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A. Introduction

COnsider a,layer of fluid of conductivity o
~bbunded at the surﬁages 2 =0 and z =t by semi»infinite
insulating medié. ‘Leﬁltwq_éaréllel bare metal- :
éylindrical electrodes of radius a,;where a <3< t, lie in
the'sprface’z =0, at x = +R, extending from y = O té

y =L. A low—frequency generator fﬂeds the electrodes

at the ends y = 0. See Fig. 1.
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Now, introduce a relatively small sphere of radius
ro and conductivity o in the reglon between the
electrodes, in the plane z = 0. The electrodes will
previously have\prodﬁééd“a current field, and thérefgréu‘
an electric field, in this region; éﬁd-the presence of the
sphere will prodﬁce a distortlion in this electric fleld.
It is the problem of this report to calcﬁlate, under
suitable restrictions, the resulting chahge 6f eléctrie
potential at the points A, B, C, D, where A, B, C, D
f&rm a square arfay between the electrodes, in the plane

z2 =0,

To arrive at the flelds by the complete solution of
Maxwellls edﬁations for thls special case would be
extremely laborious. Instead we shall assume (1) that the
frequercy of the generator 1s so low that a direct-
current approximation is valid, (2) that the potential ~
aloﬁg the feeder electrodes variles very slowly with y
8o that the fileld in any transverse s11ce ¥y, yv + dy,
may be obtalned under the assumption that the electrodes
are equipotentials, (3) that the electrodes are

infinitely long so that end effects are negligible.

With the above assumptions the primary fleld may
be obtained very simply from previous work of
1)
D. D. Foster (TR 12)( who has worked out the direct-

currsrt flow across z long conducting strip due to
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equipotential electrodes along opposite sides. The
field wlth the sphere in place is then given, in the
d.c. case, for any point outside the sphere, by the
sum of the primary field and the field due to a dipole.
of;a certain strength with its center at the center of
the sphere {the sphere imagined removed) and its
direction parallel to the direction of the original
fielé. The strength of the dipole is simply related

to the strength of the primary; or 1nduclng, field in
its neighborhood.

Proceeding 1in this way, we hope to obtain an

order of magnitude calculation for low freqguencles.

B The Calculation

Let t = 10 meters
R = 100 meters
L = 300 meters

o = 3 mho/meter

* Note that, since the medlum is conducting, there can
be no accumulation of charge in the d.c. case. Thus
we have. not an electrostatlc problem, but a steady-
current problem. The dlpole may be regarded either
as an electric dipole or as a current dipole, the
two belng related through the conductivity of the
medium. We supgest that thinking in terms of a
current dipole tends to less confusion.
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Let the locaticns ¢f the points A, B, C, D be

A: x §7+5b m ¥ y = lOO.m
;B: X % 750 m : y =100 m
C: x =+450m ¥y =200 m
ﬁé-' X = ~50n ¥ =

200 m

In TR 12 it was found convenient to assume
electrodes of sémi-circular cross-section. The
eleptrodes in the actual case to ﬁhich we wish to
approximate are CO00 gauge copper_cables with a roughly
circular cross-section of outside diameter 1.33 cm. We
shall asgsume for simplicity that the bhest choice of
rading for the seml-~cylindrical electrode to gilve a
reasonably equivalent spreading resistance to the
actual case 1s that,raQius which will glve an equal ex-
posed periphery in the conducting medium. Therefore

we choose the radius of the seml-cylindrical electrode

to he
22 :
a=1.33 x 10 meters

Since the electrodes are fed by the generator at
one end they may be regarded as & parallel-wire trans-
migsion line. The d.c. transmission line equatiohs for
the voltage V across the lines and the current I in the

lines are
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W = (P(l (1)

-%-I— ==gV (2)
y .

From handbooks we obtain a value for A, the average
fesistance_per unit length of the tranamission line (or

of two meters of 0000 gauge copper cable) of
-}
R =3.2x 10" ohm/meter

From TR 12, p. 10, we obtain the shunt conductance per

unit length of the transmission line

4

zfn/f_ﬁ%)w(_%ﬁ)] b (3)

= 0:/728 m/u/mefef-

i

If we neglect any correction for the termination
of the line at y = L. we obtaln for the solution of the

transmission line equations

—(R&)
l/:%e(é)y (4)

Substituting the values for %Q and d%

3

= e

\Y
-
o

Values of V/Vo for various values of y are shown in column 2,
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Fiz. 2. It will be seen that the value of V/Vo at

ya L is not ent_iréijnggl{gible, being about 1/7 of
_fhe input voltage, and therefore that an appreciable
end effect might be expected. However, oa account of
the tendency of ‘the current flow lines between the out-
ward'énds of the electrodes to spread out into the
medlum, a better approximation to the terminal con-
ditions probably would be to assume.some_gigiﬁg
terminating conductance rather than to assume an open
end, and thus the 1gnoring of end effects altogether

mey be as Justifiable an approximation tc ma2ke as any.

TR 12, p. 9, gives, with a gimple substitution,

(TR
E :..—am[ cint () ]
.
T ek (BR) — cond (TE

for the electric flelid anywhere in the plane z = 0.

This formula was arrived at under the assumption that the
electrodes were equipotentials. But, proceeding asz out-
lined in part A, we merely substitute V from equaticn (i)

for Vo in equation (5).

A further simplification can be made if we note that,
exceht for points near the lines {x = + R), the square

bracket in (5) is of order unity. Thus, if we restrict

{5)
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ourselves to ,xl é; 75 meters, we have, with

negligible error,

Yy
-V ~(RE) "y
A g R0 L P

that 1s, E 1s independent of coordinate x, for | x) <3<

75 meters. Substituting numbers,

.
.3 =64 x 10 "y .
E =4.27 x 1670 e . by (6a)
"ﬂi :
The values of E are calculated in column 3 of Fig. 2.
o
Now it may be shown that the monent-of the current
dipole due to a perfectly conducting (p.c.} sphere of
radius ro in a uniform conducting medium 1is given by
3
= I O'E
Moe. = #7% (7)
and the moment of the current dipole for a perfectly
insulating (p.i.) sphere is
: b A
P, = =25 o - (8)

o
‘ The use of equations (7) and {8) is complicated by
the proximity of the spnere to the insulating dboundary,
the plane z = 0. The correct procedure may be made clear
by the followlng argument. Consider a conducting sphere
in a uniform field E, the fleld being Iin the x-direction.

The resulting field configuration will be symmetriczl
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with respect to a plane through the diameter parallel
to the x-directlion. The same configuration as far as
a point in the upper half space is concerned will be
given by the theory of images if one considers a half-
sbhere in"a field E resting on a perfectly reflecting
plahe. That 18 to say, where we have a reflecting
plane, the correct result for the dipole strength in
the region above the reflecting piane will be given by
formulas (7) or (8) if we postulate that the obJject
resting on the plane z = 0 i8 a half-sphere of radius
r,. When the object introduced in the actual case is
some other shape it seems reasonable that the best
approximation should be reached if the hall-sphere 1is
chosen to have an equal volume. Thus if we introduce
in the physical case a sphere of diameter one meter

(radius 0.5 m) we choose v, 1n equations {7} and (8)

to be

L= &}CE- x OS5

Therefore we have, for the physical sphere cne meter in

diameter

3
Mo = gmxe(o5)orE
{72}
= o &
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s R P 3. Gt 4,
v V/Voze-o,oosuy E/vbc.ocuzjg' My.c. {%5)236.25x10“¥%
;cm e

0 1.0 4;27x10"3 . 2.67x10~

25 0.852 3 64x1073 2.27

50 0.726 3.10 1.94

75 0.619 2.64 - ' 1.65

100 0.527 2.25 : 1.41

125 0.449 1.92 1.20

150 0.383 1.63 l.02

175 0.326 1.39 0.87

200 0.278 1.19 0.74
225 0.237 1.01 0.63

250 0.202 0.86 0.54

275 0.172 0.73 0.456
300 0.147 0.63 0.354

Fig., 2
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We need consider only the perfectly conducting sphere,
‘since the values for the insulating sphere are simply

half in magnitude and opposite in sign.

The po tential of a current dinole of moment M,

located at (x!', y', 0) is, from TR 18 s P b,

B=L1 e= ,
s Z‘”[x 2Pt Cym Vot (2 - amf)f"2 !

2
— M. ') 12
gmo'2T
where
)
/ \ (%)

I

(10}

,,g:.: [(o;—-tx’)z_,_ yty)j}_ zt" )zr/a

}Zg ; the function Bji(x, ¥y, 2) for x' = y¥ = 0 has been
computed by Mrs. Lois Edelstein by methcds developed in

TR 18. For other values of ! and ¥, @&‘ may be
obtained by simple translation. IMg. U records the
values of }J‘ at the points A, B, C, D, in the

following way. A plan view of the configuration is

drawn, divided into 25-meter squares. The center of
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each square marks the point at which a dipocle has

been posited for the computation of its potential field
at the points A, B, C, D. The relative values of the
poteniialis, that is, the values of i at
points;, are recorded in the four quadrants of each._

square, as shown in Filg. 3.

} :
|
| [
Y (A) | Y (B)
25m b é;} _______ é— marks point
| (x'",y?,0), the point
i of locatlon of a
}9&:) : 'pé(io sphere.
|
Y |
e 2 57 )

It remalns to mul each number of Filg. U by the

piy e
2
appiropriate value of é;l./éi ) to cobtain the values

of 95 , the potential due to a conducting or
insulating sphere in the conducting medium. Substituting

from (7a), for the perfectly conducting 1 meter sphere,

i (L__) _ ek E?é;)z

47 Lo

= §-25 « /0-45

{8ince t=10 mj
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The values of this, in terms of Vo’ for various y,

are listed in Fig. ? column %. The values of & .
: (] W

in terms of Vo, are displayed 1in Fig. 5, simlilarly to
Fig. &.

(o Limites of the Results

The potentials at A, B, C, D due to the introduction
of a sphere can vary, as noted, from the values in
Fig. 5 for a perfectly conducting sphere, to values of
half the magnitude and opposite 1n sign for a perfectly
insulating sphere, with, of course, the pcsgibllity of
zero values for a sphere of average conductliviiy equal

to that of the surrounding medium.

Otherwise, Tne potemviais depena Tuly @

4

value of ¢ chosen for the conducting medium, for a
constant yb, gince it can be seen that ¢~ cancels out

from the equaticns except where it appears to the 1/2

-

power in the exponent in equation (4). VO will not be
constant with o , of courge, il a generator of

finlte impedance 1s taken into account.

Errors due to the assumption of zero lreguency may
be cxpected to become appreciable when {a) the series

inductance ol ihe electrodes begins to play an lmportant

part in the propagation constant of the transmission 1in
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(the series inductive impedance becomes equal to the
serles resistance at about 12 ¢/s), (b} the skin

depfh of wave propagatlion 1n the conducting medium becomes
comparable wWith the dimensicons of the system { the
frequency for a .skin depth of 10 meters is 840 c¢/s,
that for a skin depth of 200 meters is 2.1 c¢/s).
¥hich of these rough criteria would be the best index

to the different behavior at higher frequencles must

awalt a more detailed 1lnvestigation of the A. C. case.

. 4 M&;

M. 3. Stelnberg

[ o/ Qoctrc,

" R. W. Jackson
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