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Symbol Definition

n Propeller speed

N Engine spsed

P Power input to propeller

Pa Ambient air pressure

Q Torque input to propeller

& F/R

Sa. Distance from take—off to 50 feet

Sg Length of ground roll

Sgw Ground roll with headwind

580 Ground roll corrected to zero wind

ty Time in air phase

t‘Ra Time of ATO operation in air phase

tﬂg Time of ATO operation in ground phase

v True ground speed

Vo Value of V at take-off

V50 Value of V at 50 feet

v Mean speed during phase (ground roll or air phase)
W Airplane gross weight

W Headwind

Xe Angle of steady climb

3 Ambicnt air pressuro/standard sea level pressure
5 Air temperature °K/288

o Air density/standard sea level air density
sin b Slope of runway (positive for uphill)

Subseripte "s" and "t" refer to standard and test conditions respectively. The
prefix & indicates the correction required to bring the test value of the param-
eter to standard.
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INTRODICTION:

1. In the presently used method of standardizing the take-off performance
of piston engined airplanes it i3 assumed that the excege of thrust power over
drag power on or near the ground is equal to (or at least proportional to)
that in the air., Also, it is assumed that during the air phase of the take~off
this excess thrust power is used only to raise the airplane to 50 feet, the
usual increase in kinetic energy between the takeoff and 50 feet being neglected.
with increases in loading and in take~off speeds, both of these assumptions have
become untenable.

A revised method is developed in this report which does not require
the above assumptions. The method is readily applied Lo alrplanes with propeller,
jet or mixed propulsion systems.

FACTUAL DATA:

2, Basic Relations:

2,1 Ground Roll: The equation of motion for take—off from a level
runway in zero wind may be written:

Sg = ds

i
L_/‘\
——
A —
+ie
\\
T
1<
et
[l
<

- W Lﬁvr_vijgih (2-1)
= y o 5
where D ~ Total resistance, including tire friction

F w Total net thrust

S = Distance from start of run to speed V

Sg — Distance to unstick

t — Time

v = True speed

Vp - True speed al unsilick

(Corrections for wind and runway slope are considered later.)

To adjust the observed performance to standard conditions we wish to know
how Sg will vary with air temperature and pressure, alrplane gross weight and net
thrust. To do so directly from equation (2-1), would usually be tedious. For-
tunately, for purposes of performance reduction it is permissible (and customary)
to approximate and_,to work with a "mean excess thrust'", which would, if applied
throughout the run, give the same ground roll. To reach a aspeed VT in a distance
Sg with a constant acceleration would require an acceleration of VT2/2 Sg. The
mean excess thrust is therefore given by:

3
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mean excess thrust w WV§/2g Sg (2-2)

The actual excess thrust changes steadily as the speed increases, so the mean
thrugt will bhe onu“ﬁ ts the actual axeens thru at some SpOGd V. Than if?

4+ vl L8 Qluvuaa GALTSOS [ 4

ard D are the thrust and total resistance a V

vQ
& - 77 FIT

i :+

It is showh in Appendix I, that & close approximation to (F - D) is obtained by
assuming that:

With this assumption, the effect on take-off ground roll of changes in test

conditions may be deduced from equation (2-3) and the associated changes
in W VT, F and D

2.2 Air Phase: The equation of motion for the air phase with zero wind
may be written:

Saq
Sa = fl')
)
‘Vsl' .-
l'>,_ \_A'«L' B
- S % n[t// At (et (2-4)
v
1
where 3 = Distance from unstick point
Sq = Distance from unstick to 50 feet
t = Time
E = Total energy of the airplane relative to its
energy at the start of the ground roll
Now E = Wi( { V2 V) (2-5)
where h = height above start of ground roll
also 4 = V (F-D) (2-56)
dt
Substituting from (2-6) into (2-4) v’
\ "(( ( -+ g \
{ vde R AL__
Sa = JF D)V F - (2-7)
As with the ground roll, we may approximate, writing
s, = wW(so+ h) Sow s hy, (2-8)
F -0 N  ““‘
where F, D are mean values of F and D and ﬁv o (v )/j( .

It is not possible, in this case, to be ve wrecise aboul, the conditlons under
p ’ ’ ¥

b
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which the actual thrust and drag will be equal to the mean values. However,
the speed range is not great and its effect on F and D will be slight. It
will Le assumed that F and D are equal to the values of F and D at the speed
attained at 50 feet (in the classical take-off wilth a climb away at constant
speed, this is the steady climb speed) and a height of 25 feet. It is of
interest that on large airplanes the ground effect may persist fairly strongly
even at 50 feet. However, this need only be considered in setting up the
method. It need not usually be considered in its routine application,

3. Speed at 50 Feet Altituds:

It is clear from equation (2-8) that the effect on air distance of any
parameter such as air density will be strongly influenced by any change of hv with
that parameter. Let us examine the relation between take-off speed amd the speed
at 50 feet,

If the airplane leaves the ground at the maximum safe 1ift coefficient
it has at that instant insufficient 1ift available to change the direction of
flight. It will, however, continue to accelerate and as it does so, the available
1ift will increase aind enable Lhe alrplane Lo change its direction of flipht, say
t.o that at which it can climb at constant forward speed. However, unless the
remainder of the climb to 50 feet is a zoom with speed decreasing, some of this
gspeed increase will necessarily remain at 50 feet, If the unstick is delayed to a
speed higher than the minimum the airplane can be brought up into the climb more
sharply, and the speed change lessened, but even then & fairly drastic maneuver
would be necessary to bring the speed at 50 fest back to the unstick speed. Such a
maneuver would be unusual except with light arnd docile airplanes,

Present take-~off speeds for high performance airplanes are high enough
that this change in kinetic energy between unstick and 50 feet is between 0%
and 70% of the total energy increase, only 30% to 40% being used to increase
altitude, It is, therefore, necessary to decide how great the increase in
kinetic energy is and how it varies with test conditions.

As a matter of interest, and to fix ideas,let us first consider the
type of take—off in which unstick and transition are at constant lift coefficient
and the remainder (if any) of the climb to 50 feet i3 a straight climb at constant
speed. It is shown in Appendix III from an approxirate analysis that in such a
case:

Vso = Vp (1 /_>_{c__) (3-1)

where Y. is the angle of stsady climb at the eventual steady climb speed VSO
The total horizontal distance is Sovered then (Appendix III)

s - 50 4 VT (3-2)

a P

If, as happens when the ratio of thrust to weight is large, the curved part of
the f1ight path is not completed at 50 feet, a more complicated relation gives
the speed of 50 feet. The value of hy /h, # 50 given by this type of take-off
ig shown b, the full curve of Fipgure 1A. The straight portion refers to these
cases for which the transition is complete before 50 feet, tle curved portion to
those for which the airplane is still on a curved path at 50 feet, The chain

g
/
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dashed line is an empirical adaptation of the theory,derived by the British
around 1940 and applied to take-offs for which tie aim was to achieve "the

minimum distance compatible with safety". As an illustration, the ratio of

the speed at 50 feet to the speed at take-off, has been computed from a number

of test take-offs and is plotted in ligure 2 against the available angle of

climb (i.e. the excess of thrust over drag, divided by the gross weight). It
will be seen that the trend to more increase in speed between take-—off and

50 feet at higher values of Y. is present, not only for the points as a wholc,
but also for most of the individual airplanes. However, no definite trend is
apparent for medium propeller airplane No, 2. In the case of the airplane with
fixed pitch propeller, most of the take-offs were ended by zoom climbs to 50 feet,
and a subsequent reduction of the attitude to that for a steady climb, to achieve
the minimum distance. Such a maneuver could hardly de considered practical
except on airplanes of that class with a gentle stall, The two taxe-offs by that
airplane using a more normal technique tend to agree with the other airplanes,
The data as a whole, tend to follow the DBritish empirical relation.

If the 3ritish relation between V /V and ). were accepted instead of
the presently used assumption of constnnt Tgft coefficients at take-—off and at
50 feet it would markedly reduce the effect of changes in thrust, density, or
weight, on the length of the air phase. For example, if the standard value of

Yc were 90% of the test value due to thrust changes, the standard speed in-
crease between take-off and 50 feet would thereby be reduced to 90% of the test
value. For an h, of 100 feet, this would result in a change in air distance to
(equation 2-8):

ey, 4/ 4-\5 X Sat
¥ 04 I,
5 t
= 1 50 £ 9% S - 1.04 5.
0.7 50 4 100t *t ' ‘

whereas the assumption of constant 1ift coefficients at take-off and at 50 feet
would give

X

~t 3 =1 S = 1.11 S5

L1 ot 0.5 %t t

The present writer has the opinion that the British empirical relation was

a good assumption when it was made, and that the basic trend which it represents
still exists, There are a number of factors, however, of increasing importance,
which tend to reduce its vresent suitability, The older tail wheel type of
landing gear never forced a delayed take-off, whereas tricycle landing pgears
sometimes do so and "bicycle" landing gears leave the pilot little control over
unstick speed. Also, with modern airplanes operating from good runways, it is
likely to be economic to delay unstick and use the excess speed to zchieve a
sharper transition and a shorter air path, because the drag on the ground will
often be lower than that in the air, With bicycle landing gear in particular,
it would seem reasonable to trim before take-off for a desired climb 1lift co-
efficient, 7The airplane would then unstick when aerodynamlc forces were sufficient
either to 1ift the airplane in the ground attitude or to pitch it to a greeater
attitude sufficient to 1ift it. <Cases such as these, ftzken with the increasing
need to rely on the airspeed indicator, rather than the "fecl" »f the airrlane as

6
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data by vhich to judge how to take off, sugrest that an assumption that the
1ift coefficients at 50 feet, and at unstick, are constant during the reduction
process, 1s probably the most rcasonahle to use. It enables the quoted take-
off performance at a given gross weight, to be assceinted with a specific speed
at 50 feet, which will be independent of air pressure and temperature., This
assumption will, therefore, te adopted for this Meport.

4, Performance Reduction Fauations:

4.1 Ground Roll: Using equation (2-3) we may consider the effect on
5, of moderate changes in air density, thrust, and airplane gross weight. This
may be done by using the equation directly or by differentiating it with respect
to our variables. Let us first consider direct uss of the equation., It is shown
in Appendix I1 that if unstick is at constant G,

s : .
& _ W & /{ LG Oy [ We = = |
A Rl G AR RS B
(g

where subscripts "t" and "s" refer to tust and standerd conditions regpectively,
This form is intended primarily for machine computing of the corrected take-—off

performance of jet propelled cirplanes. It reuuires evaluation cf the test and
standard thrust, which presents no great difficulty with the jet airplane but
could be inconvenient with a propeller driven airplane, It would be a little
clumgy for desk computing, but it has the advantage of being more accurate for
large corrections ihan a differsntial methiod. As F varies only slowly with air-
speed, it is usually sufficient to write F = U.94 x Fg, the static thrust.
Alternatively, we may differentiate equation (2-3) with respect to our variables.

Assuming again that take-off is at constant CL’ we have Vi proportional to W/

and hence i

W ( 1
> T =TT T -2
Ss &gv’ F - D (4-2)
This being so, it is shown in Appendix II that.
D sg A T Ly NG )
= W + = 5 ; - — - g ’l+ '_”'-_})"*;*_ }
Sg, Wy, {Q oy % Fe TS (4-3)

where the terms in AW and Ao’ give the effect of W ando " on §_, at constant

F. Changes in W and 0" will also, in general, affect S_ by chénging F, but any
such effects will be accounted for in estimating A F. “If weight corrections are
small, it would be convenient and legitimate to substitute Wy for W alove.

This relation is general, being independant of the particular method of

propulsion. It is quite convenient to use, if, as seems likely, generallzed
values of D/kF-D) can bs used, This and the estimation of[SF/Etfor propeller
driven airplanes are considered later.

An alternative form of equation (4-3), derived in Appendix II is
E o

b
S 2 +FIG . L omee— s
IR \ ;. [ = -
B _ [ W) Tt /Jn \ (4~3a)
oo (M ()
. t o \ |

S
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This form would be a little more accuratc for large corrections, being equiva-
lent to a step br step application of ecguation (4-2).

h,2 Alr Phase: For jet alrplanes when mechanized computing is used;
or possibly when the depurture of test conditions from standard is rather large,
it is profitable to use a relation similar to equation (4-1). It is shown in
Appendix II, that if the 1lift coefficients at unstick and at 5C feet are un-
chenged during the reduction process, we may write

Sa ts %fl to, 5()
S - .S SE RAL SO s (/4.-1;)
S A — N )(‘( l‘.‘ S(lt r,
a _ 5 () - D t
t (l__ V.;( + ~ (~ 1 \A ‘—T':rt-—

where S, is the distornce covered between unotlcx and 50 feet, and, again,
subscripts "t" and "s" refer to test and standard conditions respectively.

For propeller driven airplanes, and in general for desk computing, when the
differences betwean test and standard corditions are not too large, it is again

more convenient to work with an ejuation derived by differentiating the basic
relation. It is shown in Appendix II that:

NS .
2 Aw (14 D 4 by
S Wt F—B hV ; 50

ag
- AF {1 4D 2
A F-D
BN B M (4=5)
i 2 h, £ 50 f

Ac-ain, as with esuation (7=6), the terms in AW and Ac'give the change of 3.

with W and 7~ at constant F; any cffect of cnanses of w or 7 on F must be
included in A F, As with the ground roll cise, the relation is general, being
independent of the metihod of propulsion used. The relati-n is cuite easy to
apply, provided that AF/Fy and the values of b, and D/(F-D) are readily estimated.
These matters are considered later.

Equation (2-3), as (:-4), can also be written in exponential form

5y e, " N,
8 - ( W ) ) / ) R < Fe (4-5a)
S - ‘\V/t NI e

ay,
This form, like equation (2-Aa), is a lititle more accurate for large corrections.

5. Ratio of Mean Drapg to Mean Fxcess Thrust:

If, in either the ground or air phase, F is readily estimated, then the
ratio of drag to excess thrust renuired to apply equation (4-3) and (4-5), may be
deduced from the relations
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b - _F_ -1 (5-1)
ﬁ_'ﬁ F"-ﬁ
and F-D - wvi&@g qg (5-2)
or F-D =W(hy# 507éa

for the ground rcll or air phase respectively.

This is what, in effect, is done in deriving equations (4-1) ard (4-4). However,
manual computing would be greatly simplified by assuming generalized values for
D/(F - D) for ground and air phases. This seems to be practicable. Table I
below, lists estimated values of this ratio for & number of airplanes, based

on values of (F - D)/W computed from test data and estimated values of D/w

(for propeller airplanes) or F/w (Jet airplanes). (An exception is the heavy
propeller airplane, for which the values are based on the firm's estimates of

performance. )

TANLE T
Ratio of Drag to Excecs Thrust

Airplane Type Ground Roll Air Phase
Light, fixed pitch (Zero Flap) 0.2 0.3

Light, fix;; pitch (50° Flap) 0.5 0.8

Light, constant speed (15° Flap) 0,2 0.5

Light, constant speed 0.3 0.5

Heavy, propeller 0.2 0.6
Medium, propeller 0.3 0.6
Medium, jet#* 0.5 1.2 Approx.
Medium, jet 0.3 0.9 Approx.
Fighter, jet 0.3 0.9

# Take-off accelerations very poor for the class of airplane.

It should be remarked that the estimates for the air phase are rather
rough, because the experimental values of (F - D) were usually very erratic.
This is a common feature of take-off data, which very probably results from
inaccuracies in the measurement of the airplane speads at take-off and at 50

feet., This difficulty 15, of course, an argument against the direct use of
experimental speeds (as in equation Z 4=L), where they are used to calculate

hy) .

On the basis of Tabtle I, it is suggested that values of 0,3 for the ground
run and 0.5 for the air phase be used. These would aprear to be representative
values except when the acceleration is very peor, (say less than 0.1 g during

9
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the ground run) when almost any correction method is liable to give results.
In such cases, particular care should be taken either to run the tests under
conditions as near as possible to standard, or to test under a range of con-
ditions wide enough to give a check of the reduction formulae.

6. Ratio of Kinetic to Total Energy Increase on Climb:

To apply equation (4-5), it would also be very convenient to have
generalized values for hy/(h, # 50), that is, the ratio of the kinetic to the
total energy increase on the climb,

In Figure 1A experimental values of hv/(hv £ 50) are plotted for a wide
range of types of airplane. It will be seen, as experience of take-offs would
have suggested, that the scatter is very large. It should be noted that it was
difficult to raise the nose wheel of the jet fighter in certain configurations.
The effect of this is illustrated in Figure 1B which presents records of two
take-offs of this airplane made at approximately the same gross weight. In the
one case, the unstick speed was slow, and the transition long, persisting almost
to 50 feet. This, in fact, agrees well with the theory outlined above. 1In the
second case, the unstick speed was much higher, the transition brief, arnd the climb-
away quite steep. These are typical of what happens with early unstick and late
unstick, respectively. It would seem, for a given speed at 50 feet,that the
latter may well become the more normal, and probably, the more economical type
of maneuver,

Equation (4-4) implies that hy, is computed from the test data. This is
probably the most satisfactory method if precision is desired, despite the
difficulty of measuring Vp and Vgy accurately. liowever, if desired, a rather
rough estimate of hy, could be made from generalized data. Similarly, when using
equation (L-5), computation of the test value of h, is probably desirable from the
point of view of accuracy. The weight error correction is usually small, so the
decision will be determined mainly by the size of the term Auyé;_. For example,
if test conditions were 2000 feet pressure sltitude and 35°C and standard condi-
tions were sca level 15°C [xﬁ/f; would be 0,13, An error of 0.3 in the value
assumed for hy/h, # 50 would then lead to an error of 4% in the corrected air
distance. If this order of accuracy is suffidient for correction over so large
8 range, as it may well be in many cases, then manual computation of the correct-
ion could be simplified by assuming, say

&

= 0.4 for light airrplanes

= 0.7 for other airplanes

]
I

The figure of .7 is a little on the high side for present airplanes and allows
for some future Increase in ratio., Wwhen machine computing is used the simplifi-
cation has little value,.

7. Thrust Correction:

7.1 General: The above equations give the corrections to be added to

10
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the test distances in terms of the corrections required to bring the test
weight, air density, and thrust to standard. These equations are independent

of the particular method of propulsion and can be applied to airplanes having
propeller, turbojet, rocket or mixed propulsion systems provided all of the
systems operate throughout the take~off. Assistance which operates during

only part of the take-off is considered separately later in the report.

7.2 Jet Propulsion: Estimation of test and standard thrusts for a

Jet airplane is fairly straight forward and little general comment can usefully
be made,

Rocket thrust does not vary with speed during take-off and the thrust of
the turbojet engine does not vary rapidly. Consequently, it is unnecessary
to correct the test thrust for the changes in mean speed between test and
standard conditions. With the turbojet engines, however, it is desirable to
estimate the test and standard thrusts at approximately the right speeds. It
is best to base these estimates on a measured test thrust and an estimated
correction, but failing thls, the mean thrusts may be assumed to be, say, 9L%
of static thrust if the air intake pressure losses under static condltlons
are not large. However, some care is necessury; for example use of an intake
designed for very high speed may result in a thrust which is relatively poor
under static conditions but recovgrs during take-off as the velocity ratio
(inlet speed/free air speed) becomes smaller. The engineer must use his dis-
cretion in such cases,

7.3 Fixed Pitch Propellers: Fixed pitch propellers are presently
found only on very light low speed airplzanes with unsupercharged engines. For
such airplanes it is proposed to approximate the reaction of the propeller to

change in operating conditions by assuming that:

a. The torgue coefflcient(l is unchanged between test and
standard corditions

b, The thrust coefficientgm varies linearly with advance diameter
ratio J, the slope being such that C, becomes zero at take-
aff rpm at an airspeed equal to five times the take-off speed

by
torque/ p ' d

where CQ -
2 4
CT -~ thrust/ 2 -
J = \//*nz,(
n = propeller rotational speed

d = propeller diameter

The engine may be at maximum permissible speed or at full throttle. In the first
case, reduction will be at constant engine speed and we will have

thrust o< o~ C

’I‘
dF = “* % (7-1)
F Cp

11
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It is shown in Appendix IV that with the above assumptions we may then write:

AF =1.1 L9 -0.1 OW
1 Ty We (7-2)

In the second case, of the full throttle engine, we must also make assumptions
about the variation of available torque with air pressure and air temperature.
It is proposed to assume that

torque available < Pa
a
With this assumption, as (:qis to be constant,
Pa 2
. oL P
a > 2

LM

o _l_q
that is,
- < ‘1‘-(;;
We then have (Appendix IV)
AYEE OHo AP DWW
e = bl —— & i — N A A -
- 7 — A (7-3)
t t
AN 1 AT (7-4)
N 4 T,

7.4 Constant Speed Propellers: It is shown in Appendix IV that
change of propeller thrust between tsest and standard conditions may be written,
in the absence of compressibility effects on efficiency: '

F AN Do FARN N Hw

F—‘t A ? -‘;t A Aq— a3 ¥ A N g\.‘. + h\v w«( (7"5)
where A , A, , An’ and A, are propeller functions. Generalized curves for these
functiogs in terms of propellsr efficiency v and advance diameter ratio J are
given in Figure 3, To use the figure an approximate estimate of n would be made
by comparing the power input to the propellers with the thrust power as given

by the observed acceleration or climb and the estimated drag.

Precise values of these functions are not required, it being sufficient to
estimate them within 0,1 or 0.2, Further generalization is, therefore, attractive,
To study this the positions representing the mean conditions during the ground roll
and the air phase have been estimated and mapped on the diagrams. (These points
are not, of course, experimental data. They merely indicate the position of the
particular case on the diagram). From inspection of these points it is tentatively
proposed to assume that

12
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AP = 007
A = 005
AN ™ #Oos

AW = =0.2

These numbers are tentative only, and should be checked from time to time.
In case of doubt, however, one may revert to the curves. Corrections for
engine spesed will usually be very small, so a relatively large error in AN
may be tolerated.

7.5 Mixed Systems, Including ATO and Turbo Propellers: Mixed
propulsion systems are quite straight forward to deal with when all components
are operating throughout the take-off and climb-away. However, one must know
what proportion of the total mean thrust is contributed by each group. For
example, suppose that an airplane had both propellers and turbojet engines;
then we may write

|
|
Y

‘>
E
-
~
o
| -
o

|

(7-6)

3
[
- -

Wi
i
‘1

where thrust from jet engines

thrust from propellers

-} *:r—“" w3

ot Fj + Ybﬁ

and Z(ﬁvﬁi may be estimated as in the preceding section,

The turbo propeller engine, of course, is usually mixed installation from
this aspect, as there is usually a small but appreciable residual jet thrust,
gmounting to about 104 of the total., However, experience may show that in this
case it may be accurate to assume that the jet and propeller thrust are in con-
stant proportion, so that

g

~
Vs
7

AF

F

|

-
=

(7-7)

iyl

8, Preliminary Corrections:

8.1 Clorrection of Ground Roll For Wind: Correction of the ground roll
for wind is presently made by the formula

X

Se
R“E?y - ( | + > (8-1)
o Vi
where 3g - ground roll in zero wind
°
Sg -~ garound roll with wind

head wind

(]

13
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VT = true test ground speed at unstick, with headwind

The exponent is usually taken tec be 1,85 or 1,9. This formula was derived

empirically many years ago, so it seemed desiratle to re-examine it. The
above ratio has therefore been computed over a range oftm/VT agsuming

(a) Acceleration decreasing linearly with airspeed
to:

(1) 80% of its initial value
(2) 4LO% of its initial value

(b) Acceleration decreasing linearly with airspeed
squared to:

(1) 80% of its initial value
(2) 4LOF of its initial value

The figures of 80% and 4LO% are representative of jet and propeller airplanes
respectively. The ratio so computed is plotted in Figure 4, together with
that given by the empirical equation. The curves for assumption (a) and (b)
were indistinguishable over the range shown.

It will be seen that the cases differ little up to very high wind speeds,
and also that the empirical formula agrees excellently. As its form is very
convenient it is, therefore, proposed to retain it.

8.2 Correction of Air Phase for Wind: The test air distance is
presently corrected for wind by adding the drift, i.e., the product of the
headwind and the time in the air phase. This correction is exact (apart from
wind gradients) and will be retained.

8.3 Correction for Runway Slope: An uphill slope sin ¢ will decrease
the excess thrust available for accelerating the airplane by W sin ¢ .

Following the method of section 2,2, working with a mean excess thrust, we
have equation (2-2).

T wtv %
est mean excess thrust - — L
2g Sg, (8-2)
Hence, on a level runway at the test weight, air temperature and air pressure
W2
Mean excess thrust = "t' T £ wt sin ¢ (8-3)
2g Sgt

The correspording ground roll, to reach the take-off speed VTt s Wwill therefore

be: 2 /¢ 2
,!.t_.__fvr \'l/_.f_ ._\/.l".S 4 \N/ < ?
Q95 i Aa S £ > Qb {
S ¥ q¢ )

S P L
t

(8-4)
14
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Thus, correction for runway slope is made by dividing lne test distance by

2gS
(14 B¢ sing$ ), where singfis the uphill slope.

VTt
8.4 Correction to Constant Cy;: If the 1if: coefficients at take-~coff

and at 50 feet are widely scattered, it"may occasionaliy ve d=zsirable to correct
the corresnonding distances to sclectoed values of the 1ift coefficients.

Ground Roll: The basic oquation for the ground roll is equation

(2-3)

N

v

3

(3-5)

o gl
o b=

y

lfb .

i
=

1
W -0

2
As the lift coefficient at take-of€ is proportional to W/VT correction is rmade
nrimarily by multiplying the test value of Sg, after correction for .wind ard
runway slop=z, by the ratio

v2 v 2
T T '
—_— =
\v 11} t
With jet cirplanes, the mean i

4
airpvlcones, however, the change o
tion (A-L4=7) of Apperdix IV we have

’ééE.: ,(é% 2y \)

But we are proposins to assume, section 7.4, that

N
0q

A; = 0.2

W

where from Appendix IV ecuation (A-4-10)

, AW = 1 (:L j%i, - )
2 K 3
. J 9 -
1.Ce. Y{ 3‘% - l :: - Og[«).
The change in S3 which resulte from the change in thrust is given in ecuztiorn (/-3)
by
AS — _
Frn= -[14 D ) AT
. Sg -y T_t
‘ eproduced Fg’;‘w )
i. e, with the assumption of saction 5 that Best A“a“ab‘e -
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we have
A gse - - 1.3 (-0.4) AVr
Sgt VTt
0.52 AVp
th
2
- 0.3 Q(KL.) K_Yj__) approximately
W W

t

as V is propprtional to Vq.

The complete correction of the ground roll to constant take-off 1ift coefficient
is therefore given for propeller airplanes by

RGN IREE 1y

(%)
= 14£1.3 (VY) approximately (8-6)
I
and for jet airplanes by Wit
S \J?
5s :(321‘_> /<T;) (8=7)
S W : t
&,
For mixed propulsive systems which include propellers AF must be evaluated
separately. Then ?E
2
v
S _J:) —_
W/ F
S (V F
g - . t
t )

Air Distance: The basic equation for the air distance is

equation (2-8)

Sy = W (50 £ hy)
—F-0

The primary correction to constant 1ift coefficients is made by allowing for
the change in hv‘ We have

hy = Vgg - V% in consistent units
A 28

The most straightforward attack is to compute th gnd hv using the relations
8 .

16
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Then for jet airplanes no thrust correction is required and we have

S, S04 hy
5 = s

S 50 £
% hvt

(8-8)

with propeller airplanes, the thrust must be corrected, as for the ground roll,
By a similar analysis, we have, since we are taking as mean spe-d, the speed
Vso at 50 feet (Section 2.2).

S # 4 A/_\isg\\ 7
a 50 + Ry w_/ t
8 = 1y Tty 8
: m:{‘+05 [ (8-9)
a4 : Wt
Again, for mixed propulsive systems using propellers AL F must be evaluated
gseparately and substituted in the equation t
2
N \
Say " 50+ he | NG N
= PRETUL] A St e (8-10)
sa 5‘04’ v i (___f:\l F’t
t, € W }t

Where the factor 1.6 is the value proposed in section 5 for(l £ D )
F-D

Part Time JATO: Correction of take-offs in which ATO is used for
part time, which is examined in the next section, is inherently complicated by the
fixed emdurance characteristic of the usual rockets. As correction to constant
1ift coefficient is rarely needed anyhcw, it is not considered desirable to treat
this case here. If desired, any particular case can be dealt with by an adaptation
of the above analysis and that of the next sectioen.

9. Part-Time Assistance to Take-Off:

As has already been remarked, rocket assistance over the whole of the
take~off is no different in principle from any osther method of providing the re-
quired thrust, Many ATO units are, however, of limited endurance and are operated
only over the last part of the take—off, when their assistance is most helpful, It
is this "part-time" feature of ATO which necessitates a separate treatment.

To make use of earlier analysis it is desirable to convert the actual thrust

F, of the Atv into ar effective mean thrust FR' It is shown in Appendix V that
tgis may be approximated satisfactorily by means of the equation

17
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Fp (9-1)

"
O
=

where

distance covered with ATO operating

Sr

S

total distance covered during the phase

Consideration will be given to standardization to twe cases only:
a, ATO stops as airplane passes 50 foot screen
b. ATO stops as airplane takes off

(a) will be the more usual case, but (b) may be needed for the case of a short
runway with no obstructions ahesad of it.

Consider first the air phase. The ATO units will probably be fired too
early or too late to burn out at exactly the desired point, so correction must
be made, The test mean thrust is deduced by inserting test valueg of FR’ Sp»
and S in equation (9-1) above. The standard mean thrust is also easily deduced,
as the ratio Sp/S will be equal to unity in case (a), and zero in case (b).
Standardization is then effected by substituting these mean thrusts in equation

(4=5).

Now consider the ground phase, Again, the test mean thrust is readily
evaluated using equation (9~1). The point at which the ATO is fired under
standard conditions, must, however, be adjusted to make it burn out at 50 feet
or at unstick, as desired. To do this, we first estimate the firing time under
standard conditions during the air phase. In cawe (b) this is, of course, zero.
In case (a) we may approximate it by the equation

tRas = 255, /(Vpy # Vsp,) (9-2)
when tRa -~ JATO time in air phase under standard conditions,
]
S, = standard air distance
s
Vp - standard take-off speed
8

V5Os - standard speed at 50 feet

If now, the time for which the ATO was operating in the air phase during the
test was tp, , we must correct the test time of ATO operation in the ground
phase by adding to it

tp = tRat - tRaa ° (9-3)

(The thrust and endurance of the ATO units may be assumed equal under test and
standard conditions.) Allowing for this, it is shown in Appendix V that equation
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(4~3) may be adapted to give the form

[SSg
Sgt,

where R

D
53 Zl;q
' ]

R -

- . Q-3 AW
R
- 07 AN ‘a8

{I T wRC :-3} o
- L3 Aty

R~ _—Ew"x

Kat. _

- . 171 AF¢

{1+ gt - (5-4)
= F/Fh

total mean effective thrust

effective mean test ATO thrust

correction to mean thrust of basic
propulsion systems

test time of ATO operation during ground
‘phase

This correction process is quite a little more complicated than that for take-~
off without part time assistance, but the complication is not too formidable.
It would seem inevitable at the present time.

10, Combined Formulae for Propeller Airplanes:

For airplanes using propeller thrust only for take-off it may be con-
venient to substitute from the proposed generalized thrust equations (7-23 or
(7-3) and (7-5) into equations (4-1) and (4~5).

Recapitulating and inserting the proposed values of hv,‘EY(fh-'ﬁ) and

so on, we have

S 5 —
L% - 2.3 Ay - L s 8L (10-1)
Sg t ot Ft,‘
t
s 5 —
LSy _ 54 evl o8 ¢ AE (10-2)
Sg t t t
t
for all except light airplanes.
Aw Ac” ; OF
- 2,0 2Y _ o250 G 22 (20-3
for light airplanes.
Also, for fixed pitch propellers
A T -
af o 11489 L g, oY (10-4)
Ft {'t« V\/‘f: . ed
' at constant engine spe
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— o ,
M = 1.l LT + o.qé_t‘i -0 AW
Fy o Tay W

at full throttle

while for constant speed propellers

AF = 0.7 &Y 4 0gBZ _or . gy Ay
¥, t Y Ne Wi
Substituting, as appropriate, we have:
Light airplanes with fixed pitch propellers
At constant engine speed
s, Aw _ Ao
= 2-‘& T - ‘?'L\""—a:”
S We ¢
8
and .
A5 - 2.2 AW g5 AT
S W o
8
at full throttle
S N
B o A g4 85 v os-BE
Sg t t 2
t
S - T
DSg o 2.2 AW g BT AT
f W‘t Tt T“t
g
Light airplanes with constant speed propellers
AS FARWYS -, Ao -, AN AP
B =26~ — | — O =
S We % / Ne e
t
AS Hw Hot AN AP
a =232 — Q%o - O =
S, We “e Ne Pe
t
Heavy airplanes with constant speed propellers
DS D FaXoag L AN . AP
g= 2.68% _ 780 . 55 &N oA
S w’c 7 O/t / N(’ ?’t
8y
ASa - 2.6 AN {;.f: 0% ‘_'3;;1'}’ - %E_
S, We t & €
t

Large Corrections:

(10-5)

(10-6)

(10-7)

(10-8)

(10-9)

(10-10)

(10-11)

(10-12)

(10-13)

(10~-14)

If rather large corrections are involved ( ICBS’>O.2 St) it may be
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preferable, again, to use the exponential form similar to equations (4-3a)
and (4-5a). For example, instead of equation (10-13) one would use the
alternztive equation

Sg 26 / -~z -07 r0‘7
S SR ey [ s (10-138)
S ( We > & Yt < N ) e )
“t

11. Non-Dimensional Methods:

"Non~dimensional" methods of performance reduction are in general use
for reducing level speed performance tests on turbojet airplanes to standard con~
ditions, Consideration of their use for take-off reduction is in hand as a sep-
arate project, but a brief general discussion would be of wvalue here.

Making assumptions similar to those used above, of constant lift coefficient
at unstick and at 50 feet it can be shown that

¥ - BZ('_’ A (11-1)
6 s 28
where S - distance to unstick or to clear a screen of height
(50/0)feet.
F = total net thrust
¥ - airplane gross weight

6 = (air temperature °K)/288

'

§ = air pressure, atmospheres

With the simple turbojet airplane we can substitute for F/5 in terms of NA'g,
if desired, and write

2 Z)éz <*__ﬁ W ) (11-2)
) w 7 %

Thus, if the ground roll and distance to (50/8) feet were measured at the stan-
dard values of (N//@) and (W/§) the standard values of ground roll and distance

to 50 feet could be very readily deduced. Alternatively, these standard values
could be deduced by interpolation from tests made over suitable ranges of N and

W,
With propeller airplanes also, substitution for ?78 is permissible since with a
propeller at given Mach number

A (2, %) (12-3)

The mean Mach number of each phase is unchanged by test conditions if the 1lift
coefficients and W/% are held constant, so we may substitute from (11-3) into
(11-1) and write

S 7 [N
5o Gl oo y)
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Hence, the standard tests could be deduced directly from tests at the desired
values of the above three variables, or by interpolation. To be able to do
this one must be able to vary‘%/é independently of N/A/@, This can be done with
the usual piston engine installation with constant speed propeller but will be
impossible with some turbo-propeller installations with single coordinated
engine contrecls,

It should be noted that in the above it is assumed that the 1ift coefficient
at height 50/8 feet is unchanged in test conditions, whereas in the earlier treat-
ment in this Report the lift coefficient at height of 50 feet is assumed constant.
However, these assumptions will usually be identical,

It is not proposed to prejudice conclusions of another project by extended
discussion here, but certain preliminary conclusions are readily drawn. Firstly,
the method 1s very attractive if it is in fact practicable to make tests at the
desired standard values of the independent variables, as the reduction process
then amounts only to dividing the test ground roll and distance to (50/8) feet
by the test value of 8 , Secondly, if precise control of any one of the variables
to the desired standard vzlues is not practicable, tests must be made over a range
of that variable to permit interpolation. The poor repeatibility of take-off tests
may make it uneconomical to do this, at least if tests are to be made over a range
of two or more variables, unless final data are alsc required over a range of
variables, for example, of weight, pressure, altitude, and air temperature. When
tests and reduced data are both required over a wide range of comditions, however,
the technique again appears very attractive.

12, Verification of Formulae:

The reduction formulae have been checked:

a. Against tests over a wide range of pressure and weight, on a
light airplane with fixed pitch propeller.

¢ b. Against tests over a wide range of weight on a medium
propeller driven airplane,

c. Against tests over a wide range of weight and a range of
power and air temperature on a heavy propeller bomber.

d. Against tests over a wery wide range of air temperature,
air pressure, and a moderate range of weight on two jet
fighters.

e. Against design firm's predictions over a wide range of weight,
alr temperature and air pressure for a medium Jet bomber.

Light Fixed Pitch Airplane: Take-offs were measured on this airplane
from & runway at Edwards and from sod near sea level, The test air temper-
atures were very close to standard, so the data give no check of that correction.

They do, howasver, indicate the suitability of the pressure and weight corrections.

Corrections for pressure were made using formulae produced for the particu-
lar airplane bsfore the generalized equations (10-7) thru (10-10) were available,
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The relations assumed were for 20° flap,

5 P,
8, t
and
DS, L 2.0 DP
S P
& 8¢

These factors, 2.5, and 2,0, compare with 2.4 and 2.2 in the general equations.

The differences are not significant, as they correspond to about 1% of the
ground roll (3 ft) and 1-152% of the air distance (3 ft). The distance to 50

feet so corrected, is plotted against gross weight in Figure 5 for concrete
and sod runway. tt will be seen that the distance to reach 50 feet from the

concrete runway is, after correction to sea level, about 20-30 feet less than
that from the sod runway. This difference, about 10% of the ground roll, is
roughly what would be expected from the difference in runway surface., Thus,
the data indicate that the proposed reduction formulae are not seriously in
error as far as pressure corrections are concerned,

To check the weight correction, a plot has also been made in Figure 5

of logipS 0 against log o'e The proposed relations for ground and air distances
would cor;espond to a s}ope of 2.3 for the total distance to 50 feet. This also

is plotted in the Figure 5. It will be seen that the proposed slope agrees sat-
isfactorily, particularly as test weights on such airplanes differ little from
standard, and hence, no great degree of precision is required of the correction.

Medium Propeller Airplane: The tests on this airplane covered a wide range
of weight, 100,000 to 160,000 lbs,, but insufficient range of other parameters
to give a satisfactory check of the reduction formulae. The test data have been
corrected to a selected power and to standard air temperate and air pressure. The
corrected distance is plotted against gross weight in Figures 6A and 6B, again on
a logarithmic scale. To reduce scatter, the ground rolls have been corrected to
a mean 1ift coefficient. The slopes given by the generalized equations are drawn
iny it will be seern that the proposed slopes agree with the test data within the
errors of the data,

Heavy Propeller Airplane: Tests on the Fodel A and MNodel B of this type
each covered a wide range of weight., Taken together, (the airplanes being very
similar) they also covered a considerable range of air temperature and power.

The ground rolls and the air distances have been corrected to constunt
1ift coefficients at take-off and at 50 feet, to 15°C. sea level and 3000BHP/
engine., They are plotted against weight using a logarithmic scale in Figure 7A.
The slope corresponding to the proposed correction has been drawn in. I+t will
be seen that Lhe proposed slope fits the experimental data very well. There is
no difference apparent between the two models. Tine distances have been further
corrected for weight, 1sing the prorosed correction, and:are plotted against
power ard air density in Figure 7B, It will be seen that the ground roll
corrections appear to bring the test data together well within the experimental
scatter. The cvidence for the air phase is less satisfactory, but does not disprove
the proposed corrections.
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: The tests on this airplane were designed to investigate
the effects of zir temperature and pressure, and airplane gross weight on take-
They covered a ranga of 6000 ft in pressure altitude, 20°C

Jet Fishter No, 1

off performance.
in air tempersture, and 20% in gross weight.
From static thrust measurements it appeared that over the take-off range
(12-1)

of conditions
A?—: - LPy [+ [—\‘;
- A Tor
1 t .
© S AT
- & - [3-== (12-2)
gt o ¢
where 5 - P, /Standard sea level air pressure
t
But fror equations (10-1) and (10-2)
S . 7 F A
AS - salY _ AT 5 AF (12-3)
Sgt € t. (o
and Asa = 2.3 é»—‘/ — Ol— —%‘;‘ — [IC "‘L-/—}}".:.E‘ (12-14)
5a Wi t 13
t
also, T = g/(ﬂ >
25%
hence do- = d$ _ 5 d7q
- Ja T\ T
(axs> 5’") ¢
i.e., ﬁ’_ = d - dTa
a 5 Ta
and, hence, upproximately,
L 4
Lty
S S 12:5
t t fay
Substituting from (12-2) and (12-5) into (12-3) and regrouping the terms, we
have .
FANIS) .
g - 234% -23588 /2,7 ATa (12-6)
: Sgt ﬂt fb‘t‘ Tat
Similarly, for the air distance
S
L5 _ o3 AW - 2.3 L% £2.2 Ta (12-7)
Wt Sg Q%
Sgt and Sat respectively,

|
S
at
If we multiply each side of (12-6) ard (12-7) by
50 = Sg £ S,, approximating

we have, for the total distance cf 50 feet S

e
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AN 550 = Asg %Asa
= 2.38 /A Wo- AB) £2.78 N\ Ta anproximately
- 50¢( o 50. PI 3
o T% O
As )
—St';.g_o' = ?‘B/Cf_‘l - Lo >7{ 2.7 ATa (12-8)
Tt vy St Tay

Integrating equations (12-6) and (12-8) we have,

lo_;('f 5%‘: 2.3 \og(% £ 2.7 108 Tat # constant. (12~9)
- 2.3 log["t ) £ 2.7 log T, £ constant (12-10)
= i %(g:% v a,

%n figures 84 and 8E log Sgt and log SSOt are plotled against log Tat for each

combination of W and & s aid lines are drawn through the experimental points with
a slope of 2.7. It will then be seen that these lines agree well with the exier-
imental points,

Accenting this relation between distance and air temperature the taest dis-
tances have teen corrected for temperature, The logarithm of the distances so
corrected are plotted against log w/& in Figure 8C. It will be seen these points
also agree well with the predicted slopes.

Thus, tne tests on this airplane agre: very well with the proposed redaction
eciinions,

Jet Fighter lo. 2: The tests on this airplane were designed, as wers
those on Jet Fishter No. 1, to determine the take-off performance over a wide
range of air temperature and pressure and a moderate range of weight,

The eguations for the ground roll and air distance were deduced as for
Jet Fipghter o, 1. They were

log S"t = 2.3 log _¥g # 3.25 log Tat # constant (12-11)
S 81‘
and W
log Sat = 2.3 log 7F£ # 3.48 log Tat 4 constant (12-12)

(‘)t
As the 2ir distance is only about 20% of the total, we may deduce as the rclation
for the total distonce to 50 feet
log S5, = 2.3 log "t £ 3.3 1og T, # constant (12-13)
v bt t
As with the previous example, 10510 Sgt and loglOS5Ot have first been plotted
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against loglo Tat (°K) for the experimental data for each value of W and g

to check the proposed temperature correction (Figures 9A and 9B), and curves
with the predicted slopes have been drawn through the groups of points. It
will be seen that the proposed correction is satisfactory, although the data
suggests that it may be a little too large.

0
The values of logy o Sgt and loglo SSOt given by these curves for 22°C
(log Tat = 2.47) have been cross-plotted against loglo (W/& ) in Figure 9C. Here

it will be seen that the data for the two gross weights fit together well, but
that the experimental slope is no greater than 2.0 and markedly less than the
predicted slope of 2.3. So low a slope for ground roll is hard te explain

if it is accepted that all take-offs were made at indicated speeds 130 mph and
120 mph at the high and low gross weights respectively, as a slope of 2.0 would
only be expected if there were no drag., However, in the absence of measured
take-off speeds, further investigation is not possible, This apparent error

of 15% in prediction would lead to an error in the corrected distances of 1% for
every 1000 feet difference between test and standerd altitudes. This would ap-
pear tolerable, Later tests on another model, not reproduced here because the
results were much more scattered, also tended to support a slope against log
W/& of 2,0 or less.

Medium Jet Bomber: This case has been approached differently, using
the Operating Manual. Accepting the figures given by the performance charts
for the growund roll under one set of conditions, the proposed reduction form—
ulae have been used to compute the performance under widely different condi-
tions, This computed performance has then been campared with that given by
the charte. The results were as follows:

a. Correcting from 61% of maximum gross weight, Sea Level,
60°F to maximm gross weight, 6000 ft., 380F :-
computed distance = 0,96 x chart distance

b, Corrections from 83% W,., 3000 ft., 120°F to 83% W_._,
3000 ft., OOF :- max max
computed distance = 1,01 x chart distance

c. Corrections from 83% W, ., Sea Level ,60°F to 838 W___,
6000 ft,, G60°F :- max
computed distance « 0.97 x chart distance

Here also, the agreement is fairly good.

12. Acknowledgements:

Equations (4-1) and (4-4) were originated by Captain Paul E. Shoe-
macher, The theoretical treatment of the speed increase on the climb to 50
feet and the empirical modiffcation of the results, discussed in paragraph 3,
and 1llustrated in Figures 1A and 2, were the work of P, A. Hufton, then of
the Royal Aircraft Establishment, Farnborough, England.

DISCUSSION:

The proposed reduction formulae are summarized in Appendix VII,
26
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The basic formulae can be used, with suitable numerical constants, for
any propulsive system, including mixed systems, and systems using part time
assistance or bcost. The formulae should be easy to apply, with the possible
exception of that for part-time assistance; even then, the complication is not
great.

For turbo-jet airplanes, the formulae check satisfactorily with experimental
data over wide ranges of all parameters. For one airplane, the experimental rate
of variation of take—off distance with weight and air pressure was 15% less than
that predicted, corresponding to an error of 1% in corrected distance for every
1000 feet difference between test and standard pressure altitudes, However,
this error is considered tolerable. Also, the experimental value is open to
attack on theoretical grounds and was not supported by measurement of take-off
speeds.,

For fixed pitch propeller airplanes, the corrections for weight and air
pressure check satisfactorily with experiment. No data were available by
which to check the temperature corrections.

For airplanes with constant speed propellers, the weight corrections check
well with experiment over a wide range of test weight. The power and density
corrections could not be fully checked with the data available, but they were
shown to at least approximate the correct values,

It should be noted that these formulae should not be used to correct for
big differences between test and skandard conditions if the take-off accelera-
tion is very low (for example if (V§/2g S ) is less than 0.1 in consistent
units). For such cases any general method of standardization other than one
based on interpolation between test data is liable to be inaccurate, and care
should be taken either to make tests under near standard conditions or to
cover a large enough range of test conditions to permit reliable interpolation
or extrapolation,

The methods assume that the 1ift coefficients under test and standard
conditions are the same both at take-off and at 50 fest. This assumption has
been made on general grounds rather than from empirical analysis.

The assumed propeller characteristics should be checked from time to
time, particularly if unusual installations are to be tested. No method has
been proposed by which to estimate the thrust corrections for propellers suffer-
ing marked compressibility losses as reliable generalized data were not to hand
at the time of writing. The propeller tip Mach number should be checked if it is
expected to be high (for example, with an ungeared propeller of large diameter)
and special consideration given if it exceeds unity.

From the brief consideration given them, it appears that, in some cases
at least, non-dimensional methods msy be an attractive alternative tc the above
methods, requiring no numerical assumptions about thrust changes whether of a
propeller or a turbo jet engine. This type of method 1s being further considered
as a separate project.

CONCLUSIONS ALD RECOIZT-NDATIONS:

Correction formulae have been derived which are easy to use and apply, with
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suitable numerical constants, to airplanes with any type of propulsive system,

Generalized numerical constants are proposed for insertion in these
formulac, The experimental dala avallable supports these constants but is
insufficient to check them completely. However, the propeller assumptions
should be checked occasionally.

Non-dimensional methods, which show promise of being a convenient alter-
native in some cases at least, are being investigated as a separate project,

It is recommended that the proposed methods be used for stardardization
of future take-off test data.

o)
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APPENDIX 1

Approximation of the Mean Excess Thrusi

INTRODUCTI ON :

The excess thrust and hence the acceleration decrease with increase of
airspeed until at take~off, they are about 80% (for jet airplanes) or 40%
(for propeller airplanes) of their initial values., The slope of the curve
c&n usually be approximated closely by assuming i4 to be linear with regard
to either speed or speed squared., Representative cases are shown in Figure
10, We will show that in either cese, & figure of 0,75 Vqp for ¥V will give
an acceleration very close to the true value over the required range of
slopes, This being so, this value for V gshould be satisfactory.

YOTATION:

Symbol Definiticn
D total resistance
o] value of Dwhen V = ¥
F total net thrust
F value of Fwhen Vv = ¥
Ty T constants in acceleration ~ speed relations
S distance to attain speed V
Sg distance to unstick
t tine
Y true speed
VT take~off speed
v V/VT
v value of V at which F =D = m1,1,2/2gsg

(paragraph 2 of main text)

acceleration

Lo

acceleration at zero forward speed

2
mean acceleration = (Vp /2 Sg)

L
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Excess Thrust Linear With Regard to Speed: VWe will work in terms of the
accelaration oL , where

d = “5*‘(1'- D) : (A1-1)
We will write
A = 0/0 (1 - nv) (A1-2)
s |

g
Then we have S =2 j ds

%
(dS / av:'|
= 22/ AVl gy
J {dt/ dtg
o]
Vi

1"
o _ —
M~

]

, ,
} Vo é d(= N 7
= - —707 d(rlv) + 14 (-nyv)

b o 0 l ’

2
VT {
- R S r, 4+ log. {1 ~r )% (81-3)
ry ol R 1 e \ 1
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Let us denote the mean acceleration . which would produce the take—cff
speed Vyp in the ground roll distance Sg, by & . Then

=4 LI (A1)

But from equation (Al-3)

2 2
o
1 R L (A1-5)
25, r +log, (1 - 1)
Hence 2
=/ - _ : o1 (21-6)

r; + log, 1~ rl)

If an assumption V = 0,75 V, 1s to be satisfactory, & must be sensibly
equal to the acceleration c(0_75 at that speed, The ratio Q/O.?j/éz has been
computed over a range of ry, with the results tabulated below.

r 0,2 0.4 0.6 0.8

—y 7
do°750 0.98 0.97 0.97 1.03

It will be sesn that the above assumption is satisfactory over the 1likely
range_of « The approximetion gives & good estimate of & and hence of
(F e~ D). Also, as the ratio o 0.7 5% varies very slowly with r; 1t will
also give a good estimate of the change in (F -~ D) between test and standard
conditions, even if the test and standard valuss of r, may differ appreciadbly.

Acceleration Linear with Regard to Square of Speed: In this cese, we will
write .

2
0/ = o{o (1 - T,V ) : (41-7)
Then as befwore
v
T
S - vdv
5 o
o
32
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2
- VT d(rzvz)
2
db r2 ]l - r,v
Q
B 1
| 2y |
2 57 [ ~ log, 1 - ro¥ )‘J
o2 L
0
VTZ
= . log. (1 - r,)
2d5r2 e 2

But we also have, as before, (equation (A1),

2
A =T
258
Hence « = - o 2
) 1oge (1 - r2)
But oA = o { 1 - (0 2 {
0.75 o | 1= (0:75)" x5 |
-t - 2 2
Hence 010.75/J = - T § 1= (0.75)" Zloge (1=r1y)

33
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ol 0 Zg/a/ has been computed for this case alsc over the likely range of
Tos with t resul ts tabulated bslow:

rz 0.2 O.a 006 008
L ] .’ .0 [
0(0075/3( 0.99 0,99 1.01 1.11
It will be seen that over the likely range of r, {(around 0,2 to 0.6) the
ratio is again very nearly unity, and that 0/0.75 will approximate I closely.,

That is, the excess thrust at 0.75 Vp i8 & close approximation to the mean
excess thrust,
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APPENDIX 11

Derivation of Performance Reduction Egustions

NOTATION

Symbol

K, K', K, X1

M
o

Definition

drag coefficient during ground roll
1ift coefficient during ground roll
1ift coefficient at take—off

aerodynamic drag
total resistance at mean speed v

total net thrust at mean speed V
2 2

constants of pruportional ity used temporarily
and defined locally

aerodynamic 1ift during ground roll

gross wing area

mean speed during phase

U

0.75 VT for ground roll

on for alr phase

true speed at take~off

true speed at 50 ft.

gross weight of airplane

coefficient of rolling friction of tires

relative density of air = Jocal
density/standard sea level density

Subscripts 't' and 's' denote test and standard conditions respectively,
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Dexive of Equation (4-1):

Hence, if subscripts 't! and 's' denote test and standard conditions

respectively

Now T is the

where L

Dy

A

8
W

R12

s 2
& . (i’.&) ary
S A 0,
ga
Y&« T ( ¥y
= v Y
8 t L 8

¢"4|
|

txg)
o
]

total resistance at speed V =

D = /A(W-—L)-&Da

= aerodynamic lift

= aerodynamic drag

0.75 V.

Ve have (equation (2-2) of main text)

We have

coefficient of rolling friction of tires

(A2-1)

(A2-2)

Hence, if CD and cL are the drag and 1ift coefficients during the ground
€

roll,

(4
Sy 1is the gross wing area,

— =2
DR A PV ISy (o -y )

- 2 2
= ¥t dPTS, (0757) (o - poy )

36
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If, further, G, is the 1ift coefficient at take-off
7.0,

2
Vo= éFvT Sy CI‘T.O.

2
Substituting for %FVT Sy from (A2~4) into (A2~3), we have

- Cp_ =uly,
D = uv 4 (0.75)2 W e 770

Ly, o,

Hence, assuming CDS' CLg- CLT.O. and/u constant, we have

S
]
%

cful
]
=

=|

=

Substituting for U, W, from (A2-6) into (A2-2), we thus have

o 4
S ' BT
Ly =;I‘.°:_§ i s - __nt
Sgs s I _w’ Fy = Dy Fy = Dy
—_ - 1
=_.!.t_f:_§_ b SO :‘&"—:-
ws a7y Ws Ft—Dt Ft-nt

From equation (2-3) of the main text, we may deduce that

2
T -
2E SGt

v

v
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Hence, we may rewrite equation (A2-7) in a form more directly related to
experimental data, as follows:

S 2z S v
— = o -5 ;_~;_2 a Fs - F, +1 (A2-G)

- s t [ t T 8

or

S i_ Z.E

s - Yy 5 (A2-10)
S 2g Sg wt — —_

£t —=t [ LEF ~-F, ) 41

") 8 t
v,V a
t7 Ty

Derivation of equation (4=U4): Equation (44 ) of the main text may be
derived somewhat similarily, We have (equation (2-8) of main text)

S 20 " hv ¥ 50 (A2~11)
a F-1 50

and hence,
Sa W, F. -TB. by 450
b oot fsm D Ty 350 (A2-12)
S, ¥s ¥, - B, h,_ 150

We have assumed that the test and gtandard 11ft coefficients are the same,
both at take-off and at 50 ft, Hence

v 2 v 2
50, _ Ty _ ¥ O
= -2 =z =2 (82-13)
v 2 v 2 wa Ojt
50, T
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2 2 v 2 v 2
Vs, =~ Vg Wy Ty 50y T Ty
Hence, we have hvs =2 28 - wt 0’3 2g
Vg
8 t
2 .= —~ h (A2-14

Also, if the drag and 1ift coefficientsat the mean alr speed V are constant

2 2
B, _ bp ¥, 5,0 } évasZ 5, Cy
- = ) = =
D, 2 £ V.7 sy Cp 2PV Sy o
’
2
20 Vm "S5, C v
- £ Tez L. =2 (A2-15)
LI Vo, Sw G ¢
Hence,
W b ] ¥
t —8__ = :_..E____. = -1 4 _—_——-t-__— (42-16)
Yo Fy =D Fy =Dy Fg = Dy

Substituting from (A2-14) and (A2-16) into (A2-12) we have

s = =

a L4 ¥ ¥ hy, + 50

— = | & == +1~-;-—t‘i:‘ e

ag s F, - Dy t = D¢ _?_._.E.hv 4 50
AL
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1
ol
o+
+
w
o
-+
l

B - - 1

F F { v, o

8 t 8 t
hvt"'SO”sat(wg-Wt)J <wto‘ th+5o>

]

Inverting, this becomes

w
Ty
Se ;—z— ‘5:' by, + 50
= ° ¥ 5 (a2-17)
a hv 4+ 50 ¢S -4~ 35, t
t ¥ t ”
8 t
Derivation of Equations (4—=3) and (4=3a): We have (equation (A2-1)
v w1 |
s, ¢ L L _ = L = (A2-18)
¥F~D F-1D say
Now by definition, as D depends on ¥ only (equation (A2-5) and hence, Sg
varies only with W, 0" and F
das 3S S = 95, .F
& o X 2CgaN o d_ 4 £ g d¥ -
s, TS, W W S S e TR OY § (a2-19)
But
95, ¥_1 w1 oD
—-— B 2k —-— +E =
. EX] TF-D T (F-D)° OV
3s W1 w2 1B 5%
Vv 58 = L. + ===
) 2K 5.1 O'F-DF-DW
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- « =
D ¥eoob §
- sg {52 t ¥-7 povF
That is
oS D w 279 -
L £ =2 4 = =
Sg oW F-D D oV
Since
DPoc W= K W say
_3_]2: l:i
oW K W
Ww3D o
7 ow
Also,
S
az_a_ﬁ=--rx!'.2.z_1_
o g F-D
2
- L4 1 -
= =X ;z' Fo 3 Sg
2:. iifﬁ = -1
5 -
g O
Further,
2
2% o iy ¥ 1 . _ _Sg
o F T (F - D)? F-D

F -

D

(A2-20)

(A2-21)

(A2-22)
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— S -
F 0% . F

— e = = o= A2=2

S¢ OF F-D (A2-23)
Substituting from (A2-20), (A2-22) into (A2~19), we have

ds - ~— — —
g . (2 4 =2 _\ v _ d¥ . _E  dF (A2-24)
g F.Dp/ ¥ o ¥F-0 F

This equation,being in differentials, is exact. To apply it to our purpose
we approximate by substituting A Sg. AW for ng, d¥ and so on, giving the
approximate equation

—£ =(2 + D )A" - b . _F_AF (A2-25)
Sg F-D/ ¥ a ¥-D T
Writing in observed base values, this becomes
AS = = =
= =(2 + 2 ) S . &C . E_4F (A2-258)
Se, -7 t Tt F-D ¥,

When, as 1s usual, the weight correction is small, it will be more convenient
and will introduce negligidble error to substitute

Wg for W;, writing

S = = -
L5 :<2+__D_>A"-~'Afr - L &F (A2-25b)
Sg, F-D/ ¥ “y F-D F,

An alternative form is obtained by integrating equation (A2-24), assuming
. the coafficients of dW, d¢” and dF constant, glving

—

i‘,_._ﬁ)loge L logeU’ -

10ge Sg = (2 +

log. ¥
7.5 e
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That is, <? s D ) 1 _./ F \
S ol W F-D G~ F \F~D/
(2 + 2= ) -1 - (i +2)
= F-~D a F F~-D
and hence _ _
< 2 4 D) (1 4 _02_ >
g W F~D/ ¢ ¥ F~D
=8 - (;&) -t <-_-§> (A2-26)
t+

Derivation of Equations (4—5) and (4=5a): We have (equation (2-11) of the
main text and (A2-11) of this Anpendix),

s = 29 w_ hy 4 50

a F-D 50

We have already seen, while deriving equation (2-12), that (equations (A2-14)
and (A2-15))

.
hvc(’ > = K o say
Do W = K''' W say
Hence,
dhy g _ by
2w o T W
w Oobhy
X = A2--2
Lo 1 ( 7)
v
Similarly,
W 4D .
—_— = 1 A2-28
T oW ( )
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(A2-29)

nJ
j=2
<

1
|
[ and

q

<
Q/
2

We may regard S, as dependent on W, F and o only, and write

Baopow 2%y P ar
5. S, ow W s, oo o .
Now,
08, _ 50 by *50 sow by +50 3%
oW F_.5 50 (F - D)% 50 oW
sow 1 °
t F.5 50 oW
w?Sa = O0W h, +50 D _!_‘334, hy W
W F-5 50 F-DD 0¥  h, #50hy
=s§1+_3-—1’£—i—£+ By w9y
& F-D D <o¥ h, +50 h, ¥

Substituting from equations (Aé—-?,?) and (A2-29) and dividing both sides

S , we thus have

by
W ISy 5 h
Lo =14 + v
S W ¥-D h. + 50
a v
Lhy

(a2-31)




TECHNICAL NOTE %12

Further,
dSa. = _S50Ww 1 Jhy
00— F~-D 5
o 98y . _sow by 4 50 b, 7 by
a F-D 50 h, 4 50 hy <~

1]

s —Y_ . -
& h,+50 b, oo

Substituting from squation (A2-29) and dividing both sides by fSawe have

- D_Sa = . __.3!___. (a2-32)
5, 90 n, 4 50
Also,
ﬁf& = - soy _ hy + 50
oF (F - D) 50
. sow_ B 450
F~D 50 F.D ‘
F-D
Hence,
S, OF F-7 F-1 (42-33)
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Substituting from equations (A2-31) thru (A2-33) into equation (A2-3C)
we thus have

1

<1+3+ hv\)dw

v

i -l
T hy 450 o
- <1 + F?ﬁ)g (A2~34)

This oquation, like equation (A2-~24) for the ground roll, is exact. A4s
in that case, we may now approximate and write

A\S —
a (l + D + hy )/_\V
s —
8¢

hy Do
hv + 50 U't
/ 5\ AF
- {1 4 LF -
Q4+ 535 F, (2-35)

For small weight corrections (asay, less than 5%) it is again permicsidle to
write Wa for Wt.

Alternatively, we may use an squation analogous to equation (A2-26)., This

is, by anslogy
(142 4 oy )
F-D by + 50

1%
h, +

&
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APPENDIX III

The Transition FPhase After & Take~Uff at the Minimum

Safe Speed

INTROIUCTION:

If the airplane takes off at the minimum safe speed, it has at that moment
no excess of 1ift over weight with which to change the direction of motion,
Howaver, as the airplane accelerates the 1ift availables without exceeding the
maximum safe 1ift coefficient increases, and it becomes possible to pull the
airplane up into a climb, This maneuver can be continued, using the mximum
safe 1ift coefficient throughout, until the airplane either reaches 50 ft.,
or the angle at which it can climb steadily.

These maneuvers give an idea of the likely increase in airspeed between
a minimum speed take—off, and the 50 ft. screen, Both are considered below,

NOTATION:

Symbol Definition
b, (v502 - VO 2
Sa distance from teke-off to 50 ft,
t time
tc time to attain steady climb from take-cff
t50 time to 50 ft. from take-off
v true speed
VT take~off speed
v50 speed at 50 ft. ~
oL (thrust~dreg)/(weight of airplanc)
K angle of climd
— 2g S /VT2
< a

o Zg/VT
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The Fguations of Motion: We will assume that the thrust and drag remain
constant throughout the transition from take-off to steady climb. This is a
rather severe assumption for those cases for which the transition continues up
to around 50 ft. altitude, but is necessary to permit a reasonadbly simple treat-
ment,

Supposge that at a given
instant, the airplane speed and
angle of climb are V and y . with
the above assumption of constant
thrust and drag, the excess thrust
vill be constant, equel to W say.

Then
dv . B (A3-1)
T | (- )
d .
vV —&c(t_ = normal accelermtion

- ) - 1] e

from consideration of the 1ift availabdle,

Differentiating (A3-2) we have

d\/ d{ L -d2 ~ '/ dV
— - \———K. = =
= af TV adi VT

d _ AV ""‘Q%i - L 4y Al
d?”ﬂ dt § \Y; Vo odt (45-3)

T

Substituting from (A3-1) and (A3-2) for ‘g'{' and djf: we then have

48
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L

Ly g% - g )

A E2

= ;1(%—)(1— 5>{1— 2 (1 - - )(S (A3-4)

.
- aff) {4 -

T

o
N

approximately (A3-5)

N

2l
2
d é
This equation indicates a sinusoidal motion about dy = 2 (5;)0/ .

We will follow this until we reach either the angle at which steady climb is
possidble or 50 ft., whichever occurs first,

As a solution to (A3-5) we can write

B/ = d/ %j - e 0 U7 S (Aj—é)
since Y is inltially zero when ¢ is zerc
¢ ’ 2 ] 2
’i—%_‘,_ — o[ (D A5 (.)t = W C —_ x )
Hence
: A
W= [y 4 (A3-7)

{<

Steady Climb Attained Before 50 ft,: If, now, we further sesume that
the possible steady angle of climb is equal to « i.e. that the excessz thrust
is 8till unchanged, we see that the airplane attains the steady climb angle
when ’

[GEPASN Ut( === C

wt = 3 (43-8)
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T Mo o o

During this time, we hava

distance covered == TtV =
: g a7

<

¢
height ealmed = V_ J y 4t

[

te

= \/Tz( % <[—-cvs uf)df

¢

€
o
2
= v(_»zt-(zh —T—‘-& (A3-10)
Hence ve have total distance to 50 ft., S, is equal to
D) 2
l Q y VT‘ ‘,.,_.-._.‘
“:l* SO - \/‘\"J 't( <‘ e “'—_‘.F‘>j + 8/ QH
2
— 50 Ve W ( 2 V. il
—. N0 _ = _T r
z ¥ an T /7 Y EE
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3
_ 0 e
- % + (A3-11)

The speed on the steady climb is then

Veo t
AV -
Ve + Sol\l = Vet j i F \
Ve 0 ﬂ
t, |
| tc
= v‘r 4 0(8 [—L\—) Sen uf]
= V. + Ag X Vr
3’ 52 c&,
= V—,.(l -+ -% ) (A3-12)

For the kinetic energy increase between take-cff and 50 ft., we have

2 s
ho= Yoz Vo o =gy L)
38 % 42
. V2
NEX 3/ approximately (A3-13)

But, we also have, considering the total energy increase,

2 ?
zzv +~ 50 = _\!_‘.LLYI_ 4 50
g
= o S, . (A3-14)
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Dividing equation (A3-13) Yty equation (A3-14), we have

Ao L e (A3-15)

In the above analysis, any increase in induced drag due to curvature of
the flight peth, is ignored., It is shown in Appendix II that this increase
will increase the air distance by less than about

2
12 Yo D
. a, \'\/
Q
=n. Q‘li
¥ say

Thus, this effect will change the transition distance by lees than 15%.
As the pressent analysis is approximate only, being designed to indicate the
order of and shape of the effects investigated, thie is considered good

enough,

Transition Incomplete at 50 ft,: From equation (A3-10) the height gained

during transition to steady climb will be exactly 50 ft, when

s/ = \/Tt(gl— 1?"‘

Substituting from equation (A3-11),

_ M ) a
S ST,
e
:°§: Z%{‘~ __"‘l‘__i from equation (A3~9)
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2 2
= Y oW Ve
& 253 355
2
V. W
i.e. Sq == '<—f- 275
2
A Ve _ A
\F} 85a - o

Under theses conditions, we bhave (equation A3-15)

___’&/__. e 2 Vj = = = Ok
Xow  ® 3% T

(43-16)

" (A3-17)

For higher values of VTZ/( T2g Sa) transition is incomplete at 50 ft.

A%t the 50 ft. point, we then have

50 38 height gained

s
= S V1_ x4t approximately
O
Tor
= V_d g (\_. cos bt )"‘t
o

(a3-18)
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But the air distance S, is approximtely given by

W= J—I_?/:'
.r
Hence, we have S
50 = o Sq { [ Sm(ﬁa';'\'ZQ
J’Ez,. a4
Sun §
= A Sq §l - Y _i

Considering now, the speed at 50 ft,, we have

v

t5yp
S c:(?r cos OE a4t

Q@

- d "
8/ = % 5 uJC‘c
- V, . Sa
= o(t?{ -—-l_—i-La: Sun <j'_2‘ L2
— o ST
. .
Sy

(a3-19)

(A3-20)

(A3-21)

(A3-22)
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£, = Yozt

- < Voo \ ) approximately
3

But hy, + 50

total energy increase/W

o{ Sq

"

—

- m T Gl
ﬁ + 59 ﬁ‘3$¢. >

S § S
== “‘%‘“‘ wl'rmt 75' —= ﬁ 8« —-\-;:

Equation (A3-15) can now be written

'g)v I

/ﬁv + 50 %

Equation (A3-24) applies for valuss of T down to
{A3~23) should be used,

né— Sum & from equetion (A3~22)

(a3-23)

(83-24)

T
2 after which equation

2
Using these relations E—:'!B—o is plotted againet Vg /eS, 1in Figure 14,

v
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APPENDIX IV

Correction of Propeller Thrust to Standard Conditiong

NOTATION:

Symbol

|

Definition

11f% coefficient at take-off
p/p 2 @
Q/p n?
¥/ p n? d.LIP

value of Cm when V = v
propeller diameter

thrust

thrust at mean speed V for phass
V/nd

V/nd

propeller rotational speed
engine rotational speed
power input to propeller
ambieﬁt alr pressure
torque

true speed

true speed at take—off
true speed at 50 ft,

mean speed during phese

airplane gross weight
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NOTATION (CONTINUED):

Symbol
n

e

7

(ix-(,

Subecriyts ¢, 8, t denote to static, standard and test conditions respectively,

Constant Speed Propellers: If there are no cormpressibility effects on

Definition

propellsr efficiency

value of n ¢iven by simple momentum theory
air density

air density/standard Sea Level density

gfficlency we may writs

T o=

where G =
J =

a =

n =

and a consistent system ot units is used. Thnt is, W{ is a function of Cp
and J only. !lence, by detinition,

Da s
ey — =040 4 ) (Ab=1)
{ 2C, )
(L T (, A é . d ( » ) ‘é ) )
~1 = = 2. P -+ A (AL-2)
)‘I ‘v( b': ‘ ¢ o 2 2 : J

f(Cp. J)

P/p o @

Vind

proyeller diameter

prop~ller rotational speed
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dF

il

<|
P

~3
+-
&

!
“NIJ
d

<

'\] i‘) « :-‘71. + ‘Vz P = p{ JP ,,Z"lj; ot Vv
Y " 3% T’ N v

i
M
.
e
T—
<
N

Ha nce, .._{.:F._ - ..c_-(:ig_.. _‘.. -C!-:l)_. e -.gm\.{_... ( )‘*,L&-—j )

Further, { P

\\
A = H#HP_ s LR i
¥ 5.3 3 I B - o ekt
¥ o { [ YT S NN
i ;
P
— I & v ;
= ey LG T o
A L <
1C T by '
r t R { N TR
1 ° 8 . o - B - T - 3 T <)‘~—.L’ g
C.. T I Y
r
where 77 = relative density, proncrtiomil to ),c

N engine speed, proportional to propeller speed

Similarily,

J = V/nd
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.Z_./d._!_dn)
- nd \V n

a7 = & _ dn = & _ &N
T v n v N

(At-5)

Substituting from (A4=4) and (44-5) into (A4-2) we have, after regrourirng,

/S " W LA ST S 1
" e <., ¥ voel,

C. D

=

/" .. 7 3 »e

. el v 4 A j \} v Ay
— { 3 -—:;- — .+. ——— + v cuohn > e —\_J__ _;.4, . v

N ] n

Poe<, NI

Substituting from (A4—6) into (Ak-3), we have

L A S~ T N L S o
= RS m G, Y o ¢ . B
— (3L on 1 Ty Ay
R 'rz o C . "} &3 / A
+ /_J. Eﬂ_ | \ Ghd

(Ab=7)

Considering now the mean thrust ¥ 1in each rhase at speed V, we nave for

the ground vhase

s o o W
V = Y js V'r = (P

(a4-8)
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| _,;f‘.:_andffbr the air phase

e

| — ‘ W ' v/
| V= Vg = [T > =
NEE 3 w by
' . v/
= Ko [75 vy (Ak=9)
In the first case
AT = L oKe dvo s AT
X TE TS 5 ot dw Ty
/H\,\T o 1w Ve
= L VT w7 3 E
- o o v )]
\.
A_V_ = 4 _f..ﬁ- - L _i.v._ (AL=1C)
\ 3 i, > R ‘

By inspection of equations (A4=8), from which the above eguation was
deduced, and equation (A4=G), it will be seen that the same relation will

hold for the air phase, Hence, substituting in (44~7) we heve for the mean
thrust F at speed V,

AT o D +
- = O o=l 4R G e s
7 n ¢ v ! “‘) i { . o
l'! C‘ r 't ;
— (3% g o s 4N [ e PR Ay
OGRS T A Y s s
‘.\ -
- (l + Ce ;ﬂkﬂ ) 4r
e G ¥
f.( T R S W T P
‘ }? D ¢ 1 D‘ 7 g j ;' / d.:'
C o
- \/ 3 -—% e v L2 L
- P 4 2 ) / %4
{ R d
— Li 2 en | \ dw AL-11)
2"\ "] a } \4./ (
dP
= A_SZ Lo i N
F P t AJ’ T ¥ Al/ _1: AT B
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Approximating, we may therefore, write,

Nv D AN o
~ [REATRISE O . S e . —— % . = - Al=l2
F, A A A, T A, YO A , (Ab=12)

1S IS

: r
« ¢

Velues of Derivatives of Propeller Efficiency:

Much of the energy loss in
the propeller at take-off congists of kinetic energy transmitted t» ths alr flow-

ing throush the propeller disc, It is,therefore, rossible that simole nomentum
theory may ;pive some idea of how the vropeller will bhehave,

If N {8 the propeller efficiency (iven Dy mccounting only 7or this lost

kinetic energy (the "Fronde Efficiency") it is shown in Chapter XV of %eference 1,
that

e L X (Ab-13)
» . H ) -
Differentinting this equation
B L < S SN A S GOSN S
,11‘0 )( ’4 A \ i t
¥ ¥
" ", 2 4 J {
<o 0 B e = = .(:,L? JLr L 2 .C_i
o TR 7z1 J Y1 J L J
I‘S 1 £ A v
Dividine by equation (A4~13) we have,
/ Joye A< - Ao
Ly /o= Ay o Al Ly e
~ ! H - \)
(‘? \. ln - '|‘_L= / (' P
or oy = lows. [ ACe ooz ) )
s A= b C.
! Y al ;
A R T U I VAN SR TP
3 { | - =)
Y P J . (R o] 4(’
(4
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But by definition

B’)I )
R G LA S

a-~ = - L -
L= SC. e 5
[ 4
~ p :
A . G oo dig + Sy H (hi+=15)
) - VIPT: ' * D ) ’
A {. i ) <
(S < ’ 4 ]

dC ,
The coefficients of —& and %i in souertione (Ab=14) and (A4=15) st

Cp
be identical, so we have

S8 s — 2y - B4 S— (Ad==11 )
SNy - ‘ 3 - A
fy oL v \ ‘5— /

g a

— :;L3 = i —— I (ai=17)
z& [ : Ay - ‘l’zb.

In Figure 3, the curve for Ay 1e thal given by assuming thatJequgtion
(A2-17) applies to the actusl efficiency 7 . Computed values of =
¢

Y]
e

B3J

for a wide range of vropellers agrees with this curve %o within 0.2, which is
near enough for our purposes, Also, in the curves for AP and AJ, the bage
lines (not labeled for particular J) are derived from equations (A2~16) and

(A2-17). The branches labelsd for yarticular J are mean curves derived from
computations for & wide renge of propellsrs, based on NACA data,

-

Fixed Pitch Propellers: It is stated in Section 7,3 of the main text, that
it ia assumed that for fixed pitch propellers in the take—off range

(a) the torque coefficient CQ is constant

(b) the thrust coefficient Cn varies linearly with advance diameter
T
ratio J, becoming zero st five times the take-off sneed.
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Pirst let us consider the variation f\\l\
of CTp, the thrust coefficient at the =
mean speed, with J. From the diagram

we see that assumption (b) glves C * }
o N
CL i
-:ft» - (—. I f,f '
Lty N .
_ > : I x
I . i T L
(G > CLo, j :
= — e T 3 5
g b J
For the ground phase J = 0,75 Jp &and hence
J AT 2747
—%« -i.:c — —— ?/:5,‘ — c— o o’ (Au_le)
R L) b 4>
.
For the air phase we may takc as an average value o = 1,1 Jp giving
J AT y
T e (Ak-19)
L i 31

In generel, there may he a change in engine speed between test and standard
conditions, By definition

_ 2 0
- Ju-.__ ‘irC— 1 -
AF = o Ay 4 apred O o+ L
) + 3 T - L, S’«‘n { ,
e EEr
5/ - I AN ¢ ' <,
L 1 T
= F(ED 4 AN L iy )
o TN A (a4-21)
-
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But from equations (A4~18) and (AW-19)

L. T

f—L—_z.-r = - 0.4Z —(if-_ (A4—-22) for ¢round phase
. J

dC; oy

= = - eud 2 (A4-23) for air phase
. J

v ——

H ;
; o 5 F TR (Al—2l)

die _ N AW 4 An
S = 0y =+ Cey =~ g WY for the ground ohase (A4=25)
C. W ’ N
L7 . . ,
_f.,C:,r =  — O:db -—%‘—«/ + 00 —5;- - 023 f%’- for the air phase (Ad=26)
T

Substituting in equation (A2-21) we have for the ground phase

o Lo 0 A /o ;
= T =1+ ooy )+ {2 - oue) - G'f:?*——-”ff;
= O] -—4—2:_ \,-(:'V [
0§ — t 182 = - oy i-é‘f_ (a4-27)
L4
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and for the air phass

-l

d¥ do” ey AN AW
= l.H&, —'J:* + (7 N Oty (A“'—ZB)

=

Correction et Constant Engine Speed: If the engine is at maximum per-
aN
missible speed under both teot and stancard conditions i‘ is zero, Rounding

off equations (A4~27) and (A4—-28) we then find that the following equation may
be applied to hoth grcund and air phases

A7 do~ Asd
SR e e — g e Ab=2
= = 0t == (A4-29)
Approximately, we may therefore write
tal A w
-—.-_L = iy ==~ 0 o (A4-30)
F R W,
x ¢ t

Correction at Full Throttle: If the engine is at full throttle its
rotational speed will change with alr tempernture, We have, from assumption
() of paregraph 5.3 of the min test

CQ = “5;%':’».‘ T = constant

vwhers Q = torque

Hence
2
Q <l f-rc.
», A
X A N (A4-31)

where P, = ambient air pressure

T, = amblent air temperature
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We will further assume that at full throttle,

R ¢ = (Ab~32)

R P F,
N & ol —
7. JT
L +
N T = KTy
AN = f— KT
AV L _dn
N 4- T, (Ab=33)

Substituting in ecuetions (A4~27) and (Ab-28) ond rounding off, we ey
write, for both ¢round and air thases

A F = i ~_i¢£_‘ - AT, — g dA/
'r' e o T k w
or, in the approximate fornm
] - R po »‘r
=20 = I ALy o BT o AY (Ab-3L)
F g7 T {’JC
& N t
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APPENDIX ¥V

Correction Formulae When ATO is Used Fart-Time

Definition

total resistance at speed V
effective total mean thrust
thrust of ATO units

effective mean thrust of ATO units
during ryhase

mean basic thrust (without ATO)
F[F,
distance coverad during phise
ground roll

distance covered during phase with ATO
operating

duration of ATO within air rhase
duretion of ATO in .round phase

take-cff speed

mean speed during part of ground roll with
ATO operating

airrlane gross weigsht

air deneity/standard sea level air density
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Evelwmtion of Fffective benn ocket Thrust: To use the general equations
conrecting take~cff ground roll and air cistance with mean thrust it is desjiratle
to substitute for the thrust of any ATO opersted over part of the phase, a mean
affective ATO thrust assumed to zct throushout the relevant phmse, To dc so, we

need & relation by which to approxirate such a mean effective thrust from the
test data,

An avrproach which shows immediate promise is tc use a mean effective thrust
wrich does the came work cn the alrrlane., That s, to write

- =L (A5=1)
® B R
where Fp = thrust of ATO devices
S = length of vhese of take~cff

SH 2 distance over which ATC orerates durlng vhase

mean effective thrust of 4TO

b1
.
n

We will =how by representative exarples, that this epvproximition is satisfactory
for the ground roll case, in which 2 wide ranse of speed and rossibly of accel-
erntion is covered, It will then be presamed that the approximetion is satie-
fuctory for the alr vhuse, over which the air speed does rnot vary much.
The following exarples have Yieen coneslidered:
Begic sxacess thrust decreasings linearily with increase of z2ir gpeed to
(i) 80% of its initiel value
(13) 20% of its initial walue
with ATC fired at
(1) 20% of take=-off speed .
(i1) 80% of take—cff speed

The assumed ATO thruet was equal to one-half of initial static thrust, The

mean excess thrust was cormuted usings equation (A%5-1) and the ratio of the actial
ground roll to that given by the relation

“a JWAJ

{mean excess thrust)
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has been computed, with results as follows:

Rusic Thrust at 7,0, ATO Firins Syeed Aprroxim te trcund Roll
Bagiec Static Thrust TO Spaed Exact Ground Roll
0,8 0.2 1,003
0,8 1,206
0.2 Ue? 1.0C4
0.8 1,06

It will be seen that the error is cnly eppreciable in the extreme crse in
which the baeic excess thrust falls off very sharyrly and the ATO is #ired rather
late in the run, So severs a fall in basic excess thrust would only occur with
an overlosded propeller alrplane, FEven then, tre error iv rot very large for
purposes of datn standardizetion and nay bhe accerpted,

Evalueation of Chenge in Greand koll: From equetion (A5-1), we have

— 4

-2
- _ —lr
! W 5o
T e
-— R ! (Aj-?)
S \"N ts?\,,
where 7H = mean true speed durins vart of nhase during which

ATD is omrerating

th = duration of ATC during phase

Assvuing FE constant, we have for the gcround vhece

1

F = - —-i-'-i V2 4 - F__R_ # - F, —= _
d 12 5 \r’.( tK el N d < LR},JVR + .-——;" \/“(L_',:f
o) y ; ¥ , Y "
! ’ o s s
I A A { (a5-3)
¥ 9 .
[£4 < -
3 ! i< :
. 69
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We will now apnroxim:te and assume that Vﬂ s proportionel to JW/o .
This will be true to the first order,

Then

(L : { d_\'\/ | '3(-v \
— K _— A 44
V, Y ' o)

If ¥ is the total mean thrust and Fs the mean thrust of the bvasic rower
plants, we already heve (equation (AZ2~24) of Avvendix I1).

.‘_L__({jk’ - Qg_ + .._.E,_.__)-—_l_}‘_/ _ t(...r_. - / + _“:]2:___ li '(E (h5=8)
5 -N/ W - A TR ) OE 7
:3 ! 1% N ] b / ¥
_ tw {e T VME . dFs
={3 « ___,..‘l\.:_) A —_a . / hed (..__’u e e A e
K FeD/ w o \I N F~uU i - r Y. (A5=¢)
Substituating from (AS=L) and (A5-6) into (A5=3) we thus have
U L iy 2\ de L T LN R
+ ~~;“;/ ~ oyl It
T,
1y
:Li; §| F. [ 3 D {w/
= S & T S S A N e ) ] dr At
P ‘ r\\\ .‘a""‘)) N TR W v F t<§
P — ..;"
-+ { ! b “_:'J-J—v—__: -—.‘:..E( ’
- ’F'
_‘.1,.F . F ’ T )
SN Fa F-D
- /1-5’+ 3 idw o Ao at. / 5 AT,
\ F-_T)“/ W B + ‘tt‘"“i *‘U 1 *,i‘“:“—*;) T
i
3
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Hence

r d T ot F
iL":‘..'“ = "‘-‘,—:—ll + '”‘*A:fg*'
F r T
s
- {051 1 = _l’_;* oy .{\:5 Y
£ [ - v W F . | - 2 a”
Fi F T ¥ Pov

- (A5~7)

S . v ‘ 35y S s T g

—3 = <(\ol.+ S (O U WAL I SO B2

| S j ~% N F-2/ = , E T

; A o R e S
. L T F~T J

[
v

/ - -

— % ] — ( [+« - 1 ) Y o l do
) 1 . = f
L ' " i

N
~

!
H
i

s

= =~ = e
“ F -5
28
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o}
Writing == = 0.3, &8s is prorosed in Section 5 of the main text, and

F~-D -
writing Asg for dS,, etc., and R for i“' this becomes
"R
I IS St W G- SR & I -t
>y L Roobnlowy EENN T,
! —_ 1 ;] F
—_— Bt ._T---% — “ ’5 -+ - I c— ) Q_.F:L
Kot ! RI7=10 7

72

(#5=9)




SV S SO |

et

TECI'L:1CAL .OTE »=12

Effect on Alr Distance of Curvature of ¥licht Path

1:THOUCTION :

The air rvhase teging with the airpiane moving parallel to the runway uand
ends with it elimbing at an aprreciable angle, A 1ift in excess of the airplane
weight mist be proluced to bring arout this change of the direction of motion,
a 1ift which will result in an increamsed indiced dreg, It is shown below that
the enerey oxranded in overcoming tnis induced drag Is smmll enoush to make eny
chonge in {t tetween test and standard conditions neglisridle,

WYe will assume zero wind,

(528 8 R AR MY Ao
THE RS ATIN Sy

Suppose thet,

%

[}

drag in strai.ht level flicsht 7t the arrropricte heiysht
over the »round

th 2  incduced drags unaer the ahove condition

n = normel sccelerometer reading
hi! =  height
.
H = dH/dt
v = true gpesd

3
, - Y-
Hy = H 4 - .
By = dHgfdt
a0 B W o4V
—H - —-— - ———
v e v o+ g dt

- D, - (nz-l)[Dh

1]
oo}

If A Hy, is the loss in H, when the flirht path is curved, i.8, when n > 1
if the angle of clinb is srull

AH — V{\“‘)_\) ICw

€ ‘e /
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Yor smell eventuml angles of «limb, tho total loss [ hy in i, res:lting
from flying for a while along & curved path is

Be. _‘*izd
LL\\ = = ( A\ ;
%L A “f.> 5

where ¥ = momentary angle of clirb

y o= dy/dt
et S = :-‘;—'L &
L2 .
{ 1/ Wy .
Hence Ay = 5 )/__(;_; "’“‘)J K2 £ v

142

Ayert from changes in groind effect '2KDh is conetant and emal to <V Dmin

where V,3 18 the svoed for ninimum dreg D, y,. !Hence, we have,

Vid D ”
AT %1- '-??*d “j""" g (hew v ) Ay
¢
! .
< “‘i ““:‘( 'V\‘_' (’ll L ))\

Approximnte Amoart of lose: To mzke & vough accemsnent of A H, let us

make the followins assurptions:

a, Vv equal tr tha take-cif apeed V.
rd : T
ts n .. less than 1.4
2 hy}
Then AN v o ~\-/1‘— --‘5--?1-" é‘k
4_ i W

"he excess thrist mower esvallable to supply this loss, wili not ve less
than .W),‘c. Trhe additignal air distance will therefore b2 less than

« ! ,
\(:.-./ LXH(/\’('VB'L y %V

[l”v_ . V.. _" Yoor e
=3 -—-—-._-‘ - Q\ \ “l ._~ ~———
5 [
Th
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e
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b

MY N AT e Y e
;..C ]‘A,. L e

This distance is notieantle ™u% not lorg. For exarple, with e Vg of
200 ft./sec end (Dpyn/¥) = 0.1 1t weuld ke ahoat 150 ft, Yor a light
airplane with a Vp of atout €0, it wonld te adent 15 ft. It is, therefore,
legitimate when standardizing =ir distuances, to omit separate consideration of
this distance,
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DDTOXCTION:

APPENDIX VII

Summary of Correction Formulae

A summary is presented »elow, of the correction formulee proposed irn the
main text, Thie summary is an outlinse only, #nd is not intenced as a fully

detiailed routine,

NOUATION :

S:nhol

Do
el
=g

vd‘

o]

Ohr

Dgfinition

mean thrust

correction to mesn thrust of basic propulsive
systene (used in stands rdizin: JATO take—nffg)

mean jet thrust of turro preveller ensinss
mean proypeller thrust

JATO thrust

effective mean JATO thmst {or rlase

engsire speed

bruke jower to vropellers

FIFy,

lenyzth of phase

length of air phese

iength of ground roll

distance covered in vhase with ATO operating

length of phase corrected for wind and rinwey
slove . )

length of phase with wind and sloping runway
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NOTATION (COLPIXNUWD):

S mhol Defizition

t& durstion of alr phase

T, ambiant absnlute sir temperatl-ire

tﬁa duration of JATO in air phasa

by duration of JATO lu ground phase

&

VT trus sround speed at take-off

V5O true sreand sveed at 57 ft,

w headwind

v i'ross welgsht

o relative density = actaul denasity/standard
S; dennity

sin ¢ slopo of ranway {(pesitive uphill)

PRELIMIAMY CoR4iCI'I0S:

Corrnctions are first nide “or wind, and runway slorpn, Corrections to
constant  Cp, will not be made se & routine, and will therefore, be oml’ted
here, They are detailed in Section & of the main text,

(»rrections of the ¢groind rell for wind, rnd rmwa. slove, may be rede using
tne reletion

, B85,
: [ s LS.
b= 3 S ( LA e o -
e 5}’t‘, . Ly ) . l * AV AR > (&7-1)
R ‘. 1-':

Correction of the sir vhase is rmde by addin, the drift

S, = S, o+ it : (h7=2)

MAIX COURECTIONS:

Jet Alrplanes — Mechanical Torrnting: In thise case, egictiecns (&-1) and
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[ (4=t} will comuonly ve used, Thcse &are

i S W e /123 Sals W — e )

Il =& = e e f 5 e/ Wi o E.)+ Pl (#7=3)
Sy S CW VT W, g ’
3 .

S aq /W, 9 . e T e e -
and _____\5 _ ( ; 7_:- e A SC) \/( . v 50+ ?:.._:\7_!-’ - e _[_(;' ) (A? ‘*)

It mny usually be assumed that F = 0,94 =x stutic thrust, Intakes
giving a very bnd static performance shouald, however, he .iven special consider-
ation,

Ti:e General Case: Tor wmixed systems not dominantly rropeller driven, and
Jet z2irplares when mechanical computiag is not ased, the genernl eguationg (4=3)

l\-’
or (~3a) and (&4-5) or (L—5a) will be used, with the conatants Tropssed, tnese

her -~
S N ? - -
LA TN o S Ag- (. AF vy =
o= s s AL (47-5)
= . /,t v " rt

" .
2L R T
o We y e, VT
B (e (T =3
!/ \\ /

o L r \3Y) v ¢ ¥ i
end e 9. s g Voo P AV
_— =. oy - Y o e § et )
< \ A7=i
o, . \,{ o v FL ( v )
or alternatively
23 =0l =l
Sew o (e [EY L8 (a7-t2)
: - s PR [
S, Vw ) Ve UF)

For modernte corrections either type of equution is satisfactory, but if
the corrections are large (for example, \A3/5 1 < ¢,2) the exponential forms
will be aprreciably more accurate,
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Tixed Pitch Propellers: Correcticns may he at constant engine speed or
at full throttle here, At constant enzine speed we use equations (1,=7) and
(10-£), that 1is

¢ ]
O 4 AN . Y .
N v, X
THt -

and

BN Yool el - 30 j%%f- (A7=%)

If AS/S 48 numericelly large, it is acain praferatle to use the exponantial
forms

ik e :
5. v A SO
__.;\..‘w - : _...\.\!...:... : e f (;’\7-?{: )
; Ly " ~
).,{ 0 Vo A S /
2.3 i
a.nd ':. 3 g )’ e '
S ZC RN Voo 1 N A X I
T ) B S (h7=5)
. \Vt J e
At full throttle we will have a correctisn to> engine sveed (ecustion 7-%}),
e AT,
——— e e (A7=9)
iy iy ‘.,
t‘ R
ané also ecuations (10-9) and (17°=10).
. -/ 3 J —T-: .
w/; = = A "}.\.}.’_ 2 _b‘ e 4 LT (A7=10)
W, C -
Y. t . L,
. :
N AN PRV AN AR
and :—'-‘-,-_5-‘3- R R e R T T (7-11)
Y W, s oy
t t

with the correcvonding exponentiali forms

; ™ N / _,r \(‘g'
, ' T, “.
2 = *\h—) <’“Ti’:’"\ [ = (47-10)
.S [ VY (‘ 19 t 4 , i " . /
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TRCMMICAY NOTE F=12

: AN 0 /T
ST /»l\if—.‘ /‘V" P fles (n/7-118)

Con~tent Speed Propellers: This saction applies to airvlanes which are
entirely, or almost entirely, prepeller driven at take-cff. Tor the smund
roll, we have (egquation (10-11) or (13-13).

s 7 N - DN . N -
A §_ = L) t-:;__ Y (/:7 e (£7=-12)
5 .. \Vf s - L ,'/t '*
3
nnd the alternsntive form
2L —L7/ -/ oy
Wiy [ N A

_.-.‘_E'T.Sy:u = \/....\.k.:ﬁ.. } (f-___\. ! .CX_.__- i —"F\‘ \ (1‘.; -4 .'.’,E\)

- X ! . \ -" : =

Sn, P N AP A

\~

For the air phase, we distinguish betweer licht wnd henvy airplénes,
¥Yor lisht alrmlanes, we heve (equation (10-=12)

[AY ‘()( PEVAR Y . Y i _"_\ B
- _T___l == 1-% __/i\_._. e ......}‘_T._ - L ._”_E:':_- -] — (‘/7__13)
“)r‘a‘v. -\+' £ "f 'r_-_-
or alternatively
2.3 - 8 i1
< WA e e /=
4 Wy V0 e [ R
\J, —L = -‘v ; ; E\ . - pj‘ .'\ ¢} l { [ } (-{'/-13&)
:“‘4 . ~ Wtj N J’_ / ~ v" \ Y ,J
For henvy airnlanes (ecgurtion (1(=14)
3. A - AT i A¥
A -~ A (Ap-1%)
2., \Vt- ‘+ Vg le
" -
or alternatively
, — 1§ R I 1
_tr?:’i.s - (.“\‘lé) ,Zi..._} /-'Y")\ (’I...i_?_. (A7=1sa)
Sag Wl W/ UM N

| Reproduced From
Best Available Cop):j
€0 T T

.




TECHEICAL HOTE 12

™ rbo Propellers: It will probdably be found that, ecuations (A7-10) ond
(A7~12), or their tltarnates,may be used for turbo propeiler girnienes. lLiowr.oor
if this arproximatisn iz to be avoided, the data must be standardiz~l :si

B2 W P
5 o
equrtions (47-5) and (A7-6), To estizate —%— uss equatlon 7-i’
“t
A . A5 . "%i" 2 (i)
- = > T
+ r{_ ' }
and estinte £.§%/§; by ecuation (7-5), i.e.
/:‘T HT ANTT S o .
“ﬁ:J- = o7 "4 4 Qscgfﬂ - c¢’"£L_ N e ¢ (A=t
;:.‘ / "t. .,v{ "“/t'- \‘11
.

Pert-Time Assistance: Agairn, ecuetions NA7-5) and (A7-5) are usel sasicrily

- §
but with an effective mean thrict, Wwe are conzidering prinerily JATC, but wne

method can e anrvlied to other forme of thrust bhoost cpereted over a 1i:lien
perioed,

-
—

The togt effective, mean thrist %Hoost FR in eitivr e sround rocl ar air
rhase -iven by egurtion (G-=1)

_.T — oA ~ 3
o= R OF, (172
LN
where Fo = JATO thmst

Sgp = distance covered in vhase with JATO cverating

S = total lensth of vhase

The aturndard effective mean thruat in the air phaze is either zero (ATO to coun--
at take-off) or equal to the actunl ATO thrust (ATO to laet to 50 ft.)e The
atandard effective menn thrast in the smand roll, however, depends on the tire

t, during which the ATO is t> overate in the nir phase under stondard condltions.
8

We have (emuation (9-2)

t.,
“ag

{l
o

ATO coasing st take-off

1

25/ (Tap Vg ) for 4T0 censing at 50 ft. (47-18)
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TECANICAL LOTE R=12

Hence if ta wag the test duration of the ATO in the air phuge, we must correct
t

the ATO duration in the eround roll by (egquetion (9=3).

s e e P A e B s e N

e = L — &, (47-19)
. ., A, <
b t ~ ¢
- ;
The correction to the alr vhase is then given by equation (A7-6) using the total

mean effective thrust, For the grosnd rcll, however, we use equrtion (G-i) 3
NS 23 Aw
e SIESR - T B ‘

S I T
Ve :
. 3

— i) + VAN L

U ~ 'y \') :"4“
13 FA G AN 1

R - t .
"o,
3 >

{ L AT
2 | > ‘-’]::‘-]T- \ _:_.." (A?-'?.(.') 4
) ‘:t 5
4
3
2
!
5
:
i

=

TR

TR
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