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ABSTRACT

A unique trifilar pendulum was constructed at Frankford Arsenal
. which proved to be an accurate tool for the determination of moments
of inertia of non-homogeneous objects.

The pendulum was vused with a calibration curve, The curve was
generated by plotting a quantity calculated from the weight and the period
squared of a number of homogeneous solids of revolution of increasing
size as ordinates, against the calculated (using handbook formulae) mo-
ments of inertia of these solids as abscissae,

The moment of inertia of an unknown was obtained by weighing the ob-
ject, establishing its period on the pendulum, locating a quantity calculated
from its period squared and its weight as an ordinate on the calibratior. curve,
and finding the moment of inertia as the corresponding abscissa.

There are specialized techniques used in operating the pendulum
and some unique features in its design for which patents have been ap-
plied. The need for such unique fea'ures is established, and error
analysis shows this trifilar pendulum accurate to 0, 5%.

It is concluded that the trifilar pendulum, if properly constructed,
has certain advantages over the torsion rod pendulum with no more dis-
advantages,
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NOMENCLATURE

Rectangular coordinate system unit vectors,
Vector from axis of rotation of Trifilar Pendulum to one
wire of trifilar pendulum and perpendicular to axis of
rotation,
-
Magnitude of R,
Length of suspending wires.
Period of oscillation of Trifilar Pendulum.

Weight,

Rotational displacement of weight suspended on trifilar
pendulum,

-
Reference arigle orienting R with respect tv rectangular
coordinate system,

Complement of 7); also, angle between incident and
reflected light beams at moving mirror on pendulum,

Angle between pendulum wire and vertical under dis-
placement.

Time constant of attenuution of motion of trifilar pendulum,

Phase angle associated with periodic motion cf trifilar
pendulum,

Torque; also, probable crror.

Frequency of oscillation of trifilar pendulum; by
definition,
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INTRODUCTION

In July of 1957, a project was undertaken to build a pendulum
capable of determining the moment of inertia of a device of approxi-
mately 4 lbs in weight, having an odd configuration, Sirce a time
limitation was given to produce the pendulum at the lowest possible
cost, it was decided to build a trifilar pendulum, from scrap tnaterial
available at Frankford Arsenal,

The resulting pendulum has a configuration of structural elements,
consisting of tubing, angles and plates of a size available at the time of
construction, The mirrors used were manufactured from laboratory
coverglasses which were silvered by our optical shop. The photocell
and amplifier were part of surplus equipment. The only purchased
parts were timers and a counter,

After the pendulum had been built and had proven its worth by the
r+ lative accuracy of its results, a patent application was filed based on
a number of its unique characteristics,

DISCUSSION

In dynamics the moment of inertia of a body is to rotary motion
as its mass is to linear motion. Engineers, therefore, should, in any
investigation, concern themseclves with the values used for moments
of inertia as they do for values of mass.

In general, an investigator ray calculate the value of a moment
of inertia or find it by experiment. For irregular or nonhomogeneous
solids, calculation is usually impractical, This report describes a
device for determining moments of inertia of solids unamenable to
calculation, and the method of its operation. The device is called a
trifilar pendulum,

A simple pendulum consists of an oscillating weight hung from
a single wire. The weight, or bob, is free to swing in a plane (or in
an elliptical path, which is just two plane paths superimposed) or
rotate about an axis at a constant rate,




A torsion rod pendulum (used in empirical methods of finding
moments of inertia) also has a single wire, but the wire is thick
enough to exert a measurable restoring torque on the bob when the
wire is twisted. It should be remembered that moments of inertia
(unless calculated) may only be found experimentally by imparting an
angular acceleration to the object under investigation. Physically,
there cannot be a scale or balance or any static test for finding mo-
ments of inertia.

In the t-ifilar (three-wire) pendulum, the wire size used is as
thin as the el:stic limit will allow. Thin wires, of the size used, have
a torsional mement small enough to ignore. The wires are hung so
that when t'e bob has been rotated and set free, a restoring torque
twists it back toward the equilibrium position, and pcriodic motion
sets in (fig, ,!. The weight and moment of inertia of the bob and some
dimensions of i.e pendulum fix the period.

THEORY

1. Appendix I contains the derivation of the formula for moment
of inertia from the equation of motion of the trifilar pendulum:*

WR2TZ

[ = N8 2
anly,

*G. W. Hughes, Sandia Corp,, The Trifilar Pendulum and Its Applica.
tion to the Experimental Determination of Moments of Inertia (ASME
57-SA-51, 1957) p. 42.




Where
1 = moment of inertia of the bob (test object plus hardware)
W = weight of the bob

R = perpendicular distance from the axis of the bob (about which
it rotates) to the center line of any one of the wires (fig. 1)

T = period for one full cycle

L = length of wire from the supporting frame to the bob.

METHOD

The technique used in determination of moments of inertia of un-
known nonhomogeneous solids by use of the trifilar pendulum involves the
use of a calibration curve., This curve is obtained by (1) calculating the
values of the moments of inertia of standards; (2) weighing each standard
(Wg); (3) weighing the holding fixture (Wo); mounting each standard on
the holding fixture; (5) imparting an oscillation to the assembly; (6) de-
termining the period (Tg,4); (7) imparting an oscillation to the holding
fixture without a standard; (8) determining its period (T,); (9) calculating
the quantity (Wg + W) (Tg,0)° - WoTS; and, (10) plotting this value as
ordinate against the corresponding calculated moment of inertia as
abscissa,

The moment of inertia of an unknown is found by (1) weighing it
(W,): (2) mounting it on the holding fixture; (3) imparting an oscillation
to the assembly; (4) determining the period (T, o) (5) calculating the
quantity (Wy + Wo) (Ty40)2 - WoTZ; (5) finding the point on the calibration
curve whose ordinate is this quantity; and (6) reading the abscissa of this
point as the desired moment of inertia. This value is the moment of
inertia of the unknown.

If the unknown could be oscillated without using the holding fixture,
one would obtain the period of oscillation of just the unknown (Ty). A
holding fixture is necessary, however, and, in general, Tx # Ty4o-
Thus WxT,Zg » which is the factor in the formula for the moment of inertia
of just the unknown (see App. I), must be found indirectly. Let Iy stand
for the moment of inertia of just the holding fixture, Iy that of the un-
known, and Ix+o that of the combination, Adding moments of inertia




Lio = Ixt 1,

Using the trifilar pendulum formula (see App. I) and cancelling
constants,

(W + Wo) (Txyo)® = WyeTy2 + WTo2
SO

2
WyTs = (W + Wo) (Ty, )2 - WoT,2

The amount on the right is the W’I‘2 used as ordinate of the calibra-
tion curve., Iy is the abscissa, so the unkaown moment of inertia can
be read directly from the graph.

The standards used to provide points for the calibration curve
were homogeneous cylinders of steel or aluminum, accurately weighed
and measured, Theoretically true moments of inertia (axial and trans-
verse) were calculated using handbook formulae.

The standards are divided into two families; one set had 2 con-
stant height with increasing radius while the other had constant radius
and increasing height,

Each of these standards had its period timed for both axial and
transverse axes, Each standard, then, gave two points for the calibra-
tion curve., There were six standards in each of the two families, so
a total of twenty-four points was coliected. The weight and period of
the hardware alone gives another point which is, of course, the origin
of the coordinates.

CONSTRUCTION AND METHOD OF OPERATION

Three pieces of aluminum tube rise from the floor and connect
at the top and middle to crosswise pieces of angle iron, forming the
frame. A triangular yoke of flat pieces of steel welded together is




bolted to the midpoints of the top angle irons (figs. 2 & 3), It was
originally planned to have the uprights join right to the yoke (fig. 4).
Over the voke and bolted to it lies a circular steel plate called the "top
support plate, " Three sets of three tapped holes, forming the vertices
of concentric equilaterial triangles, go through the plate.

Levelling and locking bolts screw into one set of holes, A 2vel
is placed acrcss the heads of each pair of bolts and one is raised or
lowered until level with the other, When all three are level, locking
nuts are tightened, The bolts have thin axial holes in which the wires
are inserted and held by a setscrew.

There are three sets of holes in the top support plate, so there
are three possible values of R (see Appendix I). In practice, the center-
most holes were usually used. The formula for I shows that the period
varies inversely with R {everything else constant). Hence, the smaller
the R, the longer the period, and the smaller the percentage error in
T. Other efforts in three-wire pendulum design can be criticized on
this account, In garticular, the dimensions of the pendula constructed
by G. W. Hughes™ lead to periods in the neighborhood of a fractlion of
a second,

The lower support plate has thin vertical wire holes and set-
screws near the edge. It is levelled the same way as the upper sup-
port plaiz, except that one setscrew must be loosened before raising
or lowering that side of the plate, then tightened again,

A holding rig hangs from the bottom support plate by a hex bolt
(figs. 5 & 6)., This rig is used for finding transverse moments of iner-
tia, and is little more than a rectangular aluminum frame. Atop its
lower member sits a piece of angle on which rides the test object {fig.
11). Holding the angle ‘n place and extending below the frame is a
holding and positioning bolt, The bottom of the holding and positioning
bolt has a tapered bore, which mates with a conical steel shaft threaded
into the intersection of a pair of center bearing arms. These arms
move in collars attached to legs of the frame, The shaft can move in
all directions. It is centered (before the wires are hung) by means of
a plumb bob hung from the center of the top support plate,

*G. W. Hughes, Sandia Corp., The Trifilar Pendulum and Jts Applica-
tion to the Experimental Determination of Moments of Inertia (ASME
57-SA-51, 1957) p. 42.




The center bearing arm is needed because the three-wire pendu-
lum must be kept frem swinging like a simple pendulum, As shown in
App. II, when there is both rotational and simple pendular motion, the
horizontal and vertical displacements differ from wire to wire.

This combination of moticns has many undesirable results,

1. Since the angle between a wire and vertical € = tan

o 2 -{-SI:(- (the displacement of the bottom end of the wire divided by the

wire's length), the three wires are at different angles to the vertical,
upsetting one of the assumptions of the derivation,

2, The axis of rotation of the bob and the direction of the re-
storing torque are no longer vertical or parallel. The axis of rotation
moves in one plai.e while the torque is not held in any plane. At any in-
stant, the test object is spinning about an unknown axis and accelerating
angularly about another. (In referring to or determinating the moment
of inertia, a reference axis must be specified,)

3. These torsional and simple pendular motions also have
separate periods, It follows that results under these conditions become
meaningless,

4. It has been found that the rotational motion damps rapidly
when there is alsc a simple pendular motion,

5. It will be noted further in the report that a simple pendu-
lar swing would make it impossible to get results by the timing method
used.

It is concluded that:

1. The operator should have some tocl to help hiin start the
pendulum without jolting it,

2. A fixed pin is needed under the bob to keep it from swing-
ing like a simple pendulum, so that results are obtaine? and are mean-
ingful,

These conclusions, if not the figuring that leads to them, are
valid for all types of torsion pendula.




The shaft in the center bearing arm referred to above is raised
by means of its threaded base as far as it can without bearing the sus-
pended weight, At most, the shaft and matching depression touch at a
point (fig. 6 inset), Variations in temperature and variations in the
weight of the test object affect the length of the wires so that the shaft
must be raised or lowered to maintain single point bearing., Needless
to say, if the hole in the middle of the top support plate is badly cen-
tered, the shaft will move the bob sideways. This sideways shift will
have much the same result as a simple pendular swing,

The frame has a pair of pins on its side members, Before being
bolted to the bottom support plate, the frame, with test object, hangs
by these pins on a special cradle. (Fig. 13.) One of the cradle legs
has a jack for levelling, The test object is shifted until the whole works
hangs vertical, When the frame hangs vertical, i, e., when the test ob-
ject is balanced, an engraved line on one side of the frame lines uvp with
a wire by one of the cradle legs. Thus, when the frame and test object
are put on the pendulum, the axis of rotation goes through the bob's
center of mass,

Usually, it is the moment of inertia about an axis through the cen-
ter of mass that is desired. But the three-wire pendulum has the virtue
of allowing some range of arbitrary axes, True, a simple relation ex-
ists between a moment of inertia through the center of mass and others
parallel to it, But if the location of the axis for the wanted moment of
inertia is known, calculation is unnecessary using this axis in the ex-
periment, It is easy to show that the bob will not tilt until the distance
of the center of mass from the axis of rotation exceeds

RA\3

6

In this regard, the three-wire pendulum is better than the torsion
rod pendulum, which will tilt under any imbalanced lead,

Objects having axial mounting holes, and whose axial moments
of inertia are to be found, are hung from an expansion plug bolted to
the bottorn support plate in place of the frame (figs. 7 & 8). Solid ob-
jects whose axial moment of i.ertia are i> be determined sit atop the
bottom support plate,




A tool has been made for measuring the wire length, such as, for
an absolute determination of I, This tool works as follows: a pair of
rods slide in and out of a collar and can be locked in place by the collar
(fig. 9). The free ends of the rods have disks on them. A spacer is
put on the bottom support plate and one of the disks of the extension
rod set on it. The rod is extended until the upper end butts against
the locking bolts, then locked. Vernier calipers then measure the
lengths of the spacer and rod,

A keyed sleeve which slides freely up and down is used for tremor-
free starting (figs. 10, 11, & i3), Resting around the guide plug, it
slips up around the holding & positioning bolt and keys into a groove.
After keying, sleeve and bolt are turned through a desired angle and
released. The sleeve drops, letting the pendulum rotate undisturbed,
Fixed to the centering arm is a circular plate with radial lines, A
positioning arm on the key:d sleeve can be lined up with one of these
lines so that an amplitude can be chosen. An amplitude of about 7° has
been found best.

A polyethline sheet hangs around the pendulum to cut out drafts,
The pendulum was located in an air conditioned room so that the ambi-
ent temperature variation was +1° C,

An electroniz setup times the period, (fig. 12), A light beam
bouunces off a narrow mirror on one face of the hex bolt or on the edge
of the bottom support plate, The reflected bzam then carves out an
arc with the same frequency as the pendulum, When the pendulum is
at its equilibrium position, the reflected beam shines into a photocell,
(The light source and photocell are attached to two of the frame up-
rights.) Light hits the photocell twice every period and a counter
records the number of hits, The counter is wired to two electronic
timers, One of them times the first ten full cycles, then stops to let
the operator record this time while theother one starts timing. The
operator resets the first timer when he is done recording, then turns
to the second timer and repeats the operation, This goes on until ten
readings have been obtained from each timer, or until the beam moves
so slow that the photocell fires twice while the beam shines on it,
(Figs., 12 & 13,)

This way of timing the period would obviously get no satisfactory
results if the pendulum swung as a simple pendulum. The reflected
light beam would be very erratic, missing the photocell or striking it
irregularly,




ERROR ANALYSIS

Sources of error are divided into two groups; those caused by
the three-wire pendulum design, and those caused by the setup used
for timing,

Sources of error caused by the design are: (1) changes in R;
(2) changes in L; (3) error in weigh.ng.

Since

wr2T?
ansy

I =

dI  2WRT2

dR — 4ply

2WRT? | an’L

ar®y,  wr2T?

dig

I

dR

p———

dR R

=2

The subscript on dI stands for the source of error,

R varies with the ambient temperature, so that dR = KRAT,
K the coefficient of expansion, AT the change in temperature, say
2° C. For aluminum K = 2,57 x 10-5/°C

80

e |- e
= 1,03 x 10-4
=0,01%




The weight of the unknown wili stretch the wires, The modulus
of elasticity E = WL/Ae, where w is the weight of the bob, L the wire
length, A the cross section area of the wire, and e the elongation of
the wire

Ay _Jar | . e
1 - L L
- W
EA

The weigh. supported by one wire will stay less than 100 b, The
cross section area of the wire is about 8.1 x 10-4 inz, and the modulus
of elasticity of steel is about 2,8 x 107, Hence,

aly, 100

— =

I 2.8x107 x8.1 x 1074

= 4.4 x 107>

= 0,44%

Even though a calibration curve is used, this source of error
must be counted. WT?‘/I = C is considered constant for all possible
test objects, If the wires stretch for a certain test object, then




Where I' is the experimentally determined value of moment of inertia,
I is the true value, C is the slope of the calibration curve, W = the
weight of the test object and T is its period.

where L' is the new length of the wire, L the old,

wrlR? f e
= 41‘,2 LL!

henc«

dr . .e_
1 L

Differentiating the formula for I with respect to weight,




Standards and unknowns are weighed on a lever arm balance and
are known to better than one part in 107 so dIw/I = 0. 1%.

The effect of air drag on the period is negligible.

The smallest measurable interval is a millisecend. The shortest
periods timed are on the order of a few seconds. A timing run has ten
cycles, and both the starting and ending times can be off by as much as
a millisecond. Hence,

dI
T1 _2(dTy)) _ 2x210-3
I T 0.04

= 4 x 10-4

0. 04%

"

The number subscript is used because there are other sources
of error in T,

If the pendulum is not at the equilibrium point when the phococell
goes off, the measured period at this point will be a little longer than th:
true period. Surpose the photocell fires when the pendulum reaches

angle o) = Oloe"ytl cos wtp .

Nhere @ is the amplitude, cos wt; is the phase factor, and

e-‘y':1 the damping factor. After one full period, the time is t; + T.

(T the true period), but the photocell has not yet fired, because the
amplitude has decreased since t]., It does not fire until a little later,
for example t; + T + dT. The interval actually timed is T + dT,
i.e,, the true period plus a little bit,

The derivation of dT,/T (subscript for identification) is given
in Appendix III, Here is the result:




assuming

O'l = Soqu_ytl = 7°
and
. 1 yT
Y o= e = 11
; (1 OOT) (e 1 + YT, ¥t small)
We arrive at a worst possible error,
T 6,28 Jm 1000
= 0,02%
hence
dl
—Z21 _ 0. 04%
I
Note
dTZ
T - 0 as Ql -0
and

dT2
—7—| " © as oy - ug e~"tl

13




(becausc of an in rease in (v}, a decrease in X, increase in ¥, or
increase in ty.)

If the appara’ 1- is set up properly, this source of error can be ig-
nored, It was mer.'- ned to show that the location of the photocell is
not haphazard,

The mirror which reflects the light beam and the slit which col-
lects it both have a finite width in the plane of motion. Because of this
finite width, the pendulum bob can be anywhere within a small angular
range when the photocell is triggered. It follows that the measured
period may be off by a small amount,

The magnitude of this possible error is derived in Appendix IV.
It turns out to be

dT3 - Wl + Wz

T 207 oD

Where W is the width of the mirror, w, the width of the slit
before the photocell, & is the pendulum's amplitude, and D the dis-
tance from the mirror to the photocell. The error is figured for a
timing run of ten periods; if single periods are timed dT3/T is ten
times as great,

1
Assuming %g about 3y radians,

Wy

Ul

Pt
-

~

and
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dT r >
3 1 16 1
—_r = el = —— = 0,02

T 60 l 1 1800 - 0 02%
Hence

dIT3

—_— = 0, 04%.

I

Let us add the errors from all the sources mentioned:

dI
al |om|, Jaw| fad, |57 | oS
I I I I I 'I
o] aw [ ax |, |25, P
R w L T IT

0.01% + 0.1% + 0,44% + 0,04% + 0,04%

e

0.63% 0.6%

An actual calibration curve is a straight line (graph #1), If
every point (WT2, 1) lay exactly oa the curve, then (WT‘?'/I)i would
be a constant for all i, It is not.

In effect, each set of numbers (I, WTZ) can be considered a
wr?
separate detzrmination of the theoretically constant value -1

(graph #2). Some values of WTZ/I are not as reliable as others,

Some are known to four significant figures; some to three; some only
to two. So take a weighted mean with the following table for determin-
ing weighting factcrs:

15




# Significant Figures Weighting Factor

w
.
[

The weighted mean

n n
W=y opm | Y P
i=1 i=1
where
2
m o= W
I
2
l‘)"l1 = _v.i_’.r-_.
I /i
and p; is the ith weighting factor. “

There are twenty-four points with a total weighting of 15. 81,

and m = 0,8505,

The probable error of an observation with weight 1
n 1/2
. 674
T = .____..__O 5 Z pixiz
‘/n -1
i=1
T = 3,125 x 1073

16




where

wT?
}'C1 = - —‘"I——'
1
-3
L - 3125100 - = 0.367 x 10-2
™ 8,505x 10°

Hence the percentage probable error of an observation of weight one is
0.37%. The probable error of m is

T 3.125 x 103

- = 7, 88 x 10-4

n 15.81
) Y
i=1

Tﬁ _ 7. 88 x 10-4 = 0, 09(70

8.505 x 10~}

L
m

Hence the percentage probable error of m is 0. 09%.

17




Assuming that the value of WT“ is good to at least three signifi-
cant figures, the percentage prctakle crror in m; can be used nz a2
percentage probable error in I;. Since T affects the third signifi-
cant figure mj, values of (WT¢) known to four significant figures are
in effect good only to three. Hence we can consider values of (WTZ)
that are good either to three or four significant figures as having weight
one. The percentage probable error of m must be added to the per-
centage probable error of my;. Hence a determined value of the mo-
ment of inertia is good to (. 37% + . 09%) = £0.5%. (Unless wT? is
certain only to two significant figures, i.e., the unknown object is
quite light,)} This error agrees very well with the estimated error.

CONCLUSIONS

The trifilar pendulum is a simple, accurate, and reliable tool
for finding moments of inertia, It has these advantages over the tor-
sion rod pendulum: its period is independent of the physical proper-
ties of the supporting wires, and the load may be shifted to rotate
about an arbitrary axis, if desired., It has no more disadvantages than
the torsion rod pendulum, once it is set up.

FUTURE WORK

A four-wire pendulum is possible, An unknown could be balanced
right on the rig while a pair of cater-cornered wires are slack. The
pendulum would be ready to go as soon as the slack wires were tightened,
and a quick-disconnect arrangement can be used to slacken and tighten
the wires.

18




APPENDIX I

DERIVATION OF TRIFILAR PENDULUM EQUATION

Let P be the point from which one of the wires hangs (fig. 14).
At rest, its other end is at a point A, right below P, But when the
bob turns an angle @, the lower end of the wire moves to point B, Let
the line AC be the projection of the arc AB in a plane perpendicular to
line AP, The line AC is about equal in length to arc AB,

Now
IAC] _ S : tan 8 (1)
L L
and
/AC/ . S .
— 2 o o 2
R R - tan (2)
if O and @ are kept small
S £ L6 (3)
and
S & Ra (4)
combining
8 - Ro 5
T (5)

Let T, be the tension in the wire and w) is the part of the total
weight pulling down on this wire. Since Wi and T cancel at rest
/Wl/ = /Tl/ .
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When the bob is rotated, there is a sideways resultant force,

F = -T sinG (6)

Again keep 8 small, so that sin 8 = 8 and

F = -T 8 (7

This force acts through a moment arm of length R, so there is a
restoring torque

Tl = -T1R6 (8)

In general, 5T = I&, & the angular acceleration, so that
Ty + Ty + T3 = 1@ (9)
Assuming 6 the same for all three wires,
-RO(T) + T + T3) = I& (10)

The tensions add up to the total weight without assuming the
same tension in each wire. Plugging in this relation and (5),

2
Réaw _ . (11)

1o =
L

This is an equation for harmonic motion. The frequency is

2
R7W (12)

£ = L
z7 L




The period T is

T = 2% ——— (13)

squaring and juggling

2wr2
[ = RZWT (14)
4m2y,
and
2
"I-Z - Rz (15)
WT 4mlL,

W is in pounds (weight), R and L in inches and T in seconds; I is in
Ib. (mass) in,
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APPENDIX II

DISPLACEMENT OF THE LOWER END OF ONE OF THE
SUSPENSION WIRES UNDER A COMBINATION OF

ROTARY AND SIMPLE PENDULAR MOTIONS

<
=)

b

Atop the bob is a circular plate to which the wires are fastened,
call it the bottom support plate, Suppose we are looking down at this

plate, (See figure above.) Let l_if be the vector from the center of the

plate to the fastening point of one of the wires. Let Ri be the vector
from the center of the tray to the same point after a rotary shift,

22




i, j, and k are the rectangular coordinate unit vectors (right-
handed system, k straight ugl. If the coordinate system moves side-
ways with the bob, the shift S of the fastening point is just R'l -Rp.
Let mi be the angle between the x-axis and the perpendicular bisector
of R] - R;. Suppose the coordinates stay fixed with the ground and
the bob moves linearly a distance X in the x-direc*ion while it rotates

by an angle @. The total shift S will now be:

- - -— 3

S = iX + (R} - Ry)

-\ —_— . .
(R'l - Ry) has x +7 components, i, e,

c—— —_— —_— —

— —
(R} - BRy) = (R} - Ry)yx + (R} - Ry,

but
— —_—
IR'I - Rll = R«
so
—? —_ -
(Ry - Rl’x = iR0 cos B = iR« sin m
and
—-% — -
(Ry - Rl)y = jRo sin B = jRx cos m
So

— = =
S = i(x + R sin M) + j{RQ cos 1)

23




and

/S1% = (x + R sin 1))% + (Ra cos 7,)2

x2 + (RQ)Z

ZROX sin T
‘Sl: x2+(Re}2/l+ i

/8] changes with 7 and so differs from wire toc wire,
sult, the vertical displacement of the s
from wire to wi.e.

As a rz-
uspension point also differs
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APPENDIX 1II

ERROR IN PERIOD CAUSED BY MISPLACED PHOTOCELL

The equation of motioun for the pendulum is

o = 010e'7t cos «wt (16)

& the amplitude, e 7t the damping factor and cos wt the phase
factor, Suppose the photocell 15 triggered when the pendulum reaches
angle o), (see diagram #12)

-rt)
“‘1 = aoe cos wtl (17)

On the second count following the one made at time t;, we have
again

-yt
a] = Ope 2cos wt (18)
27
W= — 1
T (19)
T the true period and
tzg = t; + T +dT (20)

dT the difference between measured and true periods, Setting (17) and
(18) equal, dividing through, and plugging in (20)

25




-t -Y({t1 + T +dT
e 1<:c\s wty = e (1 )c:os o.‘(tl + T 4+dT) {21)

+¥(t, + T
Multiplying by e ( 1 )

eyT cos wtl = e-’YdT cos wt; + T +dT) (22)

by identity
cos w(ty + T+dT) = cos w(t) + T) cos wdT - sin w(ty + T) sin wdT (23)
since 4T << T,
e-YdT = (24)
Putting (23) and (24) into (22),
cos wtle'}’T = [cos w(t] + T) cos wdT - sin w(t; + T) sin wdT] (25)
by definition
cos w(tl + T) = cos wtg (26)

and

sin w(ty + T) = sin wty {27)
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again since dT << T
cos wdT = ] (28)
and

sin wdT = wdT (29)

Putting (19), (26), (27), (28) and (29) into (25) and rearranging

T
- Cus wtl € -1 daT

- (30)
27 sin wt, T

Putting in a phase angle ¢ such that

¢ =Tz - ety (31)
we obtain
91 = tan @ e)/T -1 (32)
T BFX e
but
-7ty .
o = e sin © (33)

27




so that

o
tan ¥ = 5 ,
-3ty o
/f)
and
dT 1 al
T * 2m

28
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APPENDIX IV

EFFECT ON MIRROR AND PHOTOCELL WIDTHS ON

MEASURED PERIOD OF THREE-WIRE PENDULUM

. "\
%;sm SOURCE ~~
~ d h
~ v

N

\\\ MIRROY ;,’ \
NN /
NN .
~ ~ /
N J
o W

7 M~ | Jd«x
//ﬁ ‘~i:\
P . T = .
suT N :
‘ \’ // ' I
rd /" \ ;
E [
PHOTOCELL T
=~
\ S /
\
™~
\\_\ e

The bob is at its equilibrium position, so light reflects into the
slit. Assume parallel rays hit the mirror, so the beam width won't

change from the mirror to the slit, The width of the reflected beam
will be

wy = w'cos B/2 (36)
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or at worst

w] = w! (37)

where w' is the mirror width and B is the angle between incident and
reflected beams, wp is the width of the slit in front of the photocell,
The angle f can vary by as much as

W1+W2

df = —— (38)

from period to period at the moment the photocsll fires,

The variation in the angle @ is approximately

do - 98 (39)
2
that is
dt = ——- = 40
55 (40)

The uncertainty in the angle & leads to a possible error in the
exact time that the photocell is fired. This possible error is at most
“he time required to sweep out an angie d&,

Since

= o (41)

Dlo.
IR
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x = u,‘CYO cos wt

plugging (19) and (44) into (42)

Tda
AT = 2T Qg cos wt

since @& is about 0,

(44)

(45)

(46)

Ten periods are timed, and the starting and ending times may

be off by this much. So

31
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Putting (46) and (40) in (47)

il 48
T 20m D o (48)

It is easy to show that if th
in the plane of motion and looks
not from infinity),

e light source has 2 finite width w
at the mirror from a distance D (and

dT

1
— 2wy + Wy + W 49
T ~ foipa; V1t Y2t W) “9)
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APPENDIX V

Figure 1, Trifilar Pendulum, Schematic Diagram
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Figure 4, Original Design of Three- Wire Pendulum Frame
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Figure 6,

HOLDING &
POSITIONING
BOLY

«—CENTER GUIDANCE
SHAFT

g HEX BOLT
It/\_-ﬁ- WIRES
|7 L J<-——sorrOM SupPORT

- PLATE

[ FRAME

ALUMINUM ANGLE

HOLDING & POSITIONING
1 ; BOLT

\
«——CENTER GUIDANCE SHAFY
[

Aluminum Holding Frame of Trifilar Pendulum, Exploded Vie-w
INSET: Point Contact Between Dored Cylinder and Guidance

Plug
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. LIGHT SOURCE
PN
%/

AN
AN
AN
N
AN
N
N
AN
_ 7 MIREOR

SLIT

/ /

|
!1—— COUNTER

f/ “PHOTOCELL
|
J

.'
f‘
1
|

]

’ TIMER NO. )

ey TIMER NO. 2

Figure 12, Timing Setup for Three-Wire Pendulum
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13

Figure 13.

1-Top Support Assy,
é-Frame Uprights
3-Balancing Cradle
4-Aluminum Frame
5-Standard

6-Starting & Guidance Assy,
7-Photocell

8-Counter

9-Light Source
10-Timers
I11-Center Bearing Arm
12-Center Bearing Arm-

Disconnected

13-l.evelling Jacks

Entire Trifilar Pendulum Setup

46




nose

hsiNg

v

Force Diagram

Figure 14,

Schematic Dia

Turned an An

22—

gram for One Wire When Pend
gle »

47

ulum Bob is

-y




T TR
5 : i N S D

48

i

Ty reid

A..mw B 3 %.nm H. G, 55
Fim HEI PR St e
i EEEE: B

E e




78 Udean
T TS 1T
un ?. * 5 i H
sewr
oo ¥ )ar _muhm3 ]
Sissaszass i dn 4
4
1 I ~ T !
T T
" B . b
1 4.0 4 ‘
1 T 1 o
inan | =
saagazs oo
P { —+
T
] 1 1
: 1
i
- - W—r
+ 1]
P ,
T T HT o
-+ -+
- H
B!
T t 1
gt h
i 5 e
T sazssE=ssailfEs -
on ke i1 -+
* T Aéw. Insy 1
-y - [ I fodd o d
1T 13 naY
Tt Ny B w._ ﬂNWW HqM‘wlfﬂm
HT : f THE PR T A
i T T NN NS SRR
| ,ﬁ,f $3Es gusnauyel
4.4 44— (X3 . 44
| THE e mw:
; 1 8 LWAL T
+141 AAW:r Sttt
1 - TriTi 3 -+ Tt %
J31T t ﬂw £ |
n y ) [T . IR )
| M FH T R
, 2 P R
| ERTIESaERRace Sasaeat
e ags: H Eonm HH T R R
w ] ! HH P L F
L
|




;
ES
ES

IR PSS 54 Y o o

L,

o e, SR

R T

[

BN

DISTRIBUTION

Headquarters

U,S. Army Materiel Command
Washington 25, D, C,

Attn: AMCOR-TW

Attn: AMCOR-TS

Commanding General

U.S, Army Munitions Command
Dover, N, J.

Attn: Chief Engineer

Commanding General

1J.S. Army Missile Command
Redstone Arsenal

Huntsville, Ala,

1 - Commanding General

U.S. Army Weapons Command
Rock Island Arsenal, Illinois

1 - Commanding Officer

U.S, Army Munitions Command
Picatinny Arsenal
Dover, N, J.

1 - Commanding Officer

U.S, Army Test & Evaluation
Command

Aberdeen Proving Ground
Maryland

2 - Commanding Officer

U.S. Army Ballistic Research
Laboratories

Aberdeen Proving Grou.
Maryland

Attn: AMXBR

™~

-

Commanding Officer

U.S. Army Munitions Cominand
CBR Agency

Army Chemical Center
Maryland

Commanding Officer
Army Research Office
Duke Station

Durham, N, Car,

Commanding Officexr
Yuma Test Station
Yuma, Arizona

National Aeronautics &
Space Administration
Houston, Texas

Attn: Engineering Group

Commanding Officer
Diamond Fuze Laboratories
Washington 25, D, C,
Attn: Tech Ref Section

Commanding Officer

Watertown Arsenal

Watertown, Mass

Attn: Materials Research
Office

Commanding Officer
Watervliet Arsenal
Watervliet, New York

Commander

U. S, Naval Air Missile
Test Center

Point Mugu, Calif,

Atta: Technical Library




Py wgaly

BISTRIBUTION {Cont'd)

RELE R

I - Lewis Research Center 1 - Commander
< National Aeronautics & Space Naval Electronics Laboratory
B . Administration San Diego, Calif,
: 21000 Brookpark Road
- Cleveland 35, Ohio 1 - Commander
- Attn: Library Naval Underwater Sound
Laboratory
1 - Commander New London, Connecticut
Naval Ordnance Laboratory Attn: Library
White Oak, Silver Spring
Maryland 1 - Commanding Officer
Attn: Library U.S. Naval Air Development
Center
1 - Bureau of Naval Weapons Johnsville, Penna,
Dept of the Navy Attn: Library
Washington 25, D, C,
10 - ASTIA

1 - Director Arlington Hall Station
U.S. Naval Research Lab Arlington, Virginia
Wiashington 20, D, C. Attn: TIPDR
Attn: Code 6130

1 - Department of the Navy
Office of Naval Research
Washington 25, D, C,
Attn: 429

51 44333




cone

TIILISSYTINND

'0!0!0.0'!b0.l,'000 stsEveq

‘VIISY w03 wasdo> uIqo ‘auoy
SHOLLVLITMIT NOLINgIHISIqQ

~npuad agy wo pottad su Sui,erquiea

“essI1daqQe
Barpuodsasios Y2 %' Tl JUT 10 TUIWOUL Mgy Buipary

Lt Je TETTY st laded 24 S0 (X RUP20 Tw s WNam £}t pue

potzad w11 wogy Paremaes diguend » Fucgesor ‘amp

333090 33 FucyBeom
<q PIUTERE sEM weougun ue 30 *11301 Jo Justwous sy

TAEERINGE sx apr{os Iy Jo ®1LIIUY 3O s ICDULOLL

Ly 3 Hooqpuwy ¥uen) MOTed aq e ‘soren

“TPpI0 s anis Bmiswaaou jo 1042 JO sprioe 2

~OHIOL Jo 1IqUInG ¥ Jo paawnbs Potaad ays pue qBram A

WOy paremates Liquenb » Sunyopd Ag PITeI0T sem anins

UL 22D UOKIRIGES v yitm P3N sem wnmpuad ayy
*s1da3lqo

EILISY toag sados weyre pERTIN
SNOLLYLUNTY AOILNTIYISTa

TITJISSYIOND

e sneenavan COCl0000i00lli¢‘|0010|00il|00000000Otli..bOl.llli“bltloc.lilOOIOOOtOOOnOOOQOIIUCCIAQOQ|000000 .0'00.000.0000!0o.tl!'il.b!!ytld.loto0|0||-'o-n-uo-.

SRS oY
M:.vcgn.vhn.cu SR KT VI Jo JIUCI gy FagLry .

PUY Casars’uoieaaiyes sy ve FTVIPIO P ST 1w £30 pun .
baxenbs porsad sy 1033 DaeInyes Kinguenky v Funesoy ¢ kany
“npuad )y ue potasd s Futysyaersa *330lco Ay A w M

49 pomieigo sem umouyun ve 3O vRIIUT Jo Juawowr Ay}

TATSFIdSQR S $pIos osagy 10 PRV 1o 5 Uetom
t vt gag Roonpuey Jursn) Paarnore> 333 25urde ‘sareu
SIpIC < v arts Hurseradyr 3O VOTRIONIL 1O $PHOF £HOSLIN

SCAOY O IINWNG T JO pesenbs potiad sy pur wyaw sy,
Mioal pareinapes Hinar b e Runyiopd
41

Vo ophiRaanad cew r2nn
Tosew wnnpuad sy g R
“S12a000

SINICD nonein w> e yuw .

#neaudVo1woy-uou Jo enrem 70 sudmOwW 3o wonvenw FnovusRowon - uou jo vz IO FUIRICW JU a0 erg

~I332p 1 103 1003 FIVINDOY U 20 DY Ppaacad HIYs reursay SAMINE 341 103 (03 Alwsndde uR 30 o nasnad Hatgw jenagayy
fefomars 4 1o pa1nzIENos ngw ummpuad 2epriiay anbion * SIOIMURI § 1% PAIINIIRUOD sen wIPpLad 2eggia anbian

“VIN P03 SIKO *snqye
7961 30y 'coor-y 1oday va

oY MDD Ceragr

224y g PUR «dfae: 7 Lur dd g, "TUHT isndny *gong s inday g

Jaey v g .
M ved pae 110W 'y So ¥IIUANT 40 S1 I3iwon
O NOLYNIING A I 30 Ay HOL WOAMNONTA BYTIAINL v

1akgy g
210y Y vy

PUR $51q03 our dd g

a3ky meg poe 40N Y v Lq yIizwaNT 40 SINTHROM
HO NDILYND TR I3 3y, YOI MNINANAS WVTIAIRY V

e nI3ut Jo swatuoyg -y “vd “2f wmdpopeng ‘»a130mr00e7 uurg-unLg TIIUY O suatuoly  p Tt L0 wwdpapepigg S 2aore 008y wungy-uewing
*dnoan 1.3.&&0-!—0& PUR Udrvanay ‘teuasayy ProvIea 4

l'CIOOI.'I..IQ"'..‘.O'OC('Qlial

whmpaa g swpiyeay g *dnoan reawdotarag pee Ydleswdy ‘revasay Propues g - Wninpuag aepGiay vy
€s9t-u b f491-n
AQIIXISSYIIND “ON NOISSTIOY -av . QATLISSYIINAD — “ON NOISSIIOV -av
...I“...'l.'l... (A4 L LR T PYY LA L L XY PP TPy l.ll.'l....lll.‘l.. LA L L LI LY PR gy *vrsvacvovssnenene Procoessnnun, LE X L TN O.OO'.I‘CI".ID' Ctasasnuneste '..'.i'.....‘l".'.’. LY
4 A
b4 du ‘e TIOEqQY ® “effidsaw
-EIUHHQU M) e ut Ut L3220y S laaur jo 1L e ¥ H .
M TALLISSYVIIND _.1.: ‘anand qire Q.u.a uo 2 D. ub.-n e Ecmw.uw-u =11 pue TCAIIISSYIONG pue ..u.l:unk.:n»a:nu Hy o M:::?_uc up mﬂuuﬂwnwﬁ nw.»nw_wﬂv :
- dxwnbe potrad eyt WOy pajemnstes Liguend v Junredoy *umy Sienby potiad ¢ WO S pateinaten Attunnt v Junesor rwng .
2 ~npuad oy wo potzad gyt Jurgsnqens 133790 313 FurqBram . “npudd Ayl w0 porzad sy Jutistinersa “1sofro Y FutyRtan,
- £q paure1qo ses umouwyn ye JO ¥122u1 3o yuswow ayy - 49 pauIeIqo sve UmouNun Ly O TR JO maton. a1 )
b4 SATELIO8qe v aptjos 24333 30 w2BUT JO wBWIOWL s “Hessidsae s spryos FEIYL H™ ¥ 1ISUT Jo FuBLOR .
e “VIISY wosz wawdoy urEqo rauoy; PeInw10; yooqpuey Jursn) PIEFMOIEs 21 3nutede ‘saign TYILSY w0y <andod uieie "auay, 12rInzo; yoonpuey Futsn) PArerotes ayy aruiede *cayer, .
: ‘SNOLLVIINTGT NOLLOSINISIG “IPIO 3R Sx1s Bulswasdul yo ¥ 70 apryon 2 SSNOLLVITNDT NOY LRI 1ISIg TIPIR S 271 Juiseassur 3o vonnioas: ;o SPUOE sncaual
. ~owey jo asqumn » o poawnbs poraad 2 pur yFiom oy SO0y JO 2IgUNU v 1o Parerbs povrad ayy e WRran ayg,
. Rioz] parenotey Liiuend v Nurord 4q Pa1erausd sem dain> Woss pateln e S,nuenh v Buniogd Lo paresauss sewn anzroa M
b4 3%L  "3AIND vonwIgiies v H¥m patn sem wmmpuad aqr FYL C2vann voneanies v HIM BIET sew tuninpuad ayy
e “s313alqo =13l
- nnoucuﬂoso_—-ncﬂ 1O ®11120: Jo 3 wasows JO vorget s FNOnsRowoy-uc . 4o TUIINL Ju < uIOU 10 UOrPUL L .
b “2313p a3 30) 1003 Meandyw U¥ 20 03 parcad yorym eudsay “ADIIP BYI 207 (001 S1var e "B 201 ey aad yougw F LA EL LY
u PIOINUEL 3 1% PIIMIIBUOY Saw ummpuad Jefiyiay anbrem ¢ PIOTAUED 4 30 pairaisre T WALDU K 2eittay snboun ¥
< "V/N 3p0D SHO “enqyt YN PO SINO  Csnin )
- 134 a1 P 23173 {our dd gg 12947 wndny ‘cior-g soday vy 424 tg 'y Puw <apney Prut dd g5 rapy Isndny ‘foal-y aoday vd
: oy vy o S0y ty v
. "23AH meg puw 210y “T "V 4q vILYINT 30 SINIMON “338 ey pue saoy v ¥ A viruae: 3o SININON
: 40 NOILYNONNR I3 THI ¥O4 maInauad UVITSHL vV O AOIIVNDNSZ LI 3K UOS WNNINANAS ¥YU4IHY v
-
M wilzaug jo TENUeyy od Vif 13&—023& .10-.-04-.-31 angy - sy TRAIUT o AWl tp “ed ik d:amvvz_rm .n.vCo~a..31.~ vuner-urug
- umprpuay rejgiay g *dnoin suswdoraraqg pue Udieasay ‘tenssay PLOIRULRI 3 WIOpUIg 2etray oy ‘dhoas; wawdotaaag pue HI3edmayg ‘teussay Proppues g
b £591-3 €got-y
: qATXLRSYTOND “ON NOISSIDDY -av GATLISSVIONG ON NOISS3IDDV -av
> ®0nsecnavesssns A A LA 332 20 1T TYTY VI s oo..o'»:onoonloOOOUQOOOOv.l.tib...l bl A AL L LT T b el L T Y P

.
*
.

-« Qihlu!lbltn.b.t'tiiu|v-o;t.;o..vtou..uon..‘

-
-
.
-

oo, BT T I P ,

T I S PR




aree

P N N T T Y RN TN Y Y L ST

Coessedstbironrrioini

IR TAREN YR XS OOOI‘AIICO"I!ll.lll.."l..|00lDIODOOO!llbllllliiil.b

sesscssnesensren

QATIISSVIOIND

G EIXISSVIOND

e e R EE et e eatesnstiostesnetatatsatsetetesnss

TIIIISSYVIDOND

GCRIZLISSVIOND

eensssssscsesrnssatenses

sssessnccnn .

~saderreapesp 2100 Ou Qive wnmpuad

PO2 UCTE103 X1 3240 saBEIUeAPe RICLLIID WY PIIINIISWOD
Arzedoad 31 ummpuad xelviia Y1 Yeygy pIpn(d>0D 83 3

4,6 °0 01 randde ummpuad ety

S1q1 smoss Stsklede 20513 PUT TPIYSTIGRISI ST £IINJEI)Y

anbrum gons 10} pacw aqy “prtdde uaag sy swared

Jyowym 10; uBieap 1t Ut ¥oINTEI} Inbrun Jtwos puw wmmprad
u

'

£ +Y o ut pash s q:

paTipeIdads d1e 2334)
{pawoD) 591~
“ON NOISSISZOV -av

~sateiueapestp 30w ot Yyua wmmpuad
PO: MOE201 I 230 saVriueapr VINIIID SW ‘PI1ONIITUOCS
&pzadosd jt ‘umpopaad eyl M 1Y) PIPRLDVOI X I
46 "0 01 dreaNIOE wnnpuad awqipeay
S0 smots sisk[eue 10115 pue *PIYSICRITI ST £IINIRI}
anbrun wIns 205 IS QY “pIdde u.3q Iarg susted
Qorgm 203 nBISIP £1t VI $3:INTEI} I0bUUN RWOs P URTPEId
a3 Funpezade ut pasn sanbiuyda3 parirerdsds aze dxayy
(p3v0n) 501~
"ON NOISSIDOOV -V

eensrsessccses ietnnen

e AR ANANTEPRGACENAGIEEROEIss AEEANALINEIINTIOTSONBORD RUNS S

LN

P N I T T P T P LYY P T L 2

€ IT2AISS¥TONND

AITLISSYTIIOND

SR e RO e Pt et ettt trtalettt sttt alteaetatts. oAU RIDeRTRatRs S

QIISISSYIONND

QAIIISSYIONND

s eI Nesetrtatesttestsnt SIENCIENRNIENTOOENttRtEttOOItaRERERsOLERE

sensessssvecscnnne

*sa¥RITEApPESIP ST0M. O AW WY DL, §
POI UOTFIOL MT A0 <2TR] L rPE UIRIIID FWY TDIINIISLE 0
Apradozd pr ttanpripuad eIl A1 IRHL PARNIDTOD T AL

S pr 0 O SleanOIe Unnpuad el
SO STOLE $18AIRUY 0333 PUE CDIYSICEISI S FIInie.
wnbiun yane 107 pedn AL ‘padde uase avey vne
g2ty 203 tiesap w3 U1 $HINTEIT INDHILN AR0E PULE WANPES
gt Manpezado Lt past sanbruygsat part(erdads Jxe 2rIGY
i wen) eel-y
SON ROISSIDOY -ay

cso¥EILeIpREID A0 O YW tunjnpuad
POZ UOMEE ] Syl 2200 fAFELIELET MIBIIID S TPIIINIIRLOD
atzadord t Ytmpripaid Ierite G 1N PARALILOD $7 AY
% "0 O Ateandde wmnpuad Jeltira
£ 6 MOYE SLEAJRSe 2010w DIE DIYSIINLIFD BT S IINLNR;
2nb LN gIME 207 pRAL ayE  Cpeapide waat dvwey siedted
oty w 20; LHEap €2 U1 SAIMIEd; AnLILm StaOc pue wnpnpuad
g1 Ve zade ul pas sInhiuy ey parietdxds 22w Ay
[T RN A NS £5-1 K8 4
“ON NOISSIDOV Qv

CRVIBE GRGEVLNNEANPEANN"BEE SEASINBRGST IR LTt

R P BN aREEersatastean et IatseL T et RERSS Sesssadan

cancasas




