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ABSTRACT 

In this paper a method is presented for reducing the number of stages of logic in the 
realization of an arbitrary Boolean function when an upper bound exists on the fan-in at each 
gate. A procedure for obtaining the minimum stage realization of the function in sum of 
products form is first developed. The use 
this minimum is then described. 

L INTRODUCTION 

This paper is concerned with reducing the 
number of stages of logic in a switching circuit 
when AND and OR gates with limited fan-in are to 
be used. Such a reduction is desirable since it 
results in a reduction of both the delay and degen¬ 
eration of the signal as it traverses the circuit. 

When AND and OR gates without fan-in lim¬ 
itations are available, an arbitrary switching 
function can always be realized by a circuit with 
no more than two stages of logic. The standard 
form for such a realization corresponds to the 
normal or sum-of-products form of the switching 
function. The circuit has a level of AND gates 
followed by a single OR gate. The number of in¬ 
put leads to the OR gate is equal to the number of 
conjunctions in the sum of products expression of 
the switching function plus the number of literals 
occurring alone. The number of input leads on a 
particular AND gate is the number of literals in 
the conjunction realized by that gate. Such a cir¬ 
cuit realization is impractical since in most 
technologies (e.g. diode, transistor) there is an 
upper bound on the number of inputs which can be 
accommodated by a single gate. Due to this fan- 
in limitation, it is no longer possible to realize 
all switching functions in two-stage circuits. Thus, 
if the number of literals in a conjunction exceeds 
the fan-in on AND gates, it will require more than 
one level of AND logic to realize that conjunction. 
Similarly, if the number of cor'unctions exceeds 
the fan-in on OR gates, it will require more than 
one level of OR logic to sum the conjunctions. The 
purpose of this paper is to present a method for 
reducing the number of levels of logic in a circuit 
under arbitrary fan-in restrictions. 

The authors are not aware of any results 
that have been obtained on this specific problem. 
Work has been done on minimizing the number 

of factoring to reduce the number of stages below 

of AND and OR gates necessary to realize 
Boolean functions by using multi-level realiza¬ 
tions^ « •*» 5. These techniques have been ex¬ 
tended to networks using other types of gates 
(NOR gates, etc. )^» ^. Other minimization proce¬ 
dures include restrictions on the number of stages 
without being concerned with the specific problem 
of fan-in limitations. ® 

It is clear that there is a natural correspond¬ 
ence between the form of a switching function and 
the particular switching circuit which realizes the 
function. Thus, if a function is expressed in sum 
of products form, the corresponding circuit real¬ 
ization would have the property that on any path 
from an input to the output the AND gates precede 
the OR gates. On the other hand, if the common 
literals in a subset of the conjunctions are factored 
in the switching function, then in the corresponding 
circuit there will be at least one path from input to 
output along which an AND gate follows an OR gate. 

In the first part of this paper a method for 
realizing an unfactored switching function in a 
minimum number of stages is presented. The 
meinem involves a simple arithmetic procedure 
and does not necessitate the drawing of a circuit 
diagram. The method can be extended naturally 
to allow one to determine the effect of a factoriza¬ 
tion on the number of stages in the circuit. In the 
second part of the paper the minimum number of 
stages necessary to realize the unfactored function 
is used as the starting point for a method of reduc¬ 
ing the delay of the circuit below this minimum by 
factoring. A necessary and sufficient condition is 
developed which determines whether or not a pro¬ 
posed factorization will reduce the number of stages 
by a given amount. 

THE MINIMUM STAGE CIRCUIT REALIZATION 
WITHOUT FACTORING 

When no factoring is performed, the basic 
concepts of the two-level realization must be fol- 



lowed. That i«, the individual conjunctions are 
formed with AND gates in the initial stages of the 
circuit and their disjunction is formed with OR 
gates in the final stages. 

The delay of each of the constituent conjunc¬ 
tions must be determined before the total circuit 
delay of the function can be considered. If the 
maximum fan-in for each AND gate is designated 
by "a", then in y stages the conjunction of at most 
•y literals can be realized. In other words, a 
conjunction is of delay y if the number of literals, 
N, in the conjunction satisfies the following con¬ 
dition: 

(I, 

The problem now reduces to finding the optimum 
method of combining the conjunctions on OR gates 
(summing them) so as to minimize the total delay, 
given the delay of the conjunctions. 

It will be convenient to introduce some nota¬ 
tion before proceeding. Let F be the given switcn- 
ing function and let f be the sum of products ex¬ 
pression for F. Let n be the maximum fan-in for 
all OR gates, and let be the number of conjunc¬ 
tions of delay 1. Let m be the largest and s the 
least delay of any of the constituent conjunctions. 
It is clear that any function involving more than 
one product term has a minimum delay of (m+ 1 ) if 
no factorization is performed, since at least one 
additional stage for a concluding OR gate is nec¬ 
essary. 

Definition 1. If the sum of products expression 
of a function can be realized in (m+1) stages, it 
will be said that the function can be realized 
optimally. 

The following theorem is concerned with 
conditions under which a switching function can be 
realized optimally. 

Theorem 1. Sufficient conditions for a function 
F to be realized optimally are that ks < n and 
1¾ < (n-1) for s < i < m. 

Proof : Assume the worst case, i. e. , that k s= n 
and kj* n-1 for < i < m. It is clear that if F can 
be realized optimally in this case, any function 
with smaller values of the k( can also be realized 
optimally. The conjunctions will be considered 
according to increa* Ing values of delay. The n 
conjunctions of delay s can be summed by a single 
OR gate to form a eubcircuit of delay (s + 1 ). This 
subcircuit of delay (s+1 ) can then be summed with 
the (n-1) conjunctions of delay (s+1) to form a sub- 
circuit of delay (e+2) which in turn can be summed 
with the (n-1) conjunctions of delay (s+¿) to form 

a subcircuit of delay (a + 3) etc. It is thus seen 
that in the general case the (n-1) conjunctions of 
delay i are summed with a circuit of delay i that 
realizes the disjunction of all the conjunctions of 
delay less than i. The result of forming the new 
disjunction is a circuit of delay (i+1). When the 
conjunctions of delay m are considered, a circuit 
of delay (m+1) is formed. Hence, F is realized 
optimally. The OR logic for the above realization 
of F is shown in Fig. 1. 

Example 1 ■ Let a = 2 and n * 3 and 

f = AB + ÃB + HG + CDE + CDEHG + CDEHG 

Since kj= 3, k¿= 1, and kj= 2, the conditions of 
Theorem 1 are satisfied and an optimal realization 
is possible. The circuit 1« shown in Fig. 2. 

When the conditions on the number of con¬ 
junctions, as expressed in Theorem 1, are violated, 
it may no longer be possible to realize F optimally. 
The problem then becomes that of realizing f with 
the minimum possible number of stages. Theorem 
2 is concerned with one method of so realizing f. 

Definition 2. An input of delay i is a connection 
in a circuit which has the property that the maxi¬ 
mum number of stages of logic on any path be - 
tween this point and a circuit input is i. 

Theorem 2. Given a function F with some 
k. > (n-1 ) where s < i < m, there exists a realiza¬ 
tion of Í of minimum delay which has an OR gate 
whose inputs are n conjunctions of delay i. 

Proof: Consider a realization of f with minimum 
delay. Let Gl- C2 ■ * • °M be the OR gates which 
have as inputs conjunctions of delay i, M < k|. 
Let Lj be the number of levels of logic encountered 
in traversing a path from the input oí G, to the out¬ 
put of the circuit (see Fig. 3), let L be the delay 
of the entire circuit, and let the gates be labeled 
such that 

The label on each input to a gate in Fig. 3 repre¬ 
sents the delay of that input. The essence of the 
proof is to show that conjunctions of delay i can be 
appropriately transferred to Gj without increasing 
the delay of the total circuit. 

Consider interchanging the input of delay i 
on G¿ with the input of delay aj on Gj . Since G| 
already has an input of delay i, the maximum 
number of stages on any path through the circuit 
traversing G. has not increased. Also, since 
L > Lj + aj, it follows that L > L¿ + a j and thus 
the paths in the new circuit which traverse G¿ 
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will encounter no more than L levels of logic. It 
follows that the over-all delay of the new circuit 
it less than or equal to L. This process can be 
repeated for each of the gates Gj until finally all 
inputs of Gj have delay i. Thus a new circuit 
realisation for the function f has been constructed 
whose over-all delay is no more than that of the 
original circuit and which has an OR gate whose 
Inputs are n conjunctions of delay i. Thus the 
theorem is proved. 

As a result of Theorem ¿ we have that if 
k| > n, the first step in the construction of a min¬ 
imum stage realization can be the formation of 
the disjunction of n conjunctions of delay i on a 
single OR gate. 

Note l. From the above proof it is evident that 
the same procedure can be repeated for n conjunc¬ 
tions of another delay, j. j can also equal i if 
there are 2n or more conjunctions of delay i. 
Hence, in a minimum delay realization there can 
be many OR gates all of whose inputs are of the 
same delay. 

Example 2: Suppose a switching function, F, 
consists of two conjunctions of delay 2, seven 
conjunctions of delay 4, and two conjunctions of 
delay 5. The delay of these conjunctions is listed 
below : 

22444444455 

Let the fan-in for OR gates, n, be equal to three. 
In accordance with Note 1 and Theorem 2, the con¬ 
junctions of delay 4 can be summed as indicated 
below without sacrificing the minimal delay of the 
resulting circuit. 

2 2 4 4 4 J 4_4^4^ 4 5 5 

5 5 

or 2 2 4 ©0 5 5 

Each of the circled fives represents the delay of 
the disjunction of three conjunctiors of delay 4. 

Note 2. In the proof of Theorem 2 the relocation 
of an Input was not dependent on how that input 
was formed (i.e., whether the input realized a 
conjunction or a disjunction of conjunctions), This 
means that the same process can be used to com¬ 
bine conjunctions and disjunctions of like delay on 
a single OR gate without sacrificing the minimal 
delay of the resulting circuit. Later in the paper 
aubcircuits representing the factored form of the 
disjunction of some of the conjunctions will be 
treated in the same fashion, simply as inputs of 
some known delay. 

Consider again Example 2. It is now appar¬ 
ent that three of the conjunctions and disjunctions 
of delay 5 can be summed to form a disjunction of 
delay 6. This is shown symbolically below: 

2 2 4 

2 2 4 

The function now "consists" of two conjunctions of 
delay 2, one conjunction of delay 4, one conjunc¬ 
tion of delay 5, and one disjunction of delay 6. 

There are now less than n subcircuits (which 
realize conjunctions or disjunctions or both) of 
any one delay. The conditions are thus similar to 
those given in the statement of Theorem 1. In the 
proof of Theorem 1, the conjunctions were treated 
as basic elements and the only concern was the 
proper way of summing these conjunctions to form 
the total disjunction. As far as the proof was con¬ 
cerned, some of the conjunctions could have been 
replaced by disjunctions of the same delay. For 
this reason, Theorem 1 can be applied in the case 
under consideration. Thus the total circuit delay 
is just one greater than the largest delay of any of 
the conjunctions or disjunctions that appear. There¬ 
fore, the minimum delay without factorization is 
6+1 or 7. 

A general mathematical procedure for exe¬ 
cuting these steps can be stated as follows. 

m 
Rule : Form the summation, £ k: • n*, using 

is S 
base n arithmetic. The minimum number of stages 
required to physically realize Í is equal to the 
number of places in the resulting sum unless the 
sum is of the form 1000.00. tn this case the 
number of stages is one less than the number of 
places in the sum. 

This procedure 
Example 2. 

delay (i) k¿ (base 1 0) 
2 2 
4 7 
5 2 

2 1 0 

2 0 0 
1110 

is followed below for 

kj (base 3) 3* (base 3) 
2 200 

21 210000 
2 200000 

2 0 0 k¿- 32 

0-0 0 k4- 34 

0 0 0 k ’ 35 
2 0 0 

Since there are 7 places in the sum, the minimum 
number of stages is 7. 

.. ""S. 
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We will call the sum resulting from the 
above addition the delay number of the circuit, D. 
Thus 

D=iVi* ní‘dpdp-l dp-2.dld0 <Z> 

The justification for the above procedure is 
simple. Writing at a base n number exhibits 
the way conjunctions of delay i are combined in 
accordance with Theorem Z. Thus, in the exam¬ 
ple ¿1 indicates that of the seven conjunctions 
of delay 4, six have been absorbed into two dis¬ 
junctions of delay 3, while the seventh remains 
untouched. Multiplication of by n* serves to 
give positional significance in the summation. 
Thus every digit in the i1*1 column represents con¬ 
junctions or disjunctions of the same delay. Form¬ 
ing the sum combines the circuits of like delay, 
again in accordance with Theorem 2. A carry 
generated in the ith column indicates the forma¬ 
tion if the disjunction of n subfunctions (conjunc¬ 
tions or disjunctions or both) of delay i, This new 
disjunction will be of delay i+ 1. Since each digit 
in the sum is less than n, the conditions of The¬ 
orem 1 hold and the minimum number of stages 
required for the entire circuit is equal to the 
number of digits in D. The one exception occurs 
when D is of the form 100-0 since a concluding 
OR gate 19 not needed in this case. The minimum 
number of stages is thus one less than the number 
of digits in D. 

Here fj denotes the sum of products expression 
for F with conjunctions Aj. and í¿ denotes a partic¬ 
ular factored expression in which the conjunctions 
of some subset of literals,X, has been factored out 
of the conjunctions A,, A,, ■ • . Aw< A* denotes the 
conjunction originally designated A wáh the com¬ 
mon literals removed. Since the circuit realiza¬ 
tion for Xi4 may require fewer stages than does 
the realization for f3, the total circuit delay may 
be reduced. 

The conjunctions Involved in the iactoring 
may originally be of like or different delays. In 
the case of like delay, the factoring will be referred 
to as in -group factoring while in the second case it 
will be called out-of-group factoring. 

The minimum stage circuit realization of í¿ 
can be obtained using the results of the previous 
section. The procedure is to obtain the minimum 
stage realization of f4 (which is a sum of products 
expression) and form its conjunction with X. This 
circuit will be contained as a unit in the circuit 
for and, for the minimization procedure can be 
characterized simply by its delay, which is knowa 
Thus the expression 

fa XÍ.4 A ,+ 
2 4 w+1 

+ A (7) 

can be treated as a sum of products expression in 
which the delay of each of the terms is known and 
thus the minimization procedure can again be used 

A circuit realization for the above example 
is shown in Fig. 4. The numbers at various 
points in the circuit represent the delays at tnose 
points. In particular, the numbers on the left- 
hand side oí the diagram represent the delays of 
the conjunctions connected at those points. The 
underlined delays represent those conjunctions or 
disjunctions which are exhibited explicitly in D. 

INTRODUCTION TO FACTORING 

As stated in the Introduction, it may be 
possible to reduce the total circuit delay below 
the minimum obtained in the previous section by 
factoring common literals out of some of the con¬ 
junctions of F. Let f, and l, be expressions for 
F as follows: 

f.* A + .. . + A + A .+ . . . + A (3) 11 w w +1 r 

f-= X(A* + . . . + A ) + A .+ . . , + A (4) 
2 1 w w+1 r 

and let 

W-"+A« o) 

f4= Aj t . . . + A* (6) 

If either an in-group or out-of-group factor¬ 
ization causes a reduction in the total circuit delay, 
the factorization must, in effect, decrease the 
delay number. The original delay number, D, will 
be represented as before by (dpdp. i dp.2* - - d j d0). 
If a factorization reduces the total number of 
stages by g, the new delay number, D', must be 
such that D' <n<P+1-*>. In Example 2, D« 1110200 
and thus p = 6. If the total circuit delay is to be 
reduced from 7 stages to 5 stages (i. e. , g *2) then 
D' £ 35 or D'l 100000. 

If D is equal to nP (i. e. , dp= 1 and dp.j = 
dp-23 ---= djs dQ) the condition on D' is 

D’ < n*P*8*. 

Definition 3. The critical delay number, D (g), 
is the minimum amount by which D must be %e- 
creased if the total number of stages Is to be 
reduced by g. 

Thus, 

D (g) * D - n<P+1 for D ¿ nP 
c , (8) 

Dc(g) - D - n<P‘8> for D = np 

For Example 2 we have 

Dc(2) * D • n5 = 1010200 
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IN-GROUP FACTORING 

In an in-group factorization the common 
literals, X, are removed from a group of conjun- 
tions all of which are characterized by the same 
delay i, where a <i <m. The subcircuit realizing 
this group of conjunctions is shown in Fig. 5. 
The delay of the new circuit realization will be 
denoted by (i + q) where q > 0. The condition on q 
is as noted since it can be proven (see Appendix) 
that the number of stages necessary to realize a 
switching function, F, is at least as great as the 
number of stages necessary to realize any pro¬ 
duct term of the sum of products expression for F. 

After the common literals are removed 
from the involved conjunctions (A, to A ), the 

^ já; - St* 

delays of the resulting conjunctions to ^) 
will be i or less. The difference in these delays 
is due to the fact that conjunctions of the same 
delay (i in this case) may contain different num¬ 
ber# of literals. When the same number of liter¬ 
als are removed from each conjunction, the 
resulting conjunctions can be of different delays. 
Since different delays are involved, the method 
of the previous section must be used to find the 
proper realization for the part of Fig. 5 labeled 
AA. The A A portion refers only to the levels of 
OR logic. 

Let k' be the number of conjunctions of 
delay i not involved in the factorization. Once a 
fa .tonzation is carried out, the disjunction of the 
(kj- k?) involved conjunctions is formed in the cir¬ 
cuit shown in Fig. 5. This is a subcircuit of the 
total circuit, and since a single disjunction or 
conjunction of delay b is represented by the num¬ 
ber n*3 in the base n addition procedure, this sub- 
circuit of delay (i+q) is accounted for by adding 
n(i+q) if the (k. - kj) involved conjunctions are 
not to be considered twice, (k(- kj)nl must be sub¬ 
tracted. Thus 

D' = D - ((F - k| In1- n(l*q)) 

Therefore, if a factorization is to reduce the total 
circuit delay by the desired number of stages, the 
following condition must be satisfied: 

(k - kV- n(l + q) > D (g) (9) 
ii c. 

If 

n1*1 < (k - k' ) < nl 
i i 

then it follows that the expression f j of (5) re¬ 
quires i+t stages for its realization. If the fac¬ 
torization is to reduce the number of stages in 
the total circuit, it is clear that q must be less 
than t. Also, the number of levels of OR logic 

in the AA portion of the circuit of Fig. 5 must be 
at Least t since otherwise there would not be suf¬ 
ficient input leads to AA to accommodate (F- k! ) 
conjunctions. It therefore follows that if the 
expression Xf^ as realized in Fig. 5 is to have 

fewer stages than the circuit realization for f 
at least two of the conjunctions involved in the 
factorization must be reduced in delay by at least 
two. Thus a lower bound on the number of com¬ 
mon literals that must be factored out is a*1* 1 ♦ 
1 - a(l*2). Also, it follows from the above that 
the minimum value of i which should be considered 
for an in-group factorization is two. 

Even though in a particular problem no one 
in-group factoring may by itself reduce the total 
circuit delay by g stages, the sum of the individ¬ 
ual reductions of several such factorizations may 
effect the necessary reduction. From (9) we have 
that R=, the reduction caused by a factorization 
involving only conjunctions of delay i, is 

R X (k. - k' ) ■ n1- (10) 
i i i 

If the sum of the reductions caused by several in¬ 
group factorings is sufficient to reduce the total 
circuit delay by the desired amount, then the fol¬ 
lowing relationship must be true: 

R + R + . . . + R. > D (g) (II) 
ll l¿ lv C 

where ij is the smallest delay and iy is the largest 
delay of the conjunctions involved in the factoring. 
Thus a tabulation may be kept of the reductions, 
Ri , obtained by the possible factorizations. If 

the sum of any subset of these numbers is greater 
than or equal to D( (g), the corresponding factor¬ 
izations will effect the required reduction in delay. 
Note that if the indices ij of the individual factor¬ 
izations are all different, we are guaranteed that 
the sets of conjunctions involved are all disjoint. 

OUT-OF-GROUP FACTORING 

The treatment of out-of-group factoring is 
quite similar to that of in-group factoring. In 
this case, however, the conjunctions of (5) are of 
different delay. Let i. be the smallest and i be 
the largest delay of the conjunctions involved in 
the factorization. If the factorization effects the 
required reduction in the number of stages of logic 
then 

i i (i +q) 
(k - k' )n + . . . + (k - k! ) n V-n V ¿ D (g) (12) 

ll 1 1V 1 v 

where iv + q is the delay of the subcircuit which 
realizes X f^. 
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Using reasoning similar to that employed in 
the case of in-group factorization, bounds can be 
obtained for the corresponding parameters in this 
case. Thus H < t where iv+ t is the minimum 
number of stages necessary to realize (5), Also 
i. > 2 and the minimum number of common literals 

1 (1,-1) (1,-2) 
which must be factored is a 1 + 1 - a 

CONCLUSION 

A method has been presented for minimizing 
the number of stages of logic required to realize 
the sum-of-products expression far a switching 
lunction when the logical gates to be used have fan- 
in limitations. The method is easily extended to 
provide the basis for a test which determines the 
effect of a given factorization on the number of 
stages of logic required. It should be noted that 
the method is most useful for situations in which 
either the number of literals or the number of 
conjunctions or both is large compared with the 
fan -in limitations of the gates used. 
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APPENDIX 

Theorem L The number of stages necessary to 
realize a switching function, F, is at least as 
great as the number of stages necessary to real¬ 
ize any product term of the sum of products ex¬ 
pression for F. 

Proof: Assume F is a function of x variables. 
Let C be a circuit realization of F which requires 
the minimum number of stages when the fan-in 
for both AND and OR gates is limited. Let c be 
the delay of ¢. The circuit realization, C, may 
be based on a particular factoring of the sum of 
products form, Í, of the function F, where 

f * A + A + • • ' + A 
1 ¿ r 

Consider any of the product terms, for example 
A j. Suppose a minimum stage realization of A j 
requires h stages where h > c. For purposes of 
this proof, it is necessary to show that by merely 
changing the signals on some of the input leads, 
the circuit C can be changed to realize only A ( . 
The procedure for making this change will be 
carried out in two steps. 

Step 1. Suppose Aj is a product of u literals. If 
the x input variables of F are vj, v¿, • • • vu, • • • , 
y , then A| can be expressed, without loss of gen¬ 

erality, a# A j = A j (v j, v¿, • * • , v). Aj then covers 
2X_U minterms and at least one of these minier ms 
is not covered by another product term of f. Call 
this particular minterm A. j. Aj , is sometimes 
referred to as a distinguished fundamental product. 

Consider the following assignment of values, 
X, to the variables vu+j, ‘ , vx which do not 

appear in Aj. 

let v = 0 if v is a literal of A, , 
J J 

let v-= 1 if Vj is a literal of A,, 

u + 1 < j £ x 

The sum of products expression f under the as¬ 
signment X, denoted Í | ^ , is a function of only the 
variables Vj, , v^ and has the form 

f + A 
2 A X 

Note that Aj is a minterm of f|^. A circuit which 
realizes f|^ can be obtained from C by setting all 
input lines of C which correspond to the variables 

vu+ 1 » ' ‘ * vx to aPProPriate levels in ac - 
cordance with the assignment X. Call this new 
circuit C 

Steo 2. Suppose some product term A.-|^ * I > 
consists of a subset of the literals of Aj. This is 
not possible since it implies that covers A j | . 
Therefore, every product term in f ! ^, other than 
Aj, contains some literals not contained in Aj. 
That is 

and 
JL, A 

A1 = Vj A1 

where 1 <. j < u and v* is a literal. In the circuit 
C disconnect all inpdt leads connected to the com 
pie ment of literals contained in A( and set them 
to the DC level corresponding to zero. Call this 
new circuit <E". 

As a result of Step 2, at least one literal in 
every product term of f ¡ * other than A j is set 
equal to zero. The literals of A j, however, are 
untouched in both Step 1 and Step 2 and thus C " 
will have an output of one only when ail the literals 
of A j are equal to one. Thus C " realizes the func¬ 
tion Aj. However, the number of stages in C", c", 
satisfie s 

c" < c < h 

which is a contradiction. 
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