15/64.

After the two errors in Forsyth’s second order term in f had been detected, two papers were

found which are concerned with the Forsyth derivation, Wassef 1948, [19], and Gougenheim 1950,
[20]. Wassef purports to give the corrected version of Forsyth’s second order term but he includes
the term *2 in (102) and he gives 15/23 for the numerical coefficient of *1 in (102). Hence Wassef’s
results are erroneous and useless. Gougenheim, unaware of Forsyth’s work, had developed his
formulae independently and he has the term *2 in (102) missing in his derivation and the correct
numerical coefficient 15/64 for *1 of (102). His formula for the second order term is (in the
notation of Forsyth)
— ) (105)
2 (Vz - Vl) . 2 N
+ & -(1/2) ———— cos’q, sina, +(1/16) (v, ~ v,) (cos®a, + 15 cos®a,sin’a,)
cot v,— cot vy

- (8/4) cos’q, sin’q, (sin 2v, - sin 2v,)

+ (15/64) cosa, (sin 4v, — sin 4v, )

Since the last two terms of (105) are the same as the last two of (102), as corrected, we have
only to show that
(1/16) cos*a, * cos’a, sin 2a, = (1/16) (cos’a, + 15 cos’a, sin*ay),
1/(cot v, - cot v,) = (sin g, sin @, sin ¢;)/sin 2¢,. (105

Writing the right member of the first of (106) as

(1/16) cos’a, + (15/16) cos’a, sin’a, + (1/16) cos'a, =(1/16) cos®a, (1 - sin *a,)

= (1/16) cos*a, + (1/16) cos’a, + (15/16) cos’a, sin *a,

-(1/16) cos®a, * (1/16) cos’a, sin’a,

= (1/16) cos*a, + cos’a, sin’a,.
From relations (103) we have
sin a, sin (v, = 1,) = cos |, cos 1, sin 2¢, or

sin a, cos 1, cos |,

sin 2, sin (v, - v,) (107)

cos |, sin ¢;  cos 1, sin ¢,
» . rd . 4 3 4 . ’
sin a, sin ¢ sin ¢2 cos |, sin ¢ ;- cos |, sin ¢, sin v, . sin v,

sin 2¢, sin v, nos v, — cos v, sin v, cot v, — cot v,
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From pages 111, 117 of Forsyth find:
tan ¢, sin a, = tan v,, cos ¢, = tan g, tan l,, cos v, cos a, = sin l,,

tan ¢, sin a,= tan v,, cos ¢;=tan q, tan l,, cos v, cos a, = sin 1,,

whence
cos 1, sin ¢, sin I,
. = =1, (108)
sin v, cos v, oS a,
cos 1, sin ¢, sin 1,
= = 1.
sin v, COS 1, COS @,

The values from (108) placed in (107) prove the second of (106) and thus Gougenheim’s paper
provides an independent check of the corrections given here to Forsyth’s second order term.
Gougenheim also gave formulae for azimuths, convergence of the meridians, and difference in
longitude between the spheroidal and spherical (elliptical) vertices of geodesics in terms of the
same variables. The importance of Gougenheim’s work has not been recognized. He has had a

correct expansion including the second order term in the flattening, in print since 1950.

THE FORSYTH-ANDOYER-LAMBERT TYPE APPROXIMATION IN GEODETIC LATITUDE WITH
SECOND ORDER TERMS
With the corrections to (102), i.e. with the numerical coefficient of *1 as 15/64 and the term
*9 omitted, equation (102) may be written, with relations (103) and (95), as
S = a[d - (f/4) (Xd - 3Y sin d ) +(f2/128) (AX + BY + CX* + DXY + EY?)], (109)

where a, { are the semimajor axis and flattening of the reference ellipsoid; d is the spherical
distance between the points P, (¢, Ay,), P, (¢4, A,) on the ellipsoid given by some spherical
formula as cos d = sin ¢, sin ¢, + cos ¢, cos ¢, cos AX; ¢ is geodetic latitude, A is longitude,
A=A, =A,; A=64d + 16d* cot d, D =48 sin d +8d* csc d, B = - 2D, E = 30 sin 2d,

(sin ¢, + sin ¢,)* . (sin ¢, - sin ¢,)*

C=-(30d +8d%cotd +E/2), X = ,
1+cosd 1-cosd

(sin ¢, + sin ¢,)? {sin ¢, — sin ¢,)*
Y- i i - id i ;d=d,~ ¢, -here J, and d, are spherical distances
1+cosd 1-cosd

from the vertex of the great elliptic arc to the points P, (¢, Ay, Py (s, Aa).
Now by factoring sin d out of every term of (109) and using the azimuth formulae as given by
Lambert, [13], we can, by means of trigonometric identities, arrange equations (109) in a form

more convenient for computing as follows:
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Given on the reference ellipsoid the points P, (¢, , A1), P, (¢, A,), & is geodetic latitude,
A is longitude, P, is west of P, with west longitudes considered positive.

With ¢ = (1/2) (B, + ¢.), Ay = (1/2) (B = 61, Ah= A= A, AN = (1/2) AX;
Let: k=sin ¢ cos Ag, K = sin Ag,, cos ¢,
H = cos *Ads,, - sin *¢, = cos *¢ - sin *Ag,, ,
L =sin g, +H sin ?AA = sin(d/2), 1 - L = cos*(d/2), cos d = 1- 2L, t = sin’d=4L(1-L),

U=2%%*(1-L),V=2K*L,X=U+V,Y=U-YV,
T = d/sin d=1+(t/6) + 3(t2/40) + 5(t>/112) +35(t*/1152) + 63 (t°/2816) +-- - - - ’
E=30cosd, A=4T (8 + TE/15),D=4(6 +T?),B=-2D,C =T - %(A +E), (110)
S =asind [T - (£/4) (TX - 3Y) +(f?/64) {X(A +CX) +Y (B + EY) + DXY }];
sin (a, +a,) = (K sin AX)/L, sin (a, = a,) = (k sin AN)/(1 - L)
(%) (8a, + 8a,) = - (£/2) H(T + D sin{a, +a,), (4) (8a, - ba,) = ~({/2) H(T - 1) sin (a,~a,),
Gyq =a; +8ay, @y = a3 * Oay.
Note that the quantities H, T, L, k, K enter into both distance and azimuth formulas.
Figure (21) shows an arrangement of equations (110) for desk computing using an ordinary
ten bank electri¢ desk calculator and Peters eight place tables of trigonometric functions. It
is arranged to show the contribution of both the first and second order terms in the flattening.
Table 4 summarizes the results of computations over 17 lines of known lengths and
azimuths. The computations are given in Appendix 3. Part of these lines were used in the
computations of Appendix 2. The first 11 lines are from two ACIC publications [12], lines 12
through 17 are Coast and Geodetic Survey spec¢ially computed lines, [22].

Note that all distances are within one meter and azimuths are within one second which

was the objective since this is adequate for any operational requirement. Oiher advantages

Nl
il

are (1) no conversion to parametric latitudes, (2) no square root calculation, (3) for desk
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computers the only tabular data required is a table of the natural trigonometric functions as

“*

Peters eight place tables, (4) the formulas are adaptable to high speed computers, (5) about

the same accuracy is obtained over all lines in all azimuths and latitudes.

EXPANSION TO SECOND ORDER TERMS IN f USING PARAMETRIC LATITUDE

Foruyth [18], gave an expansion of the geodesic to first order in the elliptic modulus
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¢ = (e? cos’a)/(1 - e? sin%a) where a is the complement of the parametric latitude of the vertex
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of the geodesic. (See pages 118-120 of his treatise). We will follow the Forsyth method and
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DISTANEE COMPUTING FORM, FORSYTH-ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, f/4 = 0.000847518825, f2/64 = 0.1795720390 x 10~°

1 radian = 206,264.8062 seconds

g 8 S8 250 1, _INANS \_ 79 39 24.0
¢, Rl 26 06.0 o, AT \, [58 a7 3.0
B= Wl + p) L5 L2 -/‘5:": 2. Always west of 1. A)\=)\z—)\17g g7 _09.0
Ay, = Yelpz~ gy b L3 0.5 AN = %mIZ LB 315

sing, £ LE226LT0 _ opg #.LO8SSLIE  gwm\ £ I7Z TGOS

cos ¢r:1+‘ 96499679 cos A¢:7€ GIE 9257 sin A)\m7‘, 63238428

k=sin ¢  cos Agp, *, CE0 772572 K = sin Ag_ cos ¢ SO+ 752963
H=cos?A¢_—sin’¢_=cos’d -~ sin'Agp 7. HIFT96 50 UL % 62052785

L = sin2A¢m+ H sin ZA)\m + FTIF7ELT cosd=1-2L +. 205566
A+ /. 327342885 sind s F70S/H2G T odjsind+ L 36787382
U=2k*/(1-L) %2/907/525 V=9K*/L % O578//846F E =30 cos d ~ 7 23/6698
X=U+V . Z7é5’3éé/€{ Y=U=V +/6_126298_[ D = 4(6 +T?) 745/' ‘%XZ/ZéZ{
A=aTB+ET/15)4 HL3TET803 ¢ o1-ynsE) -25.95955/25 B -op ~62. 7642575
X(A+CX)"//' 1Z8SE73E/ Y(B+EY) = 7.965 73623 DXY 7‘/.406’726406

(TX-8Y).—- /080 73286 of = - (1/4) (TX-3V) 2L 078 X 10 =~
T+t L. 36776290 S,=a sin d(T+8) f/ ¢561, G/R.2%  oters
S =X(A+CX)+ YB+EV)+DXY F L. 0GB S7IT s ps)s £ F.Cl2F X 1077
T+ 8f +6f* +/, 367763%6 S,=a sin d (T +8f + 8f%) w.é)iz_vi_//_ meters
sin (a, +a,) =(K sin AA)/L -+, 270 F/d0/ a+a, 378 ° “//' /287
sin (a,~a,)=(k sin A/\)/(l-L)"’Lr 4//64222 a,-a, VA7 y{/' 7é/1

Y(8a, +8a,) =~ (E/2) H(T +1) sin (a; +a,) = 9 97800134007 Sa, = 161 PR/ 73E K10~ 3
4 (S ay) = (/2 H(T=1) sin (ay-a,) ~ L. 38 78777X t0~% 50,=/, 233685292 X10 3

a /67 &7 sHosd a 245 4/ 25./79
da, == Z _ 37.¢¢60 Sa, — 4 /7.9
o, L1077 IS7 [(6.857 0., LS 37  [0.743
-2 = a, + Oa, sy = @ + Oat,
Figure 21,
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TABLE 4

Summary of Computations

Computed Length

No.AEI:‘fx'Az. LZ;ugih S8  S,(6f) § -5 8-S AzriIi::'tehs (X)z‘:lg::;(sl

o o S(Meters)  Meters Meters Meters Meters o " o "
45 26 01.69 00.44
1] 40| 45 80,466.49 | 67.25| 67.02| + 0.76| + 0.53| 224 59 59.997 58.76
90 15 17.48 17.51
21 10 | 90 160,932.96| 32.99| 32.96| + 0.03 0.0 | 270 0 0 00,02
97 52 C1.06 01.11
3 70| 90 321,865.911 62,98{ 65.64] — 2.93| ~ 0.27] 269 59 59.95 |270 00 00.03
45 37 46.11 4497
4] 10 | 45 482,798.87| 94.74{ 99.23| - 4.13| + 0.36| 224 59 59.73 58.63
58 50 31.60 31.30
5| 70 | 45 643,732,431 27.96| 32.44| - 4.47| + 0.01}| 225 00 00.15 {224 59 59.86
91 16 14.93 14.87
6] 10 | 90 804,664.78| 65.22] 65.10( + 0.44} + 0.32| 270 O 0 [269 59 59.98
49 52 15.53 14.35
7] 40 | 45 804,664.77| 66.62} 64.75| + 1.95| - 0.02} 224 59 59.99 58.83
89 55 22.83 22.64
8| 70 | 45| 1,609,329.06| 15.61} 29.04| -13.45| - 0.02] 224 59 59.96 59.83
119 54 41.26 41.40
9] 40 |9 | 4,827,984.25| 83.17| 85.09| - 1.08] + 0.84| 270 00 00.12 |269 59 59.61
138 23 42,76 42.39
10| 46 | 45| 9,655,969.75| 72.49( 70.13| + 2,74| + 0.38} 225 00 00.28 00.67
159 54 37.21 37.78
11| 70 190 | 9,655,977.15] 63.63| 77.01| -13.52| - 0.14] 270 00 00.02 00.81
599, 600, 260 17 09.79 09.78
12 70 195 600,000.00] 995.26| 000.24 | — 4.74| + 0.24] 95 O 0| 94 59 59.93
900, 900, 5 0 0] 49 59 59.20
13] 60 |50 900,000.00} 000.56| 000.23 | + 0.56| + 0.23| 221 03 33.54 32.73
128 33 08.34 09.17
141 25 [50 979,251.25| 247.67| 251.45| - 3.58| + 0,20} 305 38 13.25 14.18
35 16 34.25 33.34
15 60 |35 | 1,232,647.21}| 652.17] 647.21 | + 4.96 0.0 | 207 08 33.82 32,91
109 57 17.41 16.86
16| 20 (70 | 8,466,621.01| 618.26| 621.11 | — 2.75| + 0.10| 265 37 10.59 10,71
15 48 17.67 16.94
17} 55 |15 |10,102,069.06| 057.93| 069.86 | -11.13| + 0.80| 190 39 32.21 31.45
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extend the results to second order in ¢ and subsequently to second order in f since ¢ can be
expressed as a series in f.
The quantities needed to achieve the approximation are found in or derived from the results

of Forsyth’s work, pages 86, 97—105. We list them here for reference in the development.
d=4 +%u'sec atana(l +§-(1 -6 tan’a)]

= +cU+c?V
bp=¢’+cQ+cV¥

a = a, + cA cot gy + ¢’B
cz
cnu=cosu’{l-Yec sinzu'—a sin®u’ (7 + 4 cos*u)}

¢ = (e? cos’a)/(1 - e* sin’a), e* = 2f — f*, * = 4f?
¢ = 2f cos’a + 12 cos’a (3 — 4 cos’a)
cos @=cnucosa

tan @ = tan u’ csc a [1 + %c + (1/64)c? (9 ~ 2 sin*v "~ 4 tan %q,)]

2= (1 -e?sin®a)? Eu)
a

- u’.;.i-[sin 2u’-(1+ 2tan’a) u’]

2
+-2—4[sin 4u’+ 4 sin 20° (1 - 2tan2q) + {8 tan?a (1 + 3 tan’a) ~ 3} u’]

sin @ = sin @, [1 + ¢ A cot?q, + c* cot a, (B =% A? cot a,)]

cos a = cos g, [1 — ¢ A = ¢® tan a, (B + %A? cot’a, )]

tan a = tan ao [1 + ¢ A csc *a, + c? csc’a, (A + B tang,)}
seca=sec a [1+cA+c’tana, (B + A% cot g, {1 + % cot’a,})]
csca=csca, 1 —c A cot?q—c?cot gy { B - %A cot gy (1 + 2 cot?a)l]
sin u”= sin v’ {1 + ¢ U cot v’ + c? (V cot v’ — U?/2)]
cosu’=cos v’ [1L-c Utanp’=c? (V tan v’+ U?*/2)]

tan u’=tan v’ + ¢ Usec® v'+ c?sec’ v’ (V + U? tamv)

sin 2u”= sin 20" (1 + 2¢ U cot 2v°) (to first order in c)

tan ¢’=tan v’ csc ap, 1 + tan’v” esc %o = sec’@”

U=~ (A cot v’+ (1/8) sin 2v°), A == {v’/2) tan %, tan v’

Q + (¥*/2) sin agsec?a, =~ A csc’a, cot ¢
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111b
111c
111d

111e
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111g
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In these formulas, a, is the complement of the parametric latitude of the vertex of the great
elliptic arc. To see this, find on page 119 of Forsyth, the expression
sin @, = (tan ¢,)/ [(p sec o~ 1) (p’sec? ¢, + D),
where p = sin® %(6, + 6,)/ sin 0, sin 0, (112
p’ = cos® (6, + 6,)/sin 6, sin 0,
Now replace Forsyth’s 6, and 6, by 90 ~ 6, 90 ~ 0, respectively and his ¢oby AMN/2.
Then find:
tan ¢ = tan (AA/2) = (1~ cos A))/ sin AA
p sec 2o — 1= [(1 - cos AX)/sin’AX] (1 + sec 6, sec 6, - tan 6, tan 6,) - 1 (113)
p’sec 2, + 1 =[(1 - cos AA)/sin*AA] (=1 + sec 6, sec 6, + tan 6, tan 0,) + 1
The values from (113) placed in (112) give
sin a, = sin AA/(tan’d, + tan *9, — 2 tan 6, tan 6, cos A + sin 2ANY? (114)
Now the right member of (114) is cos 6, where 6, is the parametric latitude of the vertex
of the great elliptic arc [17] . (See also GEODESICS AND PLANE ARCS ON AN OBLATE
SPHEROID, L.. E. Ward, American Mathematical Monthly, Aug.—Sept., 1943 page 427).
From 111a, 111b, 111c, 111m, 111n we have, retaining terms to c¢* inclusive:

(I)=q5'+c(ﬂ+% sec aytan ap) (115)

+c2[W + Y% sec a tan af U+ Av”(1 + cscay) + (1/8) v” (1 = 6 tan® a,)}]
If R, S are the coefficients respectively of ¢ and ¢? in (115), ther
tan @ = tan ¢+ c sec 2" R+ c* sec’¢”(S+ R* tan ¢”) (116)
With the values of R and S from (115) and the values of Q + (v"/2) sec a tan agand U
from 111t, cot ¢’ from 111s, we can write (116) as
tan @ =tan ¢~ c A cot v csc apsec’p” (117)
+clsecip’ | W+ A cotviescia,
+ % sin aysec?ay| Alv’ (1 + esc’a,) - cot v}
[-— (1/8) sin 2V'+-%’(1 ~ 6 tan ’ao):|
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From 111h, 1110, 111r we write a second formula for tan @:
tan ® = tan v’ csc a, - cA (csc?”+ cot’a,) tan v csc a,

+ctanv’esca, | Vsecv’cse v'—B cot qq + (9/64) +(1/32) sin®y’

+ 2—(2 - csc®y”’) = (1/16) sec’a, (118)

L+ A? (csc?y’ cscla, + cot*aq + ¥ cot?ay)

From 111g, 111e, 111k, 111p, 111q, 111t we can write:

cosf@= cosagycosv’+c+0 (119)
+c?cos agcos v’ 2‘- cos 2 v’ Vtan v’ = (5/64) sin’v'~(3/32) sin*v”
~Btan gy~ A* (1 +% cot?a, + % cot®v”)

Now in (119), the coefficient of ¢ was zero as it should be and the coefficient of c? must

be zero since cos @ = cos a, cos v”. Placing the coefficient of ¢? in (119) equal to zero find:

, A
—Becot gy = A*(1 + % cot? @y+% cot*v”) cot’q, Y cos 2 v’ cot’a,

(120)
+ V tan v’ cot?a, + (5/64) sin®v’ cot?qq + (3/32) sin*v’cot’a,
With the value of - B cot g, from (120) placed in the second order term of (118) and with
some manipulation through the identities 111s, we can write (118) as:
tan @ =tan v’ csc gy — ¢ A cot v csc a, sec’p”
+c?cscay sec’d’ [ A cot v’ (1 +(3/2) cot?a,) + V (12n

+ :% (sin 2 v"=cot v*) + (1/16) sin 2v°

~(3/256) sin 4v’~ (1/32) sin 2v” tan ’q,

From (117) and (121), since tan ¢’= tan v* csc a, from 111s, the coefficients of the terms

in ¢ and ¢ must be respeceively equal. Equating the second order terms in (117) and (121) and

solving for V we find:

V=V sing,~ %A cot v’ cot g, (122)

+Al [2v'tan?q, (1 + csc?ay) — sin 20+ cot v" (1 ~ 2 tanq,) ]
v’ sin 207 3 sin v’  tan ’q, sin 2v°
+ — tan*q (1 -6tan®aq ) - + -
16 16 256 32

From 111i, 111b, 111m, 111p, 111q, the value of U in terms of A from 111t, and V from
(122) we may write:
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i: v’ +c[(1/8) sin 2v"—= A cot v’ - VZ (1+2tan?q)] (123)
a

+c* | ¥ sin gy~ %A cot?a, cot V’+% (sin 2v°~ 2v")
+(1/256) [8 sin 2v°(1 - 3 tan’q,) — sin 4v"] + (3/64) v’ (4 tan’q, - 1)

Referring (123) to the end points of the geodesic arc we have:

5 =(wf-v{) + ¢ [(1/8) (sin 2 - sin 2)) = A (cot v3— cot vy) = %(v;—v ) (1+2tan %q,)]
a

— p—

+c? | ~% A? cot %q, (cot v,— cot v{)+% [(sin 2v; - sin 2v)) - 2(v3~v?)] (124)

+(1/256) [8 (1 - 3 tan’a,) (sin 2v/~sin 2v]) ~ (sin 4v; - sin 4p)]
+ (3/64‘) (V;" V{) (4' tan 2a0 - 1) J

Note that the term ¥ sin @, vanishes in (124).
From 111t we have from the expression forA that:

tan %a,

(v -v{), (125)

— A (cot vy — cot 1)) =

A =%}~ v{) tan*ae[ cot (1] = v)) = csc (vy —v{) cos (v +vy)]

We list also for reference the identities:
sin 2v;) - sin 20y = 2 sin (v ~ v{) cos (W + vy), (126)
sin 4v; — sin 4y, = 2 sin 2wy - v{) [2 cos *(v{+v;) - 1]

Applying (125) and (126) to (124) we obtain:

—§-= (vf = v))=(c/4) [ = v{)=sin(vy = v)) cos (v) + v3)] 127
+c? -% sin (v, -v, ) cos (v ]+ Vz')—% (v, ~ vy ) +(3/64) (v,~v/) (4tan’ay~ 1)

+(1/16) (1 - 3 tan %a,) sin () = v{) cos (v + v;)
-(1/128) sin 2 (v - v ) [2 cos® (v + v;) - 1]
Note that the first iwo terms of (127) are equivalent to Forsyth’s equation, page 120 of
his treatise.
Now for the value of ¢, we find on page 97 of Forsyth, that for approximations invclving
f2 (second order in the flattening) a value of a that is accurate up to f inclusive must be
substituted in the first term of c. Hence from 111d, 111f, 111k we have
¢ = 2f cos? qp + 3f*cos g, ~ 4f* cos*q, (1 + 2A) . (128)
This value of ¢ placed in (127) with the value of A from (125) gives:
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S

== (vi-v) = ({/2) cos?a, [ (v~ v)) = sin (v; - v)) cos (v + v])] (129)
a

+ f2 —%(V,'—- vy)? cot (vy ~ v)) cos’ag— %, - vi) cot(v, - v]) cos‘ao_‘
=%y - v)? esclyy ~ vy) cos %, cos (v + v])

+ %S - v ) escly, - v)) cos'a, cos (v + vf)

~(1/16) sin 2 (v - ) cos *a, cos* (v + v;)

\_+(1/16) (vy = v{) cos*ay + (1/32) sin 2(v) - 1;") cos‘a,

Now in (129) let a, = 90°=0,, d, =v{,d, =v;, d=d,~d, = v, ~v{ and the equation
becomes:

E =d - (f/2) [d sin %6, - sin d sin *f,cos(d, +d,)] (130)
a

Y% dcotd sin®9, - % d* cot d sin *6,
- % &% csc d sin?g, cos (d, +d,)
+% d? csc d sin *9, cos (d, +d,)

- (1/16) sin 2d sin *f, cos *(d, +d,) +(1/16) d sin *g, +(1/32) sin 2d sin ‘6, |

Since 6, is the parametric latitude of the vertex of the Great elliptic arc, we have ( or

may place)
X (sin @, + sin 8,)* . (sin @, - sin 6,)’ = S sin %,, (131)
1+cosd 1-cosd
. . 2 . - al 2
Yo (sin 6, + sin 6,) _ (sin 6, - sin 6,) = 2 sin %, cos (d, +d,)
1+cosd 1 -cosd

From (131) sin®g, = X/2, sin?, cos (d, +d,) = Y/2, and we can write (130) in the form:
S d - (6/4) (Xd - Y sin d)
a
+(f2/128) (16d* cot d) X = (16d% csc d) Y (132)
+(2d + sin 2d - 842 cot d) X?
+(8d* csed) XY - (2 sin 2d) Y?
If we factor sin d out of every term of (132), we can write:
S = a sin d[T-({/4) (TX-Y) +(£/64) (A, X +B,Y +C X2+ D, XY +E,Y?)
T =d/sin d, E, = -2 cos d, A, = = D,E,, C, = T - %(A, +E,), (133)
D, = 4T%, B, = =2 Dy, d is the spherical distance between the points P,(0,,A,) and P,(6,,A,)

given by some spherical formula as

cos d = sin § sin 0; + cos 6, cos §, cos A, AN= A, - A,.
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. COMPARISON WITH AN EXISTING EXPANSION
On page 8,GIMRADA Research Note No. 11, E. M. Sodano, April 1963 [23] one finds the

. following formula:

b;s = (1+£+f) ¢ + al(f+F7) sin - (f°/2) ¢* csc @]

0

2 2

2 f

| f+f f+f f

: +m (- ¢ - sin ¢ cos ¢ + 7 ¢* cot qS> (134)
i fz 2 fz

| +m’(1? ¢+1—6 sin ¢ cos ¢ - 5 ¢zcot¢—8—sin¢cos3¢)

2

fz
+am (_2_ $? csc ¢ + 5 sin ¢ coszd)) - a* (f*/2) sin ¢ cos ¢

Now the correspondence bziween the parameters as used in (133) and those of Sodano
are:
m(Sodano) = X/2, a(Sodano) = % (Y + X cos d), ¢(Sodano) = d, b,(Sodano) = a(1l - f)  (135)
(a is equatorial radius, f the flattening).
If we substitute from (135) into (134) , retaining terms to f* inclusive, we can write (134)

as
S
—=d~(f/4) (Xd - Y sin d)
a

+ (£2/128) (16d* cot d) X ~(16d* csc d) Y (136)
+(2d + sin 2d - 842 cot d) X?
+ (8d° csc d) XY = (2 sin 2d) Y?

Now comparing (132) and (136) find that the equations are identical which gives an

independent check of Sodano’s inverse formula.

COMPUTING FORM IN TERMS OF PARAMETRIC LATITUDE
Given on the reference ellipsoid the points P,(6,, A,), P,(0,,A,); P, »est of P,, west
longitudes considered positive. (Geodetic latitudes are converted to parametric by tan 6=(1~f).
tan ¢ or an equivalent formula). Formulas (133) may be used as follows:

With 0, = 40, +6), 80, = 40, = 00, 8 = X, = A, d = 22

let k = sin 0, cos A0, K = sin A6, cos 0
H = cos® A6, ~ sin®0, = cos® g - sin A

L=sin’Ag +Hsin®A\ | =sin’d/2, 1 - L = cos?d/2,

87




cosd=1-2L, h=sin®d =4L(1 -L), U =2k?%/(1 - L), . ¥

V=2K*L,X=U+V,Y=U-V
T =(d/sin d) =1 +(1/6)h +(3/40)h* + (5/112)h* + (85/1152)h* + (63/2816)h° +. . . . .
E, = -2 cos d, Ag=—DoF= - 4E,T?, D, = 4T%, B, = - 2D,, C, = T~ %(A, + E,) (137)
S=asind [T~ ({/4) (TX -Y) + (£/64) (AX + B,Y +C,X*+D XY +E,Y?)]
sin (a; + a,) = (K sin AA)/L, sin (a, = a,) = (k sin AX)/(1 - L)
Y(8a, + 8a,) = ~ (£/2) TH sin (a, + a,)
Yi(Sa, = 8ay) =~ (£/2) TH sin (e, - a,)
Gy =ay + 8ay, asy = a, * Oa,.
The azimuth formulas of (137) are obtained by manipulation of expressions given on pages
126-128 of THE DISTANCE BETWEEN TWO WIDELY SEPARATED POINTS ON THE SURFACE
OF THE EARTH, W. D. Lambert, Journal of the Washington Academy of Sciences, Vol. 32, No. 5,
May 15, 1942, [13]. Note that in the distance and azimuth formulas of (137), the same quantities
H, T, L, k, K are used.

Figure 22 in an example of the arrangements of equations (137) and computations for

comparison with those of Figure 21, page 80. The results are:
True distance Geodetic Latitude Parametric Latitude
meters 5t Fig. 21 o2 5t Fig. 22afz ) "‘

8,466,621.01 618.26 621.11. 622.30 621.08

True Azimuths peed

100°57' 17%41 16186 16168 S

265° 37" 10" 59 1071 1137 §
E

As was to be expected both approximations are adequate within any operational requirements.
The coefficients Aq, By, Cy, Dy, E; of the parametric latitude form, Figure 22, are slightly less
complicated than those of the geodetic form, Figure 21. But no conversion to parametric latitudes
needs to be made for Figure 21. For purely geodetic computations further investigation needs to
be made aud it is suggested that computations be made using both forms against the computed

lines contained in the revised issues of ACIC Reports 59 and 80, Sept. 1960 and December 1959.[12]
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DISTANCE COMPUTING FORM, FORSYTH-ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
tan § = 0.996609925 tan ¢
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, /4 = 0.000847518825, £*/64 = 0.1795720390 x 10~°

] o ] "

| b, 8 58 25.0
| [ 21 26 06.0
‘ 0, =%, +6,) 15° 09 221644

AG=%6,-6) 6 12 45.386

‘ sin Gm +0.26145290
cos 0m + 0.96521623

k = sin 0m cos AOm + 0.25991743

H = cos’Af , - sin0,, = cos’f, ~ sin’A0,

L= sin’AGm + H sin®AX
d + 1.3276078324

U=2k*/(1-L) _+0.2177857865
X=U+V +0.2752704532
A =-DE = - 4ET? + 3.604334620

m

X(A + CX) + 0.977503686
(TX-Y) + 0.216229457
T + of + 1.3676735917

% =X(A+CX) + Y(B + EY) + DXY

T + 6f + 6f* + 1.367673399

sin (a, + a,) = (K sin AA)/L

+ 0.37960074

+ 0.26959808

1 radian = 206,264.8062 seconds

(o} ] U]

1. _PANAMA Ay 74 34 24,0

2. _HAWAII A, 158 01 33.0

2. Always westof 1. AA=A, -7, 78° 27" 09%0
0, 8° 56' 37258 A?\m=’/2A)\ 39 13 34.5
0,21 22 08.029

sin A+ 0.97975909
sin A+ 0.63238428

sinAOm + 0.10821810
cos AGm +0.99412718

K = sin Aom cos 9m + 0.10445387

+0.91993122 1-L _+0.62039926

m

cos d=1-2L + 0.24079852
T=d/sind + 1.367856856
E=-2cosd —-0.48159704

sind + 0.97057512
V = 2K*L + 0.0574846667

Y=U-V +0.1603011198 D= 4T? + 7.484129512
C=T-%(A+E)=0.19351193 =-2D - 14.968259024
Y (B + EY) - 2.411804017 DXY +0.330245911
8f =- (f/4) (TX-Y) ~1.83259x10"*
S;=asind (T + 8f) 8,466,622.30 meters
- 1.10405442  of* = + (f*/64) & - 1.9826 x 1077

S, = asind (T + & + 6f%) 8,466,621.08 meters

(] 1 n

375 38  25.266

a; + a,

? sin (g, - @) = (k sin AN/ (1 = L)

+ 0.41047190 a —~a, 155 45  55.864

Y¥(Sa, +0ag)=— (£/2) H T sin (a; + ay)

- 5.75032185 x 10™* da, + _0.300473136 x 107°

%(8a, - 8a,) =~ (f/2) HT sin (a; - a,) - 8.75505321 % 10~* da, - 1,450537506 x 10~°

[¢] ' " [¢] ] L}
‘ a, 109 56 14.701 a, 265 42 10.565
da, + 1 01.977 ba, - 4 59.195
@y, 109 57 16.678 Az 265 37 11.370

ai-; =a + 8a,

ay.y = @y + day

Figure 22
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TRANSFORMATION FROM SECOND ORDER FORM IN GEODETIC LATITUDE
TO SECOND ORDER IN PARAMETRIC
In terms of geodetic latitude, the equations corresponding to (132) are:

S .4/ (f/4) (X"d-3Y’sin d*)

a
+(£2/128) (AX"+ BY "+ CX’*+ DX’Y’+ EY’?)
A=64d"+16d"*cot d’, B=~96 sin d’~ 16d® csc d’,
=-380d"~15sin 2d"-8d"? cot d’,
D=48sind’+8d"%cscd’, E =30 sin 2d*
(See Equation (109), page 78.

Equation(132) is written here in the form:
Z=d-(i/4) (Xd- Y sin d)
a

+(£2/128) (A X + B,Y + C,X?* + D XY + E,Y?)
A, = 16d° cot d, By = = 16d* csc d, C, = 2d + sin 2d - 8d° cot d,
Do =8d*csc d, E; = -2 sin 2d
Now we should be able to find transformation equations of the form:
d’=d"(d, X, V), X'=X"(X,Y,d), Y’'=Y"(Y, X, d)
which when substituted in (138) should produce equations (139).
The definitions of X, Y’ and X, Y are:
X’= 2 sin’p,, X = 2 sin’f,
Y’=2 sin ¢, cos (d+4d;), Y =2 sin *f, cos (d, +d,)
where ¢,, 0, are respectively geodetic, parametric latitude of the vertex of the great
elliptic arc, From the equation tan 6 = (1 ~ f) tan ¢, or equivalent, we find:
o =0, + { sin § cos 6, (1 + f cos ?6,).
From the values indicated by Forsyth on page 120, of his treatise, to first order in f,
extending the results to second order in { we find:
d’=d - ({/2) Y sin d + (f2/16) [4Y (X = 3) sin d + (2Y% ~ X?) sin 2d]
and to first order in f,
cos (d, + d3)=cos(d, +d,) +f cosd sir’ §, - f cos d sin’f, cos®(d, + d,).
From (142), to first order in f, find
2 sin %@, = 2 sin 26, (1 + 2{ cos 6,).
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From (143), to first order in {, find
sind’=sind-(f/4) Y sin 2d (146)
- From (141), (144), and (145) find
X=X+ 2fX - £X?
Y=Y+ 2fY ~ XY + (£/2) (X* - Y*) cos d .
Hence the transformations (140) are from (143), (146), and (147) the following:
d’=d~(f/2) Y sin d + (#/16) [4Y (X ~3) sin d + (2Y*-X?) sin 2d]
sin d’=sin d - (£/4) Y sin 2d
X=X+ 20X - iX? (148)
Y7 =Y+ 26Y - (XY + (6/2) (X* - Y9) cos d

(147
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Substution of the relations (148) into (138) produces equations (139 providing a second
check of Sodano’s formula for the inverse solution =
The inverse of the transformations (148) which will carry (139) into (138) are: ?:9
d=d"+(f/2) Y’sin d* + (f2/16) [4Y "(X’=1) sin d"+ (2Y"* - X*?) sin 24°] %:

sind =sin d’+ (f/4) Y “sin 2d°
X=X"-2fX"+£X"* (149)
Y=Y'-26Y+fX°Y’+ (£/2) (Y**~X"?) cos d".

BN L > | 2eoxs

DIFFERENCE FORMULAE FOR THE TWO SECOND ORDER FORMS
From equation (142) to second order in f, find

2 sin %@, = 2 sin %0, (1 + 2f ~ 2f sin %6, + 3f* - 7f* sin %6, + 4f* sin *6,), (150)

L A0W auih
T,

g Vit

and extending (144) to second order in f
cos (d, + d,”) = cos (d, +d,) +f sin %4, cos d sin *(d, + d,) (151)
~ (f2/2) sin %@, sin *(d, + d,)} ¥ sin %0, cos (d, +d,) q
+ sin %4, cos d - (3/2) cos d
+(3/2) sin 0, cos 2d cos (d, +d,)

LI

From equations (148), by factoring sin d out of every term of the expression for d*, we
can write:
d’=sin d {T - (f/2) Y + (f*/8) [2Y(X-3) + (2Y? = X?) cos d]} (152)
Since we can write X = 2 sin ’@o, X = 2 sin %0,, Y "= 2 sin ¢, cos (d; + d;),
Y = 2 sin %6, cos (d, + d,) we have from (150) and then combining (150) and (151)

(multiplying respective members together)
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X’=X[1+£(2- 01 + ({/2) 3 - 2X))) (153)
Y=Y[1+1(2-X)]+ ({/2) (X*-Y? cos d (154)
+(f/8) [4Y (2 -X) (3 - 2X)
[ +(X? -;Y’) {01 ~5X) cos d + Y (1 - 3 cos 2d)} ]

From Figure 22 we have
X = 0.2752704532, Y = 0.1603011198,
sin d = 0.97057512, cos d = 0.24079852, (155)
T = 1.367856856, f = 0.0033900753,
£/2 = 0.00169503765, /8 = 1.436576317 x 10~¢
Using the values from (155) to compute d*, X, Y* from (152), (153), (154) find:
d’=(0.97057512) (1.367856856 — 2.717164 x 10™* - 1.2634 = 107°)
= (0.97057512) (1.367583876) = 1.327342885; (156)
X’=(0.2752704532) (1.005871239) = 0.27688663;
Y = 0.160301120 + 9.37275 x 107 + 2.0440 x 107 + 4,068 x 10™*= 0.16126290.
From Figure 21, d”= 1.327342885, X "= 0.27688668, Y *= 0.16126298 and comparing
with the values from (156), we have a ‘“‘flat’’ check for d°, 5 in the eighth place for X“and
8 in the eighth place for Y°. Now the first significant figure of {* is 1 in the 5th decimal
place and of £ is 4 in the 8th decimal place. If seven place tables are used, terms in f*
are sufficient. If eight figure tables are used, as Peters trigonometric functions, there is
some uncertainty in the 8th place of decimals.
Now the corresponding formulas for d, X, Y in the terms of d/, X, Y ’are found similarly
to be, to second order terms in f inclusive;
d=sind” {T + (/2 Y+ {#/8) [2Y (X'-1) +(2Y* -~ X"?) cos d’]}
X=X"[1+f(X"-2 {1+ (f/2) (2X’'- D] (157)
Y=Y [1-f(2-X)]-(f/2) (X?-Y"*) cos d’
+(£/8) [4Y’'(2-X)(1-2X")
|:+ (X72-Y?){(5-8X")2cosd’+Y"(1 -3 cos 2d’)}]

From Figure 21 we have
X’=0.,276886675, Y * = 0.161262981, (158)
sin d’=0.97051129, cos d "= 0.24105566
T’ =1.367673822.

With the values of X*, Y, sin d*, cos d*, T from (158) and of f, /2, £*/8 from (155)

92

-

;
>
:
:
:
3
:

»

13

P

.
.

S AN T I T

-
i3

e
tan)

»
1]



we find from (157) that ?%
o

d = (0.97051129) (1.367673822 + 2.73347 x 10"* - 3.44 x 10°7) g:
d = (0.97051129) (1.36794682) = 1.327607833 34
X = (0.276886675) (0.994162934) = 0.27527047 (159)

Y = 0.161262981 - 9.42015 x 10~* - 2.0700 x 10~° + 8.68 x 10~7 = 0.16030113. .,

From(155). X = 0.27527045, Y = 0.16030112, and from Figure 22, d = 1.327607832.
Comparing with (159) we have a difference in d of 1 in the 9th decimal place; in X and Y
of 2 and 1 in the 8th decimal place respectively, which is within the computational
uncertainties,

From (152), (153), (154), and (157) we can express the differences as functions of either
sct of variables:

AM=d"-d=-({/2) Y sin d + (f?/16) [4Y (X - 3) sin d + (2Y* - X?) sin 2d],
=~ (f/2) Y*sin 4"~ (£/16) [4Y (X"~ 1) sin d”+ (2Y "* ~ X“?) sin 2d°];

AX =X’-X =£X(2 - X) {1 + (£/2) (3 - 2X)},
=fX"2-X){1-/29 1 -2X)}; (160)

AY =YY =Y (2-X) + (£/2) (X* - Y?) cos d
+(f2/8) [4Y (2-X) (38 -2X)
[“P X*-Y){(11-5X)cosd+Y(1~3 cos’d);J )
=fY’(2-X)+ (/2D (X?*-Y"?) cos d*
~(7/8) [ 4Y " (2-X"(1-2X")
|:+ X?-Y"?){2(5-3X")cosd’+Y"(1-3 coszd');i.

SUMMARY OF DISTANCE COMPUTATIONS INVESTIGATION

As long as accuracy requirements remain within the range of the capabilities of the
Andoyer-Lambert formulae, as exhibited in TABLE 3, they are quite adequate and it makes
no difference if geographic latitudes are transformed to parametric latitudes first as far as
accuracy requirements are concerned relative to hyperbolic electronic measuring systems.

However, the formulae for geodetic azimuths are slightly more complicated in terms of

EI T RV

geodetic latitude and some of the auxiliary quantities as chord length, dip of the chord, etec.

are slightly less difficult to compute when expressed in terms of parametric lacitude.

PR e I

In order to arrange the computing in conformance with the Andoyer-Lambert formulae,

equations (17), (48), (52), 56)), and (64) have been rearranged as follows to be expressible

v s AT

in common computational parameters:
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The spherical length, d, is determined from formulae as given with Figure 16,
(d=d;+d,);
cot A = (cos 0, tan 0, — sin 0, cos A\)/sin AN
cot B = (cos 6, tan 6, - sin 6, cos AX)/sin AA
sin d = cos 6§ sin AX/sin B = cos@,sinA)/sin A;
these will compensate for any unfavorable triangle geometry.
The Andoyer-Lambert Formulae are taken in the form [13]
8d. =~ (£/8) (VQ*/sin®}4d + UR?/cos” Jid)
() s=a(d +38d), Q=sin g ~sin §, R =sin 6, + sin 0,
V=d +sind, U=d.~sind,
With corresponding geodetic azimuths computed from
T =(f/2) d**/sin d, SA*’= T cos 26, sin 2B,
(20 8B”=T cos *0, sin 2A; gapp = 180°~ A + 8A; gagp = 180°+ B- 8B
The Normal Section Azimuths may be written
(3)  cotyappg = - (cot A)/T, + (e’ Q cos 6,)/(sin ANT, cos 6,
cot agp = (cot B/T, +(e*Q cos 6,)/(sin AM)T, cos 6,
T, =(1 - e? cos6,)'* T, = (1 - e? cos?9,)"/?
The chord length becomes
(4) c=a(4sin2d/2 - e*Q?)?
The angle of dip of the chord may be written
(5) B =arc sin [2b (sin *d/2)/cT,)
b = semiminor axis of ellipsoid, ¢ = chord length, T, = (1 - e? cos?6,)¥2
The maximum separation of chord and arc becomes
(6) H=(a%/c) (1 - cos %d) [4 sin 2d/2 (cos*d/2 = M) - e*Q*]/¥/cos %d
a = the semimajor axis of ellipsoid, ¢ = chord length, M = e* sin 6, sin 6,,
Q = sin 6, - sin 6,, e = eccentricity of the spheroid.
The geographic coordinates of the point where maximum separation of chord and arc occurs
(7)  tan A =(cos 0, sin AX)/(cos 6, + cos 0, cos AN)
tan ¢ = R/(0.996609925) \/ 4 cos’ %d ~ R?
where R = sin 8, + sin 6,.

Figure 23, shows the above formulae arranged in a computing form and the computations done

over the line MOSCOW TO CAPE OF GOOD HOPE. See line No. 12, TABLE 1, and Figure 17.
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Note -in Figure 23 that two values of longitud: are given, A and Ag. A is the longitude
associated with the point where maximum separation of chord and arc occurs but corresponding
to the rectangular coordinate system as defined in say Figure 14. Ag is the true geodetic
longitude of the same point and is of course obtained by adding A to A, since A, is negative.

While a continuous system based on either the great elliptic section as depicted by Figure
17, or the Forsyth-Andoyer-Lambert approximation, Figure 23,will provide all the information
as indicated and accurate enough for hyperbolic electronic systems and any present operational
requirements, the Forsyth-Andoyer-Lambert is probably to be preferred because of computational
simplicity and existence of programs already operating for high speed computers. Should the
need arise for accuracy of the order of 1 meter in distance and 1 second in.azimuth over the
ellipsoid, the extension to second order terms in the flattening provided by equations (110) or
(137), will suffice.

Many formulae are available for geodetic lines and differential corrections are available for
transforming elements such as geodetic azimuths to normal section azimuths, etc. [24]. Usually
these are complicated, involve tabular material for a particular spheroid of reference, require
extensive root computation, and accuracy depends on line length. For instance, Bomford says
Rudoe’s formulae for the reverse problem, are “Unnecessarily complex for general use,”” [21],
page 108. Also they give ‘““Normal Section’’ distances — not geodetic. The difference between
the geodesic and the Normal Section distance is of 4th order in the eccentricity of the meridian
ellipse [24].

Finally this investigation has raised the question as to whether either Andoyer or Lambert
should share any credit for the first order approximation formula in terms of parametric latitude
recognizable intact in Forsyth’s 1895 paper. While Forsyth had an erroneous second order term
to the same expansion in terms of geodetic latitude, his first order term was correct and he thus
had both so-called Andoyer-Lambert formulae. Gougenheim apparently had in 1950 the first
correct expansion in print in terms of geodetic latitude which included the second order terms in

the flattening,.
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APPENDIX 1
Example of
Computations of Loran Lines
of Position (Plane Approximation)
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Intersections of Loran Lines of Position

(Plane Approximation)
P. D. Thomas, Mathematician

Consider the hyperbolic system as shown in Figure 24. The hyperbolic locus with foci F, F*

has for equation
(*-a’) x¥-a’y*=a*(c*-a%), (e~ E >1) 0))
As a varies (a < c) all the hyperbolas with the fixed foci F, F’ (which are 2c apart) are
generated.
The hyperboiic locus with the fixed foci F, F ** when referred to the same coordinate system
as (1), has for equation
Ax* +Bxy +Cy’ +Dx +Ey +F =0, (e = d/b>1). (2)
where one may first compute 7=b*~-d? p=d cos a, v=d sina, S=r- cp, and then
A=y -b* B=2uw, C=1*-b* D=2m=cA), E= 25y, F=5"=b%?
As b varies (b < d) all the hyperbolas with the fixed foci F, F ** (which are 2d apart) are
generated.
The respective pairs of constants c, a; d, b for each hyperbola are related to the fundamental
constants of a Loran line by
¢ =kB,/2, a =kV,/2 d = kB,/2, b = kV,/2 (2.1)

where v; = t;, t; is the time difference, v; is the difference of light microseconds, B; is the

length (measured in light microseconds) of the direct line (baseline) between two Loran stations.
k is the length of a light microsecond in the linear units in which x and y are expressed.’

Since five distinct points determine a conic uniquely, two conics can have at most four
points in common, For the hyperbolas (1) and (2) there will always be four real points of

intersection except when F'%, F, F ”are collinear (a = 0) and then there will be two.

ALGEBRAIC SOLUTIONS
I. If equations (1) and (2) are solved simultaneously for x one obtains the quartic equation
X+ HC +Jx* +Mx +N=0 (3
where one may first compute G = ¢* = a? B, = CG + Aa*, 0 = F - CG, & = BEG,
y=4a’B? - E?, L= B,* - G B%’ and then H = 2a* (DB, - 8)/L, J = a*(@’D*+2B,  + Gy)/L,

! Loran; Pierce, McKenzie, Woodward; McGraw Hill, 1948, pages 52, 53, 174.
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F"(c+2d cosa,2d sinox)

Figure 24. Two plane hyperbolas with a common focus.
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- M= 2a*(Dw + 8)/L, N = a'(w® + GE?*)/L. The corresponding values of y are then given by
| y = +[G(x* - a?)]¥*/a.
Equation (3) may be solved by the standard algebraic method® or by any of a number of
numerical techniques.’
II. Again, if equations (1) and (2) are written in the forms x* ~ Qy* = a% x* + Uxy + Vy?
+Wx + Ry + T = 0, where Q = a*/(c* ~a%), U=B/A,V=C/A,W=D/A,R=E/A, T =F/A
and these forms of the equations solved simultaneously with the line of slope m through the
common focus F(c,0) whose equation is y = m(x — c), one obtains the two equations:
(Qm® = 1) x* = 2¢Qm* + (a® + ¢*Qm?) = 0, 4
1 +Um+Vmd) <+ [W+(R=-cU)m~2cVmI x + (c*Vm? = cRm + T) = 0,
The resultant of the quadratic equations (4) is the condition that they have the same
solutions or correspondingly that the parameter m will be restricted to those values for the
points common to the hyperbolas (1) and (2).*
The resultant of the quadratics agx® + a,x + a, = 0, byx® + b,x + b, = 0 is given by
(agh; - bya,)? + (b,a, — a,b,) (agh, ~ a,b,) = 0. (5)
From (4) a, = Qm* - 1, a, = -2¢Qm? a, = a* + c’Qm?, by = 1 +Um +Vm?,
b, =[W+ (R ~cU)m - 2cVm®], b, = c*Vm® = cRm + T, and these values placed in (5) lead
to the quartic equation
k,m* + k,m® + kym* + kym + kg = 0, (6)
where with G=c? -a*, Q=(a*+c?) V+0 (c*-T),0, =R +cU, p=c*+cW+T,
n=R-cU,é=a’U~cR,p=a’-T, p’=a’+T one finds: k, = (GV + $Q)* ~ 2’6},
k, = 2[ £Q + 2pca®V + a®RQ « (W + 2¢) + c*QU(cW + 2T)], k, = €% ~ a’p* + 2p’Q + W[4a’cV +
‘ 2cpQ - a®W], k, = 20p € - a®Wp), kg = p"* - a’W2,
| Again the solutions of (6) may be found by well known algebraic or numerical methods.
The values of m obtained are of course the slopes of the lines through F(c,0) and the points

of intersection of the hyperbolas (1) and (2).

College Algebra, H. B. Fine, Page 486.

*Numerical Mathematical Analysis, J. B. Scarborough, Second Edition, 1950, Pages 62-72.
(The Johns Hopkins Press, Baltimore)

g

1 *College Algebra, H. B. Fine, Page 512.
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POLAR SOLUTION
The following procedure involves tables of the trigonometric functions but no root extraction.
First express the equations of (1) and (2) in polar form both referred to the common focus F(c,0),
and the corresponding rectangular coordinates in terms of the polar parameters. Find for equation
(1)
c?-a’
r, = —————— (c>a) (see equation (3) PLANE, page 37 with R=r,, 8 =0)

ta—-ccosd
x=c+r,cos 6, y=r, sin @ (7)
and for equation (2)
(d* - b*) [d cos (6 - )2 b]

Ty, = d>bh)
d? cos? (0~ a) - b?

x=c+r,cos f,y=n, sinf (8
Since (7) and (8) express the two hyperbolas in polar form with respect to the same pole

F(c,0), a common focus of the two loci, it is clear (see Figure 24) that at a point of intersection

P(x,y) the two values r, and r}, are equal to a common value r’for a common value of 6 and
the distances to P’ from F“and F " are then given by r, =r”+ 2a,r9 =1+ 2b,

Equating the values of r,, rp, from (7) and (8) one obtains

¢? - ga? d? - b?
r':_—__—-— =

ta—ccos @ d cos (0 ~a) 3b (9)

and since ¢, d, a are constants, (9) is a relation between the parameters a, b, and 6. That is
given any two of the three the third may be found from (9).
Consider a and b given, First write (9) in the form

dcos(f-a)¥ b I el

= K, whence

ta-ccos c2-a
(d cos a +cK) cos 8+ (d sina) sin @=takK £b. (10
The solution of the trigonometric equation (10) is
Oi=B+v
tan B8 = (d sin a)/(d cos a + cK) (i=1,234)
cos y; = (£ aK  b) sin B/d sin a. (11

From (11) it is seen that in general there will be four angles (y;), and thus four values
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. of 6;, four values of r] from (9) and four sets of rectangular coordinates from x; = c+r{ cos 6;, E
y; = rf sin 6 G = 1,2,3,4) (12) X

and for each point of intersection two of the additional distances E

‘ n=r{t2b, 1y, 4=1{%2 (i=1,2,3,4). (13) 5
,' A procedure for using equations (9) through (13) will be described and used for two b"

examples. Since a,b,c,d,a will be given, first compute K = (d* -~ b?)/(c* ~ a?), p = d cos a,

v=dsing, tan B =v/(u+ cK).

ast 16

From tan B, using tables, find 8 and sin 8. Then compute

i

cos y; = (t aK £ b) sin 8/ v (i=1,2,3,4), and r
;=B +y; (i=1,2,3,4). Next compute ;*
c’-a? d* - b? N

ri= = 1=1,2,3,4 }
1 ta-c cos 0, d cos (6;~a)b v

e

choosing the proper value (with respect to sign) of + a, + b in each member which will make

i them equal and positive for each value of 6;. Now the rectangular coordinates may be computed

'

from x; = ¢ + 1] cos 0;, y; =r{sin 0;. Useful checks are provided at this point by the relations
(x;=¢) +y;? = r;”* and by Zx; =~ H from equation (3). H = 2a® (DB, ~ 8)/L, B,=CG +Ad’,
8=BEG, L =8,*~GB%? G=c*~a*, A=p*-b* B=2u, C=1*-Db?% D =2(ru ~ cA),

. E=2Sv, r=b*~d% S=r-cp Finally compute the additional distances r;=r;"#2b,

2
k-
‘
:
3

-
s
E

reg=1y £2a (i=1,23,4).

Example 1, Letc=d=2,a=b=1, a=45% sina=cosa=2/2

K=(d*~b)/(c* -a®) = 1. v=p=2(0.70710678) = 1.41421356.

tan B= v/(p + cK) = (1.41421356)/(3.41421356) = 0.41421356.

B =22%0*, sin 8 = 0.38268343.

cos y; = (£ aK ¢ b) (sin B/v) = (£ 1 £ 1) (0.27059805) = * (0.54119610), O.

0<y; <2

Yi= 57° 14' 05666, 90°, 122° 45' 54334, 270°

0,=B+ ¥pr 01= 79°44' 05'.666, 0, =112°30', 0,= 145°15' 541334, 6, = 292° 30’
3 3

r = = . (Choose the proper value of %1 in each member which
' +1-2cos 6, 2 cos (0;-45) 1
i i

4

will make them equal and positive for each value of 6;- If this cannot be done the values of E
. 6; may be in error.) The work may be arranged in table form as follows: ' t:‘
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0; = B + y;y 0, = 68°59" 141676, 0, = 102° 41" 051226, 0, = 142° 37" 421676

5 3
= o ] 1] S = =
O S . 1 S S cos 6, 2 cos (6;-30) £ 1

. The work is arranged in the

following table:

106

¥\

Y

R

Table 1. K

g

6; 6; - 45 sin 6, cos §; |cos(f;-45)| 3

o t m o ¢ n ey

79 44 05.666 | 34 44 05.666] 0.98399379{ 0.17820275 | 0.82179706 | 4.6613215 o

w

112 30 6730 0.92387953{-0.38268343 | 0.38268343 | 1.6993635 )‘S

145 15 54.334 |100 15 54.334| 0.569780311-0.82179706 |-0.17820275 | 4.6613215 3

292 30 247 30 -0.92387953| 0.38268343 }~-0.38268343 [12.785918 J

?

x;=2+1;"cos 6; ¥; =r1y’sin 6, r=rE2 Ty oy =y 22 }'

2.8306603 4,5867114 r, = 2,6613215 rs = 6.6613215 F’;

R

1.3496817 1.5700072 r, = 3.6993635 rs = 3.6993635 i

-1.8306603 2.6559292 ry = 6.6613215 r, = 2,6613215 'h::

6.8929590 ~11.812648 r, = 14.785918 r, = 14.785918 s

5

Checks were computed but are not shown here. Figure 25 shows the results ot Table 1 graphically.

Example 2, Letc=3,a=d=2,b=1,a=380°% sina=%, cos a=1+3/2 F}

K = 0.6, tan 8 = 1/(y/3 + 1.8) = 1/(3.5320508) = 0.28312164, v = 1, u = /3. 3

L

B =15°48" 28"676. sin B = 0.27241402, cos y; =—(—*‘-1—'22—ii) (0.54482804) &

cos y; = £ (1.1) (0.54482804),  (0.1) (0.54482804) !

i

cos y; = +0.59931084, + 0.054482804 .
y; = 53°10* 461000, 86°52' 36550, 126°49' 141000, 273° 07" 23450

o

o] R

.
e

TG

R

D
-




2,496 29060

21.220 10372

23.716 39432

23.716 39410

, Table 2
6; 6; - 30 sin 0; cos 6; cos (6; — 39) r;
) 5 v S v
68 59 14.676 38 59 14.676 | 0.93350166 | 0.35857308 | 0.77728423 | 5.40961166
102 41 05.226 | 7241 05.226 | 0.97559289 |~0.21958714 | 0.29762840 | 1.88057496
142 37 42,676 | 112 37 42.676 | 0.60698032 |-0.79471687 | -0.38475484 | 13.015729 B
288 55 52.126 | 258 55 52.126 |-0.94590914 | 0.32443167 |-0.19198850 | 4.86994806 &
x; = 3 + 1 cos 0 y; =7 sin 6 rp=r; %2 £ a=1 4 tan 0; L:"
4.93974111 5.0988146 | r, = 3.40061166 | r, = 9.40961161 |  2.60337906 ;‘:,:";
2.58704992 1.83467556 r, = 3.88057496 re = 5.88057496 - 4.4428508 ’:?;ﬂ
- 7.34381941 7.90029135 r; = 15.015729 r, = 9.015729 - 0.76376927
4.57996538 - 4.60652838 r, = 6.86994806 r, = 8.86994806 - 2.91558822 L:_;
Checks of the computations of Table 2 were made as follows: ;{}:
1. Using (x; - 8)* + y;* = r;" and values from Table 2: R
(x; -8)* vy (x; - 3)* +y;* 5’ R
| . 3.762 59557 25.501 30276 29.263 89833 29.263 89831 ?{:’
0.170 52777 3.366 03441 3.536 56218 3.536 56218 ‘i}:
106.994 59999 26.414 60341 169.409 20340 169.409 20140 Al

e

—

Sl .r,,‘:

2. From the formulas of (2) and (3) find A =2,B = 2\/—5, C=0,D=-6(y/3+2,E= -6(y3+1),
F=92y3+3),5=BEG=-60(/3+3),B,=a’A+C6=8,L=8-a"GB*=~11x2'
H=-22[-48 (V3+2) +60 (/3 +3)] /11x2%, =7 (2/11) [26.1961524] = - 4.76293680.

From Table 2, Sx; = 4.76293700 = ~ H = 4.76293680. Again computing N from equations (3),

find N = - 429,826515. From Table 2 find Hxi = ~ 429.826494 and Ilx; = N.

e

v

N )

o

Endh IS

—~

3. From equation (6), compute the quantities:
U=B/A=3,V=C/A=0,"=D/A=-3(y3+2,R=E/A=-3(4/3+1), T=F/A
=9(2y3+38)/2 p=ct+cW+T=9/2,6,=R+cU=-3, p’=a*+T=1%(18/3 + 35),
Q=a?/(c? - a?) = 4/5, k; = (GV + $Q)? - a? 6,2 = = 2°3%/5% kg = p”2 =a?W2=+(1189 +6841/3)/2%
Now from equation (6), IIm, - i tan 6; = ks /k, = - 5 (1189 + 684 \/3)/28 32 = - 25.756540.

e

d ]

4...,7
AN )
IR

-

Caniint
oot

et

Now forming II tan 6; from the values in Table 2, find

IT tan 6; = - 25.756539.

A

—

Koy  [rered
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Figure (26) depicts the solution graphically.

SUMMARY REMARKS (Plane Approximation)
While the formulas (9) through (13) are convenient for hand computing, since no root

extraction is involved, the use of trigonometric tables may make it unsuitable for larger machine

coding and computation, and it may be better to use the algebraic solution, equation (3). If the
algebraic solution is to be used, the number of significant figures to be retained in the co-

efficients of the resulting quartic, equation (3), will have to be considered relative to the

e R TG

number of significant figures required in the rectangular coordinates of the intersections points.

If solutions only above the base line, F* F**, are desired (see Figure 24), then in the

o5 P sy o
e Jeter gl

trigonometric solution, equations (9) — (13), 6 should be limited to > 0> a.

.
'y

Note that the parameters a and b of the two families of confocal hyperbolas are related to

Y

the fundamental constants of a Loran line by the relations (2.1).
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Figure 25. Intersection of plane hyperbolas. Example 1.
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APPENDIX 2

|
1
| Computations
| Using Andoyer-Lambert
First Order Formulae Without Conversion

to Parametric Latitude
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APTLATI) NSRS )

DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION
(No conversion to parametric latitudes)
Clarke Spheroid 1866 a = 6,378,206.4 meters
/2 = 0.00169503765, £/4 = 0.000847518825
1 radian = 206,264.8062 seconds
[+] ] i
A\ 17 /9 #3280

6. 4o Fo Zix7 1. Oms

g, #0600 d0.000 3. Terminds \, /8 00  0v0.000
sin ¢, _» 647 SE723 2. West of 1. Ar=A,- A= 40 //.724

cos ¢, = 75428 707
tan ¢1 d 89’43q73,
tan ¢, ¢ 63?0?765

sin ¢, .5¢Z 7f76/ sin A\ _L O/ 7/ 32
cos ¢, 2 7¢& 0#4¢ cos A\ = 7?7?3/36
cos d=sin ¢, sin ¢, + cos ¢, cos ¢,cos AA_Z 772235

M=cos ¢, tan ¢,~sin ¢, cos M_- PN SETED % cot A=_M —. 78888047
sin AA
N = cos ¢, tan ¢, ~sin ¢, cos AA 7"0//76282 cot B = N +£/.00396882

sin AA P

4 L4
sin d =Es_¢j‘_SinA_A+.oI26225I sin A_¢ 7//04400 A /34 40 4‘.9/‘

sin

_ cos ¢, sin AA

p_- 108 704398

g ** I3 #4397

S A 1012622551

K = (sin ¢y~ sin ¢,)? _F-62 X 10~
L = (sin ¢, +sin¢,)? /. 7028273

5d =(1/4) (HK+GL) =&+ 7443 X (O =€

P4 %3' 23"’.66‘7'
H = (d+3 sin d)/(1 ~cos d) TG

Y 7
G =(d ~ 3 sin d)/(1+cos d) "0/262,;3028
s =a (d + &d) 8o, #7. 388 meters

d (radians) '0/262243382
d + &d (rad) OHEGISTT

A 29 2/ 33.432 89 96
sin 2A_— o 99993 749 sin 9B _e PP =2/E
U = (£/2) cos’¢, sin 2A -277/33255*/0—,\7 = (£/2) cos *¢, sin 2B+7,?4é3////4\’/0 -

s 43’ #8? n.m.
T=d/sind £ COOO33576

22. 994

VT *P.FET/ES X (O~* v =L 79 765/6 X 10 =7

SA=VT ~-U ¥, SO/P7H#LLEGE 5B =~UT +V + .7 T

+8A A £7.257 .58~ é 47.262

A _=(34 4o 4.8 g 1T 3 Al
+180 , " +180 \ "

wo AC 20 co. 43, 224 57 S8.75Y

a,-—:=aAB=180°—A+8A @~y =ap,=180°+B + 5B

Line No, 1 (See Tables 1,2 - pages 65,66)
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION
(No conversion to parametric latitudes)
Clarke Spheroid 1866 a = 6,378,206.4 meters
£/2 = 0.00169503765, /4 = 0.000847518825
1 radian = 206,264.8062 seconds

6. 9 59 43491 Ocrorv N sl R SEEID
81000 20.0003 Termaus \, LY o0 Fo.o00
sing, /73S FZSES 2 Westof L. M=r-r=_l 2T o¥. /23

cos oo FILT/TSC  ng, < /23S FT  opp_-025¢C /538
n g, 0 T62EFTY g4 o IS POPIS" (o - FFF ¢ /FF
tan ¢, < (76326 7Y cos d=sin ¢, sing,+ cos ¢, cos ¢, cos AA 799 ¢ ?/7?

M=cos ¢, tan ¢, ~sin ¢, cosA)\“f'." 0 /) P I~ cotA=_M .00 & 2 58

sin AA
o
N = cos ¢, tan ¢, —sin ¢, cos AN""2 0000003 & cot B =si§A)& ""a' i /3/73 —
g 58 qu,sl;nm,a.m;zwss'i“\ . 9999900y . g9 ¥ 2947
s
_cos ¢,sin A\ .oa522 695 o [ Q00OOCOC o PI 9P 2P, 080
sin A )
-7

K = (sin ¢, sin ¢,)2 _F+/ X /9 H = (d+3 sin d)/(1 ~cos &) 377 272 YY_?
L = (sin ¢, +sin¢,)* 2 /205 76/ 2 G=(d-3sind)/(1+cos d)="2 azs2i 7 ’27
5d —(1/4) (HK+GL) -3 - 2470 X /0 = € s=a(d+od) 269 IFSTTYS 1o
d (radians) _* o253 F/2 22 s Fé- 7?5’7’ n.m.
d+5d (ad) 222" 2T 2 /6 3 2 Ted/sind L2 @O9/OEFLE
2A 479 J'9 /f g/ B 259 oo oé. /2O
U = (f/2) cos’¢, sin 2A Y/ Y2352 y/":v = (£/2) cos ¢, sin 2B = . 77£/\/ i
= 278X 10—F ur =t e 93/ X /o
T EES i P AR A
+ A = 23.237 .5 _>— o3-¢3 7
A=FF AY 29457 g o+ F9 0O  23.2E0

+180 o , u +180 . .
a-s g0 /1§~ %806 . 270 do 0023
al_z=aAB=180°—A+5A -y =aBA=180°+B+aB

Line No, 2 (See Tables 1,2 - pages 65,66)

113




DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATICN
(No conversion to parametric latitudes)
Clarke Spheroid 1866 a = 6,378,206.4 meters
£/2 = 0.00169503765, f/4 = 0.000847518825
1 radian = 206,264.8062 seconds

¢ 67 5 95 79/ 1, "jg A7 F7 2L é37
b PO oo 20-299 5 oAk N, ¥ 9P d&.ood
sing, < I8 FTO257 3 Westof 1. M=d,-A\=F 22 L 3E3

cos g1 VS 2722 6 oy  FITEFREX G S 65 P
tan ¢, 2. 2§ /(JJ’/ cos ¢, - 32 dﬂ&/f/ A VI IISOL

tan ¢, * 797 497 y‘?'cos d=sin ¢, sin ¢, + cos ¢, cos ¢p,cos AN 798 23Y5F
M=cos ¢, tan ¢y—sindy cos Mt 220 /FY/2E cup- M_ 7./38 =22 gr2.

cos A

sin AA
- o OO 4
N = cos ¢, tan ¢, ~sin b, cos AN 209 o289/ cot B = sinNA)t 4 ?
(e}

/ &
cos hisindd £os0R INF |\ #o. 950 SF/0/ 4 I3 o9 #7.577

sind = ———— 777
sin B

g sgo I IV

_cos ¢,sin A\ r yso 190 3 g _*/- o000 IO

B
sin A d P A 7 250

- ¢ _
K = (sin ¢,— sin ¢,)* £4 H/E22 X1 H = (d+3 sin d)/(1 ~cos d) 287~ 558526
L = (sin &, +Sin¢2)3 + 2. S’J? 4/9/? G = (d - 3 sin d)/(1+cos d)__a\,‘ﬂ __19'%?7)__

sin

5 =—(1/4) (HK +.GL) 2 0994570/ 777 s=a(ds+sd) 324 862 797 o
d (radians) 1> 0§47 /2732 s 277 - 292 / .
d + 84 (rad) 7~ osv¥ 62929 T = d/sin d Lo €9 4 A
© 1 n -] [] ]
oA ___yé¥ 73 IS ‘/ 2B /50 o9 2. 65 /
sin 2A +. 20 279 ‘// S—Sin 9Ig_— - QOO /éfyf -
U= (£/2) cos'e, sin 24 2S5+ AFLT XD T2y _(179) cos *¢, sin 2B =2 /¥ I X 72
VI —R . /82 Xr0=¥ UT 5= 8O X se =%
BAVT-U—S 638 X/0—=F o Ur.v.—9T ATCE X so ~S
[«) / » o [ 74
+ 6A = prRx 774 B — 2/, 314
A= 07 SLPs97 _p_+ g0 0O .3 f 2
+180 : " +180 , .
0-.. 27 s or 12, 270 20 oc-03 4
a—; = aypg =180°- A + 8A a;-, =apg,=180°+B + 8B

Line No, 3 (See Tables 1,2 - pages 65,66)
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COMPUTING FFORM, ANDOYER-LAMBERT
(No conversion to parametric latitudes)
Clarke Spheroid, 1866 a = 6,378,206.4 meters
f/2 = 0.00169503765, /4 = 0.000847518825
1 radian = 206,264.8062 seconds

¢ /3 of ,2.564 1. Orign A /4/ ;/ /3.285
¢, 10 dO  J0.0992. _ Terminus n ff oo o000
sin ¢, < (73 é{[}/‘? 2. West of 1. AN =2,-A, I a8 416.7//’
cos g, TEL FOTAS vy, . 226 SHITT sup_O5H F¥ETF
cos 9,2 TOT SHEZO sy TTAITIET] coumr_-T98 472 &3
cos ¢, 2 ?¢igé/é?/ cos d=sin @, sin ¢, + cos ¢, cos ¢h,cos AN _2 977 /567

K = (sin ¢,-sin ¢,)* Y. 0027558/ d 2 2// ay/. '”722
L = (sin ¢, + sin ¢,)* /57 83374 d (radians) ¢ 075’ ?5’0/7/

H = (d+3sind)/(1-cos d) Z/05. 7346 8 sind_ O7F 85723

G =(d-3sin d)/(1+cos d) — 078930/ s = a(d+4d) 452} W(/ 743 meters
5 = ~{HK + L)/ = 2 BST3LXK 1D 7 o 260.6888 ..
R = sin AX/sin d - 7‘2554//% T =d/sin d /. OO ?é/é

sin A=R cos ¢, '7/Z{4qé/ sin B=R cos ¢, —704 7?76?

A\ IB2 3 26)r38 b4 48 47 52¢
o 269 06 32.276 p BT  F7 Fs.os<2
sin 2A - . 9?7&803'8 sin 2B 7= W7 47374

U =(f/2) cos ¢, sin 2A V = (£/2) cos ¢, sin 2B

U (rad) "< OO/6 08/9"?.6' V (rad) ~+, 0016 E389/

U \%

VI COICHSRH T8 T —~Ooole 09706

5A = VT-U_T ° . I'I //.”//O 8B = ~UT+V_T* ° /7 //v705

@B =

180°- A +oA 4SS 37 44,972 app=180°+B + 8B 224 59 $8.629

Line No. 4 (See Tables 1,2 - pages 65,66)
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COMPUTING FORM, ANDOYER-LAMBERT

(No conversion to parametric latitudes) P

Clarke Spheroid, 1866 a = 6,378,206.4 meters |I$

£/2 = 0.00169503765, f/4 = 0.000847518825 . %

1 radian = 206,264.8062 seconds ‘l'«

b 7% 5;6’ o?:'zam. Origin A 3 26 _3s.lof *
¢ 1O OO0 O0.0002. Terminus N /8 o0 00,000 E
sing, + BT ET2 G2 4 weqrof1. M=r-NLE 33 2457 i
cos g, < SFROZ0/E 0 4 FSTIHLY  umv_ - 251 34162 !
cos g, e 076 _FTTT78 _cos g, 128287768  costr_ -7 E7THE h
cos ¢, —2 077 Isor/s” cos d=sin @, sin p, +cos ¢, cos ¢, cos AA = ?f%fﬁéz ﬁ
K = (sin ¢y ~sing)? 2 OO SEZ272 1 & 4 59408 5
L = (sin ¢y sin gt T+ 605 96 /94 d (radians) - /00 CH44S™ i
H =(d+3sind)/(1~cosd) ~77. 4/‘:‘,4/773 sin d _e /OO ¢//53 E:
G =(d-3sin d)/(1+cos d)_— /DO c# #3469 s = a(d+5d) €93, 728. 707 meters i
5 = ~{(HK +CL)/4 7= QOO B F/ T ¥ TE7.S8ST in. %
R = sin A\ /sin d_LoS0/E IS/ 25 Tdfsind /s O0/6 FO2 Ny
sin A =R cos ¢, _+ S5 JB/F sin B =R cos ¢, _« /06 ¥IOZ2E é
A2 /o 34.8/3 s 2 9  $3. %% ﬁ
nedz Z/ O7.62¢ B f S7 AL7. 580 W
o —F8E 206D snop 7. TI979980 44
U = (£/2) cos %, sin 2A V = (/2) cos ¢, sin 2B &
Utrad) =1L/ VB FS X /0 -# V(ead) /- 98282 X 10 ~* 32
U v 3
VT +/ 817 X /O~ ur =/ 20098 x /O-* i
BA=VT-UL O/ _a5l698 sm_oyrwt - OF Osiér &
agp=180°- A oA SF S50 0.888 . 18048+ 8 224 Y oFso/ £
Line No, 5 (See Tables 1,2 - pages 65,66) ;:

i

.
R X Ty > a -2 ;
EE L WSS
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION
(No conversion to parametric latitudes)
Clarke Spheroid 1866 a = 6,378,206.4 meters
£/2 = 0.00169503765, /4 = 0.000847518825
1 radian = 206,264.8062 seconds

o ? " PR (] t
6 39 37 si 3. iy VP A R 2 2
b O PO 29-99C0 o s A\ LY 92 o2-o0F
sin ¢, .37 672 79 2. West of 1. M=r,=A=_7 2 3 /.77

coS ¢x 774 Ja 735-— sin 952 ’ ‘ /’2 7’76/ sin A)\ - /‘ 3 //f 9?
tan ¢, ‘foz? f/d&.sf' cos ¢, 7 7¢¢ o //‘/4/4/cos AN Z 756 <24 v/
tan ¢, .Y\f7 a?7dj cos d=sin ¢, sin ¢, + cos @, cos ¢, cos AX +. 992 07‘///

(-~
M=cos ¢, tan ¢, ~sin ¢, cos AX_7~ 97 Z325T ia=_M S 05" CcSSOE

sin AA o 2 WSO
— s OO
N = cos ¢,tanh, —sin¢h, cos AN~ COOOF¥SO cot B = —L—-
2 sin A\ o / Py
., _cos ¢ sinAN | asugygyf . L0959 eSS 73 s 5 o7 1775/
sin d = ——— sin A A
sin B
_cos dysin M\, paszsyod  p  9ITFITIF 5 90 oa #IF. &23
sin A

5
K = (sin ¢y~ sin ¢,)* 22 618 1389 V10 H=(d+3 sin d)/(1 ~cos d) ¢3. 4592527
L = (sin ¢, +sin ¢,)? /- 6\?9\1’7f¢7 G=(d-3sind)/(l+cosd)—'/‘2:- 9}‘/56/

54 —(1/4) (HK +GL) 2= 022 /734 & sea(d+dd) YO¥ €6 H 627 ters
d (radians) 22 225~ 9F </ 9 o APV LTY 2
d+ 8d (rad) 7=+ Z2& R LA T = d/sin d _ZL- P92 eSolée
o 1 ] o 1 "

2A___ /¢ 7 IS¢ r%-24§F 9B ez o/ 22,330
sin 2A 7~ 208 9GS oS sin 9B — - g2 ae? FTO O »
U= (£/2) cosie, sin 24 7= 2202 72766 (110 o5, sinop =S 2L X [0 =
BA VT U —r 2922 705 5F B UT.y — - 2C2 170 AL
A= ° / vi 459 g — ° ! e Y3 A
A —_ 33 sS  09 774 p_+ 50O oo J4F. 635~

+180 o : ] +180 o \ \
a-,__2¢ s/ 6. 689 ., 272 00 0. 973
ax—z=aAB=180°-A+3A a-y =apy=180°+B + 5B

Line No., 6 (See Tables 1,2 - pages 65,66)
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION
(No conversion to parametric latitudes)
Clarke Spheroid 1866 a = 6,378,206.4 meters
/2 = 0.00169503765, /4 = 0.000847518825
1 radian = 206,264.8062 seconds

6 oY SY¥ I5507 1. Oridus N o 7 43 FE3
b _of0 09 92-292, [asjus N\ LF oo  90-990
sin ¢, &- 705" 549 6 2. West of 1. Ar=X,~A\=_7 /2 S ~7

cos ¢, 2 708 24 228 L4 dY2 TETES A @ sIT A PITT
tan ¢, 2. 996 77 29/ cos ¢, ¢ 766 o VL cos AL 2~ 82 oY 7/

tan ¢, 2 §37099¢ 3 cos d=sin ¢, sin ¢, + cos ¢, cos ¢,cos AA 0. 992 ds’ao;/

M=cos ¢, tan ¢, ~sin gy, cos AA_—— - 06 12753 oih- ‘MA)\ —. F¥C 2 95/%
sin
3 oo
N 77339 ot BN ) 00368 T
sin AA o / v
cos ¢, sinAX d.&f‘f#&’égu\ PeFHCEFT . AFo 1Y o, 3S/¢

sin B

_ cos ¢,sin A)\./.?S‘f¢¢d}‘;in B FoS~ Fo7TI23F B ‘/# <5 SO, =2 4/4
sin A 3 T Soa
~3 d 7 / o
K = (sin by sin ¢)? 2- 98 2 YEX 72~ "1 _ (443 sin /(L ~cos ) F 63 - FICT/5 &3

L = (sin ¢, +sin ,)* Lo F/7 /¥SELT  G=(d-3sin d)/L+cos d) —-y26728 37/

N = cos ¢,tan ¢, ~sin ¢, co

sind =

5d = (§/4) (HK + L) = @90 07/ 7F=2 & s=aldsol) F2F, 666-623 .
d (radians) = 126 7 7588 s v I 4P 2 n.m.
d+5d(rad)'/'74 /J'fyé.z- T=d/sind /. P2 66’?9’33
% 282 27 of. 632 9 7 ¢ DT oSS 2

sinoA = - 956 9 33 559 FFF2L

in 2B J/
U= (£/2) cosig, sin 2 = £ FFE0ES 2 (t72) cos *, sin2B +- 7-7 #6532 X 7
VT + 5 793265 X 120 =7 UT = 8- #0235 6 X /2~ »
SA=VT -U F/E IST33I X127 ~ 7 5B = ~UT sy —/& 254/ 75 )(,/o -
7/ 7 7
SoA P ¢’ /7. LF 5B _7 P /7. ST
A =3O f o 36  p__ ¥ 5.3 C - 244
+180 o o " +180 \ .
0.7 2 3352, a3 sy 55525
al—z=aAB=180°—A+8A aj -, =aBA=180°+B+8B

Line No. 7 (See Tables 1,2 - pages 65,66)
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION
(No conversion to parametric latitudes)
Clarke Spheroid 1866 a = 6,378,206.4 meters
£/2 = 0.00169503765, /4 =0.000847518825
1 radian = 206,264.8062 seconds

o ' " o -’ o] ¢ n
b+ 76 OO0 2L.403N1. V7% A\ 2F A2 03.57 K
¢, + 72 0O 92,2208 9, ﬁ‘%@df A, 34 o0 oc.o00 R
sin ¢, _¢ F70 326 92 2. West of 1. Ar=),~ A= e 42 93.85¢7

c05¢‘ f—?‘l/ 7;‘73’ sin¢z¢?376f2 é 2 sin AX ,7;7 7;#4‘1

tan¢,‘/"/'777(¥ cos¢2‘3‘/'2 oz20/4y cos AX L FPST Fos 77

tan ¢, =~ 7474 774 2 cos d=sin ¢, sin ¢, + cos ¢, cos ¢,cos AL~ 768 372 Y75
— 2O/5THS L

M=cos ¢, tan ¢, ~sin ¢, cos A\ <2< 1/24¢5 cot A=_M
sin AA

N = cos ¢, tan ¢, ~sin ¢, cos AA 7, 725807538~ cot B =sil:A)\ fo/' ﬁdof)’ 971/5

Fo o5 /5-75T

cos ¢, sindA , 248 97770 A 9599750

sindse—onouw "7 " T "7 “sin A
sin B

_ cos ¢, sin A)x,;:;/i?/f.?asinB 7774 9¢ 356 B ‘/4/ S /5 /O

sin A /Y 2- .
- d Ju%Q
K =(sin ¢,~sin ¢,)? 2,78 Heoz¥ X H = (d+3 sin d)/(1 -cos d)3/‘ 7/7 452
L = (sin ¢, +singy)}_2- 647 474 ¥ (a3 sin d)/(1cos §) == 2SS P 703

5d =—(i/4) (HK+GL) 2> 292 23 22853 /2 s=a(d+dd L <% Z‘?/":‘oimeters
d (radians) - L S/S 23 S z¢ s IE5. yéo & n.m.
d+5d (ad) « 2SR I/ AT S 7 T-d/sind L OO 236y T
oA __ YO Jjo  F7-Soé& 9B F7 s 7. 630
sin2A — - 293907 < 7/ sinB_F 959995 FF A

U = (£/2) cos*¢, sin 9A — 3. 06279/43Y/0’7V = (£/2) cos ¢, sin 2B +/ EIF /PRS0 ~ d
VT #2003 9760 X /0= ¥ Ur — 3. 0954 P60 X _so—7
BA VT o U F2- FOEF 459 5 1o~ 7 $B=_UT+V 2L FFFI2222 X /0 -

+0A S/ 29¢ 5B _F Sl 02 Y

A= F0 o5 18. 753 g 7+ 4Y K 4 /5 RSO
+180 o ] " +180 (o] t "

a0 &7 S&_23.¢¥3 22y 53 5953

ax“2=aAB=180°"‘A+5A ay -y =(ZBA=180°+B+SB

Line No, 8 (See Tables 1,2 - pages 65,66)
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COMPUTING FORM, ANDOYER-LAMBERT
(No conversion to parametric latitudes)
Clarke Spheroid, 1866 a = 6,378,206.4 meters
£/2 = 0.00169503765, f/4 = 0.000847518825
1 radian = 206,264.8062 seconds

TR R 1T

]

&

i ° ! " o [ 1 :

] 6. 21 __4Y 42.B0K1. _Orign 32 S 12 ;:
$: _F0 QO D0.99d 2. _ Terminus A /2 00 00,0004/ i

) sin g, CHE TITE( 3. Westof ). MoraS0 54 _12.997
cos ¢, — 2 7{50 4444 sin ¢ ‘%éé y2¢(f sin A 77é &fé/4 (

Ty

cos 2, 1 SLEH0Y ¢1 I TIE oamr .530 8255/

3 cos ¢, 2 78207452 cos d=sin ¢, sin ¢, +cos ¢, cos p,cos AA _2 727 28/ A
K = (sin ¢, ~sing,)? _=OFOFE2788 | 2o 25706 F
L = (sin gy + sin g7 _0o BIRZ 2/ i Gadians)_- 7S BEZ3 T68 E
H=(d+3sind)/(1~osd) 7 /0. 323929 & sind_- 686 33228 ;;
G =(d-3sin d)/(1 +cos d)_—~ 7408629 s = ald 4 8d)‘;/10027,: FE3. 108 neters E
5 = ~f(HK +0L)/4 T~ OQO8 /S 77& . 2606. 9023 .. :
R = sin A\ /sind__ (o /BO773/87 T - d/sind L LOS(FFST7S
sin A =aR cos ¢, " Zéé 2220’/ sin B=R cos ¢, —2 7??7??20 Z
A__&O or _ 2/.5839 B__ GO oA 2/ 000 -k
Wl20 o2 H£2.878 p /O OB A2.000 j

sin 2A = FEeS 53079 sin 9B — » OO0Z S FO7E
U =({/2) cos *¢, sin 2A = ({/2) cos ¢, sin 2B 5
U (ad)__ QO//F TS 2022 V (o) = 2SI TR 7T X 10~ 6 i
! U : 5‘ 56 é 2z v.= ] : ao.;w ;
g VT_= 00.572 ur ‘ 4 .57
F" 6A = VT-U.= - S I7 25w yrav— & 2.308 :
; =180°+ B + 5B 229 59 59,.6/2 :

] ] " _
aAB= 180°- A +5A //y é’% {//4 s’)?é

2BA

O

Line No. 9 (See Tables 1,2 - pages 65,66)
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COMPUTING FORM, ANDOYER-LAMBERT
(No conversion to parametric latitudes)

Clarke Spheroid, 1866 a = 6,378,206.4 meters
£/2 = 0.00169503765, f/4 = 0.000847518825

1 radian = 206,264.8062 seconds

6. F5 |8 454N _Orign
&, 40 OO  00.000M2.  Terminus
sin ¢, ___= 42 7876/ 2. West of 1.
cos ¢, . 7660 4444 sin ¢,

ST780382/

A\ JO2 02 Zo3NE
N /8 20 Jodood!
M=)\ 20 o2 29370

sinA\_2- 65 £63907

cos o« OTEIRFDY _ o5 4, . V00 F70

cos AA 0. Ss270/

cos 2, GO E7/ 83

cos d=sin ¢, sin ¢, +cos ¢, cos ¢, cos AA 0~ gé/’¢’0/

d__é 3! BRob0

K = (sin ¢,~sin ¢,)? 00¢/¢Z’¢¢?‘¢;
L = (sin ¢,+ sin ¢,)° /. ¢4ﬂ4/s’(ég

d (radians) 7 t572/4’f7/

sind O F98 28068

H=(d+3sind)/(1-cosd) 4- 70075//0057
G =(d-3sin d)/(1+cos &)=/ FOOSTE463

= a(d +&d) 865'5:»¢7Z'2/5 meters

8d = ~{HK +GL)/4_T-= COXTT 2/ &

TEE.EPTF .

R = sin A\ /sin d . 267 /é/‘¢00\j/

sin A=R cos ¢, ol 6%2737\9’0

Ted/sind_LeSV/ETE30S
o 707/aé//

sin B=R cos

N/ 7 & N4 /4 B_RS o2 25 708
nIE___ 1S /4382 8__ 70 oL /. 4/6
sin 9A 7~ ?730 7565 sin 9B_7- ?77 ?¢700

U = (£/2) cos *¢, sin 2A V = ({/2) cos *¢, sin 2B

U (rad) o OO ZOTEL V (rad) e OO FF 4G 87T

U ° 3 :)7:'/%’ v ) 5 25.1E9
VT ° 1 /0. 780 uT v \3' $0.223
5A = VT-U ) [ /5585 5B - T4V  —2 25034

[¢) U " o 1 "
apg =180°-A+0A L2825 £2.394 app=180°+B + 8B 225 00 oo, 674

Line No, 10 (See Tables 1,2 ~ pages 65,66)
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e I (e o o S R oo K st = SR sl 5 2B o 2 IR o 0ot a2 s AR Y . T o sl

INVERSE COMPUTATION
(Andoyer-Lambert Formula)
Clarke 1866 Ellipsoid
40-50-6000 Line

¢, 40° 00* 00%000N

1. Point of Origin

¢, 35 18 45.644N

2. Terminal Point

A, 18° 00' 00"000W
A, 102 02 29.370E

Point 1 should be AN 120°02° 299370
west of point 2
tan B8 = b/a tan ¢ sin AA  0.86566309
tan ¢, 0.83909963 cos AA —0.50062701
tan ¢, 0.70837174
tan angle sin cos
B 0.83625502 39° 54' 15203 0.64150618 0.76711787
B, 0.70597031 35 13 15.443 0.57673115 0.81693401
cos f3; tan 3, — sin B, cos AA cos BB, tan B, — sin B, cos AA
cot A= cot B =
sin AA sin AM
cot angle sin cos (5 places)
A BO.99659760 45° 05' 51"495 0.70831073 0.705901
B e 0.89069853 41 41 29.068 0.66511838 0.746738
. cos 3, sin AA  cos B, sin AA sin ¢ 0.99841720
HOETm B T sinA cos o 0.05624132
cos o = sin B, sin B, + cos B, cos B, cos AA o 86° 46' 334271
M=(sin B, +sin B M 1.48410219 " 312398.271
N=(sin B, -sin B U 0.48862709 o 1.51452582 radians
o-sino N 0.00419580 s =ao~H (MU + NV)
U= 1+ cos o V 2.66269606 ao 9659955,089
o +sino ’ — H (MU + NV) - 3980.422
* - cono g 1060.7155 s 9 655 974 .667 meters
8A’ =~ cos *B, sin B cos B( .fo ) SA” - 351.593
sin o
{0
8B’ =~ cos *B, sin A cos A( - > 6B~ - 312.098
sin o
A 45° 05' 51%495 B 41° 41 294068
oA - 05  51.593 6B - 5 12.098
Ag 4 59 59,902 Bf 41 36 16.970
a, = 180°+ Ay 224° 59' 591902 a, = 180° - By 138° 23' 43030

Line No. 10 as computed by ACIC, converting to parametric latitude.

(From Page 39 of the ACIC Technical Report No. 80 — August 1957)

122

T T VY TN T AT MY T T XTI ISR




COMPUTING FORM, ANDOYER-LAMBERT
(No conversion to parametric latitudes)
Clarke Spheroid, 1866 a = 6,378,206.4 meters
£/2 = 0.00169503765, f/4 = 0.000847518825
1 radian = 206,264.8062 seconds

¢ _/F AT 57001  Origin N 67 o7 FoFOO
¢:__#F 9F /F- &929,  Terminus N ST S A 0O
sing, r EF2 725 7E 5 Westofl. M=hoh, LT A ot FOO

cos g2 TIC €57 P T gin g, L F/D ISP g\ DS PO
cos g, TTF 2 L3 cos g2 FHE 32 F5 o5t ST FSEFTT
cos 2¢x hd f??o”.?x?fy cosd=sin¢1 sin¢2+cos¢,cos¢2cosAk /{?j e//.?&(

K = (sin ¢, —sin ¢,)* ST TSI 2 i ~7 so &4—/7i
L = (sin ¢, + sin ¢,)° VR A AR RN d (radians)_~ 73/ 9‘///9/}/
H = (d+3sind)/(1~cosd) 7 7. 7 VN A sind _- VE A il
G =(d-3sin d)/(1+cos d)—* F25 /2972 s = a(d+8d) 473'47 /4747.//"%6‘.5
b=t s LTSI ILY I X 22— T II3 -9/  am
R = sin AX/sin d /44/7/5/9 7¢ / T =d/sin d /a/o:’-f‘é///é”;
sin A=R cos ¢, '?’/3 22 9/‘/ sin B =R cos ¢, -2 949/ 6’9&/5

- A Y8 oo 2¥. ¥£F¢ B LIPS P P /e
ANTFe oo 49752 p2/C 33 oI 32F
snon 257 #5070 inop— ST F28527
U =(/2) cos *¢, sin 2A V = (£/2) cos ¢, sin 2B
U (rad) YRAVASER & 02 ¥/ -3 V (rad) = 7/. 60“/7)(5'1:?,\//a— o
U \i
VT - 2 /P2 S N e =7 UT V) g0 /06 X /o3
BA=VT-U_— ¢ 5959/  B-UT+V_— 7 . FF2

. " o ' "
app = 180°~ A +5A /37 «S':Z 5T 73 agp=180°+B + 5B 275 Jo o2 272

Lire No, 11 (See Tables 1,2 - pages 65,66)
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION
(No conversion to parametric latitudes)
Clarke Spheroid 1866 a = 6,378,206.4 meters
f/2 = 0.00169503765, /4 = 0.000847518825
1 radian = 206,264.8062 seconds

¢, S ¥5~ /9. SN //c’.sewd A\ —37 2¥ /5. oso(€E)
$,-33 s5¢ o33 [ é_;ggaé ém//¢ez r=tE 28 . yeoo(E)
sin ¢, 72 Fy3é cy278" 2. West of 1. A=A~ A= 77 g o I4050

cos ¢, Lo T bR 722 ¢ 78 sin%—-.é’fi 24795  sin AX £, 327 o9Po/
an ¢, Lo WeT TILT D cos g, #.53F 67 F4F  ospptr 94Y FF0907
tan ¢, = P25 25T cos d=sin ¢,sin¢,+ cos ¢, cos ¢, cos A . 6202 78 2
M=cos ¢, tan ¢,~sin g, cos A\ =2 5°F T7FPS™ corp-M_ —3. PR L2

sin AA

N = cos ¢, tan ¢, ~sin b, cos AA 7/ 7¥L 32 ¢ y‘?cob B= sirl:IAA #5338 73/2 7

O e Y W Yk £ X AN Bl 3 X i 4

sin B

_cos &sin DX L 9997955 . B Ao 25y 1057 F B 0 36 32 253

sin A ] d_9/ 09 40.825
K = (sin ¢~ sin ¢,)? 24 F47 9¢é27 " H=Q+3sind)/(1-cosd) ZFL- Y F¥I2ST/IS

L = (sin ¢, +sin ¢, )? 07203905/ - G=(d-38sind)/(1+cos d) = /o 437 45238

5d —(/4) (HK +GL) =2 @87 225 & /@ s=a(d+8l) L2282, 957 968 reters
d(radians)'f/' (7/04((:1’47 sfé/“’% 67‘/7 n.m.
d+8d cad) 7/ ST3IFS 9528 T = d/sin d 4359 /2522

on_ P2 o"? S9.04F ® 27 13 o4 sC&

shnA— SR E §O35O Jin s L2361 /635
U= (£/2) cosid, sin A =22 PELTHIN10™ 7\ _(119) o5 2, sin 9B T He 2328 2C X7

o

Vi#C - 72023 45 X fo0—*% UT — 4+ 63 134F X 72=-%

AT U 952f 27X 107 5o urey 2. 6FS F9FX 0=

+6A 2 sl 3 2’ 7. 2_.7_._

A=rCd 1 G s2Y o+ Jo o6 F2. 253
+180 o . " +180 , "

S S 16,939 .. 490 39 P oAYS

a:—2=aAB=180°-A+5A ;- =aBA=180°+B+SB

Line No., 12 (See Tables 1,2 - pages 65,66)

124




~ APPENDIX 3

Computations
Using Forsyth-Andoyer-Lambert Type
Second Order Formulae

Without Conversion to Parametric Latitude
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, f/4 = 0.000847518825, {*/128 = 0.0897860195 x 10°°

b g0 Fo J2IsP._ Cr15. 7 A 27 15 H22FC
b, _#E o 0.0y 7 ersAlAYS _, _JF o0 I2- 3O
sin ¢, te¥Z I87223 2. west of 1. AN=7~A, o /6 - 72O
cos ¢, 72 P80 2F 70 7  sing, 72642 TEX/ sin M\ _T. 2/ 776 T2

wan ¢, 72 IV G AT/ cos &, T+ Ve 088 sos mr 22 957 _P5/3L

tan ¢, 222 ST T OIS ES cosd=sin &, sin &, + cos ¢, cos ¢, cos A 7= 759 92033

M = cos ¢, tan ¢, — sin @, cos AA= -Gl TFGe cot u =M/sin AN = 755 7;4'-‘/?
N = cos ¢, tan ¢b,— sin ¢, cos AA 7. o4 22 P2 cot v = N/sin A >/- &ﬂf’éffi_.
sin d = cos ¢, sin AM/sin v = cos ¢,sin AN /sin uZe O/R 4 2237 u 7P SO v, F/E
cscd 2. 922 385HSF wd 22 52/723Y/ , 4 53 45D
1+ cos d74 $FFF29FF  1cosd 75 PP P56 7 siny - e¥.Foo

(sin ¢, +sin ¢, 24820 2727J (sin ¢,~sin ¢,)? Rt N o Ok
K,=(sin ¢, +sin ¢,)*/(1 +cos d) 7. 71/ % 33 K,=(sin ¢~ sin ¢,)¥(1~cos d) 72 IY032528)
X=K,+K, 24 HF TFF52  yaog K, 1. 28¢5 2037 Xy #Fe0 & 525 ¢/

X2 22 895K 0¥ 2 #. 06 ¥ 97323 4, 242623 G2y 2 7. 025 45T F37¥6
A=64d +16d2cot d 77 FREOEIT2PF D=48 sin d +842 csc d 2. 648" PP 747

B = gD YA/ IS Y Eus0sin 24T ISP LTOIC iy 00 F-228” 2 F T2/

C= (30, +8d7 cot d +E/2) =2 Z6 94 F/O#63  \x_+ L1092 (06445

BY —- /3 P2 EOLS X2 —/. ST762 5805 pxy 7+ R2A/ 75257/
EY:709Y7 /23 AS7¥  S-AX+BY+CX'+DXY4EY? — . 2547 7 27

8d ¢ =(£/4) (Xd_~3Y sin d) === 94/97,\%'*‘5(1{: - +(P/128)3 =T ¢635F X 0 ~ ¥
dval KR EISH 77y L sl s o} s OOL 08 9F220

S(odg) = ald, + 8d) TELHET- PIF S(sdp) = ald, + 8d + 84 £, HE T 222
o , , T=d/sin d_£- SECC I3 7¢ , .
o 265 I 3F. o322 o I8 ° & 22555
sinow—- S59 $304F sinoy *. FFF FT2/L

U = ({/2) cos’¢, sin 2u"’7’7973-7—744~)(/¢-yv =(f/2) cos’¢, sin 2v TG TSI XSO i
VI G PP 745 X o0— 2 UT— S 7297 ¢85 76 X /o0 =%
Su=VT -y 20/ 044 5 Sv =—UT+V 7 OOLFT /& 27

o]

m

+ Su 7= & 42. 287 yov_7 P4 P 26 2
-u /3% 40 /d' Y/‘ + V yél (\? //« y;?

+180 ° ' " +180 o ' " _
0, 25 ¢ 0o ¥¥43 - SF ST
Qg = @y, = 180°~u + 6u @, =ay, = 180° + v + dv

Line No. 1, See Tables 1 and 2. True distance 00‘0/ J/é“ 4/70 meters,
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
f/2 = 0.00169503765, /4 = 0.000847518825, */128 = 0.0897860195 x 107

b T 5 43I Crrsmn AL F SSFIP
PN 2 IO 90000 9, 7t/ r?/7vS N L& go od oo
sin ¢, *. /73 SIS 2. west of 1. AN=N\=), £ 2f 29./23
cos ¢, 22 TPYT /25 ¢ sin ¢, Zvl 2T 64 Esin M _7:2 38" E45 IS
tan ¢, 72 106 A TP o5 g, 7. IFLIOIN cos M _Zo 55T NS
tan ¢, L ¢ WA LTI 4 cos d = sin ¢, sin, + cos ¢, cos ¢, cos AN 72 FFT EFr27
M = cos ¢, tan ¢, - sin ¢, cos AN Z < GOO MY F 2 oy =M/sin AN 22 oo ¥ He2F5™
N = cos ¢, tan ¢~ sin ¢, cos A\ =+ ECL 2L 5 cot v = N/sin AN — - 922 T/LF3
sin d = cos ¢, sin AN/sin v = cos ¢,sin A\ /sin u 7,028 I26 ¢6’u F9 ¥ P5/,57
csc d 225 ¢SS SF2 cotd I3 6253/ 7S v Yo o0 o3 060
1+ cos d 77~ 5956 58/97 l-cos d #2990 F/&23 sinu 7557 9704¢
(sin ¢, +sin ¢, T2LROSTELR (sin~sin s, Te AN L0~ 7 sinv #/. 000 oc0000
K,=(sin ¢, +sin ¢, /(1 +cos d) e 2602 F748HAK = (sin ¢,~sin ¢,)/(1~cos d) - 29/38 X /o~ ¢
X=K, +K, 206070239 5C _ Y =K,-K, 220602579427 XY 2 00FL 358 22/
X2 2. 2K GT/ G6 Yt.007834 3243 d, 22825225/ 23 24 27, 922 PR IAWIZTIV4
A=64d, +16d2cot d 22 UII¥ 4246 X D =48 sin d +8d7 csc d LL #2 92395 7

B = —9D=2 228 5D H¥E=30 sin WL LSLE 052 gin2d #0850 /FEF Y
C=~(30d, +8d?2 cot d +E/9) =L 245" 26 TS AX_Z D f2) T/S™CHT

BY —: /O3 FAT ST CX:—r 2082382 /)  DXY 7 CS/IE SR $r/ET
EY: 700 ¥ IFSF/ 2 3o AX+BY+CX4DXY+EY:_— - @/ #2290 a5 &

8d ; =~(1/4) (Xd_~3Y sin d) 2P P27 4 "X/ ’gd; cr@nws = 22702 X 2 =7

d + adfaﬁis’-_v\?/é P99 4+ 8d, + 8d ;2 C2$"IP/C TS
r

r
S(d) = ald, + 84 BLPF2A - TFT §(5dpa) = ald, + 64 + siplLeg 292 - P4 2
T = d/sin d 24 E0 1087527

. o ‘ , i

w 227 22 s5.9+¢ w_ SO oo IEA2D
sin Fm 2 F P25 2 sin Oy =, 000 02262
U = (£/2) cos’¢, sin 2u 274 46 2ELIBNO 5V = (1/9) cos’es, sin 2w — - F I8 X f& ~%
Vr—% 722 X 0= 7% UT £ Lo 6257 X /& =5
Su=VT U=/t /722 X fo =5 v e-UT+ Vel ¥ PRL N A2 T
+ fu = oF. 037 + dv_=— ds?ld\?y
& 4 A Fg. Hs 7 v P FO o0 3060

+180 o \ y +180 o \ ;
0y, 22 AT 17,56 P oo g0.-923
-z = @y, =180°-u + du a,_, =ay, =180° + v+ &v

Line No. 2, See Tables 1 and 2. T'rue distance /é€ 532, ?6"6 meters.
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, f/4 = 0.000847518825, {*/128 = 0.0897860195 x 10

6_ 89 Sf a5 | O gin N, S 37 I8 ¢37
¢ 22 o 08 o Tt A2 YS N L& oo 22 'aao
sin ¢, = IV o257 2. west of 1. Ad=A=), g I2 3/ 363

cos ¢, LI 2 P22E sin ¢, < 57 F EFPe2 5 N\ FL s SST 6 S T
tan ¢,oX vy s522 3T cos ¢, . Sy d"?&/f/cos MZ 289 FISO P
tan ¢, 2. 247 /99/‘// cos d = sin ¢, sin ¢, + cos ¢, cos P, cos AA 'M
M = cos ¢, tan ¢, — sin ¢, cos AXL= OO fPH2TC cot u =M/sin AX 2 LI 2257
N = cos ¢, tan ¢,— sin ¢, cos AN T2 F29 4 cot v = N/sin A :'0&&/"5—9/7/\5’47
sin d = cos ¢, sin A\/sin v = cos ¢,sin A\ /sin u _Z S22 . Fuw_F2 27 SI7B§
csc d FelZe 7/% 02¢Y3 cotd _z275. 5% éé--jﬁ v S0 2L Mo TV 2
1+ cos d 21 278 237 SE 1-cosd Z- o/ 265 S 2 siny -7 $FOSF /PP
(sin ¢, +sin ¢,)? ZT-I2%/ 7/ 7 (sin p,~sin ¢,) 2 S1E22Xp ~Ssin v =L £C8 2028 O
K,=(sin ¢, +sin ¢,)* /(1 +cos d) 7/ 76472527 K,=(sin ¢,~sin ¢,)*/(1~cos d) 2~ oo/ WP
X=K,+K, 72 7640 &L L S Y =K, K, 2L D63F26/0 XY A2 . #¥ S5~ 55
X223 MY G296 Yt Z M onFe 4 205025242 20025 AT
A=64d +16d2cot d A 024 375/~ D=48sin d +8d} csc d_Z2~ gl be 930
B oD sS4 l3 I3 FE F=30sin 20 2T/ TEDGY  cin 24 2100 455 I
C- ~(30d, +8d% cot d+E/2)=I- AT FEF PP  aAX_Z- 7. £22 16228
BY—Z 55¢ /4 §F CX: —=lC g/ HISSL DXY_2E P05 S/255
EV: 7 TS F26L S AX+BY+CX4DXY+EV ¥ €SF FOPO
8 =~(1/4) (Xd_~3Y sin &) 22 SOOLSL/ VD 5at = 4 (11203 22 2 2229D 475

r -
dr+8df # d(ﬂ%d—éfﬂ’? dr+8df+8df2 -~ . ﬂd—ﬁiz 33 5‘/7
S(d) = ald, + 5d) T2, IE2, PPV S(5dpe) = ald, + 8y + ) 22L FES - 69/

‘= d/sin d_Le POT HE 2~

on _LC 8T XN s 9y /50 00 2300

sinou ¥ 27/ 2 2¢ ¥/ sin v _~—. G Pl e

U = (£/2) cos’¢, sin st L6 IX/ ’(\’ =(£/2) cos®e, sin 2v_=?, Y274 X /2 " ¥

VI_— 2 f72 X [ ¥ UT_# I 47 X /0 —S

Su=VT-U =S SIFI X s0 =5 v =~UT+ V== P62 X /O~

[+ Su = /PR 974 + v /B I IA

w—=8&2 27 A2 SP7 sv_TT0 22 IS
+180 <] ' " +180 [} ' "

s 77 S22 ol g% 20 K232

@y = @y, = 180°~u + du a,_, =ay, = 180° + v+ dv

Line No.3, See Tables 1 and 2. True distance F24 Jec . 79¢ meters,
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, f/4 = 0.000847518825, {*/128 = 0.0897860195 x 10™*

&, /7 o Sl ¥ L CrrGr7 A, A 57 /72253
b, 70 CC »#2.000 o Fer'f7/7¢S N, L Do 22090
sin ¢, 7226  sH¥IT7 2. west of 1. A=), 3 ¥ #¢. 7/?
cos ¢, T+ go¥f 25787 sin ¢, 7 L 2P 65T sin AN 2 oSy FESEY
tan ¢, Z2 292 ST2F cos ¢, T2 TELTCLDs cos M 2= T #5743

tan ¢, H 176 FR6FY cos d = sin ¢, sin ¢, + cos ¢, cos ¢, cos AN 7 §97 //FES
M = cos ¢, tan ¢, - sin ¢, cos AN 04/%/63 cot u = M/sin AN —< 77%/42073

N = cos ¢, tan ¢,— sin ¢, cos AX 7. 088 24 7SS cot v = N/sin A\ Z¢ f00E S8
sin d = cos ¢, sin AA/sin v = cos ¢,sin AA /sin u 7028~ S~ 7/45’“ /3/ T3 I35-T8C
csc 424 /P2 66 5€ cot dPAEIHSC S 28T |, oy ¥F 4767
V+cos d 2L TP N TE P \cosd 22 ECRFF/F/  sin w2 /2SS PL3

(sin ¢, +sin qsz)w (sin ¢,~sin ¢,)* #2F2 255%/ sinv 2~ 9&5/ 7582/
K,=(sin ¢, +sin ¢,)* /(1 +cos A tetloo 24287 K,=(sin ¢,~sin ¢,)¥/(1-cos d) 7 55¢ ‘/6/5’9‘-’-73
XK, +K, 2403 S2LAR Y =K, K, =- S HYRLSL XY —. S8 3257 72~
X2 2L OV I 2SN s Do F 0Tl 6F 4 095~FF00 Vp 42 00S TESI T
A=64d,+16d2cot dZZ 222 ODF F 2 N=48 sin & +8d7 csc d L, 244G S PO3O
B=-9D=d A ST IHOCTp =3 sin 94+ 4 SPT 630 gin 20 2o b5/ 2 702/

C= -(30d_ +8d7 cot d +E/2).=I% /87 $3 D2 7 AX 7€ . 25356/ s

BY 7 7. S G2 ] x2S SFe SIS DEF DYy —3- FS P PsEs2 ¥
Ey: 7 YFSHESEFI 5. AX+BY+CX4DXY+EY #2.8F/ 4/ 7¢ 2 3/

8d ¢ =~(1/4) (Xd_~3Y sin d) =meQ00RISTIZI Y 54 = +(2/198)S - 2. 04SP X [& = 7

d +3df'/',076/579/ ¥77 d +6df+8dfz >, 028" & 98T /SO

r

649 = ald, + 5d) £I2, TI: THS  S(ode) = ald, + 04y + 5 #E2, 757, 23E

o, e Zlo0fia2fE.

oy TE5 2é 5. 9927 o FY  I7 ST 34I

sin Qu _— &~ ?77 FEIS$E sin 2v _ 7 f7f 28 7S

U = (1/2) cos*p, sin 2u =+ COL€0E S // V =(£/2) cos’e, sin v 7" QI/EL TS T/

VT 70 OO /G S~ A T FTC UT o OO S OF D G P/

Su= VT = U Z¢ OOPRASR IR 4/ Sv = —UT + VF - O026~ 758 2.

+ 8u xant/4 0. 728 4 v eaZ4 720/

v =S T3 25T PFC vt LY ¥De2E
+180 o 1 " . +180 o 1 "

N R A/ 42 S Y S e S A% 44

@y = ay, = 180°~u + du a,_, = ay, = 180° + v+ dv

Line No. 4, See Tables 1 and 2. Tre distance "/f"?, 29F. /¢ meters,
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, f/4 = 0.000847518825, */128 = 0.0897860195 x 107

(o] * " . o ] 1] ]
o P35 apz0e, Frigia \ T e I
b 20 o0 PO.000 6 T2r p/AYS N L¥ 2o 20,000
sin ¢, FSF Y i sld 2. west of 1. M=x-\, 2% 33 ‘74/'{77

cos g, e RIX P26  in p, : FIFEFRE 2 6 M\ _- 257 PH/E2L

tan g, +F-IISf é 2200 . &, < FYR2 03/ A ST eryz/y

tan ¢, PR 7¥7 /72 &Y cosd =sin b, 5in ¢, + cos ¢, cos ¢, cos A)‘v‘—,fff/?d”/és
M= cos ¢, tan ¢, — sin ¢, cos AA>=— /$52 07537 cot u = M/sin AN =2 cIs” 4(99/7
N = cos ¢, tan ¢~ sin ¢, cos A +.285/ s229 7 cot v = N/sin A)\a 7/ &f&‘?{j 7”
sin d = cos ¢, sin AN/sin v = cos ¢,sin AX /sin u +. 799 424/ w232/ A e A DN
scd 28982 PP3/C cuwd £ 5 P02 405352 |, &S sF SASFF
1+ cos d 77- 79 FPIé .3 1-cos d f:éd(&é&’d’? sinu 72883 25/

(sin ¢, +sin ¢2)23‘64(9‘/f¢ (sin ¢,~sin ¢, e ROFEIE P 2-sin vy 2 J0es  TE /(L 2m

K, =(sin ¢, +sin ¢,)/(1 + cos d) ZLe FOTILS2TK = (sin p-sin )/ (1~cos d) 222 25 S ¥ 2 S0 2
XK, +K, 2/ FETO9GE D YK, K, 2LFIAHIIP XY 7+ 2.2 /5 Y é/€

Xt LT SHE 95907 2 72, FIIFEST/ 47, 006 /I3 ¥ 427 0,232 T3
A=64d,+16d2cot d 7519 /OSF T D=48sind +8d% csc d #5627 2730 #

B = 9D ~X-ISTSIVOE § g 5in 20 L5 997 PEH3D i 04 7:{ $FFF 3/

C= -(30d_ +82 cot d +E/2) =6 - 29 74 S22 A PSS ST

By~ /9§00 00252 oxt. =2 /TC T2V F pxy A1 T D SIS TS

EY: LT TTSCE 7P s-AX+BY+CX*+DXY+EY2 22 5/ F/¥ 6£3

8d ¢ =1/4) (Xd_~3Y sin N .28/ ET T/ 543 = +(1*/128) 3 X2 992992 72/ 7€

4+ 3&{"«/&/} G26/23 4+ 5d;+ 8072 [OF F2ETAST

. T, -
S04 = ald + 5d) 2T, P2T e FEF S5 = aldy + 5 + 8dp) %5, FI2 S 2

o ’ T=d/'§ind YR /4 é?&)LG , v

o __ 2S2 2/ oF - oL 9 79 57 <8370
sin 2u =2 F&K 1/77/‘1 sin 2v___ 7'/ 294 777f0
U = (/2) cos’¢, sin 2u -/ /'777(4\//0 - s/V =(f/2) cos’¢, sin 2v_Z* yA 7R f/:/\//ﬂ"%
VI L P96 172 XA7 =7 UT =t RO FF X 2~ %
w VT -y FFr JISTHIX 0 =7 5o ToN 73 1E3FT X P~ 7
N cl’ oss698” NV o/ o5~ 67/
ey, R AZE> s AT

+180 [} ' " +180 [ ' [
o, N d O P29 o 22F 59 9. 55C
@y = a,, = 180°-u + du @,_, = ay, =180° + v+ ov

Line No. 5, See Tables 1 and 2. True distance & "/dj 732 427 meters,
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, £/4 = 0.000847518825, /128 = 0.0897860195 x 10"
1 radian = 206,264.8062 seconds

° ! " 1. Origin . ° "

b 9 35 09,138 A, 10 39  43.554
2. Terminus
&b, 10 0 0 A, 18 0 0
D = P+ ) _9 57  34.569 2. Always west of 1, Ar=) =, 7 20 16.446
Agy, = Yld2= ) 2 25,431 AN =% AA 3 40 08.223
sin qu + 0.17295377 sin A¢m + 0.00070507 sin A + 0.12772073
cos ¢ +0.98492094  cos A, +0.99999975 sinAM,  +0.06399152
k = sin ¢, cos A¢m_+-_(Ll7_29_5_§_’7_3 K = sin Aqu cos ¢, + 0.00069444
H = cos®A¢,, - sin’¢y, = cos’¢ - sin®Ad,, _+ 0.97008649 1-L 0.99602708
L = sin’A¢,, + H sin’AAm + 0.00397292 cosd=1-2L 0.99205416
d + 0.1261458534 sind _+ 0.12581156 T=d/sind + 1.00265710
U=2k*/(1-L) _+0.060064618 V = 2K*/L _+0.000242767 E=60cosd _+59.52324960
X=U+V _+0.060307385 Y=U-V _+0.059821851 D=8(6+T?_+56.04257008
A=4T (16 + ET/15) _+ 80.12738460 C=2T -'(A + E) —~67.82000290 B=-2D -112.08514016
X(A+CX) _ +4.58561299 Y (B +EY) -6.49212745 DXY +0.20218475
(TX - 3Y) ~0.118997925 of == (f/4) (TX -3Y)  + 1.00853 x 10™
T + 8f + 1.00275795 S, =asind (T + 6f) 804,665.223 meters
2 =X(A + CX) + Y(B + EY) + DXY ~1.70432971 off =+ (f2/128) 3 __—1.53 x 10~
T + 8f + 8% + 1.00275780 S, =asind (T + 6f + 5f")  804,665.102 meters
o] t "
sin (a, + a,) = (K sin AA)/L +0.02232473 a;+a, 361 16 45.188
sin (a, = a,) = (k sin AA)/(1-L) + 0.02217789 a,-a; 1718 43 45,107
W¥(da, + 8a,) =~E/2) H (T + 1) sin (@, + @) __ = 7.351613 x 107° da, = 17.350644 x 10°°
(S, — Say) = - (E/2) H (T-1) sin (¢, ~a,) _=0.000969006 x 10°  8a, — 7.352582 x 10°
o ] 1] [¢] t (1]
a 91 16 30.040 a; 270 00 15.147
Say -~ 15.162 Saz - 15.166
ez 91 16 14.878 e 269 59 59.981
Qg = ay + Oa,y Qz.1 = ay + Oa,

d=7° 13" 391450
Line No. 6, see Tables 1 and 2. (Pages 65,66)
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; DISTANCE COMPUTING FORM — ANDOYER-LAMBERT
k TYPE APPROXIMATION WITH SECOND ORDER TERMS
} (No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, {/4 = 0.000847518825, £*/128 = 0.0897860195 x 10™°

| b A A egsvl s N ot A7 YEFS
] b, P o 2,992 9 Terrt/pdS I A i
| sin ¢, Z- zos— s¢ ka 2. west of 1. Ar=\-A, 7 o2 .07

cos oy Fs POF 2 ¥ 22Y iy o4 T eHKR DTl in M\ 2O /IS gPORTT
tan ¢ 2> FF6 2707/ cos ¢, 72 Del 05405 M 20 22 (07 T/
tan ¢, 7 77 097% 3 cos d = sin ¢, sin @, + cos ¢, cos ¢, cos AA 7752 d5ee t)
M = cos ¢, tan ¢, — sin ¢, cos A\ 2LL € (2FFT ot u=M/sin A\ Ny AR E"f
N = cos ¢, tan ¢,— sin ¢, cos AN 22 (2" FP33 G cot v = N/sin A :-/' &/;7‘;5&0 =
sin d = cos ¢, sin AN/sin v = cos, ¢,sin A\ /sin u Z2 A" J’//Jyu LPD o eE 3K
cscd 2.0 246 34T 24Y _cnd 2 FE3 ;Tec2 G  ___SL 53 .20
1+ cos d 24 p920500 5~ l—cos d 22 G225 &/ PEEC ginu 7 765 o0& 57
(sin b, +sin o) 2L I/ IV SE 3 (sin p-sin 6,2 F- I IYENY G v 2= 08~ 702323 o
K, =(sin ¢, +sin 6,0 /(1 + cos T2 L 29227 7K = (sin ¢-sin ¢,)/(1~cos d) Z2IC2 22 5F
X =K, +K, 2% /53568 75~ Y =K,-K, 27068625 XY _z22ST/F00 66F
X2 £2:003 (7] ¥20 1168 P77 #5F J 7426 I798EF K AoorSP2/03&
A=64d, +16d2 cot d 72 LFTSE /S 3C D=48 sin d +8d? csc d L2 252 £26775

B = —9D) =Y. S AT RZ3F £ =30 sin WU L2 ¥ FC erAS/2  in9d_7- 27 6§ 77
C= -(30d, +8d? cot d +E/) = 8- SPH T/ AX 24 29/ 626 s

BY == 798 2.2 7 O5~ CX2 /P OFSFFesT ny-f"/-/ﬂ.?;t'}.‘?rj’/
EY? 7/ 2eS 7 4S/9C S AX+BY +CX24DXY4EY: =3¢ 2T H# A2 TS §F

8d ¢ =~(1/4) (Xd_~3Y sin d) =L« FE26 N0 =5 8¢ = +(f/128) S =2 g2/ X fo — 7
d + adfv"- £2628F 762 d +8de+ 84} SHor2l STEEST

S(5dp) = ald; + &dg) fﬂﬁf ¢6¢. 623 n S(8dg2) = ald, + 8d; + 8dy) Jof && - Zud

P Wa W som i L A L N

a2

T A T At o o W &

m
T =d/sind_ L2232 PAR L L]
% 260 JAF 28 L3 v b v 4 /7 oo, 4P2
sinu__—- 75¢ 25¢33 sinv_7° 9797 7T A2
N U = ({/2) cos’¢, sin 2u “'7:3£f/4r//&—‘/ V =(f/9) cos’e, sin v 7 F- P56 £33 X2 v
! VT 2= $7726S~ X /2 =% UT o= T e P27 FSE X 0 — %
‘ Su= VT U 22T 33X fo =¥ 5V=_UT+vw/ﬂ36’¢/77//d"‘7{
\ + Su 2= @ /5 66§ L v 7" & F.ST2
3 —y ST e o/ 3/ v Y &5 SO
* +180 ] ' [ +180 ] ' "
‘ ars ¥7 _£2 w2 22 57 a8 5
@z = @y, = 180°-u + Gu a,_, = ay, = 180° + v+ ov
Line No. 7, See ‘rables 1 and 2. True distance fd#/ sé& 5/' 27/ meters. )
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
f/2 = 0.00169503765, /4 = 0.000847518825, /128 = 0,0897860195 x 107

[o] 1 " . , [e] (] ]
b TV o0 H.-393V . Orign A DS #2 I3.SETE
bt TO 09 So0.9%N 9 TErp/nYS N, LT JQ P2 .I00W
sin ¢, 7"~ F70 _$26 52 2. west of 1. A=)\, _¥E6 2 232.5¢7
cos p2e2H 276 S sin ¢, 72 FIFE67263sin A\ 22 227 V5¥ & 2
tan ¢, 7" /2 \ iiwd cos ¢, o PV LOZ01Y o5 A\ _7 8IS Fos— 77

tan ¢, 2 =77 PYT7Y 20 % 2 osd =sin ¢, sin ¢, + cos ¢ cos ¢, cos AA 7. FEFPS2 LT
M= cos ¢, tan ¢, ~ sin ¢, cos AN =~ 00ll/2Y¢ Y cot u =M/sin AA == 00/ SH5TE

N = cos ¢, tan ¢,~ sin ¢, cos AN Z- 725 22538 cot v = N/sin AA Tﬁ' &00;?7,;:/?
sin d = cos ¢, sin AX/sin v = cos ¢,sin A\ /sin w2248 94230 u PO o5 /5253
csc d 2 o737 IS cotd 22 PF0 F¥I5T ¥ $7¥ /IO
1+cos d2/r Zb£S PY P25 1-cos d 72 PF/ ¢?67=76"s’i? w2 9T 27 550
(sin b, +sin ) LG I VHE L (sin b~ sin ). LTI L4070 v 7 72 2653%
K,=(sin ¢, +sin ¢,)*/(1 +cos d) -4 PR 2K A K,=(sin ¢,—sin ¢,)%/(1-cos d) S O29 57/ A
X=K, +K, 2L ILT 2LV Y~K,~K, 2L P2 HIIIKY _2Fe ¥IF b5/

X2 S M T LIUE Vo 2 22V FIRET A 22 8Ug— 6 IROTE § 2 . LT 28T HHF
A=64d +16d} cot d£22. 927742 7.2 D=48 sin d +8d csc d FLPr G F L2 /T

B = oD =22 9.2 53572 F=30 sin 90d 2o YV PSP FL cin 0. 7- 4 FL SES™ /T =1
C=~(30d. +8d? cot d+E/ =Ll 7Y 520 0.5 AX 22T T 256 /S~ 72 2.

BY =S¥ 99027028 =S 2 I FF/27 DXy £ 4T PP52< ¥ T

EV: »dF. 294F 6665~ S-AX+BY+CX*+DXY+EY: 2uLf S~ F048 7 F

8d ¢ =~{1/4) (Xd, - 3Y sin ) #- SOIX IS/ 2 507 = +(*/128) 5 Fo2. HE2027 X —*

d +8d 7t e 22 ST 4 +8d+ 847 LSRF/6 TS
r r

S(od) = ald, + 8d) 4 COTRAT 627 S(6dp) = ald, + 8 + 3dp) £ €27 2T 04T

T = d/sin d 4 DLOCIS"4 4T , y
% 178 ,0 27 $7¢ ov ry Crd 27. & 20
sinu__=—.083 oS00/ snv_ 7~ PEY 9LFI.2L

U = (£/2) cos’¢, sin 2u ~F 042 o3 XN -7V =(£/2) cos’, sin v+ FEIP /228X O ~¥
VT Z-e2- 0O38740 X 12 =¥ UT =2- 09§ /50 X =7
Su= VT - UZ2-POE SHIIXN 16 — % oy =-UT+V 2/ 597 72232 0~ ¥

+ du -+ #1376 + Ov 7 23
cw = PO 95" 48 793 v_2t oY R 27 79 /4%
+180 o ] n +180 [ ] n
. 7 Y Y R VR e ¥
1-2 -
@, = @y, = 180°~u + du a,_, =ay, =180° + v+ dv

Line No. 8, See Tables 1 and 2. True distance % 4&? 325, 082 meters,
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, £/4 = 0.000847518825, {*/128 = 0.0897860195 x 107°

[+] " o [} i

b 27  HF 4230\ _ Dri)gen. A PL Y 2997 F
b, SO o0 DO.000 o _Terri/inYS N 28 22 o2, 0K
sin ¢1-&iéé FATAR & 2. west of 1. A=)\, 29 s 12,5357
cos p T FEL 34 FGH _ sin o, 2642 2008/ sin M _2. ZP6 256/

tan , 72527 P27/Y cos ¢, 2 VL2505 M\ #2630 626 57
tan ¢, 7537 c7763 cos d = sin @, sin@, + cos ¢, cos ¢, cos AA f'«7.72 J/ZZ
M = cos ¢, tan ¢, — sin ¢, cos AA + 4] 6657 cot u = M/sin A\ +. 850 FadlS T
N = cos ¢, tan ¢~ sin ¢, cos A\ =820 744074 cot v = N/sin AX :vé&//.?éfi\'?
sin d = cos ¢, sin AN/sin v = cos ¢,sin A\ /sin w Zb£E PIRA2T &9 ot IITF
csc d PL 4STI29/F cotd FLISY 27 22 0¥ IIE
1+cosd T4 TRIRFELN  cosd P202 PHFF sinu _ T2 6L 222357
(sin ¢, +sin ¢, A 2ZYR I P2/ (sinp,~sing,) 2030 P62 5F sinv 7--F57 PFF/T
K,=(sin ¢, +sin ¢,)*/(1 + cos d) 7. & PAILI K,=(sin ¢,—sin ¢,)/(1~cos d) Z« /S 577 360
X=K,+K,ZeL28 FSF I YK, K, 22 STF 22FFNRY 7. G 2/ S 2
X2 682 Feos/STY: £ 347 /38T 4 2 PSEASII7IN S D2 1933 4 F
A=64dr+16d;cotdﬁ'f£[_/i&_£~7_/_l)=48$ind+8dr2 cscd 722252/ $557

B = -0D =25 042 9777 E=30 sin 20 225 $YF 6283 sinod_1- 558 F23E/
C'="(3(;}+8d’cotd+E/2)"'/J‘ STESS” SIS~ \x TS 92202/

BY Al PP 625 7O cxt—28.034 23950 DXy 228 S5/ IS T3/

EY? 2. 795~ §4 200 __ S=AX+BY+CX*+DXY+EY* 2T FE3 As852

8d ¢ =~(1/4) (Xd_~3Y sin d) Z= 225K T& 2 547 = +({/128) 3, L2 LIEO0F D17

d +00 2o 2SC 94FIPY 4 v54+ 00} 22 25G FSDR IS

r
S(od) = ald, + 84 HI2D TFF. (6 F | S(6da) = ald, + 8d; + A Y £2 D P87 05F

. ,  T=d/sind L1202 /395 24 p “
% Pl o2 2. Zl/ v e 2 25 #3976
sin 022 06S” ¢ F02F sinOy — P2  FERPCD
U = (£/2) cos’¢, sin 2u _e oo/ ¥ T§PO2 2y =(f/2) cos’}, sin 2v_—<C- S2PLSIN fo — ¢
VT .me 20095 2 P F2 45~ UT_ P 00/26 492 745
Suz VT < Uom. 00/ /S IFO2E 7 Sv = —UT + Ve OO/24 72852 7of
+ bu - 3 _I7 267 + ov — o  _20.98F
= 4O o/ o2t IFG rv_ 7T JO o 2K

+180 [ ' " +180 o 1 "

s /7 R HIGY . 2R go  00.58F
Az = Qyy = 180°-u + &u a,_, =y, = 180° + v + bv

Line No. 9, See Tables 1 and 2. True distance 4,//-2 Z 7/% el ¢7 meters.
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, /4 = 0.000847518825, */128 = 0.0897860195 x 10™*
& 2 L et COrr i N 22 o3 AP.3E
é, 72) 20 00000, T2l r7/0 S N L& g0 0. .200
sin ¢ 22528 2772/ 2. west of 1. M=hh, £2G 02 27290
cos $ L HE 08 570 sin ¢, o650 2896/ sin A _Z- 58S 64705
tan ¢, 22 228 72 124 cos ¢, P2 264 254 cos AN —SD2 &2 20/
tan ¢, 7.739 0 96 < cos d = sin ¢, sin ¢, + cos ¢, cos ¢, cos AA ‘7"'0({6/5/&]
W = cos ¢, tan ¢, — sin ¢, cos AA fiy%&fy 7562 cotn = M/sin AAM?
N = 208 ¢, tan ¢,~ sin ¢, cos AA 748y w10 J2 2 cot v =N/sin AA 'fo" 77f(ff‘j¢¢
sin d = cos ¢, sin A\/sin v = cos ¢,sin A\ /sin u 2. 90280 7 A u </ )’7,4’%//4
csc d LA L0/ 7RA2 & cotd 228y < v_ ST o2 2565/
1l+cosd 74258 &/55/ 1-cos d 7. 94/ 2877 sinu - f:éé# J?fflz
(sin ¢, +sin ¢,)* 24 SI0HES  (sin py~sin ¢,) #0048 15345 LY sinv #2207 £2E085
K, =(sin ¢, +sin ¢,)%/(1 +cos d) 407 LT 2K, =(sin ¢,—~sin $,)/(1~cos d) f;a&/é”dﬁ?{) ¢
X =K, +K, 2/ #2 P56 7.2€ Y =K, -K, 2443 425878 XY #L IH2 /YT ITF
X2 2 GIHIRILT G Y2, SETELFH T/ 4 £LSTRMGDST 424D 2568 FRILS™
A=64d, +162 cot d 2 £ 52 46 223 D=48 sin d +847 csc d 2L L 2/ P2 TES
B = 9D P2 AITYSFEL | = 30 sin 2451875 77/)/( sin 9d_7« /) 226 £ T2
C= ~(30d_ +8d2 cot d +E/2)= #1938/ 77 AX 243G, /T T/ SRS G
BY ~4P5 . 932 S VP05 L X2 mF6.[3735T /T8 DXV LT/ . 700 423D
EY: 24 G4 042877 S=AX+BY+CX*+DXY+EY? =% /32 94 F & 3=
&d ¢ =—{£/4)(Xd_-3Y sin d) 202/ 762 /E R sd fz = +(21198) S _— 2 920002 71/

d + b‘df‘f’/' $/3 50057 /F d +8d+8d¢ /s ST oo STYL
r r
S(6dy) = ald, + ) _F LS, 222 T2 S(5dp) = ald + 8 + bdpe) L LSS 2P0 L2€
o ’ T =d/sind L7 75308 o / ”
% g3 5 14 382 v y 27 0¥ S/
sin _72- 773 o668 sinov 7., $99 TIFGOL
U = (£/2) cos’p, sin 2u 2, Q942 28€ & V =(£/2) cos’, sin 2v_#£, 299 77%5%97
VT Ryl i f’?fg UT v 3203
Su=VT-U 2! 4Z.SE” v =-UT+V 27 257074
+ du 7~ VA2 Al i vl L ov_— 2”25 03
-u y/ J7 F2. /9 +v_ ST 92 25 7&/
+180 o t n +180 ° [} n
</ 4 A7 S239Y IS oo o0.69¥
@y = @y, = 180°~u + &u a,_, = ay, =180° + v+ 8v

Line No.10, See Tables 1 and 2. True distance 2 66/5: ¢4, 237/ meters.
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT
TYPE APPROXIMATION WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, f/4 = 0.000847518825, {*/128 = 0.0897860195 x 107¢

° o [} "

4 2 I 2SS, CrAG s 7 \_ T2 SV IAHTE
b 70 IO pp. 020 fihy, Ters7,29 N L8P 20 vo.omwp
sin ¢, 7 ISI 2783 2. west of 1. A=N\-\ZEF 52 7S S
cos 2 TFE Foo2F sin ¢, 7o ELF IR 2 sin M2 795 _7F3/F

tan ¢z LSL SRS /E cos ¢y 7 ZH2 P29/ cos ML 22O _332/7

tan ¢, =2 247 4774 > cos d = sin ¢, sin @, + cos ¢, cos @, cos A)\f“d:/fyﬂff

M = cos ¢, tan ¢, — sin ¢, cos AA 12 742 F6 755 cotu = M/sin AN T2= 743437555
N = cos ¢, tan ¢,~ sin ¢, cos M= 655 T8/  corv-= N/sin AN /ﬁ/ff’gji/
sin d = cos ¢, sin AX/sin v = cos ¢,sin AX /sin u.Z= FIx LTSI w_ PG 2l 22627
csc d2 A0SO T/ & cotd 22 ISHE 23 4T v_ 52 25~ ) GHD
1+ cos dZLISY F40 785 l-cos 42T /552 2 giny 2L Sz 2§

(sin @, +sin $,)*Z G5/ S27/27 (sin ¢,~sin ¢,) 7= 285830782 siny 2. 9995952 3

K, =(sin ¢, +sin ¢,)* /(1 +cos 2= 2ISTI3 K,=(sin ¢,~sin ¢,)/(1~cos d) 7-I35. 5 7775
X=K, +K, 24 2660#5O 5/ Y =K,-K, 2 I/ T2S05C XY - li22f T 2

X2 2 MEF/S? 3 V2 00IIIRIN T 4 LSHa™2AFIIE 4> A 2 F 23D Y
A=64d,+16d  cot dZELAIFIE/ 22T D =48 sin d +8d2 csc d 266-33F 77 54

B = 0D =472 6295 SOEY E=30 sin 2 2.2 LA YIS sin 9d L2 1CES T SO

C= ~(30d, +8d7 cot d+E/9)_— ZF L7OP/6 7 T AX PP o P 7P E s
BY=Z- SEFIF/TPT  CX* o ”SDe WY RIFE2 2 DN A UL GT P T 555
EY:Z- 27 I 2T 5 AX+BY +CX2+DXY+EY? £23. 257 27456

8d ; =~{/4) (X4, ~3Y sin &) me @R ORTHTZE 592 (¢ 1128) 3 2 0OCOO20 966 &

4+ 81, 2L S/ZPIF52S, d +0d + 04} L SIT G0/ 622/

S(6dp) = o(d, + 5d) £ €55 e 5. ¢33 | S(6dp) = ald, + 84y + M) L&XT P 22,008

' T = d/sin VTt S S F22 T , , Py
o __ O 03 x5t 2/ w__ 50 L P32 PO
singu_ 7 643 SV/2.3 2 sin v —. 0833 /263

U = (£/2) cos*, sin 2u _£4 ﬂf?79/?///() - 3’V =1{/9) cos’¢, sin 2v_= 6'-('6/52"’%//& -7
V=P 972 /3 X /0 =7 UT L 657 2396 X /2 ~3

S0 VT Um0/ OF7FT ¥/ Sv =UT+V = 057 652 37 V¢

. Su_— 03 il + Bv__= os  40.8219

P P 2/ TZ. co7 + v 7 F0 25 J//aéf/o
+180 [ ' " +180 [} ' "

o A7 ¥ 30788 220 20 09-F/

@z = @y, = 180°=u + du a,_, =ay, =180° + v+ v

Line No.11, See Tables 1 and 2. True distance ?é({;???t /'4/7 meters.
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION
WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

£/2 = 0.00169503765, f/4 = 0.000847518825, £* /128 = 0.0897860195 x 10™°
1 radian = 206,264.8062 seconds

[~ ] n (] [] "

T X 2.2 \._ COri5/7 A,
6, 5 $C 38-57% o Tt p/045 A,
b= %(drt )L 7 S3 48287 9. Always west of 1. A=) -, 2 29 FZITH
App=lp-¢) = & 2/ /T SRIN A% s V244

sin g, 22 FIZL2Y 7Y sinng om0l I/ TSE _ sin M\ 2226 TF 92T Y

cos ¢m7‘,3/3f/760 cosA¢m7‘: g¢7 275/0 sin A)\m'f;/fép?/J?:L

k = sin ¢, cos A, 7. I3 92295 & K = sin Ag  cos ¢, == ﬂdé&{fééf%??
H =cos®A¢~sin’p = cos’¢ ~sin’Ady, L P P27 7AL 1L 2 PGT 52 P2

L=sinAg, +Hsin®h\, <002 /97 &/ 2F cos d = 121 2= P IS G 25 205
142293 T79 28 73 sind+ 2023657/ 7/  T-dfsinds LPF4E 765/
U=2k2/(~k) 2L TE7 /2 /2 F Vaoki/L, 20 508 /S

X=UsVZe FE 28 ZIRS"T Y_U-NZLITIO0P TS F XY 1Z- L2 74T &
XoFZe JAST I TE ST 2 T 22302 TP B0 cos S 2 IIETIE2 Y
A=4116T+ BT 2FL- 2 50T 4L pogieat) 256 -IRTHITTOF
Ba—oD =M 2-0 56 P75 6% C=2T-YA+E) =¢ Z. Q20 4/ S 2
ALY, 50 08134y —t72 PFILTIT  cx2 =2t 200 FF 65/
DXY _2/085- 003/ ST WY* /56 SHEY Wsp = ~(i/0) (TX -3Y) £:c002 P22 2747
T+ 8 2L OO LSPT0 T Si=asin d (T+8) L LG PEC 2SS

8p =+ (1/128) (AX + BY + CX* + DXY + EY*) 2 4. 38973 X /fo =%

T + & + Op + /e dd‘/}’éfozyf Sz=asind(T+8f+5f2)_L0_a+Qgi'__’|?'_f_ém

sin (g, +a,) =(Ksin ANY/L—. 2 2¢4972& a, +ay Jf}/ [ $6.85F
sin (- a)) =(k sin AN)/(1~-L) 2 287 99725 a,-q, s 7 25 52
Woart 8ay) = ~(E/DH(T41) sin (a,+ o) 20 T2 T P ILEN W0~ 50 72 330 639X
50 - 8a) = ~(/DHT-1) sin (a, - a) e QPIY VN0 =¥ 50,25 S 27 /4 X7

a 220 27 o2 FED a, 9'2/ ) ‘5'19 S3./3F
da,_2= 22 0 . FAO Say, A o0 26.28 7
Uy 22 G O 722 g% 2570 0, ¥ 77 $7.928
A = +ay +°8a, ' . ey =+ ap + Oa,
d= 8™ 22 ISP True distance £02, 090 - 90 meters
True Azimuths 2460 i 0979 ANy DL 5003
Line No, 12
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION
WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, {/4 = 0.000847518825, * /128 = 0.0897860195 x 10™*

1 radian = 206,264.8062 seconds
[+] ] n - - o] t n
60 20 g0.200,_ Crv5:7 A, g
¢ T LY 357G 31"7 o Tr, 2/7JS8 A,
Jp 14 i
b =Y (bt )3 2L G2 7'14-792. Always west of 1. M=ANZLD e 2T /- (72 3

Ap =Y%(b,~b,) -2’ 57 2.3 Lo AN =% AN 25T /75 257 I5€
sin ¢(m-f:'M 22/5 4 sinAg = PYF SIPTE  sin AN —/*./24/’?767?/
cos ¢, ZxS¥2 20D 3 cospg 2= STE 77227 o m 22 d72_S2F9¢
k=sin ¢, cosAp, 23T S/ THTSE K =sin A cos gy =2 LRETY 7¢ <7

A

N
H =cos’A¢~sin’dy, =cos’p ~sin’Ad, 29/ T8 1L 7= PI oy R 2 ;3‘_.
L=sin’A¢ +Hsin®A\, Z2 go¥ 55T 7T G cos d = 1-2 7% T2 F57{ > x
Qb sl POFRHSTD sind + D 2 2 Todfsind + Lo 2253 /6 FH¥ N
U=2k*/(1-L) 2% 43521 228 VKL, 229/ 757 & 48 £

X=UsVIL T 077228 Y=U-V ALL2I3 L2322 XY 2L YT 2 FLOF

X2 tu2 L WEFEG Y L2 3 F2E DTRG0 cos d AL OS2I/ A
A=4[16T+(E/15)T%) 8- LSF Lo 94 D=8(6+T? 2354 . 2SI A" 7 S/ 2—
BaniD = LleZe L24 FUS D2 ¥, Co2T-YA+E) =g 2 7757572 73—
AXZ L. TRT 7698 S BY ~s287 P57 4392 CX2m p27. SOSE G SSOE™
DXY 222 570 427" BY? £ 24 SPAIHRATS; = ~(1/4) (TX -3Y) N AN

TEILTE
RIS,

. AERTAE  (R

T+ & Ll 422/ T TE S,=a sin d (T+8) ﬂyg ool.53"F
8z =+ (£%128) (AX + BY + CX* + DXY + EY?) ==« RP0.208~X Lo — €
T+ 8+ 0p 2L X IR L/E S, = a sin d (T+8; +8p) LE, 222 . Jﬁﬁm
sin (@, +a,) =(Ksic A\)/L—-F99 P37 F a, +a, _=2t 70 SE 3. ¥2F
sin (@, - a,) =(k sin M)/(1-L) 22 LSKTHIAT T a0, 224 29 3. ¢3¢
W(Sack ay) =~ (/D H(T+1) sin (a+ 0) 2 T 902 22344 XA = 50,25, S04TH 199X/~
i(5a, = 5a,) = ~((/D H(T=1) sin (o ~ ) =0 w22 SHTEIN =Y 50, 2.5. 2 5% 25 2IN0O 7
a, P .\:"'vl 2, ) a7 a, JJO/ 4'& ﬁf‘" Je2.
Say—t= 03 A# 303 da, =~ 237  2¥ 78
yn i 4 G 9. /55 Gy 22/ 23 . 22. 270
-, = +a, +°5a, \ . Ay = k@, + Oa,
d= £ oo ¥ 772 True distance 9‘//{ ¢ . 22 meters

a / V74 o 7/ /7
0 o0 I . DOO 2/ 23 33, &£

Line No., 13 \

True Azimuths

138

’ - AR
PR I G RO A i T A N




DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION
WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters
£/2 = 0.00169503765, £/4 = 0.000847518825, {* /128 = 0.0897860195 x 10™°
1 radian = 206,264.8062 seconds

(] ] n

o L9 5/ Hgz2 . DIAF7

A
¢, KT 2 2323/ 9 Ters7/7458 A,
¢m=%(¢z+¢z)‘7‘2 P/ #2732 2. Always west of 1. Ar=A ~ A, 7 P . P77
A=Y~ o2 4O 252 £77 M =402 _#7 3. V724

sin ¢mi,,zZ£ [/ -3 sin A 1246 223/  sin M\ Z . LTA o5/
cos ¢y 2927 £F03 D coshp, LuFTE AR sin M 2u bl L5285
k = sin ¢, cos Agy, 2. 382 747 £.20 K = sin Ad , cos ¢ L& LG 2HSTEPHF
H =cosAd~sin’ =cos’p  ~sin®Adsy, POV RYVIIA L 24 1-L 7~ 2SS 2555 /7

L=sin’A¢ +Hsin?A\, 75 2R~ 720 45"F cos d = 1oL 2 I s 525
Qo SR IIIZLL D sinds 22 ST I2YEFE Todfsind s L O3 F§22HF 23‘
U=/(1-L) 2528 2725 4 & Vet 7. 28 2E2 5/ :

XeUsV.L G222 TG 733 F Y UN— 335 2376 S35 Xy =378 56220

X2 PSS 5T ST Y M 25 FFY  Eo60 cos 4TS5 AT/ T 0
A=4[16T+(E/15)TY) 282 - LELAT 24 DaglosT?) 2 SC. 243260 F 8
Bam2D =2 £2f D2/ P8 C=2T-Y(A+E) =& 2 P2 7K FHe

AX 227 257202 893 By 2P0 TS 2EFP5E Xt =S T 4 2745T 55C
DXY A Z-24Y F 07 £ DF BX? 2. SF7I2 20T, = ~(1/4) (TX -3Y) — 22T 2E Fo0 2

_.
e
)

i

it

.

o

T+ LPOR T THT S,=a sin d (T+8;)_Z22FZH 7. 62/ o
Sp =+ (1128) (AX +BY + CX* + DXY + EY?) 22 ST XY f0 — € 'Ci
Ty + 0p LR 223 A7 T S,=a sind (T4dy +op) L2Z LI ‘f”/‘ m
sin (o, +a,) =(Ksin A)/L 7. 63 £ 2R 5~ F a; +ay vPY PO P25/ o
sin (¢, a,) =(k sin AN)/(1-L) 220350 I35~ F2F a,-a, 27 s 25,3/ v-\.
W(oagt 5a3) = ~(W/DI(T+1) sin (a, + a) =2 « 2IS ELTIEXAL =S50, =e?. 224 R9070f0 5 RN
(50 ~ Bay) = ~ (/D HT=1) sin (a, = ) mo22@2E IFS U0 = 3 50 = 2. 2087905 p5000~ 3 [
a x4 £2 o7 200 a 2O B A A R
So, = O 7 2¥, 570 Sa; = 7 745 z
gy 28 A W2 g, PS5 FF s8I =
= +a +°8ax ' . Oy = + @y + Oay . ::2
d= £ s7 7473 True distance ?72 A o 2 meters f‘_f
True Azimuths 27 2% of 3 9/ PR 75 J_?,-?f %
Line No, 14 F,:‘:
i
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION
WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

£/2 = 0.00169503765, f/4 = 0.000847518825, {* /128 = 0.0897860195 x 10~°
1 radian = 206,264.8062 seconds

6 52 30 20 . Trigsa A,
b, 52 20 o2& 8L o TFersps2eS A,
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DISTANCE COMPUTING FORM, ANCOYER-LAMBERT TYPE APPROXIMATION
WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
= Clarke Spheroid 1866, a = 6,378,206.4 meters

£/2 = 000169503765, £/4 = 0.000847518825, £2/128 = 0.0897860195 x 10 1
1 radian = 206,264.8062 seconds
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION
WITH SECOND ORDER TERMS
(No conversion to parametric latitudes)
Clarke Spheroid 1866, a = 6,378,206.4 meters

£/2 = 0.00169503765, f/4 = 0.000847518825, {* /128 = 0.0897860195 x 10~°
] radian = 206,264.8062 seconds
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