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ACCURACY OF CRBIT DETERMIM/ 'iON

by
J. V. Breakwell

INRTRODUCTION

This report describes a computational program, now in existence, for
estimating the accuracy with which satellite pcsitions can be calculated
at any time on the basis of observations at various stations. The
error in computed position is due to two main causes, at least if sta-
tion location uncertainties are ignored. These are: (A) observation
errors, (B) fluctuations in the orbital decay rate due to drag. It 1s
assumed here that uncertainties in the earth's gravitational field have
negligible effect on the satellite position.

The treatment of (A) follows standard statistical practice: Orbital
parameters are adjusted to a least—squares fit to the observations.
The covariances of the estimates of the orbit parameters are then ob~
tainable quite easily from the variances of the observation errors,
aesuming that the different measurements are statistically independent

withk zerc blas.

The orbitsl parameters are seven in number, rather thar six: The {mean)
orbital decay rate is a seventh parameter (but numbered 5 in § 2) to be
deduced from the observations rather than from prior knowledge of the
atmosphere. In the case of a received Doppler signal, the emitting
frequency, assumed constant during a single "pass,” (i.e., during the
reception of the signsl at a single station om a single revolution)
constitutes an additional parameter per Doppler pass. These additional
parameters, however, are easily eliminated from the calculation, as in

reference [2].

VONCKREEN AIDAD €T SADNTn AT A,



T T T T T TR P U e B T e T R s

LMOD= OB L8

The treatment of (B) is as follows: Fluctuaticns in the ie=wlertion
due to drig are considered to constitute a staticiuary time seri.s with
exponentially decreasing auto—correlation. The effect of rthese ira.s
fluctuations on alti.ude 1s ignored: Only the angular positicn a:ong
tne orbit is considered to be affected., A typicel correlaticon time

tor the d-eg fluctuations might be 3 hours. his would correspond in
§ 6 to 5. & 4z . The r.m.s. value of the drag fluctuations may be
essumed to te a small fraction, e.g., one fifieenth, of the drag at
perigee, A 3-o fluctuation of one fifth in density 1s not unreasonsble
over short intervals (i.e., in a single day). This is not to be con-
fused with significant long-term changes in drag due to a gradual change
in the relative positions of perigee and the sun,

-

§ 1. LEAST SQUARES PROCEDURE

The "maximum likelihood" estimation of orbital rerameters from a set of

observations i{ with independent errors with verious standard devia-

tions o, requires the minimization of the sum of the weighted saquered
residuals:
2
t {

when q(k,t{) is the theoretical value for the {-th observetion, at

time ti ’

{ 18 understood to run, say chronologically, over all observations,

based on a set A of orbital parameters Aa . The index

including simultanecus measurements of different physicel quantities
such as range, azimuth and elevation, in which case three {successive)

ti's would be identicai. The c{'s for all range measurements from

similar radar equipment will be equal, say o, ; the o,'s fcr elevaticn

S 1

-
; 23e.

measurements will a1l be equal, say op 3
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By linearizing the q(A,t{)'S as functions of Ad in the neighborhood

of certain approximate values %; :

o M(Ao,ti)
(102) Q()\’ti) = Q()‘ ’tf) +§ _—_g;\'g__—' a a

the estimation reduces to solution of the fcllowing set of slmiltaneous

linear equations:

o)
where ~ . .
aB 7 42 o c
;Y s
(1.4) 3
(2, t,)
1 A - D
. Va'% "—i NG = |4, - q,{r7,t )] .
Qa

What is of interest to us here is the statistical theorem that the
variances and covariances of our estimates %1 of the parameters A
are just the elements of the inverse M of the "information matrix"
M _ .

aff

It follows that if ﬁj = xj(i,t*) is a position coordinate % at

some time t¥* , computed from our estimated orbital parsmeters %
a
then:

’

TS
= - -
(1.5) Uij(t*) z é (M) 3 5K

B
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§ ». FVALUATION OF THE -OX- 1a
ok,

ox
We proceed next to the forms for 'SXL appropriate to a particular

oA,

aQ()\Oy t{)
parameirization of the orbit. The quantities —~—E;27——- will later be
ox 163

related to the Exi-'s at time ti by some rather obvious trigonometry,

s}
and Muﬁ will be thus obtaingble.

We describe an orbit, including its decay due to drag, by seven

parameters:
a 1/2
)\1='a—n-l, }\2=€C08ﬁ, ?\3=eSinB, 7\4=£§2tn,
(2.1)
1l da
7\5=~-8—N'Eé-, A6=-QsiniN, }\.‘,=i.

Here a 1is the initlal semi-major axis, a, an a-priori "nominal”
value for a ; ¢ 1s the ezcentricity, R the "argument of perigee,”
tq the time ot the first ascending node; u 1is the universal gravita-

tional constant times the »=ss c¢f the earth; ~,§§_ is the rate of decay

of the semi-major axis per angular distance § ?Som the first ascending
node; N 1is the right-ascension of the ascending nede, { the orbital
inclination (i.e., the angle betwean the orbital plane and the equatorial
plane taken as acute if and only if the orbit is Eastward); I, is a

H
nominal orbital inclination.

The earth's obiateness, of cocurse, causes slow changes in the parameters
 and B . The amcunts of their changes., however, are known functions
of the other orbltal parameters ss well as of the earth's oblateness

coefficlent J . which 1s known with reasonable accuracy. The accuracy

-b-
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problem is therefcre not appreciably worsened by the earth's oblateness

which we shall therefore ignore.

At each point of a nominal orbit a right-handed coordinate system is
used: x = horizontal in the nominal orbit plane, forward;

y = (borizontal) perpendicular to the nominal orbit plane, to the left;
z = vertically upward. It is not difficuit to see thal if AA, denotes
the difference Nz - ()\‘a)N petween actual and nominal parameter values,
and Ay the deviastion perpendicular to the nominal plane, then (neg-

lecting second-order differences);

%:cosﬂ&e‘}sineé}\.,

r being the local (radial) distance from the earth's center. Assuming
that the eccentricity € is small, we may replace this by:

(2.2) %s cos 9 AN, + sin 8 M,

Next, the radial distance r 1is known as a function of 8 :

___a(1-€%)
" 1l4+¢ cos (8-8)

2 a(l~A,cos 6~ A, sia @)

i

aH(l - A, —A,cos @ —A, sing) ,

so that

(2.3) §§-= OA, - cos 8 DA, - sin 8 A\, ,

ignoring for the moment the effect of drag.
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§ 3. CALCULATION OF TEE -3%& 's
Q

We come next to the calculation of the 'é%L 's, In the case of radar
(0

range and angle measurements the q's are functions of the path coordi-
nates x , y , z , as well as of the position of the receiving station
relative to the satellite's position. 1In the case of Doppler frequency
measurement, the q 18 =& “:nction of both position and velocity along
the path as well as of the relstive position of the receiving station.

We shall postpone the discussion of Doppler measurements until § 4,

It is clear that, for low altitude satellites, the partial derivatives
:%a; vary much more rapidly with time during a pass than do the coordi-

nate partisl derivatives xa s yd s Za themselves, Wwe may thus get an

approximate set of matrix elements arising from radar data by
B

writing:

3 _d d3x .3 Yy . da oz (aq dq dq )
.1 = ~y  g— = —— — \r .._..Z
(5.1) A x oh. T3y on t: 57\0 q\x 2 P T
> ->
=aN'\7q-r
-5
and then replacing r, throughout a pass by its value at the middle of
the pass. This is equivalent to smoothing all the radar data to yield
only a single point per pass, and relying on three or more passes at
sensibly different polnts along the orbit for the determination of all
seven orbltel narameters.

> >

In the case of measurements of range S we have: Vg = VS = u a unit

1’
vector along the line of sight. The contribution to MO@ of range

measurements during a single pass, assuming that the measurements have

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISICN
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independent er.ors with r.m.s. value o, 1is thus: ;

S
(S) aN 2 A -> -> -» aN 2 > >
(5.2) Maﬁ = z;(;g) (ul. ra) (ul' rB) =(Gg) ra‘ QS : rB

vhen Qg 1s the matrix (dyadic) z ﬁl 4, . Now if ¢ derotes the
(2

angular distance alocng the orbit, measured forward, from the point
nearest the station, and if p denotes the minimum slant-range divided
by the earth's radius R, and if « denotes the angular distance {at
the center of the earth) betweer the station and the orbit plane, the

components of the unit vector u, are approximately:

1

> :a NeZ+a?

(3.3) PR S ¥

1 L4
+(P2 -\/p2+(p2

the 4 sign to be taken whenever the station lies to the right of the
orbit (relative to the satellite's motion).

Prm
Next, the sum £ ( ) 1is replaced by n‘jp ( ) dp , where = 1s the
1 -9,
number of independent radar measurements per geocentric radian of orbit,
and qm is one half of the geocentric angulsr interval under radar

observation from this station. Hence;

N 2
,,f 92 89 o o
2 2
l pZ+
P Py O
0 72/ .‘f——d.?-— i n/ a p2_a2 @
>
- p? + 97 p2 + 2
P p D), - ;
0 % n & S“z dg n/ 02‘0‘ do 3
>y P71 o, pZ? + @

LOCKHEED AIRCRAFT CORPORATION MISSILES ond SPACE DIVISION




where the off-diagonal terms

interval of integration is symmetric about

are odd functions of ¢ .

Evaluating the integrals:

2n (¢”2— p¥)
{ 0 +
i
where
(3.6) ¥ =

Turning next to the angle measurement

Ig,m, and L,

vanish since the

¢ = 0 and these integrands

0 O
2
g\—— ¢ —q- 2... 2 B I l!
2n 5 b 4+ 2n 5 \,O o<
I ( '!
2
o 2 2 Q l
P — -~ ! 2 - 1

n ) o —a< ¥ n-\p o I\ h

2 we snall assume that the r.r.s.

angular error in the vertical plane is equal to that in the plane .
= ¥ . r {.:
N
through the line of sight perpendicular to the vertical plane, i,e.
g I ] I ’ ;
(cos E) Oy = 95 5 wvhere X now denotes elevation angle and A =zzi-~
muth. This assumption is not valid for very low elevations where g
is substantially greater than Ty - Howsver, thess low elevation
measurements are usually exciudeq; i.e., the vaiue of ¢  corresponds
o ? m
to the minimum alicweble E «hich is greater than zero,
- . A - N N .. o
Introducing two more nwnit veciors u, &ad u,, vhich with u, form
a pervendicular tri-1, the ceriribvuticon of angular errors to MJE is
- -3 7 >\ -\
\2<»A .wx;‘ . 4.{’: . > ‘{\ .
_‘( i\ Uyt T,) Y R LR A ‘5}
b\":‘—
{ VR 52
-10-
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when S , the instantaneous slant-range, is approximately R \, p? + 07
thug the arngle contribution to Ma

B may be writien:

® (%= - -+
(3'7) M = k——\ r ” . o
a8 OE/ a Q’E B
where
- nfwm (62 1';2 + ﬁs 63)(1;9
QE p2+q>2
-q)m

Introducing the components 2, , m,, =

N
, end 2, ,m, , = of u
~
and u

) 2
5 end making use of the identities 2Z + 322 + g: =1,

etc., and
LMy + £y + fgMg =0 , etc., we obtain

pom 1-22 P £, my Wi £y 7y
e O -
il “/ %+ 9? p%+0? p%+ @2
‘q)m '@m -q)m
I ) 5, m, P l—mi P m,on
(3.8) =f-n dg n dg -n do
7 % J p2 +¢° pZ+? pZ+g
-3 ~P,,. P
il ~Pm £ n e m n P 1-n2
_77‘/ 171 do — 11 dp n a
" g P2+ 02 pZ+9%
“Q)m _q)m —Cpm
7 1
r = 0
S (\b + 5 sin 2 11!) 0
2 ] nCIEZL)e- a®
= 0 M-L“)——(\xf+§sin2¢) F (ﬁr*:l-sini’
o} QS \ P DS z
[2__=2 - " 2_,2
0 ¥ ONe T (\!’ + = 8in 2 *1') eny _ n(e”-a
l D.’B \ <
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The total matrix M L8 from all radar cbservations 1s now:
a \2 N2
N > - &\ - -
.Q = ———— - o Sre—e » . -
(3.9) Mo =2 (os> % T +(RUE) "% "B

where the index % runs over the set of passes and where the parameters
¢, ¢ and p associated with each pass (each * ) may be deduced from
the three quantities: Iocal altitude hk , maximum elevation Ek , and
minimum allowable elevation EO .

Thus
. ( R cos Ek)
- 0= - - s5in~1 =
(3.10) a=5~-E, -sin ET
2 2 _ p2 2
- R cos® E, + sin Ek\ﬁR-l-hk) R® cos® E,
= COS »
R+ hk
h 2
- ~r k
(3.11) p = (—ﬁ") + of s
- -1 cos ¢!
P = €05 7 o8 a '’
where
Rcos?E_ + sin E ~\/(R+h 2 - R% cos® E
cos ! = 0 o k °
R-.—hk
and so
R cos? E + sin E_ /(R +hk)2 ~ F2 cos? E,
(5,12) Q= cos™}

2 ‘ 2 _ B2 pps2
R cos® E, + sin E, '\/(R+hk) R? cos® E,

LOCKHEED AIRCRAFT CORPORATION MISSILES ond SPACE DIVISION
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§ 4. THE INCLUSION OF DOPPLER DATA

A single Doppler pass for a low-altitude satellitfe glves, essentially,

Minimun slant—-range S, .,

a measurement only of the three quantities: b

time ¢t

b of minimum slant-range, and speed v_ .

k

It is shown in reference [2] that if frequency f is measured with

standard deviatiocn o

and if there is negligible drift in transmitted

T

frequency durlng a single pass, put if the nctual transmitted f 1is

treated as an unknown constant,

parameters Sk PO S is

k k
_ - / 2 . 1 .
v £ n 1 v fynm ¥ y
= - 3 ——\ = {=*+sin 2%y 4+ sin 4
R2c? (Jf‘) Tp \¥TF 52 lw;) © Rc? (\%«) 2 ( 2 "4y ‘%’/)
4 'f
D) v £ n 1. !
= —_ )} f - 2 i r C {
(4.1) M‘Qﬁ o B2 (c-‘.} o ‘_‘5\1 2 sin 2»&+-E sin h¢> ;;
i
1
!
2 ~ 2 1 i
v £ 7 2_\_ 4 (f ) (’\ }
—_— | = +sin 2 ¥ 0 — (— | no {2 tan Y45 ¢ i
Re® (."f) 2 ( ) 2% \0g ¥ v
+g sin 1“3) - sin 211'--1% sin )nz) i

the information matrix relative to the

To convert this into an information matrix relative to our seven

parameters %a we denote the maximum elevation during pass %k by E

and observe that:

(k.2) S, = .

accoréing as the statlon 1}

LOCKHEED AIRCRAFT CORPORATION
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Next we introduce the notation:
aTi v
(4.3) o

80 that, since

1/2
' T-g
-4 ) 1 27\1+7\2c089+7\381n6

I, ()
I(¢y)

+3hg = A cos (o-p) | ,

we have:
VY, = C08 §

v_ asine

(4.%) .

I, (5y)
R ("‘BN’]

®
s

~1h—
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Making use of (4.2), (4.9), and the notation of (2.5), and replacing
ay by R, the matrix H;‘\D) is convertitle into the 7x7 matrix:

2 (D) . 2 =
M _ =R (t ¥, cos Ek + 1z, sin Ek) (:t yB cos }E‘.‘2 + z{3 sin Hk)

af
i/2
a\ D -
+ 23( > Mia [va (& Yy cos E + zB sin ”’k>
+ vﬁ(g Y, cos Ek+za sin Ek)]

u (D) R (D
+R"§asvav£3+u M22ax8

Replacing v by % , this is:
£ ¥ 2 )
] B . 5
(u.5) M ZR ) A HES xB + ( Yo COS Ek+ 2, sin Eb Q-t Vg cOS E + z‘3 sin Ek)
+ Lk Vo Vi ¥ Pk [va (i yB cos Ek + 28 sin Ek)
1
% . z i
+v8( ja cosEk-i- anEk)]f
where r
At = Jo (t. - ¥ \
Ak =5 \3 ¥ 251114"-}-1:51!11}%
1
Bi:_.:z: ¢ - i sin h\}‘)
ey =
. ~ 1
Lk= ( .,anz';+, .-sinde——l-gsinh!é)
R - R S 1
Pp="m\y ¥~ 5 sin2¥ - g sin !“')
.
15—
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§ 5. THE EFFECT OF RANDOM FLUCIUATIONS IN THE DRAG

Suppose that random fluctuations in the air drag have the effect of
perturbing the time of arrival at a2 given orbital position without
significently perturbing the altitude.

A measurement &i is now related to a set of parameters 7\0 by:

2a(t,)

- rYJ - —_— I
(5.1) q, = a{A ,t!) + = Bx\ti) +a,n, ,

where n 1 18 a standard normal variable, and where &x(t {) is the per-

turbed positior along the orbit at time t, . The ax(t i)'s corresponding
to different timez ¢t g are correlated through thelr dependence on
previous air drag fluctuations (see below).

The least-squares Titting procedure described in § 1, which tacitly
ignores any drag fluctuatiocns, leads (as we have seen) to

Bq(?\o t ) -
A - 1 778 ~ o
5.2 A =A% =35 (M2 5 —_— [ - q,(2%,t .
(5-2) a” ey )og 703 3"8 9y - ayl i)_!

Linearization of (5.1) in the neighborhood of A = A° and substitution
into (5.2) leads to:

a(r’t,) [ aa@’t,)
) A -2 ez (M1l 3 AN P £ (7\ -°)
(5:3) Ay =Rg =% (M) G o2 w5 o y

q(t,)
+-—a—x—i——§x(t£) + 0, ”i-l

LOCKHEED AIRCRAFT COPPOFATION PAICCHEC ~nd CPACE DT 2222
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3a(A°t,) a(%t,)

1
But ¥ — =M . Equatic . thus simplifies
: Uf BAg BAS - quation (5.3) thu mp
to
3a(2%,t,) da(t,) 1
: 2 - 1 ? 1
5.8) A ~A =3 (M7? Z-——-———-—n+—————6x(f .

( Qa a 5 ( )QB : 9 BAS 4 o, dx

Denoting the covariance of the guantities 5x(ti) . ax(tj) by Hys
and assuming that these quantities are normally distributed with mean
zero and, of course, independently of the measurement errors Oy my s it

follows that the covarlance of the estimates Aa is:

& {( X } (472) (7 L 200y 30%)
A_-A 7\-7\)..2211') M) <4z :
a a'p B y 5 6vio';’ a)\; a,\g
o . o, .
tiiEE T 0 M2 > 2
1 j e 5 *
This simplifies to
-— — — ,g‘l 5‘1

(5.5) E; {(?\a Aa)(?\ﬁ .\a)} = (! et (MR¥ )TB

where

(1 3% aa(» ( 20(2°,,) dalt, ))
\'—_ .

5.6 K _=ZLu,.
(7 ) s ra 5] 0? a%g ‘ &>

when { runs over observations during a single pass and j runs over

observations during ancother pass, at lezst if the correlation time of the
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b54(t)'s 1s fairly long, as we may expect. Using the particular form
of (4.5) end the matrices (3.4) and (3.8) wherein x 1is not coupled

to y ., z . the contribution of 2 single pass % 10 the sum

a(r%t,) lt,)

1
E-jg S
10, N ax
18 Just
1 ax(t,) 4
Z M T "7 M *a
where
2
8N aH o T '
(5.7) (—-' (6g), + Ra Q) . + R \eg A,

Equaticn {5.6) thus simplifies to

(5-8)

N _=5Z
B

vhere the summatiops }k: and I are nov summations over different passes.

Before evaluating the covarlances ., of the Gx(tk)'s we must note
that the true position is:

(5.9) x{t) = x(2,t) + &x{t)

vhere A are true parameters at scme time t_ , and 8x(t) 1s the

accumlated positiocn error since £ expressible in the form (cf. §6):

t

(5.10) sx(t} =j (t =t} a%(t*) at* .
t
C
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The error in position determination along the orbit at time ¥ is:

A
(5.11) e (t%) = x(A,t%) - x(A,t*) - Bx(t¥)

Choosing t  to coincide with t¥* , we have 5x(t*) = 0 and

(5:12)  of xy= ZZ (M) 4 (MTINHT) ox(A,t*) ox(A,t¥)

154 ﬁ Qﬁ a}\a a)\ﬁ

The first term in the [ ] reproduces the variance due to measurement
errors described in § 1. The second term yields the contribtmtion of

drag fluctuations.
§ 6. EVALUATION OF THE u,,'s
t 1s easy to show from energy considerations thal z small change in

velocity Av =2long 2 near—circular orbit yields =z change in semi-major

axis given by:

; 32 . Av
(6.1) A = =z —
3 2 Y
If the change occurs at angulsr position &' from the ezuzior, since
1 4r . . - . < .
r and Ty musi remalin unchznged at this positicon we have, in ithe

notation of § 2:

AN cos &Y 3 2\3 sin &! ALY

(6.2)

- Ah_ sin 8' + AN cos ' = (O
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8o that
av '
/_\)\2 = 2 v cos 0
(6.3)
ov .
&a = 2 v Si&l 9'

Substitution into (2.4) ylelds a changs in subsequent distance along
the orbit, given by:

r
(6.4) M;ﬂ=%lt-;(e-ev)+usin (e-e')~I

3 J
Now the retardaticn due to drag is gilven by

(6.5) K--Bov?

where p 18 air-density and B = 'éj:' CDA/m , Cp Dbeing the satellite

drag-coefficient, A the reference area, and m the satellite mass.

The effect on position x(8) due to drag between 6% and ¢ is thus
expressible by:

8
é"-g?->—:f pr{‘g(e-e')—hsin (o - 9')jatr ,
N

o=o% L
L ]
where %%—: :'v;v— , 50 thut
r I
(6.6) -Ll"é-e—)-a J (Bpat\,} L}(e ~6') - 4 sin (9 - e')-] ag' .
N o k
-20-
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The effect of an exponentially decreusing density-altitude relation-
ship 18 accounted for by the parameter A, of § 2. The effect of a
deviation B&p{e') in density, st engular position o' , from that
given by the exponential formula yields a change in position ©&x{6)
from that corresponding to the set A of parameters which fit per-

fectly at €% , namely:

¢ [
(6.7) ox(e} = - f B 2y bp{6*) ,.5 (6 =@*) =4 cun (B —~0')|de' .
e*

Next, we shall assume that ©5p(9') 1is a stationary time-series with

negative exponential auto-correlation, so that

-lo,-8,]|/0..
(6.8) € {o0(0,) 69(92)}=cge 1021/0,

where ag ig the variance of ®p and Oh the non-dimensional

Yeorrelation time" of the time serles.

Assuming that 6 > 2n , say, and that the sum (5.8) contains passes
over several revolutions, the second term in the square bracket 1nside
the integral (6.7) is unimportant by comparison with the first term.
Omitting the unimportant term and using {6.8) we obtain:

\ | . R -Jos-eolfo.
(6.9} My = fqucek) GX(QZ) = aN(3BaNUOJ f* f*(ek— 91)\%- 8,)e de, de,..
[l

Finally, the double integral in (6.9) may be evaluated to yield:

Hpp NP N Y

~
=22 (B 0 )7 !r(!ak-epg) - t(|o*=0,])
L o’
- f(ge*.-az|) + 5(5*..98) f(!n*._gk;}
x 3(e¥ -0} w(ge*-ezl)}
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~»

wheye the amblimuities in sign covrespond to o* % e and n¥ %2 q

respectively and vhere:

f
X : A —G/GQ Q 5 p o
f(e,x.-:[e'e de=ec 8= - 3 6 6, + 6 e a:
Yo £
!
-e,ec
~68%24+68%e€ ,
o4 ¢ J
(6.11) 0
2 “Q/GC 2 2 2
g(e)nfee 4 = 8, 6" -2 867 +2 6
(]

~8/e, 1
J

-29 ¢
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