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PREFACE

‘The present volume deals with the tnetical -malysis
of’ suriace-to-2ir missilc systems; it 15 intended to provide
a general introductlon to the basic problems arising in such
analyses, and to sugrest techniques useful in their solution.
Regretfully, all problems concerned with the possible defeat
of surface-tu-air mlssile systems by means of electronic coune
termeasures have lntentionually been omiticd from the discussion;
appropriate treatment of coun-vimeasures i not possible in an
unclazsified document.

‘the material here summarized has reculted from work
carried out by the Assessment Divislon of the Applied Physics
Laboratory and by moany . ! . organizations, over e period of
yeurs, wiih frequent interchunge of ideas both in personal dis-
cussions and by written report, Conscquently it is usually
difficult and frequently imnoscible to determine individual
priorities and ascribe credits for particulsr parts of the
materiul, For this reason, nv attempt is made here to dc so.

‘In preparing this voiume, tac cuthor har dravn hesviiy
upon unclassified parts of an earifer slassified work, Tactical
Annl*sis of Surface-to-Air Gulded Miscile Systems, comp Y
the Azsessment Division of t oratory, sed, the presant
volume may be thought of as an unclassified revision of the ear-
lier work. The author is indebted to those who compiled the

earlier work and to many in the Divisiorn. who reviewed and cone
mented upon the present volume,

- 111 -
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CHAFTER 1

Tactlcsl Avalysis

A, Introduction

Eefore proceeding with the primary purpose of this book, the
discusclon of methods of tactlcal analysls of gulded missile systems, it
wiil be well to cunsider briefly the needs for such analysic and what 18
to be analyz 4,

B8, ieed for Tactlczl Analysis

A major need for tactical analycis ic in the development of new
wegpon systems. The role tactlecal anaivsis pluys in such a development
car. perhaps best Le brought vut by iracln: u vypical development process,
In general, thils process ls lterctive and can be conveniently represented
by u mulvleloop feed-back diagram ag shown I Rigure 1,
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The loops ave uraversed Loveral thmes in the process, as a con-
scquence of the many Interactions of all the fectors involved in the design.
The process may stari in any of :zeverzl diffzrent placcs, for cxample, uith
an operational requirement, cr in an advence in the ctate of a teenical

art, or .ith a threas analy«is, or s.rhaps with comz exlisting system design.

W ek G v

B In order to deseribe th. development perocess in zgreater detail,

suppose ihat it starts wlth an (ipitlally broad) ztatament of the need for
- a system, ansicring the guestion: UWhat de we wish to do? v, must come
N a 1listing of the boundary conditions -nlsting; that 13: Where are ye now?
< >

The boundary conditcioens include Jhie L2256 of =he varlous ceshnical arts
involved, the churscterictics of Lie shrwal Lo Lo met and tha various oper~
atlonal restrictions thel nuy oblain, Jith ans. =ryg to these two questions:
where do e 80T una Whelw are we? Che nexi sten is to devis.: one or more
preliminary system desipne Jhich sre preswned $o £211 $he need. Each of
these designe mucl then e - valuabod 0 doetesmiae Jhether it 1z feasible
from all points of vieu and whellor it indeed £ills the stated need 2ffece
tively and at reaschgble cost ir ressurces. The resulés of the cvaluation
are then fod back as indlestece in the Jlmure, loading, on she nexnt cirecuit,
: £o refined cystem desligns and to thedr ovalvation.

A

It is in the eveluatlon phaese of she drxvelopment process that
tactical analysis enters., In pariicular. a measwrs of the sffectiveness

H of each propos.d syster iz 2 produst of sastloul analysis of the system as
. a whole, operating 1a thz spesifizd .ioironment apeinst the specified threat,
: The results of the tacticul analyses mey te put tvo severzl uses. Pirst,

they form the basis for a2 comparison of alternative system designs., They
may suggest changes or improvements In th2 system leading to redesign of
the system, and porhaps to further rasearch in oxder to improve the state .
of an applicable art. Tnroy may 3upggest changes in the expected threat that
would result from an enemy's reuchion %o the inbtreduction cf the proposed
systea In service use. They nuy sugigest chunges ir the operating restrictions
assumed, PFinally they may suppezt changes in the operational reg irvement;

. that 15, the necd Cor or purpos. of the system.

In the carly steges of the developmens process the system design
will usually te simpla, ith 11%tle deteil speciflied. The corresponding
tactical analysi: nurt of nee.salty te relatively erude nd simple, owing

; to the lack of suffliriently compluec systenm do itdon. As the system design
is refincd on succuosive circuiss of the leos:, the tactical analysis must

b ..f'ined to deal uith tne grester detall o. the design,  Gross approxima-
tiong must be replacad by mor: proelsy analyses.

ICNEISE
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L syatem, in very generdl temms, is a comulex of peonly und
viuipment organized to verform oae or srore functlons., It 15 made up of
nany subsystems which intoraet 4i%h coeh other and with the environment.

A system deosign must sp elfy nob 0ily uhal the system will consist of dut

alzo hou 4¢ will opurad-, hal wie Anteractiosn. L0 e svboratems and their
rezelions Lo extornal cnvivonm.ntel Influ.necs will ke, EBucly in the de-
vlopmenl proc.se, tacstlewd analiisls deals primarily with urcdiction, of
whaet the b"‘buﬂ 411 e, Degyncilonz for chene., cuming out of the analysis,
will most often Invelv. Uxl L ulpment itoelf.  An the development process
pros ﬂﬁuu, ma“, parie o ik uretem will aave taken physical form. Con-
sequently in Whe later swrao taoilosl analyses il mere often affuct She
procudures ledd down fur oporttion of ihe synuom.

Tacticul analys.s cun v of #Zrear help So alilvary plamers os
vell as to gealon syq.,m J R TN "bn stratcrice pl nner, it deciding how
best to achlev: a mllitary cbjoutive, can leirn mush from the results of
wuchieal analysis. Uhet zuapOHh will be most cif'ective? #Wnat forces will

ve reauired? Tacticel analyscs can assist the procurement planner in deter-
mining whaet quantities of weapons to puprchase. %he tactical commander, in
duployling his forc:e and s:leebing taetics Lo o2 used, cair derive much useful
information from znalyses.

In 311 places where tzctlczl anelysis can be applied, decisions
still must ultimately be btased upon swund Judgment. iut ir vendering sound
Judgment, it iz preferable to r:ly or rational analysis than on personal

" intuition. The former, if indecd rational, will by dofinition, demonstrate
Lthat certaln basic assumpiions must lead o certein conelusions. Thus, the
preblem of passing judgn=nt can be reduced, by rationz2l analysis, to that of
Judging the valldity of basic assumptlions.

C. Typnilcal Alpr Battle

The forcrunher to uny tactlcial analysis must quite naturaily be a
clear understanding of what is to be snalyzed. In the vrasent case, this
i3 the alr bavile. Its principul olemencs are: surface targets which ar:
subjeet to alir astacis, active defense insitallations to counter the etback,
and the attack ivselfl., %These :lomenls Interact, in an environment generated
in gart by them, in g cnquuncc of events which make up the air battle.
Figure 2 depiets thes. gir bettlo slesents sehonstleally.
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The presant section will describe the major characteristics of these elements.

e firs.y necessary ingiedicnt for' an air battle 1s, of course, the
existence of onc or morz surfoce targets vhlich an cnemy wishes to destroy.
These targets might be cities, industrial installations, air das-s, groups of
ships, or the llke. Although very diffcrent, they huve certain common char-
acteristics sucn as the arez of cach, their geozraphic distridution, the
value of cach to the defonder and to the attacker, the hardness of each (i.e.,
ability to withstand damaging forc:z). These charscieristics will influence
ooth the detunse avl offense  Deployment of defunsive waspons will depend in
part on surfacc targei geometry. Commitment of off-=nsive wespons to individual
targets may be affceted by the hardness and also the worth of the targets.
lost of the surface target characteristics of major importance in tactical
analyses are common to nost surface targets. Thus gencral methods of analysis,
that arz independent of the identity of the surflace Lurget, can oftien be devised.

A sccond egssential ingredient for an air battle is the active air
defense syztem provided for the defense of the ground targets. The principal
ruvtions of the defense are detectlion of targets and thelr survelllance,




T 0N MOMUSE e vemuTY
APPLED PHYSICS LABORATORY
e pesa v a0

declsion making, and empioyment of weapons. Dstectlon and surveillance

are pertormed oy uny of a varlety of csensing Instruments, such w3 radars,
Thelr pericmmaace in generul is charucterized oy thelr coverage Int runge
and wltltuue, by the aecuracy uith whilch ticy measure target position and
by their abiilty to resulve individual targets. A supporting puri of the
decision-muling funchtion is the processing and storing o duta. ‘the com-
frleteness, specd, and accuracy with which these tasks zre dwii: characterize
the perlormarse ol this suoport. ‘he deciclon making Itselr is done either
munually, with the ald of sultawnle datu displuays, or cuiomatically, ususlly

vy vleetronic aumputer:.,  The declilons themselves are tactical in nature.
che wenpons ure churacierized L, sacn things v ceveruge, range and altitude,

U/ the number ol weaponus thul can e urought to bear and by the effectiveress
ol the weapon in destroyliisg its warmtet.  Comnunications Tacilities for the
transmission of pertlnenl turpget and other data and of orders are essential
¢ o1l functlionz. The Important features of Lhese facllities are their re-
Maullizy and thelr accuracy. The many pieccs of equipmernt nccessery for
susvelillance, for datz proceszing, and for the uecapons syctems themselves
it be deployed 1n some manner sbout the surface vzrgets being defended.

A rurther rniccessary provislon in the actlive datense 1s thot of docetrines of
oy, ansofur as trnese can be preserlibed in advance.

“ne thlrd ingredlent in the alr battle i:, of course, the attack.
A full cesceriptlion of an attack wlll lnclude trne numbeurs and kinds of air-
craft, of warheads to be delivered and of dellvery; lechniquer used, as well as
any vther equipment the eneomy may employ, such 43 jummers. ‘the performance
capuvllitles of Lthege must ull be lncluded as wull us the tustico the enemy
wlll use. 1included in this lagt are such thlngs us the coordlnation of his
attack and the cxuent Lo which he ugec formatlens or evasive maneuvers.

‘ihe environment withln which the alr battle tukec pluce can be-an -
all Important factor In determining the outcome of the battle. The environe
ment is in purt comprised of conditions whlch would ohtain indenendent of the
battle; notable amory thesc i the ucaller, Inciuding winds, temperature,
cloud cover, and numerous other features ol il weather, Other characteris-
ties of the environment arc determired by the attacking force or the defense.
I, for example, the attaciver employs electronic countermeasures of some sort,
the environment within which the radars of the defense opesate 1s, of course,
3ilgnificantly uliered.

Glven Ltheso Lhree essentinl ingredients arnd the environment within
which they must functlon, the air battle then tates place. Initially the
attacking force wlll procced touvura the surtioee targets, searching for targets.
Certain tactlcul decisluns by vhe offunse arc neceasary durlng the course of
bastle; thece lnclude identlfications of surface surgets following detection,



choice ot tactics to be used and in some cases, in later stogec, assessment
of damage inflicted, Or the part of the defense, the evenis eore as follows;
the attack ls detected and tracks established on lndivlidual alrcraft or
groups of asircraft. As data ere gathered from differeint sources, they must
be processed, correlated, and the necessaxry displays generated. Various
tactical decisions must then cve made such as identification, evaluation and
assignment of targets to weapon unitec, Fihally, targets are engaged, weapons
are launched and tly out to Intercept, warheads delonated, and if possible
damage 1s assecsed. 'The battle thus proceeds until all attacking alreraft
are elther kille¢ or deliver their bombs and depart, or until th: defenme be-
comes inactive, through damuge suffered or through exhawiting its supply of
Weapons,

vany of the evants whlch occur during the battle are random cvents,
e.g. detecting a target, or infllcting lethal dasage on a terget. Consequently

the outcome of a partlicular
probability of a2 purticular

oattle 1s a chznce cvent; and so one speaks of the
outcome oscurring, 2.g. all attacking uircraft are

killed, or a spec.tfied numocr survive,

This clement of uacestainty i3 a major

contributor to the difficuliy encountered in carrying out 8 tactical analysis.

D. DProblems of Tactical Analysic

Toe puroose of a tactical anulysis is vo provide & suitsble quanti-
tative measure of the effeckiveness of e gulded missile system in defending
surface targets, %wo problems srisc ot the outsst, 1) the cholce of a proper
measure of effcetiveness, and 2) the cholce of a propar method of analysis,
1.2., means for getting from the characteristics of the air battle elements
to the measure. In mzking both cholees, 2are must be exerclsed to insure
that effects of all aigrificant characteristics are included, so that the
calculated mecsure will be m2aningful. The measure must reflect the true
purpose of the defense, and the method must not require excessive computae-
tional labor.

L

The remalning chapters of this book are devoted to the tun problems
mentioned above., The choice of a measure of =ffectliveness is considered in
sume detail In Chapter VII. t\inatever the ciiwice of measure, it must depend
upon kill probability, firepower, and coordination of fire. By kill probae
bllity is meant the nrobability that, once undertaken, an engagement of a
target will result in damage to that target. By firepover is meant the number
of target engagemenis the defense is capable of auring the attack {the par-
ticular number is subject $0 statistlical fluctuation and hence we refer to
the cxpccted number of cngugements). By coordination of fire is meant the
degrer to which overkilling of targeis, with consequent waste of missiles
and firing time, 1s wvoided. Each of these three ls trested at length, in
turn, in Chapters 1LI, IV, V, Vi. As a preludz tuo the treatment, the chare-
acteristies of a surtace~to-air gulded missile system are deceribed in Chape
ter II.

-




ﬁ Cha?TER 1

i 1 System Characteristics
A. Introduction

A surface-to-air missile syctem (hereafter referred to as SAM system)
may range in complexity from & single installation, entirely self-contained,
to a contincnt-wide net of radars, comsunication links, evaluantion centers,

, and firing un ts. Accomplishment of the alr defense missior requires proper
functioning and coordination of many diverge system components other than the
missiles themselves. It 1s, therefore, impossible to speak of the tactical
effectiveness of a misslile; one can only speak of the tactical effactiveress

’ of a missile system. 1t 1s, of course, possible, and in most cases necessary,

to consider the Nnctloning of various parts of the system on the basis of

assumed inputs from the rest of the system.

gy

The cheracteristics of a SAM cystem which ere important for tactical
anelysis do not entirely coincide with those which are importsnt from the
points of view of development, engineering, production, logistics, or combat
use, although there are obviously close :interdependencec cmong these various
sets of characteristics., "he first task of tactical analysis is to find out
which characteristics determine tactical effectiveness and to explore the
connection between these cnd the characteristics obtainable from or to be fur-
nished to the design engineer. The present chapter attempts to point out
certain system characteristics which are most impcetant from the tactical point
of view. It seems advisable to give a discussion, necessarily very brief, on
the relatlion between these tactical characteristics and the physical nature of
the missile system.

B. System Functions

The irmediate mission of a SAM system is to dmmage attacking enemy
aircraft. In order to carry out thic miss‘on, the system must 'n genersal bde
able %o carry out the following functions:

Detection: The system must be able to discover the presence of
potentially hostile aircraft st long enough range to allow time for the rest
of the functions to be carried out,

Survelllance: The position of each aircraft must be repeatedly
observed With sufficient accuracy to permit proper performance of remaining
functions; i.e., each aircraft must be tracked.

Identification: It must be determined whether the alrcraft is
friendly or hostile.

Bvaiuation: If the target is hostile, the system must decide whether

and with how much force to enguge it, in view of the missiie supply avallsable,
} other threats which must be countered, ete,

-7 -
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Assigrnment: If the target 1s to be engaged, it must be assigned
to the firing unit which ls to carry out the engagemenst,

Designation: The {irlng unit must be Informed of the target assigne
ment{ and be pjveu the current locsbtion of the target and any instr-ctions
that may be pertinent to the forthcomlng engugement, e.g., size of ssivo to
be fired.

Acguigition: i responcidple Living unlt must acgulicee the ta ~*
with 1ts own ;7 e=data net {e.g., Lraczing radax),

Loadine: ‘the mlssiles must be on Lhe Llauncher iy: condition to fire
at the proper time.

Awchilys,  The missiles mast be luunched b the proper time amd in
the maper 4irec: m {for vhe cysiem, of course; the lauwicher may he lixed),

Flight: Tue missile muct be brouginl near the targev.
Mzing: “The proper time for warkead detenation must be determined.

Detonation and Buret: ‘The warheud must detonate at the proper time
and must be lethal enough to atialn a sctisfactory probablilivy of kill.

Damagze Agsessment: danage Inflicted on fae target must te ascessed
as qulckly and accurately as possiile,

Resevalunllon: If tae verdict of the assessment is that lethal
damage was not Inili-’«d, the target must then bz considered for furiher
assignment to o~ ririe anit for reengagenent,

in order to carry out theze direct functions thc sysiem must carry
out certain supporiling cperatlong, such as supply of missiles and spare parts,
maintenance and repair of cquipment, and intercommunication,

A SAM gsystem must b cble to engage scveral alreraft during an sttack.
sinee in general different purts of vhe system parform the different functions,
several engagements can be in progress simultaneously. For example, while o
missile is in flight to Intarcept onc target, the lsuncher may be relosding
in pre varation for a second tacsget, which is belng assigned. Meanwhile a third
targ: may be undergolns identliicnbiun, thur conglderabls parallelism is to
be found In most cystems., lorcover, since some funetlons take considerably
longer tv perform than others, the faster working parts of the system may often
ve idle, waiting for their sicter companions to complete their tasks., In
order to avoid, or at least reduce such idlenesc, the slover parts of a system
are ofven duplicated. Yoy exumple, Immedigtely folloulng launching of a mise
sile, tue launcher can be reloaded in preparution for the next target. Hean-
while, the puidance channel. o,it., Sruching »adar, I Lied up »ith the gnldance
off the first misslle, and will reuain Lied up throughoul Lhe uissile flight.
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Suppose the missile time-or'«flight exceeds the loading cycle time; then the
launcher, loaded und ready for the next target, must remsin idle until the
guidsnce channel is free. If, however K a second guidence channel were pro-
vided, the next missile could be fired as soon as the lsuncher was loaded
and ready.

It 1s convenient to divide the above 1listed functions into two groups;
those that are predominantly decision-meking in nature and those that involve
launching ¢nd fire control. The former ¢an be thought of ns being performed
in a decisio.. or econtrol center, and the latter in or by a :iring unit, even
though in some SAM systems no physical separation exists between the two.

This coneceptual distinction will be followed in the sequel, whether the de-
cislon functions of a particular SAN system are carried out locslly at each
individual SAM site or centrally at one control center serving several sites.
The purpose in adhering to this distinction is to.emphasise the fact that a
particular target is not paired to a particulsr SAM wait until the designation
function has been performed.

C. Significant Times

Certain instants of time and the time consumed in the performance of
certain of the above listed functions oceur 80 often in tactical discussions
that they are given names. These instants and times consumed are depicted
schematically in Figure 3.

L ENGASEMENT TWE~ .
o TIE=YP TIME ————J
DECISION IMING, r-'uow__,.u.mtsms__,.
TIME _-Q‘“ T™ME 7
r T ;o=
INITIATION DESIGNATION LAUNCH INTERCEPT VERDICT
Pmﬂ 3
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The significant instents of time are:

Time of initistion--the time at which the sequence of events lead-
ing to the crgujement of o target starts. In case of a first cngagement,
the sequence of avents of course starts with detection, and in the case of
subsequent engagements the time of initiation is when re-evaluation starts,

“ime of deslgnation--the time at which a target is designated to
a fising unlt following the verious declsion funcelong which 124 to its
assigmment.

wime of lounch--tiie time at whici: 2 missile or salve of missiles
is launchoed at a target. ‘fhis time 15 sometimes refecred to as present time.

Time ol intercep:--the fimo a% which a missile intercepts the tare
get. This time is on occasion referred to as future tiwe.

Time of verdicte«tne time Gt which the verdict as o whethar lethal
damage was inflicted reaches the decision center.

Azssoeiated with each time above it 2 correcponding range from the
SA¥ site to the target; e.g., deslpnatlon range, lsunch range, intercept
range. DPresent and Juture times aud the coirrscponding present and future
ranges arc terms held over from antlealveraft artillery discussions.

ihe impor<ant times consuncd In the performance of various functions
are:

Decision timeeethc time Zrom initiation to designetion, consumsd in
the perfomance of declsion functions

Mnl%«; time==the time, from cesigrnation to launch, consumed in final
preparetions for leunch. It may Include such functions gs target acquisitiom,
launcher slewing, etc.

Flight timeeetiic time consuned by the flight of the missile to
interceps.

Assessin: iime~<tne timec following intercept before the verdict of
the assezsing proceac 13 veccived at the decision center,

le=up vimee-the time froa desigiaticn to intercept. A guidance
channel is occupled with the dosignated target during this time,

ing :Tngmm. Limee~the “ime from designation of a target to a firing
unin Lo recelpt of the veraict at the declsion center, During this time the

decision center looks upon the Larpet as being under engagement by the firing
unit,

- 10 -
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It should be pointed out that some of the above times can on
oceaiion be sero; for example, a verdict of no kill could lesd to immediate
re-designation to the same firing unit, and, further, to immediate launch-
ing, since the alming funct! ns may not have to be pecformed again. A ver-
dict regarding damage may be pozsidle almost ismediately followirg intercept
80 that th- ~ssessing time wiil be zero for all prectical ourpo. :s. In
contrast, une or another of the sbove tlues could be effectively infinite.
If & target is detected and entercd In the survecillance system, but is never
designated ¢ a firing unit, the declision time will be infinite, Shihrly
2f at uny other point a runcuon iz neither completed ror abandoned; the
corresponding time will te infinite. If the 3AM system 1s unsble to assess
damage, no verdict can be rendcred. In this instance, cngsgement time -could
teminate at intersept; 1.c,, could ceineide with the tie-up time while the
assessing time could Le thought of az 2afialste. Clearly the rum time . and
a0 the ticeup time aid the cnpgagement time will Le dopendent upon the ‘range
of intercept, Certuin of the othier times may also be range dcpcndmt ‘ACCONd~
ing to how the SAH system perform: the functions covercd by the times.

Heny of the variables wpon which the sbove Limes depend:must. proporly
be regarded as random. The spresd of their distributions arise. tm nmu in
estimation and/or the stctistiesl nature of the quantities themselves. Thus,
even for targets having specific charscteristics, the times will ary M
frem engagement to engagement; i.e., are themselvcs random varisbies.. c::u-
sequently we define the aluve times 3s the acan vulues of these rendom var-
isbles. In the sequel only the musr: values will cntcr the discussion-uniess
speeific ctatement 1s made to the contrary.

D. Time Intevals

Of considersble interest to the tactical analyst are the time inter-
vals betwaen auccessive svents of the same kind. Importunt among these are:

Initistion intervale-exterding from the initiation of a sequensce .ol
events 1.‘&!!:.—; to one En-pt sngagement to the sequence lesding to the next
engagement .

Des tion interval--extending from one target designation to a
firing o next designation to the same firing unit,

Lsunch interval--cxtending from launch of one missile or salvo of .
missiles to the lounch of the next missile or salvo by the same firing unit,

Intercapt interval--cxtending from intercept of one target to the
intercept of the next target by the same firing unit (perhaps employing dif-
ferent guidance channels).

verdict interval--extending from one verdict to the naxt by the smme
firing unit,

- 11 =
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Pigure U4 11lustrates these Intervals in their relations to the times and
instants of time discussed 1in Section C. ’
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The importance of the above intervals stems from the fact that one
or another of them will determine tie mumber of target engagements. under-
taken. 1.e., firepower. If the firing reate is limited by the number of
guidance channels available, the successive intercep: intervals will deter-
mine the firepower. On the other hand, 1f the firing rete is limited dy
the launcher cycle time (the minimuv= time needed to load and rlew. the
lasuncher), the launch interval will govern firepower.

Any of the above intervals may on occasion de sero. Indeed, if a
SAM unit having two lsunchers and twu guidance -channels engages targets in
2 wvave attack, then two engagements could take place ooinsidentally, step by
step; detection, desigrnation, lsunch, intercept, and verdict eoull all oceur
simultansously for both targets. On the other hand, the cmiuoa and
characteristics of a SAK system mey impose s minimum time for one or snother
of the intervals. Vor a systes with a single lsuncher, the lsuneh interval
must be at least as great as the launcher 2ycle time. For a system with s
single guidance channel, the intercept interval ¥ill be at least as great as
the tiae of flight to the latter of the two successive intercepts and in most
eircumstances must be even greater to include thzt part (‘reguently all) of
the sining time during which the guidance channel is required.

The relations between certain uof the avbove intervals and certain of

the various times consumed In the performance of functions, as described in
Section C, are of interest to the tactical anslyst. We let (see Pigurs 5)
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D = designation interval
L = launch interval
T = iatercept level
V = verdict intervsl

and t.{p,), ﬂ“l)' E("J) = [light time, tle-up time, and engagement time for
tnterfopt

ut runge Pys i=1,2, respectively,
Intercept vanpes.

vhere Py and 92 are tuccessive

___ DESIGNATION ~ LAUNCH, INTERCEPT, VEADICT, _
k—tfe) —] |
)
o Esieumon LAUNCH o INTERSERT v:nmci »
oD |- L 1{_ e T e\ —
‘m)-——-——..‘
: — H(A)~~
E(R)—

Figure 5
We have
belpy) + T = L+ tolp,)
#py)) +T =D+ #lp,)
E(p;) + V= D+ Elp,)
or

LeTa= tr(pl’ - tf(pa)

Delm ﬂ(al) - ¢(92)

DeVou E(pl) = Zwy)
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I the aiming time is constant,
D=L
and if the assecsing time is constant
T=V,

and so the differences in Limec of flizht, intercept times and engagement
times ure equal,

In general, elther D or % will be determined by the chrracteristics
of the particulur SM! system und the other uwill e decived from it by means
of the above pelation., Ir miny caszs of Intersun, dasa gathering und:decision
making functlons (detection to designation) can be performed at a rate suffie
i cient to keep ke firing uni? occupled, Also the interval from designation
) . to lgunch is often independent of ronge and- so the intervel betwzen suceessive
launches is the swne as the interval between deslignetions. I the above hold,
the number of missiles fired is dztermined by the rate at:.which missiles can
be ioaded and launched or by the number of guidance channels available for
simultancous control of missiles in flight. In the former cese, the govern-
ing delay is for launcher readlness; the launch interval is then the launcher
cycle time of the SAM system, and the intercspt interval iz derived {rom it,
in the latter case, the governing delay is for guidasce channel availability;
this delay dictates the intercept interval, and the luuach Interval is then
derived from it.

It the governing deley lis for launcher readiness, snd there are "L
leunchers, each with.a cycle time Ty, then there will be ¥y, launchings in
; time Ty, so that on the average the launch interval for the GAM system 1s
i TL/"L‘ Similarly if the governing delay is for guidance channel avalladbility,

and there are ¥, guldance channels, each having an intervai T, between success-

ive Intercepts, then there uill be intercepts in time T,, and so on the
average, the Intercepl interval is To/Mg. It will frequongly suffice to use
these averages for launch interval and Intersept interval {See Chupter IV).
However, some caution should be exercined, particularly sinee T, is ususlly
range dependent.

3 Y~ T h e

g O per R

Detalls of an engagement may be discus~~d in either tise of designa-
tion, time of lovnch, or time of intercept, and each io -most corenient for
certain parts of the analysis. Certain precautions are neccssary vhen switch-
: ing from one time to unother; such o change may involve & Doppler correction,
: as illuctrated by the following example.

g

If migsiles with an average horlzontul speed v are launched t sceonds
apart agalnst a straight incoming target with en average horizontal sreed u,
let vy be the launch range and pg the Jatercept renge for the 1-th missile
(1=1,2). While the missile sravels a distance Py at speed v, the target
travels g distance (ri'pj) at speed u, SO

- 14 -
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r, = {14+ v)p1 .
The intverval belwecn times of launch is

t = (r1 - ra)/h.

The interval vetJeen times of intercept is, however,

—— — Py [ .4

: 1

S - ? .. - 1 - ~ % .

‘ t (pl pa,/u - L

5 T

é The conversion factor, L7911 4 w/v}, i, us usual, called the Doppler correctior..
2 Both slant und horizonial ran;es are ir common use, ‘The horizontul

‘ ’ razge is the diztance from the fire unit to a point on the ground directly

beneath the turget; the slant runge is the distance from the rire unit to
the target itself, leglecting the curvature of the earth,

e TME e

wvhere

>——
3

£, = slant range,

VI NP

| rh = horigontal range,

Tk
-

{ = tavgel aliltude,

o s

~ ———

: 12 H is cmall compered %o By the ditference between slant and horizontal
: range is small. ¢

For most of the studles here described, nerizontal range has been
found more convenient to use thun slant range, and the Wword range means
horizontal range unless the contrary is explicitly stated,

T
.
———

E. Zone of Pire

LA SN A

The zéne of efiectlis. fics for e SAM firing unit is the region of
space within which targers cu. be successfully engaged. The zone of fire 1s
specified in terms of the point in space where intercept will oeccur. To each

: intercept point there corresponds o launch point, the position of the target
- at the time of launch. ‘Thus corresponding to the gone of fire there is a zone
d of launch; to be successfully intercevted, a target must be within this zone.

at the tlie of lounch. In like manner the zone of assignment is defined; a
target must be In thiz zone at the time of assignment. It is thic last zone
that is of Interest to the targzet assigner.

- 15 -
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‘the boundaries of the zone of effectlve fire ure detirmined by a
number of considerations, the more common of uhich are mantioned below; not
all of these conslderations are rclevant to evesy system, but every system
has limits set by some of the considerztions licted or by similar ones.

It 1s emphasized thut some of the boundaries (in the sta.e of the
defer er's .gnorance) are ztatistical ir nature: they are regions within
which the pertormance of the system deterlorstes more or lecs rapidly, so the
zone of fire may be slightly extended in these reglons at the cost of decreased
kill probabiilty or reliablility.

“he boundarles of the gzone of effective {ire are indicated in Pigure
v for a target passing overhead; the boundarics ave discussed briefly beliw,

itigh-Angle Limit: The high-ungle 1imit, which results in an overhead
dead zone, is usually inslde the bomd rclease surface (sce below) in tuctical
situations of interest, and heace does not usually limit taetical performance,
Occdsionally, however, the fire unit may Le nlaced rar enough outazide the de~
fended area for the high-angle limit tv take erfect; this limit must alsc be
tuken Into account when the fire unit is part of the perimeter or area defense
and engages both approaching and receding tacgets. One of the following limit-
ations on the system may cet the higheangle limit:

The launcher may have physiczl limitatlons on maximum elevation,
which for beamriders and certzin homers sets an unper bound on the missile
trajectories.

A maximum elevation limit on a redar used for guidance would set a
high-angle limit on the zone of fire. It is not to be expected that such a
limlt would exist for tracking or illuminatlng raders (except perhaps on ship-
board), but such an elevation limit is usual on meny search radars, and in
some systems these furnish at least a portion of the guldance or assignment
intellligence.

The misslile itseltl may set a limit on the elevation of e.gagement;
for :instanr-, . : or amure of the missile gyros may tumble il the mizsile axis
gets too near the vertical.

In a beamriding system It becomes difficulr to capiure tae missile
r in the capture bculm at the end of boost if the beamrate {angular rate of the
radar beam) iz too high. For incoming targets av fixed speed and altitude
this is an increasing function of clevziliun angle, and may set a iimit on
the usable elevation angle.

liigh-Altitude Limit: The high-zltitude limit on system performance
is usually set by the missile itself, and constitutes an effactive limit on
system defense effectiveness, since if an effective attack can be brought in
ahove the system highealtlifude limit, the system provides ro defense &t all

against this attack., There {3, tnerefore, 2 reel advaniage iu trying to make
the system highealtitude limit greater than the altitude a$ which atteoek is.
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profitable, as determined by the difficuity of aireraft £iigat at high alti-
tudes, the loss of bombing accurasy with increase in altitude. ete,

\
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Rigure 5
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the principel lim:tatlon on missile effectiveness at high altitude
ls the drop in missile manauverablllty resulting from reduced effectiveness
of aerodynamic suriaces al low atmocpheric pressures. The maneuverability
of the attackling alrerait is llkewuise reduced, but since the missile usually
needs more mancuvergbillty than its target, thls fece merely postpones the
limit. control indepeandent of' acrodynumlc surfaces (e.g., by Je. vanes)
could Y2 used o ralse the limit imposed by this consideration 1f necessary.

The varlation of azrodynamic characteristics with altitude may impose
a high-altltude limit sumewnat less divectly, since lacreased effectiveness
at high altitde ‘beyond a certain point) implles decreased <ffectiveness at
lower altitudes. ior example, the provision of large aerodynamic surfaces to
obvain high maneuverability a' high alstitude increases drag and reduces range
at lower alticudes. A compromlse must ofcen e made between high-altlitude
limit and low-to-med.um 2ltitude performance.  The compromisze becomes eesier
in sysvems with greaver freedom of trajeciory. (#.5 , commend systems, in

which She Yerwisine aittewae™ may te chosen ab will;).

saximum !nveveept Range: rhe maximan effecilve range of the system
plays zao Importan: part in the analysis of system effectiveness; since the
eflecls of runge ar2 considerad in detail in vhat follows, no particular com-
ment seemz necessary here. The maximum range limit may be set by limitations
on any of the follewing functilions.

Detection: 'the Large: cannob he enfabﬁd until & cercain minimum tide
at'ter target detecetlion; the eflective range of the system 1s therefore not
greater than the detection range minug the digtance travelled by the target
during the time interval regulred for identification, evaluation, assignment,
acquisitlor, iaunching, and flight. The detectlon range depends not only on
the missile system, but also upon the arget characteristics {1.e,, radar
echuing ar2a, altitude, and specd). 'The same argument applies to the system
functions of ldentification, evaluation, assighmen’, and gcquisition when they
show a range dependence different from that ot detection. At 1ow altitude,
the radar horizon may critically limit the detection range.

Guldance: The guidancs sys’em has a range timitation whose nature
varies from syctem to system. ®or prediction guidance (guns and unguided
rockets) the limit is set by the time of flight over vhich prediction i3 suf-
ficlently accurate. For comnund end beamrider puldance the limit is set by
the fact that the targes pcsition is known a* the firing unit with an error
which is angular ard hence corresponds to a miss distance proporiional to
range at long ranges if the angular is roughly independent of range, For ac-

tive or semi-actlve homing guidance sysiems the ronge is limited by the range
rcduct¥® obtainable.

*The range product is the product of the range from transmitter to target and
the range from farget to recciver. ¥or aa acvive homing system, in which the
trausmitter and rece.ver are both 1In the missile. the range product is the
square of ithe mizsile~to~target range. #For a semi-aclive system, in which
the transmitier 1s at the SAM Liping site. the range product ls the 3SAN slite-
vo=targel range multiplied by the mlssile-lLo-Larget range.
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Flight: 'The range of the missile itself 1ls limited by its fuel
supply and by the trajectory the missile t'cllows. Fuel consumption in the
dense lower atmosphere ls far greater than at high e2ltitude.

Low=Altiiude Limit: A lower limlt on the pltitude of successful
engagement 1is set by cifficulties in successful fuzing near the surface of

the earth and/or by di.ricult.es in homing succassfully near the surfac. of
the earth.

Low-Angle Limil: A limit or the mlnlmum angle at which targets can
be engaged, distinet from the maximum range limltaslon seu %y the radar hori-
zon and alsc rrom the lowealtitude limit iz Impoced on some systems by the
difficulty of radar tracking and/or missile capsure after bonst at low radar
elevalion angles.

Hinimum Range: ‘the minimum range limitutlon. like the higheangle .
limit. .8 usually not troublesome Lacticolly because it lies lnside the bomb
release line in many caces, though not in all,

Por safety regsons it ic customary not to amm the missile warhead
un®il some time after launcl; successful engagement is unlikely untll the
warnead has been armad.

lany missile systems huve a sequence of operatlonz {launch, stabili-
zation, copture) whlch musv be completed at the heginning of flight before
the missile is under adequate control of the guldance, The distance travelled

by the missile during this part of flight is the usual limitation on minimum
slant range for effective Iinterception,

Certain systemg have a fixed minlmum luunching angie whlcn results in
a dead zone at short ranges and low altitudeg, siice the missile trajectory
cannot curve sharply enough to engage targets in this region.

Clearance Shadows: SAM's effective zone of fire is normally further
reduced, in particular installations. by the "shadows“ cast by nesrby obstruc-
tions as seen [rom either radars or launchers, by safety restrictions on cer-
tain angles of fire resulting from the danger from falling boosters or special
warheads, etc. ‘hese clearance shadows are for the mos# part ignored in the
present general discussion for the sake of simplicity, but obviously play an
important role in the analysls of particular installations.

Crossing Distance: The crossing distance of a target is defined as
the distance from the firing site to the horizontal projection of the target
trajectory, 1..., the shortest dizvance from site to projected trajectory.
Thus, for instance, a target whose irajectory pusses directly over the firing
unit has a zeru crossing distance. Even ignoring clearsnce shadows, the zone
of effective fire is net exactly a volume of rcevolutlon; the various meximum
and minimum ronges at a glven altitude depend to some extent upon crossing
distance and upon whether the target-is approaching or receding {i.e., whether
it has or has not passed the peint of closcst approach to the firing unit).
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The detarmination of “he cxact extent of the deformation of the
solid of revolution 1z complicatad and depends on tke detalls of the missile
system. But this deformation ls often relatively slight and is frequently
lgnored in rough estimates of tscticul effectlveness.

Bomly ltelease Point; ‘The primary interest of the snalyst often ls
defense (preveni.ion of damage (v the defendsd area) rather than attrition
{preventing the attuackers from relurning home to attack agein some other time)
and hence attentlon is directed tu 'nrercepts thut may prevent the attacker
from damaging tvhe defemded ares, ‘the last point at which such inteicepts are
possible is celled the bumb release polnt, evea though tne atincker's armement
actually may be 3 toepedo, salvo of raciets, or sume other weapon than & ‘bomb.
I¢ the attacker's avmameni & 4 gulded alretuvesurface mizsile, Sher the -bomd-
reiease point may notl ce the actual polnt oif launch of the alr-toesurface mis-
sile, but vather the lasi polnt ul which destiuction of Lhe mother plane dis-
rupts the guldance envugh Lo cause a miss., Or 1t may be the lust point at
which the missile itzell can ve intercepted to prevent danuge frum its ware
head. Slndlar moditications of meanlng in vlher cases parmit the zame term-
inolegy tv be vsed throughoui. Secuuze the surface target often is rot s
poins, and the lethel radlus of the bomb ls significantly greater than sero,
the homb release point may not be a roint #t a1l  There may be 8 series of
points such that iy the bomd 1s relcased ai uny one uf them, damuge to the
surface target may regult. 1t ls Irequeatly eonvenient to define one point
of the serics a3 the homb raleace point; often thie first point of the serdles
1s picked.

Prom the point of vieu of defense, as opposed to attrition, the
effectlve gone of fire is only that part of the region defined in preceding
paragrapins which lies outslde the surface of bomb release points.

“w D0 -

v A

O Y R TN

[V

[T

PERTTONN e

o Arewe e s o




Kill Probabllity

i
i CHAPTER III

A. Introduction

! The immediate Intent of the defense, having undertaken t'e engage-

, nent of o target, is to 1n{liect damage upon that target. The outcome of
such an engagement cannot with coriainty be predicted in advancé, lany of
the variables upon vhich the outcome deperds are of necessity random. Cone

l sequently th: outcome 1tsclf is a rendom evént. Thus te can Jpaak of the
probability “h.:t the target uill Le demugéd; i.e., of the kill probability.
In broad terms the kill prebability of a missile depends upon the reliability

K of the missile (doés it functlor us intended), upon the guidance accuracy -of

Y the misslle system, upon Lhe fuzing (13 the warhcud detonsted at the-proper
time), and upon the uarheud lethullty. Uefore Investigating these factors
in any detail, it Is flrst necessary to consider the kinds ol damage ‘that.
can be infllctéd upon the target, the ways in which damngc may be inflicted,
and the means for intlleting 1i¢.

A targel. can be damaged in many ways. iost defensive missiles are
designed to produce damuge in one op more of the following ways:

Destroy vital structural members of the target aireraft.

% incapoeitale a sutficient number of componeats of the control
B system of the tasget alrzraft to prevont continuad control of
. flight.

: Disable the piropulsiun system of the tavget aircraft either

by damaging enough componenve of the system to prevent continued
operation or by cutting ofi the fucl supply {severing fuel lines

: or igniting fuel supply).

: Incapacitate a sufficlent aumber of components of the offensive

; veapon control system to prevent satisfactory delivery of the
Weapon, -

: Disable the [iring mechanism ol the offensive weapon or cause

- : premature detonation of the weapon.

: Incapacitate a sufficlient number of air creu members to prevent
satisfactory control of the target alreraft or delivery of its
weapon,

Clearly muny of the damajzing cffects .isted above will lead ultimetely,
1f not immediately, o thc destmiction of the target airerafv. If the airersft
control or propulsivn systome are disabled-ths alrsraft may very likely. crash.,
Nor 1s the aircraft apt to remsin intact if its: offensive weapon is detonated.
On the other hand, otlier effects listed above may prevent successful delivery
of the offensive weapon but leave the target airciafti itself undamaged. The
time at vhich damage takes effect may be impertunt. The Gamaging effact may
in time bring nbout the destruction of the target cireralt, but not until after
the offensive weapon has been successfully deliveied. Thus the importance of
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any one damaging effect miy rea2t upon vnether tne primary objective of the
defense is to exact attritien (dcat"ay target circrat's) or to prevent dmge
to the surtace target (prevent. suceessful delivery of the offensive weapon)
Eecause of the importance of the defense objective and ¢ the time interval
foslowing the defensive nlssile varhead bursv before dr.uve takes effect, &
standanrd romenclature for catezorics of aicratt damage ha3s been adopted in
the U.3., bas2d on the time Interval.

e i TN

The types of damtge and theldr dorinitions are listid telow.

KK damage - immediave catuscrophile disintegration of turyeti -ulveraft.

¥ damage - dambge Urom ublel: (i target siveraft hegins. to fall ]
within 10 s20ciic of the defensive Risuile wudhead burst.

A domuage - donage rvom ublch ..u“ :...‘,w sirarals begins to fall
uiteln § ..ﬂ'.u sen of the defensive missile iarhesd burst.

b daange - dagoge fron uhideh val tavgel alrcpalt veging to fall
ulthin 2 hours of <he defensive micelle variead burst.

C danege - domuge such ohnt (ke alvernfs is unable te successfully
deliver ltc uffensive veapon.

; E damage - damage susn that the alrcraft 13 unuble to succeasfully
j land at its home bass?,

A PR, e 8 T PR At © o 0

e © % A

TR YTy

} Thece categories chvlously zve not mulutily exclusive. The cutegory

most appropriate for the analyct to consider wiil depend upon thc mtuu ‘of

d the protlem facing him. JT thu uttack 1t by airerast .on one way mlloul.
e.g., surface ~Lo=sucface mlasiles, then ¢ demuze 313 of pmicuhr mtorut.

: If the purpose of the defsnse is to-exoct atirition. the analyst will devote

: his attentlon w0 I damage. I the proclem tcelng the cnalyst involves cu'ly

] damiage assessment by the derenge in urder to improve the coordination of fire,

then KK and ¥ damege are the categoriez of primury comeern.

A variety of leihal cpeats may be employed in. the: duicn of -defensive
: miccile warhesds Lo produce diffesont dan:m,ing eflects. Typical are m M
2 netal fragmonts, blast, metul vods, Intanse hect, and rudistion. ‘A warhesd may
incorporate one or more lethal ugenis. The commor typees of warhesds ste:

Pragaent varhesd, designsd %o emit & 1uvge mubeir of amall pisces

5 of metal moving at sufflclently high sr-eed to dumage vulnerable
compopents of the target.
: Internul blasl vuriend, desismed to amls onc or more small

of L:igh explosive, wach able to peretrats the target aireraft skin
ad ther detonate, producing vlast intemmcl to the sircreft,

: ternal blast worhead, designed to produce impulsive loading on

: portions of the alreimfs gtructures.

H ' itod warhead, deumed 10 enlt mesal rodc or burs of sufficisnt
lengeh and muss and moving ut sufticient speod Yo sever structural
clements ur.d/or damage vuinernble components of the tavget aireraft,
: iucleer uavhead, producing blust, themal offectie, and rediation.
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A defensive missile must be provided-with some means for detonating
its warhead at the appropriate time., Two widely used means are proximity
fuzing, wherein a mmg ‘device senses when iiic missile is in the vicinity
of its target and then actuates the firing mechanism:of the warhead, and
command detonation, ahcre.‘m the sm site determines whon the missile 1s in
the vicinity of the torget and then transmits a. siml to the missile which
actuates the Ciring mechanism. Another: less’ widely used’ means for wamu
detonation is contact fuz.'mg. on direct contact of the missile with the. tare
get alreraft the contact fuge actuates. thc ﬁrmg uchmin. -

B. I_D:_l‘lnitionf Kill Probabilltx

‘Suppose that, as an experiment, a single. niuucswem lmhod at

a siagle target. A Rnl either vould or- would ‘not result- and thc ntio ot
number of targets Killed to number or uuncs 1aunchad- uould be Asor-0, If
the identiecal. oxpcrinent were.. repentod, thc cmhtive ‘ratio ‘could- be- -computed
again. With-each repetluon the: ratio could-be recoqmted and would: show £
change; as. the -number-of expermants increased, ‘the mtio ‘would: show less: lnd
less variation. uc detim the ki1l pmbtbuity p-of:a ninnc a8 tbe IMt or
the ratio of ‘the number of" targets killed ny to the number of lhulos lumdnd
ng,» as the number of launchings. incréases w thwt 1im1t,

e X '
npees o
In the uoove definition the category of kill must, of course, te specified as:

well.ag what cr-z situtes-2 lsunching; e.g , when the missile leaves the lmclm'.
or when the launching button is pnuod.

(1) p=

The sequence. of -events that must occur in order that an mt»ot
8 target-by a defensive missile, once undortam. shall result in s kill s
be summarised ai follows: the missilé must fly along 8. trajectory that passes
thmpnormartothcumt thomﬂmdmltboutmmumpolnt
slong the trajectu.ry nea> tae target, and the damaging agent or. mto of the
warhesd must inflist the pnsmb«l damage.

The missile may fail to fly a satisfactory trajectory becsuss: com-
ponents of the missile itself or of- oquimt at the SAH site do not. mucn
as intended, or because active countermeusures taksn by the enesy so0- siter
the environment that the SAM system.as dnunod cannot perfors.as dnim In
either case, the failure may be complete in that the: nissile: doss. mt Tly at
all or the flight terminates long before intercept. Altomntinly the fsilure
may be one of de gm--tho nisvile flies but the trajectory passes too wide of
the mark. Thus "satisfactory trmJjectory” connotes nearmess to tmct How
nesr the trajfectory must be to be satisfactory is of necessity an srbitrary
cholce. Before meking this.choice explicitly, we must first state what is
meant by nearness. Ye adopt 8 widely used notion of miss distance, defined
us the distance from the target center of gravity to the point of ¢losest

o
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approach of the trajectory lor lts extension). It is then convanient to-
define a satisfactory trajectory as one for which. the miss distance ls less
than soie prescribed distance R. Clearly R should be chosen large enough to
include all missiles that perfoim as intended ina normal enviromen... ‘We
shall later see- that R should also be sufficiently large so that ne uiasue
with miss distance greater than R can inrlict dmase n the target. otherwin
our later developmem; will ylcld u falge valué £o> p,

Even 1f -the.miscile truJectory is satisiactory, the warhésd in-the:
missile may fail to detonate near the target. Feilure nay be cu.ud by male
functioh of - the mz;lng or l‘lrmg mechaniam, oy active vountc.mnmrn takcn
by the. enemy, hyr natuz'ul environmental - conditions such as- WP&uh.l‘, or by&cw-
acterlatics 1ntem.1onauy inco*por'z'ed 1n the fuge. f[n exwle of the last,
o:ten tound in proxkuty fuzes, 1s a -'ather -sherp -cut~off ‘range to: prcvent
the. x‘u:e Trom trlggermg or.anybhing otcer than the intended ff.rgot' .t..
‘the earth's surx‘ace 1n the case of loy altitade 1nte~cepts. h'hatcvcr ‘the
¢ause, the detor.nuon may not oesur ar. all. or 1t may occur too early 0P £00
late. "Satisractory deﬁo.mt.wn 2150 - connotcs nearmecs “to- targct Ak how
near a detonntion must -be to be. satizfactory is 2180 2. neceuu'uy, arbitruv
choiec. Again we mst state what 13 meant by nuamea... Yie uuurc tho -dige -
tance along the traJecto*'y from the-plane-nomel’ t0- the: tu:cctory ‘and - thmch
tho target C4 to the point of- ce*ona lon, Ve then deline a ntioractory -dets
onation as one occurring sithin 2 pnlcribed dutmce 2 of" this. normal plm
Clearly Z should be-chossa large encuzh to include an detonations that oem
from normal opération of the rvze, firdng mechanizn, etc. in ¢. norasl : wvu\m-

ment. It is also important that % be lurge omugh to insure. that no dctomtion

at 8 distance g”eater than 2 1111 caus: dme,c to the taprget. By our. dotinx-
tions & misaile will have u satisfactory trajectory and. satisfactory detonaticn
if 1ts warhesd detonates uithin & truncated tube (see Fuuro 7) centered at the
target tnd having length 22 und circular ciross section of radius R,

MISSILE
TRJECTORY

Py
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TUBE OF OFERABILITY
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A missile whose warhead detonates. within this truncated tube or
whosc trajéctory passes tnrough the tube but detonation fails to oceur by
design intent is said to be operuvle, 'dhether a missile will be operablc
or not 1s dictated by many chehce occurrences; -ue can speak enl; of the
probability that it will he oper=tle. This probability is cuonly refersed
to as missile opcratilisy or missile .'enabiui.,/ We define missile rclu-
bint.; PR 83 the limit of the ratlo of the number of opcrablc n..sues ”R to
the rumber of misslles lounched ng, a3 the snunber of launcuin.gs incn.zes
without limit,

&

(2) . 11”! n. ﬂ.v

In come conieavs, r»r cxwle hen coasldéering quality control. ia:
misgile production, a: nis~11e it 3814 tc be operable unlesz iis at*hnl mu
to detonate insidc Lhe touncated fube tecsuse of miasile melfunctions- only.

Ir this case the missile reliabiiity p_ as defined above can be broken dowm
into two faétors, une being the px‘oonhhi ty of ro misaile malfunctions:and:

the other the conditfonal probattlity thas, if no malfunctions: oour;, the
missile will Le operable 14 our mode reatrictive sense;, i.e., the. effeers of
count cermpasies nd otr.or iaCluences -are separsted from. thou ot mm:m
In 1ike manner the erfécivs of different kinds of mslfunctions c¢an be. mm.
¢.g., those involving missile wmopuleion, geddence, or fase snd-warheed. Here~
after ue will adheve to our sicre ~wetriciive definition of mmnm. sdmit-
ting to .the select group of apcmbh missiles only those missiles that detonate
within the (runcated tube or fail Lo zo detonate by desisn intent.

An opcmbxe missile may s.ln fail to Infliet the prescridid damuge
on the target. cauge of the discreienes: of the pchctun ejectad by some
warheads no vital portlon of the Yarget may Le hit, or impulsive losding from
an externsl blast warhest may be insufficient %0 csuse the-preseribed demage.
We define the kill probobilicy p. of an operatle missile to be the limit of
the ratio o mwber of mizciles thet produce kiils ;. to the suster of opersble
missiles 1n. 2 U8 the luster Incroases without limit,
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(3) Py = Rpdo o —R'

The probability 1 i3 a conditional probadbility, i.e., is the prob-
ability that, if operable, a missile will kill. However, to. .vou later
confusion, we will call Py simply ‘the kill pmbubnity et an opomlo missile.

combaning equations (2) and (3) we have
p:= pa p’:

c. Kill ’Probabi’ Aty xot‘«an' ")i':cmbie itis81le

Conrming our atteatlion nos te-opersble:missiles, the likcuhood of
kill will in goneral vary depending on. the precim. position of: detomtiw.
"‘hu. the 1411 probabiliiy- by of an-operable nissne ‘As the pvoduct -of ‘the
corditional kill probabini::, that 1L detmmo'x ccc\!rs ‘2t R % pmimlar point
n the: tube a ki1l will ~'e'rul. :md the px'obsbn'ty thc.t ‘the -detonation. ocwu

‘at that point, r..—ed over all pomts An the tmam mba. hloﬂn‘ ln

mtegral represait ntion :or N ue ".ave

(4). = :PD{.%}MSMS

Pg-
where d5 is -an element o‘i volusie In the truncated tube

h(S)As 15 the probsbility that detonetion:occurs: in dS

pD(s) "4z the conditional probability of kill if detonation
occurs at n point 3 in a3

Z is the volume of the truncated tube.

nthwsh we are hers considering only operidble nissiles, s detomation
still may not oceur, because of fuse cut-off renge, for uwlo. ‘lhu the.
integrsl of h(S) over the truncatrd tube may be less then:one, snd: 80 we have:

(5) [n(s)es =)

In most situations of interect the segment of missile- mjoctm
lying within the truncated tube may, for the. pirposes. of this: shepter, be
sdoguately epproximated by u straight 1ine segment:-and 80 the truneated: tube
mey be chought of as a rizht clrculsr qumhr of redius R and helght 2%.
Using a eylindrical coordinate system centered at ‘he target and with x.sxis-
pu;ulol to the misgile trajectory the element of mluc ds may- then de
writien as

45 = rdrdeds,

Furthermore, the miss distance is lndependent of the position along the
trajectory at which detonation occurs, aitimgh converse is not in genersl
true, lience the probsbility density Mincition A(3) can he written
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n{s) = glr,0)0(r,0,2)
: ) where .- . ‘
: g{r,0)rdrdd = probabllity that the tréjectory or its éxtenslon .
passes through an- element .of “area normal to. the !

thectory and containmg the point (r,8),

e e

i £(r,0,2)dz = conditional: probat-iuty that ir: the traJectory
is at. (r,8), the- detonation will oécur in a :
linear elément: dz: contuning z. 5

Sinre we are here’ speaking only ‘of” operable missiles,. and by
derin.‘ltion a nissne wlth traJeetory passir.z outude “the ‘tube ‘I8 not . operv
‘able, we imist have ) 3 B

R 2

f f glr@)drdd =1
g , ; ,

et %

AR G NG e ¥4

‘ Hence,. from- equation (5) ue have - ‘ ' A

R 2x ¥

‘ ‘ R(3)ds = ] ] glr,9) (f 2> .O.z)dz) rdrdo— 1 - 4

' 4 ard 80 the integral of £ uith respect to z miy be less than-one¢, o .conses )

¢ . quence of fuze cut-oflf, tor example, S50 we have ’

(6) l firios)as=1 -

; ' p .

' Subatitutirg -for h{S) and-d5 in equation (U) we have

(n Py = I:[ﬁppim;t)t(r.é.z)s(r‘.c)mﬂ.t :

| £

< ‘ he dutrlbuuon of missile trajectories in the tube can.most.

1@ easily be described by the distribution of the intersections of the tu-
¢ Jecturies with the plane normal to them and passing through the target. K

: { For most guidence systems, including beamriding, commind, and homing sys- .

; tems, this disiribution can be ressonably approximated by a two-dimensional

normel or Juussian distribuciori in which the two dimensions, one vertical

g g and the other horigontal, are statliztically indcperdent. In many cases,
§
. § - 37 - ;




vertical and-horizontal -standard - deviations are equal and the: distribution

‘ ' of trajectories reduce: to a circular normal .or radisl normal distribution..
. Howéver, at times .such.is: not the case; for- exnple, 8¢ lou m;:l.es sretter
1 dispersion may occur in-the vertical than in the hori:ontnl direction.

3 often the distribution: of trajectories uill be centered at- the target.
though not t.luays For example, a boresight error in the- guidanc' rodar
may-mean .thiat all missiles arebiascd ‘in some” unner.

: E. zig;LAccuracy

; - A common type of proximity fuze is the i‘ixed angle- fuze uhich
i emits. elec*ronic radiation - syuetrica]ly in.a. narrow tean at: fixed angle
- to.the:missile uxis as. ‘shown. Inkigure 8.

8 <r

:

P T P e X W ATy Ve
f [

Erm

e ——, oy

FiZE - PATTERN:

Pigure:8

2

4 If the target sircraft intercepts the radistion, the fuse i triggered by
: the: return echo and firing uchanisn nctuatea. A small delay mviubly
: oceurs betuem fuge tx'isger.nc. 2., the instant at which the ret.urn echo
E from targss is- detected, and- detonation oi‘ the warhead. Frequently thio
% delay 1is intentionally- lencthemd in order to place the detonation st:! hg
; desired point. As méntioned esrller, & ‘proximity fuze is often- desidmd?
5 to have a rathier sharp cut-off ran;e to prevent the fuze- from- trfiggevins
* on anything other than the intended target.
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“he position. of ‘the warheud detonation along "the trajectory will

-depend upon the. size and shape of the target and the aspec. of: approach of

the missile to the target as well as on' the ruze rsciation -angie and time.
dela; The cut-off range will prevenc detonation it the\miss distance is
sutticiently large. Bccause of irregular- shares of targets ann vagarics dn
reflection. coctfici°nts of targets to electromagnetic radiation. the prob-
ability derslt an"tioh L may -asSume 2ny of several forla. For oone\pur-

poses i ls permissible ‘to assume. that ‘the distribution‘of detonation~posi~
‘tions is Gaussian uith rognrds to .z, ‘For- other putposes At 13- na~esaary tor

treat 1ndividua1 casp separately or to: mak» alternative zimplitying assunp-
bions.

In the event a ¢ut-ofT range 1s incorporuted in' ‘the fize, the des
pendencn -of f oaﬁmiss di,ta'ce r miy take any of several torms. If the cut-

I
i
1
.

£
FUZING PROBABILITY:
Fr re.

If re is sufficlently large, the cut-off uill have no significant effect on
i 2., elther pp or g will become Very smell before the cut-qtt range ‘is.

reacbed Often the cutw-off 13 not so preelsely defined. A more suituble

approximation to £ is then some form of exponentisl,; as depicted in. Pigure

: convenient app"oximation, borne out in many cages by more detailed analysis

8

~
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where o 15 2 constunt churacteriatic of the fuze and the target.
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A-second. type. of proximity :fuze:>uses. the- dopp]er 3hift in the res
tu adiation frol the target to detemine the- proper detonation -position.
Una.o8 the radiation is confined to:a sha.*p beam, consideuble dispemion in
detonation-positions will occur and use. of a- Gaussiamdistribution of detona-
tion. positions may be pem‘.ssible. If the radiation ‘beart 1s sharp; the dil-

tribution of detonation positions may be-similar to that for: the fixed ansle
fuze.

In -the:most - commen .comsiand-detonation-scheme the unges to- missile
and. to targe. a \neaaured u¥ the AH slte and uhe'x ‘these:méasured: ranges:be-
come: colncident a. detomtlom sigml is ttansmit;ted to the. nl's..il “The dis-
tributlon. ot d tonation positions 1 thus simi]ar :to. the distribution of .ers-
rors in range meu*urement a.ud us Lﬂll,l ¢an be .f.s.\umed Lo vé. Caussian.

:Fﬁw »o'\ditional KX P"'Ooubilitj

Epier

The conditional probabiliwv 59 that 11‘ the detonation occurs ‘at &
particular poiut d e ol "'*eApresctifwd category 11111‘ occur. 18 criticany

__gggentatiomh’arhead

A rragme 1t wa”hem 15 designnd to emi% -a large number of rrapmts
at-high velocity, ox‘ten con&‘ired vo-a raix'ly narrow- bean- near the equtorul
pnne of" the missile and symetrical about the: xuesne axis. Figure: 10: des-

picts a typical !.'ragnent yrariend. burst.

FRAGMENT WARHEAD
Figure 10
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The detonation of a fragment warheed at any point S can be charac-
terized by the fragment density, ragment muss, fragment striking velocity
and the angle of approach of fragmeénts to aireraft components., A common
measure- of fragment disiribution is. the expected number of fiagmerts per
unit solid angle, having vertex at the uarhead center, - A. typical fragment
distribution is illustrated in '?igux't. 11.

FRAGMENT

DISTRIBUTION , v\

ANGLE FROM' Foawgsri.p MISEILE AXiS ¢
Fragment densit,, at any sp2 caﬁﬂd disfar.ee ‘from. the warhead 1s:de-

flned as the expected. number of. "ragment-' passins uhroush;a unit. .area noml

to the. l‘ragfcent path. The distance from warhead ﬂenter, erp”e:ssed in tem
of miss distance r, is r/' ingf, and 6. fragment . de .84ty 1s. given by

g} sinog
B(g) sing =

"
-a

where D(¥) is- the expected-numbter of frugments per-unit solid angle and. # is-

the angle .rom. the forward -missile axis, Since § = arc tan'r/z, -angular
denaity D(ﬂ) can be expre.':ed ‘in terms of r and z, variables of intcmtlon
in equation {7), -

In many fragment warhend: designs provision 1s made to-contivl: tho
mags. of 1nd1vidual tragments. Test ﬁrings indicate that. a: high- dagne ot’
cont:*ol is. possible. The 3..rik1ng velocity of tragmcnts d!bendi. of. courn,
upors the initial frogment velocity,. the alr- dengity, the distance from ware
head' ceatar to the impact polnt, and. the missile and- target velocities, Ex-

periméntal rirings indicate that the striking veloclty falis off" expor.entmly

with this distunce. The vulnerabiuty of alrcraft components to the hpact
of" high velocity fragments .is usually deterained experimentzliy. A la!‘gc
numver of fragméncs of given-mase and veloclty ave fired at whole aircraft
or parts of aireraft under simulated T1ight cor .itions. Expericnced warhead
anzlysts -ther assess the damage to airiralt componeints using thelr good:
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Judgment to ascertain how many of the fragments that hlv a component would
inflict damage of the prescribted category., The rriic i killing fragments
to hits provides an estimate of the probability P, ttat if hit, a compcnent
will be kllled. iaving determined p, as a function of :ragment character-
istics and aspect, we then define .n vulnerable area A, ¢i the component
as an equlvalent area such that 1f hit by a {ragment a X111l is cert in to
resuls; i.e.,

Av = pcﬁp

where is the presented sree of the component., Because of ale drag on
fragments, P, ana so &v maoy depend upon miss distance r.

The disiributlon of frz. ¢ hitz on an aircraft may be biased be-
cause of large fuzlng errors or may be highly localized because the detonation
occurs close to the cireraft. ‘The latter circumstance iy of limited importance
since for such ncar misses, the blast from the warhead detonation may itself
be lethal. The former will rot be Important if fuzing errors are small com=~
pared to target size and the frugment beam covers the target, HNeglecting fuz-
ing errors and near misses, the distribution of fragment hits is likely to be
random; i.e., all parts of the aireraft are likely vo ve hit. Assuming the
target to have Just one vulnerable component, the conditionel kill probability
Ppn 1s the probability of ut leust one hit occurring on the vulnerable area of
tge compenent, since suck a hit is by definition lethal, It is reasonable to
assume that the distribution of hits on the component follows a Polsson lau.
The conditional kill probabilivy is then

-D(#) sin’p B,

(8) pD=l~e r'rz

since the average number of hits on the vulnerable area of the component 1is

b(g) sin2¢ A,

r2

If the target possesses several vulnerable components, the killing
of any one of which will constitute a kill of the target; i.e., the target is
singly vulnerable, then che average number of hits on vulnerable areas of
components is

D(g,) sineﬂl by

P
Ty

-

wnere the index 1 ranges over ..l ecomponents. The conditional kill probébil-
ity is then
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If the target ic smcll relative to the distance to detonation point and fo
the fragment beam widti, or i all vulnerable components are clustered so
that r, and ¢1 do not vary sigrificantly with 1 then

- )lg f—‘in
p w1l -e :E:AV1
D H .

Some tirgets are so consitituted that o combination of vulnerable
somponerts must he willed in erde: to kill thre tasget (e.g.. 3 out of 4 ene
gines or both pilot oud copilot), dusr targets are called multiply vulner-
sble., The calculavlion of pr for multiply vuluerasble targets is far more
complex. Most missile wirkeuds toduy are beine designed to inflict struce
tural kills and most targets are singly vainerable to structural damage.
Consequently we omit any detilled vonzlderatiorn of multiply vulnerable
targets.

Carlton Approximation

An alternative approaimate expression for the conditional kill
probablility Py krown as the Carltorn approximation, is of interest in that
it permits resdy evaluation of tre lntegral of equation {7) for several
situations of interest, The approximation assumes that Py is independent
of 6, ‘e write

2

-7

(9. pD = @ 2(!2

#here ¢ 1s & constant, cheracteristic of the warhead and target., Unfore
tunately no complete relationship is iircwn betweern the constant ¢ and the
many parameters describing the warheid and target. In consequence the
Carlton spproximation is useful primarily 1 investigating the effects of
variations in fuzing and guidance, after i value for ¢ has been chosen to
it more careful calculation: for one set of azsumptions regarding fuzing
and guildance,

Internil Blast Varhead

The desonution of an iatercal blast warnead 1s in many ways similar
to that of u fragment warre.d, in that, on detnnation, the internal blast war-
head emlts ore or more subprojectiles, each containing a high explosive charge
which is designed o detonate after penetrating the target aircraft skin, Two
critical problems facing the Interral blzst warhkead designer are provision of
3 sufficient number of zubprojectiles, e:ch contalning a lethal high explosive
chiarge, and provision of « surprojectile fuzing mechanism that will be insensie
tive to the forues 1t experiercas 1t ejJectlon but sensitive to impact with the
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target, in order to ceuse detonation of the high explosive charge at or Jjust
inside the target skin, However, such a detonution, if it does occur, will
usually be lethsal.

Characteristics of an internel blast warhead that differ signifi-
cantly from thos: of a fragment warhead are: .

The density of subprojectiles is much lower.
- A coaslderably greater portion of the target is vulnerable
to subprojectiles,
The sul rojectile beam angle @, measured from the forward
missile axis, is usually smaller,
In some cases more than one beam of subprojectiles 1s ejected.

‘the conditional kili probarility expression for f{ragment warheads
{equation (8)) i1s often zuitable for internal blast warheads, although den=
sity, angle, and vulnerable zrez will differ,

External Blast Warhead

The detonation of an exte.:al blast warhead produces 8 shock wave
which may be characterized at any nearby point by its pesk overpressure and
its positive impulse i{the integral of pressure over the intexval of time dur~
ing which the pressure exceeds the ambient atmospheric pressure). Damage to
an alrcraft from such a detonatior appears to be a consequence of a combina~
tion of the effects of peak overpre-sure and positive impulse.

The vulneratility of an aireraft to blast is customarily determined
experimentally, in a rmanner similar <o that used for fragment warheads. Static
varhead firings ave made sgainst whole aircruft or parts of airerafi, sud the
resulting deformations are assessed by experienced warhead analysts to ascer-
tain whether the deformationg constitute domage of the prescribed category.
Pressure measurements are mude during the firings, from which peak overpressure
and positive impulse are obbained. Somc combinations of pressure and impulse
produce lethal damage, and others do not, On a pressure-impulse plot, these
combinations fall in two regions, a damage region and a no-damage region,
having a fairly well defined boundary, called a dwnage curve, as depicted in
Figure 12,
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Rigure 12

The location of the damage curve on such a pressure=-impulse plot will depend
upon the toughness of the type of target considered, i.e., how well it can
withstand the effects of blast,

Since both pressure and impulse. fall off uith increasing distance
from the detonation-point of the warhead, a-crossover from the damage mion
to the no-dumage region of the pressuresimpulse plot will occur at some dis-
tance out from the detonation, Thus a damage contour about the aireraft can
be defined such that detonations within the contour Jproduce damage, and de-
tonations outside the cuntour do not. In fact, damage contours are cultcl-
grily derived directly from the resulis of test firings. The distances *7d
aspects between the aireraft or aircraft parts and the detonation point are
recorded, points for which static firings do and also do not produce lethel
damage are plotted about an outline of the target, and the boundary dividing
the damage and no-damage regions is drawn. Typically this boundary is rather
shaiply defined, The dsmage contour thus drawn will depend on the size, shape,
and toughness of ihe target and on the -high explosive charge in the warhead.
Because of the irregular shape and varying toughness of most airoraft, the
contour will usualiy itgelf be irregular; Figure 13 shows a crossesection of
a typical contour.
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To each point on the damage centeur there corresponds s combinatien of- ’o&
overpressure and positive impulse. Rach. combination corresponds in turm to
a point of the damage curve on the pressure-ispulse plot.

The discussien thus far has dealt with static firings at er near
ses level, Nowever, in an.sir battle meny isbercipts will éeeur st high al-
titude, where varistiens in ambient atmospheric pressure and in mm
will uunzucmtly alter the ‘behavior of s shoek wave, Thus a meens foF scal-
ing the sed level results to altitude is required. A convenient and satis-
factory means is to scale both puk overpressure and positive iqmlu to al-
titude, und then define a new deaige contour to correspond to the d-ltc curve
deprived earlier for the target in question. It should be noted that & simple
incrcuse in distance between target and detonation at higher sltitude will not
alone reproduce any psrticular combination of prum and impulse. MNowever,
an appropriate incresase in distance -at higher altitude will proguce another
point on the demage curve, and so the damage contour can be scaled.

Both peak overpressure and positive impulse of a shock wavs imping-
ing on & surface asy be reinforced by reflection from the surface; the -extent
to which reiaforcement occurs will depend critically on the angle of inim-
ment, The extreme cases are face-on (the surface is normal to the dirsction
of motion of the shock wave) and siae-on (the surface is parslicl to the direc-
tion of motion). But face-on and side-on pressure and iapulse scale differently,
and so in scaling results to altitude some corsideration muet be given to the
angle of impingement. The irregular shspe of mont targets greatly complicates
this problem; however, some evicence exists to support the use of face-on scal-
tm!
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liecause of the sharp definition of the damage contour it is per-
missible 'r most instances to assume that the conditional kill probability p
18 1 if 2. . --nton cccurs inside the contour, and is 0 if the detonation is
outzlde.

A simplifica’ion of considevable practical value has been used ex-
tensively., For purposes of e¢stimating blast damage, the target is assimed to
be spherical and of unif'orm toughness. The damage contour for the spherical
target will then also be spherical, 'the difference in iadil of the two:spheres
is, of coury:, the greatest distonce from warhead burst at which the tatzet
will suffer lethal damage. A convealent estimate of the radius of the- sphers
ical damage contour, whlch yields cetlisfactory accuracy, is the nadius of a
circle having the same arca ac that énclosed by a cross section or the dannge
contour for the reul target, taken through the target center, Since thz late
ter area will depend on the orientatlon of the ¢ross sec*ion, an average of
thesc arcas for several orlentations can bé used, To simplify scaling to.al-
titude, 1t 1g uceful Lo gpeclty the radluc of the spbcrical target ns*uell.

A satisfactory estimate of this radius can be obtaired in the same: nanner as
above, but here using thc projected arca of the real target rather than the
cross sectional zrea of the real damage contour. For the sph-rical nodcl -we
assign the value 1 to the conditiocnal kill probability Pp ir détonation occurs
inside the sphere, and the value 0 if détonztion oceurs outside.

Rod warhcads of tuo types ulil be condidered, One of these, the dise~
crete rod warhiead, on detoncoion, smits @ number of discrete netal rods; mich
a3 a fragment vurheed emits [ragments. The pattern of emittad rods is sililnr
to the fragment beam, although the rod beam 1s urually narrover and thc nunber
of rods in the beam is less, Damage to alreraft from a discrete rod ua!heud
i3 primarily & consequence of rodc striking vulnerable compornents of the air-
erafl, es in the case of o fregment varhend., To a lesser -extent damage may -be
caused by rods severing structural members of the aircraft., Vulnersble aress
of targets to rods are considerabiy greecter than to fragments, since individual
rods are larger and heavier than fragments.

The conditional 1:111 probability expreasion for fragment warheads
(equation (8)) will somc“imes provide sufficient rumerica). aecuracy when ap-
plied to discrete rod warheads to warrant 1is uae,

The other type of rod warhead 1s the contimuous rod warhead, A
single long continuous metal rod 1s folded onto the warhead over a high ex-
plosive charge. On detonation the rod expands In & circle approximstely normal
to and centered at the missile axis, as shown in Pigure 1k,
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The circle of metal expands as a virtually continuous rod until the circume
ference of the circle is approximately equal tu tiie length of the unfoldod
rod; the rod then breaks randomly into discrete lengths. The speed, thicke
ness, and ‘mass of the rod are such that if the rod strikes the ‘target air-
eraft, it will usually sevar the aircraft structure. Such structural a-m
%11l usually cause tnght failure, ‘unless tbe hit is on one of. ccnun X~
tremities, such as a wing-tip. Thus if tho miss distance is-'within the uxi-
mum radius of continuity of the rod, a catastrophic kill (K-kill) will usually
be prodiced unless the rod fails to strike the target Lecause of: fusing. errors,
The conditionsl kill probubinty falls off rather rapidly with miss. dutme
beyond the maximum radius of continuity, primarily because of rod- brnk-up.
¥ith proper fusing, the conditionsl kill probability Pp typically varies:with
niss distance as shown in Figure 15,

X - s — ——'

CONDITIONAL ’

KILL FROBAbILITY |
303

l%

MISS DISTANCE s "e

CONTINUOUS ROD CONDITIONAL KILL PRCBABILI |

Figure 19
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A convenient and (as is evident from Figure 15) reasonsble assumption is
to assign to Pp the value 1 for miss distances inside the maximum tadiuz of
continuity r,, and the value 0 for miss distances outside,

If fuzing errors cause the rod to fall to strike vulne.able struc-
ture of the turget, a kill may still be produced by Llast from the warhead
detonation. Thus within blast lethal radius of the target the conditional
kill probability w11l also have the value 1,

Naclear Warhead -

R

[Ty

The detoration of a nuclear wartezd in the atmosphere produces a
devastatirg snock wave, 1rterse heat, and a high level of radiation. From
the point of view of dumwpe Lo ulreraft, the chock wave is of primiry con-
cern, since 1a most cwses it uill inflic: lethul damage to the airzraft it-
selfl at consideratly greater distance than the others,

b 1

—— e . oW = -

ErEine T

One form of damage inflicted by the shock vave 13 deformation of the
‘ target, caused by the overpressure incident on the target, and characterised

by peak overpressure and positive w.llu as in the case or high explosive ex-
ternal blast warheuds discussed earlier,

TP T
-

A second form of damage inflicted by the shock wave is strustural
‘failure of aerodynamic surfaces of the target (wings or other surfaces which
provide aerodynamic 1ift) caused by.gust loading. A -characteristic of a. shock
wave is a rapid forward motion of the atmosphere immediately behind the - :hoct
front. This gust of wind eéxerts an added force on th¢ serodynamic surfaces
well in excess of the loading experienced in rormal flight. If the combined
louding exceeds the ultimate strength of the aircraft structure, the structure

will fail. Targets having ro asrodynsmic surfuces will, of course, not be
vulnerable to effects of gust loading.
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The gust produced by detonation of 3 high explosive external blast
warhead 18 of too short duration to have lethsl effects; to be lethal, the

gust must be of significant durstion, requiring a much higher lovel of energy
release,

The dis%ance from burai point of the miclear warhead at which gust
loading will Le lethal depends on the orientation of the target relative to
the burst. The diztarce will be greatest 1f the serodynamic surfaces are ap-
proximately nommal fo the direction of motion of the shock wave. 4 typiesl
letkal envelope for gust loading is shown in Plgure 16,
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LETHAL "ENVELOPE
Figure 16

The size of the lethal envelope will be deternined not only by the level of
energy released by thé burst, tut also dy the speed. and-shape of the target
aircraft. Both high speed and large #ing drea tend to- incum the lethal

envelope.

Adoption of a spherical dnuge contour, with. conutzml un prob-

heads. However, uider some cirmtmn. especially: u!nn umt dofomtun
cauud directly by blast i3 the prineiple fora of d-m the assumption may
be sufficiently accurate to warrant its use,

An alternative sssumption in many instances gives reasousbly close
agreement with the results of detailed calculations. The conditional kill
prebability pp is assumed to dscrease exponentially as the square of the dis-
tance from thc point of- detonation, auch as in the Cariton spproximation for
fragment varhesds (equation {9)). The distinction is that in the present
instance the distence is measured between target and point of detomation
ratner than point of closest upproach of the trajectory (miss distanee).

G. Calculation of the Kill Probability of an Operable Missile

We consider the evaluation of the integral of equation (7) for vare
ious combinaticng of guildanze, fusing, and warhead., Unless suitable simpii-
fications ave made the precise forms of one or more of the functions p,, f,
and g are usually such as to preclude expressivn of the integral in closed
form; the integral must then be evaluated dy some method of numerical inte-
gratlion., Such methods are usually lengthy and tedious, though .hey can often
he carried out expeditiously with the aid of e hizh apced computer,
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H. Lotto Hethod

Where simplifying assumptions are not eppropriate, the value of
the integral caa be estimated by the so-called Lotto aethod, a sampling
process, In this process a sample of detonation points is drawn randomly
from the sosumed distributions f and g. Por example, if g is assumed to be
radial normal, a value of r can be selected by drawing & random number be-
tueen 0 and 1 and determining the value of r that will make

r
] gdr = random number,
0

Similarly, under the same acsumption for g, all values of ¢ are
equally ukoly. 80 a value of 6 can e selecivd by drawing a second random

nusber and determining ¢ to make

®
51 I do = 1 nmdom number.

0

In like manner, a value of z can be selected- by dming s third’
random number and, using in £ the values of r and ¢ Just selected, deteimin-
ing z to make

2
. I fdz = random number,
~Z
Since (see equation (6)) the integral of f may be less than 1, we
mey not obtein a value of 4 for every random number dnun If no £ 1s.ob~
tained, implying that no detonation occurs, it is convenisnt to. cmt thiz
trial as a detonation in our sample anyway, but as one for which Pp = 0,

By repesting the sabove steps many times, we obtain tae coordinates

‘(r,0,2) of the detonation points in our sample. The size of the swmpie will

dictate the accuracy of the estimated value of Lhe integral, the lafger the
sample the greater the accuracy.

#for each point selected, we csiculate the conditional k1ll prob~
ability pD(r 9,2), and drav another random number between 0 and 1 to deter-
aine if a kill occurs. If Pp is less than or equsl to the random rwm™er, a
kill is scored, and if pp is greater than the random number, no kill is
scored. clearly, 1f p, = 0, no kill will occur. We then cowit the rumber
of kills scored. The gnuo of rumter of kills to number of detoration points
selected provides sn estimate of Py
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Once the sample of detonation points has been selected, an alter-
native approximation to Py is given by

Pt~ NN

: o o —tpiry ey Elry 0y 8y )8lry,0,)
: K JF1Fy 09,8 18ITy .84
where the summations are over all.detonation: pointe selected. This approxi-

mation arises from the derinition of; expectem vel\ze, is the expected vilue

of Pp» and the '-anpl.'mg process provuee .an approxm on $0 this expected
value,

I, Analytic Bvaluatione ol‘ the te‘

]

& d s ATl acerrr o -

It 1s poee:ble te: obtain relatively simple. expressions: for:py ]
the integral of equation: { {) by introducin. m,‘ table: n-pnnm;;“
for the runctions Ppe- Lo and g. Shputyins a;mgptione can otge be

T A Y F e & e e e e B e % & s 1O

¢

nccuracy, mzing accuracy) A

great .care should be-exercise

that they are applicsbie. 'Dif fe - to:

.different warhesds;. -for-this- reasor: exp"enione ‘tor- px #111-be derim upa-

rately for- eac!: aarhend type in: tum h
, )

A -few-assumptions will be -comson Lo the treitaent- of all wubead

types. A-circular opr- mm norul dintribution ot tnjectoriee, hevinc sten-

dard deviation ¢ in any one: dhemion, uin be-. umd one- ot tm'ee tlter-

native uemptim will be ude coneemmg fuse. cut—orb 1) no fuse- cut-og, ’ ’

2) a sharp mseeeut-otr range Tp, OF 3) an exponential. fuge. cut-ort varying ;

with niu dlstance according to-

- .
e 2&2
whare a 1s a constant, characteristic of the fuze and target.
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Fragment Warhead - Idesl Puse Model

The integral of equation {7) can be greatly singlified: if .we- assume:
that all vulnorable components are clustered close together, that: “the" vulner-
able areas of conponents are independent of miss- distence r lnd en;le 9 ma
that fuge operation is ideal in the sénse that the detonetion oceurs 80 as. to
place the most dense part of the fragment beam:at the centér of the vulnerable
components, i.o., ¥ und so r/z are constant, and hence
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a2
= D(#) sin“g LA,
is independent of r and 8. With no fuze cuv-off we have

A
%[(l-ere)eaoardr .
o . I

0

ince the: radius it of the tube of operabiuty :should be chosen -large. endugh
to preclude kills from detonations outside :the: ‘tube, no aisnificnnt error is
introduced by taking the abeove integral fron 0-to o0 . The above *mtegml

can bé written
co -r o0
= -1-5 f - f rdr .
0

The ficst of these Integrals haz the value one, since it is simply the inte-
gral -over the entire range of the radiai normal distribution, The- second Ane
tegral can be expressed: in teérms of. Kl(x), tho ~modified Bescel function or
the second kind- and. £irst order. We“then have

Pg=1- @’ﬁ (‘ngﬁ,

Values of the function Kj(x) can be obtained from. tables available in the
1iterature (Nutional Burcau of Standards- and. Goverrment Printin; ortice,
Applied Mathemdtics Séries 25 *Tablas of the Lossel functions Y (x) Yl(x),
K, {x), (x) 0=x=1", Sept. 1952),

Q“)'H

Q

If ve assume un 2xponential fuze cut-off but otherwise retuin the
above assumptions, we can vrite

bod -.kf;_ 2
%f‘}-e r")‘»e;?e;ozndr
4]
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where W =-J-'§+13 .
G a

alculations Using Carlton A’g’ proximation
"he Carlton approximation to the-conditional. kill probability Pp

(equation (9)) permits simple evaluauon .of the. integral:.of equation (7)
Lo aeveral variauons in guiaance and fﬁzing.

18 fuzing: dispersicn is snan. 5o that the fragment beam covers
the target, we have, with no ruze cut-oft’

P %‘[e% e202rdx'

Q

which reduces to

The. effect of a sharp fuze cut-off range- rp can readily be intro-
duced by tsking »p as the upper limit of mtogmtion. We then have

hod 41?2 -ra
1l -2 2
Py = ?, f e 2¢ e 200 nmdar
0
which reduces to
2
-r )y 1
2 . b (-5 + -5)
[ 4 w—— .
pK = ca""'.':-o"g l-e 2 [ [}

Thus the effect of the sharp cut-off iz to introducc the bracketed expression
as a correction factor.
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; Assuming an exponential fuze cuteoff, ue have
: o0 v

f % ~r2 -r2 -ra

i 2 2 2

D, = L e 2¢ e 2a° e 2¢° rdr
X 02

0

Comparing this expression with the corresponding expression for no fuze cut-off,

it 1s evident that the effect of an exponeniial cut-off iz fo replace

—l- by 1_‘_1__
2 ° 2 2

[ “

o]

Tt is convenient to write the exponentizl cut-off result ir the form

+ o° " a_
(c Y }

The effect of exponential fuze cut-off is to dgsin introduce a correction fac~
tor. the quantity in brackets.

The  Carlton approximat101 is useful in examining the effects of. biased
guidance, It 1s converient in this instancs to expréss the distribdution in
Cartesian coardinate w@th origin at the target, as in Pigure 17.

y &

MISSILE #)

59)

CENTER OF DISTRIBUTION

[3

"TARGET

F;ggre 17 .
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We let (X,¥) denote the center of the distribution, and h the distance from
the target to the centzr, so

h2=22+?2 .

of course satisflies the relation

r2 = x2 + y2 .

The miss distance r

The assumption of a radial normal distributiza of trajectories of course
implies that the distributions with respect to both x and y ure Gaussian
having a common standard deviation o. We may then write

xRy

1
glx,y) = —=e 20°
2no
Employing the Carlton approximation for Pp and assuming no-fuze cut-off,
Wwe have
o0 00 _ (x-i')aﬂy-i)a - %2 4 3°
2 2
pK - 12 e 20 e 2c dxdy .
2no
“00 =00

The exponentials of the integrand can be combined to give

2 2
on 00 . (c242) Xc® ica
~22 INW*"7ZT 3 *\W-2 2
| 2co c 4o c 0
Pg = =3 e
2no 2
-00 -00 - g 5 dxdy
o 2(c%4a%)
2 0o o0 2 2 210
. h L fet4s”) (x . Xc
1, 2(c2+02) e 80202 02+02
anca
“00 =00 o 2
( e
+ 1y ~ -
2 2
c T
The double ‘integral has the value
2n0202
02402
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and so h2

2 2(c2+02)

(10)
Thus the effect of biased guldance 1is also to introduce i correction factor,
the bracketed quantity.

Tae effect of blased guldance togevher with an exvonential fuze
cut-off can readily be obtalned if, in the preceding derivation, we replace

ol
ol

-% by +
¢ Y c

Fuzing Dispersion

The assumption of ldeal fuze operation set forth above is sometimes
not appropriate, and so it is necessary to consider the effects of dispersion
in fuzing. For the sake of simplicity we suppose that all fragments are cons
fined to a beam bounded by the angles ¢1 and ¢2, measured from the forward
missile axis, and that fragment density is constant within this beam, If we
again confine our attention to targets having closely clustered vulnerable
components, clearly a kill can occu» only if the warhead detonates between
z, = -r cot ¢1 and z, = -r cot ¢2 (see Figure 18).

- 47 -




ARSIty s w L

T OO0 0PI VOSVIRETY
APPUED PHYIICS LABORATORY
VI IV amae

We ussume that the distribution of detonation points along the trajectory
is Gaussian with mean Z midway betJeen z, and Zo, and standard deviation o, .
Ising the Carlton approximatior for P, and no fuze cut-off, we have

2 2
w2 2 . lE
2 2 2c
(11) Py = --—l-g- e 26 o 20, e z dzdr
+2x ozu
0 21

Since z 1is midway between z) and Z,, ue have, on change of variable of inte-
gration B

2 . (z-'E)2 or _ z2
2 . 2
€ 20z dz = 2 e acz dz
zl 0
where cot ¢1 - cot ¢2
a = »

2

Substituting in equation (11} and integrating by parts, we have

2

¢ 1
K c2+02

We see that the effect of fuzing dispersion is agein to introduce a correction

factor, the expression in braclets,

For an exponential fuze cut-off we have

2
_iz-2) | 2
2 .2
f= 1 e 202 e 2

and ‘so we can readily obtain an expression for Py if we replace

¢ a [+

in equation (12).
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For a sharg tuze cut-oif range o, the integration by parts that
led to equation (12) nou gives

2 ‘ 1 Uiy | aéa(c2+02)
pe = 55| == I A1t e
K 02-‘:-02 (c+q) GZ Gczo
'\1*” 22?
-5:2,*.02 P')
2c202 f I{ fﬁg
' \ o,

tables of values of which may be found in the 1lterature,.

Internal Blast Warhead

In some situations and for some purposes the methods for computing
which were derived for fragment warheads may be used to cbigin estimates
o% Pg for internal blast warheads. Ir particular, the beam of subproject-
iles muqt cover the entire target, and the density of subprojectiles must
be fairly uniform within the beam., The methods derived for rragment ware
heads are most useful when the analyst 1s concerned with the gross effects
of guldance accuracy and fuze perfermince.

External Blast Warhead

Adoption of a spherical damuge contour of radius r, ior an external
blast warhead leads to extremely simple evaluation of the Integral of equa-
tion (7).

Since distance from target is the opiticol parameter in determining
kill, 1dea11y the uarhead should detonato at ihe peint of closest approach
of the missile to the target. Assuming ideal fuzing in the above sense, and
no fuze cut~off, we have

I
.
2
pyz% eQG rdr
Y
/]
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A sharp fuze cut-off range ry will have no effect if R = rp,
If r, is the smaller, its effect 1s toc replace R by Iy in the above ex-
pression,

Acsuming an exponential fuze cut-off

DK-“:;[e 202 ¢ 20° pqr

paarr
o

vhich reduces to

PK .-na

; If a fixed angle fuze 1s used, the warhead detonation may occur

N someihat before or somewhat after the missile reaches the point of closest

: approach, HNeglecting fuzing dispersion and assuming either no time delay
or a delay proportional to miss distance, expressions for can readily
be obtained from those for ideal fuzing if we repluce r, by r, sin §, where
# is the fuzing angle, including delay.

N Some indication of the conse ence of fuzing dispersion can be ob-

X tained if we assume a Gaussian distri .cion of burst points along the tra-
Jectory, with mean at the point of closest approach (z=0) and standard ds-
viation 0y With no fuze cut-off, we have

: r, szlr) - £.2_ -2
: 2 2
' p, = Le2 L1 o 2% rdrdz .
K o® Ver o
z

0 -z(r)

Changing the order of integration, this expression becomes

.2 Vo a

rW
2 2
Pk = X jreacz %f e 2 rard 4z
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which reduces to 2
W -za rw rw -l —L-!’-— 22
JEL 20 2 1 2% o2 o
P, == = e z 4z --ﬁ—e e
K x o, %0,
0 0

The first term on the right hand side of this equation is the probability
integral I(r_ /o,). Evaluation of the second term Cepends upon the relative

values o! -~ . If ¢, =0, the integrand in the second term is 1, and
we have
w
px“IE'; "_“'.e 2° K -
If o = o, we have 2 P o
2 - hy
. Ty ] v o2 cza
p 1 N N _,___.__1 e 202 '\E-
K o n 2
z ¢ ti as
o | .

Tables of values of the integral in brackets are not as readily available
as in the case of the probability invegral. Hovever, ramerical integration
1s not unduly tedious.

Rod Varhead

Accurate evaluation of the probability integral of equation (7)
for discrete rod warheads in most cages requires detailed computer calcu~
lations, or use of the Lotto technique, In the treatment of fragment war-
heads a variety of simplifying assumptions vere introduced which led to
closed form evaluations of the integral. These assumptions are less pal-
atable in the consideration of discrete rod warheads, hecause of the na&re
rover rod beam and smaller number of rods, However for some purposes they
may be jJustified, and the corresponding expressions for pg may be uged,

The almcst certain lethality of the continuous rod warhead out to
the maximum radius of rod continuity permits simple evaluaiion cf the probe
ability integral of equation (7). If we assume ideal fuzing in the sense
that fuzing errors do not prevent the rod from striking the vulnerable por=
tion of tlie target, we have, with no fuze cut-off
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l‘2
i 202
pK = 3 f [ rdr
[+4
0
2
- rc

ib]

=l~e¢e 20

1

where r, is the maximum radius of continuity.

A shurp fuze cut-off range », has no effect if Py < Cp. ir, on
the other hand, re is smaller, its effect is to replace fc by re in the
above expression.

If the fuze cut-off 1s exponential, we have

The above definition of ideal fuzing implies that the warhiead
detonation will occur within an interval along the trajectory of length L k
equal to the length of the vulnerable portion of the target, measured in
a direction parullel to the trajectory. The continuous rod does not ex-
pand precisely in the plan normal to the trajectory and through the point
of detonation. Rather, the rod sweeps out a cone which makes an ungle §
with the forward missile axis. Consequently the effective burst interval
is displaced along the trajectory as indicated in Figure 19,

o

s

K e < K s

- 52 -

PRIV R TN




APRLIOD PHYIICS LADORATORY
MR e} MIRNS
E‘ARGET
L
/ \ /
/
/ V7
/ ~yo
/ | /
/ /
/ |/
/ [
/ /
MISSILE -~ (
TRAJECTORY ¢ e
~xy. . e E
2‘ \~\_____,/v ¢ —, e g 2
L
Figure 19
If uve assume that the distribution of detonatlon points along the trajec-
: tory is normal with mean at the midpoint of the effective burst interval

i and standard deviation °z' then, with no fuze cut-off, ve have

y r, . .‘:"_ L2 22
: 2 z
% pxs% e 2% pdp emdee f e P 4z
t [ ‘Vz: o’
s 0 0h/2
: 2

.rc
= l1-e 37 I(L/Zu:’

where I(x) is the probability integral

L2
I(x)-vgferdt .
'" 0

The last expression for py above neglects the contribution made by blast
damage when the burst occurs vutside the interval of length L but within
the blast lethal radius,

T SNRTIAN N4 AWy
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Muclear Warhead

If & spherical damage contour for a nuclear warhead can approe
priately be assumed, the expressions for p, for an externsl blsst wsrhead
“can be used. The alternative sssumption Jiat the conditional kill prob-
ability behaves in a manner similar to the Carlton approximation lesds to
two simple expressions for Py If the detonation occurs at or ne.r the
point of closest approach to the target, we may write

where as usual r denotes mizs distance, and ¢ is 2 constant cheracteristic
of the lethal envelope. Assuming no fuze cute-of{, we have

00
[ ea" rdr

ca
= ﬂ .

C 40

n
“ol*™

Because the lethel envelope for & nuclear warhead is so large,
a fuge cut-off 1s rarely amployed. Indeed, crude command furing is often
adequate, If we assume & normal distribution of burst points along the
trajectory with mean at the point or closest approach to the target and
standard deviation ejual to that of the guidance accuricy, we can then
employ a spherical normal distribution to represent the distribution of
burst points in space about the target. We then have

o0
--!5‘[ ¢ p dp

where p here desnotes distance from turget center to burst puint. This
expression readily reduces o

amr-a

3
¢

Py = '(""Ta 72 ‘

cw)5
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J. Salvo Xill Probnbintx

If the kill probability of a single missile against a target 13
not sufficiently inigh, it may, in some circumstances, be desirabie to fire
several misgiles ot the target simultaneously., To meet this need, many
SAN systems are designed v be capable of salvo fire; a single guldance
channel can guide two or more missiles to the same target at .he same time,
The tactical analyst is then faced with the question of what the probabila
ity of kiiling a target with a salvo may be,

If the vulnerability of th: target to the type of warhead in ques-
tion is su~h that cumulative damage inflicted by successive warheads ¢on be
ignored, the salvo kill probabllity can readily be derived. If a sslvo of
Y missiles is fired at a target, some number J of these will prove tvo-be
operable, and the probability pP(J) that exactly J will be operable is
given by ‘

pald) = (?)pﬁ"(l-pﬂ) V-

where pp 1s the single missile reliability. The probability py(J) thet 1f
J nissi§es are operable the turgst will suffer lethal damage is just the
probability that not all J missiles will fall to kill, i.e.,

pK(J) =1 (l-px)"

vhere p,, is the probsbility that a single operalble missile will kill., The
salvo k§11 probability p()/) is given by

Y
V) = Y paldiegld)
3=

{4
- L (f )’RJ“"’R)U.J [1 - (l-vx”]
w}

=1- (l-pRpK)y

=1- (1-p)u

where p is the single missiie kill probsbiiity,
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Pex investigations of the mechunics of :umulative damage to
singly vulnerable targets have been carried out. The limited investi-
gations that have Leen made suggest that cumulative damage to singly
vulnerable torgets is of only minor importance.

K. %111 Probability Agelnst Formiiions

The discussion up to thie point has been concerned with the kill
probabilities of misslles against single lisolated target zlrcraft. Howe
ever, aireralt muy attack in any of a wide varlety of furmations, If the
formation is fairly luosc, the spacing bLetween aircreft being large, each
target can be rngaged individually us an 2soluted terget and vhe existence
of the formatior w%li have mo 2ffect on kill probability, If, on the - other
hand, the aireraft iy sufflciently close together, the guidanée egiipsent
of the SAM system may become coniused, cuusing a substantiel increase in
miss distance and 50 a degradation In kill probabiuty. Of course, a very
tight formation mazy vermit a missile to inflist lethel dumage on several
alpcraft simultaneously, to the detriment of the attacrer,

The source of conttslon in the guidance equipment of a SAM system
is the Inability of u radar or miscile scexer £ single out an mdividual
target In the formatlorn in sufilclent time and then remsin locked on: that
varget during the vemaining fiight of ‘the. missile, A radar of seeker, un-
able to dlseriminate tetween tergets, tends to uander rmdomly -0 I8P~ the
formation, sitdpping crrtiesliy frowm target to target, ard syen moving oute
gslde the formation.

Different guldance systems are intluenced guitz differently by the
varder of the raday or secker over the formatlon. A beamrider vill follow
the radar beam approximately 12 the team ddes not move with tou great an.
angular rate. Thus the distribution of beemrider tﬂjactories through a
formation can be expected to approzimate the distribution of radar bcu
positions. In 2 command syztem the steerlag orders transmitted to tg)_c sMige
zile will be affected not-only by the instontunecus position of the radir
beam, but also by the rate of change of pozition, in that the latter unl
in part detemmine the predicted course and speed of the tamt. In. conse~
quer:ce a dispersion in uiasile trajectorlies larger than in rador besn posi-~
tlon can be expected. X homing missile will usually be able to ducrhimte
between targets when 1t peackes a point close encugh to the formation. How~
ever, if discrimination occurs tos luate, the spsed and maneuverability of
the misslle may te such az to prevent it from correcting the evror in tra-
Jectory obtaoining at the time of diseriminatlon,

One- further fomation effect warrants consideration, that of fuze
screening, pertinent to proximity fuzes. A missile muy be flying toward one
alrereft In g formzlion clomg a trejectory having 2 satisfactorily saall
miss distones. lovever, befere reaching thiz target, the proximity fuze
may debect another ‘avpes I the fomztlon, causing early detonation of the
varhes at a relatively Ineffective nogition fur b2th targefs.

- 56 »

P P S A G,

R T Y SONSERPNE '] SUpp

te . e gav

arn




Range rave discrimination, u.sing a velocity gate.
Angular rate discrimination.
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' Radars and missile seekers usualiy employ one or more of four :

: means for discriminating between targets: .

: ‘ Angular discrimination, determined by the beam width of the radar. ,
Range discrimination, by means of a range gate. »

The various methods for discrimincvion are illustrated schemetically in
Pigure 20.
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The success any combination of these wlil have in discrimlnating between

targets in cime to avold 4 degradation in missile gildance will depend

upcn the geometry of the formation relative tc the radar or the missile

seeker. Angular discrimlination may be effective against a line adreast
formation flying toward the radar, but nct against a single flle forms-
tion. The converse applies to range discrimination. FRange rate and
angular rate discrimination will be most effective when the formation is
flying on u crossing course,

A convenient measvre of the effect of a formation on the killing
capability of a misslle is the ratio of the expectéd number of kills in-
rlicted by the missile on the formation to the- expected numbr of kills
inflicted on an isdlated tdrget, l.e., the probability of killing an iso~
lated target. We call thls pratio the fosmation index.

The expected numbep ol ills In 4 formation can most easily be
calculated by attempting to separate guidance errors arising from radar
wander over the formation from thosc normally associated with an 1solated
target. To this end we assume these tyo types of error to be 1ndependent.
Consider ncvw a formation and a particulur ragar beam position within the
foomation, as depicted in Pigure 21

FORMATION )
+ A+ A F
™ TARGET
BEAN: POSITION BIAS h,
Pigure 21

If we assume that the usual errors associated with an izolated target

lead to a distribution of trajectories about this beam position, the prob-
abliity of killing the i-th target can be computed for the particular bias
hy, {see Pigure 21) using tne of the techniques discussed carlier for iso-
1atcd targeta, If w2 then assume a sultable distribution of radar bean
positions over the furmaticon, we con average the above kil prohability
with respect to this distribution ¢f biass n; to ubtain the kill probability
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for the i-th target Prie summing pyy over 21l targets, we obtuin the ex-
pected number of kills for the mies%fe against the formation, Ve have

K = Z J{pm(hi) B(h,) dh,

K = expected number of kills

PKi(hi’ = pprobability of x4illing the i-th target if blas is h1

8(n,) = distributior of bias hy .

The above formulation of expected number of kilis against a forma-

tion 1s unadequate for a homing missile wishout ome modification. The
difficulty lies in the fact that 2 noming mizsile can usuzlly discriminaste
between targets when At reaches a point close encugh te the formatlon but
may or may not be able to home on 8 single target satistactorily. Ve must
distinguaish betueen the two cazes of gsatisfactory and unsatisfactory homing.

where

With satisfactory homing multiple kills may cccur if the formation
spacing is smnll enough, even though the missile passes clagse to one target.
However, the chauce of multiple kills wil? fall of{ more rapidly with in-
creased spacing in this case. The probability of killing the i-th target,
if the missile is homing on another target, can be computed as above, the
guidance bias being simply the laterzl distance vetween the tergets, This
probability must then be averaged over sll targets on vnich the missile could
home satisfactorily to give psy. The sum of all the p, is the expected number
of kille Ky ir the missile homes satis{actorily on so&e target.

If the missile falles to hume satisfasetorily, it can bte thought of
as entering the formation randomly, a2nd the expected nunber or kilis Ky can
be computed as before.

There 1is a probability Py that a missile will home satisfactorily.
If the initislly random entry int¢ the formetion 1s such as tc permit dis~
crimination in time, homing will be sauisfactory. Uhether or not a parti-
cular entry position will permit discrinination 13 dependent on the geometry
of the formation and the method of diseriminuiion employed by the seeker.

The expected number of kille X is given by
K= pyiy + (-pyliy .

It i5 of intarest to consider qualitatively the variation of forma-
tivn index as a function of spacing between adjecent aireraft. If the spac-
iIng 13 very small, a single miscsile may ke expected to ikill several targets;
the focmation index will in this instance be high, considerably in excess of
1. As the spacing increases, fewer targets will be within lethal dictance
of the warhead burst, whersvev the burst may occur; consequently fewer kills
will be inflicted and the index will decrease. At some aufficiently great
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spacing, all targets wlill appear resolved and can be iIntescepted individ-
ually as 1solated targets, and no multiple kills can occur, At this and
ali greater spacings, the index will have the value 1. At spacings less
than thils critical spacing the value of the index w3ill depend upon the
lethollity ol the warhead. If the lethal diameter of the warhead is as
great or greater than the critical spacing, multiple kills can be expect-
ed at 211 spacings less than critical, and so the index will nev.r be less
than 1. Jn the other hand, 1f the lethal diameter 1s significantly less
than the criilcal spacinys, the random wander of the radar or seeker over
the formation will so degrade the guidance accuracy tnat at spacinzs less
than criticil the index muy fall well bLelow the value 1. ifligure 22 de-
picts typici) plots of formation Index versus spacing for ccth large and
small letnal diametcers. -

\ LARGE LETHAL DIAMETER

FORMATICN
INDEX

e

SMALL
ST L LETHAL T e
DIAMETER

FORMATION SPACING

Lo - — —\— — —

Figure 22

Calculation of Formation Index

Calculation of the formatlon index usually requires fairly de-
talled graphical or computer techniques. Intricacles in the means for
discrimination coupled with variations in formation geometry, as well as
the many difficulties in calculating k1ll probabllity for an igolated tar-
get, all preclude the use of simple analytic expressions in most cases.
However, hy way of illustration two simple caves arc treated here, one
analytically and the other graphieally.
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Consider b turgets flying directly toward an SAHM cite in line

abreast formation ulchn spacing S between adjacent targets, as shown in
Figure 23,

DIRECTION
p - OF
b TARGLTS | FLIGHT
N

BEATA OSITION

Figurs 23
—

Suppose that the conditional itlll probability p, can be expressed in the
form of the Carlton approsimetion (equation (9)7. Gtrom equation (10) we
then have
h 2
. —
c2 2(c2+02)
Pyy(hy) = 75—

¢ +C

Assume a unifo:m distrihutlion of radar beam position extending from one
end of the formailon to the other. Ve then have

{(p-1)5

1 .
Py = 5105 [ Byy (g )y

0 2
(b-1)¢ hy
- 2 2
2 2(e“40%)
= - 1 e dh
2,02 5115 i
0

"he expected number of kill:r 1s then glven by
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(b=1)5 h,2
» b 1
1 2
K = 2% 75175 Z e 2(c240%) dh,
C +0 i=1
0
b-1

I(x) 5\/% e dg

Slace the quantity on the rizht suiglde the brackets 1s cimply the kill
probablility Py for an isoluved target, the quantity within the brackets
1s the formatlon index.

The second illustirution iiutroduczs a tool convenient for many pur-
poses, known 2s probablility ccll paper for a two dimensional distribution,
The plane is divided into n {e.g., n = 1000} cells, cach cell containing
area corresponding to a cumulative probability of 1/n. In the case of a
radial normal distributlon the cells are usually arranged In concentric
rings, as shown in Figurc 26, Cells near the center of t{he distribution
are small, and those fapther out uzre larger. Ore point in each cell (e.g.,
the centroid) is clearly mcrked; its purpose will be explained below,

Consider agzain the same formation attack as above, but suppose now
that the conditional kill probabllity Pp follows “he lethal radius defini-
tion, 1.e., 1s 1 inside a spherical damidge contour of radius r , and is 0
outside. Assuming ldeal fuzing, only a trajectory passing witﬁin a distance
i of a target cun kill the taurget. To calculate the expected number of kills,
plot on a transparent sheet the targev positions, using es unit length the
length corresponding Lo ¢ on the probability cell paper. Around each target
draw a clrcle of radlus L Jelect a sulteble represeantative set of radar
beam positions. (The larger the set, the more accurate the resulting com-
putation.) Place thc transperent gheet over the probabillty cell paper such
that the first of the selected beam positions ~olncides with the center of
the probability cell paper (sce Fipure 29).
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Fgure 25

ifor each target, count the number of cells lying within the lethal radius
circle of that target; a cell is counted only if its centroid falls within
the circle. The number of such cells multiplied by 1/n is the probability
that, if the radar beam position is the one selected, the target in ques-
tion 1s killed. By repeating the above process for each selectad beam
position, and averaging over all the positions, the probability of killing
each target is determined. ’
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Firepower

‘A. Introduction

The number of targets engaged by a ZAM firing unit wiil vary
from battle tc battle, not only because of distinctive characteristics
of the attack but also because of random variations in many of the var-
iables involved for any given set of attack characteristics., Thus the
number o. engagements itself is a random variable, Rirencwer is defirned
as the mea.: number of target engagements occurring during an sttack have
ing given characteristics.

Plrepower depends on the time avallatle for fire and on the time
consumed for each intercept. The first irtercept can ocenr as soon as the
tirst target arrives in the firing zone and the last ns the last target
leaves the zone, Thus the time avallable for fire 13 at least as long as
the time for one target to traverse the zone, which is determined by “he
fntersection of the flight path with tre boundsries of the firirg zone,
including BRL, 4nd by the target speed. The time will further be augment-
ed by any timee-spresd In the attack, For example., consider a stream attack
st constant speed and altitude flying directly toward the Jefensive site,
The time avallable 1s then the traverse timc of the lead aircraft plus tte
time Interval between arrivals of the firzt and last airoraft at BRL,

The time consumed for euch: intercept is appropriately expressed
a5 the intercept interval, being the time from the intercept of one target
by a firing ungt to the Intercept of the next target by the sume firing
unit, as defined in Chapter II, Section D. A brief review of Sections C and
D of Chapter II will provide a useful background for the ensuing discussion,
As there indicated, the intercept interval can be and often is range depen-
dent. Hence, the firepower may be smaller or lirger as intercepts occur
predominantly at long or at short range. The dominant range in turn is de-
termined by tne distribution of targets in spasce and time snd by the order
in which they are engsged; 1.e., the firing doctrine used. e

B. Single Firing Unit - Rudisl Attick

To tntroduce certain basic notions without confusing complications,
conslider first a very simple tactical situation.

A single SAM firing unit is employed in its own defense. All parts
of the system are assumed to operate {equipment reliability 1s ignored). No
consideration 1s given to clearance shadows or to degradstions srising from
poor data. The specified firing doctrine ic assumed to be folloued without
error.
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The attack is assumed to be homogeneous, employing a single aire
craft type. All ailrcraft fly at the same speed and altitude along a single
radial path directly toward the SAM firing unit. Consequently the same
firing zone and BRL apply to all aircraft. Individusl aircraft can Le dis-
tinguished by the radars. The number of aircraft in the attack is not spec-
1fied but is assumed to exceed the number of missile salvos fired if no
alrcraft is engaged more than once.

C. Mave Attack

Assume initially that the aircraft approach in a wave; i.e., with
no significant time spread. The alrcraft are engaged 1n arbitrary order,
no aircraft being engaged more than once. Let be the maximum
and minimum intercept ranges as determined by the :one o!”l“gre and BRL; let
u denote target speed. Let p .. = Pl =Py ameee Py Py denote the
ranges at which successive targets are in erccpted. The betusen the
(1-1)st and 1-th intercepts is on the one hand the intercept interval T(pi)
and on the other hand the time (p p,)/u required for the attacking
wave to travel from range P11 to*ringe 31. ‘Using & linear approximation

Tp) =t + Pp

for the intercept interval, this equality may be written

Py: = F
1-1 1
or
Py = U
PL= T+
But P = 80 successive intarcept ranges can bs computed, and n deter-

mined as the greatest integer for which P ® Pyyne
Alternatively, it is easily seen by induction that

(13) L 14 1 +...+—-—--§-—

(1+ua)"'I Py T+up‘ T+up u+"mn-2
ILBAO

p 3——1—-Tp -g 1- 1

L "( (1+ua)"")
so

n1 ®tBe
(1 + up) G+ﬁ9n
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and a5 ppl
log 5?7-53:

n=l+ iog (1 + up)

But since P1 = Ppax and P ®Pps, = Pp, 41° one msy write

i 1o f_f_fféga
K Peniy,

¥ log .1 « w3l .]

‘ na= 1

where [x] denotes tre greatest lnteger not exceedirg x.

; If B : 0, then equation (13)

reduces to
o, % P " u(ne-l)
and
; Py = Py
H n:=1a4+ ™ .

PEDTY i)

Again, replacing py by Prax’ P by Puin’ and taking tre integral part of
the resulting expression . ’

P i
max ain
(14) n = [1 + -——m——-] .
It should here be emphatized that T(p) iz the time between inter-
pj . cepts and the preceding equiation applies to an intercept interval that is

independent of range. Such independence will srise when the rate of fire

1s launcher, governed, provided the attack path passes directly over the SAM
firing =ite, In this eveat the time between the (i-1)st and i-th Inter- -
cepts is the launcher cycle time T; plus the time of flight to p, less the

time of fiight to fy.ye Tne time &etueen intercepts, for approaching tar-

gess, 1s
P11 = Py
_— Hence, letting v dernote mean wissile speed,
I S O s O Wl
L7V v u
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1% P11 u ’
1+-‘7
By induction
uf
L
p. = py = (n=1}
» n 1 143
and
P P,
u, 1 n
n-1+(1+;,-) T

or., as before

Py, = P,
n=14{1+2) ma.xm nin] .
v JLL

Comparing this equation with equation (14), clearly

1
T
u L
14 v

(See Chapter II, Section C),

If the targsts are receding (cutbound}, the time between inter~

Py = Py..
cepts is 1u11,am
.
Py = P51 1.8
v
In this case
a= T .
1-3 L

D. cContinuous Approximation

The expressions fur n given above provide estimates of firspower
quring a wave attack. Each i o step function over the range interval Panx
to pgyn» whose values Jump from one integral value to the next, as ine

dicated In Pigure 26,
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Figure 26

Situations in which it is dasirable to approximate a step funce
tion by 2 contlinuous function arise go ofien in this and similar calcula-
tions that z few remarks on this point are in order. These remarks, while (
apecific to tine situavlion at hand, are typical of arguments used in a var-
jety of sivilar situations. ’

e et A Lo S D ke e n Okt

It should first be pointed out that three continuous approxima- :
%ions are of particulayr interest:

The major approximation, which touches the tops of the staps
“he minor approximstion, which touches the bottoms of the steps
The mean approximation, which cuts each riser at :tz midpoirt.

8ince the step function lies between its major and minor epproximations,
the relative error in using any of these ipproximations 13 less than

{major approx \: - ininoc approx} 1
netion “n

and hence 13 smell whet n Is large, The relative error in using the mean
approxisation 1s = 1/2 n, which is still smaller., Hence, when n is lavge,
any of the three approximations is acceptshle without further argumert,

oy

The indeperdent variables (gwx, Puins ¥, @, B) from which the
values of the function in questlon are computed are, in an actual factical
analysig, not known exnetly but estimsted from available data and henrce
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properly regarded as random variables, the spread of whose distribution

arises from errors of estimate and/or the statistical nature of the quane-

tity being estimated. The number of targets engaged as a function or these )
random viriables 1s itself a random voriable with a distribution function :
which in principle can te computed, but * . practice is difficult to deter.
mine, This view of the expected number uf targets engaged as arluing (in

the usual way) from a random variable permits a atraightfordard treatmeat

of the discontinuities in n,

> "

At those values of the independent variable correcponding to a ‘
discontinuity in n, what actually happens statistically is that in adbout '
half the actual cases one gets the higher value, and in about half the ace
tual cases the lower value, ¥hen these favorable and unfavorable ceses
are averaged together, the expected value 5o obtained 1s siwply the avercge
of the higher and lower values, This argument leads one to prafer the mean
approximuticn, nol only Lo olher contlnucus approximations but even to the
step function itself, as un estimate of the expected number of targets en-
gaged.

£, Continuous Approximation Foimulas

An the basliz of the last two sections, the {ollowing estimates are
suggested for the firepower during a wave attaclk:

a+Bpll‘.L‘(
],osa"_sp =
N:&‘.‘.“;i& if *0
2 " log (1 + up) p
1 . Pmax ~ Pain
HSE"’-.—‘-“_— 1:6:3 .

In the first formula above, the base to which the logarithms are taken is
imaaterizl, since only ratios of logarithas are involved, If ¢ is deter-
mined by the launcher cycle time T., the second formula above bacomes

[+) “Pp
%— + (1 + %) é-'ala-,r——'—i-'l for approaching targets
L

1 u, Pmax " Pmin

Ty for receding targets

F. Extensions of Formulas

In some Instances a single linear approximation to the intercept
interval T(p) is not satisfactory, but a plece-ulse linear approximation
is. To illustrate, cuppose
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Tp) =] a+pa Pl=p=p,
a' + Blp t" =p 2ot
# : " '
o Ppip W O % P

See Figure 27)

1]
\

Féggre gI

Using the methods derived earller, one can calculate the firepower achieved
in each range interval, and add thes2 to oubtain the total firepower. How-
ever, the 1/2 snould be added only once, since it 1s included to allow only
for the first intewvcept, st Prax’ One may thea write

e, ..)
max T D' "
B -1-_. ' log Tlp's_ N log Tle” . 2] min
2 log {1 +uB) log (1 + up!) w” )

Consldec now a SAH system having one launcher uith cycle time T,
and two guldance channels, eacn with intercept interval T{p) = a + Pp.
Let the first intercept occur at maximum range . Since another guidance
channel is available, the next engagement will be delayed only uatii the
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launcher is again louaded and ready. Hence the second intercept range is

o = p - uTL
2 1 1 .

<is

The next engagement will be delayed until elther the launcher is loaded
and ready, or until the first guldance channel becomes free and avallable,
whichever delay is longer. The third intercept range 1is thu:s given by

4

u‘I‘L

u
1 v

p3 = min ¢ Py

no®

k1

I ¢ up *

I: similar manner successive 1atevcept ranges can be computed, and the
firepover determined. An analogous calculation can, of course, be made
for any number of launcuers and guldance channels.

If an estimate of the rlirepower ig alli imat 1s vanted, the indl-
vidual intercept ranges being of no interest, & simpler procedure can be
followed. Instead of tne stepeby-step procedure used zbove, in which each
riece of equipment must be kept tirack of, one can use the aversge launcher
interval and the average intevcept interval described in Chapter II, Sece
tion D, to define an intercept interval for the entire SAM unit, and then
compute firepower bty any of the methods derived ecrlier. The intercept in-
tcueval to be used 1s

/M, :'

T(p) = max{ T + u/v

o Pp
Yo

vwhere ML and HG are the numbers of lasupnchers and guidance <¢hannels respec-
tively.

If the step-by-stepn procedurz 1is [{ollowed, the intercept points
will usually be rather irregularly spaced along the attack path., Use of
the average intercept interval Just defined will lead to about the same
number of intercept points, but spuced at more rearly regular inteprvals,
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G. Means and Dispersions

The computations abeve arc typical of many in this fleld ix that
they uce mean values of the independent variables througrout, rather than
performing calculations with random variahles and then averaging ir the
final step. The reascn for doing this ls that, generally speaklng, tne
eariler ihe averaging is performed, the simpler the caiculations become,
and, furthermore, the distributions of the random variables are rarely
known, Such an inversion of the correct order of cperatlions does not gei-
erally yield correct ansvers, as 8 very simple example shows. The inver-
sion does often provide an adequate approximation. however.

fet x be a randow varlable uhich has the three equnlly probadie
values 1, 2, 3. Let y = 1/x, Tnen ¥ = 2 and 1/X = 1/2; but

-_ 1 1.1, 1

y=13 (. 3+ §) = TE'% 1/x .
Hence, inverting the averaging operation ard the (ron-linear) operation of
taking reciprocals yields a wrong answer by some 1/9 = 1l percent.

Howaver, the following argument partially Justifies the inversion
in some cases of present interest:

Let f(xl, X seer X j be a function of uhe random variables xy.
» eess Xo. LEL Xy be the méan of x and l2% b - x . It ‘Kxiy
has contimious secend partial deﬂivat;vns, Lhen its Taylor ezpansion can
be written about the mean point:

f(xi) = 1‘(:{1) + 21: rihi + R,

vhere f1 32 f(x ) and R, h» remainder, is 2 sum of higher order terms.

The mean, E(f) and variancp o (f). car: then be written

E(f) - /%)) 4 E(R)

3

¢ {f)}) = z “n.h) iam)

since ?(h }=0,0¢ 1t(x1)) = 0, and the cperations of tuking mean anc vare
lance are 1inear.

When the remainder term, R, ir so small {in prcocbility) that its
neon and variance can be neglected in the -pprozimate computation at hand,
the approximscions

el

L g




THE JOMN MO LMIVIANTY
APPLIED PHYSICS LABORATORY
1Y NG HARVAND

B(f) = £(%))
() = 21‘12"2(“1)’

can be used. The first of these Justifies averaglng at the begluning
rather than at the end of the calculation and the second permits a com-
paratively simple estimation of the variance when the calculation is
completed.

The remainder term is ¢f the form

1l
R=3 Z Z £y404%
i J
whera
2
£,, = wem—m———— (X, % h!)
i . i k
éxi 6xJ
with lh‘lcl - hk| .

This remainder ls small, therefore, when the second ¢rder derivae
tives are small (i.e., the function f 1s almost linear) or when the devia-
tions h, about the means are small in probability (4.e., when o(h,) is small
compared to ii). One or the other of these two conditions holds “in many
cases of Interest. In particular, the intercept interval, .(p), typically
has a dispersion which ls small compared .o its mean value.

[t should be noted that the argument asbove makes no assumptions
about the independenc. of the random variables, x;, or about the forms of
their distribution functions, except exi.itence of first and second moments.

i, Integral Formulas

. I many instances of interest, the quantity up is sm21l relative
to unity (e.g., as the rat.: of target speed to missile speed). If this is
so and natural logarithms are used, the expansion

} 3
. S S
In(l+x) = % 5+ 3 e

gives the approsimation
Ny )
1 1 19X
N = = e 10 .. <
H=5s o 1n =l pm-—,-m (up <€ 1)
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X. Alternate Computation

It Is interesting to notice the last equation can be derived in
a scmewhat different fashion:

1
N=§+l+“.L
where 1/2 is allowed, as in Section E, for the target engaged at Py = Ppay?
and 1 for each of the cargets engaged at Py «ovr P As in Sec@ibn c,

=0,
the 1-th v. these l's may be written fan

whence

i

1]
noj—
+
=i~
™M
§
+H>
PO
-

Approximating the sum by the correspopding integial,

J. Graphical Integration

The expression for N in terms of an integral, given above, suggests
a graphical means for computing I that is particularly useful when T{p) does
not admit o simple linear approximation, The reciprocal of uT(p), is pletted
against p on suitably ruled graph paper (Figure 28),
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Figure 28

The desired integral, which is the area under the curve, cen then readily
be evaluated by counting squares and multiplying the count by the value

per square:
1
Ik (uTip’)' ka —

K. Stream Attack

The discuszcion thus far has been concerned with a wave attack;
consider now the effect of a time spread in the attack. To be specifiec,
suppose that the attacking aircraft approach in a stream, with a time spac-
i1.g of s seconds between arrivals of successive alreraft, Alrcraft are
engaged in the order of thelr arrival, no target being engaged more than
once, As in Section C, equate the intercept interval T(pi) to the time 1t
takes for the i-th target to fly from range Py.1 + Us, its range when the
preceding intercen¢ occurred, to rarge Py-

Pi.y * U =Py
u

Tlo4) =

or

p ~ P
1-1 i
T(pl) =8 = et

Comparison with lhe correspending ecuation of Section C shows
that tie effect of a tlme spacing s between succesalve ftargets is to sub~
stitute T{p) ~ . for ?{p)}. Otherwisec stated, a time spacing s petween
targets has the same effect as 8 decrsese of ¢ in the intercept interval,

=
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The discussion of firepower agilnst z wave attack, the deriva-
tions of fermulas, and the description of the graphical integration com-
putation are applicable to the stream attack with spacing s as well, the
only change being .0 replace T{(p) by T(p) - s. Indeed the wave attack
as treated 1s just a speclal case of the stream ittack, with s set equal
to zero. The more general continuous approximaetion formulas, for arbi-
trary spacing s, are

2—_ it

Y . ¢
' log T(pqu. :
N == - - /
i 2! log {1 = up) 12p/0
.1 Prax T Py
=gt @s ire-o

In particulsr, for launcher governed fire agairst uapproaching targets

- P

. 1 u, Pmax nin
-t x\l-e-i(l'i-v)—m?-:—;,-

L. Two Graphical Computing Methods

- A graphical means for computing successive intercept ranges py,
applicable to arbitrary spacing, is the familiar strip-matching technique;
it is particularly useful when 2 linear spproximation to T{p) is not sate
isfactory. The method has wider applications which will be discussed later;
1t is explained “ere to avoid unnecessary complications.

Suppose, f'irst, thar fire is guidance channel limited, After se-
lecting s convenient distance unit {e.g., 10 kiloyards per inch), prepare
an intercept interval strip, on which conveniently chosen values of T(p),
covering the interval from T{g . ) to T{p . ) 2re entered at the corres-
ponding ranges p, measured in the selected*distance unit, A convenient
means for doing this is to plot T{p) versus p, the latter in the selected
unit, and mark off the chosen values T,, Ty, Tp, ... Of ™(p) on the T~-axis.
FProm this graph, read off snd mark the corresponding ranges Por P1s Py eov o
Lay a strip of paper slong the p-axis, mark off tre ranges on the strip,
and enter the correspording times !see Figare 29),

- 77 -




e
Ty ————— - - —
Tl-- - - — = :
| |
T - - ] |
! ! |
To ! |
" | |
~ A 4 ~s
i | | I
T, T T n . —
Figure 29

Next prepare a target strip showing the distance of target travel,
in the selected unit, versus time (Figure %0).

-+
(7]
&+
»
o~
- O

On a separate sheet draw a straight line attack path and mark off
the firing unit position and the maximum and minimum intercept ranges.
Place the two strips along the line as shown in Pigure 31, The index of
the intercept interval strip should be at the firing unit position, The
appropriate position for the target strip will depend upon the taiget spece
ing; for spacing £ the point t = s on the strip should coincide with the
maximum intercept range Pmax’ With the strips properly placed, determine
the point at which the times on the two scales coincide (1.e., T = t). Mark
this point on the attack path line; it is the second 1ntercept range, pa (re-
call that p (The two strips are no more than a simple analos com=
puter for the so 3§ion of the equati-n T( ) = (p J/u). Next siide the
target strip along until the point t = s coincides wipﬁ the second intercept
point, and mark the point at which the two scales coincide (i.e., T = t) to
obtain p5.
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Figure 751

Proceed to mark the successive intercept points in this manner until some

range pn.3 falls inside the minimum range g If a2 continuous approxi-

mation to the firepower 1s desired, one can 1gterpolate between Pn and

pn+1 Further, if the mean approximation is desired, n shculd be reduced
1/2 as before. Thus

p, = P
an-%+JL_££ ,

Pn = Py

If the intercept interval T is indepandent of range over e part
of the interval from pg.., %0 pugn, the intercept lnterval strip should show
the constant time T cor*espond?hg to all of thai part of the interval,

(See Figure 32)

| A i
Vo -1

T CONSTANT

Iigure 32

Thus in matchir, strips to find intercept points, one need only look for
the point cn the target strip a¢t which t = T constunt, If the intercept
interval 1s constant over the entire range interval, no intercept Interval
strip is needed.
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An alternate graphical method for computing successive intercept
ranges follows. T1t, too, has wider applications, vhich will be discussed
later,

First plot intercept interval T(p) versus range p on a translucent
sheet (Chart A). On a separate sheet plot target range versus tizz (Chart B)
for a single target, using the same time and range scales as in Chart A,
{See Figure 33)

.T(p) t

/”nﬁn /%ngx 0 /45
CHART A CHART B

Fggre 33

The first intercept range p ax* 10 find the next Intercept
range p,, place Chart A on Chart B Aith p=p,of Bat p= (=p )of A
and t = 0 of Bat T = s of A, wheie s denotes spacing betweena§argeta.
Read off the range p = Pps On A, 2t which the target line of B intersects
the intercept interval curve. Lo rind.pj, move Chart A so that p = Po of
Bisatp,of Aand t = 0 of B 1s at T =“s of A, Read of' the range p = 93
on A at whicn the target lire of B Iintersects the intercept interval,
Proceed in th!s manner until some 1 fells to the left of ine As before
a continuous approximation to firepower cun be obtained by interpolation

between P, and Py’ {See Figure 34)
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1. Single Piring Unit - Crossing Attack

Thus far we have considered a special tactical situation of a

single SAN firing unit éngaged in ita own defense, The attack followed

a radial path directly toward the SAM unit. The present section extends

the results to the situation in which the SAi! unit 1s engaged in the de-
fense of a surface target other than itself and the attack follows a single
straight path toward the surface ta:get. In general, the path will not

pasa directly over the SAM unit; i.e., will be & crossing attack path, The
effect of a. crossing path is to introduce certain geometrical complicztions
into the calculetions. A1l simplifyring assumptions previously made are nere
retained except for the position of the SAM unit relative to the attack path.

I, Wave ittack

Initially we will assume a vave atiack, The aircraft are engaged
in arbitrary order, but no aircraft is engaged more than once., To account
for the geometry, it is convenient to introduce a Carteslan coordinate sys~
tem with orizin at the surface target center, x-axis alonz the attack path
8o that the attack approaches from the positive direcilon and y-axis noermsl
to 1t. Let (xe, yo) be the coorairates of the SAH firing unit position (the
distance y. is often called the crossing distance or crossing range); again
let p denoge intercept range to “he target (see Pigure 5%).
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The relation between intercept range . and the corresponding tare
get position x muy be written as

[E B
x=4.°+ p-yo

- .‘,/' T2 L2
p= (x=x )" +y,

Let ppas be the maximum and minimum 1ntércept ranges as de-
termined by the zone %? fire and weapon release poin i.e,, the first pos-
siblé and last pos¢lble intercept ranges: let xnix be the corres-
ponding target positions along the attack path; let u den%gb tarzet speed.
Let x o = Xy Xy>... 4, denote positions at which successive tar-
gets are 1nterce§ted and p ore the corresponding interceri ranges.
The time between the (i-l)s% agg i-th Intercepts 13 on the one hlnd,the
intercept interval T(p,) and on the other hand the time (x, x;)/u re-
quired for the autackins wave to travel from X5,y to 44, Using %he 1inear
approximat ion

or

T(p) =c + Pp
for the intercept intervel, this equality may be uritten

X - X
1-1 "1
G+ Bp1 = m .

But

] 2
(15) Py = -\/zxi - xo)L + Yo
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Substituting this cxpression tor Py in the preceding equation and solving
for x4, a recursion formula giving x4 In terms of Xx; , 1s obtuined. Set-
ting Xy = Xpaxs successive intercept positions can !150 computed and n de-
termined as the greatest integer for uhich xn i min’

A recursion formula, mere convenient for computing pucposes, can
be obtained by assuming the last intercept at Xmin and then calculating the
next-~to-last intercept positiorn, the second-{rom-last, etc. To this end,
let Xy, = X1 % zle.., x!=2z _ denote the intercept positions, numbered
in the reversSe order of vccurrencd, and let pé, pé, vee o p"1 be the correse
ponding invercept ranges. Then, as ubove,

% - X
it 341 i
‘(pi) - u
or
z =z} +ut(eh
i+l i 1’
But, again,

t t ty2' 2
HE -V(x1 xo} + ¥,
' e oo ' t t” !
Z};t;s, setting xl = xm’ , one may compute pl, then x., and so Pps then x3,

Because of the guadratic relation tetveen x; and p,, an inductive
arguiens Joes not lead directly to a convenient formula for'n, as uas the
case ith o radial attack. Houever, if one writes the intercent interval
as a function of x, :

T=T (’V(x - xo)a + 5'02

and then chooses a suitable approximation which is linear in x, 4.e.,

Tsal + 64X

the earlier inductive ergument may then be followed and one obtains

Gt o+ i
2

= l T Cr—— i ———
n N log (1 + u!)

X X
o nN
+ 1

7y it pt =90 .

n=1
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Yieg T +up') 1L B £0

max min 10 gt = 0

1
=34

When the rate of fire is launcher governed, vhe intercept interval g
will not be independent of intercept position, as in Se-~‘on C, For, re-
¢all that the intercept interval is equal to the launch -cle time Tp plus
the difference in times of flight of the l-th and (i~1)su vos., But this
difference in times of flignt is not independént of range when the attack
path is a crossing path. FPor example, if the intercept range p, is long
compared to the crossing distance y., then the difference in in%ercept ranges

st P AN

var, i

is approximately equal to the difference in intercept positions, and so the
difference in times of flight is approximately (x,_; = x4)/v (see Figuve 36).
If, on the other hand py i about aqual to Yoo thén so may p,_; be abou}
equal to'y,, then so mayr py 4 be ghout egual-to Yo and the &1}

gight is small,

ference in
times of T

X A% Xj-y xj ax .
Xi-14
AP~ AX AP~ O

If fire is launcher governed, a recursion furmula giving successive Inter
cept positions 1is obtalned by substituting equation (1%) into

PL Py X33 %y

T — =
Lt v v P

and solving for Xgo
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0. Integzral Representotion

For a crossing attack path the invegral representation of fire-
pouer U 1is

xma:f.
1 1 ax
LG -
K= ) + o m(p)

X
‘min

vhere p is expressed in ferms of target posltvion X, Because of ‘he quad-
racic relatlion betuezn x and p, evelustion of this integial does not lead
to 2 simple closed form even 1f 7 1¢ exprevsible 2s T = ¢ + Bp. If, howe
ever, a suitable cpproximation Lo T, wkich Is linear in x, or at luast is
plece-~ulise linezr In x, can b found, the Integral can then be evaluabed

28 defore., Even without such appruximatior, grophical or numerical eval-
uation of the integral cun be mude,

P. Stream Attack

Extenslon of the earlicr results £ a ersssing attack path to an
arbitrary spacing s iz very simple and ctraighiforuard, In 3eetlon XK, it
uag shoun that 2 time spacing & has the sane effect as a decrease in tie-up
time. The same argument applies in tne case of a crossing attack path, and
so, ulth © replaced by T-s, the results of the preceding section apply to
arvitrary spacing s.

Q. Grapunlcal Computing :mcthiods

“The method of stripn-matching described in Section L is diractly
applicable to the erossing attack path situation.. If fire is guldance chan-
nel limited, an intercept interval strip and a surget strip are prepared
exactly as before, On a separate shect the attacik path is drawn, the SAN
firing unit position is indicated, and the first (x,..) and last (xm ) in-
tercept positions are marked off, The target strip ?? nlaced along %ﬁe
attack path, with the point t = s on the strip coinclding uith Xpax® foyr
target spacing s (see Plgure 37),
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The intercept Intecval =tplp iz placed with index at the UAY riring unit;
i1t is coavenlent to insert 2 pin gt *his point, to pormit the intercept
Interval strip to rotate anour the 5AM posiblon, 7The lavter strip is then
rotated until the two strips intercect at ¢ point such that T = t, This
voint 1s marked on -the sttaciz path line; it is the second intercept posi-
tion x, {recall that iy o= xﬁ‘,). The target strip is next moved along the
path until the point t = 5 o?zthe astrip colncides with the position x,.
The intercept interval strip is rotated until the two strips intersect at
a point such that T = t; the point is marked off as poesition X35 Success~
ive Intercept positions are marked off in this manner.

If fire is launcher governed, the intercept interval 1s given by

and the differcnce in times of flight Is not constent (see Sectlon N). The
problem to be selved by the use of strips is the solution of the equation

P11 = Py

m - { - .

i+ tplegd - gl y) = =
or Py = P

. 1-1 i .

TL + tr(pi, el u r—— + tr(pi-l)
The target striy should be preparved as before. The intercept interval
staip, however, 2quires tuo scales, one giving T, + t.(p) versuc p, and
the other t.(p) versus p. 1In preparing the strip, firdt choose seversal
convenient valucs T°, Ti. or O 2% =i 4 ta{o), covering the interval
from 7, + tr(pmin) to T, + er(pmax)’ and enter these times at the corres-
ponding ranges p. The mevhod of Sectlion L can be used here. At each of
the ziove ranges, also enter the time-of-Tlight tr(p) {sce Figure 28).
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The procedure for find ng successive intercept points is as follows, Place
the intercept interval strip uith index at the SAH firing unit, again in-
serting a pin to permit rotatlon of the strip about the SAl site. Rotate
the s*rlip so that its ruled edge passes through the first intercept posi-
tion , and read off tae time-of-flight to thls position. Iiext place
the target ctrip along ~he attack path so that the first intercept position
is opposite the time on the target strip scale uhich: is equel to the time
of fiight Just read off{. Holding the targei strip fixed, rotate the irter-
cept interval strip until the two strips intersect at a point such that

71 = ¢, This point is merked on the attack path ilne; it ls the second in-
tercept position x, {see Figure 39).

FIRING
UNIT

3 T TPOINT A)
o, WhitH T2t

FiRING
uNIT

STEP STER 2

Pilgure 3
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Proceed in this manner to find thie successive intercept posi:i.cus,

If fire 1s guidance channel limited at long range and launcher
1imited at short range, proceed as described above for guidance limited
fire, =c long as this limit 1s governing. Then sulteh to the launcher
governed procedure, replacing xp .. by the last intercépt position ~btain-
ed under guidence limited fire, ) -

The alternative graphlcal method described in Section L 1s .also
applicuble, 1ith one modification, vhen fire is guldanée chéunel limited.
The intercept “nterval must be cxpressed in verms of target pwsltlon X,
by means of the quadratic relatlon betuce.. p and x, ard bé plotted against
%x to glve the counterpart of Chart A (Figure 33).

A simllar melnod can be employed when fire 1is launcher govérned.
On a translucent shect plot tlight time tp and also flight time plus
launcher eycle time T, versus intercept position x, using the quadratic
relation betucen p und x to expross flight time in terms of x. (Seé PFig-
urc "0} Thic sheet takes the place of Chars A,

(i - At

TIME ;/

X x
INTERCEPT FOSITION %2 %

Figure o

lark off the first intercept position % corresponding to + Place
thie new Chari A on Chart B so that the target line of B 1§E§§sects the
tp curve of A at x,, keeping the corresponding axes of the two charts
parallel. ‘'the seecond intercept position x, 1s the x at which the target
line of B intersects the 7; + t, curve of K, Iin llke menaer successive
intercept positions can be obtained.
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R, Fire Andlyseis K

3 ;g ; A five analyzer 1s a:dévice uséful in cql\.ulating firepowex- -of. * ;
F o M ’ a single SAlf "firing unit :against ‘8 variety -of crossing attacks. .85, 'dn.
_ a map exerclse one may wish. to Gorisidér sevéral attack paths and .seieral i ﬁ
. SAn sités. The fire analyzer consists of a family of parauel attaek : T
£ : paths wich.successive intercépt points marked -off on each, The 16ei of : i
< interéept points -form. i family -of Successive- mtercept cux'ves H ¢ ’
‘ : 5 ; ’
] l S S
: : . 3 ©
; ‘ INTERCEPT ; v
: ; ' CURVES AL o
s T HRECTION o
i H k¢ K
: : i
> . < ¥ “él
E % 1 . x SN
i 'ﬁmr”e:a_":l ;]

* The. SAl: rir.*.ngfunit 1ocation, paranel tttack*pat‘u, md’thwmc- - ;

i .cessive :intércept -curve wglragm* n«trmpmnt miterial: Toius t!p g

. v -analyzer, ‘the- attack pa’c or ‘paths; bqub release poi.n 5for -ateh, :and thc %

* SA\Vsitu -are- draun ‘on-"the: nap v :sheet -of paper. "nn«zanalyu‘rfii then,
: : placed with 11:3 -sen’ er at the UAM site and 1ts runy -of: attack :
; iy ‘ .allel to 3
B y Z
: : r tional engsgenents. The. rirc analyzer 18 prrticularly uum whcn darge: . i
nuuber ‘of “attack peths .and/or SAM: ;sites are to-be considom as in he cuse ko

. of’a ‘map .exercise, Variations An:maximun - 1nt.ercep* rnnge can be- ac"ounted j%

z il x‘ov by conntmcting the analyzer for the greatest -range to be eongmm, 3

i X 'chen ‘counting the number-of: Mte*cepts. including rrnctiom. occ\m'ing be. &

5 ¢ Sore the-désired maximum intercept range is reachied and - auhtnctins this 3
l nunber from the l‘iropouer obr.ained for greatest range. uhnarly. “the na- 31
i : ) ber of intcreepts occurring inside & minimum intercept range can be udbe- P
N 'cracted to account for the effact of a- m:lninmm range, J
.
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7o construct & fire analyzer, firat lay out a family of parallel,
evenly spoced cttack paths on a sheet of paper, drav a circle with radius
equal to the maximum intercept range and center at the SAM firlng unit,
This is the first intercept curve. The recursion fommle of Section N,
or the strip matching method of the preceding section can then be used to
determine successive intercept points along each attack path in turn. To
obtain the successive intercept curves, Jjoin the sets of 2nd, of »nd, =te.
intercept points with a smooth curve. The fire anelyzer to be used in a
map exercise must be draun to the scale of the map in uge, The scale of
the analyzer can be changed by photographic enlarging or contracting.

‘the laubor involved in construction of & fire anaiyzer often is
net Justifled yhen varliatlons in attack sueced, target spacing, or SAM syze
tem intercept Interval are to be considersd, sinesz a new analyzer mus% be
made for each gsel of thege perameter values, However, in some investige-
tions, such ag the deployment of units of a given SAY system, fire wunalyg~
ers cur be very helpful. INven though it mey be deusirable to vary target
speed and spacing, the Inveatigation often can be carried ovt, using anae
lyzers, for one gzet of attack parameters, and adequake u;.trapola ion of
the results to other attaeks can then be made.

S, Circulup Deployment

A taetical situatlon of particular int.uocst is that in whioh
several SAN firing units ar: deploycd ahout a surface ta:'ge and chpaged
in its defcure. The zttack 13 here assumed to follow 2 single radisi path
tovard the surface target. All simplifying assunptions stated in Section

B other than the positionz of the S5AM firing walts, are here retained. The

assumption that the sttack spprosches along a sinsle radial vath; i.e.,
within a narrow azimuth sector may be Justifled on ssvercl grownds. By so
attacking, the enemy minimizes the fircpower of the SAM units deployed on
the far side of the surfoce tavget. He h\prove't ais own coordination in
that he can minimize spacing betwsen wrrivals with greuter esse. Also, he

mey enhance his ECM effectiveness by permitting mutual screening of tamts.
To simplify the discussion, the surface target will be appmmtcd

by a clirele called the ileapon ltelense Cirele, with center at 0 and Mi\u

Rg. (See Pigure 42) The SAM firing units ere equal ly spaeed on an wlach
ment clrcle with center at 0 and rudius Rg. The SAHM max doum intercept rarge

is assumed to be 2 constant Fruax independent of the azm‘h of attuck.
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: . B “he tetal firepouer of the.defense is the sum of the 1~epwe.
¢ ¢ achieved by cach of the SAlN units. Hence, we consider first the firepover
2. i of one SAM unit and hou this firopower varies uith the arimth of Attack.
3 ! ¥or 2 particular-azimuth ¥, if the bomb releaze:civcle is. reached~bqfor9 ¥
the meximum intevcept range circle, the r;repower 1s ot course ‘9, Other= H
I wise the zone of l‘ire extends from ths point-of entry into the- maximum “ine ¥
: . tercept range circle to either the point of entry ‘into the bomb- ‘Telease .
i circle or the point of exit frou t'e maximum inteccept ¢ircle, whichovcr e
is reached first. Once the Zone oi' fire 13 determincd;:the firepover for f
3

orie and so for-every SAH unit.cun .thes-be calculatéd - by -any of the. uthods
described earlier. Thus the variation cf firepover with attack.asimuth.y
can be obtuncd.

2% 2,
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. if the enemy krows those azimuths for which the total umoue"

5(¥) 48 2 minimud and if he-can indeed attack at-che such: u}g.th -8
pected firepover is this minimum. If e hes-no sich. kriowledgé, and
cari-attack from any uhuth and has-no- prcromce. theu all ulnth!'o et
tack are equally 1likely and the oxpected firepouer & s the Besn-of N(Y)
with respect to ¥ i.c.,
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Certain computationsl short cuts are available for determining N. : :

Indeed, because of the assumed cymmetry of deploya:nt, il 13 simply the : st

product of the nvnber of zites ard the average with respact to W of the : N

figepower achicved by any one sile. To obkain this averuge N', it is cone Lo

venient to assume that the SAM site is at ¥ = 0 and tc calculate the fire- it Uy

power for eacu Of several cvenly spaced (in azlmuth) attack path by any of i o

the method:y duscribed earlicr. The vumber of paths chosen will be dictated : i

by the accuracy deslied, ‘the average N' esn readily Le obtained by plotting -

successive intercept polnt: along 2ach path and drawing smooth ecurves through ! i

the sets of successive points, teminating ai the edges of “h= sone of fire. 3 P

llext, measusre the angles Arl' AV?’ ~ee, gubtendcd by the successive ine i S4

tercept curves, . ;
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The agimuthel average N' is then

W' ﬁaz AT

uhere A"i is in degreos,
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The labor involved in the above calculations often will not be -

Justified, particularly since they must be repcated for each variation ’

' of certain parsmeters. lowever, extrapolation f{rom the results of a few
sets of calculations can often be advantageous. A quantity useful In Q : :
extrapolation is the sit factor, defined as the ratio of the aversge : : ;
. firepower per .te N' to -:.Ee maximun firepover per site N st ¥ = 0. The ; : :

siting factor can be computed for a single SAM system and a sungle attack :

speed, but for variatlong in the geometrlc parameters Ry, Rp, and . d >
Since the effects of SAif system intercept interval ond attsck speed will s § ‘
' to a large extent cancel out In the ratio, firepower for other intercept : $ B
intervals and speeds can be estimatad by ~omputing ! at Y = 0 (using the : i i
. methods described In Section K and earlier - all relstively simple), and : 3 2
! then multiplying by uhe siting factor computed tor the single selected E
case, - : :
. H .
; H :
: | !
: - ' : §
] ' o e
| -
z & :
‘ . ! g
d :
g L
I 2 T b4
i -
- ‘ ; 4
5 « i
B .
‘-
{ . .
L ¢
: : ¥
i ! P
i -
hid 3 2 i
p o p
Pt

S
’

8
¢

3
T
v
z
B

e,




CHAD IR V

voordinatlion of rlre

A. TIntroductlion

Of major inpor.-n. o the effectivensis of a AW defen 2 is the
: coordinaticn achleved L tecienin 1dividiel missiles to individual tar-
. gets during a battla., e rurposc. of cvordinution asce to avold overkill-
- ing by avolding assigmme:. . of mlssiles Lo targels alresay descined to die
from previous engagemen’.s wnd Lo pive highest priority to the mest threat-
ening targevs. If the ah.uewlig fore. 15 siflclently luwge o completely
saturate the aefensc, tie degree oi' coordinniion of fire i3 of litile cone
gequence; evel vith Bdinl 2uord e T e deflnge s cvervheolmed.,  On the
other hand, IFf the a.tawsii,: fo. 14 w00 smell, the defonse will omnihie
late iU even wiilh poer coondinrn fon,  wiven, these limits Lhe coordinetion
. ";1 . achlieved may mabe the diilelan oo cen defenl oo victory 1 thus buee
' S comes Inportait Lo agecsis Looubie. Cuetlls: eorsritute to degradatlion in co=
ordinatlor and how uuek, L oraers wo detvsmine the ovs. means for achieving
a nigh level of coordinniion,

- . B. Limitaticns

The witimave %o be tehiocsed L. coordination ould ce to engage
each target once, obsorve Ja'ugs, PR-ciige Jirvaviiy Serpets, und %o on
until all are Tilled. "his Lwenpr sinte of artlnire can seldom be reelized.
The number ol missiles (ans cw. o2 fired mor a0t culflze. %he time required
for damuge ussossnent follu @iy eueh iniarcept muy e ercessive., Poor tars
get data, puos commuinieations, and covess 1k dumegc casesament mey lead to
confuslon in target esclpwuzias,  'he nwsser o tines ary one target can oe
engaged and re-engied follo.lng aysessment of dwsege from the praceding ene
gagement may ot be aullficient, Deviatlons from tle near ultimate may be
. mede Intention ily; o, Ddpe azy be concentoalad on A particulerly threat-
' ening target to the neglesl oF cericin other targets,

o

Since ro sligle mlicslle co wwinh 2ostainty be relied on to kil
. g 1ts target (i.e., the %11l probability, sowever ndgh, 1y leas ihan unity),
o s the ultimate in coordinntiu: us defincd ghove could in theory lead to a
battle of Infinite dvvation, 3ut mircile scorsge and duration of & battle
are aluays finlte, however grand, ard so 1n theory wd often in practice a
limiving factor wili Lo the nunver of misallos thot can be fired, The cus-
tomery definitlion of pestect ccordinution Sncludes this limltation., The
definition ls as follows:

Juppose iiai, f nexd oe, ' mlsciles can te launched againat an
T attack of b targets. Terfect covidlnatio. of flre is said to obtain if
- targets continue L7 Le envaged unsil e’ther il ¢ tarpets are killed or all
ii missiles are fireq, u.er. 2ol ne ovexiilling,
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Strict adherence to the principle of no overkilling may result
in a reduction in firepower. The reduction, if any, will depend on .the
system intercept interval, on the engagement time, i.c., the interval from
ansignment to completion of assessment, for each engagement, and on the
number of targets entering the 7 ne of fire during the battle, To illus-
trate, suppose that initially the availeble targets are each engaged once,
in turn. If these cngagements are completed before the damage resulting
from any of them has bec:n assessed, then the system must awaiy assessment
and so waste firing time and hence lose some firepower. Any shoitening of
the assessment process uould, of course, reduce the time uusted and so re-
gain some at least of the lost fircpower. Even if no waste of firing time
were to result, strict uvoldance of overkilling could len: to decreased
firepower; for the assessment process itself may tie up ine guldsnce chene
nel for a time follouing Intercept and so increase the engagement time by
the interval required for assecsment, with consequent decrease in fire-
pcuer, Thus, some compromise between no overkilling and maximum firepower
must often be made.

In the extreme case, il the time 1equired for assessment exceeds
the duration of the battle, no assessment is possible during the battle.
Thus, no overkilling nust imply -t moat one sngsgement of each target.
Often added firing time 111 rexain, permitting sdded potential firepower.
This added firepower will enhance effectiveness even though overkilling may
result, orovided that every target is engaged at least once. The additione
al missiles may kill some targets that would survive first engagements. If
firing continues without regard to overkilling, then, ideally, the best that
can be achieved in the way of coordination of fire is to engege all targets
the same number of times, Since the maximm fivepover will in general not
be an Iintegral multiple of the number of targets, the closest Qpnuh to
this ideal is for some targets to be engaged n times and the remaining
times. The number n is the largest integer not exoceeding t'e
where Il is the firepower and b is the number of targets; 1.¢., n- !

When this distrilution of xissiles smong targets obtainsg, the
1s sald to be digerete uniform.

It is at times convenient for purposes of em uu to ignere the
fact that only integral mmbers of misciles can de fired at tavgets u
to define n by n = /b and to sssume that sll targets are cm.na

This fictitious case, vherein n is not restricted tc integrel velwes, is re-

ferred to as continsous unifers eopdipation.

When overkilling cannot be prevcented without a reductien in fire-
pouer and yet soue effective damage assesament ¢an be made, the beat een~
promise is not always obvious. Spacing of arrival times detween targsts
may be such as to permit exzessive overkilling of early targets theredy de-
pleting the store of ready minsiles too rapidly, to the detriment of defense
effactiveness against later targets., However, except for this storsge lim-
itation, overkilling 1is preferable to s loes of Zirepouer,
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" One means for coordinating fire that in some siturtions will
achieve maximum firepower and still held overiilling to 2 minimum is cyelic
coordination. Each targe: 1s engaged once, in turn, Upon completion ¢
this rirst cycle, targets are immediately re-engaged in the same order, any
target that is knoun to be dead (i.e.,, has been so as3essed) being cmitted
in the second cycle. Targets are thus rceengaged cyclically, those targets
agsessed cs dead being omitted from subszquent cycles. In princirle, ¢y~
elic coorditation 1s opplicable evea when there 12 sypacing between su:ccesse
ive target arrivals zc thut not all torgehs are in the firing gone through-
out the duration of the battle, In this case, targets sue ongaged in the
order of thelr arrival, cach cycle ruming through only those targets in
the zore of Jj'ire at the time.

Another means for coondianting five 1s pulsipls batile unifomm
coordination. In many ua; g it resembles oyclle coordination, the ail’
battle evolves as o serien of gubehattles, each ¢f duration %00 brief to
permit any uscful damege ssvesswent sefore ite completion. Ik the first
sub~zotile i, missiles are lired. tue coondiiatlon Leing unifowm (discereote
or continuous), The sucvivors of this subebattic chen enter the second
sub=battle in which i, missiles ace fired, the coomdination again beling
unifomm. The battle tThus proceeds trrougn the full serles of subebattle:s,
It is assumed thut the outecome of cach subebattle 1s fully assezsed befove
the next subebattle takes ploce and that all targets entering a subebattle
remain within the gone of fire throughout that subsbatile, These supposi-
tions are in contrngt to cyclic coo:dination vherein cyelus {all one upor.
another without delay for aczessment, and srocing Letwesn target arrivais
is permis3zible. Another distinciion betueen a sub-bdbaitle snd a cyele is
that in the former the number of mizsiler fired 1s rot limited to one per
avallgble target, as ls the case in a cyele,

A serious obstacle in achlicving a high level of eoordination is
the misassigrment of targets to SAli units. Decause of confusion in the
assignment process some targets may unintentionslly ve sisultanesusly as-
cigned to two or more SAN uaits with conseqent overizilling, while other
targets remain unengaged. iscasignmonts may oceur uhelher the kill assess-
went funetion is rapid or siou. Une csn in principle speeify & Lest sssign-
ment patterr and then, through misssaigment, fsil o reelise this goal,
Causes of misausignment are sary’, Laek of tarpct Jesclutien mey prevent
positive assignment of g pariicular terget to a SAN unit for engagsment.
Surveillance of the atisck may indicits only that & group of targets are
in a2 region of the sky, individual targsts ir the grap remeiiing unreselved.
Thus, only the group cwn e assigned to & SAM unit. Selection of a single
terget is by a UAX guldance channel, e.3., the Srucking radar, in the sequis
sition phase. The sclection may b2 a chane: event, and which target is see
lected nmuy not %e ko ot the 351 site. Thus & subsaquent casignment of
the group to the same or another CAM unit may result L She same target
being selected aguin,
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Inaccuracies in target position data obtained from the surveil.
lance may result in the wrong target being acquired by a tracking rsdar
following assignment. The tracking radsr looks at the designated point
in space but finds no target there because the position data are in error.
The tracking radsr then scans 8 volume of space around this point and may
wind up acquiring a target other thsn the intended one. Repetition of this
sequence ol events following zeveral sssignment. could lesd to considersble
confusion and misassignment of targsts.

Confusion between Al sites as to which target 1is assigned to which
site may arise (rom data insccuracies or communication errors. For sxample,
suppose 8 direction center is making assignments to t. o AN sites, A and B.
The diection center orders the targets according %o 1’ ge or in same other
manner. A is assigned targets ) and 7, and B 1. assigned targets 2 and &,
Sut A fails to see target 1, perhaps due to radar feding, and so scconding
to A t?rzets 1 and 3 are precisely the targets B sees as 2 and 4, (See Fig-
ure &4

Targets o ¢ <

Target nuubers aceording to A QO 2 (v ]

Target numbers according to B 1 Q 3 ®
Elgure W

As 8 result two of the targets remain unengsged and the other two are sech
engaged twice.

Communication links between 3AM sites may break ¢t 50 that caeh
site must select its own targets vwithout imewledgs of what targets are delng
engaged by other sites. Previcusly agreed wpen stendard dpereting preece-
dures ean oftin reduce the mumber 5f nisassigments that ceswr ia these eir-
cumstances; ¢.g.. site A will enguge targets en the left, site B en e
right. But laek of information conceming what other sites are deoing must
almost inevitably lesd to some misassipments.

A target may be umneesesarily resssigned to & SAX wnit Wesines a8
esrlier angagenmt of it ves erronscusly assessed s

the target was killed, or a live target eould essape
eously sesessed as deed after an esrlier engugement.

i

Confugien in arget sssigments eosn sometimes de reduted dy
2N or anether. The defense ean hold fire until targets sppreech slese

onough to be resolved or to permit more ascurate positisn data te be
tained. Tresking redars usually previde more aeeurste pesit
1" wing targst assigment snd acquisition by 2 traeking reder, dut -
soding nissile lsuneh, the more sosurate date from the trasking redar esn
be f9€ back to the assignment senter and eompared vwith corresponding deta
on other targets currently under engagement. If the sssigmment is seen te
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is killed before Lomb release i3 .97, The number of missiles fired per
target 13 on the average 1+.5+.52+.‘)3+.5"8‘ 1,94, System B, to achieve
the same effectiveness per target, i.e., .97 oprobabllity of iill before
Soimb release, must fire H misslles at esch target, thus expending about
two and one-half times 23 many missiles as Jystem A,

Since all SAii systems are, in principle a% least, lim’'ted in their
depth, it 1s of interesi to cornsider a means of coortingtion known as eon-
strained perfect coordination. Conzirained perfect coordination is delined
precisely as per'fect coordination with the one cdded restriction thut no
target can be engaged more than a specllied number of timez i {m being the
depth of i‘he ZAi systen agalinsty the attoek in question},

¢. Derivations of roraulas i
|

YThe various levels of cooprdination def'ined avove derive thelr ime
portance in part from the fact thas ihey admli the derivuSion of relatively
simple formulas for certain usceful measupes of atfeciiveness. In the fole
lowing sections tnese formulas +'1ill be derived. The mesgures of effective-
ness considered are 1) the probability thet exactly k targets are killed,
Z) the probability that nll turgets ere killed, i.c., annihilation probae-
bility, and 3) the expecied number of targets killed. 7The merits and uses
of these measures of effectiveness .ril1 he discussed in Chspter VII; thelr
consideration hers will e limited to the derivation of formulas,

Before proceeding witih ti. derivations, it uill be helpful to list

here certain symbols to be used,

t number of attaciking targets

1! maximum firepower < for entire battle

p single engagement kill probability

q single engagement survival probability (q = lep)

P, probability that exactly k targets are killed (0%k%Dd)

Q; probability that exsetly ; targets survive (0mJ=€b)

£ expected numrver of kills
In a single engapement of a target by s SA unit, @ single missile or s
salvo of two or more inissiles may be fired. In the following derivaticns

p denotes the protabliliiy that the target will be killed as a consequense
of the engngemeni, whuievoer the sulvo gige aay te.

Perfect Coordination ]
inder the assuaption of perfect comdination, i k tarcets are

Izi1led, whers ko, ticn @il I missiles must have been fired. 3dince nw -9
oy 2Rilling 1s perxitted, k of the missiles 1zusl have produced kills, and




the remaining N-k must have failed. For any one selectlion of k misslles,
the probability that they all produce kills 1s pk. an i}nilarly the probe
ability that the remaining N~k missiles all fail is ¢~ Hence thﬁ ﬁﬂob-
ability that the,two independent events occur simultaneously is p q

3ince there are‘*‘ ways ol selecting the k missiles, the probability ot
exactly k kills is

k N-k :

P k)p , Omkmb-l .

k"
If on the other hund, 111 b targets are killed, ik number of

missiles fire: may be sny number between b and N, inclusive, i.e,, the

battle may end before ail N misziles are fired. Thus setting Kk equal to

b in the above formula will not suffice. But since the only possinle out-
comes of the battle are k kills, where k=0, 1, ..., b, it follows that

b
L R
k=0

and 30 the probability of killing all b targets is

bel
Pb'1°2_. P,
k=0

b-l
'I'Z () gk
ke0
N
NN Fx
kb

The expected mumber of kills is defined as

b
z:}_'krk .

k=0
Substituting for Pk from above

bel N
F,Zk(u, pklok’bz () p¥x .
k=




et

dfhi

k (1) o* - Np(k 1) Kl

and so, letting it = 1 + 1, we have

-t Z (u-) 11ty Z () ik .

i=0

The two sv-metlons are partial binomial sums, tabulated vilues of which
are available in the literature. To facilitate use of tables, it is. con-

venient to write
- wle Z
(N ) i i) ( (N) ‘ka) .

Note that by definition the =apected number cf survivors is b<E,
whatever the ceordination may be.

N-1
E=1lip - l:p(
i=b~1

Discrete Uniformm Coordination

By definition of discrete uniform coordination a number b! of the
targets will be cngaged by n = [N/b] missiles, and the remaining b" = b - b!
targets will be engaged by n+l missiles, Assuaing the cutcomes of individual
engagements are mdependent the probability that a particular one of the b!
targets wiil survive is q", and the probability that 1t will be killed is
1l- q 3 The survivai and kiil probabilities for sny one of the b" targets
are gt land1 - respectively.

The battle may end with exactly k targets deing killed, the kills
being divided between the two groups of targets in any of seversi ways; i.e.,
k* ¥1lls out of the first group, and k* = k-k! kills out of the ascond.

The probability thg; 2 particular selection of k' out of the bf tar-

gets arg'ki}led is {1 - g ) , and that the remaining d' - k' targets survive

is (") . There being :; ways of selecting the k' tergetz, the prob-
ability of exactly k' kills from among the bt targets is then
k! bt k! .
[B) -a™ (™ :

In like manner, the probability of exactly k" kills from among the remaining
" targets is

- =~ 101 ~




ot

W k" b"_kll
(}t:n) (l‘qn+1) (QMI) .

The probabllity of these two independent events (exactly k' kills out of
b! targets and k" kills out of b" targets) occurring simultuneously is

the product of tne two expressions given above. To obtain the probability
of exactly k kills 1in all, the above product must be summed over <11 ad-
missible combinations of k' and k"; giving

k! blek!, u k" b"-k"
P, = Z [B) -a™ @™ [R) - (™

k'+k"=k
O=k!'=b!
0‘k“‘b"

The restrictions k!=b!', k"=b" can be ignored, since the corresponding bi-
nomial coefficlents vanish when the restrictions are violated, and so con-
tribute nothing to the sum.

The probablillty of killing all b targets 1s readily obtained from
the precedirg formula by setting k equal to b, and so k' = b!, k" = bv",
glving, -

[] "

b
P, = (1-g") (1-g™)

To ottain an expression for expected number of kills E.'considerh“k
b random variables, = -

xl, xa. sevy xb'p xb""l’ xbl..,al evey xbl+‘b'!

corresponding to the b targets. Each of thz first b! variables has the
value 1 (corresponding to the target k1ll) with probability li-q“!,l and has
the value 0 (corresponding to no target kill) with probability q'. Sim-
11ar1¥ each of the next b" variables has_the value 1 with probability
1-g™1, and value 0 with probability q™*l. The expected value (i.e., the
expected number of kills per target) of each of the first b! random var-
iables 1is

1.(1-¢M+0.q¢"=1-4"

and of each of the next b" random variables is

+1 n+l

n+l = 1-q .

1. (1-g") +0. 4"

Since the expested value of the sum of the random variables 1s the sur of
their individual expected values, we have
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bt b'4b" i
Ea) (e ) (1™
0 bi+l
= b (1-q") 4+ b" (1-qn+1) .

Continuous Uniform Coordination

By definition, every target is engaged ”ﬁ/ﬁfb missiles, s0 the
probability that any one targﬁybwill survive 1s ¢"/°, and the probability
that 1t will be killed is le . Hence the probability that exactly k
targets are killed is readily obtained by setting b'sb, L"=0 in the cor=
responding derivation for discrete uniform coordination. We then have

K b-k
p, = [2) g (P

Similarly the probability of killing alli b targets 1is

b
N/b
Pb = (1l-q"/")
and the expected number of kills is

E = b(l-qn/b) .

Random Coordination

Under the assumption of random coordination, the probadility that
a specified target is among the survivors of & single missiie is the prodb-
ability that the target is not selected plus the probadility that it is
selected but is Jot killed, i.e., is

b1 1 .
S +ga-2-f

The probability that the target is among the survivors of N missiles is
then

[1-§)N :

Since all target-missilc pair’ i1gs are assnr :d equally likely, the sbove
probability applies to any specified tery c.

Similarly the probabllity that J apecified targets are among the
survivors of a single miysile 1is the probabiiity that none of the J targets
is selected plus the probabiiity thut the first is selected but not killed,
plug the probability that the second is selected but not killed,.plus the
corresponding probability for each of the others, i.e,, 1s
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The probability that the § targets are among the survivors of N missiles

is then N
(-

Again, this probability applies to any specified set of J targets.

For each set of targets thot includes J snecified targets, there
153 a probability that precisely the targets of that entire set, and no
others, survive, The sum of these probabilities iz the probability that
the J specified targets are among the survivors. Furthermore, for all sets
of the same size J+1, there being | ij) such sets, the probabilities are
all equal to the probability = +1 that any J+1 specified targets will sur-
vive, since all target-misslile palirings are equally likely. Hence the above
swn can be written as

b-J

Z ‘bzé) Tt o

1=0

Equating the two expressions for the probability that the ] targets
are among the curvivors, we have, for successive values of J:

N
(- %) =%y 4 (bil)ﬂa +oael d (SZ%MJ oo (Jziil)"J+k e My

N
- %2) = Mo+ s + (3:%)5J TR (32}?2)33+k + oo tmy
N
(1- %2) = LI RPR (bij) Tag ¥ oo + T
(] "'p)l"z

o

To solve foo Ty multlply the {Jj+l)th equation by (-1)1(b§ g or
each i=0, 1, ..., b=}, “The multiplier of the jth equation is then ( 0’)=1,
the multiplier of the ({+1)st cquation is -(°79), the multiplier of the
(J+2)nd equation is (bé » and so0 on. Add together these modified equations,
starting with the jth equation. e left hand side of this sum 1s

b-J N
5 rateo |- )"
i=0
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The right hand side of this sum consists of x 3 plue the sum of

terms involving n 1 plus the sum of terms involving X420 and so on.

i The sum of terms involving x for each k&1 is simply LY auliiplied
by a coefficlent, the coefrigﬁnt being

i ib (-1} (Ppd5h) ib (-1 ity itk
( K
b=3)! e | 1
- TSTJQ%TT }E: (=4)" e

i=0
k
bei)! k i
- - Y i {
| 120 N
b' ! k :
= T {oeg-T (1)
! :
N = o .
Hence the right hand side reduces to x 5 We then have {
< i 1 N
o=y (DA - Litle -
i=9 f

as the probability that a specified set of J targets survive. 3

There being (b) distinct ways of selecting J targets from a total ;
of b, the probabllity 1 of exactly J survivors is .

b
QJ bt ‘J)xd
b-J "
=@ Y uttiha - e
1=0

N L ede et
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The probability that exaccly k targeis are killed is of course
the probability that exactly b-k targets survive, Thus, substituting b-k
for j in the preceding equations, ve have

P = %k
i 1 bei4d)p, )
=B ) (nitha - ol
1=0

The probability that ull b targets are killed 1s readily obtained
from the above exprescion {ur Pk' Setting k equal to b, we have

e KN
'-;)1;‘7)(1 -52.)
v . b

222\

An e .c3lon for the expected numier of tills is easily derived
by the procedu.: 4sed in the case of discrete uniform coordination. Cone
sider b randog variables '}%'}1"2’ esss Xp» €ach having value 1 {target kill)

)

with prﬁblbility 1« {1-p &nd velue 0 (no targgt kill) with probability
(1-p/b)". The expected value of each random variuble is then
1o - aeem e o il a1 - pp®
and their sum, the expected number of kills, is
£xb 1 - (epw)t]
The expressions for by and P, derived above are indeed ungsinly

for hand computatlon, It is therefore helpful to replace them with approxe
imations that ave more manageeble. Since

[+
-Pi~a-b
if p/b is small, we can write
k .
be B Y (ntpn L Bkt
im0

IR ) 1
- (],b:)(l - %)N(D-k) z (E) [- (1 - %,
120

1Y (bek) NY k
=(§)[(1-§)] [1-(1-§>]
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and similarly

gh’ b
Pb~[1-(1-b)]

Another approximation that 1s often usetul follows “rom
]l - ? g Q? R

taking chis substitution, we can write

bk X
-l ~}p v
P, ne () (eb) ‘1-.‘2)
and =N
Pb ~(l -e sgr

and alsv ~Rp
Exbll1-e? .

iultiple Battle Coordination

Under the definition of multiple battle coordination, whether
uniform or random, each sub-battle is concluded and its outcome known (at
least to the "referee", if not to the defandiny commander) before the next
battle commences. In particular the mmber of targets that survive one
sub-battle and so enter the next is known to the "referee’. Therefore gen-
ersl formulas can be derived, :ndependent of tlie coordination obtaining in
sach sub-battle. Indeed mixtures sreadnissible,.rendem-in one sud-dattle
and uniform in another,

7o simplify the discussion, consider first the case of two sub-
battles. If J targets ar¢ to survive the second of these, at-lesst J tar-
gets sust survive the first md the difference must be killed off in the
second. Therefore the rrobability that exactly J targets survive the en-
tire battle is the probability that exactly ni] targets survive the first
gub~battle, multiplied by the probability that if m targets enter the sec-
ond sudbebattle exactly J will survive, and summed over 81l m from J to b.

Let Q.(m,1) denote the probability that if m targets enter the
i-th sudebattle, exactly n will survive. The appropriate foimula for kl(’n.i)
i1s determined by the coordination obtaining in the i-th battle. The prode
ability that exactly J targets survive the entire battle can be written as

b .
o= Y b1 qjm2)
..j s h
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If the multiplicity of sube~battles 18 three, the probability QJ
is given by

b ] .
=Y g : Quim2) g r,3)
n‘u

n=J
The extenslon to higher multiplicltles 1s clenw,

The probability Lhat exeetly ik tampets are %illed L the entire
battle 1is gav.n by

Pr = G
and is obtained by setting j = bel in the awproprliate formulz gbove,

The probahlllity thet &ll » bosbers wwe killed in derived directly
by plaeing k=b in the expra:sion fov Pi"

9

The expected numbeyr of 12112s is, Ly definition

b
Enz kT .

Y=0

Even for two battle contlnuous uniform coordination the sabove fore
mulas are not particularly attractive for hand computation; when the multi-
plicity 1is higher or wher rundom or discrete unifore coordination oceur in
a sub=hattle, the caleulations become even more laboricus. An spproximate
calculation which is sometim:zs satiasfzclory is to compute the expacted mm-
ber of survivors of the first sub-buttle, D=y, using the formuls appropri-
ate to the coordinution obtaining., Then, assuming thet precisely by = b = 5
targets enter the second sud-battle, cgaln compute the expected r of
survivors b, = &, = B,. DProceed in this munner up to the last sub-battle.
Hare compute the desi mecsura of effectiveness (e.g., Pk' P, or E), Great
caution should te exercised when using this procedure, aopecuh: when Py or
Py, are the desired measuivs, since the approximstivn may introduce serious
errors.

Constrained Perfect Cooxdinutvion

In this section a rormula for annihilation probability will be de-
rived. If, under the restiictlions ol constirained perfect coordination, all
b targets are killed, the number of missiles fired amgy be any number between
b and II, inclusive, Murtheimore, since the number of upjagements per turget
cannot exceed the depth m, t.ue miciimuim flrepover i cannuc exceed mb., PFor any
particular distributlon of I wmisniles onmeng b wurpgets, 1f b killsg pesult,
exactly b misciles mugt produes 21lls, und the remaining keb missiles must
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fail. The probability of such occurrences 1is :a'qk'b.

the number of possible distribdutions {(az permitted by the ‘%tg comtraint)
of k missiles smong b targets. The probability that sll b targets avre

killed is then
Py = Z k,b,m p q :

There remains the task of deriving sn expression for the coefficimmt
15 this end, for a particular distribution, ut, ny denote the mmme
6’ missiles fired at the i-th target. 1Then ck bn mumber of ine
tegul solutions to the equatiun

n1+n2+ "“'b'k
subject to the constraints

1‘“1'- » hl. 2. oo b .

Consider the polynomial

b
F(x) = (x +32+x5+... + )

= (x +xz 0o+ XM)x +82 * oo +x')...(x 432 e XD

e ——— S —

b fastors in all

'mooxpnguonor thiopmuct is~a sum of terss of the tonxl "2 ﬂé n.
where x umoftbummmnrltpolmintutornbon. is
one of the terms in the second polynomial, ete. n"' n, 1s1,2,...0,
and the sum 1s over all terms satisfying these ccnutm may write
n
Fix) = xlxna...xnb
lanil'n
o 2 :nx+%+...+n., )
1 nill

These terms can be divided into groups, those terms for which

ny+ny 4o +nb-'k
being grouped together. The sum of terms in any one group is then ck b.m xk.
Summing over all groups, e

— o,
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(16) Plx) = z Ceom®
ksb
feturning to the definition of F(x), we have
b
F(x) = [x(l FXEX 4 e b .'1}}
b
[x 12" ]
)
a 20 (1ex)"0(2er)
., ” b
-x Z h-nt x‘] [Z (31 2
i=0 Jm0

But .

() « (-1HEHY
and 80 o b

Plx) = 2° ;‘a G & Y Eend

3=

" ogl (b+i-1“§)(.1)5 xb#iﬂj
%
Grouping terms for which belsm] = k, we have
nb

(an e Y | L RG]

keb belealnk
0ss,s

Equating like coefficlents in equations (16) and (17), we have
Cebm ™ Y eHheen?

beismink
omi,J
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Clearly the coefficienta C b.m and 80 the formuls for P, , are
not well sulted for rapid calculatidi.’ In the special cazes for aopths

=]l and 2, much sizpler expressions can be derived for P,.. Since the ef-

fect of the depth constraint is most stringeni {for small m, these apecial cases are
cases are of particular interest. Indeed, if the kill probability is

reasonably high, the depth constraint is regligivle for depth of 3 or more.

Clesrly if the depth m=l, then constrained perfect coordination is
identical to discrete uniform coordination, with ll targets each receiving
one shot arg th> remaining beli receiving none. 7Thw-

p p° it jlab

b 4 if ji=p .

It the depth m=2, nnd ii 18 not less than b, 30 arnihilation of
sll targets is possible, the firing can be thought of as oceurring in twe
rounds. In the first rcund each tasget is engaged once, and in the seoond
round each riret round nurviv.. is engaged once sgain. Of cowrae, if the
first round sv:-°  ~03 outnumbe: tive remsining availlable firepewer, not all
targets can b © & ¢,

Let § derote the mumber of firat rownd survivors, !nmm
sst of J targets, the probability mttaq-aminuq .qlﬂnt
the remaining b-J targets sll sre kille€ 13 p'°9. ~here deing (3) distinet
sets of | targets, the probability that exastly j targets nnivi the first

Jound fire 1is

% 9" o

In order that sll targets be killed, ¢ash of the J t
survivors must be killed in tas second round: 7The probability of this event
is p?, and the totsl mmber of engagements in the
vhish eannot excesd X. Given b+J engagwments, snd
vors, the probability that all b targets are killed is

Gro”ad .
Thus the annihilation probability is

P, = g(‘}) Y

which, to facilitate use of binomisil sum tables, can be uritten

. v |, . t v 3, 9
Py = (p#q) [1 W (3 h_g_q, ll'lﬁl ]

Clearly, Py =0 1f liab,

3§
E
g
¥
4
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CHAPTER V1
Simulavlon

A. Firing Doctrine

In the course of an alpr battle, targets are wasigned to 3AN units
according to some definulle vrocedure, formal or cthorklss, calicd a %
doctrine, A firing doctrin- may consist of 2 well thought eu” 3¢ .7 I
Tntended to wisure a high level of coordinailon, Jr u fivd.. awocts o Wy
be a3 poorly ¢cicelved sat of mley, giving rise to unnec:isu:, waste o slge
slles in overkilling. i !v miy dletute that, in the ond, cosignment Locomes
a chance event nod under i Cedlace cummanderts .ontivl, seinups tccause he
moy lack sufficient informacion to wermit hiis to mule 2 preelse cssigment,
¥hether good or bad, fully d:tcermined or vandou, & £iring doctrine is 2 defe
inite process that admits detalled deserdptlon.

The chelce of flriay ducvilie Do 2 particular defanse, operating
in a particular environm:n: against o particular attack, is ilimited Dy the
capablilities of cquipment and of opera’ing versonael. Can the sensing equip~
ment provide accurate upeto-dric toerget data? Can the communieations links
carry the prequired load witaout error? Are operating persomnel trained to
perform as required? Within the 1linits imposed by the ansuers to these ques-
tions, the choice ol firing doctrine is an exercice of the command function;
the doctrine muy be laid down in o1l detall in advance or it mey be devised
as the battle progreases.

The essential features of the assigrment process can be drought out
by considering two illustrative firing doctrines. The first of these consists
of assigning to a free 3AM unit the nearcst currently lesst er_iged target not
known to be dead, 1. at the moment there are unengsged live targsts, the neare
est of these i3 aszigned. If all live targets are currently being engsged,
those undergoing tut one engsgament are singled out and the nearsst of these
is assigned, and 30 on. The other doctrine consists of maxing s rendom selec-
tion of a target from among those currently in the firing zone snd still air-
b.tne. Both of these firing doctrines, and most other doctrines, are charace
terized by the fact that only certain targeis are ¢ligidle for sssignment
(those not known dead, within range, and least crgased in the first doctrine,
those airborne and within range In the second); one tarzet is then selected
from saong the eligibles (the neerest in thu f£irst doctrine, a random choice
in the second}. 7huz ¢ firing doctrine may be defined by specifying the orile
teria for eligibllity and for sciectlon., The criteria must. of course, be
specified in unambiguous detall; for cxomple, in the first of the two doctrines
stated above, "nearcst” must te detined precisely.

B, Firing Doctrine in Relavion to Coordinaticn

dany of the well deflned coordinacion schomes of Chapter V can arise
from any of a variety of firing doetrinus. Perfect coomdinaticn can be efe-
fected by engaging and re-ungaging the first tavget until it &s killed, then
engagling and re-engaging a second target until v s killed, ond 50 on. Al~
ternatively, perfeet coordinatifon uill rezult iff coch tarpet 1 engaged once,
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then each,necessarily observed, survivor is engaged a sacond time, and s0
on. The coordination of fire will be uniform 1f the first target is en-
guged n times, then the second target is engaged n times, and so on, or
wqually well, :very tevget is engaged once, then every target is engaged

a second time, and so on., Many other possible doctrines can b2 laid down
vwhich will also result in perfect or uniform coordination, v

Often none of the firing doctrines leading to any of the coordina-
tion schemes of Chapter V will bYe gpplicable to the SAM system being cone
sidered. Limitations imposed by the capsbilities of equirment and/or of
personnel will preclude the use of such doctrines, or aven 1f such a doctrine
could be employed, another doctrine not leading to a neatly definable coor-
dination scheme might appear preferable,

Even if a {iring doctrine which would give rise to 2 coordination
scheme of Chapter V were applicable and sppeared desirable, ths use of any
of the corrasponding formules for measures of effectiveness, derived in Chap~
ter V, presents serious difficulties. ''he formulu3 require eatimetes of both
fireposer snd kill probability. Pirepowsr may dcpend, smong other things, on
the distribution of intercept renges, which in turn may de governed by the
order in which targets are engaged, 1.e., dy the firing docivine used. Thue
the average kiil probability for all engagements may depend on the distribdution
of intercept ranges or on the extent o whici formations are broken up early
in the battle, or both, For ressons such as these the proper values of fire-
pover !l and the kill probability p to be used in a formula may not de readily
calculable. Indeed the firepowver calculstions of Chapter IV were based on
specific firing doetrines in which no target was sngaged more than onse; sueh
doctrines sre quite different from any that are appliesble in Chepter V,

One or another of the forma -t of Chepter V has been used in essh of
8 good meny studies in the past. I wsing any of the foymulss the implied
sssumption iz not that the firing doetrine presumed to de in foree would give
rise to that particuiar coordination sclieme. Rather it would lesd to a value
of the measure of effectiveness sbout equal to that which the formula provides.
Hany of the difficulties in estimating suitable values of firepcwer and kiil
probability to be used in the formula are uruslly ignored; e.g., firepower may
be calculated by 2 method of Chapter IV, based on a firing deetrine inconsis-
tent with the coordination schems aziamed. In many cases, whire one or snother
of the formulas iz used, the choice of coordination scheme does not rest on
any very solid foundation, rather it is primarily an iniaitive guess or a
ehoice of convenience.

C. Monte Carle llethod

It is evident from the discussion thus far that the tactical anelyst
nesds an sltemative masns for computing SAN system effectiveness, a means
that is applicshle to any firing dostrine. An sltemative method for compute
ing effectivensss does exist, employing simulstion of the air battle. A sim~
plified model of the air battle 1s designed, to include all essential festures
of the air battle. The air battle model iz then used to calculate a messure
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of the effectiveness of the defense. Such use of 2 simplified model of a
part of the real world to investigate phenomena of the real world is & comson
practice in many fields of science,

But how can an air battle model, incorporating firing doctrine, be
used to calculate u measure of effectiveness? In the course of sn air oattle
a wide variety of random events occur, each with its essoclated probabllity
of occurrence. A varlety of different outcomes of the battie are possible,
each having its assocluted prooability of occurrence, The probability of a
particular outeome 1: delined as the limit of the ratlio of ru.oer of battles
neving this ouccome Lu the totzl number of battles, as the toial mumber of
battles becomes infinite. An estimate of this limit is given by the ratio
of number of particular cutcomes tv total number of battles in a finite sample.
As the size of the sample 13 inercacad, So the estimate is improved. Using
the model, the outcome of a single tattle that includes & sequence of random
events can be determinsd by ascertaining the outcome of each rundom event from
2 throw of a die. For example, suvpose thaut the probability of kill for a
particular missile fired at a particular target is tuo-thirds., Let a die de’
thxwn; if a 1, 2, 3, or 4 turns up, let the target be killed, and if & 5 or
U turns up, let the target survive. By successive application of this pro-
cess to each randos event in turn the outcome of the model battle can de de-
termined, and by repeatedly fighting the model battlie in this way for a su.f-
ficlent number of time:s, 8 sstisfactory estimatc of the probability of a par-
ticular outcome 13 obtaliied. This procedure for calculating the probability
of 3'particular outcome iz commonly roferred to ag the Monte Carlo method,

D. Characterigtics of an Alr Battle liodel for Simulation

An air battie xodel shouli include 211 features of the air bdattle
that will significantly affect one or more of the kill probability, firepower,
ard firing doctrine. The model must provide whatever information is called
for by the sligibility and selection criteria that meke up the firing doctrine.
It must provide mean. for ascerteining the tiae snd location of each intercept,
and whether or not a kill occurs. In addition, the model should include mech-
anisms for starting the battle at an appropriate time, for sdvancing the clock
in order that the battle may progress, aid for torminating the bettle. Final-
1y, provision should be made for recording psrtinent information sabout what
has transpired in the course of the battle.

Information needed for operation ol the firing doectrine will, of
course, be dictated by the doctrine being used. HMany eligibility and selec-
tion criteris sre based in some manner on one or more of preasnt position,
course, and speed, predicted position, and current engagessnt status of each
target. The time and location of in*ercept can be calculated if the positiuvn
of the target gt time of assignment, target apecd and path, location of 3AM
site and time from assignment to intercept ss a funeticn of intercept position
are known, Occurrence of kill can be ascertained by the throu of a die or
some simiiar random drawing, provided the kill probability is nown as 2 funce
tion of intercept position and the nuture of the target. The battle may start
when the {irst target becomes cligible for assipgnment. 7The battle, or at
least the caleulation, may stop uhen 2 cpeeiffcd mimbelr of attecking aireraft
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have penetrated to i:eapon reliease, when the dazfense 1s rendered ineffecto

ive by exhausting its ammunition or by being destroyed, or when all aireraft
have been killed or have otherwise become permanently ineligible, The choice
may be dictatzd by the measure of effectiveness being computed; e.g., if the
probability of at least one penetrator is the measure. the eslculation need
not cortlnue after one penetration has occurred. '

Two means for advancing the clock during the battle are in common
use. One is Lo advance i-1e clock a fixed short intervel, examine all targets
and all SA!M units tu see if anything significant has taki.a place during that
interval, carry out whutever calculations or other operations that msy be
called for, then advance the clock ancther fixed intervel and again examine
all targets and all SAN units.

The second means makes use of whet e shall call an event store,
The battle 1is thought of as a sequence of events such as:

A new target is assigned to a 3A¥ ualt.
Engegement of a target by a SAil unit has been completed,
A target haz crosscd the weapon release point.

Initially the cime at which certaln events will occur can be calculated; for
examrle, the first target assignmen® o>vent o each SAM unit, These are en-~

tered in a store in the order of their occurrence. Each event will generate

other later evants; for example, a target assigmment event would generate a t
later completion of engagement event as well as a later target assignment \
event for that SAM unit. As each new event is generated, the time of iis

occurrence is calculated and the event is entered in the store 2 the appro-
priate order, behind those occurring earlier and before those cccurring later.
On completion of the calculations and other operations - noropriate to an eyent,
including the geaeration of new events, the clock is advanced to the time of
the next event in the store. Calculations and operations appropriate to this
event are then carried out and the cleck is again advanced.

E. A Particular Air Battle Simulation

The diccussion thus far has Indicated in a general way how air battle
simulation can be of vse to the tactical analyst and what charscteristice are
requirad of an air battle model to be used in tne ilonte faric method, The ad-
vantsges and limitations of air battlc simulation as an analytic tool can be
better understood by describing in detail the /design and operation of a speci-
fic cimulation. Cuch a deseripiion follows.

In the tactleal situaticn assumed, s number of air targets are prc- -
ceeding at the same constant speed and altituvde along the came straight path
toward a surface target which 1s deferded by s number of SAN units deployed
about 1it. The geometry of the buttle can co-weniently be described in temms
of a cartesian coordinate gystem having its uvrigin al or behind the surface
target and its positive x-axis along the at.ack path in the direction from
wnich the attack approaches, as shown in Figure 49,
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The attack 1s characterized by the number of alrcraft b, their
speed u, their weapon relegse point Xy, » and the spacing between successive
target arrivais. 1t 1is often convenient tc use 2 constant meen spacing s
between arrival times, although arbitrary spacings do nct introduce serious
complication; the model admits either choice. Any of the attacking aircraft
may be a decoy, if desired. With the specification of weapon release point,
the surlace target as such need no longer be considered, since the umodel is
concer with intercepts occurring before weapon release only.

Target altitude as such does not =nter directly into any of the
calculations carried out during the air battle simulation. Rather, lts ef-
fect is felt in the initlal selection of certain parameter values that do
enter the calculations. In particular it may influence or govern the cnolce
of weapon release point and meximum intercept ange.

The defense 1is characterlzed by the location (x,, yo) of each SAM
unit, by the number m of missiles stored at each site, by the maximum inter-
cept range o of the mlssile z5 deflined by the intersesction of the attack
path and the zone of fire abou’ the SAiM unit, 2y the %ill probability plo)
as a function of Jintercept range p, and by certain times assoclated with the
SAM unit as described in S3zctions C and D of Chaprer II. A briefl review of
those sectlions wlll provide a usefvl background for tre ensulng discussion,
The times of particular Interest zre {i) tie-up time #{p), the time between
designation and intercept of 2 target, (2) assescing time ta, tre time bhe-
tucen intercept and receipt of verdlict of the assessing process at the de-
¢islon center, and (%) a time ve shall call designation cyele time T, le-
fined as the greatest designation Interval {the intervel of time betueen
sw2cessive designatlons vo the swme SAM unlit) thet uill not cause loss of

firepover,
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The significance of the designation cycle time 1is that if the
designatior interval 1is egual <o -his ti. ., then on the cne hand the firing
rate will be goveried by the avallability off 2 lauwncher or of a guldance
channel (i.¢., the firing ur't uill not be idle for lack of a target) and
on the other hand the next voo+et designation will be made at the last pose
sible moment that will not cauue delay. From this comment we see that if
the firing rate Is launcher governed, the designation cycle tlme Tp i3 equal
to the launcher cycle vhme %y, and if the firing rate is limited by the avail-
avillty of a guldance channel, the designation cyele time is equal to the in-
tercept lInterval T(p?) plus the di'ference in missile tines of flight to sue-
cessive inlercept ronges 0y 4ng P Thus ve have

“L
(18) To= MBX
'l"upp) 4 ‘Cln(pl) - tf(pe) .

Yre simulellon, uith minor modifications, pemmits the usc of a var-
lety of firing doctrines. ‘o avold unnecessary confusion, a zingle doctrine
will be emjloyed here; discucsion of modifications required for other doc-
trines will be deferred. The doctrine we here consider 1s ¢he "nearest cur-
rently least engaged" doctrine described eardiecr. A target 1s eligible for
seleetion If:

1t has not been asszessed as killed in consequence of

an earlier engagenent.

Its present position will vermit intercept before

wveapon release and vithin meximum intercept range

(vith one exceptlion noted pelou).

It is among vhe currently least engaged of all such targets.

Because of the uzssumption of constant attack spead and coursc., the nearest
target of any group can ve defined as that target closest to but not yet past
weapon release point.

The simulatlion <mbodieg an event store as & means for advancing the
clock. 1In addition, a target store and a 3AK unit store are incorporated to
facilitate the.recoiding of informatlon needed later in the battle or desired
as a permancrft record of what transplred during the battle., Events in the
simulatior are target assignmont event, engagement completion event, delayed
launching event and weapon release passege event. These avents together with
the calculations and operacions associated with each arc¢ discussed in turn.

Target Assligrment Event

At the tlme of the event, when a SAM unlt is ready for a new target
ass.gnnent, the target store ls scanned to determine the set of eligible
targete, and the nearest of these is selected. The scan cun be carried out
in a varlety of weys. one way is to examine each target in turn in order of
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n-arness, rejecting it Ir 1v is lebelled killed, 1if its currest position
falls to satisfy the elegibllity criteria, or if its current engagemnent
status equals or <fceeds that of an earlier eligible target. If its en-
gagement status 1s less then that of an eariier uarget, then the earlier
target 1s rejected. Clesrly, at any stage of the sc-u, al most oue target
will be retained. On eompletlon of the scan the one (Lf any) remaining
target 1s assigned, since il will automaticnlily be the nearest of those
eligible. If nu targel 1s retzived, nore are eligible and no assignment
is msarte,

Strict edherence vo the stated eligibilizy criterion that a target's
current positlion be such £s to permit Intercept within meximum range requires
that st the time of designotion the target be insidw a position

X, =x _+udlo ) )
e

c mux ot

where Xnax is the Intercepi posiilwm corresuonding to naximum range Prax -
(see Fig. 46.)

PN

[ R

\

Current Fosition 3liglblillity Interval

Figure ¥

Observance ¢f this requirement couid Zn.zome instouens lead to several SAH
units simultaneously engaging the lead terget at the beginning of the battle,
leaving the next few targeis unengaged, unless spacing between targetz is
very small, To alleviate this undesirable situation we grant eligibility to
targets whore current position is in an intervul of some specified length Ax
1ying Junt beyond Xo. (Sec Fig, UL} Choles of the lengih Ax 45 a queation
of doctrine. If too"small, it will fail to fulfill its pu-pose and Af too
long 1% will laad to undue dels.
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If the desigpated target 1s currently within the interval Ax,
a delayed launching event for the SAM unit is generated, including a record
=7 the ldentity of the designated target; the time of the event 1s vhe time
vhen the deslgnated target will pass x,. If the designeted target has al-
ready passed Xos the intercept position and range can be calculated. We have

(19) Xy =Xy - ug(p)

(z. - x )2 + 2
1 o Yo

p

where (see Fig. 47)

Xy = intercept position
xp = deslznotion position
SAl Site
¥y Y
Intercept
roint
: b -
)
0 x —
o Xy uir;) xp
Figure 47
Thas pair of simulteneovs equations can be solved for o (and x.), mince the

I

targetts current position x. 1s known.

L

Having determined p, we can then obtein the value of the kill probe
aoility applicable to this engagement from p(p). To ascertsin vhether the
engagement regults In a kill, vue draw one or more random decimal digits, de-
pendin. upon the accuracy to which the kill prebability is lmown, and compare
with the kill proLability. The use of decimal digits 1s more conveniint than
dice, since we customarily work in the decimal system of numbers.
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We next record a decresse of one in the SAX unit's missile supply,
in the SAif unit store, and an increasc ol one in the selected target!s cur-
rent engagement siccus, in the target store. inally, before proceeding to
the next event in the event storc. we must generste an engagement completion
event for the targel in question, including a record of the outzcome of the
current engagement, and 4 new targei ascignment avent for the SAM unit ine
volved, unless its missile suncly i3 noe exhausted., ihe time of the engagee-
ment completed event will be the engupement time #(p) + t; later, and the
time of the naw target assignment event uill be the designetior cyele time
TD later.

From equatlion {17 ue sce thst ‘5 may derend on the range of ine
tercep.; of the next targe: to be designntcd, if the firing rute 1s limited
by availeoliity of o guldunce crannel., Hut in the zimulation, atv the time
of one target designatlon the next target %o be deaiznated will not as yet
have been selected, so intercept renge for tie next target cannot be known
and Tp mey not yet Le deverminabl:, Houever, the simulation calls for an

-estinate of Tp at this time; and so we wust adopt an approximation which is
elther indeperndent of runge or is dependent only on tie renge of intercept
of the target about to be crgeged. Such an approximction requires taut some
estimate of the expected order in which ‘argets will bhe engaged be made be~
forehand. A convenient and simple assuaption is Lo suppose, for the gumﬁon
of defining TD, that thne next intercept will occur at the same range as the
current cne. Equation {13) ther reduccs to

» "L
Tpip) = max T{p)
Other cnolces can bte made to reflect Che fmct that under the "nearest cure
rently leasi engaged" doctrine, turgei engsgesents tend to move back through
the attack stream us the bettle progresses. We can assume that the next tar-
ge. to he designated 1s the next turget in the stresn. If there are B SAM
units, the nest target for a particular SAY unif is the B-th target farther
back, impiying that the SAM units 4ake the targate in turn. Or we cail assume
that the next targat is ut en cxpected arrival spacing ps dehind, f.e., at &
spacing & if the earlier intzreept produces & %41k {with probedslity p), and
at spacing 0 if no kill (iith probahility lep). Xf there are B JAll units, we
take instead en expected snacing fns. These choieas pll imply that the ef-
fect of oceasionally moving forwasd in the strsam to pick up a survivor of an
earlier ingegement is sbout bulancud %y the 2°fleet of moving dackvwerd followe
Ing this picking up.

I no target was designnted te the Al unit because no tasget wos
eligible at the time of the turget assisnment event, the target atore 1s
scarned to determlne 1 some target will become eligible at a later time;
i.e,, if there 1s ¢ wuvget loented beyond :ne inverial A & associated with
the 5Al unit in gqueittion. It on: or more cuch turgets can he found, @ new
target assigraent cvent is gencea%ed for the 5AM unit af the time the Tirst
of these targets ne, Locome eligible. I no such topzet can be found, no
Myprther target assijiwe.) event ig generazted for the JAM unit; rather the
unit is retired trom ac jo..

A3
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At the atart of the battle, a target-assi, ..ent event fcr each

SAM unit is placed in the event store; the time ascriied to each of these
events 1s the time when the lead target reaches the positlon x, associated
with that SAM u¢uit, 1.e., each SAM unit actively enters .he bagtle in time
to intercept the lead target at maximum intercept range, should the firing
doctrine dictate such a target assigmment. Since each target ussignment

. » event gives rise to another target assignment event for the same SAM unit,
unless the unit's missile supply has been exhausted, each 5AM unit then re-
mains actively participating in the battle so long as it is able.

¥ fngagement Completion Event
g If the engagement Just comploted resulted in a kill, this lact 1s

now recorded i{n the target sture, meking the target ineligible for further
assigmment. If the verdict vas no kill, the engagement status of the tar-
get 1s reduced by one in the target store, Determination of whether the en-

’ gagement vould or would not result in a kill could have been delayed until
this time. Howvever, the range of Intercept would then have had to be re-
rorded to allow us to obtain the appropriate value of p(p).

‘ Delayed Launching Event

‘ A delayed launching event is generated only when a target, currently
in the interval Ax, is designated to a SAM unit. At the time of designa-

tion the target may have been under engagement by another SAM unit, located
farther down range or employing longer range missiles and so able to engsge

. the target earlier. Thus the target may have been killed and the verdict to
this effect rendered during the time between designation to the SAM unit in
guestion and the delayed iaunching event. Becsuse of this f.ct the first

‘ operation called for by the delayed launching event is to check the target
store to see if tne target is now lnown to be dead. If the target is not
found to be dead, we follow the sequence of opertitions described under tar-

' get assigmment event, starting with calculation of the intercept range. 1Iif
the target is found to be dead, we attempt to seliect snother target in its
stesd, sgain following the sequence of operation: under target assignment

’ event, tut now starting :iith the scan of the target store.

Weapon Release “risage Event

‘ The one reason for including ueapon relesse passage svents in the
simulation 1z to provide a means for terminating the battle when the number
of live penetrators meets the demands of the measure of effectiveness bdeing
computed, ¢.g., one penetration if the measure is the probability of at least
! one penstrator. The first operation associated with each weapon relesse pas-
sage evant is to check the target store to see if the target in question is
. live and not a decoy {if decoys are included in the attack). If the target
§ is live, a check is then made to see if the total rumber of live penetratora
is sufficient to meet the demands of the measure being computed; if so, the
battle is halted. If the target is dead, is a decoy, or if it is live bdbut
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the number of penetrators 1s not sufficlent, a new weupon releuse passage
event 1is generated for the next target in the stream at the time it will
reach weapon release, At the ouiset of the battle, a weapon release pas~
sage event for the lead target 1s placed 1:: the event ctore,

F. Modification to the Simulation

The simulation as described pevmits a wide varlety of appiications
without modification, The locatlons and number of SAM units comprising the
defense, the iritlal ready missile supply, the maximum intercert range, the
kill probablilities and descriptive tl.es of each are open parameters. The
speed, number, arrival spacing, and weapon release i:osition of the attack-
ing aircraft are cpen parameters. Thus a wide variety of defensive missile
systems, even mixtures made up of different systems can be yimulated, as can
many different attacks,

The simulation limits all attacking aircraft to the same constant
spead and straight line attack path. These limitations can be relaxed in
any of severdl ways, usually at the expense of some added complexity in che
simulation. A curved or dogleg attack path, the admission of two or mere
distinct paths, or a variation in target speed along a path will necessitate
some change in the calculstion of intercept position. If different tnrtl
sre permitted to fly at different speeds, an alternative definition of "near-
est® is required; two common choices are (1) "target with least time to fo
to intercept™, and (2) "terget with least tlwe to go to weapon release", Air-
craft at differen’ altitudes may have different maximum intercept ranges and
different veupon rclease points.

The structure of the similution is such as to readily permit changes,
particularly in the firing docirine used. As an exsmple, supposs the attack-
ing slrcraft approach in a group, flying sufiiciently close together to sppear
as a single unresolved track to the defensive search radar. The "nesrest cur-
rently least engaged" doctrine will not provide pairings of 3AN units with in-
dividual targets; a different doctrinc must be used. Let us assume that se-
lection of an individual target 1a & random process, all live targets having
equal chance of being chosen, and no choice deing made unless all targets are
within range. We replace the target assignment event described above with a
random target assignment event. The first operstion called for by this new
event 43 to draw a raindom nusber (an integer) between one and the musber of
live targets in the group at the time of the event. We count through the live
targets in the targat store until we reach the random integer; the correspond-
ing target 1s selected. Following selection of a target the remaining opers-
tiong are carried out as before; the intercept range is calculated, ocourrence
of & kill is detemined, the ready missile supply of the 3AM unit is decressed
by one, and an engagement completion event and s new random target assignment
event are generated for the turget and SAM unit respectively. Of course no
consideration is given to the Interval Ax. nor to the current engagement
status of any larget. Furthermore, the delayed launching event is rot needed.
N0 other changes in the simulation are needed.
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Another doctrinal change of interest can easily be incorporated
in the simulatlon. In some situations it mey be desirable to regard targets
that have penetrated to rather short range 2s being especially thieatening
and so warraniiug heavier fire than the "nearest currently least engaged”
ductrine would provid:. To provide heavier fire at short range, we define
a priorisy zone extending Zrom weapon release position x, to a.. cuter bound-
ary x,. e give priority to a target uithin this zone if the number of ene
gagements it is currently undersoing is less than a specified maximum X..
Our firing doectrine becomes & sequential application of the "nearest current-
ly least 2ngaged" coctrine, first to targets in the pricrily zone whose cur-
rent engaguanent status 1s less than K,, and then, if no turget has been se-
lected, to all targets whether in the priority zone or in the non-priority
zone lying beyond x,,, as before withcui regard for the upperhound K. This
change In the targelr assignment event sean 1s cll ue require to have & gime
ulation capable of heavler fire at short range. Hoir much heavier the fire
snall be is controlled by the choice of Kp. and +hat constitutes short range
e controlled by the cholce »f Xpe

A defense made up of both long and short range SAM units may prove
more effective if, early in the battle, a limited number of targets are per~
mitted to penetratc to the firing zone of the shovt rangs SAii units, wd the
long range SAM units meanuhile engage targets farther back in the stresm.

In this way the short range units actively cntar the battle at the earilest
possible time, rather than remain idlc vhile the long rangs units bear the
burden of the defense. Clearly the number of turysts permitted t0 penetrate
must be carefully limited to insure that the short range units will be able
to handle them satisfactorily. One uay to achieve this cbJjective i3 to mod-
ify the "nearest currently least engaged" firing doctrine by declaring oer-
tain targets (e.g., every third target) ineligible for assirmment to long
range SAM units., Or the long range units could be limited to a single en-
gagement per target for any target not yet within range of a short range unit.

G. Criticul Examination of lionte Carlo Method

A discussion of the Jonte Carlo method would not e complete withe-
out at least a brief critical review of its strength and weainesses; such an
examination follows. The particular air battle simulction described above
will serve to illustrate several of the points to be made.

The valldity of a measure of affectiveneas, calculated by the Monte
carlo method, 1is zuverned by the sppropriasteness of the 2ir battle model used
in the simulation, the validity ol the parumeter values selected to descride
the at.ack, the defense, and tnelr interactions uith each other and with their
environment, and the sample size, i.e., the numver of times the air battle
simulation is repeaied ulith the same set of parameter values. Of course the
need for an appropriaste nodel and for valld parameier values obtains whateve
method may be employed in calculating the mecsure. “he sultabllity of the
model and the accuracy of purameter velues must ultimately depend on the an -
lyst's knowledge of the defensive missile sysiem, of the attlack, of the en-
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vironment, and of the interactions of these. The use of an ovarly ccmplex
model or of parameter values unjustifiably quoted to many digits cannot come
pensate for a lack of knowledge.

An air battle model appropriate to the jonte Carlo msthoc. should in-
clude the simulation of all features of the air battle pertinent to the mass-
ure of effectiveness being computed, and should exclude ail featurss of the
air battle irrelevant to the problem being investigated. It should be point-
ed out that the popular desire for realism in models of various sorts of
battles 1s nct well fourded. A model by derfinition is not rexlity; it is a
model of reality. No amount of trimming in the form of simulatior of irrel-
evant features can make a model real; nor will it enhance the model in sny
constructive way. The oft expressed concern for realism is in truth s de-
sire to incorporate in a model all that is pertinent. Houever, in attempte
ing to fulfill this desira, a clear notion of what various features should
be pertinent or relevant to, is essential.

Use of the Monte Cario method demands that the size of the sample
be sufficient to yleld statistically meaningful results. Errors from statis-
tical fluctuation cen be reduced to any desired level by increasing the semple
size. However, no sdvantage can accrue from meking the statisticsal errors
very small compared to uncertainties concerning features of the model or valuss
of the parameters used. Indeed, such action may, and sometimes does, lead to
false accuracy. A small statistical error may suggest a Righ level of accureey
in the results that does not in fact exist. Should uncertainties concerning
the model or parameter values be too great, spplication of the Monte Carlo
method will seldom be warranted. Some simpler form of snalysis will usually
suffice.

™he need for an adequate sample size in the Monte Carlo method argues
for an air battie model 30 designed that its ruming time will be ahort. The
time requirod to obtain a sample of given sige i3 of course proportional to
th: rvmning time per simulated battle, and in consequence the cost of ¢aloula~
tion is very nearly proportional Lo rumning time. Whether calculstions are
made by hand or on a high speed computer, their cost is ususily a matter of
nmajor consern. Thus any ecoromy that can e effected by shortening the rune
ning time is importent.

The structule of an air battle model should be simple enough that
the simulation can be thoroughly understood as a whole. ¥Without this complate
understanding, the prodlems of detecting errors in design or sperstion of the
simlator and in rezoaving the spparent snomalies in resulits thev almostc in-
variably arise are oxtnnld;.' difficult.

The above requirements for an air battle model are often in e¢anflict.
Even after due heed has been paid to the guestion of relevance, 50 miny fea-
tures of the Lattle may appear to be easential that the model becomes too come-
plex to make a satisfactory ssmple sise practicable or to permit a zimultaneous
grasp of ail detalls ol the simulation. This dilemma can be resclved by re-
sorting to the sound expedient ¢f subdividing the model. A mcdel is made up
of many blocks joined together Ly prescribed functions or operations. each




block in turn can be constructed of many smaller blocks similariy Joined.
For example, the particular simulation described earlier cont.sts of an
initial set of conditions and a sequence of events that operate on these
initial conditions. One operation occurring repeatedly is that of deter-
mining whether an engaged target is killed or not The scheme used for
carrying out this operation calls for & random number to be drawn as each
engagement takes place; this number i1s then compared with a previously se-
lected and stored kill probability to determine kill, In an actual firing
of a miasile against a target o kill would or would not occur depending
upon the outcome of each of an extcnsive sequence of evants described in
Chapter II. These outcomes include miss d:rtance, fuzc Sriggering posi-
tion, fugze delay, and burst position. Since kill probability is pertinent
to the measure of effectiveness {peneiration probability) being cslculated
with the aid of the simulation model, the many variables upon which 1t de-
pends arc also pertinent. But even though they sre pertinent, explicit
treatment of them need not be incerporated in the simulation model, They
can be more satisfactorily dealt ulth separstely by one of the methods dis-
cuzsed in Chapter III to provide kill probability as s function of intercept
position and target t;pe. More generally, every operation included in the
model described earlier could be expanded into a sequence of sub-operations.
In turn, each sube-nperation could be expanded until, if all ultimate sub-
operations were incorporsted in s single model, the model would include
even the detailed simulation of each radar pulse. Clearly a model incor-
porating this great detail would become 30 complex as to be completely un-
manageable. But if the model is subdivided, the expansicn of each operation
being treated aeparately and only the results of the sepsrate treatments
veing incorporated in the model, excessive comulexity can Le avoided.

At best, caliulation of s measure of effectivensss hy aeans of the
Monte Carlo method is expensive and time-consuming when compared to calcu-
lation by any of the formulas c¢f Chapter V., Justification of the Monte
Carlc method rests on the inability of the formulas to properly ascount for
many firing doctrines of interest. However, the formulas can often be of
considerable value even when firing doctrine is & matter of concern. Once
a prograr of simulation has been carried out, the results obtained can be
compared witn those provided by the formulas. A formulas giving spproximately
the sams results can soaetimes be found, and the sets of conditions which
constitute bounds within which the appraximation is valid can be defined.
Within these bounds the formula can be used on later occasions with reason-
able confidence.

The nced for in sdequate sample zize will usualiy Al~tate the use
of @ high speed digitel computer in carrying out air battls g!=nlation., A
computer simulation commonly involves s time-consuming programming task at
the outset, but can later pay off handsomely in the form of rapid computa.
tion. In contrast, manual simulation requires little initial preparation,
but usually is very slow and tedious in operation, and is apt to introduce
computational errors; the human operstor is not a particularly rellable
computer, z3peeially when he is iired.
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For all the shortcomings of a manual simulotor, it has an impor-
tant role to play in the simulation of an sir battle, In the process of
degigniug a simulation model many features of the design must be tested
to determine if the logic of the model 15 self-consistent, to detect those
features and assumptions that are in’ conflict with thu characteristics and
interactions of the air battle being simulated, and to discover 2-portant
omissions in the model, A manual simulator 1is well sulted to this prelim-
inary cesting; since it can be quickly and easily prepared for operaticn,
desirable and even necessary changes in the decign of the model can then
often be dlscovered in the course of a very few simulator runs, and these
changes can r-adily be incorporated and testea in turn.

The alr battle simulation described above was originally designed
for a manually operated desk top zimulator, and later was prograamed for a
high speed digital computer. In both forms it has been used extensively
in the tactlical analysis of SAN systems; during the period of its use many
changes and innovations have been introduced. The manual simulator has
been a valuablc tool not only in working out the details of these changes,
but in 2 number of other ways as well, Experlence with the manual simula-
tor has shown that, in the course of a single run, inccrncictencies and ine
valid features in the model not otherwise easily recognigeu. could {requente
1y be observed. A single run often served to demon. “~ate a previcisly un-
suspected gross weakness in a proposed firing doctrine, and suggested modi-
fications to the doctrine which would strengthen it. Indeed, as a conse-
quence of a single run, an important interaction between elements of the
air battle - one that was not evident before - was uncovered in each of
several instances. The informetion gained from a single run was not derive
ed from recorded results of the run - since a sample of one un is complete-
1y inadequate from a statistical point of view, The value of the single run
stemmed rather from the fact that the operator could observe the sequence
cf events as they orcurred, and often could note why things turned out as
they did.

The ability of the operator of a msnusl simulator to watch the
entire battle as it evolves and in so doing to discover why things happern
as they do, makes the manual simulator a useful tool in interpreting the
regults of a Morite Carlo calculation. In many instances the plot of a
measure of effestiveness, obtained by the Monte Carlu mathod, against some
paraneter of interest (e.g., spacing between successive target arrivais)
will behave In n most unexpected manner. A few runs on a manual simulator
may quickly prcvide an explanation for their behavidr.

In some instances a measure of effectiveness may be expected to
change sbruptly as some parameter of interest is varied, If an investiga-
tion of such change 1s to be made, the msnual simulator can be useful for
calculating purposes. As an example, the plot ef peretration probability
(the probability that at least one attacker will survive) versus the rum-
ber of attackers frequently is quite steep, as illustrated in Figure 43,
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The information of primary Ihterest may be merely thc approxiamate nusber

of attackers at which tne cuSTE&rises abruptly, rather than the precise
value of the penetration probability for any particular number of attack-
ers. The problem then is to locate the "region of interest" (by to by in
the figure), and not to accurately compute pcints of the curve. In sich
case relatively few runs on a manual simulator can suffice. For sny mmber
of attackers le3s than b;, a single run will show that only with great good
fortune will an attacker penetrate, and for any number of attackers grestsr
than b,, 2 single run will show that the defense is simply unadle to engage
all targets, thereby insuring a penetration.

A final important consideration in the application of the Monte
Carlo method 1s the design of the simulator itself, and the choice of cpe-
cific procedures to be followed in cearrying out cslculations and other
operations, and in recording information of interest. Desirsdble features
for any simulation include efficiency and reliability in carrying out cal-
culations, computing accuracy commensurate with the accuracy of data used,
facility in the detection of errors, and speed of initial preparation.
Often these features will not be wholly compatible; some compromise must
be made., However, general statements on this subject are not apt to be
instructive; greater insight into the design problem cen te obtained from
a description of a particular simulator and of its operation. The manual
simulator for which the air battle simulation described above was original-
ly conceived will serve as a useful illustrstion,

H. A Kanual Simulator

The manual simulator is a simple analog computer of the slide rule
variety, made up of two scales on a slide. several ixed scales, 2 cursor
and a memory. Figure 49 shows a szketch of the simulator; the letters in
the following description refer tn the figure.

- 127 -




6h oansta

HOLWINHIS TViLIVH

xspur

|

afBoe § —d =~ 31BOS
| ‘Ll ]
: !
m T e - el b § . | - b \
t - - - ln."ll'-lli—
v Jaomon Y —y 1 | { | i ]

{ . T i 3]
| T < T £ T ' )
| saeus: Gn —» ‘1 N - 1
; . |
__ ATV ' T LR L D ) ] 1R
V steog &y — 1 L A § 1 1 1 < T Co aTun uvS
f
v ateos m.m -—p T T f LS k| .n_‘l—
W eog %2 - ! ! ] 1 i 4 L] € 2z ‘ol ATun UVE
|
\
|
w 1
v aUTT J0zang

- : /




%

PR HPOE HOPLIG NIVINITY

MV NG

APRUID MHYSICS LABORATONY

NS

On the left hand scale T of the slide, the relative target posi-
tions are marked off according to any desired discribution (a unifornm dis-
tribution with constant target spacing is depicted in the figure). The
right hand scale S of the slide gives the distance a target advances as a
function of time of advance, the index or origin of the S scale 1s located
at the lead varget. The fixed scales F; give engagement time (§ + t;) ver-
sus target intercepf position for each SAM site and the fixed scales Fe
glve the designation nycle time Tp versus target intercept Position for
each SAM site. A fixed memory scale ¥, serves both 25 a store of future
target assignment events and as a record of all engagements previously
undertaxen by each SAM unit. The fixed memory scale 1., serves as a store
of future engageme:¢ completion events and as a record 5 ull engagements
of each target. fThe scale T of the slide, where relative target positions
are marked off, is used to record the currcnt engzgement sfatus of each
target and zlso the demise of each target killed.

Preparation of the simulator for a particular set of runs consists
of drawing up appropriate fixed scales F; and F, for eaca SAM site and
sceles S and T of the slide. The first step is to select a suitable dis-
tance scaling factor. The cholce should minimize the reai distance per
unit simulator distance (e.g., miles per inch}, %hkile still including the
distance intervals required for operation of the simulator. These adja-
cent but not overlapping intervals are

a) The distance between the first nossible intercept position ..
a target by any SAM unit and the corresponding target position
at designaticn,

*) The distance between the first possitle intercept position and
the last poassible intercept position, the latter often being
the weapon releasge point.

¢} fThe distance between first and 1&s%t targets in the attack stream.

The fixed scales P, and F2 for each SAM unit can rexdily be lsaid
out as follows. Ve have (repeating equstion (19))

Xy = X - ui(p)

hx. - x )ﬁ 2
o F '-\/II o *t¥

where x_, xp are intercept and designation positions respestively, (xo.yo\
are SAN site coordinates, p 1s range to intercept from SAM site, $(p) is
tie-up time, and u 1s target speed. Elimlnating Xqs WE have

: Xp = Xy + uf(o) + j/o" - :;T
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For each of several convenient values of p covering the intevval between
Ppax 3Nd Opin. We calculate x,; both or just one value =f S will apply
depending upon where the posigion of last Intercept falls .eiative to the
SAM site. For each of the same chosen values of p we obtain the corres-
ponding values uI' engagement time B(p) + t, and designation cycic time Tp
ard then plot & + iy and Tp versvs Xy, usirg the distance scaling factor
selected above. We select several values of 7+ ty and of Tp covering

the intervals between (f + ty)max and (F + + .v‘n and chogen to pernit
ready interpolation by eye. Ve mark off the.+ Zhosen values on the {f + tg)
and Ty, axis, and for each value then mark off the correspanding one or two
values of Z,. Finally we place & paper strip along the x u.is, transfer
the markings of the xp values to the strip, and record the corresponding
(& + ta) and T, values opvosite each mark to give us fine completed scales
Fy and F2 for ghe SAM slte in questim In the event that T, 1s constant
over some X, interval, a: 1in the case . launcher governed fire, the fact
that the same value of Tj applles to the vwhole lInterval should be indicat-
ed on the scale Fa. ..

When the strips bearing the scales ¥, and . fopr different SAM .
s'tes are mounted on the simulator, they shou}d be pfaced 80 as to coincide
in position x; rather than in time ¥ or T,. Indeed two SAM units whose
locations differ will have different values of g and usually cf T, corres-
ponding to the same designation position x,. Furthermore, positions of
first and last designation for two such SAN sives will not in general co-
incide, even though positions of first and last intercept may coincide.

The scale T of the slide is readily prepared by marking off posi-
tions of successlive targets as desired, using the selected distance scalirg
factor. Hote that the relative positions of targets remain unchanged dur-
ing the battle, since all targets are assumed %o ke flying at the same con~
stant speed. The scale S of the slide is obtained by choosing a convenient
time interval At, and marking off a series of points a distance u At apart,
labeling them 0, At, 2At, ... up to the maximum value of § ov T, oceurring
on any of the scales Fl and F?.

. The operation of the simulator starts with entry on the memory Hl
of an initial target assignment event for each SAM unit, and a weapon re-
lease passage event for the lead target. The target assignment event for
each SAM unit is entered by placing the cursor at the left-hand end point
of the scale Fy of that SAM unit, and then, holding the rursor tixed, mak-
ing 2 mark on the memory M; and labeling the mark with the number of the
SAM unit. The weapon »elease passage event for the lead target is entered
by the followlng sequence of steps. The cursor is place? at the right-hand
end point of the scale F, of any SAM unit (it is immaterial which SAM unit
1g chesen) and the value of (7 4 “,) 1s read off., Holding the cursor fixed,
the l~dex of the scale S is moved to coincide with the cursor, Then, hoid~
ir | the slide fixed, the cursor is moved to the right to the point # + ty
o the scale S, a mark is mede on the memory at this point and 1s laveled
WX !fer "yeapon release).
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Following entry of the above events. .1 cursor 1s placed at the
left most mark on the memory M, (the first target acsignment event to come
up). The slide is then moved so that the first target to be engaged, e.g.,
the lead torget, falls at the cursor line. The target-SAl unit palring
fo» the first engagement has now been rfixed. To complete the erngagement,
the designation cycle time T, and the engagement time {f + ta) for the en-
gagement are read from the points where the cursor line cuts the scales P
and F, associated with the SAN uilit in quesiion. Holding the slide fixed,
the cursor is moved to the right to the point T, on the scale 5, a mark 1is
made on the memory l4,, and the SAM unit number ls recorded above the mark.
?his mark constitutes entry of a new target assigrment event for the SAM
unit, sext the cursor is moved to the puint (& + ta) on the scale 8, a
mark is m.de ¢in the memory l,, and the target number is recorded below this
mark. This mark constltutes an engagement completion event for the engage~
ment being undertaken.

flext, a random digit is drawn to determine if the targe? has been
killed. Iv a kill results, the target number entered on the Ii, memory 1is
undertined or encircled. FKinally, on the scale T a check mark is placed
over the target being engaged to indlcate thav the target 1s now undergoing
an engagement, and the recorded number of ready missiles available at the
SAM unit is reduced by one. The operations called for by the first target
agsignment event have now been completed.

The next event to occur is that corrcsponding to the left most mark
on either the My or M% memories, excluding the event Just passed. If the
next event 1s a targef assignment event, the cursor is placed at the corres-
ponding mark in the memory, the slide 1s advanced until the index of the
scale S is at ti'2? cursor line, and a target is assigned according to the doc-
trine being used. Holding the slide fixed, the curscr is moved to the tare
get selected, 1If the cursor in this position falls to the ieft of the end-
point of the Py scale, tne SAM unit must delay its launch. A delayed launch
event for this SiM unit is then entered on the memory M; by reading off the
time spacing between the lead target and the selected target, moving the cur-
sor vo that time on the scale S while holding the slide fixed, making & mark
on the memory M;, and labeling the mark with the SAM unit number. If, on
v. ~ nther hand, the cursor falls at or to the right of the end-point of the
Fy scaic, the engagement of the selected target need not be delayed. The
operations described for tiie firxt engagement above, subsequent to target~
SAM unit pairing, are then followed.

If the next event is an engagement completion event, the number of
the target involved is read off the memory M. If the target was killed,
an appropriate mark is piaced on the scale T over the target., If the target
was not killed, the check mark previously placed on the gcale T is removed
or crossed out to indicate a redvction by one in the target'!s current en-
gagement status.
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The battle thus proceceds, event by event, until all targets have
been kiiled or all missiles exhausted, or until the weapon release passage
event for the lead target comes up. No explicit operation is called for
at this time; the significance of this event lies in the additional opera-
tion that precedes eath subsequent target assignment event., Before select-

ing . ‘arget for assigiment, the llve targets lylng to the right of the WR
mark on the memory M%

sired number of pene

wust now ve counted; when this nurber equals the de-
rators, the hattle is terminated,
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CHAPTER Vil

Measures of Effectiveness

.

A. Cholce of a Measure

A measure of effectivenc.s of a weapon system is coi.nonly thought
of as a quentitative irdex of the tactical wortk of the system., Before a
proper measure of effucilvenvss cun de selecied ror use in an analysis, it
is essentdal to understard clearly the aims or objectives of the wecpon
system., Ideally one would ilke an alp defense system 4o .¢ capnile of de-
stroying -.11 hostile alr targets presented to 1t. This rofty uim is of
course not achlievable, whicn fact has erroreously zuggested tu mory Shal
measure of effectiveness should mean the degree to which the ide:) .21
is achieved. But suckh a vicu is meaninpless without cunside-uvle elabora-
vion of the purpuse or objective of the sir defense being studled. In one
instance, to destroy all but one sttcoclng .eapon may mear ntter defeat.
Yet in different circumstances to desiroy but a few targets may suffice
for victory. A few iliustrations will nelp to throw light on the impore
tance of air defense ovjectives 1In seles’ ing a measure of effectiveness,

Consider a small militvary force whose Jimnedizte mission is vitai
to the success of 2 major campaign in & war., The elements of the force
may possess some Inherent value independent of the mission, but the urgency
of the mission temporarily pluces greatly incrzased value on the force,
lasting until the mission has been completed. Suppose the force expects
to be subjected to air attack and so possesses «lements to provide it with
air defense. The prime objective of the air defense 1s clearly to prevent
demage from air attack that would preclude success of the mission., This
objective heclds sway only during prosecution of the missior., Activitles
of the air defense may include destruction of eremy air targets, tut de-
struction of targets is not essential to the alr defense objJective. To
cite an examplie, svccessful jomming of bombing radars carried by bomber
aircraft could constitute completely successful air defense without a shot
being fired. The one paramount requirement is to prevent, by any mesns,
successful delivery of enemy warneads. Whatever form the alr defense takes,
it falls 1f enemy dir attack provents the force from carrying out its wis-
sion. Otherwise the alr defense is successful.

Tne strategic bombing operations of World War II serve to illus-
trate a different air defenge objective. In these bombing raids the damnage
inflicted by 251y one homber on a single mlssion was usually rather meager.
Indeed, decteruction caused by un eniire rald was seldom reaily crippling
*0 the nation receiving it. 7Thus it was necessa:rv ‘o ahtack and re-attazk
each of many turgets time and time again, with 153, e numrors of bombers, in
order that the bombing operations be effective. The mest Lellinz means open
t¢ the defonse for dizcouraging tnese tombiig operations uag to destrqy bowmb-
ers. Moreover, experlence showed that o modest level of bomber attriticn
{5 to 10} war ucuelly suffieient to dissuade the eremy {rom ~untinuing his
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bombing efforts without f'irst taking steps to negate the eir defense fo
opposing him. Thus, in these operations the primary air defense objer: -
was to exact enemy bowber attrition, the higher tne level of attriti. . ti-
more pleasing to the detense.

A third air defense obJjective cor be illustirated the lefense
of citlies or other civil targets against nuclear alpr attac’ A single of-
fonsive nuelenr warhead 2uri-_Liwily Geliveded muy cause . emendous devase
tation. Thus Af =i Lo~y chould attack o ¢ity with envigh weapons to as-
sure with nizh wonliderncs the delivery of two or thres sarvheads, he could
full, e cooLbtlner Lo succeed, wnd would rarely lave to re-attack.
Te - 7 4. aitwelk 2 Larse pary oo Whe ttleving force may be lost to air
dezee o2 oweides . Lndeed 18 ok enemy expects such losszes to be high - or at
iras. not negligible - he should alloczte to thw one etitack not orly enough
veapons to surely absorb the expected losses, buf also enough more to in-
sure destruction of the city, rusther than alloczte lewer weupons and so run
a serlous risk of having to re-attack another day, 4itn consequent addition-
al losses to alr deferse actlon, Having puld his admission price once, he
had best. see the show rather than huve to puy agein., The obJective of the
alr defense in this case ls to exuct a high toll of alr targets destroyed.

A further difficulty in selecting a measure of effectiveness arises
from the fact that an alr defense weapon system may at different times de
employed in different ways wifh differeut objectives. A naval missile ship
in a major nuclear war may Luve tne prime tasi of protecting a carrier dur-~
ing the short time required for the lutter to lawiich an air strike., In a
high explosive war the first objectiv: of the same missile ship may be to
exact attrition of attacking airsraft during an extended period vhen the
fleet may bé operating within range of enemy alr attacks., Tn carrying out
a tuctical analysls of the periomma.ce of such 2 misaile ship some compro-
mise may be called for in choosing & measure of effectivensss, or resort to
two or more measures appropriate to the different potential obJectives may
be necesaary.

In choosing a measure of effectiveness, the tactical anslyst must
pay heed to certain practical considerations. He is often limited in the
time available for his analysis, or in the computational facilities at his
disposal, or both. If so, he musi limit his cholce of measure to those
amenable to falrly rspid and simple calculztion, striking the best comproe-
mise he can between approprictenescs to the provslem and practicality in com-
putaticn. Some of the deta avallahle to anslysie ac Inputs are usualiy of
such poor quality as to be ilinle tetier than random guesses, Given great
uncertainty in the proper value c¢f o parameter, it becomes necessary to de~
termine the scnsitlivit;” of the SAil system effectiveness to the parameters.
I8 effectiveness critically dependent on the parameter value used? If so,
where L the range of rossible values does effectiverness vary markediy?

The desirability for .compu.. .joral case gceins asdded emphasis from this nesd
for ascertaining sensitlivity.
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Cornsideration of the purpose to vhich a tactical analysis is to
be put can at times simplify the cholce of an effectiveness measure. Fre-
quently the purpose is to make a comparison betwcen weapon systemg, If
two systems being compared are sufficiently similar, it may be admissible
to employ a meusure that reflects only these features of the two systems
thut differ, By way of illustration, suppose two SAM systems have about
the same missile kill probability and are capable of about the same level
of coordination of fire. The consideration of firepower achievable by
each mey suffice in making 2 comparison, However, resort to the use of
such a partial mecasure should be made with cautior. The analyst should
nimself b2 aware and in the presentation of his resalts shoulc include
some indicution of how overall effectiveness of either system will vary
with firepower. 1In short, if one system can achleve twice the firepower
of the other, is 1t then twice as effective, four times as effective, half
agaln ag effective? If this question is left open, the inclination of the
reader will usually be to interpret firepower as proportional to overall
effectiveness and 80, In our example, to assume the one system to be twice
as efractive as the other. ‘The analyst should glso satisfy himself that
the systems are indeed .similar. 7iwo SAM systems difforing only in maximum
range will obviously have different {irepover capabiiliies. They may also
differ in the coordination they can achieve because of their different
depths, even though they employ identical firing doctrines.

Regretiably, parameters describing the performance of a weapon
system such as prunge, speed and altitude celling, are all too often used
as measures of effectiveness. Such use falls %o recognize the need for
matching performance with opposing performance in ascertaining effectiveness.
The ability of a SAM to fly at 100,000 {t. is cf little consequence if no
target for it will be found there. Nor does the use of performance pars-
meters to measure effectiveness reccgnize the importance of how the weapon
system will be employed. A sparse, distant deployment of SAM units aboat
a surface target will not provide a good defensze of that target agninst
low altitude attacks.

B. Useful Mecsures of SAM Effectiveness

Ve are concerned here with measures of effectiveness for SAM sys~
tems, The preceding discussiorn deponstrates that no one genersl or uni-
versal measure can be found. The best that ue can do is to present a few
measures that can themselves be employed in a fairly wide variely of probe-
lems, or {rom which other suitable measurez can be derived.

A SAM system is designed to destroy air turgets. Whatever the
nature and mission of the military force of uwbich the SAM system is a part,
the contribution to air defanse of the SAN system is through its ability
‘5 destroy tergets. . the first illustration of the preceding section
{a military force on a critical mission), the SAM role is te kill &ll tar-
gets not otheruise countered. A reasonsble measure of SAM zuccess 18 the
probebility of annthilation of all of these targets in any cne raid, In
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the second illustration (World War II bombing)} the SAM role is to exesct
bomber attrition day after day. A good measure of success here is the
expected number of kills achieved against a raid. In the third !1)lus~
tration (nuclear strike) the <4 role is to take a high toli of sombers
during the avtaci:. Success in this instance can be measured by the at-
tack force needed in a raid in crder to achieve a high probability of
penetration.

In each of the above iliustrations a battle is presumed to take
place. Of importance, too, is the deterrent role of the air defense,
and the SAM contribution to it, In each of the above 1llusirations a
eredible threat that the SAM system will perform well if called upon may
deter an enemy from aviacking. fThus the szme measurec of effectlveness
will serve, but tbe emphasis now will rest on whut the enemy may believe
the SAM system could do, rather than on the system's true capability,
(The two may, of course, be the same.)

Although the throe measures: annihilation probability, expected
number of kills and penetiation probability are by no means the only possi-
bilities, one or another o them will serve adequately in many snalyses,

Por any vostulated battle situation, there is a probability Py,
however puorly known, that the SAM system will kill precisely k out of b
targets. Each of the above measures can be exprcsced in terms one or more
of the Pk's:

Amnitllation probability ls Py: i.e., Pk with
k set equal to b,
Expected number of xills is

b
Ex L kPp .
T0 K

Penetration probability (probability that the number
of survivors will be at lesst as great as a specified
number a) is .

b-a
%ma ™ Z LS
k=0

A number of other useful measures are alsv functions of the P 's; the probe
ability Pp that an air attack will succeed in destroying a dc*bnded surface
terget is glven by

b <

P, = D(b=lk)P
K= k
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vhere D(J) is the conditional probability that the surface target will
ve destroyed if J attackers penetrate the defensec. {Obviously D(0)=0.)
As was shown in some cf the derivations of Chapter V, and in the dis-
cussion of Monte Carlo simulatlon of Chapter VI, a measure can some~
times » caleilated without explicit calculation of the Pk's.

A brief discugsion o' the behavior of the various r.casures, and
of certain aporoximate eiali:ns between them may be helpful. Figure 50a
shous -l .3 of penetrallion probability Qs"a against number of attackers
b, fou r2varal values of least number of survivors a. The curves were
computed for fixed kill probability p - .9, fixed flrepouwer N = 20, and
perfect coordination. (lotice that the curves have ver,; Learly the sane

‘ slopes. The effect of Increusirg a is to transiate the entire curve to
the righ!: moreover, the extent of the translation is just the _difference
in the + 1.2z of a. Huch the same effect obtains quite generally, aithough
[ for poorer couvedination the extent of the translatlon is somewhat greater
: than shown in the flgure. Because of this effect, it will sometimes suf-
fice to caleulate Qgmj only, and vhen perform the appropriate translation-
. . to obtaln Qg ,, for other values of ¢. It should be roted that Qup: bears
2 simple and useful relation to an fhilutlon proba™1lity:

Gy = 1Py,

If the conditional probabilitles of destructicn D(b-x) are nearly
equal to 1, at least where ¥, 's are not negligible, the probability of de-
fended surface target destruction P, s approximately the same as =1
(Pp 4s identical to QE‘ if the D(g-k)'s are g1l 2qual to 1.) Rigure 50b
11lustraces the effect of lower vonditional probsbilitles D{b-k} on Pp.
These curves were computed for the same kill probabllity, rfirepower, and
coordination as above, and assuming

Dibek) = 1 - cP°K

where ¢ is an arbitrary constant. Notice that as ¢ increases and 8o D(b-k)
decreases (i.e., the enemy veepons are less effective), *he slope of the P
versus b curve decreases. Comparison of Figures 50a and b suggests that

only when the D(b-k)'s are high will Q> Serve as a reasonable approxima-

tion to PD‘

sans r S

. The probabilities Py, and so any measure that depends upon them,
ars functions of.the kill probability p, the firepower !, and the coordina-
tion of fire assoclated with the SAM system in the air battle in question.
It is of some interest to note how variationa in p, Il, and the level of
coordination affect certaln measures.

Figure 5la shows three vlots of expected numter of kills E versus
number of attackers b, assuming kill probablility p = .5, firepower N = 20,
. ) . ...and three different levels of coordination. For sufficiently small b, the

defense saturates the  attack, and E e« t independent of the coordination
ievel. Changes in p and il simply alter the definition of "sufficlently

CTEROARS
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