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ABSTRACT 

This paper is a study of low-noise amplification in the near 

direct current frequency range.  The paper is a survey of the prob- 

lem and no "ultimate amplifier" is presented in conclusion.  The 

purpose of this paper is to analyze the problem and to present 

conclusions as to best class of amplifiers to use in this 

frequency range. 

Two classes of amplifiers are considered.  The "chopper" 

amplifier and the semiconductor diode parametric amplifier.  It 

is concluded that the semiconductor diode parametric amplifier is 

inherently the lower noise device of the two.  There are no in- 

trinsic noise sources in this amplifier and noise arises mainly 

from parasitic effects which theoretically can be made arbitrarily 

small.  The use of this type of amplifier at low frequencies marks 

a new and successful application of a device usually associated 

witJi microwave frequencies. 

The first section of the paper is a critique of the various 

figures of merit used in specifying noise performance.  The signi- 

ficance and proper use of the noise figure is discussed. 

The section on the "chopper" amplifier includes analysis in- 

volving both the junction transistor and the field effect transistor, 

The conclusions are that the best overall performance of the chopper 

amplifier results when the junction transistor is used with a low 

impedance source. 

Accepted for the Air Force 
Stanley J. Wisniewski 
Lt Colonel, USAF 
Chief, Lincoln Laboratory Office 

111 



A.   INTRODUCTION 

The purpose of this paper is to present an analysis of low 

noise amplification of near DC signals.  There are two main 

approaches to the problem; direct or DC amplification and am- 

plification following or associated with up-conversion.  Direct 

coupled amplifiers are the most straightforward, but unfortunately 

suffer from large amounts of unwanted thermal and 1/f noise 

associated with semiconductor devices.  This paper will consider 

the more complex "chopper" amplifier and the parametric converter 

as solutions to these difficulties. 

During the couse of the initial analysis it became convenient 

to consider several extensions and side topics.  In conjunction 

with the discussion on chopper amplifiers, a comparison will be 

made between the junction transistor and the field effect tran- 

sistor with relevance to noise performance.  In addition, an 

attempt will be made to present the analysis of the parametric 

converter with sufficient detail to enable someone with little 

or no knowledge of the device to gain some understanding of it. 

Also, as an introduction to the subject, the paper will be pre- 

fixed by a general discussion on low-noise amplifiers. 

1.  The Noise Factor 

Noise in a two port can be represented by a series noiso 

voltage generator and a parallel noise current generator at 

the input of a noiseless equivalent two port. 

.«■MMk. 
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- |v    =4KT(Af)R  r^t'n SOURCE        s \J\ n 
NOISELESS 

TWO 
PORT 

Fig. 1,   Equivalent model of a noisy two port 

This noise representation is appealing because the voltage (v ) 

and the current (i ) are independent of the source resistor. 

As will be seen, other methods of representing noise performance 

can be conveniently expressed in terms of these noise generators, 

The noise performance of an amplifier is commonly specified 

by means of the noise factor (F). 

F = 
S./N. S.,S = signal power in, out 
i  i i' o    &   l ' 

S /N N.,N = noise power in, out 
O  O 1 ' o l 

(1) 

The noise factor gives a measure of the deterioration of the 

input signal-to-noise ratio caused by the amplifier.  It is thus 

an indicator of the ampliiier's ability to act as a low-noise 

transducer between a source and a load. 



N     S.     N 
F -  0  x   ^  ^    0.. 

i     o     i 
;  G = gain of the amplifier 

F  output noise to referred to input 
input noise 

4KT(^f)R + (v +R i ) v '   s    n  s n 

4KT(M)R 

F = 1 + 
v"^ +R2  i2 + 2yR, n    s   n     /  s \ 

"7 ~2 
v  i n   n 

4KT(^f)Rc 

y =  correlation coefficient 0 - y ^ 1 (2) 

There is nothing sacred or terribly fundamentel about the noise 

factor.  It is simply one of the several ways of specifying noise 

performance.  It can bea particularly useful noise criterion when 

used with understanding.  However, like most figures of merit it 

does not tell the whole story. 

The most important consideration in assessing noise perfor- 

mance is the output signal-to-noise ratio.  The noise factor, 

however, normalizes the output signal-to-noise ratio by the in- 

put signal-to-noise ratio.  When the input signal-to-noise ratio 

is fixed, (the source resistance is specified) the noise factor 

is a reasonable measure of noise performance.  Vhat is, minimizing 

the noise factor, maximizes the output signal-to-nolse ratio. 

However, if the source resistor is considered a variable, the 

noise factor ceases to be meaningful noise criterion. 
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~5 
vf» 4KT(Af)R s s 

SIGNAL 

SIGNAL 
4KT(Af)R 

INPL     'JIGNAL-TO-NOISE 
RATIO OF NOISY   SOURCE 

SIGNAL 

1' RSRP 

SIGNAL 

V R 
SIGNAL   P 

R. + Rn S      p 

NETWORK  WITH ADDED 
PARALLEL RESISTOR 

S' V2 

_i   =        SIGNAL 
N.'   '  4KT(Af)RI. s     p 

INPUT SIGNAL-TO-NOISE 
RATIO OF THEVENIN 
EQUIVALENT  MODEL 
OF NOISY SOURCE 

OUTPUT 
SIGNAL-TO- 
NOISE RATIO 

S' 
o 

N' ,R +R ,R +R >2 R +R 0 ^H-v-HM ^^nV^ry^f-v^) 
Fig. 2. Illustrating the deterioration of noise performance 

accompanied by adding a parallel resistor following 
the source. 



s o V signal 
■ (3) 

4KT(Af)R +v''"'+i::'R2+2yR 
^   "    n   s        fa\ n v  i n  n 

It is not hard to see that the optimum value of the output signal- 

to-noise ratio occurs for R =0.  However, a little checking will 

reveal that the noise factor is infinite.  The apparent paradox 

results from the fact that the noise factor is only a measure of 

an amplifier's success as a low-noise transducer.  It is not a 

measure of overall noise performance (amplifier and source).  How- 

ever, the noise factor can be very useful when matching an ampli- 

fier to a source as noted above. 

The same argument applies to the problem of transferring 

power from a source to a load.  The r,.easure of this is the trans- 

ducer gain (power out to available source power).  In the case of 

zero source resistance, there is a maximum amount of power trans- 

ferred to the load but the transducer gain is zero. 

2.   Lossy and Lossless TransformatAons 

Consider adding a parallel resistor R between the source 

and amplifier as shown in Fig. 2.  This transformation on the 

source has the undesirable affect of lowering the signal to noise 

ratio.  Lossless transformations, however, can sometimes increase 

the signal-to-noise ratio. 
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F =1 + 

2 . „2.2 ,0  /   2.2   p 
v    +R    i    +2/v    i    YR 

n       s   ,n v    n   n '  s 
4KT(Af) R, 

prior to adding the transformer.    Now choose 

n,\2 
JL{J]   «K 
-5 \n,/ s .2 ^'2 

to minimize the noise factor 

after adding the transformer 

yn,x2 

(fe) 

V W 
4KT{Af)RsM)  +2vn

2(l +r) 

F =1 +2 
4KT{Af) R 

= 1+2 
4KT(Af) 

Fig. 3.  Illustrating the improvement in noise performance 
accompanied by matching the source to the amplifier 
with a lossless transformer. 

-IT-- 



When given the problen of matching an amplifier to a source 

the best amplifier will have H  (as is easily de- 

rivable from the noise factor txpression in Eq. (2)).  Consider 

an amplifier where 

^J 

-2 
n 
— /  R .  A transformer can theoretically 

be used to match the amplifier to the source.  Since the trans- 

former is lossless (ideally), the input signal-to-noise ratio 

stays constant throughout the transformation. 

The process of adding the compensating transformer is illus- 

trated in Fig. 3.  The noise factor obtained after adding the 

transformer is, in fact, the lowest possible and corresponJs to a 

perfect match of the amplifier and source.  This optimum noise 

factor could also be obtained by adding resistors between the source 

and amplifier to "match the source to the amplifier."  As was 

seen before, however, this will cause the output signal-to-noise 

ratio to increase rather than decrease. 

In certain instances (core loss and poor frequency response) 

transformers may be impractical and means other than direct source 

transformation may have to be invoked to the achieve minimum noise 

figure.  Possible alternatives are varying (v ) and (i ) through 



-w— 

N2 =G1G2F1KT{Af) + G2(F2- 1) KT(Af) 

-available noise output power 

F2-l N, 
Neq=F1KT(Af)+-^r  KT(Af)=-^ 

'1^2 
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G,   ^ = available gain of amplifier 1, 2 

F,   2 =    noise figure of amplifier 1, 2 

= available noise output power referred 
to input of amplifier 1 

F^ = 
Neq      F2-l 
- — =F, +-4^- 12  KT(Af) 'r1 71 

= noise factor of cascade 

Fig. 4.  Noise factor of two cascaded amplifiers, 

+Available power gain is defined as the ratio of the power 
output if the output of the amplifier were matched to the 
available power of the source. 



design changes in the amplifier and/or actually changing the type 

of amplifier to suit the source (using field effect transistors 

rather than junction devices for example). 

The size of the signals the amplifier handles is another 

consideration in noise performance.  The output signal-to-noise 

ratio will obviously be affected by the output signal range and 

the closeness the average signal is kept near the limits of this 

range.  This is the i.^sue that sets the upper limits on the 

amplifier's dynamic range. 

3.   Cascaded Amplifiers and Noise Measure 

The problem of noise in a multistage amplifier is usually 

simplified by the fact that if the first stage has sufficient 

gain, the total noise figure of the amplifier will be essentially 

that of the first stage.  (See Figure 4.) 

An interesting question arises as to which amplifier to put 

first in a cascade assuming the gain of the circuit to be the 

same regardless of the order of placement.  A reasonable criteria 

might be that the amplifiers be arranged such that the cascade 

noise factor F^. is < F.^ 

For the example 

V1  .  „     V1 
F
l + -^- < F2^ 

Frl   F2-l 
1—2- 1^-- -1TJ- F, - Frt <   

1~     2 

(continued) 



-V 

F -1  F -1 

(VI) - &2-V   <-\ ^   ' 

[F^I] [i - ^] - CF.-I] n - i] , 

FT-1      F9-l 
_L— < —i   . (4) 
1    1       1    1 

These expressions have been called the "noise measurei: (M) 

of the associated amplifier .  The implication is that for a 

cascaded system of amplifiers, when the earliest stages are 

obviously most critical, the best amplifier is the one with the 

lowest noise measure rather than noise factor.  Furthermore, 

when operating under the premise that amplifiers are supposed 

to provide gain building blocks without adding excessively to 

the noise of the system, the noise measure is a more satisfactory 

criteria.  Since noise measure and noise factor are essentially 

the same for amplifiers with high gain, the final performance 

evaluation of a practical multistage amplifier always rests 

numerically upon the familiar noise factor criterion. 

In the following analysis, the problem of designing low 

noise multistage amplifiers will be reduced to that of designing 

a low noise first stage in light of the above comments. 

10 



B.   CHOPPER AMPLIFIER 

As mentioned earlier, direct current amplifiers are generally 

unsatisfactory due to large amounts of thermal and semiconductor 

1/f noise in the pass band of the low frequency signal. In other 

words, the noise and the signal look the same.  The choppper 

amplifier is a practical solution to this problem. By multiplying 

the signal by a high frequency square wave, the signal is up- 

converted or modulated out of the region of the thermal and 1/f 

noise effects. The chopped signal is then amplified and demodu- 

lated with the overall result of a low-noise amplified version 

of the input signal. 

It is relatively simple to build low-noise transistor ampli- 

fiers above 1 kc since the power density spectrum of transistor 

noise is essentially flat.  I will take the view that no noise 

is contributed by the chopping device and that all of the noise 

is essentially due to the first stage.t 

The square wave must be at least twice as high in frequency as 
the highest signal frequency. 

+ 
This approximation can be a very bad one especially if semi- 
conductor devices are used for chopping.  I expect to show,how- 
ever, that the parametric  converter has a lower noise figure 
than even the idealized chopper amplifier. The approximation 
serves to limit the scope of the work to the primary issue 
of amplifiers. 

11 
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A Junction Transistor First Stage 
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R      r 
S X 

£>. 
xw ^V 

^ 

Fig. 5. 

The small signal model for the junction transistor is the 

low frequency* hybrid 77 model.  The emitter resistor is included 

for completeness sake and will, in fact, be removed in the 

final analysis. 

Noise in the junction transistor comes from that noise 

caused by the base and collector currents and thermal noise due 

to the base resistance.  The biasing resistors (Rh) and the 

emitter resistor also contribute thermal noise.  The noise due 

to the load is not considered for purposes of calculating the 

noise performance of an amplifier.  In a multistage amplifier, 

this noise will be reflected in the noise figure of the second 

stage. 

f ^ 25 kc defines "low frequency" in this context 

12 
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r^Mr 
e«       '. 

■O—w* 

Noise Model of Transistor Amplifier 

'b = 2^Af) 'b 

I,2 = 2q(Af) I 

Schottky's fheorem for shot noise 

ee = 4KT(Af) Re 

eb = 4KT(Af) Rb (    Nyquist's theorem for thermal noise 

ex=4KT(Af)rxj 

Fig. 6.  Noise model for junction transistor amplifier. 

Each of the noise sources in the model can be regarded as 

independent.  Hence, we can quaciratically add their effects at 

the output and refer them to the input as an equivalent noise 

voltage generator in series with the source resistance. 

13 



5 r RT Voltage  V     R 

amplifier 'in   s b 

output 
noise    v 
voltage 

. ., _ 2  ,—%      —2.r 
gmr7rRL       J 

-2 rCy/y+wyRe gm
r

ff
RL,2 

+
  :Lb     L     OftK//R^)+r„+r +g„r R,      ' b'     s7     TT     xT6ni n  e 

H   r,   RS g  r  RT 

(5) 

Output  noise voltage referred to  the  input 

 2 —rr    (R //Rj+r +r +g  r R    2  R +R.   2 

4   2   /v  s       b'     x    77  &m 77  e^    ,  s    bN 

e(l    C  "       ginr77 

K  jy -n   R +R 

b 

g r = B = current gain, (6) 

It is quite apparent that the emitter resistor not only 

lowers gain, but greatly reduces noise performance.  For R 

sufficiently large (g r R >>(P '/R, )+r +r ) it will be the limiting 
ill 7/  L.       O     U     A   7/ 

factor in both the noise voltage and the voltage gain. 
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Setting R = 0 by removing or bypassing it and recognizing 

that r »r greatly simplifies the noise voltage expression. 

 „ R 2       R 
v    = 4KT(Af) [^ + r + -|] eq R^    x   B 

+ 2q(A±)-| [Rs
2 + 2Rsrx + rx

2J 

2   R       R +  2 ilgL-  [ s  + 2  s + ^    f (7) 
qIc   Rb     Rb 

2 
This equation can be separated into terms dependent on R  , 

R and R  .  The coefficients of the R,, and R  terms are the s     s s      s 

parallel noise current source and the series noise voltage source. 

The coefficient of the R term is the average of the product of 

the noise voltage and noise current. 

-—IT T ? 

7^    - 4KT(Af)rx+2q(Af)^ rx
2 + 2 I^L. 

c 

17    . 4KT   W«   +   2q(M)  ^ +   2 i^    ^ 
D 

(Af)   ,   O^A-PN   ^^   .   0(KT)2 
FIT = 2KT ^^ +  2q(Af)   -^ +  2 

qIcRb 

^ = ^7 - R
s
2 ^7+ 2 v; Rs    • («> 

The previous equations and the voltage gain provide criteria 

sufficient to design a low noise junction transistor amplifier. 

It is immediately apparent that a high current gain (B) and low 

base resistance (r ) are necessary for a low noise junction 

15 



transistor.  Also, the base biasing resistor R, should be as 

large as bias stability allows.  There is not much else that can 

be said without knowledge of the source resistor and values for 

the constants and transistors parameters appearing in the noise 

voltage equation. 

Taking values from the 2N930 for r and B and typical values 
A 

for the circuit  resistors: 

rx - 250 

Rb = 100K 

RG = 10'1 

^c 
gm  KT 

B = g r_ = 400 
m If 

r - 10 (9) 

For  Ic =  10 ma 

"Z 

=  8.2 x  10"24  Rc
2 +  4 x  lO-22  R 

s s VST 

+  2.58  x  10 
-20 

F =   1 +   4.9  x  10"* R„  + -jj- 
-4 „ 1.55 

-i- . 
s 

^ 

n =  56 f> 

TT =   (WCT;)     4000 (10) 

16 



For  I    =  1 ma c 

r-2 

-^j =  9.66  x  10"25 Rs
2 +   8.65  x  lO"23 Rs 

+  6.25 x  10 -19 

F =  1 +   5.8  x  10"5 R    + hJL 
S *8 

s s 

n 

~2 
8000 n (ii) 

For  I    = 0.1 ma 

v =  2.46  x  10 R/ +  8.55 x  lO"*0 R 
eq s s 

+  2.5 x  10 -18 

F =  1 +   1.48  x  10"° R_  + -3 „ 250 

O        /     50K  . 
VT       vbüKTR s s 

40 

—2 

=  3.3 K (12) 

17 
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As can be seen, the collector current can be varied to make 

the amplifier compatible with a range of source resistances.  How- 

ever, the constraints of the device together with the voltage 

gain limit the extent that the junction transistor can be used 

effectively with high source resistance. 

2,  A Field Effect Transistor First Stage 
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'gd 

GO 

SO- 

^C 
g« 

-OD 

Fig. 7. 

The junction field effect transistor is characterized by 

such a high input resistance that at frequencies above 1/10 cps 

the input impedance is essentially capacitive. 

The small signal model can be simplified using the Miller 

approximation for handling the drain-to-gate capacitance. The 

result is an unilaterial model with an t.cfective input capacitance 

Ct = Cgs^Cgd ^n/W + 1>- 

18 
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G O 

+ 
vie. 

s o- 

-O D 

Q v m 

-O RL« r0 

Fig. 8.   Simplification of F.E.T. transistor small signal model 
using Miller approximation. 

Since the field effect transistor doea not depend on carriers 

injected across a potential barrier for its operation (as in a 

junction transistor), there is no shot noise to speak of. The 

only shot noise is a parasitic effect due to the very small amount 

of gate leakage current. The principle noise source is the thermal 

noise in the drain-to-source channel. This can be expressed in 

the current by a current source i^ = 4KT(Af)g 'Hef. 2) in parallel 

with the output current generator. 

I—VW 
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i =4KT(Af)gm 

e =4KT(Af)Rn 9 9 

ee =4KT(Af)Re 

Fig. 9.  Noise model for F.E.T. amplifier. 
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Again the "emitter" resistor is included in the analysis 

for completeness.  The noise model is probably a bit simplified 

but it will serve to get a ballpark estimate of the noise per- 

formance of the field effect transistor. 

Each of the noise sources is statistically independent and 

hence their effects can be added separately at the output. 

Vin ReRe
Cts 

T^ = Rs + Rg + gill in       e   Bm e+-L 

T   . (Re+VCts Input i +  e g L_ 
Impedance "m e+ 

of Amplifier 

" VKg " "a « C^W 
and 

Voltage Gain  Vo     Rd ,  gmRL , 
of Amplifier V" " F^; (g^:T) 

Re+Re << ÜIW     • (13) 

2 
vo = 1 

Voltage "me1 0 "g^^'s &m"e 

Output        7^7^»2   .VL,  7^+r^r
Rs ?,gmRL ,2 

Noise vo      h   R
L   

+ (g-H-Kr)   ee   + eg ^innr5 (g-XTT) 

Equivalent            2                 g R +1 2  B +R    2 R    R 
Input Ncse        vpn'

s = i."5  ( m e    ) y_J i)   .   e^r s gs 
Voltage                    e^           d         Km             ^T e    ^T^3 

„     2 

+  eg        ^ • (14) 
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Again the "emitter" resistor has a pronounced effect on the noise 

performance of the a Dlifier.  It is slightly less important in 

the F.E.T. than in the junction transistor since the transcon- 

ductance (g ) for the field effect transistor is typically much 

less than that for the junction transistor.  However, it is still 

undesirable and should be eliminated either by removing or bypass- 

ing it with a capacitor.  With Ro = 0 the noise voltage expression 

simplifies to: 

ve ~ = 4KT(Af)gm (-V^)  + 4KT(Af)R ( ")   .      (15) 
q m gmRg g Rg 

v 2/3 

gm = gm  ^ " ^   ^ V
D 

= pinch off voltage o       p       p 

V = gate voltage  .     (16) 

From these expressions, it is evident that low-noise high- 

gain operation results when g is large or equivalently the gate 

voltage (V ) is biased near zero volts.  The gate biasing resis- 

tor R should be as large as possible. 

Let 
-3 

gm = 10  mhos 

Rg = io6 n 

RL = 10
4 Q (17) 

21 



v    2    =  1.66  x  10"26 R 2 +  3.32 x  10"23 R eq s s 

+  1.66 x  10"17 

jm =  1.66 x  10 
-26 vn 

'   '(MT =  1.66 x  10 -17 

v  i       =  1.66 x  16 n n 
-23 

\ 

n 4 —      = 3.3 x 10    n (18) 

.-6 10' 
F=l+10vRs + -lr 

V in6       10 
0 -   f     10     > 

VI 10 ^R^ 
(19) 

For R    =  10    0 

F = 1 -i- lo"7 Rs + ^- 

=     10" 0 

^n 

(20) 

The conclusions are inescapable. The field effect transis- 

tor has very little current noise and hence is ideal for applications 

22 



where the source resistance is large.   The junction device is 

inherently a higher gain device than the F.E„T. but after the 

first 20 db of gain, the issue is essentially that of noise 

figure.  Therefore, at high source impedances, the field effect 

transistor will make a better first stage than the junction 

transistor while at low source resistance, the junction transistor 

is better.  The best overall noise performance in terms of the 

highest output signal-to-noise ratio results when a junction 

transistor is used at low source resistance. 

C.   .ARAMETRIC CONVERTER 

Any amplifier can be considered to be a modulator in that 

the input signal causes variations in the energy flowing from the 

amplifier's energy source.  If the amplifier's source is direct, 

as in the case of a transistor amplifier, the output is ideally 

a replica of the input.  Depending on the nature of the ampli- 

fier, it may exhibit gain or loss.  On the other hand, if the 

energy source is not direct, but is an alternator, referred to 

as a local oscillator, the output is not a replica of the input, 

but occurs at a different frequency than the input, and conse- 

quently, the device is called an up-converter, down-converter 

or mixer.  TMs shift in frequency occurs because signals of two 

different frequencies, other than zero, are applied to a non- 

linear element.  These frequencies are sum and difference com- 

binations of the applied frequencies.  Again some of these de- 

vices exhibit a gain or a loss depending on their nature. 

23 



A non-linear reactor can be used to effect gain producing 

up-conversion.  Consider a non-linear capacitor that is pumped 

from an alternatinj? source.  The non-linear capacitor can be imagined 

as replaced by a linear time varying capacitance.  This in turn 

can be replaced, at least conceptually, by a linear capacitor with 

movable electrodes. 

3-65-4155 

Fig. 10.  Pertaining to the discussion of a reactance converter. 

Imagine that it is possible to p"ll the capacitor plates 

apart and push them together at will.  Suppose each time the 

applied voltage goes through a positive or negative movement, 

the capacitor plates are suddently pulled apart.  Work is done 

in separating the charge on the two plates.  The energy goes into 

the electric fields existing across the plates. The capacitance 

is reduced and since V = ^ the voltage is amplified.  Each time 

the voltage goes through zero, the plates are suddently pushed 

back together again.  When the plates are pushed back together, 

there is no charge on the capacitor and no work is done. The net 

result is amplification of the voltage across the capacitor, and 

24 



the flew of energy being from whatever pumps the plates  into 
3 

the fields of  the resonant  tank. 

A reactor circuit usually contains several tuned resonant 

tanks. 

RESONANT 

g2      RESONANT   AT u.. 

JW\r 

FILTER 

1 

FILTER FILTER 

C1 (2u,0) 

-^1  

-# 

C2(2Wo) 

3-65-4156 

RESONANT 

Fig. 11.  Four frequency reactance converters. 

There is no phase restriction on the tank circuit that existed 

in the one tank circuit.  The variable capacitor serves to couple 

the three resonant tanks together.  If a signal voltage exists 

25 



across one of the tanks at its resonant frequency, a voltage will 

develop in the other tanks at their resonant frequency due to the 

mixing action of the variable capacitor. 

In general there are an infinite number of frequencies that 

are excited in a pumped reactor circuit.  As mentioned earlier, 

they correspond to the various combinations of the pump and signal 
4 

frequency (nüju+noth) .  Manley and Rowe have derived two indepe ident 

expressions that relate the time average power flow at different 

frequencies in a non-linear reactor. 

= 0   W  is the time average mn 

cc 

L 
m=0 

CO 

n=-00 

W m     mn 
mo^+ncÜQ 

ES 

L 
n=0 

W n mn 
mwj+ntÜQ 

power into the device 
at angular frequency 

= 0   mWi+nH)- (21) 

The relations reduce to an identity for a linear reactor 

since time average power can then exist at only one frequency. 

The relations are independent of the detailed slope of the non- 

linear characteristics and the external circuit to which the 

device is connected.  The only restriction is that the non-linear 

characteristics be single valued.  The relations are quite useful 

in considering the gain and stability of non-linear reactor circuits, 

In practical circuits, power is allowed to exist at only a 

few frequencies by filtering out most of the frequency components. 

If the circuit is constrained to have only four frequencies as shown 

above, the Manley-Rowe relations become quite simple and open 

26 



to interpretation. 

W10 ,  Wll _ Wl-1  = 0 

^1 + W0+C01  'Ü0_C01 

wio   -wll   -wl 1 

woi       -wii ^1-1 or _2± = (—i^)+ (—i-^)   . (22) 

(-W ) = power out of reactor. 

W,- = time average signal power input. 

W01 = time average pump power input. 

The first equation states that the power delivered to the 

load at the sum frequency reflects a positive resistance or loading 

effect at the signal frequency while the power delivered to a load 

at the difference frequency reflects a negative resistance or re- 

generative action at signal frequency.  The second equation states 

that power delivered to the load at both the sum and difference 

frequency reflects a load at the pump frequency. 
(-w )+(-(w1_1)) 

G = power gain =  w  
w10 

1 + -— 
^O+^l        Wll 

w1  -  ^Q^l ^1-1 

^o-^i ^ 
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As can be seen,a possibility of infinite power gain occurs 
Wll      Wl-i if   =  — .  This condition is actually one of potential 
^O^l    WQ-^ 

instability. It is interesting to note that the previous conclu- 

sions were made without considering a specific circuit configura- 

tion.  This illustrates the utility of the Manley-Rowe equations. 

Non-linear capacitance amplifiers and converters have been 

used primarily at frequencies well into the microwave region. 

However, they have an important and largely overlooked applica- 

tion at frequencies near dc.  With the development of high capaci- 

tance varactor diodes, it is feasible and practical to build low 

frequency reactance converters. 

The advantages over conventional chopper schemes for low- 

noise dc amplication are numerous.  Because the basic transducing 

element is a capacitance there is no inherent noise source.  Noise 

comes primarly from parasitic sources such as inductor loss and 

series diode resistance and can be made quite low by careful 

choice of components.  Furthermore, amplification is intimately 

associated with the up-conversion and consequently only one stage 

is needed for both conversion and amplification. 

The low frequency reactance converter has to be at least a 

four frequency circuit.  The sum and difference sidebands are 

essentially the same frequency for a high pump frequency (~455kc). 

I will consider a low frequency, four frequency reactance conver- 

ter and develop expressions for voltage gain, power gain, input 

impedance and noise figure. 
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The circuit to be considered is essentially the Texas 

Instrument RA-5 reactance converter. 

PUMP0 

3-65-4157 

OUTPUT 

TUNED TRANSISTOR 
AMPLIFIER 

Fig. 12.  Texas Instruments RA5 reactance converter. 

The diodes in the bridge are back biased by the series 

batteries.  The trimmer capacitors are used to correct for 

differences in the diodes and to create a controlled imbalance 

in the bridge to provide a pump signal of proper phase to act 
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as carrier for the sidebands created by the input signal.  This 

allows the modulated wave to be peak detected.  The analysis of 

the amplifier presented in tne Appendixes A and B is more general 
5 

than that presented ir. a paper by the designer, J. R. Biard. 

Although a specific amplifier is being analyzed, the circuit con- 

straints on the low frequency converter are stiff enough that the 

analysis can be said to apply to the class of low frequency 

parametric converters. 

The small signal circuit is essentially a two tank circuit 

with the output tank tuned to the pump frequency and tne input 

circuit designed to short out the pump frequency. 

3-65-4158 

VSIGNAL 4=CG 

w 
g = INDUCTOR LOSSES, 

if       1     0   SERIES DIODE LOSSES, 
1 LOADING OF  THE 

TUNED AMPLIFIER 

Fig.   13.     Small signal model of reactance converter 
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2       2     2 
g    +w0 C2 3o2 _1     g 

vl - Wi    2    2 ^2   
e   WTAN \r2> 

go  -^0 C2 

2       2„  2 

g^       'n   Co 

-1   C00C2 

o 

V„  = V/OKC,  -A7    0„  L    eJcfl2; vn   q = Voltage across  the out- 
g     -Wo  Co Put   tank  at   the  sum' go ~w0 "2 difference frequency. 

2 (oj C ) C 
Yin = -^^W   2

0 ^ 2 
);^ = co^^,0)3=0)0-^ 

so "^O  2        Y.  = input impedance 

at signal frequency. 

Y = gs + Yin = gs ;  v(t) - v1(t)    . (24) 

(See Appendix A for derivations.) 

Excess noise in the reactance converter arises from two 

main sources.  The first is the result of the presence of noisr 

currents in the output tank and the mixing action of the second 

harmonic component of time varying capacitance.  The noise current 

comes fro/1 thermal noise associated with the losses in the con- 

verter. 

'Capital letters when used for voltages and currents refer to the 
complex amplitudes jf complex time functions.  Also, since the 
frequency of the input signal is not preserved in the output  sig- 
nal, there is no true voltage gain.  The gain of the device will be 
the ratio of the magnitude of the complex amplitude of the output 
signal to the input. 
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Fig. 14.  Noise circuit of low frequency reactan ce converter, 
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i^ = 4KT(Af)gT gT = S0-gL  (portion of go due 

to losses in the converter itself.) 

= 2q(Af)I sat Diode leakage 

= 4KT(Af)Rc Source noise voltage 

2  2„ 2 
go +^0  C2 

^o2-w02c22) 

—2 

Output noise voltage due to 
mixing action of second har- 
monic component of time vary- 
ing capacitance with the 
thermal noise currents. 

(25) 

(See Appendixes B and C for the derivations.) 

The second source of noise is due to the presence of diode 

leakage current.  Since the diode is common to both the input 

and output circuits and the shot noise has a flat power density 

spectrum, there is shot noise currents in both circuits.  This 

shot noise has negligible effect at the output tank due to the 

presence of much larger thermal noise currents.  However, it is 

an effect at the input circuit, 
2 

eq + 2q(^f)isRs   Equivalent input 
noise voltage. 

e(l   (    r y 
2 4KT(Af)gT + 2q(Af)IsR s s (26) 
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There is reportedly no significant x/f noise down as far 
6 

as 1 cps. 

For purposes of this analysis, the noise bandwidth is de- 

fined as the bandwidth of the input signal.  This is reasonable 

since noise at frequencies other than which overlaps with the 

signal frequency can be filtered out.  Furthermore, this gives 

a standard by which the three different types of devices dis- 

cussed in this paper can be compared. 

F = 1 + —L-^  2 !l + f ^  IsRs (27) 

Hci> 
7 

Blackwell and Kotzebue have computed the coefficients of the 

harmonics term of the time varying capacitance in terms of the 

time average capacitance for different types of diode junctions. 

Assuming an abrupt junction diode with Cn = 3 x 10-  fd.: 

C0 = 3 x 10"
10 fd.;C1 = 1,5 x 10"

10 fd. 

C2 = 6 x 10~  fd„; a)Q= 3 x 10 rad/&ec. 

Using the value of g. in the chopper amplifier and extra- 

polating from the data on the Pacific Semiconduccor standard 

varicap V100 for gT and Is: 

-4 -5 gL = 10    ;  gT = 10  mhos 

I = 10"11 AMPS (continued) s 
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F = 1 + |° + 2 x IG'
10 

'2,3 
(28) 

40. 

A further improvement in noise performance can be realized 

by eliminating the second frequency component of time varying 

capacitance.  This can be partially done by determining the cut- 

put tank from passive resonance.  The best way is to pump with 

a squ.. ^ j wave, since a square wave is devoid of a second har- 

monic component. 

The result is that there are no second frequency component 

of capacitance at all and the first frequency component C, will 

be made larger.  The gain due to the negative resistance effect 

will disappear but so will the same amount of noise.  However, 

the regular up-conversion gain is increased (conC1) without a 

proportionate increase in noise.  The next result is an improve- 

ment in the output signal-to-noise ratio. 
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II 

3-65-4160 

c[v(t)' 

V{t)^ 
*► t 

V(t) = PUMP VOLTAGE AS A 
FUNCTION OF TIME 

Cfvit)! = NONLINEAR CAPACITANCE 
"  AS A FUNCTION OF VOLTAGE 

C(t) = NONLINEAR CAPACITANCE 
AS A FUNCTION OF TIME 

Illustrating the effect of pumping with a square wave 
on the harmonic content of the time-varying capacitance. 
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APPENDIX A 

DERIVATION OF IrfE VOLTAGE GAIN AND INPUT IMPEDANCE FOR 

PARAMETRIC CONVERTER 

Consider the general class of four frequency reactor con- 

verters represented by the schematic diagram. 

3-65-4161 

^O 1? 
2 

■vw- 

■w*—IJ 
A 

c1 V 
■^ 

C2(2cu0) 

•tf- 

u2 = % + wi 

w3 = "'o-^ 

Fig. A-l. Four frequency reactance converters. 
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The three filters are short circuits to all frequencies outside 

their respective passbands. Therefore, voltages can exist only 

at three frequencies (w, ,ü^,üJO) • 

The non-linear capacitor has a charge-voltage characteristic 

q = f(v).  The pump will bias the capacitor at some (q,,v..).  The 

capacitor can be represented about this "operating point" by the 

relation 6q = fCv,) 6v. 

f. (v) = £gXl   . (A-l) 

Now f'Cv.,) may be thought of as an equivalent linear time 

varying capacitance with a fundamental angular frequency 00 

f'Cv,)  ~ E Cne^o ; C_n= Cn* 

öv(t) = I  ^e^n* + V* e "^n*) 
n=l   n       n 

o 

6q(t) = E (Q e H* + Qn* e ^V)    .        (A-2) 
n=l  n n 

The time varying charge 6q(t) exists at frequencies no; +C0, 
o—- 1 

_co<n<oo#  However, the voltage öv(t) can exist only at three fre- 

quencies so although 6q(t) exists at many frequencies power can 

flow only at three frequencies.  For this reason öq(t) will be 

considered only at the three basic frequencies. 
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öq(t) = 6v(t)  L   Cn e 
n=-oo 

jncut 

C  = C -n   n 

Q3* '0 

0 
Cl 
C
+l* 

c
+l* M 

co V2 
C

+2*j v * Lv3j 

(A-3) 

I = jcüQ I = -jwQ* 

M r^ico +JW1C1* jw1c1' Vl 

^ = j(02C1 Jw
2
co jC^Cg • V2 

L^tJ -JW3C1 -^3C2* -JCü2C0 73*J 

(A-4) 

Thus, we have characterized the non-linear capacitor in terms 
a 

of an admittance matrix.  H. E. Rowe takes up the topic of 

three frequency reactor circuits where either the sum or dif- 

ference frequency is shorted out.  It is well worth reading 
9 

prepertory to the four frequency analysis.  D. K. Adams starts 

with the above admittance matrix and does a general analysis of 

the four frequency reactance circuit.  His analysis is much more 

general than which is to be presented here because he is not 

forced to consider the sum and difference frequencies as 

essentially the same frequency. 
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The capacitance of an abrupt junction varacter diode C(t) = 

rr f 

If 

1 + Vac^o 

Vac " V C0S V 

V0 = magnitude of 
reverse bias. 

Vac = alternating 
applied voltage. 

C(t) = / 
o ^1 + a COS w t 

a = 
^ 

(A-5) 

Hence, C(t) is an even function of time and all of the 

fourier coefficients will be real.  Furthermore, since 01.40;, and 

a)0-a>, are essentially the same frequency (w«) and (ojo) in the 

admittance matrix will be replaced by (w ). 

Also, including the circuit input admittances yields: 

l0 

ho 
•r 

"^"iW +JCü1C1 JwlCl V 
120 JU;0C1 (JWoC0+Y0) 

-•HC2 

J<o0C2 

-™oco+Yo_ 

• Ad 

V3*. 

(A-6) 

Now, setting I20 = i30* = o and solving for the input 

admittance and voltage gains; 
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0  = 
^0  -   (Y0"^0C0)[HClVl+(Y0+JW0C0)V2+Jw0C2V3^ 

0  =   I 
30     =  jW0C2[-^0ClVl-Jw0C2V£+(Y0*-^0C0)V3^ 

V2       -J^C1(Y0*-.Jco0C0)+co0
2C1C2 

^Y —— — 
I Y0+JabC0 |    -u0

2C2
2 

(A-7) 

0 

^0   =  •jW0C2[jaj2ClVl+(VjüJ0C0)V2+Jw0C2V3*] 

l30*   =   (V^0C0)[-JW0C
1

V1-^0C2V2+(Y0*-^0C0)V3*J 

V3*  _  J%C1(VJ^0C0)+(00
2C1C2 

V^0C0 \2WC22 
(A-8) 

10 

1 
= ^r.,v. .rHci<-Hco^\^ i-o^r^i^i1 

Y
0+J-0C0 I' - -02C22 

+   ^.//HC1<V^0C0>+H) C1C2] 

1 V^0C0 I"  - H)2c22 
(A-9) 

Yo =  -J 
^ 

L   +  go        ;        Yl  =  J^C 
1"G 
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Now setting Y
0 +  JCüQ C0 = go   ;  -iy— = WQCQ.     That   is,   the 

output  tank   is being tuned to  the pump  frequency.     This  is  a 

practical means ox   realizing  the  filters  in Fig.  A-l, 

V2       -Jco0C1go +  %\C2 

^T C "  ^\2 

^3_ = JW^o +  ^0ZciC2 
Vl P-  2 2

P 
2 

1 go     -  ^ C2 

10       Y .      ,r    r 
2HC1>ZC2 

^o    -  (abC2) 

(A-10) 

3-65-4162 

g = INDUCTOR LOSSES, 
0   SERIES DIODE 

RESISTANCES, 
LOADING OF NEXT STAGE, JTC. 

0,(2^) 

Fig. A-2. Small signal model. 
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Let V(t)   = v COS cüit   .     Also assume g     » Y.        ; .". v(t)s:vn (t) . \  / ^ &s in     ' 1 

V. V COQC,   ^ 
to2 +   (a)0C2) J02  e 

go2 -   HC2)2 

v*      r       \ 0 
V    aJ0C1    A_ ^  2 +   (^)2  e^2 

grt    -   (coriC0) U0~2J 

(A-ll) 

(Or =   TAN -1   ,  gü 1      wnCo J    +   TAN"1   (-1-1) 

vo(t)   =■■ Re 

I     2   '    ' "2 

V Cü0C1 J (e +e ) 

go2  "   HC2)2 

vo(t)   =  2V co0C1 

g0 + (^c2) 

go2  -   (w0C2)2 

C0S(wüt+(P2)C0S co-j^Ct) 

(A-12) 

It is interesting to note that the input acmittance is com- 

pletely imaginary.  This indicates that the loading effect of 

the sum frequency was just counterjalanced by the negative re- 

sistance effect of the difference frequency;  VL, = W. , , 
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For a conjugate match at the input, we would have the condition 

of infinte gain predicted by the Manley-Rowe equations. 

It is also interesting to note the negative resistance 

effect caused by the second harmonic component of time varying 

J0 C2 
2 2 capacitance.  I± g   is less than or equax to ü;n C9 an unstable 

situation results. 

44 

:      .■ ; 



HPPK IX B 

NOISE ANALYSIS 

Initially I wouldlike to solve the voltages V2 and V3 

that result when [ ^ I o} and ^  is considerer] as a ^^ 

Again, going back to the matrix: 

Yi - VMCG    ;    c ^ co+cG 

10 = Jcooci[(JÜJic+gs)v1+Jco1c1v2+jaJlc1v3*] 

0 =   ^0  =   (^lC^s>^^0ClVl-Jco0C2V2(-ja;oC0+Y0*)V3*J 

V      uo<*ici2 + Jco0c2(j(ülc + g ) 

0=1. 

2 72~~ ~Z —       •        (B-1) 
-'Wi     +   (J^C + g^ (Y0*  _jWoC0) 

In  like manner 

Vl     =    _y1C1C2-j^C1(Y0*-jabCn) 

2 
^        (j"iC + gs)(Yo'-^oco)-^ici' 

Setting Y0 + jiUbC0  = ^ 

Ig     _     2JwoVl2V^o2-SC2)2HjWlC+gs) 
^ "" ; ■  (B-2) 

(J^c+g^g^o^c^ 
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(Jco1C+gs)g0-aba>LC1' 

2jco0
2<o1C1

2C2+(go
2-(^3C2

2) (3^C+Ss) 

r3    _ '^fl +jH)C2(j(*;lC+gs) 

2 j Wo
2(o1C1

2C2+ (go
2-u>0

2C2
2 ( j o^C+gg) 

(B-3) 

Now making several assumptions regarding the relative im- 

portance of the parameters in the above two equations: 

(1) j jw^ 1 « g1 

(2) g0gs » ^(^C^ 

(3) C2gs » w1C1
J-ci!1C2C 

(4) gs(go
2-a;0

2C2
2)  » 2to0

2
WlC1

2C2-Wo
2^C2

2C (B-4) 

We have 

V2 ^o 
2 S0 -w0 C2 

3 JW0C2 

^o "^O C2 

(B-5) 
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Now, if I10 = o and I20 = 0 and 1^   is considered as the source: 

-•HC2 
„ 2   2n 2 go -%  C2 

g 

T *     „2   2_ 2 
(B-6) 

Now assume the existance of noise currents in both the sum 

and difference sides of the output tank pass band. 

3-65-4163 

Fig. B-l. Output tank, 
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I will use the relations just derived for finding the voltages 

created by the differential noise currents and integrate over the 

output tank to find the auto-correlation functions of the noise 

voltage. 

<v2s(t)v2s(t^>> = ^s2s(^ = / 

9  Ja,sT 

g 2      ' I2(ws^ e   dws 

<v3s(t)v3s(t+T)> = ^SsSs^) = 

/  2   2„ 2,2 
(g0 -o^ C2 ) 

over output tank 

i ST 
2r 2    I I9(co )!2e W dwS 

^0 C2       2  S 

,2       2^ 2.2 (S0 -W0 C2 ) 

over output tank 

2 
I^CCü )|  is the sum noise 

current power 
density spectrum. (B-7) 

However, we are essentially only interested in a narrow 

region about oün corresponding to the input signal pass band. 

2 2 
Assuming thermal . oise     | ^(Cü )j  = 4KT(Af)gT = i 
due to inductor losses 
and series diode re-   ' 9 —^ 
sistance | IgCw^l  = 4KT(Af)gT -  id 

(con inued) 
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2 g   2 

(g0  -^O  C2  ) 

<V3s^>2>=«3s3s^   =7     ^CL2,2     V 
(go  -w0  C2   > 

2n   2 
2 ,_ ^n  C5. 

(go  -w0  C2   ) 

2 

<V3d(t)   > = ^3^(0)   = 2     V  2,2     ^7     • (B-8) 
(go  -^O  C2   > 

^o2VS2'2 

2        2     2 
 2  2   ?  S-    +a)n    C0  ry 
vd    -  '2d   <"   *  '3d   (f   -       "       "     2 i/     ■   (B-9) 

(g0
2-<o0

2C2
2)2 
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APPENDIX C 

NOISE ANALYSIS OF NON-LINEAR CAPACITOR 

I.   INPUT CIRCUIT 

3-65-4164 

g   = LUMPED SERIES DIODE RESISTANCE, INPUT 
n     INDUCTOR LOSS, BATTERY RESISTANCE 

0(t) = r    (~)I ISAT = LEAKAGE CURRENT OF DIODE 

Fig. C-l. Diode model. 

At signal frequency g^ » a^C and the series resistor 

can be placed in parallel with the diode. 

3-65-4165 

4KT (Af)gn 

.2 „2 
o    n 

Fig. C-2. Noise model of input circuit 
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The principal noise source in the input circuit other than 

the source resistor is the shot noise due to the diode leakage 

current.  The thermal noise current is negligible compared with 

the shot noise. 

II.  OUTPUT CIRCUIT 

rtCU) 

3-65-4166 

Again g    » w-C and the series resistor can 

be placed in parallel with the capacitor. 

SAT 

iCU) 
n        % 

4:C(t) yn    yioss 

a,     = output inductor loss 
noss 

Fig. C-3. Noise model at output circuit. 
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i^ = 4KT(Ai)(gn' + g loss) 

T7 = 2q(M)iSAT  iL
2»i7 • ^-^ 

Now the shot noise is much less than the thermal noise and 

can be neglected.  The diode loss resistor can be lumped with 

the inductor loss resistor.  This sum resistance is the princi- 

—2 pal source of the aforementioned noise currents i  and i, . 

gT=gn + g 

i^ = T"2    =loss—1?   = 4KT(M) gT  •       (C-2) 
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