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o: several ~..ugroupcl, ; ..,_ 

tion u­

"( ~::> ~ it 

•t 

ly"i.r.:L distribut.iol~,. aw: ti.J<:· '-~veral .;:--·bgrouv. :tixed t o:;etner 

accord~_ng to ~ert~ir! pJ .... f.o~·ti,,l , ~~ ~~uld lave an insta11Ce 

of a mixture of di.stributions; i . e., th~ un:J~rlying distri­

bution for tLe e.;tire popu:.ation wo~ld be a 1 J.xtt;.r~ of the 

distributions for each subgrc~1p. 

A study is made of the more rece..::r.t developm.nt:::> in tbe 

theory of 1ixtures of eli ·tribut:laJ:rs. TL·3 1l'obl.rom of 

identif i 8.bility in mixtures is cor.~"! er~d in 'l'J tr: detJC~il. 

The speciaJ cases of linear r.1ixturas and the distribution 

of suos of 1nd€~kndeLt random va.riahles are al·o conBidered. 

Fically, the •roble1.1s encount~rcd in ·.'~1JtitJation or tlar;:;. ,et'=.t'O 

i n rnixturf!S are discussed. 
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l. Introdu :.ton. 

Tf'l.ere eYi- .,;:: u c 1. 

to the theory of ~1xtures --~ obability distributions, aYJ.d 

several result;, :r-ave been oublished relating to the statis­

tical estimation of narameters vT"'::Jen the underlying distribu-

ticn he' been assumed to be '' .ixture of distrlbutions. 

There ::;eems to be A P,T0\,1 lnp: interest in this ;lroblei.:, :1nd 

one is certainly ju~tified in studying it in its general .::'arm 

inasmuch as the dP':"ral theory include ... as a special C~$e the 

classical st.'ltistical a.ssum)tion of a :;in le UL~erlying dis-

trlbution function for tr..e populatior. under study. 

By l·iay of introduct iOHs ':ie "d 1 J consider Bome specific 

examples to S'J01d h0\>1 ::~ixt~J.res o_4" istributions come up quite 

naturally 1n statistical investi~Ations. 

His torically , the 1)ro'blem seems to have been studied 

first bv Karl Pears or.. about 1894 (f ) 0
1 He not iced that data 

(measurements) take~ on variov.s collections of biolo'"'".ical 

specimens did not -'"ree too ""ll with the G"l.nssia~- distribu ­

tion ~'hen plotted ir :oi-togram form. It was quite apparer,t 

in t1any instances tl'~at a definite bimodality existed ~1here 

or:e vwuld h:t.ve ex)' ·cted unimodality 0 Pearson pootulatcd that 

the underlying densi"ty function v.·as of t:,e follm.ving form 

1:-umbers in squore brae cots refer to bibliogra~ny. 



f(x) =-ifJr' 

and ;1€ tried to estim:::.te the para tet€!rs o{, fi ] ,j-12, ul, and 

cr2 using the method of moments. He was led to e.n equation 

of ninth degree and had considerable jifficulty cal cul atir..g 

the root s of the polynomial. Pearson called t hl.s a oroblem 

of ''dissection.'' His aim ~a~ to 11 disseot 11 t he mixture of 

t hese two normal de~s:i.ty functions into it s components and 

then t r y to infer what could have caused such a mixture. 

As a second example of mixtures of distributions, we 

draw on a familiar problem in life testing or reliabilit y 

theory . I t has been observed that in l i fe tes ts of electron 

tubes t he initial failure rat e is relatively h i gh and 

dec r eases as the popula tion under test a~es. I n general , 

t he fai l ure rate becomes constant for a t ime and then 

inc r ease s with age . Such a behavior s u r:-gest s that the popu-

l a tion might be a mixture of several subpopulations and that 

the underlying distribution function mil!ht be a linear sum 

of several distribution fur.ctions. 

Of further interest in devices such as electron tubes is 

t he phenomenon that aevices fail for different reasons and 

such a popu lation of elements could be class ified accordin~ 

to cause of failure. Then, assuming the unde r lying popula-

tion i s composed of such a mixture, one .r.-tight t r y tc estimate, 

from 2. sample of failures classed as to cause of failure, t t e 

pro portion which will fail due to eacJ· C'lUSe in order t o 
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ueter .. ~ne 

device . 

I n stat ..:.-:t 

v1e find , for 

·C 

1 dec ~ io tJ~eory . as tveloDed by :ald ~ 

'e, in tb c case of a stochast i c proces s 

Hhere the rando.11 ·, ri"l b1 es 'ire a?s1.uned t o be identically 

a nd inde pendently distribut ed accord i ng to E'(x; e), t hat 6 

is a l s o assumed to be a r andom variable l'Tith i t s o,_.;n prob­

a bility law G( 6 ) , Under thi" assu~pt ion, t he random va r ­

iables are in reality assumed to be di.str ibuted accord ing to 

!:(x) = j F(x ;6) dG ('l) , 

A special c::; se o.f the mi xture ~roble11 'Tlay be vim·.red ae 

follo~:•s : suppose ~·re as.:>:ume t hat t he population ur..de!' inves­

tigation ha• an underlying di st ribution of knoHn f orm F(x;e) 

and t hat t he pr;.ra:net, r i;; a l~o a randoffi ~n.rVlbl e with d istri­

but ion G(8) , If •··e ;',rther postulat e that G(80 ) = Pr [8=80)=1, 

then tLe underlying distribution is 

r •'(x;ddG (S) = F (x;60 ), 

,lha t we have C.one i::.ere is tantamount to assumi nP' t hat t he 

underlying d1strib'ttion is of a specified form, with e a 

fixed va l ue not sut·ect to variation (in a rro babili3tic 

sense ), and t i our:ts to assut~1in~ t l.t the dL~tribution 

i s , 3ay , norl1.d..l li; .. . ~.n f10 and stand'u·d devi8..tio n V0 , or 

exponential ,.lith ) l'· ter eo. 

I n thio 01uar we oro ooe to di.c~•• the theor y of mix­

tures of di~tributbr from a far less <'eneral point of v i etr 
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ot _ _;-

t ·ult-:> . .e 

t >:r: o· t. . i l ity d 'lsin 1 ... 

of GCific~J.ly file~ of 

the 1' ie t.:.en 

:.;om 

A re ... ; 

of certa:i.H L~lstributions is 9resG11ted fer a cRrt'1in c l'3.'3S 

of ~ixtures in 3~ctio~ 7. :1e t _en ~a~e up t~e Jroblem of 

est i:~ntion of p::J.r9.1(;;t rs in .ixtxrP·"' oL> -,~tritl"tions . 

2, Theor y . 

Bv rray of 0~8..tio:..::. He let J, = ~ J ( x ; C( ) ; o! c. E1·- } de •. w t e 

a fam i l~r of' 'J;,_:,-----li 'S~_o, l di,..,trib'1tior: fu""'tct i ons L1deJ:3d 

u s ua l .1an.ne:r. Let 

l let 

fl be any pl·ob· it 1 ct ion 

''( d = /4 ( 3x) . 

if F ( Y) L 



ci ·t 

denote L 

- l:::.t ive t·. u" ·. p by 

Ll :(x)~~ = {r(x)de? (x). 

;no:iificat iou to tt": hypot~~eses of the tr:eo:::-e .13 . 

To illustr te th13 ~ot8.tion , ue ruiGht c.___, ,id r V·_e 

fr'.!·.1-r of exno ~1~1 1 i~tribution function (d.f.' 

. ~ ] - . 
I n t .• is cuse cl 13 Ollf'>-di! qnsi0nal 8.Yld rc >tric~ ed "CO i.~ i'!e 

V3.lues. E.ecr· ,, lue of or.. rktermi nes one specific d.f. in tt.e 

famil y a d ,j, (;Ot1-->i.sts of all such d . f. 1 s. 

:-·(:c) = J r'(x,o<.) G(o<.) 

1" c:1lled A. JixtlJrt f the ~a.1ily :}1 ;;;; \ l(x; 0(_ )1 , 'd ~r'3 
specifically d G- 1•t e or ~ . 

Definition 2. A G-· ixt1re of dJ , S'lV H, ·•ill c•e c'"lled 

icta~t1_fiable if, for " -~ d.f. G we have 

P.(:o) ~ J F(x; o<.) dG(d) = J F(x; « )dG., (c!.) 

i .)li- .s L "t G=G~-. 



s. ~H ,Jf .; t j~ l . !.J, ~: l c 

" = J F53 

J '- 2J fl. ll'~ c..::.ll ~·.ttifi -

a. "\' : L '* h .l;i "blo, I..e 01ixiag 

bi.at:ioH JC> 

co~tLJ:~us; 8ld 

.Jefinit io , d ~ r· ll ,. .Jr t: '1 t\is dis-

cu ,siaa. ir < :1ch 

L1t rest in t :-.ory of .ixt:J.re;;; Qf ~.i ·trib tlons . Fr0:.:1 

t ic aixt,lrt..:. E ar"' 3-:.uu.ied ~-1h1 L s Jecial :Jro. r lc J re 

a t tribut ed to t .. c cla,,;;: } or t• e CLiSS uf l.tiXit:.7 dis't r ibu-

tlons ~ , or bot;1. The qu2.st;1on of ide.\, · fl.G~.Oility mu3t b e 

q·1s-1cr ed 'o3_+-orc e· :~Ltgfnl st8.tc e t s ( st tl.stical) ca n be 

made r e l a tive to the :JqralM:!tf~r ct . ?roc;.f.; of ti-e r~~.:mlt s 

Cit ed i n rhLat fol_lo · -v ~e fo~nd in tte i:dic~ted ref-

'~ rences. Pruofs 1 , i be r....iv · 1 •tl it in ~l.JUrht useful 

and in t hose c~s~b ~~here tite~re L.l.vu ·~ee1~ :10-...1" i.cd or ex-

t cnd~d . 

3· 3ener al a~ ~d. 

If .·e let ~ de ,otc 

bu:. io~1 f :.n:.ct io e :.a.y G:J 3L,(or t 1C de..~.i it:.ol.. nixtu.ce 



·~ 
oc !1'..1.. 

~ J FJ:;. f < 

•t «J.tld 

bs ue,;irable to h;;..~;. t. r .... ; Jf sue:. tr .... ,fermat ion Oe a 

subset of fY . Robbi~~s [1~] ) .. :ov .:> , in getlerr:i l, that tnis is 

i ndeed the c:dse, & ... d .re '·~ '· ~ 

Theore·n l. Let )< = \ F(x; o< ): ct E. i·'} ':>e a famil y of 

n-d l:ner .... ional .~ • . 's ·1-r\d :!.et G be a d •• def i r.ed .. 
in ?" Then the fmwt ion H(x) =1 F(x; "-) .1G(d. ) _.., 
is a dis t r ibution function i n ~1 • 

As noted in the introduction, uh~n ·') cert:::1in fo r m is 

assuw.ed for t~e u~1derlying ycot:..Qi_lity J i stributio.a. i n a 

s t a t ist ical inves t igation , the idea err.bodied in iefinition l 

i s really occurring. .:;uch aa uJJu ... t;tion ar •• uunts to s-peci­

fying a mixine; distribution G relA.t.ive to " 0 "1 ''Y d< • 

. /:-ten one assumes that the underlying distributio 1 is nor:nal 

rtith mean 14 0 , and s t anda r d deviation <r0 , one is choos i ng 

from the class of all mixing di-tributions a d.f. G wh ich 

concent rates all its mass ot a slnfle po i nt (~ 0 . ~0 ) in E2 , 

ar:.d ~-re 'rave 

tere I (p,()) is a f!(~n.eric c~t~.:l::c · __ t from t"le fa:nily of norm.a. l 

d . f . ' s. Theore.J l as.sures :..ts that UYJ.der mo::e general condi-

t ions (i.e., '!lore t"Te_~eral .i v ln:'1' distributions ) tl1e c l osur e 
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t. ( ... ) i: 

t he Fourier -1t e~ral, it is len own t ~dt t · arb is a Jn,~-to-one 

corl~<?-3'10 de::ce bet:-;een i1stributioil fu> etio':l:3 ·a·'1d ctnrJ..cter-

i st ic functions. 

:e n~xt :?rese'::t some tt eorens co •c:.r i ~ tb, structt~:--e 

t ·io,l of a · .ixture .. 

T<:wrem 2. If H is a ] -mixture of ). ~ 1 :>·(x; oc)1 and tjJ< t), 

tjJ( t ; a..) are t:.e c.f. ' s of !! ·>ad F( x ;"-), r espec­

ti,ely , tl!en c: ( x ) ~ J F( x ; <t )-•G(ol) if, and only 

if , 1/J( t) = J 1/J( t ; <>-) dG (<A ). 

Proof : ;uppose ':(,) = J F(x; ct) dG( d.). Tro , Jince 

j eitxJ~ 1 · -e car 't ::>e tLeorem 5 from Robbins (12] 

to ~~1sure t!:e follo~ia~ steJS are va1 i i : 

l/1< t ) L:itx,r:(z) = 1:itxd · Jl; (x; oc ) d ;(a:. ) ~ 

J~)l:itxdxF (x;a.)l dG(ol) 
-~ -Q) • 

J lj;( ~; o.) CG(G.). 



1./Jt 1 "J l/1 \ .<C (<A. ,H. 

tt t ,io SLO ·s that H(x) = J ~(x; «.) dG(<>:) o · ,n 

b'lt sets 01 ; l(; omrc: zero. 

I £ " (x) = J F(x; q_) dG (q.) the:·1 .. ! oxist ing ·nOJJ•?n t 

of H is a G-~nixture of t'";::: fa;ti l:,r of WOill3 . .:.ts 

( of tr.e '3'3'[19 orocr) of :). 

fro of : 

moment of F (x ; Q) ~nd assume mr exists . Then 

"'r = l:rdH(x) = l;rdx!E(x; «)dG(o.)l 
= [\xrr'x?(x; <t)~ d'i (o.) = l~r(« loG (o. ) · 

T' •.or< . ' '•. r.et '' (x) = J F(x;«.)·''i (O.) a~~ •mo·ooee F(x; ot) is 

absol""J.tely cant inuou~1. 

by jf(x;a.)dG(•i). 

l et f(o ;c<) = 21F(x~l. • 
;) x 



;ot "lerlvi. distri -

but ion is a :1ixtur" ( ; t~"'O <~1 .'1 ~·ibutto"'8. :Je 3SSu:ne 

t~e nrob~bility of -; -~P39 in t first Jop:.tl:J.tion is p1 ar d 

i n the seco:ad, p2 and t L'l t eacll •·j;Julation 18 l'rell -:nixed 

"!-'lit h the other to for:n the total tlopulation. .ofe assu11e t hat 

the 9roportton of elements from the fir't population is d. 

where Ozo.<l. The probabilit y of success from such e. :nix­

ture is "' p1+ ( l- o<.) p2 = p; an<i if n indepe;1dent trials are 

made, l're have 

t'lhere t he d1.strlbut1on is af·ain birw!:t:l.a1. !~G vill be shol'tn 

l~ter, suc.l ~ .. :xture is aot identifiable. Using a ~am~le 

from this J,lixture , r1e could estimate the ,t)ara:net er p, but 

be :t"efor ulated in so:ne ca'3es and estimators constr4cted for 

the i:rdivid.ual .1onulation para'Tleters (see Bli'3chke [1]); 

hoHever, it L; not imnediately obvious ho~,f tLL:: could ~e 

done in ~11 caJes of ~ixtures . 

This leads us to the s t udy of 11 at properties a. family 

)i '= \F(x; ot.)J :nust posse"s to lead to identifiaole "1ixtures. 

~Ie let D st3.nd for an Abelian semigroup under addit ion and 

use D( I) to mean t.1e integers , D(I+) the positive integers, 

and rand R t o uenote the rationalB and real~, respectively. 

10 



)L' 

F(~· ; oc ) * F ( A;f) 

"'!re ~; deT)tes co ... volutio:.'l. 

,dditively clo••d f~ oili 

frecue~tly in · ?'llcationo i 

C""' cmu·se, in ra d·J 1 sa .• _,_l t 

)f diatrituti ,, :; .cur 

1lC!~ .; tie J.::.O.;..'. --1 , bLL .'.al, 

v r,l :rty. 

t t:at t~e distributi:>.1 -ru cti:Y' 1 !:. "' raujo~r. ~-~ ri:tlc 

r1i3tribut1on fu wtiono of 

X and Y. 

T!-:eorym 5. I f F, G-, a .. d 

aLd lj;1 (t), l/J2 (t) , ""d l/J( t) tee corr os.>ondicc; 

ch . fen's , t on:I(x) = F (;; ) " G( x) iff tjl (t ) = 

'/Jl(t)tjl,>(t ), ( .l0bbins [12] ). 

One of tr;c use· of treorem 5 is t ,.:. dete:rn;in"lticl r;~' famili~.J 

w'ich are dditivPlT closed. \s ~ ~xaruJle, re co~JJider t he 

fa wily of norm0l di ~tr~ but ion -ru , t i(, -. } ? ( x; ~"' U) 1· r:]e 

cor:&.~ .... .:. :JDdL~ c :1 of c aJ.""act ri +..ic u .tio ~s i3 

l e itt• - !t2()21· T;er. 

ll 



w::ic:, 1s C:~gain tl 2 . ;te:.t:istic function of a nor1r:al d i stri-

but ion f•mot L 

identifiable, and k P~<Vt col._,·n.tio11!""' t Per ' r~:ic"' 2. cla~s of 

scale or tran3latio~1 .... arBHWt.~r 1rixtureb is ider.t1fi3.b1e. 

T!1eorem 6. 

pzra.;. ~ t e:c 

TLeorem 7. 

I+' m 1 ,d D 

•,'t' 

_roi. "bJ.._. 

Jf .::c"'""l 

1 f ( .. « i '(«,J 
!), 

Let F "> • f. 

via 3. ... c:l.::.. 

toe Fourier tro. 

io D(I+ ), D(r+ ) , o:· ::.,( ;<+ ), --'" 

jJ)'(x; <>: JclG( ot )1 of an addi ­

.: \ F(x; oe. l : rx c n J i; ~-c"e:1ti-

con.:;L,ts of .aixt11:c ::-.::; 

J.f: tra .. > latio.n 

.. ~ ,., ll:'(,_- d.)dG( o<.)}. 

~O .. !ily 1J( X; <( )~ 
cC v r(c+ ) = 0. If 

fo.;. ;1 of F(•,) F( ~ i ) is i10t 

ide11t ic=.±1ly zero ~11 -~O.'.l !;.o.:- c me r-ate r eal 

interval, the cla.3s of .;c_} 



F( 

ur -=<./, j3 < a:> 

~ ~et H(x )=·· ~ 

), ~( f ) = l-1(•- • ), 

;:( ). 

i • .J.td..:..; ' P~·Gl ... F~'G2 => ]i· • .'G} "'" F-;·G;- = :t(.d; ·-·" ,~ .. 0::! 

F and G1 i = 1, 2 .- 1·0 d • .f . 1 , u : __ v , ._l .1· L n· 5, 

I/JF'. I/Ja1 "' l/fp.I/Ja2 ; a:1d sir.ce lj!F(t) = f~t'.oF(x ) i, ot 

identica l ly '..::81'0 ( ex.;;ept ..JOssibly on ::· ec af .ueu0'-1re ··arc), 

t hen ,,, lit nnd ~ - ~ ....... 
't'G1 = 't'a'" .,. 

G1 { tJ() = GC' (d..) <ll'-~ t'( cla:.s ~:1.' 

i dentifiable . 

Tl1eorem 8 . let F h n. d . ,. w .ich ge erat~s a fo. · -Y 

! F (x; oc}! vi a 'ocatio:l c~1;.;:.:cge s:.1ch th..:.;.t 

.Proof : 

F( c + ) = 0. If tc.e Fom·icr tran3for· •. J of F ( .,) L 

~wt ide 'tically zero ill 30Lt·-' nor1-de · ·--~r~.t-~· :· .. 
of 

iut~...r-::ll, t' Cl!..uS,., tra.l.sl--tion _:J:-i-·. L t l ' • .:.::-

iz o~- tx·an ..... tion para.r.;eter O!lly. 

,jxt11res of a sJecific 



~ 

"' 
"' • 
. -:!L 

g, - .l', ··1 , _ ~01 

~-D cl 

:::tu . ..; ~ •ti! ... 

H(x ) = jr(x ; ot. )d G." (« ). If .. 

u .Jl 

il. ~,,' 
>i' 

0 'i' c 

"' ,'b . i . i..: • 

' ·t.L 
~ .. 

;} -~d t. !C'? d c l o. ss 0f 

1 t G « <. .?J - :l', • · d l•ot 

·~: t .. clu ., " , ·o.y 

~ 

H( x ) = F(x;a..~' ), t~- ~~ t ·-'-• G E ~~ , 11!:ic. co~"c,_:_,.i.tT,t :, c..t.ll 

its >:1u.ss a te<'', yield> dx) = j F(;: ;<X )dG(« ) F( x; ot'' ), But 

this .h~ans G = a<~:-, 3in ce 1+ i~ lei -r.i:·i'lble, 2 d c'.~:::trly 

0 . ·-d ·re of :J. i 

of :h . 

r · i s re ·nlt 

:L-bility. If, .. e:· · t t uf a cl 1 1 

.?roof : 

·r o the 

, ~..:.~.: .... L; ot 

T 

-·~ Gi-·' · ··· cl' cf J1 = /F(x; o<)j, i = 1 , 2 . 

'!1 ""-2 (x)= J F( x ; c<) d (Gl·: G2) (d,) i f ,a:.d . . :dy if , 

~ i addit i vc l y cl osed . 

3u_o"cse '"1"H~ = j Fd ( G1' G2 ) , l ·et., = h1'H2 ac.d 

G = J1·<~2 , cn<.l u~·>o.1e )1 i~ t .~ad .' tl ly 



jJG2( /' 1 

~·(:o ,f'o). 

o ;e )1 ' 

t/l,o(t ), and t/l(t;C!.-) de 

F ( x ; oc) , :ce · -~, c t · 

t. -:ly c .. ' 

L:e t_,,, 

p 1_'r,IT t 

~: ·) = F(x, <X0 ) .u t:2 ( ,_ ) = 

it<X.o '''r. ( t )= eit Po ' 
'f' "2 

t ' · (.>'itively clo.;c~a.. 

L " lj!Ct) ' 1/!J t ) ' 

~ ' 0~ '!1 I-:2 -~~.:l: . 
:c " :;, 

' 
h...l.·.; .. 

t/!Ct) = I/J1(c) l/J_ (o) = JI/J(t ; r:L)·'G1 ( ot l .jt/f(t; {?I )JG2 (p) 

= J ]t/J(t ;ot+ P)dGl (oc) dG2 ( f ) 

=f J t/f(t; v )dG1 (v - f) JG ( f' } 

= j l/J (t ;v)dG(v) 

··e 1~.ot.~ :-. .!1at in r,L<l~ s~;ateLent of t';is t •t'ol'em, i .c 1 

tc. • :~..:ur., /)1 is r '1, ti lV olo.J··d, c• V<::.' re·:J_UirGd t.• "t 

Hl··•H2 (><) { F(x;c<.)d(Gl··G2)(".)hold "or t',o v>tir · mixinp c , 

·t.t· r r:nt CO.., lt.i..·J JS · r'(;: ; • ...; ),.!.r 
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