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THE EFFECT OF RELIABILITY OP ,'SUPBRVISORY•,  EQUIPMENT ON 
HIE ACCURACY OF A "SUPERVISED" SYSTEM« 

Alexander kf. Boldyreff«# 

Summary;    Thi« study detls with a basic system, 
the performance of which degenerates  through 
random errors increasing with the square root 
of operating time.    The probable circular error 
of this system can be made independent of the 
time by the addition to the system of super- 
visory equipment capable of periodic correction 
of the errors of the basic system.    Assuming the 
supervisory equipment ^fail safe*" and subject to 
constant hazard type of failure the perfomancc 
of the supervised system is determined for various 
values of reliability of the supervisory equip- 
ment.    It is shown that a great improvement in 
performance is possible even with unreliable 
supervision. 

In the design of complex high performance automatic systems 

it is sometimes important to know how much additional complexity 

(with a corresponding loss in reliability)  can be accepted to 

improve performance.    This study Is directed towards such a 

problem. 

The basic system under consideration is designed to operate 

automatically for a maximum operating time T.     Its performance 

is cnaracterlzed (for operating time t > 0.03T)  by a normal diatri— 

but ion of error with circular symmetry and zero mean, And the prob- 

able circular error o«, sucn tnat 

cj - a« ^ (b JT)«     . (1) 

•    Presented at the Boston meeting of the Operations Research Soolaty 
of America, November 23» 1953. 
•• Formerly with tue North American Aviation, Inc., Downey, California, 
where most of the work on this paper was done. 
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By the addition of oapervlsory equipment the probable error 

of the aupervlsed system Is assumed to become Independent of the 

time, provided the supervisory equipment does not fall, and the 

prooaoie circular error of tne supervised aystem ci  Is then 

assumed to be 

d - a. (2) 

Tha tupanrlaonr «aulpatBt is aatuaad to ba •fafl aafa* and 

subject to the constant hazard type of failure, indapandant of the 

time It has been operating.    Thus, the probability denelty of failure 

Is 

^ exp [-t/L]   . 

where L Is the mean tine to failure which depends on the design 

reliability. The probability of no failure during the operating 

time (0,T) Is then the reliability of the supervisory equip—ntt 

R • exp [-JT/t] . (3) 

it Is assumed that a failure of the sopervlsory equipment 

results in tne absence of corrective signals to the basic system, 

and that for Tailures of tne dapervisory equipment at time t the 

probable circular error of tne basic system c(t  )  is given at the 

ena  of  tne operating tiiiie  T by 

ct(L   )  - a- +   (b JT^T)*   . (4) 

With tne above assumptions th^ question arises: what Improve- 

tient in the performance of the basic system can be expected at 

the expense of added conolexUy by the addition to the basic system 

or rMpervlaor;,' eq jiprn*nt of variable reliability. 
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It It •hoim that a eontidtrabl« gain in aeouraej oan b% attainad 

tvan with a rtlatlvtly unrtllabla auparvlaorsr tgulpaant. 

tha probability that a •uptrriMd syataa will havt a radial 

arror p not azaaadint r at tht «ad of oparating tiaa T, «hon tha 

raliabilitj of tha aupanriaor? aquipMoat ia R, it givan by 

T 
*(HR)- J"   Pr{failara at t] . Pr [ p < r at T| failura at t] dt + 

o 

«f Pr[Bo failura ovar (0#T)] . Prl p < r at T| ao failui*] - 

.St «PMA) [ 1-««P[- ^l.llUr)W ♦ b2(TL4)] ] dt ♦ 

♦ asp (-TA) .  [ 1 - axp(- ^1.177*r)2/*2 ] - 

- 1 - J J   txpMA)  • axp[ -i<1.1774r)V*2 ♦ b2(T^t) ] dt 

- axp[ - TA ]  . aspl - i(l.l774r)2A2 ]  . (5) 

«hara tha omtant 1.1774 - V21n 2 - tha ratio of tha probabla 

oiraular orror to tha otandard doTiation. 

For any givan valua of R tht probabla oiroular arror of tht 

tjataa ia givtn by that valut of r for «hioh P(r|R) in (5) it 

a^ual to a half. 

Sinaa tht uaa of aq^iation (3) would involvt a fonddabla ta 

putational job, tha tolution of tha problas wat obtainad in a 

font avoiding tha uaa of high tptad ooaputation. 
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Ibis «as doot by divldlng th* Intsrral (OfT) Into ton tqpftl 

•ub-lAt«rvmls ^t^ with mld-polati t^, and rsplAelag th« «xMt 

•xprttsion for P(r|R> by an approxlaatlont 
10 

P(r|R) - 1 -TPT {fÄllur« In A^} . «jq^-i<1.1774p)2/Afe2(lLt1)] 

- Fp{no failure oTtr (0#T)]  . Mp[ - i<1.1774r)2/»2]        (6) 

DM txprtfftloaa F(r|R) wtr« than ooaputad for varloua R rnd r« 

This «a« dono for b oqual to 0.267a and T • 210 for oaah of th« 

▼aluoa of Rt    0# 0,2, 0.4, 0.6, 0.8, 1, and for r varying fron 

soro to 8a In stops of a/). 

Ths rssults ars shorn graphloally by plotting f(r|R) against 

r for saoh of ths abovo valusa of R.    Tho valuss of r oorpsspond 

Ing to P(r|R) • 1/2 ars thsa tho prObabls oireular arrora at ths 

ond of total oporating tint T of ths supsrrissd systsn for sups^- 

visory squipnsat of varying rsllabillty. 

Ths slgnlf loant rsault of this study Is ths grsat gain In 

aoouraoy attalnod svan «hsn fairly unrsliabls supsrvlsian is assd. 

Thus, ths uss of suporvition of rsliability of only 0.6 dssrsassd 

tho probabls elreular srror to ons third of that of ths vsurapsr- 

visod ays ton. 

Ths thrss baslo asauaptlons, naasly ths slrsular nowml dis- 

tribution of srror, ths trror propagation tfuation (1), and ths 

oonstant hasard typo of failurs of tho supsrvisory oqplpBint, «srs 
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supported by aapl« •■plrleal data In th« partloular tltuatlon to 

whieh this analjais was appllad.    Tha ptal prob lam was iha taotv- 

nleal attainability of dtsirad parforaanoa laval, and tha guastlon 

of aquipnant oost was uniaportant. 

Hovavar« tha abova tssunptions are satlsflad in many othar 

prob lama of control of automatic aqulpmant (as In soaa typas of 

long ranga autoamitlo flight)» and with obvious modifioations tha 

analysis is capabla of still widar application.    Specifically, by 

assuming  (l)  a different law for the propagation of error In the 

basic system,  and   (2)  a different mechanism of failure  for the 

supervisory equipment.   It Mould be easy  to adapt  the analysis of 

this paper to the most general   types of feedback systems,  where 

the output of  the  basic system is measured,  compared with a standard 

or with a supplementary measurement,  and used to regulate  the basic 

system.    In industrial applications  it wou^d also be necessary to 

determine through cost analysis whether the improvement  in performance 

Justifies  the added  cost of  the supervlscry equipment. 
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