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ABSTRACT

Previously published graphic and algebraic methods of computing the
maximm number of selvos & surface-to-air missile (SAM) battery can tire
against a crossing raid are revieved, Examination of the nature of an
algebraic approximation shows that difficulties arise vhen considering
targets vhich reach their bomb release point after the point of closest
spproach to the SAM battery, or vhich have lovw velocity vith respect to
8AM velocity. An alternative graphic method ¢® soluticn is suggested,
vhich facilitates locating intercept points vhen investigating an engage-
ment betveen a multi-channel SAM battery and a multiple-target raid.
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X. INTROIUCTION

Reference (a) presents several convenient and videly used methods
for estimating the firepover of a surface-to-air missile (S8AM) battery
against air targets. Coments are offqered here on two of these: omne
algebraic and one graphic. Reference (a) develops formulss for calcu-
lating the maximum possible number of missile salvos a SAM battery could
fire against a single target (or point raid), for launcher-limited and
for guidance-limited cases. The solution given for the launcher-limited
case has general applicability. On tha other band, the formula for the
case in vhich the SAM ship is guidance-limited (or 1 by a "shoot-
look-ghoot" firing doctrine) is exact qaly for the it approach vaid,
In other cases, an approximation is necessary., Difficulty in choosing
s suitable approximation can occur when the SAM ghip lies well off the
raid track, vhen the raid velocity is low with respest to SAM velocity,
or vhen the target aircraft reaches its bomb release point after its
point of closest approach to the SAM battery. The nature of these dif-
ficulties is discussed in section II, belov.

Reference {a) also suggests the possibility of graphic solution for
crossing reids, using a curved track for the 844 'a the x = T e (p.88),
where T is the intercept interval (the time between mtaereeptsgl::d x is
meesured along the raid track. However, use of the x - T plane prevents
full exploitation of the capabilities of the graphic method when considers
ing mltiple targets erriving in arbitrary formetion. Plotting range from
the S2H battery to the target against time, measured over the entire
engegenent, facilitates analysis in more complex cases, and is discussed
in section III.

II. AIGEBRAIC SOLUTION: AN AFPROXIMATION E

In the discussion vhich follows, it {s assumed that the constraints.
of the SAM system ecninst targets of interes: will determine nominal or
expected values for maximum and minimum engag xneot ranges, the time of
first possible migsile launch and of lapst possible intercept, launcher
cycle and guidance-channel switching times, and the speed of the missile.

Let the time between successive intercerts (the “intercept interval") .

be T = g + Bp, vhere g and B are constants characteristic of the SAM systenm,
and p is range from the SAM battery at intercept (fizure 1). In the,
guidance-limited or "shoot-lock-shgg fEse, p # 0, and the intenfept -
interval (T) 1s eE.TOMSTUMNET, 1t tipe of the missile plus & guidance-
channel delay time, or an evaluation tame, vhich mey be incorporated in q.

Let x, be the positicn of the 1* tntercept o the target track, u

the target speed, and (xo, yo) the coopdinates of the point of closest
approach to the SAM ship. Then,

S e — crene s s e sl - ipn .
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From figure 1, 1t is clear that

PTag+ g\/(xt . xo)E + 102 . (1)

Tn case the SAM dattery lies on the raid axis, yono.tnd
!-a'o-g(xt-xo). ‘ . (2)

Using this linear relation, reference (a) derives a formila for n,
the maximm number of missile salvos which can be fired against this
tasget: .

.. g+exl>
108<cwaxu :
e = &)

vhere [z] denotes *he greatest integer not exceeding z, and xl and x , 87e

the x-coordinates of the first and last possible intercepts respectively.
This formila is exact if the raid approaches the SAM ship directly.
Hovever, if the SAM unit is located off the raid axis, use of this formuls
requires choosing an approximation, T', for T which is linear in X,

T a al 4 "xi

T Teeel -x el . ")

For suitable choices of q' and B', then, reference (a) develops the followw
ing approximation to n:




Consider nov the circumstances under vhich such an approximation 1
valid. Equation (&) may be rewritten, if x, fx x, as:

v, Vo1
a' +8'x ya+glx -x)|1e (,1 — ) (6)
0

AR (xi - xo), letting o' = a =$x end g' = g vill provide & good
spgroximation. Then, )

T =a+B(x,

x). (1)
If, hovever, (x1 - xo) ~ ¥, this approximation is unattractive. The

reason for this difficulty becomes apperent upon exemination of the nature
of the functiocn approximated. Rewriting equation (1).

Coj-esde

Thuhahnerbolsinthaxior.plme,vithmymptom

). | (9)-

'!-c:.j;a(xi-x°

Thus, equation (7) approximates a hyperbola by one of its ssymptotes.
Pigure 2 ghovs a graph of equation (8) with 1its esymptotes (equations (9)).
Clearly, approximetion of a branch of this hyperbola by ane of its
ssyzptotes (or by any other linear function) breaks dovn for velues of

X near x . large errors can occur if X <x; hence, the formula should

not be used egainet targets for vhich x <x {or, for vhich the "bomd

releue)point" is reached after the point of clnsest approach to the BAM
bettery

The usefulness of an approximation depends on the effect on n of
errors in T. The difference between the actusl value of n and the value
indicated by the epproximation will depend on the flatness of the hyperbolas
in the ares of interest. Figure 3 illustrates a situation in vhich using
the esymptote as an approximation would result in ar error in n. Choosing
e more appropriate linear approximation presupposes considerable advence
knovledge. Furthermore, different spproximations msy be required for small
changes in the tactical situstion, such as & change in the bomb relesse
line. These difficulties arise if the portion of the hyperbola under cone
sideration deviates eignificantly from the linear. If the 8BAM ghip lies
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well off the mdtmk(yoluﬁ),mnnnurforencobomﬂn
hyperbola and its nearest asymptote, '

T-Tapy, (10)

(vhich occurs vhen x = xo),-can be large with respect to the gecmetry of

interest, and hence cause difficulty in choosing & good approximation.
Further, the possibility of an error in n is increased if the slope of
the line representing the target tzrack in the x « T plane is steep. The
equation of this line 1s: °

’ (1)

and the slope (-%;—-) 1s the inverse of target velocity. Hence, care must

also be exercised in selecting an spproximation for use against slov-speed
ta.taetl. ’ .

ITI. GRAPHIC SOLUTION

These difficulties can be avoided by solving for n graphically.
While the graphic solution iiing the x, - T plans suggested in reference

(a) 18 clearly possible, it becomes quite complicated if an engagement
involves more then one 8AM launcher, one guidince systenm, and ons target.

Further, two targets flying perallel tracks (with different values of Y, )

will require different BAM hyperbelss. A more convenient method of graphie
solution, using one graph for an entire engagement, is based on the followe
ing observations.

Consider a sinzin time sca.le (t) on which the entire history of an
engagenent may be recarded (rather then just the intercept interval (T)). -
Teking ¢ = O\vhenp-y, the target track 4s representedbyx-x = ut,
end, from figure 1,

P ayle x-x)

EARNC (12)
m::.atheeqmtimotatwperbohinthet-pplane. Oaly the

brunch of the hyperbola for which p 18 positive is of interest (figuro k).
If the raid passes over the SAM ship, y = 0, and (12) reduces to




efatala A sk a4 A DALY Bl e T T x 2B BT .

= p FIANE

FIG. &g !m!mxmmi

B a4 A 4 o X A S = 1 -




92 = (“‘)2'

vhich gives the asymptotes of the hyperbolss for vhich y # 0:

’-:“tn

Suppose several aircraft attack at the same speed (u). 1If théy fly
abresst (wave attack), they will differ only in their crossing distances,
’o’ snd their tracks will form a fanily of hyperbolas in the t « p plane,

vith & comnon major axis end common ssymptotes (figure 5). Similarly, in

& strean attack, in which the intruders follow one snotber at time inter-
nis 4, the hyperbolas are of identical shape with their me.jor axes
parallel and At apart on the time scale (figure 6). More complex formations
are represented by combinations of these cases.

If t, is the tine of lmunch of the 3™ misstle, and the time of flight
4 ¢ + B9, then

Tea+pp

-t.ti

{» & straight line in the t - p plane. The SAM salvo track, inthe t - p
plene, is the segment of this line originating on the t - axis and termie
nating upon intersection with the target track. The time (tl) of first -

BAX ealvo launch is determined by such factors es radar detection rangs,
information processing times, and maximum missile range. The slope of
the BAM track is determined only by SAM speed. The gpmeing of successive
8AX salvo tracks along the t ~ axis is determined by launcher reloed time,
!L, or guidance system delay times, TG. A fanily of such segnents repree

senting missile salvos may be compared with a rbolie brench or & family
of hyperbolic branches representing raid trscks (figure 7). The maximm
awber (n) of possible missile salvos is obtained by comnting the number
o 8AM salvo track-target track intersections.

Kote that the single-tarvet, launcher-limited or guidance<limited

. engagement is 8 special case of the duel between a 8AM ship snd & hostils
reid. The most general case consists of mutiple targets, flying different
trecks, possibly with different velocities, catbined with both launcher
804 guidancee.channel limitations. Typically, guidance channel availabile
ity vill govern firepover against targets at long ranges, vhile launcher
gycle timss will limit the number of salvos against tergets at short ranges
(2or vhich missile flight times are short). When the limiting factor




-"

FIG. : - "
5
. m
TRACKS
m
m




"

Tu-mmucsmmu_

T

L-uuncnmc!mmc

“1G. 7: GRAPHIC SOLUTION IN t - p FLANE

Target Track
Maximm |
Range | _ __ _ |
- Bod
Balvo | |
h‘% Tine
I
l/"
™ .l
—r, —4 f— ] ! |




o

r

9

o \

.

AY

‘-

{

H

changes from guidance availability to launcher cycle time during an L

engagement, the formulas developed in reference (a) are not applicable. L

A graphic soiution, such as that showa in figure 7, is posei®™« in all :

cases. The 'riter has found it convenient to drav missile tracks on

& transparen:. overlay, and to drav families of raid tracks on graph .

yaper. This avolds the necessity of redraving reid curves foi use vith H
different SAM systems, and permits rapid examination of the effects of

variations in raid tactics, missile firing dootrine, and equipment. '
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Reforence: (s) M. C. Waddell, "Surface-to-Air Quided Missile Bystems:

g Methods of Tactical Analysis" 4 ics Labors
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