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V. CODaider a suerali&ed tol"'l ot t.be probl• ot optia\a li.Dear 

f1lterias aD4 pre4iet1on tor l'&Dilc:a pl"'Ceaeea. It h ~OVD that, Wlder 

very SeMI"&l. cODClitiona , the optiaua linear eatiJI&tion b&Md 011 the 

received aigD&l, obaerved eont1nuoualy tor a f1nite interval a ~ t ~ b, 

h the liait ot opti.aum linear eatwation baaed on .-pled data - i.e. 

buecl on th• reeeived •taDal obaerved at Olll.y a finite number ot po1nta 

in the 1Aterval. a ~ t ~ b - aa the pointa ot ob.ervat1on beca.e clenaer 

ud deDMr ill the interval. 

Tbh yielda a •tbod for obtai.Jling the optiawa liDMr eetillation 

in caaea vbere the eonvent1ou.l. general.i&ed WieDer-Hopf 1Dtegral equation 

techAique baa not beeD abovn to yield a aolutioc. 'fbe relat1onAb1p between 

tbe eG~~pled-data aolution &Dd the WieMr-Hopf 1Dtesral equation solution 

( vhen tbe latter ex18ta) h diaeuaaed. 

Alao, a problea 1a poMd coneel"lliqg the rate at which tbe error 

variuace ot optiawl aaapled-data eati•te• approachea the error vari&Dce 

of t.be optiala eatuate baaed 011 ccmtiD\l0\&8 obMrvaticm , u t.be -.pled. 

po1nta beea.e denaer in tbe obeenatlon 1Jlterval.. '!hie problea ia eolvecl 

ill oae cue. 
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lYTRODUCTION 

3t«t«Ä»nt of the Problem 

A larg« das«  of linear esUmatloc probleaa can be  caat   in the 

following for»:   »uppoae ooe  i» given a  random process  z(t) in an interval 

a ä t  * b.     A »aaple function of this proceas vill be called an observed 

•aaple.     It  is aaeimed that 

1   't(t )j     -    0 for a i t  i b (l) 

0  (»jt) • S    z(8)r(t) <     oe      f or a  = s   ^ b. (2) 

a - t ä b 

r 

Here and  in  the following,   the notation I        denotes  the  enseable 

expected value of the quantity In brackets,    ^e  function 0    is called the 

covariance function of the randooi prof.'ess  z(t).    We do not asaume that 

z(t)  is necessarily stationary. 

Also suppose there ii a random variabJe,  q,  with 

Krq^     -    0 (.5) 

\ r-    - 

K    q2   ^     ^ (k) 

aad 

^t)    m    Z    qE(t) ^     oo       for a - t  - b (^) 

Th* problem is to form the o^timaa linear eatimate ^ of q in the 

f ollcwlag sense: 

find an estijaate q of q such that 

(a)    q is  forced by a linear operation on i(t).   in the sense to be defined 

in Section  I.B;   and 



(b) I [ (q - q)
2
] U a a1.n1aa tor all ••U•t•• aat1atyi.Dg (a). 

ID SeetlOD I.B below ve urine the elua ot l!Dear operatiODI OD 

z ( t ) v1 th1D viUch tbe optt.a 11 to be tOUDd. 'l'bia elu1 eoDt&inl all the 

t~1 ot lil.~ar operat10DI which are uauall.y eODI14ered. AlM, tbe 

uilteDCe ot a \llliquel which 11 optS.. v1thin thil cl.Ua 11 ~teect 

( ... tor exuple .. t. 1 or Ret. 6). 

All aa.p1e ot a .ore tw11tar-loak1Q8 type or prob1ea vb1ch C:Ul be 

repre-tecl 1A tbe above tora 11 u toll ova : 

Let tbe !"&DDIca proceaa x ( t ) be eall.ed the 1 ai&D&l , 1 vi th 

I x(t) J • 0 

;x(l,t) c I [ x(1) x(t)J '- oQ 

Let tbe !"&DDIca proee1e D( t) be ealled the 1 Doiae, ' vitb 

I [ D(t) • 0 

;D(I ,t) • I [ a(a) D(t) L 00 

QO 

s(t) • x(t) + D(t) tor a ~ t j b 

Th1ll 

(6) 

(7 ) 

(8) 

(9) 

(10) 

(ll) 

-&(1 , t) .. I [z(a) a(t)] • -x(a,t) + -D(a,t) + -m(a,t) + -XD(t , 1) (12) 

A tn>ieal i.Aterpolatioo or uvapalatiOD probl.ea 11 to ent.ate tbe 

alp&l ftlu.e x(t
0

) at aae tta. t
0 

b7 a l!M&r operatiOD OD tbe obMI'ted 

a~le s(t) onr the 1Dterv&l a,b J . U t
0 

11 1A the obMrvatlOD i.Aterval 
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a,b    this  is called an  Interpolation (filtering or wnoothin^) problem; 

r 
If t     !■ outside | a.b 

o 1 
,   an extrapolation (prediction) problem. 

Stated in the formulation of the first fev par»graphß abo/e,  ve 

would have \ 

q    -    x(to) (13) 

p(t)    .    K[i(t)x(to)l    -   0x(to.t)    *    ^xll(
to't) ilk) 

*od 0 (s,t) given by Kq. (12).  We vlah to find a liixear estimate x(t ) 

for vhlch I [ J^(t ) - x(t ^ 2 is a ainlaua. 

r ' 
Frequently the tiae t    and the observation  Interval  'a.b' are 

regarded a« varying,  and one   is  interested in the nanner  in vhich the 

optima» linear operator on z(t) eaxd the mlnltmna error variance vary with 

t   .   a,   or b      The formu.lae  in the  remainder of this paper will not o 

expllcitlv  reflect the  varlatlcui vith t   ,   since they will be expressed in 

tenas of the  fonaulation of the first few paragraphs.     However,  the 

dependence of the optimum estimator and the minimum error variance on t 

in thia case can always be made explicit by use of Sqs     (12),   (13),  and 

(lk).     in a similar manner,  many other problems such as estimation of the 

derivative of the signal,  etc.,   can  be translated  into the formulation of 

the first  few paragraphs. 

In another problem vhich  la  ''requently studied,   it  Is aasuaed that 

the signal x(t) has a non-randoc component:  2    x(t) i     =    m(t).  where a(t) 

4a known except for a finite number of unknown but non-racdom par«meters, 
N 

upon which m(t) depends  linearly    i.e.    »(t)    =      ^Z' \.Pi,(t) vhere P. (t) 
-i 

are known  functions.     In this  case,   the objective  is to find,  say,  the 

optimum linear estimate x(t    ) of x(t   ) subject to the additional restriction 
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that J5 < x{t   )       =    ai(t   )  Identically  In the  unknown partuaeter« a, .     The 

«»In resaits beiov can be extended to this caae  In a fairly straightforvard 

vay.     This Is left as an exercise for the  interested reader. 

B.     Defljütioo of Linear Operation on the Observed Process 

Definition    Given the  raadom process  z(t) in the  Interval a * t  « b, 

assumed to have zero ensemble dean and finite ^variance function,  a  (real) 

linear operation on z(t) ve define to be any randan variable of the form 

1  in..        ''n:   ci
{n)    t(t^n)) '15) 

n      >    - U1 

where 1.1.a.   stands for   'lüait  In the mean,'   c are real constaj-.j,  and 

(n ) 
1 

f 
t. are points of a.b,   .     (Here and in the following,  th« not     von 

ab    signifies the closed  iater/al.   a  = t - b. ) 

All the types  of linear operations which are  usually considered are 

special casce of this.     Also,   the existence  of a unique linear  estimate ^ 

which  is optiaum within this class of est^aates  is guaranteed. 

For processes which are  continuous  in the mean over a finite  Interval. 

an alternative  (and equivalent) definition is as follows  (Ref.   1):     a 

theorem of KarJ-unen states tiiat processes  z(t) which are continuous  in the 

i 
mean over the finite   interval | a,L ' can  be  represented In the  forr 

L. 

V^ Mt) 
zit)  = ) j z     ^=— d' ) 

V ■ 1 ^        V 

with  convergence  in  the mean  ft>r t in    a,b 0 (t) and are  the 

elgenfanctlons and eigenvalues of the  integral equation 
v 

S*( A. f   0    (^t) ^(t)dt (17) 

and   z    fire randara vttrlahlee glvwiby 
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z   - nr      t(t) 0 (t)dt (i8) 

with 
r   -i r      1 

K z      -    0; K      z z        .    ft fKronecJtor delta)        (19) 
v j \x   v yxv 

A lina&r operation on the process z(t) 1« then defined to be a random 

rariable of the for» 

(20) 

where 

V..1 
o<   Z 

V    V 

> / 
2 

CK oO 

v.--l V 

"niere are useful applications for both of these deflnitlone of linear 

operation to the linear interpolation and extrapolation problem.    'Die 

optiBUB linear •stiuate q and the minioua error variance u car be found, 

for processes vhlch are cootiauous In the mean,  by utilizing the reprcaen- 

tatioo (l6);   (see Ref.   I,   section 6 and the Appendix to the present paper). 

Ucvever,   for purposes of this paper the first definition above of linear 

operation is of main interest. 

C.    The variatlonal or   'Integral Squatlon'  Method of Solution 

What slight be called the conventional method of solution of the 

problem posed in Section I A Is as folAcvs:   one considers linear operators 

of the form 

\    x   f   z(r) k(r)dT (21) 

Iren in the simplest cases, when dealing with finite observation Intervals, 

it is necesnary to assune that k may contain delta functions of various 

orders -- that Is, that q may give finite weight to the values of z(t) or 

Its derivatives at individual points. 
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For estlÄfttea q of the form (21), 

ir(i - 4)2 k(T)   A 0s(o,r) k(o)do - 2p(T)  dr ^ B q2j (22) 
4 

Denoting the estliMte which miniffiltea the expression Ln  (22) by q, 

and the corretpoodlng weighing function by k, «n applicetlon of the 

u»ual Y&rl*tional technique yield» the folloving integral equation for k: 

/       Hit) 4    (l.t) dx   -    pit)     (attib) (23) 

vbere 0 and p  are given by (2) and (5).  T^e Banlmuai error variance 

S 
21 

(q - q)   is given by 

r      p1       rp:      ^ 
E (q - q)^  - I q^  -  ; k{t) pir) dV (24) 

i       J      ^ J    "k 

Bven in the simplest cases, vhen the observation Interval is finite 

the integral Sq. (23) does not have a polutlon unless k is permitted to 

contain delta functions. 

Zadeh and Ragazinnl (Ref. 2) have given the solution to this equation 

vhen 0 is a stationary kernel (i.e. depends only on s - t ) and 

corresponds to a rational spectral density function.  It turns out that 

for such cases 1 need only contain delta functions at the endpoints a and b 

of the observation interval.* 'Hils is a fairly remarkable fact.  Tkere are 

Ij^portant stationary random processes with rational spectral densities for 

which the sample functions are differcntiabie to a certain order, say v, 

with probeblllt} one.  In such cases, one might expect that the optimum 

linear operator might be of the form 

v    b 

S   f     M) 
i*o   -k 

lVi; (T) dK1 (r) (2'; 

Actually sons further conditions on $    and f  are needed, 
4b 
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vh«r« K. ar« function« of bounded variation and t  (T) is th« 1— 

darlyative of I(T). The fact that tha optimun operator» in thaae caaei 

actually Involrc delta function« only at the points a and b is fairly 

rs—rkable. 

It la of course necessary to Justify the rarlational derivation of 

the integral Sq. (23) vhen It is permitted to contain delta functions. 

That is, even if {25]  has a solution, it is in such cases necessary to 

give a separate proof that the satisfaction of (25) is in fact a necessary 

aad sufficient coalition for the alniaitatlon of the expression in (22); 

see for exaople Ref. k.    Also, one should prove that the optinua estimate 

derived in this vay is actually the optimun of all possible linear estinates 

and not Just the optimum sjaong estiaates of the form (21).  This can be 

proved in many cases. 

For general kernels 0 (at), however, one cannot assuae that (23) 

has a solution even if 'k is penaltted to contain delta functions; nor can 

one assuee that the optimal linear estioate is of the for» (25), say. 

It vould be very desirable to exhibit a nethod for obtaining the 

optirni» linear estlaate 4, without making any speclad assunptlons ae to the 

fom of 0 .  The main purpose of this paper is to exhibit such a method, 
at 

subject only to the very general  restriction that  the process z(t) be 

continuous  in the aean over    a,b (The Appendix briefly discusses an 

alternative method for obtaining  4- ) 
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II.     OPFDAJM LJNXAfl BSTIMATB8 AB LIMITS OF OFTDCJM LDOUH OAKPLID DATA 

KJTDlA'rBS 

^ t(n)fJ ßuppo»« ve seioct n dlttinct points t ,...,,  t from th«  Intervid 
[  ] r   r  n 
a.b.  We vill call thi» a subdlvlelon *'  of th« interval a,b . • We 

_        I n L        J 

need not aasune that these points are nmberod  in order of magnitude. 

An estlaat« \rt-ich depends only on the values of t(t) at  v  finite 

number of points vill be  referred to as  a ssuopled-data •stimat«.     The aost 

general line«u: operation which can be perfomed on the  set of random 

variables  »(t.       ),   i  - l,...,n,   is of the form 

i-i 

where  c are real constants. 

Definition:     We define the  optiMum linear estimate  d    of q,  based on the 

observed values of  i(t) at  Just the points t ,   i   -  1 n,   to be that 

randon variable of  the  form Kiven by  (2o) which minlmiies I  (a     -  q)^ 

aaontf all random variables  u     of  the  fonr. gl.en by   {2t).     {See Ref.   .'   for 

a detailed discussion. ) 

(it   Is  of course understood that a    and 4,   depend  on the  specific 

points   t and  not  Just   on   the  number n of  points,   but  for  convenience 

this  will  not be explicitly   indicated   Jn the   notation. ) 

Later on ve will ^ive  explicit  formulaa   fur  d   .     At this  point,  ve 

vjsh  to brln^; out   the  fact   that   the  overall  optimum   linear eBtlmate  q   Is   a 

limit  of optimum estimateß  baaed  on bampled data. 

actual! y de^-ends ,   of  course,   on the  S])ecific  points t selected, 

not  Just  on the  number  of  points 
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For r«f«renc«,  w» rir«t glre the foilovlng well knovn definition: 

Th» procea«  t{t) is  »aid  to b«  continuous  In the mean for e * t  • b 

21 r      ^ 
provided E     ^t(t]  -  z(a)( approachci tero a«  s     > t,   for each t  In    a,b   . 

Tbaoran 1.     Let t(t) be contlnuou«  In the mean over the finite  interval 
r        ] i 1 a.b .  Let 1 ».' i b« a sequence of subdivisions of a.b  , and define 
L     J ^   n -      ■ 

A    ■ length of maximum Interval betveen neighboring/   ^       (^> ] 
points at the point set consisting of a,  b,   t       ', 
 , t (") i 

n 

where t    , 1 «■ 1, . . . , n aa^ the points corresponding to the subdivision 

*/   .    Suppose that A  -* 0 as n  • »-'. T^ien the overall optimum linear 

estlsmte ^ Is given by 

\  - l.i.a  ^ (26) 

Also, let n y i «^ 

Then 

M  .  11m   ii (29) 

u * ^ 

Proof  Since ^ is a linear o]>eration on z(t), q is of the form 

n 

*  -  LI.«.  ' >    c/a)  z(T (nM CO) 
i       1       1 

n ^ **")  1 ■! 

/    \ r ' /    \ 
where   ^ are points of    a,b   .   possibly different  fror t 

('rtiua,   by definition of   'linear oi>eratlon on  z(t)f'   Q  la the  limit 

In the lasan  of sone  sequence  of   linear operations  bes«d  on  sampled data. 

The point  of the theorem is  to exhibit  sequences of specific linear 
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oporatlonB on eanpied data vhldi converge   In nean  to q. ) 

By continuity  In th« nioan of  z(t),  each estLaato of  thr  fonn 

n /   » /    \ 
,      c Z(T ) can be approxlntated  In th«'  mean arbitrarily cloaaly 

1-1 

by  linear operations on the variables    z(t ),   fo r 

sufficiently large m.     Thus,   one  can vithout  lous of generality say that 

n 

q.l.l.m.      '?    '   c/^     2(t1
(n)) (.M) 

n     "^      'l.l 

its  c.       .     For this  set 

\S\ ) holds,   let 

for aooie set  of constants  c .     For this  set  of constants for which 

1-1 

so that q « 1.i.m.   d 

Alao let 

M n E     (c^   -   qT (") 

Since 3     is defined  as  the oj tlauai linear estln^to baoe<l  on the 

points of  »'    . 

.i 
n 

all  n (,'U) 

But,   alnce  q =  l.i.m.   q  ,   It  follovs  that   q  -  q «   l.l.m.   (a     -  q' 

anJ  tnerefore u lim      u   •    Therefore,   fron,   (/-H), 
a 

n Llm        ii       *     lim      u (-''  ' 

n   • ■■ n    •  • 
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Now,  ve wlah aI«o to «how th*t q - I.l.m.   a   .     Thia will b« accoapllfthed 

If we  can »how that 1  (8    -  a   )        • 0 aa    n     . -J .     To thlb end,   let 

cC     -    (l - k)^  ^ k^ (3ö) 

where k  is any real nuober. 

Then. 

«•    - q    -    (1 - k) (^ - q) + k((in - q) (3?) 

Therefore, 

r 2 
I   !(*   •   -   q)2 ,^ (1   -   k)?  ^   ^^   "  ^     •  ^- {i>6) 

L J n       , e 
e 

where 
j 

U      U n    n 

K 
I 

(qn - q)   (^ - q). (^9) 

and 

e     n     ^ (UC) 

Then 
r 1 

S ,(-•- qr 
.    i »  2k P   -    r e 

.*? 1  • *  e 

•    e 
/ 

(Ul) 
e 

/ 

Therefore,   It aust be  true  that 

u 
D 

»Ince otherwlee it would be poaaible to choose k BO  that I (^' • q) ^v , 

which is iaposslble, since o( ' is s iinear estinate baaed Just on the 

points of M/   . 
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By (kp) and (39' , 

Therefore , 

Therefor«,   by  (35),  S    (d     -  «I   ^     '0    as a    *   ■■.     ThlB proves 

Theorem 1. 

CorollAry 1:     Let C by any ciafls of linear  e»tlaateß of q which  contalna 

ail €itl*»te»  of the   form 

b 

q    - r(r) dX( r) 

'a 

where K  1« of bounded  vuri&tlon.     If there  exists   in C an eetLaate,   eey q, 

which  is optlaiuB aooog ail eatliatei beloii^li^ to C.   then  q Is the overedl 

optlmum  Ilne«j" estLnate q 

I'roof:     This   is  an  LMBrediate  consequence  of 

(a) the  unlqueneas  of q, 

(b ) the  fact that ail sampled-data estimated  belong  to any  such 

claflB   .';   and 

(c ) Theorem I. 

Specific   foxnula-»   lor  the  optimum «ampled-data estlmateB q     are as 

foilowF   (see also Ref     '0 

'onalder  the  subdivision of    a.b       vlth  uo'.nta  t,         t 
n ^ I n 

Defla« 

0 0 t   (n)     t   (n) 

pi       ^  S' 
n] 

t  (o) 
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n 

'■   'c^Kit^') - q 
1-1 ' 

i 

is minimized       In the  following,   In order  to avoid c ire laa'ocut lone ,   It will 

be aesuHHl that the aatrU  (0       )  i«  nonaixi^ular      Of course,   thii 

aaauqrtlan 1» not necessary for the existence of a unique optimun Q 

(altiwugh If  (0       ) la singular,   the  set of constants d. giving d    wlli 

not be unique).     Hc^rever,  assuming nonslngularity of  (0       ) for  convenience, 
u 

(n ) 
the process of finding i is a sLmpie differentiation problem,   the 

result being 

ftieores» 2:     Let  (0     . ) be nonaingular,  and  let 
  rriJ 

^ti' ^zil^1        ("»trlx Inverse) (V,) 

Then 

^    '   .  ' 'riJ   'l   PJ 
i ,J---1 

n r 

UD       '      ■* ' !'Z1,1    Pi    ^ ^<3) 

IJ-i 

It  Is  Interesting to note what happens heurtstically when n   is 

allowed to approach   Infinity  (and A    defined  by  {z;} approaches  zero)  in 

(47) and   (4^).     We have 

n •      ■ n 

4    " *.   i.       and       u     -  B  q'       -      >        k.   p 
Ti       .        ,        1     1 n 

where 

1-1      ~~      Mn " -^   ,        /        "i   ^1 
1-1 1-1 

1     .      ,    tl.    p.' 
J' 1 

'Hiat  is,   (i.   ) Is  the  solution of  the equation  p. > 0     (     k 
J 

-1 



ID the Ualt , ~ {or cCNrM, Clll a P'&ftl¥ beur18t1c 'bu1a), '\. -) r 'it( ti •( r ) dt' 

a b 

~11 -1 1 [ ca2 J - J k(7') p( () err 
a 

- .. k(-r) 1o tile 110101\1 .. or p(t) • { -. (t,t) k(r) dr. 
a 

l1ait 1a uaJuat1t1ed 1t the rea\&ltl .. 1Dte&ral equat1ca doea oat baYe a 

80lut10D. It the illtecr&l etuat10D baa a aolut10D, &D4 1! 1 t cu be 

pl'OVM tbat th18 aolut10D act\l&l.l.)' 80l.Yea the problu ot a1n1a1al-. the 

upre .. ica ill (22) , tbu thia pu-.e to the l1a1t 18 actually Juat1t1e4. 

For a cU.acudca or the '1Dtecr&l e4(U&t1oo ' Mtlaod ot aolut1oa, ... tor 

ua;ple .. t. ~. 

AD illt.ere.tl-. problAa vhic:h Dl:1ltl &riMa 1a the tollowiJ:a& : &1YeD 

-a• p, I ca2J, &D4 a aubdior1a10D ~ !11 ot [a,b , eatabliab u upper bOUD4 

tor "'n - li . It a aqplecl-clata eatiaate ~ 1a \&Hd u u appraKW.t10D or 

q, lt WGUl.cl be illtereatl-. to DciiW hGIIr tar abort thia t&l.la ot the optiala 

,.J 

eatiaate ca.\ It voW.d be deai.Nble to obt&1a a\ICh a bouD4 directlT ill tenu 

~ t.be properU~• or -& &D4 , v1thCNt baT!-. to kDOW qpl1c1t upreaa1oaa 

1a clOM4 fora tor 'q &D4 I!. 'ftUa problAa __. d1tt1c\&l t to treat ill 

..-ral· AD u.ple or thia type or rea\&lt ia the tollowiJ:a& : 

- (a , t ) • e!le -af la-t l 
& 

1{b - a) 

" 
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u4 let p(t) be at l.eut tAI'M tt.e differentiable &Dd .atiet'y , tor t 1D 

~ till1 te i ntern.l [a, b] , 
I p2(t • h ) - l<t>l 

1 p(t. h) p(t • h ) - p(t> p(t) 1 

1 p(t • h) p(t • h) - p<t> p(t) 1 

IY - 11 ~ (~) ['b -a ~D D 2 IS<X 

+ ~ [~~ + a:2J 

~ ~l h l 
~ a:~ hI 
S 1J hi 

• ~ [ o(2 [ p2(a) • p2(b)\ 

+ p(a) p<a ) + p(b ) ~(b ~ (
b - a) + 0-

D 

(49 ) 

(50) 

I t 1a ... 111 MaD tbat thie 1e a rather UDelepzat reeult. AD outline 

ot tbe proot 1a aa toll.CJWa : For tM p&rtlcul&r cue uau.cl 1A tbe 
• 

tbeONa, it 1a poaai'bl e to upllcitly i.Dvert the •tru <•&iJ) u 1A Ref. 5, 

u4 tbu pt u u;pl1c1t upreaalOD tor 

D 

~D • ) : !'&1J Pt p j 
l , J-1 

lie tbea nal.uate ~ • lla I)' d1rectl7 u 1D .. t . 5, except reta1J11Di the 
D 

'b - a 
tint Grier tena 1A ~ • -.s- . '!be reaul.t ~· out u atated 1A tM 

t.Moz•. \alt'ortUDa~ th1a ..tllo4 ot proot 1a ot veey apec1al appllcabUity , 

1A tat 1a ..-reJ. c.e --.ot upect to be able to iAvert (-alJ ); &lao • 

kaawl.eclp at ~ 1D olOMd tona 1a 1D'f0lft4 1a tbe proot . 
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It the proee.. z ( t ) aDd tbe raDdaa variable q are J o1ntly Oauaaian, 

then 'q, the optiaua linear eatt..aM or q, 1a actu&lly optima aoas a aw:h 

vid.er e.laaa or eat~tea. We deti.Ae the cl.&aa r or operationa on z( t ) u 

tollowa : 

Det1a1 ticm: r ccmtaina all NDdoa variable a or the rona 

(~) 

(D) (D) .., 
vbere t 1 , .•• , ta beloag to a , b j , &D4 t (a) h a raDdca variable 

MU\&I'U.le Gil the eaaple apace ot z(t
1 

(a)) , . . . , a(ta (a)) &D4 tor vbicb 

a [•(n)2 J ~ . 
'l'beorea ~: Let tbe proee .. z( t) &D4 tbe J.'WI4ca variable q be jointl,y 

Gaual.u . Alao , u before, let ~ be the optiaua linear eat~te ot q aDd 

let If ... I Gq - q )
2
]. 'thea 

l 
1'.L ~ I (~ - q)2 

tor all eat1-.tea q beloaging t o tbe cl.&aa F. 

Proof : 

AD eat~te q beloaging to F 1a ot tbe fonD (5J. ). Let ua vrite thia 

a .. 1.1... ~ c 52 , 

vbere nov 

Hoveve.r, aceordiA& to Bet. 6, pp. 561.-562, it z(t) aDd q are Qauaaian, 
" 

I ~ - q )
2 J ~ I ~ ~ - q )

2
] (54) 

vbere \ ia the opti&a li.De&z' eatt.ate bue4 OD juat the variable• z(t
1 

(a)), 

... , z(t (a )). 
D 
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Now,  •inc« q - i.l.B. d, thmn B (q - q)   j    ° lla   I (q.   - q) 

But fro» (^0.   Inf I    Cqljj - q)21     -    11« 1    (i    - q)2j   .    Also 

2 " 2 
U    >    I    Cq - q)   ,    «    Inf 1      C4    - ^) Thi» prove» the theorem. 

i       J | n     I 

WV can elfo state 

Tbeore« ^:  Let the process z(t) ant^ the ranr.an variable q be Jointly 

Oausslao.  Lst i*-'    >   be a sequence of subdivisions of the finite interval 

a,b  satisfying the conditions of Ifeeorea 1 and, In addition, having the 
i   i 

property that v'     is a reflneaeant of  v'     for m ^n.    Also,  let q_ be the ■ n u 

opt law» linear estimate of q baaed on the points of -.•' Tlien 

q   -   it« 4 

with probability one. 

Proof:  Bals follovs directly fron a theoraa of Doob (Ref.  , pp. 232-233). 
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APPPOIX 

The ICarhun«n r«r^e»«ntatloo of processes vhich are continuous   In the 

mean can be used to obtain q a« foliovs: 

We Lave,   for r(t )  continuous  In th* swan over    a,b       ,   (a,   b both 

finite ), 
tit) 

z(t) zv    —        .   te   a.b (Al) 

;^1 . ^v 

with convergence In the maan.    The 0    and  ■     are elgenfunctloru and 

eigenvalues of the  Integral equation 

b 

0(t)     -       ' 0  (»,t)  0(B) ds (A?) 
z 

a 

"Rie  random variables  z    are given by 
v b 

z       = rit) 0   (t) dt (A3) 

a 

Also 

S(z   )    -    0 (Ak) 

E(z   2    )      -     & 
Ml U V 

We now let 

4 - 

v-l 

z 
V 

with ^ 
i 

1 

(A!)) 

F i 

and detemine   •, TO  thac  K    (q -  q)*"       is  minimized.     The resulting 

constants will be denoted by        (^   \ 



' 
low , 

Alao, 

I [qz(t >] p(t) • 

eo that 

I [q• 
" 

Tberetore 

,/\J 
.-.) 

q • r{ z 
J " " 1 

with 

J -
o<\1 ~ 

aD4 & ah•n by (A3 ). 
" 

Aleo , 

[ 
I cq - q)2 " - "' 

\ 1 
I [ qz ~] ~" ( t ) . .rr: 

f p(t ) ~ (t) dt 
\1 

a 

(convergence in •an) 

r b 

p( t ) -" ( t ) dt 
a 

r 
• I q2 -

1 
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(A6) 

(A7 ) 

(AB) 

(A9) 

(AlO) 



~t1CIIll (AS) aD4 (A9) could be vritten 

b 
{' 

•(t) k (t) dt 
D 

'l • l.La. 

D 

J 
a 

v \ -,.; 
ltD {t) ,. . / , \1 f \ -...ct) 

l 

'fhia 11 very a1a1lar to the re1\llt that voW.d be obta1Mcl 1t ooe 

tried to 1 I01Ye 1 the 1Dtecr&l ~. ( 2~) by t.be •thod or •icentuDotiCIIl 

u;pua1ou . '!'he rea\lltiDI 1 aolut1CIIl 1 tor k ( t ) voW.d be 

'k{t) • " '"). - . - {t) 
\1 \1 

1 

{All) 

{Al.2) 

(Al.~) 

,.J 
With •1ftD by (A9 ). 'l1ae trouble vith th11 11 ot covee tbat the aua 

oD the riFt aida ot (AD ) uaual.l,y doea Dot coonrs• 1D AD)' ordiDaey MOM 

to a wicbt1Dc fullctioo which correapcDda to 'q. In ather vOJ'U, &lthough 

~ 11 the liait or operation• OD a(t) Vhich correapoDd to tbe v.l&bt1D8 

tuuctiODI k , the 11a1t1Dc operatiOD doea DOt corre~OD4 to &Q7 v.J4bt1D& 
11 

rUDctiOD k which ia tbe liait of t.be k 1D the ordinary MDM. 
D 
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