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LIST CP SYMBOLS IN ORDER OF APPEARANCE IN THE TKX.T 

A = area ef one electrode 
n 
ry •- t hi ckness of t he; element 

P ss rcmrant polarisation of the element 
o 
Q = A P = initial charge on the electrodes 
o o 
0 ^ voltage 

E - e l e c t r i c f i e l d s ^ o n g ^ h 

1 = Index f o r i r m a ! c t a t e ( r ? f n r t the shock f r o n t ) 

f =• index f o r f i n a l s t ? t e fber>' the shock irent> 

t = time 

t = - normal ouise length 
o ' s 
u = velocity of the shock frcnt 

G 

I = current output 

R = resistive lead (chmic resistor) 

L = inductive lead (inductance of the resistcr and the wires) 

£ = u t =• p o s i t i o n cf t he shock f r c n t a t t he -im<r * 

o = cnarge density on trie electrodes 

Q =. c A - total charge cn the electrodes (as a function of time) 

D - Electric displacement - <y in the practical system 

=. dielectric corstar.t cf free srace 
0 

t = dielectric constant behind the shcck irony 

c. - dielectric constant before the shcck front (mean value) 
1 

5 - ( A - - 1 = snape factor 
i f 

cc = dielectric constant before the shccV front, for lew field £, 
' l 

6 = coefficient for rhe quadratic fit to the hysr.ere sis curve 

t - dielectric constant before the shock front (maximum value for 
coercive foice fieid, E - E ) y c 

-E = c o e r c i v e f o r c e m the urcotnpresse3 m a t e r i a l c 
x - t f t = normalized time 

o 
v = I t /Q = normal ized c u r r e n t } o o 
M = ( t j , ) / ( f . AR) 

F = M(x + X 2 S / 2 ) 

= N / M / ( 2 S ; tto 
co - o o ^ O f S x ) 
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T = (R t )/(2L) 
o 

N = (̂ t 2)/(c, LA) 
o 1 

r = a - x)/x 
(j) (x ) — auxiliary function 

C = capacitance 

W -= en.-rgy output 

r = total lesistance of the compressed material 

p = resistivity of the compressed material 

(j =• charge density, diminished ty conduction 

rj = t _ /<-.-fp> = t ( I > S V( • ) 

2r - diameter of the element 

Z, - position along this diameter 

<p = angle of impact 

t = time delay due to the angle of impact 
CL 

z = t /t - normalized time delay 
a o 

B = abbreviation for equation (72) 

T = abbreviation for equation (74) 

x = position of the peak of the output curve y(x) 
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ABSTRACT 

When a polarized ferroelectric element is traversed by a shock 
front that destroys the polarization, a current output appears. The 
shape of the curve of this current output versus time is computed in 
a normalized and general form for the case where the shock front 
moves in a direction normal (or approximately normal) to the elec-
trodes and parallel to the polarization ''he influence of the external 
electric load, of J:he dielectric constants and t.he hysteresis, of a 
conductivity in the compressed material, and of an oblique impact is 
discussed. The condition for maximum energy output also is discussed. 
Mathematical expressions for the current output are given for the 
various conditions, examples are calculated and show, in y.i 
Methods are described for evaluating the dielectric constant ir the 
compressed material from measured output curves. 

1 INTRODUCTION 

Tne calculations reported evolved fr*~m the need to evaluate cer-
tain experimental results The topic, experimental setup, and first 
results are described by P.S. Brodyin reft•ence 1, in which he states 
the basic theoretical expression for the current output undc-r shock 
compression, when a shock front travels through an axially polarized 
ferrcelectric disc in the direction of i polarization [r. the 
present report, the theoretical expression (transformed into a more 
convenient and general 'normalized form') is examined in terms of its 
various parameters. New parameters are added — the curvature of the 
hvsteresi? curve, the inductive load, the conductivity behind the 
snock front, and the angle of impact. IT certain cases the formulas 
can be solved for €f, the dielectric cons .ant of the comprrssed mater-
ial. "'he latter, therefore, can be calculated from measured output 
curves, 

The assumptions are: 

1) The shock front i»- very thin, t*v« is: pressure, temperature, 
particle velocity, and dielectric constar.. reacn their new values 
vithin a time short compared with tne tots.' pulse length. 

2) No relaxation time with respect to ttie change in polarization 
appears. Tne polarization goes to zero immediately after the material 
is in its high pressure state. 

3) The material is isotropic. 

4) No reflected rarefaction or compr-jbsion waves from the edges 
or from the back surface of the element ahj:e?.r in time to disturb the 
process. 

5. The uncompressed material (before the ^hock front) xollows a 
hysteresis curve, which can be measured fc. elements of ihe same type, 
and for which therefore a numerical fit can be made for the purpose of 
evaluating measured output curves. 
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6) The 'dielectric constant" of the compressed material (be-
hind the shock front) is supposed to be a constant, Cj-, with respect 
to the field, Ej, If this assumption is not true for a large field 
(which do not know), then the early part of the output pulse will 
be different from that shown in this report. The tail of the pulse, 
however, depends on i.f lor a swal 1 field, when it is more likely to 
be constant;. 

2- CURRENT OUTPUT AS A FUNCTION 0$ TIME 

In order to set up an equation fcr the current output, the fol-
lowing physical process described: Initially che wimle element 
is polarized, the value of the polarization is P , A free charge 
±Q A'P ) has been allowed to accumulate on tfie clectvodes. kept o o 
in place b/ the polarization ar.d neutralizing it? e/fect;. The net 
field is zero (fig. la). After an impact has occurred, a shock front 
travels through the element, leaving behind a cubit: lattice with no 
spontaneous polarization. During this time the charge from the elec-
trodes flews off. The internal polarization in the undasturbed region 
is no longer completely neutralized; an increasing field E appears here 
in the negative direction. In the compressed region with no spontan-
eous polarization, a field Ej an the positive direction appears as a 
result of the external charge on the electrodes. E, decrease? with 
time as the charge does (fig lb). Finally the shock front has passed 
the element. Tnere remains a decreasing field Ef as long as a charge 
remains on the electrodes (fig lc). 

Because the thickness of the element is small compared with its 
diameter, and because the dielectric constants in the material are 
much larger than in free space, edge effects can be neglected. The 
sum ot voltages along a closed loop must be zero. So we get (see 
fig. lb): 

E. is negative. The current I, in the direction shown, is the nega-
tive derivative of the charge Q with respect to time (since the charge 
decreases with time). In the practical system the charge density a 
equals tne dielectric displacement,O - D. D is connected to E in the 
foll'tfing ways: For the- compressed material we assume a linear rela-
tionship, employing the dielectric constant behind the shock front, 

K + Et • (.l-O - I • R - L ~ r= 0. (1) 

D ef E, , (2) 

from which follows 



a) 
t^O 

£(t)=us-t 

c) 

O^t < t0 

t^tf 

Figure 1.  Fields,   charge,  and current,  as the shock  front moves 
through the element. 



~l 
Tiiv  uiu'.inpri'.sstd material   lH.'fo.o   the  shock  front   follows   a  h-'iterosls 
iinvi'.     Wi-  art'   interested   In  its  second quadrant only. 

m 

D =   P0 +   aE -ßE2 

D « P0 + €iE 

€m= Po/Ec 

Figure 2. Hysteresis curve in the uncomprcoücd material. 

For a very small field E we find the relation* 

D = P + Ct E, 
o      ' 

a is the apparent dielectric constant when measured with a low field 
bridge. With increasing field E in the negative direction, the 

AD 
dielectric constant — is no longer constant but increases also, 

and reaches its maximum value e for the field -E„ (coercive force). m c 
In a simplified manner the hysteresis curve can be approximated by 
a (somewhat arbitrary) mean value e,, giving 

* The difference between polarization P and dielectric displacements 
D is neglected since c^ is very large. 
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D = P 0 + e E , (3> 
X I 

from which fo l lows 
P -D P -o 

E = - — = - — 
1 6 . € . 

1 1 

A better approach is accomplished with a second order fit, 

D - P + OfE. - BE. 2 , <4> 
o l i ' 

from which follows 

E! " " § (Jl + | <Po " 0) " ») 

The current is 

da * • 1 » " A dt = " A a " " Q ' 

and the distance traveled by the shock front is £ = u t. Combining 
(1) with (2) and (3) results in S 

Q [Qo'Ql , • — u t - (Z - u t) + ARQ + ALQ = 0 (5) 
€f s s 

This is a differential equation of charge Q as a function of time t. 
From its solution one gets the current I = - Q as a function of time. 
P , u^, R, A are constant experimental values or parameters. 
1'fie i n i t i a l v a l u i s a r e Q s Q f o r t = 0 and 0 = 0 f o r t = 0 . 

o 

Since this report deals with the general theory and the influ-
ence of certain parameters rather than with specific values from exper-
iments, it is convenient to eliminate some geometrical and experimental 
parameters by introducing a normalized form. Nothing is lost with it, 
since any specific values always can be introduced again into the re-
sulting equations. Normalization in this sense is achieved by normal-
ized units of time, charge, and current. The unit of time is 

t <=-^-), 
o u ' 

s 

the time required for a shock to traverse the element. The unit of 
charge is Q , the initial charge bound to the electrodes by the polar-
ization of ?he elemert. The unit of current is the quotient ~ . so 

we get the normalized time 
t 
tr, 
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JIII i   i  ^ocs   I rum  /.ITO   lo  mu'   (txcipt   under  an   obllqlU'   impact,   whore 
11  <   x   •    I    '   /  ) .   'H'ii   111«'   in Mm.i ! i/.<•('   cut ii nt   .'Ui.;)ul 

—   I 

V      Q-1 

o     dQ 1   du 
Q       dt Q    dx (6) 

Most   graphs   in   this   repoit   >h(>w   I ^c   function   y(x). 

Equation   (5)   multiplied   by  -4-     gives 

f   AR       . .^AL 
-Q (1-x)   +•  Q (1+S >)   +  Q -T--  + Q —T-  - 0 

<■ . 

with     S  ---- -J. -  i    a   "shape   Jactnr". 
' f 

(7) 

In order to use  »he normalized  time  x   rather  than t, we  have 
to   t ransform 

A    i. dQ , ^ .. „i_ d^ ( 
t    dx 
o t      2    -4    2 t0    dx 

Riving 
t  AR 2    £  AL 

-Qo(l-x)  + Q (US x)  + ^ ^-g- + -| -— = 0   . 
o*/       dx    t0 £ 

(8) 

This  is the general differential equation for Q(x),  the  initial 

dQ 
values arc      Q = Q      and    ■— =■. 0    lor x ^ 0.     Once  the solution Q(x)  has o      dx ■» * 

been found, the normalized current output y(x) Is computed by 

y = 
1    dQ 

Qo dx 

For   the case    R = 0,     L ^ 0,   (short   circuit)  we get 

(6) 

Q = Q 

y 

l-x 
■o 1+Sx 

1+S 

(1 + Sxr 

For the case a ^ 0,    L = 0 we get   from  (8) 

(9) 

(10) 

^S + Q (1  + S x)  M dx 
(1    -   X)    II    .:   Ü 

with t & 
o 

t.AR (11) 
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A rather simple solution exis's if S =- 0 (or c. a namely 

/ 1 e " ^ 
« = Qo(' - * + i - — ) (12) 

from which follov 

-Mx 
y = 1 - e , (13) 

and the initial slope is 

/dy\ to^ 
(£) = M = TTAR <14> 
\ 'x-0 i 

If S 4 0, the general solution to (11) follows the scheme: 

Q' + Q f ( x ) - g (x ) = 0 

- x 
Q = e (Q + | g (x ) e dx) 

I A 
W \J 

fX 
with F = | f ( x ) dx . 

Jo 
Here we have 

S 2 F - M (x + — x ) , and thereby 
Ct 

Q = Qo e F [ l + M\J*(1 - x) e F dxj , (15) 

y = M ^ (1+S x) e F + M(l-rSx) e ( i - x ) dx -1 + xj . ( 16 ) 

The integral cannot be solved analytically; however, by partial 
integration another form can be derived: 

y - M 
* S 

(1+Sx) e F + M(l+Sx) e F f eF dx - 1 
Jo 

(16a) 

A third form of the solution can be derived from (16) by these 
definitions: 

fm 
« = > 7T_ . - , and u> — co (l+Sx) 
o 2S o 

from which follow 
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dco - Soo tlx 
/ MS 

J ~2 d>. 

S 2 , 2 2 F = M(x + — x ) - to - co 

1+S 1 ai 
S S co r< 

1 + Sx = GO 

CO 

y ( x ) = y ( co(x)) - y(co) 

y(co) = M 
2 2 o> ^-(co - a ^ )_ U £ 

oo. 
1 _co 
S a),. 

oo 
M •• 

CO 

2 2 / \ 2 2 
o - ( a ) -cor> ) ( U S J_ JB ) <o-coc 
0 * j \ S S (u / o ^ o 

« L 

Sa> dco 
O - J 

which after some manipulations, leads to 

y(C0, = M -g~ 
9 ? ? r ^ ? 

CO -(« -CH;: ) A - -co f _U>' 
(0 

CO 

<ieb) 

Solution (16b) is given in reference 1 Its advantage is that the 
2r w 2 

t e rm e i e dco can L>e f o u n d t a b u l a t e d , -it l e -a? t in a c e r t a i n 

0 
r a n g e of UJ . 

The i n i t i a l s l o p e c a n be c a l c u l a t e d f r cm any of Miest f o r m s , g i v i n g 

- ) „ • M 
' x=0 

(1 + 8 ) = 
r ^ PA 

(1.7) 

Equation (17) includes equation (.14) for S -- 0 ?ran? fc rne'i bads to 
the observable output curve I(t), we ha.r as initial slope for 
any S: 

^ d l \ 
\ d V t l s 0 

Q /) r 
t t~~ KA c 1 

( IL ) 
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It: is interesting to note that the initial rise of curve 'jltage 
(across R) versus time is independent of R, 

(dU \ °'o (L W/ r = ' r rs ' <19) 
t=L. O f 

This is all for the case R ^ 0, L = 0. 

For .the case R = 0, L ^ 0 we get from (8): 

~ + N (1 4 Sx)wQ - N (1 - x) Q =-0 (20) 
, ^ # O dx 

with 2 
N =. 

e.LA 
i 

A solution can be found if S = 0, namely 

Q = Q (I - x + — sin >/R X) (21) ° "/N 

y •= 1 - cos x (22) 

(S) = °" <«> 
x=0 

Equation (23) is true for any S, since it is a consequence of (20). 

For the general case R ̂  0, L 4 0 *e get from (8): 

4 + 2T J + N (i + &t) Q - N (i -x) Q =0 (24\ 
. ax o dx 

with Rt 
T - — ~ 

2L 

and It 2 

N = —-2-
^LA 

Solutions can be found if S =0, namely 

15 



a ) f o r T < N, -K < ±fc, 
1 

l i b \l N - <> 

12T+N -Tx r - 0 " A -Tx 2T A 1 / o - \ 
Q - QC) N'~ ~ x ~ *' — j j £ - s i n (fx - e — cos (jlx j (2oa) 

-Tx T ~T\ . ( 2 6 a ) y - 1 - c s i n tpx - c -os (J)x , 

b) f o r T 2 = K, 5- r. 
L« e. A 

i 

Q = Q Q . x . e"T* (x + | ) J (25b) 

y ^ 1 - e ^ (Tx + 1) ( 2 6 b ) 

c ) f o r T 2 > N, > ~ f » with-A"2 - N = 
L e A 

j 

0 

Q = Q. , faas. 
o ^ N 

T+8 - ( T - O ) x T-0 x - e 4 <T+0)x 
20(T~0) 20(1+0) (25c) 

y - 1 - e -Tx T+9 Ox T - 0 -Ox 
~ 2 0 ° 20 e ( 2 6 c ) 

The initial slope isj as a consequence of equation (24), 

(&.) = o, <"> 
<U/ *-o 

and therefore is true for any S. 

So far i.he calculations have involved the simplified formula (3) 
for the hysteresis in the uncompressed material. There has also been 
given a better approximation to the curved hysteresis with formula (4). 
The reasons for using t.h'> simplified formula (3) at all, is that with 
formula (4) the mathematical expressions become very clumsy, the cal-
culations cannot be pushed so far, and, on the other hand, many basic 
features can be demonstrated adequately by the simpler formulas. 
However, it is necessary to see how the formulas and the current-out put. 
curves actually look when the curvature of the hysteresis is taken 
into account better. Because of the mathematical difficulties, this 
will be done for the case R = 0, L = 0 only. 
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Insica.i  ol   ((luaiiuii  (5) we Rft   by  combining   (1)  with (2) and  (4)- 

1 

'La J 

(28) 

Compared with ei|uuticn  (5),   the  last   two   terms   involving  R and  L have 
been  dropped   already. 

The   relationC=  u   t     is used  and   the  time   is   normalizej,   ;  =  t/t   , so o 
:; i v i ng 

71 + I|<PO-,> (1   - x)  = 0 (29) 

For x =0, we have 0= P  and therefore from (4):  E, = 0, and from (2); 
o i 

P 

For x ^- 0,   (29)   is   rearranged  to 

2 efY (a + e/f) 
O       +    CT — 

2  2 

o ß 

with  the  solution 

efY (afefY) 

2ß i- 4ßP 
(afefY) 

- 1 (3Q) 

1-x 
including the abbreviation Y=   ■ 6 x 

Equation   (30)   gives  the charge  per unit   area  remaining on  the 
electrodes  as a  function of time  ft,  or x = t/t   ,  or Y = -^ >. 

For the  very  first part of  the pulse,   that   is  for x very small 

and  Y~—^oo.  a simplified formula Instead of   (30)  can be deduced.     The 
x 

root  is expanded according  to the scheme 

2 
r;——       i     z     z VTT-i   .i +i-.T 

giving 

a= P ß 
o ,       a o        2 2, 

f ' 



il uh   in   turn   is   expanded again.     Dropping  all   terms   with   !ic'tors ol 
dfflt r  crraier   than x   ,   \»c obtain 

„a „ 2   f^     2 
o P     -  P x - P      -'--  x 

n 

MII(M ric   so lull un   i tins   i s : 

a     -   P   ,      '»f x  = 0 

„„a        „2ß2 
a    --   P     -  P    — x - P      —t-^ x     ,     for x   very  small 

o o  e o 2 ' 
1 £f 

rf,Y(a+ffY) 

2K 

4ßP 
1 + 

(CH-efY) 

- -  1 
2 

(31) 
vl:       A     <     X     <. 

a    =0,  for x = 1  . 

Now the fields can be calculated.  Using equation (2) and (31) we 
get 

f 
for x = 0 

E     -   —   -  P    —r x   ,     for x  very  small 
1 ■ o       2       ' 

f Cf 
Y(a+e  Y> 

äf   = 2ß 

4ßP 
1   + 

(a+e  Y) 

(32) 

,     for 0 < x < 1 

E     = 0   ,     for x = 1 

E.   is  defined  by  equation  (4).     We  take  advantage  of  equation  (29). 
■*'t-.ich  is nothi thing but Efx + E. (1 - x) = 0, or Ei = - 1/Y Ef. 

( E. - 0,  for x = 0 

E. = - — x,  for x very small 
ef 

Of; Y 
E _ i_ 

i     2ß 

a 
2ß 

i + 
(a+efY) 

,  for 0 < x < 1     (33) 

w:i thY 
1-x 

4ßPo 
1 + —2° " 1 I '  f or X - 1, 

a 

♦ <T= 0 and E - 0 for x = 1 is typical for the short circuit case 
(R = L = 0). 
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The   ( IM r;,c   is     (<!       /\ 0 ,   and   l lifrc f ore   is  ^ivon   hv   (Hl>,        The 
irmn I i zed  cu rri'ii I    i s 

1 

y(x ) l_   dQ J_   ^ 0 _   _ 1__  1? 
Q     dx   '   "   P    dx   =   „    2  d Y 

l) o P x 

■i|ua t 11 in   (31} : 

y   =   —-   ,      lor x  =  0 
'1 

y  =   —   f  P    ::^-n x   ,     for x  very   smal 1 
e o   t 

f f 

f      La 
2ßP x      L     f 

+ Y)(^-   1)  -Yd  - i-) y   =    5-    ; (—   + Y MS(    -    i .'   - T (, 1   - jr ,   for 0 < x < 1 

with \l [^ 
•J (a+efY) 

?    and   Y= ~ 2 x 

36, 

y = 2ßP 
0   VJ 

4ßPo \ 

1   +  "  1  ) ,     for x  =  1 
a        / 

—    ,     for x = 1     (as   is explained below). 

(34) 

For x = 1, equation (31) gives a=  D = 0, therefore we must con- 
clude from figure 2 that E. = - E for x = 1.  By (33) this is 

1  .    c s 

E = - E  = - 
i    c    2ß 

4ßP 

lt^-i 

Again from figure 2 we find 

■    E'     »IL^ -, e   P   2ßP 
mo     o a 

which leads to yd) 
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n1 

INFLUKNCE OF THE EXTERNAL LOAD 

hi   the  previous  section   the mathematical   expressions for  the nor- 
malized  current   output   v(x)   have been derived   for vnnous condi'lons 
In   tins   sett i<}n   they  will   be discus»«!.     Where  necessary, the  following 
i'xnn rn; .••:, i al   valuer  art-   introduced: 

0 32 cm 

1 = 
o 

0 7 lO-6 sec 

A =- o f* 
yj 

2 
cm 

,_ 
i 

ü 886 10-10 amp sec 
i v ' cm 

£t 
M    =     -—•  =  1.264   •   TO3  - 

t   All R 
i 

Rt 

&%0 -3    1 
N    =    —rT s 0.885   •   10      -r e . LA L 

—6 2 
P    -    8.06     10       coulombs/cm 

o 

a    -    0.88S   ■   10 coulombs/v • cm 

ß    =    2.2   •   10"14  coulombs/v2 

Again,  as  in  section  1, we start with the sl.nple assumption  (3)  rather 
than  (4)       The  first  case to be considered  is  that of  a short circuit 
R = L = 0: 

1+S y   =  
(1+Sx)2 

(10) 

Here the only  parameter is    S = e^A. -  1      Figure 3 shows a set of curves 
for different S.       For S -- 0,  the current output  Is  constant.    Our exper- 
iments gave curves of  the type    S >0 (i.e.   e.   > e^.)  only. 

For the case    R ^ 0,    L = 0,    we have the solution  (13)   for S = 0 
and  (16)     for S ^ 0.     Figures 4 and 5 show curves  for S = 0 and S ~ 1, 
respectively;   the paiäi..cter R has the values 0,   10^100,  1000,  10,000, 
100,000 ohms.     The  limiting value    R = 0    is described by equation  (10), 
For the other  limiting value R-^oo   (for any S) wf   get 

y(x)   = M (1  + S) x = ~^ x  . (35) 
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Figure 4. Influence of R on the curve shape (for € = €  , L = 0) 
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(I 

Figure  5.     influence  of  R on  the  curve  shape   (for  i      z.  2c   ,   L = 0> 
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I1 

.nih   ini-ans   that   fc^r an  open   circuit   the   curve y(> .   for   i rcreasi i.-r  A 

ijoes  un rising wiin Its   Inllial   slope,  as given b>   equation  (17) 
Kqu.uion   (35)   can  be  found   In   tlie   following way   (using M = 0  for 
li  '"'i.      FT  S --■  Ü,  we  yet   from   (13)     y« 1   -   (1       Mx)  = ibr.      If  S  4  0. 
*'.■   ink.- tquation   (IGn' ,   put   m F - M  (x   <• s x2)  -  0   ^nd ge» 
V  = M   (1   t  Six   . 2 

H   shruld  be monfioned  that   the curves  «if figure  5 cnuld   hav« 
beer   plotted   ising  one  of   the  equations   (16:>,   a tedious   task,     DOFL's» 
analog  computer was used  Instead,  which employs the  differently]   .-qua- 
nori   (11^   rather  than   Its   solution. 

The next case to be  discussed is  thai for R ^ 0,  L ^ 0.     for R 
the  fixed value  10 ohms  Is  used  (wnich corresponds Witl»  ihe experiments), 
Figure 6, with S = 0,  shows a curve for L = 10"7 henry and  is plotted 
according to equation  (26a).     Figure 7, with S = 1,  shows curves  for 
L = 0   5       10'7  and   1   -   10       henry.     They are  plotted by DOFL's  analog 
computer,  using the differential  equation  (24).    W]th all these curves 
we  noie  oscillations "vhich  are  damped after one or  two periods   super- 
imposed on  the basic curves  for R = 10 ohms and L = 0.     Higher values of 
L (net   shown here)  result  in oscillations of still  higher amplitude and 
less  dampliig,  until eventually the whole curve shape is masked by these 
osci llatioas.     As  far as the experiments are concerned,   the  inductance 
is n disturbance and should be as small  as possible.    The values  for L 
shown   in  figures 6  and  7 are  about  those  that rnn b« expectel.     Thgran 
influenre only  the very  first  part, of  the pulse,. 

Introducing  the quadratic  fit   (4)  for the hysteresis of  the un- 
compressed material,  instead of the linear fit  (3)  as used hitherto In 
this  section, we discuss the short circuit case K = L = 0.     Iii order to 
point  out the difference between  (4)  and  (3),  the following  results have 
to be compared with the former results with equation (10)   (see  fig,  3). 
The  calculation employing the quadratic fit  (4) is  in better agreement 
with experiments  (ref 2).     Using eaution (34),  three cubrves have been 
calculated a::d plotted In figures 8,  9,  and 10.    The values of CC.  ß,  P0 

(as given in the beginning: of this section) were measured statically with 
elements of  the type used  in the shock experiments.       A dynamic measure 
ment of a and ß,   imitating the actual shock conditions,   is  planned.     So 
far,  however,  no better values are known.    As dielectric constants behind 
the shock front have been assumed:     Cj = 1250  -  £0  (jfig    8>,  €f  = 1540   -  €c 

(fig.  9),  and €f = 2000  •   <;0  (fig.  10).     Using a mean value   (according to 
(3))  of ti = 4400   •  €0,  this corresponds to S = 2.5,   1.9,  and  1.2 respec- 
tively  (see fig.  3 for comparison). 

With equation (10) we had the following situation:     The curve starts 
with y(0) = «j/cf  and decreases steadily with Increasing x  until  yd)  = 
EfAj«    With equation  (34)   in essence the sane thing hapcens,  except   that 
e^   is not a constant  (see  fig,   2). 
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2.0 

0.5 

0.5 1.0        X 

Figure  8.     Short   circuit  current   pulse  for  ef  =   1250  e     v'ö',   ß,   P 

as given   in  section  2     (j) = auxiliary   function) 
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0.5 

rigure  9.     Short  circuit  current  pu]8e for £„ -   1540 e     (a,  ß,  P 
f o       '     '    o 

as given in section 2;   ()>  = auxiliary  function) 



Figure 10.  Short circuit current pulse for £ - 2000 e  (a, ß, P 
o o 

as   given   in  section  2,   (j)   =  auxiliary   function). 
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Now e. starts with the value a and ends with the value e . Therefore 
the curve starts with the y(0) = a/e. and ends with yOj = ef-'em" ln 

between the curve shows a maximum. The curve also hts a marked bend in 
its rise, which in some cases could be observed in the experimental re-
sults, but in most cases was masked by other effects. Ifce meaning of the 
auxiliary function <̂ (x) will be explained later. 

4. CURRENT-OUTPUT BEYOND t = tn 

So far nothing has been said about the current output for t > tQ, 
i.e, for the time after the shock front has reached the back surface 
of the element. The free charge on the electrodes at the time x * 1 
(t = t ) is Q(l) and can be calculated from the appropriate equations. o 

If there is no disturbance by further shock or rarefaction waves 
or reflections from the side walls, and if tha connecting wires du not 
break, the element then is nothing but a capacitor. It has a uniform 
(compressed) material with the dielectric constant €j. Neglecting the 
slight geometrical compression (shrinkage of£), the capacitance is 

Remembering M = £ ^ 1 + S a £̂ /£f find the identity 

t 
* <1 + •> • , 

which is the normalized decay time of the element as a capacitor. For 
the time x > 1 this capacitor discharges according to the law 

<,<x) . «,<!> • .-"(l * S> (x " » . <«»> 

With y = - — the normalized discharging current, is 
Qo dx 

y . ail) B(1+s). .-«<» •«' <* - »> ,.r X > ! <37) 
o 

The total charge output is 

J , «u . . ± J do - 1 (38) 
O ' O" 

0 Qo 

which is equivalent to 

. oo I I dt = QQ • (39) 
0 
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For cnse R i 0, L = 0; any S, we get from equpMon (9) or (31) 

Q(l ) =0 (40) 

y(x) = y(x) - 0   for x > 1 (41) 

J y dx = 1. 
o 

This result is typical for a short circuit, it is independent of S 
and the assumption about the hysteresis cu»1'/^. 

For 'jase R^O, L = 0, S=0, we get from equation (12) 

Q(l) =^(i-e-M) 
M 

and n,   .   ^o .,    -M,  -M(x-l) 
Q(x) = — (1 - o  ) e 

M 

,  s    ,-, -M>  -Wx "I) -      ^ , y(x) = fl - e  ) e for x >1 

For case R^O, L=0, sio, we Ret from equation (15) 

1 Q(l)=Qoe-M(1+l> + M I 
"-'ft 

(1 - z) eM<2 + I z2) dz 

MS 
and 0(x) = Q e 2  I e 

y(x) = M(l + S) e 
US 

For case R=0, L^O, 8=0, we get from equation (21) 

Q_ U   2 

Q(l) = —: sin %/? ,  with N = —~ 
rii e.i«A M'N 

and Q(x) = — (sin •v/N) e 
N/N 

y(x) =-5?(sin>rN) e"^*'" for x > 1. 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

-M(l + S)x    ,    ^ .    , ... 
e for x > 1    (48) 

(49^ 

(50) 

(51) 

The case R^0, L^0, S=0, can be handled in the same manner, 
using equation (25). 
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3.       ivWIMUM ENERGY OUTPin 

Fur  some  applications   the question arises  as   to which value  of  R 
results   in  a  maximum <>f energy  out.pu* ,   W. 

R d' (52) 

this   probiem  can   be  calculated analytically  for  the  case S - 0.     The 
definition of   the effective pulse  length T is  somewhat  arbitriry,  and 
di ponds or.   I he  experimental  conditions.     Wc   put     T =   t  ,  because   the ex ■ 
(ipriraejits   indicate   ♦.hat   the discharge  virtually  comes  To an end at  l   , 
due   t.c   rarefaction  waves»  and subsequent   breaking;  c<i   ihr  «ures.     «• 
must   bo  noted  that   in general  not   all   the   free  charge  from  the element 
can   flow off  during   this  time. 

We   limit   the  calculnHon  to  the case     R 4 0
T   L  ~ 0.  s = 0>  with 

•he current   output 

% 

y   =   1-e 
MJE 

with    M =• Ü2 
t.AR 
l 

(13) 

frojn which  follows 

I(t)   =:    -   -^  y   K  -   _   (1   -   e 0) (53) 

W = I    h dt 

0 

w 
c .A' 

i 

JL , _£.   "M    _JL_ ^2M 

M 2   *     2 e       ~       2 t 

2M        M 2M 

(52) 

(54) 

W becomes a maximum  for  a certain value of P. er M,   wh:ch Is  determined 

dW 
by putting jiä = 0•     This leads  to the equation 

- M -2M 
3 -  M -   (4  + 2M)  e       +  (1 rM)  e a, 0 

wnh  the solution    M = 1.8926.    With  this value   the maximum energy output 
is,  according to  (54) 

W 
max ~-A- - o.i. (55) 
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This is only 38 percent of the potential energy of the element, if it 
is considered a capacitor of capacitance 

Aei C ~ I 
which has the potential energy 

W = -2C = T A ' °'5 

The total charge output up to the time t is according to equation (43) 

Qo - Q(l) = V 1 " 5 + 5 e_M) = V °i3 • <56> 

Using the specific values from our experiments as introduced in section 2, 

26 
R 

1264 
we get M = — — which in ~omhination with M = 1.8Q2G leads to 

R = 668 ohms 

as the value of the external resistor for which the energy output is a max-
imum. The latter is according to (55) 

W =8.9 • 10 2 joules. max 

6. CONDUCTIVITY BEHIND THK SHOCK FRONT 

So far the assumption has been made that a ferroelectric material is 
nonconducting behind as well as in front of the shock front, at least for 
a pressure below 125 kilobar and temperatures below 150°C. However, there 
is at least one reference in the literature (ref 3) stating a specific 
resistivity p = 1000 ohm • cm for a pressure of 300 kilobar in barium 
titanate. As the following calculations will show, a resistivity larger 
than p s 10® ohm • cm should not be detectable in the output curves (in a 
short-circuit situation), and may therefore be regarded as Infinite. The 
influence of a lower resistivity is the topic of the following calculations. 
The model used in section 2 (fig. 1) is introduced again, with L « 0 and 
R very small (short-circuit assumption). H»e linear fit to the hysteresis 
curve, equation (3), is used. Ihe conductivity behind the shock front is 
treated as a shunt resistor with the resistance 

A O 

P is the specific resistivity of the material under compression. 
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Figure 11.     Element as the shock front travels through It, and 
equivalent circuit. 

In the  former treatment (section 2}  it was supposed that no free 
charge can accumulate at the Interface between the two regions of the 
element  (In other words:  at the shock front), which is equivalent to 
the statement  that  the dielectric displacement D (equal to the charge 
density a)   is  continuous through this  Interface. 

Now we have a shunt  resistor which draws & certain current i, 
therefore D is different in each region of the element.    Dj is a in 
the region before the shock front.    Behind it,  Df is 7 which is 
smaller than   a . 

The basic equation Is    l^ + U2 + U3 = 0,     or with short-circuit 

assumption    Ui  + U2 = 0.    We look at the regions of the element as 

capacitors,  with capacitance 

C - S _ D*      eA 
~ U ~ ü    ~  d 

It  follows 

U    = - d 
t 

O-P a-P 
u. = —° (1.$ = :_o A a _ t) 

e1 
€i    t0      o 

U„   a -2  £  o -S -^ t 

and also 4    P^ 
U2  =  1-r=  i  AT o 

3'. 



This cliBplacement   current   Is 

dc 
acrosH   the   front   region       I        =       A —--    and 

dö 
across   the  back  region I-i   =      A —, 

dt1 

da       dO t   3 A  4 - ^)   . (57) 

The  two expressions   for \j    combined result  in a differential 

from  whU-li   it.   follows   that 

Vdt       dt. 

sxpresslons   f( 
equation  forö 

do 1     _      da 
dt   + ^  G = dT  ' 

whose solution  through the initial value ä = a 'or  t  = 0 is 

..   t      t _^_ 

1- „ 0€f f    „ « P€f dt (58) a =  a - — e ""       0 e K^    dt 
PCf 

0 

and can  be  used  to eliminate    a". 

Introduction of  this   ä into any of the  two equations  for U„  leads to 

t       t t 
/at Et ' Pef f pef 

0     *tptO jo 

Now  the  basic equation  is 

t       t t 

U    + U    = —— — (t -t) + -5- r- t g- — e ae        dt=0 
1        2        el    ^     0 ef to e/p  to J 

0     (59) 

which must  be  solved fora(t).     It may be noted,  by  comparison with equation 
(1),   that the third term only expresses the  disturbance due to a finite 
value of p   and disappears withp-*oo. 

Again as  In section  1,  the following expressions  are  introduced: 

v = t/t 

s = ei/°f - 1 

Q = A a 

O = A P  ,   and furthermore 
o o' 

_ _!£     to(US) 

11 " ef p ~      fi p 
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This gives 
x 

Q(1 +• Sx) - Qo(l - x) - A ~ n x e^*J a e7? dx = 0 
€. r 

T* . 
(60) 

0 

which for p-KX> ( rj-*0) approaches equation (8). 

Now the integral equation i3 transformed into a differential equa-
tion by dividing it by x e-1!* , differentiating it with 'respect, to x, 
and multiplying it by x2 e~T)x, which results in 

(x + Sx2) - (Q - QQ)(1 -r\x +Tjx2) = 0. 

dQ 

(dl) 

Since Q(x) and must approach the formulas (9) and (10) for x = 0 
(because in thebeginning the shunt resistor is r = 0), we have the fol-
lowing initial conditions: 

do Q = Q Q, and ~ = - Q Q(1 + S) for x = 0 . 

From the proper solution Q(x) , the normalized current y(x) is de-
rived as prescribed by equation (6). Skipping some intermediate calcu-
lations, the final solutions to equation (61) are: 

for S = 0 

Q = 1 - x e -n*a - f>] 
y = (1 -T)X +T1X2) e-^*^1 ~ 2* , 

for S 4= 0 

Q = Q„ 
3c 
8 

s % 
1 - (1 + S) x e (1 + Sx) 

px 
y = (1 + S)(l - Tjx +f)x2) e 

•9*1 
2S2^ 

(1 + Sx) S 

(62a) 

(63a) 

(62b) 

(63b) 

for p-»cq (tĵ O), these equations approach the former ones, namely 

(62a), (62b) (9) 

(63a), (63b)-*>(10) . 

"Oie total charge output within the normal pulse length x = 1 is 
QQ - Q(l), or relative to the maximum output Q 
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VQ(l) -1 
  = e for S 

Qo 

VQ(1)        ^ 30t 

% 

to(lvS) 
Using Tl   = —;—-— 

(1   4. s) for S ^ 0 

t 
Q -Qd) - TT^ for 3 = 0 
y. p     2SP (64a) 

^o 
= e i' 

t   (1+S) t   (US)2 

S^l = e      eiSp (i + S)'      els2p for S H      (64b) 
Qo 

Examples are calculated  for S = 0  (e    = €f),  Sal  (e     = 2e  ),  and 

S = 2(t.  = 3e  ).    Since the calculated values depend on the assumption 

about  e  ,  the dielectric  constant In the uncompressed material,  Its two 

limiting values  (see  fig.   2)  e    = a = 1000 e    (for small field) and €    = 
e    - 50Uü £    (for maximum flela)are both used,  the correct value lies In 

m o ' 
between a and e   .    The results are shown in the following table.       In 
most cases,  the    values based on e    = a or e    = e    are approximately the 

same for a given p , also the Influence of S Is small. In general, the 
charge output is higher than 95 percent if p > 10 ' ohm cnij and higher 
than 90 percent  if    p  > 3   •   104 ohm cm*. 

Figures  12 and  13 show some curves of the normalized current output 
y(x)  calculated for certain valuts oi   p .    Figure 12  shows the CP.SP 

e    = t-, according  to equation (63a),  figure 13 the case e    = 2e  ,  ac- 

cording to equation  (63^b) . 

7.       CURRENT OUTPUT UNDER AN OBLIQUE  IMPACT 

In an actual  experiment the projectile may hit the element with a 
larger or smaller angle of  impact.     In this section the deformation of 

♦    Recent experiments with barium titanate ceramic  (ref 2) gave values 

Q   - Qd) 
    = 9\ ± 5 %  for 110 kllobar, thus Indicating a resistivity of 

Qo 
5 

10 ohm cm. 
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Table 1. Charge Output in Percent of the Initial Charge, if There is 
a Resistivity p Behind the Shock Front (for Short Circuit 

R = L = 0). 

p 

ohm cm 

r e l a 

C i 

€ i = a 

t i v e cha 

= G 

t = € 
m 

rge outpi 

e . 
I 

= a 

<3 

= 2 e f 

~ em 

Q ( D 
i n 

o 

€ i = 

- a 

p e r c e n t f o r 

= 3 e f 

io 7 1 0 0 . 0 1 0 0 . 0 1 0 0 . 0 1 0 0 . 0 9 9 . 9 1 0 0 . 0 

3 • 10® 9 9 . 9 1 0 0 . 0 9 9 . 9 1 0 0 . 0 9 9 . 7 9 9 . 9 

io 6 9 9 . 6 9 9 . 9 9 9 . 7 9 9 . 9 9 9 . 2 9 9 . 8 

3 1 0 5 9 8 . 7 9 9 . 7 9 9 . 0 9 9 . 6 9 7 . 5 9 9 . 5 

i o 5 9 6 . 1 9 9 . 2 9 7 . 0 3 8 . 8 9 2 . 6 9 8 . 5 
4 3 10 8 7 . 7 9 7 . 4 9 0 . 3 9 6 . 0 7 7 . 4 9 5 . 0 

! 0 4 6 7 . 4 9 2 . 4 7 3 . 7 8 8 . 5 4 6 . 4 8 5 . 6 

3 - 1 0 3 2 6 . 7 7 6 . 8 3 6 . 2 6 6 . 2 7 . 7 5 9 . 9 

i o 3 1 . 9 4 5 . 4 4 . 2 2 9 . 5 0 . 1 2 1 . 5 

3 * 1 0 2 7 . 2 " 1 . 7 

11 • 0 . 6 
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1 

Figure   12.   Current   pulse with a resistivity ^   in the 
compressed material   (^     - e     ,   R •- L = 0) . 
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r 

Figure   IJ.     Current  puls« with a resistivity   p In  the 
compressed material   tc.   = 2c   ,   R = L =•.  0) 
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Sll 

the pulse due to this  angle will be  calculated.    The flhort-clrcult 
assui.iption (R = L = 0)  and the  linear  fit to the hysteresis curve 
(equation  (3))  are used. 

«(».£) 

Figure 14.    Oblique shock front through the element (angle of 
shock front exaggerated). 

The shock front originates at the edge of the element that la hit 
first,  and the time is counted from that moment on.    The back sur- 
face cf the element along that edge Is  reached at the time    t    « t/yx , 
again called the "normal pulse length."    Other regions of the0element 
experience the shock front with a time delay, the opposite edge has 
the maximum delay ta; along that edge the shock front reaches the back 
surface at the time t0 + ta.    The time delay t. is connected with the 
angle of impact  (p by the formula 

2r ...      _ t    = — tan <P, a      v ' (65) 

with 2r = diameter of the element and v = Impact velocity of the pro- 
jectile. For example with 2r = 5/8 in. and v = 1400 ft/sec, an angle 
of impact as small as 1/4 deg results in a time delay tB « 0.16 jisec, 
which must be compared with t0 s 0.70 ^spc. Ihe angle of the shock 
front in the muteriHl with respect to the planes of the electrodes is 
about 2.5 deg in this example, since u is about 15,000 ft/sec. 

In order to start the calculation, the element is thought to be 
split into small elements, each with the area dA(0 and the thickness d . 
Each element undergoes the same transition as the shock front travels 
through it, delayed in time however as we go from one edge to the other. 
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Al'  ' i'!:'.)'.!!1   -\\ i'V.   lii.'iil   tvsaltü,   I he  aji^lc   is  assunifu  Eiufiii. iti»! I y   small 
(!■  K   ,   J   5  de s,   as  stated  above)   so   thai   no  rorrcction   is  nt'i'dt'd   lor  * lie 
I a< '    -hat    the  direction  of   travel   and   the   normal   (,o   the-   shock   rion^   are 
m i   in   parallel,     ßcsidos  being  the  simples',  posgiblc   fonnul»!;   the   short- 
i ireuit   assumption   is  also very  convenient  horn  since  it   requires   that 
i he  voltage  drop across   the  electrodes   be  zero      All  smalt  elemcints  can 
'iKiefore   be   treated  as   independent  elements.     The   following  calculations 
are  confined  to  the  case     t.     <  t   .       fhe  current   «'jtput,   pulse  consists of 

a ""    Q 
Mirer-   parts       The   rise   time   (A)   from   t  =   0  to t  -  t     is   the   time  during 
which  only  a  part   (increasing  with  time)  of  the   front   electrode   is   in con ■ 
' a< '.   with   the   projectile  and   therefore only  a  part   of  ♦ he elomenl   is   in- 
Vv/ivitl.      Üurirg r,he main  pulpe   (B)   from  t^   to  t    hoth electrodes  are  fully a o 
involved.     The decay   time   (C)   of  the  pulse   from  t0  to t     f t     Is explained 
l)V   'he   situation   that   the  back surface has  been  reached  by  the  shock  front 
and only  a decreasing  area of   the  back electrode  is  producing  free  charge. 
It   is  supposed  that   reflections  from  the  back end of  the element  or  from 
the  supporting  rod do  not  disturb the  process      The calcuiation starts with 
a  combination of equations  (1),   (2),  and   (3v 

0 2 (l-   £) + 2- r ^ 0. (66) 
tf 

The distance  ^ of the shock  front   from rhe  from  electrode  (fig.   14)  now 
depends   on   time  t  and  position J^: 

? -    u  (t   - f  t   )   ,  a| = u (67) 
^ s 2r    a        jjt        s 

All  variables are now  functions both of  t and J^ .     The  solution of equa- 
tion  (66)  must be integrated across  the appropriate surface elements 
dAd^),   which gives  the  charge  Q(t). 

If   the surface of each electrode  is  a circular area, we have 

 £-2r 

dA(^)   - 2^2^ - X,2    '-X   ,   I       dA = trr2 = A, (G8) 

aid  the  current  is 

Kt)  =   fäS^Äi dA. (69) 
at 

TTie  usual  transformations are  Introduced; 

u    = J&t 
s o 

S    . £lArf  - 1 

x    .   t/to 

t * 
y(x)  =  -  --    Kx)  =      ~- I   (x) 

\> o 
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■~-ri 

,1 ml   luit hi rmoro 

It    f, > 11nw q 

z  =  l  /I     -   normalized delay   time, 
a     'i 

I   r o(x  -  ^- z   )     and  from  (66) 
2r 

1  -   'X   - J*- x  - ^ z) 
o  =  P —      and   from  this 

1   +  S(x   -  £- z) 

p 
Bo o          !          
-- = - — (1   +  S) 5     ■ 
L o (1   +   Sx   -   S;f-  Z> 

2r 

The   votal   normalized current  is,  with   (69) 

y(x)=m^[^SI? ^ (70 
J    (ItSx-S^p-z) 2r 

For z = U equation (/u) reduces to equation (10), 

For S = 0 equation (70) has the form 

y(x) =-^  |y2ri;-42  cilg 
rr 

with the  solution 

;(x)  = %~   j2rZ    - V? * \ sin'1   (^)   . (7V 
irr' 

For  S  ^ 0 equation  70 has   the   form 

wi th 

y(x) = B(^ [ VS^i     ^ 
TTS      Z2J        (B-äi)Z 

2r    1 
B  = B(x)   =  —  (-  +  x),   which  is   independent  of £ 

z    S 
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Mt r<    ) hi1  siliition can   be  fonnJ  aftn-   the^«   ! rangivrmaf .ons 

li X, - x, d^; dx 

2rh,      C   -  a  t  bx   • x" 

a   •    B( !r  in 

fi   -   2(!i-r) 

I'tie  solutions  of   the  ir.tergral   are  dlft'ertjnt   for a  >ü,  a ^ 0,  and 
a <   0.     Our  calculations  are confined  to a < 0,  which is equivalent. 

x   > z  •    -     . 

Since-  actually  S  falls  between  1   and 2y   this   condition  Is always   ful- 
filled   for  z  < 0.5      For z   >0.5,   the  very   first  parf  of  the  pulse 
may  require  a different   solution.     Here we proceed with a < 0 

The general   solution of  thf   integral   in  equation  (72)   is 

1 

T sin 5 d   .. -^_}   f Bin^d-  ^) 
r B-^ r 

(73) 
with   the abbreviation 

B-r l+Sx-Sz/2 

^B(B-2r)  >/(l+Sx)(l+Sx-Sz; 

To complete the solutions (71) or (73), the limits of >.he integral 

(74) 

^2 

are  to be  put  in.    These limits  dpnond  on the  region of the pulse,  a: 
explained above in this section. 

Region A (rise time,  0<t<t   ,   0<x<z):    for a fixed  tinw-  t 

(or x) within this  region,  the front electrodi   ts covered 
2r    2r 

by the projectile between^ i = 0 and t, o "" 7 t ~  — x. 
z 

Region B (main pulse, t < t < t 1):  both electrodes 

are fully involved, so ^ = G  ard "t. 2r, 
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Region C (decay t ime , t < t < t + t , 1 < x < 1 + z ) : t h e 
O — — O Si 

back electrode is only partly involved, therefore 

s i = r - V - H <x - -2r • a 

Now the current output for the three regions can be written. 

For S = 0: 

y ( x ) = 4x - 2z 

irz 

,—; ; i . - i x Vx(z - xj + — s i n (2 -
7T 1 

^ 1 

* 2 

f o r 0 < x < z <71a> 

y<x) = 1 f o r z < x < 1 (71b; 

y(x ) = - 4 ( X " 1 2 " 2 Z ^ ( x - 1 ) U - x + 1) 
7TZ 

- - s i n " 1 (2 — - 1) r J f o r 1 < x 
li Z 2 — 

Figure 15 demonstrates y(x, S=0) for z = 0 and z = 0.'4. 

For S ̂  0 (using (73) and (74)): 

I + z 

y ( x ) 8 ( 1 + S) 
2 2 

TT S Z 

(71c) 

s /x (z - X) + • i n " 1 <1 - 2 | ) • | <T - 1> 

y<*> - —5 2 
S z 

- T s i n - 1 £ 1 - 2 | (1 - Sz + Sx)j 

8 ( 1 + S) (T - 1) 

f o r 0 < x < z (72ft) 

f o r z < x < 1 (74r»> 

y ( x ) 8(1 + S) 
2 2 

IT S Z 
- ^ - V ( x - l ) ( z - x + 1) - sin"A < 1 - 2 ^ 

S *' 
• 1 X * A 

• T s i n -1 . a 5j± ^ . £(.-«!>}) • | (t - 1>] 
f o r 1 < x < I + z . 

(72c: 
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Figure 16 demons t ra tes y ( x , 3 = 1) f o r z = 0 , 0 . 2 , 0 . 4 , 0..6, 0 8 , 
1.0. 

8. THE SHORT-CIRCUIT ASSUMPTION 

The mathematical treatment of many features (such as the curved 
hysteresis, maximum energy output, conductivity behind the shock front, 
cblique impact) is greatly facilitated or even only possible, if the 
short-circuit assumption R a L = 0 is made. Our experiments use an 
electric load R — 10 ohms and L < 0.5 * 10"^ henry, and the queat;on 
has to be investigated whether the short-circuit formulas car bo used 
with these values. 

Figures 4 through 7 show how close curves with these values of R 
and L come to the limiting case R a L = 0. Only the initial part of 
the pulse, for 0 < t < 0.1 • t , is affected at all. — — o 

Another way of justifying the short circuit assumption with R a 10 
ohms is to look at the element as a capacitor (capacitance C a 7-10-10 

farad). With a short circuit the chargc flews off igjwuiaceiy after it 
is set free (RC-time a 0). In our case the RC-time is 7*X0 sec, which 
is only 1 percent of the normal pulse duration tQ a 7*10'"7 seconds. 

A third way of showing that R a 10 ohms is small enough to justify 
the short-circuit assumption is to use equation (1). As the curves for 
small R show (fig. 5), for a time x = 0.3, (traveled distance £ = 0.1 cm) 
about 50 percent of the total charge has flowed off the electrodes ( o(0.3) 
= P0/2). At this moment the voltage between the shock front and the back 
electrode is approximately, according to equation (1): 

c-P 
-(£-«) » - %^(^-€) a O - 5 * ^ ) * 1 ? " 6 (0.22) a - 9900 V 

€i €i 0.88610"10 

At the same time the voltage between the shock front and the front elec-
trode is approximately, according to equation(1): 

a 0,5po 0.5-(8)-10"6 7~ 5= ~ — % rjj <01> « 9100 v 
f €f 0.44310 A° 

The current at this time is only about 25 amp (measured value), and the 
voltage across R therefor* 250 v. This demonstrates that neglecting the 
third term in equation (1) does not introduce a big error. 
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Q METHODS FOR EVALUATING Cf FROM EXPERIMENTAL DATA 

The equations in the previous sections contain all or sonic cf these 
values: A, t , P , Q, t , R, L, p , a, p, <p , e,, and ef. If Q approaches 
A-P , then the resistivity P is sufficiently ftigh, as sho«n in section 6, 
and°we need not correct for any current leakage through the compressed 
region. Then everything can be measured before or during the experiment, 
except ef. This quantity therefore is determined by the outcome of the 
experiment, i.e., the current output y(x) or Iv!t). is the dielectric 
constant of the material under high compression and elevated temperature, 
the temperature being determined along with the compression by the methods 
discussed in reference 1. Cf if' an important property of the material 
under those conditions, and it is one of the main objects of our present 
experiments to get values for ef. Most of the formulas of the preceding 
sections are too complicated to be solved for e^, and we have to look for 
the most simple expressions and elect the appropriate experimental arrange-
ments. One of these is the open circuit situation 

ltQ 
y(x) = — — x, from which follows J €fAR ' 

Q t V 
U(t) = R'I(t) = R — y (—) = Y~t~ t and 

O o f o 

P 9 
dU 
dt 

This, by the way, is the initial rise of U(t> for any R (equation 19) 
which for an open circuit goes on as a linear rise. 

Equation (75) is very simple, and one need only measure the 
rise of the curve: voltage versus time. The difficulties however are: 

1) Very high voltages are reached within a short time (with our 
experimental values: 60 kv at t = t = 0.7 ̂ sec), which may generate 
breakdowns through the element, around the edges, and across the probes. 

2) t is not easily found, since the actual scope traces of open-
circuit experiments do not show a clear picture of the pulse and especially 
its end part. 

3) Disturbances of the rise time, due to the angle of impact, to the 
amplifiers, or to any other reason, are superimposed and therefore falsify 
the resulting apparent value of €f. 

It might, however, be possible to overcome these difficulties and to 
get proper results by this method. 
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The ot* r simple arrangement is the short-circuit situation, which 
is treated in many details In this report, and which is nearly fulfilled 
in our experi ments <*ee sec .ioii 8). The rest of this section (9) deals 
with Diehod" :o eval'ited from a given curve I(t> or y(x) under short 
circuit conditions. 

Usually a curve U(t) Is obtained, with a known value of R (10 ohms). 
Therefore I(l) is given. Hils curve generally shows a main pulse, past 
which the curve goes through the zero line. The current then becomes 
negative for a while, followed by a smaller pulse and ripples. The pulse, 
as far ±s we need it, is at Its end at the crossover with the zero line. 
Everything that follows is Influenced by reflections and is of no Interest. 
The charge output is Q ~Jl dt across that main pulse, the experimental 
values of Q are close to <^, and are put equal to for the following cal-
culations. The pulse never appears to be ideal, the rise and decay are not 
vertical but inclined lines, even where a small angle of impact has been 
measured. Hierefore the normal pulse length t has to be taken between (a) 
the half value of the first straight line of tfie rise and (b) the half 
value of the decay of the pulse. This is in agreement with figures 8 
through 10, which show that the rise of the curves consists of a first 
straight line, followed by a bend and a more inclined part. In figure 17, 
the important parts of the curve are Identified. 

PEAK 

BEND TAIL 

DECAY RISE 

t, 

Figure 17. General pulse shape for short circuit. 

With to and QQ, the transformation to the normalized form x « t/t , 

y = I*t /Q can be made o o 
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Due to the deviation from the ideal curve shape, as stated before, 
the leading part of the pulse is not well suited to derive ej from it. 
The tail, however, follows closely the theoretical formulas except for 
the decay nnrt of the pulse which also cannot be used. The quickest, 
although not very precise, method to evaluate ef appears by use of equation 
(10), which solved for ê /Cf = S + 1 gives us: 

€ i A f = Jl - 2xy(l-x) - sj 1 - 4xy(l-x) j /2x2y 

V € f 

€4/€f 

e i A ! 

= [l - 2*y(l-x)]/2x2y 

= [l - 2xy(l-x) + -Jl - 4xy( l -x)] /2*2y 

for J < x x — m 

f o r x = x 

(76) 

1/y 

for x < x < 1 m — — 

for x 

with m 
1 

2+S 

la a mean value of the dielectric constant in the uncompressed Material, 
as explained in section 1. 

A better method is to use equation (34) instead of (10), thus employ-
ing the curved hysteresis <n«tead of the linear fit. This brings us neaxer 
to the actual pulse shape. In doing so, the quadratic fit a, 0 to the 
hysteresis curve (equation 4) must be known, instead of only the mean value 

The general formula (34) cannot be solved analytically for €f, an 
approximate formula must be invented. This is done by creating an auxiliary 
function $(x), which derives it justification solely from the fact that It 
approaches the tail of y(x) so closely, as can be seen in figures 8, 9, and 
1J. 

A curve (similar to equation 10) y(x): f IT? 0 < a < 1, 
[U(k-l)xJ 

is transformed to the range x < x < 1 by the linear transformation 
- " P p " " " - r̂ r - «lvln* 

P - HU-* > 
y(x) « <̂ (x) 

[l-kXp • (k-1) x j 2 
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The value of (|>(1) = ̂  is forced to coincidc with y(i.) = e./€ (from K f m 
equation 34). This determines k = ê /ê  and thereby 

€f P 

*fl €" :: , for xp < " < 1 • <77> 
I ef XP f ef i 

* is the position of the peak of the curve y(x) according to equa-
tion (34). e is defined with equation (34). Equation (77) can be 
solved for € /€., giving 

m i 

2 |' 
e_ i/1"* \ J / ( 1 - x X x - x ) 

By putting the values of x of e and any values of x and y (the 
latter for <j>) from along tnA tailmof the measured and normalized out-
put curve y(x) into equation (78), thi* equation yields €#. Figures 
8, 9, and 10 show which part of the tail is suitable. 
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