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5QM4AKT 

A Mthod is d»T«Iop«d for oo^mtlag tbm gr»*t«it lowtr bound for tbo 

rariaao« of unblaood oatljut«« of wrofoni ponuMtors, «h«n tbo wrtfora 

la oboonrod In odiltlT» Oouaslnn nolso. 

UM srootoot lovor bound la approiclaatoly oraluntod la aoraral 

illuatratlTo anaoa.    Tbo vsvofora poroaatora oecurrlnc In thoao ay—pi oa 

ara a^plltuda, tlaa Aalay, and dopplor ahlft. 



1 

I.     UnRODUCTION 

Tbm •ubj«ct concldtrvd it thm Intutrcnt accuracy «nth vhleb tbm parm- 

■rtor« of a wsrtfon obMnrad la addUtlTt Oaustlan BOIM eaa ba ••tiaatad. 

Woodward ^   ' canaldtra a »paclal eaa« of this prob la», aala« an approach 

baaad an a poatarlorl probability.    Tha approach to ba follo*ad hart !• 

baaad on rtaultt la itatlrtlcal aitlxation tbaory coneamlng tha groataat 

lower bound for tha rarlaaca of astlaatat of ttatlatleal panuMtara.    Bafort 

prooaadlof to a Bora praclaa foraulatloa of tha prablta, It la conranlent 

to awHMurlia thaaa roaolta of astlaatloo thaory.    Tha follovliig la a 

•«■■ary,  la a aotatlon aad la a fom oanvanlaot for tha ^ropoaad application, 

of rotulta eaotalaod la Rofa. 2,  3, and k, or of roamlta «blah caa bo 

ohtalaad by ttral^btforvard gaoa rail tat loo of thtoo rafaranoaa. 

Lot il bo a saapla tpaoa vlth polats u> , aad lot ^ ba a aMaura 

dafinad oa.n.LatTTba«ny»atof polatt (flalto or laflnlto) eallod tha 

paraaator «at, vlth ladlrldaal polotf doaotod by $ .    Lot   |p (-M)}   for 

5 € IT ba a faally of probabUlty daaaltlat la JT vlth raipact to tha 

^.    Lot f(f) doaoto a raal ralood function of f .    Va call a raal 

rarlabla ^(u>) aa oablaaad artlaata of f(T) If 

r 
/*(«->) p(wt|) d^i       »    f(f)  ,       all  5eTT. (i) 

SI 

Wov pick tarn paraaotar ralua    $    (which va aay intarprat a« tha trua 

ralua of    %) aad oonaldor 

2 
* gib {tt\0\       -     g.l.b.      / [^(u,)   -   f(|o)] 

2  p(u,tfo)d^       (2) 

n 
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vter« f.l.b. CmUit low»r bound f^r «01 ^ Mtlafylac (l).    Any 4 

Mttltfylaf (1) which, vhmn  | -   S , hM rarUae« «qual to a   .b   { f,    ^0i i 

1« o«ll«d an unbUMd tatlmt« of f(0 which it locally boat for    r -   1 . o 

.low lat ua aoppoaa that 

f p(w,f)  p(^,I') for all 
^M'lV    ■   l—TJZnn ^   <   oo.     |o,t,l'€TT.    (3) P^. f0) 

il 

(Va auppoaa tha lat««raad to ba daf Load alaoat ayaryvhare In i 1 . ) It la 

aaay to ahow that 0 ( f, 3' | $.) - 1 haa tha proparty 

^i^i.^iv-^vj io ih) 

for aajr choico of roal avotbara a. and point« Si ( IT. 

Lat ua «lao danoto by X tha dlffaranca batwoon any two aaaauraa ovar 

JT » »»«b of which aaalgna «al^ht to only a flnlto (but othorvioo arbitrary) 

•at of polnta of TT . In othar vorda, if f la any function of f > 

/ 
TT 

f(S) dA(!) C V(,i) 1-1    *      x 
(5) 

vhoro a. art roal (pooltlro or nofatlra) nvabora. 

gib I'.U ■    l.u.b. 

j J [f(f) - f(l0)] dA(f) j- 

//a(5»t'|l0)  dX(J)  dAtf) 

(6) 

TTTT J 
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irbar* tta« l.u.b. ■•an« l«v««t uyp^r bound or»r all poaaibla   A vhiek aaal^n 

I-MT« Mi^ht t# at laaat on» point »f   IT   . 

AIM, 1t eaa b« ahmn that thar« aziat« a Mfttraoa   {A(n)) «uoh that 

gib tha quaatltjr 1A braakata on tba rl^ht «Ida of (6) approaahaa a   ..   {f,    % \ 

aa n -»  oe    , and auob that 

La    J 0(1.1' I lla        0(1,1'     f) dX^d')     -    f(l) - f(l ) 

TT 

la addition, 

{ftio|   -   im   j jod.f'| J0) dx(n)(f) dx(n)(j') 
"""*   TT  TT 

lin      f[f(S)  - f(f0)l    dA(n)(f) 
B 

TT 

It 1« af^araat fron (7) that thla aafuana«  {A(n))^a tha proparty 

that 11*      fdA^Cl) =  0.    (Jart lat    f-      lla (7).)   Morao^r, If 
n-*m J 0 

«a «an find a function (or faaaraUsad function)   A orar    TT     (oat 

nacaaaarlljr aaalf&lnc «al^ht to only a flalta nvmbar of polnta) suoh that 

Jad.l' | l0) dXl')      .    f(!)  - f(T0) (9) 
TT 

than, aaaar cartnin oondltlon«, 

(10) ff2glb   {'«O        "       / j^1'1'  lJo)  *^^ ^^ 
TT   TT 

/ [f(X) - f(f0)]      dA(f) 
TT 
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(The  condition under which this holda Is that   / p/ » . j dX(()  can ^pT^7r0T 
be dsfinsd a« an eleaant of the cloaad linear ramfold daternined by 

the fanlly of randoa Tarlablea l*\j I j \ • having nean f(jr) - f ( fo 

with respect to dP(^,f)( and having varlaice, with respect to 

dP(^,f ), equal to the right side of (10). ) 
o 

It aust be expected in general that one would only be able to 

find a aequence of functiona satiafylng (7) !□ the Halting aenae, 

although there are some cases in which (9) can be solved In closed 

form. Inability to solve (9) exactly ahould not trouble one too 

ouch in practical cases, however, since a lower bound for the 

quantity 

/[- [*(*)   - f(»0)]        PKT0)  d^    .     ^    satisfying   (1) (11) 

is  obtained  by inserting any    A   ,   satisfying  (5),  Into the  quantity 

in   brackets  on  the  right  side   of   (6). 

Another   fact  important   for applications is   that  if A is any 

generalized  function satisfying  the above mentioned  conditions 

(and  therefore,  in  particular,  if    A   satisfies   (5)  and  is  such 

that        / dA(f)     ■  0),   then   the  expression 
TT 

//cUf.t'  1 T0) dMO  dA(f') 
TT TT 

is equal to (J     ■»*,{'»^ \     ^or *ny ' 0' ^he form 

/G(M' I f(r)      /G(r,i I 50) dA(J ) * constant. 

TT 
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Tim MlutlM   A or (A1"' } to Iq. (9) «r (7) vlU la «oaoral d^tnd 

■o» »mipo— tiut a f«aily of rtoelMurtlo proooasos 1« doflat4 

«orrMfMAiac to tlM foallj [dP(«4i,|)\     of Booouroo ovor ttao oaaplo fpoeo 

A .   AIoo mpfo— that If o fokoot 8 of A    baa loro wm&mn for any 

of thm wmmem    dPL>,1), tbmn It haa taro ataaurt for aU   4P(^,1). 

Soloct any partlealar point     1    In   TT  .    Thon^      ttaoro orlat non- 

tlra functlona  p^, I | f )    aooh '.not for «ay MtaaunUtlo aukaot 8 o 

of A. 

/dPKf)       -        J p(ui, | |   t  ) dP(u>f   f ) (12) 

If «• aot 4fi - dP ( ^, t ) In tho abovo oquatiana, tbon 

0(1,1' | 10) -   /p(".l I l0) P(^1' | !0) dP(u»f fo)   (13) 

A 

On« may  also  «ek «bat eat .r a tor actually attain«   th« miniituffl 

varlanc«,  «t  $  ,  of unbiaatd  «atlr-ata«  of f(|).  Th« anawar ia that o 

it la  that «leaent   of th« lln««r  manifold d«t«rmln«d  by  t.h« 

f«ally of random Tariabla«    {p(-,^   [   f  )}      whoa«  naan  vith  r«ap«ct 

to dP(u)ff)  io     til).   Sine«    p(^f T   | T   )     can  ofton  b«   «valuat«d 

(a««  £q«   (25)   balo«), it  ia poeeible in  many  caeea  to  irir«   th« 

Biiniir.ua variance astiaator. 
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II.    BTDUTION 07 WAVIFO« PARANRBB 

Ut    tF(t, 5 )i   b« • full/ of rtal-ralutd function» of tlat t, vh«r« 

$    rango» oror «oas Mt TT .    Suppoo« that ix(t){ 1« a (ro&l) teusiaa 

nadm prooois dofintd ortr the tla» Interml  T, •  t ^ T    , harlag BMH 

Mro «ad eorarlaaoo function    \f/ (o,t)   .    (8t*tlonarlty i» not rtqulrod..) 

SvippoM that ym oboorr» funetloau t(t) error tbm Intorval T-  ■   t  = T   , 

»(t)    .   x(t) ♦ f(t,|) (IM 

Wt vlU rraluoto    0(1,?'If > for MM lituatlono of this kind. • o 

first,  suppoM T. and 1, am fialto and that ix(t)}      it contlnuou* 

la tho aoac orar [T^^.T^]  |thaa^\ 

00 

:(t)    .   2J     xy-7=r- (15) 

vbara     Xv    and Vv
(t)     «J« the »l^onrmluoi and (orthoooraal) 

•Iftafuaotloa« of tba Intagral aquation 

-T. T 
y(8)    m*f2    iyxi»,t) Y(t)di  . (16) 

In (15)1 oottTtrganoo It in tho aaan for «Yory t In [T1.
T-,] • 

AIM, 

x      » s/j^f 2   x(t) y (t)dt (17) 

UM raodoa varlabloa     z v     art Independent aad noraall/ dlrtrlbutad vlth 

tero and atandard dorlatlons unity. 
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U» nil also mippom tkftt f«r —*h  ?   in TT . 

r(tf!)   .   Yl    ffvCf)   yv(t) (l8) 

y*l 

vb«r«   tbt  conY«rg«nc«  is polntvlat ae well as in mean squar« in   [?.,?_], 
and 

T 
^(5)   -   / 2    ret.?) vy(t)dft . (19) 

i 

«• also iMfimaa that, far aaah S la TT, 

£ Xv /3w
2(t)  <   «» • (20) 

v.1    "^ 

E\|/ (t) 

s        ■ V 
xv    ♦        ßv^^K (22) 

T 

Ti 

Tha Joint daaait/ function (vlth raapact to Labat^aa ataaurt) of 

ft.t•••i*„    ia 

«N(»lt...tzN) (23) 

-1/2 
(2^) «xp |- ? ^ ['. ■ /V»>v<i ] 
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Ut aay Ptgard   C1,K2V...        M obMrrvU« coordtnat«» of thm itoehMtl« 

proem»»   l2^)}   • 

Also, vlth probability oo«^\ 

PKI I   t0)    -    11-    21     N^ (24) 
0 N-»op    gN^Zl,,',rNlfo; 

Tim«, by (23), 

P(«.I|I0) . ««pj-^  K[&v ■ &h>\] <«) 

x «p j - E .v>/rw [p,(«0) - ft,«)]) 

ntly, 

PC-,» | S.) P(<J.V jl.) 

•«»flfi ^[^^ (»'«f*-2 ft/H']}        (26' 

Tbu«, by (13), 

It 1« poeeibl« In many caeas to «xprese Ci(5,^' I 7 ) In a more 1 o 
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k(»,S)     MtUfiAt Ut Utagral •fMdiMi 

T 
(28) 

B«rt    k.(e,t)       1« p«ialtt«d to contain a fin It« auab«r of dolt« function« 

of rar^ouo «rdtro. 

Tbon,  uador condition« vhleh will bo ttotod^ 

oo _, 

5Z\?v
(f) ^v^'5    "    X 2    F(t,f') k(ttl) dt 

v.l '1 

To oMv thi«, «onoldor tho follovlng linonr prodlrtion probl« 

bo o nadiB wloblo dofinod on -0.   auoh that     q(l)bao toro 

ouch  that 

(29) 

i:  lot q(f) 

•on,  flalto 

B  [qd)   x(t)]        «       F(t,?) (30) 

9uch a rmndflB rarlabl« exist« by (20).    1 L   J donoto« tho oxpo«tod mluo 

of tko quaatlty In bracket«. 

Lot   i(S)    ^o o raadoa rarlabl« «oeh that 

(I) q(S)     !• a lino or «poratloa oyor [ji «^^l ^ th9 rm,xd/J" proooi« {x(t)} 

(II) q(?)   alalMlaoo   B [q -q(r J 2   for all llnoar oparatlon«   q    ovor 

[TlfT2]    on    \xU)\    . 

ly    llnoar oporation on   \x(X)\   onror    ^Jj^.T^J' 

rarlabl« of th« f< 

1« aaant any roadoB 

5 0^ xv      «h«r« c^ < oo. 
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Now, (6) 

OO 

q(r) ^ *vpwJK (31) 

Also,     q(5)        !• flrtn by 

q(?)     =   ^f  2     x(t)  k(t,|)dt (32) 

proYldtd th«  lnt«grmtlon  In  (32) If IcgltlMit« and proridtd the »at 1 «factIon 

of  (26)  it a •officiant condition that      q(^) girt a by (32) ainlmlM 

£ [_o  -<\(V]2       •    «quatlon (29) If than aftabliahad by ealoulatlng 

E [q(?)   q(nj    • 
(7) Thara la a larga lltaratura        on the »olutlon of tha Integral 

aquatloo (26); and In »any caaat tha oondltiona of validity of (29) can ba 

attabllahad. 

Ona apaoial eaaa la tha folloving: 

Suppoaa 

-C lB-t| V (eft)     =     d e (33) 

,  danotlng     Jt F(t,1)     by f (t,1) ,   etc., 

k(t,5) fj [ret,!) - ij   ^(t.!)] 
^ c J 

~ [F(TrJ)   - 1 r(Tr|)]      tit-Ty 

h [m2'V ♦i',^2.!)]  Mt-T2: 

(3^) 



U 

Thu« ao 

(55) 

.   |^-1 / 2   VF(ttJ)r(t.1,) ♦ ~ F•(t(5)r•(tf1
,)] dt 

I    T1       L c 

♦ ^ P^.^r^.l')   ♦ i F(T2,S)F(T2.1')| 

Oot rML«ooabIt rtprtMntAtlon for  'vhlt« UOIM* of apoetrtl tensity 

I    U Del»« haTiog a eorarlwio« function glrtn by (55) with 
o 

0 0 
(36) 

and e and d rary larg«. 

(55) and (27),  for^x(t)^   with oorarlanc« function glran by (53) 

irlth —   -    I   and  c,d -+ <* , o o 

11« 0(1,f 1 1   )     •     exp- o N /  2      r2(tf5Ä)dt (37) 
L   T. 

T T 
♦    T2     K(t,5)F(t^,)dt     -    f2     F(t,!)F(t,l) dt 

- f 2    F(tt!
,)F(T,So)dtj V 

It la raaaonabla to auppo^o that a cloa« approxinatlon to " tf. V.t 

eaa ba dbtalnad for thia eaaa with vary Larga c and a by Inaartlnf 0 aa 

gltan by (57) Into (6), though thia aaona difficult to prora riforoualy. 

Anothar eaaa la which 0 any ba rvciaatad la aa follova: lat the 

intorral of obaarratlon ba tba wtola raal axia    -^s  t a   00      , «ad lat 
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{x(t)}  b« stttloaary vlth ooostant tpcctr&l density N    armr  0 ^     f ■  V 

and tMro «pectrml tensity for      f > W.    Also suppOM that for «ach  f , 

F(t, t ) h** * Fovrior transfom vhlch rar^lthss for If |>w. 

(8) Th«n,  the procs«i    ^c(t)}   MM/ b« r«fard*dv      a« being detennined by 

the raodoa rarlablM   Z(.-T=) ,  i»0, + l,*2,.,,    These are indspendent, 

nonaally distributed raado« v&rlablee vlth Beans Tit., 1 ), vhere **   m ys * 

and etandard derlatlons N W.    We obtain the reeult that   .'S,i    | r  ) 

le given exactly by the right eld« of (37), with   T.   =  - « and ?_■<». 

To recapitulate vhat can be aecoqpllehed by using the abore «xpreaalons 

for 0:  by Inserting any function   X satlafylng (5) Into the quantity In 

bracket« on the right aide of (6),  one obtalna a lower bound for the 

variance, at     5     , of unbiased ettlnatea of f(!);  alao, If   A  la any 

generalised function, * then 

/jQCtt!' 1 S0)  dX(T)dX(15,)    le equal   to    (T2  lb [f.T0J 

TT 7T 

for any function f of the for» 

f(5) jo(|,5' |   10)d\(5')     ♦   conetant. 

TT 

A posalble ooaputatloaal procedure for approxlaatlon of o iv if«^ \ 

la to aeleet n point« $  frca TT , and aolve the equation« 

goc^.ijlvj  •   '<V -^V (38) 

Then the function      Km     £2 a   ^(^-f    could be Inaerted Into the bracket« 
i-1 

on the right aide of (6). 

*satlafylng certain conditions ■eatloned In Section I   «  Including 

the   condition   Jd X( ?)   =  0 
TT 
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III.    IVALUATIOM Of tf2 ..  1 f    I \    IW 3P1CIAL CASES 
  £lt)  l     '     O 

W« will fuppo«« fro« oow on that th«   interval of ouMrvmtlon and the 

nola« process       ix(t)j      «t^t such that  0(^,i'l t  )    !• glr«n,  or rry 

eloaaly approclaatad, by (3?) vlth   T «  -»,  T «  « . 

Suppoa« first that 

r(t,|)  «  otK(t-r) (39) 

vbere  a   btloogs to SJBB r«al non-oegatlve intarval A,  and    f     balon^s to 

•oaw finlta real Intarral    [a, b]  .    Har«      ?>   (et.r);   TT = dlravt product of 

A and    [a; b]  . 

Tbrnn 

vhar» 

^(S.l'lf«)   ■ •R LH(r-r')] 
a*'/* 

[HCx-r.]      0   [Hd'.r)]      0 

(^♦0) 

2«t 
F   (t)dt (*♦!) 

H(T)     -     •xj>{Rf(Z)\ (^2) 

r(t)F(t*r)dt 
- no 

fil)     - 

/ 
rc(t)dt 

(43) 
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fquAtloM  (9) aad (10) b«eoati 

y^cr-x')]        0     dA*(!') ■    l_H(r-ro)]       
0   [f(f) - f(lo)]    (kk) 

TT 

where 

dX^f)    -   •   [HCf-r )J dxcf) 

and 

^'/« 
J[H(Z-Z')] 0   dA-CDdVd') (*»5) 

TT   TT 

A.    PMg AJC'LITUDl BTDUTIOJf 

iuppo»« In (39) that    T   Is known,  «ad hence aay without locr, of 

generality be  taken equal to r,ero.     Also suppose A Is non-degenerat« and 

that     ac     is  interior to A. o 

Thus, 0 Is given by (kO) with   X =. r' «=     Z      »0. 
o 

Lat  f(1)   = «t   .   Then   (U)   becoicea 

/ [H(O)] 0   dA*')   -    [H(ü)]     *0 (*.*) (46) 

Thie lö solved (eince H(0) = eR) by 

2 

diV) - O  r '. 

H COO d« (4?) 

whara   i   and   ^'  art,  raspactively,  the delta function and its deriratlre; 

that Is,  for any function   g(«) different lab le at   *  , 
o 

/ 
g(«)  i' (*-«  )   d«     «   g'(flt ); 

o o / 
g(« )   ^ (ot-ot  )    d« 

O • «<*<,>• 
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Thu», trmt (^5) vlth f (f)  - « , 
2 

(T2   1K  ff.« ]      -  -gS-       c gib   '        o-' R F2(t)dt 

-1 

(48) 

or 

1 ^2 r .       1 1 
-T    ^gibtf'aot     '   — (49) 

On« lnt«r««tlng fcatur« of this result  1« that tb« aaswtr 1» 

indapsntent of A, tbo «-priori raago of rarlation of «   , proritted A it 

nop-dKtiwrmto.    This ammo» that 4»or»*«lcg A dooa not doer»««« tbe «IniM 

•rror rwlaa«« of unblaa^d oatlBat«« of  ^     — la othor wordj,  if on« ha« an 

unbiaaa* aatlaata «ttalnln« th« rarlaaaa a2        la (49), and than if A la 

i, ona eannat ua« thla Ineraaa« In «-priori InforoMttlon to prorlda 

an unblaaad aatlaata of daeraaaad rarlanca. 

B.   pun Tim-vmju ISTDUTIOH 

In thla oaaa va will aivpoaa that P(t;t) la glran by (39) but that 

oco   la known, ao that TT > [«,b] ;  5 ■ "C . Thus  0 la glran by (40) with 

aCm «,' * x  .Va will darlr«, uadar cartaln oondltlona, an «aywptotlo 

axpraaalon for ^ lb tft " J aa 7-a   and b- r approach Infinity, for 

cartaln ftoatlaoa f for which f (T) » r . 

Wa will flrat aaat that r 0 ; tha anawar for gaoaral win 

ba obtained by a minor aodlfloatlaa of tha raault for  r ■ 0 • Undar 

tha aaanaad ccndltlaoa, %»a auat aolra for  dx*(r) tha afuatlon 

/' H(r- r') dxMx') - [f(r) - f(o)] H(r) (50) 
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AUo 

gib «     e 
-R J      [f(T)   -   f(0)]     H(T)   dA»(T) (51) 

We first Mk« the foliorla« daflnltion«: 

i«t 

L(T)     »     H(X)   -   1 (52) 

W« MtOM th*t L(T),    XL(t),  and     T   L(r) art integrable OT«r (- o-, «). 

AU« I«t 

/(u) e'iuTL(T)dr (53) 

It 1» not hard to «hov that   <(u) i« a real,  strictly posltlr« function of 

u  .    We irlll suppose that    ———        Is Integirable or«r   (- a», • ). 
^(u) 

Hov    let 

dX*(x)     «    U(T)  dr      ♦         dr      -    I dT 
äTCO) 

(5^) 

vhere 

b     -  a 

2 jf(0)[/(0)   t  b - a] 
(55) 

and 

M(u)     - s-iuxu(r)dr 
l/'(u) 

^(u) 
K(u) 

- » 

(5S) 

-ku vhere K(a) Is a funetloo — such a« •"        — which Insurss that N(u) has 
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th» Dmc9»nry lnt«frmblllty prcp«rtl«t to Jujtlfy tbm foilovlog ttopt, but 

for vblcb tlM Fourlor trtaofora 1« olooo to a dtltm function.    Wt obtain 

/        H(r-t^dX'Cr')    ■     rH(T)     ♦     r«m«ind«r. (57) 

torn ean, a* a -♦   • a»,   b -► ♦ o», b« nndt vary cioa« to soro 

axoapt for raiuat of    T        naar tho and points a and b. 

Alao, ualnf ("»!), «a obtain vitb tba aid of Paraaral's foraula 

gib {f^o}   z   .-R id« ♦  2 

/( o) -L 
T" L(T)dr 

♦   • 
-R 

[ 5/( 

3 

o) 
(b2 - a2)2 j 

4/(0)[<(0)   4  b  - a] J 

} 
(:»8) 

(aa    * -♦ - « ,   b -► o«). 

It la elaar that If T - 0. (T^ff, t I   can ba obt/ilnad fro» (^) 
o     gib1  o* 

■lavlj by raplaelnc * and b rtapaotlTal/ by a-r ,b- r In (^8). 
o   o 

It nil ba aatload that ttaa tarn dapandlng on [a, b] Inaraaaas 

aa (b-a)5. On tha otbar hand, tba «itlaata —^  for X  vould har» blaa 

(T - —-z—), but would hara aaan squara arror not (roatar than r (b - a) . 

Ikxm,  «ban R la ao aaall that tha «-priori ranga of rarlatloa of r It 

tha aaln factor datarmlnlag aaan oquara arror; tbo raqulz^aaat of unblaaadnasa 

1« elaarly dlaadrantacaauo. On tha othar haad, if R    §  larga anouch 

that aaaa f^nar» arror la auab ■■aller than (b - a)f aa viU ba trua In aoot 

aaaaf of Intaraot, ooa vaald aacpaet on IntultlT« grouada that any optlaua 

aatlmta baaad oa a roaaooabla erltarlon /ould ba appraoUjaatal/ uablaaad 
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(•««•pt «IMB tkt a-prl«rl 41«tributl«i» of c mtmr [a, b] 1« luMfvm and 

non-uniform). Tho torn la (56) dopondont on [a, b] 1« UMful ehlofly a« 

a crltorlon for how largo R »hould bo in ordor that tho error Tarlaaoo bo 

offoetlToljr Indtpondont of (b  - a). 

la mmay eooot of iatoroot tho paroaotor raluof vlll bo •ooh that 

-R 

gib \<*\\ - w du (59) 
- 00 

It la thorofoort of intorort to oraluato, approoclmtoljr, tho oxprottloo on 

tho rl^ht tldo of (^9).    Thl« has boon doao In a nuabor of oaooo In Bof.  9- 

Horo vo will »injply rooapltulato tho rotolts: 

Caao 1 

Horo It vlll bo aoouMd that    p(r) , doflnod by Iq.  (45),  !• glron by 

/3(r)    -     piz) coo vj r (60) 

vlth, for «aall il 

f(T)      X i.f^r2 (61) 

than,  for auffleiontly largo R, 
GO 

FF   /     ^(u)   du     ~ 
RQ4 

lor (*i      *    0 
o 

(62) 

Rp' 
for cü >> p     and 

*> 

^Rß, 
> > 1 

1 

Rio 

-o 
for -J. >> 5     and      —~   <<  1. 

2Rf 
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Thm— result« can b« infrprvtma. u foilovt:  for 
2R|i 

5    >  >   1, 

thm rMult  1« th« M for  u) > 0   ; that is,  1t !■ tht rtsult dttoraiJMd 

by tht •ar»lop«      p{z)   ;  for 
UJ, 

2R 
< < 1, tho rotult Is that aaaoeiatod 

with a •Lnuaoldal fin« iti-ucturo of froqutaoy      u>   .    9M traultlon occurt 

at ~    1; 
2H(r 

that la, vhan tha ainlM arror ataodard darlatloo 

aaaoolata4 vlth tha amrtlopa bacoaaa roughly aqual to tha vartlaafth of 

tha f laa «tnetura of    p (T) . 

Caaa 2 

Bar« vt aasuM    p(T) t« ba glran by (öO), but vith 

p(T)   «  1 - tlXl (63) 

for   z   naar tha origin. 

Tban, for fuffielantly larga R, 

-R 

2ir 

./2 ^/<;(u- du     S 

-00 

2R2»2 
for 

o (6^) 

2R V for    u*o>>y and    —   >> 1 

Ruf 
for    u)  >>1'  and -—-«^3 <. <   1 

0 tf        Ry 

2R2y2 
for    u* >>y  and Ü    < <   _JL 0 RY    * <   7=- 



P-1%68 
8-25-5Ö 

20 

It would b« potslbl« to carry out «uoh the saa» fort of analy«!» *• In 

Rof.  9 for     pm   of tho for« 

P(T)    .       P, (t)  co«u)T      ♦     P-.CO  «incjr 
' '1 O * c. O 

(65) 

vhoro   R ^)    and     /M ^   can b« expandtd In a tultabla Banner at the origin. 

c.   ggg DOPPLP amg MTIMATIOH 

Here it le aaeuaed that 

r(t.5)    = 
f/2 

F(e     t) (66) 

where   f >   ?   . 

The panaetor 1» le a aeaeure of the doppler ahlft.' For axaayple. 

If we are dealing vlth a reflected radar elgnal fron a target aorlng vlth 

radial reloclty T, and If we aeeuae - to be eaall (c - velocity of light) 
6 

then approotlaately     T ■ 2T 

It will henceforth be aaeuaed that the a-prlori range of rarlatloo of 

? le a real Intex^ral \a, b] , and that la\<<l, )b)<<l. 

The factor «   aroltlplylng Y aakee the total received energy 

Independent of the value of 5 . This would not actually be the caae, 

eince the received energy actually would be greater for approaching 

target a and leee for receding target«. However, the factor e *■ atifcee for 

a great elnpllfleatloa in the aatheaatice, eo it will be aeauaed that the 

received energy le in fact independent of ^ . In caeec of practical 

intereat, thia aaeuaptloa probably hae little effect on the calculated 

value of the elnlini variance of «nblaeed eatiaetee of f(^) . 

We retain the aeeuaption that 0 can be obtained froa (57) with 

r.> -oo,T^r Qo ; the reault le ae followe: 
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hart 

R    -    ^-      / r2(t   at 

• ,/z   /F(t)F(«,t)dt 

0(5)     .     ^  (6Ö) 

/ r2(t)dt 
- a* 

H(S)     -    exp [R 0(5)] (69) 

0(5.5'  | 1)      -     •^HO^V)  (70) 

H(?-S0)   Hi*'' \) 

It It M«n that this !• of pmlMljr tha ••■§ form a« lq.  (VO)vlth 

* ■ «c* ■ ei0  «i apt that    ? • V  art tubatltutad for    7 , r'    and th« 

daflnltloo of H la giran by Iqa.  (67),   (66),  and (69).    Tharofort,  tha 

daralapaaata of part B can b« follovad,  finally raaultlng in: 

Lot 

LU)     «     H(^)   -  1 (71) 

^(u)     - je'iu$ L(*)d* (72) 
-o» 

than o    iv ^ r^l   tha graatatt lowtr bound for tha rarianoa of laarlj anblaaad 

aatlaataa of    \   vhan tha true ralua is    t   ,   It g'-rmn ayproalaataly by 

lq.  (58) with •-*>,,   b-t       aubttitvtad for    a, b,    and of oourta vltb 

tha nav dafiaitlcma of  /'■ u ' ,   L(T),   R,   etc. 

la particular far aufflciaotly larca R, 
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00 

•«f(u) 
- ac 

V« vlll DOV turn to th« oralu&tlon of    0(^) in a largo CIAAO of 

CAMS.    VLumly, w» assuaa F of th« fora 

F(t)     =            r,U)   coe ^ t     4     TAt) sin  ui t                               (7U) 1                     o                2 o 

It can than ba «stabllahad vlth ioc» alaaoDtajry trlgoooaatrlc 

.dantitle» that 
00 

(!(*)    =   -~         S^it) dt (7b) 
jF2(t      ■ 

«hara 

^(t)     «    I F1(t)F1^
,t)   j   co8[u;o(e5   -Dt]   ♦   COO[UJO(OX   »Dt]!       (76) 

♦ j F2(t)>'2(«?t)  j   co.^C«5   -Dt]   -  co«[u,o(«
?  ♦Dt]! 

♦ j ri(t)F2(e!rt)   I   8in[üJo(e
,?   -Dt]   *   aln[u)o(«

5  ♦Dt]! 

- "I r2(t)F1(«,5t)   i   •in[u>o(e
t  -Dt]   -  einJ^U5   * D t] [ 

Tlxua,   0(1)    can ba raadlly «raluatad for eaaas in vhlch tha Fouriar 

traaaforaa of ^(t) F1 (a 5 t) and F2(t) T^** t)    aad of F1(t) F2(a5t) 

and F2(t) F1(a5t) ar« knovn. 

AUo,   In aott eaaaf,  if      u>        !• tufflclantly Larga, tha ta 

Inrolrlaf     u) (e ^ ♦Dt    can all ba nag lactad. o 

Aa ua illuatratloo,  suppooa 

F1(t)     -    »zp    - «l   (S2t2 i-oottioo    )     (77) 

F2(t)     -    0. 



r-i468 
8-2^-56 

23 

Thmrn, tlno«   111   it alvayt •smxamd   < <   1 , and utuBing  ^ > > ^ i 

0(5)     s     exp 0  - (70) 

^    2 
-R      I    f'    <    \ o   -2 

o 

It !• also not difficult to obtAln  the  result  for 

r1(t) - •xpf-j i32t2J    , F2(t) - kt •XP^--|YVJ    , 

for «xasple. 
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Appendix I 

A propotition which aay b«  of UM in «raluatloD of 0 or of o -lb i* 

as follows: 

Suppo««  T    and T    are  flnlt«  and    {x(t)} If continuous In tb«t  ao«n 

OT.r     [TlfT2] . 

L«t   [s |     b« a MqiMoc« of ••ts of points,   8   conftifting of tht 

point» t^* ,  tn^n) b«longinf to th»  Interval [TI,T2]       .    L»t 

3*    b«  tht union of S    and tha »at consist in« of ths joints  T.  and T,. n n ^* *^ 1 2 

Lat A    b« thm length of tha ■azlsnn Intarval bstvaan nalgbborlng n 

point»  of 6*     ,   and suppoaa  A   —^ C as   n   t *>. 
a D 

Lat tha aatrlcas     fyx  [v    ^j     ])   *>• nonalngular vlth Mtrix 

Intaraas   ( IJ. .   ). 

Than 
w 

^ ^i.^^ ^^^    ■ 11-     C   ^{^ r(t{n),5) F(t(n).r') (80) 

To shov this, eonsldsr tb» llosar pradlatlon problaa Introduoad In tb» 

proof of If. (29).    It can ba ihovn' ' that 

q(?) = i.i...     £   y]^ r(t{n\s) x(tSn)) (8i) 

Equation (80) than foUcvs fro« cos^utlng   E   [q(S)   qC?')]    . 
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