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ABSTRACT

When a polarized ferroelectric elemert is traversedby a shock
front that destroys the polarization, a current output appears. The
shape of the curve of this current output versus *ime is computed in
a normalized and general form for the case where the shock front
moves 1n a direction normal (or arproxim2tely normaid to the elec~
trodes and parallel to the polarization The influence of the external
electric load, of “he dielectric constants and the hysteresis, of a
conductiv’'ty in the compressed material. and cof an oblique impact is
discussed. The condition for maximum energy cutput also is d:scussed.
Mathema*ical expressions for the current cutpu:t are given for the
various conditions, examples are calculaied and show: In Slapad
Methods are described for evaluating the dielectric ronstant ir the
compressed material from measured cutput curves,

1. INTRODUCTION

Tne calculations reported evclved fr-m “he reed to evaluate cer-
tain experimental results The topic, experimental setup, and first
results are described by P.S. Brodyin refec . ence 1, in which he states
the basic thnecretical expression for the current output under shock
compression, when a chock front travels through an axially polarized
ferrcelectric disc in the direction of i*: polarization [n cthe
present report, the theoretical expressioua {iransfomed into a more
convenient and general ‘normalized form'') is examined in terms of its
various parameters. New parameters are added -- the curvature of the
hysteresis curve, the inductive load, *he conductivity behind the
¢hock front, and the angle of impact. 1In cerzain cases the formulas
can be sclved for e€f, the dielectric cons.an* of the compressed mater-
ial. ™he latter, therefore, can be calcuia‘ed from measured output
curves,

The assumpticons are:

1) The shock front iz very thin, %%+ is: pressure, temperature,
particle velocity, and dielectric constarn: reach their new values
¥1thin a time short compared with the to*:' vulse length.

2) No relaxation time with respect to the change in polarization
appears. Tne polarization goes to zero immediately after the material
is 1n its high pressure state.

3) The material is isotropic.

4) No reflected rarefaction or comp::ssion waves from the edges
or from the back surface of the element a,_ ear in time to disturb the
process.

5. The uncompressed material (before tue -hock front) ivllows a
hysteresis curve, which can be measured fc. elements of ihe same type,
and for which thercfore a numerical fit can be made for the purpose of
evaluating measured output curves.



6) The 'dielectric constant" of *he compressed material (be-
hind the shock front) is suppoced *o be a constant, £y, With respect
to the field, Ef. TIf this assumption is nct true for a large field
(which we do not know), *hen thc early part of the output pulse will
be different from that shown in this repcrt, The tail of the pulse,
however, depends on ¢ for a small field, when it is more likely to
be constant.

2. CURRENT OUZPUT AS FUNCTION Of TIME

In order to set up an equation for the current cutpul, the fol-
lowing physical precess 1= described: 1Initially the wnole element
is polarized, the value of the polarizaticn is P . A free charge
*Q (= A'P ) has been allowed ro accumulate on the clecrrodes, kept
in place v9 the polarization and neutralizing its erftecr. The net
field 1s zero (fig. la). After an impact has occurred, a shock front
travels through the element, leaving behind a cubic¢ lattice with no
spontaneous pelarization, During this time the charge from the elec-
trodes flcws off. The internal polarization in the undisturbed region
is no longer completely neutralized; an increasing field E, appears here
in the negative direction, In the compressed region with no spontan-
eous polarization, a field E; 1n the pesitive direction appears as a
result of tne external charge on the e¢lectrodes. E; decreases with
time as the charge does (fig. 1b). Finally the shock front has passed
the element. There remains a decreasing field Ey as long as a charge
remaiins on the electreodes (fig. 1lc).,

Because the thickness of the element is small compared with its
diameter, and because the dielectric constants in the material are
much larger than in free space, e¢dge effects can be neglected. The
sum of voltages along a closed loop must be zerc. So we get (see
fig. 1b):

E.-E +E

€
d

dl
-EY - . N - 1
g €8 -1 R-Lg7=0, )

E., is negative. The current I, in the direction shown, is the nega-
tive derivative of the charge Q with respect tc time (since the charge
decreases with time). In the practical system the charge density ©
equals the dielectric displacement,0== D. D is connected tc E in the
foll-wing ways: For the compressed material we assume 4 linear rela-
tionship, employing €¢, vthe dielectric constant behind the shock front,

D = Cf E!_ N (2)

from which follows
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Figure 1, Fields, charge, and current, as the shock front moves
through the element,




“71

The uncompressed matertal beforse the shock front follows a hweteresis
curve,  We are interested tn its second quadrant only.,

E
R+ aE -BE?2
D =R + €;E

Figure 2, Hysteresis curve in the uncompressed material,

For a very small field E we find the relation*
D=P + QE,
o

a 1s the apparent dielectric constant when measured with a low field
bridge. With increasing field E in the negative direction, the

dielectric constant % is no longer constant but increases also,

and reaches its maximum value €n for the field -E. (coercive force). n
In a simplified manner the hysteresis curve can be approximated by
a (somewhat arbitrary) mean vaiue €5 giving

* The difference between polarization P and dielectric displacerents
D i5 noglected since ¢y 1s very large.

10
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from which follows

A better approach is accomplished with a second order fit,

" i 2 (4)
D-P +QE -BE" ,

(o]

from which follows

Ei=-§%(~/1+;2-§(l’o-o)-l> :

The current is

do . .
I=-A oy R Ac=-Q,
and the distance traveled by the shock front is § = us t. Combining

(1) with (2) and (3) results in

[Q -Q)
Q 0 5 . s e _
- ut - 3 £ u_t) + ARQ + ALQ = 0 (5)

This is a differential equation of charge Q as a function of time t.
From its solution one gets the current I = - Q as a functioa of time.
P,e , ¢e.,4, u, R, A are constant experimental values or pavameters.
Tﬁe initial valuds are Q = Qo for t =0and Q =0 for t = 0.

Since this report deals with the gencral theory and the influ-
ence of certain parameters rather than with specific values from exper-
imenis, it is convenient to eliminate some gcometrical and experimental
parameters by introducing a normalized form. Nothing is lost with it,
since any specific values always can be intrcduced again into the re-
sulting equations. Normalization in this sense is achieved by normal-
ized units of time, charge, and current. The unit of time is

to (= 'u&')’
S

the time required for a shock to traverse the element. The unit of
charge is Q , the initial charge bound to the electrodes by tag polar-
. So
o

ization of the elemert. The unit of current is the quotient =

we get the normalized time
t

X B o=
to

11



ahyen poes from zero to ope (except under an obligue impact, where
< x Fos o2y, and the normatized curtent outout
; ; dQ 1l dQ
[§] 3] .
y q I - bh i d: T (6)
Most graohs an this report show the funciion y(x),
Equation (5) multiplied by i} gives
J
. G’AR e AL
"QU(I—X) + Q (148 x) + Q —:Z—-- +Q _.Z... -0 N
€
wiyhl I8 Bled D "shape tactor',
f
In order to use the nnormalized time x rvrather than t, we have
to transform
2
o to dx
glving
< AR 2 ¢ AL
dQ i dQ i -
Qo(lx)+Q(l+Sx)+de-Z—+ 2 2---0. (8)
o dx to.Z
This is the general differenttal equation for Q(x), the initial
values arc Q= Qo and %g = 0 ftor x = 0. Once the solution Q(x) has

been found, the normalized curreni output y(x) is computed by

gl et (6)

For the case R =0, L =0, (short circuit) we get

1-x

QL= Qo 148x 9)
148

y - ——+—é- N (10)
(145x)

For the case R $ U, L = ¢ we get from (8)

daQ s (1 - y
5 +Q(l +Sx) M .0(1 X) M =0

with td
(o)

M=~
eiAR

(11)

12




A rather simple solution exists 1f S = 0 (or € = €¢), namely

-Mx\
2 l - x 4+ = - £ ) > (12
Q= Q, M M ‘
from which follows
-Mx
y=1-e ) (13}
and the initial slope is
t ¢
dy o
— =M= - C (14)
(dx/X=0 eiAR
I1f S £ 0, the general solution to (11) follows the scheme:
Q' + Q f(x) - g(x) =0
: X
Q=-¢e F Q +[ g(x) eF dx)
(s}
O
b
with F =r f(x) dx .
Jo
Here we have
F=M(x+ % xz), and thereby
-F
Q=Qq e [1 + !/fx(l - x) eF dx] ’ (15)
0
-F -F(* F
y =M [(1+S Xx) e + M(1l+8x) e j’ (i-x) ¢ dx -1 + x] .(16)
0

The integral cannot be solved analytically; however, by partial
integration another form can be derived:

X
(148x) e T 4+ M(148x) e"’Jf e ax - 1] ) (16a)
0

A third form of the solution can be derived from (16) by these
definitions:

148 |
y=M S l

]
wo =st and = mo(l+8x)

from which follow

13



dw = Sw dx / -—= d
v <
2 2
F M(x + = x ) = - w
148 I @
l - X =—%5 =< =
N S (A)(‘
w
1 4+ Sx = g
[6)
y(x) =y (\(0(.’()) = y(w)
2y 1.8 1
Y =~ |2 @R 138 1
{ Qo S S w,
2y w(x ! “ 3
+ M2 (0 ~w, f \__t§ _ 'é"@')“w W, o d€|
“o B % @
w.)
which after some manipulations, leads tc
2 2 2% 2 ¥
lv - - - H .
y(a}:M—gé{a-;@-e(w @) L e ® e® dw - 1 . (16b)
o w J
C
Solution (16b) is given in reference 1 I-s advantage is that the
-a?(m 2
term e e dw cair be iound zabulated, a%t leasz: in a certain
0

range of .

The initial slope can he calculated frcm any of “neszc forms, giving

d gtn

_1 - - ey ! A

dx) =M (1l 4+ 8) = Y (17
x=0 1

Equation (17} includes equartion (l4) for S8 = 0 Jransformen hack to
the observable output curve I(1), we have as <ue 1nrtral <lope for
any S:

lf.i._l_\ R S S (18)
\dt/t:() LS ‘.l(.A

14



that the initial rise of the curve
independent of R,

It 1s interesting to note
(across R) versus time is

)]
1) . 3
dt = t €g
This is all for the case R $ 0, L =0,

For .the case R = 0, L 4 O we get from (8):

sz

2

+ N1 +8X)uQ-N(Q~x)Q =0
PA (o]
dx

with

A solution can be found if S = 0, namely

Q=q, (1 -x+-L sinV& x)
N

y =1 - cosvN x

(&
- = 0.
dx x=0

voltage

Equation (23) is true for any S, since it is a consequence of (20).

For the general case R 4 O, L 4 O we get from (8):

2
9,21 N 4+sx)Q-N -x) q =0
2 dx (o]
dx
with Rto
T==3
and 4t 2
N = o
eiLA

Solutions can be found if 8§ = 0, namely

(19)

(20)

(21)

(22)

(23}

(24)

15



r 2
Q =Q irf) cx-pg X JL;Q sin Qx - g %g cos ¢x} (23a)
X " ] 2 a
y ] -~ ¢ ¢}~ivz®x~cr\“os¢x, (2oe)
_ L2 R 4 £
b) for 1 I A
;'+T A ™ 2
Q=q h;- - x - ¢ x +3) | (25b)
=Tx .
y=1-e (Tx + 1) (26b)
2 ) g
c¢) for T2 >N, liL-- > uliv with'JTz -N =86
hE
- 2T4N < - T4 e-(TBO)x " S e 0 e”(T+9)x1(25c)
=09, 17N 26(1-0) 26(1+0) J
o o 1o o :
y =1 > 56 © 59 © 5 (26¢)
The initial slope is, as a consequence of equation (24),
(Ei) o (27)
0/ el

and therefore is true for any S.

So tar ithe calculations have involved the simplified formula (3)
for the hysteresis in the uncompressed material. There has also been
given a better approximation to the curved hysteresis with formula (4).
The reasons for using th~ simplified formula (3) at all, is that with
formula (4) the mathematical expressions beccme very ciumsy, the cal-
culations cannot be pushed so far, and, on the other hand, many basic
features can be demonstrated adequately by the simpler formulas.
However, it is necessary to see how the formulas and the current-output
curves actually look when the curvature of the hysteresis is taken
into account better. Because of the mathematical difficulties, this
will be done for the case R = 0, L = O only.

16



[hsteud ol equation (8) we get by combiniag (1) with (2) and (4)-

¢

Q. _ &
¢,usl l\/]+

Compared with eyuaticn (5), the last two terms involving R and L have
been dropped already,

ala
R

(P -g) -1 (£~ut) =0, (28)
o s

Y
=1
QM|

/)
The relation ? = uty is used and the time is normalizel, : = t/to,

rving
-—Qx-aj1+ié(p -0) -1 (1 -x)=0. (29)
€ 28 2 o
f ! a
For x = 0, we have 0=P_  and therefore from (4): Ei = 0, and from (2):
Pa
E,=—"1
f €p

For x \*— 0, (29) is rearranged to

°2+ GEfY(a+€fY) i € Y
B T o B

with the solution

€Y (oe,y) / 48P
f f |
o= — [ 1 4 _..O__.E - 1] , (30)

including the abbreviation Y= }-;—’5 .

Equation (3G) gives the charge per unit area remaining on the
electrodes as a function of time (t, or x = t/to, oryY = _;3‘. ).

For the very first part of the pulse, that is for x very small
and Y”s—l--'oo, a simplified formula instead of (30) can be deduced. The
X

root is expanded according to the scheme

2
N1 + z =1+E-E—
2 8
giving
1 2
c=P - P B 3 2




abich on turn s expanded agair.,  Dropping all terms with faictors ol
order creater than x, we obtain
o 2 B 2
o r(lvp()l'x-p() 2x
¢
he s ompicte solution thus ise
{ T i
g - P, orx =0
(¢}
G 2 B 2 .
o =P -P <x-p° L2 x* forx very smali
o o ef o 2
. f
< ¢ Y@re ) 48P, (31)
6 = ———— |1+ — =1 y iV oA € X <€t
28 2 =
g (o»efy) <
g =0, forx-=1

Now the tields can be calculated. Using equation (2) and (31) we

get ) po
B = —" forx=20
f 2
f
po ]
El s Po—zx, for x very small
7 ¢
f
Y(are 1) | a7, | 32)
fE.""_ 1 + — -1, for 0 <x <1
f 2 )2 -
(Que,Y J
*
Ef-_-o, for x =1

Ei is defined by equation (4). We take advantage of equatiun (29).
which “is nothing but Efx + Ei (1 - x) =0, or Ei = -~ 1/ Ef‘

[!_z-n for x =0

i

i
Po
E, = - — x, for x very small
i €
f
TN 4;3!50_——
<E1:_—§5—— l4———-1, for0<x<1 (33)
(Cﬂﬁf‘Y)
o | /7 4pp_
E, = -~ 5= l4+—5--1], forx =~ 1,
| 2R 2
1-x o
it - ——
withy = =
¥0 =0 and E, = O for x = 1 is typical for the short circuit case
(R=1L = 0).f

18




The cparpe 1s A0, and thesetore 15 yriven hy (31). The
wrnibized current s
O 1 d I do 1 do
)' = - — - = . . "“""—,_ e
Q” dx PO dx p 24Y
(@]
e o equation (315
f t
Yy = — , for x = 0
i
a 20
¥ =5 Poz—zx , for x very small
f f
1 Sl 1
| 1
A (F e -n-va -F)| s foro<x <
‘ 28P x~ L °t
o
4BP
withy = [ 1+ __O_E and Y= lx—"
(a+efY)
—Ef— 1+4Bp°-1\ forx =1
Y = 2P, 2 )’ =
J
S
Sh= for x = 1 (as is explained below),
m

For x = 1, equation (31) gives 0= D = O, therefore we must con-
clude from figure 2 that Ei ==-E forx=1_ By (33) this is
c

e A
4P {
[0 o
= - = - = 3 10
Ei Ec 25 1+ 2 J
Q
Again from figure 2 we find
1 5k a ( e eds )
2 2 ¢
€n Po BPO» 5
r
which leads to y(1) = -
m

(34)

19




bl INFLUENCE OF THE EXTERNAL LOAD

In the previous section the mathematical expressions for the nor-
mal1zed current output y(x) have been derived fnr varinus conditicns
In this «cctron they will be discussed. Where necessary, the following
exvericonial values are introduced:

i 0.32 c¢m

0.7 1076 gec

-~
i

(8]
2
A = 2.0 cm
i
(= 0.886 10710 BRESCC
i v ' cm
A
Moo= -6-9» = 1.264 - 103 1
E el,AR_ ) R
Rt
0 -7 R
T = —— =23.5"+107" =
2L 5 L
2
’(I’to 5 1
N = E;EK = 0.885 * 10 i
-6 2
PO: 8.06 10 coulombs/cm
-10
a = 0.886 * 10 coulombs/v - cm
B = 2.2 ° 10”14 coulombs/v2

Again, as in section 1, we start with the sinple assumption (3} rather
than (4). The first case to be considered is that of a short circuit
R=L = 0:

o _..__1._".5_..5 P (10)
(14+8x)
Here the only parameter is S = ¢ ,/¢, - 1 Figure 3 shows a set of curves
for different 5. For 8 = 0, the current ou‘put is constant., Our exper-

‘ments gave curves of the type S >0 (i.e. ei > ef) only.

For the case R # 0, L =0, we have the solution (13) for § = 0
and (16) for S 4 0. Figures 4 and 5 show curves for S = 0 and 8 = 1,
respectively; the paiaucter R has the values 0, 1G,,100, 1000, 10,000,
100,000 ohms, The limiting value R = 0 1is described by equation (10).
For the other limiting value R-Ome(for any 8) we get
t
yx) =M (1 +8) x = — x . (35)

€fAR
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Figure 4. Influence of R on the curve shape (for ei- v:'-.f , L =0)
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Ji1s means that for an open circuic the curve ytx; for ircreasirz x
goees on rising witn its lnitial slope, as given by equation (17
Equation (35) can be found in tiue following way (using M = 0 for
Riwi. 108 =0, we get from (13) y2z1 - (1 - Mx3 = Mr. If S 40,
we take egustion (16a’ ) put tin 1 = M (x + S xz} = 0 and get

v =M (1l 4+ S)x Z

11 sheuld be mentioned that the curves of flgure 5 could have
beer plotted 'sing one of the equations (16, a tedicus task. DOFL's
anaiog computer was used instead, which employs the differential -qua-
rion (11} rarher than its solution.

The next case to be discussed is that for R 4 0, L $ 0. For R
the fixed value 10 ohms is used (wnich corresponds wich .ne experswents).
Figure 6, with S = 0, shows a curve for L = 1077 henry and is plotted
according to_equation (265%. Figure 7, with S = 1, shows curves for
L=05" 10 " and 1 - 10 henry. They are plotted by DOFL's analog
computer, using the differential equation (24). With all these curves
we note oscillations vhich are damped after cne or two periods super-
imposed on the basic curves for R = 10 ohms and L = 0. Higher values of
L {nct shown here) resulii in oscillations of still higher amplitude and
less dampisg, until eventually the whole curve shape is masked by these
oscillatioas. As far as the experiments are concerned, the inductance
is a disturbance and should be as small as possible. 7The values for L
shown in figures 6 and 7 are about those that can be expected. The can
influence only the very first part cf the pulse.

Introducing the quadratic fit (4) for ihe hysteresis of the un-
compressed material, instead of the linear fit (3) as used hitherto in
this section, we discuss the short circuit case R = L = 0. I1 order to
point out the difference between (4) and (3), the following results have
to be compared with the former results with equation (10) (see fig. 3).
The calculation employing the quadratic fit (4) is in better agreement
with experiments (ref 2). Using eaution (34), three cu¥ves have becn
calculated atd plotted in figures 8, 9, and 10. The values of Q. B, P,
(as given in the beginning of this section) werc measured statically with
elements of the type used in the shock experiments. A dynamic measure-
men* of (@ and B, imitating the actual shock conditions, is planned. So
far, however, no better values are known. As dielectric constants behind
the shock front have been assumed: €p = 1250 - ¢, (fig. 8), ¢4 = 1540 - ¢,
(fig. 9), and e¢; = 2000 - ¢, (fig. 10). Using a mean value (according to
(3)) of ¢ = 4400 - ¢, this corresponds to 8 = 2.5, 1.9, and 1.2 respec-
tively (see fig. 3 for comparison).

With equation (19) we had the following situation: The curve starts
with y(0) = ¢;/¢p and decreases steadily with increasing x until y(1) =
€g/eq. With equation (34) in essence the same thing hanvens, exccpt that
€; 18 not a conctant (see fig. 2).
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Ficure 10, Short circuit current pulse for ¢ - 2000 LIS (G 1o, PO

as given in section 2, ¢ = auxiliary function).
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Now ¢. starts with the value @ and ends with the value € . Therefore
the curve starts with the y(0) = &/e, and ends with y(l? = €_¢ In
between the curve shows a maximum, ihe curve also hes a markes bgnd in
its rise, which in some cases could be observed in the experimental re-
sults, but in most cases was masked by other effects. The meaning of the
auxiliary tunction Q(x) will be explained later.

4. CURRENT-OUTPUT BEYOND t = to

So far .othing has been said about the current output for t > t,,
i.e, for the time after the shock front has reached the back suriace
of the element. The free charge on the electrodes at the time x = 1
(t = to) is Q(1) and can be calculated from the appropriate equations.

1f there is no disturbance by further shock or rarefaction waves
or reflections from the side walls, and if th> connecting wires dc¢ not
break, the element then is nothing but a capacitor. It has a uniform
(compressed) material with the dielectric constant cg. Neglecting the
slight geometrical compression (shrinkage of ﬂ), the capacitance is

Ac¢

C==Tf .

2t
Remembering M = C A; and 1 +8 = ellet we fina the identity
i
to
u(1+8)si—c ,

which is the normalized decay time of the element as a capacitor. For
the time x > 1 this capacitor discharges according to the law

a(x) = gi1) * o P + 8 (= -~ 1) (36)

Withy = - A 49 the normalized discharging current is

Q dx
y'= 22 uase- LRG> (37)
(]
The total charge outpuati is
(00 ] 0
J ydx=-qij %dx=-ql-j dQ =1 (38)
(1) ()
0 0 Qo
which is equivalent to
00
j ldt:Qoo (39)
0
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For case R = 0, L = 0, anv §, we get from equetion (9) or (31)

QUL) = 0 (40)
Q(x) = y(x) - 0O for x > 1 (41)
1

f y dx = 1. (42)

0
This result is typical for a short circuit, it is indeperdent of S
and the assumption about the hysteresis curvn,

For case R $ 0, L = 0, S = 0, we get from equation (12)
Q -

Q(l):-—;;(l-eM) (43)
and % oM, _-M(x-1)

Q(x):—M(l—e MIN] (44)

y(x) = (1 - e—M) e-M(x = W for x > 1. (45)

For case R $ 0, L = 0, S £ 0, we get from equation (15)
3, T 1 s 2
Q(1) -_-QoeM(l+'2) ll +Mf Q - z) eM(z+22>dz] (46)
‘0
uSr -
and 0G) = Qe 2. ... ] o MGl 4 SR (47)
MS
T =M(1
y(x) = M(1 + 8) e 2 [J eMA + 8 51 48)

For case R = 0, L + 0, S = 0, we get from equation (21)

QO -‘:t 2

Q1) = — ginJN , with N = ._%R (49,
vN 91 o=
Qo -M(x-1,

and Q(x) = — (sin \/‘i) e (50)

JIN

y(x) = o (sinn/N) e"M(x-l) for x > 1. (51; ]
N

The case R * 0, L + 0, S = 0, can be handled in the same manner,
using equation (25).
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5.  MAXIMUM ENERGY OUTPUY

Por some applications the questioan arises as to which value of R
results an a maximum of energy output, W.

w-_./ . R d*. (52)

this probicem can be calculated analytically for the case S = 0. ‘The
definition of the effective pulse length T 18 somewhat arbitrary, and
depends on the exrerimental conditions. We put % = t , because the ex-
perimenis 1pdicate that the discharge virtually comes ?o an end at tys
due tc rarefacticn waves and subsequent breaking ©i {fe wires. .

must be noted that in general not all the free charge from the element
can flew off during this time.

We limit the calculation to the case R 4 0, L~0,8=0, with
the current output

A
-Mx o
= l-¢ ; e 13
y 1-¢ with M —aR (13>
1
=X - &
(8
from which fo(lows
M
?, % o
L NE T o iy - (o)
B === m Y g e ) (53)
[»] (o]
\“0 2
W= 17 Kk dt (52)
o 2
W[ 3 2 <M 1 -2M -
v = ~—-Z-‘ ﬁ - ——2 ¥ —2- e = —‘"é' © 5 (54)
4 2H° M 2y

W becomes a maximum for a certain value of R cr M, which is determined

by putting g% = 0, This ieads to the equation

o N 2 ,
3-M-(44+2¥Me M + (1:M) e " = 0

with the solution M = 1.8926. Wilh 1his value the maximum encergy output
is, according to (54)
q,2¢
max s —== - 0.19 (55)

€1A




This is only 38 percent of the potential energy of the element, if it
is considered a capacitor of capacitance

c-24
'
which has the potential energy
Q,? %
VWV=e—em==—— 0,5
2C eiA :

Q- =g A -24+se )= Q- ©.55 . (56)

Using the specific values from our experiments as introduced in section 2,

we get M = lif4 which in ~ombination with M = 1.8926 leads to

R = 668 ohms

as the value of the external resistor for which the energy output is a max-
imum. The latter is according to (55)

W __ =8.9 102 joules.
max

6. CONDUCTIVITY BEHIND THE SHOCK FRONT

So far the assumption has been made that a ferroelectric material is
nonconducting behind as well as in front of the shock front, at least for
a pressure below 125 kilobar and temperatures below 150°C. However, there
is at least one reference in the literature (ref 3) stating a specific
resistivity p = 1000 ohm * cm for a pressure of 300 kilobar in barium
titanate. As the following calculations will show, a resistivity larger
than p = 105 ohm - cm should not be detectable in the output curves (in a
short-circuit situation), and may therefore be regarded as infinite. The
infiuence of a lower resistivity is the topic of the following calculations.
The model used in section 2 (fig. 1) is introduced again, with L = O and
R very small (short-circuit assumption). The linear fit to the hystereais
curve, equation (3), is used. The conductivity behind the shock front is
treated as a shunt resistor with the resistance

Lt
”"i”n s
o

P is the specific resistivity of the material under compression.
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Figure 11. Element as the shock front travels through it, and
equivalent circuit.

Ir the former treaiment (section 2) it was supposed that no free
charge can accumulate at the interface between the two regions of the
element (in other words: at the shock front), which is equivalent to
the statement that the dielectric displacement D (equal to the charge
density 0) is continuous through this interface.

Now we have a shunt resistor which draws a certain current i,
therefore D is different in each region of the elemeng. Dy is oin
the region before the shock front. Behind it, Dy is T which is
smaller than o.

The basic equation is Up + Uy + U3 = 0, or with short-circuit
assumption U; + Uy = 0. We look at the regions of the element as

capacitors, with capacitance

U U d
It follows

U = 2 d

(3

o~-P o-P
U, = —= (-8 = °£(t - t)
1 € €4 t

(o]

2 Ef €f
and also - Pft
oy =0 (5] Ui
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The displacement currept is

=
across the front region 1 = A gt- and
dc
acrosc the back region I-1 = A—,
dt
from which 1t follows that
d df
i = A (dt dt) A (57)
The two expressions for 02 combined result in a differential
equation forg :
@ 1 o _do
dt =~ peg T dt

whose solution through the initial value g = g for t = 0 is

-t t i
g = - & eoef[ o'epef dt (58)
pes
0

and can be used to eliminate O.

Introduction of this & into any of the two equations for U2 leads to

‘t_rt 5
¢ € €
ol LR A SR (L S
2 €ft° c 2 t
£P% )
Now the basic equation is
o-P ot ot t
' / 3 i
U+, = °{é(to-t)+-ﬂ-t—ﬂ’t-—'z—f—epfjcesqdno
S B % o €tp ‘o
n .-
< (59)

which must be solved for o(t). It may be noted, by comparison with equation
{1), that the third term only expresses the disturbance due to a finite
value of p and disappears with p-oo.

Again as in section 1, the following expressions are introduced:

X = t/to
S = ei/ef -1
Q=AC

Q= AP , and furthermore
t,(1+8)

N =™ T Ep
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This gives
X
€. r
Q(1 4+ Sx) - Qo(l - x) - A—e—l-nx e—n’j oe"‘ dx = 0 (60)
f
0

which for o +o (v +0) approaches equation (8}.

Now the integral equation is transformed intc a differestial equa-
tion by dividing it by x e™X | differentiating it with wespect to x,
and multiplying it by x2 e~ 1%, which results in

dQ 2, _ N _ 2, _
x X +Sx) - @Q-Q)A -nx +nx") = 0. d1)

Since Q(x) and 49 must approach the formulas (9) and (10) for x = O

(because in thedgeginning the shunt resistor is r = 0), we have the fol-
lowing initial conditions:

dQ
Q-Qo, anddx.. Qo(1+s) forx =0 .
From the proper solution Q(x) , the normalized current y(x) is de-

rived as prescribed by equation (6). Skipping some intermediate calcu-
lations, the final solutions to equation (61) are:

for S =0
r x
Q=Q [1 - x g2 2)] (62a)
X
y=(QQ-nx +nx2) e"“x(1 - 5) ’ (63a)
for S $# 0 2 1
n, - S
Q=Qo[1-(1+s)xe' (1 + 8x) - Jz (62b)
, sﬂ" _ 28 +?£!E
y=( +8)1 -Nx +nx ) e (1 + 8x) 4 , (63b)

For p-*ag (M*0), these equations approach the former ones, namely

(62a), (62b) =+ (9)
(63a), (63L)-+(10) .

The total charge output within the normal pulse iength x = 1 is
Qo - Q(1), or relative to the maximum output Qo s

36



" S
Q,-Q(1) 5
== = e for S = 0
Q0
Q-1  + 3 - ntE
[ S S
= -z e (1 +8) forS*O
Q
Q0
1, (1+8)
Using M= ———=—— this is
€§ P
t
Q -Q(1) - =2 for 8 =
D _ e 2P (64a)
9
2
t°(1+S) t°(1+S)
Q_-Q(1) T i
= €180 148 45 o for s 40 (64b)
o

Examples are calculated for S = 0 (e1 = eg)’ §=1 (e1 = Zef), and
S = 2(5i = Sef). Since the calculated values depend on the assumption

about ¢ the dielectric constant in the uncompressed material, its two

i,
iimiting values (see fig. 2) ¢, = & = 1000 ¢ (for small field) and ¢, =
€y = 5000 € (for maximum fiela)are both usea, the correct value lies in

between @ and € . The results are shown in the following table. In

most cases, 1:hem values based on e1 = g or e1 = em are approximately the

same for a given p, also the influence of S is sgall. In general, the
charge output is higher than 95 percent if p > 10" ° ohm cm, and higher
than 90 percent if p >3 - 104 ohm cm*,

Figures 12 and 13 show some curves of the normalized current output
v(x) calculated for certain values of p . Figure 12 shows the cese

€ = b according to equation (63a), figure 13 the case € = Zef, ac-

cording to equation (63h).

7. CURRENT OUTPUT UNDER AN OBLIQUE IMPACT

In an actual exnreriment the projectile may hit the element with a
larger or smaller angle of impact. In this section the deformation of

* Recent experiments with barium titanate ceramic (ref 2) gave values

Q - Q1)

—O—Q -——- =91 £ 5 ¢ for 110 kilobar, thus indicating a resistivity of
(o]

105 ohm cm.
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Table 1. Charge Output in Percent of the Initial Charge, if There is
a Resistivity p Behind the Shock Front (for Short Circuit

R=L=0). B
S Q,-(1) -
relative charge output —-—-Q--— in percent for
o 3 o .
ohm cm 61 =ef ei =2€f ei =3€f

€i=a =em =Q =em I | =€m
10 | 100.0 | 100.0 | 100.0 [100.0 | 99.9 | 100.0
3-10° 99.9 | 100.0 | 99.9 |100.0 | 99.7 99.9
108 99.6 | 99.9 | 99.7 | 99.9 | 99.2 99.8
3-10° 98.7 | 99.7 | 99.0 | 99.6 | 97.5 99.5
10° 96.1 | 99.2 | 97.0 | 8.8 | s2.6 98.5
3-10% 87.7 | 97.4 | 90.3 | 96.0 | 77.4 95.0
10t 67.4 | 92.4 | 73.7 | 88.5 | 46.4 85.6
310° | 26.7 | 76.8 | 36.2 |66.2 | 7.7 | s9.0
103 1.9 | 45.4 4.2 |20.5 | 0.1 21.5
3102 Tl 72 | ~— | 1.2 ] — 0.6
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the pulse due to this angle will be calculated. The short-circuit
assuaption (R = L = 0) and the linear fit to the hysteresis curve

(equation (3)) are used.

e 0
: =
R
€j Us
j_ s

£, 0) I

Figure 14. Oblique shock front through the element (angle of
shock front exaggerated).

The shock front originates at the edge of the element that is hit
first, and the time 1s counted from that moment on. The back sur-
face cf the element along that edge is reached at the time to =4/u’,
again called the "normal pulse length." Other regions of the element
experience the shock front with a time delay, the opposite edge has
the maximum delay t,; along that edge the shock front reaches the back
surface at the time t, + tg. The time delay t, 18 connected with the
angle ol impact ¢ by the formula

t = 2L tan 9, (65)
a v
with 2r = diameter of the element and v = impact velocity of the pro-
Jjectile, For example with 2r = 5/8 in. and v = 1400 ft/sec, an angle

of impact as small as 1/4 deg results in a time delay t, = 0.18 usec,
which must be compared with t, = 0.70 usec. The angle of the shock
front in the muteriul with respect to the planes of the electrodes is
about 2.5 deg in this example, since ug is ahout 15,000 ft/sec.

In order to start the calculation, the element is thought to be
split into small elements, each with the area dA(Y) and the thickness ¢ .
Each element undergoes the same transition as the shock front travels
through it, delayed in time however as we g0 from one edge to the other.
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A ot rgue shock front resalts, the asgle 18 assamcd suffivienly aumall

(¢ g, 2 5 dig, as stated above) so that po corrcction is neecded tor “he
tac' rhat the direc’tion of travel and the normal fo the sheck {ront are
net an paraltel. Besides being the simples’ possible formula, the short-
crrcutrt assumprion 1s also very convenient here since it requires that

the voltapge drep across the electrodes be zero. All swall elements can
tharefore be treated as independent elements. The following calculations
are confined to the case ta S The: current cutput pulse consists of
fhree parts The rise time (A) ?rom t =01tnt =1 ijs the {ime during
which only a part {increasing with time) of the front electrede ;s 1n con-
ract with the projectile and therefore only a part aof the olowent 1s 1n-
vuived,  burirg the main pulse (B) from 1, ho & both electrodes are fully
involved., The decay time (Ci of the pulse from t  to t, + ta is explained
by the situation that the back surface has been recached by the shock front
and only a decreasing area of the back electrode 15 producing free charge.
1t 1s suppoused that reflections from the back cnd of the ¢lement or from
the supporting rod do not disturb the process The calcuiation starts with
a combinarion of equations (1), (2), and (3"

o~ F
.__L___._(,). (= E) 4 g_ £=0. (66)
¥ f

The distance £ of the stock front from the front electrode (fig. 14) now
depends on time t ard position g

E us(t - At )) gf =1 . (67)

All variables are now functions buth of t and ¥ . The solution of equa-
tion (66) mus* be 1ntegrated across the appropriate surface elements
dA(Y), which gives the charge Q(t).

If the surface of each electrode is a circular area, we have

=2r
dA(Z) = 2 \/21’& = }-'2 'J: , dA = '.’Tl'z = A, {G8)
%0
21d the current is
1(t) = figé_;g;l dA. (69)

The usual transformations are introduced:

US = »Z/t
Je =1
S “i'(-f
x ES t’/to
t to
yx) = = == (XY = ~ === T (x)
(] o




and turthermore

z = La/l = normal ized delay time.
i8]

1t follows

ry

= U(x - g% z ) and from (66)

I - (x - %% z)
g =P ———t and from this
L+ 8tx - 5% 2)
P
I < e
et 771 =
o (1 + Sx - § zZ)
2r

The iotal normalized current is, with (69)

Jorg- o2
B 2 —
gy = 2(1;5, rg- g > d%.
(148x-87=2)
2r

For z = U equation (vu) reduces to equation (10).

For S = O equation (70) has the form
2 / o
yx) = —5 derz-&‘ 14
Tr

with the solution

y(x)

%-r / Do D) U G ¢
5 v2ry g% T = sin G )

mr

For S 4+ 0 equation 70 has the form

8(1+8) Jary - ;2
y(x) = —5 )
TS 2

s - %)2

ay

wilh 2
r

R = B(x) —Z

"

1
(; + Xx), which is indcpendeni of ¥

(70°

(71,
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Here the solution can be founu after thece ‘ransicrmat .obs

B - Y- x,dyg= - dx

2
-~ a + bx - X%

o

iry -y
a - Bl mMm
b . 2(B-1r

The solutions of the intergral are different for a >0, a = 0, and

a <« 0. Our calculations are confined to a < 0, which is equivalent
1o

X >z -

n| -

Since actually S falls between 1 and 2, this condition is always ful--
fiiled for z < 0.5 For z >0.5, the very first part of the pulse
may require a different solution. Here we procced with a < 0.

The general solution of the integral in equation (72) 1s

j....d,; = \!24"8;2-{ - rsin’ ! |1 - E a-2E, , anla- E)]

B-Y
(73)
with the abbreviation
B-r
T = - —L45x-82/2 (74}
VB(B-2r) (148x)(1+8x-8z) o

To complete the solutions (71) or (73), the limiis cf ihe integrals[

%
are to be put in, These limits denend on the region of the pulsc, a:c
explained above in this section.

Region A (rise time, 0 < t < ta’ 0 <x <z): for a fixed time ¢

(or x) within this region, the front electrod. is covered
2r 2r

by the projectile betv:een}:1 = 0 and Zz P = t = = x.
a

o' Z <x <1 both electrodes
ave fully involved, so Zl =G ard Z_2 - 2r.

Region B (main pulse, ta <t<t

44
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Region C (decay time, t_ < t<t +t 1<x<14+2z): the

= O a’
back electrode is only partly involved, therefore
2r ,, 2r _
x],:t'- ([ to)— z(x 1); zz-zr‘

a

Now the current output for the three regions can be written.

For S = 0:
- Q7 — -
y(x)=4x z~/x(z-x)+-1—sin1(22‘——1)'+-1-
2 T z 2
Tz
for 0 <x < z (71a)
yix) =1 for z <x <1 (71b)
-1) - 2
y(x) = -9—(1‘——;—-——z-\r(x “Diz-x+ 1 (T1e)
mz
-lsin"1 (2’-‘;1—-1)+-]lfor1<x<1+z
T z 2 - -

Figure 15 demonstrates y(x, S=0) for z = 0 and z = 0.4.

For S + 0 (using (73) and (74)):

y(x) ,M[sdx(z-x) s+sin 1-25 +Z -1
TS z

_Tsin’lil-z-:-(l-Sza-Sx)}] for OSx_<_z (72a

y(x) = 2'(—;—*242 (T-~1) for z <x <1 (750
S =z

y(x) = 3‘1“; s; [- 8;1 VG "Dz -x+1 -sin ! a-2%XL
TS z =

-1 x-1 S P TY
+ T 8in (1 -2 i {1 - i—+—s(z-x+1)}) + 2 (T - 1:]

for 15x51+z,
(72¢’
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Figure 16 demonstrates y(x, 5 = 1) for z = 0, 0.2, 0.4, 0.6, 0.8,

8. THE SHORT-CIRCUIT ASSUMPTION

The mathematical treatment of many features (such as the curved
hysteresis, maximum encrgy ouiput, conductivity behind the shock front,
cblique impact) is greatly facilitated or even only possible, if the
short-circuit assumption R = L = 0 is made. Our experiments use an
electric load R = 10 ohms and L < 0.5 - 10‘7-henry, and the quesi.on
has to be investigated whether the short-circuit formulas car bz used
with these values.

Figures 4 through 7 show how close curves with these values of R
and L come to the limiting case R = L = 0. Oniy the initial part of
the pulse, for 0 < t <0.1 - to, is affected at all.

Another way of justifying the short circuit assumption with R = 10
ohms is to look at the element as a capacitor (capacitance C = 7:10~
farad). With a short circuit thc chargc flows of2 immediacely after it
is set free (RC-time = 0). 1In our case the RC-time is 7:10 - sec, which
is only 1 percent of the normal pulse duratiom t, = 7°10"’ seconds.

A third way of showing that R = 10 ohms is small enough to Jjustify
the short-circuit assumption is to use equation (1). As the curves for
small R show (fig. §), for a time x = 0.3, (traveled distance £ = 0.1 cm)
about 50 percent of the total charge has flo'ed off the electrodes (0(0.3)
= P,/2). Al this moment the voltage between the shock front and the back
electrode is approximately, according to equation (1):

O‘P

-(8)-10"6
-Eéghcﬂ -p) « 2:5°8) igo (0.22) = - 9900 v
1 i 0.886°10

At the same time the voltage between the shock front and the front elec-
trode is approximately, according to equation(l):

o 2%  0.5-(8):107®

&t 6 T a0

(0.1) = 9100 v

The current at this time is only about 25 amp (measured value); and the
voltage across R thereiviv 250 v. This demonstrates that neglect1ng the
third term in equation (1) does not introduce a big error.
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9. METHODS FOR EVALUATING c¢§ FROY EXPERIMENTAL DATA

The equations in the previous sections contain all or some cf these
values: A, 4, PO, Q t,R,L,p,Q B,9, €,, and €. If Q approaches
AP , then the res1st1v?ty p is suificiently high, as shown in section 6,
and_we need not correct for any current leakage through the compressed
region. Then everything can be measured before or during the experiment,
except €g. This quantity therefore is determined by the outccme cf the
experiment, i.e., the current output y(x) or I(t). e€g is the dielectric
constant of the material under high compression and elevated temperature,
the temperature being determined along with the compression by the methods
discussed in reference 1. ¢§ is an important property of the material
under those conditions, and it is one of the main cbjects of ur present
experiments to get values for ¢j5. Most of the formulas of the preceding
sections are too complicated to be solved for €g> and we have to look for
the most simple expressions and elect the appropriate experimental arrange-

ments. One of these is the open circuit situatiion
. L%
y(x) = -—= x, from which follows
efAR

Q P L

U(t) = R'I(t) = R — y (—t-) =2~ t and
t t et
o o fo

a _Pot

dt efto

This, by the way, is the initial rise of U(t) for any R (equation 19)
which for an open circuit goes on as a linear rise.

Equation (75) is very simple, and one need only measure the
rise of the curve: voltage versus time. The difficulties however are:

1) Very high voltages are reached within a short time (with our
experimental values: 60 kv at t = t_ = 0.7 usec), which may generaie
breakdowns through the element, around the edges, and across the prodbes.

2) to is not easily found, since the actual scope traces of open-
circuit experiments do not show a clear picture of the pulse and especially
its end part.

3) Disturbances of the rise time, due to the angle of jmpact, to the
amplifiers, or to any other reascn, are superinposed and tharefore falsiiy
the resulting apparent value of €g-

It might, however, be possible to overcome these difficulties and ¢o
get proper results by this method.
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The ot’ r simpie arrangement is the short-circuit situation, which
is trented in many details in this report, and which is nearly fulfiiled
in our experinents (3ee seciion 8). The rest of this section (9) deals
with ne’hod~ .0 evairited €, from a given curve I(t) or y(x) under short
circuit conditions. :

Usually o curve U(t) is obtained, with a known value of R (10 ohms).
Therefore iI{") is given. This curve generally shows a main pulse, past
which the curve goes through the zero line. The current then h-:omes
negative for a while, followed by a smaller pulse endi ripples. The pulse,
as far s we need it, ic at its end at the crossover with the zero line.
Everything that follows is influenced by reflections and is of no interest.
The charge output is Q = J‘I dt across that main pulse, the experimental
values of Q are close to Q,, and are put equal to Q for the following cal-
culations. The pulse never appears to be ideal, the rise and decay are not
vertical but inclined lines, even where a small angle of impact has been:
measured. Therefore the normal pulse length t has to be taken between (a)
the half value of the first straight line of tRe rise and (b) the half
value of the decay of the pulse. This is in agreement with figures 8
through 10, which show that the rise of the curves consists of a first
straight line, followed by a bend and a more inclined part. In figure 17,
the important parts of the curve are identified.

PEAK

BEND

RISE_ (a)

L e

Figuire 17. General pulse shape for short circuit.

with to and Qo’ the transformation to the normalized form x = t/to,
y = I'tolqb can be made
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Due to the deviation from the ideal curve shape, as stated befcre,
the leading part of the pulse is not well suited to derive €g from it.
The tail, however, follows closely ihe theoretical formulas except for
the decay part of the pulse which also cannot be used. The quickest,
although not very precise, method to evaluate €p appears by use of equation
(10), which solved for €;/eg = 8 + 1 gives us:

[ /€, = [1 - 2xy(1-x) -~N1 - 4xy(1-x)] /232&"
for u<x<«<x
- “m
Je. =1 - 2xy-x)]/2x> for x =
Jeief-[ y x] y x=x
(76)
ei/ef = [1 - 2xy(1-x) +~N1 - ky(l-x)] /2xzy
for x <x<1
n e —
ei/e‘ = 1l/y forx =1
N\
€
i £
with xm = 248 = 51"51 .

€, 1s a mean value of the dielectric constant in the uncompressed material,
as explained in section 1.

A better method is to use equation (34) instead of (10), thus employ-
ing the curved hysteresis ‘nstead of the linear fit. This brings us nearer
to the actual pulse shape. In doing so, the quadratic fit @, p to the
hysteresis curve (equation 4) must be known, instead of only the mean value
€;. The general formula (34) caanot be solved analytically for €g, a0
approximate formula must be invented. This is done by creating an auxiliary
function @(x), which derives it justification solely from the fact that it
approaches the tail of y(x) so closely, as can be seen in figures 8, 9, and
1).

A curve (similar to equation 10) y(x)= x T3 for 0 < x <1,
[ Le(x-1)]

is transformed to the range x < x <1 by the linear transformation

X = 1> * giving
P 2

" k(1-x )

y(x) = ’(8) =

[1-1:::p + (k-1) x] A
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The value of ¢(1) = % is forced to coincide with y(i} = ef/em (from

cquation 34). This determines k = em/ef and therqby

€
= (1—xp)2
f
0(x) = ;2 for x_ <x<1. 77)
[1~ =2 x + . t';q P
¢ ¥ _%y

¥ is the position of the peak of the curve y(x) according to equa-
tYon (34). ¢_is defined with equation (34). Equation (77) can be
solved for €n’/€gr giving

a I
€ 1-x (1-x) (x-x )l S
= = %(x_xp> 1+ [1-4¢ S ¢ - ;_: - (78)
€s (l—xp) J P

By putting the values of x of ¢ and any values of x and y (the
latter for ¢) from along tBé ta11™of the measured and normalized out-
put curve y(x) into equation (78), this equation yields €pe Figures
8, 9, and 10 show which part of the tail is suitable.
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