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\   INTRODUCTION AND  SU?!MARY 

Tht  puap—   ii T t hi n  paper-i«-^^©-presents a natural  geometrical 

approach to  the  theory of reduced moment   spaces and   its application to 

orthogonal  polynomials, \ Many classical   results can be  interpreted  in 

this geometrical  setting,   ami many new  results  obtained  as well.    The 

method  f rovides an  interesting  contrast  to the more  usual  techniques 

involving continued  fractions and cora^l^x variables. 

Some of this material was presentea"-^ outline   in an earlier 

paper  (reference  j 1|   at the end of the paper),   andM.wo papers   ( [«?]   ,   [15 j ) 

applying it  to the  theory of games  have also appeared.     The.pmeemni  work 

is  concerned primarily with distribution   functions  on a  finite  Interval, 

The half-infinite  and   infinite intervals  will   be taken  up in  future papers. 

Chapter I is devoted to a preliminary exposition of the theory 

of  convex sets and  their duals   in  conjugate,   finite-dimensional,  linear 

spaces.     Dimensional  indices  are introduced to describe the  local  structure 

of the boundary  of a  convex set,   and  are  used to  express  a  fundamental 

relationship  between  a convex set  and  its  dual   (Theorem  5.Ü)-.     The moment 

spaces themselves  are  convex bodies  whose  points are  n-tuples  of moments 

of distribution  functions;   while the dual convex bodies  are the   coefficient 

spaces of n-th degree non-negative polynomials.     In Chapter  II  these sets 

are  introduced  and   their extreme points  characterized.     The  structure of 

their boundaries   is  analyzed in detail,   and a  new result   on the   representa- 

tion of non-negative  polynomials  as   sums  of square polynomials   is  obtained 

(Theorem 10,3),     Chapter III introduce.,  certain convex polyhedra which 

approximate  the moment  spaces and their duals,   and uses  then to   establish 



1 

some  of  the  classical  theorems.     In  Chapter  IV  an  algebraic description 

by means   of    "Hankel»'   determinants  is given of the boundary  components 

previously  characterized   by  the  dimensional  indices.     Chapter V deals 

with  the distribution  functions  associatel with n  given point   in the 

moment  space,  and the  convex  set  in function space  which  they   form. 

The  interpretation of the   supporting  hyperplanes  to  the  moment spaces 

as   iion-negative polynomials,   first   found  in Chapter  II,  leads  to  a 

natural,   geometric   representa».! Jn of orthogonal  systems  of polynomials, 

with  arbitrary  weight   functions,     Ceveral   applications  of this   approach 

are  given  in Chapter  VI.     The  paper concludes  with   a  chapter on the 

symmetries  of the moment  spaces. 

General  expositions  of the moment  problem may  be  found in 

Widder   ([9]  ,   Ch.  3)   and  Shohat  and Tamarkin  ( [l^] ).     The  latter contains 

an   excellent  bibliography of the  subjec' . 

ii 
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ClAPnDR I 

coim SETS 

Ali   ^ff^mlWT ^W^if- 
V« W«1M t? Mttla« forth MM of tfe l«9«rUatt profortlM of 

oori^Bx sott.   A polst »ot 1A   m~&immmlmml laoUdMUi «pooo   1*   1« 

SflUig ^ i* ««rtalai tte UM H^MBI Jolaiac otwry tvo «f !%• polst«. 

Tfe* Wxm fagqjyyg rmtnm to oa   (]i-I)>dljMMWl«MJL llstor Tarlotj 1s 

Xs;    oooh IgrporfLuM dofiiiinl—■ tvo oleMd jjlfcjHmt*    If A •^      K 

U MSt&lsod Im «M of tte elMMd telf-cpaoo«    ^    Qf « hypoiplAO«    L,,  we say that 

L    (or 1^)      oltter jfflWfei #r MMaC^   K   aooordln« ao tko Icvmr 'bovad 

of tho divtano« fros   K   to   L    !• poiitlto or tmro, roapaotl^ilgr.    Vo 

Bamm 'bmmli ralatlosuiklv Vatwa oosna oota 
(•«a,   for exaaple, Wayl   [3])» 

nooBSM i.i  (&)  A flam jBMGB m is JBW^ttJy ai aymt^Bi 
•f aü Ui auPPoatlnk-hhlf^Haeaa^ 

(i) tjtt imtoa as& & & ssam astl tea* & sä* 

(o)   2SS y^'^m?Wmi> SlSSf^# ^ZBät§ 2S9ISS ÄÖS 

•MdBtfaLM AB g Jte Jen*  Tti firtl^ltfr es tTffTr,oT r4r ^M Vr 

jtts&leiSsmso,Usfd ssnaimixJI aom&m ^yytn^ft» 5ifit 

Tha jUaSHfcS (»f a OOSTSX sot la daf laad to ba that of tba 

llaoar ymrivtj aostalstng tba mot,   A polst of aa   »~dimmmima*l oomtmz 
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ftt 

Mt   K   «hat Is lat«rlor with r»«p#ot to the a-*2jMMl«aal Tarlwtgr Mi 

talala«   K   w» «hall call «a jjtr point1; «blla tte tanMi    "iaWrler" 

and    "bonadarT"    will oo^Utantlj rafar to tte fall   B-dlMnalaMal 

■truotara.    Thua, tha notiom of "iammr* and "latarlor" aolaalda ocaly 

far   n-dlaaatlcioal oawrax aata.   Va fcvra: 

THBORKM 1.2   XzSXZ (jßfcflHÄl) SSMS SSlMä SM MfftfT JttM*    ÜB JttM 

z   If M iOME 124Ö of   ^   i£ «Sä «02 if fTfTJ IMfT^i HTMTillt 

at    x    aaartal— all of    K. 

A polst   x    of a ocoBmc aat   K   which 1» not ax\ laaar point of emj 

oovrax aobcat of   K,    axoapt tha aat ocaalatla« of   x   aloaa, \m «a 

of   K. 

A tflBBi iHBte ia   ^   ia a aanfax aat ahlah la aloaad# 

I kli   Baa^arr ladiaaa. 

For   X    la tha boaadarr of a oloaad, ooaraac aat   C    la   K*   va 

daflar   L(x)    to ha tha lataraaotlaa of all h/parrU—■ that aaypart   C 

at   x.    For fonaal ocaplatanaaa v» aaj alao 

L(x)  - S11 If   x    la latarlor to   K, 

L(x)   - 0 If   x    la not la   K. 

Tte amtaot aat   C (x)    of a point   x    1« daflmd to ha tha 

!    iSaoatlaM tha tazm "ralatl^a latarlor" It) aaad. 

MH^K<«MIMMMäMtti 
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MCtlOB of    L(z)    with    E.    V« Mil • foist «f    K    «EMIMBCJ  OT 

ie***—i. —»»«n— m It li, «r la not, tm immr 3*ixH *f its 

M4 of   y   irlth Mf nt to   C(x),    1—tuff of   K.    rr   z   lo 

orAiAMT (with vrzpMt to   K),   Thtoroa 1.2 tolOo oo that tho 

Wet «ot la jMt   e(x)    ^pdm.   If, OA tho otter hoaA9   x   U 

with imiit to   K#   tho MV oontwt oot lo a Umme Ummmlmm 

of   0(s).   Itontlo« of thlo parooooo loodo oltlartol/ «o tho godanaA 

iBBtUt tot   C*(x)f   whloh lo tte lar9»r>« ooonroot o^»ot of   K   of ohS«h 

s   lo oft laMV folah.   C*(x) « x   If oaA oalj If   %   lo oa oattMw» yolst 

•f r. 

VO JMf doflÄO thNO Udlooo^ 

Of    Xt O(X)   «  dlM L(X) , 

of   xt o(x) - dim C(x), 

Covporo Bonassen and Penchol [4], pp.  14-16.    Their "p-Kantanpihnkte* 
are the point«    x   with    a(x) - n - p - 1. 
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of xt    o((x) - Ala C*(x), 

a9LI# of ooj—oy with roofoot to ä glvOn oioeed corarox sot 

K.  All throo «ro o<aaI to a1 If x lo latorlor to c# oad otool 

to -1 (tht M—ioa of tka aall oot) If x lo owtoido of K. Thooo 

lailooo ovo latarlant oador affino aad (yzofor) proJootlTo troaofoaoatlooo 

of K, oaä are latrlaolo la tho ooaoo that wo Ao aot altos* thoa V la- 

Iho Alaaoolaa of tte oanylaff opoao 1*. Tor • flnlto, ooortoa 

a(x) - o(x) owT^horo; la «MMTOI tho Alfferoaao a(x) - o(x) 
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d>Merl>M fwallUtltvl/ tto of   Z   fct   z. 

maaBt 2,1    iC  «  i§ 

X(1^      MA >>•  fMBA «lUt«]! 

a<«(1))  -a^),        •(x(1)) -•(x). 

! 

Pl^f«    Tak» of 

A fowrth iMiooc   d(s)    o«m V» «of laod 

tlM oltttotioft of   x   Im rolotloa to «bo « 

K.   c«Mldor oll «ho *«fortü* 

e-B»i^ftoiteod of   x#    aod gloplo— 

ttei Itej all foM IMBU^I   X.   Coll «IM 

OOt Of ^f0«9l0J0M     Ö(X, & ) .     1*JKk  U* 

«f  c(x) 

hj otMAiaiag 

«IM« «oufli 

pomllol «o 

fotado «r 

K   «l«kloom 

d(x)    -    U» dim D(x, e ). 
f.<o0 

This Intox '« iavoslo«« oad iuWimml; Ute «te w^^., 

A   la «I» ixAovioor of   C, ooro ot tho «itxow polato. 

and lo mqml «e 

j 
1 

.3 

L^T 

i 

•OBORIM 2.2    FOJ    x    iSÄS 

* > •(») ^ o(«)  > «'(X) ^ *(«) ^ 0. 
1 
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K 

■r 

'■% 

IT 

.wr"' 

^J 
Proaf.    Th* only en« that Is not lanadlktalr 

Ui.^jÄlity    c»(x) ^ i(x).   Put »jr n - o»(x)    M4 Iti ^?1-: l^iVr^fe^^ 

llJD«ur TmrUt/ throufh   x   perpendlenlar to    CV(JO«   Th« polai   iv li. 

in th« eonrmx mmt 

tb« Mt   D(a)(xf^)    ^r^UtiY« to   K")   ts just th4 p«lnt   x^jAi^l^ 

SIAOO «rtry supporting hyp«rpl«n« to    K»    in    I     etn bo «xt«a4o4 W» 

at loMt one sitpporting hyperplmn« to   K    In   S t   no ham 

;V^- 

(x,c)^ B"  C   D(B)(X,4)»X. 5 ^«-^ 

.v^:^ 
•^ 

W* oonilod« that tho dimon»lon of    0(x, (<)    dooo riot «xtood 

n -mw « c»(x)« 

It can b« ohoim by «xanples that th« looqaalltlM of ttto ll«t 

thoorooi cannot bo losprorod on» 

Tho aceoBpaaxinc «kotohci lllvstaitlng two of th« 

pooolbilltio« for tho Indlao« at a point« 

tM 

/•. 

■IT 

"       •% 

3 s' 

.^ 
.^; ^M^mh 

t:SÄ 
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n--  3 

a{x) - 2 

c{x] -- 2 

c'[x) -- 0 

d[x) -. 0 

Fig. 2 

^-rr"-1*'  —•- "*■ -.$»- 

V,      > 

n 

a i/) 

c {/) 

C'iy) 

d Ky) 

-- 3 

= 2 

= 0 

Fig. 2.2 
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In ovr vork v» «hall find    n(«)    «ad   o(x)     to b* tltti 

of the Indie««.    They plejr a portnljMmt role la tlM theory of 

polate ( § 5), vhlth will prote te he a ue^ol tool when v» » 

elder tte «ffwent eyetee tlMntel^ee In Chapter II. 

^ v 

r 

@ 

^>• 
&. 

r^V^ 
■^'0^ 

Ve chall maj that a pelat    z    In le hy a aet of pelacta 

are aon-aacatlTe qaaatltlea      £,.,  ...# ^ x(1)
#  ..., x(p)    If these 

vlth 

H* 

i. /V ■* - 

', > 

The fellavlag le « eOnfeeqv»oc« of Theorem 1.1 c   and the defltiltipn 

of extreme point. 

snOOM 3.1   A elaaed heaaded oogrex eet la   ^   ia gMtfi H ttl 

■'<j. > * *   e" r : : 
•. '*>-   ■•AJ 
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VIA 

to to tl» "imm 

to a fcrtiouleu: ooawc oot   K   vo «ov doflat   b(x) 

uribor of oztanoo point« of   K   roquirod to «pon   z. 

wwawj.si zsa Klilf is A lissM JHOBafi* ■- 
•-■ v.. 

-'v 

.* f 

Vx) < « ♦ 1, 

»W i«rx) ♦!• 

•    Soo Stoinils [5]   S10»  A1*0 Hannor and R&dstrta [6]. 

Vo W** TU* It to i«tvodooo tho 

* • ^r#' *!'   •'•' V 

for tho point«   z   la  l^j en tka> tho lliioor «ox—lialag 

S ^ • 1, ■ot oil    7.  - 0   , 

ohldt) MjrhO 

(^.1) yx - 1, 7/o, 

A la   X*   lo aov ohmotorUod tj (k,l) oaA an IntquAlltj 
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y 

1m TJfclch   y   VB7 W rotfard** a« a point la t2M o«aJ«#ftt« if—<    (l*   )♦ 

of tiugHimm HIT fuawtl«» on   X1*^.   Tte telf-ayM« AotnMlaM 

j   ^p to a pooftlTO anXtiflo. 

ToHVorarllrr f^ttüg asldo tko aoswaiilac oowlltlo» (%.l) vo 

14or   z   a« a polst la   X**1.   A eo— la   E0*1   lo a oot ttet 

Xjt   ■!—mir It aoAtalao   x,    for all        A  > 0.    All 

kalf •opaooo to a ooonm OOM   P   vlU kavo tte polsl   0 

la tkelr Wwdarlo«, taA IMMO o«a >o voprooontoA la «ho fo» (4.2) . 

Tte oot of all   j   im   0^^)*   nyrwtli^ oqrfrilag IwJf <»mi 

to     r1    1» aloo a OOPOTB ooaa If vo iaolufto tteo folal   j • 0)    «o oaU 

tklo tko ooaJf^o fa» to    P    Md doaoto It V        P ••    Thus 

y  € P*    ■J'lli^l    7»x > 0 all x € T     . 

mQRwv.i 2  P  jg A ifrWHrt mm asm la »^  (M&iXÄ 
Idotllfr tho gpoooo    CX&'I'I)##   Jtf   B11*1   1» tho Bfctaral m). Mm 

Proof Oat     r   Q    P*».    Tak»   x   In    P.    Ävo(»y   7   1»    P# 

oatlafloo   7*x^ 0.    Thoroforo   x,   ro#&rdod ao a polat la   (Z14^**, 

a o^fporiiam lMlf««pooo to    p *, or lo tho polat   0.    In oitfeor 

x   Wloa^i to     o oo. 

Proof that     p**<m    P.    Tahi   x   la   A**1-   P.   Bj Aooro» 

l.le, ooao oippovtlac half-opaoo of    P    Aooo :.^t o^isitaia   x.    I* 

wor&m,    j.x<0   for MMO   7    la   P«.    It follomi that tho half• 

In    (X**1)«   vWah   x   ropiooomto Aooo not oupport    p«.   TIMO 

oloafte    p«*. 

Vo call a eloood ocmrwx ooao P propor if It deoa aot coatala oaj ooaploto 

\ 

.■■:..m 
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C.6       -Vi-   '^'^A^.S 

**   A« »»t both 

1« wot dlffloxilt to ••• tkat a •!*—* 

üi n J[— t>o. il' 

If   7   !• «pr J«>»r point of    p«,   ^ Uflm ttx ^•■■fixfi^f 

%(r; 7)   «f P   V 

P   1» pf+m if «nd MOT if 

Tho «i^M-Vctti«! 1« totnWft if aad Mü^ iT P  U fropvr.    iil|l<lg<#^» ^f^-fr 

« ^ ^(Pj 7) «r 

«17 ••t    E    in   K*   if« t«fla» iU 

x 6 POO Ax6-K **r 

CltM^r 

P(X(A; 7)) »^ 

A,   fnrrlM «f «feat   7   1» IntUrftar 

%•   A«.   0« tlM »ttaftr lMd»if tte 

1« a nmjootto iaa«» «f tte tat   K   la   X*,    «M! la la 

aaaa a»   K   oolj in anna    7 • 7« 

XT   X   U a alanad aosmoi tat In   l",    va akall ntfar to td» Mt 

t; 
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r* -  ^([r(t)]#j «) (x    ltm»r to    K) 

%7 «IM  iMt 

Mt W   E.    !•    im a Mm« tody If «H! mtlj if   E    1«; and, 

,    E    1« teal to   E*    M «•!!. 

follw dirMtljr froi Mr d«fialtli 

fit   E   iXnA 

aft iäiflBttätoi 

^.3   U   1 

it c* Al L# JBüSJ x 

LCEfi 

to   L# 

Ik tfc» fl#0o « fair of daal 

i# wltli OOMO of «te 

OOt« 1ä    X8    «nd    !*• 

Fig. 4.1 
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r» ■ 

'   V,^^ 

i.    Cvz* M? la oIiM«ljr rrtAt#d 

<wi^ ^aÄ44*fc^mnhfir»wi* .Tn f*ct;;>lf OM ? 

y - (1, 0,   ..., 0) 

1*(*A), t   «• W « 

» « Ci# o, ...# o) 

la it« liit«7lor# 

K». Äfrcr)]*! x) 

!• fkk* polar mifratol «f   X   vltk 

n» wtj in «klok %)M \mmUvim «f teal 

«•p«MI ««a mm ■nnttar U, 1» a ««vtaim «Mb«, 

r*r mm&M, **m K   mi  *•   mf tUAU ytJ^ato«! 

to laaaaiAi* vlth rtwry   r-aaU im 

(m^-l)-^U   im nmt feoMd« 

•«MiSmafeaHml Kkaap.   Tkia taalii^ «• w*r 

toilM (TteaMM 5.8) * makSm xm *r *m Imtiaaa 

I«l   X   W a find a«MK tod/ im   A14.    If 

of   f»   w mar «'••w*   7   aa a 

ynK   %O Amaata «ma aa4 im lAlak tk» 

Camm^lyi 

3        3^ t73f P. U6, 
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(5.1) xty^K     <—>     x t-K       cad        yx - 0. 

Of »Mlif    ftK    1* oftnl—d la tlM "botmdarj of    K,    and Is oenTtx. 

If    7r>K - C(x)     (•••   \ 2) for bottndAry poiata    j   asd   x    of    K« 

aad    K,    rMptotlrtly, thoa ir» «ogr tkat    j    1§ *»^,]Tfn^ to   x.    Thla 

d«Haitlan 1« aotually «jvawtrlo, am ilkm nrrt thttoran r«T«al«.    Sxaapl« 

of »oajnyit» pair« ar« readily fouoi In Plgnra k,l. 

TBBQRXM   5.1   (a)    if   y   1ft eoaJwttta to   x,    thm   x   la e< 

to    y. 

Cb)    Bryry 'bcmaAMxr polat of   K    l_a oonjujtata to at laaat 

WnadTT pola^ ^f   K». 

(a) .   Wo tuti ffl-ran that 

(5.2) C(x)  - JKK 

aal vUQi to ahov that 

C(y)   - xoK». 

Wa m— at oaoa tint 

c(y)    i    XrJC^. 

alaso C(y)  la daflaad a« tha latataaotlon of F» vlth all of tha 

aupportlas hyparplaaai at y. To ooaplata tha proof, va obaarrv that 

any polat ..y' In K» - C(y) haa tfca/ proparty x' -y* / 0 for aoaa z* 

In K**   irlth x'.y = 0. By (5-1) x1 la In y^K; by (5.2) x* la 

la C(x) . Thla aaaaa that any hyparplaaa anpportlac K at z aaat 
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also support    K    tt x •,     or 

jm.x " 0 onlj If        j"-!'   -  0, (all    7" t, K*) . 

In particular,  v« ottaln    y'-x / 0,     froai vhleh It follov«  that    y1 

cannot "b© in    xnK*.    Thl« oomplrtM' the proof. 

Proof  ("b) .    The «et    Xr.K*    1« non-empty and  oonrex for erwry    x 

In th« boundary of    K     (Th»or«a h .2) .     If     y    1«  any  Inner point of 

thl« set (Theore« 1.?),  then It  la eaelly seen that    C(y)   » xnlC*.    Ilenoe 

x     Is  oonjugate to    y. 

IBEOREM 5.2    If    x    and    y    ore conjogate boundary points of dual 

(n-dimensional)     oonTSJE bodies,  than 

j s(x)   + a(j)   - n  -   1, 

(5.5) < 
^a(x)  ♦ o(y)   - n -  1. 

Proof.    When Interpreted In the conjugate spaos    (E11)»    oontalning 

the dual body    K*,     the set    y^K    Is seen to consist of all tue hypefplanea 

supporting    K*    at    y.    The dl—nslonallty of this set  Is    c(x),     by 

(5.2) .    We any therefore ooimt exactly    c(x)   ♦ 1    linsorly independent 

hyperplanes  in    (uj*:     they Intersect in a set of dlnseslon 

n - o(x)   - 1.    But this set is precisely the set    L(y)     (see   ^2),  and 

its dlaensjon is  therefore    a(y) .    This pro-res  the first assertion of 

the theorem.    The seoond follovs  inaedlately by symetry (Theoren ^.la) . 
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Conju^atlon do«« not, of oouree, glre a on^-on« i)olntvl«e corre- 

■pondaooa "b«tv©«n the boundarloo of I' aad K*.    Hoverer, a one-one 

oorrespondoao« b«tv»0n «ot« of boundary point« can "be «et up Tory 

naturally. Let  (x)* daoot« the «et of point« In K* vhloh are con- 

Jugate to x;  aad# If 3  1« any «et of point« In the boundary of K, 

let H* denote the eet of all point« In K*    oonji^fato to «cne point 

IM    S: 

3* - U (x)*. 
XtG 

By Theop«« 5.1"b#    S#    Is not «»pty.    We hare 

(%M 

This  1« a type of  Idovpotenoe relation freqtMntly enooimtered   in dealing with 

linear »paces and their conjugate«—It «ay«  that after tvo application« 

ooajugatlon girvm nothing nev.    To prore  (^.U)  ve ■u«t «hov that 

(5.5) if 

y la oonjug&te to z, 

x' Is conjugate to y, 

y'       i« oonJugate to x', 

then y'       is conjugate to x. 

Bat the definition (vlth Theorem 'p.la)   glree  a« 

C(x)   » yoK - CCx1)   - y'AK, 

from which (5.5) and (5.1») follov at once. 
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THRCRRI c.5    Tt» B9tm    (y)*,     aa    y    mnga* 0T»r tto» botpidary of    K», 

oenirtitHt« n pgurtlxlon of Ukt "bpigdary of    K    into d4.f Joint,  coarmx 

ttOKPonwat«.    SgNM poBpoofnta oorr—pond "binnin»!/ -with Xhm ocnponanta 

(x) ♦    of %i|» analoaonalj d»fin»d dnal peurtition of thg boimdary of   K», 

In »uch a iwj- t]|ftt »rry point of oaj ogg eofpoawnt _!• SSSJSdS ^P SSECT 

point of Ita dual. 

Proof.    By (5»  or (%5) . 

Within each coapooint of the partition, a(x)  and o(x)  aro con- 

stant. In th»  ease of polyhedral hodi««, the ooaponanta ajn» Juet the 

ueual oelle.  In general, they are the (relatire) interiox*« of the naxiaal 

oonrex eete lyln^ In the botmdary. 

The peurtition of Theom 5.5 i> the finest partition vhloh admit« a 

dual. For it is ea»y to . n  that S »= S** if and only if S  i« the 

uaJon of olenentary »ete  (y)*. Later (in ^ 11) ve shall consider as 

"faces** of a oonreat body the maxi aal oooneoted sets orer vhloh a(x) 

is oooetant. The dual faoes on the dual body are the naxlmal oonaeoted 

sets haring c(y) oonstont, as a short argussnt breed on Theo re« 5.2 

reyealo. 
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^ ^ .     Dlatrlbut Jon funcf ona  on   L
0
»^ 

Tho  primary  anL.lect nin.ttor of   this   pnpor vlll   DO   tho normftllzod 

f'!Btrl"butlon functlonfl on tho  closed   unit   '.ntery.-il       0,1       and  tholr 
L J 

momonta.    Tho choice oV  Interval   Is  "  mfltter of convonlence   --   In many 

respects   tho  interral       "l/l,      would   servo  as well  or bettor.      Ml of 

our rosilts  ofm be adapted with little difficulty to an arbitrary 

finite  Interval,  but man:r  fenturoe  of   the  half-:5'.ifInlto and   Infinite 

cases  are  conspicuously different.     Uo propose  t' deal  with  those  cases 

in future  papers . 

Since ve  are  not  Interested   In  distributions  ^rer general spaces, 

vo can omit  the custcmary set-functional approaoh.    We define  a distri- 

bution function directly as  a real-valued  f ■motion which  Is mono tonic, 

continuous   to   the  right,  and  flat  outside  cf     |0,li       : 

(11) 

(ill) 

^(t2) > ^(to , 

/(t) = 4{t ♦ n), 

^(t) r-     4(1) 

i^ft) -  o 

if tr, > t: 

for  'ill   t 

If  t > 1, 

If   t <  0. 

Tho effect )f (11) and tho last clause of (Hi) Is to remove redundant 

representatlvos of "substantially equal" distribution -- distributions 

that operate   identically on all  continuous  functions.   (The  condition 
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ru') 4{t)        ±   I'^t-KJ)   +  ^(t-O) 

la  aomotimoe   found   in place  of   (li).) 

Th© »pectnan of 4r   donotocJ      ■   (/),     la  the  aot  of  polnta     t     In 

'0,1]      vlth 

^(t + o - ^(t -   ) > 0 

for orory poalt!vo .     If     ( ■! 4)     i>  - flnlto  set then ve aay that    4 

la  TJQ arithmetic  fHatrlbut'on f'inctlon,   or a  finite atqp-function. 

To  normalize,   ve  put 

( lvN. /(I)   -   1. 

^e  let  . "^   denote  the  claas  of  normallte^  dlatrlbutiun   functlcjna  and 

the  claaa  of nonnalized arltliaetlc  dlatrlbutlon functlo \fl . 

^. 

The  atep-functlona 

n 
^(t)   -   I(t  -   tn) 

0' 

for   t   -    t,  < 0. 

for   t   -   t    _> 0, 

vith    0 < t    < 1,     we cill  the  pure  dletrilut . »n function«;   they  are  the 
K.J 

extrome polnta  of     / ,       Erary aarlthmetlo    4    oan ^d rapreaaotad uniquely: 

(''.D ^(t) 
Ki'1 

.^1 
t-t^ -. > 0,    t, > t 

j-i 
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os  n,  linear coabiri'itlon    >f  pure  distribution  functions,   and,   obviously, 

^     le   In       rA     If and  only  If 

}'JJ) 
L_^ = i. 
j=i -" 

(The  use  of    b(/)     to denote  the number of  steps   Is  consonant with  the 

definition of   c.3.)     In tbs    "wssk ♦'•      topology the purs distribution functloas 

span out   A> as veil as      "^. .     We  shall return to   this  question  in  ,& ?1. 

It   Is  conveuient  to   Introduce  an  index    b'(^)   of     <j e ^f ^ ; 
A 

{'b(<f) if no step at  either t  =  0,   1, 

b(/)   - I if step at   Just  one of  t  =  0,   1 , 

b(/)   -   1 If steps  at "both t  = 0,   1, 

vhlch   Wald calls ths dsgr—^ of    ^.    Thus,  stsps  at  the   snd-points  of   [0,1] 

contribute the amount    —    to  the degree-,   Interior steps  the amount    1. 

Finally,  ve define  the n  mcment of    4 '- 

(6.2) /V^   "   J1 ^(t), n - 0, 1,  2, 
i 

o 

The  limits  of  integration vould  bo more properly vrlttsn 

oo 
/ or eren / 
-0 -  oo 

slaos ve Intsad, for / t ^ ,  to bars alvmy» //0(/) » 1. Hovsrwr, ws shall 

use ths LMM ooaqplloatod notation of (6.2) , vlth the understanding that ths 

▼arlatlon of 4   at t-0. If any. Is to be Included In the Integration. 

'       See Wald [ 8 ] . 
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q7f    The moment epooo    D   . 

The    n        apaent epaoe    D      we define  to be  the set of polnta 

i «= C^, ..., in) 

In    S      whose cooni Ina tea  are the momenta       /r -i (/) »   - • •,   ■'*   (/)     of at 

least one    /    In   <&~. 

THEXDKD^!   ,.1    (a)    There  1» a funotlon in &■ haring the mamentu 

{ i • 1 j ^n /   ^o •»   • * * *   ^- *    • • • 

jlX and only if the point 

v 
ll JLS   D »   for all    1c. 

(h)     No two funotiona  in  ^ hare the sane moment soqusooe  (7,1) . 

Proofs of these Standard results may "be found   (for example)   in 

Widder    L 9 i    ,   pp.   ^Q,   31,   60.    We remark  that  for distributions  on the 

half-infinite or infinite  interrol     (b)     la no longer true. 

THEORKM ■ .2    r>n   1» _a conrez body. 

Proof.    We must rerlfy that    D       Is conrex,  closed,  bounded,   and 

n-diraonsional. 
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(n) Conrox:    '     Ir   oonrox  In the    bvlona  menmo;  honce D      also   Is 

oonroz "by the linearity of   (6,2) . 

("b) Closed:    Goe a^aln bidder   i 9 ;     ,   pp.  2-^,  51. 

(o) Bounded:     We  hare,   for erery    x     !n    D   , 

0 < x< < 1' 1  » 1|   ..., n. 

(d)     n-dimensional:     The    n-fl    piure dlstrlhutlons 

I(t), T^^j) J  "  1»   "•>  n' 

for distinct, »an-zero    t.     In      0,li      ,  glre rise  to the    n-fl    points 

x(0)   =   (0,,   0   ;   ...,   0   ) 

x(1)   «=  (t^  tj,   ...,   tj) 

x^^   c  (t  ,   t
2,   ...,  O, v  n'    n'        '    n'; 

In D . Ttesss 4° not all lie In any one hyperplane, since the determinant 

of the coordinates of x' ' t   ...,  x'
n' does not ranish. Thus 0n contain« 

an n-dlaenslonal simplex. 

The point In D  generated hy the pure dlstrihutlon I(t-t^) we 

shall designate by 

(7.?) xC^) - (t^ t^, ..., t^). 
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We »hall de«lg»vite "by    C       the ourvo  traced  out "by    x(t^)     a«     t^     runa 

bctveen    0    and.    1. 

■ 

THEOKKM 7.5    The  »et  of  oxti^nae pointa  of    D   ,     for    n > 2,    JLII  piroolaelj 

cn. 

Proof.    Wa alutll prore  (a)   that    Cn    span«    D*,    and  ("b)   that no 

point of    C       la apaimod "by other pointa  of    C   .    The theorem then follova 

vlth tha aid ef Thama 2.iV 

(a-)-   Let     D      denote  the  subset  of    Dn    generated by the arithmetic 

distribution  functions     ^    fe & .     It   Is   clear  from  (6.1)  that     D" 
A A 'A 

is exactly the set of points spanned by C .  Moreover,  D" is a closed 
A 

set,   since     C       is   closed  and   bounded.     We  shall  show that  D"  - 0°.     In 

fact,   for  any     ^     in  cO    there  is  a  sequence  of step-functions 

^A t ^k 8UCh  that 

Ilia   /'fCtVd^ft)   -  '/Vt^ft) 
T/ —^ oO        O O 

for orcry contlnuoua  function    f •    thla   la xiothlng more than the definition 

of  the   Itleltjea  Integral.    Taking    f(t)   * t,     tr,   ...,  t   ,     ve  aea that 

Dn    nmat be the cloauro  of  Its aubaet    D. . But    Dn    la filr«ady oloaadt 

hence    D    ^ D.,     and    C       apana    D   . 

(h)    Conalder a fixed    xCt,)    in    Cn, and let H.       be the hyperplane 

defined by the  equation 

(7.3) h(x)   - t^ -  Stit    > xe « 0. 
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(For this ve mvmt har©    n > 2.)     For a gwieral point    i(t)     of   0n   v« 

haT» 

(7.4) h(x(t))   - (t1 - t)2. 

ThWi our flz*d polat    z(t1)    U In   E.   ,    *hlle the r*«t of    Cm   I1M 1» 

Mho poflltlro open half-»paoo det«minad "by   H.   .    Obrlotuily    x(t^)     1« 

not rpanaed by other point« of    C   . 

We are nov 1m a poeltlor to oonetmot the dual to the eenvex "body 

D*.    It le natural to Isfereduoe baaoseneeue ooordlnatee  (eee   ^ h)  by 

of the 0     uammt, /* {f) .    Slnoe this la alvay« equal to    1    by (IT)  of 

$ 6, *e append the coordinate    %- » 1    to each polst of    D11.    We thue 

hare 

y - (1, 0,   ..., 0) 

la the nomalizlng relation (U.l) . The oone  I (D11)  then oan he Inter- 

preted aa the lecnent space of the distributions defined by (1), (11), and 

(111) of §6. 

The points y of the oonju^ate oone [r(D jl ♦ are those satisfying 

y-x > 0 (all x^-D11) . 



*.'-.-4    'Ä 

t 

I- 

• •< ■ . Hiv'J 

By TlMorent 7.5 «a aaj y*plaoe   Dn   "by   cn    la the aWw o«riü1 '<Äf' 
glrlng inateod: 

or, by (7.?), 

v? 
fe 

y.x(t) > 0 (all    t 6 S>Vv 

(G.l) P(t) 

•V 
-  HP 
I. 

1«0 
y t1 > 0 (oll    t 6   [OAJ   )/    .i>\ 

*•      ,    -3. 

Thl* rrrwO* that   |   [^(D*)! * Is th« oo«fflol9nt apaoe of ihm pol^M*141i^^-4sj 

13 of degrei) at most    n, '    -«hloh are non-nosatlT» orer UM lAtftrral    |o#] 

It reaalne to «eleot a partioular oroes'seotloa of thlA tma tp träN^i*'^ 

aa a repi^eontatlr© of tte olasa of proJoctlTely eqolTalsat tamX oottmc 

V>dl»«    (I)n)*.    We a«attc*  the polyaoalal w^acg    P11: 

(See   i^), vtoere 

P
11
- /c rp^j«; 7) 

r.  fl   i   1 JL^ 
-^^^ 

:^„ 

^; 

The  coordlr.Htes  of     :<     arc  the moments   of  the   "rectai^-al arn  dietribution 

p(t)   »   i;     we  3i:all   presently  3ep   ''.h.at,   since     0     Is  not  a step-function, 

T    is   interior  to    Dn   for  every  n.     As   ft  result  of  this  particular normal- 

ia.ition,   the  poxynonxials   in     ^R   •all 3,stlsf_. 

(8.2) 7/ F(t)dt . I. 

This ooodltion nay be coaparsd with the oonditlon 

/   d^ct) - i 
e 

«kloh noiMallzes the to«.    PtD»);^,,, 
^ ... 

y~s 
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akoy wrmld har» girwn MM    ?(t)AJ(X)     in plao« of torn intmgrtmd of (8.2) . ) 

TJUKMUM 8.1    Tl^ Wit flagg    DB    agd t^ «pao«    P*    of a      ISfla* 22lJf~ 

mmltdB» ■»«—a^tlT» oT»r    [0,1     mad nonaqlix«» tj (8.2), T» dwd ooi»- 

To aid la rlsuallilag this ralatlonshlp w» her» «hov    P11    «ad    DA 

for n ■ 2    «ad    n - 5.    A« for hl^hor dlmmmlom,  it la orldvit Tram tim 

AmTiMlXUam that    ?"    la th« oroM-««ctloo    j^^^ - 0    of    P**"1,    IklU 

o      la tha paryeadioular projaetlan of    D1*4"      oa tha ooordlnat« plaaa 

^=0 

.rIO) 

Fig.8.1—The moment space O' Fig. 8.2—The polynomial space P 
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xz - 0 '(0) 

s x, - 0 

/- 

x*- 0 

l-- 

Fig. 8.3 — The  moment space D 

^ ö 
-b -( 

/0 = o 

Fig. 8.4 — The   polynomial   space P 
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»9.    Th» frotatorT of   g. 

THBOREM 9-1   Th» bogodary of    F11   ooaprigo« ^grt tlio#» 'g^tUI^AM **' 

harlag ggg ^r ww roo^» in      0,1 

V 

Pro^f,    (a)    If    P(t)     !■ »trlotlj positive ow     [o,l]     ,  it will < 

rwiiilii so under mm^^ perturbations of it« ooeffiolent«    y..   C<wMi,1ft»vlig 

Jtt»t thorn* perturtAtiosui  that preeorv© the novaalleation (8.2), w» 

the poixl    j   mmt be interior to    P*. 

(b)    Comrereely,  if    P(t)    baa a root    t^   la    [0rl)   # 

yrCt^) - o. 

y   lies 1ä a aupportin^ hyperplane to    P^,    by Theo 

e ie in the boundary of    P11. 

To help UB dleonea the boundary of   r     ve define    r(y)    te he tÄf j ; ,> 

natber of dietinot roots in      0#ll     of the polynoadal     XI ^i* 

symbol    r^y)    vlll ^leo denote the number of distinct rests in 

but vith the roots at   t • 0    and    t » 1,    if they ooeur, 

half.6  Thus    r'(y)     is not aeceeearily an Integer, and 

r<y)  - 1 < r»(y) < r(y). 

Simse a nommeoatlre polyncaal&l rauet hare all roots double in 

of the interval. It folio«« that 

ar'(y) 5* 

6    Compare o\ir definitions,  in   Hf of    t)(^) 

/*: -JJÜLJLM 
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for all    j    In   F^.   V« »haU «M that the «fvallty holds onlj it    j    U 

am inti —■ point of    r  . 
> 

L«t    Qn    dwaot« the elo««ro of th» «ubaet of    F8    for vhioh 

r'(j)   - §.    Baoh polyrwl al  la   Qn   fall« lato one of two Mta#   ^
m     or 

0°,    dopondln^ on vhother the Hnltipllclt/ of the root at    t ■ 1    is 

or odd,  reepootlTslj.    j»   ^      poljaaal&le hare the formt 

9(t) - ^a   tf    (t - t ] (ä 

7 t 
>1 

(t   -   t4) (noM); -■»-•»» 

«■A la Or they have the f ocmt 

5(t) 
f B»2^ /B 

- -yat(l-t)    LTTt   (t - t )• (a ma),     , m J-l J • 

-y.ci-t)    rr   (t - %.) 

irlth all    t^    In     [o,l]    . 

(medd)j 

Slaee ym have takeo the olorore, the   t,   are not a——^rlly dlvtlaft 

It is mmj to eee that the two eete   £     aad   Q"   ar» ••parated, f«r 101» 1 

leadla« coeffloleat   /.    In alwj« poeltlre in the flMt oaee, a^itlf« iii 
* i 

the eeooad.    On the otter hand, thegr are both enw—etull set«. Mit if thfl^i 

la feet being the Iwworphio tmav of   a   elaylecK deflaed im   J*   Iqr tkk 

laeqnalltiee 

JtL. 



0 5 ^ < • • • 5 ^ 5 1 

(vhtfre    m    If rcra^hlj h&lT of    n) . 

THBOREM 9.2   rhg. sst o£ gSteBg Pointe of    P*    1« prsoi—Iy    Qn. 

.    (a)     If    y    1«  In   lU - Qn    then    y    1« not For the 

foljxwmlal 

P(t) 71* 

i ha« »Ithw (1)  a root    a < 0;     (11)  a root    b > 1;    or (111)  a pair of 

t camplMtx root«    o + Id.    But la overy oaae vo can ozhlblt a o< 

reproaontatlon of    y    In ton« of other point« of    V^,   Thuat 

(1) P(t)   -  (t-a)   R(t)   -|(t.2a)R(t)   ^| tR(t), 

(11) P(t)   -   (D-t)   S(t)   - i(gb-l-t)S(t)   ♦i(l-t)3(t). 

(111) P(t)   -   [(t-o)2 ♦d2]T(t)   -   (t-o)2T(t)   ♦d^TCt); 

vbero    P/ S,    and   T    are all non-negatlT« oror   [0,lj     , though not in 

gonaral noniallsed to lie  In    P11.    Hoverer,  all three of the right-hand 

«xpreaalona are of the form 

^iPi(t)  +   ^2P2(t), 

t A^.^JH 
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vhere    Pi    and    Ps    aro nerraalle^d, and    : l  and   rs arm poaltlT» vlth 

(b)    C(mrors«lj, ©rery    y    In    Qn   axurt be wctre—.    /or 

•tippoce that there   ie   a oonrex representation 

vlth   0 <   ^x » 1 -   ^2 < 1.    Than ererj root of   Q   aetft be a root of 

both   Qi    and   QSt    of the MOM «nltlpllclty or higher.    But all of the 

real and eoaplez rootv of    Q    are aoootmted for in     (o,lJ     ;    haaoe ve 

neeeooarlly baTe    Qi  • 0« • Q,    aad the euppoood oonnx repreeeatatioo 

^nfllpuj.     This ooopletee the proof. 

We  can now proceed  to  char-'cterUe the  exceptional points  in Üft, 

boundary of    P       (see §2),     The point    y     is   in  the   contact  set     CCy') 

of the  point y   If and  only  if e-ery  -up} 0.-110*;   hyp«rplane  containing 

y«     aleo  contains y.     That  is,  if    y    ia rgi  in    C(y«)    then 

j*'X m o,      y«i > 0 for MM    X^^ 

Using «one repreeentatlon    z -   ZI ^1^(t1)     for tl11« point   x    (Thoo 

3.1 and 7.3), wo obtain 

irtiore    P*    and    P    oorreopond to    y*    and    y    reopeotiTely.    Henoo 

root of    P'    in     L0,l]      is not a root of    P. 

CooTtrsely, if   t1    is a root of   P*    but not   P   then the sla^Io 
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hypmrflMa»   x(t*)  oontalxM j*' Vut not j,    aad 7    !• not in   C(7').    Thl« ffymmi 

•mjfiURKM 9.5   33K gggtaot §9t   0(y%)    of a point    y'    of    P11    o 

eapMUr tho»o poIynaaioU of   p"   which ▼yxili at aU roof of 
1 

[o,l 

rl— 

J?    ** 

Nov lot us «uppooo that   7    is IA   0(7') #    •<> thnt «• haro 

/ r y^1 - TT (t-t) jR»(t) 

(9.1)     < 

o - 2,    0 < t    < 1 
J J 

1,    t   - 0 or 1 

V 
H J^

1
 - TT (t.t4)%t) t     all dlatinot,  J  - 1,2,..,,r(7'). 

1i 
i: 

vhoro B* haa ao root« in [o,V}     exoopt possibly at SOBS of ths t.. 

For ths ogproprlats A/ 0, ths polTncaial A R(t) holoscs to 1^, vhsrs 

(9.2) n-n- T" a. « n - ^'(7'). 

It is sasy ^o »•• fräs thl« that   0(7*)     and    P*   are hoasoKorphis.    Hsnse 

7»    is «a innor point of    0(7')     if and onl7 if tha oooffisisnts of A R' 

giro an innsr point of    F^ — that is,  if aal  ^ iy if   AH^t)     is 

strictljr poaltlTo oror     J0,l]   .    Roforrlng to th».  * ^fiaitioas of % 2, wo 

so© that wo haro prcrod: 
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THEOBEM 9.U    The point    j*    of    F*    im cocotptlonal if ar^ only If 

T—■     i r    i 2     yH      heuB a ntiltlplo root at    0    or    1,     or a ir>ot  interior to iO,!] 

of nmltipllolty greater than    2.    The reduced contaot get    C'fy') ooaprleee 

those poXynonlole  in    ?^    vhloh hare root« at the root* in     lO,l] of 

yi^ /    2^ the gage »ultiplicity or hif^ier. 

We haT© also established, "by vay of  (9.2),   the first of the follow- 

ing useful formulas: 

OTEOHIM 9.5    For    y    l£    P21, 

c(y)  » n - 2r,(y), 

a(y)  « n -  r(y) . 

-—        i 
Proof of tfre seoond foraxila.    If the roots in    [0,1]     of   2>_ JA^ 

are    t.,   ...,  t  ,   *,    than ve can exhibit the linearly independent 

hjrpsrplsnes: 

*(\), x(t2),   ..., x(tr(y)), 

all of vkioh support y  at the point y. Any other suoh hjrperplane 

■rust be a linear ootbination of these, for its coarex representation 

oamot inrolve «ay extreue point x(t)  of u      without t being a root 

of 21 Ji*  -    T*10 intersection of these r(y)  hyperplanes, considered as 

point sets In (K11)*, Is the set L(y)  (defined In ^ 2), whose dinension 

defines the index a(y) . The foraula nov follows directly. 
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Th© laat throo theovcna  are m/iinly of latarait for tho botuadary of 

v.    HovoTor it 1« ooilly rorlflod that they are ralld for Interior 

points aa voll; consequently ve hare stated than In the more general 

form, 

§10.    A property of ths ettreme points of P  . 

In this  section vo shall prore that every point of    F    - Q       is 

spanned hj scoe pair of extreme points.    That is.   In the notation of  ^ 3, 

b(y)  « 1    or    2    for ©Tery    ye V.    Moreorer,  although there may be 

more than one  spanning pair in some coses,  ve shall shov that there is 

alvays a unique representation in vhlch the sxtrsne polynomials bars 

interlocking sots of roots  In     ,0,1 This vill yront a useful strengthso- 

ing of the vell-taaovn theorem on the representation of a non-negatlTS 

polynomial ae a sum of squares.7 

The next tvo theorems are lemnas for the main result. 

THEOPEM 10.1    Let    m-fl    oootimioua, non-negatiT» funotlo^ 

T0{t)t f^C),   ..., tji ; )    be defined 2B thf simple»   ^m    of poUts ^ 

0   ~ L '  >xi' *      .-m— ^—   ^J ' 

y^th the further property that each    f.( ^ )     ranishas on the faqe y 
t B 0. Thsp for some ^ in jr. # 

7 Sse for example 3zego (]iü] , p. U. 
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t0(i) -t^i)... -fji). 

Proof.    Define 

iy ^) - fk( ^ ) - »in f jC ^ ),    k - e, i # • • • * 'o* 

and vttpposo that the F. ( i )     noror  all vaalmh at once.  (At least one 

ranlihe« at each point,  and all are non-negative.) Then the transfomatlon 

K: EVP 
define« a new point      ? •     la the boundary of     7L    .    (We reduce eubsorlpte 

»udttlo m+.l.)The napplae      £   ->   4;«     l'j cevitlnuous;  it therefore has a 

fixed point by the faailiar theom of Brouvor,    If   £?  *    la a fixed 

point, -we can «et up tke follwiag chain of laplieatlcnn«: 

^* - o  =>   f^*) - o => rß*) - o => s »^ = o, 

fron which ve conclude that all ocnponent« of     ^  ♦    Tacil«h If axgr 

▼anlahe«.    But ve tanow that at leaet one ooatpoitent Ttmiehe«, and y almo 

know that all oazmot Tanl«h.    This contradiction force« ua to abandon our 

original a«stnption about the    F. ( t );    there Bust in fact be a £     in 

H.      for vhlch all raaieh: 

Thi«  1« equlTalent to the aasertlon of the theo 
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THEORÄM 10.2       If    f(t)     \a contlnuoua and poaltlre for    t    In      0,l|      , 

than a non-negatlre,     n-th degroe polynomial     '(t)    vith   r ' (S)   - n/2 

^xlit« »atiifying 

r.(t)  < f(t) o < t < 1 

gnd auch that gquality hold» a    loaat onco "botvee    etvoh pair of distlaot 

roota of    S( t) ,    Elthar of the  further conditions: 

(fro)       (n emn) 
(\) -,{1)   - f(l)     a^    l.{0)   ^ 

0 fn o(^ 

0 (n  QTVD.) 

(A) 3(1)   - 0   aiki   "(0) 
f(0) 'näß) 

n ~n determine«    S(t)     xmlguely, ag a multiple of an element of    0k      or    Q 

respeotirelj. 

Proof.    Wo a«8umo oand.'tlon    (A),    vlth    n = 2m.    The three other 

oa«e» are prored in eisentloliy the «amo way.    The polynomial    S    aruat 

hare the for»; 
m 

3(t)   - as (t)   - a TT (t-u )2 (a > 0) 
u J-l J 

vhero    u o (ui ,   ...,  u )      Is a point  In the  interior of the simplex    u 

defined "by: 

uf U*    <—>    05^5   ... < u   < 1. 
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Wo daflno  tho qwmtlty     ' A^)     to bo  the  greatest    :z    ouoh that 
J 

.r.  (t)       f(t)   .        all    t t ju4,   u,  . 1 

The  doflnltlon lo  valid  for    J  = 0,   1,    ...,  m     If ve  adept the  ~onTont,1on8 

u    =  0,     u    .   = 1,     Those    m-fl     fxuactlona  are  continuous  aaä "bounded   nv^j 

from rero throughout the  interior of    u   ,     \B    U    approaches  the hoimdary 

face deflaod "by    u.  -^ u. .     the function     ^-(u)     tends to  Infinity.    The 

reciprocal functions    l/nr (u)     therefore satisfy the condition«  of Theorem 

10.1,  and ve conclude  that a point    u*     exists vlth 

a0(u')   - a^u')   =  ...--.   .^(u«)   =   r'. 

The polynomial S^t) = .-'C ,(t)  Is equtJ. to fft)  at least once in oaon 

Intex-ral hetveen root«, a^l clearly has the other properties required "by 

the theorem. 

To show that 3'  is unique, wo toko any 3" haring the smae properties 

and oxaalno the differonoo, G'-G",  again an n-th degree polynomial. In 

fact, suppose that the aaallest root of 3"  is less than the «nallost 

root uJ  of 3'.  Then it is easy to shov that 3'-3" has at least one 

root In the open Interval  (0, u*)  and tvo roots In each interval 

ju!, ul | , ..., j ^.-i » u, j  for a total of 2m - 1  (the possible ooln- 

oldenoe of some of the roots of S'  and 3" does not aJTfeot the total, 

coimtlng multiplicity) .  Tn addition,  S'-G"  vanishes at  0 and at  1, 

so that the number of roots exoeods the degree.  Hence S'-S" 5 0. 
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THBOREH 10.5    Srqry xxm-mxtrtme point    y    of    p11   h«a a wilqu> gSSEBS 

CggSBftssteMon JkZ 5 pair of •gto.'—n point« t on» gggh froa   3     and   Q , 

vfao^e root» intrlock. a» follov: 

n 1 ■ a-1 
7" y.t1 - aTT (t-t      )2 ♦ ßt(i-t) TT (t-tpi)

; 

JX    0 ■ di;    and 

ZZ J^
1
 - ^ TT (t-t  )2 ♦ ß(i-t) 77 (t-t01 .) 

1-0   a .1-1       ^ >i       -J"i 

3 

if    n » aa+1,    vlth   cr > 0,    ß > 0,    0 < t, < ... < t    -  < 1.    Mor»oT»r,    y 

jg intarior to    P11    if and oply if all of tha inaqwalltle» 9X9 »triot. 

y    interior to    P11    a»l daoot«     J^ y.t      by    P(t) . Proof.    Talc© 

Th«n    P    i« »trlotlgr poaltire orar     [0,11      (Thaor^ai Q.l) .    Applying Thao 

10.2    (A)     and (A)     to   P    glma ua polyaomlal« 

But    P - S    la a polynomial vith the »ana propartiaa ui    S;    "by the unlqua- 

aaaa va nuat ha^a    P - 3 - S,    or 

P(t)   -    5£(t)   ♦   "/ Q(t) (C > 0,     I  > 0). 

r 
Since  P,  £,   and  Q ara  all in    p",  we  have 5» ^ - 1.     Moreover,  tha roots 

of    ^    and   Q     interlock  (strictly;   as   required. 

If    y    is   in  the  boundary of    pr:,   tner.  the same  procedure works   if 
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w» itart "by dlridix^ out th»  root« in  [0,1)  of P(t) tjul  finish \>j 

aroltlpljlnc then "twtck Into both tenui of the r«pr9««ntatlon. But nov, with 

•cm« root« ooHBon to both axtrtme  poljnxnlal«, the two set« of roote vlll 

no longer Interlock eo ae to «atlefy the strict ineq lalltle«. Thle complete« 

the proof. 

Ve nay remark that «one point« In P11 are «panoed al»o by pair« of 

«xtrwe point« vhcwe root« do act Interlock, or by pair« of «xtieme point« 

from the «ame component of Qn. Howerer, Theorem 10.3 deeorlbe« the only 

natural vay of gmaeratlng P  from Q ,  In vhloh every point 1« repre«ented 

once and only onoe. 

§ 11. The houndarr of D . 

Peturalnts to the moment space D  ve nov Inreetlaate th« manner In 

vhloh It« boundary Is «panned by the extrmee point«. In order to he able 

to apply Theorem 7-5 ve aeetne throughout thle section that a > 2. 

THEOREM 11.1 The repre«entatlon of the point i in Dn hy «xtrssM point« 

Ü SB^äMg if SS^ QPlJ If x 1« in th« boundary. 

Proof, (a) The «et of extreme pclnte Cn 1« a tvl«t«d ourre («ee | 7) 

that do«« not aeet any hyperplane in more than n point«; henoe the contact 

«et C(x) of a boundary point x can contain at ao«t a of the ertriiu 

point«. But any n or fever extreme point« are linearly independent («ee 

proof (d) of Theorem 1.2),  therefore C(x)  1« a simplex. The repreeentatlon 

(5.1) of z depend« cxoly on th« rertioo« of the «implex, asm! hsno« It 1« 

vn^l^ue. 
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(t)  If x is interior to Dn, th*n it  is iansr to the sscpMnt 

ooamsoting x( t) \rlth  the directly oppotite bomdary point x*,    x(t) 

'beln^ any point on C . A representation for x can tban "be oonstruoted 

by combining x(t) vlth the representation for x*; x(t)  will neosssarily 

appear with positive vei^ht. But since t vas arbitrary In  0,l|  , 

there are Infinitely many distinct such representations for x. 

THSOKEM 11.2   D  has no agcoeptlowal points. 

Proof. Ho interior point is exoeptional. Let x be a boundary point 

of D  and consider Its unique representation 

Mil b(il 
X - Li  ifi*))* L-      §J • 1'    ^>0'   J-l, -.., b(x) 

We shall shov that C(x)  Is precisely the elmplex S spanned by the points 

x(t.) . Then, since x is clearly Inner to 3, x Is "by definition not 

exceptional. We at once hare S C C(x)  because every supporting hyperplane 

at x contains all the points x(t ) . To shov that S « C(x) ve need only 
Ü 

exhibit one hyperplane that contains the extreme points x(t.)  and no others. 

But any polynomial In P^ harlng Jiist the set of roots {t. f vlll provide 

such a hyperplane. 

THiWRIM 11.5  for x jn _Uie boundary of D11, 

c(x) = b(xj - 1. 
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Proof.    Bj th» definition« of    \>{x)    and    o(x)   (•••     ^ 5 ai^   ^2) 

VB haTo 

o(x)   " dim C(x)   - dim S - •b(x)   - 1, 

S    tolng takon aa in the preceding proof. 

TBXOREM ll.k      ff    x€ D11    gg    je P11   are oonjuaate polnta. t^gg 

Mx)   - r(7) . 

Pro#f.    Tbeoroaa 5.2,  9.5, and 11.3 «!▼• ua reapeotlrely: 

n - 1 - o(x)  + a(y), 

a(y)   - n - r(y), 

c(x)  - Mx)  - 1. 

Adding the three equatlooa giro« the dealred reeult. 

Conelateintlj with our deflnltlooa In     ^6 and ^ 9 ve define   h'Cx) 

to he    h(x)   - 1/2    If one of    x(0),    x(l)    ocour« la the »oet efficient 

repreaentatlon of    xeD  ;     to "be    h(x)  - 1    If  both ocour;  and to he    "b(x) 

If neither oocara.    Ve then hare»  without difficulty: 

THBORKK il.5     ü   xelP   and    ye P11   are oonjunate polnta, the» 

b'(x)   - r'(y). 
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THEOREM 11.6      For    x    In    Dn, 

a(x)   = 2V(x)   -  1. 

Proof,    (a)    Flr«t take    x    In the "bouaiary of    Dn.    Thmormm 5.2,  9.5, 

and 11.5 eLi* v» rMpeotlrelj: 

n -  1 - a(x)   + o(y), 

o(y)  - n - 2r'(y), 

t>»(x)  - r'd); 

vhore the existence of the conjugate point 7 In r  la auseured "by 

Theorem 5,1b. The sum of the first two equations and tvice the third glres 

the desired result. 

(b) Suppose now that x Is In the Interior of D , so that 

a(x) » B. Pass a line through x(0) and x, meeting the opposite Txnaodary 

at x* . As in the proof of Theorem 11.1b ve can build up a representation 

for x out of x(0)  and the representation for x*, giring us the estimate 

b'(x) < V(x') +|. 

But    aCx1)     is at most    n-1,    so that part (a)   of this proof giro us 

(11.1) ^•(x)^^, 

Hovrerer,  there might be a more efficient representation for   x,    giring us 
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(11.2) .•(x) <^,  I.e.,  b'(x) <f. 

point« IxiTolTod by x(t ),  >!, ,.., b(x)# than If va denote the 

It la poealblc to oonrtrnot a non-nagatlre poljnoalal, ranlahln^ at orery 

t., vtaoa« degree would cot aocoeed n. (See for «xoaple (9.1) «)  Thlii vould 

entail the exlatanoe of a aupportlng hyperplane to D  vfaloh oontalna all 

the polnta x(t.) and therefore the point x Iteelf. Clnoe x vae aaaxned 

interior, (11.2) la lapoMlhle and the equality mat hold in (11.1) . Thla 

proTea the theoreai. 

As a corollary ve hare 

Mx) < ^ 

for all   x    In   Dn,    Äla oontraata vlth 

i: 
-^ 

t .. 

for WoUA* im   F* 

My) 5 2 

n 

for the ganerai convex ,n 

m 

■M N 

oelr  in E"  (Theorea 3U). 

WlHi IkionM 11,4 at our dl«poMl# «» fin* it poartUt to 
/- 

poiata of   D11    In a natural vpy.    Ve define 

«I 

V   J 

e 
^.L 

x£C n 
a(x)   - a. 
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1 

More particularly.  If    a < n,    w© shall use    C11    for the*© point« of    Cn 

-whoso unique rvprosentatlon (see Thaoros 11.1)   Inrolres tt* point    x(l), 

and    C      for   C    - C   .    Ws shall refer to these sets as the a-faoes    of —a a        a ■ 
D   .    For exaaaple,  ve hare 

The partition of the boundary of    v      Into    a-faoes,    0 < a < n, 

generate« a dual partition of the "boundary of    }r     Into    "o-fa«««"    Q  , 

Q0f    0 < o < nf    on which    0(7)     Is constant.    This follow« from Theorasi 

5.5,  since It Is erldent that the partition there Is a refine—nt of the 

present partition.     (See    §5.)     In particular,  ve hare: 

£J5 «  ^^n-l^* ' (orillnary points of    ^ 

^0 '  ^-l5* 0 (ordlnftIT points of    0°), 

as «ay ¥e seen from Theoreas 5.2,  9.5,  9.U,  and the definition of    Q  . 

TBBQRQ4 11.7     The two    a-faoes   C°   and    C^,    « < a,    In ths houndanr ^ a' 
,n j D      are the aaxljBaj  oonneoted ccsponeots of   C  ,    and hare (topologlcal) 

dljMnslon   a. 

Proof.    A typical point   x    in,  say,    Q-om-i'    lla- **10 wail«* 

representation 

(11.5) 3C »    ^(t^)  4   ^xCu^   ^   .-. ♦    ^-i^V' 
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0im#   h'ix)  - b(z) - m.    H«r« th»     ^.    are «11 posltlT», with «m   1, 

and tk»   XL.   ars all dlatlaot, not   0   or   1,    and arraagiil for tta* oak« 

of «afUMMO« la a——AAag orler.   Ve can ttaoroforo —tabllah a ozk»-OB» 

—a iMvwalam,n Wtwtaa   C^ m    and tba prodnot of tha laWrloro of tha two 

alvplaoM   l^1        *       »^ 

(11.5) ^e^''1   <=>   ^0>0,   ^^0,   ...,   ^mml>0t 

Tba ■applag obrlonalx dooa not dlaturt) toyologloal proportioo, baaao   2n-l 
.n la tha (topologloal) dtnaamlon of   Sjom^^»    ** '•«nlrad.    In a alallar nay, 

S^j^    la ralat^ to tha palp of al^loao   xftrl,   =:*;    C^   to   D11,   ^"i 

and   C^   a^aln to   TJ*,     ^B.   Tba uoMiautlrlty of tha Indlrldnal    a-faa^ 

la avparant fron tho abora, and tbalr palrvlaa aapamtlon la orldaat froa the 

a-1 
(11.6) (oloatapo   £?)  - C°   -    U    c"   -    (olooara   ?*)   - C*, 

^l       ^ lc-0      K a a 

«hloh folio«« froa (11.5) •    Thla ooaqplatoa tha proof. 

Ve vottld now Ilk» to aay aoaothlne about the raproaantatlen of pointa 

In   Cm,    tha Intorlor of   D11.    If v« laoaantarlly tan our attention to the n 
hl^er-dlnanalocna mammt apaoe   D,M'k,    k > 0#    va aae that there la a 

natural oorraopandaooe betwoen   Cn   and either one of the tvo    n-faeea of n 
D1*4, .    In foot,    CJ^   la Jnrt the non-alngalar, peorpendloular projeetlon of 
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C1*4"  or (?Q+  Into E11. The unique reprMeat&tloa« 1B the higher n 

go into "alnbAAl"  repreeantatlon« in   C   ,    inrolTln^ «XBOIIJ    "b1 - (xul)/? n' 

extrme point«.    Eaoh   x    in   C      hat preoieely tvo wtoh ■<^»*i 

•en tat loo«, formallj idenCioal with the repreeeatatlooa of the inrtree laa^Mi 

x,  ..»    and    x,    .x    of   x    in   C and   C      ,    reapeotireljr. 

■I 

Coneiderlng the proof of the procedlng theore«, IM oaa therefore 

aeoerti 

2M-1. 
THKOIQW 11.8      TJt* interior of    D 1« evept out hjf 35   ■- BMM&feg 

faalÄy of {mrl] -<U>»jil<nal ■lanacxee      -. m* ,    and, .Jfi a Alfftrwrt j^, 

2M \ 
£1   D       i! £221 «B* .& J&S Migrant vg^i bj   «"parqa^tey THUlTT 5l   »* ^ 

dljMueloaal elMAlecxee 

tfo shall aake vmtt of thi» pareaeetrl zatlgn in  ^ 1% 
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1HI sarUSEBS    S*   AHD   B" 

Tb» Koant ipaoo   Dn   and It« dual    P*   ore cloaoJy ralatad to % 

pair of dual •laplax««,  vlth vho«« aid v« ar* abl« to gnawtrlM 

olaMloal proportlM of aoMnt •o^uaaoe« and poaltlr» polj—tilt.    TM 

flrrt Blmplax, olPömaorltod abopt   l)n, la doflaad tj iti T»rtloaa   i^^ 

k - 0, 1,   .... n, vltli 

^k) 

vhara, aa «»ual.l/lk-^l -    (J)    -0    If    1 > k,    Dln>iAJ^ 

tha»e coordinator are: 

/--, 

(:2.1) 

1 
n 0 

2 
n 

2-1 

P 1 
n 

0-2 

u 

We ahall danote thl« «Implaai by ß". Figur« 15.1 thovt S* In zvLatlcsi 

to D2. 
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'(2) 

Fig. 12.1 

TEEOH« lfi.1  sn oontalM Dn. 

Proof. Th»  k»y to the proof la the  Identity 

(12.2) 
k~0 

u n) tk(I-l)n-k 1_ 
1   - 0,   1,    .. .,  a, 

Acoeptlng thla, w» obtain by direct »ubfltltutlon: 

(12.5) 

vlth 
k--0     * 

ik= ^ ^i-t,-k 
>     0 

A  «liaplo  calculAtlon  (or (12.2)   with     1=0)     glv©«   us 



I 
. T « i'» «r^A ■ 7», 

t 

: 

k-0 ' 
1 . 

This «hova that tb* «ztrsae polnU    z'   ^    of   3°   «pcui tho aartr«B« point« 

x(t)    of   Dn,    aad haace that    S11    oontala«    Dn. 

To rarlfy th«  Idaotlty (12.2)  ve observe that 

(n)  (k)   .   ;n-lN)   /n) 

The ri«ht-haiid sanber of (12.2) maj therafora b» vrlttan: 

(12.M Ü (-) tN.-t, n-k 

With tha ^batltutlon.      if. ^i,    a . B.lf     ao.MbeCGtt#|| 

n ? t^^d-t)-^ t1 1= ^^f1-*)""' -*1. 

^ nkit)  were  Introduced  by Hausdorff   [ill,   usin^ the  success! 

differences 

ve 

(See  .also Widder [ 9 I     ,  pp.  100 ff- 
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These quantitiee  have  a  simple geooietrlc   interpretation.     Applying 

(6.^)  to   the   ri^ht-hand  expression above  givec  u.« 

I *4 .-Li-a   ti-^ 

(12.6) 

•r    T 

^i)mS   (k) ^-l-t)n"V(t). 

If v« doaoU by ^    th« aoMat» of    /,    v» tlian b^v« 

> 4$ 

n 

x -  /lx(t)d/(t)    .   n A^MxW, 
k>0 alcv 

by (12,5) and (12.6), with 

A^O,   ZZA.v-i- 
k-O nk 

Thu», tte    A . (^ 

fP^f**^ «wwai»^ 

j^^,    ara Jual; th« l>Aryo«itrlo ooordiaataa of    x    In tha 

S*2ftlai «a tka daal tyaaa, v» ooaaid«r UM rttantftaSm' poljBa^i|i|fi V^ 

(15.1) B^Jt) -   (?)   t^i.t)^, k.o, 1,  ..., a.f^.^ 

By Tbtoraa 9.2 «haae polyaoalali ara, up to a poiltlvt f*a*OT, 

of   P11.    la fact v» hava 

» 

^       If     a-k      la nrm; 

^^M?     if     a-k     l.cM. 

Daaotl»« «M polat    (»♦DB^   by   jW    «a obtal» Ua 

for Its «oiwrtllnaW«: 
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Th» mtrlx of th«    y^    If «rtaUatiAllj tb« UrtrM of UM mtrlx (L2.1), 

for v» h&T» 

(15.2) Z*).,^) . »«•1     If     k . / ; 
0       if     k / ^ . 

DM «lapla • trj th*    afl    point«    7^        v« d«not« by   B*;     It ii 

oVriamlj 1«icirlb»d 1B   P0.    Flgu.r« 15.1 ladloatM tk» canfl^ermMcm for 

Fig. 13.1 



^ 

<y 

y 

ÄMR» 15.1      B*    li totj. ^0    8*, 
t 

It taffioM %o »hoY «wit UM T«rtleM   x^^    of   S*, 

InWryrrtod 1» th* dml ipao», «r» th« hrp«rplaaM ootttalaiag tbt    (a-1)- 

dtMMlwal faeM of   B11.   But, \y (15-8), Moh Ign^rpUa*    z^^  OCäUIäI 

ex^otlj   n    of tlM TtrtloM    r    '    of   B71,    and ih» r««alt follov». 

It is now «Tldwit that th« hjpmrploaM vkUh «UUmia» th» (n-1 j ^ 

dla«gMlfBal faoee of    ST   ar« «upportln^ hjptirplaa»« to    D21    ac »»11, 90 

tb»t la •«■• »«BM    3a    it ttM aort «ID«»!/ fitting «Implex that can t* 

clroTMwrl"b«d aV>«t   Dö.    DuAlly,    B*    !■ In »oMa ««BM a WIMI   Inaorl'bBd 

•laplcx In   P0.    A PVMIM wwdag to tkoac «tatiMxtc will "ba glT«n 1» tk» 

ncirt two aaotloo». '^V'^ 

A «iMpla oalowlatio« ■bowa that Xkm o«vtroli« of tha two aiaplmtt   a* 

Thoaa will to rwooftülKM fron    ^ 8 aa tha aonwlltln« vaCuart «awd 1».     /V 
•% - 

aal»oting tl» oroaf-saetlcaa    r     and   Dn   of tha oooja^ta, tomtm. t/fß$9--- 

r (?*)    *«4      P (B*) .    Ä^r oorra^««l to tha "raotan^wlar" dlatrlhtitl^i 

^ 

•«i   B14   or. ra^aotlTalj 

fm   (I,   |,     ...,   J^) 

(1,    0,     ...,    0). 

* ^i 

^(t)  - t   aatf tht aaaataat yolTwolal   P(t)  « 1. 

Va tew» alrwady aotad that   P*    U * cro»a-»aotloft of    P**1. 

%ha oorraapondlng oroat-aactloo of tha Inaorlhad tlaplME   B*^ 

• T. '; ■ 1  - if 

;a' 

>m 
;• ■> v^ 

iL^H 1 
» 

y. 
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B,    but a largsr, poljlMdral body, aor« noArljr filling out the Interlwr 

of    P». 

ÄJOHÄU.l    ü   y   It iaWrlorU   A   ^g fog affl^fldflg HflB   ■ 

Pryf^ .    Dmot« by   ij ?    tho rvrtloM of   S*,    «ad IIMMI alto th* 

hyp«rplaa#« IA    (I*)*    oarrjla« th» "bouadery of   B*.    V« Bast «bav that 

(l^-l) 7(M)*:I(m) - 0' k - 0, 1,   ..., n 

hold« (for flx*d    n)   If    a    ta  t&ktn aufflclaatly largi.    WrlLin«    ta « k,  va hara 

for aaoh    1 ■ 0, 1,   ..., a: 

1&- TO'::; f^3 '- 

bj (12.1).    At    a    laortaaae tills owwrwyt (ua^fontlj la    t)     to    t1     But 

froa tha h/pothMla aad Thaoroi 9.1, va ijar«: 

y.t1 >S>0, 0<t<l. 
1-0 

It follava «wit (1>.I) l»ld» for «ufflclantly xarg» a, as «aa to W 

9     3oo laaodorff [ UJ , p. 22^. 
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Tha proof ha« »hovn that mm m.    laorwaati thm vertio««    x'   '     of    8^ 

t«nd to the point«    x(k^t)    cm    (; .    Th« proj^otloa« of    a      oo   K      (n 

fixed.)     fom a nested eefvenoe of polyhedral,  convex bodies  tending to    u, 

Hoverer,  the Ewalmi» dletanoe of S*    to    D*    doe« not  tend to %»ro a«    m 

InoreeuMe.    7or "•xaaple, 

\{i^)M) - ^■■1)| - (i-iAi)" ->!/•. 

Ve •hall also eee in the next eectlon that the rolneee of   ST   and    u     do 

not approach each other aaymptotlcallj. 

OTOOBKM 1^.2      airen the ae<iueqoe 

V   h >   •'' >  *«' 

^gB   x, x - (x0, x1,  .-., \)   li ia   3*  121 5Ü   m   M IBä OPIJ II   x   ll 

ijt   D*   for »11   «. 

Proof.    Thle  ii eeeentlaHj- the dnal fora of Theoren lV.1,  It follov« from it 

at cmoe by aeane of    Thooroeui  12.1 and ^.5. 

Translatln/r thee«  thoor«m« out of gecnetrlc  teminology ve obtain tvo 

vell-knovn reaxdt«: 

•rasoREM lW.5     Anj poljiuadal poeltlye on    iO;l[    o«t be reirsttnted M a 

flnlt« gm y^th poeltl1^ coefficients of polynomials . 

T*™ I) tVt)n-k 



of mfnolwttlj hXtdx d» 

■nKBORIM Ik.k     A PgSSglftg MJ >uffiQi«nt goailtXaa tjmt 

] xo'   xi' •••' V 

.^f ^^o MMfe! °I Sgf dlatribtttion ftmotion on    [0,1      !• that th* ■•^oeoco 

b» woo«pl»t»lj aonotonic",  I.e.,  that th»   x1    and tj^ir «ooo—aire diff»r«no»a 

A   *i     21 S^i ordan ba all aoo-aagatlTB. 

The lattar follova Tnm the «xpraaalon (12.5)   ralatln« tha   ^   x.    to 

the baryoentrlo ooordlnataa of    x    In   S 

§ 151   c<mp>ri»m of rol^taf. 

Va nov oaloulata tha a-dlmanalcawil raloaaa of 3n aad D , to obtain 

furthar lualght Into tha ralatlon "batvean tha tvo bodlaa. The raanlt la 

it apaclal -- unlllte our other reaulta, for «zaMpla, tha artanalon to 

■paoaa baaad on the ganaral finite Interval  a,b  , though not 

difficult, la not laaadlatal^ apparent. Bat we feel that tha romarkablj 

naat foxvula for rol D  In taraa of tha beta aad g—a function« Jnatlflea 

tha Inoluclon of a portion of the o&loulatlon. 

THBOmi 15.1  The n-dlatwaloMa TPluaa of S11 1« 

"^•^i^r1-^^^ 
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Proof.    V« emit thla •Immmtarj o&loulatloc 

UCKORISM 15.2     Ti»   n-dtMoalogAl yolvm of   Dn   ^§ 

«i»». -ft- B(k, k) - TT ^m^ . 

Proof.    V« outlln« th« proof for thm oase    B - 2»-l .    By Th»or«a 11,8 

wo may regard th» lnt«i-lor of    D      a« the produot of th« Intertor« of    u     and 

X       ^    defined "by (11.k)   and  (11.5).     It la oonTonlent  to roplace    U*    by 

the unit    m-oube    l,    thereby araltlplylng the Tolaae by   mi,  Thm 

TOl D0 .  /  4^ ... 4^ .   i   /      /       |J| itx  ... if,.^ ... Ifl^i 

J beln^  the  jacobian  DV the transformation  (11,?)  with ,',, replaced  by 

1-^-...-^    1  • 1 A oalcxilation yields 

>1     J     J-2    t-l ^     J 

onftblln^ vm to epllt up the late^rRl.    Tbui: 

-^ ^rr^j 
^..i. 

rel D 
n 1 i   /..! "^ ^^x ••• d^i A  ^j (vV4dui •'• dV 

I31 

The first Integnü. li    l/r   (At) .    By a reeult of Selber«      13^   the TRIU» of 

the eeoond is 

f 

k>l 2 f,(2»f21r-2) 
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Combining theas  r««ult«  yield«: 

r"1 D       TTST   ^        2krfai>2k-2) 

From thla  th» theorwn can ba rarlfled directly,  or by Induction on    m.    The 

oaae    n - 2)i    la treated alnllarly. 

We  are nov In a poaltlon  to ocnpars  the aliea of    S      and    I)   ,     a«    n 

Inoreanaa.    A raaaonable —aaure ml^it be the    n-th    root of the ratio of 

Toliaaaa,  vhloh could ba orpected  to approach    1    for large    n,    «ran If the 

ratio  Itaalf doa« not.    Howarar,  It la not difficult to ahow, froa the 

theoraaia   luat provad,  that 

\    1 

laLÜr B o(2-v/2) ~> o. 
\TO1 37 

Thla  reeult aakea an  Interaatlng oontraat with Thaoren 1U.2. 
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CHAPTER   TV 

ALGEBRAIC  D1SCRIPTI0H OF THE MOMElfT SPACES 

^16.    Momont »e^uenogi and quadratic fomg. 

Ve tun flr»t to th» tuMiioA of «h»«ier a dTW flmiU i 
constitutes the  flrsv    n    aoiMnts of eoma function In 0s" —-   that is» whether 

a given point 

x   "   (XQ>   x 1 »    • • •»   ^p^) 

is   in    DV 

By Thtarm* 0.1 vt haTt 

(16.1) Xt D 
2a 

x-j > 0 for all y In    P 
2m 

(oonaldorin^ first tha arttii-diaansloaal caae) .     It ig »quiTalvnt,  hovarer, 

to hare    y    raxtge orer  Juat the •xtr«ae point« of    P^   ;    thu«: 

(>.2) Xi D <     ^      x-y > 0 for all    y    in    0     . 

Ve have seen in ^ o that the polynoalala of Q   all hara one or tha other 

of tha tvo fonaa 

(16.?) R (t)| 2       or  t(l-t);R   (t)'2 

(■ubacripta hei*«  indicate  tha degree),     ^•urthormore r  all polyixo«leü.B  (16.3), 

though not naceasarily  in    Q are certainly  In ,     or poaitir© nmltiplai 

of elemaBta of    P     .    Thua  (1' .1)   and  (16.2)   are equivalent to: 

Q      The criterion of Theorem 

sequences. 

1.'../.,  of   :ourpe,   itp^liep  only to  Infin ite 
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2^ J& 1 
x eD <=^->     X'j > 0    for Cl    j   auch that      )      y.t    ha« «Ither the 

f or«     j 2  ^ 
i>0 

P?7      ^f^ -^ 1 » i 'i tea      i T 2 v 
tJ|  »-ior the  fbrm t(l-t)      )       R tJ      • 

lll«lx<ÄtlJ»«    y    glre« u« finally: 

x t D 
yo    t*0    *** 3* 0 ^ 

g ^W-WpA->0' an (P0, ••' ^-.i^ 

Ve thua hare tAe vell-knovn r^auit10: 

THEOREM lo.la     A naga—ary aad aufflolwit condltloo that    i    be a poljat of 

I)        1? SJttSl tht two quadra tip foraa: 

i-l 
X^fle J,k-0 

(Xj4^r*j4JC4C)PA 

^S P—^^JLT» 4«fl%lt» or aemldafInlte. 

In aa analogoua manner ve may eetablleh: 

THEOREM 16.11)  £ neceaaary and euffVolant ccanditlon that x be a point of 

^♦1 If t^t the quadratic forma: 

10   See for exaaple 3hohat and Tararkia   [ 12j   , p.' 7. 
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J,k-0 

ifi POi^tlTe dcfinit« or «waldcfInit«. 

The proof of the next thoortoi follovu  the Mem« llxMC  aa above, making 

u»o of Theor«« U .2. 

THBOREM "!'',   0 A aec»a»&ry and suffIcient coodition that    x    he an interior 

point of    D      jj that U* qmadratlo  foma  of Tbeont l6.La or lo.lb  (vfaicherar 

appliqa)  he poaitlre  definite. 

1  .    The datermlnanta m aad their relation to the  face» of    I   . 

We nov Introduce a «pedal notation for the    "Hanlcel"    determinant« 

aaaoolated with  the quadratic forms  of the laat «eotlon: 

^21c 

\      ^^l v. 

— ?k+l 

xl x?        ••'    ^l 

^^l     \^ 2k 4-1 
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^ 

7^: 
2k 

^ ' ^ 

^" ^♦i ^r*!^ 

\-\*i 

T -X 
^k-l    21t 

"S 
2k-fl 

1  - 
*!      ^"^ \  " \.l 

^'^♦l    ^♦l'1^^     *••    x2k'X2kvl 

The »ubaorlpt« bar» b««ii oho»«n «c &■  to  Indicate tbt hlghaat aoewnt occurring 

la ©aoh deteimlnÄnt.    Th« upper and lover bar« will be eeen  In die oouree to 

agree with our prevloue  iuia«e. 

TBQRBM 17.1     A »ecwary (tad «uffiolent condition that the ^undrntlo fom 

C ftl.ia 

^J  '^ ^ir. 
i*j 

riaj 

f 
'•i.i 

be positive definite is   that  the   ffrst principal minors  of  Its  symmetric 

matrijc all  be  positive. 

Al 
■   "*~ ...        . ■  T~> 

ü 
Bote.    By the  "first prlncipa   minore"  of an arraj such as  the matrii 

of    f^r«,    glvMi abore, v» mean the    k-fl    etibdeterÄlnÄnts    A^.     ^>^,     ...    A„, 

For a proc-f of thie etandard result,  see  for example    Ferrer   [ Ik]   , 

?««• 158. 



•61- 

i ■ l 

THB0R1M 17.2     Th» point   x    If Interior to   D11   If apd. oalj ^f all of the 

(17.1) ^o' A0, ^V~V   •'" ^'^a 

JM2 P^eltlT». 

Proof.    By Thaor^BB« 16.2 and 17.1      x    1« interior to    Dn    If «rd onlj- 

If    &._$   A   /    '-^_  «,    /.    0,    »to.,  are poiltlr«.     It ottljr rwiaim to rwaßxV: 
- D        r.      '   ä~C n-c 

that if    x    1«  Interior to    D  ,     then the point 

Vi) ■ (To' V •••' Vi3 

1B nece«»arllj interior to    J      ,    and *vh» theore« follov» at ott?e. 

Ifov auppoee that    x    1«  in the "boundary of   1)    — »ay In ^ihe face   C    , 

(»ee   kll).    It foUov« that    x,     ..     iu Interior to    D*'1,    eo that all 'vn-i) 

hut the  laat tvo detemlnante   (17.1)   are neceewarlly poeltlre,  and one of these 

T—        1 last tvo mvMt Taaleh,    Since the polynonlal    i_ J*t      a»eooiated vlth the 

unique «upportln^ hyp*rplan<»    y6 1       at    x    ha« a root at    t-1,    ¥• can tee 

that the aeoond  quadratic form of Theorc . 16.1  (a or b)   if pocltlre •«■!- 

definite,  vhlle the first foraa  le  eajiily •hr%- to be poaltiTe dciflnlte.    Hence 

—n ' n 

If    i    had  been  In the fa;«    C     .     the uppe • and lov^r hare would hare been 

rerereed. 
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Applyln^ the  »aa« argiawat to the lower-dlmmiglonal fao«8  gir»«  u* 

the follovlng ch&raoterltatlon theore« for tho    a-fao»a of    D   : 

THKORIM 17.5      The  point    xtv*   I«  U    Cn    If and apis it 

AQ»     ^^o'    ^-1'     Al'   "'    —a'     A1'    &*    ^ a>l 

AC? PO<H1T» and 

^i   5fid   Aa^    Aa+C,   ...,4,,    A, 

ATB HIS»    SlitllttrLy    x   J^ In   C.    If and oalj If 

AJ.    %,   ^1'    ^1'   •••'^-a'    ^a'    ^   Aa^ 

are potltlv» «ad 

A*H    ÄÖ    4^2'    Aa^'   •••'4B'     An 

«5 H£9 

All of the detamlnaat« of Index    a4-2    and  higher raalah beoauee 

of the fact that    C       le contained  In the cloauree of both    c      and    C   . a -in nr 

for    a < ■ < a.    (See  (11.6)). 

It la eeeentlal here to ■pecIfy that    x    be  in   D  ,    beoauee the 

analogue» of Theore—  17.2 and 1   .1 for non-iMgatlre detemlnante do not 

hold.    For an lllvitxmtlT» eia»iple, aee Widder   | 9 ■    ,  pa^ea 15V6. 
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^ I1'.    Tho lov»r and upp«r "bovmdArl»« of   D  . 

I't•'rtisg    A       to frn glrs«  UM a partloxilar Talue    x      for tho n-th 

ncMWot a« a function of tho pntc^dln^ momenta.    Wo BCJ vrlt« thl« relation- 

■hip In the ocnp&ct form: 

(l».l) i    - x    -    -££- , 

vhlob Is aotually Indopeadont of    x  ,     a«  It ehould ho In «lialLar foahlon, 

we soo that 

flö.2) x    ♦ n 
3 
^n-2 

!■ tho vnluo for the n-th moaont that makoo H      ranlah. 
n 

For anj pol»t    x    In    D      vo con doflno tho aaooolatod points 

x =  (x0, x1,   ...,  Vl, ^ 

in    (,o,    X^      ...,     Vl'V 

iince ve alwajr» ha TO 

7      <   X     <   X - a -    n -    a 

v« oan Intorprot    x    and    x    OM tho projoctlona    "dowmrard" and  "upward' 

of    i    on th« boundary of    D   . 

tnco,  mortcror,  va aj-vajo  ha-ro by Thoorom 17.3 

x   ■     cloÄur« of    C    , - -n-1 

x    " cloonre of    C n-1' 

wo shall rofor to   those Wo closed sets ao respect! Tely tho  lover and upper 

boundaries of    D*. 
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CHAPTKR V 

DISTEIBDTIOITS HAVIHC OTVEN MO^'^!rPS 

^19.    Tim polyncmlftl«   A  (t)    aad   ~ (t) . 

Our naxt immY vlll b« to find out vhat oan b« wild about tb« distri- 

bution funotlons vfeloh ^jlr« rl»« to a glrwi polat    x    of    D   .    W» f1r«t 

n »••d an oxpllclt form for  who hjrp«rplan#« vhioh «upport    D      at th« a»«ocIat«d 

uppor and  lov«r boundary point«    x    and    x    (■••   : l8) ;   thi« for» ii pro- 

rl led by thm follovln« poljncalaLi,  olo»«lj r«lat«d to th« d»t«rmlaa«it« 

A      and    A       of  h IT.    We d«fln#: 

^(t) 

1     \ \-l 1 

\    \+l     ■••  X2k-1    t 

^^l(t) 

Xl X2 \       1 

t 

^l    \*2 X2V     t 

77   ct) 

^ " X2    X2- ^ 

^'^^l    ^l'^-^ 

\-l-\ 1 

t 

1 ?k-2"X21r-l     * 
k-1 
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^       ft) 

1 ■ II   Xl ' ^ Vi - ^  1 

t 

.1 

We further define: 

1   r> 

p (t) - 

^(t)! 

1 ^(»r 

If    n    !■ 

1 r    n     1 s odA; 

pjt) 
t(i-t)  .\ (t) 2 

n 

(1-t)      An(t) 

If    n      a tnen, 

lf    n     1« odd 

n 
p  (t)     and    ?  (t)     ar« obrloualy   In    P  ,    «xoept for a poaltlr» normal'!tln^ 

factor. 

n-1 
THEOREM 19.1  If i,  lN  !■ Interior to D  ,  then the unlQue ■upportlnÄ 

—      (n-i,     — ■ —       ■'"    '   ■'■» '        • • ** 

hjrperplanoa  fco    D     ^t    ,?    ajgd    i    are given reapectlral^ ^bjr    P  (t)     and 

n (t) 

Proof.    We glre    the  pro  !   : or"    i,    v^th    n  =   2n+l,     aa a tjrploal caa© 

By definition,   the d-termlnani    .\       of the point    x     Is  fro.    Honce an 

m+l-tuple 

P .  (ß0, ßv   ..., ßj   /0 

•xlitt  with 

J-0 
?,H^1PJ  ^ 0 k - 0,  1,   ...,  m 
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Let 
m 

Pf l)   -    ^ ft tl 

J-0 

and   (ieflne    y     In    P       by 

n 

1-0 

Then 

y t    -  t R(t)   2   -conat 

m        m 

>0    k:«0    J K+1  '   ^ 

«tet   /   U th* «If«« »wpportlng hyperjOM» ,»t   j.   V« «Mt «ta« ^j 

that the polynomlala    y    ^nd    P   (ti)    »r« th«  sui« or,  oquiviltntly, that    R(t)    TJ^ 

and   ',   ft)     .ire  the  ?a.Tie   fir,     ut •   (a.»-.s  m   to   a  constant   factor   ;.     Tf»e  matrix 
—n 

proJuct   of     ^     (as    i   rov   matrix)   v.Lh   tno  matrix   of     ^   {'-)     is  equal   to 

*       fc ^ .   ^■*- *.i ■"^•. -t -. — . , 

(0,   0,    ...,   0,  *(t)); 

h«nco  OT«ry root of    Rft)      la  a  r^v", of    /,    (t).    But 

r'(y)   - —-4  m ♦ l/? , 

by Tliaoram«  11.5 wd 11.6 and  th»  fact that  fby hypothaala)     a(x)   ° n-1 -  2m. 

Thio  tolla ua  that    j    haa       m    dlatlnct root« baa Idea  the  root at    t«0,     and 

oona^quontly  that    R(t]     haa    ra     dlotlnct  njota.     Since     A   (t)     1«,   like 

H(t) ,     a  polynazalai of    m-th degree,   It  Is  therefor«  th« «am© aa    R(t)     up 

to a ooaatant  factor.    Thl«  oompletee  the  proof. 

TlMorm 19.1 1« r»«trloWd to point« inUrlor to   V?,   or la tls» (»-1)- 

faces    C    ,     and    Jn .,    these bein^   lust the painte  whose    «Hipper«^     snd 
—n~i n-i 

j><«-(fc-n'^* 



"lovor"  aupportlivg plan©«  ore  unique.     The  a««oclat«<l  poJnte     i     and     x     .vre 

no lan^or dletlnct  If    x     !■   In ^ lovor-dlmMMlon&l fac© of    D   .     If    x     !■ 

In    C   _0    thoa thoro  la a one-dlj4«n*lonal uot of »upportlng hyporplan»« at 

x  = x  => i,    and th« poljmonilal«    P      and represont the extrm©  point«  of 

that «ot.    If    x     1«  In    G     _,     then th« «upportlng hjperplan««   form a  tvo- 

diaonalonal conrex «et  r««eniblln^    P     («o© Flgi\r«  ! .?) ,  vhoee ertr«me  point« 

can«l«t of a curre and an  I«oIat«d  point.    One of  th« tvo poljmottlal«    P n 

a«d    P      represent«  the  l«oIated  point;     the other vanlahe«   Identically, 

«or    x     1m   C    ,     and  lovor  face«, both  polytDialalfc  ranlsh  Identically. 

A.« a corollary to  the  preceding theor««,  ve »ay atate: 

TEEORKM  1Q.2      If    x.   _.,     Is  Interior to    nn'   ,     VAgB «11 tbf lero« of 

cL,   it)     and    /-   (t)     are  real,  dl«tlnct.  and   Interior to      0,1 
—t^   '              nv   ' ■—'   —   —■  

Thl« re«ult  1« al«o ralld  for    x,     ,.     n^t  Interior to    D       .     except (n-ll ' 

that  tero« nay occur al«o at    0    or    1,     or one  or both polynomial« may 

vanl«h   identically.    Vt^ might  al«o  remark   that,   unlea«  thoy  v«nl«h   Idontloally, 

the polynonlala alwaya  have  the mailmLim degree  -- namely    n/2    and   (n.-2)/2 

If    n    la aren;     (n-1)/2    and   'n-l)/2    If    n     la  odd. * 
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^20.    Conitruotlon of dlatrlbution funotlooa. 

By Theorem II. 1    w» hflr» at cace: 

THJOEBH 20.1   The point*  In    Dn    to vhloh uniqu» dlttrltutlon function* ^n 

oon\>«po»yl are pr^cl^elj th» boundary point«. 

If      If    jec/J oorrem'pcmAM to    zfe D  ,    th«i VB doalgnat« by    ^    and    7    th» 

unique distribution funotloas  In /    oorr^tpondln^ to th« a»«o<5iatdd boundary 

points    x    and    z.    Th« ftmotlonn   ^   and    7    thua a«r*a vlth ©ach other and 

«tm   ^   i« «wir firrt   »-1   mtmmto, M 41fr«r viu «Mü otter ui «wir 

nts unless    £ m~? m ji n-th i i 

!^A*i.^« 
^ ;^.ir OWf» ».1 •• **•» 

■ -, ♦• 
■ :* ^■'W^ 

.n-1 IHBOHW 20.2      If    X-^.x     is iatsr^or to    D      ,    thsc   ^   and    ^    are 

ajrlthac^lo distrlbutiop funotiona ¥ho<M steps oootir at the roots of    P  (t) 

and    PB(t)    Pssp»otiyfIy. 

This tbsoren prorldes us vlth an sffeotlre of oonstruotln^j 

distribution functions oorresposKilng to points in the monent spaces,    xndeed, 

suppose first that   x    Is  In the boundary of    Dn,    and take 

n e a(x)  ♦ 1 < n. 

t- 
&. 

Thsn    x/n.i)    i» interior to    ü"1"      and    x.   .     is In the loirer (uppsr) 

boundary of   IT.    The roots    t,    of   P      (P  )     determine th* looatlon of j -ma 

tfeo «toft, sad tksllDMx «jnstssi 

) 1 <1ep*nd on    n,    as well as on    ^, we • 
only  use  this    io* ition  when    n    has  ri   ilxed   value   in  f.;i 
ll.icuaaion. 
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* 

I.   -    /_   r   t. 1 - 0,  1,   .. ., m 
>1 ^  J 

det#rmin»« the jimp*     ~ ..    Tha unique dlttrlbutlon funotloii corr*»pondln^ 
J 

to  th« point    x     !•  them 

Mxl 
^ - I_ ^nt-t). 

If th» ßlrwn poljit    x    li Interior to    D  ,  than th« va/ to ctmatruct 

VlAitMuL" di*trib*»U^ ftMiUMM    (b'  - ä/Z)     !• W MM   ^gl*)    «^ 

V    ,(t)    (neither of which depend» on the    D^L
81,
 ■oaent)  In conjunction with 

Theorem <:0,2.     Another const'uction m/vx---«  u .e o ■' the   fact  th tt    x     is  a  con- 

vex colibln«tion of    x    and X:    one can arerif/ by «eana of (i^.i)   IOJCI  (18.2)  that 

■» ■■        r ' 
> 

)7 

1« a dlatrlhntlcai ftmotlon vlth the mcment«    1,    Xi,   .. ., x.    Here 

b'(/)   D n. 

ji 21.    CharacterIzation_of^ tho eej: J2^^l8^-rlbu* 1 on J^unct 1 one vlth gl v©n 

motten t». 

In general   there will  ba many dlatrlhui Ion funcM me  ha'ln^  the moiaon'B 

x^,  x.,     .   ,  x   .    These  form a convex ae     In    JU   which w© denote bv      -^   x. 
0'    1' n - ! 

Wo  flrat conalder  the c jnvox subaet        •*.   x or arithmetic distribution 
A 

functlcma  in I x . 



THHOKEW 21.1      The  extrame ^i11!8  ^T       ^A\ x    *r- ^ho8L>   runotlona    ^    vlth 

br^)   v n + 1. 

Proof.    An arbitrary arlthaotlc  distribution    ^    can bo 

repro«ent©d: 
Mi) 

^(t) - LI Lift t.) 
>1 

(»a« (6.1)).    If    ^    !• in      A>A|x    than wa h*T« 

(21.1) Ä^'1* ^     i-o, I,  .^n.    T 

Since   me     t       are   all   distinct,   the   THOK   of the   3) Aem     <.1.1)   is 

MMHÜ, art).   fht UM«»!« «T «ht aMdf«lA of »«ctlaM 

>(/) 
J ■  ( t.,   ..., ^v/^s)   0^ (^I«l)   is therefore 

b(/)   - mla(b(/), n4l)   - max  (0, "b(/)   - n-1) . 

tyrj Don-negatlra »olutloa of (21,1)   oorrar>?ood« to a point In     ■$   \x. 

The solution oorraapondlac to    ^   lt»elf la «trlotlj posltlra      Hanoe,  If 

it Is not the anlj »olution it will ba axprasslbl« aa a conra» combination 

of other non-nefatlro aolutlona.    But than    /   vill ba the aame  oonrei 

ooaibinatlon of the oorraapondln^ polnta  In    «^ Ax.    Tharafora,  if 

b(/)  > A+l    than    /    la not extreme. 

On the other hand,   angr convox rapz*aaentatlon of    /   nmat inrolra funotlona 

vith apaotra oootainad in the apactmn of    4i    hanoe funotlona corraapondin^ 

to non-negatlTe aolutlona of    (21.1) .    But if    b(/)  <. m>l    than tha 
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■olutlon of  (21.1)   If unlqu«,  aad     4   ara*t oo.iÄ©flu«ntlj b« vsXrma».    TKlf 

corap]at©«   the  proof. 

THKORKM 21. ? ' ' A  x   — ,p<amed ^ IM •ytrw polat^ . 

Proof.    TlJy^or«« 5.1    do»« not apply   in g«i«ral to  lnflnlt©-<li«»n«l inul 

oonrex tet«.    Howrer,   It  !e  olear  I'rcw th« proof  Juat glren th»t vo can 

•pan any non-axtr^me    /    In      /-     x    bj a 8«t of «t^p-funotloaa »aoh 

baring aotuallj fwvr Jimp«  than    ^.     If any of th»»«  la »ot «xtrvn«,  t)Mn 

w» rojlad» 1% fcy f«Mt^eM terU« «tfll «Mmr j«9t.   AfWr * flal^ nwrtn 

or such reductlonr  we obl-iln a   rl il* e,   convex representntior. of    $ 

by extreme pointo onij, 

r>m sUht idMk tt r»#ani UM f«ll »et    ^{ x 'M %«ftm ■!—H 1? *fc 

•am» axtrea« point«, making u«6 of infinit« oonvjz repr«««nt*tlo«« of «as« 

«art. Thl« bocom«« p«zmis«lblo If w adopt the vemk * topology in h t 

for In that topology  /" x 1« dasw« in  o'x,    (Tl» v ak ♦ topology 

or */ may be defined by the neighborhood« 

(21.2) K(1-, tv   ...,  fm; /),        i > 0,   ^ />  , 

vhero      *v(*)j      1- la,Jr ^i»1^« ■•t of funotlon» cootlnuou« on     L0,lj      ;    4* 

i« In the XMlghborhood (21.2)   If and only if 

^ 

(21.5) /■'ytW-tt)   -   /1fh(t)dV(t)l   < h - 1,   ..., m.) 
o o 

In fact,  coneldor a fixed neighboriood  (21.2)   of a fixed    4    1»      *> \*t 

and choc«« a aet    -R.       of polynumlal« «atlafylng 



-7ß- 

\\{t)   -  fh(t)|   <    t/2,        all t   H    (0,1]     , Ti - 1,   ..., 

/ '    I Than ooMtront  c    ^,       In       '   J1    vlth racmimt« »atlBfylrm 

^(f^')   -   ^M 1 - 0, 1,   ..., aax (i^,   ...,  d^, n) 

where    d.     1«  UM» dagroo of    \(t) .     Slnca 

o 
/ lyt^'ft) - / Rh(t)d^t) h - i, ...,«, 

it 1| «rldMit that this    4'    «atlafies  '21.5),    It follen« that       ^A| i 

la WMk * dtcii« 1.     Z7   x.    TM« prorva: 

aBRRBM 21.5 /^ I «   la apMaad in tha vyak # tojoXogy 1)J U» 

For tha apaoial oaaa n^O    thla thooran daaorlbaa hov   ^    la apaanad 

V tha jrnpa dlatrlbutlo« fwatioM    XCt-t*),    0 < t* < 1,    aa wmXimtt 

im  ^6. 

6«.   iBtTtorUlM proparty of fuaetlgaa in   £\ «.* 

1S10EW22.1    U   4  mk   4%   ya dlatloot fgnatlapa U   ^ | «,   H» Jfej 

¥(t) - ^(t)  - ^'(t) 

bM «* ^fliat   n   ajji IJMMM 4B    [0,1] 



*> 

C1*4"      or   an+      Into    BT.    The unique ro pre« entail on» In tba hlAear »«ta —n n w 

go lato "ninlaal1' repreean tat lone in   C  ,     inTolTlng taaatlj   V  ■ (ntl)/? 

extrvne point«.    Bach    x    In   C      ha« preol»el/ tvo «uoh ■<m1w«*tl   reptv • 

•entatlon«, formaUj Identical with the repre««at«tlao« of tke  inroree lÄAgo« 

/^    and    C11^ -n n 

Coneiderlng the proof of the preoediag theorvm,  ve oan tberefoi-e 

-(m*) 8ad   ^(n+k) ^ x ^ S.   *ni1 c- ' retpeotlTtly. 

x3 

a««ez*ti 

THEORH'^ 11.8     ^ve interior of   D is «irept out oj an   n-gturtomtor 

fnallj of (^•l)'<UM«micPaI «laoXwe« m*  ,    «gd, ^ a (UiYtrtft IWJ. 

^2 ^    (a-D-tajnantter raallj of   m-dlaemlgaaajL «ImpX-1«—    n    .    Tjgt IgtflCfaS 

of   D        1« «wjei ©jo In JOS dlfforent vaj» bj   «-JKISlÖSi ft^Ui»* SL   »* ^ 

Ve «hall sake use of thi« parMMtrlzatlon in   »■ 1^. 



öHAPUR irr 

ZBI SIKPLEIB3    s"    AHD   B1* 

$12,    Th* »JLolt»    Sn 

Tb» Moaant aipaoo    DD   and Ita dual    P*   ore cio«oTy ml«t«d to & 

pair of dual «iMplcz»«,  vlth vbomm aid vo am able to gecnatrlt» 

olaMloal proportlM of MMnt «oquaiicoe anl poaitir« in Ijwlnle     Tha 
* i 

flrrt Blmpla«, olroi»»orlt«d alwpt    Dn,  1« dafuwd by It« TtrtloM   I*  ', 

k - 0, 1,      n, rlth "jh| 

«i^ 

vhara, aa laroal, l/(k-^ 1 -   (1)   -0    If    1 > X,    Dl«piaj*d •• a «fttrlx^ 

the»e coordlnatoa are: 

A 

( :M) 

1 
n 0 . .    0 

S 
n 

2-1 
«(n-l; . .    0 

E^ 

•   •   - 

p-2 1 
n B "    a 

u 

o\ 

0 

0 

0 

1/ 

We ahall danot«  thla eiaplax by   S 

to    I2. 

Figur« 12.1 ahoira   8*    1ä mlatlaa 
jr" 

• 

^ 



-k - 

■(2) 

Fig. 12.1 

THEOKBI 12.1      Sn    oonViliv»    Dn. 

Proof.    Tha  k»y to tbm proof  It  th«   Idantltj 

(12.2) ^—   in] 

r^;   Vk k~0 
t  (1-t) vn-k 

i   -   0,    1 ,     . ..,   B, 

Aoooptlng thli,  v» obtALn by dlrt»ct «ubetltutlon: 

(12.5) 

vlth 

x(tl 
k-0 

k 

%.= ^ ^v-t^ 

A  «implo oalculatlon  for  (1?.PN   vlth     1=0)     filves  a« 



yyfFf-rvw-rr.wry fy^fq, TT^ yVZ '»^ff^ 

k»0 
^v-l 

Thl« •heva that the «xtreae point«   x^  '    of   3°    »pan tho artrtao« ^oiat« 

x(t)     of    D  ,    «ad haoce that    S0    oontaliA«    Dn. 

To rarif7 the Identity  (12.2)  v© obeerro  that 

;n^ f *) 
k >    M ^ 

n-1N      n ^ 

i^rj 
\i jKas 

v.* ^"^ 

^5 

f 

The rlght-baad »onbar of (12.2)  ma/ therafora ba vrltten: 

(i2.M n (j:) t^i-t) 
k»0      * 1 

n-k 

■ With tha «ubatltutlona       >C«= k-l,    m - n-l,     '1?>)   bacctaat 

/• -i /3o      ' 

\    ,  '/'   were   introduced   by  HaualorlT  [llj,   usln,^  the  successive 

iifferences   ■  M.   of the 'i*l^fe^is-i^:: 
¥».'%JÄä ' 

IXJ ■TWf ^T^^^ä:--       ■■ 
(See  also  Widder |_9j    ,  pp.   100  ffj     .'hohat  and  Tamarkln   J12J     ,  pp.  93  ff.) 

^.m 

i-^*! 
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These qu'intities have a  siaiple  geometric   interpretatlor..     Applying 

(6,2)   to  the   right-hani expression  ^bove give?  u? 

#    ( 

(12.6) 
:*^ n-k. 

o 

If vo doaot« by x      th« mr—nt» of    /,    ve than hiive 

x-  / x(t)d/{t)    o   221 A  .(^)x(k), 
k-O nk:v 

by (12.5) «^ (12.6), rlth i v   ^ 

^->0' s^-1 

Thu«,  Uid    A^ff^)    are Juat th* b&ryoentrlo ooonUnata« of   x    In th« 

f;v^rf'..w^iaW;^^> 
« 

. k~3>j- J» -^-^ fr' 

§13. atj^Ruagig yn . 

Tumlat to %b» dutfl ■yat«, w» aomelder UM ?ltona*t«lm" poljuamlAfcli 

(15.1) 
Ä-k 

c(%) -   (J)   t7l-i)""% 

By Tb^»i«p ?.2 th»«© poly»G«i*lg AT«, up to a poaltlv» fwbor, «rtrwüo peia#>: " 
4  VOTjr 

of   P*.    Ä fiaot vs hare 

^        Jf     a-k      Is wrm>\ 

Daaotla« tha polat    (»fl)!^   by    yv^    va obtala UM 

for Its coordlnaUi; 



so- 

Th« ■atrlx of th«    j^     la •ttbaUatlallj th* ijimrM of Xh» matrix (12.1), 

for v» hfcT» 

(15.2) yW.^C^)        . / »fl      If      k - / ; 
to        If      k ^ . 

TtM «Implaar «paaMd   by th*    »»I    poljrU    /^   '    v« dcnoU by    B*,     It 1« 

o'brlouiljr üworlbod 1B    P21.    Fl^tr» IJ.l ludloat«« UM oonflgurmtla« for 

■L- 2.. 

y(21 

DKO 

Fig. 13. 



/• 

MWR» 15.1      B*   If «sfi^ Ife    8*. 

It laffioM to lOknr that  the *»rtJ«M    1^ ^     of   S*, 

lat^rprwt^d 1B tlM Aval •p*o«, ar» th« hjpsrplMM»» oantalnla« tte    (n-l)- 

dliMMloBal faoM of   B*.    But,  by (I^.t), »acb )up«rpUzM    1^^  «Ataiai 

«tiotlj   n   of tiw rtrtlo««    y of   B^,    and tb» wait foil«»». 

It is BOV •TU«»! that tte tgr^nrpIoBM whioh USmrmim th» (n-1; - 

dlaMaalMMd faoM of    9      ar« «upportln^ hyyrfla— to    D     &• ^»11, #0 

that  La MM ««OM   3*    !■ tlw amt «lo.elj fitting •implex that oaa b« 

clrotaawrlhed abovt    D.    Ihially,    IT    !■ iz »OMM ««MM a 

• implax IB   P11.    A ptTMlM BMoiiMK to tkM« atatftata vlll h« glT«B la tfe» 

Beit tvo ««etlot». 

A «impl« ualoulatloa mhcnm that tht < aBtrolda of tha two ilaplMM«   j^ 

and   B^   ar« raopaotlTtlj 

x - (I, JL. 
IM-l ) 

I 
■ ■» 

7 - (i, 0, ..., 0). 

Thoae vlll ho r»OOgtilC«d froa      . '   «a  the nojm&licinc rtctor« BMd la 

•alaotlng tlw orost-saetloaa    P      and    Dn    of th« ooajv^t«, oc 

!'(?*)     aBd       PCD11).    Tlwy oorr»«pct»d tc th«  "rootan^tüe-- dlftrlhutl^i 

^(t)  - t    «aft tht ooMtaat polyBoalal    P(t)   - 1. 

i 

81H.   nt »f   sn  •ad  Bn   to   if  «d  p*. 

We teT» already not^d that    P*    1« a eroa«-«aotlaa of    P*1^« 

tlM oojrr—puadlBg oreM-*«otlaa of th© isacrlhod «Implox   B^ 
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B*,    tut a Laxger, poljrkadral todj, wor« nearlj fllllag o«t the Interior 

of    A 

nnoraw U.l     U   j   i» latrl^r to   P*,    thott for •iffloHtly X»«»   ■ 

itajsJH 

Isis B". 

Prttf^.    D«ioU by    x^j     tho rortloM of    S*,     and hMO« A1»O «bo 

k79«rplaao«  1A    (I*)*    oarryla« tho "botradary of    5*.    Vo »uit ohov that 

(lk.1) 7(m) -x^j > o, k - 0, 1,   ..,, a 

hold«  (for fixed   a)   If   a    la ta^ron oufflcloBtlj i«r§».    Vrltiag    ta - k,  vo haTO 

for oaoh    1 • 0, 1,   ..., B: 

^- ^-V ::; l^1 ' 
by (12.1) .    A«   a   laorwwo« thlo oonrergr»«  (unlfonal;   la    t)    to    t   .    But 

froo th-» hypothooii aad .TTvoortm 9.1, v« ha^r»: 

IZ   r^1 >  S > o. o < t < i. 
1-0 

It follovo that (1>.1) holda for «uff'^lanilj larg» K, as VM «O W 

8  3oo Kauodorff [ ll] , p. ?2k. 
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Th» proof h&a «hovn that M a    inor«a«*a th« rertloM    y^   ■     of    rr 

tand to the point«    x(k^i)     oo   C; .    The pro.Jaotlcm« of    b      an    Jr      (n 

flx«<l)     form a n«at*d •«qu«nce of polyhedral ,   convect bodle«  tending to    IT. 

Hoverer,  the Bazintai dlitanoe of M      to    D      io— cot tend to tero aa    a 

IncreAeee.    For rrmaple, 

n 

V« oha.ll also •••  In the n<rrt •eotlon that the TOIVM« of    3^    «nd    o      do 

not approach each other aaymptotlcal.lj . 

I'HBOHKM lh.2      01 ran the foquenoe 

xo'   V •••> V • ••   ' 

tHit«   x.s   ' {xQ, x1,   '•-, \)    A» is   3*   for »Ü   ■   M Ma onlj JX   x   ll 

Proof.    This   la eaaantlalXy the dn&l fora of Thecraa iH.l;   It follova from  iv 

at once bj neanj  of    Theoreaa»   12.1 and k .^. 

Tranalatlag thee« theorcna out of geometric   teralnology we obtain tvo 

vell-knovn raaidta: 

i 

I^SOREM iV,^ Any poXnyatial poaltir» on 10,ll pan bg rarrajantod M a 

finite aua vjth poaltl^ coefficienta of pKaiynomials 

V^   -   vk)    tk(1-t)n"k 



of ■xtfflci<atlj hXeb AggfS • 

1BEOR1M Ik.k      A SfSggfttg BB^ giiffiQiwit ?oadltlaq tfent 

1 X0'    Il,   '••'  Xn'     ••' 

>♦ the ggggtg of iggf dlitrlbtttion ftcaotlon on      0,1      in that tho f^tiaoco 

h* "oqaplytflj aonotonle*,   1 .o.,  that thg    x.    and tj^ir »ooo—ire differwaof 

A.    x1       of all QS'dTl by all aun-negatl-rp. 

The lattar follov» fro» the «xpreaalon (12.5)  relating tha    ^   x.     to 

the baryoentrlo  ooonilaataa of    x    in    S 

Va nov oaloulat« the a-dlaaniloaal raloaaa of    3      and    D  ,  to obtain 

further  tnalght into the  relation betvean the tvt> bodlaa.    The raault la 

it «peclaj. --  unlike our other reaulta,  for aianple,   the aitanalon to 

tt ■paoea b&aed on the  general finite  intarval    ; a,V '    ,   though not 

difficult,  la not laaadiatal^ apparent.    But va feal that the raai&rlcahl/ 

naat  formula for    rol D      in terms of the beta and p—a funotlona  Jnatlflea 

the  Inolualon of a portion of the o&loulation. 

TH»0HO< l1'.!      T^    n-diiaan^lopid Tpluae of    3B    la 
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Proof.    V« emit thlB elMMnt&ry o&loulatloo, 

nCSORXM 15.2     Tla*    n-düMMioaal voXtww of   T)     U 

TO 1 B« .   "ft"   B(k(  k)   -    TT   ^Mi 
to-1 k>l (ÄJ 

I'roof»    We outlln« the proof for th« OM«    a « a»-l.    By Thewr«a 11.c 

v© may regard th«  Interior of    D      as  the  pi^odnet of the  Interior« of    ü     and 

7-       ,    defined by (11.^)   and   (11.5) .     It Is oonronlent   to replace    ü"1    by 

the unit    m-oube    I  ,    thereby Bmltlplyln^ ths voluae by    M*. .   Thae 

TO 1 D11 -   /   dj^   ... d^ «   ^r   /      /        |J| d^ ... d^^dx^  ... d^; 

\ .. 

JV tn« 

*-■-•■» J 

J beln^  the   Jacobitui   5> tne trans fomui lion   (ll.1'   with   ' ■  replaced  by 

1-^,-.».  -^     ,   » 1 A calculntion yields j 

B ■     4-1 
|ji - 17%  TT   IT   (vu/ ' 

>!     J     >2    k>l &     J 

~Hi    ■   - 1 

onablln« vm to «pllt up the Integral.    Thn« 

yvl D 
n 1 

The flrtt Integral is l/' (A) . By a reeult of Selberg  13  the ralue of 

the ■eoond In 

fc-1   2 r{2m-2)c~2) 
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CoobLnlng the«« rerult«  yl»ld«: 

T.n        i     ^r    [lgjc±i) ^ rf2k-i).] 
rT^ 

From thla  th«  theorem caa be rerlfled directly,  or by Induction on    a.    The 

oa«e    n ■ 2»     1»  treated  ■iailarly. 

Wo are nov  In a poaltion to ocmpare  the •Isas of    S      and    D  ,    a*    n 

inoreanea.    A  reaaonable »oaaur« ml^it be  the    n-th    root of  the ratio of 

rolmea,  vhlah could be expected  to approach    1    for large    n,     erea If th« 

ratio  Itaelf doe« not.    Howerer,   It  la not difficult to ahow,   fro« the 

theoreoa  JuBt prored,  that 

1 

^LD!;'   „   o(2-V/2) ->   0. 
\ 
\ 
rol  3n 

Thla remit aalcea an  Interaating oootraat Tlth Theoran Ik.2. 
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CHAPTER   TV 

ALGEBRAIC  DESCRIPTIOH OF  THE MOMENT SPACTo 

jl6.    Momont »»^uenoog and quadratic  foraa. 

Vo t«m first to UM tUMtlon of vh»thor a glr« fImlU 1—-^ 
constitutes  the   flrov    n    BOownt s of flora«  function  In <>■> —   thÄt is, whether 

a given  point 

(x0,   *1 »    •••»■*•; 

is  in    D  . 

•  \ 

By Thaor«» 6.X vt bar« 

fl'' .1) x^ D 
2a 

x-j > C for all y  In    F 
2m 

(conaldorliiß flrat tha avMi-dijianaloaÄl caae) .     It  la  a^ulralant,  hov«T©r, 

to hare    y    mage orar Juat tha axtrema pointa of    P'    ;     thus: 

(.'.?) x*  D 
2a x-y > 0 

2a 
for all    y    in    C     . 

2M 
Wo h/ive  aeen  In   ^ ^ tliAt  the polynoalala  of 

if tha  tvo  fonaa 

(U .^) P   ft): 2       or       t(l-t)   R     .(t^ 
m ■- i 

all   hara  aaae or tha other 

(aubmoripta  hero   Indicate  tha  degree} .      'urtheTTiore,   all  poljrnonla",.a   (1' .5), 

tho igh not naceaaarlly   In    w n.rt, oortalnly  In ,     or  poalt^T« «ult Iplaa 

2a of  9lea,e«ta  of     !'     .    Thua   (!■  .1     and   (1' .?'   are  equivalent   to: 

"      The   -rltfrlor   cf TKeorem 1'...'.,   of   -curse,   ftll^-   only to  Infinite 

s e ; u e r. c e 3 , 
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2^ , ^P    1 
x tD '  <=-=rt>      X'7 > 0 for All j    such that 2^. J^    k** elthar the 

* 

1 >o   J 

... *■       nidL n?^ 
- the   fbrm t(l-t)   ' ^ S tJ I     • 

li .J-0    J     j' 

IllÄlaatlD<f    j    glrsi u* finally: 

^ »        " 
XfcD <^^>      2_    2— x

|^jc
aja

lc    > 
0; A11   («o^    .••»  \).     a»1 

j"0     r^O 

V« thu« h&r« the vell-tavvn r»«ult10: 

THBOHEM 16.1a      A riecotary and ruffloieit condition that    i    h« a j?oljat of 

^       li liS$ V>f tw quadra tip f onm : 

U pgfitlT» daflmlt» or tmld»fiiilt#. 

In nn analogoua aanntr ve m\y  Mtabllsh: 

TBZOREM 16.Ih      ^ nacMiaar/ and «uTflcl>nt condition that    x    h« R point of 

D JLa that th» quadratic foma: 

1 0   3*« for «xaaple Shohat and Taaarkln      U     f  P.     . 



•v>- 

x..^ ,a 
J,k-0 J^+l

aA and j-^o 'Vic^^i^A 

^ poaltlre definite or »«aldefinite. 

The proof of tha next   th©or«n follovs  the son«  1 In«« am above, making 

use of Theorea k .2 . 

TSBORIW 1' •-      A aacMitary and »uffIciamt coodltiooa that    x    be ag Ii^tertor 

point of    l)      it. that the quadratic  foms of Theo if l^.La or l6.1b  (vfaicharer 

appllea)   be  po«11iTC  definite. 

The detemlnanta 
m 

and  their relation to  the face« of    l)   . 

We nov Introduce a «pecial  notation for the     "Hankel"    determinant« 

aaeociated vith the quadratic  form» of the laat seotioa: 

\ 

— 2)c 

\      r^l L2K 

—  ^k+l 

II I? \*l 

^^l       \+2      ' ■ -     ^V.+l 



'.^s^y. 

-60 

'** 

7^: 
2k 

^ ^      ^ 

^ " 'TC^I    ^l"^^ 

\ - ^1 

3?k-l'X2k 

A 2k+l 

*! yl  '^ 

V^i  ^♦i"^^ 

\ - \+l 

^2^X2k-¥l 

The «ubsorlpt« har» b««n ^hoien «o as  to  Indicate  the  hlgheav acttant occurrlnÄ 

In ©aoh A»tcr«liumt.    Th« upp«r and  lover bar« vlll be eejn  In due course  to 

agree with our prerlooa uft&ge. 

TDtORBM 17.1      A aeoefary §ad euffioient condition that the ^ua^rat^o for» 

.   «• 

i»J 

äIJVJ 

be positlvp  iefinite Is  that   the   fl rst  princlp-J. alnors 

matrix   Jl   oe  positive. 

I 
jf  Its   8jiamet ric 

i 
Bote. 3y the "flret princlpa minor»" of an arraj such as the matrix 

of ti^v *!▼•» abov«, ve mean the k:-»-! subdetermlnanto ^^., i_> , .... ^^ 

For a p'.x>of of thl« etandard result, se« for example  Ferrer  U* i , 

page 158, 
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THEORIM 17.2      Th« point    x    1»  intorlor to    D0    If «^ oalj jT all of  the 

fl7.1) A^, Än, A^ "^   •••■ i^. ZJ n 

gjro poaitlvq 

Proof-    By ThooTma» 16.2 ana 17.1      x    in  Interior to    T      If  UKI  oalj 

If    >!   .   a_i     ^     p,    /.   _p,    «tc.,  ar« poaltlT«.     It anljr rtaalna  to r«»vrk 

that  If    x    1«  interior to    D   ,    then the point 

la neceeearlly lnt«>rlor  to    IT    t    and the lhe<<r«« follov« at ocsce. 

11 —n 
Wov «uppo«« that    x    1«  in the bo-irdary of    I;    — »ay In the  face    C    , 

(■eo   bll).    It follov« t&at    x,    ,v     !■   interior to    ?n'1,    to *:^t ^u 
(n-i) 

but the laet two detemlnanta  (l".l)  are neceeyarily poeitlre,  and one of thate 

iait  tvo auet raniah.    Since the polynonlal    XI ^i*      aeaoolated with the 

unique »upportln^ hyperplan*»    yt 1       at    x    liae a  xx>ot at    t-1,     we can aee 

that the ceoond quadratic form of Theorc . 16.1  (a or b)   la  poeltlTe •«•!- 

definite,  while the flret fona  la eaaily ah.—.-  to be pdoltire definite.    Hencei 

>    0 n 

if    i    had  been  la the face    C     ,     the upper and  lower bare would  ha?-»   Dean 

reTaraed. 



Applying the Baa« arguMat to the laver-dlmenelon&l faces glres ua 

the  following cheiracterlration theoreei for the    a-faoea  of    D   : 

TKBORIM 1   .5      The point    1 CDn    !•   la   Cn    if and  onlj If 

^-0'     A0'    ^-1'    A1V   '"'    ^a'     ^V    55^    Ti a4l 

^^e poeltlre and 

i^X   5fid  A.^,   ^a+e,  ..-'^   -p. 

are HIS •    SIMIIATIT    x   !■ jn    C      If auvd oalj If 

H»   %! 4r  ^i ••- ika» ^a»  «^ ^1 

are potltlrf aad 

*£• H£? 

All  of the detominante of   Index    a<f2    and  higher Taalah becauee 

of the fact that    C      !• coatalaed  In the oloturee  of both    C      nj\A    7   . a -mm' 

for    a < ■ < n.     (See  (1.1.6)) . 

It  Is  eeeentlal bero  to ipeoir/ that    x    be   In D   ,     becauee the 

analogue«  of Th»ore«« 1   .2 and  1   .1  for non-negatlre detemlnante do rx.^ 

hold.    7or an llluetratlre example, see Vldder   [ 9 ] ,  pafl»« l^-^- 
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§ lw.    The lov»r and  upp«:- "boundarl»« of    D   . 

"Equating    A       to »«ro glv»« u* a particular rala?    r      for tho n-th 

mcrnMit UM a fimctlcm of  tho  prmcrting mament« .    Wo »oj vrlt«  thl«   r«Latlon- 

•hlp In th» ooapact form: 

vhloh la  actually  Imiopcndont of    x  ,     a«  It  «hould be.     Tn ■Imllar foahlon, 

ve  Bes  that 
7- 

fl«.2) x    -^ 1    *   -r^- 

!■ tho vnlue for tho n-th moaent  that makoa L.       raalsh. a 

For any point    x    In    D      v« can doflno  tho tiasoolatod  points 

x  .   (x0,   x1,   ...     X^.^  J^) 

1 D   xo' xl'  •••' Vi' V 

Inco  ve  alwajr»  haro 

X      C   I     <   X 
--ti -    n -    n 

vti   oan  Intorprot    x    and     x     aa   tho pi*oJoctlc«io     "dovmrard"  and   "uffW-rd* 

of    1    on tho boundary of    D   . 

Inoo,  morocTor,   vg  alvnyo  ha TO by Thoüroo   17.3 

x clooure  of    C     , — -n-1 

— —n 
x    ~   cloouro of    C    , , n-1 

ve  shall refer to   thooo  tvo cloood sets ae  roop^ctlToly the  luvor and  ujpor 

boundarlo«  of    D*. 
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CHAPTER V 

DISTRIWriOlTS HAVUIG OTYTO NfOf'Kyrn 

^19.    Tha poljT»cml&lj    L.   (t)     ami    A   (t) . 
 M m 

Our najrt Wak rill b« to  find out vbat 01m b«  «aid about tha dlatrl- 

butlon funotlone vhloh glr» rli« to a glran point    x    of    P   .    Ud  f1r«t 

^••d  an «xpllclt form  for  the  hjp«rplana« vhloh »upport    D      at  the awioclatad 

ui>p«r aad  lovtr botmdary point«    x    and    1    (■••   ' 1^') ;  thii for»  la  pro- 

rl led by tha follovlng poLjnonlalJ,  oloaaljr  relatad  to tha datarmiaanta 

^       and     L*      of  s 1 '.     Wo daflna; 

Uo^ -2k 

1       *1 Vi 

\ ^1 r?k-l  0 

-Plc-^l ft)   - 

? s 1 

t 

^♦1   ^-f? 

x2   ': ^ Vi    \ 

T   ^' ^2k 

S'^+l    \*1 -x. 
f<K-J :7k-2'X2k:-l    t 

k-l 



-f ' 

2k*V 
* \ 

1   ' X\       II   '  ^ 

^'^^l    ^l'^? 

Vi - ^  1 

t 

i -x t 
2k-1 X2X 

We   f\irther define: 

P  (t) 

(t), 

t  ^(t)! 

if    n    li 

'f    n     la  odd; 

?(t) 
n 

tfl-t) .•>n(t) - 

d-t)  .'.n(t) •' 

If    n     1»  eren, 

If    n     Is  odd 

P   (t)     axtA     V   (t]      nre   JOTIOU»!^   In     P   ,     except for a  poeltlre normal'tln^ 

factr^r. 

n-1 
THEOREM 19.1       If    x.     . x      I»   '.nterlor  tu     D        ,     then   Ihe  anlq.üe   euppürtIng 

hjpe££Lanaa   U it     i    and    x     are g4 ven   reepectlrelj bjr     P   (t)      and 

n 

!roof.  We glre  the prn ; 

Py definition, the d• • terminan• 

m+l-tupl« 

eileti  vlth 

—T\ 

i,     v'th     n  -   2a-fl,     a«  a   L^-plo&l caee 

of   the   point    i     is  reiD.     Honce «n 

P -  (ßri, ßr   ....  Pm)   /o 

wo ^'^l^. 
k  -  0,   1,    .. . ,   m 
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Let 
, g 

>o 

and  define    y    In    P      bv 

1-0 

Then 

y t    • t R(t)   2   -conjt. 

a       m 

thftt    y    U  the aalf«* iiapportln« hjperpUne »t   £.    V« aait «lM» 

t,hat the polynomlalo    y     ^nd    P  (t^    are the   saiae or,  equivalently,  thai    R(t)     "*-£: 

arul   '   ft)     are   tr.^   - a-ue      Ir      u* ■   fa.»-'?   va;   t.o   a   con?t-"ir,   'actor      .     Tf«  tiUitrlx 

^rodurt   of    j     (as    •.   r ^   matrix)  *• . t,.v.   * .'^   mati-ix   >.'"    ^    ' ,      is   equal  to 

(o( o, .... c, P'tV •- 

hence every rcxjt  of    R't       1« a root o^    _.    (t) .    But 

r'(y: 
a(x)   +  1 
— . m  4  1 /r , 

by Theoreuui   11.^ and   II.f'  and  the   fact  that   'by  h.,potheal«)     a(x)   «  n-1  -  2ffi. 

This   telli MM  that    y    h&e      m    dlttlnct root«  beildes  the  rout at    t-0,    ind 

oon»equeiitly  that    P't       haa    ra    lletlnct   rx^o ta.    .^Inoe     ^    (t)      la,   like 

R^'t) ,     n. polynomial   of    m-th degree,   It   Is   therefor«  the  aame  aa     R(t)     up 

to  a  ooMtant  factor.     Thle  oompletea  the   proof. 

ftwoxm 19.1 is reatrloWd to point a   Interior %o   1^,    or in «a» (a«i)- 

faces    C    ,     and    5     ,,     these bein^  juet the  paint« whoe«     »Äupper1*     wi 

^«•«k.   -'W 



"lover"  oupportlng  plan©!  aro   unique.     The ajtoclat^d   polntfl     i    and    i     ?vre 

no ledger distinct   If    x    !■  In a  lover-dlmemlonal  face of    D   .     rf    J     la 

In    C     0    than  there   le a one-dlaenalonal   get of »upportlng  hjperplanes  at 

x = x => x,     aikl  the  polynonlals     ;'       and represent  the  extrene  point«   of 

that set.     If     x     1«   in    C     .,     then  the  supporting hjrperplnnss   form a  tvo- 

dlaensl inal  convex  set resenbllag     p     fseo  '-1 gur«     .?) ,   vhoee   extreme points 

consist of a curre und an IsoLatsd   point.      ynt of the tvo poljnottiais    P 

a«d    P      represents   the  Isolated   point;     the other van!she«   Identlcallv. 
n 

li"or    i     In    '^     ,      and  lover  face«,   both  IKJ! .aonil als   ranlsh   Idaotlcally. 
n- 4 

A« a ooroliarji   to the preceding th»or«oi, ve may «tat«: 

THJy)R»i  1Q.2       If    x-     .^     Is   Interior to    l""1,     thsn all thf  «sro« of 

. .   (t)     and     <'-   (t)     are  real,   d 1«t ino t,   and   Interior to       0,1 
n          n — ■—     —       ~~^ — ■— 

Thl«  reeult   1«  also  valid   Tor    x,      ,,     n't  Intsrlor  to     D       ,     except 
(n-l ' 

that  teros may  occur  al«o at or     1,     or cme or both   poljrnoralals «ay 

vanish   Identically.     Ve m. ght  also   remark   that,   unles«   they   7Tanl«h  Identically, 

the  polynottlal«   alvnys  have   the m/ulnunn  degree  --  namely    n/?     and   In-?)/? 

If    n    1«  even;     (n-l'/?    ^     n-l'/;'     If    n     '■  odd. • 



~&l. 

^20.    Conatrxiotloa of diitrl'bution fuactlom. 

By Tbaore« 11.1    ve bar» at cace: 

TH50PIM 20.1    The polnf  In    D      to vhioh unigu» dl»trl^utlon fuaactlont  In 

oorrjapond are precisely UM boundjiry point«. 

„ 

If      It    4" ^J  oorreopoode to    ^ D   ,     then ve deeignate by    j^    and    7    ^^ 

unique dietrlbutlon fuxiotlaas   In -'      oon^epondlnÄ to the aeeoclated bouadary 

point«    x    end    z.    The function*    ^    and    7   ^hua a^ree vlth each other and 

«1«   i   *a tlwlr fim   »-1   inanf, iwt AlfTrr vl«i Mah otter la «w^ 
1 • •- -      :- - ■>.,■•••. .-..■-*-. 

ntB  unless    ^ • ^ • |t .    • •     •• n-th 

'^mÄ^^tß 
By »wp<| 19.1 «i burnt 

•nDBOHW eo.2       If    x,     ,- if  interior to    D '  ,    thftt   ^    a^d    ^   are 

arithaetio distribution funotlona who«e etep« ooour at the root« of    P  f U 

and    P (t)    re»p»otiyglj ■ 

Thle theorwa pro-ride» ue vith an effeotlre nectae  of oonetruotin« 

dletribution ftaictlone oorreepowlln« to point«  in the moment  epacee.    xndeed, 

•uppoee firet that    x     !■  In the boundary or    Dn,    and tal:e 

a(x)   ♦ 1 < n. 

The«    xf11_i)     lB   lat«rlor to    D""      and    x,   ^     ie  In the lover  (upper) 

boundary of    IT.     The  i-oot«    t,     of     P       (P   )     determine  the  location of 
~!1 IB 

• * '      *       ■       —     i-       .. Jl 

l '       Since   ^    and    ^ depend on    n,     as well ao on    ^,  we «hj| 
jr.ly  u   e   r.nin    io*  ition   when     n     .v,a >    »   fixed   value   Ir:   • ; •• 
!l'-'.M3i.'n. 
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I.   =-__•   .t, 1  - 0,   1,    ...,  m 

det«rmin»«  th«  Jaap«      : ..    The  unique dlitrlbutlon fuiwtlc« corr»«pondln^ 

to th« point    x    1« th«n 

^ - Li ^nt-t ; 

If th« glT«n poljit    x    1«  Interior to    D  ,   th^n the vay to conjtruct 

P    ,(t)     (neither of which depends on the    nil81 leoaent)   In conjunction with 

Theorem  ^O.-c.     Another const -ucti^n  m.\f.'-'  u .e o '  thf   f;ic'.   th it    x     is   ,-.  con- 

vex coüblnÄtion of    x    and  x;     one  canjrerifjr  by Äeana  of   (id.i)   iu*i   [18,2)   lhu.t 

(V-n.2)    *   (V-b-?' 

!■ a dletrlbtitloo ftmotlon vlth  the a(«ente    1,    Xi .   .. .,  x  .    Here 

b'(/)   - n. 

i; ^1.    Characterlzat.lan of  the  eat  of dlstrlbu' ion  f'.;nc_tlon§ vlih ^J;' ven 

Moaaenta . 

In general   there will   be majxy  dietrJbut Ion  f .ac' 3 »ne   .'.avlrv7  the mjoione 

x,,   I-,      .    ,   x   .    Th^so   firm a  convex  so     !n    '      vhlcli  ve  denote  b-       •■   I x. 
0       1' n ! 

Wo  ''iMt  consider the c »nvux  eubeet        ••    i o** ar'.thmoMf   distrlbut : ^n 
A 

c 
func''on«   'n        '      x 



0- 

THBi^IM ?1.1       The  extreme ß0^1!8   .'f        ',--   x    ^Jl   Ihoe^   runqtlona    ^    vl th 

b^)   v n +  1. 

Proof.    An arbitrary   arlthaetlc distribution     ■/    can bo 

r©pr©«ent»d: 

(■©«  (6.1)),     If    (/    li In      ''ij1    than v© hara 

* » 
Since tne  t   are nil distinct, the rnru-: of the 3; .is*. :*.l.i,   is 

, »*). n» it—tw «r *• mmtwu of Mi^tIOM 

i- (^1 •••^v/)) of (a-1) 1 3  therefore 

b(/)   - »lÄ(b(/),   n>l)   - max (0, b(/)   -  n-1) . 

Krary Don^nagatlra aolutle« of  (22.1)   oorraaponda to a point in      v Ai
x' 

Th» »oluticm oorr«apondin€ to    /    Itaalf 1» atrlotlj poaltlTa.    Henoa,   if 

It la not  the  mnly aolutlon  It will bo axpraaalbla a« a ooBrax ccsnblnatlon 

of other non-no^atlra «olutlona .     But than    4   vlll ba  tha aaaa oonrax 

oomhination of tha oorraapondin^j pointa In   X5.JX.    Tharafora,  If 

b(/)   > iKl     then    ^    la not aitrano. 

On th« othar hand,  Ba\j oonyai raPräsentation of    /    must Inrolra  functlona 

with vpaotra oontainad In tha apactnra of    /;    hanoe  funotlona oorraapoodin^ 

to non-nagatlTB  eolutlona of    (21.1) .    But if    b(fO   <. n+1     than tha 



--n.- 

•olutlon of  (21.1)   1«  unlqu«,   aad    4    «««t  oc x«»flu«itlj b«  artr«»«.     Tkl» 

oomplet»«  tke proof. 

THBOKKM 21.?        ^  A 
I    1* ugegned bj J_t8 cytr^aie point«. 

Proof.    Th(»or«Bi 5.1     do»« not applci   In  gmaml  to lnfliüt#-<llm«n»laa>Ll 

ooDTex «et«.    Hovwrer,   It   1«  clear from  the  proof   Juat glren thmt v© can 

•pen any non-extr«e    4    ls       '' A x    b'V r' 90^  of 'ttP^urotioa«  «Aoh 

baring aotnallj f«ir»r  ^«np«  tlten    ^.     If anj of  thMM  1« not eitrer-e,   them 

v« rtnOao» 1% ly fwwtloo« )WU« «till fMmr Jwpt.    AfUr A ftt**» rawtW 

o!* such   reductions   we   Obt iln   "i   rl\re,   c.nvex   re^raser-.t nt i- i.   of     «( 

by  oxtrenie pointB  only, 

QM al^t *l*k W p«#usi th* fttll »«t     ^| x 'M %ttei «fWMi %y ** 

*nme  9xtr«M point«, ankliM   »»« of  Infinit«  cony ix  i'«pre««ntAtlon«  of MM« 

• art.    This becaa«« pvmlsclblo  If v« adopt the wwak  • topology in       /' , 

for in that to >ology       t7   x    1« d«na« in        ^  x.     (The v ak ♦ topology 

on    '*   «ay be d«f ln«d by the neighborhood« 

(21.2) !:(• ,  f1,   ...,  fm, i), * > 0,        4     ^     , 

vhere      f».(t)|      1« any finite «et of function«  cootlnuou« on      0,1       ;     4% 

v n 

1« in the »«ighborhood (21.2) if and only If 

(21.5) / 'fh(tW'(t) - / 'ytWft)  < •   h - 1, ..., m.) 
i o o 

In fact,  ooMider a fix*', neighborhood   (2] .2)   of a fixed    4    i»      ^ !*, 

and  ohooee a «et      R.       of polynomial« «atlafylng 
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Hj^t)   -  fh(t)     <     72, all t  *      0,1       , h - I,   ...; B. 

Th«ni ooaatnnt a    /'       la       '   .|x    vlth anuint«  »«tlafylnf 

Aiit')   "   «liü 1  - 0,  1,   ..., aax ((^^   ...,  dm, a) 

vhore    (1      1»  tho d««ra« of    H. (t) Slno« 

/^(^(^•(t) - /'yt^d^t) h - ] 
0 

lt li «TldfÄt that thl«    4'    •*ti*fi— (21.5).    It follow that       ^A|x 

!• veak • (*.«OM U.    /7   x.    TM«  PTOTM: 

mORBM 21.5 /^ : x    ja «p—p»d la th< vyak * togology bj th» »ytfW 

pplmta of       /b.ix 

For the tpttJial caae n^O    thl« theoran d»«crlb#«   hov    > ?    i» • 

V th» p«r» dlatrlhutlo» twmticm   I(t-t'),    0 5 t' < 1,    aa amtUatd 

la  ^,6. 

4Qi    amr^y^M propre of fuaetlc^ ifl   /; | j,' 

ffllOE» 22.1     ^   ^   »d    ^^    y» dl^tiaot fg»U90» 1»    ^ | 1,    thj» UJJ 

¥(t)  - ^(t)  - /'(t) 

tau ** 1*«it   n   tiJi tiMMM 4a     M 



»':!/      J^'*'' 

■'. 

i 

v 
\ 

.v; 

i« 

> 

(BtarUa« fro» aay   f    for wlüoh    V ft«) / 0,    tht 

t > t*    tuoh that     V (t) ^ (f)   v, 0.    Tlu» Mt of all al^i nh—»K If tMfc ' l 

tiaa qh—«» of Vr   BMJ ba defined aa the greatest lovar bound of all 

fottd by oottslderlae all valoM of   t*.) 

haa fawar than   &    «Ign oban^M.    Then tlwrt 

a poXnwalal   »^,    of dagra«   »-1   vlth   R    ^^^(t)    noa-sairtiT« iM   JSr^*' 

10,1]     .    Slwa   if   la rlght-ccmtlnuouii and not idaatlcall/ tare ^a kai« .T   >77^ 

(22.1) 

PattlM 

/ Vi(t)H'(t)dt > 0 

V*) - / Vi(t)dt 

aai. iatagratlJlg (22.1)  "by part« glrat ua 

V^'^^^]1  " f\wi^(t) 
«- 

ThM aaooo* tam ranlahea haaaaa« tha flrat   a   mi ita of    ^   and   ^        }< ^'V 

oolx»lda.    But tha flrat tax« alaa Taolshea a lace    /fO-)  • ^'(0-) - 0,     'J-^TA 

4{1)  - /'(l)  - 1.   Tha raaultlag ooatradlotlon prorea the thaoraa. 

TSCCSXM 22.2     ^g dlffarayaa   i - i   <**   j - 1,    if not iifatJoaUar 

a&feMlS «taotl^   n-1    Big coanflea jn     {o^lj 

Pygof.   Va flrat ohaarra that tha maibar of alfi chan^aa la   [ofX|    af 

ip ~ 4At    «bar*   f   la an axtdtrary non-deoraaalng foastloa aai   ^A    la la 

^Al oan navar 

* ■ > ,1 

«b'(^A) - 1.   loa   i   aai   7t    If «^ al« ^W 



dlitlÄot fro«   4,    rot 11» In   Ca_1,    ao t^t    b'f/)   - V (?)   - ft/2 

(TbMrHi 11.6).    I«»»«    4  - i    uA    ^ - ?    bar» at aoct    B-1    «IfB 

therefor«,   ^- ^ and    ^ - 1 have at lejwt     n-1    sign chunks.    This 

completes   lhtj   ;ruor. 

-.^    i  ;drticuj-är  .-a.e  of  Theorem --...-.,  we   r;.ive: 

0 < % < 1   ID £MO ftrlotlj ^nt^fVoot^nf ^     |0,ll 

TlM fMMrileaa    ^    nad    7    oontrol  1B » oertal» •«&•• the ebAp« of the 

oth«r ftBMtl«M In   ^| «/^.j^w    for the «reph of Moh    ^(t)    suet oi 

of Wtk    ^ft)     and    7(t)     f.e« fl«ttre ?$.l) . 

Fiq   22 



CHAPTER VI 

APPLIGATIOI TO  ORTBOOONAL  POLTHOMIALS 

§ ZI.    OrthogpoaXl tj of th»     '»-yol^ucialaig 

■'.■■ i 
*;-v.. 

V, 
TSlOH»! 2^.1      Glrwi    /    In   /' vlth th« aoaeata    1, r.,   ..., x ,   ..., 

thmi tha ijitqa of poljncalalj    'ii2lc(
t)       »    !r - 0, 1,   ...,    1» orthogoMj. 

vlth r—p<»gt to tha wight funotloo    d^ft) ,  thus : 

t25.1] /      ^vrt) ->:(t)<M(t) :2k 0 for   k 4 i . 

Likewise -2k^l (t).     , ■2k:<f2 (»)    ,  sai '^tt) ar« 

orthoggonJ vlth r»gp^t to    td^'t),    t(l-t) d^t),    «id    fl-t)d^(t), 

wr»<»X'.    It  !■ 00X7 xfc»GMiary to obaerre that 

1 Vi   ^ 
(23.2) /    tJ ^f^d^t)   - 

o 
»a-i s :♦£ 

for    /- < k.    Th« thr»o oth»r ea«M vork out ■Imllarlor. 

Th« four uyntmmm ar« not ortbooongl &> UMJ atand ,    V« havo  ipit««id: 

(23..^ 7 ' f^(t)1 2d^t) -  ^a^ 

■l » 

^ 

_.•• 

•   * •> • ^ 

^ 

n 

(T 
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•v •>■■' 

/     "W11    t^(t>   -   ^k+l^lr-l' 

/'I'W*) Vt)^(t) ■ ■,:j1[^. 
o 

0 

«3   a simple c^culfitlon  otpiojlag the  ortrtogonAlity  oonflrma. 

V>   rer*i,   '.Knt   • r.c   .- in; Iffte     orttj.jgur;.-il   s^tem   with   respo,"    to   a 

i;lYen weight   fuActlon is   substantially imlque, itence all  of the classic«! 

•T^MMI (flVftoT^l to UM laUrral     |p,x]     )   caB w «prMMd \r ***» <* 

th» polomoaiaijB'      _2)r(
t) •    ü«ln« Tb»or«Bi IQ.A,  W oaa  Identify th««« poly- 

acml&lf v'th the hjrprplan— vhloh support  the rrM-dlMmlonal nuxMDt 

•paoet at the lover boundary point« asiioc1at#d vlth ike monaBV point«  of 

the glree weight fmustlon.    of coure«,  any on» of th«  thr#e other Mjntmm 

of Theorea 2J.1 can nlMo be ueed  if we adapt th« weight  ftootlon  la the 

r^t f*»p*r na/.    Tkle jrrorlde» A g^oMtrleal «pyroMb to tte HwWy of orw j 

gonal  polynoalal« which we shall  illustrate jjc  the  next  two  aection», 

<*iiU vieveiop aoro   fully   in a   future paper. 

^ If tto weight f*tttloft 14 «rlttavtU^ tlN orttoo^ooal •yUm of 

Theore« P^.l are all  finite,  ilaoe all of  tho      A -polynomial« ajr«  idaaitl' 

oally tero boyoad a certain point  'eee     : 19) •     If, coo^er«ely,    x.   .     1« 

interior to    IF    for erory    n,    all  four ayataae are infinite.    ?or th« 

remainder of  thla  chapter ve ahall he ooooomed with  the   finite  case« 

Ve ahall rofer to  the ayatema     • .^(t)       ,   - '2k^2(t)       ,     or 

i ^     3ea Saego    10;   ,   p.  ^5. 
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(^2V4l(^)(     *   ■ '^y+i^^      ** 5fl22läi2ä'   »inoe  It can b« »hcxvii that tlwj 

fMitralli« Mm olaaaloal aaaoclat^d •/«Wna that ariaa fron a dlffamntial 

•fvatlan.    Corn»«ponding pol/nonlals  In &M4ooia.t*A •jmtma.e hay«  intarlftoklo« 

••t« of root«: 

TBKSOSH 2J.2     Jhj root« oj $|je   A -poljmil«!» irt roal aqd dlattnot. 

jglgaB •rory »wo pp^t« of     ^(t)    Uf a root of     A(t),    and ogffigjggjj 

(«   rrf» or odd) . 

Prpof«    By Thoor««« 19.2,   20.1,  and 22.5 

^24   3»jar«tl<m of root«.   Chrlrtoffol amttrt. 

Tn working vlth a flalta ••^»•nt    f^ft),   ^(t),   ...,^Jt)     (n    •▼e«) 

of an orthogonal ajmtmm, vo m*y oo« tho volgtt funotlooa    d^,    d^,    and 

d^f    latarahangiMihi/,  aljw« thalr flrat    n-1    momaaita a^raa.    Thia «lapl« 

foot eaahloa «a to prora anally aoa« of tha atandard propai^tlaa of ortho- 

poljmanilala.    V« fir« hara tvo azaaiplaa. 

TÄKUKi« 24.1     Thara la a root of   ^.^f^)    bat«««» ryary p^lr of 

roota of   ^(t);    al^ilijrljr for  ^n.2(t),   Z^(t) . 

Proof.    It auffioaa to oamaldar   ^g^^1   ^fc^'    ^^   » - S"» 

alace tha other oaaaa can ha put into thla  fox» by ohaa^lag tha valght 

fanotlc».    Conatruct a polyaomlal    P(t)     of do^rae    m -  2    vhleh ranlahaa 

at all   a    roota of    ^ (t)    «xoapt a conaacutlra pair    ^,  ty.    Than 



o 

where      •      > 0    and     /      > 0    are  tlie   jumps   of  the it^p-fimctlon    £    a* 

t.     and    I-.    But the  Integrel  ranl^he«,  by  '25.2).    Al«o,    / 1P(t  )     and 

\ ^(t )     har^ lllte •Igne,   and are not tero.     Tberefoi-e      L    „(t)    maßt 

change «Ign betiroen    t.     and     t  ,     a« va«  to he« «hown. 

The Chr^t'Offel nuaher«  of a d lutrlbutlon function    ^,     relatlTr tc 

a fixed     n •=  ?ia,    nay be daflned: 

^ n(t) 
J   -   1,   ...,  m, 

vhere     t.     are  the root«  of    L   ft) .     (ConpÄre ^zogo      ID     ,  pp.  ^C-'S?..) 
J -n - 

If ve replace    ^    by   j^    In th\n formula, v« ■••  that    /        is eiaotly the 

jVBtp of    ^    at    t  • 
J 

(24-1) Aj - iftj)   - iCj  - 0) 

If    R(t)     la any polynomial of degree    n-1    or !•••, we hart at once: 

/   F(t)d^t)   -    /   R(t)d^(t)   -    1_  > Mt.) 
o o >1     J       J 

— the (iauaa-Jaoool quadrature formula. 
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r r 
■x ■ - 

TTOORSM 24.2      If    t. .   ...,   t      ajro  the rooto of    r^.  {t) ,     than tharg oxl»ta 

55 latarlocldja^ tet    u. ,   ...,  UB_ ^ 

mch that 

Proof.    Pn» (24.1)  v« obtain 

« 

i(*) - ZZ %■    ror      t: < u - t
>i 

The pr»»«rt  theorora !• therafore easeotlallj a i^«tÄt«ni«nt of Theorem 

22.2,  re^u-dla« the iatertwlaln« of    ^   and   ^. 

^  . " '    • i^ 

>c'^.     Oeometrj  of t.h>e   TcheLycheff polynomials. 

Throughout  this   section the   -isteriak   f«)  will   identify quantities 

derived   from the  pirticular distribution  function     4* 6  - 'defined  by 

X -•.'.•A  

^-^  ■ -^fer 

Its  moaients   are   readily calculated   by means   of the beta   function;   the 

k-th moment   la 

k-1 .^k    -2k 
25-i; ^   ■   —w^-i k      k-1 ' k / 
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Phe  orthogonal   py?tenis ifi, 't' and ;,»   , (t) '       based  on     ^* 
• -2k ^k     '/ 

are   t..v.e  oo-callel  Tchetycheff  polynomials of  trie   first   and  second 

Kir.:?,   respectively;   we   .h. ive: 

const.     •,«   . t ' «       T,    t,        -       cos   Kfey, 

const.    .".«   .   , ,,       ,   . sin Kv? 
.".ft j - •   t;  "       1—^ r,-.     ' sin 6 

where     w -  cos     («.t-1),       Tr.e   evsteras ."ft     ■, ^ ^ l1 ■■       and      , A«,    ,(t)  , 

barred on ^('       are the   Jacol 1   üystems   conraonly   ienoted  by 

' 1 i i i 
■k -jd     ;kV-' 

CO?    i ^K*l)^ U. 
cowst.     ;.«,    ,   t,        -        >   T ; ^ r^    , 

--.r.+1 C08(y/2) 

sin   ;^K*1)ü/2 
const.    .•.«,   ,1t,      -      ; 7   r*rr— 

.>.+ 1 3in(w/2) 

These   polynomials,   when  viewed   as   supportir,^  hyp«rplaneji   to  the  moment 

spaces,   display  a  numt>er of   interesting  geometricHl   profertifs. 

Thr-CRLM  ^J     For each     n,     the  hyperplanes   sup/;>ortinx     D"      at 

x*1     ind     x*    are  parallel;   this  property  debennlnes     p*     uniquely. 

fience,     x*-1        -     x;:        is   tf.e  width  of     p'     in   trie     x       direction. 
n —n n 

iroof.     rarallelity   of  tne   lower  'aid  up: er  supfortiry,  riyperplanes 

is   equivalent   to  the   relation 



•81- 

c  1 r i 
n n 

c       being  some  constcuit.     Thus, 

f   1^    L) 

1A   (t)' 
n 

tyt)    :- 

c        t(l-t)A   (t)'       • 

(l-t)i   ft 
n 

(n even), 

n odd). 

If we  take    x  - x«    we   find  that  all   four  derivatives   in  (25.4)   are 

proportional  to     sin  nfe/sin  0.     This  establishes   the  first  assertion 

of  the  theorem.     The  uniqueness  can   be  shown geometrically.     Suppose 

that   some  point    x'     had  the  parallel  property,   with     x',  x"     different 

from    x«,   x*.     Then, clearly,   we would  have     x'   - x'     -    x*  - x%     and the 

parallel   segments   (x',   x*)     and     (x1,  xT )     would  lie in  the   boundary of 

D   .     But   this   is  impossible,   since a  straight  segment   in the  upper 

boundary   of    D      car;   terminate  only  when   it   reaches   the  lower  boundary, 

and   vice  versa.     Hence  the only points   in    D*      with   the   parallel  property 

are   those  whose   first     n-1    coordinate.';  agree   with    x-.     By Theorem   7.1b    ^ 

is   uniquely determined. 

It   is   instructive   to   estiblish  the   uniqueness    Jso   v means   of  t.'" 

identities   (^5.4).     Let  us   consider the  even   case,   n  -  <:m,   an i   write 

R   (t,   lor  A   (t),     R     -(t)      for     7 (t),     to   indicnte  more  plainly   tie 
-«     ' -riv     '      m-1     ' n     '' 

degrees   of  these  polynomials.     "The  polynomials   in   (25.'*)   have  degree     ^m-1. 



an'   v"*   MU' *.   V;-.:' \.   >*.   every   r-o^i ■m-l: 

^     ^ i     » 

-^ 

X DC 

1 p . ; s 

"■^m-n. ra-ffl m-i 

e        tfi;./   con;'tHrrt^.     ;■ I i^ii-: it 1->;     J'     .      ar; 
-*r.' 

_   t   , r, I m v 

m x-^ m r:. 
• ■   .* 

ir, ;   K       are  ;u-* .'.    le^rt-p   ^uiynoxi il   ei/'e.'.f'.:.-11 ^ns   of a  pair    . 1" 

J i f l>re:.t i i i   operatJ:^.     Tt.eir  uni^uene.'-.s ,   f  •   "ich    m,     i ■'   PV! lent 

fro:.-,  u.c   fo.-n  ol   ti.e   t'^uatlona   [^'j.b/.     The   Tcheuycneff ^olynomiili 

in fact  form complete ortrtogonal  systems  of elgenfunctiona^jtor tnes« 

operators.     ^'See Szego  I 10]   ,  p.   39,   for  the   form offcf25.6)   for the 

general   /acobi  polynomi tl1 
»i r~ ' ] J '        ■ 

7:.eorer,  . '■. 1   ex,Te ..;e:;   i r.   reor.etri cal   . an^ua,-;'"   ' r.f   «el.   .-. n 

extre^.a]   ;ro;erty     l   ' :.>■   : n'.el v vie f f  lolvnor'. il=     ;'   ' ;,.'   fir   t   r. i 



■ > J 

Xriov.^ ai^     m-t.v:     ie^ree  j ol/nunit-il!;.   wit:.  If.'-  :-L-TIO  l»' t il 

coefficient,     T      has   t.hp   jpaat  max i mum   ^b^-ol:! p  value   in  t:.e  unit 

interval. 

n. 

■roof.     .«'e ohservM tf..vt   the   iist-ince   in the     x        lirectic;:,   :'rjn  t 
  n 

point     x1   -E'     to  the   hyperplnne   iefinei   by     yx   "  0   i :>   (yx'^/y   . 

Let 

m 

1-1 

be  an  arbitrary  polynomiü   of degree    m.    The   li^tHnce  in the    x,^    iirec- 

tion   fror;,  the   point     x(t/   -   (i,   t,   ,,,   ,   t     ]   t .1   the  hyperpl me   rorrc ipon !- 

ing   to     R       is   the:,     n   ' t   ^  a" .     The raaxiaur.   J!"  tni?    iiot-Hnce   ^i*     t     rnns 
ui tn in 

m 
from      ;     to     i     cannot   he  la;-.-  thin  the    x     -wi ith  of  [      ,     since  x't' 

'la ' 

descrilfi  th»-'    ;pt,  ul'   ill   extreme   point,1'  uf    'S        wnii^   the  hy;;erplane 

support?   or   t>our, l'i     L''    .     By   the   ia^t   theorem,     T       Hc.iev:-   thi^  lower 
,T, 

boun:   for  t.r.<   ma/.ünun;   iistance.     This  i-  e-juivilent    t)   t ne   statement   of 

the   ; resent   theorem. 

Each moment   of    p-     is   at  the  midpoint,  of the   ru..-e   ferr.i 

by   i t;    pre le :e i   or   : 

T'.iiX W.   ^S.3     K^r emn     n, 

^ <.    , x       -    -; x1'   ♦  x* ; ; 

this   proper-ty   ietermi :ie^    d"     ^ni juely. 

• ^ < 



ro^f.     K   i;-   :uffl:ient   *     Fho*   thnt     x«     satisriea   ',:'.'7 

t        '    > •     '    O   J for  eac.     n,     ;i;i-e,   wnen    i;,lle;   buccesyively   I'or     r. 

tr.e   r^I r.ior.     .. • .','        ,"i«' iriv   :et ^rmirif''    t   ur.i : ."   r,.,,-,i_':.t      c ;-e:.Cf'. 

i;.:e    iire;t,    :;il -ul itior.   uf     x       rinl     x9      i-     iifficult,,   «e   ; r-cee i 

■i«   foiiowa.       'jj-'.'Oae     n  ■»  JE.     --y  ttir   lef iai t-i^n?   of    6     uid     ^   , 

we   :. • ve     I   once 

1 
rs 1   +   N Ailir > 

f...  ^ I    -t 
m" i  — 

t;   ^ 

The   first  uf tPe^e   involves     x»   ,   tr.e   ?econd     x"   . 

property   ^5.5)   0f    *' ,   we   obtain   fro;r.  f^'S. pv 

1 

J 
- : .1 t    -t .'.<•■     t \Jt 

'si ng  thr   spec i 11 

,-, r: 11 • :,    u;   1 et e nn i n • nt n:   , ^! .!>■/    li f fer  JUIV   i-,  th.j   :i3t 

I iru.'!.       ut t r-i-t P'.,-   ..o';.I1.      frorr.    n,     ri.-n*-'    '-• . UP   yiei 1? 

x • 
:rjc' 

x. ■:. ♦ ;   x ■ 

^ . i i 

x ;r, ♦.-.   x - r X 
r.--i 

^  x      »x ."IX 



r.   t;.ii    •.'•■•. fr-nir.i.-it. ,   ' :.f  1 H   t   tw'     -ol-jm.:    .ire   ; roporti ■.■ial   exrept    f1 

:.e   .ist   row,   for  we   have: 

:m-i i x« 
■T. ♦ r. 

. K X * 
T. * r, -1 

'is  7..\y   e-.;-iiy   !, e   verifiei   frvn  f-^.l;.     ''^ncp,   (* r . I i-'   re'iucea   I 

mx«   ♦:<' 
n-i 

i-1 

:.',•'>   t.;.'■ rr.i.'.ir     ,".* U>f-   :.>'   vi.'.i1*'.,   «o    Jhtftin 

-( x-   ♦>:- X*" 

ay   was   t ;  be   nh   wn.     T'.*'   ^ ■! !   ^H
1
''  .-nay   If  tre-.tei   •='. :ni 1'. rly 

T:!h> Fü-IM  -S.u    ror  e icr, ■'■ •     t .';i3   iTOL'ertv   letemines 
r        i 1 I_  

i"     ur.l ^uely , 

: roof.     by    '18.1;,    vi^.^,    iri i  t.';-'   f rere;!. :i.-   t.'.eorer.,    .v   r.ivp 

3.1^ 

A« 
n - 

—n 

«c 

X1'        » .-X 0. 

A   direct   rhec-,   reveals   th-it     A(! ,c     and -1 t      !'vL10r.3 

by   induction thnt ^     iror any     n.     "ünversely,   if  any   ?»» nience 

1,   x, ,   x   ,   ...   has  the   property   that 
—n 

'or each,     n,     then 

^.^.U , ,   without   the   asteriakn,   tar.en  with   the   prece::rv;  tn.eureffi,   shows 

tnit   it   mu; t   be   the  moment   aejuen^e  o 1"     /   . 



' .■ J 

rl).   .-■   r.... ;• y , 1 !     «i *-: 

Its,  w:tr.   ; r:*=:"   in l.c tt: -n;--    -1 

int'. rvrw 

:.: : .'"i   wf   :, ive   :►■":.  wur'.l:i>'.      . ri»'   f.irl'. ^r 

t r *-■  rer 
■ >   - ■'   ^ ■ •■        ■ ■   • 

,:.♦'   '.P fi ni 11' t.< 

• i. ^ .   i • i. 

in'/   ; i ■;! *. P   i :.t <- rv:i^ 

TH:- .;..V' ^5.' ':.f   wilt:,   ir.  t :.»■     x 

rjof.     T.'.'J   i^iii:.v   .-oefficipnt    of t..e   r;om. ;1;. .••■• i   I'cr.ebycheff 

ol; .jai'ii   of    n-th     d^^ree,   ev-ii';Htf :   li.-e^tly,   IUITV  out   to   te 

.+jii— *     < 

•iowever,   by     . '.'],   it   i?   :il50   ^ j . il  t'.-    \/;.« 

ly   (It?. I)   ;u. i   (IP .;. i  iue  li'-.t   thip^ren,   we  therefore   have; 

--.n*. 

■i    evt-n.     A   ui::.i^<r  ; rv>ce iur'-  f.1* itl i ^.^^     • :'. 1 :     fo d 1 

•e   •..,   ' '.e: :.e j .'e.T i    i 

:':y  . c .t    Ve   t-'.ve 

n*lw. 

^n    _' 
n -2 

.:r. 

conf"'   uut   :y   i rv'.u"*, i > T,   fr 'n     ^;' 

f hfr     IJ^Io«   fr  n 
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CU'vPTKR  711 

3T>WBTRIKR 07 THE HOHETT STACKS 

^26.    RarqriJ. of tke tpjlt inVerral. 

ABJ oontlnuoua,  one-one tmnsforaatian of the fundaaoatal  interral 

10,l|     onto 1t«elf  induoei a oorre«poadln^ ono-onr» traMfontatlon of  x 

onto Itwlf# vhleh aegr b« «peclf led by the requir«aent that  for ©rery 

oostlmoM ftBotlon    f: 

i 

o 
(26.i) /  f(t)dy«(t) « /' f(t')d/(t) 

f- 

(prlaM denotln« the traaffomed object«} .    This leads la turn to a one- 

tmnefomtloa of the "botmdary of    D^    onto  Iteelf (Theorsa ?0.1) ,  rfdoh la 

a^alB contlauou*.    Hoverer,  for the tmnefomatlan to be vell-defInod 1» the 

Interior« of the mooemt rpeooe,  vs Kast deaand  that for eaoh    a    the flr^t 

n    nueent« of    /    uniquely deteralne the  first    n    no—ate of     /• .     In 

pejrtloular, 

(2<>.2] /'i{J')   -  P( /M/)) - "J-l     ^^   .>. 

Settia«    ^ft)   -  iCt-ti),     ve haro    /ft)   =  Tft-tj')     and  h^aoe 

determining  t:.e   function   F.     Therefore,   for   any     ^ •   ^   : 

o o o 



But   .'roQ     2   .?.)   aÄl  (2' .3)   It foilov»   that 

r 
/    V''t)d^tx   -  •■•1i,/'   td^'t) for orery    4    In    -f^ 

axwi hence  ""hat    7    1« llaöeLr.    Wo conclude thflt  the only tmnafomatlon of 

10,1      vhlch produce« a non-trivial Bjmmatry of  the full moÄKit spiee«  lo 

(?•' ,1) t -> t'   -  1  -  t, 

retml^ tlw Urtorrml rl^ldlj.    We ■Hall totot« UM rMt of tfcl« i—til 

to  properties   of this  trans format iaL 

,e   :. ivt   at   oni-e 

2('.S ^'(t)   .  1  -  f 1  -  t -  0), 

/" - 4, 

the  Halt  operatloBt  Indicated   by     "-0"     •erring to  pr»««rve   rl ght-continuity 

(■eo    ,-,'}.     By   ^('..l)   and  (26.U)   ve hare 

h-0 a 

Let »taad  for the  "dlfforwace" »atrlx: 

^j, - (-1)' ■ y , i,   : - o, i, ..., n. 

Then ve  hare  «hovn: 



-./>. 

THKORKM 2o.l      Th» oonr^poodmoe  (26.4)   trmaform* polytg of    D      according 

to 

(26.6) x' -   ^ x. 
n 

Slnoe x" " x, w» ••« that  ^   »   . This could also be rerlflod 
' n     n 

dlrectlj. 

In the "baxTtJeotrlo ooordlaate« bajed  on the slaplex    3       («ee   <;   2), 

(26.6)  heoo«»«: 

-^ "   'a,n-k' ^ 0,  1,   ...,  n. 

Thl«  follov« directly fro« the defining foxmiln    (12.5)   aad  the  relation: 
-   v 

< O. / j ■   x        -      . x i 
r n > 

mj   %   tm  I*^.   n» TvrtlM« of   ^ 

Interchanged  aa  follov«: 

iv     '   ■= x , k » 0,  1     . . .,  n, 

The «tep-functloa having Jiaip« of i,   ..., at    t;,   ,..,  t   , 

roepectlvely,  «oe«  into the itep-funotlo« vlth Jaipe of ,...,-,;    at   !-♦..,   • 

l-ti,    re«peotlTeljr.     If ve recall that the  r«pper" face« of    D      are thoee 

aa«eolatod vlth  Jtuape at    t -  I,    ve obtain at one« froa Theoroa 11.6: 

THBQR1M 26.2      T^e OStCOSSS&SMS. (&>M   traxytfor— the a-faoff of    Dn 

aco9rdi^g to 



-*> 

n        -n c11' .n 
if    >    It arwn, 

C   ' -a —a —n ' c11' a if    a    i«  odd 

n k» a comllary »• haro,   for    x     In    D   , 

"   „. •»• X'   »  X If      a     !■   odd, 

2' - iS x'   - I' if    n    !■ ervn, 

■ ijioe  the  lover and uppar pix»faction«  of    x    arc di«tlnct  only vhan they 

v*»*- n 
are  in    C     , 

n-1 

In the polyacoilal ipaco  the  induced tranefomatlon  is 

P(tl  -> F'(t)   - P(l-t) . 

.-.enormalizHtion it not neceeeary,   ee  the origlAftl normAll tatlon (^.2) 

wme aynnetrio.)     Ve therefore hare 

h-l ' 

for    y    in    r   .    L«t        ♦    etand   for the  iranapoee of 
n 

■hovn: 

Then we  have 

THKORKM 26,5      Th« gprreepopdenoe    2< .k)   trgggfong  pointa of    P11    according 
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to 

'2',.r) r - cp 

THBOKQK 26.U      x'    a^    j«    aro oon.luflat«  If and  onlj  if    x    «J^    j    fire 

oon Jugate . 

Proof.     (26.6)  and  (26.3)   give u«: 

(26.Q) x* -y'  »   ^ i. / »y - »•( - *)2y - i-y v       ^ ' n        n n 

The  r»«ult aov follow»,  aince  the  lln«&r trmnfoimatloiwi   (26.6)   and  (2< .8) 

Turning  to the   Mankel  d^terraln^nt«*   for     x,   x',   In     n   ,  we   flrvi 

* he   f.illowln^  re] vtion^.M;-: 

^•n    Mg Hg feMtttegllg ^>^ 

~2k ■    «^Jnc' ^2k "    A2k' 

4k>l ' A2k4.1' ^21c*l        ^2Tc4l 

t    14*   Att   Atvt« %IM mtrlji MrrwfQaAl«g W    j^.   ly 

direct  r«rification  It  followo   fro»  (26.6)  and   (26.7)  ^^^T^^ - 

' ^ ^2^       Hence    ^     -  .      .     In  a  slrail-tr manner the other  st-itements 

of  the   tneorem   follow. 

Theorem <.ö.. ,   ^ilrealy provel,   can also  : •■  verif'ei   ijaneli.itely   fr^ni 

tr.is  theorea   -mJ  Theorem 17.1. 
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The  last theor««,   in conjimotion vl th  the  formulas of  i. 1-,  glr©« VLB 

imter—tiat remit t 

j 
.-.-v^. 

X '      -    X '        "    X       -    X 

That !■,  th» tyamrtry preaerrei tha    x -vldth    of   D    at a]]   wints. 

a 2;.    Mcaapt »paoq of ■j^metrlc dlatrlPutlog« . 

Let     /"■ c,     itaifel  for  the  «et of    /    In    "   vl th    ^ - /',  aad   lot    Dj, 

n n 
d'inote  their n-th aoaont «pace,     Dq     therefore  caomiatm of  tho«e    x     In    D 

vlth    x  - x'. 

TEECREM ^7.1      D      It  ooarecx,   clcxed.  bounded,   and      n/2 -djomuiiooal. 

^roof.     ^COBpar» Tlfceorea   '.2.)     We  ohterre  that    :v     !■ preoleely 

th«   intor«ectlon of    D       with the  Tarlet;  defined  hy  the  llnenr «yBteoi of 

equatlona 

(2   .1) x - x 

Thia  oaa be solred  for eaoh odd «cuBont  in tenui  of  the  lover eren raceient« 

X!   -  1/2, 

1«   -   (5/2)^  -  lA, 

^  -   ^/2)X4  -   (^Mxe  ♦ 1/2,  eto.. 

leaving exactly    n  -     a/2       ladependeot  linear  relatlona.15   Hence,  ilÄoe    D 

U  Had  ve taken    -1,1       aa   the fuudjmental  Intorral,   the relation« voulil 
have been • Imply    X.   -  0,     1-1,   5,     ,   ...    . 
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!•  a  conrax "body la    s   ,     D0     if a conraot ■•!  of dimenalon     ,n/2       ;     anc 

■ inoe    D      !■ olo«*<l und  bounded,    D0    la IDcwlae. 

In    Dn    th« tvo-lunp «jÄ^trlo alitrlbutlon funotion«: 

(2V.1) |  [l(t-t:)   ♦ I(t.t') 

play a pole •Imllar to  the  role  la    D      of the  pure  dlit.-lbutlon functlaaMi 

Ift-ti) .    The wnant polaU of  (27.1) : 

MtJ  - |   x^t.)  ♦ x(ti)    , o <^ <k , 

d©««rlbe a o--trre  In    DT    whloh ire aaj oall    C0 . 

THE0RÖT 27.2      Tke Mt of acrtrme polaU of    Dr,,     for    n > U,     it  pr»cieelj 

Proof.    The proof dQM not differ eaaentlallj rron that of Theore«    .5 

In place of the hyporplaae  (7.3)  <**& «^J uaa 

h(x)   - 1  -   2t1ti   ♦ 2ft1t')2  -  k(l -   tit^jta  ♦ 2x4  . 0, 

rfhich haa  the property: 

h(x..(t))   - 2(t1-t)2(t;-t)2 

oorroapoodlj^; to ! 1 .b) . 

n 
The ooBiblaatorlal bowfclary atructore of    Dr,     la  like that of   DV2! , 
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for the tvo «paco«  Are olc*olr related.     In fact,  we have: 

n n/0 

THEOREM ^7.5      The  ipac»«    D(,    and    D     '       are  coawoted t^ a     L:l     IJ^gor 

trvotf ornAtloa. 

'roof.     First v© ohaerre that a chanfe of  tho  fundamental   Interral 

r*»ult«  In a lij»Rr traaBfonnatlon of the moment «peice«.     In particular, 

If we  go froa    D       to  the aooent «paoe     DTA .     M*ed  on the   iBt^rval 

4    A  - [*l, l] ,    «MB   iff    U **7f* ««•• «» ■OMBt •!*-: 
P 

ft. 
dlstrltutioa  fuiictiona   ^'f7^ definei uver.^,  a;ii SiTmaetrlc   wit-  reared 

4 ^ f^   »an be defined  a«  follov», 

,.   -> ^: /    f(t)dV-       /    f't2)d   ,    , 
o -1 

4 /l«(t)d,-i    /'g'.^d/^i    /'«(-^t)^; 
-1 

the e^ualltle« to hold for all 0 «itlzraoue  fuaotlon«    f    and    g    on      0,1 

a«d   /      ,    reepeotlrelj.    The mc«ente of    ,     are then glren by 

"^ '  ) k(^. 2k*l '■^ )  - 0, fc » 0,  1,  2, 

n n/0 

This deeorlbee the llnr-ar t.naeformntlon fro«    D^     > ,    to D     ''    ,    and 

ooHpletee the proof. 

In rlev of Theere« h,^f  the ■7«»etrlo  »uheet    p"    of P11    aharaaterlied 

by    y  -  y1     canaot he  the  dual of    D*.     Hoverer,  both «etc hare  dlmWMlop 



a.t;-f '.c-s   u:'     ;:"      v.-.;     .V   ]   ,   ine   tw:     et?   'ire  tr;e:i   lual^.      Indeel,   ty 

iefiniticn,   y-    :."/   :;'   intno     nA      -dLner^ lonai    iual rg     it"  ar.j 

otily if 
Ais 

(rr.2) y - y'      «»5       T-y>o      all     x^ ff 

By the  reLatloa: 

1-7    -     {x*x')/2      j, all    y-y',      x - Dn, 

vhloh proo#»d«  fro» (26.9),  ouodltlan (2  .2)   1« •qul^&lmt to the  oondltlcm: 

y - y' »ad xy > 0 all        X»  D*. 

Bot this mmMj doflne«    P?. 
o 

t: 28.    othtr ■3W»ttrl-. 

If wa sat out to find a »ytmetrj  of mXj  the V>u»Uj-y of D , arising 

r 

mak«  the  t rfinsformntlon    t  —* t1 lirv»4',  A«   4TI     26 f   we h«ee only to daiBAnd 

continuity  anü  the property     tM- t.     ^jumotrles  of or If r hi^.er than 2  are  clear!}' 

oorraspoaAla« to tha raaulta of the laat two »vetlona.    All of the«,  hovo-rar, 

roTeraa tha «dt lütarral: 

0'   -  I, 1'   -  0. 

0onse«uantlj' Thaorwi 26.2,  am tha haharlor of tha a-faoss of    D*,    applies 

for thai aU. 

;H V'e   orr.it   tl.e   ?iru;.^   ir^unent   for 



The oamMnatorlal  »tructure  of the bouÄiary of    D       Is  p«n»ctl^' 

•jmaetrlcal  In »aoh dlmanalon,  bj  fll.' ) .     It   is   IntuitITOIJ cleur thAt 

otiier sjunaetrlds mvMt azlst vhloh leax.   to all  possible   variants  of Thoorea 

^0.2.     It  is not osp«c 1 o-lljr  Interesting  to attempt  to define these directly 

for points   In    D   ;     nor,  as  ve  hare  Just  ladloatod,   Is   It possible  to  do so 

'.ndlrectljr by starting  in      0,1       .    But there   Is  one sywaetrr,   nt  least, 

which can be defined  in a sljiple fashion for ftascti^ns   In -' ' and  then extended 

to  tho moment spaces,   pr^uclng a nev version of Theorem 2' .2. 

Consider the   -ransfoinatlon,   for    ^ (- /' 

f?   .1) /-W': /'(t) 
l.u.b.      u    V(u)   <   t  '   . 0  <   t  <   1, 

/t), t < 0,     t > 1 

Then    ^  m 4-    Inr  '      -»-j,     4'     Is the   Inrerse  of    ^    In      0,1 

mcssents  of    4    "«d     ;       are related b/ 

The  first 

U4') - i - %'/), all    ^ 

as majr bo shown by  Integration by parts.    3nch relations do not szlst for the 

n higher mcmrmt*.    Hsnoe the  induced B^-mmeXrj in    D   ,    n > 2,     Is well-defined 

only for the boimdary. 

Toe stsp-functloti 

/(t) jKt-t,), t;   <   ta   <    ...   <   t    , 

!s  carried  bjr  {?'< .1)   Into  the step-ftsfcotion with  Jumps  of 

to     ^-t.,     ts-t,,   ...,   t^-t^^,     1-t m 



looAt#<:   at 

^ I       if I*   ^ 2 *    • • • '       ■  1 *'::■*■'''*■    ^   1ü_^> 1 

;•«■ pectlrely —  with the   firtit aau  Inrnt  Junp«  poaBltlj mcnoum .     It   la  oaMy 

to  «ee  tiiat    b'f^')    = VffT),     uid  nenc*  that    »(z')   -  I'X) .     Morooror,     ^ 

ha«   i   .tuap at     t ^  1     If  auir:  oaly If     ^    do««  not.    Thereforo: 

'mroH©? 28.1      Thg S2l33SB2g*5a°g fgC'l)   traniform« the    a-face« of    ^n 

aocyrdl^ to 

C11'   o C*, C^'   - CB a - 0,     1,       n-i. 
-« a' a ' 

Aaother »yrnnetry wm.j be daflaad "by the yroduot      a «ithisr ord»''' 

the  tranafoiwatlo««  (2^.5)   and  ^.l) .    Th« oorreapondlng th«orfltf. vould 

InTolre  the product of the  tronafomatloiw  of Theoraaa ?   .? and 2   .1. 

Tho aywaetry d«fla«d  by (28.1)   Interchange«   the  role«  of the  "root" 

■ lM'*,,ex    IP    and   the  "vel^ht" «laiplsx r.       ■'       a/?) ,     vt;loh  paraaetrlto 

ite t^rplMl   a-f««« of   9*    (MW ite proof of TteorM U. 0 .    Tlir yolnU of   U* 

correspond   (h»for'»   the  trani^ fopBWtlon}   tn   t h?  maximal   convor   3f+:)   in   the   ^-fice 

(a < a),    vhlU tk« polxio of     X-^    oorrMyoaA %• ooU Ui UM    a-faoo whleh 

are not thi—IITM OOOTOX and which cootaln no oonveat «tibaet« other than point«. 

Our preesnt »ywme>trj tharofor« de«troy« all oonToi ««t«  In the boundary of    D  . 

In ccmt.-a«^  tmasfoi-nÄtloo« of      0,l!      ,     whether linear or not,  alway» pre- 

»erve oowvailty vhen ext«nd«d to  th© «pro««   /    And    D   . 

Je 
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