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FOREWORD

The determination of wave characteristics and the interrelation of
these characteristics is an important part of many coastal engineering
problems. The average height of a particular irre-ular wave train in
nature may be determined and estimated either from observation or from
prediction, but frequently of equal 3mportance is the va:iability, or
degree of variability, of preceding and succeeding waves about this average
value, How much higher is the maximum wavc, how many times per hundred
waves is it apt to occur, with what particular period is it most zpt to be
associated, what is the relation between wave heights exceeded a certain
percent of the time and the probable wave periods associated with these
heights, etc., are all questions which are important to the design of
coastal structures,

A number of wave records from a wide variety of locations have been
subjected to a statistical analysis, and distritution functions of wave
heights and periods derived. If the wave length is regardad as equivalent
to the wave period squared (as is assumed in this report) length distribu-
tion functions may also be derived., The joint distribution relationships
between length or period and the wave heights have aiso veen obtained.
Following these distribution functions, an analytical expression for the
families of wave spectra has also been derived, Thesc spectra have been
compared with thosc proposed by otners and are found 1o be in good agiee-
ment with available data.

This report was prepared by Charles L. Bretschneider, a Hydraulic
Engineer in the Research Division of the Beach Erosion Board, which is
under the general supervision of Joseph M, Caldwell, Chief of the Division.
Although the major portion of the research described in this report was
carried out as a regular part of the approved research program of the
Beach Erosion Board, the wc 'k was originally initiated at the Agricultural
and Mechanical College of Texas as a doctoral dissertation by the autior.
The work was carried on by the author at the Board, and submitted as a
dissertation at Texas A. & M. in January 1959, As such, 1t went through
the usual college channels, and -eceived normal editing by the English
Department there. Su*sequent to award of the Ph.D. degree, only minor
modifacations have heea mzde in the report. At the time of publication
of this report Major General W, K, Wilson, Jr, was President ot the Recard,
and R. G, Eaton was Chief Technical Advisor., The report was eaited for
publication by A. C, Rayner, Chief of the P:roject Development Division.

vViews and conclusions expressed in thi. report are not necessarily
those of the Beach Erosion Board,

This report is published under authority of Public Law 166, 7%r%

Congxe.s, approved July 21, 154
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WAVE VARIABILITY AND WAVE SPECTRA FOR
WIND-(ENERATED GRAVITY WAVES

By

Cuarles L. Bretachneider
Hydraulic Engineer, Research Jiviaion
"~-ach Erosion Board

ABSTRACT

Wave recards from a wide variety of locations
have been utilised in a statistical analysis of the
probability distributions of wave heights and wave
periods; and a family of wave apectra which allows
for an arbitrury linear correlation between wave
height and wave period squared is auggested. It is
found that the marginal probability distribution of
wave heights follows Rayleigh's distribution closely.
This conclusion is based upon 90 records of about
100 waves each plus several extra long records taken
in deep and shallos wate.s About half of these
records represent time gesquences of water level at
particular locations and the other hslf are time
sequences ¢’ pressure at subsurface depths (from
which the wavs he! ghts wers estimated using th
linear wave theory).

The Rayleigh distribution for wave height
variability has been suggested previously by Longuet-
Higgins and Watters. An apparently new result of
the present work is that the marginal distribution
of the square of the wave period alro follows
Rayleigh's distribution remarkably well, From the
Rayleigh distribution for wave length variability
it 1s possible to derive the marginal distribution
of wave period variability, alsoc verified with the
available data.

An analytical expression which allowe for
non-zero linear correlation butwesn wave hLcizht
and period squared is m:ggested for the joint
distribution of wave heights and periods. This
Jjoint cistritution i3 employed in the determination
of the mean wave period for the highest wavss,
Alsc ar. analytical expression for the famil; ox
wave specira is derived from the suggested Joim
probability distribution of heights and peraods.-
The basic assumption underlying the suggested
spectra .8 the condition of linear correlation
be*ween wave height and pericd squared. These




spectra are compared with thcse proposed by
Darbyshire and Neumann and with the numerically
evaluated spectium obtained recently fram Project
SWOP and are fowx to be in good agreement with
the latter. The spectrum for a Tully developed
sea, a special case of the propose temily of
spectra, is also consistent with the., wedsurenants
of Burling and the theoretical work of PMiilips
which indicate that for high frequencies the
spactral emsrgy is inversely proportional to the
fifth power of the frequency. It is slso found
that the present family of spectra predicts a mean
square slope of the sea surface which is in closer
acsord with the data of Cox and Munk than thet
inferred fram the spectra of Darbyshire or Neumann.

It is proposed that in the early stage of wave
guneration the correlation coefficient between wave
height and rerind squared is nearly unity because
of the maximm pogsible steepness of the waves. 4Au
the generation proceeds it is proposed that the
correlation decreases, ultimately approaching sero
for a fully developed sea. Corresponding to the
suggested behavior of the correlation coefiicient
between wave heights rud periods, the initial
spsctrum is narrow and becomes wider as the genera-
tion continues. It is found that the zo-called
"significant" wave period is closely related to the
optimum or modal value of the period spectra and
hence tis energy of the waves as & group should
have a propagational speed appraximately equal to
the group velocity of the significant waves.

A revigion of the wave forecasting relation-
ships proposed in an earlier work by Bretschneider
are revised to take into account the variation in

T vt AN
spoctral width,




CHAPTER I: INTRODUCTION
1. General

Statistical characteristics of the ocean sw. -ce are of interust
in problems welating to tha erosion of beaches, awvsiyn of cosstal
and offshore structures, and the design and operation of fleuating
structures. Accumulated wave data, supplementing wave farecactin,
techniques, have provided means of predicting the effects of wind-
generated waves at a coastline. The statistical characteristics of
the ocean surface are relatzd to the wave spectra, which in turn nay
be used to describe tha process of wave generation and wave decay.

The first great advance in recent years in the art of wave fore-
casting was made by Sverdrup and Munk (1947)¥, who combined the
ciassical equations of hydrodynamics with empirical data to provide
relationships for forecasting waves for amphibious operations during
World War II. Their relaticnships were revised by Arthur (194,7) and
again by Bretschneider (1951) when more wind and wave data becams
available. This revised method has teen referred to as the Sverdrup~
Munk-Bretschneider method, or simply the SMB method. Actually, the
B doserves little credit since the impartant fundamental work was
performed by Sverdrup and Munk (1947), after which the revisimns
became relatively simple once the data wcre available.

These relationships became even more valuable because of the work
by Putz (1952), sho obtained empirical distribution functions for wave
height variability about the mean height and wave period variability
about the mean period. This infoarmation was utilized in a paper by
Bretschneicer and Fotz (1951).

Very shortly thereafter, Longuet-Higgirs (1952) presented a
theoretical distributicn function for wave height variability based
on the assumption of random phase and a narrow gpectrva,the distribu-
tion furstion of which is lmewn as the Rayleigh™ distribution. It
is of intereat tc note that the Putz distribution and the Rayleigh
distribution are in very close agrecment. This agreement is also
varified in the present study.

Lecording to Watters {1952) from her correspondence with Dr.
. ¥, Barber, the Rayleigh distribution for wave height variability
car he derived witn no knowledge rf the wave spect.am, assuming only
that elevations of w.e sea surface with resy:oct to time possess a
Caussian distribution. Data Ly Wutters (1953) and more by Darlington
(1955) conrirr the Rayleigh distribution. Thus, the narrow spectrum,

#Bibliography beginning on page 182,

#450 called because 1L was derived by Lord Rayleigh in cornection with
the theory of sound, See Rayleigh (1880),
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CHAPTER I: INTRODUCTION

1. general

Statistical characteristics of the ocean sw. -ce are of intereat
in problems velating tv tha erosion of beaches, ausiyn of comstal
and offshore atructures, and the design and operation of flecating
structures. Acoumulated wave data, supplementing wave forecavtin,
techniques, have provided means of predicting the effects of wind-
generated waves at a coastline, The statistical charscteristiocs of
the ocean surface are relatsd to the wave spectra, which in turn may
be used to descrive tha process of wave generation and wave decay.

The first great advance in recent years in the art of wave fore-
casting was made by Sverdrup and Munk (1947)*, who combined the
classioai squations of hydrodynamics with empirical data to provide
velationships for forecasting waves for amphibious operations during
World War II, Their relationships were revised by Arthur (1947) and
again by Bretschneider (1951) when more wind and wave data becams
available. This revised method has bLeen referred to as the Sverdrup-
Munk-Bretschnelder method, or aimply the SMB method. Actually, the
B daserves little credit since the important fundamental work was
perfarmed by Sverdrup and Munk (1947), after which the revisions
became relatively simple once the data wcre available,

Thease relationships becamc even more valuable because of the work
by Putz (1952), who obtained empirical distribution functions for wave
height variability about the mean height and weve periocd variability
about the mean period. This infarmation was utilized in a paper by
Bretschneider and Futz (1951).

Very shortly thereafter, Longuet-Higgins (1952) presented a
thaoretical distributicn function for wave height variability based
on the assumption of random phase and a narrow gpectriza,the distribu-
tion functdon of which i= kmown am the Ravleigh™ distribution. It
is of interest tc note that the Putz distribution and the Rayleigh
distribution are in very close agreecment, This agreement is also
verified in the present study.

kecording to Watters (1952) from her correspondence with Dr,
ile Fo Barber, the Royleigh distribution for wave height variability
can he derived with no knowledge nf the wave spectiam, assuming only
that elevations of e sea surface with resp:ct to Lime posswes a
Gaussian distribution. Data by Watters (1953) and more by Darliagton
(1954) cont'irm the Rayleigh distribution, Thus, the narrow spectrum,

#Bivliopraphy beginning on page 182,

#%80 called because it was derived by Lord Rayleigh in comnection with
the theory of sound, See Rayleigh (1880).




L e e

|

RISV S RS

ths Gaussian distribution of surface elevations, and the Rayleigh dis~

tribution of heights, are all one in the description of the ocean sea
surface.

Cartwright and Longuet-Higgins (1956) shor that deviations from
the Rayleigh distribution may be explained by - -iation in spectral
width,

The Gaussian saa surface has been discussed by Pierson (1554) and
&(zuén)in greater detall with wider applications by Longuet-Higgins
1957).

Making use of the work by Longuet-Higgins {1952), Neumann (1953) i
proposed a wave spectrum for a fully developed sea based on a multitude PR
of visual wave observations. This wave spectrum is the basis on which )
is founded a method for forecasting waves described by Pierson, Neumann,

and James (1955), sometimes referred to as the PNJ method.

Two other methods iuc forecasting deep water waves might also be
mentioned. The method of Darbyshire (1955) is based on wave data and
a wave spectrum somewhat different from that utilized by Neumann (1953).

The method of Suthons (1945) is quite similar to that of Sverdrup and
Munk (1947).

A very ob?ective verdiilocation study <l the above four methods was
made by Roll {1957) and the general conclusion was that each method
gave the best resulis for the locations from which the bulk of corres-
ponding wave data were cbtained. This conclusion is as should be
expected,

At present some controversigs exist as to which method is the most
practical and the most accurate. Although these controversies are
discussed in the last chapter of the present study, it is not proposed
to make detailed comparisons of various methods of wave forecasting.
Such a comparative study is indeed a separate topic, and perhaps one
should utilize the graphical technicques proposed by Wilsen (1955), the
principles of which can be adapted to any method of wave forecasting.

2, Scope of Present Investigation

Essentially, the present study consists of four broad phases:
(1) marginal distributions of wave heights, lengths®, and periods;
(2) joint distribution of heights and lengths (and heights and periods);
(3) a development of wavs spectra from the Joint distribution function;
and (4) revisions in wave forecasting relationships. This study is
presented in nine chapters. At the end of the present chapter some of

#For the purpose of this paper the "length" is camputed from the wave
period and is utilized as L = T2, arbitrary units,
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the wave theory is briefly reviewed. Brief summaries af osther chapters
Lollow telow.

Chapter II describes the rature and source of vave data. Types of
wave recording instruments are brlelly discussed. Methods used in
analyzing the wave records vary fron one source of data to another,
‘the reascns for which together with advantages -und disadvantages are
discussed.

Chapter III discusses theory of wave variability for margins® d's-
tributions of heights, lengths, and periods. Chapter IV is tha
presentation of wave data for comparison with the theory given in
Chapter III. It is confirmed that the Rayleigh distribution is
applicable to wave height variability. In addition, it is shown that
the Rayleigh distribution is equally applicable for wave lengih (period
squared) variability. From the Rayleigh diatribution of wave length
variability, a distribution function for wave period variability is
derived. A comparison is made between theory and data and also with
the distributions proposed by Putz (1952). The agreement is very gedl.

Chapter V outlines the joint distribution between wave height and
wave length. It is shown that if the Rayleigh distribution applies to
both wave height and wave length variability, it is impossible to derive
a Joint distribution function which is applicable throughout the entire
range of the correlation coefficient from +1 to -1, To partiall; over-
come this difficulty a sswmmation function is introduced. With certain
Justifiable assumptions, and within certain limits of application, this
sumation function can be used to detemine the mean wave length or the
mean wave period of wave heights greater than a given height. A
comparison between data and theory is presented in Chapter VI and is
fairly good.

Chapter VII presents a development of the wave spectra baged on
the joint distribution of wave heights and lengths. This development
is made without any foreknowledge of the joint distribution function,
except that iinear regression between H and T2 is assumed.* Further-
more,; the sama marginal distribution function must describs both wave
height and wave length variability. In the final step, the Rayleigh
digtribution function for length is introduced to obtain the length
spectra of height squared, which is subsequently transformed into the
period spectra, and the frequency spectra. The spectra proposed
depend on the correlation coefficient between wave height and wave

length.

Chapter VIII utilizes the wave spectra developed in Chapter VII,
together with additional wave data and other considerations, to obtain
a revigion in the wave forecasting relationships., The wave spectra
equation is transformed to include wind gpeed by use of the fetch

#5ymbols beginning on page 188,

o




parameter., Thease parameters include those for Jignificant wave height,
mean wave height, significant wave period, mean wave period, correla-
tion coefficient between height and length, minimum duration of wind,
mean squard sea surface slope, and the spectral ddth parameter. The
euove are all functions of the fetch parameter. 4 is pointel out

that these revisions are Ly no means final, but only an addiiional step
forward in the betterment of wave foarecasting, since more suitabl~ wave
data should be forthcoming,

Chapter IX contains a vummary of the preceding chapters, but the
main emphasis is devoted t¢ compariscas of the various proposed wave
spectra. It is shown that the family of wave spectra presented in
this study is in better agreement with available data than are the
other proposed wave spectra.

In addition, auggestions are presented for possible approaches
vhich might be utilized in future studles of wave va. ability and
wave spectra, taking into account the change of correlation coeffi-
cient during the generation of waves and also the decay of waves.

3. Basic Considerations in Regard to Theory of Surface Waves

In order to understard the complex suture of ozean waves, and the
importance of statistical representations of the sea surface and the
wave spectra, it becomes necessary first to review some basic concepts
of wave theory, Equations required for subsequent developments will
be summarized here. Derivations and discussions of these equations
are not repeated since they are readily available from Lamb (1945).

In water of constant depth the wave celerity for waves of mmall
amplitude can be represented by the equation of classical hydrodynamics

C2s (g/k)tanh kd L”

vhere d is the mean water depth, k = .4 the wave number, and g is

the acceleration of gravity. A simple wave is depicted in Figure
1.1,"* where H, the wave height (equal to twice the wave amplitude),

ig the vertical distance between two successive crests; and the period,
T, is the time interval between the passage of two cc.isecutive wa.es,
The wave speed is related to wave length and period ty

LsCY (1.2)

#Equaticns are numbered according to (1.1); (1.2), (2.1), (2.2), etc;
the first number referring to FIRST ORDER HEADING (or chespter) and
the second tc equation number for that chapter.

*efigures arc at end of each chapter.




which is in the form of distance equals velocity multiplied by time,

For deep water, defined as ds L/2, tanh kd tends toward unity,
whence from fl.l) and (1.2)

Z. gLo_.ﬂT )2 .
s (1.3

where the subscript o refers to deep water.

Shallow water wavec are defined as those in a depth such that
d = L/25 and (1.1) becanss with sufficient accuracy:

C,z a qd ].oi-l)
This study considers only deep water wave characteristics
(Hos s Lo)s As a train of waves propagates fram deap to shallow
water, only H and L change, but T remains unchanged. For shallew
water the wave characteristics H, and L, may be obtained fram Hp
and Ly, by use of tables by Wiegel (195L.

The surface profile of a simple sinusoidal wave, such as
illustirated by Figure 1.1, is given by

£:4 50 R (1.5)
where
£ = surface elevatlon
A = H/2, wave amplitude

0 = kx ~ wt, phase position
w= g'fw_, angular frequency

Wave energy for a progressive sinusoidal wave consists of half
potential associated with surface elevation and half kinetic ssscciatsd
with particle velocity. The potential energy, average per unit of
surface area is given by

Lt 1 ! 2
Ep* tjo‘ 2 quz dx = I3 P9 (1.6)
vhere p is the mass density (slugs per cubic foot) and g is the

acceleration of gravity.

The kinetic energy, average ver unit area. is given by
E, = ¢ L (u"-+v2)dz--|-ng2 (1.7)
k*) 4 2F i6 .

The total energy, average per unit area, i1s given by
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two methods, therc are more waves corrnapondiag to T than there
are co%esponding to T for the same iime interval. This resulis

and T3/ /3, but in general le/3)/T will be approxi-
mately equal to %ﬁ

The complex nature of ccean woves lead to a family of wave
specta, varying with stage of gereration cx ‘Sage of dccay as the
case may be, Both the period spectra and the frequency spectra are
used throughout the paper. 1t is important to distinguisn bs*wesn
gpectra and spectrum. The gpectrum is a particular case of tae
faaily of spectra. ¥or the family of spectra derived in this study
the energy for high fruquency is distributed gccording to wh where n
varies fram -9 0 =5. Tie special case of w™2 is th. spectrum far a
fully developed sea, and in unlit or normal form ia represeuted by a
single exponential curve for all wind speeds. Although in stardacd
form & separate curve is ob%ained for ecach wind speed the tem
spectrum is still retained. Fram the above th) term spectrum will
apply individurlly to thoze Eu‘oposed by Neumann (1955), Larbyshire
(1952), and Darbyshi=e (1955}, each of which whun “educed o normal
form can be repre<znted by a single curve.




Source gr‘, consists of wave data from hurricane "Audrey" 1957,
Three sections of wave records were made available through the courtesy
of the California Oil Company, New Orleans, Louisiana (1957). The
records were obtained from the of fshore platform in the Gulf of Mexico,
location Bay Marchand, in 30 feet of wzter a fiv miles from the coast.
7.ese data were recorded, using the self-calibr ing step~resistance
wave gage developed by tha California Rescarch Corporation; La Habra,
California. The data consist of a mixture of swell propagated across
the Continental Shelf and locally generated wind waves in shalliow water.
The maan wave period and the mean wave height changed samewhat during
the period of record, thir being the only disadvantage of the records.
Records were analyzed by the zero-up cross method. Table 2.6 gives a
description of the data used from hurricane "Audrey'.

TABLE 2,6
DESCRIPTIVE DATA FOR HURRICANE "AUDREY"

Record No.

Date Identi- of
fication Waves

June 27, 1957 Calco 1 142
J.ne 27, 1957 Celgu 2 12¢
Juna 27, 1957 Calco 3 70

Source sgg consists of wind wave data from a Beriteley wave tank,
University of California. Five shart records were obtained from a
report by Sibul and Tichner (1956)., The parallel res’.s':ance wire
recorder, developed by the University of California ... Jes.oibed by
Morrison (1949), was used for recording these data. These records,
aralyzed at the Beach Erosion Board, were not investigated as complately
as those from the other sources.

TABLE 2.7

VESCRIPIIVE DATA FOR WIND WAVES
BERKEIEY WAVE TAVK

Record o,
Identi~ of
fication Waves
Run #24 L3
Run #25 L2
Run #35 36
Run #31 33
Run 415 k%

20
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TABLE 2.3

DESCRIPTIVE DATA FOR TWENTY WIND WAVE RECORDS
FROM LAXE TEXCMA; TEXAS

Wrd Veloolty
Station in Miles per Recard  No.
Location Date Time (08'1' ) Hour and Ideati- of

h » h m Direction fiocation Waves

C  March 23, 1951 10l-1ia 29 NNE E-D 134
¢ March 23; 1951 121-1311 26WR RO 121
C  Mareh 29, 1951 09 47 - 10 26 32 NW GuD 108
C  March 29, 1951 1056-1136  30NW  H-D 15
A Dse. 3,198 15 31 - 15 35 &N H-D 16
A Dec, 8,197 15 40 < 15 LS 25 N NeD 108
A Dec, 8,195 15 59 - 16 O} 25N 0-D 108
C Jan. 9, 1952 13 17 - 13 57 AN P-D 127
C Jan, 9; 1952 15 97 - 15 147 BN =D 125
C Jan., 29, 1952 1051 -113 9N R-D 10
C Fob, 29, 1952 1151 -12 31 38N 8§D 114
C  Ape. ). 1952 1031-1111 29 NNE T+D 7
C Apr. 1, 1952 1121 - 32 01 30 NNE U-D 8
C Apr. 9,1552 12 07 = 32 47 29 NNW VD 127
C  Apr, 9, 1952 15 37 = 16 17 28 NN\W WD 13k
C May 10, 1952 09 45 - 10 15 33 NNE XD 109
C May 210, 1952 11 45 - 12 15 32 NNE YD 107
A Dec, 8,195 15 25 = 17 17 25 N long 3,808
A Dec. 8,195 15 25 - 16 O4 25 N Long 908
TABLE 2.4
IZSCRIPYIVE DATA FOR HURRICANE WIND
WAVE DATA, LAKE OKEECHOBZE, FLORIDA
Station Bate Tine (eST) Record” ",
Location hm hon fication  Waves
12 Aug. 26, 19‘49 gg 233 - 00 2h LeOg~l 131
huge 27, 1919 01 34 - 02 35 L.0,~3 Ua
Aug, 27, 1949 02 392 - 03 25 Lobedy 115
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(1952) sub=surface pressure recorder was used, The instrument was
located off a Magnolia 0il Company platform, in 38 to LO feet of

water, some 20 miles from the nearest land area off the Louisiana
Coast, The pressure head was installed 30 feet above the sea bottom,
or shout 8 to 10 feet below the mean water surfac: in order to obtain
a minimum of attenuation of low period waves. A rc. . ned in-place
caliibration was made, using visual observations on a vertical staff,
supplemented vith a limited awount of data obtalned with a movie cecer:.,
The record, consisting of 1,50u consecutive waves, was obtained with no
definite purpose in mind, except that the wave instrumentation was used
in conjunction with other Texas A, & M. research projects. The wave
gage was periitted to operate during the period of installation of
other instruments, primarily to keep it out of the way of the installa-
tion crews. The long wave record covered a period after the passage

of a severe cold front; the wind speod during this time remained
relatively constant between 30 and 3% knots from the north to north-
northeast, That is, the wind was offshora, limiting the fetch to about
15 to 25 miles. These war - are of short enough period to be almost
deep water waves, but will be called waves in intermediate water. This
long record was analyzed as 15 groups of 100 consecutive waves each,

7 groups of 200 consecutive waves each, 3 groups of 500 consecutive
waves each, and 2 groups of 1,000 consecutive wavas each. In addition,
the record was analyzed by considering the waves of each firat minute
of each five minute smaction of the record, thereby building up a group
of 107 waves in a manner similar to that utilized for the daia from
Lgks Toxoma, Fort Peck Reservoir, and Lake Okeachobee.

The shorter record, 379 consecutive waves, is for wind waves from
the southwest, wind between 20 and 25 kncts. Because the fetch was
quite long, thess waves are not deep water but truly waves of inter-
mediate water depth,

The above records were collected and partly analyzed at Texas
As & Mo on contract with the Beach Erosion Board, The completion of
the work was made at the Beach Erosion Board,

The method of record analysis used for the Gulf of Mexico data
is known as the zero-up crossing method originally proposed by Pierson
(1954), sometimes referred to as the Pierson method. This method is
depicted on Figure 2,6, It might also be mentioned that Pierson and
Marks (1952) also proposed a power spectrum analycis of ocean sub-
surface prassure records, For the Julf of Merico data vwsed in this
paper, perhaps the power spectrw: analyzis was not necessary, since
the pressure head was located only 8 to 10 feet below the sea surface
rather than on the bottom and also a field calibration was performed.
In spite of this care, it :s still believed that scme wave heights of
the very low periodc might have been attenuated undesirably., Table
2,5 gives a degeription of the data used from the Gulf of Mauxico.

Results of additiomal wave data obtained in the Gulf of Mexico
ars sunmarized in a report by Bretscineider (1954), the metacd of
alwiysis bsing the siyniflcant wave method described by Snoiy iss
{1951), The significant wave method is quite diffevent from the!

-]
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used for analysis of the Gulf of Mexico data herein. In case of
sub-gurface pressure recorders, one pressure respor.se factor based
on the significant period is used to convert the significant pressure
height to the aignificant surface height. As stated by Snodgrass
{7951} and shown by Pierson and Marks (1952), o significant wave
method can introduce ccnsiderable error., In the analysic uscd in the
present study, each wave period has a separate calibrated rasponse
factor. Hence, these data are quite accurate, except perhaps fo the
very low perlods which might have been filtered out completely ir. the
presgure trace, in which case these wa s will not appear in the
ccmpyted surface trace,

TABLE 2.

DESCRIPTIVE DATA FOR WIND WAVES
(F TIE QULF OF MEXICO
\MAGNOLIA PLATFORM 119F)

WINX Veloclty
] in M Record No,
Date Tine (CST) art® PO Y dentd o

Direction fication Waves

hom hnm

Dec. 9, 1953 10 34,7 - 10 k3.3 30 NE C-3 100
Dec. 9, 1953 10 433 ~ 10 51,8 30 NE G=2 100
Dece 9’ 1953 10 51'8 - 11 00.0 31 NE 0.3 100
Dec. 9, 1953 11 00,8 - 11 09.3 33NE Gl 100
Dece 9, 1953 11 09,3 =~ 11 17,7 35 NE G=5 100
Dec. 9, 1953 1 17,7 - 11 25.6 35 NE G~6 100
Dec. 9, 1953 11 25,6 ~ 11 33.1 35 NE 07 100
Dece 9, 1953 11 33,1 - 11 k1.2 36 NE (] 100
Dec. 9, 1953 11 k1.2 - 11 L49. 38 ENE G=9 100
Decs 9, 1953 11 9.1 - 11 S6,.8 0 ENE G-10 100
Dec. 9, 1953 11 56,8 - 12 0L.8 4O ENE aG-11 100
Dec. 9, 1953 12 04,0 - 12 12,9 4O ENE G-12 100
Dec. 9, 1953 12 12,9 « 12 2,0 39 ENE G-13 100
Dece 9, 1953 12 21,0 - 12 28,9 37 NB a-1l 100
Dec. 9, 1953 12 28,9 - 12 37.1 35 NE G-15 100
Feb, 26, 1954 10 10,0 - 26 W G-16 378
Tel=5 500

610 500

G=7-15 500

G-1-10 1000

. G-6-15 1000

G.X 107




Source §£‘¢ consists of wave data {rom hurricane "Audrey" 1957.
Three sections of wave records were made available through the courtesy
of the California 0il Company, New Orleans, Louisiana (1957). The
records were cbtained from the of fshore platform in the Gulf of Mexico,
location Bay Marchand, in 30 feet of water a f miles from the coast.
T.ese data were recorded, using the self-caliby ing stepe-resigtance
wave gage developed by tho California Rescarch Corporation; La Habra,
California. The data consist of a mixture of swell propagated across
the Continental Shelf and locally generated wind waves in shaliiow water.
The waan wave period and the mean wave height changed samewhat during
the period of record, thir being the only disadvantage of the records.
Records were analyzed by the zero-up cross method, Table 2.6 gives a
description of the data used from hurricane "Audrey®,

TABLE 2.6
DESCRIPTIVE DATA FOR HURRICANE "AUDREY"

Record Yo.

Date Identi- of
fication Waves

June 27, 1957 Calco 1 12
J.ne 27, 1957 Celcu 2 12¢
June 27, 1957 Calco 3 70

Source (gE consists of wind wave data from a Beriteley wave tank,
University of California., Five short records were obtained from a

report by Sibul and Tichner (1956), The parallel res’.s:ance wire
recorder, developed by the University of Califormia ... Jes.sibed by
Morrison (1949), was used for recording these data. These records,
aralyzed at the Beach Ercsion Board, were not investigated as completely

as those from the other sources.
TABLE 2.7

VESCRIPTIVE DATA FOR WIND WAVES
BERKEIEY WAVE TANK

Record Noe
Identi~ of
fication Waves
Run #24 I3
Run #2% L2
Run #35 36
Run #31 33
Run #15\ 3k

20
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FISURE 2.1 LOCATION MAP— PACIFIG OCEAN
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CHAPTRRt III: WAVE VARIABILITY AND MARGINAL DISTRIBUTIONS
1. Qenur:d

Wave variability implies that both the wive amplituces and periods
are constantly changing with respect to time and space as discussed in
the preceding section, When H and T are considered together .n
variance, one speaks of joint distribution. When H and T are considcsed
independently of each osther, ons spsaks of marginal distributions. This
chapter is devoted to the marginal distribution functions for wave
height, length, and period variability. In order to study each indepeni-
ent variate, it is assuned that the Ergodic theorwm applies, which in
effect states that a long run average with respect to time iz idenuical
to that in space. Previous work on wave height variabdlity and wave
period variability are cited in the references.

2. Strndard Form and Normal Fom

In vave variability, the standard foms of wave characteristics
are (iven in terms of H, T, and L, respectively wave height wave period N
and “iuve length. Average or arthmetic means are H, T +
nori:al form is obtained by dividing the standard fom by the correa-
ponding means, and by definition

7= H/R
=YY (3.1)
A=L/T s TY/T2

“nese relationships and notations are used extenyively throughout the
text; a number of opsrations may be performed on the above squations.
ror example, it can be verified easily that:

FTersl0

/=0
72« A =10
%= B/ = 10

{
dn= = dH
K H

d!di
[l

(3.2)

dr= -!._l:_.- daT differentials

dhs - dL
L

27




n

Sy =TSy standard deviats ons
s, =Ls,

T3y "3,

®.y T3, skovress cosfficients
%3, "3

Other simple operations can be made, but the above are sufficient for
the present.

3. Marginal Distribution for Wave Height

Putz Distribution: Based on the analysis of 25 wave records of

ocean swell Put® (1952) obtained for wave height variability the gamma
type distribution function:

) Y o=l g=x
T L xP=e=x gx
u=p ['*(“ ’“)/snl (343)
4
Ps=
a3, )
where F(H) is the oumulative distrivution of H

FiH)=

SH is the standard deviation of H from the mean
a3H is the skewness coefficient for H
I(p) is the gamma function evaluated for the argument x

Putz (197" +—sents empirical relat: onships for the standard deviation
end the ». 3 coefficiont as follows:

Sy* Q.l9l: H + 0,120 (3.1)
Q3H= C.80 3

Eq. (3.3)when evaluated by use of tables for the incomolete gamma
functicns yields the cumulative distribution, Given the mean height H,
the distribution function predicts the percent of waves equal or less
than a given value of H,

PR Y =
For_wave height variabilipy [Longucts

952) and Watters (1953_)] the Rayleigh distribution may -

o

Higgins

PR
FAoi~h Dicztribuilon:

28
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written as:
oty KneBy? (See note*

(3.5)

Eqs (3.5) will be investigated and compared with thut of Puts (1952)

and the results of Darlington (195h).
The n'P mament about the ordgin is given by:

(1))
Mpe ]; 7" pm) d

Using the transformation z=8+%2 dz=278d7, and (3.5)

one obtains
03]
1.5 .L%f Y
Mn'za (B) o ¢ ¢l a2
The integral is that of the ganma function, whence
X |‘“£ n+2
M35 (5) I‘( 2 )

Forn= 0 to n = | one obtains

. 2
#musod by Longuet-Higgins (1952) is from 7%= "'_:_2_

in this paper m=H/H 2

29

(346)

(3.7

(3.8)

(3.9)

whereas



From the above the standard deviation skewness
kurtosis, respectively, follow

up= /72 —120.5227

n3-3n2+2

ay % ———— = 0.631l
n 3
=
a "'7 KL 3='3.24!'>
41’ o 4
(")

The Rayleigh distribution (3.5) becomes
ry T2
9("))"2—- e 4

From (3.2) the standara form becomes
. n -THS
p(H) s e =12
2 (H)Z 4(.1)
The cumulative distribution is obtained from

T2

P(n)aj;n pydn=i-¢ 4

in standard form

e
PH =1—e 4(n)2

Figure 3.1 is a comparison between (3.3) and (3.14).

coefficient, and

13.10)

(3.11)

(3.12)

(3.13)

or

(3.15)

Average Wave Height for Heig‘xta Greater than -a Glven Height: It
is of interest to know he 8 higher waves or the um prcbable
height, once the significant waves are forecast. The average of wave

heights 7 above a given height 9 is clrained Srom:

e s}
f g (1) 47
X
"
f p(7h dn
X

30
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Using the Rayleigh type distribution (3.11)

—Lwnd(e'l‘:ﬁ)

s (3.36)
PP~ 5T)
Jo fea
LE
The denominator o (2.16) evaluates at e~ "4, and the
numerator may be integrated by parts
’
J' udv=uv—fvdu (3.17)
Let ( 1")’)
uzy dvad\e "4
722
dusdy ve e r » vhence
r rnl o TP .
[CraleTE) e T o [P T e Gut;
or changing the li..its
m R x mnt
fw nd(e""&f) = e"'?;l + I-f e~ "3 dn (3.29)
JIx ]
The remaining integral is the probability integral and can be
evaluoted b use of tables [Pierce and Foster (1956)] whare
vz (77 1 Thus (3,15) becomes
wne
e T3 +1-Q,
e 4
where
»X
2 -2
D= = -/o e” Y du (3.722)

Representative values of 7, are given In Table 3.1.
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TASLE 3.2
MOST PROBABLE MAXIMUM HETGHTS

N Hma.x 1" x = _“_‘8.'.’(_
H33

10 1.1 1,78
20 1.25 2.00
50 1.42 2.27
100 1.53 2.5
200 1.6L 2,62
500 1.77 2,83
1000 1.86 2.96

ks Marginal Disiribution for Wave Length

At present no theoretical distribution function has been derived
for wave length varigbility. However, based on empirical data a garma
type distribution function may be developed for wave length variability,
vwhich i3 very simiiar to the Putz distritution function for wave height
variabiiity, In the next chapter on statistical analysis of wave data,
it is shown that the distribution function for wave lengths can also
be represented by the Rayieigh distribution with the same degree of
accuracy as that for wave height variability., Thus

2
p()\)"lar-)se"'w‘%‘ (3.22)
5 -L—_. = TLz ’
plL) =% o ey (3.33)

Statistical paramcters for X\ are the same as those for 9 .

There may be a physical reason why the Rayleigh type distribution
applies for wave length variability as well as for wsave height
variability, and perhaps a theory may be proposed £2r such an envolve-
ment, It is noi the purpose of tiais study to develop any such theory,
aince the data provide sufficient proof that the Rayleigh type dis-
tribution is applicable to wave length variability.

Se Marginal Distribution for Wave Period

tz Distribution: Based on the analysis of 25 ocean wave records
of swell, Putz {1952) cbtained for wave pericd vwariabilir: the parma
type distribution function

33
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F - I ﬁ—l -X
(T} A xF e Tdx

u'p{“. T—f] (3.24)

St
p:—ﬁ—i
{?s1)

there F(T) is the cumulative distribution of T

St is the standard deviation in seconds

Q’T is the skewness coefficient

T'(p) is the gamma functicn evaluated for the argument x.
Putz (1952) relationships for standard deviation and skowncss
coefficient are given by:

S+ =0.313T7~0,759
T (3.29)

ay_=0.249 T +2.795
T

The atove relationships are intended for ocean swell, Obviously they
£5il shen T is less than about 2.5 seconds. Much of the wind wave
date analyzed for the present paper have peciocds of less than 2.5
seconds.

Period Distribution from the Rayleigh Distribution of L 82
The marginal distributfon function for wave length variability (3.22),
can be used to derive a theoretical digtribution function for wave
period variability by noting

p(r) dr =p{A) dA (3.26)

A relationship between A and v can be definred by

(3.27)
A=0T? , where
a is a constant to be determined. Using (3.22), (3.26), and (3.27)
one ovtains
walte
p(f,:'oz 3 e-j-— (3028)

.daving obtained the form of the distribution functinsn for wave
peviod variability, it becomes necessary to evaluate the factor a and
tire moments.
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The nth mcnomt, M, sbout the origin becomes

0]
Mn=f° ,rn p(,d dT (3029)

204 .. i
Using the trangformaticn z=1'-%—r—— s v waeTidT, ‘

and (3,28) one obtains

ma?

Mq= ( 4 )%j;w zl‘1 e 2dz (3.30)

The integral of (3.30) is of the gamma fom, wh.ance

D
4 \*p n+d s 211
Mn'(.n.oz) P 4 (J-.r—l
Thus
Mg !
M"‘I
My® T2 = L= 1078715 (3.32)

Ms-_r'i = 1,234196

Mg~ T4 = 1481564

From the above the standard deviation, skewness coefficient, and
kurtosis, respectively follow:

o= \ T2 ~1 =0.28056

"31" ‘—(—-13—-—" ~0.088 (3,33)

T4 -475 467l
x 33-41 :G'r 3 =2.765 3
T ﬁ
For normel distribution @40 and a4*3.0, The distribution
function for wave period variability, Eq. (3.28) becomes

pir) =27 73 ¢~ 0-675 74 (3.3k)



or in standard form
4

olT) -z.‘r-ET)-} ¢~ 0675 (-?I-) (3.35)

The corresponding cumulative distributions become

Pir) - 0-675 14 (3.35)
P(T)= 1= e=O- 675(_1_)‘ (3.37)
T

Figure 3.2 is a comparison between (3.2L) and (3.37) for ¥ = 10
and 12 seccnds, The cumlatives for = based on (3.13) and for r based
on (3.36) are shoyn in Fi e 3436

6, Summary of Statistical Parameters

Statistical parameters given above are summarized in Table 3.3,
together with the emﬁirical relationships presented by Putz (1952)
and Darlington (295L).

TABLE 3.3
SUMMARY OF STATISTICAL PARAMETERS

Longuet~  Present

Reference Putz Darlington Higgins Paper
eren (1952) (195L) R
Standard Devistion
Sy O.LgH + 0,220 O.5LH - 0,05 0.523H  0.523H
(0. 536%) _
Sq 0.3137- 0.759  0..08¥- 0,676 - 0.280T
(0.331T)*
s, - - - - 0.523L
Skewness Coefficient
By 0.80 0.631 0,631
L -0.249T+ 2,795 - -0.088
a3L - - 03631
KEG - 1.8 1118
733 1.57 1,603 1.59; 1,595
M0 2,03 2,032 2,032
XSQ - ad 1.’.{18
i‘33 - - ' 0595
10 - - 2032

*Least square %irough the origin.
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It is seen from Table 3,3 that the statistical parameters based
on theory are in close agreement with those based on duta by Putz {1952)
and Darlington (195h). Additional verification of these theoretical
reiortlonghips is prosented in the next chapter.
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CHAVTER IV: STATISTICAL ANALYSIS OF WAVE
DATA FCR MARGINAL DISTRIBUYLLONS

1. General

An abundance of wave records from various sources has been
collacted and analyzed to determine ce.*<in stati, 'fcal wave parameters
which might be compared with the theoretical relat...ships givei.. in the
prevaous chapter, The source and nature of these data have beasn
discussed in Chapter. II.

2. Wave Height Variability

To describe wave height variability, certain statistical parameters
are evaluated, These include the mean wave height, mean souare wave
height, standard deviation from the mean, skewness coefficient, average
wave heights for heights greater than a given height, stc. Table L.l
i1s & sumary of data for wave height variability.

Mean Wave Heig%t: Tr- irithmetic mean wave height is obtained
from t.e analysis of each wave record according to
-, _
He=yx S Hi (11)

where H is the mean height, Hy the individual wéve height, and N the
number of waves in the recosd.

Mean Square Wave Heiznt: The mean square wave height is obtained
from

—_ N
Wix L B ow? (ba2)

and in wit form

— e
7,2:-—“.—

(H)z (hoB)

Eq. (L.3) is related to the mean wave energy, and 72 can truly be
d2fined "the energy coefficient."

Standard Deviation from ths Mean: The stendard (root-mean-square)
deviation from the mean wave height 1s given by

N 3
Su [1‘: & ““)2] ()
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The standaid deviation from mean height has the dimensions of feet.
The unit form of standarc deviation is non-dimensional and is given

by

s,,:-J 7%~ . L.5)

Figure L.l shows the relationship of Sy versus H for the wavs uata,
together with the theoretical relationship based on the Rayleigh
distribution. The relaticnship based on the Putz {1952) distribution
is also shown.

Skewness Coefficient: The skewness coefficient is given by

3
L L ¥ (Hi=R)
%, Nig,(;,, ; (446)

The skewness coefficient is a non-dimensional parameter and may
be interpreted as a measure of the degree of asymmetry in the dis-
tributions, positive and negative values corresponding, respectively,
to frequency cw es skewed to the righl and left. The skewness
coefficient has the same numerical value whether in standard or normal
form. Figure L.2 shows a scatter diagram of a3y, The theoretical
value ofazy = 0.631 is shown by the horizontal lire passing approxi-
mately through the mean of all data. Based on these data, it is seen
that no relationship exists between ayy and H, The overall mean value
of a3y is in close agreement with the Rayleigh distribution.

Average Wave Height for Heights Oreater than a Given Height: The
average wave height for the highest 50 percent, 33.3 percent, and 10
percent waves have heen determined and are summarized in Table L.1,
Figure L3 is a plot of data of Hgp versus H together with the _
theoretical relationship, Similarly, Figure L.i is for H33 versus H,
and Figure 4.5 is for Hyg versus H. The agreement between data ard
theory is surprisingly good. The scatter of data is greatest for Hjp
verc:g H, but this should be expscted, since oniy 8 to 12 waves are
used to obtain Hyp, wiereas 20 to 35 are used to obtain Hij. Figure
L6 is the relationahip for Hp,, versus H, where the s01id line is
based on the most probable Hpyay = 2.L5H for N = 170 waves.

From the above analysis of wave hzight variability it can be
concluded that the Rayleigh distribution describes wave height
variability quite satisfactorily,
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SUMMARY OF WAVE HEIGHT DATA

TABLE k.1

Source ™ { W . ‘3, 50 "33 Mo P
Record _ feet  feet Tfeet  feet  feet  feot
a-A 1.50 0.73 1,237 0.77 2.06 2.30 2.78 3.2
a-B 0.65 0.36 ch% 0.69 0085 1.10 loub 109
a-C 0095 o.lla 10255 o.he 1.35 1.52 1090 2.3
a=p 0.87 Oulih 1.256 0.80 1,20 1,36 1.80 2,1
a-E 1.92 1.12 1031«10 0060 2'78 3;16 b.lh h.B
a-F 1082 0.98 1.&89 0031 2.61 2090 3-71 hoé
a=G 2,22 .25 1,317 0,78 3.2 3,65 Lh69 5.8
a-H 2.07 1131 lohol 0062 3.10 3.5;4 I.h36 5.5
a-I 2.73 1053 1‘31,4 00156 3097 Llo'-l9 5072 7.0
&~ 1.13 0.66 1.341 0.70 1,66 1.90 2.50 3.2
&"K h029 2002 1.222 0.66 5091 6.58 6-37 9'9
a"L 3.19 1069 ’.1281 O.Mt hosl‘ 5.15 6ohl 8.1
a=M 2,87 1.1 l.2u1 oda L3 ko2 5.3k 7.9
a=N 2,62 1.83 1.487 2.23 3.91 L.60 6.85 11,5
.-o ho63 20,.10 10268 OQhe 6050 7.32 9022 1103
a"P b.62 2006 10199 °oh7 602h 6.86 2078 J.Olh
a-Q  2.65 1.2k 14219  Ol6 3.6 LOT 5,00 6.3
asR 2,29 1.28 1.312 1219 3.00 3.73 5.22 8.0
a-S 2,52 1.19 1.223 0,48 3.50 3.91 4.8 5.8
a-T 1,06 Okt 1.181 0.53 1.40 1.55 1.91 249
a-U 0.&8 0033 loh?j 2029 0068 0060 102.'4 2.5
a-V 5.16 2.57 1.248 0.85 7.10 8,11 10.93 12.5
a~W )-l027 1.90 l.l9a 0072 5-72 6.38 8056 1008
ﬂ'x 3.06 1'19 111—51 0'!55 u.CZ hoho 5030 600
a-Y 0,99 .45 1,203 2,08 1.34 1.48 1.85 2.k
b" 1 0078 0050 10&09 1011 1013 1032 1¢92 202
b-2 0.70 0.70 1.306 0.83 1.00 1.1 1.5 1,9
b= 3 1439 1,00 1,523 0,66 2,21 2,62 3.35 kO
b~ i 1.54 1,10 1.493 1.9 2.40 2.82 3469 L.8
b=5 1.75 1.10 1.418 0,56 2.63 3,02 L.0O 5.2
b=6 1,45 0,93 1019 2,16 2,20 2,51 3.28  L.6
b=7 1,58 1.00 1,420 2,03 2439 2.72 3.52 5.2
b= 8 1.30 0.75 1,337 0.46 1.92 2,18 2.71 3.2
b-9 1,06 0,63 1.357 0.52 1.57 1.79 2.24 3.0
, b-10 0,96 0,70 1,532 1.55 L.ké6 1.75 2455 3.6

b-11 1,12 0,63 1,320 0,55  1.64 1,85 2,36 3.0
b-12 1,78 1.00 1,312 0.29 2,58 2,91 3.65 L.
p=13 1,87 130 1,334 0,16 2,78 3.11  3.66  h.2
b-lly 148 1,00 1,456 0.7 2.25  2.61 3,48  L.7
b"ls 10!‘1 0'85 10366 0036 2.12 20,;0 2096 308
, b-16 1,52 0,88 1,600 -1.48 2.26 Ze56 3417 kol
b-18 1.54 0,91 1,350 0,10 2.27 2,5 2l 3.6




SIMMARY OF WAVE HEIGHT DATA

TABLE L.l

ontinued)

: .‘ gfnu;ve R wt e, Mo H33 Mo Teax
i . Record feet fert feeo. fast Jfeet foot
: b=19 176 1,00 14393 0,57 2,66 3.05 3,88 5.2
. b-?O 2.03 1.19 lo3h2 OOOS 3003 3c 3.98 hls
C*E'D 0073 00& 1.!‘89 0097 1.13 1.33 1080 2.h
N C"F°D 0060 O.hs 10563 1.“‘ 0091 1.13 1.67 200
I ! C-G=D 0,90 0,53 1.347 1,08 1,30 2.5k 1.93 3.2
C-H«D  0.85 047 1,306 «0,43 120 137 192 2.4
5 C-L-D 1,02 0,57 1.312  0.27 19 187 19T 2.6
3 C-M-D 1,04 0,56 1.289 0.0 149 167 1.95 2k
¥ C=N-D 1,10 0,53 1232 0.0k 1.81 1,67 2.0 2.4
{‘ C"O"D lo% 0.5... 10231 0.)42 1035 l|59 2.07 206
£ C~P-D 0.82 015 1.300 0,59 1.17 1.3k 1.7¢ 2.0
b ¢-Q-b 0.81 046 14323 0,84 120 1,3 1.65 2.0
§ C-RvD 1.20 0082 1.)466 1.00 1083 2015 20% 308
5 C=S~D 1.04 0.73 1,493  4.78 1.61 1.87 2,60 3.6
i C=T«D 064 0,36 1,317 0,87 0.93 106 1.3 1.8
; C-U-D 0.73 045 1379 0,65 1,09 1,27 1,61 2,0
: C=V=D 0,80 049 1.376 111 1,17  1.37  1.83 2.6
i; CW--D 0.77 0036 1.219 6.7;. 1.15 1(33 1077 2.2
i C-X~D 0.99 0,57 1.332 0,4 1.5 1.66 ¢, 2.
g C"!"D 0391 0053 10339 0098 1029 1.50 2002 300
# d-1  3.27  L57  1.23 -8 L2 k.98 6,32 7.5
s '1 d" 2 3.h8 1.82 1027 -0ao7 he” 5.59 6.71 805
. §; d- 3 2.57 124 1.24 0.65  3.54 3.92 5.0 6.6
; ; d~ 4 2,36 1,3k 1,33 1AL 3,30 3.75 502 7.5
£ e-1 2,65 136 193 031 3.5 394 L.B8  5.63
e e= 2 30111 1035 1-185 ooho ho25 h069 5056 7.13
; a= 3 2.9 1,05  1.127 0,95 3,81 L9 5.06 6,00
’:f Q= h ?485 1133 1.216 0-53 3.88 hu31 thh 8088
| o~ e~ S 301 139 1199 <l.ah L.25  L.69 5.75 6400
£ e~ 6 3,75 1.68 1,200 0.6 513 5.69 694  8.02
, 0 . e~ 7 3.65 146 1,161 0.88  L.88  5.31 6 8.63
i» g e=8 L3k 2,90 1392 0,83 5.81 6,50 8.19 10.0
= a= 9 ll038 1083 1017,-1 0070 5.81 6.“& 8000 10¢h
ﬁ‘ e-10 ho§0 2.03 1019!.'. OL75 6.13 6081 8081 1108
{; e-ll Souh 2oh5 10203 0.57 70’-‘)‘ 8.31 10.25 1108
, i:: a-12 he90 2,26 1,213  0.6L 6,75  T.56  9.31 11,0
| e e-13 L.78 2,04 1,182 0,48 A 7413 8.69 101
i - e-1h ko0 2,13 1.233 0,73 5,66 .81 8.81 1.3
% e-15 4.85 2,19 1,203 C.38 6,55 7.38 9,12 10.4
A2 43
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TABLE Lol

(Continued)
SUMMARY OF WAVE HEIGHT DATA
Source i Sg w9, U"so  Hy Ho  nax
an
Recu.d feet feet feet yat foot feat

e"l to S 2.91‘ 1028 l'le 0.25 3‘9)4 h038 5031 qoag
e=6 tc 10  L.Ah L84 118  0.75  5.56 6.9 7.69 1L.8
e-11 to 15 .88 2.24 l.21 0.55 6.63 7.4k 9.25 11.6

e= t6 10  3.54 1.65 1.18 - L.75 5.26 (.50 11.8
9‘6 to 15 1};51 2.03 20 - 6313 6;81 aold.l, 1198
e-.6 L.08 1,86 1.21 1.5

e-17 S.42 2,29 118 0.7 7.22 8,0C 9.86 14.6
-1 10.7 5,20 1.23  L.72 151 16.7 20,1 24.8
f" 2 1107 5070 1122‘ 1.00 16'2 17.6 2100 28.1
f" 3 11.3 h.ao 1.18 0061‘ 15'0 16.6 20.8 2595
g-2k 0.038 0,011 1.12 - 0.046 0,052 0,062 0,063
g-15 0,103 0,053 1.27 - 0.145 0,157 0,170 0,176
g-31 0,098 0,038 1,15 - 0.126 0,139 0.167 0.17
g-25 0.055 0,022 1,16 - 0.071 0.078 0.091 0,097
g-35 0.077 0,030 1.15 - 0,100 0,119 0,128 0,136

3, Wave Length Viriability

To describe wave length variability for camparison with the Rayleigh
distribution, certain statistical parameters are evaluated. These in-
clude the mean wave langth, mean square wave length, standard deviation
from the mean, skewness coefficient, average wave length for lengths
greater than a given length, etc. The wave length is not a measured
quantity, but computed from theory. In the present analysis the deep
water wave length, whether in deep or shallow water, is given according
to the Airy theory (Lamb).

Lo*37 (Le7)

It was found that the Rayleigh distribution applied in shalluw water
only wheu the deep water wave Jength ond not the shallow water wave
length was useds For the convenience of analysis the factor g/2r was
omitted and the subscript o for deep water was also omitted. Thus for
this papsr the deep water wave length is defined by

L = T¥sec?) (4.8)
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Po obtalin the actual deep wator wave lengih in feol {(L.8) must be
multiplied by g/2w. Table L2 is a summary of data for wave length
variability, using L = T2,

Mean Wave length: The arithmetic mean wave leagth is obtained
from the analysis of each wave rscord according vo:

Ll rf
i N is} ! (hﬁ9)

LMz

e

Z|-

Mean Square Wave Langth: The mean square wave length is obtained
from

4

(2 (11+10)

and in unit form

T
)!

|«-~|

K=

oo

11
( (he11)

i
)

Standard Deviation from tne Mean: The standard {rcot-mean-square)
deviation from the mean is given by

)
N 2
SL=|Tq L?l u- E)a] , sec? {h.12)

H
[4,]




Trne standard deviation from mean length in general has the dimensions
of f.e%, but since period aquarsd is used for length, the dimensions
ar2 geconds squared. The unit form of standard deviation is non-
dinensional and givsen by

Sx' V ;{— i (holB)

Figure L,7 shows the relationship of Sy versus T for the wave data,
together with the theoretical relationship bs- d on the Rayleigh
distribution. The agreement here ia-quits satisfactory.

Skewneas Coefficients The skewness coefficient is given by
~\3
] Li-L

Figure 4.8 shows a scatter diagram of asj versus mean wave length
seconds squared). The theoretical valne of ajj, = 0.631 is shown

by the horlzontal line passing uprroximately through the mean of all
dats.

Averago Wave Length for Lenggém Longer than a Given Length: The
average wave lenzii for the longes percent lengths, 33.3 percent
lengths, and 10 percent lengths have been detemined and are swmarized
in Table L.2. Figure 4,9 is a plot of data for Lgy versus L, together
with the theoretical relationship based on the Rayleigh distribution.
Sindlarly Pigures L.10 and 4,11, respectively are for L33 versus b
and Lyg versus Y. The agreement between data and theory is surprisingly
good, and is comparable to that for wave height variability. Figure
.12 is the relationship for Lyg. = 2.45L for N = 100 waves.

From the above analysis of wave length variability it can be
concluded that the Rayleigh distribution describes wave length
variability quite satisfactorily.
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TABLE 4.2

SUMMARY OF DEEP‘ WATER WAVE LENGTH DATA
(Notes L = T2 for convenience)

§:nu§ce T ?L— -XE a3l. L 50 L 33 Lo
Hecord 3002 aec2 sec" suec2 sa c2

a=-A 201 116 1.333 0.30 293 319 408
a-B 149 114 1.587 0.64 248 287 351
a-c 207 105 1,257 <C.17 288 306 35h

a=D 218 79 1.132 <0.50 280 293 337
a-E 193 85 iJ94 0.56 258 287 35U
a-F 166 70 1,176 0.38 221 239 300
&=G 161 89 1.243 0,78 248 276 371
a-H 111 18 1,187 1,26 146 169 212
a=I 112 k3 1,135 0.32 150 161 202
a-J 98 58 1,350 1,53 Ua 162 232
a=X 1 61 1,187 0,90 185 205 280
a-l 133 65 1.238 0.66 185 207 260
a-M 137 63 1.212 0.76 185 205 272
a~N 128 72 1,315 0.57 1687 215 268
a-0 194 102 1,278 0,24 278 310 381
P 193 90 1.216 0,19 265 296 347
a-Q 88 38 1,185 1,26 117 126 165
a-R 98 I 1,229 0,82 133 148 15k
a-S 106 hl 1,172 Ok 1 160 194
a=T 98 LS 1,212 1.52 130 s 198
a-U 122 S5 1,205 1,26 162 180 241

a-¥ U5 57 l.154 0,18 189 209 248

a-W 134 76 1,32 0.52 197 221 274

a=X 132 52 1,184 0,26 172 186 228

a-Y 213 105 1,22 0,37 29h 325 403

b-1 k.80 2.y 1.259  1.62 6,54 7.4 10.8
b-2  L.57 248 1.295 0,56 6.56 7.2 9.6
b‘ 3 5098 3026 10296 O.h3 8050 907 1203
b-L4  7.38 o2l 1,325 o.01 10.81 12,2 1.5
be 5 7.61 5.39 1,500 0,90 11.8% U1 18.4
b" 6 6oh9 h089 10566 1.3]‘ 9099 1201 1705
b-7 6,83 by7 1429  0.64 10.11 12.1 15,

b"' 8 5.68 3:69 10h2.: 0-33 8038 907 13.-!3
b" 9 h.82 3c7h 10602 2oh6 703 8.6 1209
b-10 4.83 2,93 1,369 1,17 7.1 8.0 11,5
b-11  6.L0 k.25 l.uh2 -0,k 9.0 10.h 245
b=12  9.01 S.73 1.0k 1,09 13.3 15,5  22.0
b"13 703h h.o7 1.307 0088 1005 11.8 15.5
b-lll 6.21 3.93 l.hOO 0.87 902 10.7 lho6
b"ls 7050 L‘.Gi‘ lchl'z l.Bh 1008 13:1 18.5
b-17 7.90 5.51 1,487 1.18 12,1 4.2 19.5
1-18 6.9L o7 o20ak 21,39 0.1 12,0 18,4

a7
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TABLE

+2

ontlnued)

SIMMARY (F DEEP WATER WAVE LENGTY DATA

'§oursce I Sy, _’)‘5 a?’L Leo T3~ 10 Trix

ar
Reccid aecz aec2 uec2 :ec2 ses2 n02
b-19 7.10 STk 1.654 2,50 1.0 13.2 19.3 o
b=20 7,86  LJ76 1,367 2,16 11.8 13,7 19,06 2L.0
C-E-D kL9 2.55 1.323 1.7 6.4 7.2 10.0 13.0
C-F«D 2,68 2.12 1.318 0.29 5.3 6.0 7.5 9.6
C-G-D 6.66 2082 10179 0008 900 9." 1107 1203
C-H-D .98  2.59 1,187 0.5 8.0 8.9 11,1  12.3
¢-1-D 7420 4,09 1,323 1,82 10k 12,1 16.0 23.0
C-M=D 7.06 3.90 1,205 0.58 10,1 1.6 13 18,5
C-N-D 6.9 3.2 1.278 0.3 9.3 10.5 12.5 16.0
C-O"D 7.% hohe 7 . !{03 0079 1006 120’.‘ 1509 2102
C-P—D 5065 2.58 10205 1.20 705 80)4 11.3 1307
c-Q-D 5.85 3.08 1.277 0.83 8.2 9.3 12,2 16.0
C-R-D 7.66 3.32 1.187 8.27 11.3 12,9 16.8 23,0
C-S-D 6.69 h.03 1.361  =0.33 10.0 1.4 .7 21.2
C-T-D 3099 1073 1.188 0009 5.6 603 701 9.0
C-U-D 3.78 1.5% 1.168 0.53 5.0 5.5 6.6 9.6
¢-¥-D 5.6  3.3h  L.354h  1.h 7.7 8.7 12.7 18.5
Q¥.D 5410 2,93 1.331 0.93 7.3 8.3 11,7 .l
C-X-D L35 1.98 1,207 0.l5 549 6.6 8.0 9.6
C-Y-D h.89 1.91 10153 l‘oll 602 700 9.0 lh'h
d- 1 13,2 10.h 1.63 0.97 20.7 24.9 3k.3 .0
d- 2 18.7 13.5 1,52 1.75 26.8 33.6 Lh.7 81.0
d" 3 21.3 1}4.3 lohs 1003 3203 3709 51-1 7006
d" h 2&06 1308 1027 1080 3600 hO.B 51.5 6’400
e~ 1 2706 1002 10137 "o-sh 35.7 hsos 38.h 51.8
8= 2 26.8 13.8 10265 1.75 3306 3605 hBoh 5903
e~ 3 30.0 10.0 1.116 3,87 37.8 L0.5 6.9 53.3
e- 1 27.5 1.1 1,263 "0.79 38,5 L43.1 55.2  B82.8
8= 5 29.1 1501 10270 0013 hlb3 h605 5900 7h.0
a- 6 24,1 11,9 1.2k 1,07 33.4 38 4B.3  59.3
e~ 7 22.) 9.9 J.19y 839 0,8 A8 k6N £70
e~ 8 2.6 .9 1.162 2.42 31.7 34.8 L5.9 606.8
e~ 9 2303 809 1.1’46 =-0,11 29.9 3208 3906 hho9
6-10 2202 9.6 10187 0;91 290!& 32-8 h3.6 So.h
e-11 23.8 8.7 1,134  ~0.16 30,1  32.8 1.3 53.3
e-12 2h.6 8.5 2,119 119 315 3h.6 k2.5  50.k
e-13 249 10,2 1268  0.58 » 32,5 35,9 LS. 56.3
e-1l 2h.3  11.8 1,235 -0.77 33.5 38.3 48.7 86.3
e-15 24.9 8.8 1,125 1.1 30.5  33.3i 9.6 19,0
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TABLE L.2
(Continve

SUMMARY (F DEEP WATER WAVE LENGTH DATA

Source i Sy, ’;{ ay LSO L33 L1o ]';n.‘mc
and 2 2 H 2 2 n 2
Record sec sec sec 383 Scit S3C

e-1to 5 28,2 12,8 1.210 1.20 374 Me,L LB 6L.2

e=11 tu 15  2h.5 9.7 1,156  0.40 34,9 3.9 h3.5 53
e-1 to 10 25,8 11.5 1.198 1,55 3.2 3.6  L6.7  60.h
e= 6 to 15 23.9 9.9 1,17 1.1 33,0 34.8 b1 51,9
8‘16 22.0 1112 1'26 0083
e-17 39.3 17.5 1.20 1.00 51.9 57.9 7h.2  123.2
-1 52,2 42,0 1,59 097 99 121 163 207
f-2 66,0 56,7 LeTh 1,86 106 128 187 342
f-3 75.1 52.7 1,50 0.3 115 13L 190 289
g-2l 1,11
8-15 1017
g-31 1.31
3-25 1.16
g-35 1,15

4. Wave Period Variability

A distribution function for wave period variability was derived
in Chapter III from the Rayleigh distribution for wave length variability.
For verification of this distribution function and comparison with that
given by Putz (1952), certain statistical parameters are evaluated.
These include the mcan period, mean square wave period, standard
deviation from the mean and the skewness coefficient. Table L.3 is a
summary of data for wave period variability.

Mean Wave Period: The arithmetic mean wave period is obtained from
the analysis of each wave record according to

bl
"

Zzi—
Mz
-
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where T is the mean period, Ty the individual period, and N the
number of waves in the record. Evidently the length of record in
seconds is t = N T,

Mean Square Wave Period: The mean square wave period is obtained
from

-E T‘Z (h.lé)

and in unit form

=. 12 (5e17)
F°

Standard Deviation from the Mean: The standard (root-mean-
square) deviation from the mean is given by

N 2] 2
ST"W[;?. (r; -T)] (4.18)

The standard deviation from mean period has the dimensiuvns of seconds.
T™e unit form of standard deviation is non-dimensional and is given
by

Se=V T2 —| (Le19)

Figure Li.13 shows the relationship of Sp versus T for the wave data,
together with the theoretical relationship based on the distribution
function for wave period variability derived from the Rayleigh distri-
tution of lengths. The agreement here is quite satisfactory. The
relationship presented by Putz (1952) is also shown, but is not in
agreement fér the wind wave data.

Skewness Coefficient: The skewness coefficient is given by
. Ny .31°

=Wl Rl e (4420)

Figure L. 1} shows a scatter diagram of q  Versus mean wave period

T.  The theoretical value of ayp = -0.U88 15 shown by the hordizontal
line passing approximately through the mean of all data, The relation-
ship ‘given by Putz (1952) is also given. Figure L.l shows no
relationship between a3y and T. The scatter of data appear:, great,

but it must be remembetred that 100 waves are tooc few in number to _
oxpect a minimum of seatter in the skewness coefficlent, and that the
overall average i3 more significant.
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TABLE 4.3
SUMMAKY OF WAVE PERIOD DATA

Source

e

T T 87 = ay  I(Hgo) T(H33) THy0) THmay)

an

Record _ sec sec se __ sec sec sec
a-A  13.4h  L62 1119 -0,53 17.h 15.7 15k 15
a"B 1102 hoeh 1.187 0.25 lh.O 1502 1505 16
&-C 13,7  L38  2309 <091 15.9 16,2  16.3 %6
Q-D lhoh 3021 10050 "1018 15.6 15'9 15.8 18
a-E 13.8 3.21 1,057 -0.26 .7 . k.2 i
a-F 12,6 2.65 1.044 «0,32 .l 1.3 13.7 12
"G 13.0 3.!{1 1.069 "Oohl ]11.0 lL.O l!;.B lh
a-f 10.3 2.26 1,048 0.28 19.6 10,7 10,9 11
a-I 10.6 2,07 1,038 ~0,13 10.8 10.9 11,0 1
a-J 9.5 2,77 10085 OOSh 9.7 905 9.2 10
a-K 11,6 2.57 1.049 0.2 11,7 11.7 11.7 12
a“L 11.2 2.7:!,. 10061 002h 1108 1107 lloh 11
a-H 11.’4 2063 1.053 "0020 1108 11.8 12.0 12
a“N 1009 3008 1.080 0037 J‘-OQB 9.8 8.1 10
8-0 13.,4 3.71‘ 10078 “o.ls lh.8 13.9 13 01 10
a'P 1305 3033 1.061 "ouls 1309 JhoB 1209 12
a=Q 9.2 1095 100&5 0.16 9.3 9.3 9.7 10
a-R 9.7 2.02 looh3 0.61 907 9.6 9qh 10
8-3 10.1 1097 1.038 "0005 9.9 10.1 9'3 11
a"‘T 9.7 1092 1:032 0.72 902.[ 9.’4 9.h 9
a-U 10,4 3.65 1.123 0.63 10.5 10.3 9.8 2
8“V J.108 2oh1 looha "‘1021 12.3 1202 1203 12
a-W 11,0 345k 1,104 =033 11.8 12,3 12,8 12
a"x 11.3 2.12 1.035 '0.’.‘1& 11.3 1102 1102 12
a"Y 1}101 3.82 1.073 "0967 lhos 1’4.7 13.6 lh
b- 1 2.13 0,5 1,057 0.7 2.29 2.25 1.97 1.9
b~ 2 2,07 0.54 1,067 2.3% 2.30 2.31 2.31 3.1
b- 3 2.3k o7 1.091 0.03 2.61 2,67 2.81 2.2
b- L 2,59 0.82 1.099 0.32 299 3.30 2,93 2.9
b~ 5 2,56 1.03 1,161 0.15 3.0k 3.18 2,93 2.6
b- 6 2'38 0.91 101h6 0.511 2.88 2083 2095 209
b-7 2.46 0.88 1,128 0.22 2,95 3, 3,08 2.9
b- 8 2,30 0.62 1,073 14,00 2,52 2,50 2.37 2.2
b- 9 2,07 0,73 1,126 1.11 2.31 2.17 2.21 1.2
b-10 2,09 0.68 1,105 0.03 2.38 2.35 2.24 2.2
b-ll 2.4y 0,67 1.07% 0,48 2.62 2.62 2,25 2.7
b-12 2.85 o.9h 1.109 0.25 3020 3008 3.16 hoh
b-13 2,60 0,76 1,085 0.02 2,93 2,85 2.83 5.2
p=-1l 2,36 0.80 1.1 0.26 2,75 2.79 2.85 2.7
b-15  2.61 0.83 1.101 0,63 2,96 1A 3,21 2.5
b-16 2,452 0,77  1.102 0,03 2,84 2.78 2,66 .U
b=17 2,65 0,9  1.125 0.45 3,11 3.26 3.23 3.7
b-18 2.50 0.83 1.110 0.27 2.89 2,85 2 94 245
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TABL® L. 2
(Continued)

SUMMARY OF WAVE PERICD DATA

Scurce 7 St 2 ay THeo) ™33) TKH10) 7 (Hnmax/
and
Record sec sec 88C sec sec sac
b-19 2,19  0.95 1445 0,91  2.83  2.78 2,81 2.5
b-20 2.6  0.9F  1.127 0.,22  3.09  3.09 3.23 2.7
C-E-D 2,02 0.6 1000 =0,29 2.26 2,30 ~2h 2,0
C"F"D 1085 0051 10076 2.67 2010 2'16 201 201 » '
C-G"D 2.52 0-57 1.051 "Oohh 2060 2.60 2.62 2.1‘ .
C"H"’D 20 38 0 -57 1.057 "0079 20 h? 2053 20h0 2.0
C"L"D 2057 0077 10090 2.% 2.79 2075 2073 2.6
C-M-D 2.5  0.78 1,054 ~0.23  2.77 272 3,05 L2
c-N-D 2.3 0,77 .00 0,93 280 2.ud 2.85 2.5
C"O"D 2.51 0087 10120 0036 2095 2091 2.76 208
C-P-D 2.31  0.56  1.059 ~C.kbh 2.42 2.3k 2.2 2.3
C"Q"D 2.3,-1 0061 1.%8 0068 2- 1 2060 2.63 2ch
C-R-D 2.63 0.86 1.107 -0,03 3.08  3.09 3.2 2.7
C-S~D 2,47 0,77  1.097 0.3h  2.95 311 297 2.7
c-T-D 1.9 0.48 1,061 -0.70 2.08 2,09 2.17 2.3
c-U-D 1.90 Ok  1.05h -1.87 2,06 2,06 2.15 2.1
£-%-D 0.27 0.68 1.090 0.3 2.8 2,39 2.35 2.8
C-W-D 2,16 0,66 1,09k =-0.17 2.38 2,43 2,46 2.7 i
C-X~D 2.02 0.82 1,066 -0.08 2,18 2.2h 232 2.3
C-Y-D 2.1 0.56  1.069 -1.97 2,33 2,33  2.45 2.3
d- 1 3,38 1.33 115 0.8  3.98 held  ho7h 5.0
d- 2 hoo2 lth6 1013 0‘31 hcaé qul ).1.85 hao
d“ 3 h.35 lcsh 1.13 1096 5001 5012 5'61 7.0
g~ L L.72 1.53 1.1 0.29 515  5.30 5,98 6.0
e- 1 5,15 1,03 1,040 1.1 S.a4 5.1 k.97 5.1
e= 2 5,07 1.0h 1.04h2 -1.57 5.26  5.20 5.32 5.3
e~ 3 5,38 1,00 1,035 2.04 5.3 501 L8 3,5
e- L 5,08 1,32 1,068 0,55 L.76  LBL  L.51 b7
e S 5003 11914 101Ll9 "‘0'87 ll053 h.68 ).l,.25 3.3
e~ 6 !.1.76 1.20 1.06,.1 l.ll hnsh hohl 1&;62 ,-h3
e~ 7 h-Sl l-hs 1.10’4 "2085 ’403? ’-1019 ’4023 ’-hh
e- 8 L.86  0.97 1,040 0,47 157  hsS0  he38  Le6
e- 9 L7l 0.90 1,036 1,08 478  L76  LT78  L,5
e"lo h.éo 1003 10050 00“3 ho52 h.sl ht?S hoé
8-11 ho79 0091 1-036 "0036 ho79 ho?é ’Joah ho7
e-12 h083 101)4 1.056 "‘30)40 -’4069 h069 h089 5.1
e-13 L.87 1,07 1.0u8 -0.47 L.92 L0 5.0k 5.0
e-1L ha77 1.26 1,070 ~0.6) h.62 4,59 bS5 he3
8"15 hl9o 0'9h 10:)37 "0051 bo?e ho79 lloe7 hoa
H
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TLBLE L.
(Continued)

SUMMARY OF WAVE PERIOD DATA

'Silgce 7 St T2 ay 1" =) MH33) TWHo) MHae
Record sec sec sec sec sec sec
e=1to 5 5.1b 1.33 1.066 ~0.35 he96 L.97 L.79 Ge3
Q= 6 to 10 h069 1015 l‘%O ‘Oo87 h056 hoh? hoss ho6
e-11 t0 15 L1483 1,08  1.050 -1.1  L.7%  L.75 L.8L% 5.1
e-1tol10 4,92 2.2 1063 -0k h.76 he72  L.67 5.3
e~ 6 t015 L.76 1.2 1.055  -1.31 k.66 KX 4,70 5.
a=16 L.57 1.01 1.053 0.76
e~17 6.11 1.39 1.052 0,01
f-1 T.29 3.0 1.17 0,027 9,10 9.60 10.1 9.
f" 2 7-1[5 3.25 lql9 0.615 9000 9010 8.0 608
f-3 8.16 2.93 1,313 0.4s6 9.5 9.70 8.2 10.0
g=2h 0.40 0.08 1,039 0.39 0.4 0.40 0.3h
g"ls OCSIJ 0.22 1.17 0.67 0068 0.70 0. 78
g"31 0063 0315 10055 0059 0061 0070 0076
g-25 00h7 0.10 1¢0b9 O.LIB 00’47 0.).10 0031
8.35 0053 0.10 10052 0.55 0058 0-58 006h

5. Least Squares Relatica<:ips

If it is definitely known that the origin is a point on the curve,
the straight line to be fitted hag the form of y = mx, where m is the
slope of the line. It can be shown by least squares condition that

m =% xy/ Tx2, Applying these conditions to the relationships presenten
ear];;er, one obtains

zS)H
S = 5
T IH "y = zHe:
s, L IH
L
Ap “‘EL'ZL
oo 2517 zU
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Table L. b presents the least squares relationships through the
origin for the abcve parameters, based on data for cach source taken
separately and also for all sources of data taken together. In
addition, the weighted mean values, weighted in accordance with the
nurber of records, are given. For example

=L
5 N T4 S,q
(4e22)
l
T * N Ztin
Where S, is the weighted mean of standard deviations, N = 85 records,

£y is the number of records for individual scurces corresponding to S"I
given in Table L,

There is fairly good agreement between theory and the data shown
in Table u.h. .

TABLE L.L
R TSAST SQUARES RELATIONSHIPS THROUGH ORIGIN
. 184 o It
Sourve a b c d e £ a-f ,‘eégzzed Theory
No.
Records 25 20 18 L 15 3 85

Sy 0.h99 O.62L 0.585 0.512 0.kl 0,66 0,477 0.536 0.522
§, O.h01 0.n7 7.5h2 0.785 0.k25 0.7k 0.486 0.5L6 0,522

Ty 1.386 1,502 1L.451 1.411 1,345 1,373 .377 1.421 1,420
Ngo 1,377 1.481 1.hlh 1,822 1,316 1,572 1.381 1,426 1,420

7
M33  1.561 1.716 1,435 1.570 1,504 1,516 1,53k 1.602 1,598
A\33 1,520 1.728 1,60k 2.102 1.L75 1.878 1,528 1.616 1.598

Mo 2,006 2.159 2,170 1.928 1,867 1.846 1.911 2,046 2,03
Mo 1.895 2,362 2,050 2.720 1,793 2.651 1,911 2,087 2,03

Mmax 24520 2,746 2.839 2,473 2,280 2,327 2.388 2.589 2
Apax 2.425 2,203 2,715 3.832 2,281 L,122 2,460 2.770 2

St C.2l1 0.296 0,263 0,324 0,221 0,306 0.2h6 ©.261 0,281

#Most probable maxumum based on N = 100,
##tleighted in accordance with number of records for eacn source,

-
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6. Relationshipgs Between Wave Pericd Variability and Wave Length
Variability
A relationship between the standard deviation of period and that

of length can be cbtained by squaring {4.18), dividing by (L.12), and
collecting tems, whence

G0, _M° st (4423)
i s,

2

since L = T, and v2 =
’ e
Baged on the Rayleigh distribution for X\ one cbtains

(S¢) = 0.138 s (Lo2k)

Figure L4.15 shows a plot of data for (SE>2 versus Sy, together with
the theoretical relationship given by (L.2h), and the agreement
between data and theory is satisfactory.

Figure 4,16 shows a scatter diagram of skewness coefficients,
@3p versus @31, together with the theoretical point ajp = -0,088,
aq;, ~ 0,631, No relationship is expected between a3p and @47, except
e theoret! cal point, around which the wave data scatter.

If the wave records were more ideal, such being the case for
very long records under a state of no change, the scatter would be
nil, whence one might infer that the present wave records are not
completely satigfactory for the present type of analysis, However,
it must be remembered that third moment computations can lecad to
much scatter when records of 100 waves or less are used. Second
moment computations, used for standard deviations are not so gensitive
to the short records. Figure L.16 might have been omitted, but was
included primarily to emphasize the importance attached to, and the
desirability of, obtaining long wave records. It is not always
rcssible to obtain long records and therefore one must make the best
of the scatter peculiar to short wave records. However, the overall
averages of the statistical parameters are quite sigiificant,
perticularly when a few extra long records are availavie in the
general program of analysis, Extrz long records available for this
presentaticn are discussed later in the text.

7. Cumulatlive Distributions

This section presents typical cumulative distributions from esach
source of data. Mcre or less standard record lengths {eprrodmately
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100 waves each) are used for the tirst seven figures (L.17 through
4.23), one from each source of information. The owmlative plots
are in terms of 7= H/H and A= L/T « T2/T2, Plotting of points is
based on the method of Beard (1952), whence

. 100 (n—'Lg > (ke25)

N

P is percent cumulative
N is the total number of waves in the record
n is the order of tabulation beginning with the smallest

value of n{or \) at n = 1 to the maximun value of 79
{or A} at n = N

_In general, Figures L.17 through 4,23 show that P(q ) and B() )

" have approximately the same distributions for cach record, although

not necessarily the same from record to record. The above is typical

of nearly all the wave records, except a few which had very peculiar
distributiuns. Whether or nat the Ravlsizh disiribution applies, it
can be concluded that P(7n) and P(X ), to say the least, have very
nearly the same gamma type distributions. However, avergges of all
the records in terms of nand A, show bothP( %) and P(\) to be
typical Rayleigh distributions, except fur the record from hurricane
tAudrey." In this case P{A ) includes swell from the main section
of the hurricane and locally generated wind waves, the combination
of which gives a large spread in wave period, with a correspondingly
greater standard deviation.

Figures L.2h and 4,25 summarize the cumulative distributions
P (n ) and (X ), respectively, for Figures 417 - k.23, The
corresponding cumulative distributions P(t ) are given ih Figure }.26.

For comparison with non-continuous records, the long record from
the Gulf of Mexico was utilized. Waves wore tabulated for each first
ninute of every S-minute section until 107 waves were obtaind.

Figure 4.27 shows the cumulative distributidn, It is seen that such
a method of non-continuous recording, althougn not completely
satisfactory, is not entirely objectionable, However, care must be
taken that wind speed and direction and stage of generation remain
more or less unchanged during the period of record.

8. Extra Long Wave Record from Gulf of Mexico

The wave record obtained in the Gulf of Mexico consists of 1,500
consecutive waves during a period for ihiich the wind speed and
direction remained relatively constant. Figure L.28 shovis cumulative
plots of 5 and X for 40O consecutive waves, and it is sean %o be an
improvement over Figure 4,21 based on 100 consecutive waves. The
improvement is as should be expected. When 1,000 ccnsecuiive waves
are used, Figure L.29, ihe agreement between P(%) and P(\ ! .s
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exceptionally good. Figure 4,30 is based on averaging five
cumulative distributions of 7 and A\ , each group consisting of
200 waves each, or a total of 1,000 waves. Again there is ex-
ceptionally good agreement between P(n ) and P(X\ ).

Three thousand eight hundred and eight consecutive wave heights

of a continuous record have been tabulated by the U. S. Amy Engineer

Division, Southusstern. These vaves were obtained fram Lake Texoma

using a step-resistance Sype wave recorder. During the period of

record the wind speed and dircction remained unchanged at 30 mph from

the north. The fatch being limited, the stage of generation remained
i . unchanzed during the period of the record. These dat« are suamarized
; in Table h.5.

TABLE h.5
SUMMARY OF WAVE HEIGHTS FOR CONTINUOUS RECORD

l 9. -Extra Long Wave Record From Lake Texoma, 'xas
|
i

No.
H (feet) of Cumulative P 7 7
Cases

042 382 382 10,02 0.197 0.039

0.4 364 06 19,58 0.393 0.15

0.6 371 1127 29.32 0.590 0.348

; 0.8 552 1669 L3.82 0.786 0.618
| 1.0 527 219 57,65 0,983 0,966
: 1.2 5ho 2736 71.84 1.180 1.392
1.4 350 3086 81,03 1,376 1.893

; i 2,0 1k 3701 $7.18 1,966 3,865
' ; 242 L9 3750 98.L46 2,163 L.679
J ; 2.4 h2 37192 99457 2,359 5,565
% 2,6 1 3603 99.6856 2,556 6.533

! 2.8 5 3808 99.987 2.752 7.57h

e AW A 5E
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Statistical analysis of the above record gives the following
results:

Record Theory
H = 1.0173 feet -
ME = 1.2757 1.2732
Sy = 0.5285 0.523
agy = 0.400 0.631
Mg = 2.18 2.2l
M0 = 2.03 2,03
M33 = 1.61 1,60
Moo = 1.5 1.h2

From the foregoing swmary it is seen that this long record is
in exceptionally good agreement with the Rayleigh distribution. The
cumilative distribution from Table L5 is shown in Figure L.3l.

Nine hundred and eight consecutive wave periods of a continuous
record (for the same storm above) have been tabulated by the U. S.
Army Engineer Division, Souwthwestermn. This information is summarized
in Table L.6.

The cumulative distributions for the cata of Table L.6 are
presented in Figure k.31, wave leng’h variability, and Figure L.32,
wave period variability. This record is in fairly good agreement
with theory, based on the Rayleigh distribution for lengthsn.

Based on the above investigation it is concluded that the
Rayleigh distribution is sufficiently accurate to apply for most
cases for wave height variability and wave length variability; and
the corresponding theoretical distribution function of wave period
variability is satisfactory. This statement is made without the
application of the Chi square test, which in view of the above and
the work of Watters (1953) would appear to be repetivious.
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TABLE L.6
SUMMARY OF WAVE PERIODS FOR CONTINUOUS RECORD

~No.

2
sgh LT3 of Cumulative P T
’ sec Cases
0.5 0.25 1 1 0.0551 0,203
0.6 0.36 3 L 0.385 0.2h
0.7 0.49 10 1l 1,h9 0,28
0.8 0,64 9 23 2.8 0.324
0,9 0.81 5 28 3,03 0,3¢5
1,0 1,00 9 37 L,02 0,405
1.1 1.21 7 h:b hs?9 0.!;1.[6
1,2 1.1k 17 61 5,66 0.L87
1.3 1.69 16 77 8.h3 0.527
1.h 1.96 19 96 10.52 0,568
1,5 2,25 16 112 12,28 2,608
1.6 2.56 3 L3 15.69 0.6lg
1.7 2,89 23 166 18.23 0.689
1.8 3¢2h 33 199 21.86 0.730
1.9 3.61 10 209 22,96 0,770
X 2,0 14,00 L1 250 27,18 0,811
% 2.1 Lol 20 270 29.68 0,882
2.2 L.8L 60 330 36.29 U.092
. 2.3 5.29 L7 377 Ll.kb6 0.933
( 2.4 5.76 80 hs? 50,28 0.973
. 2.5 6425 52 509 56,00 1,014
; 2.6 6,76 68 S77 63.49 2,05k
' 2.7 7.29 33 10 67.13 1.09
! 2.8 7.84 35 o8 70.98 1.135
) 3.0 9.00 ub 702 77426 1.216
: 3.1 9.61 21 723 79.57 1.257
3.2 10.2k 31 754 82.98 1,258
! 3.3 10,89 23 717 85.52 1.338
£ 3.b 11,56 36 013 89,10 1,379
P 3.5 12,25 27 840 92,146 1.519
4 3.6 12.96 23 €53 9L.99 1160
A 3.7 13.69 12 875 96.21 1.500
‘. 3.9 18.21 b 863 97.19 1.581
: L0 16,00 7 gon 97.96 1.622
bl 10,81 2 892 98.16 1.662
: h.2 17.6L 5 897 98,73 1..703
p o2 18.L9 2 899 98.95 1.7hL
2" llo}-l 19¢36 h 903 99039 L 7811
{ L5 20,25 1 90L 99.50 1,820
b6 21.16 2 906 99.72 1.865
% 4.8 23.09 1 907 99.83 1.916
% 6,0 36,00 1 908 99.9k 2
&
i
=
55" 59
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Statistical analysis of the above record gives:

Record Jheory
T = 2.4662 -
=2 = 1,1007 1.0787
Sy = 0,317 0.285
a3 = -0.0558 -0.088
T2 = 6.69L5 -
';'é = 1,325 1.2732
8, = 0.5701 0,523
a3, = 0.8705 0,631
Ae = 2.9 2.2k
Mg = 215 2,03
A3z = 167 1,60
Ago = 1.k 1.k2

10, Wave Data from Step-resistance Wave Gage Versus Pressure Gage

It appears from the data analyzed in this chapter that there is
little difference in the statistical parameters obtained from the
step-resistance wave gage and from the pressure gage, and this
difference is statistically insignificant. It is difficult to
explain the results of Wiegel and Kukk (1957), who reported a
gignificant difference in results obtained by the two methods of
recording, Evidently the Rayleigh distribution for wave height
variability is not verified for the step-resistance wive gage data
reported by Wiegel and Kukk (1957), and these findings are not in
agreement with the data analyzsd in the present paper. In particular
the extra long record from Lake Texoma verifies almost exactly the
Rayleigh distribution,

6U
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CHAPTER V: WAVE VARIABYLITY AND JOINT DISTRIBUTION
1, General

The joint distribution of wave heights and lengihs (or wave
heights and periods) iin general is difficult to describe completely
for all conditions of correlation. Three sperial cases, however,
can be investigated in detail, Case I, non-co, -lation, 3= perhars
the most likely to be encountered oy engineers and oceancgraphers.
Cases JI and III are the trivial cases for correlation coefficisntn
of r = +]1 and r ~ <1, respectively. »r = -1 perhaps uever ocours in
nsture. r = +1 might occur in the very early stages of wave
generation for high wind speeds and short fetch lengths, r = +1
might also tend to occur for very long decayed swell. An important
factor, although r = 1 are trivial cases, is that these cases
represent the boundary limits between which all other cases cccur,
thereby permitting use of necessary approximations supplemented with
wave data to describe the conditions where correlation exists.
Figure 5.1, for example, is a scatter diagram of 7 and A for & very
low degree of correlation. The fact that both marginal distributions
p(n) and p( ) are of the same type is of some heip. The bivariate
asymptotic problem of joint distributicn for the Rayleigh {or a
nodified Rayleigh typesJ distribution has yet to be solved.” If waves
possessed the Gaussian distribution, and they sometimes do quite
closely, there would be no difficulty since the joint distribution
between two normally distributed dependent variates has been covered
quite satisfactorily, for example, Uspiénsky (1937) among othes-s.
Wooding (1955) presents an approximate joint distribution for wave
amplitude and “requency in random noise.

The correlation coefficient measures the strength of the
relationship between two variables, but only when that relationship
is linear. It is necessary to assume a linear relationship between
mand A, and this assumption appears justified from the data analysis.

A summation function is introduced for the purpose of estimating
the mezn period of wave heights above a given height.

2. Some Basic Concepts on Joint Distribution

The general for~ of the joint distribution funrtion for two
dependent variates can be written as the product of two functions

plm, N=pln) + p, W) (51)

#Through recent correspondence with Dr. E. J. Gumbel of the Department
of Industrial Engineering, Columbia Universivy, Wew fork City, it h.oo
been learned that he solved this problem applics:le for the correla*taon
coefficient betueen r = £0,31396,
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which states that the probability of both a particular vaiue of 7
ard A occurring simultaneously is equal to the probability that %)
will occur times the probability that A will cccur, assuming that 4
occurred, p(7n ) is the marginal distribution function for 7, and

pn (\) is the conditional probability function of A, the condition
beﬁng that m occurred. Eqe (S.1) might also have been written

pOg) = B(A) *py () (5.2)

in which case p( %) is the marginal distribution function of A\ and

py (%) the conditional probability function of me The marginal
df‘stribution functions are given by:

w O
w [ Cotmianeon [© ) mran
) , PRnldneed ) ey 1 (5.h)

Since the marginal distribution functions are Rayieigh dis-
tributions, only the conditional probability functicns are required
for the complete solution, which will not be attempted in the prosent
study 0

The corretation coefficient is given by

A -1
i s g
[(‘r;z—!)( x2_|) ]yz (505)

where the expectations E(n, A ) <X , E(nZ) =72, and E(A 2) = A 2
are given by

—_ p®O

”*’fo _/; A pln,A) dn d) (546)
—_ (00}

.,72,'/:) 1’2p(1’) d-q (507)
= 0 . . .

X z‘/; X plAlgA (5.8)
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3. Special Cases of Joint Distribution

Case I. Non-corre.ation of r = G: In Chapter II the marginal
type Raylelgh distribution functions were given in normal or uait

form:

Caaite

-En2
pmeZne g | p=t (5.9)
2 H
w2
p(X)--’a-': )\e"?)\ ek (5.10)
L
When zero correlaticn sxists the joint probability is ihe product
of the marginal distribution functions, whence (5.1 and (5.2)
become
pin,A)=pin} - plA) (5.11)
or using (5.9) and (5.10)
w2 X2 Ty
P M= ne d T .pe” g (5.12)
In terms of o and r (5.12) becomes
-T2 - a7
plnri= .35 e 3 7 .g34708754 (5.13)

Eq. (5.13) is more useful than (5.12) since the variables
actually measured are H and T, L vzing a computed quantity. Table
5.1 gives the number of waves per 1,000 that would occur on the
long run average for 0.2 increments of n and T.

The integrated equation or the cumulative joint distribution
for zsro correlation is obtained from

IR
P =(770>\) “j; j; P(‘r), A) d‘f] A (5.-”1)
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and using (5.12), the order of integration being indif.erent, one
obtains

P(n.x)'[l—e_!#][l-e-qf] (5.15)

Eqe (5015) gives the percent of waves P[n,\] having v equal
to or less than some spécified value and at the same time having X
equal to or less than some specified value. T.:e only limitation
on {5.15) is that no wave can be steeper than the critical value
of H/L = 1/7, according to the Michall (1893) theory. In terms
of  and v (5.15) bscomes

P(v;.r)-[n- e_:_,,z][ 1-e” 0678 "“] (5.16)

Consider the scatter diagram of Figure 5.1, for example,
where four quadrants are given: I, P El » 1) ; 11, P, 1]
-P[1 ,1];: III, P0,]- Plo, 1 -P[1,0)+P[1,1];
and Iv, P[1,0] =~ P[ 1, 1], If zer: correlation r (n, \)
= 0, exists then

P = 2?‘.2 percent
Pry = 24.8 percent
Pr71 = 20.8 percent (5017}
P1y = 2h.8 percent

When zero correlation exists the equations of regression lines
are given Ly
n=1
\ =i (5.18)
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case II, Correlation Coefficient r = +1.0: If tne correlation
soefficient between % and A is r(n,A) = +1,0, then all data will
fall on a strairht iine in the fomm y » mx + b, a regression line,
In this case if both » and A rossess independently the Rayleigh
marginal digtributions, then the slope m = +1,0 and the line,passing
throvzh = A = 1,0, will pass through the origin - A\ = 0. Thus
the uquation of the regression line is

. (5019)
A%y  or Apuq

It can be seen thot the joint distribution will be obtained by
use of either marginal distribution and the equation of the regression
line, Assuming the Rayleig“ “istribution still applies, and it is
possible that it does, one obtains for the joint distribution

_’f_’f _ » R
Pl L e TH =2
=\
K (5.20)
)“'1.1'

Similar to (¥,17), the percent of waves in each quadrant far
r{n, A ) = #1,0 is given

Pr = Sh.y percent

P 0
Pﬁ]_‘ 1546 percent (5.21)
Piy = O

To prove thal (5.,20) ie the relationship for r = 1,0, multiply

both sides of (5.19) by =7 and take the mean; and again by X\ and take
the mean, whence

|
3 3
>l >

3

(5.22)
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TrLe correlation coefficient r iz obtained from (S.5), whence

nh—i . ;):-— i
— . MA— 1
[(72 00212

The limitation of (5.21) is that H/L < 1/7. It can be seen that® if

rin, )= = +1.0 (5.23)

A/L = 1/7 all waves have H/L = 1/7 and all are breaking waves, In

general H/L = constant for r = +1,0, and can apply to long swell
having constant steepness, if such a case sctually exists.

Case III., Correlation Coefficlent, r = «1,0: If toe corrciation
coefficient r{m,A) ™ ~1.0 then all data will fall on a straight line
of the form y = mx + bs In this case the clope m = ~1,0 and the line
wiil pass through the point ¥ = X = 1.0, but will not pacs through
the origin. The equations for the regression lines are given by

n=E2-\ Or §_32~-X
A (542h)

Ax2—7q _Y; x2-q

It cannot be assumed that p(7n) and p( ) ) are Rayleigh ais-
tributions for r(n\) = =1,0, ezince this assumption would lead to an
ambiguity, If r(n,A) = =1,0, then Py = Pyy1 = O, since the
regrassion line passes through F= A = 1,0, If o(®) and p(})
heve the same distribution functions, the number of wavee far
7% 1,0 is the same as the mumber of waves for A& 1,0, then
Pr1 = Prv = 0.0 percent. If one attempts to apply the Rayleigh
distribution Pry = Sh.L and Pry = Sh.h pervent, the sum of which is
106.8 percent, an impossibility. Perhaps, the Rayleigh diatribution
faiis at some lower negative value of r{n,\). This failure is of
no immediate concern, since the distribution function will tend to
change for large negative r(-q , A) due to physical factors. If such
a correlation could exist in nature, this would mean that the highest
wave has ihe shortest length and the lowest wave the longest length,
This is certainly the trivial case and one must remember that the
case of r(n,\) = =1,0 is considared only as a boundary condition.
For two other variates not having the limitations, of breaking
ocean waves, it is conceivable r = =1, whence

PI - 5(0)
Pry = rcent
1 L% (5.25)

Pry = 5C percent

79




e —

To prove that (5.2L) is the equation for regression line wheu
r{,\) = «2,0 m4iply both sides first by % and take the mean, ana
again by X and take the mean, whence

T T -TF
(5.26)
¥ 2x-7%
and since 7 = A = 1,0 and usirg (5.5), one obtains
A1
g Na ———— =10 (5.27)

=7 %

ke Summation Function

An unsuccessful attempt by Bretschneider (1957)® was made to
find the proper joint distribution function which would satisfy the
rules of probability and which would algo lead to Rayleigh marginal
distribution tunctions. From tle above, it is sgeen that unless the
marginal distributions deviated from the Rayleigh type between r = O
and r = ~1,0, n¢ contimous joint distribution function could exist
over the completa range of r = +1,0 through r = 0 to r = <1,0. To
overcoma this difficulty somewhat, and at least obtain some important
information on joint distribution of waves a new function is
introduced, the summstion function dafined beloy, Conzider the
scatier diagram of M versus A, Figure 5,1, for example, and sum sll
values of A with respect to 7 betwsan -A”’/e and + &7/2 as Am goes to

zero, Denoting this cum as 5y (7 ), the mathematical definition of
the summation function is )

{08
S.A(n)* Apln, A} d) (5.28)
/]
or using (5.1)
)
S, (a1 ol j; Ap, (NgA (5.29)

The integral of (5.29) is nothing more than the equation of the
regression line of A on 4, whence
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(n)
S)\

2 —= A (A)dA «30

Sy =37 pm) (5.31)

A similsr equation can be obtained by interchanging A and m ton and A.
Thus

Sﬁ()\)t‘ﬁ; piA) (5.32)

Eqs. (5.31) and (5.32) are the summation equations, which
become quite useful once the aquations of the regression lines are
obtained. Ii, can be shown by the familiar method of least squares
when n¢ = & ‘that the regression equations for linear regressiors

BNa
-

A =lerlg =1 (5.33)
and
Ty = Herd-n (5.3k)

Thus the summation functicns (5.31) and (5.32) become
S)\ tn) = [ t+ el =n]pin) (5. 35)

Sy = [1 4 rir-1]ptn (5.36)

Assuming linear regression applics at least approximately, and
applying the Rayleigh type distribution for p(n ) and p( \) one
obtains the approximate relationships

Nt
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S)\ ()= -’25— [i+rn=0]n e 4 (5.37)
X
Sn()\)=%- r(A=0) \e "4 (5.38)

The approximatien is intunded where actual distributions tend
to deviate from the Rayleigh distribution, or when deviaticn from
linear regression becomes significant.

£q. (5.38), giving the sum of %, for values of A; mey also
be cglled the A\ -spectra of n. This is analogous to the A\ -spectra
of 72 derived in a similar manner in Chapter VII,

The \=spactra of 7 can be transformed into the r -spectra of 4
by noting

S., (N axa S, (rhdv

p(NdX  =pir)dT (S.39)
A=a7220,927 t2

S.q (r)=2.7 [{1~r)+0.927 rrZ] 13 0675 74 (5.40)

S_ (\) andS_(v) are given respoctiyely in Figupes 7.1 and
7.3 of lChapter VII? for comparison witn S.,,g( A} ond é??r )e

S5+ Mean Wave Steepness

The mean wave steepness is given ty:

7.9,
H'Jo  SpiAl oA (5.41)
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wnd using (5,38) one obtains

[-?).‘-]a -é"l [l-—r(l— %)] (5.42)

6¢ Mean Period of Wave Heights Greater than a Given Height

In Chapter III was determined the mean or average height of waves
higher thin a given height, which requires orly the knowledge of the
marginal distribution function. To abtain the mean piricd of wave
helghts greater than a given height, some knowledge is required of
the joint distributicn function, the summation function derdived above
being sufficient in this case. The mean value of A for any
differential element cf Ay is obtained by dividing (5.37) by pln )s
The mean value of A for ..ve heights above a given height is obtained
from

© )
. ﬁ 5x(ﬂ.d‘q

A e (5.43)
(")p) fa) pinidn
x
@
f; npinidy
A (-r;p)s I R R — (5elk)
pinidy
fhe above integrals have been solved in Chapter III, whence
N(ng)=t1=n+ e, (5.u5)
vhere _"’_"72
7]. 4 + l"‘¢p
aq ]
P 2
L 4 (Sol.'-:)




£qe (5.45 can be transformed in terms of wave periou by noting

Map)= X [7 ("p)] z (5.47)

e T
T ('qp) =X [l—r +r ”79] (5.18)

The value of K mny be obtained at r = 0, far which r( 7p)
-? = 1.0’ Whonce K= 10 ':hus

(gl [1=r+ 1, (5.15)

It must bs remembered. however, that r 1s the correlation
coefficient between m and A\, which is not necessarily that between
mandr, Table 5.2 gives typical values of v{ M) from (5.49) for
various values of the correlation coefficient. ft must be pointed

out that for large values of the negative correlation coefficient,
the above equations tend to fail.

TABLE 5,2
MEAN v OF HIGHEST P-PERCENT OF WAVES

Correlation Coefficient r{n, \)
P 1.0 008 0.6 Ooh 002 0 "0.2 -o.h '006 -0.8 "1.0

0,01 1.632 1,526 1.1k 1.290 1.155
0,05 1,497 1,412 1.321 1,22 1,117
0.10 1,425 1,351 1,272 1,189 1.098
0,20 1,3L0 1,279 1,216 1,148 1,077
0.25 1,309 1.253 1.195 1,134 1,069
0,30 1,261 1.230 1,177 1.121 1,062
0.333 1,265 1,216 1.166 1.114 1,05
0,400 1.233 1.190 1,146 1.099 1.0
O'SOO 10191 1.155 1'118 1.050 1.0'
)

0.8169 0,579 0,04L~

0.8669 0,7094 0.5050 0,0775

0.8808 0.7663 0.6173 0.L172

0.9170 0,8259 0,7225 0,6025 0.4517
+9205 0,8455 0,7563 0,6557 0,5357
«9336 0.8621 0,7841 0,7137 0,5983

0

)

0.600 1,152 1.123 1,094 1.063 1.
04700 1,153 1,093 1,071 1.048 1,
0.8C0 1,079 1,063 1,048 2,032 1.01
0,900 1.0L2 1.033 1.025 1,016 1.011
1,000 1.000 1,000 1,000 1.000 1.000

.9666 0,9321 0,8962 0.6588 0,3198
«9753 049499 0.5236 0.8971 0.869%
+976L 0.9666 0,995 0.9321 0,914L43
0.9926 0.9829 0,9742 0.965L 0.9566
1, 1.0000 1,000 1,0000 1,0000
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CHAPTER VI: STATISTICAL ANALYSIS OF WAVE
DATA FOR JOINT DISTRIBUTION

1, QGeneral

Wave records discussed in Chapter IV have also been analyzed to
detamins certain properties of the joint distri +ion which might be
uged to compare with the approximate theoretical ...ationchips given
in Chepter V.

2, Correlation Coefficient

The correlation coefficient r(z, ) between wave height and wave
length, determined from each wave record and summarized in Table 6,1,

is given by N
L 3 -Rm-T) —
N s A =i
tin, X)=r(H,L) = S5 = < S (6.1)
HoL n A

where

r(H , L) is the correlation coefficient betwesn H and L
Hiy = individual height, fest

- i X
i mean wave height % . 5 Hy

L; = dindividual length (L1 = Ti2 in sec?)
I - munlongth-% 1211'1

Sy = astandard deviation of height; feet
S;, = standard deviation of length, sec?
X - WA

Sq = Sl,/‘ﬁ

8, = Sz/i'
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3. Mean Wave Height of Wave Lengths Greater than a Given Length

In the present discussion the unit forms 4, A, v are used
oonveniently. The mean wave height np of the longest p - percent wave
length is a function of the correlation coe ™ isisent, For comparison
with theory the data in this study were anal, .d to include:

(2) n(Agp), mean wave height of the longest 50 peroamt:
of wave lengths

(b) 5 (x33), mean wave height of the longest 33.3 percent
of wvave lsngths

(¢) n{A\jp), mean wave height of the longest 10 percent
of wave lengths

(8) 7(X;), height of longest wave.

7(Xy) is assumed spproximately equal to n() o This information
4= sizmavised in Tsble 6,1, Figure 6,1 shows these relationships as
functions of the correlation coefficient, together with the theoretical
relationships and the 95 percent oconfidence limits. The theoretical
relationships for n( Ap) are obtained fram Chapter V, accarding to:

7hso) =+ | + 0.42 r

Mg s 1 +0.60 r (

M) = 1 + 1.03 r

A ) =1+ 1.66 ¢

It is seen that agreement between thaory and data is fairly
good, particularly for 7(Aggs and 7( A33)s One difficulty with
the other two relationships” is that the mmber of waves is too few
for the 10 percent and the 1 percent valuss to expect a minimum
scatter. The 95 percent conficence limits for cor~elation are based
on N = 100, average total nuiber of waves por record,
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TABLE 6.1

' Source
! &nd r(n.A) n( x5()) ( k”) 7 (dq0) N (A gex?)
f Racord
]
! a-A 0.43 1.23 121 0,93 0.93
a=B 0.63 1,35 146 1.26 1,70
a=C 0051 102h 1023 1.2 0,'79
; a=b 0sL5 1.1h 1,16 1,22 0.75
a~B 0.33 1417 i1 0,92 1.04
a-F 0456 1426 1.26 1.33 1,5k
a-G 0031 1,20 1019 0085 0063
a=H 0.28 1,2) 117 0.79 0.39
: a-1 O.Ih 1008 0099 0.68 0055
a~J 0,04 1.04 l.22 0.70 0.35
.-.x 0.08 1003 1.00 0.80 OQM
a=L 0617 1,10 1,02 0.95 1,22
) a-M 0,22 1,18 1.09 0.81 0.80
a-N «0,25 0.85 0.87 0.72 0,5C
a=0 0.26 1,10 0497 0,91 0,89
a=-P 0.1‘4 1,00 1.03 0.90 0.7h
l"'Q 0.08 1010 1005 0.80 0.87
a=R "0.07 1.00 0096 0.80 0.26
a-S -0.05 0098 0:90 007’4 1003
}f a-T «0,15 0.99 0.88 0.6} 0.75
a=-U "0.19 009’4 0092 0073 0052
l asv 0.13 1,08 0.89 0,77 0.78
i a-w 0.20 191? 1.08 0087 O.h2
. a=X =-0,01 1,00 0.93 0.62 0,98
a~Y "'0.&‘ 0072 0096 0076 0030
b= 1 0,12 1,10 1.10 1,03 0,89
é b= 2 0.38 1.23 1.33 1,26 1,00
b~ 3 0.h2 1.37 1.24 L1 2,01
: b- h o.hl 1032 1026 1.31 0076
b-5 0.48 1.37 1.36 1.34 1.h9
b=~ 6 0.1 phi 1.45 1,21 1,45
| b- 7 0.54 1.37 1,36 .l 1,35
I b~ 8 0.29 1,15 1.27 1,02 0.77
! b= 9 0.19 1,19 124 1,26 1,0l
l b-10 0,22 1.28 1.35 0.89 1,25
:. b=11 0.15 1.20 1.19 2422 0,71
| b=12 0,30 1,23 1,22 2017 1.18
b"13 Oohl 1028 1033 1.1)4 0080
b1 0.2 1.h3 1,36 1,15 0,03
i b-ls 00’47 lol-tl 1035 lom‘ 1-91
l b=16 0.31 1,36 1.3k 1,38 112
“ b-l7 O.hs 1.36 10,45 lol&\) 1086
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TABLE 6.1
(Cont,

ued)

SWMMARY OF m FOR Xgg, A33, M1gs AND Apex

S N alag)  alh)  m(hg) 20
and LR ] ] ) n

Record 50 33 0 H‘Q
b-18 0.l42 1.33 1.25 L.40 i v
b=19 0.27 1.32 1.20 1.15 1.1
b=20 0.48 1.27 1.26 1.20 1.h3
Qe s 0.32.1 1.27 1026 0093 1;61‘
C= 6 0038 1035 1.37 1.2: 1;67
c- 7 0.16 1,04 1.07 1,06 1.33
c-8 0,08 l.12 1.08 1.12 .12
c~12 0430 1,36 1.17 1.20 0.98
c=13 0.h3 1,25 1,23 1.33 1.73
c-lh 0.1‘9 1.21 1028 1021 0.73
0'15 O.hO 1,21 1125 1.13 1051
0-17 O.hO 1.28 1023 1.16 1.,.18
0"18 0065 1033 1.33 1.39 0050
c-19 0.56 1 1.51 1.39 1.73
c-20 0.32 1.23 1,23 0.8 0.9k
c-21 0.39 1.30 1.3 1.21 1,10
c-22 0.23 1.13 1,1 1,00 1.25
c=-23 0.39 1.25 1.17 1,10 C.78
c-2h 0.40 1.30 1.33 1,06 1.01
c-25 0.37 1.23 1,27 1.1 1,10
d- 1 0449 1.2 1,42 1.2 2.17
d- 2 0.1 1.03 0.87 1.27 0.11
d- 3 0.8 1.23 1.32 1.26 0,78
d- b 0.50 1.18 1.29 1.L8 1.31
9~ 1 "0.0)4 1.01 0089 0068 0075
8~ 2 o.11 1.02 0.97 0.87 0,40
[- T 3 "0.30 0o88 008h 0076 0.1;7
o= h "0017 0091 0083 0.61 0061
= 5 -0.1&2 0082 0068 0069 0.72
e- 6 0,22 0.51 0.79 0476 0.37
o= 7 "Oohz 0,91 0-85 006!1 O.lxl
- 8 "'Oohl 0.89 0.86 0.61 o.h9
-9 0,02 0,98 0.9 0,71 0.61
Q‘-lo ‘0007 1.00 1000 0.68 0.86
0-11 "0.07 0096 0080 0.h8 Oollh
e-12 =-0,17 1,00 0.85 0,62 0.75
e-13 0.06 1,00 0.85 .71 0.55
o-1l ~0,13 0495 0.80 0,67 0,50
Q"'15 "0.17 0091 0082 Oosh o.hs
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TABLE 6.1
(Continued)

SWMMARY OF v FOR Agg, A33, Ayg, AND Ap,y

X Surce e

and r(n\) 7{xg0) (X330 22N\ (A ey
Record —
e= 1 to 5 ~0,16 0,93 0.8y 0.72 059
e~ § to 10 «0422 0.9 089 0,68 0,55
e~-11l to 15 -Onlo 0,96 0.82 G.6O Q.
=1t 10 «0,19 049k 0.87 0.70 0457
[ 6 to 15 "0.16 0095 0086 0.6!. 0055

.'16 -OQOh

.’17 "0.1?

-1 « 0461 1425 1.3 1.39 1,0

f- 2 0.37 1,22 1,26 1,10 162

r- 3 Ooho 1.26 1.32 1.19 102

g-Zh =0,09

g-15 +0,74

g=-31 =0,09

8“25 o.m

g-35 +0,35

Le Mpan Wave Length of Wave Heights Greater than a Given Height

The mean wave length A, of the highest p - percent wave heights
is a function of tha corrofntion coefficient, similar to that for Npe

For comparison with theory the data in this paper were analyzed to
include:

() AM(750), mean wave length of highest 50 percant
of wave heights

(b) A( 733), mean wave length f highest 33.3 percent
of wvave heights

(¢) AM(M10), mean wave length of highest 10 percent
(710, of wave haig;z%a pe
(d) A( 7)), wave length of maximm wave

[0
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»( n9) is asgumed approximately equal to M 7,..)s This inforsa-
4on 18 summarised in Table 6.2, Figure 6.2 shows these relatien-
ships as functions of the correlation coefficienmt, together with
the theoretical relationshipes

k("so) = 1+0,42 ¢

-X('q“) »wi{+0.60r

{643)

“Nnyg) = 14103

X(v;') s{+1.66 r

The agreement betwaen data and theory for M(:7p) is quite comparable
to that for y{ A_), and hence the same general conclusions apply.

It 43 believed thft the scatter of data from thecry is a peculiarity

of the small sample fram one rvcord to the next, snd is not necessarily
of statistical significance. Deviation from linear regression is
slight comparsd to that for 7( A,). A test for Limarity using the
array method and the F distributibn shows tids deviation from
linearity is insignificant, and is discussed later,
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SUMMARY OF X FOR 7Tgg, 33, 720» AND Tnge

TABLE 6.2

S M) Mg Amgy)  Mrg)  Almed

and 7, n " L) Tma;
2acord 50 33 10 max
a=A 0.43 1.2} 1.22 1.19 1.2
a-B 0463 bl 1.61 1.6l 1.72
a-C 0051 1923 1-28 1530 loah
a-D 0.45 1.1, 1.17 115 1.b9
a-B 0,33 1.1 1,10 1.05 1,02
a~F 0.56 1.23 1.26 1413 0.87
a~G 0031 1013 1.10 1023 1.08
a-H 0028 1.03 1005 1.07 1009
a-I 0.1h 1,02 1,03 1.05 1.03
a=J =00} 1,02 G.95 0.86 1,02
a-K 0,08 1.CO 0.99 0.99 1.02
l-IJ 0.17 1.10 1006 1001 0091
a=M 0:22 laos voh 1005 1505
."N ‘0.25 0.95 0083 0055 0.78
a-0 0426 1,12 1,03 0.91 0,52
a~-P ooul 1-03 1009 0.88 0075
a-Q 0.08 1,02 1.01 1,07 1.1
a-R «0,07 0.99 Ce¥7 0,93 1.02
a-S -0.05 0,96 0.97 0.82 1.1
{‘,"T "0015 lool 0.92 0.91 0083
"‘U .0019 009,4 0.91 0086 0.03
a=V 0.13 1.06 1.04 1.05 0.99
a~-W 0.20 1.10 1.18 .24 1.07
a-X '0.01 1.00 0098 0097 1.09
a-Y -0,04 1,0k 1,05 0,93 0.92
b~ 1 0,12 1.3k 1,05 0463 0.75
b= 2 0.38 1.2 1.2 1.19 2,10
b- 3 0.h2 1.18 lq22 1.36 0.81
b~ L 0.l 1.23 1.2 1.19 1.1y
b"' 5 0.1&8 1.28 loho 1017 0089
b~ 6 0.41 1.35 1,29 1,36 1.30
b- 7 0.5L 1.3L 1,43 1.2 1.23
b" 8 0029 lcl7 lonl 1005 O.BS
b~ 9 0.19 1,23 1,05 1.10 0.30
'b-lO 0022 1.23 1018 l- 05 1.00
b"ll 0015 l.lll 1013 0.62 1.11],
b-12 0.30 1,20 1.10 1.14 2.15
b-13 0.1 1.20 1.17 i.J11 1,40
| 21} 0.42 1.27 1,28 1,32 .17
b=15 0.7 126 1,38 1,46 0.83
b=14 0.31 1.32 1.23 3,12 1,3¢
b'17 0.155 1030 1.)42 1.,41 1073
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TABLE 6.2
(Continusd)
SUMMARY OF A FOR 150, 1335 M10s AND Npax
Tma mmh) Ang) M) Amg) A
and i, n U] U] A7
Recerd 50 33 10 MRX
b"’18 O.hz 1.28 laah 1028 0090
b-19 Q.27 1425 1,18 1,17 0,88
b-20 0.48 1,26 1.27 1.35 C.93
[+1J s OQBh 1.18 1021 1.12 0.89
C= 6 0038 1.25 1.31 1028 1020
c- 7 0,16 1.05 1.05 1,06 0,86
C= 8 0008 lo% 1-09 0099 0067
c=12 0.30 1.15 2409 1,07 0.94
0-13 002&3 lolh 10224 1-36 2.50
c-]ls 00[59 1.25 1031 1028 0096
c-lS 0.1&0 1030 1025 1410 1.1
c-16 0.16 1406 0.99 1.05 0.94
c=17 0440 1.18 1.19 1,20 0.98
0"18 0065 1129 1329 1.38 0095
c=-19 0,56 1.35 1.4 1433 1.09
c=20 0.32 1.10 1,13 1,19 1.33
c-21 0439 1,15 1.23 123 1,17
c=22 0023 lolh 1006 1,00 l.hO
¢=23 Ce38 1.7 i.2 1423 10}.13
0'2,4 C.hO 1013 1018 102}4 1.22
c=25 0637 1,15 1.15 1,25 1,08
d- 1 0.L9 1.60 1,96 1.79 1,89
d- 2 o.41 1.25 .40 1.18 0,85
d- 3 0.48 1.26 1,30 1.51 2.30
d" h 0.50 1031 1.23 10’-‘9 l.h6
e~ 1 -0,0h 0.99 0.97 0,91 0.9
e~ 2 0,11 10% 1,02 1003 1005
(. L) 3 '0.30 0092 0088 0081 Oohl
R h "0017 0086 0089 0076 0.80
8= 5 -O.h2 007h 0'79 0.61& 0037
e~ 6 =0,22 0,90 0.84 0489 0.%¢
8= 7 “0@1‘2 0088 0081 0.081 0086
Q= 8 "Oth 0086 O.Bh 0079 o.%
e= 9 0,02 1.00 0.98 0,98 0.87
e~10 -0.07 0.95 0.93 1,02 0.95
3-11 'OqO? 0098 0096 0099 0-93
e-l2 '0517 0091 0091 0098 1.&'
3'13 0.06 0099 0498 1002 lom
e"'lh -0.13 Ue51 0.88 0085 0.76
&-15 (o dT 0493 0.93 0096 0.93
23




TABLE 6.2

STMMARY OF A FUR 1150, 733s 7109 AND ey

and *(n, A) Mag) N(n2q) (n1g) Mpsy)
Recoxd ' XSO 33 i X
e=1t0 § <0.,16 0.9 0,91 0.83 wWon
e- £ 2010 <0422 0592 0.88 0490 092
o-11 to 15 «0.10 09k 0493 0496 1,06
e=1to 10 0,19 0.92 0,90 0.87 1,09
o 6t015 <016 0493 0.91 0.93 1,09
.“16 -0.0h
e=17
£-1 0.613 1.4k 1,57 .73 1.42
fa 2 0.37L 1.3k 1,33 1,02 0.70
f- 3 0.398 1,30 1.37 0.95 1,33

Se¢  Mean Wave Period of Wave Heights Greater than a Given Height

The mean wave period ry of the highest p - percent wave heights
is a function of the correlation coefficient, remsmbering that the
correlation coefficient is that between m and ). For comparison
with theory the data in this study were analyzed to include:

(a) 7(7m o), mean wave period of highest 50 percent
wave heights

(®) *(q 33) » mean wave period of highest 33,3 percent
wave heights

(¢) *(n30), mean wave period of highest 10 percent
wave heignts

() t( m 1), period of meaximum wave height
7(79 ;) is assumed approximately equal to T (7 pax). This information

is sinmarized in Tablo 6-3, Figure 6.3 shows these relationships as
functions of #(n,A), together with the theoretical ralationships:

't('qao)z\/HO. 42 r('qlo)= Vie 1,03 ¢ 6.1
T (n.)=\V1+0.60 ¢ T(m) = Vitlesr

correlation coefficient betwsen 7 and )\, tus scresment
stwsen data and thewy is quite comparabls to vhat for '-\.,1_11,).
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SUMMARY OF T FOR )50, 733» 770, AD Mpax
Source
and o N)  T(7g)  T(7M33) (730) T (lgay)
Record
a=4 0.*«53 1013 1011 1015 1032
a-B 0.63 1.25 1036 1033 I\.lﬁ
a~C e 1016 1018 1019 1.17
a-D Q. 1008 1.10 1.10 1.25
l"E 0033 1009 1007 1005 looh
“F 0Q56 1.12 1‘13 1009 0’95
a=0 0.31 1,08 1,08 l.1h 1,08
a-H 0.28 1.03 1.0h 1.% 1.0? ‘1
&"I OQIh 1002 1.03 lﬁoh looh
a=J ‘ocoh 1,02 1,00 0097 1005
a-K 0.08 1.0l 1.0 301 1,03
“L 0.17 1‘05 10 1.02 0093
a-M 0.22 1.0h I.Oh 1005 1.05
a=N ‘0.25 0.99 0.90 001)4 0.92
a=0 °n26 1.0 lod-l 0098 0.75
“'P 0.1’4 1003 1.06 0096 0.89
I.-Q 0 \‘08 1001 1.01 1005 1009
a-R «0407 1.00 0.99 0.97 1,03
a=5 «0405 0098 1,00 0.92 1.09
s 015 097 0.97 0.93 0.93
a-U «0.19 0497 0499 094 0,19 \
v 013 1.04 1.03 1.04 1.02
a-W 0420 1,07 1,12 1016 1,09
a~X «(,01 1,00 0.99 0.99 1006
=Y «0,0l 1,03 1t0h 0096 0,99
b~ 1 )12 1,08 1,06 0,92 0.89
b~ 2 0,38 141 1.12 1.5 1,50
b~ 3 0,2 1412 13 1,20 0.94
be bt Uelil 1,15 1.17 1,13 1,12
b~ s ()ohB 1019 lo2h 101,4 1002
b~ 6 ol 1.2 1,19 1.2h 1422
}J“ 7 °v5L 1020 ltzh 1025 1.18
b" 8 0029 1.10 1.09 1003 0‘96
b- 9 0419 1,12 1.05 1,07 0,58
b-10 0.22 134 1.2 1.07 1.05
b-11 0.15 1.07 1,07 Ve92 1.1
b=l2 0,20 1.2 1.08 1.1 1.54
bel3 0. 1.13 1.1 1.09 1,23
b"lh 00!12 1017 1018 1021 lgm
b-15 0.7 1.4 1.20 1.23 0,96
b-16 031 1.17 1.5 1.10 1,24
b-17 0.5 1417 123 1022 1.40
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TABLE 6.2
(Cont inued)

SUMMARY OF T FGR 750, 1335 110s AND Mpay

Source .
and r(9,%)  T(75) T(733) (W) T (Thax)
Record — —
b-18 0.42 1.16 1.1k ) 1,18 1,00
b=19 © 0627 10111 1.12 1,13 1.00
b-20 0.48 1417 1.17 1.22 1,02
C= 5 0¢3h 1.12 1.1!1 1.12 0099
C= 6 0038 lolll 1017 1.16 lolh
Ce= 7 0016 1003 1003 100)4 0.95
c- 8 0.08 1.0k 1.06 1.01 0.84
c=12 0.30 1.09 1.07 1,06 1.01
c-13 O.k3 1,09 1.15 1.20 1,65
C"lll 00h9 1-15 1.19 1017 1003
0-15 OQ,JO 1018 1.16 1010 1012
0'16 0016 3005 1,01 1.05 1.00
c-17 O.hO 112 .11 1.12 1003
0-18 0065 1.17 1.17 1,22 1003
0-19 0056 1019 1026 1,20 1009
c=20 0032 1007 1.08 1012 1019
c=21 0039 1008 looh 1.13 1011
c=~22 0.23 1009 1.05 1.0h 1023
c=-23 0,39 1,10 1,12 1.13 1,25
0-2’.} O.hO 1008 1.11 1015 10111
0-25 0037 1.09 1009 lslh 1.07
d-1 0,19 1,18 1.22 140 148
d- 2 O.l1 118 1,23 1.13 1,00
d- 3 0.48 1.15 1,18 1.29 1.61
d- ) 0450 1.09 1,12 2627 1.27
e~ 1 =004 1.0 0.99 0.97 0.99
6= 2 0.11 1,04 1.03 1,05 1,05
C= 3 -'0030 0095 0.9.3 Oo9l 0.65
(- 14 h «0e17 019)-8 0095 0089 0.93
(-1 5 "00!‘2 0090 0093 Ooah 0.66
e~ 6 =422 0495 0,93 0.97 0.90
e- 7 =0,l42 0.97 0,9% D49k 0,98
e~ 8 -C 1 0.9 0.93 0.50 0495
e 9 0002 1.01 1.C0 1,01 0095
3-10 "0.0? 0098 0098 1003 1.m
e-ll "0.07 1.00 0099 1.001 0.98
e-12 «0e17 G.97 0,97 S.e0L 1,06
e-13 0006 1.01 l.ol 1.03 1‘03
g1l <0413 0,97 0,96 0,95 0490
9-15 "0017 0f98 0098 0039 0098
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TABLE 6.2
(Continued)

SUMMARY (F T ans(h\ n33, "710, AND')m

—

Bource )
and o(MA)  T(Mge) T(My3) t(Myo) T(Mpey
Record
e-1 to 5 "0016 0097 °o$7 0.93 1003
e~ 6 t0 10 =0.22 0.97 0,95 0497 C.78
0’11 to 15 w0410 0.99 0098 100 1.05
e~ 1 010 «0.19 C.97 0.96 0495 1,08
e~ 6 to 15 «0.16 0.98 0.97 0,99 1.07
e-16 =0.0U
e-17
f-1 0,613 1.25 1.32 1.39 1,29
fe 2 0.374 l.21 1,22 1.07 0.91
f- 3 0.39% 1.17 1.18 1,00 1.23

6. Percent of Waves in Quadrants

The percent of waves in four quadrants for various limits of and
have been determined fram the wave data, whore

P mP[l,l]

pn-P[m,l -[P 1,1 s
pm-p[a),m -P[CD,I - P[l,d)]+ P[l,l] )
PIV-P[J.,CO]-P[I,I]

Tis information 43 sumarized in Table 6.4. Figure 6.l shows these
relationships as fuctions of the correlation coefficient. No
theoretical relaticnship is shown excspt for r = 0, » = +1, and v = -1,
The solid lines are assumed linear relationships between r = 0 and

r = +1,0, which of course repvresents an approximation not in too bad
agreement with data. The dashed lines are 95 percent confidence
1limits,
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TABLE 6.4

SUMMARY OF Py, Py, Pyyys AND Pry

Jource
and !‘(")\ A) PI PII PIII PIV
2acord
a=A 00h3 hooo 803 3309 17l8
a-B 0063 50'2 6'0 3’-‘.6 9‘
a-C 0.51 3802 7.9 3’.‘.8 1'\.1
a"D Oohs 1208 1391 32.3 21 8
a-E 0.33 3691 17.8 22.9 23.2
a-F 0.56 380’4 nlu? 3307 13'7
a=G 0031 Bhoh 19-11 27.2 1803
a~H 0.28 3!&05 2607 2h06 1’4.2
a-I 0.4 32.3 20,1 22.3 25,3
a=J ~0.0} 36.2 2L.8 15,8 23.2
a=XK 0008 30 1l 28‘2 18.1& 2303
a~L 0017 33 2 19.2 21.7 2509
a-M 0.22 32.6 22,6 27.9 1649
a‘N '0.25 31 9 2302 11‘.7 3002
a-0 0426 32,9 20.5 27.5 19.1
a-P 0.14 25.1 27.1 23.9 23,6
a=Q 0,08 32. 18.4 25.8 23,4
a-R «0,07 37.0 22.0 1%, 25.6
a"s "Ooos 2b a 26.1 190? 23.“
a‘T 'o.ls 310> 1).0 15.h 2301
a-U 0,19 35.6 20.8 11,0 31.8
a=-V 0013 33-1‘ 15.7 2501 2508
=W 020 3540 15,0 30,0 20,0
a~-X «0,01 25.0 20,7 25.6 28,7
a~Y "Oooh 28.9 22,2 26.7 22,2
be 1 0.12 3945 18.0 17,0 25,5
be 2 0,38 31,0 13,0 32,0 24.0
te 3 0.L2 35,0 15.0 27.0 23.0
be L 0.l 33.0 17.0 28.0 17.0
b" 5 001-18 hl.O 18.0 26.5 lh.s
b~ 6 0.1 u3.0 21,0 27.5 8.3
b- 7 0.54 39.0 18.5 28,0 1.5
b- 8 0,29 38.5 2.0 23.5 17,0
be 9 0.19 3640 21,5 2h.5 18,0
b10 0,22 0.5 11.5 2.0 2.0
b1l 0,15 b5 21,0 2.8 18,0
be12 0.30 37.3 20.8 26,8 15.3
b-13 Ouli2 38.5 18,0 29.0 .5
b"lh 0.1;2 Jyta IL- 29, 8 1508
b-ls 0.’47 hl.o 25.5 220) 11.0
b-16 0431 39,0 1.5 3,7 1,0
b-17 00’45 k2.5 1,405 3-1.5 2.5
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TABLE 6.3
{ContInued)

SUMMARY OF Py, Pry, Pryrs AND Pyy

29

Source
and r(n.}) Py P1x S1IL Pry
Record
b-18 0.k 3945 0.5 27.0 13,0
b-19 0,27 2.0 22.5 23,0 12,5
b=20 0.48 33.0 29.0 28,0 10,0
Cw S 0.3’4 36.6 1608 2702 199“
Ce 6 0038 h2.8 903 2705 200,4
C= 7 0016 30.1 22.2 22.2 250)4
Ce= 8 0'08 35.8 1308 25.0 25.h
c-12 0.30 3b.1 2643 2742 12.h
c-13 00113 3606 2603 2h.5 n.s
c-1k 0.9 32.4 16.7 8.0 12,9
c-ls 0.,40 38.9 2003 3209 709
c-16 0,16 333 23.4 23.0 2043
c-17 0.’40 38.2 17.8 3).2 13.8
0-18 0065 h0'9 1703 2509 1509
0-19 0.56 h5.2 ]J—e!; 3/03 10.1
0-20 0032 3093 16.6 32.0 21.1
c-21 0.39 42,2 15.6 29.3 13.6
c=22 0023 360h 2007 1909 23-0
0’23 0‘39 h0n3 1705 22.8 19-h
0-2’4 ooho 3909 1700 28.11 11107
0-25 0'37 38.8 llloo 2602 21.0
a- 1 0.49 0,397 0.191 0.305 v,107
d- 2 0.h1 0,358 0.170 0.321 0.151
d- 3 0.48 0.376 04177 04326 0.121
d- L 0.50 0.330 0,122 0.322 04225
= 1 "Oooh 29.0 2300 2,-100 2!&.0
e~ 2 0,11 22.0 23.0 2L.0 24,0
e~ 3 =0,30 23,0 28.0 16.5 32,0
e- b -0,17 23.0 28,0 16.5 32,0
8= 5 "0.’.12 2600 32.0 12.0 3000
e= 6 ~0,22 26.0 32,0 12,0 30,0
e~ 7 "00,-12 25.5 290 10.5 2800
[ 1 8 "olhl 2505 29‘5 1605 28.0
a= 9 0,02 3.0 26,0 20.5 22.5
e-10 «~0,07 31.0 26.0 2005 22.5
e"ll -0007 29-0 26.0 18.5 2605
9-12 -0017 2900 26.0 18‘:: 2605
8”13 0006 29.0 270 17.0 27.0
e-lh "0.13 2900 2?00 17\\0 2700
e"ls =017
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TABLE 6.l
(Gontinued)

SUMMARY OF Pr, Pyy, Pryy, AND Pry

Source (n }) :

ana r{7n, P P . T
Record I 11 111 IV
= 1 to 5 "0.16 26.0 26.8 18.6 28.h
e~ 6 to 10 «0.,22 27.8 28.6 17.2 26,2
e-11 to 15 =0,10 2940 26,5 17.8 26.8
= 1 to 10 ‘0.19 26.9 2707 1709 ?7.3
€= 6 to 15 "0016 28011 2706 1705 ?.6-;
8-16 -0.04 29.8 25,0 18.8 26,4
e-17

f-1 0.613

f- 2 0,37

f-3 0.398

g-2).1 25.6 11.6 30.2 32.6
g-ls 20.6 1108 5209 1’407
g-3l 1502 1802 3303 33'3
g=25 33.3 26,2 FANN 19.0
g-35 33.3 16.7 27.8 22,2

7« Confidence Limits For Correlation Coefficients

Because the statistical parameters, including r(n, \), will vary
from cne seemingly similar rrcord to another, even %hough the sample
size remains congtant, the correlation coefficient r is merely an
estimate subject to sampling error. For any observed value of r one may
set limits which will be wide enough to include the true value with any
required degree of confidence, say 0.75. These limits are called the
95 percent confidence limits. If r = observed value, then p= true
valve of correlation coefficient. The trus value,p , although unknown,
is not a random variable, so that one should not speak of the
probability that plies between the confidencs limits., Instead r is
the random variable and there is a probability that the confidence
interval (between uppsr and lower confidence limits), vhich is a
function of r, will include the true value, so that in saying of one
confidence interval that it does inciude the true value, thece
stands only a 5 percent chance of being wrong, and therefore a
reasonable chance of being right,

100




A (30 T T T QAT

Ninety-five percent confidence limits for correlation coefficients
when N = 100, from Fischer (1915), are presented in Table 6.5.

TABLE 6.5

95 PERCENT CONFIDENCE LIMI: “OR
CORRELATION COEFFICIENTS

N = 300
r Upper Lower
o} 0.197 0,197
0.1 0,292 «0,099
0.2 0.383 0.00,
043 0.470 0.110
0. 04554 0.220
0.5 0.635 0,336
0.6 0.713 0.457
oo 7 Oo 796 00583
0.8 0.862 0.716
- 0.9 0.932 0.85h
1.0 1,000 1,000

For r minus, the 95 psrcent confidence limits are the negative
of th2 corresponding values for r positive in the above table.

8. Test for linearity of Regression

Mathematics and the theopry for test of limnearity of regression
will not be repeated here, but is readily available in textbooks on
mathematics of statistics, for example, Kenney and Keeping (1956),
Part II, Chapter XI.

The continmuous records, sonrces a and e only, were tested. The
non-continuous records appear to have appreciable deviation from linear
regression, according to Figures 6.1 through 6.4. This may be a
peculiarity of these types of non-continucus racords.

Data were tabulated in n-rows and A-colurms at 0.5 intervele.

The records average about 100 waves each for both gources, Sourte a
averagedﬁ rous and 6 colums, whence the number of degrees of freedom
ny=6-2=,and np = 100 - £ = 9, sorresponding to values of the

F distribution of 2,47 and 3,52 for the 5 percent and 1 percent limits,
rospectively, Source e averaged 5 rows and 5 columms, corresponding
to F values of 2,71 and 40O for the 5 percent and 1 percent limits,
respectively.

o]
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Table 6.6 presonts the results of the test for linearity. For
both sources it is seen for a nunber of cases deviation from linear
regression is significant for the regression of ® on A, However,
in most cases for Aon 7 the deviation from 1li -ar regression is
insignificant. Perhaps in some cases an unsatl...ctory linmsar
regression of nmon A may be dus to such physical factors as breaking
waves or limiting 7 values for small A, The reverse of Aon 7,
however, does not appear to have the same restriction., Deviatiors
from the Rayleigh distribution may also have an effect on the
linearity of regression.

Based on the above investigation, it is seen that the relationship
of 7{\p), mean wave height for longest wave lengths is not entirely
satisfactory for prediction p ses, It can be concluded, however,
that the relationship of A(7p ), mean wave length of highest wave
heights, is satisfactory; and, therefore, the relationship of v(7, ),
mean wave period of hir--~:% wave heights, is also satisfactory fog
prediction purposes.
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TABLE 6.6

TEST F(R LINEARITY OF REGRESSICM
(F - Distribution)

Tource
bW ¥ F

wiy Awn) e 30w my kg
a-A L4.6078 Ta57 2.02L6 1,91  Between Between
a-B 808191 1907_2 7-7811 60’43 2oh 305
a-C 1-11105 1051 2. S 2090 ard and
a-D 2.22h0 2.90 2.8327 9032 205 3.6
a-E 248580 2,78 0.6380 0,92
a-F 102390 1.26 106890 3.65
a-0 5,083k 5.12 2,895 LeS7
a=H 12,7390 11.63 2,0765 3.12
a-1 908605 1.’:“58 102777 20hl *
a-J 3.7153 2.86 0.6979 0,05
a-K 3.5570 L.28 0.5587 Je55
a-L 209’492 2.88 107755 1093
a-M S.li36 7.33 2,8065 3.82
a-N 2,6298 1.h 28563 2.15
a-0 3.9536 - bola 3.07hk 3.13
a=-P 506783 9.52 2.9686 3.77
l"Q 109035 2.2,4 0011169 0019
."R 205011 2.05 101609 1026
3-5 9.2’409 15.21 0.11710 0.68
a~T 3.2277 Solh 007225 0088
a-U 1.0713 0.57 1,7632 2.23
a-V 3.3302 3.68 1,0425 1.79
a-W 50&283 8.12 0.’-‘800 0.35
a"x 1.141;2’4 1.8’4 000680 0.11
a~Y 2.0063 2.59 2.8!150 3.69
Ave, 502&9 20’48
e-1 1.L047 2.53 1.6553 4.00 2.7 Lo
e~ 2 1,350k 2468 1.8547 2430
e- 3 1,8283 5.78 0.852} 2.78
Q= h 00880’.‘ 1.36 0.6552 0.83
e- 5 0,5957 1.19 0.3505 0,51
e~ 6 1,6887 3.02 0.06)i2 0,08
e~ 7 6072h5 33001 1.’4888 3025
e- 8 1,742 393 08149 2,04
a=9 L U7h? 3.00 0.2243 0,50
e-10 3.2596 6460 0.7310 1.35
e-1l h05723 901111 0.2206 0053
8“12 20800’-1 5.0’4 00791,4 2033
e"13 206396 50’46 00353h 0.68
e-lh 7,366 18,30 0.8k6k  1.20 )
-e-15 2.2677 4,17 3,176 11,23 7 b0
Ave. 6083 202)-1
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CHAPTER VII: A THEORY OF WAVE SPECTRA FR(M JOINT DISTRIBUTION

1. General

A theory of wave spectra for ocean waves is developed from the
knodedge of joint distribution of heights and lel. "ns., ‘The unit
form of notation is used thmughout the development, and the fiagl
form in standard units is presented, In the following developrent
certain assumptions are mads, These are dizscussed when nsed aricss
in the development. The general derivation can be made without any
knowledge of the exact marginal distribution i‘umtionq,{except that
p(n ) and p(N) must be of the sams variate, i.e., n°\,a,

.

-a .
etc; and it is assumed that linear regression applies for ﬁnon"')‘)‘
(Ol' )\ on "’ )o

2. Energy Gonsiderapions

The definition of wave energy used in simple wave theory refers
to the mean wave energy pe: unit area of surface, To obtain total
wave energy per unit width perpendicular to the crest the mean wave
energy per unit area of surface is multiplied by the wave lengthe

In wit form the mean wave energy per unit of area surface is defined
by

2

Q=L

p (7.1)

and the total energy per unit width is given by

@ral (7.2)
where
L2
g9 — 2
,72.;‘Iz_w,;'.i..,,zm.,)z.,;E (7.3)
©

It can be seen from (7.3) that hoth (7.1) and (7.2) might
represent either the potential energy or the kinetic energy, or both.

In the material following 7 and \ symbols are used, znd 72
will be called energy, although the actual energy must be obtained
by use of q' and Q' fram above, whence
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q= 72 (7.4)

and

7%\ (7.5)

In Cartesian coordinate system for two directions let q =192
be par&lel to the ordinste and A parallel to the absciasa, ard it
will be seen that Q is the area under the line 7%= constant bounded
by the interval between 0 and A s In the same system q will be a
point whose coordinates are w2 and A.

Consider rext a wave record of N waves, in ch there k
number of 7; having ' of class i between A and A\j—
and the sum of q3 and the sum of Qi become

9 iE g™k (1.6)

=i
QeknE ) (7.7)

limit a8 A X—+0

It can now be seen that Q4 is the area under ths line k'q
ccnstant bounded by the int_ezval 0 and A as A\ ——0, and éhat

is an element bounded by kg for the increment A\ , tut as A\—e0
q4. becomes a point whose coordinates are k-v;"‘ and \j . This point

is one of many such points on a curve as the' process is repeated for
other clagses of A, This curvc i3 called the Aapectra ~f q or the

A spactra of 72,

In tho above it is not necessary vo assuie for a complex sea
that one may compute q or q' from the measured wave heights, which
appear tc ‘be changing with time, and hence it is not necessary to
assume individual values of q proportional to m2 or a complex sea.
It is only necessary to assume that the statistical distribution of
n; Lor each class of ‘A is swiicient such that qi is proportional
tc 'r; +« The avove appears 1o be _irue when 4l wWa7es arve &ongidsred
as one class, in whic* case 17‘2= 7n2 the energy coefficient; and for
the Rayleigh distri'f .ion ne 3%: s which 1s in agremment-with the
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data, When classes of \ are considered, it appears also that "Tf'%
where

m'ﬁ; (7.8)
and it appears that the above assumption 13 satisfactory for derivation
of a theoretical family of A spectra of 2.

3. Derivation of A Spectra of n?
Thekapec 11‘ isob? by squaring all 7 and summing
i

7% between ).+ a8 AA——0 foar all A
betwesn O and @ . Hlthemti n terms of the joint distribution
function this summation is represented by

(+9] 2 .
s,,zm-j; n¢p(n Ndn (7.9)

and
plns M) =piA) - 0y (M) (7.10)
2(\), the summition function of 'r;z with respect to A , is
d the family of M spsctra of n%. p(n,)\ ) is the joint
distribution function of 9 and A, p( X) the marginal distribution

function of A, and p, {'n ) the conditional distribution function
of Me

(e 0]
55,72 {\) ’P(M'I; "729)‘(")) dn. (7.3,

One may suppose that the integral of (7.11) evalvates.by
definition

— Q .
B[ ey men (7,22

Thus

1o
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S:ql )= 1-]-)? p\) : (7.23)

95 obtain the complete form of the A spectra ¢’ %2 one must
evaluate 7 + This can be done analogous_to +, KT,
assuning oxﬁy linear regression and 72 = M, whence

A UV (7.18)

where %, is the equation of the regression line of 7 on A, and
from Chapter V

ﬂ'i'(l-—r)ﬂ)\ (7.25)

—— N 2
"If =K, [(I—rH-r x] (7.16)

The constant K3 can be solved from the condition that the area under
the A spectra of 72 is egual to the energy coefficient 72 ;

—_ 00) .
'172 'j; 51’2 (X) ) (7.17)

and using (7.13) and (7.16) one obtains

— 2
7K, fw[u-r)ux]pmax -
0 \ llJ.U)

or expanding and by definition

]
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./-ao p(A\)dA=10
0
®
j; Ap(NdA= X =1.0

D0 . —_—
[) Xp(X)dh = X

Sinece

¥

-
n

7
[ A% ]
Yae ,2(1,!-0

Thus

o 3 ST 2
Sy2 s LI

p())
I+r2 21

12

(7.19)

(7.20)

(7.21)
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e x Spectra of n?
Eqe (7.21) can be tranaformed into the r spectra of %2 by noting

‘S.,)z (NdAs= S.,,Z (thdr
pN gk =plridr (7.22)

Amgr?

Thus o

] 2
nefl-r+ort
_[—.—__-zl p(-r

— } .
1+r2(ne -} (7.23)

Sq? {r)=

In the above r is still the correlation coefficient (n X ).
Assuming the Rayleigh distribution for wave length .variability

applies over a range of correlation coefficients applicable to wave
data, S.,,2( \) and Sy2(T) respactively, are given by \

2 Y
li=r+r X -
SpaN = Soamra,r he 4 (7.2L)

2
4c%fi-r+ar 127" 4 -0.678 ¢4
Syt oars e " (7.25)




In (7.25), a = 0,927 for the Rayleigh distribution, and it must
also bs remembered that r is r(n, A), the correlation coefficient
betweenyn and Ao Figures 7.2 and 7.4 respectively, show Sq 2(\)
and Sy 2(7) for various values of r(m,)) betwsen r(n,A) = -0,k
an? 4046, It is believed that for negative r(7%,!‘ sreater numerically
than shown {-0.l) does not occur in nature; and fu . .ermore, the
relationships will tend to fuil if applied cutside this rangs. Figures
7.1 and 7.3 show the corresponding spectra, S'n( \) and S,'7 T e

5« Period Spectra

The standard form of the period spectra may be obtained from the
unit form by noting

's.,’z () dT = st(T) dr
4
K
= (7,26)
]
dm= % dH
%
dreddT
T
Thus
z2
3.434(ﬁ)2[|-r+o.927r({.-)] s —oers[ L1
ST , - e [+] (7.27)
1+0.273 ¢ ()

z

os Frequency Spectra

The period spectra mey be transformed into the frequency spectra
by noting that

j; SHZ(T) dT = fw SHZU dw= -~ j; SHZ(W) dw (7928)
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.21 B - 21-
ws & dw=- 2L 7 (7.29)
Thus 2
! 2 H
3.434(F) [u-—no.sz?r(ﬁ,?)] e
. w J ew 4.1_ -0.67% (7.30)
SH2 {w) 190.273 12 (ﬁ) e w)

Te Px‘operties of Wave Spectra

" Fra the above proposed wave spactra, one may determine certd.n
oroperties discussed below.

Peak of T Spectra of 72: It is of interest to investigate the
peak of the T spectra of 7m<, this representing the band of wave
periods around which is concentrated maximum wave energy., This period
will be called Top, the optimum period, and may be obtained from .

diSn2 (7} ’
-_L'L__]_' =0 (7.31)

dr

vwhence

(l-rf[3-2.7r;p]+ 20r (l-r)-rgp [lO-5.4r ]+ o?r2 r:p [7-2 74 ]- 0 (7.32)

Fqs (7.32) 48 a quadratic in temms of r, from whick it follows

Arc+28r + C=0

-8s Jefoac (7.33)

[ A

st

-~




vhere

A= [B—w(a r:p)z]- or2[|0—21r(orz)z] +lar2)? [7—7(01'2)2]

B= [—- 3 +1r(or2)2] +at? [5- w(o-rz)z]

¢ = 3-mlor?d)?

suole 7.1 gives typical values of Top for various correlation
coefficients, r(7m,\).

TABLE 7.1
Top AND 7 ("53) VERSUS CORRELATION COEFFICIENT

2 0,
wlar 25)°  r(n,\) Top (7 33) i‘(‘#ﬁ}i
3,00 ) 1.0267 1,0000 1,0267
3.25 0.0616 1.0475 1,0183 1,0287
3.50 0,1159 1,067 1,0353 1.,0307
3.75 0,1753 1,0856 1,0513 1,0326
4™ 0,2280 1,032 1,0662 1.0347
L2~ 0,2810 1,1200 1,0810 1,0361
k.50 0.3346 1.1363 1,0958 1,0370
L,75 0,387L 1,1517 1,1101 1,0375
2400 0.hls21 1,1665 2,1248 1,0371
5,25 0.4986 1,1808 1,1398 1.0360
550 045573 1.1946 1.1551 1,0342
5475 0.,6193 1,2080 1,171 1,0315
6400 0,686 1,220 1,1877 1,0280
6.25 0, 7450 1,2535 1,2029 1,025
6,50 0.8296 1.2457 1,222 1.0176
6,75 09109 1,2574 1.2436 10111
7.00 1,0000 1.2689 1,26L9 1,0032

It was found that observers tend to report a mean or representative
valus of the higher wave groups, which was termed the significant
height, and the carresponding average period of the lLiigh groups was
called the significant period. It was found from wave record analysis
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that this significant wave agreed quite satisfactorily with the
highest one-third waves in the complete record, Hence, the
significant wave became attached to the average height of tho
highest one-tlird waves, thereby being a statietical parameter.
1he significamt period being defined as the ave. ze pesriod of the
highest one-third waves was not a useful statistical parametsr since
no knowledge existed in regard to correlation. The significant
period is only a useful statistical parameter when the correlaticr.
between 7 and A is known, and it has been discussed ir the two
preceding chapters. The eignificant period being related to the
higher wave groups should be expected to bear a close relationship
to the opitimum periods It is shown and verified in Chapter V that
the significant period is given by

T (Ma)® Ty " V 1+0.60 (7.3L)

Table Z.l shows T1/3 far the various values of r(n, A\). The
column of ._(92_). also presented in Figure 7.5 shows that the
T(H33

significant period is very closely related to the optimum period, as

should be expecteds Thus the significant period has a definite
significance in the study of ocean waves.

Mean Square Wave Steepness: The mean square wave steepness is
given by

[:;_]2. j;w(&)’ 5,2 (aX (7.38)
or using (7.26)

— )‘2

B el < F .

Expanding (7.36) one obtains

[%]2* Wé’ﬁ?’ [ ./;m [U—'T'f +2r1=r) + X] e'li)f] (7.37)
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The last two terms of the above integral lead t.' finite results,
but the first tem must be integrated from a lower limit A yin,
disocussed later. In this respect one obtains

o |

B

Consider the expomential irtegral

. . .
—2 R 4.
1+0.273¢ [2'“")"";' ?+ ﬂ"f)!fx e ¢4 d)\] ('7:38)

min

xz
Eilx}= Zf -x! ERPY (7.39)

2
Let 225} arsZ-aa

whence

. cn - ] - ® '
Ei(")',[z -i-. ‘az-f +o LY -‘-j: -’z-c'zdz (7.40)

min Znin

%’helésat half of t.he above mtegral is cbtalned from Jahnke, ets al.
19

.

(oo B8
Ei= j; L¢7% 4z = 0.219383934 (7.12)

Expanding by series the first pars of the integral of (7.40), and
integrating, ome obtains

[ rande g,
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It will be noted that gmin << 1, hence need be considered only
for evaluation of the term lnz. Using the first five tems of the
above series one obtains

| -
f + ¢ Zdz = —inz,;, ~0.8039 (7.43)
zmin
Whence
E(x)==lnz; ~0.5845 (7.44)
w)?

and since z= -3~ and A=0.927 t¢
Ej{x) = ~2 Ink;;-0.3464=4 InT ., ~0.2684 (7.45)

The final form for mean square wave steepness becomes

a2 .
i 4 e L atie R (mtne . -
[x]' 140,273 12 [’“ e +i=r" (=InT, °~°57”] (7.L6)

The selection of tpin is discussed in the next chapter.

Mean Square Sea Surfaece Slope: Mean square sea.surface slope
relatTonships were derived by Gox and Munk (1956) by use of the
directional spectrum, the work <l which is not repeated here.
However, a less rigorous method is used which results in the same
sxpressions A gimple sinusoidel gravity wave may be raprezented
by

E=A cos kx ) (7.47)

- . . Sy - oo Fn e -~ 3 .
where A is the amplitude H/Z and k =& w /L, The wave siupe is
obtained from

%i— s~k Asin kx (7.u8)

He




Tha mean square slope of the single wave is cbtainsd from
2 2 2
4€1°. 1 e «Liom? [H
“] "C_/; [-a-f-] ox = f(2m) [L] (7:49)

Next a train of waves may be considered for shich the crest
lengths are sufficiently. long, such as one mightinfer from a wave
record obtainad by use of any conventional wave recarder, and assume
that the statistics are sufficient such that the means are equivalent
to those nbtained from diserote sets of sinusocidal -wvaves propagated
unidirectional; whence the mean square sea surface slopes is obtained

| ¥regn?

"“NS,[TS‘] : (7.50)
Thus
P
ols -lg(aﬂ)z [E'] (7051)
Where

2

[%] is the mean squars wave steepnsas

Eq. (7.51) is that which one might obtain when only a wave
record is available, a very mirimum of information, The fact,
however, is that the weves may be short crested and diractional, and-
the assumption of sufficient statistics is required. At first it
appears that this assumption is not in order, but it can be shown
that o2 obtained from (7.51) is equivalent to that derived by Cox
and Munk (1956)_uaing the directional spectrunt. The mean square

wave steepness |H/Y* may be obtaied by use of the joint dis-
tribution function

2

(IR

0,42
H
[1_-_‘ p (H,L)dHdL. (7-52)
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or from the period spectrum

[%]Z‘me_z $,2(T 1T

PN fw K2 s, 2(Ther
8 Jo H

which is identical to that obtained b{ Cox and Munk (1956), from
which the notation is Ty = 1/8 sy2(1).

Tn temms of frequency w (7.54) becomes
0 4
0-2-%- j;) %Sﬂz(w)dw
According to the notation used by Neumann and Pierson (1957)%

Sy2lwldw=4 [A(p.)]zdlt

Where p is the same as w and A = H/2,
It can be 4o that in uwnit fom

—— ———

2

& -]

Thus
a2 2
23 3
vhers [—1{-]2 is obtained from (7.46).

12}

(7.53)

(7.54)

(7.55)

(7.56)

(7.57)

(7.58)




Although the family of spectra a,fe not intended for very steep
waves, (7.58) for all H/L = 1/7([V = 1.0) reduces to (7.51),
and predicts a maximum valuve of mean square sea surface slope

Tfax = 0,10

.The maximum value of 2 can be obtzined also by use of the
Micheli £1893) theary by vonsidering all waves initially have
H/L = 1/7 and follcdng the procedure from (7.49)e Using surface
elevz;t.ion € as a functicn of x obtained from Michell (1893) one
obtains

2
“max = 0,11

and perhaps the family of. spectra can be extended quite far into
carlier generation.

Spectral Width Parameter: It is of interest to investigate
the spectral width parameter, since this will cast some light on
the change in wave spectra during generation aud also during decay.
According to Williams and Cartwright (1957) a non-dimensional
spectral width parameter is defined by

M2
=\ (7.59)

where the nth mament M, of E(w) about the origin is

oo} .
M, = j; «" Elwldw (7.60)

E{w) is the energy spectram in terms of the frequency
E(w) = 1/8 p g Sy2 (w )e With -he proper transformation the
) spectra of 52 can be used to advantage, whence

o
M, = f Sm2(A)dX
v /0 1
@ A
Mzsfo IRTIVELS (74603

(e0]
d\
M4’fo S,nz()\) —)\5
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The mean square sea surface slope and the spectral width
parameter sre discusseu again in the next chapter,
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CHAPTER VIII: GENER.\TION OF WIND WAVES IN DEEP WATER
AND THE WAVE SPECTRA

1, Cenoral

The preceding section presented the general fom of the pericd
spectra and also the frequency spectra. The family of wave snscura
in general ig very useful in explaining the generation of the 3o~
called complex sea, composed of vaves of variable amplitudes and
frequencies. In part, spectrum of waves is evolved by the gensration
of waves from all points within the fetch area.

The wave spectra can be used to advantage in describing the limits
of the wave forecasting parameters, origimlly proposed by Sverdrup
and Munk (1947) and revised later by Bretschneider (1952)3, The
forecasting relationsh’ s mentioned above are revised again in this
section,

2+ Deep Water Wave Generation Parameters

The growth of wind waves in deep wator under the action of wind
may be represented by the following parameters:

LN LT
& f,(u,. U) (8.2)
and
97 gF 9t
m = fg (‘l‘,}' \ "0") (8.2)
where

H = wave heigrt

T = wave period

g = acceleration of gravity

F = fetch length, distance over which the wind blows
U = wind speed

t = duration of wind

Eqs. (8.1) and (8.2) resuit from the application of the PI~theorm
(Buckingham, 191l) and dimensioral analysise Thie oneration has baen
performed previously by others, for example, Johnson (1950), The
above forms of thie parametric equations were arrived at from an
entirely different approach through the theoretical work of Sverdri:
and Munk (3947)s In the following the mean wave height and mean wave
period become quite rseful, vhence, for (8.1) and {8.2}, respective’y,
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gn = F

Jz H (8.3)
9T .

270 - 2 (84L)

where Fp and Fp are functions of wind speed, fetch length, and wind
duration, The significant wave height according to the Rayleigh
distribution is given by

Hyg* 1.6 R (8.5)

The significant wave period is related to the mean wave period through
the correlation coefficie~* v{n,\)

T(H“)-’r' J1+0.6¢ (8.6)

The use of Eqs. (845) and (8.0) permits the interchange between the
mean wave and the significant wave, when such need arises.

3. Wave Spectra In Terms' Of Generation Parimeters

The pericd spectra is yAven by (7.35) of the previous -chapter.
The corresponding frequency spectra is given by (7.38), Using (8.3)
and (8,L), the corresponding spectra, (7.35) and (7.38) respectively,
bscome

-— .

[Freoser - (BTN Ty

' 2wFu ) | 2¢3 9

5p2(T)= 2L g : — 0'675[217'UF2] (8.7)
i+0.273 r 2m

and

r 22

h_r+o.9z7r(-,-%;\/] Cerel e 1°

(277 s —0.675 | =+

S, 2lw)= TERT ag?uSe lFZU“J (8.8)
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where

Ft " F (8 )
. = 2 —-— *
as3.437 z‘ 6w I—"]
and

2

R ]

2 L9(7)

For large w(8,8) becomes

2
g 2
I-r+0.927r {—)
2 _[ ."'aU“'J 2 -8 (8.11)
Sy W TT0273 ag'w

Eqe (8411) can be compared with that given by Buxling (1955).
Syelwi=ag®u™® (8.22)

Eq. (8,12) is based on the high frequency components under steady
state conditions, and has also been proven to be true by Phillips (1957)
for an entirely different approach by use of the definition of the
energy spectrum and dimsnsional analysis, a prioeri reasoning., For
this to be true far a fully developed sea, (8.11) must reduce to (8,12),
thereby suggesting zero correlation, Thus, a fully developed sea is
in a steady state of non-correlation, unrestricted by fetchk length
and wind duration, and F; and Fo reach upper limits. Based on very
acourste measwrements Burling (I955) obtained for a an abaolute
constant:

a=7.4x10"° (8.13)

L. Evaluation of Upper Linits for Wave Generation

The fully developed sea is specified by zero carrelation and {8.7)
and (8.8) respectively, becoms:

4

@1 ~0678 [T
S 2MNea>——e 2wUF (841k)
H (2#‘4 2

075 [—9)'
st(c;‘;cagzw"f’g ) \FZUW/ (8.15)
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Since (8,13) is obtained for a fully developed sea, this
represents a minimum velue, dpine Foar @ to be a minimum, F,, of
(8,1L) must be a maximum, There may be some argument that ?2 ought
to be baszd on (B8.15), but this concept is contrary to wave cbsarva-~
tions. As shewn in Chapter VII, there is an optimum period, Toy, for
wrich oceurs a peak, or maximum concentration of rave energy. OSince
Tep, is closely related to T33, Fy should be based ‘re correctly on
(810). The optimum period 301, s cbtained fram

q I st(T)l
) (8.36)

aT

and using (8.,14), one obtains:

4 9 Top
(Fa)max = V0.9 27U (8.17)

When the corresponding group velucity appropriate to T, is
equal to the wind speed, maximum wave generation will have bden
reached, and the energy front will tend to leave the generating
area. Since the group velocity will be on the order of one-half the
thase velocity appropriate to Top, one dtalins

Cc qT,
9 ] op
TR LOs= 2 <——2‘I’U) (8.18)
Thus
(FZ)mox' '3 \J‘ 0.9 =1.9% (8.19)

According to the work of Sverdrup and Munk (1947) the maximum
value of Fp = 1,369 (since T = Ty /4, zero correlation for a fully
developed sea)s Later revisions Ly Bretschneider (1952)° place the
upper limit of Fp = 1,45, 2 Yow compromise between results obtained
from additional wave data and 1.369. Neumann (1952) utilizes the
value of F2 = 1,369, These values of Fo = 1,369 and 1,45 correspond
to gF/U2 ¥10°, Perhaps the asymptotic value of Fp = 1,95 has not
been completely visualized, since it will occur near gF/U2 = 6 x 1¢°,
as shown by the data in Figires 8,1 and 8,2, In fart, same data show
Fo in excess of 2,0, but this excess may be due to scatter of data and
slight errors in obgervations,

Assuming (F2)pax = 1.95 as determined above and zupperted by
cbservations, one may proceed to evaluate (Fy)pmax for a fully develcpad
sea.
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Previous investigators have reported maximum values of %‘3}

%2] = 0,26 Sverdrup and Munk (1947)
- mnax

%2] = 0,30 Rossby and Montgemery (1935)
nax

The value of 0,26, based on the theoretical work of Jverdrup and
Munk (1947), was also utilized by Eretsohneider (1952).

Using (843), (8.5), and (8.9), one cbtains for minimum valve of a:
for 8833 a 0,25
—

for %2 = 0,30

~ Thus it is sesn that in both cases, a is close to the value
given by Burling (1955). In view of Fp = 1,95, indications are that

.ﬁ.{il = 0,26 has not yet attained the upper limit associated with the
U

fully developed sea. Ferhaps the value of Q.3 alightly siceeds the
Limit of the fully developed sea, which might havs resulted from the
nmethod of cbservations. In order to obtaiu a more acourates valuz of
{F1)jmax for & fully devoloped sea, one must consider the source of
data, and the acouracy of the methods used in chtaining the data.
Field data, winds and waves, ussd by Sverdrup and Munk (i947), Rossby
and Montgomery (1935), Neumann (1952), and also Bretschneider (1952)
as a matter of fact, entall a certain smownt of subjectiveness.
Jlthough these data become quite useful when averages axe considered,
greater acouracy is required for establishing the theorstical upper
limits, The more recent data used by Burling (1955) for cotaining
am= 7.1y x 10°3 are very relisble measurements, making use of the
capacitance wire recorder developsd by Tucker and Ciarnock (1955).
This ingtriment resords very acuurately high frequency cauponents

of the wave system nut normaily rsccrded with any degres of
satisfaction by other metlicds,

amin -‘6028 X 10-3

Qmin = 8.36 b 4 10'.3

In view of the above one must canceds, baeed ol _vary acourate
neasurements of Burling (3955) that apmen = 7.1 x 1073, and for
(Foliax ™ 1,95, one obtains
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(Fdmox = 0178

(8.20)
corresponding to
QHy3 0.178 .

[ v ] 0625 0-282 :8,21)
5. Evaluation of Lower Limits for Wave Generation

Evaluation of the lower limits for generation of wind waves is
a little mere difficult than that for thsd upper limits. The lower
limits are governed by gF/y2 very small and H/L very steep as
supported by numerous wave tank studies, Bretschneider and Rice
(1951) and Johnson and Rice {1952), The theoretical maximum wave
gteepness is given accori-g +o Michell (1893)

H_ |

T*7 (8.22)

For the sea to have maximum steepness, all individual waves must
be at maximum steepness. Hence, a scatter diagram of H versus L will
show all data on a straightline with a slope of 1/7. A plot of 7

versus A\ will have a slope of LS degrees, corresponding to a
correlatinn coefficient of r(y,\) = +1,0,

For the above condition one finds

R.L L

L7 L(Hy) 7

re+10 L(Hsy)* 1.6L (8.23)
H \ .

[T]'I? T(Hyy)= 1.265T

and from (8.9) one obtains

Amox =

2
'54" *3.25

(8.24;
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Since ap,. relates the maximm ratio of F12/Foli, 1% is tempting
to extend the generation parameters, Figure 8.1, asymptotically at
sane value of gF/y2 lower than that reported for wave tank data.
This would lead to minimum values of Fy and Fp gulded by wave data.

Another method of obtaining the minimum vi. .2z is to cousider
the lowest possible period thai might oe generated and the lowest
possible wind speed or the critical wind speed required to make %he
sea surface rough. This approach is samewhat superficial but leads
to essentially the same results as the other method. Assuming the
capillary limit Typin = 2074 saconds and Lyjy = 1.7 om and the
criticel wind speed ci 6 meters per second, and using (8.24), the
extrens lower limits are obtained:

of
W =0.0193
9TH3) °T'/3

BP0 " AU 00244

%1 = 0.000357 (8.25)

gH
—5’}- 0.000572

9F .
0.0046
i

Eqe (8425) may be considered the extreme lower limits, and in
actuality B must be greater than 0,00L6 In order to develop a
U

spectrum of waves for a wind syeed of 6 meters per second. Furthermore,
for wind speeds grezter than 6 meters per second the fetch F muat be
greater than that required for '6 meters pexr second, since wave longths
generated by higher winds will be longer. The spectrum of waves is
correspondingly built up from all values of E% and % generated

U

by fetches from greater than ES = 0,0046 to the -ltimate 55 as
L g
limited by wind speed, actual fetch length, amd duration of wind.

dence, one should expeot the spectra in unit form to be more LarTiw
with a higher peak for a young sec than a fully developed sea.
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6. Transition Zone

The transition sone for wa.e generation ir-"udes that between the
lower and upper limits discussed above. Much v. 3 data are availadle
for significant wave heights and significant wave periods. The mean
wave height is statistically related to the significant wave heicht.
The mean wave period is related to the significant period through the
correlation coefficient, r(n,A). The lower limit of generation
teginas at r(n,\) » +1.0 diere Ty/3 = 1,265 T and the upper lmit
is at r(9,)) = 0, shere T, /3 = ¥, Evidently the ¢ tion
coefficient r(n, 1) and (T3/3)F are functions of K and %‘:g Since

the ratio of (1‘1/3)/5 changes from 1,265 to 1.0 over a very wide

range of generation, it is logical to aasume as a first approximation
that this trdnsition is gentle and regular. The wave data establish
quite acourately the r-“~tionship for (g13/3)/p4ys The exact
relationship of g¥/2+ U versus i in the transtilon is not completely
established due to the lack of sufficient wave data., However, a
limited amount of wave data fram Fort Peck Reservoir and Lake Texoma
are available for thia aspect of thuo problem. These data are summarized
in Table 8.1, Fetch lengths for thess data are not establishad,
due to irregular channel effects. The parameter of is eliminated

by using % and & versus r(n,\), vhare r(n,\) is related to (T]'/:’)/IT
U Zx0

which in turn is assumed to be a slowly changing function of K.

Figure 3.3 shovs the relationships of 5/2w U§#1/3)/27y, and #1332
all as functione of rfnyA). The scatter of data seems excessive

but it should be remembered that 100 waves are too amll a number to
expsct a minimum of scatter in terms of the correlation coefficient.
The 95 percent confidence limits for the ctrrelation coefficisnts are
also shown,

Figure 8,1, the Fetch Graph, represents the revised wave fore-
casting relationshipa, based on the above considerations, together
with additional relationships discussed below. The data shown is
+that originally uaed by Bretscaneider (1951),

7« Duration Graph

The praceding sections were devoted to wave generation as a
function of fetch length, assuming unlimited duration. The Duration
Grap.y Figure 8.2, may be obtained by use of the Fetch Graph, Figurs
8.1, and the consicerations following.
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SUMMARY OF DEEP® WATER WIND WATE DATA

TABLE 8.1

TR A T

Sowee ™ T L) '§§§3 LV S R
Record mph feet seconds g
FORT PECK RESERVOIR)
b1 20,7 1.32 0,0L60 2,25 0.378 0.12
b~ 2 19.7 L1k 0.0437 2,31 0,408 C.36
b- 3 26.0 2,62 0.0580 2,67 0.358 0.4z
b- L 2647 2,82 0.0580 3.30 0.430 o4t
b" S 30.8 3.02 0.01180 3.18 0.360 00h8
be 6 316 21 0,0375 2.83 0.311 0.l
b~ 7 30.2 2.72 0.0L45 3.06 0.353 0.54
b" 8 30.’4 2018 0.0350 2.50 °n286 0029
be 9 30.6 1,79 0.0282 2,17 3.248 0,19
b=10 29.8 1.75 0.0294 2435 0,274 0,22
b-12 2606 2091 0.%10 3.08 0.1‘03 0.30
b=13 26.5 3.11 0.966C 2,89 0,380 O.Ji1
b=1l; 253 2,61 0,061r 2.79 0,384 0.h2
b=18 2k.2 2,140 0,06.0 3e1h 0,450 0,47
b-16 22,2 2,56 0.7175 2,78 0.435 0.31
b-17 21,1 2.04 f.0950 3426 0.535 0.45
b-18 22,6 2,54 0,070 2,86 0,Ll40 0.2
b-19 23.9 3.05 0.0795 2.78 0.405 0.27
1-20 27.6 3.3 0,0670 3.09 0.389 0,48
(LAKE TEXCMA, TEXAS)
e~ 5 29 1,33 0.0236 2,30 0.276 0:34
o= 6 26 1,13 0,0250 2.16 0,289 0,38
C= 7 32 l.Sh 0.022’4 2060 0.283 0.16
Ce= 8 30 1037 000227 2053 0029!1 0.08
c-12 25 1,67 0,0400 2.75 0.384 0430
c-13 25 1,67 0.0400 2,92 0,406 0.li3
C"lh 25 1067 Ooohoo 26 88 OQhol 00h9
c~15 25 1,59 0.0378 2.91 0,405 0.0
c-16 3y 1,34 0.0173 234 0.240 0.16
c=17 35 1.3h J.0163 2,60 04259 0,40
¢~18 39 2,15 0.0211 3,09 0,276 0,68
c~19 38 1.87 0.0193 3,11 0.285 0.56
c=-20 29 1,06 0.0370 2,09 0,251 0,32
c-21 30 1,27 0,0210 2,06 0.239 0,37
c=22 29 1.37 0,0242 2439 0,287 0,23
c+23 28 1,33 0.0252 2443 0,303 0.29
0“2;-‘ 33 1.66 003227 2.2!.; {J; n .‘:6 0:).!0
t~25 32 1.50 0,0218 2433 .Sl 0.37
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The duration of time required for wave generation depends on
the fetch distance traveled and the group velocity appropriate vo
the most energetic waves. The general form of F » ‘Jg‘b (fetch distance
is zqual to, group velocity Limes time) can be appl. ¥ in differential
form 4t = .l. dF, where c tie group velocity is a variable and

increassa wfth time and distance. In parametric form the expression
becomes

ot [y (eF (8426)
V) -/; Cg d(?) (
where
iﬂ..L.[m ] [ | Tov (8.27)
u 2 2wV 2ry |

TOP/T]_ /3 is a function of r(n, A) and hence of Eg from which
one obtains tU/F as a function ofnﬂg.. The curve of tU/F versus
&F/y2 18 shown in Figure 8,1a The curves of E"_Mé and 'ﬁl as
functions of &E can be expressed as functions af gt/U. This is

shown in Figure 8.2, together with the wave date taken from
Bretschneider (1951),

8. Wave Qeneration Parameters

Table 8.2 gives a summary of wave generation parameters. In
addition to those discussed above, other parameters are discussed
below,

Mean Wave Steepness: <the mean wave steepness can be represeated
as a function of é, and in standard form

Hl. TH 1.2 )
['E’] ?c-[l r(l ,)] (8,28)
- is give a function of % in Figure 8.1 from which can be
computed using r from Table 8,2,
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TABLE 8.2

SUMMARY OF DEEP WATER WAVE OENERATION PARAMETERS

U ¢ /3 Ny Sl

g {!E "'}uéé e T ¥

0,01 0663 63,0  0,0005/i 0,0247 0,998 3.,2645

0. 02 loll' 57 . 0 0.@611 0.0258 0. 995 1. 2637

0.04 2.06 ©5l. 0,000738 0,0288 0,992 1.2629

0.06 2,92 U8.6  0,000867 0,0316 0,985 1,2613

0,08 3470 Uh6e3  0,000957 0.0334 0.98). 1,2602

0410 50 L5.0  0,00005  0,0353 0,979 1.2595

0.20 8400 40.2  0,00143  0,Q425 0.965 1.2566

0.40 1.1 3%.5 0,00195 0,0521 0,949 1.2526

0,60 20,3 33,9 0.,00235 0,0591 0.936 1.2h97

0.80 250 32,1  0,00269  0,0646 0,927 1.247h

1.00 31,0 31,0 0,00301  0,0695 0.916 1.2450

2.00 5h,0 27,0 0,00430  0,0869 0,876 1.2357

11,00 94,0 23,5 0,00610 0,108 0,827 11,2231

6400 129 21,5 0,007k3 0.2k  0.,7% 1.2

8.00 160 20,0 0,00855 0,137 0,762 1,201

10,0 192 19:2  0,00951 0,147  0.70  1.,2017

20.0 306 15, 0,0129 0,179 04671 1,1845

0.0 1,88 12,2 0,0175 0,215 0,890 11,1636

6040 6sh 10,9  0,0208 0.210  0.546 1.1524

80,0 792 9.90 0,0232 0,261 0,513 1.1L37

200 1,520 7.60  ©,0337 1,337  0.400 1.135%

100 2,440 6,10 0,04li1 0,103 0,322 1.0918

600 3,300 5.50 0.,0522 0483  0.275 11,0794

800 11,056 5,07 0.0583 0.486  0.243 1.0705

1,000 k;,800 L.80  0.0641 0.519 0,220 1.0640

2,000 8,000 ks00 0,081 0,618 0,260 11,0469

14,000 13,800 3.5 0.,1110 0.735  0.102 11,0301

6,000 18,960 315 0,130 0,816 0,079 11,0232

8,000 23,740 2,97 0,145 0,872 0,062 11,0183

10,000 28,100 2,81 0,157 0.92k 0,052 1,015L

20,000 148,200 2,1 0,195 1.0 0,027 1,00C0

140,000 82,000 2,05 0,234 1.28 0.0i0 1,0030

60,000 112,800 1,88 0,253 1.39 0,006 11,0018

80,000 140,000 1.75  0.264 10 0,002  1,0006
100,000 168,000 1,68 0,270 1,5k 0,001 1,0
150,000 228,000 1.52  0.277 1,67 0 1,0
200,500 286,000 1.k3 0,279 1.74 0 1.0

300,000 393,000 1,31 0,281 1,84 0 1,0°
100,000 196,000 1,24 0,282 1,90 0 1,0
500,000 595,000 1,19 0.282 1.93 0 1.0
600,000 702,000 1,17 0,282 1,95 ) 1.0
i37




TABLE. 8,2
( Continued)

SUMMARY COF PEEP WATER WAVE GENERA W PARAMETERS

-
?_g_@ja,?«m;

0,01 0,139 01397  3.07 0,0958 0,464 0,767
0.02 0,1355 0,131 2.9 0.0910 0,165 0,748
0.0k 0.1309 03316  2.71 0.0856 0,166 0,725
0,06 0.1270 0,1282 2.5% 0.0813 067 0,708
0,08 0,1257 0,1272 2.50 u.oaoo 0.468 04699
0,10 0,1235 0,251 2,41 o,
.20 0,115¢  0,1179 2.1 0.0691 0,479 0.6L45
0.k0 0,040 0,071 1.71 0.0575 0O.L87 0.585
0.60 0,099  0,1005 1.48 0,0510 O.lgh 0,548
0,80 0,0925  0,0965 1.35 0.0471 0,497 0.525
.Lom 0.0885 0.0928 102’-‘ 0.0&1&0 0.510 00508
2,00 0.0803 0,0860 1,02 0.0389 0.547 0.L6L
L0 J.0722  0.0794 0,824  0.,0343 0,572 0.426
6,00 0,0659  0,0739 0.680  0,0325 0,596 0,393
8,00 0,068 0,0703 0,603 0.,0311 0,616 0,371
10,0 0,0890 0.0678 0,550  0,0303 0,632 0.359
20,0  0,0522  0,0621 0.431  0,0290 0,677 0,328
40.0  0.0472  0,0583 0,352  0.0285 0,713 0,309
60.c O.0LLly  0,0559 0,311  0,0276 0,736 0.294
80,0 0.432  0,0527 0,268  0.,027%4 0.750 0,278
100 0.,U392  0,0507 0,243  0.0272 0,766 0,267
200 0.0352  0,0469 0,196  0.0265 0,792 0.2L2
1400 0,0300 0,0416 0.,142  0,0256 0,819 0,221
600 G.0273 0,038 0.118  0,0253 0,832 0,208
800 0,021  0.03Th 0.108  0,0249 0840 0,201
1,000 0,0248  0.0359 0.0972 0.,02h9 0,846 0,194
2,000 0.,0223  0,033¢ 0,0786 0,0243 0,803 0,179
1,000 0,201  0,0294 0,0638 0,0233 0.875 0,167
6,000 0,0189  0.0289 0,0564 0,0223 0,882 0,159

8,000 0,0183 0.0:81 0,0529 0,0213 0,885 0,155
10,000 0,0175 0.,0270 0,084 0,0204 0,888 0,155
20,000 0,0151 0,0235 0,0360 0,0178 0,89 0,131
40,000 0,0133 0,0208 0,0279 0,041 0,901 0,11%
60,000 0,0121 0,019 0,0231 0,0120 0,902 0,107
8¢,000 0,0110 0,0175 0,0191 0,0102 0,903 0,0969

10’) 000 0.0105 0,0165 0,0174 0.0093 0,904 0,0928
150 000 0,00916 0.0143 0,0133 0,0073 0,905 0,0809

200, ?000 0.00850 0,013 0,0zl 0,0062 0,906 0,0751
300 000 0,00766 0,0119 0,0033 0,0051 0.907 0.0676

, . . ~ -

hoo,ooo 0.,00721 0,0113 95,0032 0,0046 0,508 0,0637
500,000 0.00699 0.0110 0.0077 0.00L3 0.90" 0,0617
600 000 U.00685 0,7107 0,007k 0.,00h2 0924  0,0604
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Mean Square Sea Surface Slope: ai; square sea swfiace
slope for wave generation as a i\mction of can be obtained from

(7.54) and (7.56), Chapter VII, by noting that ons may write

“min® Ymin /
_°Tmm
Tmine 2ry
2ry
v
vhence the mean square wave steepness is given by:

n 2

[-—] = . S 9
N 140.27342

The mean square sea surface glope is given by

B

2
2,9 .TL]
'3 [ \ (8.31)
where
2
as Isffi[%] (8.32) t
Spectral Width Parameter: The spectral width parameter is ;
given by
7
Y3 l-'l + l] .
= [—L (80
81rcr | 1+0273 2 33)

Since 'é% %, and r are functions of 5’, it can be seen
that (B8430) through (8,33) are also functions of EE which is as
should be expected. The exact values of [ 7 1%, v2 s @, and € depend

A

on the proper selection of gl ml’; which must be obtained fram

measurement s,

2 qT Tnin
{t(l-r) 7 *“'"2["‘ PV T

(8429)

n_o osn]} (8.30) '




If it is assumed for the present that %—%—n = 0,0193, as given by
(8.25), one obtains

/Iy LT, SUNY (SO RPN, 8T
[x] "oz {'“ I+ =il | 3.88+Ingo (543k)

In all probability _gT%n will be samewhat greater than 0,0193,
particularly for large values of %. Until ﬂ:%ﬂ is determined
as a function of 'g;, the use of (g.Bh) will result perhaps in values

2
of [..;Z.]g.rsomemat higher than the true valuess For example, if one
selected =5 o~ = 3(0,0193), wne factor 3.88 in the above equation
will be replaced by 3.88 - 1n 3 = 2,78,

Using (8.3L) in its presenEF_l’-om values of a, o2, and € have
been computed as a function of = and are summarized in Table 8.2.

u
aand o2 are also shown in Figire 8.1.

9. Instrument Attenuation

All wave-measuring instruments, with the exception of a vertical
capacitance (or resistance) wire type, impose an attenuation curve on
the high frequency part of the spectrum, thus artificially mrsawing
the spectrum, which, in effect, reduces the values of € and o< from
the theoretical values given above, For this reason it is difficult
to detemine whether 8lmin is at some low limit as governed by theory

8min em
or whether = has a finite low limit as imposed by nature.

It is a well-known fact that a pressure gage below the mean
surface will attenuate low period wrves, otherwise visually observed.
Condiser, for example (8.34) for zero correlation in the following
form:

[__X_]Z, 4 [-@.067! -1In rm;n] (8.35)
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Yor a pressure recorder located 10 feet below the mean water su.si’ace,
assume all waves of d/Lo > 0.5 are filtered out. Since L, = gI°,

one obtains Tpip = 2 seconds. (If all waves of d/Lo > 1, 2
Tipin = Lol seconds.) For d/Lo 0.5 and d = 10 feet, (8.35) bocomes

N
.—Z..]Ob-4 [-—O. 76 +1Ir ?] (8036)

[ aurpen 4

The subscript ob is used for observed value, If, on the other hand,
Tmin ™ C.O7L seconds as governed by the capillary limit, then

11 . af2.83+mn T
x],, [ n T (8.37)

| o |

The subscript tr is used for true value.

Rem——

2
The ratio R of cbserved to true [ Ki ] becomes
Y

L =076+ T

R s3+inT (8438)

Values for R for various mean period T are given below:
T L 6 8 10 12 1l 16
R 0416 0,239 0,286 0,320 0,34l 0.362 0.373

Since 02 is given by (8.31), this will also be reduced
correspondingly. The spectral width parameter given by (8.33) ia
similarly affecied. Instrument attenuation also effects the mean
wave steepness r;ﬂbut to a lesser extent.

4

Equation foro? given in the paper by Bretschneider (1957)C

is in error by the factor of 1/8, and the corresponding values

computed are too large by a factor of 8, The correct forn of o
and € are presented in the present paper.

10, Comments on Critical Wind Speed

It seems appropriate to make a few comments on critical wind
speced. The extreme lower limit for gravity wave generavion presented
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carlier is based on the assumption of a critical wind speed anti the
capillary wave limit, ard results in the mean square sea surface
slope as a function : the fetch perameter gF/uy2. If, on the cther
hand, only the capiliary wave limit had been selected for the lower
linmit of generation, the mean square sea surface slope would be a
function not only of the fetch parameter but a“:o of the mean wave
period, a dimensional quantity. In this case ¢ would obtain a
separate curva of o2 versus gF/‘J2 Jor each mean wave peirriod. However
one might also have obtained o2 as a functicn only of gF/y2 by
selecting arbitrarily some low limit of gF/y2 without reference 1o
critical wind speed and capillary wave limit, in whicn cass no
discussion would be necesuary.

Hunk (1947) presented a paper on critical wind apeed ror sir -
sea boundary processes, but since has voiced opinion that such might
not be the case after all. Reference iz made to the work of Cox and
Munk (1956). Later, Munk (1957) appears to be dubious as to whether
a critical wind speed exists, citing the work of Mandelbaum (1956)
and Lawford and Veley (1956), Evidently a controversy exists as to
vhether or not a critical wind speed actually exists, However, such
a controversy need not affect the results presented herein, since
what is to have kept one from selecting arbitrarily an extreme low
aimit cf gF/y2 by extrapolating gH/y2 and gT/27U to maximum steepness
B/L = 1/7, guided only by the date in the range of low gF/y2?
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CHAPTER IX: COMPARISON OF VARIOUS PROPOSED WAVE SPECTRA
1. General

It is of interest tuv make comparisons of the various proposed
wave spectra. These are Darbyshire (1952), Darbyshire (1955),
Neumann (1955}, and that of the present study. Recently Newmann
and Pierson (1957) made a detailed comparison of the above various
theoretical wave spectra, not including that of the present author,
the material of which had not yet been circulated., The work of
Neumann and Pisrson (1957) wili not be repeatad here, except that
as portinent to the present discussion. The Roll and lisher {1956)
modification of the Neumann spectrum and the Darbyshire spectrum
were compared with the Neumann spectrums This camparison,mde with
cata by Neumann and Pierson (1957), showed that the Nemwann spsctrum
fitted the data satisfactorily, whereas the other spsctra were
unsatisfactory. It is shown that the appropriate spectrum fram the
family of spectra proposed in the present paper fits the above data
cqually well if not better.

In the discussion following, the four wave spectra are denoted
by D1, Dp, N, and B, corresponding resrectively to Darbyshire (1952),
Darbyshire (1955), Neumann (1955), and Lretschneider (present paper).

The Dy and D2 spectra wers presented origirally in terms of the
gradient wind speed. The surface wind spead, usualiy considered at
normal anemometer level (10 meters above mean sea level in case of
the oceans), is equal to about two-thirds of the gradient wind speed,
but may be quite different under various conditions of atmospheric
stability or sea-air temperature differences., So that all spectia
utilize the same wind elevation, the gradient wind speed in the DIy
and Do spectra are replaced by 3/2 of the swrface wind spced. The
symbols Sy2 (T) and $y2 (w ) are retained respectively for the
period spectrum ard the frequency spectrum, although He2 and B 2
have been used by others. The conparison is limited to the fuily
arisen or near fully arisen sea, so that the B spectrum for zero
correlation need only e discussed.

n .
s il

[l

- 2 o rypaepned ~
Yailous Fropused Speciva

Where the surface vind speed is used and the units of Sy2 (7)
are F12/sec the fouwr period spectra are:
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where the congstants are given by

G = 1.87 x 1074 sec
Cr = 5.7 x 10-8 sec=3
b = 0.2 sec~}/2

G5 = 2,0 x 107 gect

a = 3,437 F12/F2h dimensionless

F, = ﬁ% =1 (EU%: ’ EI:) dimensionless
z .

F, = g.r- £ B At dimznsionless
2 2 Kug ’ m )

With the proper trensformation, the corresponding irequency

gpectra are given by:
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3. LEvolvement of Proposed Spectra

D -~ Darbyshire (1952):. The Dj spectrum evolved from frequency-
analysis of wave records obtained from sub-surface pressurs type wave
records, This investigation was based on records of waves made on
the north coast of Curnwall, in the Irish Sea, and in Lough Neagn.
Synoptic meteorological charis were used to obtair fetch Jongths, zod
sradicit windse The wave oressure transducer was on the sea bed at a
depth of about 50 feet., Tae usual hydrodynamic relationships
(presented earlier) were used to convert bottom pressme to surface
elevation, prior to the frequency analysis. For wave pericds less
than about 6 seconds the bottom pressure fluctuations, reduced to
such a low level that the process was no longer practicable, were
ignorod by Darbyshire. Hence, the high frequency -components are
missinge Wuter depths on the order of the mean wave i-agths
ancomnassed much of the fetch length. Because of wave energy loss
due to bottam friction and refraction due to cyurrents, the low
frequency components are somewhat attenuated,
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Dp - Darbyshire (1955): Tne Dy spectium evolved by frequency-
analyzing wave records obtaini. from a ship-borne wave rerorder in
the North Atlantic. There is some doubt as to the exact calibration
of this instrument, but it is known to behav timiler to a sub-
surface pressure recorder, and the aigh frequeacy components are
attenuateds Although frequency a. lysis of wave records should give
the best estimate of the wave spectrum, there is no way of tzhing

o account the energy of those components fiitered out or nct
recorded by a pressure recorder,

H - Neunann (1955): Thc N spectrum evolved in a different
manner than either the D or Do spectra. On the tasis of visnal
obgirvations from assumed fully developed seas, Newmann (1955)
¢b 'aincd an empirical envelope curve for the data plotted in tems
of H/12 varsus {T/U)2, vhich is given by

H=(const) Tz.'(}‘#u) (9:3)

vhere T was defined as an spparent wave pericd and is given the
gymbol To The enveloped curve was not dstermined statistically,
but was constructed visually. There is some question as to whether
or not the symbol should be T or T, since visual cbservations with
a stop watch are difficult to make,

Sinoce the energy is proportional to wave height squared,
Neumann in effect assumed the period spectrum of HZ to be propor-
tionsl to the square of (9.3)s Such & procedure could only be used
if (9.3) was the equation obtained by a least squares technique.
The constant in the N spectrum (9.1) or (9.2) was obtained by
squaring (9.3) 'Ed forcing the area under the resulting curve to be
equal to b/ 7 (H)S, the so-called energy coefficient cbtained by
Longuet-Higgins (1952), Hence the area under the N spectrum must
be correct, provided that of longust-Higgins (1952) is correct, and
this seems to be true. Whether the shape, peak, and -sidth are
corract needs to Lo investipated by use of proper wave data.
Although the first operation, squaring (9.3), may not necessarily
Ve based on correct assumptions, the evaluation of the constant in
the above manner tends toward campensation because there are a
multitude of such exponentiul equations which might represent
approximately the true wave sgectrum, provided the area beneath
the curve is equal to b/w (M)2,

One difficulty with the method assumed by Neumann (1952) is
that the constant evolved takes on the dimension of seconds™,
resulting in wave height proportional to the 5/2 ;ower of ths wirs
speed for a fully developed sea, Tile above cannot he reconciled,
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either with data or by dimensional horm':gen:i.gyé ard is sort of a
paradox since a censtant of seconds and 5/ go together Just
as s dimensiouless constant and U2 go togsther. ' very important
factor, however slementary it may be, is that the , ~iod spectrim
of H2 cannot be obtained by squaring the enveloped curve of data
in terms of H, since this has the same mathematical implication as
squaring the equation of a distribution function. The wave pericd
distribution function, itself, is not to ve squared, but the
individual height components are squared and then summed according
to the height distribution function. This fact was brought to
light in the development of the family of spectra in the present
paper.

B - Bretschneider (present paper): As stated before, the family
of B spectra evolved directly from the jolat distribution function,
and was derived theoreticellv without any necessary foreknowledge of
the distribution functions, except that linecar regression between H
and T2 was required. Based on the statistical analysis of wave data,
it was found that the Rayleigh distribut:.on applied to wave height
variability and also wave length (T2) varisbility., Thus the family
of B spectra was determined theoretically, by squaring all components
of H and summing according to the distribution function. Because
the B spectra evolved in this manner, all high frequency components
are present in the theoretical spectra.

The fact that high frequency components might have been attenumted
or even filtered out by use of pressure records used in une statistical
analysis has no effect on the derivation of the family of wave spectra,
once the distribution functions were decided upon,

Whereas the area under the N spectrum was forced to be equal to
L/ 7 (®)2, the area of L/ ()2 under the B spactra evolved as a
physical property. Only the B spactrum for zero correlation is used
in the material following,

Lk, Physicael Properties of Period Spectra

Energy. The area under the spectra is equal to ;{3 the mean
square wave height, and when multipized by 1/8 pg gives the total
energy in the spectira whence

E =g g’ (9.4

where

— (e8] (00}
= [Csyamars- [ 7 seleitu (9.5
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thus

©)  HZ=0. oosai
=
o)  We0no0s2s;
( ) 3 95 (906)
) H? 20.00594
. 49
B W xEF {"z

Waen U is in ft/aec g™ 2.16 ft/sec? sad HE 3 i £t2; vhen U
is in cn/sec, g sbo an/aec » and ;7 is in em€, For D1 Dy

spectra g2 = l.lzh (ﬁ) ard for N and B spectra 2 = U/w (M)°,
For all "our spectra Hyy - 1.6 o Thus

©) 3—3—?—-0.51(—%).%

gHyy
(o) —z-*0.12l
(9:7)

aH 2
(N) -G%’—- -o.zns%)

9
(B) "{JT"-G F

For Dy the conatan 0.131 a3 the dimension of sec% and for N
the constant 04216 see™2, Far a fully developed sea Fp = 0,177,
Table 941 gives :(pical values of H33 versug U for a fully developed
sea based on (9.7)
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TARLE 9,1
H33 VERSUS U
FOR FULLY DEVELOFED 3EA

Spectrum by b2 —N B

U_(lnots) Sigmticant Height, feet
10 1.6 1.1 T 2.8
15 2.9 2.4 3.9 Se?
20 LS L2 (634 10,9
25 6.3 6.6 13.8 15.7
30 8.3 9.5 21.8 22.6
35 10,5 12,9 32.0 30.8
ho 12.8 16.8 hho? - h0.2
is 15,2 21.3 60,0 50.1
50 17.9 2643 78.1 62,8
55 20,6 3.8 99.2 75.9
60 23.5 37.8 123, 90.4

Wave heights for D) are considerably lower than those far Do,
N, and B, because the D] spectrum is based on waves which ware
influenced considerably by shallow water, possibly bottom friction
and currents. Wave heights for D2 are lowsr than those for B by a
constant ratio of 2,3k, which would indicate that D2 is based on
waves not of a fully developed sea. Whereas F = 0,177 for the B

spectr;; the corresponding value for D2 would be F; = 0,177/2.3L
bad 0007 .

Wave heights for the N spectrum are quite comparable to those
for the B spectrum for winds between 25 and L0 knots. At LS knots

and above and 20 knots and below the departures become quite
noticeable.

Mecn Wave Period: If zero correlation exists between H and T,

it can bﬁ "‘mm thﬂ' the "“?‘“Od ‘““““‘""‘r’- “\:1 nﬂn—~—+‘rc A“ 4-‘-_:.
corraaponding period distribution function, where the zero moment
sboub the origin is used as the normalizing functicn. It may be
assumed that these wave periods correspond to those bamed on the
crest to trough method of analysis. It was shown earlier that
zero correlation quite likely exists between H and T for a fully
develoved ssa. From the above discussion ona may obtaln the mem
wave period.

00}
f Tst(T) at
7.0

JO SyeiTi di
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If zorc correlation exists T is also the significant period,
but if zero correlation does not exist, say for a young sea, then
(9+8) results in T instead of T, but this will not affect the
comparisons following.® Using (9.8) one obt w5 for the various
spectrat

T
0) =194
of 10 /9 £\
) 3777 (370)
ot 32

L) 70 * Vo #1064

T
(8 270" Fy

Optimue Period and Maximum Energy: The optimum period T
corresponding to maximum energy of the period spectrum is ohtained
from

dlS 2(T)I
H =0

aT
Thus
©) %!I.IZS
9T, 9 1Z
(Cy) -T,;LU—=3.57[»§;U]
9Top

N 7y T 100

gT
(8)  —fr = 1.027F,

) _ =~
+#As shown later the apparent wave period T is relsted o the mean

grest to trough period T,

9.9)

(9.10)

(9.11)




and

-3
™ [s T] 2x10 U2
D)) Ht( )mox.S X 1]

. N
(0,) [stm]mox 5.3 %107 4
-3 U‘
N s.om =a34x10 -
W [ K ]mox 9°
F‘Z 3
8 [s.em] =o0.279
®) [ 24 )]m“ )
and

(o) -—=0.93

.
(0,) "T’ =1.0715

N\ =——=0.94
T

T

| —2. 1027
T

For a fully developed sea Fy = 0,177 and Fp = 1,95, Typical
values of (952 (T) Jmax are given in Table 9.2; for the B spactrum

values are also given for F; = 0,106 and Fp = 1,0, a mcderately
goenerated sea.
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TABLE 9,2

TYPICAL VALUES OF [Sp2 ()] pax, F12/sec

Spectrum 5 B
u ! P2 N F~UT7  F0,106
Knots Fo=1.95 ¥a=1.0
10 0491 0,09 0.04 0oL 0,098
15 2009 0038 0.21 0.‘&7 0‘33
20 3,72 1,03 0,67 111 0,775
25 5,81 2.25 1.6l 2,17 1.52
30 8037 ho 26 30110 3-75 2.62
35 11.39 7430 6.30 5.96 L.16
Lo 1,88 11,61 10,75 8.90 6.22
I 18,83 17.51 17.22 12,67 8.85
50 23,25 e LS 26425 17.38 12,10
55 28,13 35.5L 38.L3 23.13 16415
60 33.L8 18,18 Shok3 30,02 21,0

Higher Moments: The n®? moment of T about the origin is given

by

©
Mo x = ™S 2(T)eT
n 240 H2

H

It can be chown for unit form ( v = T/f) that

Ms

=
T
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From (9.14) one obtains the standard deviation, skewness
coefficient and kurtosis, respectively,

. ::.:;)é.slta (9.15)
T,

T4~473 4672 42
04 ]

T en*

Table o3 swmarises ~.Gilte from the above oquations,

py 9.3
SUMMARY COF MOMENTS

Parsmeter

n Dz ¥ B
T2 1,005252  1.05002 Liolky  1,07818
{% 102213 LUSLY 13253  1.a30%6
or 0,0652 0,22l 0.3231 0,281
a3 "2.321 -0.2‘05 "0»3913 '-0.088
Qh: 100 20 7ll0 2o 779 20755

5. Elimination of Wind Speed from Period Spectra

The comparison of wave spectra in temms of wind speed is
not too satisfactory a method, sime thig comparison depends on
relations between wave height, wave period and wind speed, In
partiocular, the wind speed camparison is unfair for the Dy and
spectra which are based on gradient wind speed reduced to surface
wind spesd by Up « 1,50, The surfasc wind speed can be eliminated
from the various spectra, themby bringin? comparisons to & common
level. This is done by use of (9.6) and (9,9), whence
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— .2 - I_ ]
(o) SHz(T)'B.OS 2-(%,—, 5".7 0.91

T)=14.74 W2 L _2T
(9426)

54 (I
™

-
S

. 3 2ed -
W sem=E3) “TT—)}e

Py

R A

®  spMe27H Zge 0.675 )
wd

I4 is interesting to note that ths Hmonsional constents in
the D1, D2, and N spectra vanish. All spectra are in terms of two
maasurable quantities H and T, and the compariscns are on the smme
levele If zero correlation exists the period distribution function

is related to the period spectrum according to

plT)==5S 2(T) o1
(—H-‘); ’ (9.17)
?r in wnit fam
I
snelr) =2 pm; 72 'ﬁ! (9.18)
Sinee the area upder the e of p(t) 1s unity, the grea under
the ourve ofS.,,z(‘t' s m2. For D) and D spectra 7 = 1.l and
for X and B spectra n¢ = L/r » Thus
-5 [t-0.9I 2
(D) Sqpeir)=1Lé t2e [r-0.91]
2
(Dy) Spelr)=2127® [l-%—’-] 0<t <15
(9.19)

(B)  S,2r)= 3.437 e




2
®) piri=8.07 Tz,"’s'[T*O.sz]

4
(Bg) p(r)-ua.nﬂ[n--g—‘-] 0STELS

(9.20)
s, g2
(N) plr)= (%) T4e 9T

- 4
(: ] pir) =2 713 ¢ 0.678 7

Table 9.k gives values of Sy 2(T) versus T for various spectra.
The standard form of the period spectirw is reloted to normal form
by

-
. @ JH
st(T) %;)S.qz(t) o ?Snz(r) (9.21)

Data from Table 9.l are plotied in Figure 9.1 far the Do, ¥,
and B spectre; the D; spectrum is greatly pealed end out of range
of the otner tlives specirs, and is not shown in Figure 9,1. It is
of interest to .uote the degree of closeness between the N and B
spectras Both have the same ares, li/y , but the B speotrum is mcre
pesked and more nearly the shape of normal distribution. These two
curves cross in three places, at about ¥ = 0,28, 0,86, and 1.L43.
Although from Table 93 %), , the kurtosic, is slightly greater
for the N spectrum than for'the B spectrum, the B spectrum actually
has grester peakedness. Hence the word ®peakedness® instead of a),
could be misleading, The Dp spectrum has the lowost value of @), 5
but its peakedness is greater than either the N or B spectra, bu
?{en gf this is due to greater area under the Dp spectrum than under

oy Be
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TABLE 9,4

T= Ty 15 Dy % B
0.1 0,0002 0,001 0s002
0.2 0,020 0.024 0,05
03 0,033 0,058 0,092
Ouls G167 04263 0,216
0.5 0,001 04295 0,528 0.2
046 0,027 0.594 0.849 0.680
0.7 0.739 1,016 1,172 1.003
0,8 4,01 1.515 l.h2k 1.33%
0.9 94349 2,003 1,553 1,609
1,0 7,675 2,366 1502 1,750
1a 2,226 2.43Y 1,406 1,690
1.2 0,229 2,110 1,188 1.165
1.3 0,008 1117 0,928 1,099
Lk 0.513 0,681 0.707
105 oim 00383
16 0,300 0.169
1.7 0,185 0,061
1,8 0,105 0,017
1,9 0,084 0,004
2,0 0,028
Top 00931 1.0715 009h 10027

[8:2(7)] max 948 1,75

2.4 1.589

6. Physical Prorsities of the Frequency Spectra

Optimm Frequercy and Maximum Energy: The optimum frequency

Won, COTTesponding ¢o meximm energy of

d|S,2 (w)
—[J-i-———l_.ao

froms

dw
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frequency spectra is

(9.22)




9
D) ————=LI5
! Uw,,
T
. 9
0,) Uwgp 3'°°(21ru)
(9.23)
9 .l
N) Tugg :\/% leed
q = ‘ 5 -
18) Twep 55 F, *1.166 F,
and
U.
D)  Sy2 (“’)mux'o'°7l"q'z'
UQ.S
(02) st (U)rmx‘. 0.147 "9'2—_5'
(942k)

uﬁ
(N) Sy2 W max ® 0.033-67

2.12 FF Fp U®
03

B 2 (Whngy

typical values of [§2(w ) for various wind spueds for s fully
developed sea. For the B spectrm Fo = 1,95 vepresents a fui: -
dsveloped sea, and Fo = 1,0 a moderately developed seas

The units of is;;e(w) max Aare in £t2 sec. Table 9.5 gives
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TABLE 9,

TYFICAL VALUES [552(w )] max FI° oee
5%!'&&

B B
L & P F1»0.177 F1m=0,10¢
Knota Fowl 95 Fo~ldh
10 5.6 8435 0.72 AN 1.0
15 2845 Sl.7 8.2 n 746
20 8945 188 Lé.5 173 32
25 28 518 177 530 98
30 )353 1,170 5% 1,540 28y
35 2,340 1,318 2,830 525
o 1,135 14,200 2,880 5,400 1,000
s 2,300 4200 5,860 9,800 1,815
50 3,500 13,700 11,000 16,750 3,100
55 5,050 18,000 18,000 27,000 5,000
60 7,250 26,700 33,300 11,800 15750

ted Number of Zeros: Each time the surface elevation passes
water le a zero crossing is made. It was shown by
Rice (194S) that for a random process, the expscted nmber of zerca

is given by ]

j;ww’ S)y2lw)dw
EXP(O)= 2 - (9.25)

l. /(; Sy2 twidw

Fraa this relationship Pierson {}95h), and also Newmann (1955),
define an apparent mean wave period T, which is different than
obtained by use of (9.8), according to

?‘ (9‘\26)

(0]

|
77
@
j; JT—z Si2 mur]
L<o i

$,,2{7 14T
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It can be seen that the so-called mean apperart wave period
ies pothing more than

Wil W

Applying (9.26) to the variocus spectra one obtains

(o) ‘29,%-:1.22

7‘ 2r Z
(02) -g,?—,_,-sa.ss[Tl]
I 1A,
(N 55 = 5+/3 7 0.866
o7

-

The ratio of the apparent mean period to the mean wave period
hecomes

© z-- 1.02

(05) Y .0.694
T
.

N 5 0.82
7?

)] -?'40.83
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It is seen that there will be more appareni wave pariﬂds?

defined by the sero-up crossing method thun there ara perinda T
defined by the orest to trough method. One should expect more

than T since the crest to trough method neglects 5 small reversais
in surface slopes that cross the aero lime. If als chese bumps were
congidered in the analysis of wavez the distributions of boih H and
T might conceivably be different. Fr—-thormors, there would be mor~

T than 7, since there are also bumps in the troughs and on the orerts
of the larger waves, which rould not cross through sero elsvation,
(See Figure 2,6, Chapter II,)

The wive period corresponding to Wop is written as T of Wop OF
b {{ “’op) » Whare

T\ 9 (9.30)

The ratios of T( w op) to ¥ and ¥ are given below

(D|) ..TﬁToﬂ_s 0.96 l"‘gﬂ)__-o,94
Tiw, T
(0g) —(-%”—cus —%”—-1.30
: (9.31)
™) —F—T(%’) LIS T(;:p) = 1.4
T (W) T (Wop) _
® —?‘—n.w ookt
Spectral Width Parametar: The spectral width parameter,¢ , is
glven by
Y] 2
. fl- 22 .
€ \" My M, . (..32)

—~——
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where the n'® moment My of Sy2(w ) about the origin is obtained
from

© n
Mn'j; o $p2lw)dw

()  €=0.334
{6}  €=0.665

()] €= (Q.8I5

X
-
8 “\ /! nT
Iﬂ'tin —0.07
€ for the B spectrum for values of T/T,, are given below
T/Tain 2.5 3.0 3.5 L0 L5 5.0 6,0 10,0 20,0 60.0 100,0
‘ 0.29 04l49 0.58 0.6k 0,67 0,70 0.7k 0481 0.85 0,89 0,91
For ¥/Tyin = 10 the spectral width parameter for N ard B
spectia are comparable which could be interpreted, for exsmmple, the
N spectrus does not include wave periods less than 1,0 second far a
wave record having & moan periocd of 10 seconds, Similarly the Do

spectrum omite T < 2.3 seconds and ) omits T < L,0 seconds for a
record having a mean period of 1C ssconds.

Hi? Frequency vionshipss For large @ i varioup apsstira
reduce %O
o) Sewcem)’gtw?
€ o _72W
0  SpzlwixC,(27) glw 7—2-941
i~y

8) Syelw)zagw™s
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A\...Q!'A'h‘" to ths york of B‘.‘_“li!"’ ( m alen ﬂ\4114v\- (1957)b
the frequency spectrum for high rroquency (lu-go w ) should reduce
according tc the B spectrum. It was shown earlier for plus one
ocrrelation (infant stage of gensration) that 97(w) for high
fvequensy reduced proportional to w=9, Evident), *hers is = transi..
tion framw=Y to w=5, The Dp spectrum can be interpreted ss one of
young sea. This view is _gupported by the cauparative results in Table
9¢1¢ The N spectrum (w™°) is perhaps close to Hx‘at for a fuliy
develcpad sea. It is difficult to account for w™3 in the Dy spectrum,
exsept that I is based on waves which were influenced considerably by
shallow water and ourreuts.

Mean %emzz The mean frequency W may te defined when zero
correlation sts, and is cbtained fram.

0
. fw wsnz(w)dw

0
Thus
o) T-x0.904
us__ 10 [27u 1t
©) g3 [ 9 ]
n 3
u__ Lt
A
and
©) ng =1.076
P) 21l-=0.95
- ' (9438)
0, é” 1113
e L .im
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7+ Elimination of wind Speed from ¥requenoy Spectra

Further comparisons can be mads by sliminating the wind speed

from he various frequency spectra, and might be ma. vy uss of (9.6)
and (9.9) as befare, or perhaps wake use of (9.27) <r 19.37) instead

of (949)¢
relative to certain
satisfactory.

frequenoy spectra

©)

(Y]

W

8

3
st (w)=6.38 ;2’ Te

%l

=1
(]

=
~n

- =@
st(w)'ﬁ“—é%);' ‘/%(w)

If ons defines the relative frequency v=¥
frequency spectra becomss

©)

©)

-42.6[v'-0 985]2
spelvix9.2vte '

2
Sn2w)=30.00"[1-0.7v" 0553 0.7
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W) —42.6 [;;- - 0.985]

It matters little which is used since the oomparisony are
parametersy and it appears that use of (9.37) 4=
Using (9¢6) and (9.37) one obtains for the varions

(9.39)

s the unit form of the

{9.40)
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TABLE 9.6
S.,72( v ) VERSUS v

v 7)1 Dz 14 B
0.1
0.2
0.3
0.4 0,030
0.5 0.4428 0,058
0.5 1.2h4 0,943
0.7 0,0851 1.825 2,120
0.8 1,1230 2,232 1.896 2.33L
0.9 741300 3,086 1,688 1,945
1.0 9.11‘\1 20696 10358 l.hh9
1,1 4.9129 2,032 1,042 1,035
1,2 1.6581 1.k53 0,782 0.732
1.3 0.4kl 1,019 0,579 0,520
1.h 0.1042 0.710 0.1429 0.374
1.5 0.0243 0,498 0,318 0.272
1,6 0,005% 04352 0,238 04201
1.7 0,0013 04252 0,179 0,151
1.8 0.0003 0.183 0,136 o.21l:
1.9 0,0001 . 0,134 0.10L 0,088
2.0 . 0.099 0,080 0,069
2.1 0.07h 0,062 0.054
2.2 0.056 0,049 0,0L3
2.3 0.043 0,038 0,035
2,k 0,033 0.031 0,028
2,5 0.025 0,025 0.023
2.6

Yop 0.97 0.857 0,77 04774
[0 )] gy 9:50 3.09 1,93 2.3
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If one is interested in the probablility distribution function
for frequency variability, it follows.

- 2
-4 —42.6[v"'-0.985
(0) piv)=6.38v ‘e ( ]

2
©) pw=20.8+""[1-0.7+7"]
\ (9thl)

2 _, —32r ,-2
M p=2(3T) v T Y

-4

® olv)= /7 v 3¢ ViE Y -

Table 946 gives values of Sp2(v ) verswsvfor various frequency
spectra.

Data from Table 9.6 are plotted in Figure 9,2 for the Dy, N,
and B spectra. It is of interest to note the closeness betwesn the
Dy, N, and B spectra. When all threc spectrs are in wnit form, and
if the smme mean wave hsight and mean wave period were predicted
for esch, there would be 1little disagreement between any of the three
spectra, except thzi the ares. under Dy is larger than that under
either N or B by a factor of L.l ¢ L/r . However, in standard form,
using the wind speed as a parameter, there certainly is considerable
disagreement between the various spectra as the wind speed changes.
Evidently methods of measuring wind speed and wave heights and
periods are critical factars.

8. Distribution of Periods

Two definitions of wave periods have besh wsed, T, the wove
period by crest-to~trough method, and T, the wave period by zero-
up crossing method, Fram (9.29) it is seen that the mean of these
two periods is related by s consiants From the analysis of the data
on wave peviod variability, Chapter IV, it appears that the same
distribvtion function might apply for either method of apalysis,
whence

pi?)dT = plr)dv (9.42)
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where

?’-; and T'_’TT;

Actually the apectrum proposed by Newmann (1955) is assumsd
to be based on T rather than T, but thess are interchangsable by
use of (9.29). The statistical parameters given in Table 9.3 for
N and B spectra and Figure 9. imply that these two distributions
are nearly the same; assuming zero carrelation applizs for either
spectra.

9+ Mean Square Sea Surface Slope

The mean square se’. -irface slope is given by

. F®
o2eg [) WSz (TIAT, where

(9.43)
. 21r ‘L‘!' (2?)2
8T =
9

Thus

)  o*=1.03x10" &

D) o%s9.0x |o°‘('—%)2
(901&’1)

N o2x0.56 x |o"%

2
2 Fi

®  of=0.43) —5 [~ 107 pin-0.0671]
2
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It is noted that o2 varies as UL for Dy3 U2, for Dp; U, for N;
and depends on gF/02 for B when cero correlation exists, and becomes
independent of gF/U2 for a fully developed sea.

The solution of (9.,43) might also have been made by use of (9,16),

in which case one obtaing:

-
O)  o2=0.268(2m) —H

¢éi*
=
©) o?=0.3as2w) =ty
Q°(m)
=
N o?=0.852m)’ .,
g%(m

-
®  02=(0.34N27 ) [-InTpin~0.0671) 2y
0

It is important to note that all four spectra predict o2 in
termms of tho same non-dimensional parameter, related to the square
of the wave steepness, and this is as should be expecteds According
to (9.45),02 given by all four spectra might be interpreted as a
function of simee in general wave steepness is a function of
gF/U?. .‘)E:q. 9.1;55 can be transformed into (9.Lk) L7 use of (9.6)
m 909 L]

Whereas o2 predicted from §9.hh) results in larger differences
for ssme measured wind specd, o¢ predicted from (9.,4S) results in
lesser differences for same measured wave heights and periods. The
most nearly correct spectrum, and also forecasting relationships as
a matter or fact, is thai +ich satisfies best o< from both {9.Uls)
and (9.L45), correspondingly,

For Tpin * 0.1 (corresponding to Tyin = leO-racond foar a 10
second mean period or Tpiy = V.5 second for a 5-second mean pexriod)
botl(m Nhax)xd B spectra predict almost identical valves of o<« acearding
60 (9.15)

i70

(9.k5)

L_m‘
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Siace o? . = 0.1 all four spectra of (9.hk) fail for same high

value of if/(.‘f)h, prior to critical steepness of H/L = 1/7 for all
gravity wsves. This should be expected, since (9.45) applius to a
fally developed, or near fully developed sea, Sn which case critical
steephess does not existe For a younger sea t. general fora of the
B spectra, including correlation, predicts o = 0.1 coincident
with oritical steepness for all gravity wavss H/L = 1/7, For the
fanily of B spectra o2 as a function of H33/T21/3 may be obtained
from Table 8,2 of Chapter VIII,

The above discussion is limited to gravity waves only, Tmin = 0.07L
second. Bccording to the measurements of Coax and Munk (1956) it was
found that on the average the mean square sea surface slope measurements
were zbout 3.3 times greater for a clean suwrface than for an oil slick
surface under simllar meteorological conditions, It has been inferred
by Cox and Munk (1955) and Newmann and Pierson (1957) that the
measurements from the .lick suwrface represent only the gravity wave
components and that the clear surface includes both capillary and
gravity waves,

Although the B spectra is not intended to include capiliary waves,
it is tempting to assume that capillary waves might be included. For
if such an asmmption is mada, one may investigate the contribution of
o2 due to capillary wavis, since o2 is proportional to the megative

*. of 1n Tine For sxample. if Twin = 0,0025 secod (far into the
“vapillary range) instead of 0,074 second, o2 will be increased by

0207l w 3,);, However, there is no excremely lower limit to which

crng r;igh Justifiably take Tpiy, sincs at Tpin = 0, the equation pradicts
oc nlD,

10, Reported Data Suitable For Wave Spectra Camparisons

Reported data can be used to check the various proposed spectra,
provided these data are applicable to conditions for which the spectra
are intendeds Although some data are available and a comparison is
made with the varjous spectra, it mudt be emphasized that a concrete
conclusion in v~gard to the wave aspecira is somewhat difficult.

Msan Square Sea Swrfacs Slope Measurements: Data are reported
0n me&n square sca surlace siope E'i Schooley (195h), Cox and Munk

(1956} and Fammer (1956).

Schooley's measurements wore made in the Anacostia River. ‘There
is some question us to whether conteminmation of the river surface had
any effect on the capillary wave components. The river fetch is very
sh..1, and for the wind speeds experienced, cannot be compared with
the spectra for fully developed ssa.
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Measurements by Cox and Munk were made under two conditicns,
normal clean :sea surface and a surface covered with oil slicks.
Measurements for the clean surface include componenta of ol due to
capillary wavas as well as gravity waves, wher-is thoss for the oil
£lick surface eliminate capillary wave effects, What other sffects
the oil sliok has on ine processes between wind and gea are not
known. The measurements were macde for fetches on the southarn cide
of the Pacific high, near the Hawalian Islands, and in gersral te
fetches were on the order of 1,000 nautical miles. Larbyshire (i957),
however, pointed out that these measurements were csrried out in a
sea surrounded by small islands and the actual fetch did not exceed
S miles. Newmwann and Pierson (1957), on the contrary, claim thst
waves froi: the open sea could havs passed through the gups in the
islands by refraction and diffraction. Along with the mesasurenents
of 2 Cox and Munk (1956) also repart visual observations of
significant waves, heights within * % foot and periods within * %
second. These observations show that the effective fetch is greater
than 5 miles. Evident.y the waves generated over the long fetchea
are refracted and diffracted, and in addition, locat wind generated
waves are superimposed thereon. A careful reviow of the wave
observations seems to point to the fact that this is the case. For
same of the records the waves are prodominantly swell, since the
corresponding winds are much too low to generate the reparted waves.

The measurements of Farmer (1976) were taken on the southern
side of the Bermuda high, but there is some quastion as to an errar
by a factor of four in the calibration, In general, Farmer (1956)
states that his measurements are in fairly good agreement with
those of Cox and Munk (1956).

From tne above it seems approrriate only to caisider the data
of Cox and Munk (1956). Figure 9.3 shows a comparison of 02 versus

[H33,'1'21/3] 2 for the data and the various spectra. The D, Do, and

N spectra show a linear relationship with respect to the square cf
the steepness psrameter, The gsneral form or family of B spevtra
is used for the corresponding o¢, which are given in Tavla 8,2 of
Chapter VIII, The scatter of data is great and a very low degree
of correlation is found between observed and predicted 72 for any
of the four spectra. The overall mean of ¢2 is in closer agreement
to that predicted from the B spec¢tra than from either D3, Do, ar N
apectra., It is not difficult to account for much scatter of the ’
data, since o2 is proportioral to H332 and inversely rroporticnal

to T41/3« Mean values of significant waves for these data are about
H33 = L feet and Ty /3 = L seconds. If these observations are
within * % foot and "% % second, the maximum range in scattor from
the computed o2 will be a factor on the order of 0.5 to 2.0, there-~
fore, no coriclusions can be made in regard to Figure 7.3, except
that all spectra seem to predict o2 between the data for clean
surface and that for slick surface,
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Figure 9.1 shows a camparison of o2 yersus wind speed for tho
data and the various spectre. Oily ths data for the slick surfece
are used, since ali spectrs are intended to exclude capillary waves.
For the data Cox and Munk (1956) present statistical linear relation-
ships for o2 versus wird speed for both a ole»: swrface and ~ slick
surface. In case of the clean surface the re. .ionship is very good.
Yor the slick surface there are two few data to place much confidenca
in ths linear relationship. In fact, ihe data appear to it a cwrved
relationship squally well i.s not bettar. The D2 spectrum piwedicis a
parabolic relstionship of o¢ versus wind speed, but the curve is
reverse to that indicated by the data. The N specirum predicts a
linsar relationship of o2 versus U in fairly good agreement with
the staiistical least squares relationship of Cox and Munk (1956) for
the data from slick surfaces. The family of 3 spectra predicts
curved relationships of ¢ versus U for different fetch lengths, and
appears to be in fairly good agresment with the data, provided the
effective fetch is loas than 100 nautical miles. The eiact effective
fetoh lengihs for oi® -110k surfaces applicable to these data are not
known. Baged on both Figures 9.3 and 9.4, it is believed by the
present author that the arder in which agreement is best between data and
spectra is B, N, Dy, and D), recognising that opinions of others
may be N, B, Dy and D), or same cther order.

ctrux: From Data on Preject SWOP: Project SWOP,
Chase N , Plerson, bonne, Stephenson, Vetter, and Walden
(1957) is the first comprenensive projood of 1o kind for obtainine
the energy apectrum of waves under one particular meteorological set
of corditions. Newmann and Pierson (1957) have concluded that the
messurements from project SWOP verified the Newmann spectrum, at
least for one particular wind speed of 18,7 knots. Darbyshire (1957),
although appearing to agrce with the conclusions of Neumann and
Pierson, remarks that the situation may not necessarily be a typical
deep wvater one; the measuraments were carried out at a point
approximately 300 miles south of Nova Scotia and about 100 miles to
the southeast of the nsarest point on the 100-fathom line and
the waves might have been affected by the Gulf Stream. What actual
effects these ccndltions have on the distortion of the spsctrum is
Cifficult to assess. and is a problem for future studies. It is
the opinion of this author, however, since the wcasurements were
sufficiently remote from the major part of the Gulf Stream that its
effect is perhaps insignificant.

Figure 9.5 shows comparison of the N and B spectra with the
data from SWOP, whera k = 90 seconds as used by Neumann and Pierson

N
(3957)s In order to determine the B spectrum it is necessary that
71 and P2 be determined. It is reported in SWOP that the significant
weve height was 5.6 feet, vhich is also in agreement with that
predicted by the Neumamn equation for an 18.7-knct wind, This
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corresponds to H = 0,625 (6.6) = L1 feat, from which F) = gfl/ge = 0,133
and gH33/y? = 0,213; from Fi 8e1 of Chapter VIII this corresponds
to gF/g2 = 28,000 and (gly/ 5/2,,0 = 1,13, and the minimum fetch length
is 142 nautical miles. It ia seen that this corresponds to nsar zero
corielation, whence Fp = gf/oy = 1.13, For a o. “elation coefficient
rin, \) = +0,2, Fp = 1,13/ ‘jl + 0,6 r = 1,065 ana rar r(y, A) = +0,k,
Fp = 1,02, Figwre 9.5 for the B spectrum is based on r(n, A} = 0,

Fy = 0,133 and Fp = 1,13, The area under the B spectrum 1s equel ‘ic
that urder the N spectrum, (4/m)(H/2)2 , and this should be expectsi
since both spectra utilise the same valve of H. The condition of fully
developed sea has not yet been reached according to ths B spectrum.

For much greater fetch lengths and wind duration, Figure 8.1 would
predioct H3g = 8,7 feel instead of 6,6 feet, in which cuse the ares
under the B spectrum wowd be 1,74 times that for the N spectrum.

However, sinoe H33 » 6,6 feet was reported, this value shonld be used
instead of 8.7 fest to determine Fy and F2.

The area under the uumputed spectrum from data on project SWOP
is about 20 to 25 percent greater than that wider either the N or B
spsctra. The peak of the computed spectrum is almost exactly verified
by the B spectrum, but if the computed spectrum is multiplied by 0.8
to make the areas under all curves equal then ths pealk of the N
spectrum is almost exactly verified, The high frequency. end of the
camputed spectrum is almost exactly verifie4 by the N gpectrum, but
if the computod spectrum is multipiied by 0,8 then the high frsguency
end of the B spectrum is almost verifisd. It is reported by project
SWOP that a certain amount of white nolse was presented and the aata
had to be corrected accardingly. The greatest smount of whits noise
is associated with the high frequency components., If the data had
been corrected for twice the computed white noise inatead of only the
camputed white noise, the area unde: the computed spectrum would be
very nearly equaX to that under either the N or B spectra, In this
case the peak of the computed spectrum changss very litils but the
high frequency comporents change appreciably with the result that
the B spectrum is verified almost exactly for all frequencies. It
appears that this would be the logical corvection, since the B
spactemm for higz frequency verifies the work of Burling {1955) and

[ )

" Pnillips (2957)

There is a slight charce thst correlation r{(7,)) is not zero,
since the relationship of gF/2nU (Figure 8,1) is mted from
lower values of the fetch parameter. Perhaps the ] value of
r(n.\) is less than +0,2, If this be the case, the rosk of ths B
spectrum is raised slightly and shifted towsrd high frequency
components, For r(m,\) = +0.}4 the peak becomes more pronounced
and shifts further toward high frequencies, such as illustrated in
Figure 9,6, Actually, there is little difference betwsen the 3
spectrum for r(n,)) = 0 and r(n, \) = +l, since thes:, curves are
within the 95 percent confidence limits for r(n, \) = +0.2, Thus
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it is fair to assume “hs B gpectrum for r(7.)\) = 0 is satisfactory
for the comparative test between the N gpectrum and the cauputed
spectrum, It was not intended to amit the Do spectrum from the data
1(;es§ .f).‘or project SWOP, since this wse covered by Nowmann and Plerson
1957)e

It is only logical that this writer be inclined to stress

ference for the B spectrum, recognizing that Neumann and iferson
1957) prefer the N speotrim, and Darbyshire (1957) the D2 spectrum.
(ne important fact, however, which is in agreement with all concerned,
is that the family of B spectra is one more theoretical expression to
be tested for use of future data. For such a test to te made, the
correlation coefficient r(7,A) as wll as H and T {crr A E and k)
must be determined,

11, Comments on Decay of Wind Generated Gravity Waves

When waves dec., in deep water the longer period waves travel
faster and farther than the shorter period waves. In this process

the steepness decreases and the correlation rotates to greater positive

values, The general fom of B spectra still appliss, since now B and

¥ are functions of the decay parameters instead of the fetch parameters.

The unit form of the B spectra again becomes peaked and narrow, since
the area under the curve is still 4/ ()2, However, since T1/3
increase and H33 decrease with the increased decay distance the area
under the curve as well as the peak decreasss for the standard form
of the B spectra, At & particular decay distance the peak of the B
spectra increases with time, since the mesan wave period decreases
with time, Theorevically for a fixed decay distance the msan period
should decrease to its ariginal valus in the fetch area after a time
acual to that required for the shortest period waves to be propagated
to the fixed decay distance. However, since the small heights
contributing to the mean in the fetch area will have been attenuated
beyond measurement, the msen period at the fixed decay distance will
never decreass to a value as low as that in the fetoh area.

When deep water waves are propagated over shailow water, the
long period waves feel bottom first and become attenuated, resulting
in a shift of energy to lower wave periods, opposite to the siift of
energy for decay of deep wator waves over deep water. Cbservations
in the Gulf of Mexico indicate a decrease in significant wave period
shoreward from deep water for onshore winds, This causes a rotation
in correlation coefficient from positive to zero in deep wator
toward negative in shallow water,

The final distribution of waves and the wave spectra depend on
the initial conditions at the end of the fetch and in the fetch, and
the method in shich decay takes place, Refraction ana diffraction ~s
well as possible breaking waves will also contribute to the form and
shape of the wave spectrum at the end of a decay distance., This
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problem, however, is far from being solved at present, Figure 9.7
is an illustrative scheme uhich might be worthy nf further con-
sjderations. This figure depicts a steepnass parameter, H33/T1/32,
(H/(T)2 could also be used)| as a function of rutaticn of the
regression line of H on T2, ~The curves for '‘e desp water decay
zone result fram decaying over desp water ele, -ta of the Zloint
distribution function for zero correlation. The decay function
from Sverdrup and Munk (1947) was used, although same othsr
calibrated decay function might have been uwsed. A whole fauily of
such curves exist, depending on the stage of gensration when decay
commences., Curves for e shallow water wave some resuli from
deoayinrz over shallow water elements of the joint distribution
function for sero correlation, taking bottom friction into sccount,
Use was made of the dissipation function originally presented by
Putnam and Johnson (1949), and spplied by Bretschneider and Reid
(1954). Only ons condition was investigated, and that was for a
bottom of constant depth. Evidently a whole family of such ocwrves
exists for a bottom n* ~ongtant depth, anl perhigs relationships are
possible for a bottom of constant slope, or far the Continental Shelf
area. Computations as well as the data show that rotation of
correlation is positive for waves decaying in deep water and negative
for shallow water. If the initial correlation is positive, say for a
very young sea or for deep water swell, it is also possible vo cbtain
2er0 or negative correlation Jhen further decay takes piace cver
shallow weter, Such conditions are sxpected over the Continental
Shelf area.

A forecasting method is desirable which will predict not only
the characteristic heights and periods dbut also the oorrelation
coefficient. Such a method would permit the deteminstion of the
mean wave period of the highest p-percent wave heights. In this
respect the joint distribution function is equally as imporiant as
the wave spectral function. In fact the joint distribution funetion
rmay be more desirable, since the wavs spectral function evolves from
the joint distribution function, whereas the converse might not be
possible., Perhaps & filter technique, similar to that utilived by
Plerson, Nemmamn, and Jamss (1955) might be quite useful. However,
any of the shove methods, whetlier used individually or collectively,
require refinements and calibration, using reliabtle wave data, It
is believed that in futws analyses of wave data much might be gained
by determining correlation ccefficisnts as well as characteristic
waves and ensrgy spsctra.
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SYMBOLS

wave amplitude, alsc wxed 23 a constant
constant = 0,927

congtant

wave celerity, also used as a canctard;
desp wvater wave celerity

wave celerity in shaliow water
constants

group vel_ocity of waves

water depth

wave energy

exponential integral

fetch length

/2

gl/2nu

functions

frequency of occurrence of data for class i
accelerstion of gravity

wave height (STANDARD FCRM)

individual wave height

mean wave height

mean of highest SO-percent wave heights

mean of highest 1/3 wave heights or significani wave
height (also H1/3)

nean of highest 10-percent wave heights,

mean of highest l~-percent wave helghts
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' Bpax naximum wave height, and also wist probable mudimum
: : height
1 - -
k = 24/L wave number, and also

k - 96/2+r seconds for computed spectrum

K, Ky constants
L wave length (STANDARD FCRM, used in terms of L = T2, sac?)

. ae

Lo = g1%/2m  deop water wave length

PRV S S e SOOI

Lg wave Jangth in shallow water
; Ly individusl wave length (used in tems of Lj = Ti?, sec?)
‘ T mean vave lengt!. (used in terms of L = ;5)
w Lgo mean of longest 50-parcent wave lengths
3 35 mean of longest 1/3 wave lengths
P In0 mean of longest l0.perceut wave lengths
g Iy mean of longest l-percent wave lsngths
Lnax maximum wave length, also most probable maximue length
5 M moment
» Mn n* moment about origin
3 m slope in cquetion y m mx + b
% N total mwber of waves in a record
3 n ~  order of data frmn =1 ton=N
n}, n2 degrees of freedom
b P used to denote cumulative probability
o] used to denote provability density

p(n), p(H) probability density of wave height
p(N), p(L) probability density of wave length

p(7), p(M rrobebility density of wave period
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T e =

e e r—— . v—

P("l A)s P(’ﬂ T)’
2l,L), p(HT)

PNy P (n)
Q'y 1, Q
S15 Sy
81y S\
Spy St
gzgg, 8,(n)y
$,2(N)
S.,,z(r)
S,,,z(v)
Si2(T)
Sy2(w)

-

g O < w‘g»-s N3
o

joirt probability densities

conditionsl probability functions
related to wave energy

standerd deviation of wave height
standard deviation of wave length
standard deviation of wave pericd

swmetion functions, also A-spectra of 7, n~spectra
of n, and T~ spectra of 7, respectively

\ -spactra of 72

T ~-gpectra of ,02

v-spectra of 1)2

period spectra (of K°)

frequency spectra (of H?)

wave period (STANDARD FORM, crest to trough method)
individual wave period

mean wave pe.xiod (crest to trough method)

significant wave periéd, period of highest 2/3 wave
heights

apparent wave period {zero-up crossing method)

mean apparent wave period (zero-up crossing method)

optimm period (for period spectra)

time or duration

surface wind speed

gradient wind speed

norizontel particle velocity, also vzad in
sxprocsione for gmmma and noymal ¢i:-

¢ribution functicns, and far changs of
variable
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vertical particle velocity, alss used for change
of variable

horizontal distance, also used in differential dx

used in change of variables

jonstant 7,4x10"3

skewness coefficient,dqy = Ggp)dyy, =0y,
237 « 43 for wave hexght, lehsgth, and

periocd, respeciively

gamma fynction

increment of X\

elemont of ensrgy for camputed pectrum

spsotral width paramsuer

wave height (NCRMAL FORM)

mean of higheat p~percent heights

mean height of longest p-percent lengths

mean height of longest SO~percent lengths

meari height of longest 1/3 lengths

mean height of longest 10-percent lengins

mean height of longest l-percent lengths

height of longest wave length

regression 1ins of Mon A

rhase position

wave length (NORMAL FORM) .

mean of longest p-percent lengthe

mean length of highest p-percent heights

mean length of hizhest S0-percent huishhs

mean length of nighest i/3 neights
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mean length of highest 1O-percent heights
mean length of highest . -ercent heights
length of highest wave

regression line of A on 7

wave frequency (NORMAL FORM)

elavation of wave surface and i» 2 function of

paase positicn

3.6

mass donsity of waterj true value of correlation

coefficient
mean square sea surface slope
wave period (NORMAL FORM)
mean period of higheat p-percent heights
mean period of highest S0-percent heights
mean period of highest 1/3 heights
mean period of highest 10-percent heights
mean period of highest l-percent heights
period of highest wave
optin;m period (T -spectra of n2)
probability integral
angular frequency (NORMAL FORM)

optimum frequeizy (w -spectrs of n2)
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