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UNIFORM DISTRIBUTIONS OVER A SIMPLEX

1. Introduction

We are interested in a random assignment of n + 1 probabilities

with Py + eee + Ppy = 1. By that we mean that the random

PysecesPpiys +1

vector m = (pl,...,pn+1) is uniformly distributed over the simplex
n+l

Sps1 = {(xl,...,xn+l): x 20, ? x = 1}, and this, in turn, has a

meaning we will make precise in section 2. We will find the joint distri-
bution of the p's and consider various ways of representing the p's

in terms of familiar random variables. It turns out that the joint
distribution of the p's 1is very simple when given in terms of

P[p1> 81seeesPp gD an+1] rather than the conventional P[pl< 8)5eeesP

n+1< =

n+1]’
n
in fact, P[pl> al,...,pn+1> an+l] = (1 - a) -+ - an+l) .

The principal purpose of the development is to get Theorem 4, which
provides a method for generating exponential (and hence normal, using
polar coordinates) random variables in a computer -- m is chosen from

S then a random variable 2z 1is chosen so that

n+l’ ZP)9ZPps e *2ZPhyy

are independent and exponentially distributed. We will also point out

how m may be used to produce points uniformly over the simplex

supported by an arbitrary set of n + 1 1linearly independent points in
space. Thus the main purpose of the development is to provide some theory
on which certain "Monte Carlo" techniques may be based, but the development
will also provide an approach to problems involving uniform order

statistics which is different from that usually taken.
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2. Uniform Distributions

Let Rh be Euclidean n-space, and let A be Lebesgue measure. We
say that Zqseees2, are jointly uniformly distributed, or that the

vector ¢ = (zl,...,zn) is uniformly distributed, over a subset SC R/

with positive Lebesgue measure, if the probability measure for ¢ is

proportional to Lebesgue measure -- for A-measurable B, P[(zl,...,zn)eB] =
A(B)/N\(8). Then Z)seess2, have a joint density function; it is constant,
1/M(S8), over S and zero elsewhere. If A is the n X n non-singular
matrix of a linear trsnsformation T, then T(¥), (=¢A), is uniformly

distributed over the image set T(S).

Let G be the simplex supported by k 1linearly independent points
k k
@yseeesa in Ry G = {p: B = iciai, c; 20, ici = 1}. We say that
n= (yl,...,yk) is uniformly distributed over the simplex G if for

some i the vector (yl’y2"'"yi—l’yi+1""’yk) is uniformly distributed,
in the above sense, over the projection of G oﬂtd Rk-l formed by
suppressing the ith coordinate, i.e., Ti(q), where T, is the trans-
formation (yl,...,yk) _ (yl,yz,...,yi_l,yi+1,...,yk) taking R

onto Rk—l' This is equivalent to saying that the probability that n

fall in a subset H of G 1is proportional to the surface area of H.

For each 1, Ti(q) will be uniformly distributed in the first sense

over Ti(G)’ except in the nuisance case when one of the coordinates,

say xj, of each point § = (xl,...,xk) of G is constantj; xj =c.

Then only Tj(q) will be uniformly distributed.




We note in particular that if w = (pl”°"pn+1) is uniformly

distributed over
n+l
Sp41 = {(xl,...,xn+l): x; 20, i x; = 1},
then each set of n of the p's is uniformly distributed over the

regular polytope

n
s¢ = {(xl""’xh): x 20, ? % £ 1}.

If A 1is the k X k non-singular matrix of a linear transformation T,
then T(n), (=nA), is uniformly distributed over the simplex T(G).
This follows from noting that T 1is the product of elementary linear
transformations, and if Yyseeesy), are uniformly distributed over a
simplex, then ay),¥,s.««5¥, (a #0), or Yps¥ys¥gseees¥y O

A + CYpsYoreeesy) are uniformly distributed over the appropriately
transformed simplex. We have in particular:

Theorem 1. If n = (pl,...,pn+1) is uniformly distributed over the
n+l

simplex Sn+l<= {(xl"'°’xh+l): x 20, i x, = 1} and if Ayseensl o

are n + 1 linearly independent points in Rn then the random vector

+1°

pioy + pya, + ¢+ + p ca . is uniformly distributed over G, the

n+l n+l
simplex supported by the a's: G = {Y: Y= 2 Cy049Cy 20, = ey = 1}.
1 1l

This theorem provides a practical method for producing random points
uniformly over regioncs with linear boundaries, for example, in certain
Monte Carlo procedures, and it also shows how the distributions of the
coordinates of a random uniform point from a simplex may be found in

terms of the distribution of a linear combination of PyseeesPpyqe
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If Yy seeesY, &re n linearly independent points in Rh and
(pl,...,pn) is uniformly distributed over S = {(xl,...,xh): X 20,
z Xy < l}, then P Yy + cee + P,y is uniformly distributed over the
set H = {p: p== CyYys C4 20, 2 cy < l}. Let Yo be the origin.
Then H may be viewed as the convex polytope supported by YorYyre e Ty
i.e.,

n+l

+ eee 4+ c Yy + cn+le, cy 2 0, i cy = 1}.
Hence, if Bl - ﬁo,...,ﬁn - 50 are linearly independent, and if

H= {8 8=ciyy

m = (pyseeesp,pP ;) is uniformly distributed over
n+l

S {(xl""’xh+l)= x, 20, i X, = 1},

then p By + cov +p B +p By = P(B) - By) +py(By =By + et H
pn(Bn - po) + By 1s uniformly distributed over the convex hull of

Bo,ﬁl,...,pn, that set being the translate of the convex hull of
po - ﬁO,Bl - Bo""’Bn - Bo'

Theorem 2. If m = (pl,...,pn+l) is uniformly distributed over the

simplex § ., = {(xl,...,xh+l): X 20, Zx = 1} and if BgsByseeesB,
are n +1 points in Rn such that pl - BO""’Bn - ﬁo are linearly

independent, then the random vector plBl + oo + pnpn + pn+lpo is

uniformly distributed over H, the convex polytope supported by the p's:

n+l
H={s 8= 4By *+ et +d B +d 1By 4y 20, ? 4 = 1.
The most common application of this result is in the plane -- to
choose a point B from the triangle formed by BO’Bl’ﬂZ we choose
(pl’p2’p3) uniformly from S3 and put B = p;B, + PB, + Pybye To

choose a point uniformly from a polygonal region in the plane, we divide
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the region into triangles, choose a triangle with probability proportional

to its area, then choose a point uniformly from that triangle.

If (pl,. ..,pn) is uniformly distributed over the polytope
S; = {(xl,...,xh): Xy 20, = Xy < l}, then the vector
w= (Pl,pl + PoseeerPq + Py + e + pn) is uniformly distributed over
Q- {(Yi,---,yn)= 0<y; Ly, £ &y, & 1} and hence the components
of w are distributed as the order statistics of independent uniform
[0,1] random variables Upseesrll e Going in the other direction, if
u(q) g'u(z) < e g‘u(n) are the order statistics of n independent
uniform [0,1] random variables, then the vector

- 0ob - ' *

(u(l),u(z) V(1) "(n) u(n-l)) is uniformly distributed over sk
and the vector (u(l),u(z) = U(q)tttal(y) T u(n-l)’l - u(n)) is

uniformly distributed over

n+l
Sy 7 {(xl""’xh+l)= X, 20, ? Xy = 1}.
This relationship provides a practical method for producing = uniformly
on Sn+1 in a computer -- we order a set of n independent uniform

random variables and take successive differences.

We will need the following fact: if U)yeeeu  are independent
random variables, each uniform on [0,1], and 0 < c <1, then
_ n
(1) P[ul + oo +u < c] =c¢/nt .

This is a special case of the well-known result on the distribution of

the sum of uniform random variables, but it can be proved by induction
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quite easily, since
1 c
P[u1+---+ un< cl = é P[u1+---+ un< clun = x]dx = é P[u1+~--+ un_1< 1 - x]dx.
We note that (1) gives the Lebesgue measure of the region
(2) A= {(xl,...,xh): x > 0y eeesx > 0, X+t x <c}.

3. The Joint Distribution of PysesesP

1

Theorem 3. If n = (pl,...,pn,pn+1? is uniformly distributed over
n+l

Sty = {(xl,...,xn+l): x; > 0, i x; = 1}, then the joint distribution

of the p!'s 1is, for non-negative ByseeesBqt

Plp) > 8150y > egseeesp) >8P 0 Do 1= -a) ~a, - «o- - an+1)n

for a; + *++ 48 .. <1 and zero for a, + ** + 841 > L

The proof follows readily from the fact that the two sets

e
1l

{( seeesX )X, D 0yeue,x. D 0,x 400+ x_ < c}
5 n’ ‘X1 n X n

B

{(yyseresydivy= 2> 0sniy = a > 0,(y; - a))Hy,- ay)+eoH(y - a ) < c}

are congruent, and, by (2) and the remark preceding (2), their common

Lebesgue measure is c'/n!, for O €c 1. Then
P[P1> al)""pn+l> an+l] = P[Pl> alx---,Pn> an!l = pl =ttt - pn> an]

= P[pl- a-l> O’Olo,pn— an> 0,(pl— al)+"'+(pn— an)< l - al - 00 e an+l]°

The latter is the probability that (pl,...,pn) will fall in B, with

c=1l-8a, =+ wa =g

1 - n+1® @&nd hence equals X(B)/x(s;) = B,

= -
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Putting the appropriate a's equal to zero, we have

Corollary. If = = (pl"°"pn’pn+l) is uniformly distributed over S .

1’

then the joint distribution of pl,...,pk,(k <n), is given by
= ¢t e - n "/ LI )
P[pl> 8y5eeesP> ak] = (1 - a; -8, - ak) y 8y> O,a;, + +a <1,

and, taking partial derivatives, the joint density of PyseeesPy is

n(n+]_)'-'(n-k+1)(l—x1—----xk)n"k for x; > 0, xphertt X, <1

and zero elsewhere.

We now get this interesting result:

Theorem 4. If m = (pyjyeessp ,-) is uniformly distributed over
- 1 n-f-ln-‘l-:L
Sy = {(xl,...,xn+1): x 20, i x; = 1}, and if =z has density
function x e /n!, x > 0, and is independent of m, then the random

variables

Zp1’ zp2, 00 Q% zpn+1

are independent and exponentially distributed, (density e™%, x > 0).

The proof comes from integrating the conditional probability for
given z:

o© : n -x
= _ X'e
P[zpl> bl,...,zpn+l> bn+1] = g P[zpl> bl,...,zpn+1> bn+1lz = x] _TTT—dx

© b b n_-x o b b —

- Y _ntl, x e = 1 n+1, % e ¥

= §.Plop> e espyyy> ) Fprax = (-5 - 50 B
0 b+eeetb i




Letting ¢ = b, +++-+ bn+l’ and y=Xx -c, we have

1
@ n_=x ’ © n_ -y
S i_)(;c—)—e_dx - e-c S L-e-_dy = e-c.
4 nl 0 ni
.b _oot—b
Thus P[zb)> by,e.e,2p, > b1 =0 1 ntl " Uhich means that

2Ps+++»2P ,, &re independent and each has density function e~ X,

Zpi
2Pyttt tePny

Noting that = pys» We have a result in the opposite

direction:

Corollary. If VyseeesVpy 2re independent, exponential random variables,

then

41 I2 ‘ Yn+1
L N 4 ’ LI} , cee ’ o e 0
Yyt Wpa Vit tan Vit o

are uniformly distributed over the simplex

ntl
Sp41 = {(xl,...,xn+l): x; 20, ?xi = 1}.

The representation of PyseeesPpyq in terms of independent
exponential random variables Yyseeos¥nn provides an elementary method
for establishing well-known properties of uniform order statistics. For
example, let

yl yl+y2 yl+' * '+yn

STy Vo S T ey VS ee——,
1 ypteetypn 2

h'2
1 W noonttttng

Then (vl,v2,...,vn) are uniformly distributed over the polytope

Q = {(11,---,xn)= 0 < x < X, {oee L X, <1} and hence are distributed

i




as the order statistics of n independent uniform [0,1] random variables.

Now let k be given, 1<k {n. Then w seessVy 5 may be written

1
(5) o W i/ W it/ W
y1+...+ykk y1+...+—ykk yl+...+yk X
and VigpoeeesV, may be written
&) it (1w yk+1i']'{ﬂ+yn+1 » et 0 ykiii%f?ﬁ;:+1’ o
v, * (l—vk) ykfif::.+yh

3
AT R AT

and it is obvious that, for given Vi the random variables in (5) are
distributed as the order statistics of k-1 wuniform variables on the
interval [O,vk],and are independent of the variables in (6), which are
; distributed as the order statistics of (n-k) wuniform variables on the

interval [vk,l].

One may prove directly that each of ViseeesVy has a beta distri~
bution, but an interesting alternative method is to take advantage of
known facts concerning the ratios of quadratic forms in normal variables,

as each of the v's may be viewed as such. The relationship between

the beta and the F distributions may be brought in at this point, too.
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