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THE MOTION OF A SPAR BUOY IN SWELL

PART I

Philip Rudnick f

Suppose the sea surface to be propagating unidirectional, single-
frequency gravity waves, so that its upward displacement is given by

2
a cos (kx-,t) with gk.=w 2  (1)

0

This perturbed surface is isobaric; the lower isobaric surfaces are
similarly perturbed, in the same phase, but with amplitudes showing
the usual attenuation with depth. Hence .the waveperturbation of pressure
at any depth d below the unperturbed sea surface is

-kd
p = Pgaoe cos (kx -Wt) (2)

0

The body forces on a buoy due to these pressure perturbations will now
be considered.

It can be said at the outset and in general that these forces are
just such as to cause the displaced water to participate fully in the
wave motion. Hence a buoy whose mass and mass distribution are
closely similar to that of the displaced water will tend to participate
fully in the water wave motion, subject of course to the limitation that
the latter is not a rigid-body motion. To achieve reduction of buoy
motion relative to wave motion, several possible means may be
considered.

a. The mass distribution of the buoy may be made svb-
stantially different from that of the displaced waL.c,
subject to equality of the two masses.

b. The configuration of the buoy may be so chosen that
its rigidity is a useful constraint.

c. The fact that the buoy extends through the surface has
useful implications,
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Vertical Motion

N
- 4- rA

a
0

A relatively simple, but useful,'
problem is obtained by assuming the
buoy to maintain a vertical attitude, d'
and to investigate its vertical motion
under pressure forces alone, neglec-
ting damping, Assume the form to be
a totally submerged vertical cylinder
of cross-section A surmounted by an-
other of smaller section rA which ex- 4.
tends through the surface. Let the
mass of the buoy be pAh, and let it
float in still water with the bottoms
of the small and large cylinders at
respective depths d' and d. In the
presence of the surface waves des-
cribed by Equation (1), the total
pressure force acting on the horiz.,
ontal surfaces is, approximately,
using Equation (2) _

t A

F = Ap(d-y+a)-A(1-r)pg(d'-y+a')

= -Argy + A g [a - (1- r) a'] (3)

where y is a small displacement of the buoy from the still-water
equilibrium position, and

-kd
a = a e cos (kx -wt)

a' = a e-kdl cos (kx -wt)

The second term in the right member of (3) will be treated as the
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impressed force and the first as a restoring force, which depends
on the displacement of the buoy relative to the unperturbed surface.
The equation of motion is

00

my =F

or
ho + rgy = g[a - (1 -r) a'] (4)

The steady state response at radian frequency w follows from

-h 2y + rgy = -hgky+rgy=g[a-(1-r) a']

or
(y/o)=[l ek(d-d')]k r -}ekd '

(/)={1- r- e/Ch- r e cos (kx - t w()
0

Equation (5) shows that there are two important considerations in
choosing r to produce small y. One is to avoid the resonant conditionr = Ia; the other is to minimize the largej wave pressure represented

by a'. Taking h = 100 m and k = 0. 04 m (10 sec wave period), kh = 4
and r = 1 gives (y/a) = 0.02. The attenuation is even greater for
shorter periods. r! I fails to be a good solution as kh 4 1 (for 20 sec
wave period). However, even here some possibility of attenuationexists, for example one gets y = 0 by setting r = 0. 55 when k(d - d') = 0. 8.

Horizoaital Motion

There do not appear to be comparable possibilities for off-
setting the horizontal components of the wave pressure forces. About
the only obvious means is to have a sufficient length of the buoy
extending below the zone of wave action so that its mass and dragwill reduce its motion below that of the near-surface water. Thiswill evidently be effective for periods below 10 sec but not at 20 sec.
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