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7 
ag BCUHDAHY LAYSR OH A COHZ P A SüI^HTSCgiC AIB SggAH 

AT ZERC ;iica^ OF AITA:::. 

(Die laninare Grenzactlclrt b«l eliMB nit UberecbaUsesolvfladl^Qslt 
ezi^eetrtetan nlchtazigo8t«lltan I^eiaicegel) 

This report dcnoostrata« that the intagratiaa of the equations 

for the 3anlnfir boundary legrer oo a cone In a vupersaalc air 

etreaii can be reduced to the equatlcne for the flat plat«. The 

olnple roeult is obtained, Utat or the oone the boundary lay«' 

^ ^Hy" As c<apared to the plate, / The la different by 

friction   coefficlent    and the heat    trear^fer coeffici«xt   are 

 y 

greater by the factor 

t / 

/ ̂
-'-{r-5- 

If a clrr-ilar-baee cone la plac 

a conical shoe": fremt appears, behind 

aß lenz 3js friction Is not talren into ace 

fome a conical fleM  ; that ie to eay, codbtant proeeure, denalty 

Telocity are round oUng all straight linee Ihrcm^h the apex. 

"f' & 

a ruperscnlc axial flov, thee 

a^Tin potential flow ie 

The flew behind the «book 

Kov, let us dlscujs the Iffnlnar boundary layer on the oooe.    Let 

aria of the cone be tlk» poeitlve 2 axis of a Cartoeian eytrU» of co-ordlafttat# 

vlth the aoez of ehe oooe as its origin.    Let us introduce the ftptanleal 

co ordinatee r, 1? ,$, by the reLatlane: 

z - r coe &f 7 - r sir 9 ;oe fytz-v sin dein $> . 

•  4. B'jseciann: Drflc^e auf Kegelf!h»l«e SpltMö bei Bevegong «It 
Tborechallsoschvlaii^eit. ZAM4, VoLa» 9 (I9G9}, ^<»k 6, p. H96. 
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L«t a aMsridian plan» throa^b the axlr of tho oooe b« daerilb^d "bj a pair of 

etralgjit llnee, ^ ■ ^ r en tae FOOD'S mir^ace. Let U and Y be the Telocity 

oonponaota la the nerldlaa plane, Ü In t&a iirectloci of r mi V perpendicular 

to this dlreetloa (Figure 1). Due to the rotaticud aßateitrj,  no coKpocent 

uoraal w-o Ulla plane la found. 

The differential oqvatlonQ for theNaa!nar bouaiary IA/OT ai« ohtainod 

in the usual oanner fron 'Jso oquatlone of action for a riocous fluid hy a 

Halting ^roceoa vith respect to TenlshlQg riscoslty. If ve asoune here 

that the order of the aagaltudee appearing in the hound^ry layer of the 

ooac 'a sulntslned In the differentiation vith respect to r, hut that It 

Is deoressed by 1 In the differentiation vlth respect to /* , then, 

ooaslderlng that the pressure on the surface of the cone is oonetent, the 

differential equations heocas: 

(1) 

vhere p   dwewrtes the doösity, 1 the enthalpy (heat content), X the t>- 

conductivlty, and ^ th» friction coefficient of thr gas under conolderation. 

Let the specif.c heat c and the Prandtl irsuer a   ■ -*-r— he constant. 
? ^ 

X     and p   are tie vell-knoun functloae of the toaperature ?, or of 1, vlth 

1 •> c     7.    The aaae holds for p   since the -reseure in the I   «dary layvr 
P r 

is constant. 
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Zi&a 

Soctlac throu^a the axis of a cone to axlcl flow vlth 

U,     = T«ioclty alooß the mirfac« of tb» rcoae in the poteotlAl fl«r 

bohijod the shoc^:. 

Let us DOtf deoanotrate that the integratloo of aquaUoni (1) foor the 

In exiol ffupereonic flow can be   rwluoed to the inXa&ntim of th» 

oquatlone   'or the Iminar honndary la^r on a flat pl«fce.   WitJi tfefl 

Carteelan ayntaa of co-orllnatea, the poaitl^» x axis of AK* 1» 

in the plate, the 7 axis noraial to «ht--    plat«, «& the «n«i» «f «W^ 

llee at the forwsMt polai of the plate, the^ «qmtiaw are: 

-'    :    :-'i 

;   1 
i !■ 



111 
f ■ 

k - 

(2) 

Bare,   p  , l^.,fi9 c    d«nota tha aaaa EiRa^tudae as aber«,    u, r ax© 

tta« relocltj ccBponante in the direction of the x and y axia.   Let us 

Acaonetrate flrit tdiat for the flat plate it is pe^aiaaible to apply 

the eAstDptloc vhlch is correct for Incaofressitle flew, to ocBpreseihle 

"boundary layere al»o# i.e., u and i ore fimctians of tho single indep^idant 

variable   X » ^ift     .    In a preriotia treati»©*, ve integrated *ii   syeteo 

of eguatiaoe (2) "by eujaaBlag that 1 la a function of u '«üy.   Hcwrrer, 

vith the result tin» obtained, ve could detelop our oeloulatiooe for 

u = u (X )/ «^ than aleo for 1 = i (x )• 

Hov, if vö Uö5 u = u (X ) and i = i (X ), Vw* w obtain dlroetly fron 
?   X 

«L« »ecood equation of (2) that T hae a fom of   v ay.        .   Vlth 

that, the aet of equatioEui (2; ic trcjusfozsied Into "ciue aysten of c 

differential s^uaticRjo: 

(3) 

#V. HaaUache ozvi I. *f«dtt    Zw fuiBSiresei^iUtäleeiJiflMä hei der 
ImXmrm. Gi«ai^ckicht dar ebeoM« Platte. Jahrtmch 19^ dor dantachan 
Lsftfahrtforechnn«, p. 517. 
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* la order to doioistr&te that toe lotAgr&tlcn of ttu» *im.tXam (I) oaa 

alac \>« wdiicad to a ftjvtm cu xb* fosm. (3), let us flret vrit© la SB 

aöRlogcniß afianei'  U .--.   U  (X )       aod 1 » i (X )   vhere X  1« oorreepoodiaftlor 

X = 
'(^-*J 

y r =   iTr   (ti- .? T (X ) ) .     keßXüf   ▼ =    ^■.^l
l.^lr     and 

oM&ln« th« aquati^jnc: 

By a elzplo tronsf omatdoB of tise dgponAaet aaad iadep^cdeat ▼arlablas: 

2 
1 (X)    =    flX   ,   7 (X) 

v» o"bteln a systae of the fora (3) 

rr|v(X) -| x u 

m 

The IxnnKlary coodltiono for this uystm of ccacuxi dlfforantlai ©quatloßs 

«m tha sns^ace of tbe coaa    (  5f «=  :) aro   Ü «-- 0,¥ » 0    (eine© Y » 0) 

d 1 az«l a coaUtlcm ai 1 or   ? ■y- , depwadiaß o» tbe iype of tLo opeclal 

pro\)laBi.    If ti» taEi>eratur« la predetexminwl, tbao 1 ia siTon; If the 



■ 

a»   Q   a> 

fiin u 8l,,o■ 

"H" - 0 for X « 0 caorrocpoads to tiMtjiaaaB0B»t«r problw (uBteeitad or 

).   TvtJMnare, U and 1 at tb» od^B of tte boundary legrvr 

tte friL— of tte potontlal flow on the oooe,!^ «A i_. 

2k erter to obtain ea lxrt«gral of (5), iw sroo^od in the foUovlAg 

At the corr—poBdloe bouadajry ©ooddtlcme: 

for a solution of the uUTarantlal equrtlon (3) of th» flat 

plftto.    If till» tew th» fo»   uott*(X),   T-   Y^!—/    , 
r x 

m obtain the solution for the ooos Isx tbe font 

1- 1#(X)# 

n» fox» of tbla Bolutlco ahova that am a fuoctioa of   X   or X «rMpectlwljr, 

tb» ▼«locit/ profile (u-ccB©ontxrt) and tha taaporature px^flle in the boradary 

IflpKr of the plate eoiiBide with thoee in the boundary layer of the oone, 

Howrw, for mmlX   $ -   9  0 , X   ooA X      are diffewot by 7 3       only, 

Mglaetl^ th» oh-sen oo-ortiaevteo.   Thus th« boaodary layvr on the oone 1« 

distorted by tl» factor ■       aa oaapared to the boundary laywr on %bu rr 
plate.   The departawy of the «nUsalpy    i ■ o T upon u la the bowdary 

erf the layer of   the plate colaolde» «Dcaotly vith that upon U in the 



Tb» «i*ß-iriac s^^os «* ths oooe 

i« apparsotlj graat« by the faotor   fs   **» *»»* « th» plat«, 

at the Bam   x aal r.   Hcwfwr, tto« »»aa frlctloo oorfflel«aat 

dlffopoot bj the factor   | yT" «17» «■ o<«par«d *« **• ,TOlue for *** 

plate, becauae of the different rttX* (tf Aeflnltian» 

L ■ lengtJj of tue plat«, or leogth of th« gaBaratrljc of the 

Burfase of the cone. 

Flaally, let u» a täte th» effect on the heet traaaaf^ coefflclect, 

Mhloh 1B aaalogauB to that oc the frlotloo ooeffleieat.    The looal hast 

trwÄfer ooefflclent oa th» eoae U» ffreatar by the faotor  fl     th«» that 
2    j  

on th» plate, the aean heat traoafer »oefflolact, bj    •*   J  3 

Thu«, th» reirult for the Im^jmr bodBÄary layer oa the flat plat» »y 

in thli «fflaa»r be applied dirwrtly to th» eon» In a mxgwmmXc air atowm. 

I«« the ooawtaat velocity on the flrurfaoe of the oca» in thr pofetfklil fl«f 

^fcj^ the (XÄpraMlon ehook i« to bo ««»loy^ aa the rrf 

^    (fl^Brel).  

TnBiooltyj 


