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FOREWORD

This report, Volume II, is one of a series of three volumes, reporting
”’ work accomplished@ under Coniract AFl9(268)-239 initiated in December 1961.

The purpose of this program was to investigate by theory and experiment
© . the pertinent factors influencing the creation, Yropagation and detection of
a type of magne'bohydrodynami;: wave, the Alfvén wave , that could exist in a

' partially ionized, low density medium.

The theoretical aspects of magnetohydrodynamic waves, as might be
& - ’ generated under ionospheric conditions and excited in a simulated environment, B
are investigated in this report. Experimental design and subsequent test
results of wave propagation in three McDonnell plasma facilities, are roported
‘ in Volume III. Volume I of this series provides the reader with a brief '
summary of Volumes II and III.
This program required the cooperation and assistance of many persons.
The chief contributors, in addition to C. D. Joerger, Project Leadér were:
o J. L. Hickerson and E. W. Hobbs for plasma wave theory; T. R. McPherron,
E. S. Thompson, G. L. BElder,and J. L. Walker for experimental design and

execution; ard H. J. Fivel and J. N. Holsen for thermodynamic analyses.
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o . ' 1. SUMMARY

This report is submitted in fulfillment of Contract AF19(268)-239 for the
investigation of magnetohydrodynamic waves. Under this contract McDonnell has
successfully generated Alfven waves in an arc discharge tube and further, has
evidence that this phenomena was also detected in the ionized flow of a
Hypervelocity Impulse Tunnel (HIT). The goal of this program was to determine
by means of theory and experiment the pertinent factors influencing the creation,

<:) propagation, and detection of the Alfvéh weve that can exist in a partially
o | ionized, low density atmosphere. This volume discusses the theoretical studies
conducted during this program to describe plasma wave propagation in the iono-
sphere and in a laboratory generated plasma environment.

The equations that describe the wave motion in a plasma have been treated

\\

by a number of authors; however, solutions are available only for a limited
number of cases, treating ccnditions in which coupling between the ion and the

¥ » neutral gases is either very smeall or very large for the ionosphere, and whereas
for leboratory plasmas the coupling is usually intermediate. The inability to

generate a plasma of even modest size has prevented other experimenters from

trying to scale laboratory plasmas to ionospheric phenomena. The effect of

=

neutral particle damping, which is a major contributor to Alfven wave attenua-

tion in the ionosphere has not been previously studied because of the severe
attenuation of the wave in the experimental facilities (the mere presence of a

large percentage of non-ionized gas rapidly attenuates the wave).

Previous major experimental investigations have treated the thermonuclear f
and not the ionospheric problem. Important requirements for ionospheric
simulation are availability of a facility, large in size, generation of a

realistic percentage of gas ionization, and a low ion neutral collision frequency. &

MCDONNELL ‘ 1
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It was hypothesized that these parameter requirements could be met in the flow
of the Hypervelocity Impulse Tunnel (HIT) under high arc chamber temperatures.

This type of facility had previously been used only for aerodynamic testing
in non-ignized gas flow.

The first part of this volume discusses the theory of plasma waves based
upon a three fluid description (neutral, ion, and electron gases). A general
dispersion équation was derived and then specialized, to enumerate the properties
of transverse and longitudinal waves propagating along and across magnetic field
lines. Additionally, special solutions of the equation were used to describe
propagation in a plasma waveguide and to enumerate the existence criteria for
Alfvéh waves in the ionosphere, HIT, and plasma waveguide.

The complete dispersion relationship for the Alfvéh‘wave was programmed
on an IBM TO94 computer. Parametric data wes obtained for the attenuation
distance and phase velocity of the wave as a function of disturbance frequency,
ion concentration and ion percentage, magnetic field strength, temperature, and
molecular weight. These <olutions were found to agree with the asymptotic
solutions obtained by other authors. For a low frequency disturbance the Alfvén
wave has long attenuation distances and propagates with a phase velocity deter-
mined by the total density of the gas. As the coupling between the ions and
neutrals breaks down, the phase velocity increases to a maximum determined by
the ion density. The computed attenuation distances did not indicate the
increased damping predicted for the intermediate coupling case; instead it
indicated that the phase velocity of the wave increased so as to compensate for
the shorter time of wave existeéce. The range of frequencies for which the
dispersion equation is valid includes the jon cyclotron frequency.

The second part of this volume relates the characteristics of the iono-

sphere to the characteristics of the ionized flow existing in the initial

MCDONNELL 2
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(:} phases of the HIT flow, and describes the properties of two small plasma facil-
ities, an electromagnetic shock tube and an arc discharge tube.

The Hypervelocity Impulse Tunnel can be described as a large nozzle, whose

flow is generated by arc heating a precharged volume of gas, nitrogen in this case.

Two ionized flow regions are present: (1) the shock excited region created by

the initial shock generated by thevbursting of a diaphragm during the arc

heating of the gas, and (2) the initial phase of blow-down flow which follows

} the initial shock.

| The shock excited flow is generated within a fraction of & millisecond of
the initiation of the arc discharge. As the shock travels through the divergent
nozzle it loses strength. Three analyses have been performed to predict the

[ magnitude of this shock attenuation and the available test time. While the

2 i | duration of ionized flow between the shock and the initial gases expanding from

' (:‘ tide arc chamber theoretically lasts a fraction of a millisecond, experi-

- ments have shown that test times up to 2 milliseconds actually exist. The high

temperature low deénsity gas behind this shock is highly ionized.

The blow-down period, with about four milliseconds of ionized flow, provided
the conditions in which the Alfvéh wave experiments were performed. At the
12,000°K arc chamber temperature used, nitrogen is highly dissociated and highly
ionized. The ionization at the throat is principally N* ions. During the rapid
expansion of gas through the nozzle into the test section, the recombination of
these ions through three-body interactions is not realized, and thus the N con-
centration remains intact. On the other hand, the N2+ ion rapidly disappears
through dissociative recombination and does not exist in the test section in the

1 jons/cm’

charged state. Theoretically, ion concentrations pf greater than 10l
should exist in the teat section. As the arc chamber temperature drops,

the number of N+ ions created rapidly decreases and ionization in the test

MCDONNELL 3
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section ceases. Two analyses were performed to verify this effect, a simplified
frozen flow analysis and a non-equilibrium flow analysis using the IBM 7094
computer. '
The two smaller plasma sources used for experimentation and instrumentation
development were an electromagnetic shock tube and an arc discharge tube. The
electromagnetic shock tube creates a moving plasma by discharging a short high

current pulse across a coaxial electrode. A piston of fully ionized hot gas

is propelled down the tube, compressing and heating the gas in front while itself

losing strength. The processes in the discharge and the acceleration of the

’gases are not well understood; however, the high ionizetion can be readily

measured.
Similar to the electromagnetic shock tube is the second facility employed
in these experiments, an arc discharge tube. An arc is struck along the axis
of an evacuated tube, and the experiments are performed while the arc is still
burning. The resulting plasma is more highly ionized than that in the shock tube.
Although the analysis of arc heated gas effects presented many theoretical

difficulties the experiments performed have provided valuable empirical data.

MCDONNELL L
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2. WAVES IN PLASMAS

2.1 INTRODUCTION. - Prior to starting any basic experimental program a
theoretical analysis is required to provide the proper background for designing
the experiment. The most logical starting point from which to launch this
analysis is by a thorough literature survey in order to achieve an‘indiéation
of the existence or non-existence of the desired phencmenon. For this program
a realistic theory was sought, capable of predicting and describing general
flasma oscillations in a partially ionized gas. A review of pertinent litera- E
ture revealed thé’theoretical approach of Lehnert (Reference. .-1) to be the most
suitable, since it}could be adapted to experiments in practically any facility.
In his development Lehnert considered a three-coﬁponent gas consisting of
electrons, ions and neutral particles. By means of the basic force equations
(derivéble from the Boltzmann equation), the continuity equations, and Maxwell's
equations, he obtained a set of linearized equations which he combined, after
specialization, to give a wave equation for transverse oscillations of t§g~
magnetic flux density. Later papers by other authors, notably Tanenbaum énd
Mintzer (Reference 2-2), developed a somewhat more general dispersion relation-
ship, describing the various types of wave motions that could exist in partially
and fully ionized fluids permeated by constant magnetic fields. The directlgse
and adaptation of these works furnished a theoretical background for the |
experimental program.

In the following development a basic dispersion relationship, valid for a
variety of plasma disturbances, and a reasonably general wave equation for

transverse oscillations are derived using lehnert's approach. A discussion of

interesting specializations of the dispersion equation with emphasis on Alfvén

waves in unbounded medie and wave guides is carried out in section 2.4. In

MCDONNELL
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section 2.4.4 the dispersion relationship is reformulated for parametric analysis
by a digital computer. Sections 2.5, 2.6 and 2.7 are concerned with the applica-
tion of tie theory to two of McDonnell's experimental facilities and the_F region
of the ionosphere. The propagation velocity and attenuation of Alfvén waves

for large ranges of parameter velues are derived from the computer plots and

then compared with qualitative curves for the limiting cases investigated by
Tannenbaum {Reference 2-3). In each case, existence criteria, as determined by
theoretical considerations and the computer results, are summarized. Frequency
range, phase velocity and attenuation properties of waves capable of existing

in the three media are examined. The possibility of wave channeling in the
ionosphere is also investigated.

2.2 THREE FLUID DESCRIPTION. - The basic plasma force equations, continuity

equations, perfect gas equations of state and Maxwell's equations can be utilized
to derive expressions for momentum transfer between the gas constituents_and a
generalized Ohm's law. From these equations a basic wave equation can be implied,
and its corresponding dispersion relationship obtained. Following the derivation
of Lehnert {Reference 2-1), a three-component ideal gas of Ne electrons, Ny ions
and Nn neutrals per unit volume is considered. From the basic plasma equations,
the rate of momentum transfe: between the particles and between the fields and

particles is expressed by the following set of relations:

Nome Do Ve = —eNe (B + 7o x B) = Ne i vy (e — 70

— NeMen vy (Ve = V) =V Pe — p, V ¢ (2-1)
for the electron gas,

Nimi Bivi = o Ni B+ x B) = NiMigui (i - Vo)

-~ - (2-2)
: = NiMinvin (vi = vn) = VPj — p; V¢
for the ion gas, and:
Nn mp Sn vn = = NpMpi Vai {vn = vi) -~ Ny M‘“Vno(;: - \-/:) (2-3)

—VPﬂ_an¢
for the neutral gas.

MCDONNELL 6
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In these equations, Ny is the s-particle concentration where s is either e, i
or n, and mg, its mass. The positive charges are taken to be singly ionized
neutral particles with net charge e. The macroscopic average for s-particle
velocity is denoted by vg, and the notation Mg, represents the reduced mass
for s and r-particle interactions. The corresponding "collision" frequency
is Vgpe The scalar pressure and gravitational potential are denoted by Pg and
¢ ’ while E-and.§-represent the macroscopic electric field and magnetic flux
density due to both the plasma constituents and external sources. The operator
Ds is the hydrodynamic derivative for the s-particle gas. Conservatica of mass

and charge is implied by the use of the continuity equations:
dNg

at
Spatial variations in the pressure will be assumed to occur rapidly enough for

+V.(Ngve)=0; s=e, i,n (2-4)

the adiabatic condition for ideal gases to apply. Then:

V'Ps-Cf‘Vps; sme, i, n (2_5)
where:
P5=Nsms
and:
C2= k Tg/m
s Vs s/ Mg

with k being the Boltzmann constant, 75 the ratio fo specific heats and Tg the

temperature of the s-particle gas. Under the assumption of electrical neutrality

for the whole gas:
Ne=N; =N (2-6)
For the manipulation of equations (2-1) through (2-3) it is convenient to
define the following relations:
P = Nnmn
p=Nimj+ Neme = Ny
m=m+ Me ) (2_7)

p‘
P+ Py

R =

MCDONNELL
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o

‘ TeNe (Vi = ve) (2-8)
- - m° -
: vimve Ner i‘
$ -~ - Mo (2-9)
) ve=v - Nem

Ve N (i v; + meval/p
P =P+ Pe (2__10)

The symbol 3 denotes the current density due to the moving charges » irrespective
of the cause of their motion.
L ’ . The three-component gas can now be reduced to a two-component gas, whose

constituents are referred to as the plasma and neutral gas. Substitution of the

; O relations (2-7) through (2-10) into (2-1) and (2-2) yields: A
; ,2 AN [~ mj — (N SN, mj - - 1 mj. -~ ‘,_;’
i ‘Nme De Y+ Yom i)=—-Ne E+v><B,'+T|xB+: Meivei+—m- Menven) i
if :
; - NMenVen<<V —'Vn)—VPe ~pe Vo (2-11)
and
A Me - ) - me-..- - 1 Me -
N m; DiG-{- We-r-n i)-N°<E+vx B>+—m ixB -~ —e-(\dievi°+—m Min"in)‘
Tmma, — NMin vinG - Vn) - VP; - PV (2-12)
O ‘ A A
Adding (2-11) and (2-12) and expanding D, and D; gives:
)
) A MeMmi (o T - - - - -
pDv+ <|-V)-;—-|><B+B|—pa(v-vm)-—VP—quS (2-13)
° where the definitions:
v .l .7
D= o7 +0¥) (2-1k)
O -
b M) (2-15)
8 am :n— (Menven + .nvin

MCDONNELL 8
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Mie m; | Men Min fme
B=— (vei —vig) + — [—m' Ven = o\ ) Vin (2-16)
have been employed. With similar substitutions, equation (2-3) becomes:
N = ——r . e
PnDnVn=-Bi+Pa(V—Vn)—VPn‘Pn Ve (2-17)
vhere:
- 1
a= ;1; (MneVne+MniVni) : (2-18)
= M ?ane Mni [me i (2 1 )
@"c—q,m Vne__'m_:i"ni’ -19
with:
N
q= ﬁ: (2-20)

The action of the operator given by (2-14) on Vv gives the acceleration of
a particular macroscogically infinitesimal plasma element, and is defined by the
sum of the rate of éﬂangé\of plasma velocity at a fixed point in the gas and
the instantaneous rate of chang- of plasms velocity between points of the gas.

The interpretation given to a is that of a mean, or effective, collision
frequency of the plasma ﬁith the neutral gas. Since only the plasma and the
neutral gas are involved, conservation of momentum implies that the collision
frequency of the neutrals with the plasma be equal to a , that is }f= a. ‘ﬁhder
condition; of thermal equilibrium, use of the formulas (B-37) from Appendix B

for collision frequency yields the relations:

Vni
Vin ™ T ;
Yne
Ven = — (2-21)
q
Vei = Vie
Tken noting that: 1 -
M;;‘S - Mnl = ‘2" mj -
M’ .Mn = M,
n e e (2-22)
m=m;

MCDONNELL 9
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expressions (2-15) and (2-18) yield:
am=an~ _'_:_:T Ven"'";_v-in (2-23)
This result substantiates the interpretation of a , since in order to maintain
& non-equilibrium condition, momentum is not conserved unless the disturbing
energy source is included. Only then is a# a.

The quantity B takes on the form of a scalar magnetic field in the center
of mass frame of an elementq;y volume of the gas. With the gas constituents at
thermal equiliﬁrium, (2-21)/;nd (2-22) imply that:

B=pB= Z—%‘(:uen,, - vy (2-24)
Since (2-11) and (2-12) are the force equations for the charged particles of
an elementary volume of the cps, a generalization of Ohm's law can be obtained
by multiplying (2-11) by :—; and (2-12) by Z° and then subtracting the

ep
resulting expressions; thus:

mime 3<_i_>+ mime (—i—;v)—v—+ mime;mi— me) (T-V) (%)=

e2 P esp edp
-_ . = m; —m . — bareed — 1 )
+ VB - —— (ixB) -y (=~ +B{(v=vn)+ — (Mm{VPe — mgVPj) (2-25)
ep p ep

where:

2 ] 2 )3 ] oo

For the conditiondf thermal equilibrium:

miMme Me
7= = [Pt et o vin (2-27)

1
In a three constituent gas the usual resistivity term must include the effects of
mormentun transfer between the plasma and neutral gas, therefore-% is the proper
first order expression for the gas resistivity. It can be argued that, for a
negligible difference in the accelerations of the ions and electrons and small
gradients and rotations of the ion and electron velocities, the terms involving

6(;) and the operator ( Yov) are of no relative consequence in (2-25).

oy
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With these terms discarded, equations (2-13) and (2-25) can be written as;

A = =+

pDv=ix B+ fi-palv - vn) = VP - p V4 (2-28)
— - -B> mj - Mg - = y ( ) mj (VP Me VP) e
E+vxB= |><B+—|—Bv—v —_— o — '

- . n) = o= (VPe (2-29)

If the particle masses are included in (2-11), the result is:

aps
EY "+ Vg Ve=0; s=¢ " (2-30)

The set of equations (2-17), (2-28), (2-29) and (2-30) are sufficient to
describe the evolution of particle velocities and dencities in space-time; and
hence, account foxr the net current density. Maxwell's equations then furnish the
connection between the time varying currents and the general space-time varying

magnetic field produced in the plasma. The required relationships are:

E=——— 2'1
V x 71 ( 3 )
and:

V x B=;L°i+p.°€ a_f (2-32)

where p, is the permeability of the gas, essentially that of free space, and
is the permittivity, assumed here to be a scalar quantity. Except for large
phase velocities of the disturbances in the plasma, the displacement current in
(2-32) makes a negligible contribution to V X B.

As 1s customary in the investigation of complex phenomena, a first order
analysis of the above set of equations will Do be performed. Each quantity is

mathematically decomposed into a constant component, which includes any initial

MCDONNELL 11
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value, and a perturbation, thus:

- = = N
B=B°i'\b

>—’ —— -

E=E°+E’

- T,

i =i +i

- - b (2-33)
v=Vo+v

- -

Vo= Yo+ v
ps=pso+p;;s=e7 i,n
p=pot+p’ )

where all the zero subscripted quantities are taken to be constant in space and
time. Incorporation of (2-33) into 1"ie equations expressing momentum transport

(2-28) and (2-17), the generalized Ohm's law (2-29), the equations of continuity

.

(2-30), and the field and current relationships from Mexwell's equations (2-31)

and (2-32), produces a set of equations, where all second order terms of the

type - v’ and p° are neglected. Thus the linearized
(i) (v Ulp Vv, o === Po
]

equations are::

- - RN 2 , 2 , -
2B T Bt BTL poald _v,,)_<cevpe+ci Vm) (2-34)
Nw, = =™ 2, .,
ProPovi==Bi+pyalv’—vq) - C Vo’ (2-35)
-, > M-Me - y > - = m; 2 me 9
E ’ B = B — - g '.(___ [ ’ -
+v’x Bo v ix Bo + o i-Blv v?{} epc[CeVpe - civa(a 36)
dpg
-” -
aT*PsoV'Vs=° (2 37)
-, -b.' )
VxE'=- a__ (2-38)
at
- - IE”
Uxb ep j+pe — (2-39)

Jat

MCDONNELL ' 12
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In (2-34) and (2-35) the p,V¢ terms have also been neglected, since in
almost any experiment or terrestrial atmospheric disturbance they represent a
constant but insignificant part of the total gas energy. The zero subscript

on the hydrodynamic derivatives means that the variable velocity is replaced by
the constant velocity V.

Since all of the quantities expressed in (2-33) are macroscopic averages and

the primed quantities are hapable of Fourier analysis for any physical case, &

normal mode analysis is justified. This procedure requires all the primed

\ B -
variables in (2-33) to vary in proportion to el @t+Ker) , Wwhere « is the wave

——
vector and r is the directed distance from the oOrigin of coordinates to a point

on the wave front. To be physically applicable, the gas in which such distur-

bances take place must essentially be homogeneous and infinite in extent. Upon

making the above normal mode substitution for the dependent variables, the new

linearized set becomes:

i pg (@ re -\70)-\7’=Tx Be + Bi — poa (T’ —-\7’) - i(C2 . Ci2pi') :

n e Pe (2-50)
V> _ 3T = 2 ,=-
!pno(w+K Volv, =~ +pga(v-vi) —iC P K (2-41)
e ->’ e, mj — Mg >~ —» —
E+v%Bo= v |><B°+__° |—,B(v’—vr;)
.M 2, M 2 )= -
Ps L
—s.=—T(vs’.( ;s=e, i, n (2")"'3)
Pso v K
E’-‘U(Lxxb’) (2-4%)
A
P H f 2 e ot -
,g'_'i ]__<_U) (LKxb’) (2-45)
™ c
MCDONNELL 13
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with:
0.2 (2-46)

K

as the complex phase velocity in the direction of X, or simply, the phase
velocity operator. The permittivity ¢ has been taken to be a scalar whose
va"lue is that of the permittivity of free space, ¢, . Then in the MKS system

the vacuum speed of light becomes:
- 1

Vi €o

In these equations Iy is the unit vector in the direction of ¥; hence: Y
- -K> /,.f/

s *=

Upon introduction of the parameters:

Pno@ ( V°" ’>
. \! + 6

and:

@

]
ﬂlpl

(2-48)

-
4

equation (2-41) may be solved for v; and this result used in (2-40) to relate

T’toT and the p; . Thus:

: S - o/d A+
|p°aG+,|+iFV-— ox 1+ \P =~ |

o f2 , 2, aa 2 N\
-k (Ce Pa + Ci Pt F Cn‘ p,) G (2-49)

In the same manner equation (2-42) becomes:

Box v’ - = Bo x| +

!f.\
- - iFﬁV’ mj— Me o~ o Ba_ — Y 'V'E
1+iF e po

1y

B ! 2., ™ 2 Mg 2 - )
. R R C _— ’  — '
T l:aprf ‘11,\+ iF nPn? ep, Ce Pe m; Ci PiJl ‘« (2'50)
The paraneter % is interpreted as a coupling factorvf\:\etween the plasma and

. Po
neutral gases, since — a is the expected number of plasma-neutral collisions
Pno

per unit time, and -j-’ is the period over which a disturbance takes place. It

MCDONNELL 14
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follows that for % >> 1, the neutrals readily participate in the motion of

the ions; while for %« 1, the plasma and neutral gas retain their individuality.
This interpretation of i«l"- is reasonable for nearly stationary gases, where

|\7°| <<|O| ; but its meaning for the general case 15 somewhat obscure since

the reul part of G is not, in general, the phase velocity of the disturbance.

Using the definitions:

_ (/G 3
S ; p*apo -+ 1+ iF .

. ' .~ (2-51)

equation (2-49) and (2-50) can be written as:

. \& hat et - 2, 2, 2 N\ (2-52)
, ip, |+-7Ur V= Bu T = Box i = ik(C_pg+ Clpf+arC o) T
4 “ and:
i BT g e - W TLE
| oX V' = Byv'= e o X | = o Asl t (2-53)
e . m; 2, Me 2 , Ba 2 .| -
4 | +iK [e.p_o (Ce Pe ™ i = "i>+ @0, CoPal

The density perturbations are related to the current density and plasma velocity
by means of equation (2-43), with the substitutions for Ve and \71’ from (2-9), and

for vy from (2-41). The resulting expression for g, is:

e [‘ i_ﬂ.t;
. po ‘
A ik C Pno ° (2-54)
U@ +ifF) {1 L —

UQ1 +iF)ap,

The starred quantities of (2-52) have definite physical interpretations for

nearly stationary plasmas at thermal equilibrium. For strong plasme-neutral

MCDONNELL 15
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coupling, F « 1, P, becomes the total unified gas density, and B, , the

effective scalar magnetic field, assumes the form:

o

: B, =iFB (2-55)
’ Wwhich is smaller than 8 by Jjust F, thus indicating the reduction in forces

@ ‘ : 5 that are perpendicular to :’_]. X -I;o on the gas elements. Accordingly, the

resistivity of the gas, po A , is reduced in the direction of the elementary

currents as exhibited by:

2 AZ .

. v B (2-56

BoAu = - (2-56)
Po 2P -

For small percentages of ionization:

Vin' Vei < Ven (2-57)
» 7 ‘and therefore: .
3 : ‘ Me Ven 1
/
/ < 0 yo}\* o e - —
§ 2 m; Vi
. Ne o e )(__) (2-58)
. f - Me V‘n
: which 1s essentially:
Me Yen
Hohem =7 (2-59)
e
5‘ L ‘ At the other extreme, that of weak coupling, F>>1 implies that p_is
/ essentially p, , the plasma density, and B, is Jjust B . The resistivity term
|
X! & is the usual scalar resistivity for the predominant electron contribution, »/p, ,
provided F>> (_m:> <V °") , which is generally of the order of unity. In
mj a
this case, o , the scalar conductivity, it is properly expressed as:
2
paee (2-60)
Mea Vei

The neutral gas acoustic coupling is determined by:
1
1+ iF S

0 and hence, for weak coupling, a, tends to zero. This implies that for weak

a, =

coupling, acoustic distr-bances of the plasma do not invo}ve the neutrals,

except perhe.,._, as a dissipation mechanism. The role of 8, in the theory is

MCDONNELL 16
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. G
o quite important since the magnetostrictive pressure, which is responsible for

transverse plasma oscillations, is effective when It-B.ol is significaatly larger
A than |8, + This discussion further illustrates the meaning of F, in that for

¥<< 1 the gas motion is unified, while for F >> 1, the component gases act nearly

: independent of one another.
To facilitate manipulation of the combination of equations (2-33), (2-Lk),

(2-45), (2-52) ,I'J(2-53) and (2-54) the dyadic formalism is employed, and the .

K

) { nonian form of the operators T, i, and l. X 1s utilized, where:
C"K’O L .

Wl

'§o
T = =,
BO lBol
After using (2-44) and (2-45) to reduce E in (2-53), the momentum equation

: (2-52) and the generalized Olm's law (2-53), can be written as:

— s

l (<:1|+¢:|2 LKLK)-T’+(03|+04¢KLK+0 ‘8, x)-p-(u |+c17 B, xX) ;o (2-61)
| Cf and;

i; (c] ‘+C2LKLK+C3I.B°X .V +(c4 +c5‘;<‘ +c6¢ X -|

I -(c I+c8‘x‘/<+ c4B x)-z Eo (2-62)

; vhere‘-I. is the unit dyadic. The coefficients aj and cy are as follows:

| Vo1 |
ap=ap, I+ —— ;,

ot frerinsnt)
oy~ B,
o [ (g . (2-63)
°4'—‘_[T,,' (C.P-o"‘ C.P.o)+— nC PMJ
ag=Bo
-B.+iﬁ-:
4 .

0
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o ¥y
), 2™ %
; N A
e C3 - 05
} Cﬁ-uo
<
‘\ ! LK 2 2 }
i 7 5= 76 iPioj* T ”C,. Pno (2-64)
; agp
§ -
;
‘ mj ~ Me B
C, = - I
A T ] 6 ° po
!
H C7 - e C4
0
’ ; c 52 r]Czp
p 8" = no
- O aagl
| 9%~
where:
Ay
7’-
2
xC_ Pno
14iF) i |
A+iB) W 0T
Equations (2-61) and (2-62) can be more compactly expressed by the matric equation
A Aj|vl (R (2-65)
Az Azg|i”] | Re)
<, '
with the A;: as the dyadic coefficients and El and R-.2 as the constant vectors on
the right side of (2-61) and and (2-62), respectively. It can be shown that the
inverse of the sqmremu'ix exists, an’, therefore, (2-65) may be solved for v
{/‘1 -
and 37 e
MCDONNELL
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2.3 THR BASIC DISPERSION RELATIONSHIP. - From the homogenous form of

equation (2-65), that is,

Ry=Ry=0 (2-66)
a general dispersion relationship can be found. Equation (2-66) implies that
no cons%ant'electric field or cd}rent is maintained in the fluid by external
energy sources; hence: “
) -0 ‘ ‘ (2-67)

_ i R |
With this restriﬂ,;ﬁh, and the definition of v {equations 2-33 with.2-9),

(2-65) can be written as:

T
("

(2-68)

Since the column matricés are independent, the left hand terms of (2-68) must
vanish.separately, in order for the matric equation to be velid. Tanenbaum and
Mintzer (Reference 2-1) have analyzed only the first term. However, from the
standpoint of developing a dispersion equation, either term may be used. If
(2-65) 1s expanded and solved for V) the following resul£ is obtained, when
the inverse of 352 exists:'Ad
By <Ry gz Agy) T (2-69)

Once a base-system of ve~tors is chosen (e.g. the unit vectors of a rectangular
Cartesian coordinate system), equation (2-69) is found to be satisfied only if
certain relationships exist between the ajy and cy of (2-63) and (2-64). These
relationships, taken together, specify a dispersion equation for wave propagation
in an infinite gas of any degree of ionization. This equation will involve w and
x, either or both of which may be complex.

The dispersion equation may be regarded as & jolynominal in either w or «,
vwhichever is appropriate to the physical situation. If a spatial disturbeance
of wavelength:

MCDONNELL 19
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2 .
ra 2L (2-10)
K
is maintained throughout the measuring of propagation characteristics such as
attenuation and propagation velocity, « is real and specified, and therefore, the
polynomial should be solved for complex w . The roots will give' the eigen-

frequencies and associated attenuation time, defined as the time for the wave

amplitude to reach l/ e of its initial value. Since the time dependent variables

it | the attenuation of time r becomes

[ IlmL(a))l (2’71)

If instead of wavelength the angular frequency is specified, the dispersion

are taken as proportional to e

polynomial should be solved for complex «. The roots will then yield the proper
e
wavelength for a given w ; and since the spece »ariables go as o » the

attenvation distance can be obtained from:

1

de ——
JIm (x)]
Should the wave be excited by an energy pulse localized in space, either w or k

(2-72)

may be specified as complex quantities and the dispersion relationship solved for
the other. Attenuation in both time and space will occur. .

The propagation velocity will be the phasevelocity for the first two cases

Just discussed. It is always expressed as:

Re (CD)
Ph = "Re) (2-73)
For small spatial damping, that is Im(«x)<<Re(«x):
Uph - Re ({J\) (2'7h)

In the situation where & localized pulse initiatesn the disturbence, the propagation
velocity of the signal is the group velocity Ugy defined by:
2Re (o) (2-15) !
9 IRe(x) '
Bach frequency component or wavelength will have its own phase velocity, as

given by (2-73).
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2.4 SPECIALIZATION OF BASIC DISPERSION EQUATION. - It is obvious that the

dispersion equation will contain more information than necessary to construct a
reasonably complete picture of the types of waves and their propagation
characteristics. It is also apparent that such an expression would be s tract-

able even for a 'qualitative description of the phenomena. Therefore, it is

"desirable to examine specific cases which, when taken as a whole,yield a good

qualitative description of permissible disturbances. The approach taken by various
investigators is to discuss 10ng£fudinal and transverse wave propagation, under
thermal equilibrium of a stationary gas, perpendicular to and parallel to a
permeating constant maéfiétic field, whose flux density is -I;o. Such was the
approach selected in the investigations. The conditions for which the remaining
«discussions of section 2 are valid are enumerated in the following statements:

Thermal Equilibrium: Tom Ti=Thiam=a, B=F

> == F pnow @
Stationary Gas: Vo= 0; - = Gm— -
a Po® a
A rectangular coordinate system is used, and the ¢, axis is taken parallel to
Bye

With the above substitutions the factors in (2-63) and. (2-64) become:

01 = lopy l

ix 2
0= (2C29° + "Cn Pro)

(2-76)
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and:
C]‘- 0;3 )
= qa

)

c,=a

G

C4-u° A+ i ) | ‘
K(]—U— ‘ } (‘2'77‘)

where:

1’-

N

(A+iF]1+iF N+

1=

2. 2T { e (2-78)

m

ep,

o J

These expressions will now be used to find the explicit dispersion relationships

Q= Ne ~

for the four cases mentioned above.

2.k.1 Wave Propagation Perpendicular to Magnetic Field. - The relation

between the propagation xihtor and magnetic field vector in this cdse is such
that Tk is perpendicular to Tbo . Fof convenience Ik will be taken parallel to

the z-axis. Equation (2-69) now reduces to:

x

w11 Y12 0 j l—v

"o w220 e
0 0 W33: v

MCDONNELL , - 22

fo
=10 (2-79)
0|

Ny

—— -




.
, .
I A < - ~ © e —— . —— o

MHD Wave Investigation  whovensen 1963

Il - theory
‘ where:

. ] L
wi= (o] +99) + 2 {eglegey = 2c4¢g) — [2cq(c3cq) + (g + c2)2 cq+ cgcsli

o
A
1
wig= -~ —2 {,(5:,1'i’+ c2_)(c3c4+ clcé) + ch3c6 -cq(cq+ cs)]l'
C° .
1 S -
w1 =- 5 {(cy + cgllegey — ccg) + cqlegeg + € (cg+ el (2-80)
Co "~
1
wp=ay+ 5 lefegey ~ cgeg) = cjlegeg+ e (eg + cgll
€o
5]
O wg3= 1= o
and:
cz- cyley+ c5) + cg
Equation (2-79) implies the existence of a transverse wave, linearly polarized in
the direction of the magnetic field. Hence:
, waz=0 (2-81)
is required, since,vz’may have any value that is consistent with the linearization
used in deriving (2-65). For moderately strong plasma-neutral coupling (2-81)
can be expressed as follows, vhen the appropriate substitutions are made:
m2 N 02 '
22 22 (l+ i__v_) (2-8e)
@
cr | vhere:
X —.p- Q .',—p ﬂ - ]) a
O fm \ eaf\g2 5
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and “
L | a2. 2 Q+L>(i)2(5) 2

Pq p/\Yy/ \ B

This ig essentialliy, a result obteined in magrneto-ionic theory for electromagnetic

oy

< waves which are altered by the charged particle response to the radiation fields.

Such disturbances can propagate without aticauation when v =0 and w>Q ; bup(
the attenuation is & fairly complicated function of w if v 1s allowed arbitrary
values. For v tending to infinity, the phase velocity operator (u/ k) is real,
and the wave propagation is non-dispersive and unattenuated.

e

The phdse velocity
is ther'eforé" equal to the speed of light in a vacuunm.

The system of equations in the v,“and vy’ components of (2-79) imply a coupling

of longitudinal and transverse disturbances. Physically, this is due to the
charged particles which are moving in the direction of propagation being subjected
to & Lorentz force from the presence of i:,. The dispersion equation is:

wiwag - w2 Wi2= 0 (2-83)
When expanded, this expression is a complicated fourth order equation in k. It
has been amply discussed in Reference 2-1 for very high and very low wave
frequencies, showing that at low frequencies coupled acoustic and magneto-
hydrodynamic waves involving the entire gas occur. As the frequency is increased,
several critical regions are passed, with the oscillations eventually going from
plasme acoustic waves to ion acoustic waves. A qualitative description of the
¢omplicated wave behavior for propagation é.cross the magnetic field is presented
in Figure 2-1, which is reproduced from that article.

2.4.2 Longitudinal Wave Propagation Parallel to Magnetic Field. - In this

instance (2-69) can be expanded to:

v wi O [ o]

~wi2wvn 0 ||y| =|° (2-84)

0 0 wyullvl o
MCDONNELL 2%
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with: © ]
W”‘ - 0‘ - —2 [C,](C]AC4+ C3C6) - 63(C3C4 - '.“I*:C6)]
-, CO
] Ay
wig= —legleyey+ eqcg) + cylegey = eqegll (2-85)
CZ v]
(ey+ c2)2
- A = ———
w3z= a1 +dp catcs .
and:
23+

Again, an appropriate solution exists if:
W33(W$]+'W$2)'o (2-86)
Since the v, component for a longitudindl wave céannot be identically zero,
the requirement for wave propagation becomeé:
waz =0 (2-87)
As pointed out by Reference 2-1, examination of the dispersion equation (2-87)

12

" reveals that at low frequencies the constituent gases unify, and an acoustic

wave with velocity characteristic of the entire gas is propagated. When
© > Max [v;,, vy;] the coupling factor (1/F) becomes quite small for low degrees of
ionization. Hence, two acoustic waves, one associated with the plasma and

another with the neutral gas, are disseminated. As « becomes even larger, such

{
i

that w~w.;, the plasma breaks up. At this point an ion acoustic wave and anz
electron acoustic wave propagate with their separate phase velocities going to the
appropriate acoustic velocities. In the range o <w <w., , the wave velocity
mathematically may exceed ¢ by a considerable amount. This may be interpreted
as a "stiffening" of the electron gas, or a velocity resonance condition. When
the phase velocity of the electron disturbance is greater than ¢ or the
wa;elengths become so short that the continuum assiumptions in the

bﬁsic equations are invelid, the wave cannot be regarded as a physical entity.
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Such conditions exist in part of the range o, <w <w,y »

2.4k.3 Transverse Wave Propagation Parallel to Magnetic Field. - For the

over-all objectives of the program this case is the most relevant. As will be
shown in the ensuing discussions, a singularily important type of wave, called
an Alfven wave ) éﬁxerges. This wave usually prevails for a wide range of
disturbance frequen¢ies. At the higher frequencies o> w.;, the transverse waves
of the magneto-ionic theory come intc existance.

The proper dispersion equation is again derived from equation (2-69). Now,

however, v; must be identically zero, while vx’ and Vy' cannot both vanish. Thus,

from (2-69): N
wir w2 | vx| | ©
11 (2-88)
12 vy | |0
Therefore:
2 2
Wt wip=0 (a-89)
is required. This implies that:
Wi = tiwy (2-90)
If this result is then used in (2-88) it is found that:
vi=tiv] (2-91)

or that the transverse waves are circularly polarized. When viewed along the
normal to the plane of rotation, the plus sign is seen to properly represent a
left circularly polarized wave (LCP), and the minus sign, a right circularly
pc;iarized wave (RCP). Expanding (2-90) yields:

ay (c3‘+ cg)‘ - [(C“C4 + C3c6) ti (C3C4 - c]cb)]‘(c] + ica) =0 (2-92)

After substituting the values from (2-76) and (2-77) and manipulating the

resulting expression, while neglecting (ﬁ/c )2 as compared to unity, the

e

o
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dispersion relationship 'beéomes: P ‘
* , °
(02.!& ud).- us ]ti; “_io a0 (2-93) o
@ ‘

(2-93) s modified to - ‘
<02 £ = U2) 1+ v°) u? (1« -& A (4 +—Vng>-'0 (2-94) |
wé o | 75 + U, ! i B + oA, U !

In these equations: , |
eBo |
l

vl =2 (2-95)
[+

Fo P
These quantities are the modified cyclotron frequency, the Alfven velocity for

a fully ionized gas and the Alfvén velocity operator for a partially ionized gas.

It is the reciprocal of v, , @s it appears in (2-93), that has physical meaning

thus:
] mi— me 1 ]

()

eB, Wi Oce

(]

which is the difference in the time required for an ion and an electron to subtend
UO
-]

one radian of arc about the fo field "lines". In a fully ionized medium is

Just the distance a constant phase point of the Alfven wave moves in the time -]- .
Poa Yo

, and therefore, 1/F>>1, indicating strong

At low frequencies o <«
Pno
coupling. At these frequencies 0. is essentially the total gas density (p,+p,o)

Thus, the Alfven velocity operator is real and becomes the Alfven velocity for

P the whole gas, that is:
8

Yo (2-96)
Vg zpb + pnos
P @
0 When >, the coupling is weak and Ux is complex, then U, 1s the Alfvén
Pno
=
MCDONNELL 28
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velocity of the plasma, and the role of the neutral gas is to dissipate the wave

 energy through the plasma-neutral collisions. It can be shown (Reference 2-2)

that for

(oci ]

] o (2-97)

Vei t Ven

m»man
o
the dispersion equation (2-93) becomes that of magneto-ionic theory for wave
propagation along a magnetic field (Reference 2-4).
Equation (2-93) is the dispersion relationship which determines the
existence or non-existence of an Alfvén type plane wave under the conditions of
total gas neutrality, negligible gravitational gradients and turbuléhce, scalar
gas preésure and small transverse perturbationsﬂqﬁ a stationary gas. Thé positive

and negative signs imply that there are different dispersion equations for left

]

~)

and right circularly polarized plane waves.

2.4.3.1 The Wave Equation for Alfvén Waves in a Partially Ionized Gas. - An

examination of the wave ecuation to which (2-93) applies isweful for several
reasons. A better understanding can be obtained of what combination of basic
parameters (collision frequencies, cyclotron frequencies, densities, etc.) are
effective in defining the spatial characteristics of a wave. The use of the
classical form of a wave equation allows a somewhat easier analysis in situations
involving boundary conditions. In addition Alfvén wave cxistence criteria may
be readily formulated from the wave equation. To derive this equation in such

a way that it explicitly displays the perturbed component of the magnetic flux
density, a directly measurable variable, equation (2-68) is solved for’32 and
(2-45) is used to get an equation similar to (2-68) but in terms of b'. Cou-
bining the restrictions in Section 2.4, which were used for the specialized
dispersion relationship, with the form of (2-88) to eliminate the pressure terms,

equations (2-52) and (2-53) with (2-4k4) and (2-45) can be combined to give:
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where terms in (U/ c)2 and (Vo/U) have been neglected. The complex operator
1: has been replaced by the differential operator V in this expression. If
(2-98) is multiplied by (—a)2) and the operator substitution iw = d/dt

is used, equation (2-98) is found to be the desired general Alfven wave equation.

For plane waves in an unbounded medium, equation (2-93) is the corresponding
dispersion relationship. If an experiment is performed in a cylindrical chamber,
vhere the geometry is such that the radial dimension is sufficiently less than
the length, and the constant magnetic field B, is along the cylinder axis, the
apparatus is referred to as a hydromagnetic (HM) wave guide (Reference 2-5).
Under such circumstances, cylindrical coordinates are used in (2-98), and a
dispersion relatiopship which exhibits discrete frequency modes is acquired from
the usual conditions on a solution to the differential equation. Since nearly
fully ionized stationary gases can be produced in an HM wave guide, the assumption
of a complete plasma medium is warranted. In the next section, a discussion of
the wave equation for a fully ionized gas and a development of the wave equation

for wave guides are presented.

2.4.3.2 The Wave Equation for Alfvén Waves in a Fully Ionized Gas. - Appendix

A is a derivation of the wave equation for a fully ionized gas using the original
approach of Alfve/n; however, it is instructive to examine equation (2-98) in
this case and compare the result with that found in the Appendix. By dividing

(2-98) by the coefficient of its second term and defining:

f
MCDONNELL
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5 \ -
@
= —
u2
2
& Ao
=i » (2-99)
r2 U2
[]
) 2
.3* Uow
g=2——i
B 2
o U*mo J
equation (2-98) can be written as: -
£6" 49 x Ly xlty x Vx b1+ LLTx (Ux 5= gV x [ x (Tx B = 0 (2-100)

After repeated use of certain vector identities and rearranging terms, equation

(2-100) further reduczes to:
b’ - b

- - b,
V(&b -b7) -y (9 x 5 ) (gx —) - £67=0

(2-101)

For complete ionization of a stationary gas, the following conditions exist:

The neutral density g, is zero, and consequently.
a=fR=0

and:
mi“‘e"ei
y =
&2

O
Since F remains” finite:

- ﬂ*=0

ot
A y

oPo

i,
U*=U

(]
Therefore:

g=—i —

D )
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where the approximation m m; has been used. After substituting (2-104),

equation (2-101) becomes:

. -b‘ -" 2
o v, - ab I3) db € - '
= v2bap2o T, ik (9xS2) =i ——Ux o= ¢ pb=0 (2-105)
Dep Dej dz @i dz U’;,‘
Alfvén's result, equation (A-29), can be written in the form:
o v 3%b" o (2-106)
FITAAPT I A
Uoﬂoo az Uo

The assumption that ©<<Kaw, is at least reasonable, if not necessary, when
discussing Alfvén waves; hence, the fourth term in (2-105) may be neglected.
Upon substituting for U, and recalling from (2-60) the expression for the
conductivity, the coefficient of ¥2 B' in (2-106) is seen to be just that of the

corresponding term in (2-105). By expanding the third term in (2-105) it is

found that: N ( 6-!:’>= 20 o at;
X X = r- -
L3 \Gary 322 dz (2-107)
. ]
Hence the terms v2 b;7, andy—2that are present in (2-105), are missing
Jz

from (2-106). For transverse wave disturbances » however, these two terms
vanish, and e¢ither equation is valid. Expressing V2 in cylindrical coordinates

with j, along the wave guide axis, equation (2-106) in matric form becomes

_ M 17
b-l -2 ol o
2 r,260
~ A (2-108)
—2i Q- = 0 bé =10
,r260 r2 -
A 4
i 0 ] Q_ Lbz. Lou
where the operator 6 is given by:
2 2
i a [}
§. =2 o2 — t 5 (2-109)
2 r,0,z 812 U
Uo“oa o
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The electric field E can be expressed by (2-32) with j = oE. For the

longitudinal components, Gould (Reference 2-6) writes:

| . f
‘ s e , ilot-Kg z-n0) (2-110) 1
bz =2 Csn Jﬁn (anr)e =y

1 and > nood
o (ot —K_z = nb) =
T B~ = D_J(Agne (2-111)

|

where Jp is the n-th order Bessel function, Ksn is the longitudinal wave

pumber and I, is related to Ay, by:

2 2[<u°/c)2-‘/€ ] (2-112)

withs U U 1/0 - 0 -
‘ 2 (2-113)
2_9_ | -K2
i 2 Uf(l—C)
AN ‘ 4
{ : O These are determined by the boundary condition imposed on either b', or E’,.

The coefficients Cgpn and Dsn are calculated by utilizing the orthogonality i»
property of the Bessel functions and the physical specifications of the wave
exciter. The transverse b' and E components, which cause the torsional mode,
may be found by first substituting (2-110) and (2-111) into (2-108), and meking
use of (2-112). Rather than using this method, the equations for b', and E';
are used for the discussion of transverse modes for n = O, which is of primary
importance to investigations in the EM wave guide. For Alfveh waves the dis-

placement current is negligible compared to the conduction current. Using

2-113) in (2-112) and discarding the terms Uy2/c® and the terms »2c2, which are
[o]

absent in (2-98), the dispersion equation applicable to the propegation of Alfvén
waves in a wave guide is found to be:
. 2 ;
() A§°+ 0-VHKE, =0 ) (2-114)

for the circularly symmetric modes (n = O).

The solutions of transverse wave dispersion equations for an unbounded
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" nredium and a "hyd.romagnetic wvave guide were considered very important to the

- achievement of the over-all program objectives. It was, therefore, desirable to

A investigate these equations for a wide variety of plasma conditibns in order to
obtain qualitative and quantitative information &s to the existence and proi:aggtion

characteristics of Alfve’n waves in both the laboratory apparatus and the ionosphere.

2.4.4 Parametric Analysis of Transverse Wave Dispersion Equations. - A

parametric study is valuable in analysis when the situation under investigation

% , is very complicated, or when the number and range of parameter values to be con-
sidered is great. Both situations were found to exist when physical inter-
pretations of the dispersion relationships were attempted for the many possible
experimental and ionospheric conditions. For these reasons most investigators
were forced to consider only limiting cases which, while important from a theo-

O retical standpoiat, were not always applicable to experimental conditions. To
fill in the missing knowledge for non-limiting cases, and to compile quantitative
information on transverse wave propagation characteristics for a large range of
parameters and variable values, & program for a high speed digital computer was
written. A summary of the capabilities of this program is presented in Table 2-1.
The computed curves, which influenced the choice of wave exciters and detectors
used in the experimental program, are discussed in section 2.5 for the HIT
experiments and section 2.7 for an ionospheric model. The remainder of this
section is devoted to the reformulation of equation (2-94) that was found suitable

for the computer investigations.

Since the dispersion relations may be considered as polynomials in either
© Or «, they must be formulated in two different ways for computation.
Case 1

0 If the value of « 1is specified, the solutions of the resulting polynomial

in o represent a set of characteristics frequencies which will propagate with the
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TABLE 2-1
COMPUTER PROGRAM SUMMARY
R INPUT ~ EQUA-
‘(IN ORDER DESCRIPTION OUTPUT TION VALIDITY
-OF USE) | - NO.
m;/m,  MASS RATIO m,/mg, _
SIGN. SIGN OF WAVE POLARIZATION S =1: LCP WAVE DATA | 2-93 Kg=0
$=-1: RCP WAVE DATA| 2-93 Kg=0
K LONGITUDINAL WAVE NUMBER (REAL) | K¢ =0: FOUR COMPLEX | 2-112 | INFINITE PLANE OR
TORSIONAL WAVES IN A
@5 ROOTS @-120) [ sTATIONARY GAS (V, = 0)
FOR WHICH 3, << B, AND
o8 <<co
K¢ = 0: © ROOT S 2-115 | INFINITE PLANE WAVES,
TEST=0
K¢ = 0: K ROOTS 2-125 | INFINITE PLANE WAVES:
> TEST =0
v, GAS FLOW VELOCITY v, — :NFIN:)‘I)’E PLANE WAVES,
i Ke =
B, AXIAL MAGNETIC FLUX DENSITY "B, _ s
Pn NEUTRAL GAS DENSITY Pa 2.7
P | PLASMA DENSITY : p 27
C) o ELECTRON-ION COLLISION FREQUENCY]| Vs ' B_37
v ELECTRON-NEUTRAL COLLISION v _
" FREQUENCY ‘ en B8-37
Vin ION-NEUTRAL COLLISION FREQUENCY Vi B-37
(Vm/von) -
3 23 2-95
a 2-15
B 2-24
y 2.27
-, R 2-7
v, 295
OPTIONS:
Vin/von —
V.i/p -
Ven/pn -
R IONIZATION RATIO .
P WAVE ANGULAR FREQUENCY (REAL) TWO COMPLEX x ROOTS| 2-125 | INFINITE PLANE WAVES
(Ks bl 0),
i IN A STATIONARY GAS
(V,=0)
| 0 K WAVE NUMBER (REAL!} FOUR COMPLEX @ ROOTS 2-115 | INFINITE PLANE WAVES
(K, =0)
TEST DISPERSION EQUATION FORMULATION | TEST = 0: 0 ROOTS | 2-115
TEST = 0: x ROOTS | 2-125 _—
MCDONNELL 35
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: specified wave number. In general the characteristic frequencies are complex,
4 the real part giving the real frequency in radians per second and the imaginary
: part giving the rate of decay of the wave in nepers per second.
For plane waves the general expression given in ¢ juation (2-94) may be
! used. This takes the following form, after substituting (2-95), (2-51) and o

(2-46), as restricted in section 2.4, and taking P, and P to have essentially

T e e

their undisturbed values P, and Po

e,

(Ap+iAg x4 (Ag+ i Ag) X3+ (Ag+iAg) X2

_ (2-115)
< where: ' + (A7+ iA8) X + (A9 + iA]O) =0
": X=i(o
g‘«
© ‘ Ay=poogrp
Aqg=0
g D A3=w°r[/4°ap(2+r)+r;<2y]
; Ag=r? Bugog oV, - s &2 B2
!
Ag=wg [(1+1) (g, a2 p-rK Bz)+(2+r)(r;< ay)
2 2 3,2y
; —KT(3[,LPV—B)]+3SBK
f 2a2
; Ag=rl(2+ 1) a 2py wy p Vg k - sk BY) (2-116)

% +w°K2r(2‘sBB°+3K Vo ¥l
A7—K o d(T+na(ay- 32 (2+ )y rapV2+232ra ‘
°
.2 V, (4s kB B, + 32Ve N+ 2s Bg rka Vo 2+ )

- A8=(1+f)(#°pa2l< Voa)o-—Za)orBzVoK sa K 82)

+2(2+7) (uoax3r Vov+ rk? (2 k Vg w0y B2 4+ 35 k2 V2 32

o ©o Po
~Ho o pTK V2+2sw°BB°a)
A9=x2 mo‘[(l +0r K2 B2'VZ ~(24+7r) K2 Vg‘ayr+ 82‘ (a2 - r2 Vg K2)

- 2srx Voﬁaoa]+(‘l+r)a2;<s-BZ v, - sr2,<3 VgBZl
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Ao = k2 Vo log [(T+1) ka (ay - ;32) ~2sB8 B, 12 2 Vo

~‘yl'2K3‘VZ‘+ 2arkx Bc2>+(2+ r)sark2 B°2V°} (2-116)
continued
r= 'po/p
s=t1

for a stationary medium (Vo = O) the coefficients (2-116) reduce to:
A]=yom°r2p
A2=0

Az =g rlpgap(2+ 1) + r k2 y]

Ag=— srx? B2

Ag=wy [(1+10) (g a2 p-r K2 /32) +{(2+0( P ay) + k2 2 Bg] (2-117)
Ag= st k2B _[20, Br —a(2+1) B]

Ay =ax? oy L1+ ay-pA + 2 BI

Ag=s ax? B, [20,r B-a(1+1) B

Ag = a2 k2 Wg Bg @

while for frequencies well below the cyclotron frequency w, » the coefficients

become:
A] =y°f2p

A2=0
Ag=rlp, ap 2+ +ridy)
Ag=3up Pk V,
Ag=(1+ Ny a2p-rx? B+ (240 rklay
-2 12 (3 p V- B2
Ag=r{2upa Vo r (2+71) + 2 r (258 By + 3k V, ) (2-128)
Ay =k2[(1+ 1) a oy~ - py pr(2+ 1 a V24 2821 a
-2V, (dsxB B, + 3x2 V, )]
Ag =k Vo (14 0y pa? ~ 2 B2x%) + 2ar 2+ 0 3V, y

s @15V B2 =y o V31425 8B, a)

= MCDONNELL e 37
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Ag-x2[r(1+r)xzﬁzvg—r(2+ r) xzvgay

A + Bg (a2 - r2 Vg K2) - 2sx VO‘ B BO a) (2_118)
continued

A]o-x2 Vo e (14 r)a(ay-ﬁz) -2s88B, r2x2V0

—yl’zx3 V3+2an< Bg]‘

e et g AT RN FEE

If both conditions are satisfied, that is, Vo = O and w<<e,, , the coefficients
are further simplified to:

Ap=p, 2 p

Agy=0

Agmrlpgap (2+ N+raly)

Ag=0

Ag=(1+ r)(uan'p - k2 32)+ r(2+47) x’2ay+x2 r2 Bg

y C‘) Ag= 2sr2 Kzﬁ B,
Ay=a K2 {1+ Nay - 32) + 2r83]

| Ag=2sax?r BB,

Ag-a2x2 Bg

(2-119)

For torsional plane waves in a stationary gas, equation (2-112), with the

definitions (2-104), (2-95) and (2-60), yields a polynomial in o of the form:
. 2 2y.2
w4_-‘2ly°a c2m3—c2(p302c +A3 +K{)o (2-120)

+i pooc‘(Az +KZ )m+y§azc4U3KZ -0

where the subscript zero has been dropped and U°2/c2 neglected,
By a change of variable from « to X = io , this equation may be put into the

more convenient form:

x‘+2uoa c2 x3+c2(pga2 24 AZ +K3 ) x2

; (2-121
rugoct (A2 +K2) x4 p20? AU2K2 0 )
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having all real coefficilents.
case 2
A If the value of » 1is specified, the resulting polynomials in « may be solved

o WW%
-

for a set of characteristic wave numbers. These also are generally complex valued,

the real part being the wave number, in radians per meter, and the imaginary part

S

giving the spatial rate of decay in nepers per meter.

Rearranging equation (2-120) into a polynomial in Kgo yields the fdm:

; 2 2 442 k2 4 ; 2 3
[c2(a)2_|u°ac m)-uoac4U§] Ks -[w -2Ip.°ac © (2-122)

220224 A2) 024 ipyo A2 w10
‘ which is valid for torsional waves, but restricted to the special case of
o a stationary medium and a frequency .o much less than the cyclotron frequency
For plane waves in an unbounded medium, a rearrangement of equation (2-94)
i C\' with the appropriate substitutions gives:
(Ap+i A k54 (Ag+ i A kb (Ag+i Ag k3
+(A7+i Ag) k24 (Ag+i Ayglk+ (Ayy+i App) =0 - (2-123)

wheres

Ay = s V3 B2

hp=?V3ayy

Ay=35r2v20 B2~ r (140 V20, B2+ r (240 V2wgay+ 2v2 4, B2
Ag=3r2 V20, wy+ 252 V20, BB, = sr(2+1) V2q B2

Agm 33V, w2B2 -2 (141) V, wa, B2+ 2 (2+1) V, wwy ay

. (2-124)
+ 202 Vo 00q BZ -2 Vgaxuo Hop+ 28t Vo wy aB By
~s(1+nV, 4?82
Ag= 3r2 \A w? @y ¥+ 452 Vg wy BBy —2sr(241)V, maBZ

~(1+nV, a)ova(ay-ﬂz) ~2rVywga ‘BZ
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Ay = s 3 Bg— r{1+r) a)z‘coo /32+ r{2+r) w2w° ay

- 3.2 Vg‘wz Wo o P+ 12 2 wq Bg— s (14 1) wa? Bg

22

+2stww,afB B, -0, a

A8-r2w3woy-— st 2+ 1) 0la Bg+ 2$r2m2m°BBo
- (141 woya (ay - B - 2wy a Bg (2-124)

2 continued
+r(2+47) V§ wwgy py pa .

Ag= (142 V, wwg o pa? - 31V, 00,1,
Ajg=2r (2+ 1) Vg 0oy 4y pa
L Ay = (141 020 popa? - o og hop
Apg=r@2+1) o3 Wg lo P
Again this may be simplified for the various special cases.
(a) For a stationary medium, Ay, Ap, A3, Ay, As, Ag, Ag and Ao reduce
C to zero, leaving:
i (Ag +iAg) K2+(A”+iA12)=0 (2-125)
with:
, Ay = sr23 BZ—r(]+r)m2m°B2+r(2+r)0)2w°ay

+r2‘w2m° BZ—s(l+r)wa2‘Bg+2sr w, wa f B,

-, a2 Bg
Ag = 12 3 wgy—st(2+7) wla Bg+ 2 sr2w2w° BB, (2-126)
oo -(1+n wqoa(ay—Bz)—erwoa Bg‘

A”-(1+r)a>2co°u° paz-—r2m4a)°u°p

Apg=r(2+7) m3w°u° pa

(b) For w <<w,,

Ay=0

23
Ag=rtVoy (2-127)

O A3‘=rVZ'[(2~+ NDay-{1+7) 32‘+ ng]

A4-‘12 VZ Bwy+2sBB)
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A5-fV°[2(2+r)a>ay-2(l+r)a>‘}92
‘+2rm82—rvgmuop+2saBBo]

A=V, 132wy + 452V, BB, ~ (140 alay =B = 2raB2]

A7-r(2+r)a) ay—r{l+nNo Bz 3r2V2m Ho P
+r2m‘w BZ+2‘srwa‘/38 —a282

Ag=wlrlwly+ 2520 BB, ~ (1+ 1) a (ay- B
~2raB2+r(2+1) V24 pal

Ag = (140 V, opgpal =312V, 03y p

Ap=2r 2410V, 0?p,pa

A= o2 pypa® = uty p

A'|2= l’(2+r) &)3[l-o pa
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(2-127)
continued

(c) For a stationary medium and w<ko, 8ll coefficients vanish except

C,- A7, Ag, Aj7 and Ay, leaving:

A7=I’(2+I’)u) ay —r(1+ 0w B2+r “’283
+2srw aBBo—ang

2 3y+2sr 2‘/8 Bo—(]+r)ma(ay—ﬁ2)

A8-r
— 2 wa B2
App=0+r) w2p.° pa2‘—r2a)4,,;°p

A]2=r (2+71) (o3y°pa

Three of the above expanded equations, (2-112), (2-115) and {2-

(2-128)

125), were put

into one computer program with the selection of the one appropriate equation

being made part of the input data. Only the collision frequencies are

required to be computed outside of the program.

MCDONNELL

Up to this point considerable effort has been spent establishing a
reasonably firm background in the theory of MHD waves, with the bulk of the

analysis concerned with Alfven waves. The sections that follow apply part of the
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theory directly and part of it indirectly through the results of the computer
studies. Application is g@de to the three pertinent physical situations:
experiments in McDonnell's hypervelocity impulse tunnel, experiments in
McDonnell's arc discharge tube, and disturbancesin the F-region of the iono-
sphere. In each case criteria for the existence of Alfven waves and their
.iropagation characteristics are discussed. |

2.5 ALFVEN WAVES IN THE HYPERVELOCITY IMPULSE TUNNEL. - Section 3.k.2.6

establishes thg plasma environment for the experiments. The various means of
wave excitation and the actual experiments performed are delineated in Sections
4.1 and 7.1 of Vol. III. To utilize the computer results for an unbounded medium,
the experiment instrumentation and tunnel conditions must be such +that the
density, temperature, ionization ratio and magnetic field are essentially constant
over a characteristic distance X;. This distance is established by the

requirement that:

Xo > Uphto (2-129)
where:
ZO
to = Dp_h tim (2-130)

with Zo being the distance from the point of excitation to the detector and t,

the time during which measurements are taken. Assuming this to be the experimental
situation a set of "most probable" conditions was taken as a reference. Quantita-
tive investigations in the six dimensional space of parameters were made about

this set by varying one parameter at a time. These conditions and the associated
primary natural frequencies are given in Table 2-2.

2.5.1 Existence of Alfven Waves in the Tunnel. - Two approaches are taken

here; one involves examination of the computer curves for wave existence, and
the other utilizes a fairly obvious general criterion suggested by Watanabe
(Reference 2-2). For the computer analysis approach only a limited study has

been performed using equation (2-115) for » as a function of x, since the case
MCDONNELL 42
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TABLE 2-2
HIT REFERENCE CONDITIONS
PARAMETER DESCRIPTION VALUE
m,/m, MASS OF N* TO MASS OF ELECTRON 2.55 (104
Pr NEUTRAL PARTICLE DENSITY CORRESPONDING 172 (10~ 4 kg/m?
T0 10-3 ATMOSPHERES PRESSURE

R IONIZATION RATIO, R= —P 10-3

P+ P,
T EQUILIBRIUM TEMPERATURE 103 °k
v, GAS FLOW VELOCITY Vo <<U
B, AXIAL CONSTANT MAGNETIC FLUX DENSITY 10-" WEBER/m?
Ven ELECTRON-NEUTRAL COLLISION FREQUENCY (A-37) 1.14 (107)/5EC.
Vi, ION-NEUTRAL COLLISION FREQUENCY (A-37) 4.04(10%)/sEC.
vy ELECTRON-ION COL LISION FREQUENCY (A-37) 1.03(10%)/SEC.
©q ELECTRON CYCLOTRON FREQUENCY 1.67 (10%)RAD. /SEC.
o, w, = m:f:g =w_; ION CYCLOTRON FREQUENCY 6.90 (10%) RAD./SEC.

for which equation (2-125) is valid more accurately represents
which existed during the HIT progran.

a disturbance frequency is maintained and the spatial progress

The case of interest is

the conditions

that for which

is to be measured.

The computer program for determining the « roots is not capable of handling

moving plasmas, which involve a fifth order polynomial in « (2-123); therefore s

the results portrayed in Figures 2-2 through 2-1l4 are for stationary plasmas.

Examination of these figures indicates that exisience is determined by the amount

of information necessary to at least ascertain the periodicity of the disturbance.

Although a fairly reliable prediction might be obtained by extrapolation of a

detected partial cycle, it is intuitively more desirable to detect a full cycle

of the disturbance before claiming existence.

can be expressed as:

MCDONNELL

This somewhat arbitrary criterion

(2-131)




v

3

REPORT NO. A219
30 NOVEMBER 1963

Il -theory

MHD Wave Investigation

Lo

¥3L3aW ¥3d SNviavy — () 34
oot =0t ‘ -0t g-0t y=0L g0t

o-01

(421 \\

AL

]

SNOILIANOD IDN3¥343¥ 1IH ¥O4 IDNVISIA NOILVNN3LLY

- . e e RETN Hown
At S s 2 ans s - s L e

)

A,
[

¢otL

S¥313W — IDNVLSIG NOILVYANILLY

FIGURE 2-2

<&

MCDONNELL

e SN



MHD Wave Investigation i Novewser 1aes

Il - theory

/
RATIO OF PHASE VELOCITY TO ALFVEN VELOCITY

1 FORH IT CONDITIONS
, 10 ,
§
e 4
%
i
; 10°
-g ‘ w; = ION CYCLOTRON FREQUENCY
' @, = 10N PLASMA FREQUENCY

: | | p

Pt iz

A
RATIO OF PHASE VELOCITY TO ALFVEN VELOCITY
)

1072

1073

A\

1074

10! 102 103 104 105 108 107 10?8 10°

DISTURBANCE FREQUENCY, @ - RADIANS PER SECOND

FIGURE 2-3
MCDONNELL ' L5

T TR TR e

T e




[
G

i

™

oam - 0
-0 i -2
38 »
o.m ¥313W ¥3d SNYIQvy — () 3 m
.N.w ot ‘ ,,,o_ ‘co_ ] -0t z-0L -0l =0l ¢-01 9-0l ol =
MV z-
a©O i
EN
xo
[ 2]
(-0t
o 0o
.._ll = " . oty m
a 5 -0l =d4— L ¢ oL m q
g | ot x n
= 0 : 2
0o o 2
e L =0l =¥ — 5 o
re e o X Q
1
€= 5 s
- m
e oL Ot a
‘ yO!
W g ¢-01 =¥ (0t 0t —,-o0L=¥
— =
J (-0t =38 —1 ool oL=o
D _ A mo—
H () 33 4O NOIIONNL V SV IDNVLSIA NOILVNNILLY NO
M OILVYI NOILVZINOI 40 103443




. A e o e

MHD Wave Investigation

ATTENUATION DISTANCE —~ METERS

RN st o e s

e e e e oy

REPORT NO. A219
30 NOVEMBER 1963

il-theory

EFFECT OF IONIZATION RATIO ON ATTENUATION DISTANCE
AS A FUNCTION OF w

10°

. . r :
B = 1000 GAUSS
: . p
ptpPn
105 : —_—

10
R=10"%

NG

-1

;

10 ‘
R = 0,97 —/

10-2

10-3

10! 102 108 104 10° 108 107 108 10°
DISTURBANCE FREQUENCY, © — RADIANS PER SECOND

FIGURE 2-5
MCDONNELL ‘ 47




: . [
M on ¥ILIW ¥3d SNVIQVY —(¥) 3¥ T %
w_m NG oi ol _ol oL 0l oL o1 o~ :
b <2 t - £ - §- 9- = w
§ . i 0 &
T 3
i i «
¥
| 93
§ vk 3 ot
H Rm.v. L
c !
0
- X
-
| o z
c o
o2 -
-]
o= z
+ 0 ¢01 g M
("3
1] .m 5 0
z .
w - 1 e 8
' 1 “ !
n - 0! (ot m M =
- » > |
ol=0 “ :
e o om i - = 0L =7 — s |
V. 201 _
g £ i
0 |
W ‘ - : oc— _
, ) oL= *
D 9-01 = :QI\WA: ¥ ’ M
! H ot
: M JONVISIA NOILVNN3LLY NO ALISN3IA SVO 1VIiNIN 10 103443
i
£
O ~




D

-

i e B

R

e

B P

MHD Wave Investigation
il -theory

REPORT NO. A219
30 NOVEMBER 1963

EFFECT OF MAGNETIC FIELD ON ATTENUATION DISTANCE

AS A FUNCTION OF RE(K)

10’

104 |-

02 =

ATTENUATION DISTANCE — METERS

0

10°

10-° 1074 103 10-2 10-!
RE (x) - RADIANS PER METER

MCDONNELL

100 10

FIGURE 2-7
L9




MHD Waave Investigation

ATTENUATION DISTANCE - METERS

I{ - theory

REPORT NO. A219
30 NOVEMBER 1963

EFFECT OF MAGNETIC FIELD ON ATTENUATION DISTANCE

. AS A FUNCTION OF w
10

| R=10"3

10 : \\ /= B s00m GAuss
T\ 5

\\\K
]00 B = 500
10~
10-2
Vin v;n
)
1073 e ' o
10! 102 108 104 10° 10 107 108 10
DISTURBANCE FREQUENCY, « - RADIANS PER SECOND
FIGURE 2-8
MCDONNELL 50

i




e e A S IR £ 5

REPORT NO. A219

MHD Wave Investigation o wnoveuser 193

il -theory

EFFECT OF GAS TEMPERATURE
ON ATTENUATION DISTANCE

10°

i, /—T =1000"K
I v
i o
! w
b b= 5
S 10%
j Q ! o
ho w T = 2000°K
% v
4 z
; s
(<IN [} 3
{ a 10
. z
: 5
! [
: S
H z
3 w

-
: -
: <
: 2
? 10

10! ' - '
10-4 10-3 10" 10- 10°
RE (x) - RADIANS PER METER

FIGURE 2-9
MCDONNELL 51




: MHD Wave Investigation  svovemser 15

' il - theory
. v

EFFECT OF MOLECULAR WEIGHT ON
ATTENUATION DISTANCE

10°
w=10°

& 10 10

- At

('}

3 2

| 10 7
o A w 10
o
f E
P 5 103 103
} [«] '
f z . ) 106
A = Ny 10
: 3
N+

& . A
. He
§ -
¢
g 1
: 10
: 10-5 104 10-3 10-2 10-! 100

RE (k) - RADIANS PER METER

FIGURE 2-10
MCDONNELL 52

)




53

GNOD35 ¥3d SNYIAYY — @ “ADNIND3I YL IONvEENLSIA
D 0c» mo_ ‘ vo_ n‘o_. No_ po_ oc—
] no—

I :
11

Ll — ] =1 yOL
i

L

H t—— — jor
| I \
i ‘
.||_||+|\.z‘\..|llll.| CormeTEmEmT T T T
I

\ 1 |

| L - - - - - - - - hon
\ "

1] — — . .
g0t

FIGURE 2-11

L0l PN

REPORT NO. A219
30 NOVEMBER 1963

Il -theory
MCDONNELL

ANOJ3S ¥3d SYILIW = ALIDOTIA ISYHd

SVO GIZINOI ATIVIM V 304 NOSIHVAWOD ALIDOTIA ISVYHd

7,
v

MHD Wave Investigation

o o &

R e S P T - b e P fau i 5 - o 2 SN




g

T

i iote Aoy

A0 L e

MHD Wave Investigation
Il - theory

RATIO OF PHASE YELOCITY TO ALFVEN VELOCITY

REPORT NO. A219
30 NOVEMBER 1963

EFFECT OF IONIZATION RATIO ON PHASE VELOCITY

104
B = 500 GAUSS 1
R=10"
103 U, = 1.0710%) m/sec /
2 /
10 .
//R = 10_3
10!} — ‘
10° / 7/
-1
10
R=10""
R=10"3 /
-2
10 (
/]0" D, ,l"in
s 1 2 4 5 6 7
10 10 10 108 10 10 10 10

MCDONNELL

e

DISTURBANCE FREQUENCY, w —~ RADIANS PER SECOND

FIGURE 2-12
S




s 3R R ISR

O

‘REPORT NO. A219

MHD Wave lnvesfigafionﬁ 30 NOVEMBER 1963

DAMPING FACTOR,

il -theory

DAMPING FACTOR FOR ALFVEN WAVES IN THE HIT

10!
2 /
160 // \
107 2 1 0 1 2 2
10~ 107 0™ 10 10 10 107
an

‘RATIO OF NEUTRAL.ION COLLISION FREQUENCY TO DISTURBANCE FREQUENCY,

(/)

FIGURE 2-13
MCODONNELL 55




MHD Wave Investigation
Il - theory

IONOSPHERIC PLASMA WAVE ATTENUATION vs WAVE

REPORT NO. A219
30 NOVEMBER 1963

o NUMBER
§
T ’ (300 KM ALTITUDE)
! |
10’
% 103
/0\‘04
6 ,
10 ]02 4 ‘ s
| 10
©=1 10 RCP
a , j 108
5 | 10! ‘
“ 10 ’ \
[+ A ,
: ‘ 7
; E { 10
= ‘ 102
4
o § 10
i : C) 2 ‘ |
v ' X A
f 2 | LcP\
; 2 ‘ 2
z N 1.2 (102)
; 2 10 Uph>cC ‘
o ph 2.0 (10%)
: 2 ' 2
. W= 1, 2
i < 02 - 0= 1.23 (109
' 104 ‘ ‘
: 103
. 1 :
- 10
L i 106‘
\ ‘
: 107
i 100
107 10-6 10-5 104 10-3 10-2 10-! 100 10!

RE (k) — RADIANS PER METER

AN
! il

MCDONNELL

FIGURE 2-14

56




e e R AT e

P

G

e A e s, R e e

MHD Wave Investigation  sNovewser 19

il-theory

vhere § is an intelligibility, or sensitivity, factor greater than zero. It
indicates the minimum signal strength that can be differentiated from noise at
the detector system output. For the single frequency disturbances under

consideration 6 is conveniently obtained from:
SO
S

m
with S, being the initlal maximumn strength in space and Sp the minimum detect-

8=In (2-132)

able signal strength. From the relationships (2-70) and (2-72) requirement (2-131)

is found to imply that:

Im {«)

Re (k)

2 (2-133)
= 2

This can be easily met in the frequency range below the relative minimum
attenuation distance depicted in the curves. The criterion then becomes
a)<<Mm[mq,a] (2-134)

From Figure 2-2 it is observed that for éither curve o must be greater than
unity.

Another method of deriving existence criteria is that used by Watanabe in
Reference 2-7. He uses criteria which essentially reduce equation (2-98) to
the form of (2-106), without the first term, thereby transforming it to the
original éQﬁﬁfion discovered by Alfvéﬁ for totally‘ionized gases; Weakly ionized
gases act the same 3in most respects as fully ionized gases, if the coupling
parameter, 1/F, is small. The criteria so developed are somewhat stringent,
since they are a result of requiring the weves to be completely free of frictional
damping. However, if these conditions are satisfied, the probability of
generating a wave is greatly enhanced. Since in the HIT Bg = 0.1 weber/m2 and.
B = 6.3 (10"7) weber/m2, that is, the vector field is much stronger than the
average of the random scalar field, the exiétence requirements in the weakly
ionized gas of the HIT become equivalent to those for a strong field as defined

by Watanabe. If in addition the plasme-neutral coupling is small, 1/F is much

MCDONNELL 57
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less than unity, requiring:
p
@ Z-a (2-135)
This restriction is augmented by the fact that in order to appreciably reduce the
drag of the neutrals on the plasma:

w>>a (2-136)
As was pointed out at the end of Section 2.4.3.1, equation (2-98) can be shown
to agree with (2-106), for plane waves in a fully ionized gas. But in going
from (2-98) to (2-105) and then to (2-106) a demping term:

io ab’

—_— X —
Dcj 9z
was neglected. This is justified provided:
o <Ko (2-137)
The remaining damping term in (2-105) can be reduced to frequency factors by

making use of the relations:

o Ax
and:
F>>1
Then:
iw iwv
UZ B O Dce Dei
where:
me
V=VeitVent 2-rn-‘ Yin (2-138)
Hence the additional requirement:
() @ .
@ << ————— (2-139)
14

must be imposed. Thus, the result of taking (2-136), (2-127) and (2-139)

together implies that Alfvén waves can be generated if « is restricted as

follows:
. Deg Dci
a << << Min o, — (2-140)
MCDONNELL 58
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Inserting the reference conditions for the HIT requires:
4.05 (10%) << o << 5.90 (10°) rodians/sec. (2-141)
The frequency range is seen to occur in the region of relatively small
attenuation distances for the curves of Figure 2-2. But the inequality (2-1&1)
cannot be met under these conditions, and therefore the attenuation in this
range need not be small.
For strong coupling, 1/F<<1l, implying that:
pa

w << — (2-1k42)
Pn 2

[A)
Thus, the results (2-55) and (2-56) are valid. Upon multiplying (2-98) byﬁ

the reduction of damping to & hegligible amountrequires that:

2
28F e (2-143)
B 2,
and: o Ureg
wA, : 4
2 (2-244)
*

where (2-55) has been used for B« . Since for strong coupling and strong field

conditions f<<B,and F << 1, relation (2-143) becomes:

u2 i)
20 << | (2-]""'5)
U* Dej
By making the substitutions (2-95), this reduces to:
P
<< — Dei (2'1’4’6)
Pn
Using (2-56) and (2-95), condition (2-1Ll) becomes:
Po ©
(y~- ﬂ2/a) <<l ‘
) BZ (2-147)
From the definitions of a , 8 and ¥ it can be shown that:
2
— Ky
a
and therefore, (2-147) yields the requirement:
p  Pee i
W< — —— (2-148)
N
where v is given by (2-138). Thus the condition for wave existence is:
W, g Dpi
0cw<< 2 Minle, oy, ——— (2-1k9)
Pn v
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The HIT reference parameters then give the following range for o :

0 < <<0.2 radion/sec. (2-150)
Since the total test time was only about 5 milliseconds, this criterion
coculd not be used to establish the exciter frequency.

2.5.2 Alfvén Wave Characteristics for Tunnel Conditions. - The °

characteristics of interest are the frequency range, wave lengths, phase
velocities and attenuation distances for Alﬁe?x waves that can be generated in
the HIT. Figure 2-2 shows the attenuation distance as a function of the real
part of the wave number for the reference gas, illustrating the difference in
propagation characteristics of right (plus sign) and right (minus sign) circularly
polarized waves. The curve for the right circularly polarized wave (RCP) exhibits
a relative minimum attenuation distance at Re [«]=~ 6.31 x 1072 radians/meter.
Both curves change direction at high frequencies, and eventually, each achieves
a slope of minus one,this having been verified analytically. The second change
always occurs when o is greater than either a« or o, , and consequently, the
coupling factor is much less than L , implying that no appreciable coupling
exists between the plasma and neutrarJ‘. particles. Furthermore, such frequencies
are well above the electron-ion and ion-electron collision frequencies, and

the electrons, therefore, tend to move independent of the much more massive iomns.
Because of the high frequencies involved, this occurs beyond the region where
Alfve/n waves should exist. The wave lengths for the RCP curve soon become so
short, that the curve has no physical realization. On the other hand, the [cp
waves, while exhibiting the long wave lengths associated with magneto-ionic
disturbances, are so rapidly attenuated that they also loose their physical
significance, Figure 2-3 relates phase velocity to Alfve/n velocity for the RCP
waves. There is an inflection point near o, where the wave begins to change its

identity. This occurs far below the ion plasma freq_uean‘mpi which is defined
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N' e2, 1/2
et " ‘;'ﬁ

H For the LCP, Uph exceeds ¢ at a point near o = 2(106)‘radians per second.

in the usual way:

; The result of varying the parameters about the reference conditions is
shown in Figures 2-4 through 2-13. They portray the influence of the parameters -
R (ionization ratio), Py » Bos T and my. Only the curves for the RCP wave are

given since the LCP wave reaches a critical point at w, , and thereafter, its

behavior becomes extremely complex.
Figure 2-4, for a partially ionized gas, may be compared with Figure A-1,
for a fully ionized gas. It is observed that the region of increasing attenua-

tion distance, d, does not occur for a fully ionized gas. The relationship

Hence R = 107 corresponds, approximately, to ry = 10%. The partially ionized

; (:) between.ro,'and R in the figures is:
P ' 106 R
i r, =

i ° 1-R
:

and fully ionized propagation characteristics are thus seen to merge quite
! smoothly. The region of increasing d occurs when the neutral particles pre-
;  dominate. For the conditions considered in Figure 2-4, the neutral gas is Ty

far the major component; it thereby becomes a mechanism for energy exchange with

the plasma. A much smaller attenuation distance results for a given o in

the partially ionized case. In the region of increasing attenuation distance

less attenuation may be exhibited than for the fully ionized medium since not
only is the frictional force reduced in this region, but also the Lorentz force
vwhich gives rise to the transverse oscillations. The increase in 4 beyond the
minimum of @« Or w, then represents a transition from Alfven waves to the waves
of magneto-ionic theory. Here the phase velocity is always greater than the

Alfven velocity Ug, while in other portions of the curves\the phase velocity
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may have almost any value, depending on the degree of ionization. For large
enough o , Uph will always exceed c.

Figure 2-5 summarizes the effect of » on attenuation distance for various
ionization ratios. In this figure the curve for a given ionization (R) crosses
only curves of higher charge concentration. Hence, for all values of o below an
intersection, the wave corresponding to higher ionization has the least attenua-
tion. The tendency for the neutral particles to support and then separate from
the gas disturbance is clearly exhibited in the range w<a.

The resulting of holding R constant at 10-6 and varying p,is portrayed in
Figure 2-6. For the rarefied gases of the upper curves the attenuation distance
is nearly constant over several orders of magnitude of w. The inequality (2-148)

-6
is approximately satisfied for the Pnh = 10  curve. As p,increases, the neutrals

take more and more energy from the plasma motion at low o , and the flattened regions

indicating unified gas motion diminish until at the curve of greatest Pn the

Alfvén wave is practically non-existent. Figures 2-7 and 2-8 show that the effect

of increasing the stationary magnetic field B, is similar to decreasing #p -
Hence, combinations of Pn and Bp in an experiment should be able to satisfy
most requirements for long and constant attenuation distances over a broad
range of wvave lengths or frequencies.

The position of the relative attenuation minimum depends on the value of
a=a(T) « Thus in the curves of Figure 2-9 the minima shift to the right as
the temperature is increased. For fixed o greater than a and fixed wave number,

Re(x), there is an attenuation distance associated with each value of T. In
this region the phase velocity of the wave is independent of temperature, since
multiple particle, and therefore, Alfvéh wave field, oscillations cccur before
collisions with neutrals can introduce particle drag.

In Figure 2-10, showing the effect of molecular weight, curves are shown
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for singly ionized helium, monatomic nitrogen; diatomic nitrogen, and argon. Y
A gas pressure of 10-3 atmospheres has been chosen, so that the gas density
s A (en +p) 1is proportional to the molecular weight.
' “ Over the frequency range 0< o < 109 radian/second, the phase velocity
for a fully ionized gas is nearly constant and equal to the Alfven velocity Ug.
Figure 2-11 shows the phase velocity as a function of anguia.r frequency for the
standard condition R = 10"6 and the fully ionized condition R = 1, with
p = 1.72 x(lO‘lo)‘kg/m3. The curve for R = 10'-6m be represented by a simple
exponential equation.
q{ The ratio of phase veloc*ty to Alfven velocity for changing « is
presented in Figure 2-12 with R as a parameter. Here it is seen that for inter-
mediate frequencies o < 103 radians/second, the phase velocity for waves in a
(—) partially ionized gas is much less than the phase velocity for a fully ionized gas,
indicating the effect of the neutral gas inertia. At the attenuation minima
displayed in Figure 2-4 the phase velocities approach the velocity computed for
a fully ionized gas having the reference neutral density. The phase velocities have

a tendency to attain the same value in the frequency range 103< w<10h radians per

second. All curves for R < 10-6 fall nearly on top of the R = 10-6 curve.
Figure 2-13 depicts the relationship of % to % for the HIT reference
conditions. The quantity_z-ﬁ. is referred to as the "damping factor" by
Tanenbaum and Mintzer in Reference 2-2. Since 2nyf is the wave length for an 'l
Al:f.‘ve/n wave in a fully ionized gas and 4 is the attemwmation distance in a
partially ionized gas, the damping factor provides a conservative lower limit
for & in (2-131). Thus, the detector sensitivity requirement varies appreciably
vith o as portrayed in the figure.

2.6 ALFVﬁ‘ WAVES IN THE ARC DISCHARGE TUEE. - A description of the

conditions prevalent in the arc tube is given in Section 3.4.3.2. This facility
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is an example of an HM wave guide and is similar to the one used by Wilcox et al
(Reference 2-8). A discussion of the existence and propagation of waves in
this device must proceed from the solutions (2-110) and (2-111) of the longitudinal
components of the wave equations for -‘; and -ET Since the allowed values of wave
number K, are discrete, each mode s (corresponding to the s-th zero of the Bessel
function Jg )las its own propagation characteristics. Therefore both existence
conditions and propagation features can be determined from a mode analysis.

2.6.1 Existence of Alfveén Waves in the Arc Tube. - Three modes, or types,

of propagation can be considered - the transverse magnetic mode (TM), the trans-
verse electric mode (TE), and the transverse electromagnetic mode (TEM). The

T™ modes are derivable from Ez’ and are called E modes, and TE mrdes are derivable
from b, and are called B modes. The TEM modes are characterized by both E; and
bz’vani’shing.

Considering first the TM modes for the axial symmetry of the arc tube
(n = 0), putting (2-111) into (2-32) with J=oE and expanding produces:

E;=3 Dy, J, (A pe @ ~Keo?)

N 0V so

’ ] i Kso ( t- K » ) -

(2-152)
b/=b] =0

These arc the principael modes discussed by Newcomb (Reference 2-5). For the
case of infinite conductivity o, ihe dispersion relationship (2-11l4) gives the

following expression for the longitudinal wave number:
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2
2 @
Kso= U-2 (2-153)

-]

In the limit of high conductivity,therefore, Kgo is independent of A,,. Hence
there is no cut-off frequency for this mode.

The TE modes may be examined by substituting (2-110) into (2-31) and
expanding. Thus:

i{ot = Kgy2)

b, =2 Cgy Jg (TN e
s

N (2-15%)
! : i -K,..
b2 2 Cpy ) M08 @ 00

so

b0~- 0

, -iw ilot =K_..2)
E "E?—CSOJI(PSO')° so
'$0

(2-155)
E/=0
In order for K, to be real, implying no axial attenuationm, K502 must be

positive. Therefore:

02> T2 U2

(2-156)

which defines a low frequency cut-off m‘s:o « This existence condition may

impose serious restrictions on the use of a TE mode exciter in an experiment.
Gould (Reference 2-6) discusses an exciter consisting of & current loop coaxial
with the tube as one vpossibility for the TE mode. The cut-off frequency places
a restriction on the radisl dimension R of the tube. If X, is the value of

the argument for the s-th zero of Jo(I',,r) and Aj, the wave length corresponding

to w{, , the requirement on R becomes:

X so

R> — A, (2-157)
For waves to exist in the arc tube, boundary conditions such as those used

to find (2-157) must be met. Wilcox et al (Reference 2-8) have found, experiment-

[
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ally, that j.(R,z) = O for a similar facility. Using equation (2-151), this

leads to the boundary condition:
- 8 i
31 (A R) = 0 (2-158)

On the other hand, Gould (Reference 2-6) puts E/ (R,z) = O and finds that the
J (AR =0 (2-159)
is appropriate. For the TM mode of excitation used in the arc tube, E{ is given

by the expression for & concentric electrode capacitor, namely:

vO

+R’<r<R
E/ = R’ (2-160)

0 ,0<r<R’

where V, is the initial voltage and R/and R are the radial distances of

the inner and outer electrodes from the tube axis. The coeffici,énts D, in
equations (2-151) and (2-152) can be determined from the orthogonality property
of the J, and the above relation for Ef. Substituting (2-160) into (2-151) and

integrating over r from the tube axis to outer electrode:

R Vo R Kso‘
{, e J1 (Aggr) rdr = E, D, (1 --{—)j; T Jy (Mg vy Iy (Ay 1) rdr (2-161)
riln — so
R’

Then using (2-158) and the recurrence relation for Bessel Functions:

I3 (AR = 32 R
the integration yields:
1 iK 2V J_ (A_R) -J (A.,R)
é—z)A“ Dgo=- > — = (2-262)

R 2
so R2A,, |n@ J5 (A R)

Then substituting into (2-152) the value of Dg, obtained from (2-162) gives the
magnetic flux density for the torsional mode which was experimentally investi-

gated in the McDonnell arc tube. The derived result is:
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2.6.2 Alfven Wave Characteristics in the Arc Tube. - For the case of a

strong axial magnetic field B, and infinite conductivity, the field lines are
fixed in the plasma, and the Alfvén waves travel along them unattenuated. In the
case of TM modes there is, in addition, no dispersion. The magnetic field for
the TM modes is tangential, and hence, a torsional wave propagates. For TE modes

there exists a radial component of -'t;,’ causing Ealto encompass the -fo lines. The -

1
attenuation distance - is obtained from the roots of dispersion equation
Tm Kol

(2-114). In the case of small damping of the wave and an Alfven velocity U, much

less than the velocity of light c, equation (2-114) can bs manipulated to give:

2o 0 Yo (2-164)
dSO = 2 2
A2+ Re(KQ))

The value of E5 along the tube axis is Just the z - component of the gradient

\

of the potential V(r,9,z,t), hence:
d
E’ - _V
zZ gz
For given r, 0, and t, this electric field is proportional to the voltage

associated with the attenuated wave, therefore:
dv v
== 1 (2-155)

T
$0
Utilizing the roots of (2-11%), the phase velocity along the tube axis
can be found from:

e . Re (ws) (2-166)
Ph ™ Re (K so)

/ ‘
2.7 ALFVEN WAVES IN THE IONOSPHERE. - The ionospheric region of interest

and its pertinent characteristics are defined in Section 3.2. An altitude of

300 km has been chosen for reference conditions. Two models can be examined,
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an unbounded medium and an array of wave channels. A wave channel model seemc
most reasonable, particularily since there are two wave restraining phenomena,
the magnetic pressure and the ionized gas pressure. The existence criteria are
the same as those hypothesized in paragraph 2.5.1 for both models, but the
propagation characteristics must be considered separately. The conditions for
applicability of the infinite medium model are outlined at the beginning of
Section 2.5. While a discussion of propagation in an infinite medium is
straightforward, the discussion for a wave channel is considerably more complex,
and gnly a cursory examination is presented here.

2.7.1 Existence of Alfven Waves inthe Ionosphere. - Applying the criterion

expressed by (2-133) to the curvesaf Figure 2-15, itvis found that & need

not be greater than unity to detect ICP waves in the range » = 10 to 100 radians
per second. For RCP waves the results are even more favorable. It can be
demonstrated that for very low frequencies, in the VLF band of ® <102 radians
per second, the curves remain together and achieve a slope of minus two as o
tends to zero. This implies that if any portion of the perturbed field can

be detected at these frequencies, the wave will be found to exist according to
the requirement (2-131).

Since By ® 2.75 (10-5) weber/n° and g = 1.k3 (1072°) weber/n® at 300 km,
the strong field criteria of Watanasbe for negligible damping can be used. For
©w>>1.45 (10‘3) radians per second, the plasma-neutral coupling is weak. There-
fore, Alfven waves with o in the range a = 0.85 to Wy = 1.23 (102) radians per
second can be excited by a suitable technique. Considering the case where the
coupling is strong, extremely low frequency (ELF) distrubances occur for any
0<<1.45 (10'3) radians per second. The computed curves of Figures 2-15 and 2-16

begin in the VLF range. In the ELF range the traces are qualitatively the same

“
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0 as those for the HIT reference condition, in the VLF range, Figure 2-2.

2.7.2 Alfven Wave Characteristics in the Ionosphere. - An infinite gas model

i has béen assumed and the conditions at the reference altitude have been used in
equation (2-125) to obtain the curves of Figures 2-15 and 2-16. The attenuation
distance @, while reasonably long even for large « , varies appreciable with
wave number as indicated in the figures. The curves begin in a region of
constant d, which is the Alfve;u wave region for VLF disturbances. This region
has endeé. before w = w, = 123 radians per second for both curves. When o
approaches o, the LCP curve loses its monotonic character. Above o = 10° radians
per second, the LCP curve for the ionosphere has the same characteristics as the
ICP curve for the HIT reference conditions. Their RCP curves are also similar
when the slope reversal for o> 107 is considered. Again, for Alfvén waves y @

is near the transition point.

O

The ionosphere may be represented to some degree by an arrangement of

oaeas mapre

channels, or ducts, whose axes are defined by the relation:

Bg 1 - -
Y o ;o- (B V) By (2-167)

where p is the partial pressure of the charged particles. Equation (2-167)

-

g

expresses the requirement that no net force be exerted on a fluid element,
) that is:

A .

Dv = 0 (2-1%)
(c.f. Appendix A, equation (A-22), without the displacement current). If the
spatial rate of change of B, along an arbitrary flux line is negligible,
(2-167) can be integrated to yield:

82 (2-169)

p+ " = constant
#o

The usual concept of the magnetic field being frozen in the fluid is associated

with (2-169). The right side of (2-167) can be evaluated by means of a magnetic

MCDONNELL 7
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field model such as a dipole, or it can be determined semi-empirically by using
satellite and rocket probe data to evaluate the coefficients in a spherical
harmonic expansion of Bys It is found in the ionosphere that:

2
B (2-170)

p <<
2,

hence, using (2-169), the waves will propagate along lines of constant flux density.
If the phase velocity for the ionospheric reference conditions is examined over
the ELF to intermediate frequency range, the curve of Figure 2-17 results. Up to
©=vpi’ corresponding to strong coupling, the phase velocity is essentially con-
stant and is given by Ux in the limit of F = 0. Between v

and v the

ni in

plasma-neutral coupling diminishes until, at © = vy, Uph = U, for the plasma.
As the transition point or wgy is approached, the Alfveh wave ceases to exist since
it does not propegate or is highly attenuated. For o> o, the LCP wave, whose
velocity curve essentially matches that of the RCP wave when o< ,, continues to
propagate. However, it soon looses its physical identity in that Uph exceeds c,
and the corresponding wavelengths become excessively large. The characteristics
of this curve are discussed qualitatively in Reference 2-2.

In the light of certain calculations and satellite observations, the assumption
of thermal equilibrium in the ionosphere may not be entirely Jjustified (Reference 2-9).
If it is not, the restrictions of paragraph 2.4 would have to be removed. Not
only would the development of the wave equation and associated dispersion equation
be much more laborious, but an additional relationship to account for the mechanism
sustaining the deviation from equilibrium would have to be incorporated. From
Reference 2-9, & reasonable estimate of the deviation puts the electron temperature
at five times the ion temperature. Since the mean plasma-neutral collision

frequency and effective scalar magnetic field are roughly inversely proportional

to the square root of temperature, the effect of the non-equilibrium is probably
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small. The other quantity affected by this condition is the resistivity Fory »

which is inversely proportional to the three-halves power of the temperature

(Reference 2-4). Thus, the resistivity will be somewhat smaller in the direction

- B
of By

FIGURE 2-17
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3. THE LABORATORY PLASMA ENVIRONMENT

3.1 INTRODUCTION. - Prior to and concurrent with the theoretical study of
wvaves in plasmas, theoretical and experimental investigations of actual plasma
environments were conducted in McDonnell's laboratory facilities. Consideration
of the HIT flow field properties originally suggested the possibility of simulating
ionospheric ccnditions and conducting plasma wave expériments. A knowledge of the
ges conditions in terms of constituents, total gas density, temperature, loni-
zation and flow velocity and an estimate of the gas turbulence was essential to
the selection of the wave theory. Since numerical estimates for the important
parameters involved in the wave theory were not avaeilable, a considerable amount
of preliminary experimentation was necessary. The result of these experiments
was the development of both a theoretical model for the HIT and the necessary
instrumentation for plasma wave investigations. Parameter values which could
not be measured directly were obtained by utilizing the HIT model.

Before Alfvén wave experiments could be sensibly performed in the shock and
arc discharge tubes, quantitative results from the HM wave guide theory were
required. Again the problems of parameter estimation and appropriate instru-
mentation arose. Preliminary experimentation was performed in each apparatus,
and a literature survey was conducted in order to establish suitable models.
Application of the models to determine the parameter values of the theory resulted
in certain changes in the two devices.

The remainder of this volume is devoted to the description of the plasma
environment in the HIT, the electromagnetic shock tube and the arc discharge

tube, with the particular goal of determining the extent of their similarity to

tne ionospheric environment.
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The generation of a plasma environment, the control of that environment, and
the accurate measurement of the plasma conditions are active areas of present day
study. These investigations have largely neglected the study of plasmas for
simulating ionospheric conditions because of the particular difficulty of scaling
the size, ionization percentage, and low gas density. As far as Alfvén wave
experimentation is concerned, the only published data has been obtained in liquid
metals and nearly fully ionized gases, none of which can be easily related to
ionospheric conditions. This section therefore details the theoretical considerations
which were necessary in designing the plasma environments, and in determining their
plasms characteristics.

Section 3.2 outlines the general characteristics of the ionosphere which were
to be simulated, including the important gas and magneto-ionic conditions and
the method by which each of these parameters was derived. Section 3.3 discusses
the impdrtance of various paremeters for the experimental study, and Section 3.4
treats the methods by which these parameters may be generated.

The major theoretical activity in the development of a laboratory plasma
environment was the study of the ionized flow in the hypervelocity impulse tunnel.
Such a tunnel had not previously been used specifically for its ionized flow, thus
a major effort was required to predict the ionized flow conditions. The results of
this study indicated two highly ionized regions of flow, one region behind the
starting shock and a second region in the early portion of the blow~-down. However,
vide variation had to be allowed in the parameter values, because the complicated
physical and chemical processes were not fully explained by theory. The detailed
analyses/of the conditions in the arc chamber, in the shock excited flow and in the
blow-do;ﬁ flow are discussed in Section 3.4.2.5 and 3.4.2.6.

During the course of the program the uncertainties in the tunnel flow

conditions and in the experimental results made & redirection of effort necessary.
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The economics of operating a large and highly complex HIT facility demanded that

only & few, carefully prepared developmental experiments be programmed. To prepare
for such shots the electromagnetic shock tube and, later, the arc discharge tube
were constructed and employed. Section 3.4.3 discusses the characteristics of
these two plasma generators. The arc discharge tube experiments proved to be of
most use to the program.

3.2 GENERAL CHARACTERISTICS OF THE IONOSPHERE. - The upper portion of the

atmosphere has a number of ionized regions which make up the ionosphere. These
regions are created through the interaction of solar radiation and the atmospheric
constituents which is called photo-ionization. Due to the nature of the process
and the variation in atmospheric density and composition, there exist several
regions of relative maximum ionization at any instant, this having been confirmed
by sounding experiments. The lack of a complete understanding of the processes
involved and a firm knowledge of the spectral distribution of the impinging solar
radiation makes it impossible to predicf, theoretically, the obsérved electron
density distribution.

A typical distribution of ilon densities as obtained from radio measurements
indicates three distinct layers of ionization, the E layer beginning at about
100 kilometers, the F1 layer at 200 kilometers, and the F2 layer at 450 kilometers.
A fourth layer, the D layer, exists only in the daytime and can be detected by its
large absorption of radio waves. Rocket measurements during periods of high
absorption have determined the position of the D layer to be in the altitude range
from 60 to 80 kilometers. These layers may act as dielectric wave guides in
channeling MHD waves, changing however, as a function of season and time of day.

In many parts of the ionosphere additional ionized formations, which are
stable for several hours, frequently occurﬂ)and extend from ten to hundreds of
¥ilometers. These additional layers, which do not appreciably affect the behavior

of the rest of the ionosphere, are called sporadic layers. The most regularly
MCDONNELL 76
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r layer, located slightly abeve the E layer. It

0 occurring of these is the Espo
: exists frequently enough, that from 25 to 90 percent of the time, long range propa-
gation in the 15 mcps band i1s made possible in the mid latitudes. A sporadic E2

layer can also be observed, but less frequently. During solar flare disturbances,

radio sounding of the ionosphere is made useless by abnormally high absorption in
the D-layer, because of increased electron concentrations in this region. Also

magnetic storms greatly affect the conditions in the ionosphere.

'
e R

The electron concentration profile above the maximum of the F2 region is
known only from measurements made by artificial earth satellites. The slope of
the curve of electron concentration versus altitude has been found to be smaller
above the position of the maximum than below it.

The ionosphere should not be thought of as a quiet medium, but rather a

turbulent one. This is particularly evident from the rapid fluctuations of radio
"D returns from the ionosphere. In addition to the turbulence, the ionosphere

exhibits a regular drift, the various ionized formations moving between 10 and

e e i LRI TR

1200 meters per second.
The standard ionospheric model chosen for the MHD experiment, Tables 3-1

and 3-2, give an average value of the important parameters required for computing

T TS

the wave propagation and wave generation characteristics. These important parameters
include both non-ionized gas conditions, Table 3-1, which are taken from the ARDC
Model Atmosphere (Reference 3-1), and the magneto-icnic condition, Table 3-2, which

are computed. The following paragraphs indicate the meaning and give a derivation

of each of the pertinent parameters.

Atmospherg,, Parameters - Altitude, as used in this report, is the geometric

altitude measured from sea level. The altitude used in the ARDC calculations of
‘) gas conditions is the geopotential altitude, which is related to the potential

energy of & unit mass at that altitude. Because of the change in gravity as a

function of altitude, this measurement differs from the geometric altitude.

MCDONNELL 7
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TABLE 3-2
MAGNETO-IONIC GAS CONDITIONS
GEOMAGNETIC ALTITUDE 100 150 200 250 300
(KILOMETERS)
MAGNETIC FIELD (GAUSS) .300 ,293 .287 .281 ,275
| ION DENSITY (PART/CMY) 1.3 x 103 2.8 x 109 4x10° 1.1 x 108 1.8 x 106
PLASMA FREQ. (RAD/SEC.) 2,05 x 107 3x107 3.6 x 107 5.9 x 107 7.5 x 107
IONIZED TO NEUTRAL 2.4 x 108 9 x 10-% 5.4 x10™° 42x1074 1.7 x10=3
PARTICLE RATIO
ELECTRON CYCLOTRON FREQ. 526 x 1076 | 5151078 5.04 x 107 4.94 x 1016 4.84 x 1018
(RAD./SEC.)
| 10N cycLoTrON FREQ. .79 x 1072 | 1,75 x 1012 1.71 x 1012 1.68 x 1012 1.64 x 102
‘ (RAD./SEC.)
AVERAGE ELECTRON SPEED 8.95 x 108 2.07 x 107 2,34 x 107 2.34 x 107 2.35x 107
(CM/SEC.)
AVERAGE ION SPEED 5.23 x 104 1.21 x 109 1.37 x 107 1.37 10° 1.38 x 10°
(CM/SEC.)
ION NEUTRAL 3,12 x 10! 5.44 x 103 2.29 x 10™ 6.45 x 10 1.63 x 1015
MEAN FREE BPATH (CM) ‘
ELECTRON NEUTRAL 1.75 x 102 3.06 x 104 1.29 x 10° 3.64x 10° 9.1 x 105
MEAN FREE PATH (CM)
ELECTRON-ELE CTRON PARTICLE 8.17 x 103 1.085 x 10° 1.25 x 105 4.5x104 2.9 x 104
MEAN FREE PATH (CM)
' ION-ELECTRON MEAN FREE 1.14 x 104 1.51 x 10° 1.75 x 1075 6.4 x10M 4.0 x 10™4
PATH (CM)
ION-ION MEAN FREE PATH 8,17 x 10° 1.085 x 10° 1.25 x 109 4.5 x 104 2.9 x 104
(CM)
COLLISION FREQ. ION 1.68 x 103 223 6.0 2.1 8.5 x 10~
NEUTRAL (ENCOUNTERS/SEC.)
COLLISION FREQ. ELECTRON 511 x 104 6.77 x 102 1.8 x 102 6.4 x 10! 2.6 x 10!
NEUTRAL (ENCOUNTERS/SEC.)
| COLLISION FREQ. ELECTRON 7.85 x 102 1.37 x 102 1.3 x 102 3.7 x 102 5.9 x 102
ION (ENCOUNTERS/SEC.)
COLLISION FREQ, ELECTRON— 1.1 x 103 1.9 x 102 1.87 x 102 5.20 x 102 8.10 x 102
ELECTRON (ENCOUNTERS/SEC.)
COLLISION FREQ. ION-1ON 6.4 1.1 1.1 3.0 48
ENCOUNTERS/SEC.)
EFFECTIVE ELECTRON 5.3 x 104 103 5.0 x 102 9.6 x 102 1.4 x 103
COLLISION FREQ.
ENCOUNTERS/SEC.
 EFFECTIVE ELECTRON MEAN 1.69 x 102 2,07 x 104 47 x10 2.4 x 104 1.6 x 104
FREE PATH (CM)
EFFECTIVE ION COLL ISION 1.68 x 10° 23.4 7.1 5.1 5.6
FREQUENCY (ENCOUNTER/SEC.) ,
EFFECTIVE ION MEAN FREE PATH 31 5.18 x 10° 1.9 x 104 2.7 x 104 2.5 x 104
DEBYE SHIELDING RADIUS (CM) 274x1077 | 4.33x 107! 41 x 107! 2.5 x 10~ 1.9x10~"
MCDONNELL
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100 150 200 250 300 350 400 450 500

.300 .293 .287 .281 \275 .269 .263 .257 .251

1.3 x 103 2.8 x 10° 4x 105 1.1x 106 1.8 x 108 1.8 x 108 1.2 x 108 8.3 x 10° 6.9 x 105
2.05 x 107 3x107 3.6 x 107 5.9 x 107 7.5 x 107 7.5 x 107 6.2 x 107 5.1 x 107 4.7 x107
2.4 x 10~8 9x10~¢ 5.4 x 1077 42x1074 1.7 x 10=3 42x1073 6.4 x 1073 9.3x 103 1.6 x 102
526 x 10% | 515x10% 5.04 x 10*¢ 4.94 x 10%6 484 x 1076 472 x 10 4.62 x10® 4.51 x 10° 4,40 x 1\9.\‘
179 x 1072 | 175 x 1012 1.71 x 1072 1.68 x 1072 1.64 x 102 1.60 x 102 1.57 x 102 1.53 x 102 1.50 x 10’2
8.95 x 108 207 x 107 2.34 x 107 2.34 x 107 2,35 x 107 2.38 x 107 2.41 x 107 2,46 x 107 2,51 x 107
5.23 x 104 1.21 x 10° 1,37 x 10° 1.37 10° 1.38 x 105 1.39 x 10% 1.41 x 10° 1.44 x 103 1.47 x 105
312 x 10! 5.44 x 103 2,29 x 10M4 6.45 x 10M 1.63 x 1075 3.93x 10%3 9.04 x 1075 1.90 x 1016 3.85 x 1076
1.75 x 102 3.06 x 10* 1.29 x 10° 3.64x 10° ;.1 x 10° 2.22 x 108 5.1 x 108 1.07 x 107 2.15x 107
8.17 x 10° 1.085 x 105 1.25 x 103 45x104 2.9 x 104 3.0 x 104 4.8 x 104 7.2 x 104 10

114 x 108 1.5 x 10° 175 x 105 6.4 x 1014 4.0x 10 4.2x10M 6.6 x 1014 1.03 x 10*5 L4 x10%5
8.17 x 10° 1.085 x 10° 1.25 x 10° 4.5x10 2.9 x 104 3.0 x 104 4.8 x 104 7.2 x 104 103

1.68 x 10° 22.3 6.0 2.1 8.5x 107! 3.6 x 107! 1.6 x 10~! 7.6 x 1072 3.8 x i0~2
5.1 x 104 6.77 x 102 1.8 x 102 6.4 x 107 2.6x 10 1.0 x 10! 47 2.3 L1
7.;35x 102 1.37 x 102 1.3 x 102 3.7 x 102 5.9 x 102 5.7 x 102 3.6 x 102 2.4 x 102 1.8 x 102
L1x103 1.9 x 102 1.87 x 102 5.20 x 102 8.10 x 102 7.95 x 102 5.02 x 102 3.42 x 10% 2.51 x 102
6.4 1.1 11 3.0 48 4.6 2.9 2.0 15
5.3 x 104 10° 5.0 x 102 9.6 x 102 1.4 x 103 1.4 x 10° 8.6 x 102 5.8 x 102 4.3 x 102
1.69 x 102 2.07 x 104 47x10 2.4 x 104 1.6 x 104 1.7 x 104 2.8 x 104 4.2x104 5.8 x 104
1.68 x 10° 23.4 7.1 5.1 5.6 4.9 3.1 2.0 1.5

31.1 5.18 x 10° 1.9 x 104 2.7 x 104 2.5x 104 2.8 x 104 4.6 x 104 7.2x 104 1.0 x 105
224x 107" | 4.33x 107! 41x10”) 2.5 x 10~} 19x 107" 2.0 x 10~! 2.4x 107 3.0x 10~ 3.3 x10-!
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@ The temperatures at altitudes inaccessible to balloons are derived from ¥

measured pressures or densities. The ARDC calculations utilize a molecular-scale g
temperature that is independent of molecular weight. Since the molecwlar weight
is not well known at altitudes above 90 kilometers, the molecular-scale

temperature, Ty, gives a more accurate indication of temperature. It is defined

by
T
()%
where
T = temperature in °k
M = molecular weight
My = sea-level value of molecular weight ‘

Since (T/M) is directly proportional to the square of the particle kinetic ;
(:J energy, a measurement of the energy enables calculation of (T/M) and therefore, Ty.
Molecular weight is a dimensionless quantity in which the naturally occurring
mixture of oxygen isotcpes has, by defiﬁition, a value of 16. The atmosphere
defined by this model is assumed dry, with a sea level molecular weight M, equal
to 28.966. The mean molecular weight curve from the 1959 model results from an
attempt to make use of the best ayailable experimental data, and is about 10 to
20 percent heavier than that of the 1956 model. -

In Table 3-1 the number density is computed from the density and mean

molecular weight. The particle speed is the mean of a Maxwellian distribution
of speeds for all air particles within a given element any volume, assuming that
all air molecules have the mass associated with the mean molecular weight.

The mean free path is the mean value of the distance traveled by each of the
molecules between collisions with other molecules. The expression for mean free

path, L, is obtained from kinetic gas theory, assuming elastic collisions between

MCDONNELL 80
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spherical molecules and is given by:

1
2 o2 n

L-

where:

o = average effective collision diameter

n = particle density

The mean collision frequency of the molecules is the gverage velocity of the

molecules divided by their mean free path.

Magneto-ionic Parameters - The magneto-ionic properties of the ionosphere,

Table 3-2, were not given for the ARDC atmosphere and, therefore, had to be

calculated. The magnetic field strength has been extrapolated from calculated

field strengths at the magnetic equator assuming a dipole source. Original

calculations gave a field strength of 0.3116 gauss at the earth's surface, and a
value of 0.2341 gauss at an altitude of 0.1 earth radii. The field gradient was

assumed constant between these values.

Ion densities were available from many sources. Those densities used in

the model atmosphere of Figure 3-1 were obtained from a composite of rocket and

satellite measurements in mid latitudes during the afternoon. The plasma frequency,

© is a direct measure of the electron concentration and is defined by:
7
LE e? :
cop = me

n, electron concentration in particles/cm3

where:

e the charge on the electron (4.8 x 10"lo e.5.u.)

me = the mass of the electron in grams.
The cyclotron frequency of charged particles, o ¢» 18 the angular oscillation
rate of the particles around a magnetic line of force given as:

q B,

@O, =
€ cem
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vhere:
B = the magnetic field strength in gauss
q = the charge on the particle
m = the mass of the particle in grams

10
¢ = the speed of light in cm/sec (3 x 10™ ).

The ion cyclotron frequency has been computed for the atomic oxygen ion which

was assumed to be the predominant positive ion.

The ion and electron average speeds are found from the kinetic theory of

v _3_.€§I)A%

V = the average speed in centimeters per second

geses to be equal to:

where:

k = Boltzmann's constant (1.38 x 10716 ergs/deg K)
T = temperature in %k

m = mass of the particle.

For molecules of the same size, one molecule will encounter another molecule,
if its center is at a distance less than one molecular diameter, d, from the line
generated by the motion of the center of the moving particle. Thus, the area for
collision will be = d‘a, and the volume of collision will be Vnda. If the

average concentration of molecules is n per cubic centimeter, the number of

collisions per second will be nV nd2.

The mean free path, L, is the average distance traveled in one second,

divided by the number of collisions per second. For molecules of equal size:

L \' 1
- nVa d2- nw c.l2

For the mean free path of two different types of particles having masses m) and

mean free path

my, redii r) and rp, and mean speeds \71 and 72, the expression for
of a particle of type 1 colliding with particles of type 2, is: -
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mny r%z E + v%/v%] &

where ryjp = r; + rp and np is the number of particles of type 2 per cubic centimeter.

L=

When Vj equals Vp this equation reduces to:

1
L = -

\/En2 77I'$2

- Por a collision between two neutral particles or between a neutral particle and

a charged particle, the effective diameter is of the order of 10’8

centimeters.

The ARDC model atmosphere uses an average effective collision diameter of

3.65 x 10-8 centimeters. For these calculations this number is a constant for

ions and neutral particles. The assumption of equal effective velocities, while
valid for ion and neutral particle encounters, is not true for neutral and

electron encounters. If the electron is considered as a point particle moving

at a relatively high speed through the gas, the cross-sectional area of the cylinder
of interception is Jjust the cross-sectional area of one molecule, which resulfs in

a mean free path four times as large as that of the molecules. Assuming the

neutral particle velocity to be negligible compared with the electron velocity,

the mean free path of electrons with neutrals is found to be:

L-

3 or 5.64L
namry
vwhere L, is the mean free path of neutrals with neutrals. The mean free paths for
electron-ion and ion-ion pairs can be calculated by considering the Coulomb
interaction. For a collision between an electron and an ion, the effective
diameter is of the order of 1072 Zi (300/T) centimeters, where Z; is the number
of unit charges on the ion. For a collision between two ions, it is about

10—5'zi ZJ (300/T), where Zi and‘ZJ are the number of unit charges on the two

different ions (Reference 3-2). The collision frequencies for each pair of
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particles is simply the ratio of the average particle velocity to the mean free
path.

The effective collision fregquency is the total number of collisions with all
particles per unit time. The effective mean free path is the average length of
path traveled between collisions with a}l particles, and it is computed from the
particle velocity and ratio of collision frequency to mean free path relationship.

The Debye shielding distance, h, is a measure of the distance over which
the electron concentration can deviate appreciably from the positive charge

concentration, and is defined as:

kT Y
h= | 690 [~
47 n',e2 Ne

where T 1is the temperature in °K and ne 1is the electron concentration in

particles per cubic centimeter.

The Alfvén velocity is defined in the cgs system of units by:

’1
U°-==B° 4——

7rpi
where:

Py = density of the ions in gm/cm3
Bo = magnetic flux density in gaussa.

3.3 SIMUIATION PARAMETERS. - The experimental environment can only partially

simulate and, thus, limits the number of A fvén vave parameters that may be studied.
This is becaus: the low ionization concentrations, the small magnetic fields and
the low densities of the ionosphere would normally result in very large charac-
teristic dimensions for these waves. Laboratory expé%iments are limited to small
characteristic dimensions; typical dimensions prior to_the initiation of the
McDonnell experiments, were a small fraction of a meter. The characteristic
dimension of the McDonnell HIT experiments wes approximately one meter. The

following paragraphs indicate the importance of the major parameters and how each
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influences the experimental design.

In the ionosphere two types of Alfvén wave propagation may exist: a plane
wave traveling along a magnetic field line, or a guided wave traveling between the
dielectric boundaries of various ionospheric layers. In the laboratory only guided
waves exist, because of the boundaries of the confined plasma. To obtain plane
wave propagation, the attenuation across the magnetic field lines must be great
enough and the wave generation must be spatially confined to & region sufficiently
far from the walls to eliminate the boundary effects. Therefore, in practice, a
plasma of large cross section is required to propagate plane waves. In wave guide
propagation, transverse magnetic (TM) and transverse electrical (TE) modes may exist.
In general, both of these modes have cutoff frequencies which decrease with
increasing experimental cross section; and for a fixed frequency, the attenuation
decreases for increasing cross section. The physical size, therefore, determines
the type of propagation that may exist, its minimum frequency, and its rate of
attenuation. ’

The ion concentration in the ionosphere is a maximum of about 2 x 106‘ions
per cubic centimeter in the F2 region. The corresponding neutral particle density
is about 109 particles per cubic centimeter, or the ionosphere is about 0.1 percent
ionized. The ionization concentration determines the velocity of propagation of
the wave, that is, the Alfvén velocity. The wave number, as determined by the
propagation velocity, is influential in determining attenuation. Wave attenuation
is inversely proportional to the conductivity and hence the ionization concen-
tration, and is also affected by ion-neutral particle damping, which in tpe first
approximation, is proportional to the jon-neutral collision frequency and'inversely
proportional to the Alfvén velocity. The desired ccadition of small wave damping
in a partially ionized gas cannot be met in the laboratory, due to the normally

high neutral-ion collision frequency and low conductivity. However, the require-
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ment for high conductivity can be relaxed if low disturbance frequencies and

large plasma dimensions are used. The only possibility of achiéving low damping
in a partidlly ionized gas, is through the generation of a low density plesma or &
very cold plasma.

The magnetic field intensity influences the propagation velocity, the wave
nunber, and the wave length, and therefore, the attenuation. The magnetic field
determines the ion cyclotron frequency, which sets the upper limit of disturbance
frequency. For Alfvén wages to predominate over acoustical disturbances in a plasma,
the magnetic pressure <3;%>xnust greatly exceed the hydrostatic pressure. The
amplitude of the wave, in theoretical considerations, is usually assumed to be

small with respect to the ambient parameters.

In none of the theoretical studies of this progrem were ionization and
recombination processes included. Because of the long recombination times
large regions of the ionosphere can not change appreciably within the period
of the Alfven disturbance. Thus, frozen conditions for the characteristic
times associated with experiments must be mainteined. Other considerations
in the choice and design of a plasma enviromment are:
1. Diagnostic equipment must be available to define plasma and experimental
conditions easily and accurately.
2. The plasma generation mechanism should be completely decoupled from the
wave excitation mechanism.
3. The propagation and the excitation of the wave should be capable of
being studied independéntly.
k. Control of the simulation should be possible for & wide range of

conditions.
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3.4 SIMULATION FACILITIES

3.4.1 General. - The generation and propagation of Alfvéh waves have
been reported in liquid metals by Lundquist (Reference 3-3) and ILehnert
(Reference 3-4) and in gaseous plasmas by Wilcox (References 3-5, 3-6 and
3-7) and Jephcott (References 3-8 and 3-9). The liquid metal experiments
certainly cannot be scaled to the ionospheric conditions. The gaseous plasma
experiments are very pertinent and provide some of the best MHD experiments
conducted to date. These experiments have measured for high frequency
Alfvén waves (500,000 cps), the phase velocity, attenuation, energy distri-
bution and reflection characteristics. The waves generated were torsional
waves, produced by a high current coaxial discharge. The gas used for most
of the experiments was hydrogen, at a pressure of 100 microns of Hg. When
vaves were observed, the gas was nearly fully ionized and the magnetic field
strength was above 7000 gauss. The attenuation effect of high ion-neutral
collision frequency, which prohibits the study of the waves in a small
volume, partially ionized gas, can be reduced in a facility such as a Hyper-
velocity Impulse Tunnel (HIT) since it is adaptable to the generation of
large plasma environments.

The Hypervelocity Impulse Tunnel (Figure 3-2) is a facility having a
test section 50 inches in diameter, at a distance of twenty feet. from the
throat of the expansion chamber. The HIT achieves its particular local flow
by expanding the arc chamber high pressure and high temperature gases through
a nozzle, resulting in a reduction of the local temperature, and thereby
lowering the speed of sound, and an increase in the local flow Mach number,
without affecting the stagnation temperature. For the McDonnell facility,

Mach numbers up to 27 can be generated for periods up to 100 mill.iseconds.

The end of useful flow occurs when dissociation and ionization of the gas
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commences. The purpose of this program was to extend the normal opersating
range of the HIT into that required for ionospheric simulation, that is, by
operating when the flow was partially ionized. Since this facility had not
been operated under such conditions prior to the start of this experimental
program, a detailed study of the facility was made in order to optimize the
flow for the generation of Alfvén waves, their propagation and measurement.

During the course of the program two additionsl plasma generators
served as useful tools augmenting the tunnel experiments. These facilities
were capable of inexpensive tests for developing instrumentation and consisted
of an electromagnetic shock tube and an arc discharge tube. The theory of
operation of both of these facilities is given in Sections 3.4.3.1 and
3.k4.3.2.

3.4.2 Plasma Flow in the Hypervelocity Impulse Tunnel

3.4.2.1 Introduction. - While many sources describe flow conditions
existing in a hypersonic nozzle or discuss the flow phenomena, few present a
comprehensive discussion covering all phases of nozzle or tunnel operation
at conditions suitable for plasme experimentation. This section will
describe the operation and flow phenomena of the arc chamber and hypervelocity
nozzle, of the McDonnell Hypervelocity Impulse Tunnel, and will present the
thermodynamic conditions for various phases of operation, comparing several
analytical techniques used in describing the flow.

3.4.2.2 Tunnel Construction. - The McDonnell Aircraft Corporation

Hypervelocity Impulse Tunnel facility consists of an arc chamber in which a
high pressure, high temperature gas is created by en electrical discharge
from a capacitor bank, a divergent conical nozzle leading to a constant area
test section, and a reservoir which contains a conical diffuser to eliminate

shock reflections through the test section. Initially, the arc chamber 1is

MCDONNELL 90




REPORT NO. A219
30 NOVEMBER 1963

MHD Wave Investigation
Il -theory

separated from the test section by a disphragm near the nozzle throat which

ruptures during pressure build-up following initiatién of the electrical dis-

charge. A schematic drawing of the McDonnell tunnel is shown in Figure 3-2.

The arc chamber consists of an outer case, designed to withstand
100,000 psis, into which a cartridge assembly is igserted prior to each
firing. The components of the cartridge assembly are an internal liner, the
throat and diaphragm assembly, the electrode assembly, the dump port assembly,
and fittings for transducers and gas filling ports. The electrical discharge
is initiated by exploding a trigger wire which runs from a trigger assembly
within the center electrode to the outer electrode. The exploding wire ionizes
the gas in the gap between electrodes, increasing the electrical conductivity
in this region and creating & current path for initiating the capacitor bank
discharge.

Temperatures and pressures achieved in the arc chamber are determined by
the quantity of energy available from the arc discharge and by the volume of
gas into which the energy is absorbed. The volume of the internal liner can
be varied from 100 to 1200 cubic inches. The maximum storage capacity of the
capacitor bank is 7,000,000 joules at 12,000 volts; maximum discharge current
is 3,600,000 amperes. The energy level of the discharge is varied by control-
ling either the voltage or the number of capacitors in the bank.

The diaphragm, which is commonly of Mylar, is placed slightly forward of
the nozzle throat. The nozzle throat diameter is adjustable and may be varied
from less than 0.1 inch to greater than 1.5 inches, although the larger sizes
would not normally be used for aerodynamic testing. Nozzle throat sections
are commonly machined from copper or tungsten.

A conical nozzle with a total included angle of 10 degrees leads from

the throat to a 50-inch diamete; test section. The distance from the nozzle
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throat to this test section is approximately 23 feet, with ports for iom-
ization gaeges or other probes provided at intervals along the nozzle wall.
The test section has a 37.5 inch diameter viewing window, which permits high
speed photographs of the flow and microwave interferometer measurements of
electron cc. centration.

The test section is followed by a fixed conical diffuser with an area
ratio (diffuser throat area to 50-inch diameter test section area) of 0.5.
Fraom the diffuser the flow passes into the reservoir. A vacuum system, con-
sisting of both mechanical and oil diffusion pumps, is connected to the
reservoir end is capable of evacuating the total volume of the tunnel to 1
micreon Hg in 15 minutes.

3.4.2.3 Operating Regimes. - The analysis of the HIT flow is divided

into the characteristic regimes of the arc chamber, the starting shock, the
blow-down flow, and the flow breakdown.

The arc chamber is first charged with the desired gas. As the capacitor
bank is discharged through the electrodes, the gas is heated and the pressure
increases rupturing the diaphragm near the nozzle throet and initiating a
shock wave which moves downstream into the nozzle. The arc chamber pressure
then continues to rise until the discharge is complete. The analysis of the
arc cha.mi>er, discussed in paragraph 3.4.2.L4, will be concerned with the equi-
librium concentrations of electrons and ionized species at arc chamber con-~
ditions, and with the changes which occur as the arc chamber gas discharges
through the throat.

Rupturev of the nozzle diaphragm initiates a shock wave which travels
downstream izifo the low pressure gas in the tunnel. During this "starting
cycle" the tunnel resembles a shock tube with a divergent nozzle. The initial

shock is followed by the contact surface and then by a second shock or rare-
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faction wave, depending upon conditions existing in the tunnel. The region
between the initial shock and the contact surface, referred to as the "shock-
excited" region, is brought to high temperature and pressure by the shock.
This region is discussed in detail in paresgraph 3.4.2.5 because it was deemed
useful for the plasma experiments.

After the shock system, created whep, the diaphragm bursts, has decayed,

' the arc chamber discharges into the tunnel in a quasi-steady flow referred

to as the blow-down flow. This flow reaches the test section at & relatively
high velocity, but low temperature. Because of the rapid expansion, the nozzle
flow may occur under nonequilibrium conditions, where chemical and electron
recombination reactions are "frozen" at some point in the nozzle. If freezing
occurs, the electron concentration may remain at & relatively high level
despite the rapid cooling of the gas. Flow conditions in the blow-down region
are examined in detall in paragraph 3.4.2.6.

The finel stages of discharge from the arc chamber are characterized by
a region of unsiteady flow referred to as flow breakdown and the flow direction
may reverse as the result of an increase in pressure within the reservoir.

%.4%.2.4 Arc Chamber Performence. - The performance characteristics of the

arc chamber influence the nature of the flow during the starting cycle and blow-
down periods. In the initial phase, during discharge of the capacitor bank,
thermodynamic changes occur as a result of the finite time required for arc
discharge, and in later phases these changes occur as a result of mass loss
accompanying expansion of the gases into the tunnel.

In order to obtain the high ion and electron concentrations required for
the propagation of Alﬁ'én waves, it was necessary to work with unusually high
temperatures in the arc chamber. As a consequence, the initial charge

pressures in the arc chamber, being of the order of 25 psig, were much less
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then those normally used for aerodynamic testing. For these tests, the arc
voltage was lower than usual, and the damping time was correspondingly longer.
In Figure 3-3 is presented a typical capacitor bank voltage record for one of
the higher temperature tests. For this test the arc voltage during the first
half cycle is estimated to be 2.5 KV, and tlié meximum current, determined
graphically, is 2.2k x 106 amperes. The energy irput during the first

quarter cycle is found to be approximetely 2.5 x 106 Joules. The stored energy
in the condenser is 4.63 x 106 Joules. It is evident that over hslf of the
available energy is added within the first half millisecond. The energy
stored in the capacitor bank is equal to 1/2 CE2, buc the energy delivered

to the gas is less, and is determined by the peak arc chamber pressure and the
initial gas density.

The temperature rise achieved in the arc chamber as a result of the

electrical discharge is determined from the measured arc c¢hamber pressure.

A typical pressure trace from an oscillograph record is shown in Figure 3-k,
Although the Norwood strain gage transducers have a rapid response time, an
appreciable response lag 1s introduced by a length of small tubing containing
several orifices jnserted between the transducer and the chamber to protect

the transducer from the hot gases. This lag, of the order of 15 milliseconds,
is clearly evident in the figure. After peak pressure is reached, the pressure
decays at a steady rate due to discharge of gas through the nozzle. An over-
shont at the peak value is often observed. Assuming that the pressure decay
rate during the first 10 to 15 milliseconds is equal to that measured during
the latter phase of the gas discharge, the peak arc chamber pressure is esti-
mated by extrapolating the measured decay rate to its value at 1 millisecond
after initiation of arc discharge. The extrapolation is illustrated in

Figure 3-4, The temperature rise in the arc chamber is then obtained from
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tables of high temperature gas propertieg, with the further assumption that
energy addition takes place along a constant density path. The pressure decay
is the result of a mass loss through the nozzle, as well as a temperature drop.

The degree of ionization represented by the electron concentration is an
important thermodynamic parasmeter for plasma studies. Equilibrium electron
concentrations in helium, nitrogen, and air are presented in Figure 3-5 as
functions of arc chamber temperature and pressure. The assumption of equili-
brium conditions in the arc chamber appears to be justified when the-'relatively
long holding time for the gas in the arc chamber is compared with the ionization
.and relaxation times. Petcheck and Byron, Reference 3-10, for instance, report
that at lO,OOOOK and 5 cm of Hg pressure the time to reach equilibrium ionization
behind a shock wave in argon is of the order of 100 microseconds. At the higher
densities of interest, the time required for ionization should be proportionately
shorter.

The electron concentration at the nozzle throat may be s;gnificantly less
than that computed for equilibrium conditions in the arc chamber, as a result

of the lowered temperature and density at the throat.

The extent of this reduction for the case of nitrogen flow can be estimated from
Figures 3-6, 3-7, and 3-8 where temperature, pressure and density ratios &t the
throat are compared with the arc chamber conditions. For these figures the usual
isentropic compressible flow relations have been used. Equilibrium concentrations
at the throat can be found from Figure 3-5 by substituting throat properties for
the corresponding arc chamber values.

3.4.2.5 Shock - Excited Flow

General Description. -~ If a duct is divided by a partition into two sections

in which & pressure differentisl exists, a combination of wave phenomena will

follow a sudden removal of this partition. A shock wave propagates into the low
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pressure region and a rarefaction fan propagates into the high pressure gas. The
gas particles that were initially in contact with the partition form & contact
surface, a temperature discontinuity separating the two adjacent gases. The
resultant wave diagram is shown in Figure 3-9. The gas that is swept out by
the shock wave 1s compressed and eppears as region 2 in the wave diagram.

If the duct is of constant area, as in the simple shock tube, the down-
stream propagating shock wave theoretically does not attenuate as it moves down
the tube. On the other hand, if the duct has a divergent cross-section, the
downstream propagating shock wave decreases in strength, and a secondary wave
appears, which propagates in the upstream direction. One possible wave system
for the divergent duct considers that the rarefaction fan, which propagates
upstream, separating regions 3 and 4, coalesces into the secondary wave of
the divergerit channel. Depending upon the area ratio, pressure ratio, and

initial shock strength, the secondary wave may be either an upstream propa-
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gating expension wave or an upstream propagating shock wave. Although the
wave propagates upstream in either case, it travels downstream relative to
the tube and increases in strength as it does so. This is the wave system
agsumed for this study.
The basic equations, describing the wave phenomena used in analyzing the
shock excited flow in both the constant area shock tube and the diverging

hypersonic nozzle, are the same. The analysis presented for the shock excited

‘region is based mainly on ideal gas relationships, although some resl gas

effects have been teken into account in the discussion of the "integral"
approach to the expanding nozzle. Upon diaphragm rupture, three disturbances
are created. First, a shock wave forms and travels downstream. Secondly, a
contact surface, which separates the high pressure driver gas from the low
pressure driven gas, propagates downstream behind the shock wave. Finally,

an expansion wave i1s formed, the head of which propagates upstream into the
driver section and is reflected downstream from the end of the driver chamber
(arc chamber). The tail of the expansion wave attempts to travel upstream into
the driver section, but can be swept dowmstream by the gas flowing from the
driver chamber. Testing normally takes place in the shock processed gas
between the shock wave and the contact surface. The test time is, therefore,
the duration of time between passage of the shock wave and passage of the
contact surface past a given test section. In a closed tube the primary shock
is reflected and different properties are found in the region behind it. Test
time in the main shock processed gas is limited by either the shock wave
reflecting off the downstream end of the tube and interacting with the contact
surface, or by the expansion wave, reflected downstream from the back of the
driver chamber interacting with the contact surface. Because tie length of

the driven section (nozzle-reservoir) is long compaered to that of the driver

MCDONNELL 102

e e e e e e e o o S e i 1 S R T o e e it et TR e A T R R R S




MHD Wave Investigation ik 12

Il - theory
section in most shock tubes, the expansion wave-contact surface interaction
does not occur.

The theoretical speed of the shnock generated at diaphragm rupture may be
determined from the stagnant conditions existing on both sides of the diaphragm
before rupture. The pressures and velocities 'in regions 2 and 3 are equel.

The velocities of regions 1 and U are equal to zero. The resulting expression

for shock strength in the shock tube is:

‘ -2y,
1
P4 }’1’])<271M3 ) vg=1 (Ms""—‘:) o
where: p—]=(y1+] =1 - ]‘(71+]) ay/a) v

p = pressure
Y = ratio of specific beats (cp/cy)
Mg = shock Mach number
a = speed of sound

The shock Mach number is e function only of stégnant conditions existing
before diaphragm rupture. With increasing diaphragm pressure ratio (pu/pl)
shock strength increases asymptotically to an upper limit, determined primarily
by the speed of sound ratio (ay/ay). A low value of Yy, as well as a high
value for aj/a;, is desirable to obtain maximum shock strengths. If the initial
temperature is the same on both sides of the diaphragm, as is usually the case
in simple shock tubes, the maximum attainable shock streﬁéths are given in
Teble 3-3. However, by going to a driver gas with a much higher temperature than
tne gas in the low-pressure side, stronger shock waves can be generated, wﬁich is an
advantage of the arc driven shock tube. The shock Mach numbers are of course
only theoretical values, which are not met in practice, but only for Mach

numbers of 20 or greater can a high degree of ionization be obtained.

The initial operation in a divergent channel with the diaphragn downstream

MCDONNELL 103
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TABLE 3-3

MAXIMUM SHOCK STRENGTHS OBTAINABLE IN A SHOCK TUBE

Gas Combination ay/8y (pa/p]) mex Mg ax
Alr-air 1.00 Lk 6.16
Helium-air 2.93 132 10.64
Hydrogen-nitrogen 3.73 57k 22.42
Hydrogen-air 3.85 590 22.5

of the throat, as in the McDonnell HIT, is similar to the operation of a shock
tube of constant area, except that the gas velocity in region 4, Figure 3-9,
is no longer zero, but equal to the local speed of sound. With this one change,

equation 3-2 now becomes:
2y,

2 M _L Zﬁ:;l ¥] -y 1
by [v1-1 (2)/] M2 ]) 250\ 4 4
P+ 1An-1 \71+1 ag/ay

vwhere U) is the gas velocity in region L. If the diaphragm is located exactly

at the throat, or upstream of the throat, the expansion wave propagates into
essentially a stagnant region and initial operstion is identical to that of
the shock tube.

At disphragm rupture, a high velocity normal shock wave travels downstream
into the undisturbed low pressure driven gas. Sketches of the pressure distri-
bution through the shock excited region, as it progresses down the nozzle, are
shown in Figure 3-10. The downstream propagating shock is followed by s region
of shock processed gas flow which is terminated by the contact surface. Behind
the contact surface is a region of steady flow which is bounded by an upstream
propagating disturbance. Behind this disturbance is the quasi-steady blow-
down flow. The upstream propagating disturbance starts out at the throat as an

unsteady expansion wave, propagsting at sonic velocity, but is swept downstream
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into the nozzle. It decays in strength as it progresses down the nozzle,
Figure 3-10a and 10b. At some nozzle station the expansion wave vanishes
(Figure 3-10c), and a weak normal shock wave forms, propagating‘upstream
(?igure 3-10d). This shock increases in strength as it proceeds downstream.

When the unsteady expansion wave vanishes, the pressure of the quasi-steady
blow down flow equals the pressure of the initially shock processed gas. As the
entire process travels further down the nozzle, the pressure at the head of the
quasi-steady blow-down flow decreases. Since the pressure generated by the
initial, or downstream, propagating shock is greater than the blow-down pressure,
an upstream propagating shock wave is necessary to provide a pressure adjust-
ment. This shock wave adjusts the flow conditions between the HIT starting
process and its quasi-steady blow-down flow out of the driver sectioh.

The initial shock strengths at diaphragm rupture in the divergent chanunel,
discussed above, have been calculated and are shown in Figure 3-11 (a-c). The
shock Mach number in a divergent channel is greater than the shock Mach number
of a simple shock tube for the same conditions, due to the addition of the
velocity term, Uy. Figure 3-12 shows this comparison.

The normal shock decreases in strength as it travels down the divergent
tube. In this program three different analyses have been used to predict the
shock decay, because none seem to be clearly superior to the other two. One
method is based on an approximate analysis presented in References 3-11, 3-12
and 3-13. A second approach uses the method of characteristics as defined in
References 3-14 and 3-15. The third method is an "integral" approach,
utilizing the simultaneous solution of the basic equations describing the wave
and flow phenomena existing at discrete intervals along the axis of a diver-
gent channel. Several typical sets of conditions for a helium-air system will

be compared in the following paragraphs, utilizing the three approaches to
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describe the shock and the shock excited region.

Analytical Approximation - Chisnell has developed an approximate

expression for the primary shock wave, as it passes through a diverging duct.

Ms2 A2

The exponent K, is & function of the specific heat ratio, ¥, and is given by

/ 2 2(y-1))
K = 2|{1 ]
* <+ y(y—1)><+ y

Shock wave attenuation curves for three typical values of ¥ are presented in

The equetion is:
K
2

the expression:
-1

Figure 3-13.

ditions in shock heated air.

A value for ¥ of approximately 1.22 is representative of con-

Method of Characteristics ~ The method of characteristies, for the

solution of the differential equations describing simple one-dimensional,
unsteady duct flow, has been programmed on an IBM 7090 digital computer to
arithmetically generate the system of characteristic lines for ideal gas flow.
By plotting the generated points and drawing in the network lines, variations
in properties throughout the field may also be determined.

Figure 3-1l presents the shock attenuation for several helium-air
systems. The related test times are given in Tsble 3-4. A portion of the
characteristics network at approximately 23 feet from the diaphragm for the
HIT (10 degree conical nozzle with a 1.5 inch diameter throat) is presented in
Figure 3-15, for a 8100°K and 6200 psia helium driver into room temperature
air at 5 microns of Hg. A cross plot of the conditions at the test station,
presented in Figure 3-16, gives the variation of gas temperature with test

time in the shock excited region. The ordinate length between the shock and

MCDONNELL 109
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TABLE 3-4
TEST TIMES
| HELIUM-AIR TEST SECTION AT 23.1 FEET METHOD OF INTEGRAL
‘ CALCULATION ‘
IDEAL | REAL
CASE | T, (°K) P4 (PSIA) T, 0 Py (1 Hg.) CHAR?:::E;ST'CS ' GAS | GAs
(1 SEC) | (u SEC)
A 4000 10,000 300 ‘ 10 48 177 | 66
B 8000 10,000 300 10 48 128 38
c 12000 10,000 300 10 48 106 33
D 8000 10,000 300 1 : 48 BRIL 35
E 8000 10,000 300 100 48 147 43
F 8000 15,000 300 10 48 126 40

the contact surface on the characteristics plot represents the available time
for testing in the shock excited region. Figure 3-17 gives the spatial
position of the shock and contact surface at one initial condition, and presents
the temperature distribution through the shock excited region.

Integral Approach - Rather than use the differential equations themselves

to determire the flow properties of the shock excited region, as was done in
the previous section for the characteristics solution, the integral equations
describing the various wave and flow phenomena are used here. Briefly, at
selected points along the divergent duct, properties of the blow-down flow
region are determined from the isentropic flow relationships. The blow-down
region represents the region into which either the expansion wave or secondary

shock wave propagates. The remaining equations describing the relationships

across shocks or expansion waves are solved by adjusting the value of the
initial shock strength. Here too, the solutiorn has been obtained from a
digital computer program, utilizing the ideal gas relationships. Unlike
the characteristics solution, each region is considered to have constant

properties, and the test times must be determined by first numerically inte-
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: a/ grating the relationship between velocity and distance according to the
expression:
-
LU

to obtain the time for a particular wave or the contact surface to travel
down the tunnel to a specified station. Subtracting the propagetion time

of the initial shock from the time it tekes the contact surface to travel down
the tunnel, results in the aveilable test time. Curves of the initial shock
velocity, interface velocity, and upstream propagating wave velocity are pre-
sented in Figure 3-18 (a-d). In addition, a hand computation was performed

on the helium-air system cases, using rqal gas properties for the shock

phenomenon occurring in the air, using ideal gas properties for helium.

(:} These results are included on Figure 3-18 (a-d). It is seen that the solu-

tion using real gas properties predicts lower velocities, than does the ideal
gas solution. This 1§ to be expected, since the ideal gas pressure ratio
across a shock is greater than the real gas pressure ratio, for the same Mach
number and initial conditions. In the integral approach the pressures are
balanced. Thus, assuming the same conditions exist in the blow-down region
for each case, the pressure ratio across the initial shock must be the same,
regardless of ideal or real gas assumptions. For the same pressure retio then,
the reel gas assumption predicts a lower shock velocity, and hence a shorter
test time. Where exact knowledge of the test time is not required, the
assumption of ideal gas properties is satisfactory for determining shock
decay. Test times between the passing of the initial shock and the contact
surface are compared in Teble 3-4 with those computed by other methods.

Electrical Properties Behind a Moving Shock - The electrical properties

existing in the shock excited region behind the initial shock can be pre-

MCDONNELL | 17




MHD Wave Investigation  hovevscs 156

il -theory

dicted from use of hypersonic gas dynamic charts for air, such as are pre-
sented by Feldman (Reference 3-16) and by Ziemer (Reference 3-17). Equili-
brium densities and temperatﬁres behind a moving normal shock are presented
in these references, and are included here in Figure 3-19 as functions of the
shock velocity and the density ratio in the evacuated section before the
shock is initiated. The equilibrium properties of electron concentration
behind the shock and the electron collision frequency are presented in
Figures 3-20 and 3-21, and have been determined from the general curves of
equilibrium properties at the specific conditions behind the shock, which are
shown in Figure 3-19.

3.4,2.6 Blow-Down Flow

General Description. - In an arc driven Hypervelocity Impulse Tunnel, after

decay of the initial shock structure, there follows a quasi-steady flow from
the arc chamber, which is referred to as the blow-down flow. The blow-down
flow at the test station is characterized by a high velocity and a relatively
low tempersture, pressure and density. Test periods in this flow regime are
relatively long, being of the order of 100 milliseconds. The blow-down flow
is normally used for aerodynamic testing. During the period of blow-down flow,
pressure and temperature at the test station varies slowly, in response to ‘the
decrease in pressure and temperature within the arc chamber. In the following
discussion flow properties characteristic of the blow-down regime are examined,
with particular attention given to the prediction of electron concentration
and other plasma properties at the test station.

After the electrical discharge, the gas supply in the arc chamber con-
sists of & complex mixture of molecules, atoms, ions, and electrons which
are assumed to be in chemical equilibrium at the arc chamber temperature

and pressure. As the gas discharges from the arc chamber and expands through

MCDONNELL 118




[~ [0
3 3
Qm *235/°L4 0001 = ALIDOTIA JDOHS o
z2 ss 0s (14 o s¢ - o€ 114 0z si ol v m
WW. , WD/W9 12 x 1£6Z°1 = _vq *
Po €’ 2
wZ 335/°14 0601 = Lo
e i wreez ~ .
Sn
C L 4 . / ot
O NIOHS “‘N
"Mu.m /
- o L
y \ Zl .M 9
.g L v/\'I/I gl Z, m W [
s e \\ 7/ <3 ) “\\ X m
0 “.n. / / 7 \ 3 Q
> AL A {3
- b\ P - b\ yy 8 - M
n - \\ 7 y \\‘ 9
0 R4 Z i o
> T et
a Mo000°0L %,0009
3 :
D 0919 %,000°Z1
H BV NI JDOHS TVWIAON ONIAOW SSOADV OILVY ALISNIA M
%

<




MHD Wave Inve sfigaﬁon 3: %?VRETM:QR ?gég
Il-theory

e

ELECTRON CONCENTRATION
BEHIND MOVING NORMAL SHOCK IN AIR

o gmre s T EY

19 -
10 Ty - 18,000°K A 10=1 py/pg
16,000°K \ )
1 \ 107
" 14,000°K
| \
1018 \
/ 10-3
w07
10—4
8000°K
; 1016 %
Z 10-3
: 6000°K \
l ™
=
v
i ( 2 1015
! o
o
[
5
w
-
w
1014
|4000°K
1013 H
I/ K—SHOCK
1012 X |
1 ’ / / T, - 273.2°K
1 \ a; - 1090 FT./SEC.
H | pq=12931x 1073 Gu/cMd
10” ;’ /
‘ ( 1010
d

0O 10 20 30 4 S50 60 70 80 90
SHOCK VELOCITY — 1000 FT./SEC.
FIGURE 3-20

MCDONNELL 120




)

MHD Wave Investigation R OVEMBER 1963

30 NOVEMBER 1963
il -theory

COLLISION FREQUENCY BEHIND MOVING NORMAL SHOCK IN AIR

1013 -
7
y i w—i
3 A W
| LA
Iy v
AR Y. Y
x \ \ T2._
p./p /|/ \ \ \ ) 16,000°K
12 1/Po | \ A \ /
N | ¥ ¥
i | || 1 " L \
1 T ) R A) S
I 1 l \/ \
1 A\ A\ \ ‘
} 4 // 1 { ]ﬁ \ ) 14,000°K '
| | . “ W‘\f /
L/ VA4
_ \
101! 10-2 | A\ / \
— I N f ) 1 IT A W
I T y A Y/ \j
w 1 1 —3 (-]
g ‘i 11 / J j‘ 112,000 K
5 I \ / 1.‘ /
3 l ‘ 7 \)10 000°K
8 a ZF '
10-3 - |
1010 . Y—F1—F
1 Y w4 MY A
1 *—/ 17/
1 (W4 MY 4
1 A—TV-
8000°K
| \ Ji
B 1\
4 \
10-4 t/ “
10° 1= +
1 Jaooo%
| VA
[ 7
3 /
L
| /
10-5 ¥ 4000°k
8 ‘
13 10 20 30 40 50 50

SHOCK VELOCITY — 1000 FT./SEC.
FIGURE 3-21

MCDONNELL 121




MHD Wave Investigation  sdioenser a6

Il -theory

the divergent nozzle, the thermodynamic state of the gas is altered in accord-
ance with the laws of compressible flow and chemical kinetics. When a gas of
constant specific heat and chemical composition flows through a divergent
nozzle, the response of the thermodynamic properties to the changing area
ratio is rapid with respect to the rate of flow of the gas. For this case,

on a microscopic scale, the rate of approach to an equilibrium temperature
and pressure is governed by the rate at which a steady state Mexwellian
velocity distribution can be achieved. For gases consisting of species of
nearly equal mass, the Maxwellian velocity distribution is reached at a time
on the order of the time between molecular collisions, or the reciprocal of
the collision frequency. When electrons are present, the masses of the
particles are no longer nearly equal, and, because electrons normally undergo
elastic collisions with particles of greater mass, only a small fraction of
the kinetic energy of the electron is transferred to the heavier particle upon
colliding. It is possible, therefore, for electrons to maintain a kinetic
energy, or electron temperature, which is not in equilibrium with that of the
bulk of the gas for a significant period. If chemical reactions and variable
specific heats are allowed, the rate of approach to chemical equilibrium is
governed by the specific reaction rate constants of the participating chemical
reactions; and by the relaxation times for rearrangement of internal molecular
degrees of freedom. '

Exact calculations for the hypersonic nozzle flow of complex gas mixtures
requires the similtaneocus sclution of a number of rate equations, one for each
process, several of which may be highly coupled in a real case. The exact
solution is further complicated by a lack of knowledge of the rate constants
for many high temperature processes. For engineering purposes it is common,

therefore, to define two limiting cases: (1) frozen flow, and (2) equilibrium
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flow, corresponding, respectively, to the assumptions of constant chemical
composition (infinitely slow rate constants) and.equilibrium composition
(infinitely fast rate constants). A comparison between the frozen flow calcu-
lations and the more appropriate non-equilibrium flow analysis is presented
ix the following paragraphs.

Frozen Flow Analysis. - Previous theoretical studies of the nature of

hypersonic nozzle flow provide the following description: As the geses expand
from the nozzle throat intc the divergent channel there is an initisl period
in which the gaées are in chemical equilibrium. The dissociation and recombin~
ation reactions between atomic and diatomic species requires the presence of a
third, inert particle; thus, these reactions are density dependent. As the
gases expand and the density decreases, there is a short tramsition period,
which is followed by a third region characterized by constant composition,
i.e., frozen flow. Once frozen, the flow is not observed to return to an
equilibrium composition at a more distant section of the nozzle, although this
possibility exists by the nature of the chemical rate equations. Freezing
normally occurs & short distance from the nozzle throat. As an approximation,
for engineering calculations, freezing may be assumed to occur at the nozzle
throat or in the upstream reservoir, i.e., in the arc chamber, where the
equilibrium composition is readily obtained. For the calculations presented
here, freezing is assumed to occur at the equilibrium arc cﬁamber composition.
Although the composition may be frozen, it is still necessary to specify
the specific heats and the specific heat ratio, ¥ , at every point in the
nozzle. Specific heats are functions of temperature and mey also be con-
sidered to be either (1) frozen, (2) in equilibrium, or (3) in & non-equilibrium
state, characterized by a relaxation time for the rearrangement of the internal

molecular degrees of freedom. BSuch relaxation times are known to be longer at
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, high temperatures, where they approach in magnitude the times characteristic
of the chemical reactions. The assumption of equilibrium specific heats, or
A frozen vibrational energy, has been made for the calculations presented in this
section. It can be shown that the predicted dengity, and, therefore, the
electron concentration, will not be appreciably affected by this assumption.
Heims (Reference 3-18) and Inger (Reference 3-19), among others, have
discussed the calculations for expanding geses in frozen,; dissociated flow.
Following Heims, the local isentropic exponent for adiabatic flow of a perfect

gas may be obtained as follows for an adiabatic expansion:

p=p
where, for a perfect gas,
Cp dh
y= — = T
@ C, de

If the density p is expressed on a mass basis, then h and e represent enthalpy
and internal energy per unit mass, respectively. One degree of freedom is

assigned to each of the three componernts of translation for both diatomic and

<

atomic species, and two degrees of freedom to rotation of diatomic species.

If X is the mass fraction dissociated, then, for a gas consisting of atoms and

molecules, the isentropic exponent can be expressed by:
de

X) + (2 + 3T) X g
7+ 3X)+(2+ dT+ o

dev

dX
X)+(2+T) —+2 —
(5+X)+(2+T) T
vhere ey is the internal vibrational energy per unit mass. If the vibrational
‘ energy and fraction dissociated is assumed constant, then:
7+ 3X
y-

@ 5+ X

The above equations describe the frozen expansion of a dissociated gas, the
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contributions from ionic species and electrons being negligible.

In Figures 3-22 and 3-23 are presented charts of temperature and electron
concentration at a 36 inch diameter test section in the McDonnell HIT. These
figures describe test station properties for the assumed frozen flow of nitrogen,
initially at equilibrium in the arc chamber. The charts apply to an area ratio
of 8100, correspending to a 0.4 inch diameter nozzle throat. In the Alfvén
wave experiments a solenoid for the magnetic field By, inserted into the diverg;
ing nozzle, had an internal diameter of 36 inches, which then became the
geometric area available for flow. If the charts are to be used as labeled,
it is implicitly assumed that the composition at which freezing occurs does not
differ appreciably from arc chamber conditions. It may be more appropriate to
assume that the flow to the throat is in chemical equilibrium; for this case
chemical composition, temperature and pressure at the throat may be estimated
from the previous data of section 3.4.2.4, and these values may be substituted
for the corresponding arc chamber values on the figures.

The effect of a divergent nozzle on test station properties for nitrogen

flow is illustrated in Figures 3-24 and 3-25, where temperature and electron

concentrations are shown as functions of ares ratio for specific values of
temperature and pressure in the arc chamber.

Equilibrium molar compositions at arc chamber conditions have been cam-
puted from date on equilibrium constants, supplemented with the published re-
sults for nitrogen of Treanor and Logan (Reference3-20) and the recent high l
temperature calculations of Drellishak (Reference 3-21).

Non-Equilibrium Flow Analysis. - A more nearly correct computation for

the flow conditions in a hypersonic nozzle may be obtained from a simidtaneocus
solution of the flow equations, together with the rate equations for the chem-

ical reactions and material balances for the several species. Bray (Reference
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3-22), Emanuel and Vincenti (Reference 3-23), Westenberg and Favin (Reference
3-2l), and Eschenroeder (References 3-25 and 3-26) have described, in general,
the approach to non-equilibrium flow calculations. The analysis presentad
here follows more closely the study of Westenberg and Favin. It is assumed
that the internal molecular degrees of freedom are in equilibrium at the local
temperature, and that the electron temperature is everywhere equal to the
local flow température. Almost no information is available concerning the

- effect of electron temperature on the kinetics of the recombination reactions.
A stepwise iterative calculation is required. Let A be the cross-sectional
area of the nozzle at any point z along the nozzle axis, and let A* be the
cross-sectional area at the nozzle throat. Then the area ratio, n = A/A¥,
is a function of z. The flow through the divergent nozzle is described by the

(:i following equaticns:

(1) Equation of continuity:

m-pvn‘A*
(2) Equation of motion:
dv  dp
A
Py dz * dz
(3) Equation of energy balance:
dh d
2,.Y 2
dz J dz

(4) Equation of state:

i

‘:3 where the subscript i refers to the ith species and the other symbols are

defined as follows:
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m = mass flow rate (gm/sec)

P = gas density

v = velocity of an elementary volume

h = enthalpy (cal/gm)

J = mechanical equivalent of heat (erg/cal)
R = Universal gas constant

T = gas temperature (°K)

F = component concentration (gmols./gnm)

If H denotes the enthalpy per mole, then:

For a perfect gas, enthalpy is a function of temperature only, hence:

— = = GCp.
dz  dT dz Pi dz
The above set of equations may be solved to yield the derivatives of tempera-

ture and density with respect to axial distance, z:

dF;
o el o) e
z

dz ~ 1-JYZ(FG)

o> A% o [E_T_ B} TX]
o w2 dz ) iy

z Y n dz

where:
1 dy 1 4B Fa)]
Tl & @EF)  dz

L[ T o2 A2 2]
TRIEFR) T n2

m

The chemical composition at each point z is obtained from the appropriate
forms of the chemical rate equations and component material balances. 1In

general, for the Jj-th reaction:
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2AR =34,
where the summations are taken over the components of the reactants and
products, respectively. The rate of reaction may be expressed by:

1
=k R PR

I'l('P FP: l)}
The indicated products are to be taken over all components which appear as
reactants of products in a given reaction. Here kJ is the reaction rate constant

and KJ is the equilibrium constant. The component material balances are of the

form:
In

o, i Fi = constant

vhere n,, 1 denotes the number of atoms of element e in component 1. For the
nitrogen flow calculations the elemental constituents can be considered to be
the singly charged nitrogen atom and the electron. In this case ;eactions may
be selected, such that the above set of equations can be solved directly by a
finite difference technique. In other cases simultaneous solutions may be re-

quired. For each component described uniquely by one of the chemical reactilons:

Fi g
dz m !

dF;
(Fyy Az=(F) + ('dT) Az

For the remaining components, compositions at the end of an interval, (Fi), +A,

are determined from the material balances. Average densities and temperatures
over the interval, obtained by iteration, are used to calculate the reaction
rates.

Calculations for the hypersonic flow of ionized nitrogen in a divergent
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nozzle will be now described. The species present in the arc chamber are: Ny,
NE, N+, N and electrons, e®. An associate species, NZ; may become significant
at high pressures, but will not be important here. Because of the variety of
possible recombination mechanisms, & large number of reactions between the
five species may be described.

The recombination reactions are exothermic and cannot occur unless some
means is provided for the removal of the excess energy of the reaction products.
For the recombination of ions and electrons energy mey be removed (a) by
radiation, (b) by excitation of at least two electrons, (c) by energy of
molecular dissociation, or (d) as kinetic energy imparted to a third body .

The corresponding recombination reactions, illustrated for the species of
ionized nitrogen, are;

(a) Radiative recombination:

N+ e =N+hy
N;+ e =Ny+hy
where represents the energy gquantum.
(b) Dielectronic recombination:
N* 4 e = N**
where N** represents a doubly excited atom.
(c) Dissociative recombination:
N;+e_=N+N
(d) Three body recombination:
N'+e +M=N+M
N;+ e + M=N2+M
where M represents any third species. In many systems electron loss may also
occur through electron attachment to neutral species, but this does not happen

with nitrogen and the rare geses. Recombination mechanisms have been discussed

MCDONNELL
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by a number of authors, of which the work of Brown (Reference 3-27) and Massey

(Reference 3-28) will be cited, and by Bialecke and Dougal (Reference 3-29),
A with particular reference to the nitrogen system.
It is conventional to define an ionic recombination coefficient, X ..,

regardless of the mechanism, by:
dn

-
dt

- =a, Ng N

where ne and ny denote number densities of electrons and lons, respectively.
Probeble maximum velues of the recombination coefficients for radiative and
dielectronic recombination are of the order of 10~ and 10712 cm3/sec.,
respectively. Dielectronic recombination can usually be expected to be

negligible in relation to the other mechanisms, and will not be considered

further here.

‘ ‘:} For a monatomic ion such es N+, only radiative and three body collision

TR

processes need be considered. The relative importance of the two mechanisms
will depend upon the pressure and, to a lesser extent, upon the nature of the
third body; third body recombination will be dominant at the higher pressures.
For a molecular ion such as NZ, digsociative recombination can be expected to
be dominant, although three body recombination mey be a significant factor at
the higher pressures.

Massey (Reference 3-28) has discussed the theoretical derivation by
J.J. Thomson for the three body recombination coefficient between positive and

negative ions. If appropriaste simplifications are made for electron-ion recom-

% bination, the recombination coefficient for a three-body process is given by: 53
! " %
i BH'AB ”%m 3
5 “\em / 3 ML i
C i
vhere i

é MCDONNELL 134




s

tmaﬂibsmawm et e
i

R

MHD Wave Investigation  olovewses 1563

il - theory

r,=2¢e2/3kT

o
]

the charge of an electron

mass of an electron, gms

B
]

mass of an ion, gms

=
"

L = mean free path of elastic electron-neutral collisions

Themean free path L 1is given by
'I‘

ﬂnl’%

where I, = molecular redius of the neutral species

L=

no particle concentration of a neutral species
For the three body recombination of molecular nitrogen ions at typical arc
chamber conditions (P = 2000 psi, T = 10,000 K), it is estimated from equation
for ap that ap is approximately 5 x 10712 cm3/sec. Measured recombination
coefficients for N; electron recombination are found to be several orders of
megnitude larger, so that for this reaction the dissociative mechanism will
predominate. For the recombination of N* ions the situation is less clear; for
this case the magnitudes of the recombination coefficients for the radiative
apd three body mechanisms are more nearly equal. Massey (Reference 3-28) tabu~
lates radiative recombination coefficients for atomic oxygen ions. For recom-
bination with high energy electrons, the recombination coefficient is of the
order of 0.3 x 10-12 cm3 sec. The three body recombination coefficient will
not differ greatly from the value computed above for NE. On this basis the
three body recombination mechanism will predominate, since it is well-known
that the recombination of nitrogen atoms to molecular nitrogen takes place
through a three-body mechanism.

On the basis of the preceding discussion the following reactions have

been selected to describe the reacting mixture.

MCDONNELL

135




’

¥

ey P AR

o
PR FITCPETB sl © G, s v

~

MHD Wave Investigation

REPORT NO. A219
30 NOVEMBER 1963

Il -theory

N+N+M=Ny+ M
Ny +e” =N+N
N te +M=N+M
A number of authors have studied the rate of dissociation of molecular
nitrogen. Wray (Reference 3-30) recommends the data of Byron, which is used
here. For the rate of the reverse of the first reaction:
ki=(42x10'3 T (D/RT) exp (~D/RT)

where D = 22L,900 ca.‘l./gmol is the dissociation energy, and the prime refers to

the reverse reaction above. This rate expression applies to reactions

in which molecular nitrogen is the third body.
Kuhns (Reference 3-31) has studied the dissociative recombination of N;

ions and reports a value of ap = 1.9 X 10-6 cm3/‘ sec at room teriperature and

6

10 mm Hg. Bialecke and Dougal (Reference 3-29) report a, =~ 1.6 x 10~ cm3/ sec

at 300°K and at a particle density of 8 x 10%6 on”3, They have also found that
the recombinatlion coefficient decreases with increasing temperature and
increases with increasing density, but they do not present data for the tempera-
tures and pressures of interest here. The pressure dependence in the observed
data is thought to erise from the presence of three-body recambination. Bates
(Reference 3-32) has presented a theoretical discussion of the dissociative
recombination coefficient and has concluded that it will be temperature depen-
dent by a factor varying from T'l/ 2 to T'3/ 2, depending upon the electron energy
as described by initial and final wave functions, which are in general unknown.
In view of these uncertainties, a constant value of a , = 1.5 x 10'6 mn3/ sec has
been selected for these preliminary calculations.

For the three body recombination of Nt ions the equation of J.J. Thomson,

" referred to earlier, has been used to compute the recombination coefficient.

This equation is subject to a high pressure limit, but it can be shown that
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C\' this 1limit is not exceeded a;.t -arc chamber preéssures.
Reaction rate constants in the form suitable for equation 3.4-3 have been

computed from the recombination coefficients cited above. Equilibrium con-
‘ A stants for the previously selected reactions have been obtained by
’- rearrangement of the tabulated data of Treanor and Logan (Reference 3-20).
Enthalpies and heat capacities have been computed from partition functions, also
tabulated by Treanor and Logan. Together with the above data, the equations |
described in this section have been programmed for solution on an IBM TO90

digital computer.

The results of some preliminary non-equilibrium flow calculations for
ionized nitrogen in the divergent section of a hypersonic nozzle are presented

in Figure 3-26. These calculations were initiated at the nozzle throat with

) an equilibrium gas composition corresponding to a temperature of SOOOOK, and
( / a density of 1.1845 x 10-2 gms/ cm3, approximately 10 times the atmospheric
density. Initial equilibrium mole fractions of each component are tabulated
below:
Component . Mole Fraction
N 8.437 x 1071
NS 5.966 x 1077
3.134 x 1077
) N 1.561 x 1071
e” 9.099 x 1075
5 Because of the extremely rapid reaction rates, an unusually smell step size,
} initially of the order of 10'8 cm., was required for the iterations. 4
nozzle with a 10 degree total divergent a.néle has been assumed for these calcu-

'\ lations, corresponding to the construction of the McDonnell HIT. The total
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nozzle length to the 50 inch diameter test station is approximately 720 cm.
The preliminary calculations presented here, however, do not take into account
the reduction in effective area, which results from the boundary layer in the
nozzle. It is reasonable, therefore, to compare these non-equilibrium calcu-
lations with the previously presented frozen flow calculations, at equivalent
effective area ratios. With the magnetic coil in place, the area ratio was
estimated previcusly to be 8100; this corresponds to a distence of approxi-
mately 360'cm. in the present calculations.

+
From Figure 3-26 it is seen that the rate of recombination of No ions is

very rapid, and that this species is essentially removed from the gas stream
within a distance of 6.4 cm. from the throat. On the other hand, the loss by
recombination of N* ions is negligible, amounting to less than 0.8 perceant of
the original N* ions present. This reaction is essentially frozen beyond the
first 6 cm. The number of electrons remaining in the flow is equal to the
number of NY ions, and also remains constant beyond the first 6 cm. The
reaction leeding to the recombination of N atoms to molecular nitrogen Np,
becomes frozen at aspproximately 20 cm. from the throat; approximately 85 per-
cent of the original N atoms have been lost by recombination at this point.

The reactions leading to the recombination of both Nt ions and N atoms are
three body reactions, and the mass rates of these reactions vary with the
square of the density. Because of the rapid decrease in density in the nozzle,

these reactions become '"frozen"

and do not again become significant. The
recombination of NE ions, on the other hand, has been assumed to take place
through the dissociative mechanism. The mass rate of this reaction is
relatively rapid and varies directly with the density. It is not surprising,
therefore, that the recombination of N; ions proceeds to completion.

For comparison, calculations for the same initial conditions have been
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carried out with the frozen flow assumption, i.e., all reaction rates have
been set equal to zero. In these calculations, specific heats have been com-
puted from the program, and are at an equilibrium value at the local tempera~
ture. Because the energy in vibration is small compared to the energy in
dissociation and ionization, differences arising from this assumption are
expected to be small. A comparison of the frozen flow and non-equilibrium
calculations for the same initial conditions is presented in Figure 3-27.
It is seen that density and velocity at the test station do not differ
significantly for the two cases. There is a significant difference in the
temperature, however, which is higher for the non-equilibrium calculations.
The purpose of the non-equilibrium flow calculations is twofold:
first, to provide a basis for comparison with the frozen flow calculations,
and second, to provide an insight into the dynamic behavior of the component
species within the nozzle. Using the density and composition obtained from
the non-equilibrium flow calculations at the area ratio of 8100, the electron
number density is estimated to be 6 x 10ll cm'3. For ionized nitrogen in
equilibrium at 8000°K and a density ratio of 10 relative to standard density,
the pressure is approximately 4400 psi. From Figure 3-23 the electron number
density predicted from the frozen flow calculations is found to be approxi-
nately 1.5 x lO12 cm'3, which is in good agreement with the non-equilibrium
calculations, if allowance is made for the fraction of electrons lost by
recombination with N; ions. At typical arc chamber conditions of 12,000°K
and 2000 psi for the experimental runs, the number of atomic nitrogen ions
exceeds the uumber of molecular nitrogen ions at equilibrium; hence, pro-
portionately fewer electrons would be lost by recombination with N;, thus,
the electron concentration at the test station is expected to differ by less

than a factor of two from that obtained by the frozen flow calculations of
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section 3.4.2.6. For the MHD experiments with which this report is concerned,

a8 logs of electrons of this magnitude is not important. Furthermore, the

+
elimination of the molecular nitrogen ion, N2, results in a significant
reduction in the complexity of the plasma wave equetions and simplifies the

experimental enalysis of the observed wave patterns.

:
‘%}
¥
:
%

The non-equilibrium flow calculations presented here must be considered
to be only approximate, because of a lack of knowledge of the true values of
recombination rates at the temperatures and pressures of importance to this
study. Calculations have been carried out for am initial temperature of
8000°K, rather than 12,000°K, because of the lack of complete published thermo-
dynamic data at the higher temperature. This data is expected to be available
soon. A more nearly exact calculation would take into sccount non-equilibrium

| (:3 specific heats, as well as the calculation of electron temperature, and the

: | effect of electron temperature on recombination rates. Nevertheless, it is
believed that these calculations present a reasonably close approximation
to the true behavior of ionized nitrogen in a hypersonic nozzle.

Notes on Blow Down Flow Analysis. - The basic analysis presented for the

blow down flow has been performed for the geometric area ratic existing between
the test section and the nozzle throat (A/A* = 8100). A few additional figures
have been presented to indicate how certain conditions vary with area ratio.
Although, it is well known, that & boundary layer does indeed exist inside the
tunnel, effectively reducing the core size, a lack of data on core size made
mandatory certain assumptions in predicting the test section conditions.
Certainly, the assumption of effective area ratio equal to the geometric ares

ratio predicts lower temperatures and electron concentrations than might be

0 expected, thus providing a lower limit on the determination of these values.

On the other hand, a minimum of data also means approximate methods must be

MCDONNELL 12
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devised to provide answers.

As will be pointed out in the sections on instrumentation and on data
reduction, (Section 3.2.3 Vol. III) only two types of measurements were
available upon which to base any type of flow field analysis. During the
electrical exciter experiments,a smear photograph captured luminous particle
traces, yielding a gas velocity. During subsequent runs, a pitot-static

pressure pickup measured the stagnation pressure behind the normal shock in

the test section. The photographically determined velocity was used to deter-

mine an area ratio from which a density and a temperature were computed. This
computation was based upon the frozen flow analysis computer analysis.
The usual expressions to interpret the pressure measurements are no

longer valid when the free stream is dissociated and ionized, as is the case

of the blow down flow. The simplest solution has been to ignore this pitfall,

and to assume an effective ratio of specific heats, VY , for use in the normal

expressions. This effective ¥ has no bearing on the effective ¥ used pre-

viously in the discussion of the expansion process and frozen flow, since the
nozzle expansion normally is based on state conditions initially at the
throat, rather than the free stream conditions existing at the test sectionm.
Referring again to the computer results for different area ratios, a Mach

number and pressure was determined at a given value of area ratio. Assuming

an effective VY of 1.3, a calculated stagnation pressure behind the shock

was determined and compared with the measured value. A new value of area ratio

was then assumed and the process repeated until the calculated and measured

pressure agreed. The final area ratio was considered the effective area ratio

at which the other conditions could be determined. Para. 3.2-3, Vol. III, has
been prepared in this manner. Unavoidably, the effective area ratio upon

wvhich this table is based seems much too great in that the predicted tempera-
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ture appears unreasonably low. Although it was attempted, a different value
for the effective ¥ might have predicted a more reasonable temperature. At
best then, this computation might replace the assumption of A/A% = 8100 as
the lower limit on test section conditions. Nevertheless, these computations
are based on an essentially sound theory for frozen flow, with additional
confirmation coming from the measured electron concentrations at the test
section.

3.4.3 Plasma Generation by an Electromagnetic Shock Tube and an Arc

‘Discharge Tube. - Two small plasma facilities acguired during this program

complemented the HIT. The addition of these facilities with much greater
recycle times became desirable, as the number of necessary development and

exploratory experiments increased. Then too, the HIT could not attain the

“high ionization percentages, which more easily would support Alfvén wave

propagation. The electromagnetic shock tube generates a moving plug of plasma
by striking an arc coaxially, at one end of a pyrex glass tube. The basic
processes involved in producing the plasme are largely unknown, however, the
resulting characteristics of high temperature and high ionization percentage
can be easily measured. The second facility, an arc discharge tube, produces
ionization by striking an arc along the length of & pyrex tube. While the

arc is still burning, the experiments are performed. As in the electromagnetic
shock tube, the basic processes are not understood, nevertheless, the charac-

teristics of the resulting plasma can be measured.

3.4.3.1 Electromagnetic Shock Tubes. - The electromagnetic (EM) shock

tube was originally developed to surmount the limits of attainable shock
strength, available from conventional diaphragm type tubes. Basically, the
operation of the EM shock tube involves rapidly discharging a capacitor

through gas in a chamber, heating and ionizing the gas, and accelerating it
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out of the chamber into a region of cold gas. The acceleration takes place,
at least in part, because of the interaction between currents in the discharge
plasma and the magnetic rield of the return currents, through the external
circuits supplying the discharge.

If the "plug" of plasma were regarded as a moving piston compressing the
cold gas ahead of it, the existence of a shock moving ashead of the driver gas
would be predicted. Something resembling a shock has indeed been observed by
several investigators under ceértain coniitions of initial gas pressure. Con-
ditions behind the shock would depend on the state of the gas ahead of it end
could be calculated from the conservation laws, in combination with the equations
of state of the gas. The equations would also have to take into account the
fact that gas sahead of the shock may be excited by ultraviolet or x-radiation

from the discharge. Theories exist which predict fairly accurately the

velocity of the plasma as it leaves the discharge region.

The region of shock heated gas may not endure for long, even in those
cases where a well defined shock is seen to exist. If a sample of hot plasma
which exists for a fairly long time is desired, a number of intermixing

processes must be examined. The initial shock attenuates as it moves down the

tube, allowing-the hot driver gas to catch up; in the meantime energy is lost

by conduction and radiation, and some of the electrons recombine with ions.

The driver gas also mixes with the shocked ges by turbulence and diffusion.

Mcst of these effects are rather intractable theoretically, so most of the
knowledge of the actual conditions in the tube must be obtained by direct
measurement, using probe, microwave, and time resolved spectroscopic techniques.
However, it is possible to construct crude models of'the interaction of the
plug of not gas with the cocl ges in the tube. Theory and experimental measure-

ments ncth suggest that the gas will leave the discharge with a velocity of
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the order of 107 cm/sec. The kinetic energy of ome gram of this gas is:

¥ mv2=5x1013 ergs/gm ~ 106 Cal/gm

For comparison, the chart below gives the internal energy of air at densities
corresponding to the pressure range over which tubes of this type are operated

(Reference 3-35).

T p/p, = 1076 plpo = 107 p/po = 1207
3000°K E =1.5 x 103 Cal/g 1.4 x 103 1.0 x 103
5000 8.5 x 103 3 x 103 1.5 x 103
8000 1.5 x 1% 1.0 x 10% .8 x 10*

12000 3.5 x 10% 2.8 x 10% 1.5 x 10*
18000 5.2 x 104 3 x 10 2 x 10%
24000 9.2 x 10% 6 x 10% 3 x 10%

The quantity p, is the density of air at stendard conditions, 1.29 x 10-3
g/cm3. For air at 50 microns pressure and 0° c, p/po ~5 x 10'1*.

It can be seen that the kinetic energy of a given quantity of gas is
considerably higher than its internal energy over the temperature range
shown on the chart. This gives some justification for a model which ignores
detailed thermodynamic or gas dynamic considerations and treats the moving
plug of gas as a moving piston. The rate of change of momentum of the plug of

gas 1s equal to the rate at which momentum is added to the cold gas:

d
M i = - muz,
dt
where:
M = mass of driver gas plug,
m = mass/unit length of shock tube gas,
u = velocity of the plug of hot gas.

MCDONNELL 16
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’ Upon integrating:

M
T (t+ K

where K' is the constant of integration. With the initial condition u = uy

when t = O then:

and

thus: M Yo

= ( M) T (14K
mit +
mU°

This can be integrated immediately to give distance x traveled by the plug of

gas from the exit of the discharge region as a function of time, hence:

dx Yo
U= — =
dt 1+ Kt
. O ¥
: or:
In (1+Kt)

o Streak photos made by other investigators of actual shocks show the following
features, which seem to support this picture. The velocity of advancement of
the luminous front decreases with distance from the discharge region, and
the rate of decrease i1s less for lower pressures. At low enough pressure the
luminous gas fills the whole of the tube. The distance of the luminous front
can be fitted reasonably well with the above equation, with the proper choice

of the parameter K as shown in the table below:

pmg) v (—Eo)

Hgec ' -
3 2 A 5
.3 5 A4 12
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These values of M/m seem reasonable, if it is assumed that at lower pressures
most of the gas in the hot plug comes from evaporation of insulation and electrode
materials in the discharge region.

It appears that there is sufficient energy available to heat all the gas in
the tube to fairly high temperature and & correspondingly high degree of ion-
ization; and that there exists a mechanism for distributing the energy, namely
the transformation of ordered velocity into thermal velocity by collisions et
the front of the plug. The rate at which thermsl energy is added to the cold
gas can be determined from the velocity equation above, since the rate at which
both kinetic and internal energy is added to the cold gas is equal to the rate
at which kinetic energy is lost by the driver gas. Detailed calculations of
the temperature history along the tube require further assumptions about the
details of the interaction at the front and the energy losses by radiation,
diffusion, wall effects and so on.

Another model, which is probably more appropriate for making estimates of
conditions behind the shock, is that proposed by Thornton and Cambel (Refer-
ence 3-36) in which the one dimensional blast wave theory of Harris (Refer-
ence 3-37) is modified to take radiation losses into account. The conclusion
is reached that radiation losses are relatively unimportant in shock attenu-
ation except near the discharge region. This gives some justification to the
calculation of the conditions behind the shock by classical type shock relations.
The results of such calculations are reproduced below, where the calculated
temperature and concenfrations of various species are shown as a function of
total distance traveled by the shock. The model used assumes that the energy
of the gas behind the shock is uniformly distributed, but it is doubtful
whether completely uniform conditions really prevail. (See Figure 3-28)

The above results are in genersl agreement with experimental measuremexts.

MCDONNELL 8
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TEMPERATURE AND EQUILIBRIUM COMPOSITION
OF THE AIR BEHIND THE SHOCK WAVE
FOR SHOCK TUBE CONDITIONS
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Thus, it can concluded that the electromagnetic shock tube is capable of gener-

ating highly ionized gases near the discharge region. In addition it is a

facility that is easily constructed and inexpensive to operate.

3.4.3.2 Arc Discharge Tube. - The arc discharge tube is a 30 inch long,

5 inch diameter pyrex tube, provided with concentric electrodes at each end.
For its operation, the tube is evacuated to a desired pressure » and an electric
arc is struck across the tube between the center electrodes. The arc ionizes

the gas and maintains this ionization as long as the current continues. This

facility at McDonnell was utilized in the same manner as that of Wilcox et al
! - (Reference: 3-6), who showed its advantages for the study of Alfven vaves in
O hydrogen and deuterium. Furthermore, it provided an environment in wrich

instrumentation techniques could be economically investigated. The following
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’/ paragraphs discuss the characteristics of the ‘ioni‘zing process. As in the
case of the electromagnetic shock tube, the basic processes remain, for the
most part, undefined.

Electrical discharges in gases are divided into two major classes, namely,
self-sustained discharges and non self-sustained discharges. A self-sustained
discharge is one which maintains itself without external aid, while the non
self-sustained discharge depends upon on an external ssurce, (e.g‘. , & heated
cathode) that produces a sufficient number of electrons and ions to maintain
the discharge. Electrical discharges can be further subdivided by the magnitude
of the applied voltage for the discharge and the amount of current that is
observed. Figure 3-29, taken from Reference 3-27, shows roughly the afore-

mentioned subdivisions.

CLASSIFICATION OF DISCHARGES

(113
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’ The operating characteristics of the arc discharge tube determine the

L

nature of the discharge process. The ionization exists for about 107" sec.,

with an estimated maximum current of 41,000 amps. Before breaskdowh occurs the

: gas in the tube functions as an insulator; however, once the ionization process

majority of the energy is dissipated in the extermal circuitry.

external circuit will greatly exceed that of the discharge tube.

has been initiated, it becomes a good conductor and. the impedance of the
Thus the

This is

chatacteristic of an arc discharge in that it will support large currents with

& relatively small applied potential.

Arc discharges are also subdivided (Reference 3-27) according to the emission

process taking place at the cathode and the pressure due to the discharge.

High and low pressure discharges can be distinguished on the basis of the

’ (:) temperature of the positive column (References 3-27 and 3-38).

In the high

pressure arc, the positive column temperature is on the order of thousands of

degrees Kelvin, with the gas components in approximate thermal equilibrium.

On the other hand, in a low pressure arc, the electron temperature is much

larger than the ion or gas temperature, on the order of tens of thousands

of degrees Kelvin. The gas pressure for the McDonnell experiments was in the

range of 40 to 1000 microns of Hg, thus satisfying the conditions for a low

pressure arc.

The four types of arcs that are given in the following list must be ex-

amined to determine, if possible, which predominates. The thermionic are

by W. Ramberg (Reference 3-39) and noted by Cobiné and Brown.

MCDONNELL

with the neutral cathode is easily dismissed, since the cathode was not ex-
ternally heated in experiments. Whether the arc is caused by thermionic

emission or field emission depends upon the electrode material, as observed

For example,
C, Ca» M%, and W are thermionic emitters; while Cu, Hg, Ag, and Au are field
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emitters. A third group exists that exhibits both types of emission processes;

these are Pt, Sn, Fe, and Cd. Metal arcs are distinguishable by observations

of the cathode spot, the cathode temperature, the arc response to a magnetic

field, and the cathode impurity effects. ILoeb (Reference 3-40) and Thomson

(Reference 3-41) hold that all arcs are due to thermionic emission. Without

a very detailed examination the type of arc is difficult to determine.

l. Thermionic Arc a. A non self-sustained discharge with the
cathode being heated to maintain the
discharge.

b.

A self-sustained discharge, i.e., the
cathode is heated by the discharge only.
2. Field Emission Arc The electron current at the cathode is
produced by very strong electric fields
present at the cathode surface.

3. Metal Arcs This classifies metal arcs on the basis of

their response to a magnetic field, temper-
ature of the cathode, and the influence
of impurities on the cathode surface,

whether or not the cathode spot moves on
the cathode surface.

The burning voltage of the low pressure arc diécharge is made up of
three parts:

1. The cathode drop region, where there is a voltage drop on the order
of the ionization potential across a thin sheet of the gas.

2. The positive column, where the voltage drop is & function of the gap
length, the arc current, and the gas pressure.

3. The anode drop region, which closely resembles the cathode voltage
profile.

The current density at the cathode is much greater than that in the glow. The

positive arc column is characterized by approximate electrical neutrality, a

current principally carried by electrons, and a voltage gradient large enough

MCDONNELL. 152
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to produce an equal amount of ionizing collisions to balance ioms lost to the
walls of the tube.

The analysis of the low pressure arc has been carried out for a number of
different cases by Tonks and Lengmuir (Reference 3-42) and Cobine (Reference
3-&3). Following the analysis of Cobine, there are four independent variables
for the case of a cylindrical tube, namely, the tube redius r, gas pressure
Pg, arc current ig, and the wall temperature Ty, which must be related to the
five independent variables, i.e., the axial electric field E;, electron con-
centration at the axis ng,,electron temperature Te, positive ion current

density at the wall Jj, and the number of electrons generated per electron per

second.h. At a sufficiently low pressure, such that the mean free path of the

gas particles is comparable to the tube radius, T, can be replaced with the gas
temperature‘Tg.

The ions of plasma are being continuously lost to the walls of the tube,
and it is assumed that the ions move under a radial potential with a maximum
at the tube axis; however, since the reference point is arbitrary in measuring
potential, the zero of potential may be taken to be at the tube axis and, thus,
negative everywhere else. The origin of coordinates is taken at the tube axis,
i.e., r = 0.
and the wall, will have attained a velocity v, at a distance r from the axis.
Then if Nz is the ion production rate per unit volume at the point z, the ion

concentration at r is:
szdz

fV‘z

To account for all ions produced at distances less than r the above equation it

integrated from zero to r:
ledz

T r
ni =—f
r o

Yz

Boltzmann's relation gives the expression for the number of electrons/cm3 at

MCDONNELL
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some intermediate point at a potential V in terms of the number of electrons/cm3

at the axis:
eV/iT,
e

Ne=Neo

To get the form of the radial potential distribution, Poisson's equation must
be solved. Therefore:

v2y- —4ne Pret = -4ne(n; —n,)
or:

4re -r sz dz °V/kTe=0

[ —4nen_e
°

V2V+ eo

r v

z
This is referred to as the "complete plasma-sheath equation", for it is the
general equation for the radial potential distribution including the wall
sheath. If the mean free path is long and if N, is proportional to ne, Tonks
and ILangmuir show that the electron density at the axis is given, within an

order of megnitude by: % Y%

m;

ngg = 4:21 x 1013 (—) i T,

Me

To perform this caleculation Ji, the ion current density at the wall, must be
mea.sured.

The arc discharge tube is useful in Alfve/n wave experiments since,
despite the difficulties encountered in determining the processes occurring,
the necessary plasma conditions can be measured. Wilcox et al indicate that
the ionization is between 80 and 100 percent at pressures of 100 microns of Hg.
They have studied the electron concentration as a function of time and found,
by observing the first order Stark broadening of Hydrogen Balmer lines, that
the electron concentration is down a factor of 2 in 150 microseconds. They
estimate the electron temperature, from Alfvén vave dampening, to be greater

than 10* k.
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APPENDIX A

ALFVEN WAVES IN A FULLY IONIZED GAS

The following derivation, while classical in the sense that Alfve{n first
took this approach, has an advantage in that it is the simplest way to analyze
transverse disturbances in a fully ionized gas. This approach facilitates
incorporation of wave excitation mechanisms, total plasma motion and primary
field gradients into the theory.

Working in the MKS system of units, the Maxwell equation which relates the

current density to the spatial variation of the magnetic field it induces within

the plasma and vice versa, is:

-
L o a

= | — A'l)
VxHmit — (

As usual, J is the current density due to the field -ﬁ +V x B, where E is due

both to the plasma constituents and existing externally caused electric fields
and:

Ll

BE B°+ ’ (A-e)

where -50 is due to a constant magnetic field, with -‘; being induced by moving
charges in the plasma. TI is the total macroscopic plasma velocity, which for
an initially moving plasma of velocity -\70 and an induced plesma velocity -;, is
given by -\7 = -\% +V. To be sufficiently general, it is necessary to introduce
the effects of B on the plasma conductivity. Since .‘; is generg}ly found to be
oscillatory, the average of -]; over many cycles of -1: is Just -io, i;eglecting
harmonics. A common but more restrictive condition is to consider only the case

- - - -
where b < < B, In either event the cyclotron frequencies are due to Eo, and J

is related to the induced field through the conductivity tensor as:
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(A-3)
vhere, in general:

1mn 912 913
g= 121 922 923 (A-4)
231 932 933
For orthogonal external electric and magnetic fields and low frequency internal

fields, the tensor elements of ¢ have the familiar forms:

-..w(:a,-drm*’""i;“‘kﬁ;ﬁwxr:&r»:m“ wmmﬁ‘wmm‘ e
=t
]
()
mt
+
<t
x
@

Oq o
L Dee 2 ¥ o\ 2
1+ 14—
Vei Vie
Oe (wce/Vei‘) gj (mci/vie) (A 5)
921 =012= + -
]+((0.i/vei)2 '|+((oci/vi°)2
v 033 =0¢ + 7
) Ni 02
(\) 7%= M Vie
i
§ Ne e2
¢ Te™ mg Vei

with the remaining elements zerc. In the above expressions m, e, N are the
particle mass, charge, and number density, with the subscripts e and i referring

to the electrons and ions, respectively; ©woe 8nd w4 are the electron and ion

cyclotron frequencies, and sr is the two-body collision frequency for an
’/ s-type particle with the r-type particles. For thermal equilibrium of the gas,
Yel = vie. .
In equation (A-1) the convection current density has been neglected, and
i while the displacement current density ¢an usually be neglected with respect to
: the conduction current density for low frequency plasme disturbances, it will be
temporarily considered in this derivation in order to show a more complete form

(,9 of the basic differential equation. With the relationship:

D=¢-E (A-6)
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the displacement current density becomes:

a0 9
—_—= — (E'E5

at at
where the permittivity tensor is represented by

(a-7)
(a-8)
Corresponding to the situation for which (A-5) is valid:

Q, Q; ]
€4y =€qn=2 =i - S
n-22 1+ (o /v -)2 T+ (“’ci/”ie)2 ‘

ce el

i (Cz)ce/Vei) Qe |((A)c|/l/|e) Q|
G ™ = € = +
2 12 T+(w, /v )2

ce’ Vei

1+ ((Dci/l/ie)z‘r (A"9)
633= 2~ (QQ+QI)

Q.= mge/awei

2
Qi = “’pi/“"’ie

where « is the angular frequency of the disturbance and e and u§1 are the

electron and ion plasma frequencies. The condition of electrical neutrality
is most conveniently expressed by:

v.B-0 (A-10)
Equation (A-1) may now be rewritten as:

1 - - a
— UxB=o. E+VxB)+ — (- B (A-11)
o at 4

where thg‘constitutive relationship for the medium:

B=y, H (A-12)
has been used.

Taking the curl of (A-11), rearranging terms and using the equation:

v-8-0 (A-13)
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gives:

- e e d -
V2B 4 o Uxo [E+V xBl4py o Txle: B)=0 (A-14)

A second equation which relates Va.nd f and their derivatives can be found
from the Navier-Stokes equation. If the non-electromasgnetic, non-viscous

forces are conservative, the net force on a plasma element (Reference A-l) is:
pOV =TxB - voy+7(V2V+ = vV V) + NgoE (A-15)

vhere:

A N = -

DV = — + (V. Vv (a-16)
The quantity y 1s the hydrostatic pressure tensor, in general a funcation of
position and time, ¢ is the non-electromagnetic potential function, 7 is
the coefficient of viscosity, N is the total electron and ion concentration,
and q is the net charge in an elementary volume of the gas. The last term
in (A-15) contributes only about <%>2 of the first terms, c being the vacuum
speed of light, and it is hereafter neglected. Solving equation (A-1) for 3’,

substituting into (A-15) and using the vector identity:

B x(VxB)= -{VI(E~-§)-(E~V)E (A-17)
yields:
V- - T = > 1= 4 =
a—v.*.(v.v)v_‘—( VB -—Bx — (B
ot o P p gt
2 . (A-18)
1 1 B - >
b Vet —V(gt —- 9.V - 92V.0
P P 2p, 3 P

Equation (A-1l4) and (A-18) yleld a system of six scalar differential equations
in the six components of E and -\7 To facilitate reduction of these equations
certain relative sssumptions must be made. Since for tenuous gases viscosity
is practically non-existent ( 7 ~ 0), the off-diagonal terms in y are negligible.

If the pressure components along tne principal axes are nearly equal,
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the approximation:
V . .£ = VP

where p is the scalar pressure, is valid.
Also, V§ is negligible for most laboratory situations.

of the Maxwell equation:

Vx-Es -—

at

Equations (A-1k) and (A-18) become:
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(A-19)

Then with the aid

- - - - d -
V28+p°Vx(g- B)+p, Vxlg (VxB)]‘--#og'- Vx (e E)

-

HoP 2y,

1 - e ] B2 1> 3
— (B.V)B-(V.V)V- —y +p)=-—B x o
p

(A-20)

(a-21)

Due to the form of the conductivity and permittivity tensors, these equations

cennot be significantly reduced, unless additional asgumptions about the plasma

characteristics, such as incompressibility, irrotational flow, no pressure

gradients and so forth, are made. The problem is somewhat simplified, if the

particle density variations, N, the magnetic induction, -B: and the plasma

velocity, ;, are expressed in a linear form, implying that all terms above

the first order are negligible. The pressure term Vp is then related to the

particle density by:

(a-23)

where <y is the ratio of specific heats, k, the Boltzmann constant, T, the

equilibrium temperature. The electric field E is related to the linearized

o
expregsion for B through equation (A-20). When (A-20), (A-21) and (A-22) ere

expanded, the result is a system of linear homogeneous equations in -B.a.nd the

time and spatial derivatives of -1;

MCDONNELL

163




g REPORT NO. A21%

MHD Wave Investigation 30 NOVEMBER 1963
iIl-theory

‘ A1fvén specialized equations (A-21) and (A-22), finding that they implied
an oscillatory motion of the gas transverse to the direction of propagation of
A the disturbance. Alfvén's conditions were:
(1) The gas is incompressible: V ° V =0
(2) The gas is inviscid: 7 =0

(3 p, o, and ¢ are scalar constants.

L e o e e gmp g SR SRR SRR RS S

(4) The displacement current is negligible, that is:

E - -
e —™<<o (E+ Vx-E)‘
ot
or equivealently:
N 2_’ -
d“B aB -
: e—<<a[—-+Vx(VX-§)]
i at2 dat

(5) All externally caused non-electromagnetic forces are negligible.

2
(6) (p+ QB ) is not a spatially varying function.

Mo
© -

(7) B B, + ?where 53; is constant and D << B;.

With these conditions (A-21) and (A-22)) can be written for a stationary

plasma (Vo = 0) as:

Lo e e e e AN e s

oy

Lo e — VAL BNV 0B+ B, VWV (A-24)

and:

—=—(0b-Vb-(V.-V)V+ — (B, - V)b (A-25)
ot pgp HoP

4 These equations suggest the linear relationship:

-

V=a (A-26)
a being a cormplex quantity but constant in space and time. Upon substi-

tuting (A-26) ard differentiating with respect to time, (A-2U4) becomes:

0\ & 1 2 ;xi 74 —
w2 wo +a(Be- V) 2 (A-27)
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J and (A-25) gives:
b1 - 1 -
a_ = (BO . V) +( - - )( Y| (A"28)
A at T py P Qe p

If the last term in (A-28) is neglected, then combining (A-27) and (A-28) yields

the Alfven wave equation:

B pk

1 - -
+ — (B, V)b A-29)
31’2 TR at o P ° (A 29)

A relationship between the mean fluid velocity and the perturbed field

is obtained by comparing (A-27) with (A-29), and observing that, to a first

approximation:
am?(uy Rt {A-30)
and therefore:
‘ - he
O b~ (ugpo) V (a-31)
Working in rectangular Cartesian coordinates with B, along the Tz axis,

the plane wave solution for a medium of infinite extent is:

Iy oi (wt —k2) (A-32)

o.
where -: is the wave number and:
o= B tx (A-33)

For a gas with very high electrical conductivity, equation (A-29) reduces to:

2 ,
&_B L . "
w2 HoP (t; - VI°b (A-34)

giving rise to an undamped plane wave of phase velocity:

Ve '(—) Bo=a BQ (A-35)

HoP
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’; called the Alfvén velocity. In the more general case where the conductivity

must be considered, substitution of (A-32) into (A-29) produces the dispersion

equation:
+ N

K= 2(] +i d 2) (A"36)
Yo o o US

or, in rectangular form:

k=1 ——i————* 1+V1+ iJ 1 NV4———| (a-37)

A 02 o 02U4 o2 2u4
A G ey
l TN

A direct measure of the wave attenuation in space is afforded by the

A e, DI

distance required for the wave amplitude to fall to l/e of its initial value

by. This distance 1s referred to as the attenuation distance d and is given by

the reciprocal of the imaginary part of x ; thus, in rectangular form:

(a-38)

from equation (A-37). The phase velocity operator for the damped wave is

: defined by:
‘ b Ao + ©
U E T = o UQ 2 (A-39)
e * #o o US
= The correct formula for the phase velocity is now:
R (@) %o
U = =U A~
ph R (K) o ( )

5
b
¢
{
EEN
%
i
4
i

Since the constant « is Just the ratio of the phase velocity to the constant

component of the field (Equation A-35), it may be inferred that:

-V

- Bo > Bo ) @ 2-—

b= —— Va — 1+ . \Y; (A-41)
U UO /‘o‘a‘ug

Since x is in the form (xR +1ix7), % can be written as:
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'-l:= BO‘JKzR + K|2 ei¢-\7 ' (A-l&2)
where:
|
b= tan~! — i k) <0 <kp (A-43)
KR

Thus there exists a phase lead of the gas velocity with respect to the wave
field.

Figures A-1 and A-2 show, for various angular frequencies and plasme
densities, the attenuation distance as a function of the real part of the wave

number. The parameter ro is the ratio of the plasma density to a reference

plasma density of 1.72 x 10710 Kg/m3.

The result obtained in (A-31) associates the magnetostrictive pressure of .
the perturbation field with the disturbed component of the gas velocity. In
addition, observation of the pinch effect makes the assumption, that the
gradient of the quaatity in Alfvén condition (6) is zero, not unreasonable. The
result of combining condition (6) and equation (A-31) is just the steady state
Bernoulli equation rélating the mechenical energy density to the magnetic
energy density.

If the wave disturbance is maintained by a time varying megnetic field E:
perpendicular to the main field fg‘and fixed at a point in space, equations

(A-24) and (A-25) may be used with:

- - -
B==B°-+b
Bo= BoTz
b= BT, + b’
V= VoTz + v

(A-bk)
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to obtain a more general wave equation.

Thus upon substituting:

L AV B I BT By V- (VT (A1)
and:
a.\r’ 2 ->’ "", 2 - -b' Rl - 2 o - l‘é)
=, = Vb VIbTe YA (B Vb - (V. V)V+y* (B, - V)b (A-

Using the linear relation:
V=ab=a(B+b) (a-47)
and differentiating both (A-U45) and (A-U46) with respect to time yields:
™ 23 é;' - - B’
23‘3 + Q—B: (2 v? —+{(@B, ~ V,)+ VI Ty
aﬂ af2 ot

r. L, (lz--a> [+ B - V1 b"+[<3— B, - V; : V]:’ (A-19)
ot Jt a a

Using the value of o obtained in (A-30) and the result from (A-35), the

(a-48)

relations:
a=y (A-50)
and:
Uo=¥ By (A-51)

are found. Then using (A-50) and (A-51), the final form of the wave equation

becomes:

27 P
2%k ab
I g2

v Rl CRRAREIEE %2;’} (a-52)

as would be expected from equation (A-29). No solution to (A-52) is given
here; but by taking the LaPlace transform of the members of (A-52) in the time
domain and applying suitable initial conditions, a transformed equation in the
spatial coordinates and the transformed variable is acquired. A solution of
this equation with appropriate boundary conditions should be possible. Then the

inverse transform of this solution would be the desired result. Since the

exact form of S has not been specified, any Fourier analyzable function can

be included, and a solution in principle can be obtained.
MCDONNELL 170




MHD Wave Investigation REPORT NO. A219

30 NOVEMBER 1963
Il1-theory

@

REFERENCE FOR APPENDIX A

A-1
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APFENDIX B

CALCULATION OF COLLISION FREQUENCIES IN WEAKLY IONIZED GASES

Although particle "collisions” within a system in thermel and chemical
equilibrium do not affect the state of the system, they are largely responsible
for propagéting local disturbances and maintaining equilibrium. A useful model
for such an ionized gas is the Lorentz gas model. The assumption of a perfect
Lorentz electron gas implies that the electrons are considered as being nearly
free of fields and existing in a "‘vsea" of much more massive neutrals. The
neutrals consist of electrically neutral but polarizable gas molecules. For
the case of a weakly ionized Lorentz gas it is proper to consider the
"collision" term in the Boltzmann equation as being due to the interaction of
moving electrons and stationary neutrals. This "collision” term then couples
the Boltzmann equation for the electroms to that of the neutrals. Del Croix,
Reference (B-1), designates this term (Jf), where J is called the "collision
operator” and f is the phase space distribution function for the electrons as
it appears in the Boltzmann equation. (Jf) can always, in principle, be calcu-
lated by integrating over the entire ensemble of particle interactions, but the
effort required is generally prohibitive due to the complexity of the integrand.
With the assumption of & perfect Lorentz gas, however, (Jf) becomes linear in f;

and, therefore, £ can be expanded in a series of spherical harmonics such as:
I
fo=a, +% (aT cos m¢ + ,ST sin mg) w, PT(O); m<h (B-1)

m
where the P, (8) are the associated legendre polynominals of order 1, @ and @
are the azimuth and colatitude angles. The « ']'_1 and B If are, in general,

functions of time, and we, is the magnitude of a possible electron velocity.

It is found assuming a cepntrally directed electron-neutrsl interaction, that J

MCDONNELL 172

REPORT NO. A219
30 NOVEMBER 19863

A




MHD Wave Investigation  :ficewes 'a

Il - theory
commutes with the spatial rotation operators. This commtivity property pro-
duces the eigenvalues (- v ! ) corresponding to the eigenfunctions 15'"'l of J as

A exhibited by:

I a1} (B-2)

-
The Boltzmann equation for electrons within a constant magnetic field Hy and

=
an electric field E is given by:

o Ifg 3 9fe 3 fE L. af, \
0 g I w T+ Il WX, i o =Jef (B-3)

af i-] °|‘ a qi i-] Vme awi e e
i
where:
- e-B.O - h
, Dee ™ Te_ (B-4)
and:
B, = o H, (B-5)
: {\ dfe .
. ¢ . The terms '5'613- are diffusion terms and may be neglected if the gas inhomoge-

neities are amell at any given instant. The momentum transfer equation,

‘: obtained from (B-3) in the usual menner, exhibits a term:

F, = [[fmg W, [Jf], d we dwyp dwes (B-6)
with:
Ul =S D) =2 (~y, ) m < (B-7)

Del Croix points out that, due to the orthogonality properties of the
spherical harmonics in (B-1),only the anisotropy characterized bym< =1
: mekes a contribution to the interaction force, which Br the electrons is -l:e
It is therefore, possible to calculate v , by means of classical scattering
formulas. The appropriate expression is as follows:
vi=2e NV, f:(] — cos ) pdp (B-8)

: o
t’ vhere p is the impact parameter, X is the deflection angle and Ky 1s the
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' ’ number density of neutral particles. The deflection angle is determined from:

x G, Vo =7 = 20 [7201 - (/02 - § (/w172 (3-9)
A with:

2 B-10
V2 (8-10)
and d the distance of closest approach. In (B-10) W, 1s the relative initial i
energy of the two "colliding" particles, with u being the reduced mass of the

 two particle system, and wg = Vo is their initial relative speed. In general,

/
i
i« e SRR T S I TR
. = - hd

@(r) can be considered as the interaction potentiel function for any two . ]
particles encountered; and, therefore, this analysis is correct even 1f the
"gea™ in which the electrons find themselves consists of both neutrals and
ions. The three component mixture still employs the Lorentz gas model for the |

electrons, but a small fraction of the nelutrals are now replaced with ions.
Under the condition where:

o N> NN

and; (8-11)
To=Ti=T,

SRS SR

S SN

N being the number of particles the type indicated by the subscript per unit

volume and, T the temperature for that specie, the interactions that dominate

© g R R

and are of interest in plasma work are the electron-neutral, ion-neutral and

, o electron-ion "collisions". Each interaction is charactérized by a different
#(r). An individual @(r) consists of both a classical part and a quantum

mechanical part, the latter being significant only for extremely small approach 2

distances, d. Insofar as randomization of particle motion is concerned, the

distant encounters, d large, are the most important. For distant encounters

then, the potential function takes on the following forms:

2
Electron-neutral: @g,=- %2 ( @ = molecular polarization)

b
ae?
ts Ion-neutral: Pin=- 4
r
L]
Electron-ion: boi =~ - (singly ionized gu)
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Due to its dependence on the potential function, v 1 has the exact inter-
pretation of a collision frequency only for impenetrable particles with com-
pletely negligible fields ("™villiard balls"). Using (B-7) and (B-l),
Equation (B-6), written in rectengular coordinates, becomes:

Fo=mg [[Tv] Vo (ayy Wy + 811 Wy + g Wy) d Vou dVoy dVo, (B-14)

The macroscopi¢ interaction force on the electrons, —I«z, produces & change in
the total macroscopic velocity -\}: according to the relation:

- -

Fe=ngmgvey Ve (B-15)
where v i8 the tensor of averaged interaction quantities. The expression

for ve is:

0 0
0 -1
<Ve> vy | (B 6)
0
<v°>ll

with:

[v1a11Vad YV,
<Ve>xx= - ' (3'17)
vd 4
_La” o vgx

and analogously for (v,> and {v.> .
Yy 22

The coefficients a 10 @ 11, 8nd g, are obtained by solving the approximate

Boltzmann equation:

d fe zl EE -\7 - ? fe I (
T 4E [+ Voxo) = B-18)
af i=x me -] ce i aVOI e

and retaining only the first order terms in (B-l)‘. These coefficients are, in
general, functions of v 1 \-I;, -}?and f Obviously, if vy is independent of
Vo: V e becomes the scalar collision frequency v ¢ for the electronms.
Equations analogous to (B-14) through (B-18) can be written for the ions, the

essential difference being the tendency for the ion-neutral interactions to be
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of the "billiard ball" type.
An alterpative classical technique for calculeting ccllision frequencies
is effected by means of the differential cross section, 4 : Tnis quantity is

defined by:

5 ds .
=0 (B-19)
whexre:
2
s=7p (B-20)

is the cross section of the incident particle beam, p being the impact parsmeter,
and d @ is the element of solid angle into which a number of the particlés are

gcattered. In terms of the deflection angle:

dQ =27 sin ydy (B-21)

—

A ds d p dp
o= — = ==

dp dQ siny  dy
For the electron-ion interaction, with fe4 from (B-13), has the form:

2
~ 1 e2 L 1 \ '

which is Rutherford's scattering formula. The deflection angle is calculated

(B-22)

from (B-9), provided d can be determined. The total scattering cross section is
given by:
4 4 ‘dPi
oij=f ojj =27 [ p; - dxij (B-24)
i
Assuming & Maxwellian distribution of initial speeds, Vg, the kinetlec theory
of gases produces the following expression for the toial number of two particle
encounters per unit volume and time:

Y2 N\ V2 o, _ v Y2kT
— p ~ ° ¢ ‘ '
Ni‘i = Kii L (k_'r) (;) jovg e ° aii(Vo) dv, (B-25)
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where:

Kyg =  1/2 for like particles (i = j3) ' (5-26)
1 for unlike perticles (i # j)

nj and nj are the number densities of particle types i and j, and the other
quantities are as previously defined. The ¢cllision frequency is directly

related to (B-25) by means of:

Nj; |
I/II = T (3'27 )‘
1
The total number of collisiéong per unit time per type i "test" particle is:
2N;i+ Ny
= (B-28)

I
n

since for a two-particle collision involving the same type of particles, either
one is the "test" particle. In (B-25) the proper determination of o (Vo)
is through quantum mechanical considerations; however, a common technique is

to assume an average value for On(Vo): commute it with the integral operator

and integrate the remaining expression. The result of this procedure is:

2K, ,

- w
Then: VT
2K [k
vii= N 9 (B-30)
N

Since the most probable speed for a Mexwellian distribution of particles of

mess # is:

22 (B-31)

N

and since the classical expression for the mean free path of a particle of

mass ¢ is:

”(3%32)
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formula (B-30) is just the usual result:

For electron-ion encounters & reasonable expression for

(B-33)

C
Vii = —

7 ey (Reference B-2)

is found to be:

9.7 (10~6)

b= (W) (B-3k)
AT

For electron-neutral "collisions" it is common to use thé "billjard ball"

model.
essentislly a point compared to the neutral particle.

However, because of the small clessical radius of the electromn, it is

Thus, 0 epn 18 Just the

geometrical cross section of the weutral:

Gy = 7, = % (10-16) cm? (8-35)
The geometrical ion-neutral cross sectiion is then:
(B-36)

Gy = 45, = (10716) cM2

in

Using (B-34), (B-35) and (B-36) the following first approximations to the three

important "collision" frequencies are obtained:

e B R 5

et

n, (1078 [24kT
Vo1 = -
ei »2_[.2 m,
10-Y [T
in‘= ___2-— nn\l’ : - (3'37)
e
) o ’ 27kT
vin =247 (10 16) ‘.‘:nv —
. . ]
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