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SORARX

This report is comcerned with the quantitative an=lysis of some of
the factors which determine the strength of cordage strands and plied yarns.
When integrated with the anslyses covered in Technical Report Rumber & on
this project, a complete picture iz given of the eilccts of the factors
corsidered on translation of the strength of cordage fibers iato singles
yarns, strands or plied yarns and, by direct projection, into cordege ropes.
The problem is sclved by a combiped mechanicel-.ztetisticel analysis similar
in type to that given in Technicsl Report Number 6, assuming simplified
{dealized geometrical forms ard e normal distribution of yarn properties.
It is shown that such essumptions produce results which agree, within the
limits of engineeving accuracy, with experimente ! results. Experimental
clecks were avallable for: 9 rope strands of vurylng twist structure, all
pade of Manila abaca fiber; s smmll Sensevicria three-ply rope; end small
size bundles of Manila abaca fiber used as lsboratory models to illustrate
the effect of mumber of singles in a strend or plied yarn.

The factors vhich are mathematicslly anslyzed for their wechanical
effects include: singles yarn twist; strand or plied yarrn. twist: nugber of
singles wvhich are stranded; elastic properties of the singles yarns; and uni-
formity of the mechanical properties of the singles yarns.

For the strand and rope structures studied, transliational efficien-
cies of fiber strength of the order of 40% vere cbserved. It is shown that
significant losses occur in the translation of the strength of the yarms into
tk» strands and ropes, efficiexzcics ui the orler of 75%¢ being theoreticelly
calculated and experimentally verified. However, the major cause of the low
overall 40% efficiencies of transiation of fiber strength to strands end ropes
resides in the low fiber to yarn transle.tiocn of only 55%. The losses from
yarns to strands are indicated to be the results of both low uniformity of
yarn elongation to break and also the inclinetion of yarns to the strand and
rope axes, both effects being equal in magnitude iir most of the structures
studied. Such equivaelence, of course, would not necessarily exist im other
structures. The coefficients of varistion of yarn rupture elongation of -
bout 109 for the yarns examined in this work appear, cn the basis of tiae in-
herent variability of 20-30% for their constituent fidber to be the result of
nonuniformities created by processing. Such levels of yarn nonuniformity do
not lend themselves, at present, to significant reduction by alteratioms of
mmfacturing techniques, and thus it appears that improvements in yarn to
strand or plied yarn translational efficiencies can only be practically
accomnlishad hy styand and rope tuist relducticns or by the use of more sxten-

sidble fibers end yarns.

Aspects of the simplified geometric analymes ere checked by comparing
the results with the results of a more precise geometrical analysis of plied
structures as developed by Chow (5). The differences between the results of
the tvo approaches are shovn to be negligible for tine practical range of
twisted structures, hence justifying the sssumptions leading to the siaplified

analyses.
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SUMMAKY (contiruation)

The results are precented in a graphical menner over a renge of the
varinbles fur in excess of thosc commonly found and presertly used in cordage
structuree. This 45 consistent with the long-range philosophy of the research,

vhich is simed at acgsessment of {ikers not presently used in cordage structures.

The grasphically presented results are immediately epplicable to the engineer-
ing calculaticns of the strergth both of many cordage structures, snd also
other twisted atructures such as tire cord and sewing thread. The limits of
application are dzfined by the velidity of the simplified geometric forms
assumed.
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INTRODUCTION

Previous vork (1,2) nes shown how the translation of strength from
fiber to singles yarn of cordege type can be predicted with considerable
accuracy from & combination of the effects of inherent fiber psoperties and
yarn geometry. This report extends this work to higher order ccrdage structures
such as stronds, plied yarns, and ropes on the basis of a sirilar apalysis.

To effect such an analysis, a method bas been developed for treating the
statistically difficult range vhere the sampling is too small to utilize large
approximations snd yet large enough so that small sample methods are too cum-
bersome. Such intermediate sample sizes represent the case of plied y=rms,
strands, and romex, 'Te results are presented graphicaliy in a manner which
is immediately applicable with engineering accuracy to many cordsge structures.

In Technical Report Number 6 on this project en analysis was made of
the factors vwhich affect the transletion of fiber strength into singles yarns
on the basis of inherent fiber properties and yarn geometry. The basic load
equation derived in Technical Report Eumber 6 is:

Yoo
Py = \2) W'b(g. + By cos? Oy)cos‘? Oy by rdr -----e-- ceme (1)
°

vhere Py is the load supported by the yarn, a and b ars coastants found from
the fiber stresz-streln relationship, ey is the yarn elongation corresponding
to the yarn load Py, Oy 1s the helix angle at any point in the yarn cross
section, ny is the percent of fiber unbroken at asn elongation ey coaa°,(3),
and r is the radial distance from the yara center. Important assumpt.ions in
the analysis leading to Bqustion (1) were: (a) the number of fibers in eny
element of yarn cross secticnal area, 277rdr, is sufficiently large so that
oy ey be defined uniquely and contimuously as & function of both the strain
in the fiber and the standard deviation of fiber rupture elongation, mnder the
essumption of a normel distribution of fiber rupture elongation; (b) uie fiber
diameter was sufficiently smller than the yarn diameter 8o that Oy might be
defined continuously as a function of r. C(Clearly, neither of thess assumptions
is valid for a plied yarn consisting of two or three or even meven sinsles
yerns, where the singles yarn assunes the role of the €iber and the plied
yern that of the singles in the above expression. Nor is it obviocus just how
many units or vwhat dismeter ratlios are necessary to make these assumptions
velid, Thus, while the reasoning used to develcp th? above integral 1s valiqd,
it must be repleced by a summtion for the cese of plied structures. In addl-
tion; since the plying operation mey in gererai introdure excess lengths into
the constituent singles yarmns, the tern eyc0520 in the load Equation (1) above
is not necessarily the true strein on the fiber and mst be modified t0 in-

clude :rimp,
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Tre following apslysie 1¢ divided into four parts:

1.) The geometric effecta of ply ard yarn twist in various con-
figurations on strergth translatior .

2.) The effects of yarn variability on strength translatiocss.

3.) The combined affects of geometry snd varisbility on strength
translation and comperisoa with experiment.

k,) Bxamination of assumptioms.
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I. EFFECTS OF PLY TWIST

A. Determination of Ply Helix Angle

The axial 1lned transmitted by a2 yarn inclined 2t 2n angle Op tc the
plied yarn axis is given by the expression:

P = Pycos @ wo-mecmcecoo-oaoooe S RR———

vhere P is the 1coad parellel to the plied yern axis snd Py is thz load in the
inclined yarn. Thus, each yarn in & plied yar» or strand contributes o support-
ing load equal to i%s own lond times the cosine of its angle of inclination
with the plied yarn axis. This angle of inclination of the yarn is taken to

be that o™t iined from the expression (4):

tan @ = OP R, -oemoceosemomemesemecocncomacocees (3)

vhere N, is the turns per unit length of the plied yarn and Rp, the plied yarn
helix radius, is the distance Ifrom the center of the plied yarn to the center
of mmes of the given singles yarn. It will be shown later, vhen the variocus
assumptions are examined, that this definition leads to results that ere in
good agreement witlh the length - twist relationships that exist in the yarm of
plied and stranded structures.

Three specific examples will illustrate the method of determining
the engles of inclination, Op. By definition:

Ry = yarn radius

Rp = helix radius of plied ysrn, the distance from the canter of the
plied yjarm to the center of mass of the singles yarn in question.

Q_ = plied yarn helix angle, the angle hatwean the axis of the ainslea

yarn in question and the plied yarn axis.
Example 1: A tvwo ply yarn, yarns of circular sect‘on (see Figure 1).
Rp = By
tan Op 8] eﬂ'up}\:‘ c
Example 2: A three ply yarn, yarns of circular scction {see Figure 2).
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TWO PLY YARN

FIGURE | Q¢

R, =R,
8, =arctan 2w N, R

FIGURE 2

R, = LISS R,
8, = arctan. 2 wN, (1I55)R,

FIFTEEN YARN STRAND

FIGURE 3 /@\\
/

{

(a)

R, = 0.694 R
8, = arctan 2w N, (0.694)R

T ~
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= 2 - 2 2 1.
Rp % J(zny) (Ry)‘-’ 1 3.551%y

t&n ° - 20 07}
P - NPRY

Exawple 3: A 15 yern strand consisting of a single core yarn surrounded
by 14 wedges (see Figure 3).
Since all 15 units are of about the same area; each bhes an erea 7R . For
15
the circular core the ares is 7r.? so that:

r2a. RE

N 15
and thus:

rc - 0. 2583

The core yern cbviously is inclined zero degrees to the strand exis. Now con-
sider one of the yarns in the external ring. Its shape and dimenzions are as
shown in Figure (3b). For 1k units in the outer ring, the angle ot « 12.85°.
By teking moments about the center of the strend, it can be showa that Rp, the
distance between the center of the strand and the center of mess of each of
the extermsl yarns 1is:

RP = 0.694R

and thus:
tan 0 = 27N (0.69%)R
n o, p( o4)

- 1.388\7)'NPR

Similar spalyses czn be made forr eny structure after the geometric
configuration bas been defined or approximmted. Thus from the geometiic
configuration and the tuwrna per unit lenrth of the ply. en angle can be found
whose cosine 13 the load transnmissicn factor fror singles yarn to plied yern.

While tuis very simple relstionshlp exists tetween plied yarn twist,
helix radius, end load transmission there ray, depending on processing, be
tvo other irportant effects of ply twisti. These are: a change in singles
yarn helix angle; end en introduction of cicess lengtlc ipnto tuwe yarns. These
factors will row be iluvestigeted on the bzsis of two assumptions:

1.) Tke helix engle of the yern ag it lies in the ply can be
determined from:

tan pr = 27/\Npry
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vhere nyp is the number cf turns per unit length of the yarn as it lies in
the ply. That is, the angles between fiber and yarn axes are not effected
by the fact that the ysrn axis is itself helical. As is shown later, this
assumption introducee negligible errors iuto the results of the mechanical
analysis.

2.) Excess fiber lengths are cresaved by a reduction in yarn helix
angle and can be expressed as the difference between the fiber path length
required for the initisl singles helix angle and the length required for the
final singles helix angle.

4. Chenges in Helix Angle of Singles Yarns due to Plying

The helix angle of a singlesyarn has been defined (3) as tan 9 =
27)'N,Ry vhere N, is the turns pac unit length of the singles yarn and R, is
the singles yarn redits. When & yarn is plied it is possible for the helix
angles to be either increased, decrcased, or unchanged, depending entirely
upon the method of plying. In the case of pice twisting, that is, vhen the
group of singles yarns can be considered to be clzmped at both ends (see
Figure la), twist can be comsidered to be inserted into the yarn or a turn
for turn basie with ply twist, Whether this added twist is positive or
negative depends upon vhether the yarn and ply twists are in the same or the
opposite sense (Son S, Zom 2, or Son Z, Z on §). The usual case is for
twists in the opposite sense, 80 only this case will be considered. The total
fipal equivalent twist in & yarn fron & strand will then be (Nyo-Nn) where
Nyo ie the total turns origimally in a given length of singles yarn and Np is
the total turns in the corresponding length of ply. But since the length of
a helicel path is (_J_.o;n_ﬂ of axi_g), vhere O is-the helix angle, the singles

cos

yarn length is (y_l_;_lq_x&gg). Thus if N, 1s the mmber of plied yarn twrns per
unit length of plied yarn axis, W, - Rpcos Op twns per unit length of
N &

cos &

n
4

singles axis ere subtracted from the yarn by plying and thus;

ten pr - 271'(17yo - K, cos Op) Ry =eoeeses meemmecennen L))
whaere Nyo is the original turns per unit lergth of the singles yarn. If &uring
the p operation, & twist of Ny] twrns per unit length of singlcs axis

is added to the singles yarn, then tan Oy = arr Ryc- Npcos Ny]_) and the con-~
dition for perfect twist compenzation, as ebcwn in Figure (Lb), should he;

|

yl - !‘p coB op ***** Samacsseccse L L R e (5)
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This relationship dces not scem to hold pracisely in practice slthough it iz
a gocd general guide. Discepancies cre discussed in more detall later, as
are the results of Chow's (5) more precise mathematical analysis of the geo-
metry of plied yarns 28 it affects Equation 4 above.

C. FExcess lengtibs

If a singles yarn is partially untwisted by plying the helix
angle of sny fiber in the yarn cross-secticn will decreese in & manmer des-
cribed by Equation) and consequently so wili the required helical path lengtk
of each fiber. But unless then is opportunity for the excees lengths to be
absorbed by a new geometric confijueration, the finel total length of any fiber
in a given length of yarn untwisted by plying will be the same &8s it wag de-
forc untwisting. Ths per cent difference between the originel length of fiber
and the length reguired for the new helicel path, based on original length,
will bte called the excess lengtin or crimp. Clesily the excess length will
vary from zero at the center of a yarn; vhere untvisting has no angular effect,
to a maximir at the ocutside of the yarn. The magnitude of these excsss lengths
in yarns of circular sect.ou will now be enalyzed.

Consider a singles yarn with original externsl helix angle defined
by tan Oy = 27 NyoRy, Where Nygis the originel yarn twist and Ry the yarn
radius. Then, the tangent of the helix angle at any redius ry, is equal to
227 Ryory vith a corresponding helical peth length per unit length of yarn:

o Rl RCT N M E T J——)

Now untwist the yarn until the number of turns per unit length is n,. The re-
gquired length of the helical path per unit length of yarn 1s now:

/1 + W Ny ry D D D G D e g WD S D D D M e WD D P D W AR T WS @ W e (7)
and the per cent difference between the twe lengths ia:
Sre vy BBl 1y !¢7,~"-’m:,"’ry5

Jl + & 7;‘211”21»},2

X 100 ceccecccccacaaa- (8)

Equation {8) defines the excess length, or the emcunt the fiber path must be
extended before the fiber besrs any apprecicble tensile loed, apnd thus mmst be
included as a part of the fiber extension verm in any expression for yern
load.

In deriving the expression given by Equation (1) for yarn loed; er,
the strain in @ fiber, was takea 88 eyccsSoy vhere eg is the yvra stirain and
Oy the helix angle for the given fiber. While eycos Oy still expresses the
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total strain {n the directlon of the path, 1t does not define the part of the
fiber strain vhich is load-btsaring if any crimp is pressnt. An expression for
load-bearing fiver sirain is derived as rollows:

let:

=
<
"

the singies yarn length

ly = total fiber length in a length l.y of yaz;m = 31!
cos oyo

= yarn helix angle before untwisting
= yaria beiilx angle after untwisting
fa) ]'y = yarn extension
Al = totel fiber path extension due to Aly.
(A'lf)P = fiber path extensiop which is load-bearing.
ey = yarn gtrain = o].;z

(er)p = loaed-bearing fiber strain

FProa previous wark (3):

Alg e Oly cOB Op -wmmmamne- commacmsecmanceea (9)

and; it is clieer that:

(21,) = al -1]'1
r 2 y.cosﬁ;o’

1
cos ry- e me e e

e — = -(20)

where the subtractive expression on the right side of Eguation (10) represents
the totel crimp, or excess length created by the untwisting. Equation (10)
essumes that the loed required to stiraignter a crimped fiber is negligible
compured to the load required to extend the same fidber in tension by an egual
amount. Since:

‘°r’p"£f;§r_’z REREPSRECHIR RS .

then, by ccmbining (9), (10), ard (11):
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(¢) = &1 cosd -1[1 -1 ]
'y y Yy y co3by, cosd,

_ , T, (12)

cooO’o

which after simplification becomes:

(ef) -e cotO cosO -[ ] ____________ - - (13)

Hoting inat in the originsl expression for ysrn loed as a functiom of yarn
strain, as given by Equation (1), the term cycous20y represents the lomd-bearing
tiber strain of a fiber, (ef)p, the above Equation (13) cen be substituted for
epy resulting in:

B .
P a2 blﬁ+e coLd coso
B S, E

or, in terms of r:

R B

Pyn2p' b%+ e’( 1 ( 1 )-1‘.'54.!;822

; R v 2 [0 o 22

1 n,
(1 + 1&7723,2!2)1—06 e

Reference to previous work (1,2) which gave general solutions for the meximum
value of Py in terms of the several parameters when Ny = Nyo, vill indicote the
complexity of the problem when HNyo and Ky are not equal. Even assuning that ean
analytic solution could bde found, an extremely large number of curves would be
required to give any sort of generality to the work. Accordingly, no gemeral
soiution was found. Ipsteed, a piccevise summation woe used to obtain approximmte
solutions for severasl specific coirdage struct .

The procedire is as Tollows: Divide the yarn cross-section into five
parts by imecribing four circles with radii R, ?_‘;.Z" 3R,, and LR, and gssume that
g ok =
each one of the ringe so forzed can be characterized by its properties at its
midpoint (see Figure 5).
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Let:
Py = Load per unit weight supportcd at midpoint of the ith ring.
= Eicngation of midpoint of tihe 1tbh ring.

Ty = Padiue to midpoint of the ith ring.

D
"
B

Balf vidth of any ring.

Helix angle at midpoint of the ith ring corresponding 4o the yarn
tvist, N
L 4

Ai = Area of ith ring.
P = Average strength per unit weight of fiber.
Py = Total yarn loed.

Since the veight is proportional to the area, the load in the ith ring will be:

Py = Kpghg
where K is a constant. Then the totel loed supported by 21} the rings will bes

P = > pA COBQOinu
Y4 v TG --=-==nommn- memmeee R L)'

This is entirely analogous to the exprzssion:

P -2/77fcos2° n,
y y rdr
o bIs o]

A

" 77'[(r1+c.r)2-(ri-ar)'{l -lﬂlriar

and inspection of Figure (5) shows that Ar = r;, so that:
Ai - ,&771‘11'1
and thus:

5
Py - 1‘771'15; PiTy 000291 . (15)
- 100

If the etructure were JOUS efficlent, the lcad would be p, the meen £iber strength
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per unlt weight, tires the total erea, or:

Xp 5 . TR SN S csemesssme LT
i=1
Thus the per cent efficlency of vrapslaticn of etrength of the structure can
be expressed as:

7(' - P;[(;OO) LW rll(j yiricosgeinu L piricosgoin.u

= i im
T v -e- 18)
o ¢ PLRK S P 12‘ r,
1=l -

By essuming & givan value of ey, the corresponding vaiue of n_can = found as
follows:

a.) Calculation of {ef)p for each ring from Equation (13), utilizing
the known geometry of the yarn to specify Oyosnd Oy for each ring.

b.) The datermimstion of appropriate value of P; corresponding to
(ef)p for each ring frcm the fiber stress-strain curve.

c.) Thae celculation of ny for each ring from (eg)p, the mean
fiber rupture strain ey, and the coefficient of variestion of
fiver rupture elongation V.

d.) The summtion of Equaticn (13) for &1l rings.

By successively repenting this procedurz for different velues of ey, 2 maximm
7 can be found.

The velues of py mst in generel e found directly from the average
Tiber stress-stirain curve, since wilth excess lengths the range of fiber strains
for sny glven yarn strain is 8o great as to make the linear approxinetion used
and described in Technical Report Number 6 ¢oo ipaccurate.

The siress-oirain curve used lLere differs slightly im {ype from that
employed in previous work in which & plot of aversege gracs per deniar versus
strain vas used. The modification in the piesent work is to express the stress
ordinate ag sverage grams per average denier. Both types of curves for a given
sarple of Manila Abaca Piter are plotted in Figure(6). The fact that the curves
formed by using the average mrems per denle: does not shcow the meen value of
breeking stress occurring at the mean velue of rupture elongation is 2 matter
which required a modification factor in theoreticel calculation of y=rn efficiency
as described in Technieaml Report Number 6.

The reason for using the curve of average @raxs per average denier
rather ti:an the averagz of the zresms per denle. will becore clear after chserving
the form:=tion of =ach of these ¢uantities followed by compsrisorn with the losd
expressiop in which they ere used,
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In forming & curve of averege grems per denier versus stresin, each
fiber 18 weighed separately and the grems per denier of the fiters at given
strains are sveraged at epough different strains to delineste & curve. In
plotting average grams per esverage denier, all fibers in the sample are
weighed a3 & group, and the aversg> loed at various strai=s is 4%viled by
the average veight, in derier per fiber, ¢f the whole original ibar sample
to give the average grams per average denier. BExprassed is analytic form,
the procedure for firding the average grams per denier gives:

> &)
£(e) = n(1-Fg, )¢l

SR e e e (29)

vhile the averasge grams per average denier is determined from:

-

Py
gle) = n(T-Bgy )+l LI n{1-Np,)+1 P1

W ¥ (Nfu)

A sinplification can be mude to Equation {19) by realizing that when the values
of p; &are fairly symetrically distributed, the average value 18 very nearly/py .

'1 271-
Therefore:
n P4 n
Z (&) 2 :_ (py)
£(e) = n(I-N )41 n(1-K, )+1 e (e1)
a(Xe,) n
n(1-Kg, )+l (V1)

What is desired is the total loed supported by a bundle of fibers (. p,) at any
given elongation in terms of the stress-strain curve parsmeters. From Equation

o
Driatle) 2 (vy)

(21):
n(l-ﬂm)+1
and from Equation (20):

Z_Pi = g(e) W[Nfu(e):]
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- [}
Thus to find 2 py from the f(e) curve it is necessary to knew 2 __ ¥1) or
B n(l-N‘;u )-'!
the total weight of the unbroken fibere at any given strain, wkile use of the
g(e) curve requires only a knowledge of the total original weight of the bundle.

In the case vhere average fiter rodulus is independent of tenacity,
there would of course be no difference betieen the two Equations (20) and (21},
but in the generul case, such a dependence can be shown.

From Pigure (6) it can be seen {ksat the higher tenacity fibers have
the lower modulus, or in other words trat n

'—"(v ;
‘/1 1 > wa.
-~ -Nm +

While results of previcus celculstions compensated vith a correction
factor for the "drooping” cheracteristic ¢f curves defined by Equation (21),
the most recent method is the wore logical procedure in the sense that it pro-
perly expresses the load-carrying cepacity of the aggregate structure. It
offers the additiona]l advantage that tke sverage curve g0 defined has the same
appearance as &8 single typical fiber strese-strain curve, vhile the former
method introduces a distortion such thet tle average curve does not reesendls
any sirvgzle given test curve. However, sirce experimental efficiencies are based
on the mean breaking tenacily cf 4.3 elements, it may, in some csses, be
necessary to modify theoretical efficlicncies cbtained by use of the average
greams per average denier cuxve so that they are consistent with the foregoing
convention.Thisisconveniently done by miltiplying theoretical efficiencies by
the factor:

gley)
mean rupture temacity

vhere g(en) is the ordinate to the average zrams per aversge denier curve at
wean rupture elongation. In general, it l2s been experimentally found that for
cordage fibers and yarns the factor given sbove is extscazely close tc 1.

Again, 1t is emphasized that the expressicrn given adove is not an arditrary
correction factor, but instead is necessary in order that thecretical and ex-
perimental efficiencies may be expresseld on the same basis, namely, pzan rupture

tamcity.

Thus far a circuiar yara cross-section has been assumed. For singles
yarns, or ysrns removed from strands, tals seems to be a good approximmtiom,
but examination of strand sections shows thit 2 yarn lying in the stmand has a
Cross-section vhich mey deviate considersdly from the circular. An exact theo-
reticel analysis of excess lengths for thes: distorted cases would be extremely
complex seomstrically but not particularly raluable practically because of the
variety of shapess assumed by the yarns ande: different stranding conditions.
Portunately, the results are not so cricica.ly deperndent on the exact shape of
the yarn that certsin rough approximntions o not give satisfactory results.
Thie aspect, together with deviations i1 r2iults produced by differences in
crose-ssctional shapes, is covered in e suliequert section dealing with comparisors
between theory and experimental resulis.
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11. VARYABILITY

It vas pointed out in the Introducticn that variability of elongation
to break swmong singles yarns ic a plled yarn cennot in general be treated In
the same manner as varisbility among fibers in a yern, and thus the rmgnitude
of strength translstion will ve different for th= two cases. A method is pre-
sented here the results of which meke !{ possible to predict the effects of
variability on the strength of smll groups of fiders or yarns. The results
algo define the minimum size of the sample which gives essentially the same
results as tke large sample spproxivetion developed and utilized in earlier
work (1,2). The analysis cpplies equally to fibers, jyarns, strands, or any
2lements vhich act as units in 8 large structure. For purposss of this analysis,
a bundle of unite is termed "parallel” if the geometry is such that 211 units
are subjected to =qunl strains as a result of streining the group. Thus, two
or three ply yarns of unifcim gecmetry represent perzllel bundles. The ply
helix angle in this case necessitates the use of a geometric factor for efficiency
calculations, which factor is independent of the statisticel analysis which

follows.

Suppose there exists a certain population of units and the results
of miny tensile tests of such units are plotted as a distribution of elongations
to break. Then, if from the same pcpulation tensile tests of bundles of two
units are mede; consider ¢he distribution of elongations t» breek of the first
break in each group. 8inces the lowest elongeation unit is the controlling
factor, & high elongation unit paired with e low one would give no weight to
tbe high one iu the distribution. Similexly, it is clear that zs the number
of units in the bundle becomes larger, the average elongation et wvhich the first
unit breaks becomes lower. A method for obtzining the theoretical distributions
of first unit bresks for waricus bundle sizes has becn derived on the basis of
a mormal populaticn of units and is found in Appendix (1I). These Aistributions
are plotted in Figure (7). For prasent purpcses, the only concern will be the
zean value of each of these distributions, =nd accordingly a curve of mean
elongation at which first unit break occurs versus bundle size has been plcited
i Figure {8), with :longetion generalized in terms of t, the mumber of standard
deviations from the unit pcpulotion meen.

A guestion nov arises as to the utility of these mean elongation
curves with respect to the strength of a bundle or plicd structure. It is ob-
vious that if a bundle of two units is loeded, the total loed will seldom
exceed that reached when the first one breaks, go it can be said with certain%y
that the mean load for the first break in each bundie will also be very nearly
the mean meximm bundle loed. For exsmple, if bundles of two units vere tested,
the mean breaking tenacity for the bundles would for 2 linear average stress-
strain curve be that correspording to an elcngation of en-0.50 (see Figure 5)
on the everage stress-strain curve for the population, vhen em is the mean
breaking elongaticn for tke populaticn end 7" is the population stendnrd devi-
ation of elongation to bireck. PFor *he general csee of non-linear stress-strain
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curves, it would be necessary to find the wean ¢f the distridbution curves of
Figure (7) with the abscissa scale, t, converted to stress in order to obtain
the mean bundle tepacity. The rasuits of efficlency st first unit rupture are
plotted as the solid 1linss of FPigure {10). Here N is the number of upits in
che bundle and M o YT where g 1s the stendard deviation of the unit elonga-
tion to bresk and b is the slope of the assuwed linear average sStress-strain
curve of the wite in the region neax rupture.

In atteapting to extend thie reesoning to larger size bundles,
another problex iz epcountered, namely, that maxizuam load does not necessarily
occur vhen the first unit bresks. In fact, for large rumbers of units a very
sizeable portion mey be broken btefore maximum bhundle load is attaiped. This
case has bsen discussed in previous work (1,2), and the results of this pre-
vious work brecket the widdie-sized groups. Thus the problem is reduced to the
specific solution of some examples of middle siz2d groups in order to extend
the analysis of the effects of variability over the entire range from single
units to infinitely large bundles. The important practical resulis of these
calculations will be both the sbility to predict the effmcis of mumber of uaits
and aleso to define the mipnimm size vhich constitutes an "infinite® size for

tensile strexgth purposas.

An elongation is chosen for the first unit to break, and the pro-
bability of having the maximm tundle strength occur at this point is calculated.
A mumber of other elcngations for first unit rupture are chosen and similar
probabilities calculated. The results are plctted as a distribution of prova-
bility of occurrence of maximm load versus eloagation at first unit break.

Then similar sets of calculations are made for the csses vhere maximim
bundle strength is attained vhen the secand unit ruptures, third unit ruptures,
etc. The method is outlined in detail in Appendix (I) srd the results for N =
L, 1.e.; & bucdle of U4 units, and M = 20 are plotted in Figurz (9). The
parameter M is a convenlent one to deecribe tundles(6). It is numerically equal
to b 0 or beyV vwhere b is the slope of the linear approximmtion to the average

150
unit stress-strain curvs near rupture; J~, the standard deviation of elopgation
to rupture; ep, the mean rupture elongation; and V, the coefficient of variation
of elongation to rupture of the units.

The relative areas under the curves of Pigure (9) represent the relative
fraquencies of maximm bundle loads occurring at the 2irst, sscond, and thind
unit breaks. Clearly, any break beyond the third bas a very smll probability
of producing & maximm bundle load and need not be considered. The average
breaking elongation can be calculated by taking the weighted msen of all of
the distribution curves, that is, the sum of each of the individual means times
the arez under the curve, divided by the sum of the arez2s. To find the average
breaking load, the mean breaking load for each configuration must b= modified
by the mmber of units intact. strictly speaking, the total ares should be
numerically equal to unity, but since in calculating averages the same normal-.
ization constant appears in both mmerator and denominator, forsml norsslization

is unnecessary here.
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The same procedure was followed for other values of N and M.
Combining this informetion with bLoth the translational curves for first
unit breaeks, and alsc the mgnitude of bundle efficiencies for very large
groups of units,a useful graphical representation cen be wads ee follows:

It is dmown that the effact of varisbllity on the meen increases vwith increas-
ing size of group and thus must asymptoiically approach the value found for
very large sized groups. It is also known that the effect can be nc grester
than tkat corresponding to the first unit break, since the elongatica et
mximm load can be no less than that where the first unit breaks. Thus, a
translational efficiency curve for bundles, plotted versus N, the mmber of
elements in the bundle, must lie or or above the curve giving the efficierncics
under the assumption that maxinum strength Is reached vhen the first unit
breaks. Then the geaer=l shape and positicn of the translatiomsl efficiency
curves are known and by calculation of only a few Jjudiciously selected points
as above a general set of curves showing trenslationel efficiency of the dbundle
versus N, the mmber of units in the bundle can be plotted. This has been
done ir, Figure (10); vhere the curves are repressnted by the dashed lines.

The s0lid lines of Figure (10) represent the resuits for first unit bresk.

There are three important points to note in these curves; 1l.) As
N becomes smller, the efficiency cen be more rearly characterized directly
by the curve of efficiency at first unit break. 2.) As N reaches sbout 15,
the sssymptotic value can be used with very little error or, in other vords,
a very large sample can be sssumed. 3.) With other factors resmining constant,
the efficiency of transiation is inversely functiopal with the muzber of units
in the bundle for small puxbers of units, These observations must be interpreted
vith caution because they apply only to translation of sirength, although they
are based on elongation. That is, it is proper to sey thait strength-vise a
bundle of 15 units from a given population will on the average translate to
about the same extent as & bundle of 100, but it ie not true that the average
breaking elongation will be the same for the two cases., This cen best be under-
stood by following the steps of the derivation given in Appendix (I).

The analysis of & plied yarz containing a core differs from the
apalysis of aimiler nuwher of umils in purclislsince in the former case any
significant ply helix arcle imposcs & different etrain on the core yarn than on
the sxterior yarns. The statistical analysis must take this difference in
strains into account. This has been done for seven ply yarns, with the procedure
outlined in Appendix (I1I), and the results of the analysis given by the efficincy
curves of Figare (11). An interesting featurs of thess curves is ihs relalive
insensitivity of the results to unit variability for any significant ply helix
sngle. This is true cnly for the renge of unii variabiiities coversd by the
calculations. The cause of this apparent insensitivity resides in the somsvhat
irproved degree of elongation btelance bstwesn the core yarns and the exterior
yarns with o smmll increase in unit variability. 8uch an effect would be
4ifficult to demomstrate experimentally since the magnitude of the effect is
cmall. In the case of & large nmumber of exteric: yarns with a single unit core,

as indicated later, little errcr is imtroduced by assuming all units to be in
parallel. '
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It 18 of interest to note that the curves of strength translation
et first unit break can elso be internreted as giving the everage strength
of the weakest link in cheins cormposed of n lipks. Here the work link means
simply some srbitrery lepgth of fiter, yeru, or plied yarn. In parsllel
type structures all clereris are ot e knom elongation, so elcngation has
been chosen as & basic parameter. In series structures, all elements are st
the same loasd, 80 load must replace elcngation in the statistical calculations.
The solid curves cf Figure (10) vith m replaced by the coefficient of varia-
tion of breaking lcad will give directly +the - efficlenecy of units irn scries
vhere the atscissa is the mumber of unite in series., For example, it should
be possible to determine the effect of gmge length on tensile strength simply
by knowving the mean strength and standard deviation of strength at some short
length and assigning to this lengthk an n of 1. The strength at sny loaoger
gage length could then be calculated from the efficiency curves given in
Pigure (10) if the only effects of gege length vere statistical in nature.
However, differences betwecen specirens in the short guge length tests might
be due to factors vhich would not bave acted on a single long specimen and
thus obscure the results, e.g., rat. of loading, Jaw penetratiom effects, etc.
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ITI. COMPARYSON OF THEORY WITE EXPERIMENT

A. BExcess lengths in Yarns Removed from Strand

It has teen shovn theoretically tkhat the length of a fiber in a
circular yarn should vary according to the inverse cosine of the angle it makes
with the yarn axis, or in terms of helical parameters:

4y « y J1+ XY™ y§;§

where b4 ¢ 18 the length of fiber corresponding to a length 1 y of yarn, is
the number of tuims per unit length cl the yarn, and r is the fidber distabce
from the yarn center,

Tests have been performed in which a 20 inch lengih of yarn is placed
under = conutant tension, completely untwvisted, and a2ll non-throughgoing fivers
removed. Then obne by one the taut fibers are cut and the increased length of
the yarn measured severasl times during the cutting procedure., Tha per cent of
the total fibers cut is plotted versus the per cent increase in lengti. The
theoreticai form of such & curve can be derived as follows:

Consider a circular yarn of radius R, Then the per cent of fibers
included to a rsdius r is 7r2 x 100 = 100 r?,” assuming & constant yarn density

78 RS

Y 4 >
from the center outwaréd. The leagth of a fiber at e radius r w j,/ 1.-1»&77"1!’
and the per cent increese in length is:

+ 2 -
LTIy (T A o
y

For smmll values of h?""nygr"), vV 1;&7)’51{’5‘? can be zlosely approximated by

1+97rzn r2, so that the expression fcr per cent increase in length becomes
1. {142 2re.1) = 200 72K,2r2. The plot then becomes a straight line with

slope 100 This can be expressed in terms of the yarn
200 72Ryr2  27Px %R 2
surface helix angle 0, as 2 ctn20,.

If a yarn 18 partially untvistel by, say, plying, after having been
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spun to an initiel twist which gives 2 helix angle Oyo, it is clear that the
distribution of sbsolute 7Tiber lergths should stiil be the sawe as before un-
twieting. Hovever, the theoretical length distribution for & yarn vith the
pav lowar angle Oy, will hsve a steeper slope. The difference in slopes for
the original and untwisted yarn is a measure of the excess fiber lengths exist-
ing in the untwisted yarn. The distribution of these excess lengths with
respsct to radius has been derived in 8Bection I, C.

Figure (12) shows a plot of four theoretical distributions of fiber
length together with the experiments results for a "soft" twist yarn series.
A detailed description of the mature of these samples will de given latsr. How-
ever, for convenience in following Figure (12), the syzbol YB refers to & yarn
(Y) before plying vhose twist vas"soft” (E). All three letter sy=bols refer to
yaras from strands, the first letter Y representing the fact that the test vas
performed on yarns from strends where the criginel yarn tviet vas soft (the
second letter §), while the stvend twist was in turn soft (third letter 8),
mediun (third letter M), or hard (third letter H). Thus, as the designation
of yarns from strands proceeds from YS8 to ISH, the re & fiber lergth should
decrease; and thus the excess length should ilacreese. each case experimsntal
lengths of fibers in yarn removed from strands, as well as theoretical lengths,
vere determined using the singles twiat as it 1ies in the strand. While ex-
perimental results of fiber length are not dependent upon the manner ip vhich
the singles yarns vere untvisted from the strands, the twists to be uced in
calculzating the theoretical lengths are so dependent.

The results of Figure (12) can be seen to agree with theory quite well
so far as the trend is concernsd. The four experimental curves are all peariy
identical, irrespective of fimal twist, as would de expected for yarns of
originally the same tvist. The theoretical distributions indicate the distribution
vhich would be required in order that all the helical paths be exactly satisfied
vith no excess lengths, and thus that the excess lengths increase with ircreas-
ing twist removal achieved by increasing the strand tvist. The discrepancy
betwesn theoretical and experimental curves for the original Y8 yarn are probably

due to errors in both experiment and assumption: 1.) ntal - it is
possible that not enough tensio~- was sxsricd o wie yarn a €8 percentage

of the fibers vere still intact, so that the increase in length measured vas
too iow., For example, at the 60% ordinate of Figure (12), the length increase
is about 0.4 too low. On a 20" gege length this means 0.08", a smell amount
for a rough measuring ard tensioning system; 2.) theoretical - the assumption
that a1l fihers 1ie in perfect helices 15 clearly nut Frue Bince much darting
has beer observed. While this darting is of little consegquence over the short
lengths involved ip yarnm rupture, it will have a tendency to equalize fiber
lengths over the longe. leugths used in the investigation of tiber length dis-
tributions and thus yleld s stieeper slope than thet calculated., The long tails
observed in the upper regions of the experimentsl curves ae undoubtedly due to
the tendency of a very few fibere in every yarn to be somevhat stray, thet is,
not really tightly bound within the yarn.

If tke above reasoning is true, then ths amJor devistion between

" thecretical end experimental results has been explained cn the besis of length,
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a consideration not valid for the short lengths involved in rupture, end thus
tensile calculations should be based on the more accurate theoretical values
and not the experimentally obtained curves,

B. Strength of Yarns Removed From Strxends

In Section II-C, a theoretical enalysis was made of the strength of
yarns removed from gtrands on the basis of the creaticn of excess lengths due
to untwisting in the stranding operatiom.

As part of the study of factors inflvencing the transintional ef-
ficiency of cordage; a series of Abz2ca fiber cordage strands cf different twists
mde frozn yarns of different tvists were produced at the Boston Mevy Yard. The
description of pertinent nominal structure of these strands is given in Table I.
In all cases strands possess & single core yarn surrounded by either 13 or 14
singles yarns in the exterior shell. For purposes of efficiency calculatioms of
yarns renmoved from strends, theve is negligible effect produced by chenging the
mnmbers of externsl yarms. Correspondingly, there is negligible difference in
residual singles twist whether a core yarn or exterrel yamm is used, i.e.; it
is irpossible to experimentally detect such differences. -

TABLE I

TWIST STRUCTURE OF EXPERIMENTAL ABACA BTRANDS
A1l yarns 300 ft./)b. nominal weight

B8trand . Singles Yarn Twist 8trand Twist 8ingles Yarn Tvist

Code Before Btranding {turns/ft.) s "¢ lies In The Strand
(turns/ft.) e __ _{turns/r¢.)

888 6.62 k.38 3.52

8sM £.6 5.4 2.9

8sH 6.6 6.9 1.7

s 11.0 3.8 9.0

sMM 11.0 4.8 8.4

sME 11.0 6.0 8.0

SES 15.0 3.9 13.%

SEM 15.0 3.9 13.%

SHE 15.0 4.3 13.3

In ell cases, the singles twist as it lies in the strand was
determined by cutting avay all but one of the yarns in the strand; followed
by untwisting of the single remaining jarn. Length growths were added to
original strand lengths so that the tvist per unit length of yarm could be
determined. The foregoing procedure is obviously equivalent to removing e

P
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single yarn from the strand Ly "unvrepping’, i.e., holding one end of the stramd
rigidly clamped, ond rotating the free end of any ysarn about the strand axis
but not it's own axis. By this latter technique, moet cf the yarns in any
given length of strand can be used for twist determimmtions. As will dbe showm
later, the twist of yarn determined by either o2 the two described procedures
givee helix angles and excess lengths of yarns as they lie in strands aud-
stantislly in agreemsnt with those vhizh result from the more rigorous amlyses
of Bchwartz (4) and Chow (5). Yarns removed from the strands descrided in
Table I are dsajgnated as Y88, YBN, etc., the initinl letter Y, for yarm, re-
placing the initisl letter 8, for strand.

The results of efficiency calculations for the full series of soft,
medium, end hard twvist yarns removed from soft; medium and herd twist strands
together vith the theoretical efficiencies, with and vithout considerstion of
excese lengths are tabulated in Table 1I. These results vere calculated by
the summmtion proccdures derived in Section II-C. The plus and minus values
represent tvo standard errors of efticiency celculeted usipg only the variance
in experimentsl strand strengths.

TABLE II

COMPARISON OF THEORETICAL AND EXPERIMENTAL EFFICIENCIES
OF YARNS PRGM STRAKDS

_Eificiencies, Per cent
Initial  Fiml  Yarn Thsoretical Theoretleal — —

Ya:n* Yarn Twist Yarn Twist Dismeter No exccas Tull excess

Code (turns/ft) (turns/ft) (inches) Langths Lengths _ Experimental

B8 6.62 3.52 0.125 58.8 54.0 53.6¢6 !
™M 6.6 2.9 0.125 58.8 53.2 &l 0t Su# i
YSE 6.6 1.7 0.125 58.8 51.2 36,3t 5. }
ws 11.0 9.0 0.12% 56.3 %9.5 56.0th
™M 11.0 8.4 0.125 56.3 4.0 46.2t1 -
wHE 1.0 8.0 0.125 56.3 k5.2 bk, 043 I
IES 15.0 13.4 0.100 54,7 47.8 42,915
yaM  15.0 13.L 0.100 sk, 7 %7.8 33.5¢3
YEH 15.0 13.3 0.100 5h. T 47.8 ho.oth

% Iirst letter indicates yarn; second letter twist of yarn, third letter twist

of strand.
** See text for explanation of these values.

T 7 S AT T

The experimental values of efficiency for the Y53, YMS, YMM, and YMH
ya:ns are all guite close to the theoreticel wvalues camputed for full excess-
lengths. In the cas: of yarns YBM and YSH the theoretical values are t00 high

LR —
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since the residual yarn twists are sufficiently lov that only ths throughgoing
fibers contribute any apprecisble amcunt to the strength, although tbe nom-
throughgolng fitere coutrilnrte more load in yarm YSM than in yarn YSH, since
the residusl tvist in the former exceeds that in the lstter. While no precise
juantitative prediction of the strengths of these yarms can be made, it is
possible to account for most of the dfiacrepancies as follows: for the gage
length to fiber length ratio employed in the determination of experimsutal
efficlencies sppraximately one-third of ¢t= fibers vere not throughgoing. Thus,
considering only those fibers vhich are throughgoing, the efficiency of yarn
YSH would be % x 51,2 = 3h.15. Some otrength would be anticipated for the non-

ing fibers in this yern, but the magnitude would be smll and con-
tributing to the efficiency in the order of 36.3-34.1 « 2.2%., For the YSM

yarn, vhere the residual twist is higher, the contributioa of the non~throughgoing

fiber to efficiency is probably of the oxrder of hk.o-% x 53.2 = 8.5¢, higher

than the YSH yarn as would be anticipated. However, as these yarns lie in the
strand, additional cohesive forces are created by the strand twist, and thus
the lov experipmntal singles strength for yarns YBM and YSH should not be con-
strued as indicating that the strands vhich they comprise would be veak.

For the hard twist yarn series, YES, YHM, apl YHH the discrepancies
ere higher than could be accounted for on the basis of experimental strength
variation, just slightly in the case of YHS and YAH and considersbly in the
case of YHN. A possible explanation for the discrepancies in the cases of
yarns YHS and YHE is that the experimental values of initial twist. B, and
final twist, Ny, for these yarns were not sufficiently accurate. Prom previmus
work it might be concluded that a small variation in twist for moderste helix
angle yarns would not effect the strength very much, and this is the case vhere
twist effects are mostly angular in nature. However, vhen excess lengths are
cansidered, the effect of a smll change in tvist mmy by no weans de small.

As an example, tk: theoretical strength of o yarn removed from strand vith
excess lengths present has been calculated on the assumption of initie’ yam -
twist of 13.4, 15, apd 17 turns per foot, and a final yarn twist of 13.%4 turns
per foot. The 15-13.% conbinntion corresponds to the actual as weasured and
calculated hard tvist series. The results are plotted in Pigure (13). Over
the range covered, it can be geen that the rate of changes of efficiency with
initial twist is ebout 5% per turn per foot of twist. The rate with respect
to final twist is about the same for this range. Thus thz effects of small
tvist veriations are of the order of the Adfscrepency,

Ko similar ressouing can explain sll of the verv large difference
between theoretical and experimental values of efficieacy for the YEN yarn, ncr
for the large difference between this yarn ern? the other two yarns of thn hard
yarn twist series. On the basis of sll paramcters consideied theoretically,
as well as their measured structural geometries, the turee yarns are very nearly
identical. All that can be said for yarn YHM is that some factor such as fiber
tenacity, vhich was not measured for each construction, does not have the value
ascribed to it on the basis of previous investigations.
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In a subseguent section on strand efficiency it wiil be shovn that the
foregoing discussion on excess lengths mey be largely of scademic interest
since the candition of circular symmetry of the yarn 1s strongly violated as
the yarns lie in strands, Tims yarns removed from strends 4o nct possess the
same characteristics as they do vhen they lie in the strend, although it is
very probable that some residue of large excese lengths are present in yarns
as they lie in strands.

The physical reason for excess lengths which are created by partial
untwisting of a yarn influencing efficlencies so profoundly is that they
accentuate the degree of unbalance cf elongations awmongst fibers in a yerm.

The exterior fibers, which by virtue of the helix angles are umder a lesser
strain than the interior fibers, can be subjected tc non-lomd-beering extension
&8s & result of the excess lengths. Obviously, this non-lced-beoaring extensibility
vould exert less effect for a high elongation fiber or for s fiber vhose stress-
strain curve was flat over 8 wide range of elongations near rupture; i.,e., a
high a/b. The couverse of this effect of excess lengths is alsc of interest.
For example, it is possible from the theoretical date given in Technical Report
Number 6 to determine the roximum possible efficiency of a yarn if all of the
elongation unbalance between fibers were recoved. Such a hypothetlical structure
might be visualized, dy, ssy, imagining varying emounts of crimp to be inserted
amongst the fibers. The amount of crimp should diminish from inside to outside
of the yarn. For such & yarn; the efficiency would be determined from:

Ty = Tvundle 1n(sec%y)
tan® 0,

wmemdememmeeeie e SRR emmeee (23)

whereas )me & is the dundle efficlercy for the type of fibers under conside-

and Og 1s the surface helix angle of the yarn. In general, efficiencies cal-
culated from Equation (23) are nigher than those given in Technical Report Number
6, indicating that increares in streagth could be achieved by adjusting crimps.
However, the extent of such improvements are sizeable only for stiff inextensidble
fiberz whose rupture elongntion variability is lov. A coefficient of variatioa
of fiber elongation to rupture of 104 is sufficiently large to mask the strength
increase. It 1s also clear that the extra yarn weight per unit length result-
ing from the insertion of crimps as described above would sct to diwm’- sh the

efficiency.

C. Relationship of Initisl to Final Tw'at in Yarns Removed From Strand

In Section I-B 1%t was shcwn thet in the nommel stranding procedure the
relationship between finsl singles twist nyp,initia.}. singles twist u,o, strand
tvist N_,, and helix angle °P should be:

“yp" Nyo ~ Ng cos Qp wfaros e wercacrescconconnnenncssce

Table III glves Rypas determined from the gbove ejurtion and also as measured
directly for the series of yarn whose efficlencies vere compsred in Table II.

ey

g
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ABLE I11

COMPARISON QF CALCULATED AND EXPERIMENTAL YARN TWISTS
FOLLOWING STRAIDING

Yarn Final Ysrn Tvist, TPF)
Code Ny, (TPF)*  Ng(TPF)  Cos @,  15/1y,  Calculated Experiléntal
YBS 6.62 L.38 0.931 0.930 2.6z 3.52

YSM 6.6 5.b 0.897 0.887 1.7 2.9

YSE 6.6 6.9 0.880 0.858 0.5 1.7

s 11.0 3.8 0.945 0.94k 8.k 9.C

N 11.0 4.8 0.517 0.918 €.€ 8.4

MH 11.0 6.0 0.878 0.857 5.7 8.0

YHS 15.0 3.9 0.943 0.934 11.3 13.4

YHM 15.0 3.9 0.942 0.929 11.3 13.4

Y8H 15.0 4.3 0.931 0. 11.0 313.3
*TPF = turns per foot of twist,

The colurn heeded cos 6 given the cosine es calculated by the method
described in Section I-i. The 1,/1, colwm gives the ratio of the length of the
strend to the length of the ysrn contained in that length. Theoretically
b /]y = COS8 QR and agreement between there tvo gquantities is very good, the
discrepancy alvays being less than 3%. Unfortunately, the egreement between
calculated and theoretical values for i8 very poor, indicating that Equation
(24) is pot a valid reypresentation of t happens to twist during the strand.-
ing operction. There is no obviocus reason why singles turns are not removed on
a one-to-one basis with strand tvist, { clearly they are not. For lack of
concrete evidence to support sny qusentituiive explanation, this problem will be
left for future exploration making it necessary to determine final yarn twists
experimentally. It should be pciuted out here that the uge of the more rigorous
analysis of plied yarn structure &s &eveloped by Chow (5) @oes not produce
sufficiently Aifferent results from Equetion (2L) to account for the differences

in Table III.

— roop
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D. Strand snd Plied Yarn Efficiencles

Theoretical formulatioa of the factors lunvolved in the translation 2
yarns into higher order stiuctui'es is sozevhat cempliceted by the inability to
accurately character!ze the properties of yeras s they lie ir, such higher
order structures. Fortunsctely, certain approximating assumptions can be made
vhich simplify cslculation and yet yield results vhich check eiperimental wvaluen
to within the range of experimentel error.

By utilization of the concepts developed earlier in this report,
strand or plied yarn efficiency can dbe celculated from the irtegration of the
following data and assumptions:

1.) Aversge stress-strain curve cf yarns as they exist in the strand
or plied yarn.

n

.} Varisbility of elongeticn to break of yarns as they lie in the
higher order etriucture.

3.) 8trand twist and yarn position.

4.) The assumption that any ya=rn supports negligible load after
atteining meximumm load, i.es., that the yarr ruptures completely.

It has been shown that for parallel units the curvs of Figure (19)
may be expected to give the multiplication factor reqguired to account for the
ef{ects of variadbility among yarns. To test the accuracy of this assertion,
consider the case of burndles containing different nmumbers of fibers as a
specisl case of a Ligher order structure. For this special case the stress-
strain curve of “he fibers as they lie in the bundle is, clesarly, the same as
if they vere single. Bimilarly the variability of fiber elomgation to break is
unchanged by the bundle formation. There is no twvist, and rupture of the in-
dividual fibers is sudden and complete. Thus oaly 1 and 2 above apply and the
pertinent data for both are unaxbigucusly defined. Listed belov in Table IV
are thke experimental and theoretical results for efficiency of tramslation of
bundles each of which contain "small"” cumbers of Manila sabaca fibers. Theo-
retical efficiencies are based on the efficiesncy curves of Figure (10).

Aﬁ
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TABLE IV

EFFICIENCIES OF TRANSIATICN OF MANIIA ABAC/A FIBER STRENGTH
INTO BUNDLES CCRTAINING A SMALL NUMBEZR OF UNITS

____Bfficlencies, §
Tumber of Fibers in Bundie Thaeoseticel Bperinental
' 2 T gﬁ:}f?
3 f1 81.0%5
7 13 76.0+8
15 68 69.8¢7.5

The theoreticel values given sbove vere calculatsed from pertinent
fiber data of: b a M2,5, ep = 2.4T%, and V = 244; or m = 25.2;: as determined
from 75 single fiber tests. The units of b ere percent of mean uitimmte Tiber
strength per percent elongation. BExperimental results are listed in Table IV
with a range of t two standard errors calculeted considering only the variance
in bundie strength. On the basis of the excellent agreement given in Table IV
there is no remson for not accepting the curves of Figure (10).

A twisted structure with all units lying at the saxe angle with respect

to the structure axis presents no theoretical complexity. Final efficiency for
this case would be determined by multiplicetion of bundle efficiency by the
cosine of the angle of inclimaticn for the ceomponent of force and again by a
cosine 0f the angle for Adenier increase due Lo the twist takeup. The prodlen,
as stated above, is that no yern paramnters are availadle for the yarn as it
lies in the strand or plied yarm:. These parameters mist be estimated froa com-
sideration of single yern properties outside the strsnd and the aesumed effects
of lying in a strand.

Probably the two most irportent effccts of stranding on the singles
other than the change of turus of twist, vhich change can be measured, are:

1.) Increase of cohesive force tetween fibers, and;

2.) Distortion of the circular cross-section.

twist singles whose twist, if the yarn were removed fron the strand, would be
below optimum. Distortion of tine circuler cross-section of the yarn can have
a very great effect on cancelling some of the adverse effcocts of bota excess
fiber lengths and strees concentrations vhich would exist in 2 strand vhose
yarns vere circular. This latter point, i.2., stress concentration; is dis-
cussed later in %his report. It vas stated earlier herein that a cereful
analysis of the strength of a yarn with excess lengths was largely of academic
interest since such & configuration does not axist within a stranded structure.
Thus, vhile the anaiysis of yarns removed from strends, calculated considering
the existence of excess fiber Jengliis is probably valid, it is of little use
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in the calculation of strand atrengths ard efficiencies.

Before presenting the results of calculationz on etrand and pliled
yarn streugths, an snalysis of some of the effects of cross-section distortion
on resovel of excess lengthis wiil be mnde. This analysis= will help to clerify
the reasonablensss of cextain of the assurpiions vhich are made and thus
Justify them.

Consider the case of 2 yarn of circular cross-section containing no
excess {iber lengths. The yarn wilil exhibit e moderately Cirm hand. Now
visualize a partial untwisting of the yern. From the preceeding analysis of
Section I-C it is kuown that excess filber iengihs will exist within the yarn
end clesrly the yarn will feel lese firm

If several of these yarns vere itvisted together there would ob-
vicusly ke a tendenc; lor the circulsr yarn cross-section to distort, and it
is well known thet such sections are in general not circuler in plied anpd
stranded structuree. The questlon nov arises as to vhat effect this distortion
vill have cn the tensile properties of the yarn as it lies in the strand, Two
possible effects on yarn structure are:

1.) Changes in the required path length of the fibers and, thus,
in the excess fiber lengths.

2.) Changes in inclination of the fibers.

To see how little yarn cross-sections]l shape distortion may change
fiber Lhalix angles while having a significant effect on excess fiber lengths,
consider the case of a yarn of circulsr section and helix angle of Or. Bow
distort the section to a square. Under the assumption of equal packing factors,
the annlysis is as followus:

Let:
A = the crose-sectional area o¢f the ysrn, same for both round or square
yarn.
N = turns of twist per unit length.

r = radius of yarn.

8 = lengtb of side of snquare.
Then:
Awrr2 w82
g = rar

£ince the fiber progresses an axizl &istance of é for every complete turn; on

one side of the acuare cylinder it will progress %‘_ . {Bee Figure 1%)
) '
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The length of fiber in one turn sbout the circular helix is:

while about the square cylinder it is:
lg = kJ85+('l )!
R

and since 8 = r V7 » this becomes:

lgal /1+167m2?'

EJ

The psreertsge change in required path length is:

1 - 1, 11‘/1+_:;_7__un29°-_1i/1+mc

100 =3 1 ———
c }_/1+tan2°c
. i
= 100 E+1.277un53; _1—]
J1+mc _]

The fiber helix angle on the surtace of the equare cylinder is given by:
tan Qg w 8« lr " = 7.092 Br
1758

Since the fiber helix angle on {he surface af the circuler cylinder is given by:
tan cc - 27N8r = 6.283 Kr
then:

tan Og = 1.129 tan O,

Figure (15) shows the relationship between originsl helix angle, final angle,
gnd decrease in length according to the condition and asnslysis above.
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Even for a helix angle of 30°, which is higher thsn woulld normeily
exist in a yarn, the change in angle is only ebout 3°. Reference to the
curves of transletional efficiency given in Technical Report Number & will
shov thet this in itself will not occision any very great cmmnge in efficiency.
However, corresponding to this angular change there is a lerzt® takeup of
about 3.4%, en amount wvhich is 3izesble in wott coasideruticus of excess
lengths. For angles as low as 15°, the length takeup is nearly 1%. This may
be quite significant in lov elongation to break materials.

The square section is, of course; hypothetical. The actual shape of
the final section will be determined by a mmber of things, chiefly the mumber
of yarns, the strand twisti, tie yarn twist, and yarn excess lengths. Clearly
the resistance to distortion vould be quite large after the sxcess lergths had
been rezoved from any appreciable munmbar of fibers. Thus & ysirn vith low ex-
cess lengths vould be expected to meintain itself more neerly circular.

While an analysis of the many possible distorted shapes is not
practical, it can be sald without reserveticn that any appreciable distortion
from a circulsr shape will, unless accompcnied by = large increase in pecking
factor, cause a takeup of excess fiber length. This distortion will contimue
to the point vhere encugh excess lengths are fully removed to make further
distortion impossidble with the forces availsble from the plying or stranding
operation. Tae distortion is accomplished with little change in angle of
inclination. While this information is not very definitive, it does make it
reascusble to assume that yarns with small amounts of excese length will show
virtually no excess length effects vhen strunded, and those vith large amounts
of excess lengths will shov very much less effect than wvould be expected on
the basis of the circular cross-sectiom analysis.

The genersl case of an arbitrarily shaped distorted section can be
handled for the condition that substantislly all excess lengths are removed.
Here, the final helix anglz is neerly the sanme as the helix angle of the yarn
before plyirg, since it can be shoin that: 1, = 1z for the original yarn,

end 1o = h[ for the fipal yarn, regardless of cross-section shape. The
Ccosve

approximation involved will be discusssd in 2 subssquent section when certain
of the azswmiicnes already made are examined. This case of complete excess
length removal ie of particular importance because a yarn will in general tend
to distort until the excess lengths are removed, and while the entire yam
cennot be supposed to have reached this state, the deviations from complete
removal of excess lengths will be largely for those fibers having lov angles of
inclination vhere the situstion is not critical.

Calculsticn of strand efficiency should then make use of a yarn
strength approximately that of the original yarms, or somevhat less for large
apounts of untvisting in the plying process. Thus ome cannot in general com-
pute the translation of experimentsl yarn strength into strands or plied yarns

>t



Page 2¢
Case Number CL7736

uwsing dsta on yern removed froam plied or alranded stiructures, butl must instead
rely on the theoretical formulation,

The differences between rupture sirength of a8 yarn a3 it lies ia &
strand and 8 yarn rewoved Irom a strand bheve nov been partieliy accounted for,
but eny diffezences in the shepes of the strese-strain curve end the variation
of elongation to breek heve mot. Thus, the factor m = b¢ upon vhich the effects
of veriability are besed, is not determined. Uafortunately, there 18 no une-
quivocel mears of obtaining a value which can be considered ecour=ie, 1t i
probadble that b, the stiffnens, increasas sligutly from the value obtained for
yarns reepoved from strands, dut wvhat happens t0 9" cannot de predicted. How-
ever, the value Gf be for a given set of simiiar yarns, initially the same
but with different amounts of twist reroved by stranding or plying, does not
vary very much, so it is reasonable to assume that the value of m for yarns
in strends is close to the value for yarns rewoved from strands. Also,
reference to Figure (10) will shov that even & fairly large error in m will
introduce oply a few per cont error in the fimal efficiency.

The final point to be c~nridered i1s the assumptior that yurns support
negligible load after attaining maxizum load. The best proof of & clean-cut
yarn rupture is obtalned by observing a strand bresk. When a yarn snaps it
appears to go almost coipletely. TFrc.: the snalysis given in Appencdix I it can
be seen that unless the brolen ynrn cerried an apprecisble load up to an ex-
tension vell beyond its own bresking extensicn, there would be little effect
on strand efficiency.

The first practiccl case ¢n bdbe considered is that of two three-ply
Sensevieria ropes, one burnished and the cther rough. These are smell size
ropes, the nominal veight of the singles in each being 380 feet per pound or
36,000 denier. Pertinent fiber and originel yara duta for these structures
has already been reported in Technical Report Kumber 6. In order to calculate
the theoretical efficlency of the three-ply ropes, the folloving data must be
knovwn:

1.) Extsrual helix angle of original yara.

2.) Helix angle of the plied yorm, or rope in this case, initially

and at mmiure,
3.) FPiber properties.

8o , Wwear fiher rupirs elongation; per cent.

b. a/b, the ratio of loed intercept to slope of the linear
approximation to the average fiber stress-strain curve.

c. V, the coefficient of varistion of riber elongetion to
rupture.

4.) b and 0° for the yarn, thecretically as 1. 1ies in the {inal
rope.
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Using the ysra helix angle snd the fiber properties, the singles
yarn efflclency cen be found from the curves given in Technical Report Ruvmber
6. Thne twist takeup of the yern i1s found from the initial helix angle, s
algo given in Technical Report Nueber 6. The translational factor, 4 , due
to yarn veriability is found from the curves of Figure (10) using a value of
a equal to b¢ for the yarn. The twist takeup factor for the three-ply rope
is given by the cosine of the initial ply angle, and the axiasl component of
force by the cosine of the ply angle at rupture, Usually the initial end
rupture ply helix angles will be sufficienily cilose B0 that there need be no
differentration between them, but in this case the rope diameter decreased
and length temteased considerstly as the specimen approacked rupture sc that
a slightly better vanlue is obtained by taking the chnnge in angle into account.

In Figure {16) 1s given the everege yarn stress-strain curve for
yarns removed froz the rcugh rope. The glcpe b is determined by the best
straight line thrcugh the reglon of thz curve reer the aversge rupture point.
Table V gives ell parumeters and the thecreticel results for the three-
ply rough rope covpsred with experimental resuvlts.

TAELE V

PARAMETERS AND EFFICIENCIES FOR THREE-PLY SARSEVIERIA RQPE, ROUGH

rties

Yarn
Bingle yarn efficlency, $ --eeeemceeaee= 55.5¢%
b « slope to yarn stress-strain

curve, % of ultimate load per

per cent elongation,--ee--- cveuemeas 41,6
0 = standard deviation of

rupture elongation;, $.=--vcecccaa wee 0,30
B e Dl cecececenccuccccorccanna weremwee 12.5
UL = yarn variahility factor v ccuomaa 850

Rope Helix Angles

cOo8 0,5 = cosins of origiaal

helix nngle.---scenaenna cea=-~ 0.898
cos pr = cosine of helix

angle at rpture,-eevcececccu. 0.929
Efficiencies of Three-ply Rope
TREOrELiCRL =evmewtimvonn: s cmconsrnane -- 31,6 %

Experinentsl -eccecvemccvanci e ecee o~ h0.8t3%
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In Teble V, 4L is yarn variabiliiy factor as given by the curves of Figure (10},
and cos 9,, 18 the rope twist takeup factor. Ae can readily be secn, the agree-
ment between theoretical and axperimental efficiencies i= axcellent, the
differences being epproximately 2¢. It is to be noted that +the corbined effacts
of yarn variability and rope helix angles have accounted for an equivalent losu
of yarn temacity of the order of 25%, i.e., the translation of yarn strength

to rope strength is about 75%. Thus, it is epparent that the mmjor cause of
the loss of nearly 60% of the fiber strength in this rope is the roor efficiency
of translation of the fiber streugth into the yerns. This latter is, as
already descridbed, the result of both noruniformity of rupture extensibility
among the natural Sanseivieria fidbers and algo thelsr low aversge extersibility.
Ko extensive tests were perforzed on the burnisiied rope, simce i% was indicated
by gross screening tiet burnishing 4i2 not significently effect the three-ply
rope efiiciencies. Thus, the burnished rope had en experimental efficieacy

of b2,99%3 versus 40.9%t3 for the rough, the differences not being statistically
significant. Experimental efficlencies of yarns removed frcom the three-ply
ropes vere 54.54 for the burmished and 53.5¢ fcr the rough ropes. Without
copaidaration of excess fiber lengths sach of these yarns would have given
experimental efficiencies of 58.5%. While no farrel snalysis of exceus lengths
effects were made here, it wvar eopparent from the method of rope formation that
the effects vould be sxrll since in roping a pertial conpensation was made for
twist removal, and hsence the magnituds of excess lengths are smell. In sddi.
tion, the inherent variubility of the Bansevieria fiber in these yarns is
greater than that of the Manila esbaca fiber (2) for which excess length effects
vere calculated in Table IX. Thus, the higher varisbility of the Sansevieria
fiber would mask the effect of excess lengths o below that of the abeca fiber,
and an excess length effect for the former fiber of approximately the 109
experimentally cbserved is reasonable.

The next cese to be considered iz that of the seiies of Manila abaca
strands made up of the yarns vhoge twist stiructure and strengths vere considered
in Tables (I and II). The approach is the scme a8 that Just considered for
the Sansevieria ropes with one exception. It will be noted in the derivatiom
of seven-ply yarn sirength as given in Appendix III that the statistical effects
cannot be completely separated from the geometric effects, and tlus the exact
analysis of the problem is rather complex. Strictly specking anal 'sis similar
to that of the seven-ply structure applies to any cese ir which the constituant
elepents of the atructure do not nndergn equal etraine : a result of o
structure strain. Nouetheless, It can de shown that ne,rigible error is in-
troduced in the case of the 14 or 15 yarn strands if all 1k or 15 units are
considered tc be equally strained instead cf having a more highly strained
core yarn as is actually the case,

To shov this consider the cane cf the sesven-ply yarn in twvo ways:

8. efficlercies, 7L 1 calculated according to the previous
rigcrous anrlysis whoee results are plotted im rFigure (11).

b. efficiencies, 7 , calculated under the assuwption of all
seven uniis peing at the sane nngle and thus supporting
equal strsins.
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Teble (VI) below gives the results for scveral cases.

DABLE VI
COMPARISON (F THEORETICAL SEVEN-PLY YARN EFFICIENCIES

o &/b en v M1 N2
20° <1 3 0 80.5 23.9
30° 75.0 86.6
20° -1 3 9 T9.5 &h.5
30° 70.0 T7.8
20° -1 3 10 76.5 ™.9
30° 66.0 €9.0
20° 0 any value 0 85.4 93.9
30° 75.0 86.6
20° 0 any value 5 86.0 87.6
30° .3 8.7
20 (o} any value 10 81.0 8.3
30° 0.6 .9
20° 1 3 0 87.6 93.9
30° 5.0 86.6
20° 1 3 5 89.5 89.2
30° 5.0 82.2
20° 1 3 10 83.1 8k. b
30°* 1.3 T7.8

It can e seen lbat for any appreciable yarn variabilily, the valuss of T
and 7(2 for & seven-piy yarn are sufficiently close so that the less
extreme case of 1k or 15 units with a8 core would produce negligible differences
whether coasidered as a parsllel bundle or 2 a core and sheath configuration.
The discrepency 1s obviously lees at small ply helix anglewx. In no case wvas

a higzher ply belix angle than 28° found for the Manila strards, whose average
yarn rupture elongation varliability was of the order of 10%. Clearly, the
assumptiocn of the strand structure containirg all units in parallel would in-
volve an error censiderably less thanr the errors shown in Table (VI) for
angles between 20° znd 30° apd for yarn verlebility of 10%. Tius, errors in
efficiency of less than 17 would result from this approximation of strand geo-
metry.
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Table {VII) summsrizes all of the pertinent information on structure
and efficiencies of the abace etrands. Three values of efficiency are included
for each strend: a.) theoretical efficlency without ccnsidering excess lengths;
5.} theoretical efficiency comsidering fuil excess lengths; and c.) experimen-
tal efficiencies. Gingles yarn efficiencies for the no excess length case are
taken from Technical Report Number 6 and for the full excess length case from
Teble (II) of this report. It would be supposed that the experimental resulte
wvould always fall somevhere betveen the theoretical predictions besed on full
excess und those btased on no excess lengths. For smsll twist differentisls,
i.e., sunl)l amounts of singles untwisting, there should be a tendency for ex-
rerimental values to spprocch the no excess length values since there are cnly
smell excess lengths to takeup. For large twist differentials better agreement
should occur with the ful] excesg length vrlues. The full excess length values
should be most closely approached where the final yarn twist is very smll so
that a great distortion wciuld be necessary to restore the originsl angle arnd
thus remove all excess lengths.

With the exception of one value, the following Table (VII) demonstrates
these observations quite closely. In most cases, theoretical efficiency cal-
culated without excess lengths sre well vwithia experimental efficiency ranges.
The only vaelue outside of the experimenie) range is that for SMM, and even here
the error is smell, being only 9% or 3.8 uaits of efficiency from the lower of
the experimental limits. Ko explenaiion 1¢ apparent for the high experimental
efficiency of SMM, but in view of the good agreement between experimental and
theoretical values of efficiency for the other cases, it seems probable that
some uncontrolled factor such as 8 yarn or fiber not representative of the
variables considered is respounsible.

Figures (17)-(20) 1llustrate the combined effects of fiber character-
istics, singles tvist,and ply twist in & form wkich may sometimes be useful.
Each curve is for a given set of fiber parameters and shows the effect on ef-
ficiency of varying combhinctions of yarnm and ply twist under the assunmption of
no excess lengths end no varistion emongst yarns. The convention employed 1s
that all points on a given curve correspond to a constant sum (R, + )Ry,
vhere lp iz the ply twist in turns per unit length, is the number turns
per unit length of the yarn as it 1ies in the ply, an Ry is the singles yarn
radiue. The abscissa is given in terms of NyR and thus the yarn parameter

for any point on the curve is given by t.Ke value of ( ~|-}(“,)Ry for the
given curve minus the value of - The curves vere plotted by converting
the various NR values to helix es and using the yarn efficiency curves
given in Techinical Report Number ©. In dealing with the case of yarn where ex-
cess lengths might be supposed to have been created in the plying process, the
curves are still applicable if the excess lengths are assumed to have been
taken up. In this case the Npr to be chosen 1z that of the original yarn
and not the yern as it lies in tjy;e ply. This 18 in conformity with the pre-
ceding analysis wherein it was shown that the helix engle of a fiber whose
excess length has been taken up by Gistortion must be very nearly equal to the
angle of the fiber before any excese lengths vere introduced, that is, before
plying. In utlilizing these curves, the only additional factors to be employed
for plied varr efficiency calculaticns are:

a.) Twist takeup of original singles yarns.

b.) Plied ysrn twist tskeup.

c.) The yarn variability factor; .¢ , as given by the curves of

Figure (10).

rad
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1¥. DIBCUSBION

A, Ceometric Assusmptions

Throughout the foregoing anslyses, seversl simplifying geometric
assuxptions have beecn mde to facilitate the mathewatical solution of the

problem. The results so obtained differ negiigibly from those that would de
obtained hy employing a more rigorous geometric analysis, for structines which
are of commercial interest. Portions of the geowstrical problem involved here
have been analysed quite rigorously by Chov (5). The geamstric results of
Chov's vork are theoretically valid over & range of helix angles in excess of
that required for the present probliea. In the comparison wvhich follows 1t will
be shown that:

a.) The two approaches yleld negligibly different results over the
practicasl range of sirgles, strand; end rope twists, and

t.) Where the results do diverge appreciadbly, the assumpticns in-
volved in either analysis with respect to cross-sectiomal
circularity are strongly violated.

Thus it is not expected that the more involved approach would produce more
useful or realistic results, and the compsarison is made only to show the order
of mgnitude of possible errars due to the simplification, and thus Justify
the exclusion of vortuous tvist, as such, from the analysis.

1l.) Cosparison of Helix Angles
In the simplified epproach, it has been assumed that the helix

angle of the path of a fiber in a singles yarn as it lies in a plied yarm or
strand can be determined from:

tan On = 277%

- DLy
strand, Ry is the redius of the singles yarn, and Fyp is the turns of tw
per unit length of the singles as it lles in the ply. According to Chow
work: a

ten ¥ = 27Ry (Hyy - Nycos?0, ) S omeas T P — (25) !
1 - ain?QpcOB ¢
5

vhere:
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¥ is the sngle batween the fiber and the singles yarn axesg
i8 defined as the twist per unit lemgth a singles ysrn would have if it
vwere removed from the ply in accordance vith the procedure of Figure (4a);
is the ply twist per unit length; Ry is the radial distance from the plied
center to & singles yarn center; and ¢ the position angle vhich locates
a fider in tka singles cross-secticn, equal to zero at the inside of the dend
cf the singles yarn.

The expressica for can be put into the form of Equetion

(25) by resiizing that the pure twisting procedure of Figure (4a) will remove
Hpcos Op turns per unit length from the sirgles. Thus:

tan O = 7R, (n,o-ncoso) --------- cmemeeeen (26)

The value of 4 depends slightly on the position angle. 9 ,
but the denominator of Bquatiom (25) has en average value very nearly squal to
unity, 8o that the average value of tan ¥ can be teker to be:

Tean ) = e7Ry (lyo - Npcos®ep) =====-= et (27)

The tivo angles }" and ow can also be conveniently expressed as:

tanow .unoo-g%mopcosop

m(y’);(ﬁny)-tan%-%tan%coﬁ%- ------ cenee (28)

Yo shov the magnituie of the difference between Q. and i zome
values for a few different sets of condition have been compfled in Table VIII.

TABLE VIII
COMPARISON OF HELIX ANGLES ¥ AND Oy
mi) %- 1 (2 ply yarn)

Values of ¥ for:

Sgw é';m-B' fq-lr 315-25'; UEE-;E'
10 5.1 10 20.2 30

15 5.5 10.5 20.b 30.4
26 6.2 11.1i 21.0 30.8
25 7.2 12.2 22,0 2.7
30 8.8 13.6 23.3 32.7

e —
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TABLE VIIX (continued)

COMPARISON OF HELIX ANGLES U AMD O
S
B %- 1/2 (7 ply yarn)
Yalues of w Poz:

gv % .3' E_.:.J.BF ﬁz“:-é'b‘ o -.W
30° 6.8

= BRe 3.4

Clenrly the differenczes between the two methods ere nowhere
and, in addition, the maximum angular differences occur at the lov wvalues
of % vhere differences are of smell importance., The differences also
d.ecrease as and Ry decrease, Ry = 1 is the condition for a tvo ply yarn,

vhile R, = 1/2 represents the cuter leyer of a seven ply y=run. The local value

of ¥ 1is slightly changed by the denominator given in Equation (25). However,
the effect on strength of such a change vould be slight vnless vere quite
large i.e., greater than 30°. This is most eesily umisrsvood it is recog-
nized that for most of the fibers in the entire singles yarn cross-section,
differences betveen )/ and W are negligible.

2.) Cosperison of Excess Lengths

Vhen the bhelix angls of &8 yarn is lowered by virtue of pertisl
untvisting, the reqguired helicsl path length is decreased, but the actual fiber

length remains unchanged, giving rise to axc.ss fiber lengths. In this report
the raquired path longth of = fibar in e nli.d yarn per unit length of the
plied yarn has been taken to beg

=~ -eeee (29)

while Chow's work yields, for a §#§ interval of 27N, where N is any integer, i.e.,
for an integral mumber of fiber cycles:

]

: f 2 _
feo 1 et 7o S (30)
ccs'Op

i PO

In either cese the original fiber path length is the eame; being simply that

length correepcnding to the original singles helix angle. In Table {IX) a
comparison is mede of excess leugths for a wide range of singles and plied
yern twists as determined from both Equations (25) and (30). \



TABLE IX

COMPARISON OF EXCESS LEworis f, A {°,

Page 38

Case Number CH7736

Q..) %. l, op - 30°
Original Bingles — ]
Helix Angle, O, gm 7 A 4
45.3° e7.2° 30° 21.0% 19.0%
30.5 5.0 8.8 13.4 12.8
2.5 0.0 3.8 10.7 10.5
b.) %. 1, 9, = 20°
ho2.6° 30° 30.8° 140¢ 13.2%
27.% 10 1.1 10.1 9.7
e3.2 5 6.2 7.9 T.7
18.9 0 1.2 k.8 .7
) %- 1, 6p = 15°
2g° 10.5° 11° T.1% 7.0%
do) % - 1’ op - 10°
30° 21.9° 22.1° 6.5% 6.3%
20 10.8 10.9 k.5 4.5
15 5.0 5.0 2.9 2.9
10 0.0 0.1 1.5 1.5
e) Ry L 1/2. o, = 15
R
2h* 17.6° 17.8° 5.1% 5.1%

5
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Over the renge of ply and singles helix angles cover=d; vhich
it is believed encorpasses the practical range, it is cloar ibet dirferences
in calculated excess lengths are smalil, with Chovw’s formilae alvaye yielding
the slightly smmller value.

It should be noted thst calculations of fiber length and strairs
involve an iategretion over § frow O to 27, This is en impossible procedure
if Qo = O, for here a given fiber remains at the same angle § throughout 1its
length, and thus this situation represents a point of discontinuity in the
equstiors relating to length. However, the matter is of no practical importance
sincs ©p = O 18 equivnlent to plying zerc twist bundies. It 1s doubiful
vhether such 8 procedure could be mede tc yield a structure whose original
elemepts remained separate and Qistinct, much less circular.

3.) Comparison of Pibsr Strains

Piber strains mey be compared on both an average and local basis,
Just as angles. In the work of this rsport only the average fiber sircin has
been used and it has been taken to be:

e =e coe20 cosN I S _f

f » .9 b4 4 (31)
vhere €p is tue strain slong the plied yarn axis. Here egain the secondsry
esfects of tortusoity have been raglected end the singles ynrn is considered
40 have essentielly the sane geometric properties as if it were removed from
the plied yarn end reteined its twist as it lay in tae ply.

Based upon Chow?’s analysis, the following expression for the
average strain in cne complete loop of fiter as it lies in a plied yarn can be

derived:
tan 0 ) tan®
iy j(l+§p)2 + tan®Q, 1+ [1+e1cosgzp g'{ Ij7 J
f »n

2
1+tan0p

tanO J

'/1+rtano 'ti&:&'&;

In Table (X) the results of Equations (31) and (32) are compared.
An sdditional comparison is wnde in some cases where the simplified 'ornula

Bquation (31), used in this report is employed, but }U is substituted for

pr. This value of strain {» labelled ef 3

o
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SARLE X
COMPARISON OF STRAINS COMPUTED FRCOM SQUATIONS 31 AKD 32

% B (31) Eq. (32)  Eq. (31) vith Opp = P
2 % % ’t 3 e

25° 30° 0.02 i 0.0160 0.0156 covmn-

25 ko 0.02 1 0.013k 0.0125 o.gg

25 ko 0.10 1 0.067 0.064 0.

15 23 0.02 1 0.0182 0.0181 PR

15 36 0.02 1 0.0153 00151  ecomeces

25 42 0.10 1/2  0.056 0.052 0.054

25 34 0.02 1/2  0.0135 0.0131 0.0133

25 34 0.10 1/2  0.068 0.067 0.067

The differencesbetveen ep and er? are small anyvhere within
the range tabulated. It can be seen that the differences tend to becoms
larger as%orgincreue, thsimmt exceed unity. A large part of the
differenc> between ey and €g can be ascribed to the difference between Oyp
and "7, as 1s evidenced by the relstive closensss of e’ end ef".

From Chovw's work it is also poesible to determine the magnitude
of the local fiber strain still, of course, under the assumption of circularity
of yan(lﬁa-sections. The results, for an extreme case, are given below in
Table (XI).

TABLE XI

LOCAL FIBER STRAINS PCR A PLIED YARN STRUCTURE
Ry =1, 95 = 30°, 0, = 30°, e, = 0.10,

By

# iocal Strain, e, %

4] 11.5

3 % .1
epcosbapconay, '3
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; The above Teble (XI) wculd seem to show that very great stress
3 differentisls exist between the various portions of a giver fiber, deperding
- upon ite position angle . However, a mumber of factors tend to wmitigite
the severity of locsl conditions &3 shown by this analysis: 1.) If local
differences in straoin are cdmitted; them local differences in eicess lerngth
mst elso be considered, ard the high excess length regions occur just when
high =¢roin would be predicted, i.e., 8t @ = 0; 2.) freedom of motion of
fibers whatsocever would tend to egqualize -‘.-..i:-.s, some freedom of motiocn
mist exist; 3.) It has been demmstrated eariier in the report that any dis-
. tortion of the yarn from circularity wiil tend to rexove excess lengths, and
by a direct extension of this reasoning it is easy to see that ur~qual strains
-, slong the length of a given fiber will ceuse an equalizing distortio. These
distortions can occur either befare or during the loading of the structure or
at both times. As stated previocusly, distortioms before loading can occur as
the result of the presence of excess lengths, Such distortions tend to alter
the local fiber radii of cuxrvature considerably from that for circulsr yarns.
The local strains given in Teble (XI) are critically dependent wpon local
radii of curvature, whereas the average strains are not so dependent. Exsmples
of aistortion under loeding, for & circuler cross-section yern vitl no excess
lengths, would be; (a) locel Ylattening in the region of kigh fiber st uin;
(b) higher freedom of Tiber reletive moticn in the region of lov fiber strain

% ’ wiilli <he attendent opportunity of fiber length travel to the regica of high
£ i fiber strain., Both mechaniems will equaiize Tiber strsin. Thus 1ifferences in
};‘: local strain may safely be considered nsgzligible and the average values used.

1550 ¥ S
A 8

It is also clear from the axperimentsl strength 2rd rupture elongation results
; that large differences in streins do not exist, since large differences wvould
[ produce much lover strand and rope efficienc’es and elongations than those
observed,

=

%

m

It is apparent from the foregzoing that for circular yarn cross-
nectiom, the simplified geometric relations assuved and used in the body or
thia report differ ineppreciably in most cases from the a geomstric
relationships obteained by Chow. The difficulty of compa ocal geometric
1 and strain discrepancies bas already been discussed, and it has been indicated

that locel strairs and stresses must approach the average wher plied yarns are
stresse=d. Fevertheloss, it is also evident that vith increases in ply or strand
helix angles very greatly in excess of 30°, increasing discrepancies arise betveen
the aversgs rigorously derived geametry and the simnlified gecmetry ussd herein,
These discrepancies are in the airection of lovering the plied ysrm strength,
i.e., lover plied yarn or strand efficiencies would be gziven using Chov's geome-
try than those siven by the sleplificd geom-try® While great cross-sectioml
ddietorticn will usuvally take place for such high ply or strsnd helix angles,
it is concelvable that some extreme struciures may be encountered which vill de
veeker than the calculatlione in the body of this report indicate. For such
structuree, calculations bascd upoun Chow’s gaocmeiric analysis vould determine
one limit of efficiency while the other 1limit would be Getermined by the formulse
] given herein. Crcss-eecticnsl distortion would them produce a fipal result
somewhere between the twc cuireme limlis. Clearly, the structures studied in
this repurt are yerfon:ing under tension in 8 menaer consistent with either
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Chow’s average or the simpiified geometry. 8ince these structures cover as
vroad & renge of cm-rcia’ cordage tvists as is feasible, 1t is clecr that
they enconmpesa substantially ell cordage structures of mtereat.

B, Applicetion to Bigher (rder Structures

Technicel Report Kurber € and the present vork have covered vhat
appear to be the most significant fectors effectirng the i:anslation of strength
of fibers into practical singles yarns, plied yarns, and strands, with emphasis
on cordage materials. It is possible to apply this work directly to higher
order structures, such as ropes, simply by interchanging the roles of rope
and strand, and strand and yarn. Thus the rope is treated as a strand composed
of yarns which are in reality strends; and vhose properties axs kmowm. The
only sdditional assumption involved 18 that etrand rupturs iz complaie after
maximon strand load is attained. OCbservations of rope bresks tend to indicate
this to be reasomable. Unfortumately, complete sets of data om rope, cover-
ing fiber; yarn, and strand properties and i1'ops breaking streingin are not
available, but from the scanty deta which is at hand, it appears that ths above
projection yields good results.

o P
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T A AP

lysis of Parallel Bundle {irength

A parallel bundle, in this work, is used to refer to a group of units
each of which is supporting equal strains as & result of straining the entire
group. Thus, a three-ply yarn contains three units (singles yarns) in parallel.
The equal straius wvould,; in the case, of a three-ply yarn, be less than the
strain applied to the three-ply because of the ply helix esngle. However, this
latter effect is geometrical, and merely requires gecmetric factors to be applied
following the analysis of the statistical effect on three yarns in parailel
with zero ply helix angle. It is the statisticel analysis which follows.

Consider a population of units with normal distribution of elongstions
to break and a given average loed elongation diagram (Figure 21a and 21b).
The sbecissae are normalized to the statistical t, or number of standard devi-
ations from che mesan elongation.

If there are n of the above units in & bundle, there exist the
possibilitier that maximum load is reached when the first unit breaks, or when
the second unit breaks; and so on, to the nth unit. Cleerly if n = 2 there is
a very lcv probability for ever atialning a higher loed than thati reached when
the first unit broke (except in cases of very high veriability). Conversely,
if n is very large, say 100, the maximum bundle loed will almost certainly
not be reached until several units have ruptured. The factors defining attain-
ment of maximum loed will nov be formmlated anslytically.

Assume the first of tke n units to breck at an elongation correspond-
ing to t] and specify thet the maxirmum load ehall be attained at this point.
The load supported by the bundle here is ng{t1). In order that this be the
saximm bundle losd it follows that the loed on the bundle when the second unit
bresks, vhere there are only (n-1) units intact, shell be less than ng(ti).

In the limiting case of equal ioads at both first and second unit failure,
(n-1) g(t2) = ng{t1). 8imilarly for the third unit rupture, vhen n-2 units are
intact, (n-2) g(t3) = ng(%,), for maximum load to occur when the first unit
breaks, etc. Thus the gsecond unit must ruplure before the average load per
unit is g(t,), vhere g(ta) = E'T g(t, )3 the third before the aversge load per
n=-
unit is g(t3), etc. The velues of ti can be found from the load elongation
disgram since g(ti)} is knovn from the arbitrarily chosen first bresk point and
the above equalities.

The above limiting equalities also hold when meximus strength is
reached at other than the first break. It i1s necessary only to determine the
strengths corresponding to the arbitrsrily chcesen value of tg. Thus there sre
geveral distinct cases to solve: distributions of bundle loads which are
mxima first unit breaks; aavipe 8econdé breake, and so on. All cases must
be calculated which contritute cpy considersble portion to the total number of

bundle bresks.
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The formulatica of both the sscparate probavilities for the case of &
mximunm bundle losd being reacked when the first unit bresks, the second; etc.,
apnd alsc the efficieancy in terms of the verious influencing perameters will
ncw be undertaken.

The following definitions apply to the esnalysis:

Py probebility of any unit breaking at an elongation within the interval
t'i.’ " and t" where to " - 0O

t %y
t)/* £{t)at = _1 \//” 22 @
tyq t B

1 e
» Lk {The prodability integral in

terms of t; values of this definite integral can be found in tables
of areas under the norzsi curve.)

q4 = exponent of py fector in any term of the expension below.

h(t)X = relative frequency of occurrence of £ mwaximin bundle load at % when
the fth unit breaks at t.

C = a normmlizing constant such that the totel probebility will equsl
unity.

It is first desired to plot a curve of relative frequercy of maximum
bundle load versus t for the case of & maximun occurring vhere the first unit
breaks, h(t);, when the second unit breaks, h(t),, etc. Consider for example,
the determination of h(t);.

It is knmown from probability theory that if the probebility of a
given event occurring is pi, another event pp, etc., thet in & totsl of n evenis,
the probabilities of varioue combinatione car be represented by the expansion
of':

(p1+p2+ ---n-o---opn)n - - - - - - - - Y. .- ® - eee I-1
The terms of this expansion will ull be of the form:
Pg—‘? oo-tot.opn%

vhere A will have & velue depending on the tern, and:
n

q' e G W e v e G e > i WD D G2 Y T DY S G T S P ED B Gin D VD Dy WD S DD W™ -
{1 i n I-2

In each term of the expension the exponents gi represent the number of occurrencas
of the event whose prcbability is pi, while the whole term, including the coef-

T ]
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the ps-- and qyig. It 18 now recesssry to Lformulete some method for rejecting
all Sombinatiom shich do not satisfy tbe prescrived ccnditions, in this case

that a meximum is always reached vhen the first unit breeks. It bas already
been e¢stablished that the second unit must breakX before reaching en elongation
corresponding to tp, the third tefore t3, the fourth before t), etc. These
conditions are satlsfied, of course, 1f the second; third and fourth units all
break before t,, or if the second and thicrd brask before t, and the fourth
before t3b. etc. The expression to be expsnded 1is:

(pe + p3 + v‘Obtolcpn)n-l ........ el el T T T e s i ST kR 1_3

It i8 cobvious thet {he relative frequency of first unit breaks which produce
maxirum bundle loads at an elongetiom t; 15 the product of the relative fre-
quency of any unit breesking at t] and the probability of the existence of a
breaking array among the reraining uaits such thst Lhe first unit break at
t] be a maximm.

Thus:

h(t); = Ce(t;) (po + P3 + eeesoapg)a-l

k

Z’“ g3>*k -1, k=2, 3, .....n
i=2

mreeemecen o sccmecase I-b

The exponent is n-l rather then n here since the breaking elongation of the
first unit is arbitrarily specified, and the relative frequency of occurrence of
this breaking elongation (t)) is £(t1). The second of Equations I-k specify
the necessary and sufficient conditions such that each of the terms of the
expansion I-3 satisfy the asssumption of maximpe bundle loed being attained at
f£irat unit bresk. It is not obvious before beginning calculations how wmny
terms of Equation I-? must be comsidered for numerical accuracy, but clearly
any very small value for py mey be cmitted from the calculations. Thus, the
procedure used in determining the h(t); curve involves:

n.) The selection of a series of arbitrary values of t) and the
corresponding values of T(t)1).

b.) For each value of t], 80 chosen the determination of the corre-
gsponding limiting values of t2t3 etc., from the g(t) equalities
previcusly described,

c.) The determination of pp, p; etc. for each value of t] and its
corresponding t;3; taete. rom the probebility integral,

d.) The evalustion of the first of Equations I-U4 retaining only thae
terms which satisfy the sBecond of Equations Ik,

The curve h(t)} cen be replotted s & curve ol strength versus t;, vhere strength
is equal (o the product of r; the toctal number of units in the bundle and the load
per anit, g{t1). Thus, average bundle losd of shese first uwdt ruptures which
produce mexizm bundle loads is n g{ty).

e
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In an entirely analogous manner, ell the values of h(t)g can be
formuiated with the following resultis:

3 b(t)y = Cf(ts) (py + Py + ph.....,.pn)n"l s
ql 1= l; => qi h k°2’ k ™= 3,2&,.,..0
i=
h(t‘.)3 - Ci’(t3) (pl * Py * P * Pgeeee ‘pn)ﬂ-l
) k el e I-6

th‘kof ql+q2=2, g}‘ qi§k"3sk8h’50-¢09n

The results of the above can be replotted es rcurves of frequency versus bundle
strength, the strength being given by the product of g{t) and {he number of
units intact when meximum bundle loed is sttained. For the case where 8 max-
imum is reached where the first unit breaks; the number of units intact is n;
for a maximum vhen the second unit bresks, it is n-1; for the third, n-2, etec.
Average maximum bundle loads are then given as n g(t;); (n-1) g{t5); (n-2)

gi?.3$,. etc.

In previous work (1,2 ) & lincar approximetion to the strese-strain

curve proved very usaful for computationsl purposes. Here again; if a linear

3 curve is used a great simplification results. Thus using the terminology of
the previocus vork, the load supported by a unit can be expressed as a+be, or in
terms of V, t, end ep; a+bem(1+{_&)» vwhich is g(t). The assumption of a linear

curve permits simplified analytical calculstiors rather than graphical; dbut all
of the foregoing enslysis still applies.

Once the several curves of freguency versus strength have been ob-
tained for the various conditicns for a meximum, it is necessary only to fimd
the mean value of the abscissae of the curves weighted according to the number
of units intact when meximum lood is sttaiped cr:

[w g—l h(t)2, [n-(f-l)_'][:e + bey(1 + %&)]dt

O n
nft . --o;1 n(t), at

------------ ~voeecvass I-T

t] = mean velue of elongation (in terms of t) of &ll those parallel
bundle breaks which atiain meximum lcad when the first unit ruptures.
= mean velue of elongation of all those parallel bundle breaks
which attain waximm load when the second unit ruptures.
t3 and t} are simileriy defined.
For 8 lineer load-elougztion eurve, the mean velue of the loeds
corrasponding to each of the above elongations is g(_t'l)_,, &(ts) ete. Thus,

AW T A [ B ————— T Tl W e Sl = M T e
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the corresponding total bundle lcads are obviously: ng(€), (n-1) glto),

(n-2) g(t;) etc. The areas bounded by each of the curvee, h(t)/, represent
the r-elat'ive nuaber of all buadle breeks which produce meximum load at first
unit break, second unit break, etc. Thus; the total number of burdle breaks

is proporticnal to the sum of the areas, {A; + Ay + A3 Hoeeaohy)m An
n‘er i
and the relative freguency of bresks which exhibit maximum icad et first unit
rupture 18 Aj » second unit rupture Ap 5 etc. Thus, the average value of
B o
1 f=1hn

maximum bundle loads for all bundle breaks 1is:

a &(E)) + e (n-1) g(Tp)+eoeeeoety (1) &%)

§B = Al
ot £

" ; Eln 8(?1) + A2(n"1) 8(€2)+9010¢An g(%’n)] scErsesasse T8
G

The average bundle efficiency is then determined as the ratio of average maximm
bundle load at rupture divided by the product of the pumber of uvits in the
bundle, n, and the average bregkirg load of the units, s+bey. 7Thus bundle
efficiency 1s determined as:

Mg~ A2 &%) + A5(n-2) g(Ep)+.. . .Apa(Ey)

"
)

n(e+dey) nz':l Ay

The vslues of 3, Tp, etc. are determined by inspection of the individual
distribution curves, h(t)(), which are substontially sywmetrical.

While the foregoimg relationships are general, the determinstion of
specific values for: tp, An, end thus, efficlency, depends upon the particular
bundle size, n, and the properties of the units which comprise the bundle,

%, V, em. The curves given in Figure{10 Jare the results of calculations of a

sufficient mimber of specific cases to permit gimple determinations of bundle
efficiency for a broed rangs of the variables. As indicated previously, the
perameter m= bepV 18 used to characterize the properties of the units which

coaprise the bundle, wherc, in terms of previously defined parameters, m =
v

- @

a \
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- ot G ), T S ur—— B e LA S =3

o



Pege vil

A sixple example will moke the method clear:

Consider the case of & bundle of four units vhose population parameters
are a = 0; and V = 20%. From the above analysis:

k
&
n(t)y = Cf(ty) (pp + p3 + PU)3; 14‘2 g D k-1; ke2,3,4 -omcoeee I-9

Assume that the firct unit dbreaks at t1 = -2.0. Then in order that the second
break shall not occur at a higher total bundle load:
n g(ty) » (n-1) g(ty) or & g{ty) > 3g(ts)

The curves Lg{t), 3g(t), end 2g{t), are shown in Figure (22). Since % = 0,

the plots are straight lines passing through the origin, and the loed per unit
can be expressed as 8 fracticn of mean load as:

g(t)n%+1=§+l

Thus for t;= -2.0; &8

i) = -;;‘, + 1 = 0.8; ng{ty) = 4(0.6) = 2.40. This condition
is shown ai point A in Figure (22). When the first unit breaks the load drops
to B on the 3g{t) curve and builds up along it until the second urit breaks.

To satisfy the candition tiat & maximum be reached when the first unit breaks,
it follows that the point C must be mno higher than the pcint A or since

hg(ty) = 3g(tp) in the limit, g(tp) = % glt) = % (0.6) = 0.8. But g(t) =

t + 1, so that tp = 5g(t)-5 = 5(0.8)-5 = -1,

Similarly, wvhen the second unit bresks the load drops to the point D erd rises
along the 2g(t) curve. Here, hg(t;) = zg(t3) or, g(t3) .-..; (0.6) = 1.2 and

thus t3 = 5(1.2)-5 = 1.0, .
For t) (not i1llustrated): i

g(ty) = 4 (0.6) = 2.4
I

ty, = 5(2.8)-5 = 7

In Pigure (23) is shown a normal frequency distribution correspomding
to the values Just calculated. By definition pp is the probability that any
unit from the population has a breaking elongation lying betw=en t; and t2.
Since t] = -2.0 and t» = -1.0, this is represented by the shaded area betvween
theae twr points unter the distribution curve, Similarly the shaded esres from
t e -1.0 to t = +1.0 represcuts P3s and that from 1.0 to 7.0, py.

These p's must now be substituted into the expression for h(t)l,
Equations I-4. The expansion of Equations I-4 yield:
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FIGURE 22
ILLUSTRATION OF SUCCESSIVE RUPTURES FOR
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FIGURE 23

ILLUSTRATION OF

P.

i FOR n:=4, Vz20%, a/b:=0
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G h(t), ~ cr(s,) [923+p33+ph34-3p23p3+3p22p,.,+3p3292+3p39ph+3ph2p2+3pu2v3+692p3vu]

k ---1-10
Z Q4 2 k-1; k = 2,3,4

i=2

Each term of the expression must be exumined; and if it does not fulfill the
conditions specified in the seccnd of Equations I-10, it must be rejected. This
process eliminates all terwms vhich ere representative of cases vhere 8 maxieum

value of load is not reached vhen the first unit bresks. The following table
i1llustrates the method:

i VALUES OF)q; FOR:
: TERSS g a3 W k=2 k=3 k=b ACCEPT  REJECT
| Pod 3 0 o 3 3 3 v
py3 o 3 o ©) 3 3 v
3 o o 3 © © 3 v
3p22p3 2 1 0 2 3 3 N
3PP 2 o 1 2 2 3 v
¥, 1 2 O 1 3 3 /
WP, 0 2 1 © 2 3 o
w2 1 O 2 1 Q@ 3 v/
3‘P1,2P3 o 1 2 © @ 3 v/
6p2p3ph 1 1 1 X 2 3 v
Conditions for Acceptance M3l Ja3*2 2343

A single circled value in any row is sufficient for rejection. Thus
. the first term, m3, is acceptable. It represents the case where all three

remining units break in the region between t; and tp. The second term p33 is
not acceptable. It represents the cese vhere no breaks occur dbetween t) and
ip vwith toree oreaks beiween i, mmd 3. ‘this violates the cozdition that at
leayt one must rupture betwveen tj end t2 in order that the load at t) be a max-
imug. The other terms can be handled in a similar senner. In each case the
value of Zq in the k column must satisfy the value given at the bottom of the
column in orsar to confork to the restricticons 1wposed by the requirement of
a maxiezum dbundle load at first unit break,

L
the K = L colum, the restriction imposed 1s that 2
: ing U* 3-
Clesarly, o 34 1s ulweys sxactly 3 in this example, but the form cf the table

s it i e L B v s o ikl St o =i e PG o s L ” A S
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is more general and can be used for cases where the totsel mmber of units is
in excess of &. Thus if n were 6, it vould hardly be anticipated that there
would be any eppreciable murber of burdle bresks which would have a maximum
value when the fiftlh or sixth units broke. 1n this cese, thers would be no
peed to include the columms pertaining to t5 and tg5, end tke restrictions
already shown in the table would apply.

The terms remnining in the n = ! case which satisfy the corditions
of tmaximm bundle load occurring at first unit bresk are;

Pp3+3p5°p3+3Po% P+ 30032+ 6pop 3Py
For computational purposes this 18 most convenizntly written ae:
(o#pgtpy)3 - (p3+py)3 - 3p.p)°

All pecessary numbers can now be found frox a table listing areas under the
normal distribution curve, and ordinates to the curve. For this exmapie wbere
t; = -2.0, t5 = -1.0, t3 = 1.0, and t) = 7, the tables yleld:

£(-2 0) = 0.05399

-100
1 2
Py = e [ -t2 at = 0.1359
BT p0® T
1.0

1 7 2
) ~£< at = 0.6827
3BT, 0 T

1 0
ph = = . -4¢ 4t = 0.1587
‘/ﬁ-' 1.0 z f
and thus: )
h{-2.0), = €(0.05399) | (0.1359+0.682740.1587)3-(0.6827+0.1587)3-3(0.1359)

(0.1587)]= 1.769(10"®)c

In a like manper values of t; of -2.5, -1.5; -1.0, -0.5, 0.00, 0.5,

and 1.0 were emnloved. The resulting ciyve is nlotted in vicmn IDh\ db_._j_ch

is identical uith Figure (9) of the text end 18 repeated here for ease of
reference.

Next the case of a mexirmum at second unit break must be treated. Hereg

g e

k
n(t)p = Cf{ty) {py+p3+py)3; ?_3 ag> k-2, ka3, 43 qed  ________._ I-11

A chart similar to the one used focr the previocus case eppears on Page xiii,




b

Frequency

Relative

15

14

134

12 4

Pege xii

FIGURE 24
RELATIVE FREQUENCY CF MAXIMUM
h(t), ’\ BUNDLE LOAD vs ¢t
\ n=4, m=20

—

h(t),

oy



Page xiii

VALUES OF Jq; POR:

1& ACCEPT REJECT

TRE. 4 33 4a St e L L
nd 3 o o @ © O v
3 o 3 o0 © 3 3 v
n3 0 0 3 © © 3 v
3%; 2 1 0 @® 1 ® v
v, 2 0 1 ® (©) ) v/
3P 1 2 0 3 o o v/
p,2 1 0 2 1 ©) o %
PP, © 2 1 © 2 3 v
3pip,2 O 1 2 (o) 1 3 v
1 1 2 v’

6ppp, 1 1 1
Kig"
Conditions for Acceptance g, = 1 Zqi;. 1 Qg a2

A single circled value in eny rov 18 sufficient for rejection.
Cleerly, the reguirements sre wore stringent here than ir the case

of first unit rupture and only the terms 3plp3 and 6p;p3p;, remein. Then:
h(t)a = L‘f(t,_) (3plp32+6plp3ph)

This curve, h(t),, 1s plotted in Figure (2h) together with h(t);. For the case
of a maximm being reached vhere the third unit breaks, a similar table is mede
and it is found that only tbe 3p;2py, and 6ppopy, Lcrms remain, 8o that:

h(t)3 = Cf(t3) (3py°py+6pipopL)

The values obtnined from this exprecsion are =0 small compared to those from
h(t); end h(t), that the */t); curve is negiected. Obvicusly B{t)) will slsc
be inaigniﬁcant and thus only the h(t)1 and h{t)2 curves need be sveraged.

Once the h(t), curves have been plotted, the ordinate scale is no
longer of any significancs since only the average abscissa value is required
when the h(t{ curves are symmetrical. The process is nov very simple. The
h(t)y curve has 8 meon elongation occurring at t = -0.84, as determined by in-

c%ion, and an enclosed area of 24.52 unite as deternined by a planimeter.
For the h(t), curve, the corresponding figures are -0.13 and 3.93 respcctively
8ince;, in tac example the slongation variability {coefficlen* of varietion o2

&
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unit elongation to break) is 20%, and % is zervo, the aboscisss cen be expressed

as per cent of me&n wanit ruptrre lced per unit. Thus for the h(t)l curve the
result is:

g(t1) = 100 - 0.84 (20) = 83.2
and for the h(t), curve:

&(tp) = 100 - 0.13 (20) = 97.%
In the first case sli four units sre intcct vhen the maximum bundle load occurs;
but in the second case only threes units are intact. Then the efficiency of

translation wvhich i1s the aversge bundle loed expressed as a per cent of the
mean unit rupture loed is:

4 (83.2) 21.;.52) + 3(97.%) ‘5'9—312-531.55

3
+ 5.G3)
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APPENDIX TIY

Analysis of Strength of Bundle When Firet Unit Bresks

In Appendix I the case of maximum bundle strength was unalyzed.
Fcr many purposes; a structure may be considered to have falled when the
first element har ruptured. If there are a smll pumber of units in the
group, and the mechanical interaction between units is large, then it is
possible that the elastic recovery of those portions of tbe broken unit
to either side of the break can stress the remeining unbroken units, and
in some cases break them. This "snap-back" effect can be of significance
when the total number of units is smll and the coefficient of variation of
elongation to break of the units is smmll. In a practical sense, there is
no difficulty in predictability since under the cunditions of maximmm effect
of "snap-back"., there is oniy & very small difference between average bundle
load at first unit break snd average mexirmum bundle load. This does not
however; deny the very prectical fact in mony ceses the mechanical utilit
of the structure 1s destroyed as soon as the first unit bresks, snd thus it
is of sigoificance to consider tie analysis of the problem. The method for
finding the average load supported by e bundle of parallel units when the

first unit breaks will row be developed.

Consider a population of units with e meen breaking elongation
em, 8 aoraml distribution of elongaticns to break with a coefficient of
veriation of elongation to break V. Now define the following quantities:

P = probability of any unit breaking at an elongation in excess of
ts=s1l e
o | £(t) 4t
J27r
f£{t) = relative frequeuncy of break at t (ordiratz to mormal curve).
h = relative freguency ol first unit break at elongation t.

If a bundle of n perallel units ie stressed to a given elongation t, then the
probability of having (n-1) uxits intact at this point will be the probability
of having eny given individual unit intact taken to the (n-1) powver, or {p)B-1,
The additional restriction, that the first unit shall have Just ruptured, is
satisfied by wmultiplying this quantity by £, the relative frequency of break
at t. A normmlizing constant, described in Appendix I, has been omitted here
since it was shown there that it has no effect on the mean. A curve cam now
be plotted of h, the relative frequeacy of a first unit dreak, versus t, where:

h = £{t)po-1 o s R M SRS M fT-1

By =ssuming various values for t ond determining for each such value the corre-
sponding value of p, it is possible to evaluate Equation II-1 for all bundle
sizes, i.e.;, 8ll valuss of n.

-#

———
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The resuits for values cf u from 1 to 15 are plotted in Pigure (7).

The mean velue of t for each of these curves is plotted versus n in Figure (8 ).
spproximstion

to the stress-strain curve. That is,; one neced only find the load on the linesr
curve corresponding ta the ¢t value found and divide this by the mean breeking
load. Using the parzmeter m as previously described; curves of efficlency
versus bundle size for m = 10, 20, and 30 have been plotted in Figure (25).
These curves also appear im Figure (10) of the text.

s



Page xvii

>l —— \:'\l\\vl gl O
S{UN  Jo  JequinN =z u
gl 41 9 ¢ & €€ A n o 6 8 L 9 € v € 2 1 0
L 1 1 [ ] § 1 | 1 | ] 1 1 ] 1 i i [

0

~0!

-02

AONIIDI443  MvINE LINN  1SHId

g2  3uNoI4 ~0€
~0b m
o,
Fos 3
<

-

oc:w 09

8&/ oL

.
Ol=w ~
T e ~06
~00I



Page xviiil

(.‘ APPENDIX IXI

Analysis of Seven Ply Yarn Strength

From the definition of & parallel bundle given at the beginring of
Appendix X, it is clear that a seven ply yarn cannot be considered es such =
group. In two or three ply ysrms of uniforn geometry, the yern strain is the
same in sll yarns, by symmetry. The idealized seven ply yarn (see below)
although rotationally symmetric, is not re=dially symtric, and thus all of
the singles yarns cennot de considered &s equally atrained. The preseace of
the core in a seven ply yarn creates the differcnce dbetween this s%ructure snd
a parallel bundle.

The analysis of seven ply yern strength however, is similar to
that of the parsllel bundle strength, the only differences arising as a result
of the variation in strain between the core and the external units.

The idealized geometry for the saven ply yarm caisists of a ecircular
core of radius Ry surrounded by six circular units with the same rsdius as
11lustrated in Fi,gure {26).

If the external units arc inclined to the core at an e Sp, then
& their strain in terms of the plied yarn strain, ep, will be epcos<Qp (see 3)

and the load on the external yarns vwill be that corresponding to this gstrain as
given by the stress-strain curve of the singles y2arns., Thus, if a linear
approximation to the shape of the singles yurn siress-strain curve is used here
&a before, the tension in the core will be {a+bep), and in each or' the cutside
yaruos, (a+bepcoa20p). For purposes of stetistical calculation all guantities
must, as previously, be expresszd in terms of t.

let primed letterz refer tc the externsl singles yarns and unprimed
letters to the core yarn. Then:

e = e, €= epcos20p --------------- ceccccccccccccanes cecees TII-1

By definitiecn:

TR .. W R—— cmemcsemees SR T .
-
and thus:
o = 8-y . €cos20, - ey | e-ep-eiccos |t - :(i—cosﬁ) « £-281n%0p
T T G - a
JR— 1 X
L But since J = e_V:

1Y
K 5
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FIGURE 26
IDEALIZED 7-PLY YARN
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t' 2t - 100 e un’c‘op T NTIIEr T en III-4
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Therefore:
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The plied yarn load contributed Ly esch of the external yarns is
equal to the tension in eack external y=rn times the cosine of the ply helix
angle. Thus, if the load-elongztion dizgrsm of the singies yarns is expressed
as a8 function of ¢, g(t), he tension on the plied ysrn whem &1l units are

intact is:
p = g(t) + 6 g(t') cos O o= cececmiceenscmcenanen oew-  III=7
Folloving an anelysis very similar to that of Appendix I, a number

of different breaking comfiguretions ar: assumed, and the strength of each
configuration together with the prebability of such s configuration riot attain-

' ing a higher strength is calculated.

For exarmple: Let the core yarn breek at an elongation tj;, with all
external yarns intact. The strength of the configuration at this point will be
g(ty) + 6g(t'y) cos :E In crder that no subsequent load shall be greater than

this it follows, in the limit, that:
g(t,) + 6g(t';)ces Q, = 6g(t,')cos Qo =~ 5g(t3*)cos Op = bg(ty') cos ogete.

o) i

vhere t,' 1z the point at which the first cxternsl yarn ruptures, t3' when the
second rupture, etc. The probebility of such n configuration, ueing the
numenclature of Appendix I, is:

A}

6, ¥

1=2

cr(ty) (py'+p3lap, TR s T N R G III-9

———— = p— =

By using different values of t apd ussuming dfferent breaking configuratioms,
sets of curves similar to those given in Appendix I can be plotted and &veraged.
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For example, another configuretion to be assumed is that for vhich maximum
loed takes place whon the first uunit bresks, apd the first unit is not the
core but instead one of the axternel yarms, with the second unit which
ruptures being sither the core yarn or cne of the five remaining external
yarns. Thus this case is not s single configuration. In tie computations,
a sufficient number of configurations were snalyzed to yield results of
engineering accuracy. The plotting aud averaging procedure is very simllar
to that dsscribed in Appendix I, and will not be repeated here. The only
difference is that {n weighting the contributions to meximum bundle strength
of sach configuration, the veigating factor is dependent not only upon bow
many units are intact; but also upoa whether these rewsining yarms are core
or externsl units, i.e., the ::c;sop of the external yarns must be incliuded.

Toe results, for several cases, are plotted in Figure (11) of the
text.
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