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F OREWORD

The determination of wave characteristics and the interrelation of

these characteristics is an important part of many coastal engineering
problems. The average height of a particular irre'ular wave train in
nature may be determined and estimated either from observation or from

prediction, but frequently of equal importance is the va iability, or
degree of variability, of preceding and succeeding waves about this average
value. How much higher is the maximum wavc, how many times per hundrcd
waves is it apt to occur, with what particular period is it most z.)t to be

associated, what is the relation between wave heights exceeded a certain
percent of the time and the probable wave periods associated with these
heights, etc., ate all questions which are important to the design of
coastal structures.

A number of wave records from a wide variety of locations have been
subjected to a statistical analysis, and distribution functions of wave
heights and periods derived. If the wave length is regarded as equivalent
to the wave period squared (as is assumed in this report) length distribu-
tion functions may also be derived. The joint distribution relationships
between length or period and the wave heights have also .een obtained.

Following these distribution functions, an analytical expression for the

families of wave spectra has also been derived. These spectra have been
compared with those proposed by others and are found to be in good agiee-
ment with available data.

This report was prepared by Charles L. Bretschneider, a Hydraulic
Engineer in the Research Division of the Beach Erosion Board, which is
under the general supervision of Joseph M. Caldwell, Chief of the Division.
Although the major portion of the research described in this report was
carried out as a regular part of the approved research program of the

Beach Erosion Board, the wc-k was originally initiated at the Agricultural
and Mechanical College of Texas as a doctoral dissertation by the autior.
The work was carried on by the author at the Board, and submitted as a
dissertation at Texas A. & M. in January 1939. As such, it went through
the usual college channels, and received normal editing by the English

Department there. Sulsequent to award of the Ph.D. degree, only minor
modifications have been made in the report. At the time of publication
of this report Major General W. K. Wilson, Jr. was President ot the Board,

and R. 0. Eaton was Chief Technical Advisor. The report was edited for
publication by A. C. Rayner, Chief of the Pzject Development Division.

Views and conclusions expressed in thl report are not necessarily
those of the Beach Erosion Board.

This report is published under authority of Public Law 106, 7 'Y'-
Cngt-. , apprmved July 31, 1945.



CONrPNTS

Abstract

CHAPrER I - INTRODUCTION

1. General 
3

2. Scope of Present Investigation 4

3. Basic Considerations in Regard to Theory of

Surface Waves
4. Complex Nature of Ocean Waves 8

CHAPrER ii - SOURCE AND NATURE CF DATA

1. General 
11

2. Source of Data 
11

3. Nature of Data 11

CHAPTER III - WAY- VARIABILITY AND MARC7NAL DISTRIBUrIONS

1, General 
27

2. Standard Form and Normal Form 27

3. Marginal Distribution for Wave Height 
28

.Putz Distribution 
28

Rayleigh Distribution 
28

Average Wave Height for Heights Greater tha

a Given Height 30

4. Matginal Distribution for Wave Length 
33

5. Marginal.Distribution for Wave Period 
33

Putz Distribution 
33

Period Distribution from the Rayleigh Distribution

for Lengths 34

6. Summary of Statistical Parameters 36

CHAPrIER IV - STATISTICAL ANALYSIS CF NAVE DATA FOR
MARGINAL DISrRIBUrIONS

1. General 
40

2. Wave Height Variability 40

Mean Wave Height 
40

Mean Square Wave Height 
40

StandarQ Deviation from the 1ear 40
skewi 5 Coef-cent41

,verage 'lave geight, f 'r Heig)io Greater than a

Given Heigiht 41



Page

3. Wave Lengtb Variability 44
Mean Wave Lengtn 45
Mean Squaz Wave Length 45
Standard Deviation from. the Mean 5

Skewness Cceff icient 46
Averagp Wave Length for Lengths Longer than a

Given Length 46
4. Wave Period Variability 49

Mean Wave Perind 49
Mean Sqtiare Wave Period 50
Standard Deviation frem the Mean 50
Skewaiess Coefficient 50

Least Square: Relationships 53
0. Relationshipb bel-cn Wave Period Variability avid

Wave Length Variability 55
7. Cumulative Distribution 55
8. Extra Long Wave Record from Gulf of Mexico 56
9. Extra Long Wave Record from Lake Texoma, Texas 57

10, Wave Data from Step Resistance Wave Gage Versus
Pressure Gage 6C

CHAPrER V - WAVE VARIABILITY AND JOIPT DISTRIBUTION

1. Ger,eral 73
2. Som: Basic Concepts on Joint Distribution ?3
3. Special Cases of Joint Distribution 75

Case I - Non-correlation r = 0 75
Case II - Correlation Coefficient r = +1.0 78
Case ITT- Correlation Coefficient r = -1.0 79

4. Summation Function so
5. Mean Wave Steepness $z
6. Mean Period of Wave Heights Greater than a

G ivea Reight 83

CHAPrER VI - STATISTICAL ANALYSIS CF WAVE DATA FCR
JOINt DISTR!UrfION

General 86
2 Correlation Coeffici'nt
3. Mean Wave Heigl.t ot W ave Longtts Greater than a

Given Length 87
4. Mean Wave Length of Wave Heights Greater than a

Given Height 90
5. Mean Wave Period of Wave Heigh's Greater than .

Given Height 94
6. Percent of Waves in Quadrants 97
7. Confidence Limits for Correlation Coefficients 100
8. Test for Linearity of Regression 101



CHAFlER VII - A THEORY OF WAVE SPECTR.A IROM JOINr
DI STRIBUr ION

1. General 108
2. Energy Considerations 108
3. Derivation of X Spectra of 71 110
4, T-Spectra of 772 113
). Period Spectra 114
6. Frequeny S-oetra 114
7. Prorerties ot Wave Spectra 115

Peak of T-Spectra of 172 115
Relation of Optimum Pericd to Significant Period 116
Mean Square Wave Steepness 117
Mean Square Sea Surface Slope 119
Spectral Width Parameter 122

CHAFrER VIII - GENERATION (C WIND WAVES IN DEFP WATER
AND THE WAVE SPECTRA

1. (,eneral 127
2. Deep Water Wave Generation Parameters 127
3. Wave! Spectra in Terms of Generation Parameters 128
4. Evaluation of Upper Limits for Wave Generation 129
5. Evaluation of Lower Limits for Wave Generation 132
6. Transition Zone 134
7. Duration Graph 134
8. Wave Generation Parameters 136

Mean Wave Steepness 136
Mean Square Sea Surface Slope 139
Spectral Width' Parameter 139

9. Instrument Attenuation 140
10. Comments 'bn C-itical Wind Speed 141

CHAPrER IX - COMPARISON OF VARIOUS PROPOSED WAVE SPECTRA

1. General 146
2. The Vario:s Proposed Spectra 146
3. Evolvement of Pr,posed Spectra 148

D, - Darbyshire (1952) 148
D2 - Darbyshire (1955) 149
N - Neumann (Il)55) 149
B - Bretschneider (1958) 150

4. Physical Droperties of Period Spectra 150
Energy 150
Mean Wave Period 152

-- riod and Mia-mum Energy 153
Higher Moments 13,

I



5. Elimination of Wind Speed from Period Sp"-tra 1566. Physical Properties of Frequency Spectru 15QOptimum Frequency and Maximum Energy 15sExpected Number of ZerosSpectral Width Parameter 
163High Frequenc7 Relationships 
164Mean Frequency 
1657. Elimination of Wind Speed from Frequency Spectra 16b8. Distribution of Periods 
1689. Meat, Square Sea Surface Slope 
16910. Reported Data Suitable for Wave Spectra Comparison 171Mean Square Sea Surface Slope Measurements 171Computed Spectrum from Data ort Project SWOP 17311. Cownents on Decay of Wind Generated Gravity Waves 175

Acknowledgements 
181

Bibliography 
182

List of Symbols

188

Iv



TABLES
umber Page

2.0 Source of Data 13
2.1 Descriptive Data for Twenty-five Ocean ve Records 14

2.2 Descriptive Dr.ta for Twenty Wind Wave Records from
Fort Peck Reservoir, Montana 15

2.3 Descriptive Data for Twenty Wind Wave Records from
Lake Texoma, Texas 17

2.4 Descriptive Data for Hurricane Wind Wave Data,
Lake Okeechobee, Florida 17

2.5 Descriptive Data for Wind Waves of the Gulf of Mexico 19
2.o Descriptive Data for Hurricane "Audrey" 20
..7 Descriptive Data for Wind Waves. Berkeley Wave Tank 20
3.1 Values of Average Wave Heights above a Given Height 32
3.2 Most Probable Maximum Heights 33
3.3 Summary Statistical Parameters 36
4.1 Summary of Wave Height Data 42
4.2 Summary of Deep Water Wave Lepgth Data 47
4.3 Summary of Wave Period Data 51
4.4 Least Squares Relationships Through Origin 34
4.5 Summary of Wave Heights for Continuous Record 57
4.6 Summary of Wave Periods for Continuous Record 59
5.1 Joi Distribution of H and T fc. Ze.o Correlation 77
5.2 Mean 77 of Highest p-percent Waves 84
6.1 Summary of 7 for XS0, X 33, 1 10' and X max88
6.2 Summary of X for 7750, 7733, 710, and 7 max 92
6.3 Summary of T for 7150 , 7 3 3 , 7710, and7max  95
6.4 Summary of PI, PII, PIII, and PlY 98
6.5 95 percent Confidence Lirnits for Correlation

Coefficient,, 101
6.6 Test for Linearity of Regression 103
7.1 Top and T(173 3 ) Versus Correlation coefficient 116
8.1 Summary Deep Water Wind Wave Datu (Fort Peck

Reservoir and Lake Texoma, Texas) 135
8.2 Summary of Deep Water Wave Generatin Parameters 137
9.1 H3 3 Versus U for Fully Developed Sea 152
9.2 ypical Vaiuos of SH2 (T)max 1,5
9.3 Summa/y of Moments 156
'.4 , ) Versus T 169
9.5 Typical Values of (SH 2 (W) )max 161
9.6 3 ,,,2 ( Y ) Versus Y 167

V



F IGUIRES

Number page

1.1 Example Sinusoidal , ve 10
1.2 Typical Ocean Wave Record from Putz (1952) 10

1.3 Scatter Diagram of H and T for Hurri -,e Audrey'
1957 10

2.1 Location Map - Pacific Ocean 21
2.2 Location Htap - Port Peck Reservoir 22

2.3 Location Map - Lake Texoma 23
2.4 Location Map - Lake Okeechobee 24
2.5 Loction Map - Gulf of Mexico 25
2. 15 Methods of Wave Record Analyses 26
3.1 Comparison of Rayleigh Distribution with G&.mra--

type Distribution 38
3.2 Comparison of Wave Period Distributions 38

".3 Distribution Functions for Period Variability

and Height Variability 39

4.1 SH Versus H- 61

4.2 a3H Versus H 61

4.3 H50 Versus R 61
4.4 H3 3 Versus H )I

4.5 H10 Versus H 62
4.6 Ha x Versus H 62

4.7 SL Versus L 62

4.8 C3L Versus L 62

4.9 L50 Versus L 63

4.10 L3 3 Versus L 63

4.11 LIO Versus L 63
4.12 Lmax Versus L 63
4.13 Sr Versus T 64
4.14 anT Versus T 64
4.15 Wave Period Standard Deviation Versus Wave

Length Standard Deviation 64
4.16 Wave Period Skewness Coefficient Versus Wave

Length Skewness Coefficient 64
4.17 Cri_,mqat 4 ,,e D.str jtLons for7'and A 65
4.18 Cumulative Distributions for Y7anaX 65
4.19 Cumulative Distributions for 7andX 66

4.20 Cumulative Distributions for 7andX 66
4.21 Cumulative Distributions for 1 and X 67
4.22 Cumulative Distributions for 7andX 67
4.23 Cumulative Distributions for ?andX 68

4.24 Cumulative Di~tritution for "? 68
4.25 Cumulative Distribution for X 69
4.26 Cumulative Distribution for T 69
4.27 Cumulative Distributions for'land X 70
4.28 Cumulative Distributions forland X 70
4.29 Cumulative Distributios forflend X 71
4.30 Cumulative Distritutions for~land X 71

Vr



Number 
72e

4.31 ,tilative Distributions for77and 72

4.32 Cumalative Distributiof for T 
72

5.1 Scatter Diagram ofi7and Xfor 400 Conlsecutive

Wsves from Gulf of Mexico 
85

6.1 Relations for Mean Height of Longest WIave Lengths 104

6.2 Relations for Meax Length of Highest Wave Heights 
105

6.3 Relations for Mean Period of Highest Wave Heights i06

6.4 Relations for Percent of Waves in Pour 
Quadrants 107

7.1 A-Spectra of 7 
124

7.2 X-Spectra of 712 
124

7.3 T -Spectra of 77 
125

7.4 T-Spectra of j 2  125

7.5 Ratio of To0 /71/3 Versus Correlation Coefficient

8.1 Fetch Graph for Deep V46..-. 
143

8.2 Duration Graph 
144

8.3 Generation Parameters Versus Correlation Coefficient 145

9.1 Theoretical Period Spectra 
177

9.2 Theoretical Frequency Spectra 
177

9.3 Mean Square Sea Surface Slope Relations 
178

9.4 Mean Square Sea surfa
c e SloN( Relations for

Slick Surfaces 
178

9.5 Theoretical Spectra Compared with Computed Spectrum

from Data 
179

9.6 Spectra for r(77,X) = 0 and r(71,) +0.4 179

9.7 Illustrative Scheme for Rotation of Correlation 180

VI'



WAVE VARIABILIT! AD WAVE SPECTRA FOR

WWI10NRATED GRAVITY WAVES

By

Charles L. Bretachneider
Hydraulic Engineer, Research iviaion

,ach Erosion Board

ABSTRACT

Wave records from a wide variety of locations
have been utilised Li a statistical analysis of the
probability distributions of wave heights and wave
periods; and a family of wave spectra which allows
for an arbit-rvr linear correlation between wave
height and wave period squared is suggisted. It is
found that the marginal probability distribution of
wave heights follows RWyleigh'. distribution closely.
This conclusion is based upon 90 records of about
100 wavos each plu, several extra long records taken
in deep and shallej watG.. Abo't half of these
records represent time sequences of water level at
particular locations and the other half are time
sequences cf pressure at subsurface depths (from
wtdoh the wave he ghts were estimated using tU
linear wave theory).

The RayLeigh distribution for wave height
variability has be6n suggested previously by Longuet-
Higgins and Watters. An apparently new result of
the present work is that the marginal distribution
of the square of the wave period alro follows
Rayleigh's distribution remarkably well. From the
Rayleigh distribution for wave length variability
it is possible to derive the marginal distribution
of wave period variability, also verified with the
availab*e data.

An analytical expression whic allowc for
non-zero linear correlation between wave hsight
and period squared is ggested for the joint
distribution of wave heights and periods. This
joint distribution is employed in the determination
of the man wave period for the highest waves.
Also an analytical expression for the fainly oi
wave srec6ra is derived from tne suggested joizr
probability distribution of heights and pera ods-
The basic assumption underlying the suggested
spectra is the condition of linear correlation
beo-'een wave height and pericd squared. These



spectra ame compared with those proposed byDarbyshire and Neumann and with the numericallyevel~uated spectruma obtained recently f~rom ProjectSWOP and are fourA to be in igood agreement withthe latr The spcr for a fully developesea, a special case of the propos6 faily ofspectra, is also consistent with th., ateaurezu-mtsof Burling and the theoretical work of Pillips
whiich indicate that for high frequencies theapecotral enrgry Is inversely proportional to thefifth power of the frequency. It is also foundthat the present faxily of spectra predints a mansquare slope oaf the sea surface which is in closeraccord with the data of Coz and M~unk than tvatInferred frcat the spectra of Darbyshire or Neuman.

It Is proposed that in the earl~y stage, of wavegeneration the correlation coefficient between waysheight ani r-lod squarad is nearly unity becauseof the maximw poe aible steepness of the waves. Amthe generation proceeds it is proposed that thecorrelation decreaes, ultimately approaching zerofor a fully developed sea. Corresponding to thesuggested behavior of the correlation coeftivientbetween wave heights rnd periods, the Initialspectrut is narrow and becomes wider as the genera-tion continues. It is found that the so-called"significant" wave period is cloely related to theoptimun or modal value of the period spectra andhence the energy of the weares as a group shouldhAve a propagational speed approadmately equal tothe group velocity of the significant waves.

A revision of the wave forecasting relation-ships proposed in an earlier weoric by Bretschnsiderare revised to take into account, the variation in
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CHAPTER I: INTRODUCTION

1. General

Statistical characteristics of the ocean su. -ce are of interest
in problems relating to the erosion of beaches, casibn of conatal
and offshore structures, and the design and operation of flating
structures. Accumulated wave data, supplementing wave forecavti.-,
techniques, have provided means of predicting the effects of vind-
generated waves at a coastline. The statistical characteristics of
the ocean surface are rela ted to the wave spectra, .ich in turn may
be used to describe tha process of wave generation and wave decay.

The first great advance in recent years in the art of wave fore-
casting was made by Sverdrup and Munk (1947)*, who combined the
classical equations of hjdrodynamics with empirical data to provide
relationships for forecesting waves for amphibious operations during
World War II. Their relationships were revised by Arthur (1947) and
again by Bretschneider (1951) when more wind and wave data became
available. This revised method. has been referred to as the Sverdrup-
Munk-Bretsshneider method, or simply the SMB method. Actually, the
B deserves little credit since the important fundamental work was
performed by Sverdrup and Munk (1947), after which the revisions
became relatively simple onca the data were available.

These relationships beoam even more valuable because of the work
by Putz (1952), who obtained empirical distribution functions for wave
height variability about the mean height and wave period variability
about the mean period. This information was utilized in a paper by
Bretschneider and Fatz (1951).

Very shortly thereafter, Longuet-Higgirs (1952) presented a
theoretical distributicn function for wave height variability based
on the assumption of random phase and a narrow -pectrVA,Lhe distribu-
tion fUrct'ion0 of ,Ahich is kr"-"" as thA Ravleigh* distribution. It
is of interest to note tbab the Putz distribution and the Rayleigh
distributim are in very close agreemnent. This agreement is also
verified in the present study.

According to Watters (1953) from her correspondence with Dr.
:. F. Barber, the Rayleigh d.strib-tion for wave height variability
car he derived wi tn no knowledge rf -de wave spect" in, assuming only
that alevations of -he sea surface with resj:ect to time possess a
Gaussian distribution. Data Ly 'Jitters (1953) and more by Darlington
(1954) confirm the Rayleigh distribution. Thus, the narrow spectrum,

*Bibliography be girning on page 182.

**So called because i was derived by Lord Rayleigh in ;onnection with
the theory of sound. See Rayleigh (180).



CHAPTER I: INTRODUCTION

1. General

Statistical characteristics of the ocean su -ce are of interest
in problems -elating to th erosion of beaches, csign of coastal
and offshore structures, and the design and operation of floating
structures. Accumulated wave data, supplementing wave forecaetin,
techniques, have provided aeans of predicting the effects of wind-
generated waves at a coastline. The statistical characteristics of
the ocean surface are related to the wave spectra, .which in turn may
be used to describe the process of wave generation and wave decay.

The first great advance in recent years in the art of wave fore-
casting was made by Sverdrup and Munk (1947), ho combined the
classical equations of hydrodynamics with empirical data to provide
relationships for forecasting waves for amphibious operations during
World War II. Their relationships were revised by Arthur (1947) and
again by Bretschneider (1951) when more wind and wave data became
available. This revised method has been referred to as the Sverdrup-
Munk-Bretchseider method, or simply the SMB method. Actually, the
B deserves little credit since the important fundamental work was
performed by Sverdrup and Munk (1947), after which the revisions
became relatively simple once the data wvcre Available.

These relationships becasm even more valuable because of the work
by Putz (1952), who obtained empirical distribution functions for wave
height variability about the mean height and wave period variability
about the mean period. This informtion was utilized in a paper by
Bretschneider and Fatz (1951).

' Very shortly thereafter, Longuet-Higgira8 (1952) presented a
[ theoretical distribution function for wave height variability based

on the assumption of random phase and a narrow ppectrxrA,the dietribu-
tion function of t.h.ch is .,_nu as the' Rayleigh distribution. It
is of interest to note that the Putz distribution and the Ryleigh
distribution are in very close agreement. This agreement is also
verified in the present study.

* According to Watters (1953) from her correspondence with Dr.
*., U. F. Barber, the Rayleigh distribution for wave height variability

can be derived with no knowledge ^I the wave spect:cms assuming only
that elevations of t'e sea surface with resject to time possess a
G aussian distribution. Data by 1ttera (1953) and more by Darlington
(1954) confirm the Rayleigh distribution. Thus, the narrow spectrum,

*Bibliography beginning on page 182.
~*So cal3led because it was derived by Lord Rayleigh in conection with

the theory of sound. See Rayleigh (1880).
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the Gaussian distribution of surface elevations, and the Rayleigh dis-
tribution of height., are all one in the description of the ocean sea
surface.

Cartwright and Longuet-Higgins (1956) show that deviations from
the Rarleigh distribution may be explained by - iation in saectral
width.

The Gaussian sea surface has been discussed by Pierson (i?54) and
again in greater detail with wider applications by Longuet-Higgins
(1957).

Making use of the work by Longuet-Higgins (1952), Neumann (1953)
proposed a wave spectrum for a fully developed sea baead on a multitude
of visual wave observations. This wave spectrum is the basis on 7ii!.ch
is founded a method for forecasting waves described by Pierson, Ne, mann,
and James (1955), sometimes referred to as the PMU method.

Two other methods , forecasting deep water waves might also be
mentioned. The method of Darbyshire (195) is based on wave data and
a wave spectrum somewhat different fra that utilized by Neumann (1953).
The method of Suthons (1945) is quite similar to that of Sverdrup and
Munk (1947).

A very objective verii ication study c2 the above four methods was
made by Roll (1957) and the general conclusion was that each method
gave the beat results for the locations from which the bulk of corres-
ponding wave data were obtained. This conclusion is as sould be
expected.

At present some controversies exist as to which method is the most
practical and the most accurate. Although these controversies are
discussed in the last chapter of the present study, it is not proposed
to malie detailed comparisons of various metftods of wave forecasting.
Such a comparative study is indeed a separate topic, and perhaps one
should utilize the graphical techniques proposed by Wil-on (195".), the
principles of uhich can be adapted to any method of wave forecasting.

2. Scope of Present Investigation

Essentially, the present study consists of four broad phases:
(1) marginal distributions of wave heights, lengths*, and periods;
(2) Joint distribution of heights and lengths (and heighta and periods);
(3) a development of wave spectra from tho Joint distribution function;
and (4) revisions in wave forecasting relationships. Ibis study is
presonted in nine chapters. At the end of the priesent chapter same of

*For the purpose of this paper the "length" is computed fr ,, the wave
period and is utilized as L = T2 : arbitrary1, Lnits.

4



the wave theory is briefly reviewed. Brief summaries of other chapters
follow below.

Chapter II describes the nature and source of imve data. Types of
8wave recording instruments are briefly discussed. Methods used in

analyzing the wave records vary fro one source of data to another,
t'he reasons for which together with advantages -nd disadvantages are
discussed.

Chapter III discusses theory of wave variability for margiW d'i-
tributions of heights, lengths, and periods. Chapter IV is the
presentation of wave data for comparison with the theory given in
Chapter III. It is confirmed that the Rayleigh itribution is
applicable to wave height variability. In addition, it is shown that
the Rqleigh distribution is equally applicable for wave length (period
squared) variability. From the Rayleigh distribution of wave length

Pvariability, a distribution function for wave period variability is
derived. A comparison is made between theory and data and also with

dthe distributions proposed by Put% (1952). The agreement is very good.

Chapter V outlines the joint distribution between wave height and
wave length. It is shown that if the Raleigh dintribution applies to
both wave height and wave length variability, it is impossible to derive
a joint distribution function which is applicable throughout the entire

C range of the correlation coefficient from +1 to -1. To partiall, over-
come this difficulty a sv uiation function is introduced. With certain
justifiable assumptions, and within certain limits of application, this
surmation function can be used to determine the mean wave length or the
mean wave period of wave heights greater than a given height. A
comparison between data and theory is presented in Chapter VI and is
fairly good.

Chapter VII presents a development of the wave spectra based on
the joint distribution of wave heights and lengths. This development
is made without any foreknowledge of the joint distribution function,
except that linear regression between H and T2 is assumed.* Further-
more the emw marginal distribution function must describe both wave
height and wave length variability. In the final step, the Rayleigh
distribution function for length is introduced to obtain the length
spectra of height squared, which i- subsequently transformed into the

"r period spectra, and the frequency spectra. The spectra proposed
depend on the correlation coefficient between wave height and wave
length.

Chapter VIII utilizes the wave spectra developFA in Chapter VII,
together with additional wave da+a and other considerations, to obtain
a revision in the wave forecasting relationships. The wave spectra
equation is transformed to include wind speed by use of the fetch

*Symbols beginning on page 188.



parameter. These parameters include those for jign!-ficant wave height,
mean wave height, significant wave period, mean wave period, correla-
tion coefficient between height and length, minimum duration of wind,
mean squard sea surface slope, and the spectral idth parameter. The
e.'jve are all functions of the fetch parameter. t is pointe' out
that these revisions are by no means final, but only an additional Ltep
forward in the betterment of wave forecasting, since more suitabl% wave
data should be forthcoming.

Chapter IX contains a L.1unary of the preceding chapters, but the
main emphasis is devoted to comparl.ras of the various proposed wave
spectra. It is shown that the family of wave spectra presented in
this study is in better agreement with available data than are the
other proposed wave spectra.

In addition, suggestions are presented for possible approaches
which might be utilized in fi.ture studies of wave va. -ability and
wave spectra, taking into account the change of correlation coeffi-.
cient during the generation of waves and also the decay of aves.

3. Basic Considerations in Regard to TheorZ of 3urface Waves

In order to understarA the complex riture of oiean waves, and he
importance of statistical representations of the sea surface and the
wave spectra, it becomes necessary first to review some basic concepts
of wave theory. Equations required for t-l)sequent developments will
be sumnarized here. Derivations and discussions of these equations
are not repeated since they are readily available from Lamb (1945).
In water of constant depth the wave celerity for waves of small
amplitude can be represented by the equation of classical hydrodynamics

C2
* (g/k) tonh kd (L.1)*

where d is the mean water depth, k - 27 the wave number, and g is
L

the acceleration of gravity. A simple wave is depicted in Figure
1.1,*a where H, the wave height (equal to twice the wave amplitude),

ia the vertical distance between two successiv6 crests; and the period,
T, is the time interval between the passage of two cc.isecutive wa es.
The wave speed is related to wave length and period by

t ,CT (1.2)

*Equaticns are numbered according to (1.1), (1.2), (2.1), (?.2), etc;
the first number referring to FIRST ORDE ,HEADING (or chapter) and
the second to equation number for that chapter.

!'Figures ar at end of each chapter.
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which is in the form of distance equals velocity multiplied by time.

For deep water, defined as d- L/2, tanh kd tends toward unity,
whence from (1.1) and (1.2)

C gL 0 /j.T (1.3)C0  27 \27)
where the subscript o refers to deep water.

Shallow water waves are defined as those in a depth such that
d z L/25 and (1.1) beca-.s with sI'ficient accuracy:

C 2 ,gd (1.4)

This study considers only deep water wave characteristics
(Ho, T, Lo). As a train of waves propagates from deep to shallow
water, only H and L rhnge, but T remins unchanged. For shallow
water the wave characteristics H and Ls may be obtained from Ho
and Lo by use of tablea by Wiegel (195).

The surface profile of a simple sinusoidal wave, such as
illustrated by Figure 1.1, is given by

A: c: _ (1.5)

where

C 2 surface elevation
A = H/2, wave amplitude
0 a kx - wt, phase position
w- 2 ,r angular frequency

Wave energy for a progresslve sinusoidal wave consists of half
potential associated with surface elevation and half kinetic associated
with particle velocity. The potential energy, average per unit of
surface area is given by

2 Ep1.J LpC2 dxw -. pg.12 (1.6)

where p is the mass density (slugs per cubic foot) and g is the
acceleration of gravity.

The kinetic energy. average rer unit area. is given by

Ek- d C.I p(u? + v?) dz-I- p,"(.)

dkJ u2+v2dz G~gH2 (1.7)

The total energy, average per unit area, is given by

7



twu methods, ther are mo= waves corr-spondi-g to T V-Ar there
are corjesponding to T for the same tive interval. This results
in > nd TI/32>./3, but in -eneral (Tl/ 3 )/f will be approxi-
mately equal td i

The complex nature of ocean wlkve- lead to a family of wave
spectra, varying with stage of gereration c: "age of Icc.:y ai the
case mav be. Boh the period spectra and the frequency spectra are re
used throughout thb paper. It is important to distinguisn boe.n
spectra &nd spectrum. The spectrm is a partiuular case of t:10
faally of spectra. Yor the family of spectra derived in this study
the energy for high frmquency is d.stributed ccording to wn where n -3 n

varies from -9 to -5. 7a.e special case of w-9 is th spectrum for a a

fully developed sea, and in unit or normal form is represeted by a a
single exponential curve ror all wind speeds. Although in standard
form a separate curve is cb&ained for each wind speed the term
spectrm is still retained. From the above th term spectrum will
apply individurlly to thoae kroposed by Neumann (1955), Darbyshire
(1952), and Darbyvhl-A (1955,, each of 4-.ich whun -,educed to normal Al
form can be repre.nted by a single curve.

I



Source (f) consists of wave data from hurricane "Audrey" 1957.
Thre ections of wave records were made available through the courtesy
of the California Oil Compaey, New Orleans, Louisiana (1957). The
records were obtained from the offshore platform in the Gulf of Mexico,
location Bay Marchand, in 30 feet of water a fvi miles from the coast.
?' eae data were recorded, using the self-calib Ing staprresistance
wave gage developed by tha California Research Corporation, La Habra,
California. The data consist of a mixture of swell propagated ocross
the Continental Shelf and locally generated wind waves in shaClow water.
The mean wave period and the mean wave height changed scmwhat du'ring
the period of record, thir being the only disadvantage of the records.
Records were analyzed by the zero-up cross method. 'table 2.6 giveb a
description of the data used from hurricane "Audrey".

TABLE 2.6

DESCRIPTIVE DATA FOR HURRICANE "AUDREY"

Record No,
Date Identi- of

fication Waves

June 27, 1957 Calco 1 142
June 27, 1957 Celuo 2 12f
June 27, 1957 Calco 3 70

Source (g) consists of wind wave data from a Ber'celey wave tank,
Unvesit of7 California. Five short records were obta-ned from a
report by Sibul and Tichner (1956). The parallel res'.';ance wire
recorder, developed by the University of California _. Jesu.oibed by
Morrison (1949)# was used for recording these data. These records,
arelyzed at the Beach Erosion Board, were not investigated as completely
as those from the other sources.

TABLE 2.7

DESCRIPTIVE DATA FOR 'WIND WAVES
BERKEIEY WAVE TINK

Record No.
Identi- of
fication Waves

Run #24 43
Run #25 42
Run #35 36
Run #31 33
Run #15, 2
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TABLE 2.3

DESCRIPTIVE DATA FOR TWIENTY WUD WAVE RECORDS
FROM LAKE TEXCVA TEXAS

W.M Veloity-
Station in Miles per Record No.
Location Date Time (CS) Hour and Idgai. of

h a h m Direction f&c Waves

o MIarch 23, 1951 11 01 - n41 29 NNE 3-11 134
C March 23, 1951 12 41 - 13 n 26 NN F-l 121
o Marh 29, 1951 09 04 - 10 26 32NNW G-D 10C arch 29; 1951 10 56 - 11 36 3oNW H-D 116
A Deo. 8, 1951 15 25 - 15 29 25 N L-D 15
A Doc. Us 1951 1531 - 15 35 25 N M-D 116
A Doc. 88,19r' 15 40 -15 45 25W N -D 108
A Dc. 8, 1951 15 59 -16 04 25 N o-D 108
C Jan. 9, 1952 13 17 - 13 57 34 N PD 127
C Jan. 9, 92 15 07 - 15 47 35 N Q-D 125
C Jan. 29 1952 iO 51 - n 31 39 N R-D 110
C Feb. 29, 1952 11 51 - 12 31 38 N S-D 114
C Apr. 3. 1952 10 31 -11 n 29 NNE T-D 147
C Apr. 1, 1952 112 - , 1 30 NE U..D 148
C Apr. 9, 1952 12 07 - 12 47 29 NW V-D 127
C Apr. 9, 1952 15 37 - 16 17 28 NNW W-D 134
C M 10s 1952 09 45 -10 15 33 NNE X-D 109C May 10 1952 11 45 - 12 15 32 NNE T-D 107
A Dec. 8 1951 15 25 - 17 17 25 N Long 3,808
A Dec. 8 1951 15 25 - 16 04 25 N Long 908

TABLE 2.4

DESCRIPTIVE DATA FOR HURRICANE iU7D
'AVE DAA, LAKE OKEECHOBEE, FLORIDA

SStation Date Time ES T) Recordidni No.o

Idonaiion
Locatio h m h m fication Waves

12 Aug. 26, 1949 23 43 - 00 24 L,O*-1 131

Aug. 27, 1949 00 28 - 01 30 L.O.-2 154
Aug. 27, 1949 01 34 - 02 35 L.O.-3 114
Aug. 27, 1949 02 39 - 03 25 L.';...4 115

I.7



(1952) sub-surface pressure recorder was used. The instrument was
located off a Magnolia Oil Company platform, in 38 to 40 feet of
water, some 20 miles from the nearest land area off the Louisiana
Coast. The pressure head was installed 30 feet above the sea bottom,
or P-bout 8 to 10 feet below the mean water surfac in order to obtain
a minimum of attenuation of low period waves. A rc. 'ned in-plae
calibration was made, using visual observations on a vertical staff,
supplemented with a limited amimt of data obtained with a movie cmerv.
The record, consisting of 1,50u consecutive waves, was obtained with no
definite purpose in mind, except that the wave instrumentation was uned
in conjunction with other Texas A. & M. research projects. The wave
gage was permitted to operate during the period of installation of
other instruments, primarily to keep it out of the way of the inaoalla-
tion orewb. The long wave record covered a period after the passage
of a severe cold front; the wind speod during this time remained
relatively constant between 30 and 35 knots from the north to north-
northeast. That is, the wind was offshore, limiting the fetuh to about
15 to 25 miles. These wa" - are of short enough period to be almost
deep water waves, but will be called waves in intermediate water, This
long record was analyzed as 15 groups of 100 consecutive waves each,
7 groups of 200 consecutive waves each, 3 groups of 500 consecutive
waves each, and 2 groups of 1,000 consecutive waves each. In additton,
the record was analyzed by considering the waves of each first minute
of each five minute rection of the record, thereby building u; a group
of 107 waves in a manner similar to that utilized for the data frm
Lake Texcma, Fort Peck Reservoir, and Lake Okeechobee.

The shorter record, 379 consecutive waves, is for wind waves from
the southwest, wind between 20 and 25 knots. Because the fetch was
quite long, these waves are not deep water but truly waves of inter-
mediate water depth.

The above records were collected and partly analyzed at Texas
A. & M. on contract with the Beach Erosion Board. The completion of
the work was made at the Beach Erosion Board.

The method of record analysis used for the Gulf of Mexico data
is known as the zero-up crossing method originally proposed by Pierson
(1954), sometimes referred to as the Pierson method. This method is
depicted on Figure 2.6. It might also be mentioned that Pierson and
Marks (1952) also proposed a power spectrum analycis of ocean sub-
surface pressure records. For the 3ult of Mexico data ,'sed in this
paper, perhaps the power spectruwi analysis was not neoesary, since
the pressure head was located only 8 to 10 feet below the sea surface
rather than on the bottom and also a field calibration was performed.
In spite of this care, it Ls still believed that some wave heights of
the very low periods mitt have been attenuated undesirably. Table
2.5 gives a description of the data used from the Gulf of wMxico.

Results of additional wave data obtained in the Gulf of Mexico
are sumarized in a report by Bretschneider (1954), the me~hci of
arvAe3y~ Iez Iw -UJn- ia- wavo meLlsiod dejacribed by Sna,1,4 ta
f1951). The significant wave method is quite different from zhv:

3"$ i



used for analysis of the Gulf of Mexico data herein. In case of
sub-surface pressure recorders, one pressure respor.se factor based
on the significant period is used to convert the significant pressure
height to the significant surface height. As stated by Snodgrass
"'951) and shown by Pierson and Marks (1952), % sign ficant wave
method can introduce considerable error. In thb .nalysie uxwcd in the
present study, each wave period has a separate calibrated raponse
factor. Hence, these data are quite accurate, except perhaps fb tt-e
very low periods which might have been filtered out completely it- the
pressure trace, in which case %hese wa",s will not appear in the
cpip4ted surface trace.

TABLE 2.5

DESCRIPTIVE DATA FOR WIND WAVES
OF THE GULF OF MEXICO

(zi0caOLIA FLATFOR1M 119F)

.. . ... w n Vel].ocit~y

Time (CST) inle er Record No.
; Date Hour and Identi- o.

h M h m Direction fication Waves

Dec. 9, 1953 10 34.7 - 10 43.3 30 NE 0-1 100
Dec. 9, 1953 10 43.3 - 10 51.8 30 NE 0-2 100
Dec. 9, 1953 10 51-8 - II 00.8 31 NE 0-3 100

'Dec. 9o 1953 11 00.8 - nl 09.3 33 NE 0-4 100
:Dee. 9# 1953 n3 09.3 - 11 17.7 35 NE G-5 100

Dec. 9, 1953 11 17.7 -11 25.6 35 NE 0-6 100j tDec 9, 5 1,-1n 33.1 35 HE 0-7 100
Dee: 9, 1953 11 3.1 - n 41.2 36 NE 100
Dec. 9, 1953 n 41. - 11 49.1 38 E 0-9 .100
Deco 9, 1953 1 40. - 12.9 40 ENE 0-12 100Dec. 9* 1953 11 56.8 - 12 04.8 40 ENE 0-11 100
Dee. 9* 1953 12 04.0 - 12 12.9 40 ENE G-12 i00

Dec. 9, 1953 12 12.9 - 12 21.0 39 ENE 0-13 100
Dec. 9, 1953 12 21.0 - 12 28.9 37 HE 0-34 100
Dec. 9 1953 12 28.9- 12 37.1 35 NE 0-15 100
Feb. 26 1954 10 10.0 - 26 SW 0-16 378

'3-1-5 5OU

0-7-15 50o
0-1-10 1000
-6-15 1000

G- 3.07

19



Source (f) consists of wave data from hurricane "Audrey' 1957.
Three sections of wave records were made available through the courtesy
of the California Oil Company, New Orleans, Louisiana (1957). The
records were obtained from the offshore platform in the Gulf of Mexico,
location Bay Marchand, in 30 feet of water a f,, miles from the coast.
* :ese data were recorded, using the self-calibi ing stap-resistance
wave gage developed by tho California Research Corporation, La Habra,
California. The data consist of a mixture of swell propagated ,ctross
the Continental Shelf and locally generated wind waves in sha."Lor water.
The rean wave period and the mean wave height changed smedhat during
the period of record, thir being the only disadvantage of the records.
Records were analyzed by the zero-up cross method. fable 2.6 giveb a
description of the data used from hurricane "Audrey".

TABLE 2.6

DESCRIPTIVE DATA FOR HURRICANE "AUDREY"

Record No.
Date Identi- of

fication Waves

June 27, 1957 Calco 1 U2
Jne 27, 1957 Celo 2 12
June 27, 1957 Calco 3 70

Source ( consists of vind wave data from a Ber'keley wave tank,
Univerity of California. Five short records were obta.ned from a
report by Sibul and Tichner (1956). The parallel resl'ance Vire
recorder, developed by the University of California -. Jes...'ibed by
Morrison (1949), was used for recording these data. These records,
arulyzed at the Beach Erosion Board, were not investigated as completely
as those from the other sources.

TABLE 2.7

DESCRIPTIVE DATA FOR WIND WAVES
BERKELEY WAVE TAN K

Record No.
Identi- of
fication Waves

Run #24 43
Run #25 42
Run #35 36
Run #31 33
R R ,n 5..

20



Heceto Heod

2/

- II

Fr-,CiSCO\

n

point Arqueflo

Los Angeles

7Z. ceonide/
Son Dieo

FIGURE 2.1 LOCATION MAP- PACIFIC OCEAN

21



NOTE: .
Elev. 2250 Is maximum
normal operating pool

DUCK CREK Base of Structure~21iS( N,$,L. ,

SCALI IN MILES -.

SAION IM
SStructur

I10 M.I.L.

LOCATION MAP

, (IONTAN

FIGURE 2.2 LOCATION MAP- FORT PECK RESERVOIR

I i
, ;I I



CUMBERLAND

LOATO MEAP

4000io 0 400 00

FIGR 2.%OAINMP AETXM

jPL3TT3



-44k

I,~ ~ ~ ~ ~ ~~LK FIUE2. OATO A-LK KECO

TON
wwd

24



ata

'I-'

LAIL

Ck 160



Icc
~I±. 0

Ix I U
0 -

U, 
w

ui w
2

a. 0

26o



Q1APW1T III: WAVE VARIABILITY AMD MARGINA DISTRIBUTIONS

Wave variability implies that both the wave amplituwes and periods
are constantly changing with respect to time and space us discussed in
the preceding section. When H and T are considered togetbpr ea
Y-riance, one speaks of joint distribution. When 1i and T are -onsidc.wd
independently of each other, one speaks of marginal distributions. This
chapter is devoted to -he marginal distribution functions for wave
height, length, and period variability. In order to study each indepen,i-
ent variate, it is assused that the Ergodic theorwi applies, nhich in
effect states that a long run average with respect to time iz iden'Ucal
to that in space. Previous work on wave height variability and wave
period variability are cited in the references.

2. S.'ndard Form a"d Normal Form

In wave variability, the standard forms of wave characteristics
are 8aven in terms of H, T, and L, respectively wave heights wave period,
and "ave length. Average or artboetic measr are n, Ts and t The
nord form is obtained by dividing the standard form by the corres-
ponding means, and by definition

X LC- T(3.1)

wnese relationships and notations are used extenuively throughout the

text; a number of operations may be performed on the above equations.
ror example, it can be verified easily that:

2.. ./T 4/ 2) 1.0 (3.2)

dqv d H

dv- dT differentials
T

0%- 4.- dL
L
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SH FRS

ST 'iST standard d viat m

SL "[$x,

a3
H =a 3

a- a c3r s e oeffioients

a3 L ma 3 x

Other siple operations can be made, but the above are sufficient for

the present.

3. Marginal Distribution for Wave Heimht

Putz Distribution: Based on the analysis of 25 wave records of
ocean swell Puts (1952) obtained for wave height variability the gamma
type distribution function:

F(IW, 1 UxP-f I-x dx

Pa4

where F(H) is the cumulative distribution of H

SH is the standard deviation of H from the mean

a3H is the skewness coefficient for H

r(p) is the gamma function evaluated for the argument x

Putz (19r -' - ,sents empirical relat. onships for the standard deviation
and the b. coeffici-nt as fo~lows:

SH x 0. 91 H + 0.120 ( 3 .4
c13H: 0.80

Eq. (3,3)whon evaluated by use of tables for the incomnlete gamma
functions yields the cumulative distribution. Given the ;aean height IT,
the distribution function predicts the percent of waves equal or less
than a given value of H.

. ir i__ . . . at variability

!M tgins (1952) an Watters (19531) the Rayleigh distribution ni -
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written as:

pO~m K90r'q 2  (See note)* (3-5)

Eq. (3.5) will be investigated and compared with thut of Puts (1952)
and the results of Darlington (1954).

The nth moment about the origin is given by:

C
SMn f In pM dq (3,6)

Using the transformation za8 ,iz dz=21) dqD and (3.5)

one obtains

283~ (6 fWZI'rz d (3.7)

The integral is that of the gamma function, whence

n
T (- )' r(-I+) (3.8)

For n i 0 to n 4 one obtains

Mon= a I

M2 8ipuj (3.9)

2M.,. .2(?)'

*, usod by Longut-Higgins (1952) is 12rom w hereas

in this paper q,- H/2
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From the above the standard deviation skewness coefficient, and
kurtosis, respectively, follow

v.r= ,/--T7 -I0.522?

3 = 0. 6311 03.10)

a4 l ( 64 . 3.245

The Rayleighn distribution (3,5) becomes

p(?)- a- - 4- (3.11)

From (3.2) the standarc form becomes

H TN
p(Hj- 3 •j 4(g)? (3.12)

The cumulative distribution is obtained from

P(7) =1 p(jdi)=l-e 4 (3.13)

or
in standard form

r H
z

PH)= 1-e 4(R)2  (3.14)

Figure 3.1 is a ccmparison between (3.3) and (3.14).

Average Wave Heiit for Heights Greater than a Given Heigt: It
is of interest to know heights of higher wavea o the Ziu obable
height, once the significant waves are forecast. The average of wave
heights qp above a given height 7 is ojained frcti

fO 7p (7q) d77
7?/p . -D ,d" (3.15)
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Using the Rayleigh typo distribution (3.11)

xc d~L (3.16)

J. d(e-~

The denominator o,, (3.16) evaluates at e- ' , and the
numerator may be Integrated by parts

fudvicuv-fvdu (3.17)

Letdv (&
U271 dva d ke-4

-W 4 , whencedue dil v= 4

SJx oe 4 / e x 4

or changing the li:Jts

S7 - I-J d (3.19)

The remaining integral is the probability Integral and can be

evaluted b:, use of tables [Pierce 3nd Foster (1956)] where

-=V714 'Q Thus (3,16) becomes

li V7 (3.20)

where

2 e-u 2 du (3.21)

Representative values of ilp are given in Table 3.1.#7



TABLE 3.2

MOST PROBABLE MXIMAM HE'GHTS

N Hmax '. Hm

H33 H

10 1.11 1.78
20 1.25 2.00
50 1.42 2.27

100 1.53 2.45
200 1.64 2.62
500 1.77 2.83
1000 1.86 2.98

4. Marginal Dis tribution for Wave Length

At present no theoretical distribution function has been derived
for wave length variability. However, based on empirical data a gara
type distribution function may be developed for wave length variability,
which ii very simi.ar to the Putz distribution furntion for wave height
variability. In the next chapter on statistical analysis of wave data,
it is shown that the distribution function for wave lengths can also
be represented by the Ray-eigh distribution with the same degree of
accuracy as that for wave height variability. Thus

p(X~s 1-(3.22)

(-)2 4()

Statistical paramcters for X are the same as those for i

There may be a physical reason vhy the Rayleigh type distribution
applies for wave length variability as well as for zave height
variability, and perhaps a theory -may be proposed fcr such an envolve-
ment, it is noL the purpose of this study to develop ar such theory,
since the data provide sufficient proof that the Rayleigh type dis-
tribution is applicable to wave length variability.

5. Marginal Distribution for Wave Period

Putz Distribution: Based on the analysis of 25 ocean wave records
of swell, Putz (i.952)obtained for wave pariod '.ari.,..... the -'a.-na
type distribution function

1: 33



F (T) - e f e-X dxr (P) fo

pa4

I-Piere F(T) is the cumulative distribution of T

ST is the standard deviation in seconds

a is the skewness coefficient

rip) is the gamma function evaluated for the argument x.
Putz (1952) relationships for standard deviat.n and skOcnc-a
coefficient are given by:

ST u0.313 T-0.759 (3.25)

aT= 0.249 T + 2.795

The above relationships are intended for ocean swell. Obviously they
fail :zhen Y is less than about 2.5 seconds. Much of the wind wave
data -mnalyzed for the present paper have pe Aods of les than 2.5
seconds.

Period Distribution from the Rayleigh Distribution of Lengths:

The marginal distribution furction for wave length variability 3.22),
can be used to derive a theoretical distribution function for wave
period variability by noting

p(T) dT a p( d: (3.26)

A relationship between X and r can be defined by

X 2--r . where

a is a constant to be determined. Using (3.22), (3.26), and (3.27)
V one obtains

Pirora Toe 2r4 (3.28)

.ia-:ing obtained the form of the distribution functVtr for Wavo
ptriod variability, it becomes necessary to evaluate the factor a and
the Moments.
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The nth mc; sn, Mn nbout the origin becomes

m (3.29)
Mn= f ,rn p(r) dr

Using the ti' nsfonmaticn z=-4 -02 ri -r,

and (3.281 one obtains

z 4e dz (3.30)

The integral of (3.30) is of the gamma form, -,eicerx

n

,L "MI=

M2- 2 1. 078715 (3.32)

M3= "  1.234196

M4 UT4 " 1.481564

From the above the standard deviation, skewness coefficient, and
kurtosis, respectively follow:

Tr-- - 0.28056

. ' 3 - 3- -#-~ e

P,~r -t x42.755
I r ,)

For normal distribution a34O and a4*3.0. The distribution
function for wave period variability, Eq. (3.28) becomes

p(T) x 2.7 r3 -  "  (3.)
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or in standard form

p (T) =2.7 3 e- 0-.675 4 (3.35)
(T 0 (

The corresponding cumulative distributions become

P T) .I - 70. 67 5 
T4 (3.36)

P1 ,, I- e- 0. 675 + 4  (3.37)
(-(3.37)

Figure 3.2 is a comparison between (3.24) and (3.37) for 1 - 0
and 12 seconds. The curulatives for 71 based on (3.13) and for T based
on (3.36) are shotm in 3 ' . 3.

6. Summary of Statistical Parameters

Statistical parameters given above are summarized in Table 3.3,
together with the empirical relationships presented by Putz (1952)
and Darlington (1950..

TABUE 3.3

SU MARY OF STATISTICAL PARAMTERS

Longuet- Present
Reference Putz Darlington Higgins Paper

(1952) (1954) (1952) (1958)

Standard Deviation

S o.49T + 0.120 o.5hf - 0.o, 0.523N 0.523H

ST  0.313f- 0.759 0.408y- 0.676 - 0.280f
(o.331)*

SL - - - o.5231

S&.ewness Coefficient

a3H 0.80 0.631 0.631

IT -0.249T+ 2.795 - -0.08
l 0.63150 1 .418 1.418

'33 1.57 1.6o3 1.5p 1.595
70 2.03 2.032 2.032

X33- .595
Xl0  - .032

Least square trroug! the origin.
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It is seen from Table 3.3 that the statistical parameters based
on theory are in close agreement with those based on data by Putz (1952)
and Darlington (1954). Additional verification of these theoretical
reiL, 

lonohips 

is prosented 

in the 
next 

chapter.

it 

I
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CHAKTER IV: STATISTICAL ANIALYSIS OF WAVE
DATA FCR MARGINAL DISTRIBUTIONS

1. General

An abundance of wave records from various sources has been
collacted and analyzed to determine ce. ' In stati ,cal wave parameters
which might be comparbd with the theoretical relat.,.ships givei, in the
previous chapter. The source and nature of these data have ben
discussed in Chapter II.

2. Wave Height Variabilit!y

To describe wave height variability, certain statistical parameters
are evaluated. These include the mean wave height, mean souare wave
height, atandard deviation from the mean, skewness coefficient, average
wave heights for heights greater than a gLyen height, etc. Table 4.1
is a sumnary of data for wave height variability.

Mean Wave Height: Tt" -ritmetic mean wave height is obtained
from the anaysis of each wave record according to

- N
H - L Hi 1~

N jul(41

where H is the mean height, Hi the individual wdve height, and N the
n"' ber of waves in the record.

Mean Square Wave Height: The mean square wave height is obtained
from

- N

N Hl (4.2)

and in unit form

H2B) (4.3)
(B)2

Eq. (4.3) is related to the mean wave energy, and 5 can truly be
defined "the energy coefficient."

Standard Deviation from tho Mean: The standard (root-mean-square)
deviation from the mean wave height s given by

NA

SH=[/ij (Hi -1)?] (4.4)
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The standaid deviation from mean height has the dimensions of feet.
The unit form of standard deviation is non-dimensional and is given
by

s, j -, 5)

Figure 4.1 shows the relationship of S11 versus IT for the wavs uata,
together with the theoretical relationship based on the Rayleigh
distribution. The relationship based on the Putz (1952) distribution
is also shown.

Skewness Coefficients The skewness coefficient is given by

a ' (4j.6)a3H  N S

The skewness coefficient is a non-dimensional parameter and may
be interpreted as a meisure of the degree of asymmetry in the dis-
tributions, positive and negative values corresponding, respectively,
to frequency cui:es skewed to the right and left. The skewness
coefficient has the same numerical value whether in standard or normal
form. Figure 4.2 shows a scatter diagram of a3H. The theoretical
value ofa3H - 0.631 is shown by the horizontal line passing approxi-
mately through the mean of all data. Based on these data, it is seen
that no relationship exists between a 1H and I. The overall mean value
of a3H is in close agreement with the Rayleigh distribution.

Average Wave Height for Heights Greater than a Given Height: The
average wave height for the highest 50 percent, 33.3 percent, and 10
percent waves have been determined and are summarized in Table 4.1.
Figure 4.3 is a plot of data of H50 versus I together with the
theoretical relationship. Similarly, Figure 4.4 is for H33 versus H,
and Figure 4.5 is for H10 versus R. The agreement between data and
theory is surprisingly good. The scatter of data i- greatest for HI0
ver:s H, but this should be expected, since only 8 to 12 waves are
used to obtain H10, iiereas 30 to 35 are used to obtain H Figure
4.6 is the relationship for Hma x versus H, where the solia line is
based on the most probable Hma x - 2.459 for N s- Y', waves.

From the above analysis of wave height variability it can be
concluded that the Rayleigh distribution describes wave height
variability quite satisfactorily.
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TABLE 4.1

SUMOIARY OF WAVE ll!"ICT DATA

Source H Hl H13 110
and 

33

Record feet feet feet feet feet feet

a-A 1.50 0.73 1.237 0.77 2.06 2.30 278 3.2
a-B 0.65 0.36 1.306 0.69 0.85 1.10 1.46 .y
a-C 0.95 0.48 1.255 0.48 1.35 1.52 1.90 2.3
a-D 0.87 0.44 1.256 0.80 1.20 1.36 1.80 2.1
a-E 1.92 1.12 1.340 o.60 2.78 3.16 4.14 4.8
a-F 1.82 0.98 I.89 0.31 2.61 2.90 3.71 4.6
a-G 2.22 1.25 1.317 0.78 3.16 3.65 h. 69 5.8
a-H 2.O7 1.31 1.401 0.62 3.10 3.54 4.36 5.5
a-I 2.73 1.53 1.314 0.46 3.97 4.49 5.72 7.0
a-J 1.13 0.66 1.341 0.70 1.66 1.90 2.50 3.)
a-K 4.29 2.02 1.222 0.66 5.91 6.58 8.37 9.9
a-L 3.19 1.69 1.281 0.44 4.54 5.15 6.41 8.1
a-M 2.87 1.41 1.241 0.41 4.03 4.42 5.34 7.9
a-N 2.62 1.83 1.487 2.23 3.91 4.60 6.85 11.5
a-0 4.63 2.40 1.268 0.48 6.50 7.32 9.22 11.3
a-P 4.62 2.06 1.199 0.47 6.24 6.86 C.78 10.4
a-Q 2.65 1.24 1.219 0.46 3.64 4.07 5.00 6.3
a-R 2.29 1.28 1.312 1.19 3.00 3.73 5c22 8.0
a-3 2.52 1.19 1.223 0.48 3.50 3.91 4.84 5.8
a-T 1.O6 0.45 1.181 0.53 1.40 1.55 1.91 2.9
a-U 0.48 0.33 1.473 2.29 0.68 0.60 1.214 2.5
a-V 5.16 2.57 3.248 0.85 7.1o 8.11 10.93 12.5
a-W 4.27 1.90 1.198 0.72 5.72 6.38 8.56 10.8
a-X 3.06 1.19 I51. 0.15 4.2 4.40 5.30 6.0
a-Y 0.99 0.45 1.203 2.08 1.34 1.48 1.85 2.4

b- 1 0.78 0.50 1.409 1.11 1.13 1.32 1.92 2.2
b- 2 0.70 0.70 1.3o6 0.83 1.00 1.14 1.51 1.9
b- 3 1.39 1.00 1.523 0.66 2.21 2.62 3.35 4.0
b- 4 1.54 1.10 1.493 1.95 2.40 2.82 3.69 4.8
b- 5 1.75 1.10 1.418 0.56 2.63 3.02 4.00 5.2
b- 6 1.45 0.93 I.19 2.i6 2.20 2.51 3.28 4.6
b- 7 1,58 1.00 1.420 2.03 2.39 2.72 3.52 5.2
b- 8 1.30 0.75 1.337 0.46 1.92 2.18 2.71 3.2
b- 9 1.06 O.63 1.357 0.52 1.57 1.79 2.24 3.0
b-10 0.96 0.70 1,532 1.55 1.46 1.75 2.55 3.6
b-li 1.12 0,63 1.320 0.55 1.64 1.85 20.36 3.0

b-12 1.78 1.00 1312 0.29 2.58 2.91 3.65 4.4
b-13 1.87 1.10 1.334 O.16 2.78 3.11 3.66 4.2
b-14 1.48 1.00 1.456 0.78 2.25 2.61 3.48 4.7
b-15 1.14 0.85 1.366 1.36 2.12 2.140 2.96 3.8
b-16 1.52 0.88 1.600 -1.48 2.26 2.56 3.17 4.1
b-17 1.61 1.00 1.1428 0.68 2.146 2.814 3.714 4.3
b-18 1.54 0.91 1.350 0.10 2.27 2.54 3.14 3.6
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TAMLK 4.1
(Coritinued)

StUIARX W-' WAVE HEI(IHT DATAL

Source jj7H ~ H50  H33  Iro m
and~r c% na

Record feet fect fet. feet Zeet feet

b-19 1.76 1.10 1.393 0.57 2.66 3.05 3.86 5.2
b-20 2.03 1.19 1.342 0.05 3.03 3.43 3.9 4.5

C-E-D 0.73 0.51 1.489 0.97 1.13 1.33 1.80 2.4
C-F-D 0.60 0.45 1.563 1.44 0.91 1.13 1.67 2.0
C-G-D 0.90 0.53 1.347 1.08 1.30 1.54 1.93 3.2
C-H-D 0.85 0.47 1.306 -0.43 1.21 1.37 1.92 2.6
C-L-D 1.02 0.57 1.312 0.27 1.49 1.67 1.97 2.6
C-M-D 1.04 0.56 1.289 4A 1.49 1.67 1.95 2.4
C-N-D 1.10 0.53 1.232 -0.04 1.51 1.67 2Ao 2.4
0-0-D 1.06 0.5. 1.231 0.42 1.35 1.59 2.07 2.6
C-P-D 0.82 0.45 1.301 0.59 l.;7 1.34 1.7k 2.0
C-Q-D 0.81 0.46 1.323 0.54 1.20 1.34 1.65 2.0
C-RnD 1.20 0.82 1.466 1.0 1.83 2.15 2.96 3.8
C-S-D 1.0A 0.73 1.493 4.78 1.61 1.87 2.60 3.6
C-T-D 0.64 0.36 1.317 0.87 0.93 1.06 1.35 1.8
C-U-D 0.73 0.45 1.379 0.6q 1.09 1,27 1,61 2.0
C-V-D 0.80 0.49 1.376 1.31 1.17 1.37 1.83 2.6
C-W,D 0.77 0.36 1.219 6.71 1.15 1.33 1.77 2.2
C-X-D 0.99 0.57 1.332 -0.14 1.45 1.66 ;.09 2.4
C-Y-D 0.91 0.53 1.339 0.98 1.29 1.50 2.02 3.0

d- 1 3.27 1.57 1.23 -0.18 4.52 4.98 6.32 7.5
d- 2 3.48 1.82 1.27 -0.07 4,99 5.59 6.71 8.5
d- 3 2.57 1.24 1.24 0.65 3.54 3,92 5.10 6,6
d- 4 2.36 1.34 1.33 1.14 3.30 3.75 5.12 7.5

e- 1 2.65 1.16 1.193 0.31 3.56 3.94 4.88 5.63
e- 2 3.14 1.35 1.185 0.40 4.25 4.69 5.56 7.13
a- 3 2.94 1.05 1.127 0.95 3.81 4.19 5.06 6.00
e- 4 2.85 1.33 1.216 0.53 3.88 4.31 5.44 8.88
e-. 5 3.11 1.39 1.199 -1.14 4.25 4.69 5.75 6.00
e- 6 3.75 1.68 1.200 0.46 5.13 5.69 6.94 8.02

rZ e- 7 3.65 1.46 1.161 0.88 4.88 5.31 6.44 8.63
e- 8 4.34 1.90 1.192 0.83 5.81 6,50 8.19 10.0
a 4.38 1.83 1.174 0.70 5.81 4*44 8.00 10.4
e-!O 4.60 2.03 1.19i. 0,75 6.13 6.81 8.81 11.8
0-11 5.44 2.45 1.203 0.57 7.44 8.31 10.25 11.8
a-12 4.90 2.26 1.213 0.64 6.75 7.56 9.31 11.0
e-13 4.78 2.04 1.182 0.48 6.44 7.13 8.69 10.1
e-14 4.40 2.13 1.233 0.73 5.66 '.$! 8.81 il.t
e-15 4.85 2.19 1.203 0.38 6.56 7.38 9.13 10.4
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TABLE 4.1

SUMMARY OF WAVE HEIGHT DATA

Source R Sj a3 H50  H33  H10  -
and

Reco.-d feet feet feet ..)t feet feet

e-I to 5 2.94 1.28 1.18 0.25 3.94 4.38 5.31 p.89
e-6 to 10 4.14 1.84 1.18 0.75 5.56 6.19 7.69 32.,8
e-21 to 15 4.88 2.24 1.21 0.55 6.63 7.44 9.25 11.8
e-1 to 10 3.54 1.65 1.18 - 4.75 5.25 C.50 11.8
e-6 to 15 4.51 2.03 1.20 - 6.13 6.81 8.44 11,8

0-:.6 4.08 1.86 1.21 1.56
e-17 5.42 2.29 1.18 0.71 7o22 8.00 9.86 14.6

f- 1 10.7 5.20 1-?3 -4.72 15.1 16.7 20.1 24.8
f- 2 11.7 5.70 1.24 1.00 16.2 17.6 21.0 28.1
f- 3 11.3 4.80 1.18 0.64 15.0 16.6 20.8 25.5

g-24 0.038 0.011 1.12 - 0.046 0.052 0.062 0.063
g-15 0.103 0.053 1.27 - 0.145 0.157 0.170 0.176
g-31 0.098 0.038 1.15 - 0.126 0.139 0.167 0.171
g-25 0.055 0.022 1.16 - 0.071 0.078 0.091 0.097
g-35 0.077 0.030 1.15 - 0.100 0.119 0.128 0.136

3. Wave Length Variability

To describe wave length variability for comparison with the Rayleigh
distribution, certain statistical parameters are evaluated. These in-
clude the mean wave length, mean square wave length, standard deviation
from the mean, skewness coefficient, average wave length for lengths
greater than a given length, etc. The wave length is not a measured
quantity, but computed from theory. In the present analysis the deep
water wave length, whether in deep or shallow water, is given according
to the Airy theory (Lamb).

Loa --- (4.7)

It was foiund that the Rayleigh distribution applied in shall.w water
only wher. the deep water wave length wid not the shallow water wave
length was used. For the convenience of analysis the factor g/2 was
omitted and the subscript 2 for deep water was also omitted. Thus for
this paper the deep water wave length is defined by

L - T{seca) (4.8)
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To obtain the actual deep water wave length in feet (4.8) must be
multiplied by &12w. Table 4.2 is a aumnmary of data for wave length
variability, using L - T2 .

Mean Wave engt: The arithmetic mean wave length is obtained
from the analysis of each wave record accordig to:

L - Ti" (4.9)
N i 1

Mean Squa Wave Length. The mean square wave length is obtained
from

&L N z- N 2

and in unit form

-i -

JL L
F -

(hI) )

Standard Deviation from tne Mean: The standard (root-mean-square)
deviation -from the mean is given by

_ LI (Li c)12! c2(-2

L=N,-



't ne atandard deviation from mean length in general has the dimensions
of f,.et, but since period xquared is used for length, the dimension3
are seconds squared. The unit form of standard deviation is non-
dimensional and given by

S =  (4.13)

Figure 4.7 shows the relationship of SL versus I for the wave data,
together with the theoretical relationship bs- d on the Rayleighdistribution. The agreement here is- quite satisfatory.

Skewness Coefficients The skewness coefficient is given by

L Nix SL L

Fiur.e 4.8 shows a scatter diagram of a3. versus mean wave length
I(seconds squared). The theoretical vilue ofa3L w 0.631 is shown
by the horizontal line passing .pprcximately through the mean of all
data.

Averago Wave Length for Lengths Longer than a Given. Length: The
average wave length for the longest 50 percent lengths, 33.3 percent
lengths, and 10 percent lengths have been determined and are sw=garized
in Table 4.2. Figure 4.9 is a plot of data for L50 versus I, together
with the theoretical relationship based on the Rayleigh distribution.
Similarly Figures 4.10 and 4.11, respectively are for L3 3 versus t
and LlO versus I. The agreement between data and theory is surprisingly
good, and is comparable to that for wave height variability. Figure
4.12 is the relationship for Lma x a 2.45 for N a 100 waves.

From the above analysis of wave length variability it can be
conclvded that the Rayleigh distribution describes wave length
variability quite satisfactorily.

I4
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TABLE 4.2

SUMMARY OF DEEP WATER WAVE LWITG' DATA
(Note: L - T2 for convenience)

Source L L50 L33 LIOand2 3L 2 2Record se 2  see sec' sec2  sc2  se2

a-A 201 116 1.333 0.30 293 319 408 5'76
a-B 149 114 1.587 0.64 248 287 357 484
a-C 207 105 1.257 -0.17 288 306 354 41
a-D 218 79 1.132 -0.50 280 293 337 400
a-E 193 85 1.194 0.56 258 287 354 441
a-F 166 70 1.178 0.38 221 239 300 324
a-G 181 89 1.243 0.78 248 276 371 484
a-H 111 48 1.187 1.26 146 169 212 324
a-I 112 43 1.135 0.32 150 161 202 256
a-J 98 58 1.350 1.53 141 162 232 289
a-K 141 61 1.187 0.90 185 205 280 324
a-L 133 65 1.238 0.66 185 207 260 324
a-M 137 63 1.212 0.76 185 205 273 324
a-N 128 72 1.315 O.57 187 215 268 324
a-O 194 102 1.278 0.24 278 310 381 441
a-P 193 90 1.216 0.19 265 296 347 400
a-Q 88 38 1.185 1.26 117 126 165 256
a-R 98 47 1.229 0.82 133 148 194 361
a-S 106 44 1.172 0.44 141 10) 194 196
a-T 98 45 1.212 1.52 130 145 198 289
a-U 122 55 1.205 1,26 1.62 180 241 361
a-V 145 57 1.154 0.18 189 209 248 289
a-W 134 76 1.324 0.52 197 221 274 400
a-X 132 52 1.154 0.26 172 186 228 256
a-! 213 105 1.242 0.37 294 325 403 576

b- 1 4.80 2.44 1.259 1.62 6.54 7.4 10.8 13.0
b- 2 4.57 2.48 1.295 0.56 6.56 7.2 9.6 11.6
b- 3 5.98 3.26 1.296 0.43 8.50 9.7 12.3 14.4
b- 4 7.38 4.21 1.325 0.11 10.81 12.2 14.5 18.5
b- 5 7.61 5.39 1.500 0.90 11.85 14.1 18.4 23.0
b- 6 6.49 4.89 1.566 1.34 9.99 12.1 17.5 23.0
b- 7 6.83 4.47 1.429 O.64 10.41 12.1 15.2 23.0
b- 8 5.68 3:69 1.42-1 0.33 8.38 9.7 13.4 -68
b- 9 4.82 3.74 1.602 2.46 7.3 8.6 12.9 23.0
b-10 4.83 2.93 1.369 1.17 7.1 8.0 11.5 13.0
b-l 6.40 4.25 1.442 -O.54 9.0 10.4 14.5 19.4
b-12 9.01 5.73 1.404 1.09 13.3 15.5 22.0 24.0
b-13 7.34 4.07 1.307 0.88 10.5 11.8 15.5 24.0
b-14 6.21 3.93 1.400 0.87 9.2 10.7 14.6 19.4
b-15 7.50 4.04 1.417 1.34 10.8 13,1 18.5 24,0
b-16 6.46 4.10 1.403 1.33 9.5 .1.1 15;2 19.4
b-17 7.90 5.51 1.487 1.18 ,.2.1 14.2 19.5 24.0
1-18 6-94 4,?7 " h .3 10.1 12.0 16.0 .
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SMAY OF DEEP WATER WAVE LEM.2 DATA

Source S3 L 13 L3
Recd sec2  sec 2  L ee2 -'er2  sec2  s

b-19 7.10 5.74 1.654 2.50 n.0 13.2 19.3 41.0
b-20 7.86 4.76 1.367 2.16 11.8 13.7 19.O 24.0

C-E-D 4.49 2.55 1.323 1.74 6.4 7.2 1OO 13.O
C-F.D 3.68 2.12 1.318 0.29 5.3 6.0 7.5 9.6
C-G-D 6.66 2.82 1.179 0.08 9.0 9.r 11.7 12.3
C-H-) 5.y3 2.59 1.187 050 8.0 8.9 n.1 12.3
C-L-D 7.20 4.09 1.323 1.82 10.4 12.1 16.O 23.0
C-N-D 7.06 3.90 l.05 0.58 10.1 11.6 14.3 18.5
C-N-D 6.49 3.42 1.278 0.30 9.3 10.5 12.5 16.0
C-O-D 7.06 4.48 ' 403 0.79 10.6 12.4 15.9 21.2
C-P-D 5.65 2.58 1.205 1.20 7.5 8.4 11.3 13.7
C-Q-D 5.85 3.08 1.277 0.83 8.2 9.3 12.2 16.O
C-R-D 7.66 3.32 1.187 8.27 11.3 12.9 16.8 23.0
C-S-D 6.69 4.03 1.361 -0.33 iO.O 11.4 14.7 21.2
C-T-D 3.99 1.73 1.188 O.O9 5.6 6.3 7.1 9.0
C-U-D 3.78 1.55 1.168 0.53 5.0 5.5 6.6 9.6
C-V-D 5.61 3..4 1.354 1.14 7.7 8.7 12.7 18.5
r-V-D 5.10 2.93 1.331 0.93 7.3 8.3 11.7 14.4
C-X-D 4.35 1.98 1.207 0.45 5.9 6.6 8.0 9.6
C-Y-D 4.89 1.91 1.153 4.11 6.2 7.0 9.0 14.4

d- 1 13.2 10.4 1.63 0.97 20.7 24.9 34.3 41.o
d- 2 18.7 13.5 1.52 1.75 28.8 33.6 44.7 81.0
d- 3 21.3 14.3 1.45 1.03 32.3 37.9 51.1 70.6
d- 4 24.6 13.8 1.27 1.80 36.0 40.8 51.5 64.0

e- 1 27.6 10.2 1.137 -0.54 35.7 45.5 38.4 51.8
e- 2 26.8 13.8 1.265 1.75 33.6 36.5 43.4 59.3
e- 3 30.0 10.0 1.116 3.87 37.8 40.5 46.9 53.3
e- 4 27.5 14.1 1.263 0.79 38.5 43.1 55.2 82.8
e- 5 29.1 15.1 1.270 0.13 41.3 46.5 59.0 74.0
e- 6 24.1 1.9 1.244 1.07 33.4 38.4 48.3 59.3
e- 7 22.1! 9-9 1.194 9;..19 30,8 2Ah.8 46-n  L7."
b- 8 24.6 '.9 1.162 2.42 31.7 34.8 45.9 60.8
e- 9 23.3 8.9 1.146 -0.11 29.9 32.8 39.6 44.9
e-10 22.2 9.6 1.187 0.91 29.4 32.8 43.6 50.4
e-21 23.8 8.7 1.134 -3.16 30.1 32.8 41.3 53.3
e-12 24.6 8.5 1.119 1.19 31.5 34.6 42.5 50.4
e-13 24.9 10.2 1.168 0.58 32.5 35.9 45.4 56.3
e-14 24.3 11.8 1.235 -0,77 33.5 38.3 48.7 56.3
e-15 24.9 8.8 1.125 1.14 30.5 33.; 39.8 49.0
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TABLE 4.2

(Continued

SUMMARY CU DEEP WATER WAVE LENGTH DATA

Source SL - H L5° L33  L10  I 7
and 2 2

Record sec2  sec2  sec 2  Je0 2  sta 2  sc 2

e- i to 5 28.2 12.8 1.210 1.20 37.4 42.4 48.6 61.2
e- 6 to 10 23.3 10.1 1.186 1.90 31.0 34.7 44.7 56.5
e-1. tu 15 24.5 9.7 1.156 0.40 34.9 34.9 43.5 53.1
e- I to 10 25.8 11.5 1.198 1.55 34.2 33.6 46.7 60.4
e- 6 to 15 23.9 9.9 1.171 1.15 33.0 34.8 44.1 51.9

e-16  22.0 11.2 1.26 0.83
e-17 39.3 17.5 1.20 1.00 51.9 57.9 74.2 123.2

f- 1 62.2 42.0 1.59 0.97 99 121 963 207
f- 2 66.0 56.7 1.74 1.86 106 128 187 342
f- 3 75.1 52.7 1.50 0.34 115 134 190 289

g-24 I.11
g-15 1.17
g-31 1.331
g-25 1.16
g-15 1.15

4. Wave Period Variability

A distribution function for wave period variability was derived
in Chapter III from the Rayleigh distribution for wave length var 4Ability.
For verification of this distribution function and comparison with that
given by Putz (1952), certain statistical parameters are evaluated.
These include the w.can period, mean square wave period, standard
deviation from the mean and the skewness coefficient. Table 4.3 is a
swmary of data for wave period variability.

Mean Wave Period: The arithmetic mean wave period is obtained from
the analysis of each wave record according to

N ,N Ti (4.15)
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where T is the mean period, Ti the individual period, and N the
numbrr of waves in the record. Evidently the length of record in
seconds is t - N T.

Mean Square Wave Period: The mean square wave period is obtained
from

N
N Z1 TJ (41.6)

and in unit form

T TZ(41.7)
(T)2

Standard Deviation from the Mean: The standard (root-mean-
squarA)deviation from the mean is given by

I

ST N (Ti TI

The standard deviation from mean period has the dimensiuns of seconds.
The unit form of standard deviation is non-dimensional and is given
by

7- (4.19)

Figure 4.13 shows the relationship of ST versus Y for the wave data,
together with the theoretical relationship based on the distribution
function for wave period variability derived from the Rayleigh distri-
bution of lengths. The agreement here is quite satisfactory. The
relationship presented by Putz (1952) is also shown, but is not in
agreement f6r the wind wave data.

Skewness Coefficient: The skewness coefficient is given by
.N FrT- , 3

a- T (4.2 )
Figure 4,.14 shows a 3catter diagram of a T versus mean wave period
T. The theoretical value of a3T - -O.U8i is shown by the hoizontal
line passing approximately through the mean of all data. The relation-
ship given by Putz (1952) is also given. Figure 4.14 shows no
relationship between a3T and I. The scatter of data appear:., great,
but it must be remembered that 100 waves are too few in number to
expect a minimum of scatter in the .ku-wnes6 coefficient, ad thet the
overall average is more significant.
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TABLE 4.3

SUMMARY (F WAVE PERIOD DATA

Source ST "2 a 3 T(H50 ) T(H33) TH 10 ) T(Hmax)
and

Record sec sec so sec sec sec

a-A 13.4 4.62 1.119 -0.53 17.4 15.7 15.11 15
a-B 11.2 4.84 1.187 0.25 14.0 15.2 15.5 16
a-C 13.7 4.38 1.109 -0.91 15.9 16.2 16.3 16
a-D 14.4 3.21 1.050 -1.18 15.6 15.9 15.8 18
a-E 33.5 3.21 1.05? -0.26 14.7 14.4 14.2 14
a-F 12.6 2.65 1.044 -0.32 14.1 14.3 13.7 12
a- 13.0 3.41 1.069 -0.41 14.0 14.0 14.8 14
a-H 10.3 2.26 1.048 0.38 10.6 10.7 10.9 11
a-I 10.6 2.07 1.038 -0.13 10.8 10.9 11.0 11
a-J 9.5 2.77 1.085 0.54 9.7 9.5 9.2 10
a-K 11.6 2.57 1.049 0.21 11.7 11.7 11.7 12
a-L 11.2 2.7.. 1.061 0.24 11.8 31.7 11.4 31
a-M 11.4 2.63 1.053 -0.20 11.8 11.8 12.0 12
a-N 10.9 3.08 1.080 0.37 10.8 9.8 8.1 10
a-0 13.4 3.74 1.078 -0.15 14.8 13.9 13.1 10
a-P 13.5 3.33 1.061 -0.15 13.9 34.3 12.9 12
a-Q 9.2 1.95 1.045 0.16 9.3 9.3 9.7 10
a-R 9.7 2.02 1.043 0.61 9.7 9.6 9.4 10
a-S 10o.1 1.97 1.038 -0.05 9.9 10.1 9.3 31
a-T 9.7 1.92 1.039 0.72 9.4 9.4 9.4 9
a-U 10.4 3.65 1.123 0.63 10.5 10.3 9.8 2
a-V 31.8 2.41 1.042 -1.21 12.3 12.2 12.3 12
a-W 11.0 3.54 1.104 -0.33 11.8 12.3 12.8 12
a-X 11.3 2.12 1.o35 -0.44 11.3 11.2 11.2 12
a-Y 14.1 3.82 1.073 -0.67 14.5 14.7 13.6 14

b- 1 2.13 0.51 1.057 0.71 2.29 2.25 1.97 1.9
b- 2 2.07 0.54 1.067 2.35 2.30 2.31 2.31 3.1
b- 3 2.34 0.71 1.091 0.03 2.61 2.67 2.81 2.2
b- 4 2.59 0.82 1.099 0.32 2.99 3.30 2.93 2.9
b- 5 2.56 1.03 1.161 0.15 3.o4 3.18 2.93 2.6

* b- 6 2.38 0.91 1.146 0.54 2.88 2.83 2.95 2.9
b 1- 7 2.46 0.88 1.128 0.22 2.95 3.06 3.08 2.9
b- 8 2.30 0.62 1.073 4.00 2.52 2.50 2.37 2.2
b- 9 2.07 0.73 1.126 1.11 2.31 2.17 2.21 1.2
b-10 2.09 0.68 1.105 0.03 2.38 2.35 2.24 2.2
b-li 2.44 0.67 1.075 0.48 2.62 2.62 2.25 2.7
b-12 2.85 0.94 1.109 0.25 3.20 3.08 3.16 4.4
b-13 2.60 0.76 1.085 0.02 2.93 2.89 2.83 3.2
c-14 2.36 0.80 1.114 0.26 2.75 2.79 2.85 2.7
b-15 2.61 0.83 1.101 0.63 2.98 3.14 3.21 2.5
b-16 2.42 0.77 1.102 0.03 2.84 2.78 2.66 3.u
b-17 2.65 0.94 1.125 0.45 3.11 3.26 3.23 3.7
b-18 2.50 0.83 1.10 0.27 2.89 2.86 2 94 2.5
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TIABL 4.3
(Continued)

SUMNARY OF WAVE PERIOD DATA

Somm~e ST -TT a3 - H50) -;'33)T-THj-O) t;;;3
and e se e

Record sec sec sec sec sec -se

b-19 2.49 0.95 1.145 0.91 2.83 2.78 2.81 2.5

b-20 2.64 0.94 1.127 0.22 3.09 3.09 3.23 2.7

C-E-D 2.02 0.64 1.100 -0.29 2.26 2.30 ..24 2.0

C-F-D 1.85 0.51 1.076 2.67 2.10 2.16 2.15 2.1

C-G-D 2.52 0.57 1.051 -0.44 2.60 2.60 2.62 2.4

C-H-D 2.38 0.57 1.057 -0.79 2.47 2.53 2.40 2.0

C-L-D 2.57 0.77 1.090 2.06 2.79 2.75 2.73 2.6

C-M-D 2.54 0.78 1.094 -0.23 2.77 2 - 3.o5 4.2

C-N-D 2.43 0.77 '.100 -0.93 2.80 2.ud 2.85 2.5
C-0-D 2.51 0.87 1.120 0.36 2.95 2.91 2.76 .8

C-P-D 2.31 0.56 1.059 -0.44 2.42 2.34 2.42 2.3

C-Q-D 2.34 o.61 1.O68 0.68 2.61 2.60 2.63 2.4

C-R-D 2.63 0.86 1.107 -0.03 3.08 3.09 3.21 2.7

C-S-D 2.47 0.77 1.097 0.34 2.95 3.11 2.97 2.7

C-T-D 1.94 0.48 1.061 -O.70 2.08 2.09 2.17 2.3

C-U-D 1.90 0.44 1.054 -1.87 2.06 2.06 2.15 2,1

C-V-D 2.27 0.68 1.090 0.43 2.48 2.39 2.35 2.8

C-W-D 2.16 0.66 1.094 -0.17 2.38 2.43 2.46 2.7

C-X-D 2.02 0.52 1.066 -0.08 2.18 2.24 2.32 2.3

C-Y-D 2.14 0.56 1.O69 -1.97 2.33 2.33 2.45 2.3

d- 1 3.38 1.33 1.15 0.18 3.98 4.11 4.74 5.0
d- 2 4.02 1.46 1.13 0.31 4.86 5.21 4.85 4.0

d- 3 4.35 1.54 1.13 1.96 5.01 5.12 5.61 7.0

d- 4 4.72 1.53 1.Ii 0.29 5.15 5.30 5.98 6.0

e- 1 5.15 1.03 1.040 1.11 5.14 5.11 4.97 5.1
e- 2 5.07 1,04 1.042 -1.57 5.26 5.20 5.32 5.3
e- 3 5.38 1.01 1.035 2.04 5.13 5.01 4.89 3.5
e- 4 5.08 1.32 1.068 0.55 4.76 4.84 4.51 4.7

e- 5 5.03 1.94 i.149 -0.87 4.53 4.68 4.25 3.3

e- 6 4.76 1.20 1.064 1.11 4.54 4.41 4,62 4.3
e- 7 4.51 1.45 1.104 -2.85 4.37 4.19 4.23 4.4
e- 8 4.86 0.97 1.040 0.47 4.57 4.50 4.38 4.6

e- 9 4.74 0.90 1.036 1.08 4.78 4.76 4.78 4.5
e-10 4.60 1.03 1.050 0.43 4.52 4.51 4.75 4.6

e-11 4.79 0.91 1.036 -0.36 4.79 4.76 4.84 4.7

e-12 4.83 1.14 1.O56 -3.40 4.69 4.69 4.89 5.1
* e-13 4.87 1.07 1.048 -0.47 4.92 4.90 ".04 5.0

e-14 4.77 1.26 1.070 -0.61 4.62 4.59 4.55 4.3
e-15 4.90 0.94 1.337 -0.51 4.78 4.79 4.87 4.8
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T BLE 4.3
(Continued)

SUMMARY OF WAVE PERIOD DATA

Source T ST  a3  T e,)O) TrH13 3 ) T(Hlo) TjaJ)-
and

Record sec sec sec sec sec see

e- 1 to 5 5.14 1.33 1.O66 -0.35 4.96 4.97 4.79 5.3
e- 6 to 10 4.69 1.15 1.060 -0.87 4.56 4.47 4.55 4.6
e-1l to 15 4.83 1.08 1.050 -1.91 4.76 4.75 4.84 5.1
e- 1 to 10 4.92 1.24 1.063 -0.44 4.76 4.72 4.67 5.3
e- 6 to 15 4.76 1.12 1.055 -1.31 4.66 .61 4.70 51

e-1 6  4.57 1,Ol 1.053 o.76
e-17 6.12 1.39 1.052 0.01

f- 1 7.29 1 " 1.17 0.027 9.10 9.60 !0.1 9.4
f- 2 7.45 3.25 1.19 o.615 9.00 9.10 8.0 6.8
f- 3 8.16 2.93 1.03 0.456 9.51 9.70 8.2 10.0

g-24 0.40 0.08 1,039 0.39 o,41 0.140 0.34
g-15 0.54 0.22 1.17 0.67 o.68 0.70 0.78
g-31 0.63 0.15 1.055 0.59 0.61 0.70 0.76
g-25 0.47 0.10 1.049 0.48 0.47 0.40 0.31
g-35 0.53 0.10 1,052 0.55 0.58 0.58 0.64

5. Least Squares Relatica-hips

If it is definitely known that the origin is a point on the curve,
the straight line to be fitted has the form of y = mx, where m is the
slope of the line. It can be shown by least squares condition that
m -I xy/ Xx2 , Applying these conditions to the relationships presente,,
earner, one obtains

S S11H
71 S 2 H2 . HpH

Z'' SLL P 1H?

s ZL = , Lp-L- (4.21)

1.STT 1 L0

7T2
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Table 4.4 presents the least squares relationships through the
origin for th-e abcve parameters, based on data for each source taken
separately and also for all sources of data taken together. In

addition, the weighted mean values, weighted in accordance with the
niuber of records, are given. For example

(4.22)

Where S71 is the weighted mean of standard deviations, N = 85 records,
fi is the number of records for individual sources corresponding to S
given in Table 

4.1t.

There is fairly good agreement between theory and the data shown
in Table 4.4.

TABLE 4.4
T 

::AST SQUARES RELATIONSHIPS THROUGH ORIGIN

,'eighted**

Sourue a b c d e f a-f Mean Tneory

No.

ecords 25 20 18 4 15 3 85

S7) 0.499 0.624 0.585 0.512 0.441 0.466 0,477 0.536 0.522
S 0-.3! 0..,'7 %542 0.785 0.425 0.744 0.486 0.546 0.522

'50 1.386 1.502 1.451 1.411 1.345 1.373 1.377 1.421 1.1420
^50 1.377 1.481 1.414 1.822 1.316 1.572 1.381 1.426 1.420

'133 1.561 1.716 1,635 1.570 1.504 1.510 1.534 1.602 1.598
X33  1.520 1.718 1.604 2.1.02 1.475 1.878 1.528 1.616 1.598

110 2.016 2.159 2.170 1.928 1.867 1.81j6 1.911 2.046 2.03
X10  1.895 2.362 2.060 2.720 1.793 2.651 1.912 2.087 2.03

'?max 2.520 2.746 2,839 2.473 ".280 2.327 2.388 2.589 2.45*
Xmax 2.1425 3.203 2.715 3.832 2,281 4.122 2.460 2.770 2.45*

ST 0.21a1 0.296 0.263 0.314 0.221 0.306 0.246 0,261 0.281

qlost probable maximum based on N = 100.
'W,,1eighted in accordance with number of records for eaco source.
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6. Relationships Between Wave Period Variabilitv and Wa'e Length
Va'iai i~ty

A relationship between the standard deviation of period and that
of length can be obtained by squaring (4.18), dividing by (4.12), and
collecting terms, whence

(sT) (T)2  ( 2

SL 1

since L - F, and (7-7

Based on the Rayleigh distribution for X one obtains

(ST) a 0- 138 SL (4.24)

Figure 4.15 shows a plot of data for ($ )2 versus SL, together with
the theoretical relationship given by ( .24), and the agreoment
between data aid theory is satisfactory.

Figure 4.16 shows a scatter diagram of skewness coefficients,
a3T versus 03L, together with the theoretical point a3T - -0.088,
a.L . 0.631, No relationship is expected between a3T and a3L except
t theoret! cal point, around Thich the wave data scatter.

If the wave records were more ideal, such being the case for
very long records under a state of no change, the scatter would be
nil, whence one might infer that the present wave records are not
completely satisfactory for the present type of analysis. Howeirer,
it must be remembered that third moment computations can lead to
much scatter when records of 100 waves or less are used. Second
moment computations, used for standard deviations are not so sensitive
to the short records. Figure 4.16 might have been omitted, but was

* included primarily to emphasize the importance attached to, and the
desirability of, obtaining long wave records. It is not always
possible to ootain long records and therefore one must make the best
of the scatter peculiar to short wave records. However, the overall
averages of the statistical parameters are quite siaificatt,
particularly when a few extra long records are available in the
general program of analysis. Extra long records available for this
presentaticn are dscussed later in the text.

7. Cuxnative Distributions

This section presents typical cumulative distributions from each
source of data. Mcoe or less standard record lengths (-pproxiately
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00 waves each) are used for the 1irst seven figures (4.17 through
4.23), one from each source of infrmaton. The ounulative plots
azi in terms of q-- H/H and X7 L/T v T2 /T 2 . Plotting of points is
based on the method of Beard (1952), whence

eO (n- (4.25)
N

P is percent cuulatiie
N is the total number of waves in the record
n is the order of tabulation beginning with the smallest

value of1(or X) at n - I to the maximian value of i?
(or X) at n = N

In general, Figures 4.17 through 4.23 show that P(i7) and P(X )
have approximately the smA distributions for each rvcord, although
not necessarily the same from record to record. The above is typical
of nearly all the wave records, except a few which had very peculiar
distributiuns. W a.hr or not the -,yleigh di st.... tpplies, it
can be concluded that P( i?) and P( ), to say the least, have very
nearly the same gamma type distributions. However, averages of all
the records in terms of t and X, show both P ( 1 ) and P ( X ) to be
typical Rayleigh distributions, except fur the record from hurricane
"Audrey." In this case P ( ) includes swell from the main section
of the hurricane and locally generated wind waves, the combination
of which gives a large spread in wave period, with a correppondingly
greater standard deviation.

Figures 4.24 and 4.25 summarize the cumulative distributions
( ) and !.(X ), respectively, for Figures 4.17 - 4.23. The

corresponding cumulative distributions P( T ) are given ih Figure 4.26.

For comparison with non-continuous records, the long record from
the Gulf of Mexico .as utilized. Waves wore tabulated for each first
minute of every 5-minute section until 107 waves were obtaind.
Figure 4.27 shows the cumulative distributidn. it is seen that such
a method of non-continuous recording, although not completely
satisfactory, is not entirely objectionable. However, care must be
taken that wind speed and direction and stage of generation remain
nore or less unchanged during the period of record.

8. Extra Long Wave Record from Gulf of Mexico

The wave record obtained in the Gulf of Mexico consists of 1,500
consecutive waves during a period for tiich the wind speed and
direction remined relatively constant. Figure 4.28 sh:'.o cumulative
plots of q and X for 400 consecutive waved, and it is eon to be an
improvement over Figure 4.21 based on 100 consecutive waves. The
improvement is as should be expected. When 1,000 ccnsecut iA waves
.re usd, Figure '. 29, Lhu agreement between P(' q) and P( X s
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exceptionally good. Figure 4.30 is based on averaging five
cumulative distributions of , and X , each group consisting of
200 waves each, or a total of 1,000 waves. Again there is ex-
ceptionally good agreement between P( 7) and P(X).

9. Extra Longl ave Record Frcm Lake Texoma. 'xas

Three thousand eight hundrud and eight consecutive wave heiglts
of a continuous record have been tabulated by the U. S. Army Engineer
Division, Southwestern. These iaves were obtained fra Lake Texoma
using a step-resistance type wave recorder. During the period of
record the wind speed and dircction remained unchanged at 30 mph from
the no.rth. The fetch being limited, the stage of generation remained
unchanged during the period of the record. These dat. are sur iarized
in Tabt 4z5.

TABLE 4.5

SUM MRY OF WAVE HEIGHTS FOR CONTINUOUS RECORD

No.
H (feet) of Cumulative P 7 71

Cases

0.2 382 382 O.G2 0.197 0.039
0.4 364 746 19.58 0.393 0.154
0,6 371 1117 29.32 0.590 0.348
0.8 552 1669 43.82 o.786 0.618
1.0 527 2196 57.65 0.983 0.966
1.2 540 2736 71.84 1.180 1.392
1.4 350 3086 81,03 1.376 1.893
1.6 321 3407 89.46 1.573 2.474
1.8 150 3557 93.40 1.769 3.129
2.0 144 3701 57.18 1.966 3.865
2.2 49 3750 98.46 2.163 4.679
2.4 42 3792 99.57 2.359 5.565
2.6 11 3803 99.856 2.556 6.533
2.8 5 380. 99.987 2.752 7.574

57



Statistical analysis of the above record gives the following

results:

Record Theori

11= 1.0173 feet

- 1.2757 1.2732

S71 - 0.525 0.523

a3H = o.400 0.631

75 - 2.18 2.24

=10 
= 2.03 2.03

'733 - 1.61 1.60

5 1.45 1.42

From the foregoing summary it is seen that this long record is
in exceptionally good agreement with the Rayleigh distribution. The
cumulative distribution from Table 4.5 is shown in Figure 4.31.

Nine hundred and eight consecutive wave periods of a continuous
record (for the same storm above) have been tabulated by the U. S.
Army Engineer Division, Southwestern. This information is summarized
in Table 4.6.

The cumulative distributions for the data of Table 4.6 are
presented in Figure 4.31, wave leng.h variability, and Figure 4.32,
wave period variability. This record is in fairly good agreement
with theory, based on the Rayleigh distribution for lengths.

Based on the above investigation it is concluded that the
Rayleigh distribution is sufficiently accurate to apply for most
cases for wave height variability and wave length variability; and
the corresponding theoretical diatribution function of wave period
variability is satisfactory. This statement is made without the
application of the Chi square test, which in view of the above and
the work of Watters (1953) w-uld appear to be repeti ,ins.
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TABLE 4.6

SUlIARY OF WAVE PMIODS FOR CONTINUOUS RECORD

2 -T No.
T L-T2  of Cumulative p T

sec sec Cases

0.5 o.25 1 1 0.0551 0.203 0.037

0.6 0. 6 3 4 0.385 o.2k 0.05k
0.7 0. 9 i0 14 1.49 0.24 0.073

0,8 0,64 9 23 2.48 0.324 0.096

09 0.81 5 28 3.03 0.3E5 0,121.

1.0 1.00 9 37 4.02 0.405 0.149
i.. 1.21 7 W; 4.79 O.1d46 0.181

1.2 1.44 17 61 6.66 0.487 0.215

1.3 1.69 16 77 8.3 0.527 0.252

1.4 1.96 19 96 10.52 0.568 0.293

1.5 2.25 16 112 12.28 0.608 0.336

1.6 2.56 31 143 15.69 0.649 0.382

1.7 2.89 23 166 18.23 0.689 0. 432

1.8 3.24 33 199 21.86 0.730 0.499

1.9 3.61 10 209 22.96 0.770 0.539

2.0 4.00 41. 250 27.48 0.811 0.598

2.1 4.41 20 270 29.68 0.852 0.659

2.2 4.84 60 330 36.29 0.892 0.723
2.3 5.29 47 377 41.46 0.933 0.790
2.4 5.76 80 457 50.28 0.973 0.861
2.5 6.25 52 509 56.00 1.014 0.934
2.6 6.76 68 577 63.49 1.054 1.010
2.7 7.29 33 (10 67.13 1.095 1.089

2.8 7,84 35 645 70.98 1.135 1.171

2.9 8.1ti 13 658 72.41 1.176 1.256

3.0 9.00 44 702 77.26 1.216 1.345

3.1 9.61 21 723 79.57 1.257 1.A36

3.? 10.24 31 754 82.98 1.298 1.530

3.3 10.89 23 777 85.52 1.338 1.627

3.4 11.56 36 813 89.48 1.379 1.727

3.5 12.25 27 8140 92.46 1.419 1.830
3.6 12.96 23 8&3 94.99 1.460 1.936

3.7 13.69 12 875 96.3 1.50096.3 o 2.05

3.8 14.44 4 879 96.75 1.540 2.157
3.9 15.21 4 883 97.19 1.581 2.272

4.0 16.00 7 89°  97.96 1.622 2.390

4.1 1(,.81 2 892 98.10 1.662 2.511

4.2 17.64 5 897 98.73 1.703 2.635
4.3 18.49 2 899 98.95 1.744 2.762

1 4.4 19.36 4 903 99.39 i,78k 2.892

Is.5 20.25 1 904 99.50 1.820 3.025

4.6 21.16 2 906 99.72 a.865 3.161
.0 23.09 1 907 - --

6.0 36.00 1 908 99.94 2 5.38

59



Statistical analysis of the above record gives:

Record Theor

T = 2.4662

7- = 1.10 7 1.0787

S-- 0.317 0.285

a3r - -0.0558 -0.088

T - 6.6945

-= 1.325 1.2732

S a 0.5701 0.523

a3 X- 0.870, 0.631

X5 - 2.49 2.24

O= 2.19 2.03

X33 = 1,67 1.60

X50 - 1.4 1. 4 2

10. Wave Data from Step-resistance Wave Gage Versus Pressure Gage

It appears from the data analyzed in this chapter that there is
little difference in the statistical parameters obtained from the
step-resistance wave gage and from the pressure gage, and this
difference is statistically insignificant. It is difficult to
explain the results of Wiegel and Kukk (1957), who reported a
significant difference in results obtained by the two methods of
recording. Evidently the Rayleigh distribution f'or wave height
variability it not verified for the step-resistance" wave gage data
reported by Wiegel and Kukk (1957), and these findings are not in
agreement with the data analyzed in the present paper. Tn particular
the extra long record from Lake Texoma verifies almost exactly the
Rayleigh distribution.
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CHAPTER V: WAVE VARIABILITY AID JOINT DISTRIBUTION

1. General

The joint distribution of wave heights and lengths (or wave
heights and periods) in general is difficult to describe completely
for all conditions of correlation. Three sperli cases, however,
can be investigated in detail. Case I, non-co, -lation, Je perhaps
the most likely to be encountered by engineers and oceanographers.
Cases II and III are the trivial cases for correlation coefficientn
of r - +1 and r - -1, respectively. r - -1 perhaps iever ocwirs in
nature. r I +1 might occur in the very early stages of wave
generation for high wind speeds and short fetch lengths. r - +1
might also tend to occur for very long decayed swell. An important
factor, although r - ±- are trivial cases, is that these cases
represent the boundary limits between which all other cases cccur,
thereby permitting use of necessary approximations supplemented with
wave data to describe the conditions where correlation exists.
Figure 5.1, for example, is a scatter diagram of q and X for a very
low degree of correlat4 on. The fact that both marginal distributions
p(ij) and p( X) are of the same type is of some help. The bivariate
asymptotic problem of joint distributicn for the Rayleigh jor a
modified Rayleigh type) distribution has yet to be solved. If waves
possessed ihe Gaussian distribution, and they sometimes do quite
closely, there would be no difficulty since the joint distribution
between two normally distributed dependent variates has been covered
quite satisfactorily, for example, Uspenaky (1937) among othe)s.
Wooding (1955) prespnts an approximate joint distribution for wave
amplitude and -requency in random noise.

The correlation coefficient measures the strength of the
relationship between two variables, but only when that relationship
is linear. It is necessary to assume a linear relationship between
g and X, and this assumption appears Jutified from the data analysis.

A summation function is introduced for the purpose of estimating

-the m,-an period of wave heights above a given height.

2. Some Basic Concepts on Joint Distribution

The general for- of the joint distribution furtion for two
dependent vnriates can be written as the product of two functions

*Through recent correspondence with Dr. E. J. Giube) of the Department
of Industrial Engineering, Columbia UnversiTy, Nem fork City, it h..,i
been learned that he solved this problem applicatl? for the correla .ion
coefficient betireen r - O.31396.
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vich states that the probability of both a particular value of 7
arA X occurring simultaneously is equal to the probability that -)
will occur times the probability that X will cccur, assuming that
occurred. p(- ) is the marginal distribution funotion for 1), and
p (A) is the conditional probability function of X , the condition
being that i occurred. Eq. (5.1) might also have been written

P(XM) p P (5.2)

in which case p( X) is the marginal distribution function of X and
p (7 1 ) the conditional probability function of 7 * The marginal
dtribution functions are gIven by:

P(Xa fo p(X,,q)d a p(X) 0 P ,(??) d 1 (5.4)

Since the marginal distribution functions are Rayleigh dis-
trlbutions, only the conditional probability functicns are required
for the complete solution, hich will not be attempted in the prz sent
study.

The correlation coefficient is given by

' (5.5)

where the expectations E(' 7 ,X) -9X , E(7 1 ') "I, and E(k 2 ) 2-

are given by

0 0 0fOf-Xp(I,jX)d77 dX (5.6)

"f OD7 1) d 7(5.7)

V. JO (5.8)
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3. Special Cases of Joint Distribution

Case I. Non-corre.,ation of r = 0: In Chapter II the marginal
type Raylegh distributon functions were given in normal or UAit

P(17X2 Hre 91 59<(5.9)
2 2 H

p(M),- Xe X L (5.10)2 L

When zero correlation exists the joint probability is the product
of the marginal distribution functions, whence (5.1 and (5.2)
become

P(i,7 )=pv,/) p() (5.11)

or using (5.9) and (5.10)

p (?, -e- •Xe- 4 (5.12)

In terms of 7 and r (5.12) becomes
ir24

p(,-)u 1.35 ir e 4 .T 3 e- 0 .675T4 (5.13)

Eq. (5.13) is more useful than (5.12) since the variables
actually measured are H and T, L being a computed quantity. Table
5.1 gives the number of waves per 1,000 that would occur on the
long run average for 0.2 increments of 71 and r.

LThe integrated equation or the cumulative joint distribution
for zero correlation is obtained from

p X

I --



and using (5.12), the order of integration being indi',erent, one
obtains

Eq. (5.15) gives the percent of waves P[q, X] having q equal
to or less than some sp6cified value and at the same time having X
eoual to or less than some specified value. Th.e only limitation
on (5.15) Is that no wave can be steeper than the critical value
of H/L - 1/7, according to the Michell (1893) theory. In terms
of 7 and T 5.15) becomes

0.675 r4] (5.16)

Consider the scatter diagram of Figure 5.1, for example,
where four quadrants are given: I, P fI , 1] ;I, P(OD 1]
- P E i , I] . III,_ PIC6,C()]- PW, i - P L Icoj+ P 1 , 1);
and IV, P( C,lA] - P[ 1 , 1). If zero correlation r (W, x)
0 0, exists then

PI a 29.6 percent
Pll - 24.8 percent
PIII - 20.8 percent (5.17)
PIV - 24.8 percent

When zero correlation exists the equations of regression lines

are given by

x i (5;.18)
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Case II. Correlation Coefficient r - +1.0: If tne correlation
coefficient between i? and X is r(n , X - -l.0i, then all data will
fall on a strairht line in the form y -mx + b, a regression line.
In this case if both 17 and X possess independently the Rayleigh
marginal disributionii, then the slope m - +1.0 and the line,-passing
through ils X - 1.0, will pass through the origin = - 0. Thus
the equation of the regression line is

'7-X "j -x

X*17  or -X7 u-n

It can be seen thot the joint distribution will be obtained by
use of either marginal distribution and the equation of the regression
line. Assuming the Raylei -".ictribution still applies, and it is
possible that it does, one obtains for the joint distribution

2 e

" x(5.20)

Similar to (5.17), the percent of waves in each quadrant for
r(71,X ) - t1.0 is given

Pi w 54.4 percent
PII a 45.6 (5.21)
DIII 456percentPIV - 0

To prove tha4 (5.20) is the re3ationship for r - 1.0, multiply
both sides of (5.19) by n and take the mean; and again by X and take
the mean, whence

8(5.22)
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The correlation coefficient r i3 obtained from (5.5), whence)

r(71+ i o (5.23)

The limitation of (5.21) is that H/L < 1/7. It can be seen tha+ if
WEA = 1/7 all waves have H/L - 1/7 and all are breaking wavesb In
general HA - constant for r - +1.0, and can apply to long swell
having constant steepness, _U such a cabe actually exists.

Case III. Correlation Coefficient, r a -1.0: If tnm correlation
coefficient r(q, X ) = -1.0 then all data will fall on a straight line
of the form y = mx + b. In this case the slope m - -0 and the line
will pass through the point T -X -x 1.0, but will not pacs through
the origin. The equations; for the regression lines are given by

7)2-X, or -u-x 2-X X (5.2k)

X"2- 7  7- u2-71

It cannot be assumed that p( 77) and p(X ) are Rayleigh cis-
tributions for r( , U -1.0, since this assumption would lead to ae
ambiguity. If r(17, X) - -1.0, then 21 Pi l - 0, since the
regression line passes through IT- X * 1.0. If p(i ) and p(X)

* have the same distribution functions, the number of waves for
1 f .0 is the same as the nimber of waes for X- 1.0, then

Pli - PIV - 50.0 percent. If one attempts to apply the Rayleigh
distribution P11 - 54.4 and PIV a 54,4 percent, the sum of which is
106.8 percent, an impossibility. Perhaps, the Rayleigh distribution
fai:s at some lower negative value of r( , X). This failure is of
no Imediate concern, since the distribution function will tend to
change for large negative r(q, X) due to physical factors. If such
a correlation could exist in nature, this would mean that the highest
wave has the shortest length and the lowest wave the longest length.
This is certainly the trivial case and one must remember that the
case of r(7), X) - -1.0 is consid3red only as a boundary condition.
For two other variates not having the liraitations, of breaking
ocean waves, it is conceivable r -1, whence

P~I - 0

P11 - 50 percent (5.25)
PITT 0 

(.5

PIV 50 percent
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To orove that (5.24) is the equation for regression line whei,
r(. ,. ) - -1.0 multiply both sides first by 'i and take the mean, anci
again by X and take the mean, whence

(5.26)
X" -2X -X

and since 1 7-- 1.0 and usirg (5-5), one obtains

0' X-_ (5.27)

. Summation Functio

An unsuccessful attempt by Bretschmeider (1957)4 was made to
find the proper joint distribution function which would satisfy the
rules of probability and which would also lead to Rayleigh marginal
distribution functions. From tLe above, it is seen that unless the
marginal distributions deviated from the Ray-eigh type between r 0 0
and r - -1.0, no continuous joint distribution function could exist
over the complete range of r = +1.0 through r - 0 to r a -1.0. To
ovcrcome this difficulty somewhat, and at least obtain some important
information on joint distribution of waves a new function is
introduced, the sumurtion function defined be!L:. Conzider the
scatter diagram of q versus X * Figure 5 1, for exaMple, and sum all
valuee of X with respect to 77 betw~een -'/2 and + 6 V/2 as Ai7 goes to
zero. Denoting thiv ctum as S% (7?), the mathematical definition of
the summation function is

S (f-q) X jX dX (5.28)

or using (5.1)

S k (71 p) f X p, (X)dX (5.29)

The integral of (5.29) is nothing more than the equation of the
regress. on line of X on , whence
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S ~7
=) XP (XdX (5.30)

thus

S X n)- rl m (5.31)

A similar equation can be obtained by interchanging X and t to 7) and X.
Thus

S (k. , 00 (5.32)

Eqs. (5.31) and (5.32) are the summation equations, which
beocme quite useful once the equations of the regression lines are
obtained. 1 can be shown by the familiar method of least squares
when - 'that the regression equations for linear regressiors
am

X-q I+ r(7) -I) (5.33)

and

I + r(,- ) (5 134)

Thus the summation functicns (5.31) and (5.32) become

1iSx Xt(7) - [ , 07-,)]P t,) (5. 35)

1 .. X)7 i) [I + r tX-,0] ptX) (5.36)

Assuming linear regression applies at least approximately, and
applying the Rayleigh type distribution for p( q) and D( X) one
obtains the approximate relationships



r-712

Sx(X1 [, , e (5-38)

The approximatiorn is intonded where actual distributions tend
to deviate from the Rayleigh distribution, or when deviation from
linear regression becomes significant.

Eq. (<.38), giving the sum of il , for values of X iv y also
be called the X -spectra of * This is analogous to the X, -spectra
of 772 derived in a similar manner in Chapter VII.

The X -spectra of 7 can be transformed into the r -spectra of
by noting

S 1 (X)dX- SnCr)dr

p(X)dX ,p(T)dr (5.39)

XSOT
2 0.927 r 2

Thus

8?(T): 2.7 ECI-r) o.927 rT2]T3 e- 0 .675T 4  
(5-40)

(X) andS (T) are given resmctigely in-=lures 7.1 and

7.3 of"Chapter Vi, for comparison with Sq7( X) Wnd 5,72C )o

5. Mean Wave Steepness

The mean wave steepness is given by:

o t SW dX (541)



4md using (5.38) one obtains

j(5.I42)

6# Mean Period of Wave Heights Greater than a Given Height

In Chapter III as determined the mean or averago height of waves

higher than a given height, which requires only tUe knowledge of the

marginal distribution function. To obtain the mean par'icd of wave
heights greater than a given height, some knowledge is required of
the joint distributicn function, the sumation function derived above

being sufficient in this case. The mean value of X for any

differential element cf/Aq is obtained by dividing (5.37) by p(1 ).
The mean value of X for , heights above a given height is obtained
from

a) (5.43)

P) f P 7)d7?

aOD

V the above integrals have been solved in Chapter III, whence

(q)0-0+r17 (5.45%)

where 71,2

i . 4( ., :)

x ;x

op. .- ~f du ond u

83



Cq. (5.4 can be transformed in terms of wave periou by noting

K [T 2 (5.47)

T Fp K.[,-r +rlPJ' (5.148)

The value of K mAy be obtained at r a 0, for which r( 71p)
-? 10, whence K - 1. Thus

'r ( )70U [ir + r7)1 1]i4

It must be remembermd, however, that r is the correlation
coefficient between 7 and "X, which is not necessarily that between
i and r* Table 5.2 gives typical valuea of r ( 1) from (5.49) for
various values of the correlation coefficient. £t must be pointed
out that for large values of the negative correlation coefficient,
the above equations tend to fail;

TABLE 5.2

MEAN r OF HIGHEST P-PERCET OF WAVES

Correlation Coefficient r(i, X)
P 1.o 0.8 0.6 0.4 0.2 o -o.2 -o.4 -0.6 -0.8 -1.0

0.01 1.632 1.526 1.414 1.290 1.155 1.O 0.8169 0.579 0.04V
0.05 1.497 1.412 1.321 1.224 1.117 1.0 0.8669 0.7094 0.5050 0.0775
0.10 1.425 1.351 1,272 1.189 1.098 1.0 0.8808 0.7663 0.6173 0.4171
0.20 1.340 1.279 1.216 1.148 1.077 1,0 0.9170 0.8259 0.7225 0.6025 0.4517
0.25 1.309 1.253 1.195 1.134 1.069 1.0 0.9205 0.8455 0.7563 0.6557 0.5357
0.30 1.281 1.230 1.277 1.121 1.o62 1.0 0.9336 0.8621 0.7841 0.7137 0.5983
0.333 1.265 1.216 1.166 1.114 1.058 1.0 0.9382 0.8720 0.8004 0.7218 0.6332

e0.400 1.233 1.190 1.146 1.099 1.051 I.O 09465 0.8897 0.8291 0.7635 o.6921
0.500 1.191 1.155 1.318 i.oo 1.041 1.0 0.9573 o.9126 0.8656 o.8161 0.7629
0.600 1.152 1.123 1.094 1.063 1.033 1.0 0.9666 0.9321 0.8962 0.8588 0.3198
0.100 1.153 1.093 1.071 1.048 1.024 1.0 0.9753 0.9499 0.9236 0.8971 0.8695
0.800 1,079 1.063 1.048 1.032 1.016 1.0 0.9784 0.9666 0.9495 0.9321 0.9143
0.900 1.042 1.033 1.025 1.016 1.011 1.0 0.9926 0.9829 0.9742 0.9654 0.9566
1.000 1.000 1.000 1.000 1.000 1.000 1.0 1.0000 1.0000 1.0000 1.0000 1.0000
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CHAPTER VI: STATISTICAL ANALYSIS OF WAVE

DATA FOR JOINT DISTRIBUTION

1. Oeneral

Wave records discussed in Chapter IV have also been analyzed to
detArmine certain properties of the joint distri ion which might be
used to compare with the approximate theoretical .,ationehipe iven
in Chapter V.

2. Correlation Coefficient

The correlation coefficient r(?, X) between wave height and wave
length, determined from each wave record and sumrarized in Table 6.1,
is given by

N Z (Hi-R)L-E) --

1,iL N iml ra,71X- (6.1)

where

r(H , L) is the correlation coefficient between H and L

Hi - individual height, feet

- mean wave height 6 1 , Hi
N i I 2

Li - individual length (Li - Ti2 in sec2)

a mean length-
N 1 1Li

- standard deviation of height; feet

SL - standard deviation of length, sec
2

sq - s/S , SV//H

-X
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3. Man Wave Height of Wave Lwrtha Greater than a Given Length

In the present discussion the unit forms ij, X, r are used
on eiently. The moan wave height qp of the longest p - percent wave

lenth is a funotion of the correlation eoe 'i ent, For coqprison
with theory the data in this study wor anal, .. d to in. e:

(a) X(5 0), mean wave height of the longest 50 peren
of Mave length

(b) q (X3 3 ), mean wave height of the longest 33.3 percent
of wave lengths

(c) '-.(Xi0), man wave height of the longest 10 percentof wave length

(d) 7 (X k), heigft at longest wave.

q( X3) Is asmood approximtaly equal to q ( ). This infoi tin
Uc .8wU±.54 in .b'abe- 6.1. Ivgwe 6.1 shos the-e relationahipA as
funtions of the eorre2ation coefficient, together with the theoretical
relationships ad the 95 percent confidence limits. The theoretical
relationships for q( kp) ars obtained frca Chapter V, according to:

[ (kso) I + 0.42 r

' )( • I + 0.60 r

17(X1 ]- I + 1.03 r

I l) "I + 1.66 r

It is seen that agreement between theory and data is fairly
good, particularly for 9(k 50) and)( k.33 ). Che difficulty with
the other two relationships .is that the ntaber of waves is too few
for the 10 percent and the 1 percent values to expect a minimum
scatter. The 95 percent conficence limits for cor nti on are based
on X 100, average total number of waves par rc,-cra,
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TABLE 6.1
SM Y OF FMX5 , X330 klO, AND kXm

Source
WA r, iq (l X 50 3)3-) (UPecord

a-A 0.43 1.23 121 0.93 0.93
&-B 0.63 1.35 1.46 1.26 1,"0
a-C 0.51 1.24 1.23 1.12 0,7?
a-D o.45 1.14 1.16 1.22 0.75
a-I 0.33 1.17 l.fl 0.92 1.04
a-F 0.56 1.26 1.26 1.33 1,54
a-G 0.31 1.20 1.19 0.85 0.63
&-H 0.28 1.21 11? 0.79 0.39
a-I 0,i4 1,08 0,99 0.68 0.55
a-T -0.04 1.04 1.22 0470 0.35
a-X 0.08 1.03 1.00 0.80 0.42
a-L 0.17 1.10 1.02 0.95 1.22
a-m 0.22 1.18 1.09 0.81 0.80
a-N -0.25 0.85 0.87 0.72 0,50
a-0 0.26 1.10 0.97 0.91 0.89
a-P 0.14 1.00 1.03 0.90 0.74
a-Q 0.08 1.10 1.o5 0.80 0.87
a-R -0.07 1.00 0.96 0.80 0.26
a-S -0.05 0.98 o.yo 0.74 1.03
a-T -0.15 0.99 0.88 0.64 0.75
a-U -0.19 0.94 0.92 0.7- 0.52
a&V 0.13 1.08 0.89 0.77 0.78
a-W 0.10 1,17 1.08 0.87 0.42
a-X -0.01 1.00 0.93 0.82 0.98
a-! -0.04 0.72 0.96 0.76 0.30

b- 1 0.12 1.10 1.10 1.03 0.89
b- 2 0.38 1.23 1.33 1.26 1.00
b- 3 0.42 1.37 1,24 1.24 2.01
b- 4 0.1 1.32 1.26 1.31 0.78
b- 5 0.48 1.37 1.36 1.34 1.49
b- 6 0.41 1.41 1.45 1.21 1.45
b- 7 0.54 1.37 1.36 1.41 1.35
b- 8 0.29 1.15 1.27 1.02 0.77
b- 9 0.19 1.19 1.24 1.26 1.04
b-10 0.22 1.28 1.35 0.89 1.25
b-ll 0.15 1.20 1.19 2.22 0.71
b-12 0.30 1.23 1.22 1.1? 1.18
b-13 0.41 1.28 1.33 1.14 0.80
b-14 0.42 1.43 1.36 1.15 0.03
b-15 0.47 1.41 1.35 1.44 1.91
b-16 0.31 1.36 1.34 1.31 1.12
b-17 0.45 1.36 1.45 1.40 1.86
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TABLE 6.1
(Continued)

StUARY OF ' FOR X5O, X3 3 1 XI0, AND Xmax

Source
and r(,, X) 7 (X) (7 X33) ( XX) 33 1X

Record

b-18 0.42 1.33 1.25 1.40
b-19 0.27 1,32 1.20 1,15 1,14
b-20 0.48 1.27 1.26 1.20 1.43

c- 5 0.34 1.27 1.26 0.93 1.64
c- 6 0.38 1.35 1.37 1.2! 1,67
a- 7 0.16 1.04 1.07 1.06 1.33
a- 8 0.08 1.12 1.08 1.12 1.41
c-12 0.30 1.16 1.17 1.20 0.98
o-13 0.43 1,25 1023 1.33 1.73
c-14 0.49 1.21 1.28 1.21 0.73
c-15 0.40 1921 1.25 1,13 1.51
c-16  0.6 1.13 1.10 0088 0.98
c-17 0.40 1.28 1.23 1.16 1.48
c-1 8  0.65 1.33 1.33 1.39 0.50
o-19 o.56 1.41 1.51 1.39 1.73
c-20 0.32 1.23 1.23 0.81 0.94
C-21 0.39 1.30 1.34 1.21 1.10
c-Z2 0.23 1,33 1.11 1.00 1.25
c-23 0.39 1,25 1.17 1.10 C.78
c-24 0.40 1.30 1.33 1.06 1.01
c-25 0.3? 1.23 1.27 1.14 1.10

d- 1 0.49 1.24 1.42 1.31 2.17
6. 2 0.41 1.03 0.87 1.27 0..]
d- 3 0.48 1.23 1.32 1.26 0.78
d- 4 0.50 1.18 1.29 1.48 1.31

e- 1 -0.04 1.01 0.89 0.68 0.75
e- 2 0.1 1.02 0.97 0.87 0.40
e- 3 -0.30 0.88 0.84 0.76 0.47
e- 4 -0.17 0.91 0.83 0.61 0.61
e- 5 -0.42 O.P2 0.68 0.69 0.72
e- 6 -0.22 0.91 0.79 0.(76 0.357
e- 7 -0.42 0.91 0.85 0.64 0.41
e- 8 -0.41 0.89 0.86 c.61 o.49
e- 9 0.02 0.98 0.94 0.71 0.61
e-l0 -0,07 1.00 1.00 0.68 0,86
a-3. -0.07 0.96 0.80 0.48 0.44
o-12 -0.17 1.00 0.85 0.62 0.75
e-13 0.06 1.00 0.85 r,]. 0.55
i-4 -..013 0.95 0.80 .67 0.50

e-15 -0.17 0.91 0.82 0.54 0.45
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TABLE 6.1

SWARY , 9 FaR X 50, k 3 3 , XlO, AND Xx

and r( 1, X) 1(X 5 0 ) , (X 33 ) 1 ( kl.',, (Xmt)
Reord --

e- I to 5 -o.16 0.93 0.84 0.72 0.59
e- 6 to 10 -0.22 0.94 0489 068 0.55
e-11 to 15 -0.10 0,96 0.82 0.60 o.54
e- I to 10 -0.19 0.94 0.87 0.70 0.57
e- 6 to 15 -0.16 0.95 0.86 o.6L 0.55

e-16 -0.04
i-i7 -0.17

f- 1 0.61 1.25 1.35 1.39 1.0
f- 2 0.37 1,22 1.26 1.10 1.2
f- 3 0.40 1.26 1.32 1.19 1.2

g-24 -0.09
g-15 +.04
g-31 -0.09
g-25 0.00
g-35 +0,35

4. Mvan Wave Length of Wave Heights Greater than a Given Height

The mean wave length X of the highest p - percent wave heights
is a function of tho correfation coefficient, similar to that for qp.
For corarieon with theory the data in this paper were analyzed to
tnc3.ues

(a) X( 'i5), mean wave length of highest 50 percant
of wave hights

(b) X( '733), mean wave length -f highest 33.3 percent
of wave heights

(c) X(WIo), mean wave length of highest 10 percent
of wave heights

(d) X( ', wave lngth of mL tad wave
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l ( l) in asraed approxisately equal to (1). inform-
C.on is wxnmrized in Table 6.2. Figue 6.2 soys these wela+Aer.
ships as f ctioas of the correlation eoefficlen, together &th
the theoretical relationships,

k (95) 140. 42 r

S-X(-9 3 3) I+.60 r

(6.3)

14,1.03 r

> "x1() " * 66 r

The agreement betwen data and theory for X( - p) is quite comparable
to that for 17( X ), and hence the me general conclusions apply.
It is believed tht the scatter of data from theory is a peculiarity
of the mall sample frm one record to the next, ond is not neces"r y
of statistical significance. Deviation from linear regression is
s slight cmpared to that for 1)( X ). A test for l'.marity using the
array method and the F distributi& shows this deviation from
linearity is insignificant, and is disacussed later.
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TABLE 6.2

SUMMARY OF X FOR 1150, '133, 1710 AND '1,,x

Source
and r(iq,X) X(n5o) ( 733) X(7) 2o) ( x)

Record

a-A 0,43 1.24 1.22 1.19 1,12
a-B 0.63 1.44 1.61 1.64 1072)
a.,C 0.51 1.23 1.28 1.30 1.24
a-D 0.45 1.14 1.17 1.15 1.49
a-E 0.33 !.14 1.10 1.05 Io02
a-F 0.56 1.23 1.26 1.13 0.87
a-O 0.31 1.13 1610 1.23 1.08
a-H 0.28 1.03 1.05 1.07 1.09
a-I 0.14 1.02 1.03 1.05 1.03
a-J -0.04 1.02 0.95 0.86 1.02
a-K 0.08 1.00 0.99 0.99 1.02
a-L 0.17 1.10 1.06 1.01 0.91
a-M 0,22 1.05 1.O14 o.'" 1,05
a-N -0.25 0.95 0.83 0.55 0.78
a-O 0.26 1,12 1.03 0.91 0.52
a-P 0.11 1.03 1.09 0.88 0.75
a-Q 0.08 1.O2 1.01 1.07 1.14
a-R -0.07 0.99 0.y7 0,93 1002
a-S -0.05 0.96 0.97 0.82 1.14
r-T -0.15 1.01 0.92 0.91 0.83
a-U -0.19 0.94 0.91 0.86 0.03
a-V 0.13 1.06 1.04 1.05 0.99
a-W 0.20 1.10 1.18 1.24 1.07
a-X -0.01 1.00 0.98 0.97 1.09
a-I -0.04 1.04 1.05 0.93 0.92

b- 1 0.12 1.14 1.09 .3 0.75
b- 2 0.38 1.21 1.21 1.19 2.10
b- 3 0.42 1.18 1.22 1.36 0.81
b- 4 0.41 1.23 1.21 1.19 1.14
b- 5 0.48 1.28 1.4o 1.17 0.89
b- 6 0.41 1.35 1.29 1.36 1.30
b- 7 0.54 1.34 1.43 1.42 1.23
b- 8 0.29 1.17 1.14 1.05 0.85
b- 9 0.19 1.23 1.05 1.10 0.30
b-10 0.22 1.23 1.18 1.05 1.00
b-l 0.15 1.14 1.13 0.02 1.14
b-12 0.30 1.20 1.10 1.14 2.15
b-13 0.41 1.20 1.17 1.11 1,40
t-14 0.42 1.27 L.28 1.32 1,17
b-15 0.47 1.26 1.38 1.46 0.83b-16 0.31 1,32 1.23 1,12 1.39

b-17 0.45 1.30 1.42 1.1a 1.73
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TABLE 6.2
(Contnued)

NMARY OF X FaC'150, 7)33, "110, AND 71mx

Source -

avid r(,,X) X(,5) X(- 1 3 (1 >
Record (_5)31_m

b-18 0.42 1.28 1.24 1,28 0.90
b-19 0.27 1.25 1,18 1.17 0.88
b-20 0.48 1.26 1.27 1.35 0.93

o- 5 0.34 1.18 1.21 1.12 0.89
c- 6 0.38 1.25 1.31 1.28 1,20
c- 7 0.16 1.05 1.05 1.06 0.86
c- 8 0.08 1.06 1.09 0.99 0.67
c-12 0.30 1.15 1.09 1.07 o.94c-13 o.43 1.14 1.,24 1.36 2.50

c-14 0.49 1.25 1.31 1.28 0.96
c-15 0.40 1.30 1.25 1.10 1.i
c-16 0.16 1.06 0.99 1.05 0.94
c-17 0.40 1.18 1.19 1.20 0,98
c-18 Q.65 1,29 1,29 1.38 0.95
C-19 0.56 1.35 1.49 1.33 1.09
c-20 0,32 1.10 1.I3. I.19 1.33
c-21 0.39 1.3,5 1.13 1623 1,17
c-22 0.23 I1.11 1.06 1.00 1.40
c-23 0.39 1.17 1.21 1.23 1.43
c-24 0.40 1.13 1.18 1.24 1.22
c-25 0.37 1.15 1.15 1.25 1.08

d- 1 o.49 1.64 1.96 1.79 1.89
d- 2 0.43 1.25 1.40 1.18 0.85
d- 3 0.48 1,26 1.30 1.51 2.30
d- 4 0.50 1.31 1.23 1.49 1.46

e- 1 -0.04 0.99 0.97 0.91 0.94
e- 2 0.1 1.06 1.02 1.03 1.05
e- 3 -0.30 0.92 0.88 0.81 0.41
e- 4 -0.17 0.86 0.89 0.76 0.80
e- 5 -0.42 0.74 0.79 0.64 0.37
e- 6 -0.22 0.90 0.4 0.89 0.7?
e- 7 -0.42 0.88 0.81 0.81 0.86
e- 8 -0.41 0.86 0.84 0.79 0.86
e- 9 0.02 1.00 0.98 0.98 0.87
e-10 -0.07 0.95 0.93 102 0.95
e-nl -0.07 0.98 0.96 1.99 0.93
e-12 -0.17 0.91 0.91 0.98 1.06
e-13 0.06 0.99 0,98 1.02 1.00
e-14 -0.13 0.91 0.88 0.85 0.76

- .17 0.93 0.93 0.96 0.93
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TBI 6.2

and (l, X) XR'950) X ( '133) 10) (17=x)

RecordI

e- t to 5 -0.16 0091 0,91 0.83 1.C
e- 6 to 10 -0.22 Ok-92 0.88 0.90 0.9.
e-li to 15 -0.1o 094 093 o.96 1.06
a- I to 10 -0.19 0.92 0.90 0.87 1.09
e- 6 to 15 -0.16 0.93 0.91 0.93 1.09

e-16 -0.04

f- 1 0.613 1.J4 4 1.57 1.73 1.42
f- 2 0.374 1.34 1.33 1.02 0.70
f- 3 0.398 1.30 1.37 0.95 1.33

5, Mean Wave Period of Wave Heights Greater than a Given Height

The mean wave period rp of the highest p - percent wav heights
is i function of the correlation coefficient, remMbering that the
correlation coefficient is that between q and ).- For conarison
with theory the data in this study were analyed to include:

(a) r(,1 5), mean wave period of highest 50 percent
wave heights

(b) T(n 33), mean wave period of highest 33.3 percent
wave heights

(C) T(' I0), mean wave period of highest 10 percent
wave heitAts

(d) T( 1) i), period of maximmx wave height

T(I 1) is assumed approximately equal to T(' max). This information
is simnarizd in Table 6*3 Figure 6.3 shows these relationships as
runctions of r(t), A), togetber with the theoretical ralationships:

T()- i+-.42 r (',o)2 1+ 1.03, (6.)
_ (17,) 1 (6.4)

Where r is correlation coefilcient between 7y and X, tiza, izvreemnot
bot..en -n -. l- '--" .- quitlb c ntiravze to that for
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SUtMRY OF T FCR 150, 933o %)O, AND'"Mx

Sourc( (710) T ('qiX)
Acord ... .

a-A 0.43 1.13 1.17 1.15 1.12

a-B 0.63 1.25 1.36 1.38 ..43

a-C 01 1.16 1.18 1.19 1.17
a-D 0: 1.08 1.10 1.10 1.25

a-E 0.33 1.09 1.07 1,05 1.0

a-F 0.56 1.32 1.13 1.09 0,95

a-0 0.31 1.08 1.08 1.14 1.08

a-H 0.28 1.03 1.o4 1.06 1.07
a-I o.14 1.02 1.03 1.o4 .04
a-i -o.o4 1.02 1.00 0.97 1.05

a-K 0.08 1.01 1.01 &.01 1.03

a-L 0.17 1.05 1.04 1.02 0.98

a-M 0.22 1.04 1A 1.05 1.05

a-N 0..25 0.99 0.90 0.? 0.92

a-o 0.26 1.10 1o 0.98 0.75

a-P 0.1 1.03 1.06 0.96 0.89

a-Q 0:08 1.01 1.01 1.05 1.09
a-I -0.07 1.00 0.99 0,97 1.o3
a-S -0.05 0.98 1,00 0*92 1.09
a4 -0 0.97 0.97 0.93 0.93
a-U -0,19 0.97 0.99 0.94 0.19

a-v 043 1.04 1.03 1.o 1.02

a-0 .20 1.07 1,12 1.16 1.09

a-X -C.o1 1.00 0.99 0.99 1,06

aoI -o,04 1.03 1.04 0.96 0.99

b- 1 O.fi 1.08 1.06 0.92 0.89

b- 2 0,38 1.fl 1.12 1.45 1.50

b- 3 0.h2 1.12 1.3.4 1.20 o.94

b- 14 c.4. 1.15 1.17 1.13 1.12

b- 5 0.48 1.19 1.24 1.14 1.02

b- 6 o.14 1.21 1.19 1.24 1.22
0- 7 o.54 1.20 1.24 1.25 1.18

b- 8 0.29 1.1 1.09 1.03 0.96

I b- 9 0.19 1,12 1.05 1.o7 o.58

b-10 0.22 1.314 1.12 1.07 1.l5
b-fl 0.15 1.07 1.07 0.92 1.11
b-12 0.30 1*2 1.08 11 l.Ah
b-13 0.Il 1.13 1.3.1 1.09 1,23

b-l1 0.42 1.17 1.18 1.,21 1.14

b-15 0.147 1.314 1020 1.23 0.96

b-16 0.31 l17 1.15 1.10 ,24

b-17 o.45 1.17 1.23 .1.22 1.40
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TABLE 6.3
(Continued)

SUAYc CF T F(R 175, 13 3 , .10 , AND lmax

Source
and r(-?, T) ( 50) T ( "733) r (i 20) T ("I)M=)

Record

b-18 0.42 1.16 1.14 1.18 110
b-19 0.27 1.3-4 1.12 1.13 1.00
b-20 0.48 1.17 1.17 1.22 1.02

c- 5 0.34 1.12 1,14 1.1i 0.99
c- 6 0.38 1.311 1.17 1.16 1.14
c- 7 0.16 1,03 1.03 1.04 0.95
c- 8 0.08 1.04 1.o6 1.01 0.84
c-12 0.30 1.09 1.07 1.06 1.01
c-13 0,43 1.09 1.15 1.20 1.65
c-14 049 1.15 1.19 1,17 1.03
c-15 0,40 1.18 1.16 1610 1,12
c-16 0.16 1.05 1.01 1.05 1.00
c-17 0.40 .112 1.11 1.12 1.03
c-18 0.65 1.17 1.17 1.22 1,03
c-19 0.56 1.19 1.26 1.20 1.09
c-20 0.32 1.07 1.08 112 1.19
c-21 0.39 1.08 1.04 1.13 1oll
0-22 0.23 1.09 1.05 1.04 1.23
c-23 0.39 1.10 1.12 1.13 1.25
c-24 0.40 1.08 1.11 1.15 1.24
c-25 0.37 1.09 1.09 1.14 1.07

d- 1 0.49 1.18 1.22 1.40 1.48
d- 2 o.41 1.15 1.23 1.13 1.00
d- 3 0.48 1.15 1.18 1.29 1.61
d- 4 0.50 1.09 1,12 7.27 1,27

e- 1 -0.04 1.00 0.99 0.97 0.99
e- 2 0.11 1.04 1.*3 1.05 1.05

3 -o.30 0.95 0.93 0.91 0.65
4 -0.17 0.94 0.95 0.89 0.93

e- -.,42 0.90 0.93 0.84 0.66
e- 6 -0.22 0.95 0.9.3 0.97 0.90
e- 7 -0,42 0.97 0.9. o,94 0.98
e- 8 -C la 0094 0.93 0.90 0.95
e- 9 0.02 1.01 1.00 1.01 0.95
e-10 -0.0? 0.98 0.98 1.0 1,00
e-fl. -0.07 1.00 0.99 1.01 0.98
e-12 -0.17 0.97 0.97 -..0i 1.06
c-13 0.06 1.01 i.01 1.03 1.03
e-14 -0.13 0.97 0,96 0.95 0.90
e-15 -0.17 0198 0.98 0'.9 0.98
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S c 6.

StM Cr F N "t15,133, 7iO, AND '?VX

and r(I X,) T" (1150) T (1133) Tr( 7 1) "r (7r?-X)

Record

e- 1 to 5 -0.16 0.97 0.57 0.93 1.03
a- 6 to 10 -0.22 0.97 0.95 0.97 0198
9-nl to 15 -0410 0699 0,98 1100 1.06

e- I to 10 -0.19 0.97 0.96 0.95 1.08
e- 6 to 15 -0.16 0.98 0.97 0.99 1.07

e-16 -0.04
e-17

f- 1 0.613 1.25 1.32 1.39 1.29
f- 2 0.374 1.21 1.22 1.07 0.91
f- 3 0.39P  1.17 1.19 1.00 1.23

6. Percent of Waves in Quadrant,

The percent of waves in four quadrants for various limits of and
have been determined frca the wave data, whre

*P P 1 1

P OD?,1 -P(-5

PIIInP [ G  ::]-1;[" : - P [ Ico] P [1, (6.5) ,

This i- -f-tion -s summarized in Table 6.4. Figure 6.4 shows these
relationships as functions of the correlation coefficient. No
theoretical re!ztionahip is shoun oxcapt for r 0 0, r - +1, and t - -1.
The solid lines are assumed linear relationships between r - 0 and
r a +1.0, which of course represents an approximation not in too bad
agreement with data. The dashed lines are 95 percent confidencet 'limits.
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TABLE 6.

StMMARY OF PI, PII, PlII, AND PIV

gource• d r( i, X ) PI Pii P iii P I
.dcord

a-A 0.43 40.0 8.3 33.9 17.8
a-B 0.63 50.2 6.0 34.6 9Z.,
a-C 0.51 38.2 7.9 34.8 19J.
a-D 0.45 12.8 13i 32.3 21.8
a-E 0.33 36.1 17.8 22.9 23.2
a-F 0.56 38.4 14.2 33.7 13.7
a-G 0.31 34.4 19.4 27.e 18.3
a-H 0.28 34.5 26.7 24.6 14.2
a-I 0.14 32.3 20.1 22.3 25*3
a-J -0-04 36.2 24.8 15.8 23.2
a-K 0.08 30.1 28.2 18.4 23.3
a-L 0.17 33.2 19.2 21.7 25.9
a-M 0.22 32.6 22.6 2".9 16.9
a-N -0.25 31.9 23.2 14.7 30.2
a-0 0.26 32.9 20.5 27.5 19.1
a-P 0.14 25.4 27.1 23.9 23.6
a-Q 0.08 32.4 18.4 25.8 23.4
a-R -0.07 37.0 22. n  15.4 25.6
a-S -0.05 2b.8 26.1 19.7 25.4
a-T -0.15 31.5 30.0 15.4 23.1
a-U -0.19 35.6 20.8 11.O 31.8
a-V 0.13 33.4 15.7 25.1 25.8
a-W 0.20 35.0 15.0 30.0 20.0
a-X 0.01 25.0 20.7 25.6 28.7
a-Y -0.04 28.9 22.2 26.7 22.2

b. 1 0.12 39.5 18.0 17.0 25.5
b- 2 0.38 31.0 13.0 32.0 24.0
1- 3 0.42 35.0 15.0 27.0 23.0
b- 4 0.41 38.0 17.0 28.0 17.0
b- 5 0.48 41.0 18.0 26.5 14.5
b- 6 0.41 43.0 21.0 27.5 8.5
b- 7 0.54 39.0 18.5 28.0 14.5
b- 8 0.29 38.5 21.0 23.5 17.0
b- 9 0.19 36.0 21.5 24.5 18.0
b-lO 0.22 40.5 11.5 24.0 24.0
b-ll 0.15 ?4.5 21.O 2 '1- 18.0
b-12 0.30 37.3 20.8 26.8 15.3
b-13 0.41 38.5 18.0 29.0 14.5
b-14 0.142 39.8 31.8 29.8 15.8
b-15 o.47 41.0 25.5 22.5 11.0
b-16 0.31 39.0 14.5 32.5 14.0
b-17 0.45 42.5 14.5 31.5 iL.5
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TABLE 6.4
kContinmed

SUMIARY OF PI, PI1, PIII, AND PIV

and r(i7,X) Pi PII u'Ii PIV
Record

b-18 0.42 39.5 20.5 27.0 13.1
b-19 0.27 42.0 22.5 23.0 12.5
b-20 0.48 33.0 29.0 28.0 10.0

c- 5 0,34 36,6 16.8 27.2 19,4
c- 6 0.38 42.8 93 27.5 20.4
c- 7 0.16 30.1 22.2 22.2 25.4
c- 8 0.08 35.8 13.8 25.0 25.4
c-12 0.30 34.1 26.3 27.2 12.4
c-13 0.43 36.6 26.3 24.5 11.6
c-14 0.49 32.4 16.7 38.0 12.9
c-15 0.40 38.9 20.3 32.9 7.9
c-16  0.16 33.3 23.4 23.0 20.3
c-17 0.40 38.2 -17.8 30.2 13.8
c-1 8  0.65 4o.9 17.3 25.9 15.9
c-19 0.56 45.2 31- 3.,.3 10.1
c-20 0.32 30.3 16.6 32.0 21,1
c-21 0.39 42.2 15.6 29.3 13.6
c-22 0.23 36.4 20.7 19.9 23.0
c-23 0.39 40.3 17.5 22.8 19.4
c-24 0.40 39.9 17.0 28.4 14.7
c-25 0.37 38.8 14.0 26.2 21.0

d- 1 0.49 0.397 0.191 0.305 J.107
d- 2 0.41 0.358 0.170 0.321 0.151
d- 3 0.48 0.376 0.177 0.326 0.121
d- 4 0.50 0.330 0.122 0.322 0.226

e- 1 -0.04 29.0 23.0 24.0 24.0
c- 2 0,11 2).0 23.0 24.0 24.0
e- 3 -0.30 23.0 28.0 16.5 32.0
e- 4 -0.17 23.0 28.0 16.5 32.0
e- 5 -0.42 26.0 32.0 12.0 30.0
e- 6 -0.22 26.0 32.0 12.0 30.0
e- 7 -0,42 25.5 29.5 1o.5 28.0
0- 8 -0.41 25.5 29.5 16.5 28.0

e- 9 0.02 31.0 26.0 20.5 22.5
e-10 -0.07 31.0 26.0 20.5 22.5

I I e-ll -0.07 29.0 26.0 18.5 26.5e-12 -0.17 29.0 26.0 18.'" 26.5

L e-13 0.06 29.0 27.0 17.0 27.0
e-14 -0.13 29.0 27.0 17,0 27.0
e-15 -0.17
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TABLE 6.4
(Continued)

SU4:ARY OF PI, PI1 , PFI, AND PIV

Source
antar w PI PII TI.-1 XIN

Record

e- 1 to 5 -0.16 26.0 26.8 18.6 28.4
e- 6 to 10 -0.22 27.8 28.6 17.2 26.2
e-l to 15 -0.10 29.U 26.5 17.8 26.8
e- I to 10 -0.19 26.9 27.7 17.9 27.3
e- 6 to 15 -0.16 28.4 27.6 17.5 26.5

e-16 -O.04 29.8 25.0 18.8 26.4e-17

f- 1 0.613
f- 2 0.374
f- 3 0.398

g-24 25.6 11.6 30.2 32.6
g-15 20.6 11.8 52.9 14.7
g-31 15.2 18.2 33.3 33.3
g-25 33.3 26.2 21.4 19.0
g-35 33.3 16.7 27.8 22.2

7. Confidence Limits For Correlation Coefficients

Because the statistical parameters, including r( . ) will vary
from one seemingly similar rccord to another, even though the sample
size remains constant, the correlation coefficient r is merely an
estimate subject to sampling error. For any observed value of r one may
set limits which will be wide enough to include the true value with any
required degree of confidence, say 0.95. These limits are called the
95 percent confidence limits. If r - observed value, then p- true
valve of correlation coefficient. The true valuep , although unknown,
is not a random variable, so that one should not speak of the
probability that plies between the confidence) limits. Instead r is
the random variable and there is a probability that the confidence
interval (between upper and lower confidence limits), uhichis a
function of r, will include the true value, so that in saying of one
confidence interval that it does include the true value, th-ere
stands only a 5 percent chance of being wrong, and therefore a
reasonable chance of being right.
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Ninety-five percent confidence limits for correlation coefficients

-hen N * 100, from Fisoher (1915), are presented in Table 6.5.

TABLE 6.5

95 PERCNT CONFIDENCE LIMI, voR
CORRELATI 2 cOEFFICIINTS

N w 100

r Upper Lower

0 0.197 -0.197
0.1 0.292 -0.099
0.2 0.383 0.o00
0.3 0.470 0.110
0.4 0.554 0.220
0.5 0.635 0.336
0.6 0.713 0.457
0.7 0.796 0.583
0.8 0.862 0.716
0.9 0.932 0.854
1.0 1.000 1.000

For r minus, the 95 percent confidence limits are the negative

of th3 corresponding values for r positive in the above table.

8. Test for Linearity of Regression

j Mathematics and the theory for test of linearity of regression
will not be repeated here, but is readily available in textbooks on
mathematics of statistics, for example, Kenney and Keeping (1956),
Part II, Chapter XI.

The continuous records, sonrces a and e only, were tested. The
non-continuous records appear to have appreciable deviation from linear

regression,, according to Figures 6.1 through 6.4. This may be a
peculiarity c these types of non-continuous records.

Data were tahiOted in q-row and X-colimns t 0-5 intervals.
The records average about 100 waves each for both sources. Source a
averaged 6 rows and 6 columns, whence the numer oi degrees of freedom
nI • 6 -22 4 and n • 100 - - 94, corresponding to vales of the
F distribution of 22i7 and 3.52 for the 5 percent and 1 percent limits,
respectively. Source e averaged 5 rows and 5 columns, corresponding
to F values of 2.71 and 4.00 for the 5"percent and I percent limits,
respectively.

1
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Table 6.6 presonts the results of the test for linearity. For
both sources it is seen for a number of cases deviation from linear
regression is significant for the regression of Iq on X* However,
in most cases for X on ' the deviation from 1:L - qr regression is
insignificant. Perhapx in some cases an unsati. ctory linear
regression of q7on X may be duo to such physical factors as breaking
waves or limiting 7 values for small X. The reverse of X on n .
however, does not appear to have the same restriction. Deviatiox
from the Rayleigh distribution may also have an effect on the
linearity of regression.

Based on the above investigation, it is seen that the relationship
of II(Xp), mean wave height for longest wave lengths is not entirely
satisfactory for prediction purposes. it can be concluded, however,
that the relationship of X (ip), man wave length of highest wave
heights, is satisfactory; and, thorefore, the relationship of r(i7 ),
mean wave period of hi'-zt wave heights, is also satisfactory fop
prediction purposes.
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TABLE 6.6

TEST M LINEARITY CF REORESSICI

SourceF Distribution)F
. ' 6Sur'ceF F

iRecord x5 11

a-A 4.6078 7.57 2.0246 1.91 Between Between
a-B 8.8191 19.72 7.7811 6.43 2.4 3.54-c 1L.i405 1.51 2.0005'> 2.90 and and
a-D 2.2240 2.90 2.8327 9.32 2.5 3.6
a-E 2,8580 2.78 0.6380 0.92
a-F 1.2390 1,26 1.6890 3.65
a-O 5.0834 5.12 2.8955 4.57
a-H 12.7390 11.63 2.0765 3.12
a-I 9.8605 %. .58 1.2777 2.41
a-J 3.7153 2.86 0.6979 0.05
a-K 3.5570 4.28 0.5587 j.55
a-L 2.9492 2.88 1.7755 1.93
a-M 5.4436 7.33 2.8065 382
a-N 2.6298 1.44 2.8563 2.45
j-0 3.9536 4.41 3.0744 3.13
a-P 5.6783 9.52 2.9008 3.77
a-Q 1.9035 2.24 0.11469 0.19
a-R 2.5011 2.05 1.1609 1.26
a-S 9.2409 15.21 0.4710 0.68
a-T 3.2277 5.14 0.7225 0.88
a-U 1.0713 0.57 1.7632 2.23
a-V 3.3342 3.68 1.0425 1.79
a-W 5.4283 8.12 0.4800 0.35
a-X 1.4424 1.84 0.0680 0.11
a-Y 2.0063 2.59 2.8450 3.69

Ave. 5.49 2.48

e- 1 1.4047 2.53 1.6553 4.00 2.71 4.0
e- 2 1.3504 2.68 1.8547 2.30
e- 3 1.8283 5.78 0.8524 2.78
e- 4 0.8804 1.36 0.6552 0.83
e- 5 0.5957 1.19 0.3505 0.51
e- 6 1.6587 3.02 0.0642 0.0
e- 7 6.7245 33.01 1.4888 3.25
e- 8 1.7441 3.93 0.8149 2.04
a- 9 1.4747 3.00 0.2243 0.50
e-10 3.2596 6.60 0.7310 1.35
e-3.1 4.5723 9.44 0.2206 0.53
e-12 2.8004 5.04 0.7914 2.33e-13 2.6396 5.46 0.3534 0.68
e-14 7.3616 15.30 0.8464 1.20
e-15 2.2677 4.17 3.1746 11.23 11 4.0

).¢e. 6.83 2.24
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MAPTER VII: A THECRY OF WAVE SPECTRA FRa JOINT DISTRIBUTION

1. General

A theory of wave spectra for ocean waves is developed from the
kionedge of joint distribution of heights and 161. "is. The unit
form of notation is used thrughout the development, and the finL
form in standard units is presented. In the following development
certain assumptions are made. These are discussed when need aricas
in the development. The general derivation can be made Without any
knowledge of the exact marginal distribution functiq, except thatp(iy ) and p(X) must be of the same variate, i.e., 5U.X, s,,Ua3 ,
etc; and it i assumed that linear regression applies for ilon X
( or X on q ). 11

2. Energy Considerations

The definition of wave energy used in simple wave theory refers
to the mean wave energy 1*i unit area of surface. To obtain total
wave enorgy per unit width perpendicular to the crest the mean wave
energy per unit area of surface is multiplied by the wave length.
In unit form the mean wave energy per unit of area surface is defined
by

(7.1)

and the total energy per unit width is given by

Q'-qX (7.2)

whiere

1 2PH  H2  
(

It can be seen from (7.3) th t. h, h (?.1) and (7.2) mih.
represent either the potential energy or the kinptic energy, or both.

In the material following T) and X symbols are used, ,and 112
will be called energy, although the actual energy must be obtained
by use of q' and Q' from above, whence
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q" 72  
(7.h)

and

* 2  (7.5)

In Cartesian coordinate system for two directions let q = 17z
be parallel to the ordinate and X parallel to the abscissas and it
will be seen that Q is the area under the line 7 2 constant bounded
by the interval between 0 and X. In the same system q will be a
point whose coordinates are 71 and X.

Consider next a wave record of N waves, in^ hich there qqk
nnumber of 7)i2 having ' of class i between Xi+ . and X-.
and the sum of qi and the sum of Qi become

k

Cl 2 
2 ki9j (7.6)

0a 72 (7.7)

limit as A X-0

It can now be seen that Qj is the area under the line 2

ccnstant bounded by the interval 0 and X as A X ---- 0 and that qj
is an element bounded by kqi2 for the incrsepnt &X , bU as AX-wo
qj.-becomes a point whose coordinates are k7i1

2 and Xi. This point
is one of many such points on a curve as the process is repeated for
other classes of X. This curvc 13 called the Xspectra nf q or the
Xspectra of 772.

In tho above it is not necessary to assm.e for a complex sea
that one may compute q or q' from the measured wave heights, which
appear t0 be changing with time, and hence it is not necessary to
asswe individual values of q proportioral to 712 or a comple1c sea.
It is only necessary to assume that the statistical distribution cf

il -.Ir each class of A1 is suiricient such that j is proportional
to 17j' o The a.bove appears tobe_;w vhen all wt,-es ar~e 6ou- rr
as one class, in whic case72 1 172 the energy coefficient; and for
the Rayleigh distrif ion :;F 9-, which is in agroemnt- with the
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data. NIen classes of ) are considered, it appears also that 1q,1
where

H (7.8).H

and it appears that the above assumption is satisfactory for derivation
of a theoretical faamly of X spectra ct 91.

3. Derivation of X 3nectra -or o

Th X doof i b by dquaring aJll 7and suing ii
17) between V arndXk -"--- asAX--0 for al X
between 0 anid .* atheatcall, in terms of the joint distribution
function this sumation is represented by

S792 (X) fO t2 p(i ,X)d 7  (7.9)

and

SP(7 ),I),) p >L, ) •.(7.10)

9 2(X), the stnimtion function of .71 with respect to X ,is i
teded the fauily.of X spectra of qt p(tP X ) is the Joint
distribution function of and X, p( X) the marginal distribution
function of X a and .pk (I ) the conditional distribution function
Of q.

Frau (7.9) and (7.10) one obtains

S 9 iX) .p(X) o p () d7j. (

One may suppose that the integral of (7.11) eralxAtes .by
definition

18 7P X p1 (7,2'
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S W C XTa - 3 p(. (7.13)

To obtain the complete form of the X spectra c 1.2 one must
evaluate - This rwn be done analogousto *1, K(lqr,
asauing only linear regression and 12 2 X, whence

K X2

where IF is the equation of the regression line of 7 on X, and
from Chtter V

9-U(I-r)+rX

and
t2

I 2  K, [I-r)er ] (7.16)

The constant KI can be solved from the condition that the area under
the X spectra of 1 is eqml to the energy coefficient 9;

" 9 u S, 2  (dX (7.37)

and using (7.13) and(7.16) one obtains

n? K Kf[(ir) +rXP(X) X 7 )

L' or expanding and by definition
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fo co p (X)d X.0

f co
Jo XP(X)dXa3Cu1.0 C1.19)

fo xP(X)dx >

Since

(7.20)

Thus

S,2X.;'-+ vJ pW' (7.21)
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4. r Spectra of ,2

Eq. (7.21) can be transformed into the r spectra of 12 -by noting

Sqt W d X -S, (T) dr

p(X) * p(r)dr (7.22)

XmGr 2

Thus

s)I(T)- [(-r +or 1 P2 O (7.23)

In the above r is still the correlation coefricient r(7, X).

Assuming the Rayleigh distribution for wave length variability
applies over a range of correlation coefficients applicable to wave
data, S172(X) and S 2(r) respectively, are given by

i2

S 72(X)- .27[-rr X(7.2)
10.273 r?

S~ i T =4a211-r+ r T2 ]  4
I~ ~ i+ 273z Z. T e-O 7 (7.25)

I 12
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In (7.25), a - 0.927 for the Rayleigh distribution, and it must
also be remembered that r is r(q, X), the correlation coefficient
between9 and X. Figures 7.2 and 7.4 respectively, show S, 2( X)
and S, 2(r) for various values of r(7, X) between r( X) -04
an", 40.6. It is believed that for negative r(w1) g greater numerical2y
than shown (-0.4) does not occur in nature; and fu .. ermore, thc
relationships will tend to fail if applied outside this ran G. Figures
7.1 and 7.3 show the corresponding spectra, S (X) and S (T)..

5. Period Spectra

The standard form of the period spectra may be obtained from the
unit form by noting

"SCr (T) dr 9 SH2(T) dT

H

r=z4 (7.26)

dir= - dHH

dr dTT

Thus

3.~)I 430 1R) 1-r+.927 r T )2 T (727
H 1+0.273 rz  (T) 4

o. Freeuenuy Spectra

The period spectra may be transfoned into the frequency spectra
by noting that

f SzT) dT f SH2W dw -f SH2 'w)dw (728)

114



and

d .- d- T (7.29)
T TZ

Thus

3.434(H)z[I-r +0.927r(7)2] r e-\ 4

SHZ(t)" ,10.273r, (rw) - (v. o)

7,- Poperties of Wave Srectra

Prnk the above proposed wave spectra, one uay determine certaln
properties discussed below.

Peak of T 7a2: It is of terest to investigate the
peak OF th T spectra of il Z this representing the band of wave
periods around which in concentrated maximum wave energy, This period
will be called Top, the optimm period, and may be obtained from

d[S, C0] 0 (7.31)
dr

whence

0I-rf3-27rT +2ar 1 rOr j10-5.4-rO4j+ arT .T7o~] (7.32)

V- Eq* (7.321' is a quadratic In term or r, from uhicb it follows

Ar2+ 28r + C no

-at] oAC (7.33)

K A
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where

A - [ .( . 2)z]. or2[O_ 2 r(ar2)2] +(oa) 2
1[7 _ . (0 .22]

B- [-3 +,T(oTr)2] + 0T2 [5-r(0r2)

C -- r(oA1

mole 7.1 gives typical values of T for various correlation

coefficients, r(i, X).

TABLE 7.1

Top AND T (7.33) VERSUS CORRELATION COEFFICIENT

rT(aT 2 co)2 r(,1, X) Top r( TOP
T(H3 3 )

3.00 0 1.0267 1.0000 1.0267
3.25 0.0616 1.0475 1.0183 1.0287
3.50 0.1199 1.0671 1.o.353 1.0307
3.75 0.1753 1.0856 1.0513 1.0326
4. 0.2280 1.1032 1.0662 1.0347
4.2" 0.2810 1.1200 1.0810 I.0361
4.50 0.3346 1.1363 1.0958 1.0370
14,75 0.3874 1.1517 1.11Ol 1.0375
".CO 0.4421 1.1665 1.1248 1.0371
5.25 0.4986 1.1808 1,1398 .0360
5.50 0.5573 1.1946 1.1551 1.o342
5.75 0.6193 1.2080 1.1711 1.0315
6,00 0,6846 1.2210 1.1877 1.0280
6.25 0.7450 1.23'.35 1.2029 1.0245
6.50 0.8296 1.2457 1.2242 1.0176
6.75 0.9109 1.2574 1.2436 1.0111
7.00 1.0000 1.2689 1.2649 1.0032

Relation of Optimum Period to Significant Period: The
significant wave definition has bArn A AIAtet? Qyt. arbit+raly:
It was found that observers tend to report a mean or representative
value of the higher wave groups, which was termed the significant
height, and the corresponding average period of the h.lgh groups was
called the significant period. It was found from wave record analysis
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that this significant wave agreed quite satisfactorily with the
highest one-third waves in the complete record. Hence, the
significant wave became attached to the average height of tho
highest one-third waves, thereby being a statietLcal parameter.
'Le significant period being defined as the avb. ze period of the
highest one-third waveo was not a useful statistical parameter since
no knowledge existed in regard to correlation. The significant
period is only a useful statistical parameter when the correlznticr.
betwesn - and X is known, and it has been discussed in the two
preceding chapters. The significant period being related to the
higher wave groups should be expected to bear a close relationship
to the optimum period. It is sh.own and verified in Chapter V that
the significant period is given by

T(733) 1 - 1,o O.6 (7.34)

Table 2.1 shows T 1/ 3 for the various values of r(,i, X). The
colm of lop, also presented in Figure 7.5 shows that the

significant period is very closely related to the optitmu period, as
should be expected. Thus the significant period has a definite
significance in the study of ocean wavee.

Mean Square Wave Steepness: The mean square wave steepness is
given by

0 Sq (X)dX\ (7.35)

or using (7.26)

2- 2 0 2 0

[]7 ,+0 2 7 r.[(lr)+rXl. e -  d. (7.36)

Expandirg (7.36) one obtains

"nr +2r(I-r)+r X] e(
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The last two term of the above integral lead t., finite reaults,
but the first term must be integrated from a lower limit X W
discussed later. In this respect one obtains

t1

LTJ 2+ 0.273 rz  +(r, 4d

Consider the e nential irtegral

FINll)= 2 a- -4 dX (7,39)

min

i2 Let z 7 dzu-zj- A

whience

f ODr e IO

o .e dzu l  
z  (7-40)

i an " Zmin f

The last half of the above integral is obtained-frm Jahnke, et al.
(1945)

Ei) i
f e- z dz., 0.219383934 (7.IA)

Ecpandii g by series the first part of the integral of (7.40), and

integrating, one obtains

f!

I ZO - -Zdz- nz--z - -+ _ +712
i,,,,-- . 2.2! 3.3 1 4.41 (7.42)

Ii I
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It will be noted that smj n c< 1, hence need be considered omly
for evaluation of the term lnz. Using the first five terms of the
above series one obtains

f 4 e - d -Inmin-0.8039 (7.43)
Zmin

FWhence

Eix)Ilnzmin -0.5845 (7.4)

S and since z and X-0.927 r

El(x)--2 InXminO.34644 Inr m in-0.2684 (7.45)

The final form for mean square wave steepness becomes

N 1+0.273 r2 jur ii- 2 ( r 061](J)

The selection of TMi n is discussed in the next chapter.

F Mean Square Sea Surfae Slope: Mean square sea .surface slope

relationships were derived by Cox and Munk (956) by use of the
directional spectrum, the work c. which is not repeated here.
However, a less rigorous method is used which results in the same
cxprescion. A simple sinusoid! gravity wave may be reprezented
by

€-A cos kx (7.47)

where A is the amplitude ''/2 and k -2 7 /L. 7he wave alupe in
obtained from

dxdxkAsnk (7-48)
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Tht mean square slope of the single wave is obtained from

Next a train of waves my be considered for Qich the oreat
lengths are sufficiently. long, such as one mightinfer from a wave
record obtained by use of ay conventional wave recorder, and asausu
that the statistics are sufficient such that the means are equivalent
to those obtained from diserote sets of sinusoidal waves propagated
unidirectional; whence the men square sea surface slope is obtained
from

0 z~Aj (7.50)

Thus

Where

[H ]2 is the :wan square wave steepness

Eq. (7.51) is -at which one might obtain wher, only a wave
record is available, a very mirimum of irformation. The fact.,
however, is that the waves may be short crested and directional, and-
the assunption of sufficient statistics is required. At first it
appears that this assumption is not in order, but it can be shown
that o 2 obtained from (7.51) is equivalent to that derived by Cox
and Munk (1956)_%ua the directional spectrum. The mean square
wave steepness 1H! ' may be obtai d by use of the joint dia-
tribution function

OOD f ~ H] P 1(HL)dHdL (752)
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or from the period spectrum

LL JLZ SH2(l)dT (7.53)

thus

which is identical to that obtained by Cox and Munk (1956), from

idich the notation is TT - 1/8 SH2(T).

Tn terms of frequency w (7.54) becomes

OD
0  0- f: -sH21w)dW (7.55)

According to the notation used by Neumamn and Pierson (1 9 57 )a

S H2 1w) dw a4 [A(ju)]2dj (7-56)

Where P is the same asw and A - H/2.

It can be hom that in unit form

K Thus
aT -2 ] 2[-J (7.58)

2I' whiera [] is obtained from (7-46).
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Although the family of spe tx not intended for very steep
waves, (7.58) for all H/ - 1/7( - 1.0) reduces to (7.51),
and predicts a maximum value of mean square sea surface slope

O max - 0.10

.The maximum value of 2 can be obtained also by use of the
Michell (1893) theory by tonsidering all waves initially have
H/L - 1/7 and follcAng the procedure from (7.49). Using surface
elevation C as a function of x obtained from Michell (1893) one
obtains

2

max - 0oli

and perhaps the family of. spectra can be extended quite fa into
earlier generation.

Spectral Width Parameter: It is of interest to investigate
the spectral width parameter, since this will cast som light on
the change in wave spectra during generation and also during decay.
According to Williams and Cartwright (1957) a non-dimensional
spectral width parameter is defined by

1- -o (7.59)

MM4'

where the nth moment Mn of E( w) about the origin is

Mn fo cn E(w)dw (7.60)

E(w ) is the energy spectram in terms of the frequency
E(w ) 1/8 p g SH2 (w ). With -he proper transfomation. the
X spectra of 9 2 can be used to advantage, whence

•OD

M fo S 2(X)dX

Mz 77 S z X (7.61)

M4 =0 cS 2(M dX
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Thus

4

2 1+0.273 r2 L1 +J](.2

M4U .-

The miean square sea surface slope and the spectral 1idth
parmieter are discuabt~u again in the next chapter,
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CHAPTER VIII: GEREM.TIO OF WIND WAVES IN DEEP WATER
AND THE WAVE SPECTRA

1. General

The preceding section presented the general forn of the period
spectra and also the frequency spectra. The family of wave spsci-A
in general is very useful in explaining the generatioa of the so-
called complex sea, composed of vaves of variable amplitudes and
frequencies. In part, speotum of waves is evolved by the generation
of waves from all points within the fetch area.

The wave spectra can be used to advantage in describing the limits
of the wave forecasting parameters, originally proposed by Sverdrup
and Munk (1907) and revised later by Bretschneider (19 5 2 ) . The
forecasting relationsh';L mentioned above are revised again in this
section.

2. Deep Water Wave Generation Parameters

The growth of wind waves in deep water under the action of wind
may be represented by the following parameters:

~(8.1)

and

-1 7 (8.2)

w,,her

H ve heig t
T - ave priod
g - acceleration of gravity
F - fetch length, distance over which the wind blows
U a wind speed
t - duration of wind

Eqs. (8.1) and (8.?) result from the application of the PI-theorm
(Bucklngham, 1914) and dimensioal arlysin. This operation has been
performed previonsly by others, for example, Johnson (1950). The
above forms of the parametric equations were arrived at from an
entirely different approach through the theoretical work of Sverdrt
and Munk (1947). In the following the mean wave height and mean waveIperiod become quite r'seful, whence, for (8.1) and (8.21, respective2.,

127



g F (8.3)

27r"-".. = FU (8.4)

where F, and F2 are functions of wind speed, fetch length, and wind
duration. The significant wave height according to the Rayleigh
distribution is given by

H33 - 1.6 P (8.5)

The significant wave period is related to the mean wave period through
the correlation coefficte- (. X)

T(H33)aT 1O.6r (8.6)

The use of Eqs. (8.5) and (8.o) permits the interchange between the

mean wave and the significant ,ave. when such need arises.

3. Wave Spectra In Terms Of Generation Parmeters

The period spectra is i4ven by (735) of the previous chapter.
The corresponding frequency spectra is given by (7.38). Using (8.3)
and (8.4), the corresponding spectra, (7.35) and (7.38) respectively,
become

r +092 bf 21 Tg
SHZ(T) 3 (F2U 2 T3  -0 6 75 I2UFI (8.7)

H(T- 1+0.273 r? (t ' _2 7Tr
4  L2

and

2

I-r+-o.927r(. 1 r ,

'r2(W) a~u/ a 2 01 5 .e ~F U (L (8.8)
1+0.273 r-
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mhere

C1 3.4 37 st16r 2  (8.9)
F2

and
F2  

- - (8.1)
4ru 4 x 8.0

For large w(8.8) becoms

S -2(, r +0 U7 ) 2  auJ,5  (8.11)

H -- 1+0.273 r2

Eq. (8.11) can be compared with that given by Buling (1955).

S 2i& =_dW-5 (8.12)

Eq. (8.12) is based on the high frequency components under steady
state conditions, and has also been proven to be true by Fillips (1957)
for an entirely different approach by use of the definition of the
energy spectrum and dimnsional analysis, a priori reasoning. For
this to be true for a fully developed sea, (8.1) must reduce to (8.12),
thereby suggesting zero correlation. Thus, a fully developed sea is
in - steady state of non-correlation, unrestricted by fetch length
and itlnd duration, and Fi and F2 reach upper limits. Based on very
accurate measurements Burling (1955) obtained for a an absolute
constant:

a= 7.4 k i0 (8.13)

4. Evaluation of Upper Limits for Wave Generation

The fully developed sea is specified by zero correlation and (8.7)
and (8.8) respectively, bcome:

T3 9T 14
0,67-O 5 L -; 2 (8.14)

4
, SH(T) ---- [ i 8•h

0-o,67 (-=-(1
a \ 2 Uw/
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Since (8.13) is obtained for a fully developed sea, this
represents a minimum vslue, amin. Far a to be a minium, F2 , cc
(8.14) must be a maximum. There may be some argument that F2 ought
to be bas-A on (8.15), but this concept is contrary to wave observa-
tions. As shown in Chapter VII, there is an optimum period, 

Top, for
v4 -. ,h occurs a peak, or maximum c ncentration of , ave energy, Since
T is closely related to T3j, F should be based )re correct'y on
(K 14). The optimum Periodop is obtained from

d Sal 0 (8.16)
dT

and using (8.14), one obtains:

(Ft)max - 09" (8.17)

When the corresponding group velocity appropriate to T is
equal to the wind speed, maximum wave generation will have 1ben
reached, and the energy front will tend to leave the generating
arqa. Since the group velocity will be on the order of one-half the
phase velocity appropriate to Top, one cbtaiins

-- u" .0 •(8.18)

Thus

)mox .1.95 (8.19)

According to the work of Sverdrup and Munk (1947) the maximum
value of F- - 1.369 (since T f TI3 , zero correlation fof a fully

developed sea). Later revisions ray Bretschneider (1952) place the
upper limit of F2 - 1.45, a low compromise between results obtained
from additional wave data and 1.369. Neumaru (1952) utilizes the
valus of F2 ,1. 369. These valras of F2 - 1.369 and 1.45 correspond
to gF/U1 - 10'. Perhaps the asymptotic value of F2 n 1.95 has not
been completely visualized, since it will occur near gF/U2 - 6 x IO,
as shown by the data in Figires 8.1 and 8.2. In fart, same data show
F2 in excess of 2.0, but this excess may be due to scatter of data and
slight errors in observations.

Assuming (F2)max - 1.95 as determined above -ad supported by
observations, one may proceed to evaluate (Fl)max for 1 fully develcped
sea.
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Previous investigators have reported maximum values of 9

o .26 sverdr-up and mmuk (19147)

C J - 0.30 Rsab and Mntgemery (1935)

The value of 0.26, based on the theoretical work of Sverdmup and
Munk (1947), was also utilid by Bret ohneider (1952).

Using (8.3), (8.5), and (8.9), one obtain# for minism value of as

a min .6.28 x 10"3  for S a 0.26

Ci n - 8.36 x 310" 3  for SU a3 -0.30

Thus it is seen that in both cases, a is close to the value
ivenbyBuling (1955) In view of F2 5 indications ane that

r * 0.26 has not yet attained the upper limit associated with the

fully developed "a. Perhaps the value of 0.3 slightly eMeeda the
limit of the fully developed sea, which migh have resulted from the
method of observations. In ordar to obtain a more accurate value of

(P)., for a fully developed sea, one must consider the source of
data, and the accuracy of the methods used in obtaining the data.
Field data, winds and waves, used by Sverdrup and Munk (1947), Roesby
and Montgmery (1935), Nomann (1952), and also Bretschneider (1952)
as a matter of fact, entail a certain sou=t of subjeotiveness.
Although these data become quite useful when averages are considered,
greater accuracy is required lor establishing the theoretical upper
limits. The more recent data used by Burling (1955) for obtaining
a- 7.4 x 10-3 are very reliable measurements, making use of the
capacitance wire recorder developed by Thoker and tuarnock (195).
This inatrtment rejords very acuurately high frequency capponents
of the wave system n L normally e ith i de"ee of
satisfaction by other methcd .

In view of the above one must concede, baeed ou very accutate
measurements of Burling (1955) that amin 7.14 x 10"3 and for

( 1.95, one obtains
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(Fi)mOx 0. 178 (8.20)

corresponding to

g gH331 0.178I•j~ ,65 ~ 8.21)
U max 0625

5. Evaluation of Lower Limits for Wave Generation

Evaluation of the lower limits for generation of virzi waves is
a little more difficult than that for thd upper limits. The lower
limits are governed by gF/u2 very small and H/L very steep as
supported by numerous wave tank studies, Bretschneider and Rice
(1951) and Johnson and Rice (1952). The theoretical maximm wave
steepness is given acco, 4 -'-- to Hichell (1893)

L I (8.22)

For the sea to have maximum steepness, all individual waves must
be at maximum steepness. Hence, a scatter diagram of H versus L will
show all data on a straight'line with a slope of 1/7. A plot of 7?
versus X will have a slope of 45 degrees, corresponding to a
correlatin coefficient of r(qX) X +1.0.

For the above condition one finds

r 7 L(HA) 7

r a4. 1.0 L(H33)- 1.61 (8.23)

T(H33)a 1.265Y

and from (8.9) one obtains

Gamox" i- 3.25 (8.21,)49
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Since cmRX relates the maximum ratio of F2/F224, it is tempt:hg
to extend the generation parameters, Figure 6.1, asymptoticaly at
some valve of F/u 2 lower than that reported fo wave tank data.
This would lead to minimum values of ?I and P2 guided by wave data.

Another method of obtaining the rininum va- is to ccaider
the lowest possible period tha might oe generated and the lowest
possible wind speed or the critical wind speed required to oake +he
sea aurface rough. This approach is saoewhat superficial bub leads
to essentially the same results as the other method. Assuming the
capillary limit Tmin a 0.074 seconds and Lmi n a 1.7 ca and the
critical wind speed oi 6 meters per second, and using (8.24), the
extreme lower limits are obtained:

gY
O- " 0.0193

•U -. "0.0244

gn
S 0.000357 (8.25)

gH33

Ur 0.000572

gF 0.0046

Eq. (8 25) may be considered the extreme lower limits, and in
actuality O4 must be greater than 0.001"-rder to develop a

U-

spectrum of waves for a wind speed of 6 meters per second. Furthermore,
for wind speeds greater than 6 meters per second the fetch F must be
greater than that required for '6 meters per second, since wave lengths
generated by higher winds wil be longer. Thespectrum of waves is
correspondingly built up from all values of .. and generated

by fetches from greater than AE - 0.0046 to the 'ltizate as
L72

limited by wind speed, actual fetch length, and duration of wind.
t ence, one should expect the spectra in unit form to be mo -Arrc .
with a higher peak for a young see than a fully developed sea.
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6. Transition Zone

The transition zone for wa~e generation ir-.'udes that between the
lower and upper limits discussed above. Much v. i datA, are available
for significant wave heights and significant wave periods. The mean
wave height Is statistically related to the significant 'wav he qht.
The mean wave period in related to the significant period thr ,uif the
correlation coefficient, r( , X). The lower limit of generation
begins at r(17 X) a +10 Ahere T1/ ot 1.265 I and the upper limit
is at r(.I, X ) - O, where T'1 3  To Evidently the ogrrelation
coefficient r(i,9X) and (l/r)A are functions of ?#an . Since

the ratio of (Ti/3)/4 changes from 1.265 to 1.0 over a very wide
range of generation, it is logical to assrm as a first approzimAtion
that this transition is gentle and regular. The wave data establish
quite accurately the r-"-.tionsh! for (9T943 )o T, The exact
relationship of 0T/2T U versus i in the trans tion is not completely

U

established due to the lack of sufficient wave data. However, a
limited amount of wave data from Fort Peck Reservoir and Lake Texama
are available for this aspect of thu problsu. These data are sumarized
in Table 8.1. Fetch lengths for these data are not l established,
due to irregular channel effects. Thb paramter of is eliminated
by using and 0 versus r(), were r(u,X) is related to (T/)

which in turn is assumed to be a slowly changing function of .

Figure 3*3 shows the relationships of ST24TI92U and 3/U
all as functions of r(iq X). The scatter of data seems excessive
but it should be remembered that 100 waves are too mall a nuber to
expect a minimum of scatter in terms of the correlation coeffioient.
The 95 percent confidence la. 4 s for the correlation coeffici,-Asta are
also shown.

Figure 8.1, the Fetch Graph, represents the revised wave fore-
casting relationships, based on the above considerations, together
with additional relationships discussed below. The data shown is
that originally used by Bretaraneider (1951).

7. Duration Gfrap

The preceding sections were uevoted to wave generation as a
f"unction of fetch length, assuming unlimited duration. The Duration
Graph, Figure 8.2, may be obtained by use of the Fetch Graph, Figure
8.1, and the considerations following.
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TABLE 8.1

8MWARY OF DEEP WATER WIND W"""S DATA

Souirce 9H H3  T17/33)~i

Record mph feet aeconds 2E

(FORT PECK RESERVOIR)

b- 1 20.7 1.32 0.0460 2.25 0.378 0.12
b- 2 19.7 1.14 0.0437 2.31 0.408 3.38
b- 3 26.0 2.62 0.0580 2.67 0.358 0.42
b- 4 26.7 2.82 0.0580 3.30 0.430 o.1
b- 5 30.8 3.02 o.0480 3.18 0.360 0.48
b- 6 31.6 1 n 0.0375 2.83 0.311 0.41
b- 7 30.2 2.72 0.0445 3.06 0.353 0.54
l- 8 30.4 2.18 0.0350 2.50 0.286 0.29
b- 9 30.6 1.79 0.0281 2.17 0.245 0.19
b-lO 29.8 1.75 0.0294 2.35 0.274 0.22
b-) 23.8 1.85 00186 2.62 0,383 0.15
b-12 26.6 2.91 0.0610 3.08 0.403 0.30
b-13 26.5 3.11 o.0660 2.89 0.380 o.41
b-14 25.3 2.61 o,061r  2.79 0.384 0.42
b-15 24.2 2.40 0.67.0 3.14 0.450 0.47
b-16 22:2 2,56 0,775 278 0.435 0.31
b-17 21.1 2.64 ¢.0950 3.26 0.535 0.45
b-18 22.6 2.54 0.0740 2.86 0.440 0.42
b-19 23.9 3.05 0.0795 2.78 0.405 0.27
b-20 27.6 3.43 0.0670 3.09 0.389 0.48

(LAKE TFXORA, TEXAS)

o- 5 29 1.33 0.0236 2.30 0.276 0:34
o- 6 26 1.13 0.0250 2.16 0.289 0.38
a- 7 32 1.54 0.0224 2.60 0.283 0.16
c- 8 30 1.37 0.0227 2.53 0.294 0.08
c-12 25 1.67 0.0400 2.75 0.384 0.30
c-13 25 1.67 0.0400 2.92 0.406 0.43
c-14 25 1.67 0.0400 2.88 0.401 0.49
c-15 25 1.59 0.0378 2.91 0.405 0.40
c-16 34 1.34 0.0173 2.34 0.240 0.16
c-17 35 1.34 0.0163 2.60 0.259 0.40
c-18 39 2.15 0.0211 3.09 0.276 065
c-19 38 1.87 0.0193 3.11 0.285 0.56
c-20 29 1.06 0.0370 2.09 0.251 0.32
c-21 30 1.27 0.0210 2.06 0.239 0.3
c-22 29 137 0.0242 2.39 0.287 0.23
c.-23 28 1.33 0.0252 2.43 0.303 0.39
c-ai 33 1.6 -2.21-r-24 .j o6z v0,2217 , h O. A...Oh
c-25 32 1.50 0.0218 2.33 '%-54 0.37
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The duration of time required for wave generation depends on
the fetch distance traveled and the group velocity appropriate To
the most energetic waves. The general form of F - 1gt (fetch distance
is qual tolgroup velocity times time) can be appl. * in differ-ntial
form dt a 1-dF, where , he group velocity is a variable A.

increasea wfth time and distance. In parametric form the e.presion
becomes

-mf -d (8.26)

-where

OTO [oP] To.:~~ T0  (8.27)
U 2 2wU T 21rU~

F,, rU -tp1 , T .1?

TP/T1/3 is a function of r(i/, X) and. hence of-;p from which

one obtains tU/F as a function of e4- The cuve of tU/F versus

gF/U2 is shown in Figure 8.l. The"curves of 9 and V as
20a

functions of SE can be expressed as functions of gt/U.. This is
U2

shown in Figure 8.2 together with the wave data taken from
Bretschneider (19511.

8. Wave Generation Parameters

Table 8.2 gives a summar of wave generation parameters. In
addition to those discussed above, other parameters are discuased
below.

Mean Wave Steeness: "The mean wave steepness can be represented
as a funtion of ,and in standard form

[~u711-~-.) (8.28)

is give J a function of. in Figure 8.1 from which can be
computed using r from Table 8.2,
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TABLE 8.2

SMMARY OF DEEP WATER WAVE OENERATION PARAMETERS

0.01 0.63 63.0 o.Ooo5t,4 0.024? 0.998 1.2645
0.02 1.11. 57.0 0.000611 0.0258 0.995 1.2637
0.0o4 2.06 51.5 0.000738 0.0288 0.992 1.2629
0.06 2.92 48.6 0.000867 0.0316 0.965 1.2613
0.08 3.70 46.3 0.000957 0.0334 0.981 1.2602
0.10 4.50 45.0 0.00105 0.0353 0.979 1.2598
0.20 8.00 40.2 0.00143 o.o425 0.965 1.2566
0.40 14.1 35.5 0.00195 0.0521 0.949 1.2526
0.60 20.3 33.9 0.00235 0.0591 0.936 1.2497
0.80 25.( 32.1 0.00269 0.0646 0;927 1.2474
1.00 31.0 31.0 0.00301 0.0695 0.916 1.2450
2.00 54.0 27.0 0.00430 0.0869 0.878 1.2357
4.00 94.0 23.5 0.00610 0.104 0.827 1.2231
6.00 129 21.5 0.00743 0.124 0.790 1.21a
8.00 160 20.0 0.00855 0.137 0.762 1.2071

1000 192 19;2 o.o951 0.147 0.740 1.2017
20.0 306 15.3 0.0129 0.179 0.671 1.1845
40.0 488 12.2 0.0175 0.215 0.590 1.1636
60.0 654 10.9 0.0208 0.240 0.546 1.1524
80.0 792 9.90 0.0232 0.261 0.513 1.1437

100 92(, 9.20 0.025' 0.279 0.486 1.1367
200 1,520 7.60 0.0337 0.337 0.400 1.1355
400 2,440 6.20 0.0441 0.403 0.322 1.0918
600 3,300 5,50 0.0522 0.453 0.275 1.0794
800 4,056 5.07 0.0583 0.486 0.243 1.0705

1,000 4,800 4.80 0.0641 0.519 0.220 1.0640
2,000 8,000 4.00 0,o841 0.618 0.160 1.0469
4,000 13,800 3.45 0.1110 0.735 0.102 1.0301
6,000 1n,960 3.lb 0.130 0.816 0.079 1.0232
8,000 23,760 2.97 0.145 0.87? 0.062 1.0183

10,000 28,100 2.81 0.157 0.924 0.052 1.0154
20,000 48,200 2.4 0.195 .10 0.027 1.00C0
40,000 82,000 2.05 0.234 1.28 0.010 1.0030
60,000 112,800 1.88 0.253 1.39 0.006 1.o018
80,000 140,000 1.75 0.264 1.4(l 0.002 1.0006

100,000 168,000 !.68 0.270 1.54 0.001 1.0
150,000 228,000 1.52 0.277 1.67 0 1.0
200,000 286,000 1.43 0.279 1.74 0 1.0
300,000 393,000 1.31 0.281 1.84 0 1.0
400,000 496,000 1.24 0.282 1.90 0 1.0
500,000 595,000 1.19 0.282 1.93 0 1.0
600,000 702,000 1.17 0.282 1.95 0 1.0
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TABLF, 8.2

SUMI4AIY OF bEEP WATER WAVE GENERA I PA TSM

a 2

O.01 0.1394 0.1397 3.07 0.0958 0,464 0.767
0.02 0.1355 0.1361 2.90 o.0910 0.465 0.748
0.04 0.1309 0.1316 2.71 0.0856 0.466 0.725
0.06 0.1270 0.1282 2.5. 0.0813 0.467 0.708
0.08 0.1257 0.1272 2.50 0.0800 0.468 0.699
0.10 0.1235 0.1251 2.41 0.0775 0.474 0.687
0.20 o.1155 0.1179 2.11 0,0691 0.479 0,645
0,40 0.1040 0.1071 1.71 0.0575 0.487 0.585
0.60 0.0969 0.1005 1.48 0.0510 0.494 0.548
0.80 0.0925 0.0965 1.35 0.0471 0.497 0.525
!,00 0.0885 0.0928 1.24 O.0440 0.510 0.508
2.00 0,0803 0.0860 1,02 0.0389 0.547 0.464
4.00 J.0722 0.0794 0.824 0.0343 0.572 0.426
6.00 0.0659 0.0739 0.60% 0.0325 0.596 0.393
8,0 o.0618 0.0703 0.603 0.031n O,616 0.371

10.0 0.0590 0.0678 0.550 0.0303 0.632 0.359
20.0 0.0522 0.0621 0.431 0.0290 0.6?? 0.328
40.0 00472 0.0583 0.352 0.0285 0.713 0.309
60.o n,.0444 0.0559 0.311 0.0276 0.736 0.294
80.0 0," 12 0.0527 0.268 0.0274 0.750 0.278
100 0.392 0.0507 0.243 0.0272 0.766 0.267
200 0.0352 0.0469 0.196 0.0265 0.792 0.242
400 0.0300 0.0416 0.142 0.0256 0.819 0.221
600 0.0273 0.0386 O.118 0.0253 0.832 0.208
800 0.0-61 0.0374 0.108 0.0249 0,840 0.201

1,000 0.021s8 0.0359 0.0972 0.0249 0.846 0.194
2,000 0.0223 0.0330 0.0786 0.0243 0.863 0.179
4,000 0.0201 0.0294 0.0638 0.0233 0.875 0.167
6,000 0.0189 0.0289 0.0564 0.0223 0.882 0.159
8,000 0.0183 O.OL81 0.0529 0.0213 0.885 0.155

10,000 0.0175 0.0270 0.0484 0.0204 0.888 0.155
20,000 0.0151 0.0235 0.0360 o.o178 0.896 0.131
40,000 0.0133 0.0208 0.0279 0.0141 0.901 0.116
60,000 0.0121 0.0190 0.0231 0.0120 0.902 0.107
8c000 0.0110 0.0173 0.0191 0.0102 0.903 0.0969

10"1,000 0.0105 0.0165 0.0174 0.0093 0.904 0.0928
150,000 0.00916 0.0143 0.0133 0.0073 0.905 0.0809
200,000 0.00850 0.0134 0.0114 0.0063 0*906 0.0751
300,000 0.00766 0.0119 0.00?3 0.0051 0.907 0.0676
400,000 0.00721 0.0113 0.0032 0.0046 0.908 0.0637
500,000 0:00699 0:0l0 0.0077 0.0043 090W 0.0617
600,000 u.00685 0.0107 0.0074 0.0042 o'J, 0.0604
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Mean SQuare Sea Surface Slope: The meaU square sea surface
slope for wave generation as a function of can be obtained from

(7.54) and (7.56), Chapter VII, by noting that one may write
Smi n , Tmin / T o$

qTmin
2 irU

Train" v 2V(8.29)

2TU
whence the mean square wave steepness is given by:

U~ In-n g -0,067 (~0
1+0.23,2rU 2mirU

The mean square sea surface elope is given by

32 [ X .1

where
2

a 16.r - (8.32)

Sjectral Width Parameter. The spectral width parameter is: ~~given by . . . .

7

;r, Q._a (8.33)
Sir°' 1+0.273 r2

- w gT l F ta
Since 2 U and r are functions of ,it can be seen

that (8.30) through (8.33) are also functions of 2 which is as- U2

should be expected. The exact values of [_2_ 2, a , and i depend

on the proper selection of T which must be obtained from
measurements. "-Tu
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If it is assumed for the present that gT 00)n .0193, as given by
(8.25), one obtains 2wU

in all probability T will be sdmewhat greater than .0193,

particularly for large values of .be- Until T is determined

as a function of U, the use of ( 3 ) will result perhaps in values

of f-l somehat higher than the true valuess For example, if one
gmin

selected -. 3(0.0193), une factor 3.88 in the above equation

will be replaced by 3.88 - In 3 a 2.78.

Using (8.34) in its present~form values of a, a2, and e have
been computed as a function of E p and are summarized in Table 8.2.

u2

a and c.2 are also shown in Figre 8.1.

9. Instrument Attenuation

All wave-measuring instruments, with the exception of a vertical
capacitance (or resistance) wire type, impose an attenuation curve on
the high frequency part of the spectrum, thus artificially narrowing
the spectrum, which, in effect, reduces the values of e and o2 from
the theoretical values given above. For this reason it is difficult
to dotemine whether gTmin is at some low limit as governed by theory

e gTmj 277
or whether 27in has a finite low limit as imposed by nature.

It is a well-known fact that a pressure gage below the mean
surface will attenuate low period wrves, otherwise visually observed.
Condiser, for example (8.34) for zero correlation in the following
form:

4j [-0.0671 -In Tm.. n] (.~

where rm in
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'or a pressure recorder located 10 feet below the mean water s1face,
assume all waves of d/Lo 0.5 are filtered out. Since Lo =gT "
one obtains Tmin = 2 soconds. (If all waves of d/Lo ; I, 2ir

Tvin - 1.4 seconds.) For d/L O * 0.5 and d a 10 feet, (8.35) becomes

S4C-0. 76 1r'Tj (8.36)

The subscript ob is used for observed value. If, on the other hand,

Tmi n = 0.074 sAconds as governed by the capillary limit, then

[.1 412.53+ tn (83?)
Str

The subscript tr is used for true value.

The ratio R of observed to true [72] beccmes

-0.76 .1 rR- ..53+I (8.38)

Values for R for various mean period T are given below:

T 4 6 8 10 12 14 16

R 0.16 0.239 0.286 0.320 0.34 0.362 0.379

Since o' 2 is given by (8.31), this will also be reduced
correspondingly. The spectral vidth parameter given by (8.33) is
simi~ax'ly affecPa4. Instrment attenuation also effects the mean
wave steepness 1but to a lesser extent.

Equation foro 2 given in the paper by Bretschneider (1957) c

is in erTor by the factor of 1/8, and the corresponding values
S. computed are too large by a factor of 6. The correct forr of (2

and e are presented in the present paper.

10. Coments on Critical Wine Speed

It seems appropriate to make a rew comnnts OIL urit. a.1 indispeed. The extreme lower limit for gravitj wave genera;ion presented

I
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(arlier is based on the assumption of a critical wind speed arzt the
capillary wave limit, ar results in the mean square sea surface
slope as a funktion , the fetch parameter gF/T2. If, on the other
hand, only the rcapillary wave limit had been selected for the lower
limit of generation, the mean square sea surface slope would be a

function not only of the fetch parameter but a o of the mean wave
lriod, a dimensional quantity. In this case (. would obtain a
separate curvq of 0.2 versus gF/u 2 ^z, each mean wave period. However
one might also have obtained o2 as a func lcn only of gF/U 2 by
selecting arbitrarily some low limit of gF/ 2 without referenee to
criti-aal wind speed and capillary wave lmi , in hich case no
discussion would be necesL~ay.

Munk (1947) presented a paper on critical u n speed for air -
sea boundary processes, but since has voiced opinion that such might

nqt be the case after all. Reference is made to the work of Ccx and
Munk (1956). Later, Munk (1957) appears to be dubious as to vhether
a critical wind speed exists, citing the work of Mandelba-m (1956)

and Lawford and Veley (1,9q6). Evidently a controversy exists as to
whether or not a critical wind speed actually exists. However, such
a controversy need not affect the results presented herein, since
what is to have hept one from selecting arbitrarily an extreme low
limit of gF/u 2 by extrapolating gIT/U 2 and ?/2,V to maximum steepness
HA - 1/7, guided only by the date in the range of low gF/U 2 ?

i1
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CHAPTER IX: COMPARISON OF VARIOUS PROPOSED WAVE SPECTRA

1. General

It is of interest tu make comparisons of the various proposed
wave spectra. These are Derbyshire (1952), Derbyshire (195),
Neumann (1955), and that of the present study. Recently Neumann
and Pierson (1957) made a detailed ccmpwison of the above various
theoretical wave spectra, not including that of the present author,
the material of which had not yet been circulated. The work of
Neumann and Pierson (1957) will not be repeated here, except that
as pertinent to the present discussion. The Roll and k1sher (1956)
modification of the Neumann spectrum ari the Darbyshire spectrum
were compared with the Neumann spectrum. This ccmparison,wade with
data by Neumann and Pierson (1957), showed that the Nevann spectrum
fitted the data satisfactorily, whereas the other spectra were
unsatisfactory. It is shown that the appropriate spectrum from the
family of spectra proposed in the present paper fits the above data
equally well if not better.

In the diicussion following, the four wave spectra are denoted
by DI, D2, N, and B, corresponding resmectively to Derbyshire (1952),
Darbyshire (1955), Neumann (1955), and 'Uretschneider (present paper).

The Dl and D2 spectra were presented originally in terms of the
gradient wind speed. The surface wind speed, usually considered at
normal anemometer level (10 meters above mean sea level in case of
the oceans), is equal to about two-thirds of the gradient wind speed,
but may be quite different under various conditions of atmospheric
stability or sea-air temperature differences. So that all spectra
utilize the same wind elevation, the gradient wind speed in the Dl
and D2 spectra are replaced by 3/2 of the st'rface wind speed. The
symbols SH2 (T) and SH2 (w) are retained respectively for the
period spectrum and the frequency spectrum, although HT2 and H 2
have been used by others. The ccparison is limited tv the fully
arisen or near fully arisen sea, 3o that the B spectrum for zero
correlation need only be discussed.

TeVal imaOzP ?j:'usa Spactia

Where the surface \vind speed is used and the units of SH2 (T)
are FT2/sec the four period spectra arem:
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•D ji C, "r[2' TZr] e<-~ 2

(D2  SH(T){ C292 TS[v/U-bT] 0O5T5 j
(OZ) SH?(T) 

T 
T V- -
QT z (9.1)

r 
gT

() SH2(To= __2 T3 CWUF
(2 r)'

where the constants are given by

C1  1.87 x 1CO sec

C2  a 5.7 x 1O-8 sec
"3

b 0.2 see1/2

C3  - 2.0 x 10-5 sec
"I

a 3.437 F1 2 /F24 dimensionless

Fl " -f i (ZE Y Kt dimensionless

F2  f2 ., diransionless
~'~ 2  u2 U

With the proper trnsformation, the corresponding frequency
spectra are given by:
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2

~) SH2(w)UCI (21r)3  2 w]~5(li9

,- 2

SH2(W M [C2(2)6g2dw7][ 2_WU 27rb]

(o,) (9.21

N) SH2(c) C3 (2w) 5 2 
- W .[UC

(B ) S H ( ) -G g 2 W _ 5 - .6 7 5 UL 2 ] 4

3. Evolvement of Proposed Spectra

DI - Darbyshire (1952):. The DI spectrum evolved from frequency-
analysis of wave records obtained from sub-surface pressm- type wave
reaords. This investigation ras based on records of waves made on
the north coast of Cornwall, in the Irish Sea, and in Lough Neag.
Synoptic meteorological charlo were ued to obt."t. 'etch >nhs-'

4 .4a. Te wave vressmre transducer was on the sea bed at a
depth of about 50 feet. The usual hydrodynamic relationships
(presented earlier) were used to convert bottom pres!*,-e to surface
elevation, prior to the frequency analysis. For wave pericds less
than about 6 seconds te bottom p'essure fluctuations, reduled to
suc', a low level that the process was no longer practicable, were
ignorod by Darbyshire. Hence, the high frequency components are
missing. WAter depths on the order of the mean wave l'agchs
oncomnassed much of the fetch length. Because of wave energy loss
due to bottom friction and refraction due to mrrents, the Iow
frequency components are somewhat attenuated.
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D2 - Dtrbyshire (1955): Te D bpectrw erolved by frequency-
analyzing wave records obtaint- from a 3hip-borne wave rerorder in
the North Atlantic. There is sm doubt as to the exact calibration
of this instruwent, but it is known to beha -dmilar to a sub-
surface pressure recorder, and the 'aih frequency components are
attenuated. Although frequency &. ysis of wave records should give
the best estimate of the wave spectrum, there is no way of tahy
into account the energy of those components filtered out or nct
recorded by a pressure recorder.

N - Neumann (195): The N specutw evolved in a different
manner than either the DI or D2 spectra. On the baris of visual
obs)rvations from assumed fully developed seas, Neumann (1955)
ob ained an empirical envelope curve for the data plotted in terms
of H/T2 vrsus (T/U)2 , hich is given by

Hu (const) T2 e (M) (9.3)

mhere T was defined as an apparent wave period and is given the
symbol T. The enveloped curve was not datermined statistically,
but was constructed visually. There is some question as to whether
or not the symbol should be T or If, since visual observations with
a stop watch are difficult to make.

Since the energy is proportional to wave height squared,
Neumann in effect assaued the period spectrum of H2 to be propor-
tional to the square of (9.3). Such a procedure could only be used
if (9.3) was the equation obtained by a least squares technique.
The constant in the N spectrum (9.1) or (9.2) was obtained by
squaring (9.3) ad forcing the area under the resulting curve to be
equal to 4/v (if) , the so-talled energy coefficient obtained by
Longuet-Higgins (1952). Hence the area under the N ape ctrum must
be correct, provided that of Longuat-Higgirn (1952) is correct' and
this seems to be true,. Whether the shape, peak, and "vidth are
correct needs to be investigated by use of proper wave data.
Although the firs operation, squaring (9.3), may not necessarily
be based :)n correct assuptior, the evaluation of the constant in
the above manner tends toward compensation because there are a
multitude of such exponential equations which might represent
approximately the true wave spectrum, provided tho area beneath
the curie is equal to 4/v (71)

One difficulty with the method assumed by Neumann (1952) is
that the constant evolved taes on the dimension of seconds"-,
resulting in wave height proportional to the 5/2 . oawer of tha wirl
speed for a fully dsveloped sea. Thae above cannot be reconciled,
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either with data or by dimensional homogenity and is sort of a
paradox since a constant of seconds "1 and U1/ go together just
as a dimension.less constant and U2 go together. I very important
fac*.r, however elementary it may be, is that the , - od spectrnm
of H2 cannot be obtained by squaring the enveloped curve of data
in terms of H, since this has the same mathematical implication as
squaring the equation of a distribution function. The wave period
distribution function, itself, is not to ue squared, but the
individual height components are squared and then summed according
to the height distribution function. This fact was brought to

light in the development of the family of spectra in the present
paper.

B - Bretachneider (present paper): As stated before, the family
of B spectra evolved directly from the joint distribution function,
and was derived theoreti ce Iv without any recessary foreknowledge of
the distribution functions, except that linear regression between H
and T2 was required. Based on the statistical analysis of wave data,
it was found that the Rayleigh distribution applied to wave height
variability and also wave length (T2 ) variability. Thus the family
of B spectra was determined theoretically, by squaring all components
of H and summing according to the distribution function. Because
the B spectra evolved in this manner, all Iigh frequency components
are present in the theoretica] spectra.

The fact that high frequency components might have been attenuated
or even filtered out by use of pressure records used in Lne statistical
analysis has no effect on the derivation of the family of wave spectra,
once the distribution functions were decided upon.

Whereas the area under the N spectrum was forced to be equal to
4/.r(11) 2 , the area of 4/r(ff)2 under the B spsctra evolved as a
physical property. Only the B spectrum for zero correlation is used
in the materiol following.

4. Tbylical Properties of Period Spectra

Energy. The area under the spectra is equal to Hi the mean
square wave neight, and when multip.ied by i/8 pg gives the totaL
energy in the spectra whence

Ea Pg; (9.4)

where

Hfo SH2(T)dT=--o SHZ(w)dw (9.5)
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thus

(D,) W-•O. 0oe-o

U4(D,) H- ,0.O825 --
(N) H 2 =O.005 4- (9.6)

.H-T. 4 F2
LN H y!g'

When U is in ft/sec, g -32.16 ft/see2 a,- H1 is in ft2; vhen U
is in c/seo, g 980 Vaec2, andjj7is in cm . For D1  ,f D2
spect a HI 1,44 (R)z and for N and B spectra , 4/7r (11)

For all four spectra H3. - 1.6 , Thus

gH 3 3

U

FoD 1 t= .osa .1 31hstedmnino eiax o

(9a7)

) qH3 052161

•. gH33
(B) U--T  1. 6 F1

For D1 the constan5 0.131 h'a3 the dimension of seci and for N
the constant 0.216 8&ec 2. For a fully developed sea F1 n 0.177.

, Tablo, 991 gives typical values of H33 versus U for a fully developed
sea b:ased or, (9-7),
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TABLET 9.1

H33 VERSUS U
FCR FULLY DEVELOPED EA

~Spectrum Dl D NB

U (k)o ... . Significant Height, feet

io 1.6 1.1 1.4 2.5
15 2.9 2.4 3.9 5.7
20 4.5 4.2 7.9 1os')
25 6.3 6.6 13.8 15.730 8.3 9.5 21.8 22.6
35 10.5 12.9 32.0 30.840 12.8 16.8 44.7 - 4 0.2

45 15.3 1.3 60.0 50.1
50 17.9 j6.3 78.1 62.8
55 20.6 31.8 99.2 75.9
60 23.5 37.8 123. 90.4

Wave heights for Dl are considerably lower than those far D2 ,
N, and B, because the Dl spectrum is based on waves which were
influenced considerably by shallow water, possibly bottom friction
and currents. Wave heights for D2 are low% than those for B by a
constant ratio of 2.34, which would indicate that D2 is based on
waves not of a fully developed sea. *hereas Fi a 0.177 for the B
spectrum the corresponding value for D2 would be F1 - 0.177/2.34
- 0.075.

Wave heights for the N spectrum are quite ccarable to those
for the B spectrum for winds between 25 and 40 knots. At 45 knots
and above and 20 knots and below the departures become quite
noticeable.

Mean Wave Period: If zero correlation exlsts between H and T,

corresponding period distribution function, where the zero moment
&bout the origin is used as the normalizing functicn. It may be
assumed tbat these wave periods correspond to those bareA on the
crest to trough method of analysis. It was shown earlier that
zero correlation quite likely exists between H and T for a fully
developed sea. From the above discussion ona may obtain the meni
wave period.

f D0 TSH2(T) dt

JD (9.8)
Jo SHai52



If zore co-relation exists ! is also the significant period,
but if zero correlation does not exist, say for a young sea, then
(9.8) results in !' instead of T, but this will not affect the
cqsrisons following.* Using (9.8) one cbt ra for the various
spectra:

DI) T-'11942 irU

gT .. 10

(N) " I., 1.064

( -L-- F

Optimum Period and Maximum nermr: The optimum period T
corresponding to maxini energy of the period spectrum is obtafned
from

d[SH2 (T)] 0(.0

dTd T --0 ( 9 . 1 0o )

This

g Top

gT 0

(N) 2 r-'"-"" 1.00

(B) 1.- 1,027F Z

*As shown later the apparent wave period T is related to the meanC--.t to trough period _

15



and

;I) SH2T w 9.2 x I0 U2

(D2) [SH"T)]mJ -5.3 x 103 U"8

(N) [ SHa(3max *134 (9.12)

2

I8 SH2(T)]mI .0.279-

and

(D) -w-.- 0.91

T

(9.:13)

(N) 0~ .94

(a) Top- I. 027T

F,jr a fully developed sea Fl - 0.177 and F2 - 1.95. Typical
values of [Cq2 (T) ]max are given in Table 9.2; for the B mectrum
values are also given for F1 - 0.106 and F2 - 1,0, a nmlerately
generated sea.
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TABLE 9,2

TYPICAL VALUES CF [sH2 (T)] =, F'2/seo

Spectrum

U DD 2 N B B
UF-,- 177 FI-0. 06

Knots P-1.95 F'j-1.oKnots

10 0.91 0.09 0.04 o.14 0.098
15 2.09 0.38 0.21 0.47 0.33
20 3.72 1.03 0.67 1.11 0.77525 5.81 2.25 1.64 2.17 1.52
30 8.37 4.26 3.40 3.75 2.62
35 11.39 7.30 6.30 5.96 4.16
40 14.88 11.61 10.75 8.90 6.22
45 18.83 17.61 17.22 12.67 8.85
50 23.25 '5.45 26.25 17.38 12.10
55 28.13 35.54 38.43 23.13 16o15
60 33.48 48.18 54.43 30.02 21.0

b: The nth moment of T about the origin is given
by

Mn- 0 TnSH,(T)dT

It can be shown for unit form ( T T/T) that

-- ==M3  (9.14)
(M,)

(M ~

~ M4

(M 15
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Frc (9.14) one obtains the standard derlation, akwmooefficient and kwoas, respeetively.

3 X ' 
(9.15)

T4 --4 3.6 r2 + ?
a4. £ +

(0,T)

Teble 9*3 as iar~ -:.mlte frm the a qftatims.

SMO CP MCKWNS

D S D2 W

12 1.004252 1.o.0o1 1.1047 1.0781.e1,021.13 1.145449 1.32536 1,2341961.02h739 1.288640 1.70778 1.481564r¥ 0.0652 0.224 0,3231 0.281a3  -2.321 -0-00. 0,3543 .088a4' 100 2.740 2.779 2.755

5. aduation o windi Si d toz PeidS e tra,
The oa~iparison of wave spectra in teln- of wind speed isnot too satisfactor a inthod, since this comparison depezn onrelations between mv heiht,, r.'s period and wind speed. inparticular, the wind speed cmPr8on is unfair for the D, and D2spectra uhich are based on gradient wind speed reduced to-stfacewind speed by Ug - 1.5U. The surfacc wind speed can be elJim tedfru the various spectra, thereby brInging ooaparisos to a comonlevel. This is done by use of (9.6) and (9.9), whence
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D51[+ -0'91]

(D2 ) SH2(T)s1
4 .7 4  F-r T

5  U 1  2T__0O T< .5T
Vi')'1 3T(9.16.

'64 e .
(N) SH2(T) 2 - -

(8) SH e(T)"- 2.7 H-' _- e - 0 7

.. i

It is interesting to note that thr dizcsional constants in

the DI0 D2, and N spectra vanish. All spectra are in terms of two

insurable quantities H and T, and the ccmparisons are on the sam

level. If zero correlation exists the period distribution function

is related to the period spectxvm aucurding to

p(T).-.iSH2 (T) 
(9.17)

rin unit form

S -2 (T) 2 7) Pf M; q2 
(9.18)

Since the area undIer tne -mirve Of p(T) Is unity, thc..jrea under

the curve of S , 2( Z F -u2 1 .4

for N andBspectra -qd-/1r. Thus

(DI) Sq2z (T) - 11.6 T2 e 
-5 1 (T- 0.911]2

2

(D2 ) Sr2(r)21.2 T5  2r- 2 0 <T < 1.5

A3 - (-.6 
(T1

(B) S 2(T)= 3.437 e
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and

(01) P(T) U 8.07te51T - 092)

(D2} P(T)NI4.74T5[I- LT ]O2 0  .<- T - 1.5

64T2 (9.20)

(N) P(r) - 64 r4 * 9 w

(M p(r)u 2.7T 3 e-0 '675T 4

Table 9,14 gives values of SV 2 ( T ) venr r for Tariou spectra.
The sUandard fom of the period seetr- is related to normal form
by

SM2 (T)- - Sq2z (T) - ( ) -T s,; (,)(9.21)

ata from Table 9.I4 are plotb.edi Figure 9.1 fc the D2j N
and B spectra; the D.1 spectrum is greatly peaced td out of rnge
of theoter three spectra, and is not shown in Figure *. It is
of interest to -ote the degree of closeness between the N and B
spectea Both have the same area, 4/,r but the B spectrtm is more
peaked and more nearly the shape of norm distribution. These two
curves cross in three places, at about T - 0.28, 0.86, and 1.43.
Although fro Table 9.3 a 4 the kurtosia, is slightly greater
for the N spectrum than forrtfe B spoctrum, the B spectrum actually
has greater peakedness. Hence the word mpeakedness" instead of Q4
could be misleading. The D2 spectrum has the lowoat v aue of a 4 T

but its peakedness is greater than either the N or B spectra, bu
acne of this is due to greater area under the D2 spectrum than under
N nr B.
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S,2( ) VERSUST

T/I D1 D2  )I

0.1 0.0002 0.001 0.6-3
0,2 0°020 0.024 0.050
0.3 0.033 0.09" 0.092
0.4 0.167 0.263 0.216
0.5 0.001 0.295 O oi525 o.a2
0,6 0.027 0.594 0.849 0.680
0.7 0.739 1.016 1.172 1.003
0.8 4.Ol 1.515 1*424 1,335
0.9 9.349 2.003 1.553 1.609
1.0 7.675 2.366 1.5W 1.750
1.1 2.226 2,434 1..406 1.690
1.2 0.229 2.110 1.188 1.46
1.3 0.008 1.417 0.928 1.099
1.4 0.513 0.681 0.707
1:.5 0 0383
1,6 0-300 o.169
17 0.185 0.o061
1.8 0.105 0.0171.9 0.054 0.004
2.0 0.028

Top 0.931 1.0715 0.94 1.027

[S,2(r)] 9.8 2.44 1.589 1.754

6. Physical Pro.,rties of the Frevency Spectis

Q, op Frequr. m Eneor The optinu freqewy

c orresponding co ii eneiry 'o te frequency spectra is

ds H2o (9.22)

dw
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Thu.

( I) 1.15
UwOP

(DO Uw opH95

(9.23)

(N) U gop

9 45
(8) U Wop F w 1.166 F2

and

U
4

(DI) SH2 (W)mjx = 0.071 .

X .17U 4.5(D2 ) UH2 ( W)m "  =92

(9.24)

UG
(N) SH2 (W')mox 0.033 4

2.12 Fit F2 U5

) Swe (max " g3

The units of SH2(w)max are in ft 2 sec. Table 9.5 gives
typical values of rS2(w )) for variovs wind spieds for- a fully
dvaloped sea. Fo the B lpefrum F2 - 1.95 repesents a 11u)
durveloped sea, and F 2 - 1.0 a moderately developed sea,
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U DiD2N 11B0.177 F B.1
Knotas F2-1o95 F2"'I.0

10 5 6 8, '14 0 .72 5 oi4 1.o
1 5; 8. 5 5.7 8 2 41 7.6

to 89.5 188 46.5 173 37
25 218 58 177 530 98
30 43 lvl7o 530 ,540 284
35 84O 2,3o 1,315 2,830 525
40 435 200 2,880 5,400 1,000
45 2,300 7,20 5,860 9,800 1,815

3,500 p700 11000 16,750 39100
5 , 050000 18,000 27,000 5,0007 " 5 6v700 3300 41*80o 7:50

ja!&tl .Number of Zrost Each tim the s wtace elevation passes
thr st water level a zero crossing is made. It was shown by
Rioe (1915) that for a randc pocess, the expected number of zeros
is given by

!

EXp Lo *2 1 (9.25)

0f SH2(wMdw

Fr this re ionship Pierson LT954), and also Neumann (1255),
define an apparent mean wave period T, iich is different then T
obtained by use of (9.8), accordi g to

00_____ 
(9,26)

II00--L T~dT I
/0 T z s I

/,(I



It can be seen that the so-called mean apperart wave period
is~ Dothing more than

2 

V

App2ying (9.26) to the various spectra one obtains

(DI) I- .22

( o ) - .2 .9 8 [r 2 7 -g ]

(9.28)

(N) -Lm j- p0.866

(B) "-ij-O0.83 F2

The ratio of the apparent mean period to the mean wave period
becanes

(DI) 1.02

p (D2) =0.894

(9.29)

(N) -0.82

T

(S ) -T.8~3
T -62



It is seen that there w.l be aor opparwnx vave jnri L
defined by the zero-p crosin method than them am periods T i
defined by the crest to trough wthod. One aboJld expect more
thAn T wince the crest to trough mthod neglects a re&l rieesal
in awface slope that arves th a irA. I &L. ubese bmpaar
onsidere4 in the analysis of wavs the distributions of be h H and
T mIht emoeivably be different* Fm-rmorep there would be ar,

T thah Tss zne there are also binpe in the troughe and on the crenft.
of the larger waves, %hich rould not cross throuh sero elevation.
(See Fgure 2.6, Chapter II.)

Te-Me period corie Donding to w is witten a- 7 of W., or
T( w,), where

9T~~~ wo . 30)

The ratios of T( w op) to and 'f %re given belar

( ,) --T--,.,) -- -, o

•( 1p) T (pop). .3
1. 16 (9.31)

T(woo) T (wop)
T

Sp0ectral Width Paraetr: The spectral width parameter, i, is

I~~ ~ ~~~ 2 "- .,(.:a
2u 32)

T, MO M4
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where the nth movet J% of Sjj2(w) about the origin is obtained

from

Mn u oOW n SH2(w),Jw (733)

Thu

(D) Cm O.334

(O em 0.665

IN) e-0.815

I) 4 I I4
(8) ~i an 1- T

e for the B spectrmu for values of Y/tml n are given below

1/T6in 2.5 3.0 3.5 4.0 4.5 5.c 6.0 10.0 20.0 60.0 100.0

S o,,29 0.49 0,58 0.64 0.67 0.70 0.74 0.81 0.85 0.89 0.91

For V/T~mi - 10 the spectral width parameter for N ard B
speoti-a are cparable which could be interpreted, for exmple, the
N spectirm does not include wave periods less than 1.0 second for a
wm record haring a man period of 10 seconds. Similarly the D2
spectrm cmits T < 2.3 seconds and k1 omits T < 4.0 seconds for a
record having a mean period of IC seconds.

High Frequency Relationshl oFor large w U* ma-loum apctra
roduco to

(01) SH2(W))C 1(27r) 2 w- 4

(D2) SH2(W)C(2r1g2w-7 
- ' "

(9 .35)

(a) SH2(w)"g2w-5
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Accordinrg to the work of~ Bumrling (1955) and~ A110 Vkji124p: (. 957)b
the frequency apeotrum for high frequency (large w ) should reduce
according to the B speotiim. It was shown earlier for plus ore
correlation (infant stage of genrtion) that D,( w ) fojr hig
iLequenoy reduced proportional to w-9 . Evident, '-here is a transi..
tion fr w-9 to w-1. The D2 speotru can be interpreted as om of
young sea. Thie view is pprted by the caparative resultz in Table
9.1. The N spectru (W ) is perhaps close to tat for a fully
developed *ea. It is difficult to acoount for w-4 in the D1 spectum,
exept that DI is based on waves which were influenced considerably by
shallow water and ourrents.

Mean reency, The mean frequency Z may be defined when zero
correation exists, and is obtained from.

f( w s d w( 9 36d w

toJ(; 5H2 (wlduj

Thus

01) Ua-- 0 .9 0 4
g

g v 2

ant

(4 3'- -1.076

(0) - .076

P ,_ ,T...095

" 1 .
1 13( 

9 3

(N 27"

{T
Ji 17r



79 Elimination of 'Wind Seed fross FrequEno Si etr

Further comparisoas can be made by e11KLnating the wind peed
frt t'l various frequency spectra, and m.ight be s by w* of (9.6)
and (9.9) as before, or pe ,hare ake use of (9.27) c.r t9.37) i teoad
of (9.9)* It matters little wioh is used since the ocparjlsong we
relative to o.rtain parm.t r. and it appears that ue of (9,37) t7
satisfactory. U&in (9.6) and (9.37) one obtains for the various
frequeny spectra

3)-42.6 [Oa-o0.985]'
(DI) SH2Mw) 6.38 -' r .

-- x Ir' 
q
g r

(D2) SH2 ()M20 .8 NH 1-0.7 -

N 2. (939)

If one defines the relative frequency Y'- , the unit form or Vie
frequency spectra becowms

2

(O) S 7 )- 9.2ir- 4 e - 42.6[v"'-0.985]

322

(N) S7  2(VI v 1 6 0. _. (V

4 - 6 6
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TABLE 9.6

S,2(v)VERSUS

0.1
0.2
0.30.4 0.030

0.5 0.4-28 0.058o.6 1.244 0.943

0.7 0.0851 1.825 2.120
0.8 1.1230 2.232 1.896 2.334
0.9 7.1300 3.086 1,688 1.945
1.0 9.11e 2o696 1.358 i. L9

1.1 4.9129 2.032 1.042 1.035
1.2 1.6581 1.453 0.783 0.732
1.3 0.WO 4 1.019 0.579 0.520
1.4 o.1042 0.710 0.429 0.374
1.5 o.o243 0.498 o.318 0.272
1.6 0.0054 0.352 0.238 0.201
1.7 0.0013 0.252 0.179 0.151
1.8 0,0003 0183 0.136 o.114
1.9 0.0001 , 0.134 0.104 0.088
2.0 0.099 0.080 0.069
2.1 0.074 0.062 0.054
2.2 0.056 0,049 0,043
2.3 0.043 0.038 0.035
2.4 o.033 o.031 0.028
2.5 0.025 0.025 0.023
2.6

MY 0.97 0.857 0.77 0.774

[S ] 9.50 3.09 1.93 2.36
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If one is interested iu the probability distr.ibution function
for fraqwmy variability, it follow.

4~ -42.6 IV'- 0.985] 2

(DI) p(i)" 6.38v- e

(D2)(o2)  p(,)- 20.8 v,' D-.7 -']

(9Ml)

SN .2 -6 iZ v2

04) P()- a/ v - e 6

Table 9.6 gives values of %( v ) vers,"for various frequency
spectra.

Data fro Table 9.6 are plotted in Figure 9.2 for the D2 , N,
and B speotras It is of interest to note the closeness between the
D2 , N, and B spectra. When all three spectra are in unit form, and
if the sae mean wave height and mean wave period were predicted
for eaeh, there would be little disagreement between any of the three
spectra, except that the area. under D2 is larger than that under
either N or B by a factor of 1*.44 a,. However,, in stndard form,
uing the mind speed as a parameter, there certainly is considerable
disaemnt between the various spectra as the wind speed changes.
Evidently nethods of imasuring wind speed and wave heights and
periods are critical factors.

8. Distriliution of Periods

Two definitions of wave periods have beeh used, T, the mve
period by crest-to-trough method, and Y, the vave period by zero-
up crossing method. Frca (9.29) it is seen that the mear )f these
two periods is related by a conei-nt. From the analysis of the data
on wave period variability, Chapter IV, it appears that the sae
distribrtion function might apply for either method of slysis,
whenee

p(?)dz p(T)dr (9.42)
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uhere

and r

Actuall' %9 speotrum proposed by Neumarn (1955) is ammAs
to be based on T rather than T, but these are interchangeable b7
use of (9.29). The statistical areterm given in Table 9J for
N and B spectra and Figve 9.1 nloya that these two distributions
are nearly the sane, assuring zero corelation applies for either
spectra.

9. Mean Square Sea Surface Slope

The ean square se'. ,,zrface slope is given by

02.1 .1O k2 SH2 (T)dT, where

2 T

Thus

(D1) 
2 1.03 xI0 3 -I -

(D2) 
2  -9. 1x 0 f .N

2

-4 '.')

(N) V. 1.56 x 10- 2

* g

2(8) 012 (0.43) -5i I-,nT min-0.067,]

F14
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It is noted that a-2 varies as U1for Dl; U2 , for DO; U, for N;
arl Ujus -4, -- B ".h-n zero correlation exists, and becomes
ind.pendent. of PF/I!2 for x fully doveloped sea,

Te solution of (9.43) m~ght also have been made by use of (9.16),

in wbich case one obtains-

AD) 0- = 0268(2r) W 4

(D2) o2i0. 3 4 5 (2 )4 H

(9.45)
(N) T2 0 8 ( 

4  H._2

IN) ~70.85(27r) 14
g92(T)

4

(8) 2Z= (0.34}| 2- _lnTrmin, -0.0671]_-,

9 2 (T)l

It is important to note that all four spectra predict 0-2 in
terms of tho same non-dimensional parameter, related to the square
of the wave steepness, and this is as should be expected. According
to (9.45),0 2 given by all four spectra might be interpreted as a
function of gF/U2 sine in general wave steepness is a function of
gF/U 2 . Eq. (9.45) can be transformed into (9.4) -y use of (9.6)
and (9.9).

Whereas c2 predicted from p9.44) results in larger differences
for se measured wind speed, a predicted from (9.45) results in
lesser differences for same measured wave heights and periods. Thb
most nearly correct spectrum, and also forecasting relationships as
a matter of fact, is tha" :ich satisfies besz oZ frm both (9.44)
and (9.45), correspondingly.

For Trm n - 0.1 (corresponding to Tmin - l.0-rscond for a 10-
second mean period or Tmi n - 0.5 second for a 5-second mean period)
both N and B spectra predict almost identical values of cr' according
co (9.45).
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Since 2 - 0.1 all four spectra of (9.44) fail for scm high
value of i-7/( )h, prior to critical steepness of HIL 1/7 for all
gravity wvves. This should be expected, since (9.45) applis to a
fully developed, or near fully developed sea, i n which case critioal
steepness does not eWst. For a younger sea t. general fmAu of the
B spectra, including correlation, predicts a2ax - 0.1 coincident
with critical steepness for all gravity waves AL - 2/7. For V19.
family of B spectra o, 2 as a function of H3 3/T 2

11 3 may be obtairme
from Table 8.2 of Chapter VIII.

The above discussion is limited to gravity waves only, Tub, - 0.074
second. Accordine to the measaurments of Cco and Munk (lY56) it wasfound that on the average the mean square sea surface slope maasurements
were about 3.3 times greater for a clean surface than for an oil slick
surface under similar meteorological conditions. It has been inferred
by Cox and Munk (1956) and Neumnn and Pierson (1957) t.at the
measurements from tx .i-ok surface represent only the gravity wave
coaponenta and that the clear surface includes both capillary and
gravity VwMes.

Although the B spectra is not intended to include capillary waves,
it is tempting to asm that capillary waves might be included. For
If such an ammiurtion im mada, one may investigate the contribution of
0,2 due to capillary mavas, since o-2 is proportional to the negative
of in Tain. For enmle. if Tui, = 0.0025 seco-4 (far into the

*-apillary range) instead of 0.0i7- second, a 2 will be increased by
004 3.4. However, there is no exremely lower limit to which

one night justifiably take Tain, sinc3 at Tmin - 0, the equation predicts
(r2 -OD.

10. Reportect Data Suitable For Wav& Spectra Comparisons

Reported data can be used to check the various proposed spectra,
provided these data are applicable to conditions for which the spectra
are intended. Although scme data are available and a comparison is
made with the var-3ous spectra, it =wt be emphasized that a concrete
conclusion in -- gard to the wave spectra is somewhat difficult.

Mean Square Sea SurfacG Slope Measurements: Data are reported
on mean square sea surface slope by Schooley (1954), Cox and Munk
(1956) and Farmer (1956).

Saholey'a meAseuements were made in the Anacostia River. There
is Some question as to ilather cont=mnatn of the river surface had
any effect on the capillary wave components. The river fetch is very
sh--, and for the wind speeds experienced, cannot be compared with
the spectra for fully developed sea.
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Measurements by Cox and Munk were made under two conditions,
normal clean ,sea surface and a surface covered with oil slicks.
Measurements for the clean surface include componenta of or2 due to
capillary waves as well as gravity waves, he -, is those for the oil
slick surface eliminate capillary wave effects, What other effects
the oil slick has on the processes between wind and sea are, not
known. The measurements were made for fetches on the southern c4At
of the Pacific high, near the Hawaiian Islands, and in geomral tie
fetches were on the order of 1,000 nautical miles. Derbyshire (1957),
however, pointed (rat that theme masurementa were carried out in a
sea surromded by mall ialands and the actual fetch did not exceed
5 miles. Neumann and Pierson (1957), on the contrary, claim that
waves from the open sea could have passed through the gaps in the
islands by refraction and diffraction. Along with the measurements
of T2 Cox and Munk (1956) also report visual observationo of
significant waves, heights within + 1 foot and periods wi in ±
second. These observationa show that the effective fetch is greater
than 5 miles. EvidentAy the waves generated over the long fetches
are refracted and diffracted, and in addition, locaL wind generated
waves are superimposed thereone A carefl r-viow of the wave
observations seews to point to the fact that this is the case. For
same of the records the waves are predominantly swell, since the
corresponding winds are much too lw to generate the reported waves.

The measurements of Farmer (1956) were taken on the southern
side of the Bermuda high, but there is some question as to an err
by a factor of four in the calibration. In general, Farmer (1956)
states that his measurements are in fairly good agreement with
those of Cox and Munk (1956).

From tne above it seems appropriate only to consider the data
of Cox and Munk (1956). Figure 9.3 shows a comparison of O2 versus

[H33/T2
1 /3 ] 2 for the data and the various spectra. The DI, D2, and

N spectra show a linear relationship wi.th respect to the square of
the steepness parameter. The gneral form or family of B spectra
is used for the corresponding 4r, which are given in Tacle 8.2 of
Chapter VIII. The scatter of data is great and a very low degree
of correlation is found between observed and predicted -2 for aW
of the four spectra. The overall mean of a.2 is in closer agreement
to that predicted from the B spe6tra than from either D, D2., or N
apectra. It is not difficult to account for much scatter of the
data since 0.2 is proportioral to H3 3

2 and inversely proportional
to Ttl/3. Mean values of significant waves for these data are about
H33 - feet and TI!3 =,4 seconds. If these observations are
within + j foot an ± I second, the maximu range in scatter from
the ccuputedo 2 will be a factor on the order of 0.5 to 2.0, there-
fore, no conclusions can. be made in regard to Figure 9.3, except
that all spectra seem to predict 02 between the data for clean
surface and that for slick surface.
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Figure 9.4 show a carison or (2 versus wind speed for tha
data and the various spectra. Only tho dUe .or the- sJck surf!ace
are used, since all spectra are intended to exclude capillary waves.
For the data CK and Munk (L956) present statistical linear relation-
3hipu for o.2 versm mid speed for both a olr", i surface and k slick
sirfae. In case of the clem surface the re ionship is very good.
For the slick surface there are two few data to place Y-Ah confidenca
in the linear relationship. In fact, the data appear to At a c=wed
relationship equay well if not better. The D2 spectrm pi-itas a
parabolic relationship of. versus id speed, but the curve iuj
reverse to that indicated by the data. The N spectrum predicts alinear relationship of wr2 versus U in fairly good agreement -with

the dtatistical least squares relationship of Cox and Munk (1956) for
the data from slick a s~es. The fmily of B spectra predicts
curred relationships of w versus U for different fetch lengths, and
appears to be in fairly good agreement with the data, provided the
effective fetch is less than 100 nautical miles. The ezact effective
fetch lene' hs for oi ±ck surfaces applicable to these data are not
known. Based on both Figures 9*.3 and 9.4, it is believed by the
present author that the order in which agreement is best between data and
spectra in B, N#, D2 and D1, recogning that opinions of oVhers
may be N, B, D and D, or sam other order.

2Md "trrm From Data on Pjc WO: Project SWOP,
ao Cote , arks, erson, Bowe, Sepiiion. Vetter, and Walden

(19571 is the first oospr b* .,iv rP, of itz k*.d for obtanin.
the merv sectrm of waves uider me particular meteorological set
of ecor-iticns. Neumann and Pierson (1957) have concluded that the
measiements frma project SWOP verified the Ifeumann apectrum, at
least for one partic.lar wind speed of 18.7 knots. Derbyshire (1957),
although appearing to agree with the conolusicis of Neumann and
Pierson, remarks that the situation may not necessarily be a typical
deep water one; the measurements were carried out at a point
approximtely 300 miles south of Nova Scotia aid about 100 miles to
the southeast of the nearest point on the lO0-fathom line and
the waves might have been affected by the Gulf Stream. 'hat actual
effects these ccnditions have on the distortion of the spectrum is
0ifficult to assess. and is a problem for future studies. It is

'I~the opinion of this author, however, simne the zsasurments were
sufficiently remote from the major part of the Gulf Stream that its
effect is perhaps insignificant.

. Figure 9.5 shows comparison of the N and B spectra Vith the
data from SWOP, whera k - 26 seconds as used by Iieumann and Pierson

(i957)o In order to deteridre the B spectrm it is necessary that.
F1 and F2 be determined. It is reported in SWOP that the significant
wave height was 6.6 feet, eiich is also in agreemerrt with that
predicted by the Neuann equation for an 184-knot wind. This
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corresponds to If - 0.625 (6.6) - 4.1 feet, from which F1 - glf/3 - 0.133
and 8H33/U2 = 0.2.3; ir Figure 6. of Chapter VII this corzeeponds
to gFfU2 - 28,000 and (9T/3)/2-U a 1.13, and the ,i..n,. fetch length
is 1 2 nautical miles. It in seen that this oormsponds to near zero
o-elation, whence F2 - /2U1.13. For a o. elatin coefficient
r(il, X) - +0.2# F2 .11/ 1 .6 r a 1.065 w.&ror- r(,,,, k) *+0.1J,
F 2 - 1.02. Figure 9.5 for the B spectrum is based on r(,X, )- 0,
F1 - 0.133 and F2 - 1.13. The area under the B spectrum is eqtma tc
that urder the N spectrum,(4/7)(1/2) 2 , and this should be expectcu
since both spectra utilize the sae valve of It. The oondition of fully
developed sea has not yet been reached according to the B spectrum.
For much greater fetch lengths and wind duration, Figure 8.1 would
predict H33 - 8.7 feet instead of 6.6 feet, in which cuee the area
under the B spectrum would be 1.74 times that for the N spectrum.However, since H3 3 - 6.6 feet was reported, this value should be used

instead of 8.7 feet to determine Fi and F2 .

The area under the uvaputed spectrum from data on project SWOP
is about 20 to 25 percent greater than that under either the N or B
spectra. The peak of the computed spectrum is almost exactly verified
by the B epectrum, but if the oomputed spectrum is multiplied by 0.8
to make the areas under all curves equal then the peak of the N
spectrum is almost exactly verified. The high frequency. end of the
computed spectrum is almost exactly verifled by the N spectrum, but
if the computod spectrum is multiplied by 0.8 then the high frequenoy
end of the B spectrum is almost verified. It is reported by project
SWOP that a oertaif amount of white noise was presented and the data
had to be corrected accordingly. e greatest mount of white noise
is associated with the high frequency components. If the data had
been ceorrected for twice the computed white noise instead of only the
computed white noise, the area unde- the computed spectrum would be
very nearly equal to that uder either the N or B spectra. In this
case the peak of the computed spectrum changes very little but the
high frequency compopents change appreciably with the result that
the B spectrum is verified almost exactly for all frequencies. It
appears that this would be the logical correction, since the B
spctrum for high frequency verifies the work of Burling (1955) andPhillips (1957)D.

There is a slight char.c that correlation r(11 ,,) is not ze,
sipce the relationshi of gY/2v (Fiur 8.1) is e polate fro
lower Talus of Cie fetch parameter. Perhaps the mxiu value of
r(i, X) in less than +0.2. 7f this be the case, the pak of the B
spectrum is raised slightly and shifted toward high frequency
components. For r(, Q +0.4 the peak becomes more pronounced
and shifts fmther toward high frequencies, such as illustrated in
Figure 9.6. Actually, there is little difference betwien the 3
spectrum for r(', X) a 0 and r(-, X) - +;.4, since the v, curves are
within the 95 percent confidence limits for r(t, X) - +0.2. Thus
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it is fair to assume tha B spectrum for r(i, X) 0 0 is satisfactory
f= the conprative teat between the N spectrmn and the cmputed
spectrum. It was not intended to omit the D2 spectrum from the data
test for project SWOP, since th!e i_- covered by No-,ann a- Pierson
(1957).

It is only logical that this writer be inclined to stress
preference for the B spectrum, recogniiing that Neumann a= Aerson
(1957) prefer the N speotrm, and Derbyshire (1957) the D2 ao-ctrum.
One important fact, however, which is in agreement with all concerned,
is that the family of B spectra is one more theoretical expression to
be tested for use of future data. For such a test to be made, the
correlation coefficient r(i, X) as well as H and 7 ',or A E and k)
must be determined.

o1. Comments on Decay of Wind Generated Gravity Waves

When waves de..,, in deep water the longer period waves travel
faster and farther than the shorter period waves. In this process
the steepness decreases and the correlation rotates to greater positive
values. The general form of B spectra still applies, since now H and
T are fumations of the decay parameters instead of the fetch parameters.
The unit form of the B spectra again becomes peaked and narrow, since
the area under the curve is still V/v (R)2. However, since T2/3
increase and H3 3 decrease with the increased decay distance the area
under the curve as well as the peak decreases for the standard form
of the B spectra. At a particular decay distance the peak of the B
spectra increaes with tim, since the xean wave period decreases
with time. Theoretically for a fixed decay distance the man period
should decrease to its original value in the fetch area after a time
equal to that required for the shortest period waves to be propagated
to the fixed decay distance. However, since the small heights
contributing to the mean in the fetch area will have been attenuated
beyond measurment, the man period at the fixed decay distance will
never decrease to a value as low as that in the fetch area.

When deep water waves are propagated over shallow water, the
long period waves feel bottom first and become attenuated, resulting
in a shift of energy to lower wave periode, opposite to the shift of
energy for decay of deep watnr waves over deep water. Obervations
in the Gulf of Mexico indicate a decrease in siniificant wave period
shoreward from deep water for onshore winds. This causes a rotation
in correlation coefficient from positive to zero !-: deep wator
toward negative in shallow water.

The final distribution of waves and the wave spectra depend on
the initial conditions at the end of the fetch and in the fetch, and
the method 4n -*ich decay takes place. Refraction Aa diffraction -
well as possible breaking waves will also contribute to the form and
shape of the wave spectrum at the end of a decay distance. This
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problem, however, is far from being solved at present. Figure 9.7
is an illustrative scheme hich might be worthy n further con-
stderations. This figure depicts a steepness parameter,. H3/T1I.[(T)2 could also be used)J an a function of rotation of the
regression line of H on T2 . The curves for -a deep water decay
zone result frn decakIng over deep water ele -1ta of the 3oint
distribution function for zero correlation. The decay -uction
from Sverdrup and Munk (1947) was used, although same other
calibrated deoay function might have been used. A whole family of
such curves exist, depending on the stage of generation when decay
comences. Curves for -%he shallow water wave so result from
decayirg over shallow water elements of the joint distribution
function for zero correlation, taklng bottom friction into aocoimt.
Use was made of the dissipation function originally presented by
Putnam and Johnson (1949), and applied by Bretsobneder and Reid
(1954). Only one condition was investigated, and that was for a
bottom of constant depth. Evidently a -whole family of juch curves
exists for a bottom r "n tant depth, aM perb& relationshipe are
possible for a bottom of contant slope, or fr- the Continental 4helf
area. Computations as well as the data show that rotation of
correlation is positive for waves decaying in deep water and negative
for shallow water. If the initial correlation Is positive, say for a
very young sea or for deep water Swell, it is also possible vo obtain
zero or negative correlation hen frther decay takes place ever
shallow water. Such conditions are axpeoted over the Continental
Shelf area.

A forecasting method is desirable whih will predict not only
the characteristic heights and periods but also the correlation
coefficient. Such a method would permit the determination of the
mean wave period of the highest p-percent wave heights. In this
respect the joint distribution function is equally as importalt as
the wave spectral function. In fact the joint distribution function
ray be more desirable, since the wave spectral function evolves from
the joint distribution function, whereas the converse might not be
possible. Perhaps a filter technique, awmlar to that utilized by
Pierson, Neuman, and Jams (195) migt be quite useful. Hcpever,
any of the above methode, whetier used individually or collectively,
require refinements and calibration, using reliable wave daa. It
is believed that in futus analyses of wave data much might be gained
by determining correlation cefficients as well as characteristic
waves and energy spectra.
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- Theoretical Neumann Spettrum I U 8 .87 knoll )
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6 *- -- Spe I,,' Computed From Data by Project SWOP

(Tobit Neumonn and Pierson IS57)

NOTE: Area under bo0h theoretical SpectrO
equal to L4I 5 35 square teat

Area under computed spectrum
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SDMBOLS

A wave amplitude, also used a a constant

Aconstant - 0.927

B constant

C wave celerity, also used as a cotnri,

Go  deep water wave celerity

Cs  wave celerity in challow water

C1, C2 , C3  constants

Cg group velocity of waves

d water depth

E wave energy

Ei(X) exponential integral

F fetch length

F1

F2  gf/2wrU

fl, f2  functions

ft frequency of occurrence of data for class i

g acceleration of gravity

H wave heiit (STANDARD FCRM)

Hi individual wave height

R mean 4ave height

'150 mean of highest 50-percent wave heights

H33  mean of highest 1/3 wave heightes or significant nrave
height (also H1/ 3 )

HlO mean of highest 10-percent wave heie$-4,

H- m'.an of highe3t i-percent e he'its
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Huax maximum wave height and also nm't probable maxima

height

k- 2w/L wave nuer, and also

k - 96/2 -i seconds for computed spectrum

K, KI  constants

L wave length (STANDARD FGRM, used in torms of L T2 , vac 2 )

Lo gT2/2 r dem water-wave length

* Ls wave ),snuth in shallow water

Li  individual wa'n length (used in tern of Li = Ti2, aec2)

mean wave lengt. (used in terms of L

L50 mean of longest 50y-rcent wave lengths

13; mean of longest 1/3 wave lengths

LIO mean of longest lO-perceit wave lengths

L1  mean of longest 1-percent wave lsngths

Lam maximum wave length, also moat probable maximum length

Mn nth moment about origin

i slope in equation y - mx + b

total nmber of waves in a record

n order of data from n a 1 to n = N

* nl, n2 degrees of freedom

P used to denote cumulative probability

t p used to denote probability density

p(77)p p(H) probability densit., of wave height

p(X), p(L) probability density of wave length

p(r), p(T' probability density of wave period
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pHL)s p(H,T), Joint probability densities

P )0p X,) conditional probability funti.On

q$, Qt, Q related to wave energy

Ski. S standard dev-ation of rave height

SL# S X standard deviation of wave length

STS ST standard deviation of wave period

Sq(x), ( summation functions, also X-spectra of n, i7-spectra
S;(T) Of x, and T- spectra of ,j respectively

S 2(>,) -spectra of 77 2

S 2 (r) T-spectra of 7
2

S2(y) Y-spectra of 7)2

S1 2(T) period spcctxra (of H2)

SH2() frequency spectra (of H2)

T wave period (STANDARD FrOR, crest to trough method)

T, individual vave period

Ymean wave period (crest to trough method)

T-1/3 significant wave per!od, period of highest 1/3 wave
heights

apparent wave period (zero-up crossi g method)

Tmean apparent wave period (zero-up crossing method)

Top  optimx. period (for period spectra)

t time or duration

U surface wind speed

Ug gradient wind speed

u horizontal particle velocity, aeo v.d in
.... • s for gem, and normnal ei -

tribution functions, and for change (f

variable
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vertical particle velocity, also used for change

of variable

x horizontal distance, also used in diff, rezitial dx

z used in change of variables

a -onstant 7.4axl0 " 3

03 skewness coefficienta H - a37 3L-a V
a3T c' 3 rfor wave hight, ength, and

period, respectively

r gamma function

A Xincrement of X

AE element of energy for mcputed ?ectrum

spectral width paranater

77 HA! wave height (NORMAL FOM)

77P mean of hiieat p-percent heights

q(Xp) mean height of longest p-percent lengths

7)(150) mean height of longest 50-percent lengths

7 (X33 ) mesh height of longest 1/3 lengthu

q(xIO) mean height of longest 10-percent lengths

( ! ) mean height of longest 1-percent lengths

q(xma) height of laogest wave length

regressioni ling of 7 on X

82kx -Wt phase ?osition

X a L/IuT2/T2- wave 3engtli (NOPJ4AL FORM)

Xp mean of longes p-percent lengths
p

(lp) memi length of highest p-percent heights

X(7)50) mean length of highest 50-percent hihs
rwmean lengh 0f nighesT 1/3 neights
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x (7IO) mean length of ldghest 10-percent heights

X( i) mean length of highest - "ercent heights

('Qmax) length of highest wave

7re)gression line of X on 17

Va. wave frequency (NORMAL FORM)

elevation of wave surface and i - a function of
*Lt66 pon-itioa

3.1416

p mass density of water; true value of correlation
coefficient

mean square sea surface slope

T - T/T wave period (NORMAL FORM)

T(1?) mean period of highest p-percent heights
r( o) mean period of highest 50-percent heights

T(7)3 3 ) mean period of highest 1/3 heights

T (7.lO) mean period of highest 10-percent heights

T(7 .) mean period of highest 1-percent heights

T MaX) period of highest wave

T OPoptimum period (r -spectra ofi,2)

(bP probability integral

w - 21/T angular frequency (NORMAL FORM)

W Op optimum freq,:.,.y (w -spectrA of 
2 )
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