UNCLASSIFIED

ap. 269 699

Reproduced
by the

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

UNCLASSIFIED




NOTICE: When govermment or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby lncurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the sald drawings, specifications, or other
data is not to be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.




I..I.III...III.O?_ 34\ QY

669695_ .
ﬁ:-Uc e :L:c_:.rc

-
llll....l..lll.llll.ll.l..lll!




A DUAL DECOMPOSITION
PRINCIPLE

by

C.E. Lemke and T.J. Powers

part of the research underlying this paper was undertaken for ONR

Contract Nonr-591(13).

Department of Mathematics
Rensselaer Polytechnic Institute
Troy, New York

RPI Math Report No. 48
December 4, 1961




| - 3 -

SUMMARY

A decomposition principle for linear programming is pre-
sented. The technique may be viewed as a dual of the Dantzig -
Wolfe decomposition principle for linear programs [ 7] » The pro-
gram matrix in what we may call the basic problem is considered as
having many (an infinite number of) columns. As in the Dantzig -
Wolfe treatment, one visualizes a basic problem, in primal form,
where, however the set of permissible columns is not finite, as in
the usual primal form, but is a given convex polyhedron. The basic
problem is solved by the modified simplex method [11] , but at
each iteration the column to enter the current basis emerges as the
solution to an auxiliary linear program and is, in fact, an extreme

point of the given convex polyhedron.
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A DUAL DECOMPOSITION PRINCIPLE

I. Introduction and Notation

One of the main obstacles to the full application of
linear programming is the inability of most current computational
methods to cope with problems yielding program matrices of large
order. However, many of these problems have program matrices which
exhibit special structures, e.g. diagonal or block triangular and
which are very sparse in non-zero elements. A large order trans-
portation problem is an example. The size of the problems we have
in mind make it infeasible to attempt to solve them by a general
technique even on the most modern digital computers.

Much current research is being directed toward developing
special techniques taking advantage of these matrix structures in
order to facilitate solution of such problems as: (i) traffic flow
problems and network problems [1, 4, 12] , (ii) gasoline blending
problems [3] , (iii) communications problems[;9] , (1v) ware-housing
problems [2] » (V) production planning problems [5, 13] , (vi) the
caterer problem[:8] , and (vii) von Neumann's model of a constantly
expanding ecomomy [14] P

One recent technique for handling certain intrinsically

large order problems is embodied in the Dantzig - Wolfe decomposition

principle. We shall review the basic notions of their principle,
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taking the liberty of using our own notation., We then develop our

dual decomposition principle, so as to compare the two. Dantzig and
Wolfe apply their technique to some problems of block triangular form.
Consider the general linear programming problem in the form:
(1) max XO
where XoPp + K X = b
AX=Db,X20.

We think of A as being of large order, but fairly easy to handle.

For example, we may have:

A;, 0. .. .0 h
A=) 0 A .

. . 0

0 ....0 . Ap

where, without any coupling constraints, A X = b would break down into:
Aj X{ = bj, i = 1,2, tus, I 's
In general, our aim is to treat efficiently the case where A has

blocks of zeros, variously placed.

We consider one 'iteration'' of the Dantzig - Wolfe algorithm,

We assume, which Dantzig and Wolfe do not, that the convex set
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{XI AX=b, X2 0} is bounded.* So, in our discussion of their

algorithm we will not consider the possibility of homogeneous solutions

to (1) which may arise when the above set is not bounded.
We may pose the problem in the form:

(2) max Xg
where Xop P + P

b,

where P belongs to C = {Pl P=AX; AX=Db, X2 0} .
Dantzig and Wolfe assume that one has a feasible solution

A\ A . .
(X9, X), and in fact points Xj, X5, . . . , Xy such that:
m o m N A
M x= S XX o5 > A =L M20 .
i=1 i=1

where the X; are extreme points of {X' AX=Db, X2 0}

Thus, if P; = & X;, then:

@ B= 5 R

One may then pose the problem in the form:
(5) max X
- A
where Xg Pg + AP+ E AA B, w 5.,
i=1

- mz/\,, =i ; KA B0,

i=1

* This is readily realized by the technical device of adding the

constraint X1+ . . . + X, S K where K 1is sufficiently large.




: 4 s

where P 1is any point in C. We thus think of (5) as the '"basic
problem, "

One further assumes that the matrix:

PO’ Pl’ s e o s o 4 P

(6) B = 0n 3 18 s'my 1
is non-singular.

We shall now review one 'iteration'" of the Dantzig -
Wolfe technique. If we write:

1 m
W,'P ’ . e 3 ’ P

) (B-l)T= @.@!) e e pm

T
then T = (@I> is the set of "simplex multipliers' associated with
the "basic feasible solution" obtained by setting Xy = QO’ Ao =‘XL
and A = 0 in (5). Hence T is the unique point satisfying the con-
ditions:
T
Po T, =1
T :
Pi Tr[ +a = 0 . b 1 = 1, 2, ° L] . ) m v
We assume that the inverse (7) has been computed,
The solution (ﬁo, ﬁ) is optimal if:

TpiB20

(8) 77,
for all pPe C .

This suggests that we consider the auxiliary problems:
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where AX=Db, X20,
where ¥ = A gﬂ .

If X 1is an (extreme point) solution to this auxiliary
problem, then (¥,, X) is the optimal solution if ¥ X +@20
If not, then

(10) P=r%X
is introduced into the basis B 1in the usual simplex method manner
and the iteration is then completed.

In summary, with reference to the 'basic problem" (5), one
examines, in the usual simplex method way, the '"relative costs' of
each "column" P, using the multiplier (7ﬂ) B> to ascertain whether
or not optimality is reached, as indicated by 77;TP+ (3 20 for
all such columns. However, here this means examining all the points
P of a convex polyhedron C, suggesting the auxiliary problem.

Now with reference to (9), notice that at each iteration
only the functional in the auxiliary problem changes. When one has
a new functional, and wishes to solve (9) one starts from the optimal
solution to the previous auxiliary problem and continues on (possibly

in a few iterations) to the minimum of the new functional.

The Dual Algorithm

Both our algorithm and the Dantzig - Wolfe algorithm agree

in (i) having the 'basic problem"” in the form (5), (ii) having the
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non-singular, current basis matrix in the form (6); (iii) assuming
that the current inverse, given by (7), has been computed; and (iv)
having the same convex set C.
Our algorithm, which is in one(senée, a dual of the Dantzig-
Wolfe technique, is applied to the dual of the '"basic problem'" de-
fined by (5), namely:
(11) min 37T, +8)
where POTWﬂ =1
PjTW. +BZ0, I=mlyl, . v%wusm
PL7, +B2 0, for all Pe C .
We of course aséuﬁe that both (11) and (1) have solutions.
At the start of one iteration we also assume, as so Dantzig
and Wolfe, that we have a starting feasible solution (77, B ) to (11)
and a 7/: such that lg-r'ITz: (:3.
| As was mentioned previously, we assume that the convex set
{X! AX=Db, X2 O} is bounded. Dantzig and Wolfe do not make this
assumption which is an essential part of the derivation of our auxiliary
problem,
Our algorithm first of all differs from the Dantzig - Wolfe
technique in assumning thae their optimality criterion, given by (8),

is satisfied. The optimality criterion for our dual technique is

given by the following:
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A
Ar 2 0, then we are finished, If /\ r< 0, then the column (Pr>

s 7=

: N min . .
Theorem: Let r be such that )\/r = i {/\‘z

A

A
If Ar 20, then (X9, X) is optimal.
aN

So at the start of each iteration, we compute)\ r. If
N

1

is the VGO (vector going out of the current basis),

In order to determine a vector (P) coming into the
1|

basis, VCI, we solve the auxiliary problem given by:
(12)  min{yTy 4 18
where Ay -78 =0
and yT@E PT) + 18 = -1 y20,72 0.
The solution of (12) yields P = Ay which is the vcx'.
M -

Expressing P in terms of the basis, we get:

P PO E’-'—,r Pi\

| 0 1= 1 L

The new >\1>A,, . 4. the A, ‘4 are computed from

the formulas: A

< X A, i

Re = Agw = % A R_A

B K
and /\,r = W
-
_I: TFi

where 'Pi = o
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=k & ot 3
(B ) is computed by algorithm from B by the usual

simplex formula:

= P P Fr
= =T 1 i B-T
BB———-—-——- -
P\ /P 6 L 1
67/ \1

The new functional value Xp is computed by means of:

= . NT _ﬁ. P

%= (1) (5) = et 0% 2 %
) \& et

where s fﬁ f ' O

5/ \8) T P

This completes oné itération;

Now, uﬁlike the Dantzig - Wolfe Technique our auxiliary
problems differ not only in the funétional but also in the addition-
al consfraint. So, if we solve (12), we will not be able to take
maximum advantage of the previous computations as do Dantzig and
Wolfe when they solve their auxiliary problems. This suggests that
we solve the dual of (12) as a primal problem. The dual of (12) is
given by

| max 6
(14) where -ATm - 8(al p¥) ¢ KTTT.
b'W, -8 @7 ¢ P
We solve (l4) by the modified simplex technique [ll] . We will

now show that by means of one artificial iteration we can avoid
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the problem caused by the additional constraint and hence start from
the optimum solution to the previous problem and continue on to the
maximum of the new functional thereby taking maximum advantage of the

previous iteration.

At the start of one iteration in the solution of (14) we
assume that we have a basis Bl’ The columns of B; are selected

from the matrix:

B S
T
q4 b 0 T -8 .

where I d— is associated with slack variables introduced into
0 1

(14). Let B; be given by:

-B* EP
a5y B, = | b - g’
where the columns of -B* are selected from the columns of
b*
-aT 1
T . We also assume that we have a (TL> and 6 determined

from the previous solution of (14).

Now, at the start of the modified simplex technique, we

-A P 0
replace, in B}, the column @, by the column . This
= 1
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initial replacement eliminates the problem of the additional con-
straint in (12) and yields a new basis for (14) as we will now show.

(14) may be written in the form:

(16) max ©
where -B* S ol o 4 KT7E
“ o
bx - B 6 &

YV is composed of elements of 7, and the slack variables correspond-

ing to the basis columns. But we may write:

-B* A, r O
= +8 T

oo |V e €

ATy
or finally: .
-B* 0 v &7
(17) - 3

b 1 0

and the replacement is complete.

Now we let

=RB#* 0
(18) B, =
. b* 53 e

In order to show that §1 is a basis we express in terms of

the previous basis B; to get:
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0 -B* AT

pT e‘\
(19) = € + 4+ |€ = By .
1 b* E €, )

§1 will be a basis if and only if €, # 0. Now, utilizing the fact

that the constraints in (12) may be written in the form:

- o AT or
A A~ P T

T: =0>1:
(y 'Q) . ,,(5* ( )

we may write, with (19):
0 €
T T
(20) ") (1) = L) 31(63

or ‘7

]
7~
o
3
=
[
——
m m
&
i1
m
[«

A

1f we assume that A X = b, X 20 has a solution X and

Ay = 0, y 2 0 has a solution § # 0, then, for all « 2 0,

A(ﬁ +o(9) =b, X +o § 2 0. But this contradicts our assumption

-

that the convex set { X\A X=b, X20 } is bounded. Hence

Ay = 0, y 20 if and only if y = 0. So we will not get = 0 in

(12) . Therefore €, >0 and B} 1is a basis for (14). We get (auto-

v
matically) a starting feasible solution ( O> for (14) from which

we proceed with the modified simplex technique.
The solution of the Dantzig-Wolfe auxiliary problem yields

an X, say X*, which in turn yields a P¥ = A X* as the VCI. The

VGO in the Dantzig - Wolfe technique is determined after the aux-

jliary problem has been solved. 1In our dual technique the VGO is

determined at the beginning of the iteration. The solution of our
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auxiliary problem, given by (15), yields a solution (y,il) to (12)
and, hence, a P = & iﬁ as the VCI. As we noted before, j?)>0.

We make no direct use of the X's in our auxiliary prob-
lem as do Dantzig and Wolfe in the direct technique. However § =7
X 1is an extreme point of’{X.,A X=Db, X2 0} . For, if it were
not, then there would be no lower bound for ny+ rk@ and the
above convex set would not be bounded, contrary to our assumption.

In the development of the dual deqomposition technique no
mention was made of the structure of the matrix A. However, in the

direct decomposition principle the composition of the current basis

matrix B changes as the structure of A changes. For example, for

a matrix A of the form:

0 0 Aq s

the current basis matrix is no longer given by an expression com-

parable to (6) but assumes the form:

p— —

Pll Pip o - Pixy Pr1 Poo. o P2k2 P37 P32 . . . P3k3
ke & 0% @ & 0 0 ..« O 0 0 i s 20
B=|0 0 e e ¢ 0 e L 2 « 71 0 0 : ¢ @
Lp 0 i == @ 0 0O ... O L L R

X
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In the dual technique the structure of B will essentially remain
unchanged as the structure of A changes.
In summary, our dual technique is essentially the modified

simplex technique, as was stated before, with the exception that the

column to enter the current basis is obtained by solving an auxiliary
problem given by (l4). By means of one artificial iteration we are
able to eliminate the presence of the additional constraint in the

dual to (14) and obtain an initial feasible solution for the auxiliary
problem while, at the same time, taking maxim n benefit of the previous
computations.

Assuming non-degeneracy the iterative process is finite

AX=b,XZOl

since the number of extreme points of the convex set{ X

is finite,
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