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MECHANICS OF GRANULAR MEDIA *

For a mmber of ysars, there has been under davalopmni a mathematical
theory of the mechunical bohavior of materiesls composed of disorets elastic
grains in direct contact, Eventually, the theory is intended to predict
stress-strain relations, stress distribtutions, vibrations, vave propagation
phenamene and criteria of failure for such materisls as are found in a bed of
dry sand or the pila of gralns in the carbon microphone, The line of atteck,
which has been the most fruitml, begins vith a consideration of the 150.1
forces and deformations at the contaot surfaces betwesn adjacent graina,.
Because of the extrsordinrarily ccaplex naturs of the problem the grains bave
been 1dealized as like spheres in rezular arrays. Ejnn with this sinmplifica-
tiony at least until recently, only the component of force normal to each
contact surface has been taken into account [1,2y3,4], The relations betveen
norral force, N , contact radius, @ , and displacement, . , are obtained frem
the Hertz theory of contact of elastic bodies [5]: B
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vhere R 1s the radius of the spheres, 1 1s Poisson's ratio and M the shear
modulus of the material of the spheres, Of special interest is the normal

ccmpliance

cdoa _ 1=V
C*3N = Zua | - 6)

% Iacturs presented at the Sacond U.S. National Congresa of Applied Macnanics,
Arn Artor, Michigan, on Juna 18, 1354,




The non-linearity of these relations givss the firat inkling of dynamical

d1ffioulties in addition to the purely gsometrical ones. The bshavior of a
gramular naterial may be expscted to dspand strongly on the initial stress

" which, {n turn, affocts the role of the elastis constants of the individusl
grains, The early forms of the theory predict wave velooities proporticnal
to the sixth root of an initial isotroplo pressure and the cube root (rather
than the usual square root) of the shear modulus of the grain [2,3,4). These
relations have been aonfirmed experimentally [2,13] tut absolute velocities
are in poor Wt vhen the theory does not include the effect of tangen-
tial compopents of force stween grains. It 1s the purpose of this lscture
to discuss some of the ptodlsms and consequences of including conaideraticn
of tangential forces :.¢ the contact surfaces,

Corresponding to the Herts theory, there is a solution of the equaticns
of elastieity [6,7] vhich takes into acoount a monotonically increasing tangen-
tial force (T ) sudesquent to the application of a normal force, It is found
that a tangential force, no matter how small, produces infinite tangential
traction (T ) at the edge of the contact surface (see Fig. 1) if It is assumed
~that there is no relative displacement of opposirg pointas on tha contact sur-
face. Accordingly, it is assumed, in the theory, that such a relative dia-
phcemnt d_ou take pil« and, bscause of symmetry, it occcurs on an anmlus,
Further, the cutor edge of the annulus is assumed to coincide with the sdge of
the contact surface, because it is there tbat the infinite traction would
otherwise cccur. The boundary conditions of the theory of elasticity require -
that there be specified, on the annulus, the tangential traction or displace-
ment or a rohtim. between the two. In this case it has been assumed that

~ the tangential componenty U , of traction at each point of the annulus is

proportional to the nommal ccmponent, ¢ 7, at that point, Fhysically, thias
is to say that alip takes place cn ths annulus in such a vay that Coulcmbts
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lav of friction holdas at each point, i.e,y T =F0  vhere 0’ is the Herts
normal pressure and f 1s a coostant coeffiolent of friotion, ‘The resulting

distritution of tangential traction over the entire contact surface is 1llus-

trated in n‘o 1.
As the tangential force is increased, the theory predicts that the
inner radius (¢ ) of the anmulus of 5lip dininishes according to the law
J
(&K “
[ ] fN .

At the came time, the relative tangential displacement, 8 , of distant points
in the tvo spheres depends on the tangential force according to

This relatica is shown in Fig. 2 along with experimental data, obtained by
Johnson [8] with steel spheres, which confirm it. The tangential céuplhnoo,

to be ccapared with Equation (3), is

-y -1/3 | (6)
S_ dT d}ua(' N :

The next step, in the study of local effects at the contact surfaces,
was to dstermine the consequences of reversal of the senss of the tangential
force [9]. If the tangential force, after reaching a magnitude T=T* <fN
is diminished, the force~displacement relation is

_(L!lﬂ'[ (. T™-T\"_ (I—I-) _|] )
2fN N
This relation is shown as ths curve PRS in Fig., 3. Here a new complication
is seen to enter, ramely, the inelastic (as distinguished from mon-linear
8lastic) character of ths tangsntial lcad-displacemsnt rslaticn, In ths ca3sa

’




~where the tangential force oncillatea between T (where 'T" <fN )s

‘thres important conclusions were reacheds (1) slip is confined to an annulus
whose inner radius is given by !‘quntloxi (4) vith ¢ and T replaced by c*
and T*; (2) the amplitude §r the relative displacement of the spheres is |
given by Equation (5) with T replaced byT' } (3) the force-displacement
curve is a loop (Fig. 3) enolosing an area vhich represents the energy dis-
sipation per oyole:
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All of these conclusions have bsen subjected to experimental test,

Tests by Mindlin, Mason, Osmer and Deresiowics [10] were made with a
pile of three polished glass lenses, pressed together with a normal force
following which an oscillating transverse force was a‘bpnnd to the central
lens at 60 c.p.s. (Fig. 4). According to the theory, relative displacement
at the contact surface ccours only on an annulusy 3o that wear patterns should
be observed only there and with inner radius given by Equation (4). Such
patterns were observed (Fig. 5) and the comparison of their dimensions with
those predicted by the theory is shown in Fig, 6. Measurements were also
made of energy dissipation. At large amplitudes these conformed with Equation
(8) buty at small amplitudes, the snergy dissipation varied as the square of
the tangential force rather than ths cute aa the theory requirss, This wan

evidence that a velocity dependent faotor might contribute to energy dissipa-

tion in addition to the static considerations on which Equation (8) is based,
An axtansive sariss of both static and dynamic tests by Johnson 8]

toar on many aspects of the thaory. His static experiments includad leading,
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unloading, overleading and oyolic loading: all nonfirming the behavior pre-
dicted by the theory. In his dymnia u_ata,-conductcd at 46.5 5.p.8. with
a variety of sphers dlamaters and pormal lcads, Johnson obtained the rela-
‘tions between tangentlal force and displscement amplitudes shown in Fig. 7.
As may be seen, the theory is very good in this respect. The same series of
tests ylelded data on energy dissipation (74g. 8) and in this case the thecry
1s not satisfactory. As may be seen, in Fig., 8, the energy dissipation per
“oyole at omell amplitudes is again found to vary as the square of the ampli-
tude, indicating the presence of a velocity dependent mechaniss vhich com-
pletely overshadovs the static mechanism at very mall smplitudes, In sddi-
tion, t&n appears to b- a gecmetrical faotor, missing in the theory, ubich

~1s {mportant at intermediats emplitudes, since, in that region,Johnson's

oxperiments reveal . dependence of erergy dissipaticn on both sphere diamster
and normal lsed, which 1s not accounted for in the theory. It is cnly at
large uplitudu (near gross aliding’ that the theory sppears to give gocd
results for energy dissipaticn per cycle. _

In addition to normal and tangentisl forces cn the contect surfaces,
tviasting couplss can also be present in a significant amount in certain types
of det§mtion of granular materials, Ths problems analogous to thoce described
above for tangential forces have also been solved for twisting couples [7,11,12].

Before proceeding to assemblages of spheres it was necessary to carry
the theory of pairs of spheres one step farther. Thus far, in both theory
tnri experiment, the normal force was held constant during variation of the
tahgontial force. However, in an assemblage of spheres under varying external
lcad or internal vibration, the normal and tangential forces ‘on a single con~
tact surface vary limltaneously.. In this case the inelastic charactsr of .

the relation between tangential load and displacemsnt introduces a very great

ccoplication in that 1t causes ths instantanaous tangenti#l forcs-diaplacement

e m i cwwe meaws
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rolation to depend cn the entire past history of normal and tangential loading.
DAfforent phencasna are involved and difforent results cbtained depsnding upoa
whether the normal or the tangential f@o is held constant, while the other
varies; vhether they both wvary, and whether the sense of the variation is

such that one increases wvhile the other decreases, both increase, or both de-
crease) vhether their relative rate of change is gresater or less than the
coefficient of Mouou; vhether the irmediate past history of loeding was.

in the same or opposite sense as the current loading, For exanples, suppoee
thaty after-applying a normal force N, , toth N and T are incroased at an
arbitrary relative rate. Then, in place of Equation (6), the. mg.ar.m.-‘mpn-
ance 1s [9)

S = 3_1[ (- f%r%)('-&yw_]' oG ¢ #"

’.L

(9)
N

b \¢
Sl

whare d 1s the inatantansoua radius of the contact surface, Conmpliances of.
this type enter into the prediction of failure lsada of granular materials.
The implications of the form of Equation (9) ars discussed below.

Another case, of interest in connection with vibrations of gramular
materials, is that in which, after an initial normal force N, is applied,
the tangentisl force oscillates between :&'T‘ while the normal force varies
in such a way that dN/dT 1a constant, The tangential compliance during
the loading part of the cyole is

5= 22 {e«-(:-o)( (148 o 9'[\]%} o)

/
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Yor the unloading part of the cyole the sizns of 8 and L are reversed in
Equation (10). The assoclated "atatic™ energy dissipation per oyole is

F - stz-vxm.)‘{_!.[‘—’-’- (-0%)7 = 128 (1, p00)7°
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Conalder, nowy a granular body composed of like spheres., If the body
is fully oonaonAtod the arrangement of the spheres is a face-—centered cubls
or hexagonal array, both of these being arrangements of densest packing. An
incoapletely consolidated body contalns clusters of spherss baving such pack-
ing. We begin by considering an elemsnt of a raca-crentored cubls array of
asgheres in equilibrium under an arbitrary state of initial stress and ask
vhat dsformatlon will result from an arbitrary additional increment of stress.
This queatiocn has been explored in detail recént],v {13].

The elementary block of tha face-centsred cubic array is shown in

' Fig. 9 ,and the componerts of incremontal force, d ng' y acting on it are

shown in Fig, 10(.. The inoremental stress dU:J is defined as the ratio of
tho incremental forge to the area of a face of the block, 1.e., dUj; = qu/BR"
vhers { 1is the radius of the spheres. The deformation of the block, resulting

from the application of dO’;J' s can be obtained if the increments of contact

force between spheres are kncwnj for then the relative inoremental displace-

- ments of the sphérss can be found by multiphing by the contact compliances.
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Bach sphers in a face—centered .oubic ;nay is in contact with twelve
other sphares, Hance thers m'_thirty-aix components of contact force on
sach sphere, Rowever, since we consider, tempcrarily; & homogeneous atate
of incremental stress, eightaen of the cwxsponsuts ;f contact force are squal

in pairas, leaving only eightsen to be found, of vhich six are normal components

and tuslve tangential, The latter are, in turn, related through throe equa-
tions of moment equilibrium, .The eighteen contact forces are related te the
stresses /Uj; through six independent equilitrium equatiocns so that, in all,
there are cnly nine equations of equilibrium from vhich to determine eighteen
contact forves; that s, the problem is statically indeterminate, It may be
solved either by introduoing equations of compatibility of relative displace=
pents of spherse (there are nine cuch equationg) or by starting with a set

of cumpatible incremsntal strains de‘j and caloulating the oom#ponding
contact forces, The latter procedure is simpler since it does not involve

the solution of eighteen simultaneous equations. In either case the inore=
mental stiress-strain relation 1s found in the form~

A0y = <ijn dey (12)
wkere,; for the most general state of !ritial lt.rjeaa,' Ci;xy 13 a pon-symetrio
tensor baving thirty non-zero components when referred to the principal axes
of the cubis array. These ccmponents are linear functicns of f.he reciprocals
of the elghteen initial complisnces assocliated vith the twelve contact sure
faces. Each of the initial compliances depends, liri turn, on the history of
the initial stress according to relations such as Eqﬁations (9) in which N

and T are thamselves functions of the stress. Thus the problem of solving
Equation (12) to obtain a finite stress-strain relation is a formidable one
involving, as it does, the solution of simultansoua, ncn-linear, integro=-

di(‘famntial equafion’s. Hovaver, in cortaln aspeclal cases, which can be |




realizad in the laboratory, the intagration of ths inoremental stress-strain

relation either can bs accouplizhed or is not.mcuuryo

An exampls of a test in vhich the incremental stress-estrain relations
may be used vithout integration i1s that of small vibraticas in the presence
| of high initial stress, In this case the change in stress during vibrstion
can be made so zmall in comparisca wvith the initial stress that the contact
complisnces remain sssentislly constant. Purthermore, if the initial stress
h. isotropie the inoremental strese-struin relation reduces to one of siaple
cubio syametry vith only three coefficients:

dd:' 2cC, dé,, v < (dt"od&“)

da, = ¢, dé,, » ¢ (dé,, +ds,,)

dc;’ x C" de,. [ C.; (d‘,,"d‘\")

(13)
dc;;-‘ ZC“ dé,.
ca‘d‘llll = Zc“dé,,
dq‘,.‘ =7.<‘-M,d€-,,1
vhers
C=leey~ ‘;3‘, €z ° 4 3V La/“lo"'l (14)

in which G, is the initial isotropic stress. In the case of a high frequency
vibrationy <, 4y C,p and <4, Tust also bave imaginary parta; but the theory
1s not sufficiently dsveloped to writs them explicitly, although Johnson's
experiments give a good irdication of what their form should be. At present,
the imaginary parts are omitted, It is then a simple matter to calculats

wave velceities or frequencies of vibwation of a tar. Such bars wers construe~

tsd in the following mannar [13]. A long rsctangular box, lined with a looss
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rubber sheet, was carefully filled with 1/8" asteel balls arranged in face-
cente_rod cubic array., The ‘r3et was than folded over, sealed and evacuated,
The extornal pressure locked the balls in place 8o that the solid "gx;amlar
tar® could be removed from-the box (see Fig, 11). The balls were arranged,
in various bars, 8o that sither the [100] or the [110) direstion vas parallel
to the hn‘rth of the btar so as to oliminate ooupling botween longitudinal
and flaxural modes.. Thus the bars could be excited in simpls axial vibration
and their natural frequenciss measured as a funotion of the axtarnal preesurs,
Results of such exporiments are shown in Fig. 12. Two sets of data are given:
one vith balls having a disensional tolsrance of * 50 x 107 1n, and the
other ¥ 10 x 104 in, As may be seen, the frequencies of the bar mede with
the better talls are closer to the theoretical frequencies and the agreement
izproves in both cases with increasing pressure, The reason for this becomes
spparent vhen ths dimensional tolerances are compared with the relative
appreach of the talls under the initial pressure. When 0, = 2 psi,
@ 21,955 x 100 in, and vhen @ = 14.7 psi, % = 7.39 x 1070 in. Thus
many spheres may be oxpscted to be under larger and smaller initial contact
forces than if all spheres wers identical in size and, also, scme spheres
may bs looss. It may be shown that the presence of- off-size or loose spheres
diminishes the stiffness (and hence the frequency of vibration) of the array _
and the diminution beccmes greater with 1ncreas-od spread of the dimensional
tolerance and reduction of pressw:., These effoc_ta are reflected in the data
shown in Fig. 12, ‘

Measurements of logarithmic decrement of the vibtrations were also made,
but they cannot be compared with the theory until the imaginary parts of the.
compliances are introduced into Equations (Q).
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Ragarding intagration of incremental

is a case which can be handled without difficulty., This is the problem of

a simple cubic array of spherss under an initial isotroplc stress, subjectsd

nbooquintly to homothetic loadirg. The simples cubdc erray is statically

determinate, so that the contact forces can be caloulated without reference

to the loading hiatory.
for homothetic loadingy L.6.y 1f the additional stress quadrie i3 alvays

sizilar and similarly oriented vith respect to its previcus form. Accord=

ingly, the goners) system of sizultanecus {ntegro~differential squations

reduces to & set of quadratures and thess, it turms out, are expressible in

010“6 form tl"’l’

Purthermore dN/d7T , in Zquation (9), is & constant _

Sy
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