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th» meeompmajing paper on game theory consists of two parts of a 
■port which la final Torsion will hare four parts.    The oaittad parts will 

-wer a-penon theory aad tbo relation batman game theory and varloas 
topics aaeh as statlsties, liaaar procranmiac.  ate.    I an sending yon this 
iaeonpleto rersion hooanaa I should Ilka to racalve oritleisas of the «erk 
aa soon as posslhla; to tM« end let mo cite tha nltiaiate purpose of the 
vmntg%» 

It is one of a series of reports heing writtsn *y variona people 
on natheaatieal nodels in the baharloral seisnees.    They are expository in 
natnre end th«y are designed primarily for two andieaees: 

1. soeial scientists with some, hat limited, mathematieal tTainlng 
who wieh to find out some of the struetrire and of the eondnsions of the 
varions aathsmatieal models, hnt who haTe neither the interest nor the 
■athsaatioal sophistication to follow detailed formal proofs; 

2. mathematicians iaterested in mathematical applicttiont in the 
soeial seisnees who want a quick surrey of the area and »ho can,  if they 
heeome interested, obtain the matheswtical details from hooks and article« 
referred to ia the exposition. 

When these renorts are finally issued ns a tmit, they will he 
aocomcanied by a short exposition of some basic mathematical concepts  aad 
notatioas.    for example,  terms like set,  function, relation, product space, 
etc., aad rotations like   £ , U  ,    O,   CT.etc., will be explained.    It 
MS felt that it «as better to do this in one place rather than to try to 
make eaeh report completely self-contained. 

I would very much appreciate it if you can spare the time to giws 
tills partial report a critical reading with these aims an* facts in mind, 
and you msy be sure that in preparing the final draft I shall put to good 
uae any (preferably detailed) oomments you care to make. 

Sincerely, 

B.  Duncan Luce 

Bureau of Applied Social Research 
427 V. 117th Street 
Vow York 27, Hew Tork 
Aoril.  1954 
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Part I 
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In all of aan'a written racord thara has baan a preoccupation 

with aituationa in which there la a conflict of Interaat}    poaalbly only 

the aubjacta of God,  love, and Inner ■tmggle have received coaparabl« 

attention.    The aclentlflc study of interept conflict^  in contrast to Its 

description or its use as a dramatic vehicle, conprises a snail,  bat gi am 

ing, portion of this literature; as a r-flection of this tr*nd w« find  today 

that conflict of interest, both anon« Indlvlduala «nH  caon? institutions. 

Is one of the more dominant concern» of at least  ssvaral of our academic 

departaentst aconooics, sociology, political science,  an' othsr areas  to a 

lesser degraa. 

It is not difficult to character'-r- in an Impreclss waiy the major 

aspects of the problem of Interest eonfliot:    An individual ia In a situation 

from which one of several possible outcooas will result with respect  to 

which he has certain personal  preferoocee„    Hower rs  though he nay hav»    some 

control   ov<»r the  variables which determine the outcoire,  he does not vvav« 

full control«    Sometimes this  Is  In the hands of  «•«•verai  Irv^vlduala    ^o 

Lik*     lap  hi we   ►■r if erences amme the possible  outcomes,   but   «ho   lit   s»»;«»-».! 

do not agree in their preferences.    In othsr cases, chance events  (which  are 

eometimes known in law as "acts of Ood") as well as other individuals   (who 

may or may not be affected by the outcome of the situation) may influftzxce 

the final outcooec    The types of behavior which result .fron such  aituations 

have long been observed and recorded, and it is a challenge to devise  theories 

to explain the observations and to formulate principles which should  guide 
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Intelllgant action. 

Th* llteratur« on euch problou  la so vast, mo apwolslls««), and 

so rich In detail that it is utterly hopalass to attempt  «ven a sketch ot 

It.      iowever,  the atteapt to abstract a certain large class ot these problems 

Ir.to a «atneiaatlcal system forms only a small portion of the  cotal literatwrei 

in  fast, asldo fron spo-adlc  forays in  economics,  «here for the most part 

attmpta have been made to reduce it to a simple optlmiaatlon problem »tjlch 

can be dealt with by th"» calculus, or in more sophisticated fomulatlons  by 

the Cilculua of variations,  the only mathematical theory so for put forth 

la thf? theory ">f games, our topic here.    In some ways the nar «  'Oaae Theory* 

is   onrortunate,  for it suggests that the theory deals with only th»» socially 

unimportant conrllct of Interest found  In parlor games, wherw-s it is far more 

general  than th^t.    Indeed,   von Neumann and 'Jorgenstem entitled their now 

classical book    T^e  I.'»ore  gf T'Mffg ITWl  Ecpnoiyi^ BahavJor. presoaably to 

forestall  that interpretation, although this does not enphaslz« the even 
i 

wuiar applicability of the theory. 

The modem mathenatleal approach to interest conflict - game 

■ theory - Is generally attributed to von Neumann in his papers of 1928 and 
J 

1937 t  Ji although recently Frechet has raised a question of priority 

^j- aupgesting that several papers by Borel in the early ,20,m  really laid 

' the foundations of game theoryo These papers have been translated into 

i '/;.',itsh and republlshed with comments by Kröchet and von N'eumanri [  3» 

Ml« Borei gives a clear statement of an Important class of game theoretic 

Hri',,'lems* i* is pointed out by von Neumann that he did not obtain one cruel a;. 

rasjJt - the minimax theorem - without which no theory of games can be 

s.il'i to exist*  In fact, Borel conjectured that the minimax theorem Is 
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r%Ise In Ä-n^ral, «itthough he did proTe It la true in certain special ca3«»3, 

von ■• ,_-i--.  rov?j it tru«! under general condtlons 

Of aore Interejt than a debate on priority Is the fact that 

neither fTiUp of papers - the one in France and the other In i/ermany - 

attracts iiuch attention on publication* There are almost no other papers 

than those mentioned bofore the publication In 1944 of the book by vor Neuaann 

arui "'.orgenstem, and those were confined to the mathematical Journal*c 

Apparently no interest was stimulatod in the empirical sciences most con— 

c-med «rlth conflict of interest. Fortimately, von Neumann and Morgenstern 

attempted to write their book so that a patient scientist with limited mathe- 

afitl.-al training could absorb the motivation, the reasoning, and the con- 

clusfona of the theory;  Judging by the acclaim and interest evidenced in 

non-natberaatlcal Journals, as well as in the mathematical ones, they were 

not without success in this alnu  Only a very fsw scientific volumes as 

mathematical as this one have attracted as much attention and admiration, and 

yet *• know that much yf the material had lain dennant in the literature 

for two decades<, Ore can only spacalats on the sociological factors at 

w.>rK to alter the response, but presumably the recent war may have been one 

of the most importantt  During that period there developed a considerable 

Interest in a scientific, or at least systematic, approach to problems which 

previously had been considered the exclusive ("o^"«8 of <****  with "exper* once,," 

These Include auch topics as logistics, submurine search, air defense, etco 

Ja.-ne theory certainly fits into this trend, and it is probably the most sophis- 

ticated theoretical structure so far resulting from ito The sustained activity 

and Interest in game theory is in some considerable measure attributabl" to 
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th« HAND Corporation, which is Itaelf very much a  product of the same war 

ann postwar phenomois. 

It Is al-,o of Intfreat, though not directly r»>ievant to thp t'npory 

Itself, that Kaoe theory Is primarily a product of mathematicians and nnt 

of  Bctentlots from the empirical fields.  In larg» part this results from 

thp fact that tie theory was originated by a mathematician and «as, to all 

intents and purposes;, first presented in book form as a highly formal (though^ 

for th*» most part, elesientary) structure, thus tendine. to irake it accessible 

as a research vehicle only to mathematicians.  Indeed, the total impact of 

game theory has been greater in mathematics than In the emplriral sclencea, 

where its techni-jues, though no longer Its results, hav» ceused a not In- 

considerable revolution In the formulations of mathematical statisticso 

iame theory does not, and probably no mathematiCc.l t'ioory could* 

enco:apass all the diverse problems which are included in otir brief character- 

ization of conflict of interesta In this introducx-ion we «hall try to cite 

the main features of the theory and to present some substantive problems 

included in its framework,, The resider will easily fill in examples not 

now in the domain of the theory4 and as we discuss our  exaT-iples we shall point 

out some other ■importajTt cases which are not cowered o 

First^ with respect to the possible outcomes of '.he Riven sltuatlon9 

it is assu-ied that they are well specified And that each individual is able, 

either diractl; or indirectly, to assign a numerical utilü-y (to all intents 

and purposes a money value) to each of them in such a fash..on x.hat ono »it.h 

a larger numerical utility is preferable to one with ;* ama ler utilityo 

Thus, the assurted individual desire for the preferred outomes becomes;, in 

gam« thei-ry^ a maximisation problem with respect to a numerical utlli-ty 

FWl 
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d«fln«d orer all possible ou'rooie» 

l>ocorkJt  th« variables wnlcfi  con.rol   the possible outconss ar« 

Also aAsun^l  *<   'w well  «(«eiflatfj   that is,  one ram prttclsely characterize 

all   the variables  unf. all   the  ra'tues   xhich they nay assune.     Actually,  one 

tmy best thtnv   :f these  variables as grouped  In n+3  classes if there are 

n individuals  In the situation,  or in the terminology o*  the theory, if it 

is an n-psrson f.hima    To each person is associated  one of t; s classes, «hich 

represents his doaain of choice» and the one left orer is within the province 

of ehanoe. 

As we said earlier, in this type of conflict situation w« are 

interested lo only  soae of the resulting beharioro    Actually, our curiosity 

■ay enccwpass ail   of It - the t^n-ilons  resultlrn»,  suicide rates or frequency 

of nervous disorder, d|-grsssive behavior, withdrseal,  changes  in personal 

or business strategy,  etc* — but of these,  any one tneory  will,  presumably, 

deal with only a small subset«    At presant, gsas theory deals with the 

ehuicaa people .nay aske, or, better, the choices the;  should make in a 

sense to be defined, in the resulting equilibrium outcomes, and in some 

aspects of the communication and collusion nhieh may occur among sets of 

players in their attempts to improve their outcomes.    While much of what 

is socially,  individually,  and scientifically interesting is not a part of 

the theory, certain inportant aspects of oar social behavior are Included, 

A theory such as we are discussing cannot come into existence  .-.ith— 

out assumptions about the indivldaals with which it purports to be concernedo 

»e have already stated one: each Individual strives to aaxiaiize his utility. 

f   . Care must be taken in interpreting this assmption, for - person's utility 

S, function may not be identical with some noaerleal measure given in the game. 
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For example, poker la a game with nuaerleal payoffs assigned to each of the 

outcomes when It Is played for money, and one way to play the rarae la to 

maxlolse one's expected outcome, but there are players who enjoy the thrill 

of blufflnt; for Its own sake and they do so with little or no regard to the 

expected payoff.  Their utility functions cannot be Identified with the 

game money payments. Indeed, there are those who feel that the m&xialza:^ on 

assumption Itself is tautological, and that the empirical question Is whether 

or not a numerical utility exists in a given case»  Assuming maximization 

of a nuaerlcal utility, it is quite another question how well the person 

knows the f unctlor , l.e», the numerical utility, he is trying to maximize. 
i 

Game theory assunes he knows it in full» This, and the kindred assumptions 

about his ability to perceive the game situation, are often subsumed under 
I 

the phrase "the theory assumes rational players." Though it is not apparent 

from some writings, the term "rational" is far from precise, and it certainly 

means different things in the different theories which have been developed, 

I 
but loosely, it seems to include any assumption on« makes about complete 

I 
knowledge on the part of the player in a very complex situation, where It 

is known f» >m experience that any huaan being would be far more restricted 
i 
|    • in bis perceptionsu    The Immediate reaction of the empiricist seems to be 

l that  such assumptions are so at variance with known fact that there is little 
r    . 

point to the theory, except possibly as a mathematical exercise,,  Ve shall 

/ not attempt a refutation so early, though we feel we have given some defense 

in the body of the report.  Usually added to this criticism is the patient 

query: why does the mathematician not use the culled knowledge of hunan 

behavior found In psychology and sociology when formulating his assunptlons? 

Ji The answer is simply that, for the most part, this knowledge Is not In a 

P 
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•uffloiantljr precise form to be incorporated as aseuaptlons In a mathematical 

model. Indeed, it is to be hoped that the unrealistic assumptions and the 

resulting theory «ill lead to experiments designed in part to improve the 

descriptive character of the theory. 

In suamary, then, one formulation of the game theoretic situation 

is the followlngt There are n players which we may label by the integers 

1,2,...,n. Each player 1 will be required to make one choice, let us call 

the ore he makes &^, from a set S. of possible choices, and these choices 

will be made without any knowledge of the choices of the other players. 

The set S^, the domain of possible actions of player i, may include as 

elements such things as "playing en ace of spades," or "to produce tanks 

instead of automobiles," or, more important, a strategy covering the actions 

to be taken In all possible eventualities (see below). Now, given the 

choices of each of the players, i.eo, the elements (s^,S2«.o.,8n) of the 

product space S.XS^JCCOXS , then there is a certain outcome, utility, for 

each of the players» Clearly, the outcome is a function of the element 

selected in the product space S^xS^.o.xS  and so it may be denoted 

Ui(s^,S2,ooa,sn), where i runs from 1 through no The function U.  is real- 

valued and it prescribes the utility to player i of the outcome of the 

situation. This characterization of the game we shall come to know as the 

normalized form of the n-person game. Two other forms - the extensive and 

the characteristic function form - will play important roles in our sub- 

sequent discussion; but there is no need to go into that now. 

Next we should consider what significant problems of conflict of 

interest are Included in this formulation. Our brief examination will cover 

four areas: economics, parlor games, military problems, and polities. One 
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basic •oonoBie altuatlon InrolTes aaveral produoers, »ach attaroptlng to 

audolse hi« profit but «aoh having oca/ a lialtad control ovar the variables 

«hloh determine It. On« producer «111 not hava control OTOT thm  variables 

controlled by another producer, and yet these variablen may very «ell In- 

fluence the outcome for the first producer. One may object *o treating this 

as a gaae on the grounds that the gase model suppoaes that esoh producer 1 

makes one choice from a domain S^ of possible choices, and that from these 

slngls choices the profits are determined. Rut It Is obvious to all that 

this is not the case, else industry would have little need for boards of 

directors and the many elaborate executive apparatua. Rather, there Is a 

series of decisions and modifying decisions which depeod on the choices 

and the timing of other members of theeeoncmy. However, In principle, it Is 

possible to imagine that an executive foresees all possible contingencies 

and that ha describes In detail the action to be taken in each case instead 

of meeting esch problem as it arises. By "describe in detail" we mean that 

the further operation of the plant can be left in the hands of a clerk or a 

machine and that no further interference or clarification will be needed from 

the executive. For example, in the game tic -tac toe. It Is perfectly easy 

to write down all different possible situations which may arise and to specify 

what shall be done in each case (and for this reason it is considered by 

adults to be a dull gams). Such a detailed specification of actions Is 

called a (pure) strategy. There ia, of course, no reason why the domains 

of action S^ need be minor decisions) they may have as elements the various 

pure strategies of the players. Looked at this way, a player chooses a 

strategy which covers all possibls specific circumstancsü which may arise,, 

For practical reasons. It is generally not possible to specify econonde strat»- 
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gi«s in full, and as a result a business strategy Is usually In practice 

only a guide to action with respect to pricing, production, advertising, hiring, 

etc., *hlch does not state in detail either the conditions or the actions to 

be taken« The game theory notion of strategy Is an abstraction of tMs 

ordinary concept In which it is supposed that no ambiguity remains «1th 

respect to either the conditions or the actions, and It serves the function 

of eliminating the apparent difficulty in applying the game theoretic model 

to economic problems. The notion of a pure strategy, and some related concepts, 

will receive considerably more discussion in part III. 

A more Important difficulty obtains in most economic problems which 

prevents them from being put in game form, except approximatelyc In general, 

it is not possible to specify the spaces S^, the strategy spaces» This is 

not merely a practical difficulty, as suggested above, but it is in many 

cases not even possible in principle, for tomorrow's new invention or sei» 

entific discovery may open a whole new range of activities to one producerc 

Hcvr can such a possibility be imbedded in a theory? One can only hope to 

obtain limited prediction when such a possibility exists, using the present 

spaces Sj^c This seems to be regarded by many social scientists as a ter- 

rible inadequacy, and yet it is a conmon difficulty in all of physical sciencco 

It Is analogous to a physical prediction based on a physical theory and 

certain boundary conditions, which is surely invalidated if the boundary condi- 

tions are changed, either externally or through the very process which is 

being predictedo In many ways, social scientists seem to want from a mathe- 

matical model more comprehensive predictions of complex social situations 

than have ever been possible in applied physics or engineering; it is almost 

certain that their desire will never be fulfilled, and so either their aspira- 

■--*- 
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tlooa will be changed or fomel deductive syatems will be discredited as 

far a» they are concerned „ 

To turn from econaalcs» it Is «ell known that for parlor gaase 

there is always a clear-cut scoring procedure. In scne games which are 

played for money, such as poker, there is a finely graded nuierloal scale 

assigned to the outcomes. In other«, euch as chess, the outcome is siaply 

winning or losing« but one can assign a more or less arbitrary nuBarlcal 

scale, suoh as 0 or lo Very often it is the aim of the player to maximize 

his expected gain as described by the nueerleal score of the gaae; but, as 

we pointed out earlier, there are eases «hen this score function cannot be 

Identified with the person's utility, suoh as when an adult purposely loses 

to a child« 

In a parlor gaae, ae in our •conornic example, each player makes 

not one choice but a whole series whose order and nature depend upon the 

previous choices both ha and the other players have nade, that is, on the 

previous play of the game. In exactly the same «ay as in the economic situ- 

ation one is able to show that the strategy notion allows the reduction of 
i 

this extensive form to the above-mentioned normal form» In part III «e 

shall do this in some detail. It should be pointed out here that while 
■ 

parlor games have been characterized in extensive form and while it has 

L been rigorously shown that any such game can be put in normal form, the cor> 

1 I responding statement of the extensive form of an econanic situation and its 

reduction to normal form has not been given. The argunent that game theory 
■j 
! is applicable to such economic situations is therefore by analogy and so is 

% 
no more than heuristic.    Apparently a major difficulty in describing the 

extensive economic model is the role played by time and the timing of decisions. 
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Thar« Is nottas in parlor gaaM, anjr flxad Mquano« of doelalons) - il-n^ 

in a production aitoation la often as laportant as th« daelaloa l . s . J"« 

Another dlffaranoa bataasn th« parlor gaaa and tha aoonoc.c 

problem is of tha utmost iaportanea In tha thaorlaa dorslopad.  It .» alwxrt 

always a part of tha rules, or at laaat of tha social aor«av that t'tara shall 

be no collusion aaong th- players of a parlor gaaa* Ln aoonaU.ca. tha coneapt 

of a coalition. I.e., of collusion aaoo« soaa of tha prodooars so > ist aaoh 

batters his position at the expsnse of the other prodooars or the onswoer, 

is widely recognized in theory. In the law, and in ererytUy dlaeoorsa* It 

thus behooves a theory of gsaaa which purports to have applioation beyond 

parlor gaass to be concerned with this coaaon phanoaenon of cooflitt situ- 

ations c 

A allltary conflict Is, by daflnltioa, a oonfllet of iotivest la 

which neither side has oosiplote control over the variables detarvlidoe the 

outooos, and in which the outcoae la detemlned through a aerlea r.' battles<, 

Wa aay naively take the outooM to b« winning or losing, to ahieh se algfat 

aaslgn the ntaerloal valuoe 1 and O, (lore subtle interpretatinna >f the 

outcomes are obviously possible, based on, aay, tha dagrss of de-t -uctlon, 

etc. Again we have the aaaa two difficulties aa in tha acoooale | roblaat 

there la actually a series of decisions on aaoh aide, the t! sing t f shleh 

Is of vital iaportance, and the dcaaln of choices for these declal ans la 

not usually well specified» The first problea can be amowted is before 

by the notion of a strategy, and indeed the concept of a allltary strategy 

is comnoa, even If it is not alweya clearly formulated. Tha aecor i prcblaa 

is again more profound, and it appears to pro Tent a gaaa theeret). analysis 

•V^ 
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Of many ia^- • -wrt «111try situatione; bat o«rtainly oth*r Important on«a 

•^v 7ubi«c-. to the theory- One of the olapleet la the "duel", ehich Xn Ita 

«riaploat fo^t oonelate of two pleyara 1 ard 2 having p and q "shota" 

reopectlve:. , For each player i there la a given function p^(t) which 

gives the pr bablllty denaity that a shot fired at time t will result In 

a "hit", let. na anppoae a fatal hit. We nay suppose that the domain of t 

la Halted, . s It would be in an air engagement by fuel supply. The problem 

la then to determine when each player beat take each of his shota, aaannlng 

that ha knot * how aany shots his opponent has already taken, ao as to aaxlmise 

the probability that he «111 hit his opponent before being hit. For most 

duel situate na of Interest, p.(t} Is a monotone increasing function, as, 

for exaapl«  in the classical duel of two men walking towards each other 

with guna I vnledo 

1 * is hardly necessary to labor the point that political situ- 

ations invc> *• ocnfllcts of Interest. In addition to the dlffleoltles of the 

economic an i military problems with respect to ill-defined domains of action, 

we know tlw here there Is considerable ambiguity aa to the outcome, or 

payoff, fur tion even over a known domain of poaaible actions. This is to 

some extent true in the other situatlona we have described, but It is over- 

whelmingly abvious In the political realm, «here, for example, the defeat 

of a oandld vte has sometimes been attributed (after the feet) to a single 

sentence oi t of the thousands he spoke in a campaign. (There is a oaae 

of an Amer! ttan orator reading, one supposes for the first time, a speech 

In which l'-76 oaae out "one thousand, seven hundred, and seventy-six".) 

'i ram the above coraoents we see that there is some hope that the 

normalised form of a game Include» some socially important phenomena, but It 
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c 
v   t la clear that »1th respect to many situations there are serlona difficulties. 

This, however, is not the entire picture.    In developing the n-perscn Rane 

theory, von Neuaann trensforasd the noraal form into a ■etheaatloalljr siapler 

structure, slepler in that auch of the detail of the nomal fore is condensed, 

which. It appears, «ill allow a broader application of the theory than the 

above discussion suggests.    This Is »ore appropriately discussed in part III 

than here, and »e shall content ourselves with remarking that to attain 

this application approximate estimates of the  "characteristic function"   «rill 

have to be obtained, presunably by empirical techniques»    This does not 

appear to be beyond the scope of aotae of the techniques under development 

in social psychology and  sociology, and it is to be hoped that  some empiricists 

will be attracted to this problem.    However, this is conjectural, and we 

have the historical fact that many social scientists have become disillusioned 

with gaae theory.    Initially there was a naive bandwagon feeling that game 

theory solved innmerable problem» of sociology and aconomics, or that, 

at the least, it aade their solution a practical matter of a few years* 

worko    This has not turned out to be the case. 

■Vhat then is the significance of game theory to the social scientist? 

hirst, because there has not been a plethora of applications in 10 years, 

it is not clear that it  will not  ultimately be vital in applied problems. 

Judging by physics, the tine scale for the impact of theoretical develop- 

ments to be felt is often measured In decades.    Second, while the present 

form of the theory may not be totally satisfactory - in part,  presumably, 

because of its so-called normative character - this does not necessarily mean 

that abandonment by the social scientist is the only possible course.     Much 

of the theory is of very general  importance,  but some revision may be 
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required  i or fruitful applications.    Attention to the theory is needed;  and 

not attention fro« the nathenaticlan alone, as is now the case.    Third, gase 

theory is the first example of an elaborate mathsoatioal developaent centered 

solely In the social scisness.    The conception derived fron non-physical 

problems, and the natheoatios - for the most part elementary in the mathe- 

matical   sense - «as developed to deal with that conception.    The theory 

draws on known mathematics according to need - on set theory, on the theory 

of convex bodies,  etc»    furthermore, new mathematics wau created when it 

was not already available.    Most other attempts at matheiaatization (with the 

exception of statistics which plays a special role) have tended to take 

over bodily small fragments of the mathematics created to deal with physical 

problems.    If we can Judge from physics, the main developments in the mathe— 

matisation of the social sciences will come - as in game theory - with the 

development of new mathematics, or significantly new uses of old mathematics, 

suited to the problem.    No one of these theories should be expected to be 

a panacea, but their cumulative effect promises to be revolutionary. 

It is the singular genius of the von Neumann and Morgenstern book 

that in this, the first major publication on the subject, we find a clearly 

formulated abstraction of considerable breadth, drawn from the relatively 

vague social  sciences, and an elaborate and subtle superstructure developed 

with masterful scops - a rarity in science.    The depth of their contribution 

can be appreciated, in part, from the fact that today the msterial still 

must be presented according to their outline}    there have been additions, 

true, but the main conceptions are unchanged. 

IM f 
• • - • y* 

A word about the organization of this report.   The main body is 

divided into three parts, the first devoted to games having two players. 
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th« second to gsneral gaaas, and the third to miscellaneous topics in one 

«ay or anothor closely related to gaam  theory. The dlTisicn of the first 

t«o parts is dictated by wan Newann'a deTelouaent of the theory, in which 

the study of n-peracn gaaes rests on the already eoapleted study of the 

Z-person games. In addition, the subsequent contributions to the theory 

have in the main continued this diohotoay, and so the material is most easily 

presented in two parts* 

>Ve do not in any «ay intend this report to serve as a text on the 

subject, nor as a research reference}  rather, we hope to lay bare, with a 

mlnlnium of mathematical notation, the main structure of the theory, the 

assumptions, and the conclusions. A consequence of this aim «as our decision 

to omit all proofs. It is a report directed toward the social scientist 

who has found the long chains of argument in von Neumann and Morgenstern 

too tedious and the crlsper style of MeKinsey too spare, but who still 

would like to know the principal features of this important theory» Anyone 

interested in pursuing research in game theory, or in its applications, will 

have to consult at least one of these two books and some of the research 

papers referred to, but his task may be simpler - at least we hope it will 

be - for having read this less technical outline. 

.1 « 
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TIM theory of gaaws «cold be a very Incomplete edlflee, both 

oathotlcally «nd practically. If it eere restricted to the 2—person case. 

It Is note In this part of the report we there-'ore torn to an examination 

of the n-person theory, which Is, In the uain, very different from the 2-> 

person theory. 

Intuitively, It Is reasonable to suppose that the two most signi- 

ficant notions of the 2-person theory - strategies and equilibrium points — 

can be extended to games with more than two players. This we shall discuss 

in section 3« Were this extension of definitions and the resulting theorems 

the totality of n-person theory, we should have presented it in a unified 

manner for all n > 2» However, it has long been recognized in sociology, 

and in practical affairs, that between two-person situations and those involv- 

ing three or more persons there is a qualitative difference which is not as 

simple as the difference between 2 and 3o Qeorg Siamel writes, "The essential 

point is that within a dysd, there can be no majority which could outvote 

the individual. This majority, however, is made possible by the mere addl~ 

tlou of a third member," ["26, p. 137j And again, "The typical difference 

in sociological constellation, thus, always remains that of two, as over 

against three, chief parties." [26, p» 144] The recognition of this feature - 

that of ooalitlona in the language of von Neumann and Morgenstern [21J - has 

resulted in an n-person theory markedly different from 2-peraon theory« 

A major obstacle to developing a satisfactory theory of coalitions 

is that in the present formalizations of a gams no explicit provisions are 

i \ 

\ ^-J 
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mde «boot coonunicatloR and collusion among tho players, Thcaa  any theory 

of colluaion, or of coalition formation. has a distinctly jg. 1109 flavor« 

The difficulties in making explicit asstnqptlons about conBonlcation appear, 

at leaat superficially,, to stom from the variety of rules which are found In 

empirical situations o Collusion in parlor games is prohibited by social 

sanctions and by a sense of sportsmanship) that the rules are sell heeded 

is, one supposes, because so little is at stske. Of course, there are known 

exceptions in the history of gambling« In the economy one finds the «hole 

gamut from no rules at ell,through moral sanctions, to elaborate legal codes 

as in the anti^trust laws. In international affairs, coalitions and their 

disruption bulk large In the history of at least the past 300 yearsp the 

rules obeyed have been fee. 

One point of view which has been presented, and which we shall 

discuss In section 111*3, ia to the effect that non-cooperative games are 

theoretically basic, and that cooperative ones can and should be subsumed 

under that theory by ""^"g communication and bargaining formal moves of 

the non-cooperative game« This view has never been fully elaborated and 

so criticism is difficult, but IfcKinsey has pointed out, "It is extremely 

difficult in practice to introduce into the cooperative games the moves 

corresponding to negotiations in a way which will reflect all the infinite 

variety permissible in the cooperative game, and to do this without giving 

one player an artificial advantage (because of his having the first chance 

to make an offer, let us say)" \l3t  p. 359} 

In addition to the conceptual complications of collusion, there 

are inherent practical complications as n gets larger, for the number of pos» 

—l- 
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slblllties Increasos at a fantastic rat«} the difficulty of a detallad 

analysis of a 2-persan game such as chess Is minor ccnpared to a similar 

analysis of mcst n-person games. One of the principal features of the 

current theory Is to hy-pass such a detailed analysis. That we can success» 

fully avoid at the conceptual level the combinatorial problaa does not seem 

to solve all empirical problems of verification, for an empirical study must 

deal with specific games In all their complications. Fortunately, what we 

suggest does not seem to cover the Issue entirely, but we must postpone 

more discussion to section 111.?. 

The principal order of our presentation - extensive form of a 

game, normalized form, characteristic function, and solutions - is essenti- 

ally that of von Nemann and Morgenstern £212 0    The work on n-person games 

since the publication of their book has been centered primarily within this 

framework, and while there have been criticisms of this general organisation,* 

no new approach baa been commonly accepted. It must, however, be added that 

the vast majority of the work in the 10 years since the first printing of 

their book has been devoted to the 2-person game and to extensions of it 

which are either beyond the scope of this report or are studied in Part IV} 

the number of papers on the n—person game Is less than a score. Several 

facts may be mentioned which seem relevant to this phenomenon: the relation 

of the 2-person game to linear progranmlng and to statistics has attracted 

considerable attention} mathematicians have been intrigued by tb» current 

2 -person theory because It draws on more advanced mathematics 

Von Neumann and Itorgenstem themselves raised objections and questions about 
the organisation to which they were forced, and they suggested that when the 
theory is more mature we may find It unified for all n ^ 2 and find the now 
Important characteristic function only an unnecessary technicality. 
1.21, p. 606 - 608, particularly p. 6083 

i 
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than does n-parson thsorvj cany worlnrs Lave felt dlsMtlsTled KLth the 

present fonnali zatlon of n-person theory and rather than meeting the con- 

cept UA! challenge t.h«^y have withdrawn to other Issues.  Nonothelsaa, it is 

the n-person theory which is of greatest interest, .n sociology and econooloti, 

and it is here, more than in 2-person theory, that gaste theory as social soienoe, 

though not as natheaatics, «ill stand or fall. In two principal «ays we shall 

try to show that general game theory can be of interest to social scientists<> 

First, we shall emphasize the independence of the> characteristic function 

theory from its derivation in terms of the normal form of a game, and we 

shall suggest the possibility of an empirical de'.drmination of these functions 

in real situations whore the strategy spaces and the payoffs of the normal 

form are difficult or impossibls to determineu Second, we shall offer the 

view, with examples as support, that it is possible to devise theories based 

on the characteristic function «hich are more relevant to social science 

than the solution notion, a concept which has rot found wide acceptance out- 

side mathematical circles» VKs must, however, emphasize that the theory is 

In far from final form and tturt the social scientist «ill find as many dif» 

ficulties unearthed as are solved in any attempt to make game theory an 

applied theoryo 

2. aa—to Ean 

f 
The mathematical abstraction of a gams assumes three forms in the 

presentation of von Neunann and Morgenstern £21jo The first - called the 

extensive form « is our present topic; it is an attempt to capture the 

salient features of a game, such as a parlor game. Froas this 1» derived 
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another more eoopact ton  known ae the nonoal for«, which we shell dlscuoa 

In section III.3. It Is curious that, while the noraal form Is a special 

ease of the exteneive form (to which every extensive form may be reduced), 

only the normal form has the apparent or psychological generality to 

encompass many social and economic problems. There are few situations 

other than parlor games nhlch are games In extensive form, excluding the 

case of the normal form« The third stage of their developoMnt Is the 

derivation of a real-valued set function, called the characteristic function, 

which represents coalition strengths (section III»4). Wille In one sense a 

characteristic function represents a game. It need not, and so it turns 

out that In a very Important aense to social science the theory of char- 

acteristic functions Is more general than the theory of games in «xtensivs 

and normal form. The principal mathematical theory le at the level of 

characteristic functions, and so it could be presented mathematically 

without reference to the extensive and normal forms, but it is appropriate 

for us to follow the longer development in order that the reasons for the 

abstractions should be clear. 

Any parlor game is composed of a series of well-specified moves. 

where each move is a point of decision for a given player among a set of 

alternatives» The particular choice a player makes at a given choice point 

is called a choice, but the fact that he must make a choice coupled with the 

set of alternatives for the choice is called a move, A sequence of choices, 

one following another until the game is terminated, is called a play,, Let 

us suppose that in one game (at some stage of a play) player 1 has to choose 

1.1 I I 
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pl*ylng a king of hMrts, a two of «padM, or « Jack of dlaaooda, and 

that In anothar gaae a playar, also dflnotad 1, hao to choooe anong paaslng, 

calling, or battlogo In each case the decision Is among three alternatives, 

which nay be abstracted by a drawing as 

in Fig. 1. 

Bat how can these two examples Figo 1 

be considered the same? Certainly it is clear from common experience that 

one does not deal with one three-choice situation in the sane way as any 

other three-choice situation> One might, were they given out of context« 

for there would be no other eonelderations to govern the choice| bat in a 

game there have bean all the choices preceding the particular move, and all 

of the potential moves following the one under consideration o That is to say, 

we cannot truly isolate and abstract each move separately, for the signifi- 

canoe of each in the game depends on some of the other moves. However, if 

we abstract all the moves of the game In this faehlon and indicate which 

choices lead to which moves, then we shall know the abstract relation of 

any given move to all other moves which have affected it, or which it may 

affect. 

Such an abstraction leads to a drawing of the type shown in 

Figo 2. The numbers associated with the 

moves indicate which player is to make the       \ \ \ I  \/ \ f f 

move, and therefore they run fron 1 through 

n. The set of players, i.e., the first n 

integers, will be denoted IQ. In the ex- 

ample of Fig» 2, n = 4. But we have Fig. 2 

L 
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d«not«d the first ■ove 0« In addition to novaa by playar«, some gaaas haw 

chance aoves, aa, for example, the ahuffling of cards prior to a gams of 

poker* Such aoves, which need not be the first aove of the gaar, are 

assigned to the "player" 0, which stand» for chance. For the 0 moves 

we oust be given a probability distribution, or weighting, of the eereral 

alternative choices. 

A drawing such as Fig. 2,  when considered abstractly as a mathe- 

matical system, is known as a graph. A graph consists of a collection of 

points (called nodes) and branches (the lines between some pairs of nodes 

drawn in on the figure) between certain pairs of nodes. If there is at 

moat one branch between any pair of nodes, as in the case of a game, a 

graph is isooorphio to a symmetric relation over the sst of nodes. A 

graph may have closed loops of branches, such     * *^J   ^*e 

as abc or abdec in Fig. 3« A graph with no 

auch loops of branches Is called a tree. The 

graph of a gaas is a tree, which ie called the 

treeo This nay not seem reasonable for in Figo 3 

such gaaas as chsss one can arrive at the same arrangement of pieces on the 

board by several different routes, which appears to mean that closed loops 

of branches can arise. However, in game theory we choose to distinguish 

two mows as different if they have different past histories, even if they 

have exactly the same possible future moves and outcomes. In games like 

chess this distinction is not really important and to make it appears to 

bo an arbitrary decision, but in many ways the whole conceptualization and 

analysla of games Is simplified if it is made. The tree character of a game 

r-! 
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is not nr^«lAt«d to the co«aon sinking fooling cno often haa aftor making 

. tui-ixi choice In a guwv for. In a «onoo, osch dioioo la Irretrievable, 

and once it is made, there are parts of the total gaae tree which can 

never again be reaohod» 

The tree is assmed to be finite, in the sense that a finite 

maber of nodes, and hence of branches, is InvolTSd. This is the same 

as saying that there is sens finite number o- sooh that every possible play 

of the game terminates in no more than <r steps. This is eertsinly true 

of all parlor games, for there is always a "stop" rule to terminate stale- 

mates, e.g., as in ohoss. To say the tree is finite is not to say that it 

is aaall and easy to work with. For example, card games often begin with 

the shuffling of a deck of 52 cards, and so the first 0 mors has 52 1 

or approximately 8.07 x 10°' branches steaming fron it. Clearly, for 

such games no one is going to draw the gaas tree in full detail t 

At the end of each play of the game certain rewards and punish- 

ments - payoffs - occur. These may be the subjective reward of saying 

"I won" or the monetary punishment of seeing someone else sweep in the 

pot ~ a pot ehich often Includes more of your money than it should - or, 

as MeKinsey says, "the death in Russian Roulette." Each of the end points 

in ths game tree is a possible termination point of the game and it com- 

pletely characterizes the play of the game which led to that point. Ms 

may index these snd joints and denote a typical one by the symbol e( . 

Mow to each oC and for each player 1 we have a navoff funeti^i which we may 

denote ^(oC),, that is, a function nhich has as its domain the plays - or 

h 
-^ 
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and point« - of the gamm.    The range of the functions c«n vary a groat doolt 

«s w mcgestad. In aomo eases the range is the rod noabor systea, soeh 

as tor aonetary payoffs» In Rnsslan roulette the range le a spoee having 

too eleaanta, ooa representing death, the other not-death. niUe In principle 

It is not necessary to restrict the possible ranges of the functions !(,(«(}, 

to nako any progress at all In the theory of gaaos it is necessary to assuae 

that the rangoe are part of the real maber system, usually a finite part* 

Further, it moat be possible to for» sums such as M (•() + MjCjp) and to be 

able to assign aooe aeanlng to then* Von Neumann and Morganstem [21, p. 617# 

Appendix} have developed a theory of utility in which they shoe that certain 

assuaptions about the ability of people to a ssign preferences among certain 

alternatives asks it possible to assign a numerical utility to the various 

alternatives. This work is discussed very briefly in section III«7.2. From 

this they conclude that the restriction of the ranges to the real nuaber system 

is not really such a serious restriction, after all. But acre must be 

in order to justify foraing auas of payoffs. The assumptions are 

by saying that utility anst be both numerical and transferable,, The need to 

font avma will arise later in the theory of coalitions when we wish t o allow 

side payaentai A player «ho will receive a certain amount fron the play of 

the game can be induced by other players to participate in a coalition by 

their offering hia added payaents other than those provided by the rules of 

the gaae. If the rules of the gaaa provld-) death for certain players, this 

payoff is not transferable, even though a nmerloal value might be assigned. 

Essentially then, we will have to think of the payoffs in terns of some 

infinitely divisible extra-player ooonodity, which to all intents and pur- 

poses is moneye Without this assuaption we would not go far. 

mmmn 
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Vom  final atsp In the foar—li—tlop of a (MM IS to Indleat« 

*h«t —oh plagm* kaova «ban he mukam  a choice at aagr av««* It la 

that aaeh playar la oaniaelant In that ha knoaa the entire gßm» traa and 

all of the payoffs, bat there la the poeelbtlity that the rules of the 

gaaa do not provide hin «1th knowledge on any particular aoym  of all the 

oholoea nade prior to that rove. This la certainly the Situation In 

■»at card games «hloh begin «1th a chance move,, or «faere certain cards 

are chosen by another player and are placed face down on the table, or 

Aere the cards In one player's hand are not knot» to the other playera. 

Indeed, It aay be that a player at one aore doea not knew what hla do—to 

of choice was at a prerlooa move 1 The noet eoaaon axaople of this Is bridge 

whore the two partners anst be considered as a single player who inter- 

aittently forgets and raaaabara what alternatives he had available on 

prerlooa notres (see sections III «3 and III .A). 

It la posalble. In principle, for euch a aoper-lntelllgoat 

player to aaoertala froa all the Inforastlon known to hla and froa the 

rules of the gaaa a certain alnlami set of oores of which his Is one, but 

which one he Is not certain« Since he knows the gaae tree In advance. It 

la thna possible froa the rules of the g sae to characterise these Indis- 

tinguishable aovea In advance. Abstractly, there are only two necessary 

features to these sate of aowea - which are known aa ifitgEMÜfift U&Sa 

Each of the aoTee In the set anst be assigned to the saae player, and each 

of the aovea anat have exactly the eaaa nuaber of altematlwaa. For if one 

aove has r alternatives and another s, shore a j£ r, then he would only need 

to count the nuaber of alternatives he actually has in order to ellalnate 
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the possibility of beicg at one moim 

or «t the other. In the graphloal pr«e- 

an tat ion of a gase, the inforootlon sets 

■ay b« tndlootod by enclosing the nodes 

oonprlolng each sot by a dotted line, oa 'J/S. 

In Fig. A» Fig* 4 

WMD an Information sot consists of s single aovo, the player 

lo totally lufcwnsil in that ho knows exactly where ho Is on the tree. 

»h»Jt> all BOVOS are of this typo, wo ssy the gaos has Mtfjgi infonaation. 

Tlo-tao-too and chess are examples of gauss with perfect InfontttioB. 

In ——an $  then, the abstraction of a gaas «hioh is called the 

frfcawai^e form consists of 

1* a finite tree (which describes the relation of each MOTB to 

all the other aoves), 

11. a sot of payoff functions I^CO (one for each player and 

defined over the end points - or plays - of the gaao), 

ill. a partition of the nodes of the tree into n+1 sets (which 

toll which of the n players or chance takes each no*»), 

ir. a probability distribution over the branches of each 0 mom, 

▼. a reflneawht of the player partition into inforaatlon soto 

(which describes the aatolgulty each player has when ho takes each oowo)« 

The original description of a gaoo in extensive fon Is due to 

von Mo—an and Morgenstern, but it differs soaeahat from and la loss oca- 

pact than this ens, which was given by Kuhn. [8 j 

*! 
* 
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In this extenalre description of a SUM all th« aubtle dLTf«r- 

anc«s batwean gamos are apparent. Ho matter ho» intuitively ainllar two 

gamaa are, IT there is a formal dlfferance aa given by the rule» it will 

show op at this level. At thia detailed levbl the probleaa of analyaia 

aeaa ovar-atielo^ng, and oertainly to date there haa been very little eork 

done on the problen of games in extensive fona. The principal result in 

thia area will be presented in the next uection« It is not even clear 

how much work is desirable at this level, for ehile snob work might result 

in a very adequate theory of parlor gases, vary few exanples from economics 

or social science ft 11 into the pattern of a tree, that is, of well-apecified, 

temporally ordered novas. Were the theory entirely at this level of abstrac- 

tion, it could be of deep interest only to theorists of parlor gaaas and 

gaabling« Hoeavar, any gas» in extensive fom can always tie pat into a speci- 

al extensive form, called the normal form, which, aa wa shall see in the 

next section, aakaa it clear that game theory encompasses problams of more 

general interest and depth. It is only at the level of the normal ft», and 

at an even more abstract level, that game theory aaens to hsTa the potential 

of far-reaching impact on the social sciences o 

So far we have described what we ahall mean Xxy a game, bat a 

theory about games can be developed only aa an answer to questions about 

them» One general class of problems has been raised* if we aaaoae "rational" 

players «ho are omaiacient in that they know in full the gams tree, the 

payoffs, and the information sets, if we assume the pnyoffs are in a 

numerical and transferable utility, and if we aesume that each player 

wishes to maximise his expected return (in utility unite) from playing 
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the gaas, then what happens? This, ae we  shall come to aee. Is not the 

precise problem It may seem to be, and we will hare to specify further Aat 

we aeano Unfortunately, the further specification appears to take one 

beyond the assumed structure of the game» 

3c    Normal Form* 

3.1 Stefttsglss 

One «ay to ascertain the outcome of a game in extensive form is 

to let the players play it and observe the outcome. Indeed, many would 

say this is the only way, but they would be wrong, for in principle we 

could cause each player to state in advance what he would do in each 

situations which might arise in the play of the gamse From this information 

for each of the players, an umpire could carry out the play of the game 

without further aid from the players and thereby determine the payoffs,, 

Such a prescription 6f decision for each possible situation is known as 

a Pure «»-^"»y-ftgy for a player« 

For many games the actual preparation of a pure strategy in 

a form an umpire could use without ambiguity is a hopeless task; however, 

certain simple examples of pure strategies are easily given, though in 

general they would be poor ways to play. For example, if we suppose that 

each branch steaming from a move is given a number, l,2,o«o,r, where r is 

the number of branches, then one pure strategy is always to take branch lo 

Another is always to take the branch with the largest numbers Indeed, if 

* The last subsection of this section, and of sections IIIo4, IIle5, and IIIoS, 
is a brief summary of th) principal concepts of the section« Rhile tbeaa sum- 
maries are not intended '.o be intelligible without a first reading of the pre- 
ceding sections, they ~ay assist some readers to grasp the main line of develop- 
ment in the section as it is being read« 
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1 hu q diff«r«at inforMtlaa mmta,  wtilch w mmj nmtour  1,2,...,q, 

than any para Btrmt«gy ean be repreaantad by a set of q mnbara, eher* each 

nuabaar repreaante the branch chooen when, and if, the play reaohea that 

Information set.  Thus q-tuples of integers, 

rapresetst pare atrateglea. For axaople, the strategy in ehloh branch 1 

is ailaagrs taken is represented by 

But eaoh y^has as its range only a finite noaber of Integere, sine« eaoh 

has only a finite naaber of branches, and there are only a finite 

of y'e, naaaly q, so there are only a finite niMber of strategies« 

Without say loss, «e may label the strategies by nnabenla2#...ft> «here 

t is the total nusber of strategies available to the player. The noaber 

t is finite, but it need not be aaall. A game having bat 10 Information 

seta for a player and 10 branches at each set is exceedingly slaple, bat 

there are 10 billion different strategies for that player. 

We let s. be a variable vhich has as its doaain the available 

atrateglea, or acre exactly, the Integers ehicb stand for theai, of player ic 

Row, aa we pointed out, when each player has selected a stratsgy s., then 

an napire is in a position to play the gams and to determine the payoffe» 

That le to aay, froa the given payoffe of the gase In extanelve form «a 

may determine a peyoff function defined over a doaain which le the product 

space cf the n sets of strategies. First, if there are no chance novas 

in the extensive game, then the aelactlon of the strategies (s1,s2,«.0>s|t) 

& 4 w 1 
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detarmlnes « plaj- a( wad so we daflne 

If, however, there are chance moves, then the selection of the strategies 

(31,B2»•••»"„) 
doe8 not nnlquely detemlne a play, hut rather there 1B a 

probability distribution p(oC} over all possible plays (of course, the 

probability for soae plays may be 0). Mow, as the payoff associated with 

the strategies ( 8lfs2,...,8n) we take the expected 'value* over all the 

plays, that Is, 

As we have seen in fart II, for n =. 2 we may always represent the payoff 

function as a matrix with the rows representing the strategies of player 1 

and the COIUDBS the strategies of player 2. Clearly, for n >2 a almple 

matrix will not do, but we may think of the function as a matrix in iv- 

dlmsnslons, with the 1  coordinate giving the strategies of player 1« 

Observe that by means of the strategy notion every game in ex- 

tensive form has been reduced to a game of the following formt each player 

has exactly one move (a choice among his several strategies) and he takes 

his move in the absence of any knowledge about the choices of the other 

players« The payoff to the players is determined from the functions IL 

and the values of s^. This is a reduction of every game to a siople stan- 

dard formihlch is called the normal form of a gamse 

.1 

* There has been some alsconceptlon that the concept of a numerical utility 
Is not needed at this point but only when the notion of mixed strategies is 
introduced (III„3o2), and that as far as pure strategies are concerned we 

(        may still deal with orderings of preferences. But in the case where there 
are chance moves numerical utility Is necessary if we are to assign a payoff 
to a selection of strategies, and without such a payoff the development of 
the theory would be blocked o 



I 
! 

i 

i 
.1 

I 

\ 
1 ) 
- 

■ 

.1 

^r , If 1 
Wt' 
w ' o 
'■■   \ idi 

'..    > ,.--1 

c 

-' 
^ «v .. .. ■ Oi 

111-16 

*i»t öl«i«ht of band ia thl«? WB begar by- «batraoting parlor 

aad arrlTed at tba axtenaivo for« of a gaaa, »hlch. In general, lad 

to an oppreeelvely co^pleoc game tree, For gaaea of any raaaonabla complex- 

ity, the nuaber of poaaible trees and of variations ariaing fro« different 

information aota iiwwi.llataly lad us to bei lev*, that there is little hope 

of finding detailed olaaslfications of gaaea in extonaive form or of an- 

alysing player behavior at that level. Then by introducing the Idea of a pure 

atrategy we have suddsnly rednoed all gaaea to a eoaparatively simple stand- 

ard fora« That is, the sleight of hand waa to trade the conceptual complex- 

ity of a gaae tree for the numerical, but not conceptual, complexity of 

Hating all available strategies a 

The reduction of any specific gaae, except the simplast, to noraal 

font ia a task defying the patience of man; but, because the noraal form of 

all possible gaaea is eoaparatively simple, there is hope that one may 

successfully examine mathematically all possible gaaes in normal forma The 

study of specific games may be close to impossible, but the classification, 

analysis, and determination of features of all gauss may be now quite feasible» 

Assuming the payoff function is in terms of a numerical and 

transferable utility, «e may make the first important classification of 

games which «ill play a role in the following sections. If there exists 

sooe constant K such that for every possible choice of the strategiee s^, 

JalJ  -^ Z 

then the game is called constant-yip,, If the value of K is 0, then the 



-u. 

111-17 

': c 
SUM is called iSdrSm*    Tb« signlf lo&nce of the l»tt«r notion i» that mm 

• rontlt of • pljgr of tho game, utility ( or maamj)  is neither created nor 

dovtrogrod, it is only exchanged; «bet one player wins is ooapensatsd for bgr 

the loss of others. All parlor gaaas are cero-aia in their aoney jieymenta, 

hut not noceaaarlly in a utility aeasarse Many economic procsssss, if they 

are gaaas, are not xaro-su«, for production carried out during the play of 

the gase (the execution of economic processes) may aaan that no player losesy 

though SOBS aay gain aors than other». Only rarely «ill they be oonstsnt-saat 

for the aoonnt of production will generally vary with the strategies a 

We see that the noraal f ora of the gaae la exactly the general 

proelea which eaa evolved and discnasad in Part Is Each player baa seas 

lloited control over the variables which determine what he ehall receive 

sad each of the players wiehss to aaziaise his return o So we have sgain 

returned to our original problem, but aany readere aay, at thin point, feel 

that a strange psyehological trick baa been played on them,, The exteneive 

form of the gaae, while apparently a suitable representation of parlor gaaes, 

did not seem adequate for aany other situations« The rigid dsvelopeent of 

one move following another is not typical of many economic decisions, though 

it is somewhat analogouso It is not usually possible to state in advsne« that 

industry A will make a decision among certain alternatives, and when it does, 

and only then, industry B will make a decision., The economic Importance of 

timing is too well known to belabor this point, so an economic process in 

extension will not often be an extensive gams; thusr one must ask how we can 

hope that anything as rigid as a gams tree will represent saythlng other 

than parlor gaseso Then suddenly, by aesnn of the strategy notion, we have 

«L»    
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reduced all parlor gaaea to the for» of n playere, each trying to 

m different function of n variablen, only one of which Is controlled by each 

playor. It la Intnitively clear that this f onr. is suited to socially more 

interesting problsase 

The reduction of a specific economic situation In Its "eztenslre" 

for , while not a game In extensive form, will entail the use of what are 

conoonly called "strategies"» Again, actually finding the s^s and the M^'s 

for real situations Is a aommental task, but It can be done In principle for 

a great a&ny different situations which In their detailed or "extensive" 

structure are not isoaorphlc, even in seas approximate sense, to a parlor 

gaaeo These practical difficulties, no more than similar ones in the physi- 

cal sciences, do not cancel the power of a theory to study all possible 

cases encoopassed by the theory o 

\ 

/ 

3.2 lOssä Strateelea »ßi EagUlVrllM fglatB 

Our description above that in the normal form of a game "each player 

has exactly one move**.and he takes his move in the absence of any knowledge 

about the choices of the other players" tends to be misleading. For while 

he may have no knowledge of the choices of the othor players. It does not 

follow that the players have not agreed beforehand to make certain choices» 

It simply means that if such an agreement were reached and a double-cross 

occurred, none of the other playsrs would know of it when he made his eholooe 

Thus, we may distinguish situations where connunlcation can occur among the 

plsyers and coalitions can form prior to the play of the gsme from those 
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in «hioh no ea—iortijM la «llowdu Tho vmat —ount of D-p«rsco gßmm 

theory  Is devoted to tho farnar c*»e and It «111 bo dlaonaaad In saetloM 

III.4, 111=5, and 111.6, and to soaa extent in ni.7. 

Certain authors, notably Nash, have felt that this is not the 

basic ess a to study, bat rather games in which no coanunleation is allowed» 

One oannot bot be ejmpathetlc with this irle», for the possible reetralnts 

on oi,—mil ation, eyclortlng complete prohibition, at least rival in complex 

ity the rules of the gans, and so they efford a problem ea complex - or aore 

so - as the one originally tackled* Haah argues £l6] that shate-ror conannloa- 

tloo la allowable can be introduced as part of the formal structure of the 

i9 with the bargaining as formal aoveso This, In the normal form of the 

i, simply enlarges the domain of the various strategies and extends the 

payoff function. Wsre it possible to give an explicit and intuitively ac- 

ceptable way of enlarging an extensive game so as to Include coamunication, 

the argument would be more convincing. The difficulty in so doing is not 

unrelated to the fact that most economic situations in extensive form are 

not games in extensive form} timing in bargaining can often be of vital 

inpcrtance. In addition, if one were to treat coalition formutlon as moves 

in an enlarged extensive game, then one would lose the chance of developing 

a theory of coalition formation in a gerne siturMon, which nay be the most 

interesting aspect of general gsms theory to the social sciences. 

But whether or not we accept the belief that all games should be 

recast in terms of non-cooperative gamss, ens part of the theory certainly 

should be devoted to non-Kooperative games o Presumably it should be a 

"natural" extension of the (non-cooperative) 2-person theory. This is not 

■ -' - 3.. rJ 
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to maj that it «111 not inolndo wat% phanoaMW for gÄieral n than for n - 2, 

but 0017 that the thoory for arbitrary n ahoold coincide with that «11 —ilj 

dsvalopod when n = 2. In actual fact. In its present font, which la do* to 

Naah, the general theory of non-eooperatlTe gaaaa dooa not have oharaoterlatlea 

diffarant fToa the Z-paraon case} Naah'a contribution la an appropriate 

geoarallsatlon of an equilibrium point and a proof of the existence of 

aquilibrlum pointa in gaaaa. [l8j 

Suppoae that la a gaaa it la poaalbla to find a strategy for each 

plajar« aaj- «i«^«•••«•„» auch that If evsry player except one, aay *, 

ehooaoa fli, then the roaalnlog player cannot do better than choose a.. That 

la, J's payoff for any other atrategy rj «ill not exceed «hat he «HI obtain 

by choosing sj, Ponully, «e require for every J that 

lIj(8^#S2»o..?«n) ^ M (a^f...,8 ^frj,a4A^to.(.t8n)o 

If this la the oaae^ than we aay that (•i»82»«a*>an) la an eoulllbrlua ggm 

In pore atrataglea. (It la a point In the n-apaoe of pure strategies«) 

Thus,. If the playera are at an eqollibrlae point. It does not behoove any 

single player to aove fron It, though If several «ere to change together 

they might all laprove their lot. But since no conBunlcation la allowed. 

It night be thought that once the playera arrived at an equilibrium point 

they would be In equHlbriua. I.e., there would be no reaultant foree» 

acting to make anyone change. However, it la not difficult to ahov that 

thia concept of aqullibri» in pure atrataglea la the aaae aa that defined 

in Bart II alien n ss 2, ao all the objections and difficulties raised there 

apply here «Ithout change* 
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Aa Tor th* Z-parsoD ease, there la no aMnranee In general that 

•D aquillbrlna point In pure atrataglas exists. It la known that a aafflol- 

ent condition for gaaes to have equlllbrlOB points In pure atrateciaa la that 

thejr have perfect inforaatlon [83 tmt thla Is not a neceaaaxy coodltlon. 

Dali-ey [u} has glvan a necessary condition, bat a dlaenaalon of thla «oold 

take us beyond the scope of thla report. 

A second aay of dealing with the problen la, aa In the 2-person cue, 

to Introduce the oooeept of a mixed atrategjr. In easenoe, the player deea 

not tall the uaplra which etratagy to use, rather his Instrnctlona are to 

ohooae a strategy by a chance device according to a given probability dia- 

trlbvtlcn. Thus, a lisssL atrataav 5~ for player 1 la a probability dietrl- 

bntlon o his act of pure strategies s.. la denote the distribution 

aa p(a1)o Of coarse« the given payoff a ICi(81,82,,,.,8n) are only defined 

over pure atrateglea, bat we can extend the function to mixed strategies in 

a natoral way» for suppose player 1 uses a nixed strategy o~ , and each of 

the others uaes pure strategies, then «a define 

I 
I 
! ^ 
I - 

1 
■ .- ■ 

c 

In like manner, we nay extend the notion of payoff function to the entire 

product space of mired strategies. Of course, the notion of a nixed strategy 

haa the sans psychological peculiarities for n players as it did for 2» 

The above definition of an equilibriua point in pore strategies 

can obviously be taken over with a foraal substitution of O" for a to 

yield a definition of an equilibrium point in mixed strategieso Hashes 

principal theorem FlSJ shows that over the domain of mixed strategies every 
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flnlta gase has at least one equilibrium point. This shows. In effect, 

that the det in it ion Is acceptable, at least in the sense that erery gaae 

has such a point. It Is a natter of intuitive judgment and empirical veri- 

fication whether it really is acceptable in social science; many feel It is 

not. 

i 
- 

(i 

3.3 f?rfy?V BSSftLL §Bä gtfWYlW»! ^tyategj.?? 

It has probably occurred to the reader that while these notions 

of strategies, both pure and nixed, are fine tricks for the mathematical 

developaent of game theory, people almost never pick a strategy on such a 

grand scale. The domain of strategies is Just too large ever to have been 

completely given even for most parlor games| in all the years that chess 

has been played and analysed, only a small fraction of partial strategies 

has ever been discussed and listed, though Judging by experience they 

include most that are really important. Nonetheless, one might wonder 

about a theory of games with a more limited view of the strategy notion. 

One of a somewhat special and iimited nature has been examined and the 

results are of interest, for in a certain important class of games they 

Justify a theory based on mixed strategieso 

Instead of giving a mixed strategy to the umpire, a player might 

specify for each of his information sets a probability distribution over 

the alternatives at each set. Such a set of distributions Is known as a 

behavioral strategy for the player. Now, while it is still a monumental 

task to list behavioral strategies for most games, it may be felt that in 

effect a player has such a distribution in his mind when he makes decisions 

during a play of the gams, and by making him play it many times (after learn- 

i-i 
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log has oociu'rad) and oboarvlng his choices wa could get experimental estl- 

■ates of these distributions. 

It Is reaaonably clear - and it can be shown - that by using mlzsd 

strategies a player can do as well as by using behavioral strategies, and 

examples can be presented where he can do better with adxed strategies. 

Therefore, It Is of Interest, to classify those games in which It is possible 

for the players to do as well using behavioral strategies as using mixed 

strategies. This problem was posed and solved by Kuhn [Sj . 

The appropriate class of games turns out to be that in which each 

player remembers everything he did prior to each move, though he nay not 

know what choices the other players made. Such games as bridge are to be 

excluded by definition, but most parlor games, if played by rational players, 

are Included. Formally, let us »oppose that 7 Is any one of the information 

sets of seme player 1. Let Q denote any move made by 1 which Is prior to 

the information set V. If there Is but one branch from Q which leads to 

any of the moves contained in V. then when player 1 is in V he will recall 

perfectly what he did on the move Q. If this is the case for every possible 

1, Vg and Q in a gaoe, then we say that it is a game having perfecpt 

It will be recalled that if every Information 

set contains but one move, the game is said 

to have perfect information. Since a game 

Is based on a tree and hence there are no 

closed circuits of branches, a gams with 

perfect information Is one with perfect re- 

call, but the converse is not true, sines Fig. 5a 

V _ ■ 

N 
%*- 
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player 1 -aay not know nhat placer J did prior 

to SOBS information set 0* The gaaa tree of 

Fig. 5« has perfect recall but not perfect 

Infomations The only eey In which the game 

sight not have perfect recall Is for player 1 

to be vaaeertaln on the third move as to what -T-' * 

he did on the first move. This la not the Fig. 5b 

oaseo The game In Fig. 5b does not have perfect recall because If player 1 

la In the information set marked V on move three, then he cannot determine 

which of the two branches he selected on the first move. 

The expectation of a player using behavioral strategies Is obtained 

from the original payoff functions, weighted according to the various 

probabilities in the behavioral strategy. In much the same way as we obtain- 

ed the payoff for mixed strategies from that for pore strategies. With this 

definition It is possible to show that In games with perfect recall there 

are behavioral strategies which have the same expectations as the best mixed 

strategies. Thus for games with perfect recall It does not matter, as far 

as theories Involving maximum expectations are concerned, whether we use 

behavioral or mixed strategies. 

1 f 

3»* MgiÜM atatoriM 
Qlven that by using mixed strategies we can do as well an posslbl«, 

and that for games with perfect recall the use of behavioral strategies can 

be as good as using mixed strategies, the question arises whether anything 

more can be said for games without perfect recall. Thompson {28^ attacked 

this problem and he has given an Intuitively very acceptable solution. In 

■<■» ~ 
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mttmot,  to anow» that mixed stz-mtaglaa ar#» requlrsd bat only orar the 

Infoaraatloa sets «hlch prersnt there being perfect recall; over the other 

information sets one may use beharioral strategieso 

We want to single out those xnforaatlon sets which prevent • 

ga»e froa heving perfect recall* An information set 0 asaocletod with 

player 1 Is called a ff,yyiiff?1"g frnfyytlon set If one can find an Infcraa- 

tlon set 7 of player 1 which follows 0 such that there exists a DOTS Q In 

0 with a path fro« Q to a move of V and another move Q* In U with a path 

to a aove of 7, bat the branch fro« Q which begins the first path does not 

correspond to the branch from Q* which begins the seocod path. Thus, when 

player 1 Is at the information set 7 he is unable to know whether he mads the 

oholoe of one branch at Q or of a non-corresponding branch at Q* when he 

mas at his Information set Ü. As sn example, consider Figo 5b, and let D 

be the Information set consisting of the first move of the game and 7 the 

Indicated information act» If w? take either branch at U, then It Is easy 

to see that paths to 7 exist in both cases, so D Is a signaling information 

set. 

The term 'signaling* used tore arises, presumably, from a 

consideration of bridge, which must be considered a 2-perBon game with 

the palra of partners being single players. The move of one of the part- 

ner« often serves to signal considerable information to the other partner 

(and the term •signal* is part of the vocabulary of bridge), but it is 

nearly always the case that when the second partner cooes to his next move 

to is not fully certain from what domain of possibilities the first part- 

ner mads his choice. Thus, the player (sthe pair) cannot at any point in 
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the gaa» have fall recall as to «hat "he" did a little earlier, 

Let Aj^ be the set of all signsllng information sets for player 

1* If ^ = i) ( = the ampty set) for all 1, then it Is not difficult to 

that the gsas has perfect recall, and conversely. 

Earlier we defined the notion of a pure strategy over the set of 

all information set«; we can, of course, do the same thing over the set 

A.1 and wo call this a pure ylffflffllJlfflT strategy for player i. In like 

manner, a probability distribution over the pure signaling strategies of 

player i is called a f^ff«? ?J| ?ny'1 ^FMf strategy. These notions are exactly 

the same as those given in ssction 111 •3.1, except that the domain of defini- 

tion is restricted to the signaling information sets rather than to all 

information setso 

An aaaoeiatad bqhavior strategy for player 1 is a nixed signaling 

strategy over the set of signaling information sets and behavioral strategies 

over each of the other information ssts of player i. That is, over the 

information sets having perfect recall ire continue to use behavior strat» 

gies, and over all other Information ssts ve use mixed strategies. It is 

easy to see that for games with perfect recall associated behavior strat»- 

gies are the same as behavioral strategies * 

The principal result proved by Thompson [283 is that for any finite 

game, a player can find an associated behavioral strategy which will result 

In the same payoff as the best mixed strategy (and of course the converse 

holds - he cannot do better using an assooiatsd behavioral strategy than 

a best mixed otrat-ogy)« 

This result is of considerable importance In the examination of 

i ,- ^— V ■ 
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apaoiflo gaa»* without perfect rocsil. ThoopMO r—rTf, "Thla th« 

togethm- with the fact that the nonallsad form of the gaaa obaowea 

irtgnallng strategiea, aocplains one reason why the normalized fcrm of the 

(aae la not alaaja the bast form In which to solre actual gaaae." [28, p. 275J 

In another paper, which we cannot go into here, Thompson £293 

ncea the notion of signaling strateglea to axaolne a slapllflad fora of 

bridge» 

For a gaaa in extenaive form, i.e., described by means of a tree 

of «oven, information sets, etc., we pointed out that rather than "^Jring 

each IBOTS as It arises a player could choose a connected system of choices, 

one for eaoh possible contingency in the gams. Such a complete statement 

of actions Is called a gm strategy, and to each player 1 one may associate 

the spaoa S1 of all hla possible strateglea« itien each player has selected 

a strategy, the outcome of the game, or, when there are chance moves, a 

probability distribution over the possible ontcones. Is determined. Thus 

we defined the payoff function over strategies aa the expected payoff over 

tha outcomes arising from the strategies. By this means, any extensive game 

reduced to the Situation where eaoh player 1 selects an element from the 

space S of his strategies without any knowledge of the choices of the other 

playsrs o From these choices the payoff a to each of the players are determined 

from real-valued functions of the form y, (e.s ••••>■ ) where s 6 S „ 1 1 2    n        1  x 

Such a situation Is known aa a game in normal 1yed fsyira»» 

The atrategy apaces 3* were then extended to spaces which include 

Ml y 
^-^ ^-■.. .... 

V 
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all pcosible probability dlatributlona ormr parm  etrateglea, and th« payoff 

function» — aoctantod In the natural aannar hj weighting the payoff a oymr 

pore strateglea according to the given probability distribution . An elaaant 

of this larger space - a probability distribution over pure etrateglea - la 

ealled a mirnrl itaitB» 

An n-tuplo of aixed etrateglea ( 0^ , Ol,..., or } la called an 

eqiAilibrlaa point If the payoff to each player 1 la never increased -srhen 1 

selects a mixed strategy different from (j~ and all the other players take 

the strategy of the equilibrium point a It can be shown that an equilibrium 

point exists in mixed strategies for every n-person game, but this theorem 

does not hold for equilibrium point restricted to pure strategies» An equi- 

librium point might be expected to arise with very conservative "rational" 

players, but as a description of player behavior the equilibrium point la 

subject to the criticism» raised in Part II of this report« 

Following this, the concept of a byfrfyloral strategy was intro- 

duced. It la a set of probability distributions over the alternatives of 

each of a player*a information sets» It was observed that a player can 

never do better usingAbehavioral strategy than using one of the best mixed 

strategies, but there are some games in which he can do as well by using a 

behavioral strategyo A class of games, those said to have perfect ye9all. 

was defined; it was observed that games of this class have the above pro- 

perty. In the final section, the question was raised as to over which informa- 

tion sets it is necessary to use mixed strategies in order to do as well as 

using full mixed strategies. This led to introducing signaling strategies 

which consist of mixed strategies over the class of so-called signaling 

- •-, 
•**m 
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Infqr—tipa Ifftft and hah*vloral atrat sgles owr the r—tlnlna Information 

aeto., and th« prlncipAl thaorem Is that thera 1« alwagra • signaling strategy 

for a player which «ill result In the aan» payofr as one of his best alxed 

stratsglsSe 

4.  Bagmtai MA. tht BttnafUtta tmt&m 

4.1 n» Bfcmgfmifl ZmsllsB 
The praaentatlon of th« previous two sections has been applicable 

to all n si 2j «hsraaa we argued In the Introduction that there were reasons 

for separating the oaae n = 2 from n > 2, for In the latter oaae collusion 

aaong aos» of the players might occur. This section and sections 111.5 and 

III =.6 arc devoted to theorlea of coalition fonatlcno 

Let us Initially restrict our attention to zero-sum games o Sup- 

pose S Is a subset of the players who ha.<re decided to form a coalition In 

the sense that as a group they shall decide on Individual courses of action 

which together cause the group to do as well aa possible <, Row the Indivi- 

dual paynents come out does not, for the moment, matter, as long as the sum- 

aatlon of them over the members of S is. In some sense, as good as possible. 

One might object, however, that If it turned out that whenever the coalition 

did its best one of the players In the coalition did no better, or even 

worse, than he could have alone, then It might Indeed be difficult to per- 

suade hin to remain in the coalition, km  long as the payoff Is In some sort 

of transferable utility, aa we have assuaed it Is, this Is no problem.in 

principle, for the other asabers of the coalition may extend to him side 

''*»*— 
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\ payaentB In order to ka^p hin In the eoalltian. Th« extent of the side pey- 

■nt Is a difficult problem of prediction, bat It preaumably depends, in 

port, on his contrlbtttions to the total strength of the eoolltlon» This 

snggssts that It maj be sufficient, in aeveloping a theory, to look at the 

total payent receiTod by a ooalition. 

The worst possible situation nst by a ooalition is for the ro- 

■slning set of players, -s, also to form a coalition. The effects of any 

other possible combination of players not in S can be achieved bjr the coali- 

tion -S, and in general it can achieve sooe outcoaos not in the provinoe 

of loss unified aggregates of players. Thus, a characterisation of the alnl- 

naao power of a coalition is its expected payoff when the renslnlng players 

also act as a coalition, in other words, when the gase is played as a 2-per8on 

gaae between two coalitions <> This, of course, is the csse we have already 

examined in Part II and for which there is a unique (consorvativ«} value gli 

by the adlnlnsr theorem., Let this value be denoted by v(S) for the ooalition 

So Since this aay be computed for each possible coalition, i.e., subset 

of players, we therefore have obtained a function v with domain the subsets 

of I =: {l,2,...,n) and range the real numbers, i.e., a real-valued sot 

function. Assuming the nomal form of the gaae is known, the calculations 

involved in determining v are generally overwhelming. This, however, does 

not weaken the power of the theory to study all such functioose The 

function v is not without» certain restrictions} it nay be shown that in the 

sero-sum case it satisfies 

1. v(In) =: 0, 

11. v(S) =r -v(-S), for all SCIn, 

i..t 
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I 
111.  r<^) = 0, 

IT« Iff h and S are any two disjoint subset« of pli.yws, 

▼(AUS) ^ »(R) 4-v(S). 

(Note that given condition 11, eoodltlona 1 and 111 are e-}nlvalent.) The 

first two conditions oiaply reflect the aoro-sun oharaeter of the gaae. 

The third la a ffonal statement off the obvious ffaet that the subaet involr- 

Ing no players neither loses nor »las anything* The laportant condition 

la IT, «mich, when one thinks about It, la an ertr—ely reaaooeol-  as. 

It says that the vhol^ does not obtain leas than the SOB off Its par ".a, or. 

In another «ay, a coalition coapoaed off the disjoint sets R and S can do 

anything R and S can do separately, and possibly aore. 

The function v has been mned the characteristic fypctlon off % 

C 

It la Interesting and ioqportant that any real-valoed set functlin 

T satisfying conditions 1 through IT IS the characteristic function of a 

zero-sun gaae. That Is, given such a T It Is possible to construct a fane 

which has as its characteristic function v. 

The extension off this notion to non-sero-su» gaass Is not coopiete- 

ly straightforward, but rather It requires a aathsaatlcal trick. Suppose 

we have a non-sero-sna game with n players and to It we add a fictitious 

player «ho Is not truly a free agent In the gaae but Is so circumscribed 

that the resulting gaae on the n+1 playsrs Is zero-sum and who does not 

play a significant role In coalition fforaatlon« It la not coapletely obvious 

that this can be done, bat It can. For the augmented (zero-sum) gaae one can 
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obtain a ^laraetarivtlc function, «hleh «h«n r««trlet«d to the •aboot« of tho 

original n plajrwa ia eallod the oharaetarlatle function of that saaa. It 

haa only two propartiaat 

1. ▼($) s 0 

11. if R and S are any two disjoint aobaeta of players, 

TOUJS) ^ T(R) + T(S). 

If, in addition, the gaae la conatant-aon (not neoeaaarlly zsro-aum, bat 

not excluding that oaae) then 

111. ▼(S) ss T(1 ) -T(-S), for all SCI « 
n n 

Of oourae, if 'are aaanae the gaae ia sero-aum, then ^X^} —   0 and ill become« 

the old condition 11« 

HMD we use the term characteriatic fijgHgj «e shall naan angr 

real-valued set function aatisfying 1 and 11, for It la again true that to 

each such function there ia a gaae (no longer zero-eum) for uhleh it la 

the characteristic function<> 

Aa in the oaae of sero-aua games, the firat condition reflects 

the strategic inoonaaqueaoe of the null set, and the second that angr coali- 

tion la at least aa potent aa angr two disjoint aub-ooalitiona foraed fro« 

it. Now while these conditions have been derived from gaaa eocsiderationa, 

firat, of a gaae in extenalve font, then in nonaal form, and then ualng the 

2-per8on theory (with all the difficulties mentioned in Part II), it must 

be adaitted that were we to think about coalition foraation reaoved fron 

any apeolfie theory of gaaaa we could not require leaa. That ia, were 

we to aappoae the poteaey or strength of a coalition could be meaanrad numer- 

ically, then we should, at the vary leaat, require that conditions 1 and 11 



- ■* > III .-» . .  . « »» 

111-33 

i 

i   I 

r 
i 

I 
•I 
l 

G 

b« net - ind^ad, w  would probably try to spwcLfy aore. It la sorprislxtg 

that by reatrlctiag oar analysis to a game «a do not obtain further r*- 

qulrements to be aet by characteristic functione, Thua, while we shall 

make certain critlcisma of the chai^cterlatic function as an Interpretation 

at  the strnoture of a gaae, the abirtract notion, and the resulting theory, 

appear to be very generally representative of the power of coalitions in 

human situations. Of courao, the numerical valuea obtained froa a gaae 

analysis may well differ from those we might assign by some other consider- 

ations. This suggests - and it is easy to confirm - that the study of 

characteristic functions, which is completely related to gans theory, is 

■ore general in that situations which are not gasnea in normal form can 

give rise to auch functions} but in conformity to present usage, we ahall 

refer to a finite set and a characteristic function defined over the subsets 

of the given set as a gamso Later, we shall present reasons to suppose the 

study might be more appropriately called "the theory of finite super-additive 

nsasures". 

Our next step is to divide games into two classes. It is con- 

ceivable that there are games in which no coalition of players is more 

effective than the several players of the coalition operating alone, in 

other words, that for svery disjoint B and S, v(RUs) =5 v(R) ■«-v(S). 

Such games are called inessentiali any gane which is not inessential is 

called essential. It is not difficult to see that a game is inessential 

if and only if r(l  ) s J    . ▼(•(i}).  Since there la no value in forming 
1*1 

coalitions in inessential games, it is clear that we cannot «icpect any 

*m  ."" 
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theory of coalition fomtlon In that cs.am,  and so «a shall be oooeemad 

only with aaaantial gaaas from now on» 

I« 

i 

r 
I 
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4.2 SHEaiiialSDSft ml fiadBsfia fssat 

Froquently in Bathaaaties, and In ita applications to aolenoe, 

«a defin« a largo class of objects all of which satisfy certain conditions, 

aa we have done above vd.th the characteristic functions.. It la not onconaxm 

that such a class oan be partitioned into a nunber of non-overlapping oub-- 

classes, the elements of each subclass being in sose sense equivalent, men 

this ia done, one selects a representative fron each class and develops the 

theory in terns of the representatives, of course always showing that the 

theory ia invariant under the equivalence concept which originally allowed 

the partitioning e We must turn to this problem for characteristic functions o 

The intuitive idea of equivalence that we «ant to isolate nay be called 

"strategic equivalence", i.e., ee want to consider as equivalent two 

characteristic functions which lead to the eame strategic considerations 

on the part of the players. 

Suppose that one characteristic function V differs from another 

v8 only by a multiplicative positive constant c, i.e., 

v(S) s OT^S), for all SCI , 
n 

then the two eharaoteristic functions differ only in the unit whereby we 

measure the utility. Qnn example would be to transform a characteristic 

function originally In dollars to one in cents. It is dear that such a 

change of unit cannot possibly affect the strategic character of the 

to rational players. 
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«    prior to the play of the 
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Hfloct, consider a g*a» with cbaractorlstlc function T «nd wippo— 

that ««eh playsr 1 ia paid (or la eauaad to pay, depending on the algn) an 

Certainly thaae payments cannot 

bare an effect on the atrategles of the gase, and yet It la easy to show 

that 

la a characteristic function, 9B certainly would «ant to conaider this 

function atrategically equivalent to ▼, since we could almya effect the 

payaenta a^ before the play of the gaaa«. Caabining these two conditions, 

we have the following definition t Two n-peraon gamaa with characteriatie 

functiona ▼ and ▼' are S-eoulvalent if it la possible to find n constants 

a, and a poaitive constant c such that 

T«(S) = CT(S) -^ ^_,aa, for every SCI <> 
le S 1 o 

It nay not be bbvloua at this point that this definition of 

equlvalenee ia a suitable one, and that no further grouping ia needed} 

but the results we shall cite at the end of section III.5.1 ahow that 

it la adequate, at least for the von Heuaann-lldrgenatern theory of aoln- 

tlonea 

Aaaualng this is so, we must now confront the taak of selecting 

one repreaentati73 fro« each claas with which we may deal» Two auggeationa 

have been put forward, eaoh of which has certain advantages, primarily 

in the simplicity of stating certain guasa and oertain definitions „ The 

principle behind both of them is that it is possible to require that part 

of the representative characteristic function be the sane for all of the 
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•qulvmlanea classes.    Ignoring the (single) class of inssssntlsl gsasi, 
IV 

Ton Neoasnn snd Morgsnstam [il] have ahoan that there Is on«, and only 

or», charactsrlstle runetion in each of the equivalence classes which 

sstisfy 

T({i))= -1, i€In, snd vilj  = O. 

This they called the reduced form of a class of chsractsristic functions| 

we shall use the more specific term -i,ü redncad fora. 

A second reduced form, which we shall call the 2,i rsdncsd fory. 

exists, since it readily follows that there is one and only one character- 

istic function in each equivalence class satisfying 

w({i}) = 0, ife^, and rilj  a 1. 

We shall use the ▼ notation for the -1,0 reduced form« but for clarity 

it ■■MIS appropriate to use s different symbol for the 0,1 reduced font) 

«a shall use ■» 

Suppose r* is the chsractsristic function of an essential game. 

then the question arises as to how to find either the -1,0 or the 0,1 

reduced form of the gsnoo It is not difficult to show that the transfoma- 

tion ^__^ 

■(S) = 
i€S 

r'dn) - 2l_.T'(iil) 

« I 

yields the 0,1 reduced form« The further transforastion 

v(S) = nB(S) - |sl , 

where ls| = nuaber of eleasnts in S. yields the -1,0 reduced form. Thus 
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«• hfcTB m «imple tiroetliu-e to go troa any eharmotarlstle functloa to 

•Ither of the radneod tormm, 

the following rmarka  (to saotlon III.4.3) *re «•■«otlallor paren- 

thetical to the main development and ao may be «Bitted If one ehooaea« 

One of the flrat advantagea* and poseibly the most Important, 

of the 0,1 redtwed form la the wnphaala it places on the relation beteeen 

n-peraoo game  theory and the concept of a probability measure over the aub-> 

seta of a finite set. Let ua place aids by side the conditions a 0,1 re- 

duced font a and a probability 

1. ■ is a non-negative real-valued 
set function 

ii. u{ln)  = 1 

iii.a($) = 0 

IT. if R and S are diajoint subsets 
of !„, «(RUS) ^ «(R) + «(S) 

T. «({i}) = 0 

rt, if the gaae is oonstant-aua, 
a(S} ss 1 -a(^S), for all SCI 

p over I must satisfy 
n 

p is a non-negative real-valued 
set function 

P(ln)=l 

p(^) = 0 

if R and S are disjoint subsets 
of In. P(RUS) = P(R) + p(S) 

it follows from ii and iv above that 
p(S) = 1 »p(-5), for all SC3L 

I 

I 

*■ .\ 

t    ' 

o 

The resemblance between ■ and p is marked, the most important 

differences being the inequality in the former and the equality In the 

latter for iv, and the lack of a p expression in v. He cannot have p({i)) = 0 

for all i. for were this the case then by a repeated application of iv 

«a could conclude p(In) 
=- 0, which contradicts condition ii* '** shall 

return to this correapondsnce again wfasn we try to characterise the 
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pirinc5 pal proM— of n-^erson gaa* theoary. 

E«rll«r «e «uggasted that th« atudy of general gsaes by ——j of 

eharaetorlatle fonetlons BLight «oil have been entitled «finite super additive 

■eaaiire«n. Conditions i, iii, and tv above suggest the naae "simper-additive 

asasure1* and condition ii simply nsana that ee shall deal with nomalisad 

measures, a« in the theory of probability. However, condition v, in({i}) =r 0 

is aaost unusual in measure theory« It is worth pointing oat, at least for 

the mathematician, that we nay drop this condition shen we sre studying 

theories invariant under S-eqnivalenee, since under the transformation 

- Z2>( 
'(S) = 

■(S) - Z-, «({1)) ies 
-(I )- 2-,n(Cl» 

n   1€I n 
■» satisfies B(

({1>) ä 0 even if m does not. 

These runnrks serve to place the study of characteristic funetions 

in a »ore general ■athanatical framework, namely, in the study of arbitrary, 

finite, normalised, real-valued set functions „ If for all disjoint subsets 

R and S of a finite set, 

m(RUS) - m(R) - m(S) 

is equal to aero, then the msasure is additive end the theory is that of 

diaorete probabilities. If the quantity is always less than or equal to 

aero than the maasure is called sub additive« Sams work has been done on 

these funetions in conjunction with ths theory of additive maasures. "ow 

game theory completes the area by introducing a theory of finite super-sddltli 

measures» which has so far resulted in a theory very different from the sub- 

additive or additive on«; probably this is an Inherent diffsrenoe and not 

slaply a refleotlon of the game terminology and mativatlono 
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4.3 Tmrtitlfflu IBA ttrtrtfrrtlwi 
So far WB have dealt «1th onljr one Ingredient of the n-pereon 

game« the strength of the different coalition possibilities. Distinct fron 

this, though presunably Influenced by It, are the pajments the players 

flaally receive. Since we have assnasd a transferable noserloal utility, 

the direct payaasts and any side pig—its resulting fron coalition fomatlon 

can all be addltlvely combined, so that for each player 1 a final payment 

x^ la receiTBd. Thus the total sat of payments Is an n-tuple of real 

nnnbers, which we nay «rite ae X = \|x^^c ,,,.^t l| , 

Hurthar a player Is In a coalition or not. It Is hard to Imagine 

that If ha Is rational ha would accept a final payment less than the least 

he can expect to receive If he «era to play alone against a coalition of 

all other players« so «e iapose the condition 

1. »({l}) $ «i» '«f •"WT i€ln. 

Further more, «a nay suppose that rational players, no matter ho« they 

constitute themselves Into coalitions, achieve a distribution of paymeots 

equal to «hat they «ould expect to receive if they had formed one grand 

coalition« For suppose  jC ■rlxi ^ T^In^» than each could be made to 

gain, say, the amount   Wi) _ S j at. 
^   1€I„ ^ • 

So «a have as a sscond condition 

ii.    z 
lei 

Xi   =   T(ln). 

Any n-tuple X of real nuabsrs satisfying 1 and 11 is called an jJBZBSilUfiB 

t-- 
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of the tßmm  and it la Intarpratad «a a poaalbla aat of payaonta to tbm 

pXayara* 

For ■ash of the oharaotariatl?« function theory It la not trtHj 

oeeeaaary to Impose condition 11 v specificaily. It la shown in aaetlon III.5.6 

that the restriction la not necessary for the von Naunaap Morgenatam theory 

of "aolntlona" (III.5.1). 

Qaa gaae theoratlo problem (at this lerel of abatraetloo) nay be 

atatad aa follows: Glran the characteristic function of a game, to select 

fron the set of all poaalbla imputations and from the set of all poaalbla 

arrangements of the players Into coalitions thoaa which may reasonably 

be expected to occar with rational players. The words "may reasonably 

be expected to occur" are not specified either in the eactaaalTO or normal 

form of the game, and It la the more or less arbitrary specificationo 

that must be made which give parts of the theory the j^ hoc character 

msntionad earlier. So far the interpretations have been aa of some sort 

of stable oqulllbrlus. Wien this problem la aatiafactorlly formlatad - 

and many people think It la not - than other problama can be raised, auch 

as, what la the path of changing eoalitlona and iaputatiooa from a non- 

equlllbrium point to an equilibrium point} bat each problem» have not 

yet bean oonaidered. 

He may thro« added light on this general problea of game theory 

if we turn to the 0,1 reduced form. Rote that by substituting the eon- 

ditlona for the 0,1 reduced form into the eonditiooa for imputations, ma 

find that 

i. a^ ^ 0, for 1€ In, 

**- 
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In other words, th« set of imputations corresponding to the 0,1 reduced 

tarn Is identical to the set of all probability distribntlona over the 

elements of I • Oboe again the 0,1 reduced form has thrust us close to 
n 

probability theory, and indeed this suggests a «ay to look at the general 

equilibrium problem of gaae theory. 

Let X — || x1pc2,...,x_ || be a probability distribution over 

IQI then the set function 

is easily seen to be a probability measure over 1L (see section 111,4.2) 

«hloh simply assigns to sach set S the sum of the individual payments to 

the members of So Ho« wo Interpreted m(S) as characterizing (in the utility 

units of the game) the strength of the coalition S» It is, of course, 

by the interplay of coalitions and possible coalitions, by threats to form 

coalitions if certain agreements as to payments are not accepted, that 

the final payment X must be determined. The aim of the theory is to determine 

this outcome by formalising what the threats must be, and It is clear that 

if for some S, m(S) is auch larger than P (S) there «ill be strong forces 

for the coalition S to form and to demand a new outcome, say X* such that 

P (S) is close to m(S)o Thus, the equilibrium problem of game theory 

Involves finding a probability measure P which in some sense approximates 

the normalized super-additive measure mo The heart of the problem is 

determining a suitable definition of "in some sense approxlmateE"! the 

several attempts to do so are discussed In sections IIIo5 and 111,6. 

t 
- \ — _ - 
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4.4 4 fiditlMli 
Before turning to the theories themselves, we  ahould in faimee? 

point out that the slnpllf Icatlor. In pea sing from the normal font of m 

game to the characteristic function form la not without difficulties« It 

would Indeed be surprising If we were able to aake such a radical simplifica- 

tion of the theory of all n-person games without overlooking some of the 

differences anong then. The example discussed in section II* » which Is 

due to UcKinsey fl3, p. 35l3 > i8 sufficient to show that this Is the case, 

even for the 2-person games „ It will be recalled that in this game the 

player 1 has only one strategy and player 2 has two, the payoff matrix being 

}| (0,-1000) (10,0) H • 

There Is no need to repeat here MoKlnsey's interpretation nor our discussion 

of It, except to remark that In general one must consider the normal form 

of this game to bo asymetrlcal in the tiro players. The characteristic 

function of the game Is 

v(f) = 0, v({lj) = v({2))= 0, ^(1,2]) =10, 

Wnile In general the normal form Is asymmetrical, the characteristic function 

is always perfectly synmetrlcal, reflecting no difference between the two 

playerso 

Nonetheless, the characteristic function does express some of 

the aspects of a gams, and the example certainly does not invalidate our 

earlier oomnent on the representation of coalition strength by character- 

istic functions Independent of the extensive or normal form of game theory. 

Following a summary we shall turn to examining the resulting features of the 

theory o 
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4.5 

nie main preoccupation of this aectlon «as to redooe the gonoral 

normaliied game to a more tractable mathematical form, the form on which 

moat of n-person game theory is bail to It «as observed that if coalitions 

of players are allowed, then the worst thing that can happen to a coalition 

S is for the coalition -8 to form and for the game to be played between the 

two "players" S and -S. Using the irinlnax theorem of 2-person theory, a 

real number ▼(3) was associated with each coalition S which describes the 

conservative expected payment to the coalition« It can be shown that the 

function v, which is known as the BJBMBlMdlttB &Mtt8B of a K4"»8» 

satiafies 

i. v(^) = 0, 

and    lio if R and S are disjoint subsets of Lj, 

v(RUs) ^ v(R) +  v(S). 

Further, it can be shown that any real-valued set function satisfying 1 

and 11 Is the characteristic function of some gams, so one cannot in general 

derive any further independent properties of characteristic functions e The 

theory of n-person games is to be based on such functions e 

Any game with a characteristic function satisfying 

**n) = ^ v({l}) 

is called ^tffgTffHnl "^ lt 1,iaL8 argued that its coalition theory is trivial} 

any other game Is called essential» 

Two characteristic function v and v* (over the same set of n 

players) are called S-eouivalent if there exists a positive constant c 

and constants a. such that 
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»(S) = eT«(S) +  V^. 
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16 s 
It was argued that ouch gases are subjeot to the sane Strategie consldar»- 

tions since c represents only a change of scale and the payaents a^ are 

Independent of the outcome of the game. It «as observed that S-equivalence 

Is technically an equivalence relation and so it dividee the set of all 

oharacteristic functions into non-overlapping subsets called equivalence 

classes. Any two functions In the same equivalence class are S-equivalent* 

so the characteristic functions of any one class are all subject to the 

sane strategio coosiderations and it is therefore sufficient to develop 

any theory In terms of one exaople for each class« Two possible and closely 

related choices were given both of lAich have the property that part of the 

oharacteristic function is constrained to be the same in each equivalence 

classo The first, called the -1,2 reduce^ form, is the unique characteristic 

function in each class for which 

v({i)) s -1, ICIn,  and v^) = o. 

The second, called the £,i reduced forqu is the unique characteristic function 

in each equivalence class such that 

vUi]) = 0,  Ion,  and vC^) a 1. 

The characteristic function Can be thought to represent the threat 

power of the various coalitions and it is hoped that from this it will be 

possible to determine what happens in the game. One of these events is that 

each of the players will ultimately receive a certain payment, which consists 

not only of his payoff as prescribed by the payoff function of the game, 

but which must also take into account any side payments he receives or pays 

out in order to preserve a certain advantageous coalition arrangement. This 

IS 
■■'■' ' i 
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soggestad that the final paytuit to —eh playsr could be raprasoxted by a 

single number x, and It eas argued that sueh n-tuples should aatlafy 

1. ^ ^ ▼((I"))  for all Ifl^, 

and    11.  SZx, S ▼(I„). 
IGn       n 

Such D-tuples are called Iroutatlona. In the 0,1 radocad font of the gaas 

an lapotation la aiaply a probability distribution over the aet of players. 

The general problem of n-person gaae theory waa thsn stated t to 

find those laputatlcns and those arrangements of the players Into coalition» 

idiieh are in some sense compatible with the given characteristic function of 

the gsas. The reader was warned that In the attempt to aaka aore precise 

«hat we Shall mean by "in some sense compatible" (a concept not prescribed 

by the formalism of the game) n-person game theory is given an ad. ^09 

flavor to which acne authors object. 

'-■ ^ 
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5. aaaayai 

5.1 Tb* vag. ft—HhBMQUm PtftnWw 
In the published literature of n-person games one definition, 

baaed on characteristic functions and imputations, has received most atten- 

tloni this definition, introduced at length by von Neumann and Morgenstern 

[2l}» K** offered aa the "solution" to the n-peraon gase - indeed, it was 

given the name "solution". Following their exposition, we nay first suggest 

the idea by an example. It is not difficult to see that the -1,0 reduced 

form of a constant-sum 3-person game la unique, and that it is 
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T<{1})= -i, T({i,j}) = l, T({I^,3}) a o. 

Suppose, for the momrnat,  that the coalition {1,2} forms; according to the 

characteristic runotlon It may coonand a payment !• Since both 1 and 2 

have ayHMtrlc roles In the sense that If we were to change their labellag 

so that 1 «ere 2 and 2 were 1 the characteristic function would be unchanged, 

it Is not unreasonable to suppose that they would divide 1 equally, and player 

3 would be forced to accept -1. But arguing by synsstry again, there Is no 

reason to single out the coalition {1,2} as superior to {l>3} or to (2,3} , 

and so any of the three laputatlons 

t|i*i.-i|| .  i| *,-i** t| ,  ll-i.*,* II 
seen reasonable outcomes. Vm  call this set of imputations F« Suppose we 

consider any other imputation jj x-, jX, »-x, -x, Q , not one of the above three, 

then at least two of the entries are less than *, otherwise the sum of the 

payaents is not seroo Thus, the imputation in the aet of 3 having payments 

of * for those two players is superior for both of those players, and since 

they are in a coalition of two, they may force the better arrangement o 

Equally important, no imputation of the set F dominates either of the other 

laqputations In F in that fashion. Thus, the set F of three imputations 

plays a very special stable role in the set of all Inputationa for the ga 

The question arises whether the notion can be generalized. 

Von Neumann and Morgenstern proposed the following definitions. 

Let a game be given by Its characteristic function Vo An imputation T is 

said to ^CTflnrtT 1^1 reeoect to a coalition T another imputation X if 

io T is a non-empty set of players, 

llo v<T) ^ ^Z y , 
IfeT i 
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11» JTj > X      tar  every 1€T, 

T la called an affaotlYf aai tor this domination,, This la exactly the 

condition met above in the doadnatloQ of, say, 

l|i.-i,i|| by |i,-l»i| If «a take T a {1,3). 

If there is soae coalition T such that T dominates X with respect 

to T, then we can slmpljr say that I darinft-tr *■,    It turns out that exai^ples 

can be given to show that each of the following cases can arise t 

1. T dcodnates X, but X does not dominate Z$ 

11« Both T dominates X and X dominates It 

ill. Neither Y dominates X nor X dominates I. 

Mow, a solution to a game is any set A of Imputations sue!: that 

1. for any two imputations X and T In A neither X dominates T 

nor T dominate» X, 

11 o and for any imputation Z not In A there Is at least one inputa- 

tlon X in A which dominates Z0 

It should be pointed out immediately that the definition of solu- 

tion in no way precludes the existence of Imputations not in A which dominate 

one, or indeed all, of the members of A. This possibility is implicit In 

statement 11 following the definition of dominationr We shall return to this 

point, which is not without complications» 

As might be expected, the set F of imputations in the 3-psrson 

sero-sum game is a rolutlon. 

We mentioned earlier that our theory should be invariant under 

S»-equlvalenee, that is, that two S-equivalent games should lead to the 

same results. This has been shown ['13, 2l] to be the ease for the domine- 
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tlon oooeapta, and ao for solution«. The aaoh »or« aobtla eottwaa, that 

If two gaaaa h*vw ia^utation apaoaa «blob «re laoaorphlo undar domination 

then the gaaaa are &-eq«L'*mlentv haa recently been shown by 'IciinBey \l^] 

to hold for sero-a«B gaaea« 

5-2 Sam. Bwrlnt abaü. Ite ntnnUlnn 
Before diaooaalng the natheaatleal reaulta which have been 

obtained - and aoow wbioh have not - certain questions about the Intuitive 

adequacy of the definition of a solution must be considered. The notion 

of "dominance with respect to a coalition T" Is i-eally the conjunction of 

two notions: "T is 'better* than X with respect to T" is the «aenlng of 

condition iiit y. > x., for 16 7; and T is 'feasible' wivh respect to T" 

ia the aeaning of condition iix ▼(T) > > (y. • Of these two, there 
i£T i 

seena little reason to question the first under any condition, while the 

latter ia open to queation» It can be argued that if the theory m« desire 

ia noraatlrs, then the coalition T can never enforce more than T(T) since 

rational players will certainly form the coalition -T, and ao no Imputation 

Z with v(T) •< <g j y^ la feasible. If, however, one is concerned with a 
i€T 

descriptive theory of gaaea, then it ia not clear "ihat the feasibility 

condition ia appropriate, for if the players not in T do not form a singlo 

coalition, then the msobera of T may be able to get more than v(T). Just 

how much more they can get la not riay to aay, in fact, saying it would 

amount to developing a descriptive game theory. It appears that this point 

precludes our interpreting the solution concept as a descriptive theory, 

for certainly not all economic, military- and social conflict-of-interest 
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sltvatlaos reduce to the oppoaltlan of two coalitione. 

A close corollary of the last remark, and wo beJiev.» an important 

waaknaas of the solution concept, la that It la concerned only with laput*- 

tlona and does not glv- any Information about the coalition struoture of the 

game whan It la In the oquixibrlum atatoe Again, whether this Is really a 

suitable objection «dien a nomatlve theory la dealred la not certain, taut 

It la a valid critic!s« of aolutlona aa a descriptive theory alnee the 

coalition structure Is probably the aost easily observed fact in any real 

■Ituation, certainly one aore easily observed than the laputatlons. 

These roaarks strongly suggest that there Is little hope that 

the solution notion can be used In other than a nomatlve way, and this will 

be oonflraad when we exaaine the resulting theory. Even ware we to try to 

nae the theory as a descriptive one, it la not at all dear what we should 

say the theory asserts to happen. UcKLnaoy remarks, "Although a large part 

of von Neumann and Morgenstern «a book (roughly A00 out of 600 pages) la 

devoted to games with mare than two players, mathematicians generally seem 

to have been dlaaatlsfled with the theory there developed." [13, p. 3033 

It la not cloar whether he Intended this to apply equally to the character- 

istic function development and to the definition of a solution, or only to 

the latter. Certainly, there has been warm admiration for the ingenuity 

of the solution idea, and it has rooelved considerable study - to irtileh 

we now turn. 

5.3 

The first main point we should make is that a solution does not 

—*- -■ 
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conalrfc of a «Ingle iaputatlon, bat rmth«r of ••▼eral« Thl« Im 

obvious In the «acnaple of the 3-p«reco gmi, and Indaed, it o«n be ahoen 

that BJxj  gar» baring a solution consisting of but on« laputation is ines- 

sential. In addition to solutions having a finite number of Ijqnitations, 

suoh as the three in F, some solutions consist of «n Infinity - end not 

nsosssarily a countable Infinity - of Inputations. Ife shall give an 

euopl« of this in « aoaent. 

Second, aside from the ■ultiplioity of i^pntations in a solution, 

there are in sone gaaes more than one solution. That this is a possibility 

«as suggested hy our earlier comment that there nay be imputations not in 

a solution which dominate imputation« of that solution. As an example of 

the non-uniqueneas of solutions, in the zero-sum ^-person gams oiiv set of 

impataticns 

eher« e is fixed bot such that -1 ^ c <■ i and *_ + x2 = -c, is a aoln- 

tlon. Equally ««11, the two sets of imputations obtained by moving o to 

player 1 and to player 2 ar« solutions. W» shall denote these solntions 

F.(c)# 1 = 1,2,3c Since for «sob possible fixed c in the half-open inter- 

val £-l,£) there are solutions, «s have a continuum of solutions, each 

of which contains a contimum of imputations. Indeed, every possible 

Imputation for the constant-sum 3-psrson gams is included in at least one 

solution | "Therefore in the case of the essential three-person gams we 

taav« an embarrassing richness of solutions." £l3, p. 33*0 

This abundano« is not restricted to the 3-per8on game. 

The question must Immediately be rained as to ho« these solutions 

are to be interpreted. Ton Neumann and Morgenstern divide the discussion 

SMIMW fePJ 
P 
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into timo part«. Firat, th«y say that of the sararal aolutions, the one «hieb 

is accepted depends on "atandarda of behavior" which are moral or conventional 

roles iaposad by society. Thos , they say, if aoeisty accepts discriaination, 

one may find a solution of the type f\, (c) where the position of c in the 

range -1 to ^ is detemined by the degree of discrimination tolerated by the 

society. Assuming c fixed, there is a question how the other two players will 

divide -o, and this they say is a problem in bargaining which depends on the 

relative bargaining abilities of the two playera. They do not say ho» it will 

be decided which player will be discriminated against, or in the case of the 

non-discriminatory solution F, which imputation «ill arise. Apparently this 

is a chanoe matter depending on which coalition was first formed, or again, 

it may depend on the relative bargaining abilities of the three playera. It 

is such discussion which gives this theory the £d ho9 character mentioned 

earlier (III.l). 

They argue at some length that solutions are "atable". They 

point out that while an imputation not in a solution may dominate one In a 

solution, and although It is "preferable to an effective set of players, 

[it] «ill fall to attract then, becauae it is •unsound"' [21, p. 26s3» *od 

"the attitude of the players must be imagined like this; If the solution 

[y^.a. la laccepted by the players l,...,n, then it most impress upon their 

alnda the idea that only the imputations... [in A3 are 'sound* ways of dis- 

tribution." £21, p. 2653 And "The above considerations make it 9v«n more 

clear that only [A 3 in its entirety is a solution and possesses any kind of 

stability - but none of Its elements individually. The circular character 

o.o makes it plausible also that several solutions CAJ may exist for the 
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gaa«e !•••» «ovaral stable rtandards of b«havior taay exist for the 

factual situetlon. Each of these would, of course, be stable end con- 

sistent in itself, but in conflict with all others.« [21, p. 2663 

The full flavor of their arguMnt is hard to recapture, and it 

can only be recommended that the reader turn to the discussions of solutions 

in the book« That some readers have not been completely persuaded by their 

Arguments Is indicated by the comment of McKlnsey that "Sons people have 

felt dissatisfied with the intuitive basis of this notion, however} snd the 

question has been raised as to whether knowing a solution of a given o-person 

game would enable a person to play it with greater expectation of profit 

than if he were quite ignorant of this theorjro" [13,  ;. 332^ 

1  f 
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5.4 fmfh9r aataitaaM fl£ ^is. Ptflnt^^oB 
We have already given solutions to the 3-peraar. constant-sum gsa», 

snd it is known that these are all of the solutions to that gane. 

It is also known that every ^-person constant-sum game has at least 

one solution, and of the triple infinity of 4-peraon gaiaes a few have been 

studied In detalle The reader is referred to von Neumann and Morgenstern [2ll 

for the full discussion of these cases. 

It is not known whether every game possesses a solution; for example, 

it is not known if every 5-person game has a solution. From the first systems- 

tic presentation of n-person gsme theory to the present, this has been consider- 

ed the most important unresolved problem. 

A game in 0,1 reduced form is called simple if m(T) = 1 or 0 

for every coalition T. Vbn Nenmsnn and Morgenstern studied solutions in 

i 

.L. 
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•oaa «lapl« gßamm, particularly for    n S 4,5,6,7, bat aleo la oartain 

ganaral oaM*.    In addition, Bott L2J Introducad tha notion of an (n>k)v 

majority, gßma doflnod by 

0 If        jSt  ^  k 

■(S)a 

1 If        |st   > k 

which la alapla, and he atudlad the ■jiintrlc aolutions of auoh 

QUllaa [5] «yanlnart non-ajmnatrlo or diaorlnlnatary aolutlana to aneh ganaao 

In tha aorda of Kahn and Tuckar, "Dropping ayonatry, D,B. OUllaa axhlblta 

• ..a aurprlalng variety of other aolutlona of (n^k^-gaaaa, all derived fro« 

Bott's ayaaetrlo aolutlanao (Ulllea* aolutlona are obtained by aeveral 

■ethoda which nay carry over to a nore general eontaztt (1) by the addition 

of 'bargaining ourvea* (Theory of Oanaa and Eeonoalo Behavior, p« 501)« 

(2) by Inflation to larger gaaea (Ibid., p. 398), (3) by •diacrlaination' 

(Ibid», pp. 288-289) In which the non-dlaoxlnixaatad playara divide their 

take according to any solution to a anallar gaae, or (4) by partitioning 

the playara Into fixed aubaata, aaslgning the apolla arbitrarily (i.e. 

In all adalaalble nays In one solution) among these aubseta, and then dividing 

tha spoils In any one subset according to the syametrlc solution to a aaaller 

gaae tha playara think they are playing." [10, p. 304} 

Another class of games which has bean atudled la tha quota gwaas. 

Shaplety [23] calla a gna a all gilt if It la possible to divide v(In) 

aaong tha n playara. I.e., to find U)^ with 

v^) = C^ -I- <02 t ... 4 W, 

in auoh a way that 
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■Sh*pley obtain» fanilina of solutions for the «ntir« class of quota gsaas« 

a class that contains some three-person games, all constant-sum four-parson 

games, and a slseable swath of all games with more than four players. In a 

typical Imputation in one of these solutions, all but two or three of the 

players receive their 'quotas* cj „*   £l0, p. 304-305^ 

In still another paper, Shapley £25] has presented a class of solu- 

tions to a certain simple gams, which, as he says, ".».proTldes at one stroke 

a large fund of 'pathological' examples against which conjectures on the 

behavior of „c solutions can be tested." £25, p. 1^  Th« solution is based, 

in part, on an arbitrary closed set C of an (n-3)-dlmansional subset of the 

space of imputations. "The arbitrariness in the choice of C (for asample, 

C may be a Cantor-type dlscantlnuaa} makes it eaay to dispose of many con- 

jectures concerning the regular behavior of ... [solutionar] " £25, p. 23 

There is little reason to present these results in detail here, 

for they would require considerable space and not a little notational appara- 

tus} the Interested reader can refer to the original publications. Hosever, 

certain sunanary observations are in order. The variety and coinpl«city of 

solutions In the games so far studied are overwhelming; their characterlsa- 

tion and the corresponding proofs are involved and often subtleo It is 

doubtful that a mathematician could be found today holding any hope for 

completely general characterization of solutions; the most optimistie hope 

is that it will be possible to divide the class of all games into a number 

of subclasses such that solutions in each can be characterised completely. 

We may fairly conclude that In addition to the conceptual diffleul- 
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ties nantloiMd in III.5*2, there are also nathanatleal cUlflcultlee, or, at 

least, the aathaaatloal problem ia diTf icult., Thla la going to pre re  either 

ao atlnolating that It will lead to deep inslghta or so discouraging that 

little more will be discovered about solutions. At this stage it la not 

clear which sill occurs 

Assuming that at least aoae people will bo discouraged, there 

appear to be two possibilities: (1) efforta will be made to single out sons 

of the solutions as more important than others and these will be studied, 

and (2) efforts will be made to introduce new concepts more or less in competi- 

tion with that of a aolutlono In the next section we deal with an example of 

the first approach, in aection III.6 with three exaaplea of the second. Of 

these four, two (III.5.5 and 111.6*1) had not yet been published at the 

time of writing, so it is not possible to give them a critical analysis 

resting on the observations and work of a number of people; therefore, both 

must be treated as somewhat tentative approaches to the problem. 

5*5 Styonf Solutions* 

The principal question to be discussed In this section is whether,, 

aside from "standards of behavior" there are gams theoretical requlrementa 

which impose a greater stability on one solution than on another. This prob-° 

lem and the ideas here discussed were raised by TLckray \3djv  With respect 

to a specific solution A he calls an imputation of A a cpoforming ingnitation, - 

one not in A» MPrtMBtMttM' Ainon6 th* non-conforming imputations some 

dominate one or more conforming imputations; these he calls heretiyal imoulff- 

tionf. and an effective set for such a domination is called a heretiqal sot.-. 

Throughout this subsection, whenever we quote Vickrey, we shall replace his 
symbols for imputations, coalitions, and solutions so that the notation Is in 
conformity with the rest of this report. 

I 
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the aliift from a confoising imputation to a baretleal on* la taraed a haraar. 

"•••thar* la nothing In the deflnitlan of a aolatioa as It stands He 

that makes It dangerona for players to participate In a heretical move. Ifa 

can, hoTrarer, observe solutions In eblch heresies tend to ha dangerooa to 

one or more of the msabers of the heretic sot, aa «all as solutions In which 

heresies aay be quite profitable." £30, P* 7j Aa an example, consider the 

Ijqnrtatlon F_ s (J3,i#-lj|  of the solution P of the 3-parson gaae« Any 

noi>-confonaing lapotatlon X which la to dominate F_ with the heretical sat 

£2,3} auat clearly satisfy 

«! < *, *2> *>   x3>  -1' x2 + x3 ^ J- 

It la not hard to show that auch an laputatlon la dominated by one and only 

one aaobar of F, nameljr F2 = (|i,-lti || with the effective set {l«3} • 

Vlckregr writes, "„„.in this case the movement to a non-conforming laputatlon 

X  requires the cooperation of a player 2,  she though he may gain Inaadl- 

ataly, finds that although It may have bean difficult to move "rom F* to X 

It la now much easier for the couple [1,3} to organise a movement to the 

conforming laputatlon Fg to the great discomfiture of 2... If 2, finding 

himself now In the excluded position, attenpts to negotiate with either 1 

or 3 to move away fron F., not only will 2 have to propose a heresy in which 

he gets less than the £ that he started with in F_, but he will find that 1 

and 3,  having observed what happened to 2, will be very reluctant to Join 

any such heretical coalition« and In fact may refuse to do so altogether. 

Either because the players foresee all this, or because after a short time 

they come to the conclusion as a result of experience that heresy Is in the 

long run likely to lead to disaster for at least one of the heretics, they 
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•vaotvalljr «HI eoae to «tlek to th« polloy of stayln« at «no of the approrsd 

imputation»..,• [30, p. 8] 

Of coura«, thia obaarvation would ba idla if all aolvtlona had that 

propartgr. Ccn»ldar tha aolvtlon of tha 3-p«raon gaaa of tha form 

||xf-x-c(c|| , ahare -1 £ e ^ $ and -1 ^ x ^ 1-c 

tha aat we hare called FjCc). Lat ua mppoaa tha plagrars ara at ona of 

thes« iapntatlooa, »ay 

X = II «1^2^ 11 • 
If aa azolada X s )| 2 ,i,-i |{ , w» aay aasuaa withoot loas of generality 

that Xj <^ x.« Obaarva that with raspaet to F_',c), tha laputatlon 

Fi = II -i.i.iJI 
la heretical alnoa It doolnatea X» the effective aat being {2,3} » In turn. 

It can be ahoan that aagr laputatlon T of F_(c) which donlnataa F-^ mat aatla- 

« 

y2 ^ X2 "^ y3 ^ C' 

Thua "...even If there aaa a return to a conforming imputation after a rela- 

tively brief period of hereay at F^, tha playera 2 and 3 responsible for the 

hereey aould gain from tha excursion, 3 temporarily and 2 more pamanentlya 

[30, p. 9] 

Vlckrey adda the following paragraph. "Evan If a return from F^ 

to a conforaing Imputation T la aada Indirectly<,. o ao that it la possible 

for player 2 to be worae off In T than In F,. it la by no maans certain from 

tha characteristic» of the game that player 2 will not ba able to avoid auch 

an eventual aoraanlng of his poaition. And even if after one particular he» 

ret leal axouralon player 2 find» hia poaltlon,.eaoraa...v there la near nothing 

to prevent him from trying another heretical exeoralon, since player 3 whose 
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cooperation ha ammAm hmm  nothing to lose by It In «ny mrmat  and atanda to 

gain at laast ta^poararlly» In «ffaot any playar aho ia wlTllng to «gaga 

in haratleal aonuralaaa ia at an advantaga in bargaining for poaltion aaong 

the apprortad lajnttatlon», ovar a playar aho aadtaaa anch tactics. It thna 

appear* that in tfaia eaaa it will take a much atrongar aooial aanction to 

oonpal adherence to the approTad stanlard of bahavior than ahara the standard 

of behavior oonfona to the ujiitrioal solution. ..^ £30. p« 9] 

Viokr^y proposes the f olloalng two definition» 0 Let A be a aolo- 

tion, X an iafratatlon of A, T a heretical inputation doalnating X with tba 

affaotlf« set T, and U the set of element» of A ahich doninata T* A ia said 

to be a atrong solution if for arary atwh X, I, and T there ia at least one 

aloaaat i of T auoh that for every Z in Ü, a^ < x.»    On the other hand, A 

ia said to be wsak if for every X of A there exlats at laaat ona heretical T 

aith affective aat T auoh that for all Z of A ahieh doninata X, and all 1 

in T, «i ^ x^ 

For the oonstant-sua 3-person gaoe aa have aeon that the symaatrio 

solution F ia atrong, and that all discriminatory solutions F^Co), i :=, 1,2,3, 

1 

For gaaoa with more than 3 players there are aolntiona ahich «re 

naithar atrong nor weak, but rather there are inter—diata notions of atrangth. 

Priaarily, however, ona ia interested in the atrong aolntiona, for ahich all 

hareaias are dangerous to some aaaibar of ita affaotiva aat. 

To TTI»<»** specific oaaaa ona (.oat, of eouraa, know the aolntiona, 

ao Viokrey haa bean restricted to a todying such oaaaa aa some 4-paraon gaaea 

and some simple gaaaa, and, in an—ry, ha finds that "For oonatant-aua games. 
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tlM eooeiit of th« «troog solution has thus far appaarsd to b« fairly effset- 

lv« la narrowing dann th« imber of solvtiona that hava to b« aeooptod. 

«h« It cam» to th« Tan*bl»-«ua gsaas# tmfortvnataljr, it appaar« that mach 

of th« ■«l«oti'vltx of insl«t«noe en «troag aoltn^ions disapprara. For on« and 

two paraon saaos, all aolutlons ar« alraady strong, ahll« for thr«« parson 

Csass, it appaars that insistsnes that ... solutions be strong offars only 

a rslativaljr sasll radoetlon In th« rang« of possihl« i^mtations.N [[30, 

P. 323 

"Ho atteapt has as y«t bsan aad« to try oat th« «ff«ot of insistiog 

on strong solvticns far vmriablo-sau gsaas of aor« than thr«« parsons, so 

th«r« Is no way of tolling «hothrr th« concept would prcr» aor« r«strietlvB 

In sash oasas or not. Th« coaplaxlti«« sad variations possible bstasan th« 

«attraaaa of strong a nd «aak solutions alraady oba«rv«d for th« f ocr-porson 

oonatant ■ warn gsaa indioata that th« analysis of snoh gaass aay prov« to b« 

difficult. On th« basis of ths «sperlano« with th« thr««-parson 

, on« Is Inollnsrt to be not toosanguin«« Th« strong solution« that 

appaars to b« snoh a potent davlo« for th« simplification of th« raaulta of 

eonstsnt-sua gaass, nay, it appaars, b« of relati»«ly littla vain« for th« 

variabla-sna games, althoti^» this tantativ« hypothaais is hardly aor« than 

a oonjaotur«.1* ^30, p. 35J 

5*6 Bttintllfn 9ff th« Sdlntion Coneon^ 

In addition to th« difficulties «• har« ralaad «arllsr «1th rospoot 

to aolutlons, Shaplay haa pointed out [2$  that •rma  if th« general notions 

of domination aad solution are aoooptad there 1« an open problem about th« 

doaain of n-tnplea over «hiob th««« notions ahould be defined. In von ft 

n 
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and Uorgvnstoam and tn our pr«B«atatlan h«r«, the domain la that of ixaputa- 

tlona. "Tha propriety of thla rostrlotlon to ^tho oat of ia^atatlona]] may 

bo ohallancad on aom«l grotaido. In tho firot plooo. it la net *X Al obvlooa 

that tho notion of asm. rationality« aa «zoapllflod by tha solution of an 

n-porson gama, must neeesaarlly be a reflnooent of the principle of <^^^yn^ 

rationality, aa embodied in the inequalltloa ^ x, ^ ^WM • ^ ***• »«cond 

place. It would seem methodologically more correct to study the consequences 

of the domination process separatist./ from ihose of tho blocking proces»,* 

One might a von hope that the focanr, apparently the more powerful, might make 

■ •" j.. .'- ; e 

w.ü.d be only a technical ccivoni. :.:5S, and would no'i prajudioo ihc c<mooptual 

substructure of the theoryo) falllng this;, tho restriction to (JlmputatlonsQ 

might bettor bo applied (if It la desired to exclude 'irrational' solutions) 

after stability under domination has been secured»" £24, po 3"j 

To begin with, Shapley ireakens the ccndltlons on a characteristic 

function. He continues to require 

v(R\Js) £ v(R) •+■ v<S) for disjoint R and S In In 

but he drops the requirement v{(})) — 0,. Rather, ho assigns to 4 til* (negative) * * 

value: the least that the whole group might get minus the 1 jdania they might 

get. That Is, v((|>) gives the spread of possible profit from playing the 

game. Of course. In a constant sum gama v(&) =r 0« While In this section 

we shall use this more general definition, in sections HI .6 and III .7 the 

definition of IIIo^.l mill be employed. 

Three dlffere.it classes of n-tuples have been Isolatedt 

By "blocking process" Shapley means the refusal of a player 1 to accept 
a paysont leas than v(^l})o 

■■■*•!*- 
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Q 1« the set of Q-»apl«8 X moh that 

yih) -h ▼(! ) $    5Z ««   ^ '(I )• i n 1€I      i n 
n 

E la th« aat of n-tuples X such that 

I la th« aat of n tnpl«s uhloh are In E and aooh that 

Wa obacrra, first, that I la the aat of imputation«, and that 

I C E C Q. 

If tha raadar «ill torn back to section III.5.1 he «111 aee that 

neither the definition of domination nor that of aolution directly employe 

tha fact that «a war« dealing with imputations; they- are concept« defined 

for any given set C of n-tuplea, and at that tiaa wa apacifiad 0 ä 1 

( = tha aat of imputation«)« Shapley introdtioea the term C-atable for those 

Beta A of C which aatlafy the conditions of a solution, i.e., 

io no element In A dominates another element in A, 

and    iio ovary elemant of C not in A ia dominated by aoe» elanant of Ao 

An I-«table aat ia therefore another «ay of speaking of a von 

Neuaann-Uorgaoatern eolation <, 

Among the theorwa proved by Shaplay we find that a aet A ia Q» 

atable if and only if it ia E-atable« That ia to aay, if one ia eoneemad 

with atable aet«, than it ia iamaterlal ahether one chooses 0 or E aa the 

aet of n-tuplea, for no G-atablo aet intersects Q~Eo The relation between 

Q and I ia more complicated, but it is somewhat revealing of the effect of 

the added condition. Suppose a aet A ia a aolution, i.e., it is an I-atable 
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mmt, than A la • a-rt«bl«. Mt If «ad ooly if for «aeh play«- i It 1« poaalbl* 

to find ta a-twple X in A *uch that x^ ~  ▼ ({l))o 

Th« •i^clficance of tho work of Shaplay'» la that It Aoaa eloarly 

tha «ffaot on the raa I—— lliirgiiat wn theory of solution« of raatrlotlng 

the elaaa of poaalble payments to tha aat of l^putatioca» Tha last raanlt 

Indleataa that tha restriction to l^Mtatlona la not radandaat In solution 

thaory, but more than that. It «hon» i^iat effect tha restriction haa. Hi« 

other raaolta ara of a alwilar natora, and tha reader la referred to \ßAJ 

for a full «zpaaition. 
« 

Tha topic of thla aectloo - the «olutlona of von NooBann and Morgeo» 

■tern - la tha ■ajar gaaa theoretle auparatractore ao far conatruoted upon 

the concept of a oharaoteriatlo fonotlon» Initially It «as noted that oter 

the spec« of lapvtatlcna a relation known «a "domination" can be defined» 

One Imputation X la aald to JMJMtl another l^mtatlon T If there ezlata a 

um iwiitj ooalltlon T such that every anatoer of T prefers X to T» or In 

«yabol«. If 

1. for 16T,  xl > y^ 

and If It la reaaooable for the aaatoera of T to expect the total payaent 

preeerlbed by X, I.e., If 

11.   TKT) ^   it  i x4. 
let  x 

It «aa noted that the doodLnation relation need not be aayaawtrlo} in other 

word«, that for lapotatlona X and Z It la poaalble for both 7. to dominate 

T and X to dominate X ( of oourae, different coalitiona are involved in 

). 

; . 

r 
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A Mt A of iaputatlons i» eallad a a^iA^Qp if 

1« no lÄputatlcn In k darf Mt— anothar lapntatlan la A» 

11» •ymry lapotation not la A 1« doaAmtad by mamm  ■!—it of A. 

The aolixtlons of the 3-p«r*Qn coeurtant-Btas gaaso war« glvan, and 

fro« thaaa raaolta It la known that thara aay ba a conttnuua of dlff«rant 

aolvtlona, that eny ooa aolutlon aagr contain alther a flnlt« nvabflr or a 

eontlnuwi of l^putatlona, and that a-r*ry lapntotlon of tha 3-p«raon conatant- 

aoa gBJM la a naafcar of at laaat ana aolutlon. In contrast to tha plathora 

of aolutlona In that oasa9 It waa noted that on« of th« aajor unaolvad prob- 

lana of n->paraon gaiaa thaory - aona aoold «ay tha aajor ona - la to prov» 

th« axlatenoa of at laaat ona aolutlon for «vary n-p«raon gaaa« 

varbal arguaeot« aara praaantad todafand tha point of via« that 

angr aolutlon rapraaanta a partloularly "«tabl«" aat of l^putatlona and that 

rational playar« «HI not attaapt to darlata from It one« It la aalaotad. 

Tha aalaotlon of ona aolutlon fron tha nanor poaalbl« ana aaerlbad to "atand- 

arda of bahavior" of society wiiich. In tha 3-P«raon oaaa, would dlotata 

rhathar dlaorlalnation la alloaad and If ao ho« anoh. Tha datamLnatlon 

of ozactly which l^ratatlon of a aolutlon «ill arlaa in a glvan situation 

«aa attributad to tha "bargaining abllltlaa" of tha player« and/or chanca. 

Doubt« aodat aa to whathar auch farbal dloouaalona oan really b« considered 

a aatlaf actory raaolutlon of tha prohlan« 

la addition to tha abova conceptual point« f It waa pointed out 

that aolutlona do not ganarally appear to have Tery regular propartiea and 

that ao far It haa provad lapoaalhla to charaotarlsa aathaaatlcally AU, aolu- 

tlona of any broad claa« of gaaaa. Their very Irragularlty and abtmdanea. 
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howsTMr, arm  fait by many to b« the «trangth of th« theory for Uiey allow 

It to «oooafioo« a «Ida varlaty of phaao—it» It la argoMl that thia ia 

naoaaaai7 since hi—n beings saam to organlz« in a larga variety of aagra to 

eopa with the aaa* situation. 

An attoapt to give a formal meaning to the notion that solutlona 

are partionlarly «table aata of ij^putatiooa lad to the concept of a i&ESBft 

aoliitlon. Briefly, a atrcng aolutlon la one such that each imputation which 

dominate« a haretleal on« (not in the aolutlon) alao actively "pwHiahes" 

at laaat one of the player« participating in the hareay. It appeera that 

this oomoapt ia a very effective restriction on aolutlona in coaatant-aum 

gaaaa (in the 3-p«rson eaae iaolating only one), but th«re are tentative 

indioatiana that the notion ia aneh lasa aueoaaaful for noo-cooatant-suB 

In the final aectlon it was pointed out that the restriction to 

imputation» is not naoeaaary in order to define the domination relation and 

to isolate aeta of n->tuplea analogous to aolutlona| these are called C-atable 

aata, where C la the particular set of n-tuples under consideration. One 

of the central results la that the condition 

^V 
i€Iw 

idiich ie required of an imputation, ia not essential when aolutlona are studied. 

The oondltlon 

ieih 1 

coupled with the propertlea of the aolutlon concept automatically cause« the 

equality to be satisfied by th« n-tuples in the solution. 

rt. ■> ,>- 

'-^—- 
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6.1  «»--KiT^fy ]£ nmmmm 

Aside fron solutions and thstr nudiloations, there appear to ba 

thres other topics in n-parson (oharactaristie function) gaas theory «faich 

have r«oelv«d attention. While two of these (saotions III.6.1 and HI.6.3) 

oontinoa to be concerned with outcomes  which might reasonably be expected to 

occur in a gams, all three differ appreciably from the aolution notion. 

For azaapla, one of the aaliant differences of the definition we shall 

present in this saotion ia that it does not deal with iaputatioa» or seta 

of ioputationa alone» bat, following the suggestion of III.A.3, it isolates 

pairs conaisting of an laputation and a corresponding breakdown of the players 

into coalitions. 

Following our fanilar precedent, we shall use the jj-peraon constant- 

sum game as a source of ideaa. Suppoae the players were to consiler an 

imputation X, where, without loss of generality, we may suppose x^  ^ x. ^ x«. 

It follows iomsdiately that x    > -1, and so x^+ 3^ < 1. Thun, players 1 

and 2 might be expected to form a coalition and tc aplit the resulting pay- 

ment, 1, say by adding half the difference between 1 and x^ -f- x to the 

amount each would have received according to X. In this arrangement, player 

3 receives only -1, and ao it behooves him to go to player 1, who is receiving 

leas than player 2, and to suggeat to him that both of then could improve 

their lot by forming the coalition {l*3 j • Thia proposal would bo accept- 

able, for 3 can allow 1 to do a little better than he would in the coalition 

with 2, and at the sane time 3 «ill do better than -1. Of course, thia iao- 

Ir-V- 
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iMtmm  pi*y«r 2 with an «xp«c -»d paymaat  of -1, bat h« in torn can approach 

plaarar 3 «1th a atallar offar, and BO on. It might be propoaad at momm  ataga 

that, to count«- thla infinite ragraaa, a ooalltlon of two playara gi'Tss tha 

third pluyer anough ao that ha would not try to dlarupt tha ooalltlon} bat 

It can ba ehown, in tha 3-paraon oaaa, that '»nough" to satisfy him would 

eauaa at laaat ona of tha other playera to loaa aa a result of Joining tha 

ooalltlon, and ao it would not be fonad. Leokod at in this way thar« appears 

to ba an inherent instability in tha outcome of tha 3-p«rson couatant-aua 

Intuitively it appaara that thla arguMnt could ba applied to any 

and so a-rery gaaa la unstable in thla sense- Thla, if true, naans tha 

analysis mat ba too gross, for certainly there ara some gaoaa one simply 

doaa not want to paas off aa unstable. What la auggeatad la that, rather than 

an absolut a atabillty-inatabllity dichotomy for gamea, we define a notion of 

degree of atabllity. Our method of doing thla will involv« the introduction 

of an extra-game parameter, and it is thla which gives the present theory 

Its id hoc character. 

Let us suppose that In one way or another the players have agreed 

on a system of coalitions, which we may describe by ^V ~ (T. ,T2,...,T. ), 

where the T^ are coalitions which are non-overlapping and which exhaust the 

set of players» Now, these r&tional players presumably wish to better their 

lot, and ao we must assume that each of the coalitions T la eonteaplatlng 

ohaugea in asnbershlp in an attcspt to Improve its position. In general, 

the coalition T. may ccntamplate the addition of a set of members, say 0, 

and also it may decide to expel acme members, H, (who are not carrying their 

■'■" n 
'*>- i 
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•bar« of tb* load, in son« »en«*). If these ohangM war« made, the net 

remit »ould be the ooalltian (T^IQ^H. It la not difficult to MO thot 

If there la no reetrictlon on the choice of 0 and H, than any poaslbla 

coalition S can be represented j u the form (Tj^tjQ)-»! by appropriate choices 

of Q and H. If, however, we were to raetrlet the choice of Q and H, l<,a.t 

to restrict the coalitions which T^ nay consider within ita »iom»<w of 

change, than there may be coalltlona S which cannot be written In the 

fom S = (TiUOj-H. 

We ahall suppose that the limitations on the choice of 0 and H 

are given In the following nannar. For aaeh poaslbla ayataa of coalitions 

*£* ( = partition of the players into non-overlapping subsets^ a distinguished 

sat of coalltlona which includes the elements of £' is given; this aat of 

coalition» nay be denoted by ^f f ). Each of the coalltlona in "^ T ) 

Is called a ^ -critical coalition of V? . 

Intuitively, wa think of ^ being determined so that If S la 

a oU-critical coalition of £*, then there la a coalition T^ In V* which 

Is not too different from S« Our assunqption will be that a change from T. 

to S can and will be effected by the players If there is some reason to do 

so (aae below)« One might Imagine that this aasuaptlcn would necessitate 

tagging aaeh ^r -critical coalition according to which ^ of c may change 

Into It, but for the present equilibrium theory this la not necessaryj a 

mere Hating of all the 'y -critical coalltlona of V is adequateo 

Given such a r>ir, however chosen, our next contsept Is concerned 

with those imputations and partltlona into coalltlona auch that there are 

no "fcrcea" on the players to change their alliances, the degree of allowable 
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CJ 
X ohng* being glvwi by -^ o    L«t X b« an IflfNitation ot a g/m* and T a 

partition of the playera into coalitiona.    The pair (Z« ^T) is called 

"Y -gVlifrlt if the following two conditions are aett 

i.    if T€ "C    and if    |T| > 1, then ^ > v({i})    for i6T, 

ii,    if S ia a ^ -crltioel coalition    of t* » 

i€s *<     tt*!' 

The first of theee two conditions simply reflects the intuitlcn 

that to persuade a player to participate in a coelitioo of two or more 

players it is necessary to give hi« more than he could expect to receive if 

he sere to play alone« To underatand the second condition, suppose that on 

the contrary, T(S) > Z_>. x, for sons «V-critical coalition S« Then 
iCS - ' 

if coalition S ia foraed there is an assured gain in payment to the coali- 

tion S above what was arranged In the imputation X, and each of the players 

in S could be made *o profit by giving him, for exaople, 

v(5) - ZU 
iCS 

Since S is a olr-critical coalition of "??, the change to S ia possible by 

our aasunption, and so, asaumlng rational players, it would be seriously 

considered«, Whether it would be effected depends, presumably, on other ooo- 

peting poasible and advantageous changes« In any case, there would be 

"positive forces" to disrupt the pair (X, *C ), If, on the other hand, condi- 

tion ii holds for every svU-critical coalition of T , then within the limita- 

tions on change specified by -VK there is no inducement for any changes from 
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tba pair (X, V )| and »o It la * point of •qullibrlua, or, «a w« hov« «aid, 

the pair is ^-rtablec 

CkM Bight raise at this point the question of uniqueness of such 

pairs in a game, which, as we have stressed aarllor, is of some importance 

in S prsdlctiT« theoryo However, this discussion «ill be easier after we hare 

prassntsd soaa results* 

The definition of -^-stability of a pair is Invariant under 

5-aquivalence, and so it is acceptable from the point of view of section 

111.4.2. Wa shall call a gaaa ^ -ailil» if there exists at least one 

'V-stable pair, otherwise it is called ^c -imiftahT n , 

These definitions, and the following results, are due to one 

of the authors of this report. His paper [llj presents definitions and 

results for only the first special oass of "V which we shall discuss below, 

but the modifications indicated here are very -saslly made. 

With the function 'NT absolutely unspecified, as it is above, 

little acre can be said. If, however, we make certain specific choices 

for rY', it is to be expected that certain theorems can be proved. Ha 

shall make two closely related assumptions on the fora of "vy , both of which 

lead to the same theorsns. In effect, the first specification says that a 

coalition S is in 'V if there exists a ^ in £* such that S and T. are not 

too different. To be precise, let an integer k between 1 and n-3 be given. 

We shall denote the "Y we are about V define by V <, Any coalition S is 

in Vj^'C ) if «nd only if there exists a T in £* such that 

i(0-^)^(^-6) | ^ k. Put another way, S is in Vk( ^) if and only if 

there exists a T^ in "C such that a subset H of ^ and a subset 0 of -T^ 

Ir 1 

' 
 ^ 
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can b« found with ths prop«rtl«a 

3 S^CJOM «nd |oUHJ ^k. 
In word», SI«« V^orltle«! coalition of T If th«r« la a eoallticn T. 

of f which oan be aodlfl«d Into S by tha addition of player» «nd by the 

rewoval of playera, so long a« tha r\uaber «ddad plus th« nuabar expelled 

doe» not exceed k. 

Our motivation for thl« definition 1« concerned raally only with 

tha oasaa k = 1 or 2, «nd it 1« based on the ordinary observation that moot 

ohangs» in coalition structure» in both the eeonomy «nd among indivldtial« 

occur a« a aaqueno« of change», each one of lAiich involves the addition or 

eacpulaloo of only one or two indivldu«!« at a tla«e 

It oan easily be argued that Vj, omit» certain Important coalitions 

free consideration. For axaaple. suppose k = 1, then In V^ se eonaidsr oily 

those coalition» ehich are formed either by the addition or the removal of 

on« player from the coalitions of (T , but in general such simple coalitions 

*■ {.^"j Bre D0* under consideration as possible changes. For 1 and j to 

consider bolting their respeetlve coalitionr to form the coalition {l»J^» 

If it is profitable to do so, «sens a very plausible event, 1» are thus 

led to define \t    ooalition S is in W ( f ) if «nd only if either 

1. S 1. in Vk( t ). 

11. \f\£   k -f-l« 

k third special and important case of 'sir is the one which includes 

«11 possible coalitions for every possible ^C  j this se shall denote by 

Observe that for any ^»'xWf)!»» •**  (of coalitions) and 

■ 



: 

i 

I 

I 

f 
I 
I 

! 

111-71 

»o «« wgr »p^k of on« ^ b«lng Ineludsd In another.    It la Majr to ••• that 

tho following rolatloM «r« tro* 

v«( f) - \^ t)« « f) 
V ^)c\f(r)   if k ^ k« 
V r)c \.( r)   if k ^ k» 
It !• not hud to ahoir that If ^C r ) C ^f ^ > ^r vtaiy 'T, 

thMB tho foot that a gaaa la ^ «otahl« lxapll.s that it ia ^-«tabl«, 

and if It ia ^ -anatahla, thm it ia ^ '-unatabla, Thua, V^inatahilitj 

iat in a acnaa, ahaoluta Instability, for no aattar ho» lialtad «• mako tha 

alloaable ohangaa in such a gana - provldod «• allow some in aaoh oaaa - 

thara are no atabla paira. 

It can be ahoun that any n-pei son essential oooatant-aan gaae 

ia E-un«table, and ao the oonatant-aoi >-person gaae ia Vl-unstable, aa 

ma auggeerted earlier in thia aeotion. If, however, we drop the eonatant- 

am requiraaant« an axaaple can be given of an E-atable guwo 

The eaaontial eonatant-aun ^person games in -1,0 reduced font 

have the following oharaeteriatio funetiona 

T(T) ■H whan T haa 11 elenenta, and 

1 

"■-"•'-■-       '■'*-<Lr- 
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*h«r« th« noHbcrs ^ aagr tmmmm any ralus* la the intarral from -1 to +1. 

., It «ill be r«MU«l that In Meilon III.5U «• Mntlomd that all 

oonatant-mai gaaaa ar* quota BUMS, and ooa can «aally saa that the qnota ia 

HVW V^rV J3-Ti'T2' Va+JjU 
It can be ahoan that a A-parson oonatant-atm gaaa la 7.-atable If and oxdy 

If It la Ij^-atabla, IT« aay lanadlataly dispose of th« oasa k = 2, for from 

our ganaral result about coDstant-sua gaass «e know that cciv-person oonstant- 

la V2-rt*bleo For k = lt It ean be shown that a ^-person constant- 

1*  ^-stable If and only If the quota Is an loputatlon. For these 

V-j-stable ganes, the laputatlon X of any V^atable pair (I, fc* ) la almya 

the quota, and one can explicitly state those t•a for «hloh the pairs are 

stable. We need not do thla here. 

It sill be recalled that a gam la called alnple If n(T) =: 0 or 1 

for erary Ttf ah«« ■ la the 0,1 reduced font. Those coalitions T for ahleh 

a(T) =r 1 «re called »ImriM «^ those for which a(T) = 0 are called laiiSS.* 

eoalltlona« It can be shown that a slaple gams la V -stable If and only If 

it ia ^-stable, and thla stability nay be character!»«d aa folloast A 

siaple game is V -unstable if and only if the Intersection of all winning 

eoalltlona having k -+- 1 asribars is the opty set| or, stated posHtlvel/, 

a simple gaae ia 7 -stable if and only if either 

1. there ia no winning coalition which has k -f- 1 .»»u»», 

or     lio there ia at least one player who is a member of every winning 

coalition which haa k 4- 1 aeabers. For the oaae k s 1, a full desoription 

of the T^-stabls pairs (X, (^} in both oasea 1 and 11 can be giveni the 

reader is referred to (ill • 

Sfe&Sa - — \ ,»-- 
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Tar th« caa« k as 1^ a worm d«talled reaolt about olaple gaaaa la 

posBihl», which ia of Ma* intaraat for it indioataa how fa« «lapl« 

V^xmatabla. If • game oonaiata of two indapaaOant gaaaa on 

aata of plagparav It la aaid to ba daqqapoiaQi« into tlka tao 

praclaaly, if ona can find a »at of playara T auoh that 

T(S) = T(S O T) + v(S-T) 

for «vary poaslbla coalition S, than the gana ia daocwpoaabla into «naa on 

T and -T, In aaaanea, tha original ga»a ia not truly «hat ana intnltlialj- 

eall» a gaoaj it ia rather a formal oonjonotion of two disjoint and non- 

interaotlng games» Ttw notion Is probably not of practical Interestf but It 

■oat be Introduced for there la nothing in the definition of a gaae which 

«xolndea the possibility. It can be ahoen that any V^-uuatable simple 

mum  Is decoacwaable Into the 3-person oonstant-aum gene and the (n-3)-perBon 

Ineasantlal gams. But since the ineaaontial game la trivial In a theory 

of coalition fonatlon, the theory of T^-unatabla simple games la identical 

to the theory of the 3-peraon conatant-aum game. In effect, then, we know 

that aside fron the 3-person game, there are no other "absolutely unatable" 

alaple games• 

Ws nay now consider the unlqueneaa of r\r-stable pairs. First, 

It la clear from the above that there are acne games which for a partleolsr 

choice of the function ^f are ^-unstable. I.e., no stable pair ezlsta. 

The theory predicts no equillbrlm behavior for such oltuations, e.g., the 

V.-instability of the 3-peraon oonstant-sum gams. For 'vU-stabls gaaea 

there Is in general more than one equilibrivun point. With ^ restricted to 

either 7 or W,. a oonstsnt-aum ^person game la either unstable or It haa 

a unLque iaiput&tlon (the quota) which occurs In all stable pair a. But for 

"<■» -iür • 
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of the stable A-person ganea there is raore than one system  of coalitions 

which, ooablned «1th the quota, sre stable. The theory does not decide which 

will occur In practice« This situation is analogous to certain physical 

problsms in which there are several points of equilibriunu There it is found 

that the one which will occur depends on tho initial point of the full djmamlc 

system, and that to predict it a full dynamic theory, not Just an equilibrium 

theory, is required. The analogy seems so close that, at least for the pre- 

sent, we shall assign soms of the failure of this stability theory to predict 

a unique outcome to a lack of a full dynamic theory of coalition format'ta» 

However, it appears that there may be a further ambiguity which will not be 

removed by a dynamic theory. Consider a simple game in which there Is only 

one 2-element winning coalition, say [lj2J . Then it is not difficult to 

show that the pair 

( (|p, 1-p, 0..o.,0|| , [{1,2} ,{3},c..,[n]3 ) 

is V-^ stable, where 0 < p < 1» The theory does not decide on the value of 

p, which presumably rests on the bargaining abilities of the two players. 

Certain summary comments are in order. Hathematically, the concept 

of '"vL--stability for 'w" =r V. and Vlf is comparatively easy to work with, 

much easier, say, them the von Nsumann-4forgenstern solution <> Evidence of 

this is the fact that we were ablo to state certain complete otability results 

for- all constant-sum 4-person games and for all simple game} it will be re- 

called that only for a limited number of these gamss has it been possible 

to obtain complete sets of solutions. It is also of interest that these 

definitions led to rrsults closely tied into other concepts of game theory - 

quota games, dscoraposition of games, etc. Thus from the mathematioal point 

.1- 

? . c J 
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of view on» f••!• that the definition ia JuatlTUd. Froa the point of rim» 

of «ocial •clence, aoro Is needed;  the definition anst baT* «on» intultlf« 

nejrit and, poaalbly, aoma empirioal merit» It woold a^paar, to a Uaaad 

authort that the stability notion doaa have some aarit conceptually, bacauaa 

it daala al»iltanaonaly with ehangas in imputations and coalitions, and 

empirically, because it is often eaaisr tc daterolna the coalition atruottora 

of an axlating situaitlon than the payment ? in that aituation« A oonpariaon 

with axparlaantal data will be discussed in aaction III«7.1* 

Nonetheless, at leant one iaqportant oritieiam can ba lavallad at 

ito Tha introduction of the paealiar function 'VK « a function which ia not 

explicit in noat raal aituationa, ia hard to defend adequately, tbara there 

are "atandarda of bahavior" which are lmplie.lt, or at laaat vague, and which 

ara not rigidly enforced, it aay ba possible to estimate 'Vf , but there la 

no aasurance - as tha theory assumes there la - that someone will not violate 

ite A possible reaady cooes to mind which has not yet bean examined „ Suppose 

that instead of assuming tha dichotomr, i.e., that a coalition la either 

'•i/ -critical or not, wa assign to each possible coalition S a probability 

p(S, "C) for each t   , which ia to ba interpreted aa followat p(S, f ) is 

the probability that a change to S will be considered when the players ara 

in the coalition ayatec ^C »   With these given, the theory can ba constructed 

aa before, «xoapt for assartions of the fora "(X, £ ) la ^-atable," which 

will be replaced by N(X, T) ia stable with probability po« 

Aside froa the above propoaal, two probleaa for future research 

coae to sind. First, it la at laaat oathanatieally inter eating to know 

under what conditions an imputation I of a V -stable or a W -stable pair 
k k 

(X, SC) ia In a von Nauaann-liorgenatam adutionf    this is a real problem. 

>J 

■O1 - 
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tor in Mctlon III«6.3 *• shall prasont an example of auch an imputation 

which la not contained In a solution* 

Second, an attempt should be made to davlse a dynamic theory ahleh 

describes the moTamsnt fron one unstable pair to another pair until a stable 

one is finally reached« all changes being made within the limitations prescribed 

by a function "T e The mechanism of a change should, of course, be the exist- 

ence of a positive gain for the players participating in the change o The 

difficulty in giving such a theory seems to stem primarily from the fact 

that from any given {X, tr )  there may be several different and incompatible 

changes in the coalition structure which are all admissible and all prof it- 

able | how «ill it be decided which will occur? 

6.2 Value 

The next topic is not concerned with the outcome of the game, 

but rather with an & prl^rj valuation of the game for each of the players e 

Shapley writes, "In attempting to apply the theory |[of games^ to any field, 

one would normally expect to be permitted to include, in the class of 'pros- 

pects,' the prospect of having to play s games The posaibility of evaluating 

games is, therefor«, of critical importanceo So long as the theory is unable 

to assign values to the games typically found in application, only relatively 

simple situations - «here games do not depend on other games - will be suaoept- 

ible to analysis and solution." [22, p. 307] 

The solution to this problem for 2-parson games is taken to be the 

ajajaax  value, but certainly this is not suitable in n-p«rson games where 

coalitions are allowed, for the whole point of joining coalitions in essential 

gamas is to do better than v({i}}. Presumably the Kvalue" for any i will 
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depend on the values of v(T) for each coalition T having i as one of its 

members. Just what function would be reasonable to select is not, on the 

face of it, obvious, and certainly an fid hoc definition would be questioned 

and cemtered by other suggestionsc Bather than doing this, Shapley employed 

the more elegant procedure of stating certain requirements as intuitively 

necessary properties of any notion of numerical value; he listed three ap- 

parently weak ones and then, surprisingly, he was able to show that these 

uniquely determine a value - that there can be only one function satisfying 

the three conditions, and that there is one. 

Suppose a game is given by the characteristic function Vo Fran this 

g£-ae ve may generate others by permuting the labelling of the players, but 

abstractly all of the games are the same one,. Shapley's first condition is: 

i  Value shall be a property of the abstract game, or more formally, 

if ^ is a permutation of the players resulting in a game which we may denote 

Vv, and if  u) (v) denotes the value of the gams v for player i. 

Hie next condition ist 

11.. The Individual values of the game form an additive partition 

of the value of the whole game, i.e», 

i6!rn 

Now suppose v is a game on the set of players R and w a game on S, wharc R 

and S may or may not overlap, Wa may extend v and w both to the set Rij S 

by defining 

v(T) = v(RnT) and w(T) = w(sr\T),  where TQ RÜ3- 

"ji*- 77.„M». - \' 
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Suppose w« think of these two gaaas a« being played hy the players R^JS 

but played completely independently of one another• This composite gase 

(which includes the notion of decomposable games defined in section III.6.1) 

may be treated as a single game, called the sum of v and w, with the character- 

istic function v(T) -f- w{T). Shapley*8 last condition 1st 

111. For two such gauss ▼ and w, 

^(v -»- w) = (^(T) + ^(w), 

or in eords, the value of a gams composed of two independent ganss Is the 

•urn of the values. 

One could hardly ask less of a numsrical value; what is surprising 

Is that one nssd not - dare not - densnd more, for these three conditions 

are sufficient to determine  (p uniquely, and Indeed, one oan obtain an 

explicit formula for It, namely, 

^ (v) S  2ZYn(.) ^v(S) - v<S -{l})] 

where s = |s| and  V (•) - (s-D Kn-s) S/n I 

I 

As pointed out by Kuhn and Tucker, Shapley's "result can be 

Interpreted by imagining the random formation of a coalition of all of the 

players, starting with a single member and adding one pi* -sr at a time» Each 

player is then assigned the advantage accruing to the coalition at the time 

of his admission. In this process of caaqputing the expected value for an 

Individual player all coalition formations are considered as equally likely." 

\l0, p- 3033 

O 

^•^ \—.; 
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6.3 JMMMJftl Otttoo— 

Milnor has puibllahad a paper [X6] In whloh he taka« up tha problan 

of tha outcoaw of a guw, and though his daflnltlons are dlffarant, tha vlaw- 

point is siailsr to that of Vlckrsy, Shapley, and Lues above« The attempt 

is to impose reasonable conditions which isolate a subset of the set 0 

(section 111*5-6) of "outooiitesn subject to "»«»ths point of vie« that it is 

better to have the set too large rather than too snail. Thus it is not 

asssrted that all points «ithin one of our sets are plausible as outcomasi 

but only that points outside these sets srm  inplausibls .** [l6, p. 2^ 

Exaaples of such subsets in order of decreasing size are the set of outcoass 

0, the set of efficient outcomes E, the set of inputations 1, and ths sst of 

iaputations uhich are in at least one von Neumann-llorgenstem solution. 

Milnor Introduces three more conditions, each having a certain degree of 

reasonableness, and hs examines soms of their properties. 

First» for say player i one may examine the largest contribution 

he makes to any coalition, i.e., 

b(i) = max [viS) - v(S -{i} j] 

minor defined the set B to be those outcomes X of 0 such that for every i, 

x. ^ b(i). He argues that "In any play of the game, player i «ill «ind up 

in some coalition S, The players of S - {i} would be foolish to keep i in 

their coalition if he tries to gst so much that they could do better without 

himo" [l6, p. 3]}  This argument seems questionable if not irrelevant, for one 

can have a gems with the following property: For player i in coalition S there 

is no tsnptation to move fron coalition S to coalition T but if j in S moves 

to T then there is a profit for i to move from S -^ {j} to T (J {j}. In that 

oass, if i is Inportant to S, it may behoove the coalition to pay i more 

-■-^ 
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Xhaa hi« i——tal eantrlbuüon in cs^dar to kMqp both i ud J. As •& 

■TM^III, it 1» «MT *> «IT» «iatil« sniM with ooalitiotu S aad T s -A and 

plÄy«r» if J6 S raeh that S, S - (j"J , T VJ{i} U{j] «re vinniac <<»> 

S - [i^ , T, T lj{i} , and TUL^] «*• lowing. It ia raaaonabla for 5, 

it It gat» aor« than 0, to pay i worm than v(S) -v(S -[^) = o in ordar to 

kaap J aad tharafora i. Ncciathalasa« it say ba mraaaenabla to pay him nora 

than b(j) but Milaor's arguaact ia not raaUy diraetad to this point. 

For tha 3-paraon eonatant-aua gana« B contains tha aat I of iapota- 

tiooa. For tha ^-parson constant-arm gaaas, B doas not contain all of I, 

hut Judging by ana «xuqpla, it doas Inolada « aiaabla portion ot it» In 

gooaral» it can ba ahoan that B inoladaa both tha Shaplsy vplu« (llln6.2) 

and all ran Naujaaan Morganrtam «olntion» (III.5.1)<- It ia not diffioult 

to show that tha l^mtations of tha 1^-atible paira of any sljapl« gaaa and 

of any 4-peraon oonatant-aua gaaa ara in B, and it would not bo aurpriaing 

war* this ganarally trua, but it ia not* For oocaapla, suppoaa n £ ü and 

■({i})« «({i^}) = 0, 

■(T) = |T^  for  \T| ^ 3. 

Tha pair ( \\ 0,0,...,0,1 \\  , [{I1*(3)S**«»|A]] ) is ^-stabla   aine« 

Obaarv« that for thia gaaa b(i) = 3/n and so for n ^ 4, 

X^ = 1 > 3^ "= b(n), 

that ia,  || 0,0,...,0,1 jj ia not in B. Hara, sa ao oftan in aathaaaties, 

wa find tha intuitions of -various paopla in conflict, for both Itilnor's oondi- 

tioraa and thoaa of Instability hava a eartain intuitiva rcaaonablanass, and 

yot thara ara oaaaa - admittedly ali^itly pathological onas - in irtiioh one 

h 
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or tlM othar aoat go. 

Proa th* abvra «nu^pl» and fro« th« «tatad rsmlt that mnj loputatlon 

of a «an ■■— Mnrfiitam •olatlan im in 9, IX follow« iMMdiataly that 

th«r« ara Iqmtatlaa« of W -atabl« pair« Aieh Ac not balong to any »olutlon. 

Hast» miner Introduoaa a la— bomd for payoffs to eoalltions« 

Lmt 1(S) = ain       f^S«) + »(S -S')] 
S'CS •" ■, 

and lot L ba th« a«t of ooteons« («ubs«t of 0) «uoh that 

211 x.  = 1(S)     for aU SC IM. 
1€S   1 n 

In word«, l(S) 1« the aenrt that could happan to tha playwr« of S If thagr 

«plit Into two «arrlng factions. If on« atsuaaa that tha bargaining of th« 

gam« «ill raault In two opposing coalition«, and that in ordor for a coalition 

T to fern it must distribute it« payoff in «uoh a fashion ^hat avary aubast 

T" of T is giTüo at laast v(T»), than th« outeoaw will fall in L. 

It can b« shosu that for 3» and 4-p«r«on con«tant-«un gasw« L 

is exactly th« Intersection of B with le This cannot be generally- true» 

for we know that the intersection of B and I includes the von Neumano-üorgeu- 

stern solutions and Shapley's value» end an example can be given bo&i of a 

gaae with a von Neunann-Vorgenstem solution not wholly in L and of one with 

the Shapley value not in L. It is not known if L is always non-empty, though 

minor gives a wide class of gaass for which L is not the empty seto 

The final concept is, at laast concept aal ly, «omeshat related 

to that of -ir-ötability. A total payment £ to a coalition S 1« called an 

MBMlWlMl flBMBl ^ there is an outcome X such that 

i. X is feasible with respect to the opposing coalition, i.e., 

2Ij x. < v(-S), 
i€-S x 



^—^J: a_i ^-■^■-.^^»»■tf.«-!!! 

II:L-ü2 

( 
> 

V 

min 
S» 3 S 

[ T(S.)- IT^I 

and     He no subset of -S can be induced to Join S in ouch a «ay that 

S receiTas S , i.«.t for every TC -S» 

-S«! > ▼(SVJT) ^ ^ 
ifeT 

If «a define 

d(S) =   ^ 

i6-S * s« -s 

then it ia not difficult to show that %   is unreasonable if and only if 

%  > d(S)o D ia defined to be the aet of outconea X such that for each 

subset S,  ^___, x< ^ d(S)o Relatively little is known about the set D, 
ies 

but an exampio can be given «here Shapley'a value ia not a aenber of D, and 

for the 3-per8on oonatant-sum game the Intersection of D and E is closely 

related to the sTnmetric von Neumann-Uorgenstem solution F (it is the simplex 

spanned by the three points F.,, £_, F }« 

The principal interest in. these definitions resides in the expert- 

mental work which was performed in conjunction with them, and which will be 

discussed in section III07olo Kathenatically it is not easy to Judge them» 

for aa we have seen, relatively few results are known, and while the intuitive 

ecnsiderations which led to the definitions are of vital importance, it is not 

until the consequences of the definitions are known that one can critically 

evaluate these intuitionse 

In this section three theories different from the solution construct, 

but each based on the characteristic function of a game, were given» The 

first supposes that the end product of coalition formation, after all the 
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changes in alliances and threat« of suoh changes have been concluded, «ill 

be a pair (X, V ),  where X is an imputation describing the payaanta aereed 

upon and where T describes the partition of the players into eoalitiona. 

The theory attespts to oharaoterise these equilibriua pairs. A function 

"yC £ ) is assumed to be given which states, for each partition V of the 

players into ooalitlons, to which coalitions the players nay consider changing 

tram   *C  • The idea behind '\y is that changes in alliances are gradually 

effected and that only coalitions which are "near" a coalition of 'C are 

aedeptable as potisible changes from )C»   For a given *V , a pair (x/f ; 

is nanwd o|r-stable only if none of the adnissible coalitions (according 

t« 'Y ) oan guartmtee a profit to the players in the coalition, i.e., if 

i. for every S £ ^ t),    v<S) < 2Z  x.| 
1 igS 1 

and if each of the players In a non-trivial coalition of IT is guaranteed 

■ore than he could expect to receive «ere he to play alone, i.e.. If 

li, for every i€T where T€ t and \T| > 1, x± >  v({i». 

Using this definition for two specific classes of functions ^ t 

certain theorems about all 4-oeroon constant-sum games and »IT siiqple games 

were stated. 

Objections ware raised to introducing the function rym since it is 

not generally part of the rules of a game and, at least in its present non- 

probabilistic form, it is not to be expected that it can be observed 

«npirieally. One oan look at it, however, as an. explicit §£,, b.Qg, assumption 

ahioh replaoes the £ posteriori verbal discussions necessary with the 

solution theory. 

In the second subsection the problem «as raised as to an A. priori 
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toy «aoh of tbm pljgrwra of • gauM la eharaotarlstle txmctian for». 

9M proVlmm mm qppromatomA by «tetlng thr«e ooodltiona Aleh on* fMia 

IntultlTrly ahoold be aat by «aoh a nlMr naa»ljri It «hoold to« a pi-oparty 

of abatraot CUM* and independwit of thsir {«rtlealar ro^o—itatioP) it 

aboald toe an additl-ra partition of the total vain» of the SUM, ▼<!„)$ and 

the valaa to each plaarer of a gßmm irttich la the *aaaF of two saeea ahould toe 

the ana of hla values In the tmo esperate gaaes. Tbaae three oontltlona 

determine a unique value In tana of the eharaoterlatlo function. An inter- 

pretation ana givan toy auppoeln? that the ooalitlon of all players ia f oraad 

toy randoaly ohooaing one player and (eith equal likelihood) randonly addiag 

one player at a tia». If each player ia aaalgnad the Increment ha adda to 

the coalition at the tine he ia aeleeted9 than the 'value to each player ia 

the expected value of hla InareaeBt« 

In the final subsection three different and Intuitivaly plausible 

reatrietlona were placed on l^potatiana to isolate classes which are "reason- 

able sutiesEsa," at least in the aanaa that any inpatatlon not in the class la 

oonaidared unreasonable. Some question» «ere raised as to the arguments 

supporting these deflnltioaa9 tout no final decision aa to their merit seems 

poasltole at the mo—nt ainee ao few matbaoatical results are known involving 

the cooditlona. 

f»    JSteririiHll Stvdr  «ff ^HWf 

7.1 |B; 

Notably Inttklaa in all of oar diacuaalon ao far have been data, 

or even tha mention of data. In part thla may toe attributed to the realisation 

i 
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that th» theory of gmxms is inadäquate aa a daaorf ptlrs thmary,  for hnaan 

Mlass mxt^si^ do not hatra the parssptisn sssvssA bgr acjr of the thaoriss. 

Bot two other raawona ax« actually aora Important* Aaaanlag that ua wish 

to ohaok a eoalltloQ theory. It is naeaasarjr that «a knoar the characteristic 

fnnetloQi bot im have already polntad out the great difficulty of determining 

the noraal for« of any exiatlng gaae situation and, «VäI assuming that known, 

the extensive oaleulations required to obtain the eharactaristie function 

(III.3.1 and 111*4.1), nthont it, we cannot know shat any of the tbeoriea 

predict. In addition« suppose the oharaoteristio fanetion is known, then 

what does the principal tfceasry - van HeuBun end Uorgsnstem's solutions - 

predict? In discussing the outcome of sn experiment run at RAND, the 

authors remark "It is extranely difficult to tell whether or not the observed 

results corroborate the von M—MM Mnrgnnwtem theory. This is partly 

because it is not quite clear what the theory asserts. According to one 

interpretation a * ablution* represents a stable social structure of the 

players. In order to test this theory adequately, it would probably be 

necessary to keep repeating a game, with a fixed set of players, until there 

eeeaed to be sons stability in ths set of outcomes which occurred. One could 

then see to ahat extent the outcomes of this final set dominate each other 

and to what extent other possible isputations are not dominated by thsm»n 

[6, p. 23l 

It appeara to us that the most important problem of enplrieal veri- 

fication ia to develop a method to determine the characteristic function» Of 

relevance here is our earlier reeark that nothing less than a Characteristic 

function could represent a numerical evaluation of coalition strength, and 
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that the oh«r«ot«rlatlo fanatloo gavenilae th« brtmvlor ct indlvldoal« mmj 

mrj welJ. not be the theoretloal ooe of the gase they ara playxng. Procthxj 

ona of the moet l^ortant Imadlata ecotrlbotiona aoeial aeiantlata ean 

■ate in thla area ia praotloal «apirloal method» of detenalning the oharecter- 

iatio function approodüately. In section 111,7.2 wo ahall propoaa a aethod 

for doing thla, one, homrvar, which appaara to raise aa aaacr problems aa it 

sol-ves. Alao, it nay not be naeaaaary to detondne the entire ohareoteriatlo 

function if aoa» awh theory aa the stability one applies. For aoppose there 

ara restrlotlona on coalition ohanoa and «a wiah to determine whether the 

present state of affaire is in aquilltritm, than «a need only determine the 

eharaotariatie fnnotlon for the admiaslble coalitions« 

In the laboratory thla problem oan be by-passed, at least In part, 

by- daaeribing the gaae in tarns of the eharaetariatio fnnotlon. This is 

exactly what Kaliaoh, Ifilnor, Nash, and laring have done at RAND [6 J • * 

shall report only the main portion of their experiment, which was concerned 

with two 4-paraon oonstant-aw ganaa« Each gaae was presented to the subjects 

in what «mounted to a 0,1 reduced form and in an S-sqaivaleot form. For each 

eoalition the aobjaota war« told »hat. the coalition would reoeiTa. They ware 

than given 10 minutes to fom coalitions and to agree upon payaenta, which 

ware to be told to an uqpira« He reported the agreeaents back to the group 

and if there was no diaaension ha held the players rigidly to the formal agree- 

aanta at the and of the bargaining» The authors point out that there ware in 

addition nuaarous inforaal agre«nanta which ware not proe^saed through the 

umpire and which «are kept in good faith. 

lie feel that the general qualitative imprasaiona of the authors. 

t 
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«Idl» not 'iui*p.,*l sing | of auftlelant lapoortaao« to b* qpwtad at 

was a proclivity for —aturi of a ooalitlon to »plit 

omly» partlovlarly aaoeg tha flrat Mabara of a ooalitlon. Onaa a mnlaoa 

of a ooalltloB had fonasd, it fait aoaa aaeuritgr and tdrlad to exact a larger 

ahara fr«a eabaaqtiant —rtbw of a coallvioa. Tha taodenoj for an even 

aplit aaong tha first laartheru of a ooalitlon «aa In part due to a faaUnc 

that it aaa more urgaut to gat a eoolition f ormd than to arg,.a ■ucn about 

tha axaot tarna. 

"Anothar feature of tha bargaining uaa a tendansy to look upon tha 

coalitions with large poaitiva values as tha only onaa wrth oonaldering, 

oftan ovarlooklng tha fact that soae playara could gain (aio) a ooalition 

with a nagativ« valtM to their mutual banafit... 

"Coalitions of more than two paraona aaldoa foraad axe9p\ by being 

built up from aaallar ooalitiooa« Further ooalition forming waa usually alao 

a aattar of bargaining between two rather than more group». 

"A result of these tandanoiaa waa that tha coalition most likely 

to font waa tha two-paraon ooalition with tha largest value, even though 

this ccalition did not always represent the greatest net advantage for the 

partioipanta; and in the inbarest of speed, this coalition usually split 

evenly. Thus it frequently happened that tha player with apparently tha 

aacondl highast initial advausaga got tha moat of the bargaining. The player 

with the apparently highoat initial advantage waa moat likely to get into 

a ooalitlon, but ha uawlly did not get tha larger ahare of the prooeeda of 

the coalition o 

"Initially tha playara were more inclined to bargain and «ait or 

J 
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inTita eo«p«t&nc aftara. And this r—Imrt true to sea» «actwit In thos* 

grm* «bar« tfc« «itmation did not appMr to bo ^|—■trio» Hwovw, lotor 

and in thooo gaaM which wer« obvtonsly «yaawtric» the bedo ■otl'«« «u to 

»■«♦Id being loft out of a coalition. RUBOO tharo aaa littla bargaining, and 

the tirtenflgr «aa to try to apaak aa qpielüj aa pooalbla after the uwpire aald 

■go,' and to oonelndo aoa» sort of deal i—dJatoBy« Bvon in a guw Alob 

was atrategloally äquivalent to a ayoMatrlo gars, the playwrs did not fool so 

ruahed. 10 aoold guess that this ana baoanoo aoae players fait tney ware 

batter off than the othera whether or not they got into ooalitlons, while 

others felt that they ware aorae off ahother or not th«y got Into coalitions. 

They ——d to pay little attention to the foot that the not gain of the 

eoallticn aaa the aaae to all," [6, p. 15-163 

"ForaonaUty differences between the players «are everywhere In 

orldonoo* The tendency of a player to gat into coalltlous seemed to have 

a high correlation with talkatlTaooaa* Frequently, when a coalition foned, 

Ita moat aggrasalire aeaber took charge of future bargaining for the coalition* 

In many eaaea, agjjreuaivensss played a role even in the first formation of 

a coalition) and who yelled first and loodeat after the umpire aald 'go» 

made a difference in the outcome» 

"In the four-person games. It seemed that the geometrical arrangement 

of the players around the table had no affect on the result} but in the 

f Ivo-person gane, and especially In the seven-person game. It became quite 

li^wrtaat, Thua In the fivo-peraon gam», two players facing each other aeroaa 

the table were quite likely to form a eoalltioni and in the eseveiv person 

game, all coalitions were between adjacent players or groqps of playera. In 

gotiaral ßB the maber of playera increaaed, the atooaphere öecase more con- 

jMBW —g— 
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faa«dv «or« lactic, «ad 1«M plaaaant to ihe mbjMta. Th« plays of tit» 

MT«o-p«raoD g&=s ««or« «iapljr wplortan« of eoalitioa* fonwtloD» 

"in ■pit* of «a «ffort to Instill a ooaplatoly aalfiah and coopsti- 

tif« attitate in tha plagrara, they fraqcantly took a fairly oooporati?« at- 

tltada. Of eooraa« thle «aa quit« fvnetlooal In that It halghtcoad their 

ohanoas of getting lato coalitions, lafonnl agreements «era aleiya honorad. 

Thus It eaa fkaqpntly aodaratood that tee players would atiek together even 

though no oiwlt—nt eaa made. Tha two-person eo—itewnta ahloh «are aada 

■ears nearly always agreeomta to form a eoalitioa with a specified split of 

the profits, unless a third player oould be atferaotad, in which case the 

payoff was not specified. This left open tha possibility of ergnaant after 

a third parry aaa attracted, bat such argument' never develcped. In fact, the 

split-the-difference principle was always applied is sash oases." \j>,  p* 16-17] 

He haws quoted at such length for three reasons. First, it is 

inportart when evaluating the results that tha reader have soos flavor of the 

procedure and of the perforaanee. Seoond, it is interesting that the coalition 

changes ware effected, in the early stages, one person at a tine, and in the 

later stages by one snail coalition Joining with another. Third, certain 

aspects of the axperiaental procedure seem undesirable and oould easily be 

altelnatedo The geonetrieel effects, though possibly Interesting in sons 

applications, at« not desirable In a study of huaan response to eharaeteristie 

function» To eliainate this one might eaploy telephone eommunioation or a 

variant on the BaTelas partitioned table for small group studies [ßl  « Tha 

latter would require the use of written messages, which incidentally, would 

give a permanant record of the bargaining. It would have the slowing effect 
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that aagr n ritt en eoanmlomtlon baa, bot It la not clear that thla would be 

a dLndvaotaca In thla eaaa. Farther, in tha maall group «ork it «aa obaarvad 

that a high dagraa of anooTslty was praaarvad, and thla might allow aora 

mthlaaa oo^patition than aaa obtainad at RAVD. 

Each A-psrsor gaaa aaa plajrad al^it tlaaa, a total of al|ht oub- 

Jaota being aaployad. Changes In tha playere wer« nada for each play so 

that paraanent ooalltiona would not taod to form. The data presented In 

Tigß»  6 sad 7 are adaptad froa [61 In tha asnae that «a have sddad what Vj- 

etability theory would predict tha payasnte should be» Probably tha aoat 

striking fact in tha data ia the diffarenoa between S-equivalent gaaaai it 

la clear that the subjects had not gotten to the logical baae of the natter. 

As far as prediction goes, the Shaplay value and the quota (which ia the 

iapntation of the w^-atable pair) are Identical in the aysnstrio gaas 

(Fig. 7} and nearest to the syssaetrio (reduced form) presentation of that 

game. For the non-syasastric game, the value and quota differ. The latter 

ia reasonably near the reduced form presentation, but not at all near the 

S-equivalent form} the reverse is true of the value. 

They also present data on the ooalltiona irtiich actually formed in 

each play of the game. By at,-stability theory one expects {A,B,C j to form 

in the non-synastrio g&mej this actually occurred on only two out of eight 

trials 9 It is predicted for the synmeirlc case that no noß-trivial coalitions 

will form, or one grand one. This occurred only once in eight trials, but 

in three other trials two opposing two-element coalitions fonsad and aero- 

payments for everyone were agreed upon. Four times a three-element coalition 

formsd, and the laolated player was given ▼({!}) and the others divided -v{{i}) 

with coasiderabla discrimination against the third addition to the coalition; 
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«ctcep+ in one eas« nhen the three-el«Mnt eoalltion ««a forasd without a 

two-elanent tntenwdlata atago. 

As ws suggastad by the quotation pres«nt«J at the beginning of 

thla aactlon, theae authora did not know what the 'ran Neanann Merganatem 

theory assert» in auch an experlioant, and ao eeaantially no cooparieon «gas 

posaible. 

It will be reoalled that lillnor (HI.6.3) defined reaaonable bounds 

for the payoff», and the data were eoopared with theae« Only «nee In the 

4-peraon ganaa did one player get aa much aa or more than the bound b(l), 

bat in most of the plays at least one set S raeaived more than the upper 

bound d(S), It was concluded that "«..the function d(S) seeaa to hav« no 

relation with the way the game was actually played." [6, po 27]] Comparison 

with the lower bound 1(S) was not made except In the 7-person game (which 

waa seriously influenced by the experimental oonditioma}« Thla game waa 

constructed ao that there waa a von Neumann-lforgenatern solution giving a 

set S less than I'S), but it was found that in both plays of the game -ach 

set S actually got at least l(S)e 

Certainly this experiment cannot be oonaiderad to be crucial. It 

is clear that the resulto do not coincide exactly with any present theory, 

but it is questionable how much the outcome was influenced by the experimantal 

^ff^niques 0ne sensss from the report that the time pressure was high, 

which seems tc be opposed to the assumption in the theory of almost ail- 

knoaing players. Partheraore, the geomotriesl ©featacXes feo ^«alltion foraa- 

tion are certainly not a i^trt of the theory, though this reaark may not «**- * 

to the ^-perscn games. More signifloaat* and probably generally true, is 

J 
I 

«i#n- 
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öbMarvmtioa that tfca «ubjaot« do not almya respond to the •tv«t«tic con- 

mmytmneB» Off Vbm charootoristio fvneticn «1000« but Hr—tl— to it« aod« 

ot poroMntatlan mm wmOl,   «e aholl rotim to this point In tho nsact sootlon. 

Theso last 00—snta ralao ths shols problsm of shat «sparlBSRta and 

mxpmrimaatal proooduros «ill b« oonsidsred aeoeptabla tests of tha thoorlas« 

T*illa It seoate lapoasiblo to give sn enet prcsorlption of a good azperlaant 

in this or any othar soisno«, it is often possible to assort that one feala 

a oertain prooedore is not ths best possible» end this is what wm have done. 

Any deeper eonmets «ill lead us into the knotty probleo of the relationship 

of theory and experiment and this is not the pliioe for soeh a discussion. 

7*2 i äEttttä. £st nTrlTlwf'l'lT PfttrimrtnlM Burirttrtgttg rmrtlMB 
He have pointed out esrlisr that the two major deterrents to apply- 

ing n-person theory to real situations have been the lack of an adequate 

deeoriptive theory based on the chsraoteristic function and the praotioal 

lmpoBBibili%- of determining the oharaoteristio function of an existing 

«ituation.   The latter diffioul^r stens from the fact that the only say 

known to obtain the characteristic function is to ascertain the normal form 

of ths gaae and then to make elaborate calculations involving ths ■Jalwt 

theorea.   Not only is it next to lapossible to find the normal form of a 

gams in an existing situation« but considering the billions of strateglea 

available in any reasonably complex situation the nlnlnsr theorem oaloulm- 

tiona would be oonpletely lapractioalo 

One eonders, therefore, whether there are «apirical techniques 

*W.ch oau *is used to obtain an appraxination to the oharacterlstic function 

dir^^^   one suggestion, offered by Adams and one of the present author« [1], 
■ 

n 
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on ttm follnaljag alj^a* ld«ttt    A plAyor la required to roport hi« 

>otM«au pairs of poosibl« eoalitiocw of players, thoa« profor- 

«ooo* to be beead eta hie conception of their relatiTt etreogths.    (The defini- 

tion of preferenee «ill be dieoueeed aare fnlly below.)    No eaeiiBptien la aade 

that he knee« the «ndeorlying normJL for* of the SUM or the gene theory 

analjrai« of it, but rather, his reaponiM la baaed on hie aubjeetive evalua- 

tioaa of coalition atrength - on the evaloatlona which p>*eaaBabljr govern 

hie behavior.    If theae evaluationa aatiafjr the von Heaaana-Uorgenatam utility 

a«1oaa  [21J and one other plauaible asioav then there la a faaily of set 

funotlona which are cloaely related to the utility f motions determined by 

the von Neuaann Morganatem axloaa and *ioh aatiafy the two conditions of a 

charactariatic function. 

Before presentinß the detaila of this proposal,, let ua briefly 

auaaaris« the von Nauanna-SIorgcnatera titlllty arlom«.    Let A denote a set of 

altemativoa.    If R, S€k and if C  < a(  <  1, let      <^<R, (1^ o< )S> 

denote the proapeot "alternative R with probability «< and alternative S with 

probability V* o( .•    Starting with A generate all the possible risk alter- 

nativee of the foona       <^'R,(l- <K )S^     and call the resulting aet K.    R la 

olosed in the sense that if R.S6K then      ^e(Ry(l<-«( )S^6K»    IK» auppose 

that an abstract binaxy relation =^   is defined over K (which w» Shall ultl- 

aately treat as a pref srence-or-indifference relation, so that if R ^ S9 

ahers R«S£K, thea the person imposing r^1 on K either {»refers S to R or is 

indifferant between S and R.)    If both R =;  S and S =f R, then we write 

R «^ S (and we say R is Indifferent to S).    If R W S and not R --' S, then 

wa writ« R—i 3 (and we say S is atrlotly preferred to R). 

- 

; 
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The relation —<   is »aid to satisfy ths Ton Nauasnn-lforgsnstem 

utility sxioas if it is a simple «rdsring of K and 

1. if R-< S, tlMO R   -H     <«<R»(1-OS^ 

2. ifRV-S, thanR   i—     ^o( R»(l-ot )S,> 

3. if R -4 T ~{ S, then thero exists an <  suoh that      <o< R,(l- o( )S^-^T( 

4«    if R >- T >- S, then there exists sn «< such that      v* R»(l- o! )S^ h T, 

5. <«< R, (I-•< )S>'v    <(1-«<)6,^R> 

6. ^^R.d- oC )S >   ,(1- ^ )S> /v <o<0 R,(l- o( &   )S> 

7. if R /V S» then for sajr «< and for any T, 

^0( R,(l- <K )T > Ay <^ S,(l- «\ )T^ 

If —< satisfies these aacicas# then it esn lie ahoen that there exists s fawily 

0( ~V ) of fnnetions from K into the real naobers» called utility functions, 

such that each tt£,U( —^ ) satisfiss ths following two conditions for every 

R and SCK and 0 < << < 1, 

i. R -^ S if and only if u(R} < u(S)t 

and    ii. tt( < •< R,(l-o<)S > ) ä oCtt(R)+ (1-o<)tt(S), 

Porthere-Te, it can be ahcnm that any two neasbers of i!( —{ ) are linearly 

related. 

Now suppose we have a gene situation involving n players and take 

A to be the set of all subsets of I , i»«o, all poasible coalitions, K is 

then ths set of risk sltemstivss seneantted from A, a typical one being 

«coalition R with probability «< and eoalition S with probability 1- e( ,«• 

An observer, possibly one of the plsyrrs of the game,, is to report his prefext- 

•nees for all pessibls pairs of ris^f sitaations (R*S), where R9S€Ka under 

the following aasuqptionst 

. 

N 
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1. if ha ohooMa "coalition T «1th probability «( ■ than with 

probability o( ha «111 raeeiva tha total payaent that T obtains Area tha 

aitaation In ahleh -T fan* a coalition and the gsa» la playad bataaan T 

and -Tj If ha chooaaa ^f tha anpfcy set, ha «ill naithar «in nor loaa. 

11. if h« chocaofl  <^( Rt(l- of )S^  then h« baa ohoaan R «ith 

probabUl ty o(  and S «1th probability 1- «{ , idiara thaaa «aqpraaalana are 

daflaad In 1. 

Let -^   denote the preferenee relation ao indnead on K. 

Intuitively, it doea not aeoa unreaaonable to anppoaa that a eon- 

alatent evaluation of coalition atrength should oauae —< to satlafy each of 

the von Ba—an Mnrgwrmtem «ado—« »til« It la unreasonable to eapeet that 

people «111 be ao consistent, one may hop« that In SOB» eases they «ill be 

approximately consistent, in other vorda, that our nodal of a player'e sub- 

jeotlve evaluation of coalition atrength is appraadnately correct • 

Furthemore, if R and S are two non-overlapping ooalltlona In A, 

than RUS 1* at leaat aa strong aa R and S separately, hence the alternativ« 

of receiving the proceeds of R(J S «itn a probability of * and not parti- 

cipating «1th a probability of £ ahouid be no leas appealing then the alter- 

native of receiving the proceeds of coalition R «ith a probability £ and 

receiving those of S «1th a probability of i. If this intuition la correct, 

then «e may aasume tha further axiom 

8. If R,se A and RQ S = ^, than 

<4R, i8> z=>   <i(RU S). ^> •   ' 

The assumption that —{ satisfies axioms 1-7 impllea the exlatenee 

of the aet 0( -( ) of utility funotiona. If u^UC —O. **««» dsfine C(u) to 
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b« Um  »et of all Ml function« of the fc 

*S) = e [»(S)-«(^)] + 

«bar« el«« positiv» ooastamt and tbm «j'o arm eonatanta. It oan be 

that the fimctlon with o = 1 and a^ s 0 1« a dtoMrieal repreeitatlca of 

the vtrcngth of ooalltloDa a« daaorlbad by the pilagrv throotft the profarenoe 

relation.-4 • Mora than that, the foUcwlac theoraaa* oan aaallx be proradt 

1» If T^CCU), than T la a aharaetarlatlo fvnetloa) 

11. If -r€C(u), than T*£C(a) If and only If T and ▼* are S-aqnlv«lant| 

111. If «, a*£ü(~{ ), th*n C(n) a C(n'). 

In «orda. It doea not natter ehich utility fanotlon we nae froa G( -W ) for 

they all gonarata the aaaa eat of functions, C(w), «taloh eat eonalata exactly 

of one of the eqnlvalenee olaaaea of S-aqnlvalant oharactarlatlc functionso 

In addition to the Intvltlve argiawnt that a nsaber of C(a) repra- 

sents the 6beeir»«r*a evaluation of coalition atrength, one oan ahow that If ha 

knowa the gaaa atruetura of the sltuatloo and If ha baaee hla evaluation en 

that knovladge, than the raeultlag charaotarlstlo fanetlona are S-equl«alent 

to that of the gaaw. Spaolflcally, aiqppoee the gaaa la known In nonaal fern 

and that the eharacterlatlo f unetlan ▼ la datendnad by the aathod given by 

von 1—MM and Morgenater ''*J j « Lot v be extended froa A. to K by the 

folloelag definition 

V( ^ o< H,(l^ e()S ^ ) s ^ v(R) -»- (1- e< MS). 

* It la not difficult fe> »how that U.c «awe theerena obtain If the person iapoa- 
Ing the relation aseunaa ha will raeelT» the average value of the payasnta to 
players In the coalition of hla choice provided axLoa 8 la replaced by 

8«. Par •ayR.SCA auohthatRT^S«^ Rys^—^J^a, -B^fs*^ 

('iRl ~  rn^bar of alaaanta In R). and ivovldad the elaaa of eharaetarlatlo fonotlon» 
la defined by ^—| 

v(F) = c|R| [«(R^oCffJ + Z-j^. t 
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Let the observer deternlDa —^ according to the rule 

R W S If and only If T(R) < »(S), 

It is easily ahowi that —^ satisfies axioms 1-8 and so a set C(u) of char- 

acteristic functions Is determinsd; v Is one of the elements of that set. 

This procedure, therefore, gives a possible method of determining 

v where either the normal form of a gams Is not known or it Is far too dif- 

ficult to determine It and to carry out the mini max theorem calculations« 

The amount of labor required is exactly the same as that needed to determine 

the utility function approximately In an empirical case having a comparable 

number of alternatives; see, for example, Hosteller and Nogee £l73- 

There need be no relation between the actual characteristic function 

of a gams determined from the normal form and the subjective one determined 

by the above procedure using human subjects, for It is certainly not obvious, 

even for a person aware of the utility functions over the possible outcomes, 

that he will react to deductions based on them« He may react to his evalu- 

ations of the coalition alternatives more or less independently of his 

evaluations of the outcomes in normal forma But if this Is the case, then 

it is a player's subjective characteristic function, and not the objective 

one of the gams, which actually determines his behavior, and so It will be 

needed for predictions of his behavioro It may well be that this would 

account for the different results obtained for S-squlvalent games at RAND 

(see IIT07.1)o 

A second and more profound problem is that there is little reason 

to suppose that two different players of the same game will yield S-equlvalent 

characteristic functions „ If this is the caae then none of Uiie present theories 

la appllcabloo It la an open problem to devise theories for the seemingly 

- v,^ J ■ 
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aor« realistic aasun^tion that each player acte upon his own rabjactive 

characteristic function. It ■aewi plausible that a theory siailar to 

"A/  -stability can be developed describing the payments and coalitions «hioh 

may be expected when there is a different characteristic function associated 

with each player. In addition, it would be desirable to modify the notion 

of the normal form of a game in such a way that one can derive from It a 

distinct characteristic function for each of the players. Such a theory 

should include as a special ease the von Neumann and Morgenstern reduction 

of the normal form to a single characteristic function. One possibility 

is to assume that «ach of the players hae his own utility function over 

the possible outooass and that he has beliefs as to the utility functions 

of the other players, beliefs which in general will be in error. This as- 

susptico results in an objective normalized game and for each of the players 

a fictional game which is the one he believes to exist. Ass^ning each 

player responds only to his beliefs, there is associated with each player 

the characteristic function of the fictional game. If each fictional gams 

is identical to the actual game, then the theory reduces to the von Neumann 

and Morgenstern one,, 

In addition to the above theoretical developments, the proposal 

suggests at least two enpiricai studies. First, e modified version of the 

RAND experiment (see 111.7.1} should be executed in which the subjective 

characteristic functions of the player» are determined» Not only would this 

be interesting in and of itself, but It would provide inexpensive experience 

with the technique of determining such functions,, Second, if the first atudy 
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goes ««11 and adequate experience Is gained, then the method ehoula he applied 

to aama  eodstlng conflict-of-interest situation and an attomyt should be 

■ad« to predict the equilibrium hehavior using the various n-person theories« 

Presumably, the situation chosen should be comparatiTely simile and self- 

contained. 

ü d) 

8. Conoludlng 

Probably the most significant feature of general games Is the pos- 

sibility of eoununlcation and collusion among the players j and it is the 

attempt to deal with this problem in n-person game theory *kleh makes it such 

a rich possibility, and certainly rich didactically, for the social sciences• 

The most significant features of the theory - or rather of the several theories 

we have presented - are (1) the equilibrium (and not dynamic} character, 

(2) the simple fonnlisaticn of coalition strength, (3) the inadequate forma- 

lication of coalition formation, and (4) the sesuaption of so-called "rational11 

playersB 

Essentially three different approaches to coalition fonaation have 

been presented« Nash has treated the problem in nhich no canmunicatlan - 

and so no coalitions - can occur, by extending the notion of an equilibrium 

point from 2-person theory« He has argued, bat not completely oonvlncingly, 

that introducing oomnunieation and bargaining as formal moves <d' the game 

allows cooperative games to be included within this framework« It is not 

clear how this should be done, but even if it ware oleer. It might not be 

adequate for social science if no explicit theory of coalition formation 

--"'jt*- : ^« war- as 
I 
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resulted. Nonetheless9 m sdenuat« theory of non-coopwrative gaaea nay be 

of ia^ortance in developing a eomprehensi-re theory of coalition formation 

(see problem no. 9 of III.8.2). 

The other two approaches «ere both based on the characteristic 

function form of a game ehich, as we pointed out, is really much more gsnara' 

than the normal farm« In these theories the strength of coalitions, as give 

by the characteristic function, is used to delimit the set of Imputations 

which may be expected to occur. The topic which has recel-rod the most ex- 

tensive study is the von Neumaim-llorgenstern solution, which is a set of 

imputations "stable1* with respect to the dominance relation. It is character- 

istic of this theory» and of the work of I£Llnor, Shapley, and Vickrey along 

the same linos, that only the payments are prescribed; no explicit indication 

of the resulting coalitions is given. Indeed, the stability of a solution 

rests not so much on the existenoe of coalitions as on the potential of 

f«raring: soy needed coalition If an attempt is made to achieve an imputation 

not in the solution. 

The third approach deals explicitly with the payassats and coalitions 

which together are in equilibrium, but a significant theory seems possible 

only If restrictions on coalition change are made£ Essentially, the dynaodc 

model underlying the equilibrium theory assumss that only limited changes in 

the coalition stinacture can be mads at any one time, and it compares the pay- 

mant« already agreed upca with those which can be guaranteed by the coalition 

if the change is made. Hhile we feel this general type of equilibrium may 

prove most useful, serious objections »ars raised tn the present definition 

of admissible coalition changes. 

In each of these three approaches an equilibrium notion is examined 
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and, aw alwsjB, It le an squillbriun basscl on oontw^plated but ncexjecv.te^ 

changes ~ of stratiigtos in Naab's work, of inputatlons in -von Neuoann md 

Iforgenstem's, and of coalition strußture« in I^oa*«. 

It is frequently said that the theory of games asenmsa raticr^l 

men as players, but the term "latioml" is not further explicated. CTM» la 

led to inagtns &. fantastic calouQ.«tor wn« «111 without emotion examine all 

possibilities and always choose the best» Certainly each theory does assume 

players with a considerable overview of the structure of the game and an 

ability to examine all possible eases j and given a definition of "best" then 

the/ do choose the beet course of action« But in each theory we have -> pos- 

sibly implicitly - made assumptions about the exact overview the player has 

and exactly «bat he shall term the best action« The fact that these assonp» 

tions cannot be translated one into another indicates that the word «rational' 

has a different meaning in each. Mash's player knows all of the strategies 

and the payoff function,, but when he conteBg>lates a change fron one strategy 

to another he assumes that only be will change« In the von Neumann-lfairgenstem 

theory he knows the oharaoteristio function and has before him at all times 

the doadnanee relations« In the stabilit; theory he knows the characteristic 

function, but presumably cannot see, effect, or contemplate certain coalition 

ehangesj but within the allowable changes the player will alwsys act on an 

assured positive profit, no matter how small« 

For general game theory to play a vital role in social science, 

two modifications appear to be necessary. First, a theory should be developed 

which is.not unlike those presented but with somewhat more realistic assuntp» 

tions — for example, the players shoiild bo asaumsd to have more limited 

perceptions« It is not easy here to meet the demands of intuition and of 

Is**- 
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sitüül««, 1« .jft Wo ynei««» atr" 9«rcad9 bioaii • ^^.^«Mtleal Xtomorj ia*.   ** 

«M^tala eciaa:id«.rnt2.oti» at' K^^lciiv«   lb» luttar •bor.Vi not bo eioeon^'^owi 

W M«M ♦•Xi*. as ««TTUO «rfoet« can bo oonoidkrad in a —tlia—I linl thoorj 

(tha dlaouaaloo of oontMpororx «•■• thoory ahovild lunro dlap*llod that ▼!«»), 

but rmtfaor it la a ill—nil that dafInltiaa» ba ao rhnoon that tharo doaa not 

roanlt a iarga inribor of apodal oaaao ahloh anat bo doolt with ladlirldaaUy. 

It la wall to koop la alad that gaas thaoorjr hao» ao rex, boan alooat axolo- 

alval^ a aathoaatloal »ubjaet, ahloh baa racaivad apisroolatlon, but foo oootrl* 

butlona, fro« othar than aathtaatloal oireloa. 

Sooond, a aodlf loatlon of gana tbooary to laolodo Ojnmmlo aa »all 

aa aqaUlhrlvi thaorlaa ahonld to of addo Intamat and laportamoao It atgr 

noil b« that aoot aoonoole altoatlona ara not In oquUlbrlta but In 

of 6jaamu& obanaa*   Thara ax« dim Indleatlona of axxsh a thoocy 

In both Vlckroy'» notlona of at?cas «ad aook aolutlens and la Laoo*o work 

en atabllity. 

8^ Oaan PfrtalaM 

In tha oonraa of onr dlaextsalon oo havo ralsod or snggaatod a 

noabar of problao« In n-percon gana thoorjr ahloh at the praaent tine are 

«naol'vad or. In manor oaaaa, not avan adequately fomnlntedo    It tmj be 

appropriate. If radundant, to aaaarlsa thoae and to add aevcaral nao ones 

to tha llat.    It la hardly necaarazf to point out that the notvara of thla 

llat la oarkodly infloenead by tha raaearoh Intereata and aotlvltlae of the 

authoraf    had no bad an active intaraat in tha thaoacT- of axtenelve ganm or 

In the stTKJgr of TO» novnum-VorgMWtern aolutiona, f^r aacaapl-o, tharo la 

little doubt that raoar« problens In these areaa vould be Included in the I-...»* 

r 
<,*>*.__, 
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OUm- anthora h&w proMnUd llata of probl^s *a.eh moor» aOmimUOj eovmr 

the»« armsi    so« the preface cdf referMase 9, ehopter 18 of rarerenee 13, 

•ad referenoe 15» 

The pipoblema «re pet In ttereo claaooo - mthomtloal, eoneertnaL, 

•ad «vlricol - bat they are nnabarad ooBaocutlTBljr.    After eeoh problaa 

the eeotlana of this pepart rtHOh ^pear to be aoat relevwit are olted. 

O 

1. Prow the existenoe of • eolutioB for efwery n-peraon g«ae or 

gl-ra a oomter «xanple.    (UI.5) 

2. For some wide olaae of gMwe» characterise dlreetly the otjrong 

eoloiiona without «ttoaptlng to det«p«laa all aolutlona of the gMss.    (III.5.5) 

3. Characterise thoee gams ahl«* are T^onetable islmo those which 

are ^-onstahle).    (III.6.1) 

A,   For oertaia »intereating* fwnBtlone   *tyi *€)$ oharroteriae thoee 

gaaea shleh have at leaat mm  jf ««table pair for sfcioh the player« «■• 

partitioned lato tao opposing coalitions (so« 9 b«losr).    (III.6.1) 

5. For certain "iBterestlng- function« «^C T ). »***• condition« 

under uhleh an laputatlon of a «^-«tabl« pair ia a «enfcer of a von Neuaaaa» 

Morgenetern solution^    (ni.5,    SII.6.1,   ni.6,3) 

6o   Preeent an »«rteneite" theoocy in which the taagjoral erderlag 

of worm Is not «p«olf ied in advance and ehich is a «ultable deeorlption of 

ma* eeononie situatioae, just a« the present extensive fern ie a deacrlption 

of parlor gam««.   Such a theory shsvOLd have a natural notion of "strategy" 

ehioh allows a i^ductio« to the oonvwitiooal nor«al for. of a gaas, and there 
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«bonld b« a natvral apaolal cm»« In wMch tlalng r«diis«s to a apaelflad 

orderlog and til» gaaersi «xtanalT« for« rodyees to th« proeant 

LT« mn. (IIIJ?, III.3.1, III.3.2) 

7. Drrla« a auitabla roduotlon of any eooparatiT» paa to a 

Lv« on* «lang th« lino« •nggostod bf r< *» It aay «ill be that 

a aolatlon to eitber 6 or 7 will bo a »olution to tho othar. (HI-' .2) 

8« Soriao a thaarjr of ncn-cooporatlfo ganea sbloh la aoro adeqnat« 

than that baaad on the notion of an equllibrlon point. There la a need for 

one In which the equilibria» atatea are aore In accord with hnaan behavior 

than eeeae to be the oaae for the Maah equllllvlaa polnta. (III.3.2) 

9* In muaj oaeea ^ -eiablllty theorjr predict« equlllbrlta «täte« 

In which th« plagrara are divided Into three or aore eoalltlona« The theory» 

hoaever, la baaed on the obaraoterlatle funetlon of a gans which. It will 

be recalled, waa derived aaavdng that a coalition «HI alwaya be opposed 

by the coalition of all the reealnlng playera, «nd so the estimate of coali- 

tion strength la oonservatlve «hen the opposition actually consists of two 

or «ore coalitions,, This soggesta that a "charaeterletle function" should be 

darlved whlob depends both ota the coalition S and on the arrangewnt of the 

raaalnlng playera Into coalitions, i.e., a function of the for« -K^.A.) 

where A. la a partition of the regaining playera, -£o It seems plausible to 

expeot some form of stfieraddltivity to hold again, certainly in the ohviour 

generalisation 

V(RUS),  [t1.V',Tt3) >'(R»lVV*",Tt'8l ' 

' -'Ciiijß. 
■* 
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la addition. It w—I raaaonabl* to svppoao that if two of the eoalll 1« 

Alsh Ofjpoaa R oealaoea, than R «ill oorUlali^ not bo bottor off, i.. ## 

«iU»jl>. 

To doriTB the properties of ouch a fnostloo frtxa the nocael focm of 'IM cm 

it appears noceBsary to have a solution to prdblssi 8, for tht, eaee a   three 

or oKure opposing eoalltloas Is • nao-eoopsratlTs gsas «1th aore than ten 
I 

players ( = ooslitloos). On the basis of sash a aodlfled oharaoteri itlo 

fonotlon, reeonstmct -^ir-stability theory. (III.4, HI.6.1) 

10e Devise a äjnude theory of coalition and is^yotatioD r lai^e 

ehioh is in the spirit of ^jr-stability theory end which has as Its »qul- 

librina points the ^-stable pairs, (in.6.1, III.8.1) 

11. Vsvelop an eqnillbrlia theory which predicts both l^p station 

1 and coalitions, but instead of having the sharp diehoto^r ef 'Y'-etsalllty 

i as given by the function 'v, assuns that each coalition S has a oertala 
I  i 

bablllty of being considered as a possible change when the players »re ( 

lj tively) arranged according to JT . Presuaably for most application» «ae 

would assuitta the probability is smaller the more different the eoelitiaa S 

' is fron the coalitions of ^0 (III.6.1) 

12« Modify the assumptions about the nonaal form of *. ■■>• •• 

4 ,, ] that each player has inperfect information about the utility functl. na of 

the other players, and devise a reduction process analogous to the < 

and Uorgenstem reduction of the normal form to the characteristic 

( form. A possible aim In such a generalisation would be a natural r-.ductloo 

prooess leading to each player having his own characteristic fvietl m 
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of «bleh M «Tiluetea the r«i*ti»» ■trangths of dlff«rent eoalS.^ 

(ixz.7.a) 
13. isawdiig that «aoh playar has hi* am ohar«oterl8itS.e f* 

OMri— «qnlllto Lvm theories «hloh predict Imputstl nut and eoalltloe jr>^ 

sad »lach redw s to known theories «hen the oberac ierietl« f vnotlone ^ 

mmtmtt to i*^ ■ he ease* If the prograa suggested in 12 does not romx^ 

n eharaeteris^h o ftnetlons, devise a theory of pa^iwnts and ooalltioi» fj 

tlons oa «hate es« does result.   (111.7^2) 

H«    Derise experinental teehnlquss to estimate the isab^ecti 5 

oharaoteriatle functions of the different players, anong other things 

detejneining Esther the suggestion of section IIIo7.2 is snlteKLe« 

(XXX.7.2) 

15. Check the predictions of the various theories based on 1 

oharaeteristic function for «xperlaantal situatlodB stsdlar to the RAäI 

«xpexiaant. 1 ila prograa should be very closely tied In with tha soluri 

of problem U  and U.    (III.5,   ni.6,   in.?.!) 

16. Attempt to sake predictions regarding the eqnillbri.ua 

»Tlor In «lating but Halted ssd IsäLated eeocowie eitnation«,    f*» , 

13, U, ind 15 probably should be carried out first.    (Ill .9» 1X2, 

IIX.7) 


