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THE EFFECT OF RELIABILITY OF "SUPERVISORY" EQUIPMENT ON
THE ACCURACY OF A “SUPERVISED" SYSTEM*

Alexander W. Boldyreffee®

~

%ﬁgggglz This study deals with a basic system,
e performance of which degenerates through
random errors increasing with the square root

of operating time. The probable circular error
of this system can be made independent of the

time by the additlion to the system of super-
visory equipment capable of periodic correction
of the errors of the basic system. Assuming the
supervisory equipment "fail safe™ and subject to
constant hazard type of failure the performance
of the supervised system is determined for various
values of reliability of the supervisory equip—
ment. It i3 shown that a great improvement in
performance is possible even with unreliable
supervision.

In the design of complex high performance automatic ayétems
it 1s sometimes important to know how much additional complexity
(with a corresponding loss in reliability) can be accepted to
inprove performance. This study 1s directed towards such a

problem.

The basic system under consideration 1s designed to operate
automatically for a maximum operating time T. 1Its performance
1s cnaracterized (for operating time t > 0.05T) by a normal distri-

bution of error with circular symmetry and zero mean, and the prob—

able circular error cg, 8sucn tnat

ca = a% + (b [T)* . (1)

® Presented at the Boston meeting of the Operations Research 8S8ocietly
of America, November 23, 195)5.

** Pormerly with the North American Aviation, Inc., Downey, California,
where most of the work on this paper was done.
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By the addition of supervisory equipment the probable error
of the 3supervised system is assumed to become independent of the
time, provided the supervisory equipment does not fail, and the

probable circular error of the supervised system c, is then

assumed to be
C = &, (2)

The supervisory eQuipasnt is assumed to be "fa'l safe” amd
subject to the constant hazard type of failure, independent of the
time it has been operating. Thus, the probability density of failure

is
$ e [A] ,

where L 15 the mean time to failure which depends on the design
reliability. The probability of no failure during the operating
time (O,T) 1s then the reliability of the supervisory equipment:

R e exp [-JP/L] . ())

It is assumed that a failure of the supervisory equipment
results in tne absence of corrective signals to the basic System,
and that for failures of tne supervisory eQuipment at time t the
provable circular error of tne basic system c(t,.) is given at the

ena of tne operating time T by

c¥(t ) = a® + (b JT=U )2, (4)

With tae above ass.mptions th2 question arises: what improve-
ment. in the performance of the basic system can be expected at
the expense of added comnlexity by the addition to the basic system

N s pervisory eqiipmant of variable reliability,



It 1s showm that a considereable gain in acocurecy ocan be attained
even with a relatively unreliadble supervisory equipment.

The prodadbility that a supervised systeam will have a redial
error p not exceeding r at the end of operating time T, when the
reliability of the supervisory equipment is R, is given by

T
MriR)= § Pr{fatlure at t] . Pr{p < rat T| fatlure at t] at +
0

+ Pr{ no failure over (0,7)] . rr{p <rat T no raum} -

. jr £ exp(=t/L) { 1-exp[- é(x;nnr)"’/a? + bz(M)]} at +
(-

+ oxp (1) . [ 1 - exp(— $1.1773r)%/a% ] =
-1-¢ S(T oxp(—t/L) . oxp[ -%-(1.111&:-)2/.2 + b3(1=t) ] at
—exp[-TL] . exp| -%(1.111&:-)2/.2 | (5)

where the esnstant 1.1774 = /2 1n 2 = the ratio of the probable
cireular error to the standard deviation.

For any given value of R the probadble circular error of the
system 1s given by that value of r for which P(r|R) in (5) 1s
equal to a half,

Sinee the use of equation (5) would involve a formidable eom~
putational job, the solution of the prodlem was odtained in a

form avoiding the use of high speed computation.
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This was done by dividing the interval (0,T) into ten equal
sub-intervals Ati with mid-points ti' and replacing the exaet

expression for P(r|R) by an approximation:
10 .

P(r|R) = 1 -err (fatlure tn ot ) . axp[- 31.2770r)%/a20% (2, )]
ie

-Pr {uo failure over (o.'r)] . oxp[ - %-(1.171!:-)2/:2] (6)

The expressions P(r|R) were then computed for various R end r.
This was done for b equal to 0.267a and T = 210 for each of the
values of Rt 0, 0.2, 0.4, 0.6, 0.8, 1, and for r varying from
zero to 8a in steps of a/3.

The results are shown grephioally by plotting P(r|R) against
r for each of the above values of R. The values of r eorrespond-—
ing to P(r|R) = 1/2 are then the probable cireular errors at the
end of total operating time T of the supervised system for swper-
visory equipment of varying reliability.

Comments

The significant result of this study is the great gaim in
accurecy attained even when fairly unreliable supervisiem is used.
Thus, the use of supervision of reliability of only 0.6 deereased
the probadble circular error to one third of that of the uwmsuper-
vised systen.

The three basic assumptions, namely the oireular normal dis-
tribution of error, the error propagation equation (1), amd the
constant hasard type of failure of the supervisory equipmeat, were
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supported by ample empirical data in the partiocular situation to
which this analysis was applied. The real problem was the tech-
nical attainadbility of desired performance level, and the question
of equipment cost was unimportant.

However, the above assumptions are satisfied in many other
problems of control of sutomatic equipment (as in some types of
long renge automatic flight), and with obvious modifications the
analysis is capable of still wider application. Specifically, by

assuning (1) a different law for the propagation of error in the
basic system, and (2) a different mechanism of fallure for the
supervisory equipment, it wculd be easy to adapt the analyéia of

this paper to the most general types of feedback systems, where

the output of the basic system is measured, compared with a standard
or with a supplementary measurement, and used to regulate the basic
system. In industrial appliications 1t wou.d alsc be necessary to
determine through cost analysis whether the improvement in performance

Justifies the added cocst of the superviscry equipment.
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