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ERRATA

Appandix A, Page 8-2, Equation (6)

Should be

Spe¥)e(pef)

In all equations from equation {6) to the end of the
ohaptesr latlsrpret G" as being g.“, in other words,
instead of being the n'th power of the gain, it should

be the n'th power of the mutual conductance.
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PURPOSE

The purvose of this contract is the design, cevelop-
ment and construction of an imrui.e spectruu analyzer continuous
cver the freauency range of 15 nC to 1 xilomepac;cle, for use
in tha measurement. of the abs:lute spectial intensity of very
short, separated, repetitious rulses. work by Lynmur to -~ate
would indicate that one possibl- solutior of the p;oblem is the
use of a series of cascaded an: synchronously tuned HLC shunt
circuits with vacuum tube isolation between stages (hereinsfter
kncwn as CASTAS). In order that details piven in this report
are clear to aJl, definitions of tne virious terms used will
be given along with baslic formulae and refcrences.
tefrrences:

1. 3ignal Coros ..pecification 3CL-1415 vated 12 Decembar
1952 "Impulse lpectrum Measuring Zquipment"

2. "Impulse rxcitation of a Cascade of Leries Tun«d
Circuitg" by samuel sav.rolf, Proceedings of I.:t.tw.,
Voluine 32, %o. 12, Jecember 1944

3. "Fresuency analysis “oaulation and MNoise" by .olaman

L. "Transfornat ien Calculus i klectrical Transients"
Ly Goldman

Imoul se

-~
b3
s

zaticaliy an lmpulse is 31 function of infinite
heignt ond infinitesimal width such that the arci unier thne
imoulse ls some constant. Jnder these ccaaitions tne wvilue
for the 1?0; dcozs nob depend on the shupe of the impuise.

Pructically a purse may be. considered to be an immulsge if



its time duration is very much less than the time of the high
frequency cut-off of the amplifier to which it is applied.
{Sre reference 1, paragraph 3.2.2 and refcrance 4, page 100-103)

B. Spectral Intensity

Spectral intensity mathematically is simply twice the
ares under the volt time impulse curve and for a true impulse
the spectral intensity is independent of frequency.

The spectral intensity of an unknown impulse may be
measured by applying the impulse to a CASTA satisfying the
approximation as made in reference 2 and noting the psak value
of the transient, then applying a sine wave at the center
frequency of the CASTA with such a magnitude as to make the
output equai in am-litude to the ask value of the transient.
1f the impulse noise bandwlidth for this CASTA is known, the
spectral intensity may be calculated by dividing the impulse
noise bandwidth (to bte defined later) into the peak value of
the input sine wave. (3ee refereace 1, parapraph 3.2.2,
referencs 3, pape 127 and reference 4, page 101)

c. Impulse Noise Banxiwidih

The bandwidth as we normally think of it is taken
quite arbitrarily at the 3 db points either side of the center
ireuuency. Fror any piven ampiifier, if an impulse of known
spectral intensity 1s applied to the input and the peak
response detemiried, the impulse noise bandwidth may be
calculated by dividing peax response by the spectral intensity.

If the constants of the tuned circuit and amplifiers are xnowa,

1.2



tne impulse noise bandwidth, K, may be calculated from the

formla:
(n-1){n-1) E-(n-l)

2R Jn-1_

(Jee nage 4-1 for the definitiona of the above parameters )

K=

(See reference 1, paragraph 3.2.3)

D.’ Response of '"n-" Cascaded Series Tuned RLC Circuits
from Impulse Excitation

In reference 2, it 1is shown that there is a definite
relationship betwesn the amplifier constants, peak output and
ths value of the spectral intensity at the input. Although
this analysis is for a series tuned circuit; by the orincip;g
of dualitylit may then be extended without aﬁy approximations
to a sgunt tuned circuit. Therefore, all the inform=tion as
given in reference 2 does hold for the case of a scries of
cascaded synchronously tuned shunt RLC circuits with vacuum

tube isolation between stages.

1Transient.s in Linear Jjystems by Gardner and Zarnes
prs L3-49.



ABSTRACT

The Proposed Lynmar Method for Jetermining lmpulse Strength

It will be shown (Appendix A) that the impulse
response of n- cascaded shunt tuned circuits is givan approx-
imately by the fullowing equation:

vo(t) = 2A¢ o

‘ (n-1) (-xt
— t £

in
0 wt) @)

The above parameters are defined on page 4-l.
If this response is rectified so that the carrier or high
frequency component is effectively removsd then the envelope

function may be written as

n
(t) = 206 & (n-1) ~xt
2 /n-1_ ‘ & 2)

In the above equatiors the value for RC has been replaced by its
enquivalent in alrha. In searching for some relatiounship between
the zbove equation and sume easily measurable chiracteristic it
was found that when the envelope function itself was considered
to be a driving pulse for a succeeding cascaded parallel tuned
RIC e¢ircuit then a simple relationship existed between tine
initiating impuls= and the response of this second cascadzd set
of tuned circuits,

Integrat.ing the time function of Lhe above equation
with respect to "t" from zero to infinity, the following
relationship is found to result,

Area = 2AG (3)
It is evident that the characteristics of the first set of

tuned circuits have disajpeared and that the only remaining

z-1



relationsnip is that of the originating impulse strength and the
center frecuency gain of the first amplifier. In effect an
impulse in its entirety has been transferred from one time
domain to another in which the time hus been effectively
stretched. This imposes certain reculrements on the second
amplifier. The most apparent renuirenent is that the effective
duration of the outnut of the first set of tuned circuits shall bs
very smail with respect to the period of the second set of tuned
circuits. The outrvut of the second set of tuned circuits will
then have the normul form as shown in equation (2) above. Normal
measuring techniques can then be anpiied to this output in order
to :etermine the characteristics of the first initiating pulse.

The output of the second set of circuits can in turn be
rectified and tience appli.d to a third set of circuits in which
the out ut wilii also be of the form shown in equation (2) abeva.
Cbviously, this cannot be carried on indefinitely Lecause the
time domain wiil become toc slow to contain very many isolated
pul 3es per énit time. This means that the pulse repetition rate
must be so aijusted -hal overlarping will not occur to any
apureciabie uegree.

There are several specific problems that must be
investigated in detail, ard in fact is being done at the
present, before se:ious construction on the final exverimental
model can be started.

1z lectiflier Linearity

rxperimental work is being done in an effort



to determine the requirements for adeguate linearity
in detector response. It is evident that the accuracy
of the actual measurement of impulse respcnse will be
greatly influenced by this rectifier characteristic.

2. Pulse Rapatition Rate

Due to the graatly slowed down time domain that
results from the scheme as described above, the pulse
repetition rate and the effect of overlapping pulses
must be investigated nuite thoroughly. This is being
donz both analytically and in the laboratory so
that limiting requirements might be determined.

3. Pezk Value Mesasurement

A great deal of work is being done on methods
for measuring the peak value of the responses of the
variousg sets of circuits. It has not yet been
detcrni\ned what the best schemes for measuring

peak response will be.



An Area Method for Measuring lapulse Ctrength

Upon close study of the proposed Lynmar methoa for
determining impulse strengtn and examination of the derivation
of equation .18), Appendix A, anothor method for me.suring
imoulse strenpth nresented itself. Equation {2}, Appendix &,
shows that the integration of the envelope of the response of
the cascded circuits is oroportional iirectly to impulse
strensth. Instead therefore of measuring the peaxk vilue of
the resulting envelope a determination of impulse strength
can ve effected by accurately nerforming this indicated
intesration. This idea has been :discussed in some detail at
1 meeting ~ith Jien:i Zoros engineers. The merit of this
scheme lies in the fact that the r2sult is independent of
the characteristics or' tne various tuned circuits provided
however gt they satisfly the requirements for the accuracy
of ejaation (18), Appendix ..

The =rei of the envelope in voll seconds will
ordinarily be guite small. oince the oulses are rapeated it
W8 Lhoupnt that a scneme aight be evolved whereby the reretitious
nature ol thege nulses coula be utilized in an additive fashion.
For instance, an electrornic integrator could be utilized in such
4 fashion that il integrated 2 rredetermined nuwaber of nulses.
This coula te 1c2omnlished for exampie by means of » ~reset
countrr with a rate. The gate tren couiq.turn the integrator
off -nd on ror this oredetermined number of ~lses,

;’_‘1‘



Another scheme for determining the area of the
envelope of oquation (18), Appendix A, would be simply to
planimeter the trace as shown on a scope. This tracs of
course woul1 be caliorated in terms of volts and secornds.

The Signal Corps engineers have been presented
with a nhotograph of a CRT trace of the above mentioned
output. The trace was planimetered and the correlation
between spectral intensity by this method and the peak

method was within 10X%.



CONFERENCES

1. A formal confereﬁce betwsen Lynmar ingineers and the

engineers of the 5ignal Corps was held at the Signal Corps on

June 18, 1953. In this conference the aims and objectives of this
contract were examined and thoroughly discussed. Lynmar Engineers
presented a propcsed scheme for measuring impulse strength and stated
that a period of time would be necessary for further.etudy of this

scheme 3o that its prospective use could be werified. PFProblems that

had been encountered in the purchase of equipment were brought up at this

time with

ecr

hie result that the Uignal Corps engineers agrved to investigate
the possibilities for the loan of some government ecuipment to Lynmar

until such time as the procurzment of ecuipment could be effected.

2. An informal conference between Lynmar kngineers and engineers
cf the 5ignal Corps was held on July 8, 1953. The Signal Corps wers
very helpful in their suggestions as to possible schemes and methods for
measuring peak voltages., JSeveral circuits were discusaed and considered
from the joint of view of stability and reliability. The Signal Corps
engineers demonstrated various pieces of equipment in tnasir laboratories
wnich proved of great interest and showed promise in eventual use for

measurament purposes.

3. On 17 August 1953, a conference was helid between Lynmar

engineers and Signal Corps engineers in which Lynmar engineers

3-1
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rrecsented the results of a theoretical investigation of measurement

techniques thst might conceivably simplify the desired end equipment.

This scheme involved the integration of the pulse =nvelope thereby,
at least theoretically, eliminating the effects of any intervening
t'ned circuitry. It was deemed of such importance that it was

decided to hold another conference to review tnhe results of further

study.

b On 25 August 1953, another conference was held between

Signal Corps engineers and Lynmar engineecrs for the purpese of

reviewing and discussing the scheme for impulse measurement suggested

by lLynmar engineers in the conference of 17 August 1953. oth Lynmar

engineers and the Signal Corps engineers presentad the results of their

investigations and discussions brought forth the following items.
a. »talled investigation of the effect of noise on ths

area method for measuring impulse strength.

b. Further study cn the results of repeated pulses on the

accuracy of measurement.,.
it was suggested by the Signal Zorps engineers that the
area method for measuring impulse strength might be of universal
appllicatior z2nd tha% some general formulation might indicate this
to be true. It was decided therefore that further study would be

given to this suggestion and the resuits onresented at a later date.

3-2
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FLCTUAL DATA

1

Eq
-
15
0
E

Cascaded and Synchronously Tuned Amplifisr of n Stages

Spectral Intensity - output from n'th series of CASTA's

e.g. input to first CASTA is S, and its output S;

Center frequency of a CASTA

Damping ti=c factor for & CASTA (use for voltage and/or area)

Incrementally increased damping time factor for a CASTA

(in most cases 115% ot)

Envelope area integral-limits O to infinity - area ratio
Envelope area integral with limits t to infinity for n stag
Value of ares ratic for (oxt)'

Envelcpe maximum = volt ratio for . stages
(Voltage at any time = t) = " i

value of veltege ratio for (xt)' for n stages
Derivative of area ratio fcr n stages

Derivative of voltage ratic for n stages

Number of tuned circuits

‘l‘ot.t}l parallel resistance of tank circuit in onms

Total parallel inductance of tenk circuit in henries
Tot.al narzilal canacitancs
Gain at resonant frequency
Mutaal conductance

Impulse noise bandwidth .

4=1



M,C.B Constants

B B + AB {in most cases 215% B)
A Area of impulse (voli-seconds)
t Time
Dt £2-2; (diffesrence between 3 db frequencies)
Q Quality factor e« _:_0_
ot
a Attenuation
Ky, Maximm value of detected envelope of output of a
CASTA when impulse excited
T Pericd of repetition

w Resonant angular velocity, redians/sec.

The Investigations this Quarter have been directed Primarily

to Detarmine the Properties of the Detected Output of a CASTA

az e Result of Inpulse Excitgtion.

_ The results of these investigations are given in
soms detail in A'ppendicoa A to G. A concise discussion of
the material in the Appendices is given here.
Appandix A
*The response of "n" cascaded shuant syncirornously
tuned circuits (CASTA) to an impulse and to repeated impulses.®
For a Single Impulse

Equation (18) of this appendix, namely

v. = AGP t(n-l)E-“t sin
cnz'(‘n-l) 1 cgg (0-)1. L g K) (1)

{s the appiroximate equation for this respcnse

4=-2
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while AG" t(r"”l) 5"’“’ ia the envelope function (2)
cha(n-1)/n-1

Photographs of equaticn (1) are shown in Appendix F, fig.
(1) and (2).
For Repeated Impuisses
The output of a CASTA when excited by repeated impulses
is

(n-1) _ i
v (t) = é - t-in-l)ﬂ oft (-nl)ﬂ

&

where C = 2AGM'> ™

Appendix B
"Damping time factor (Xt} for envelcpe decay"

In this appendix various formulse are derived from
which the voltage damping time factor has bteen computed for

differont n. The meaning of the wvoltage damping time factor
as used hsre is: that value of &t for which the envelops
has decayed to scme fraction of maxi=um taken as 0.01
(arbitrarily) for the examples showm.

ihis section represenis a purely exploratory
excursion into the question of overlap from the point of
view of & usabla engineering approximation.

The function, Byp, is shown to be a very rapidly
varying cos with respect to the wvoltage dswping Lime factor.

Comparison of Appendix B and Appendix C reveals that any

43



error based on the criterion of Appendix B will be of the
approximate order of magnitude but that a slightly greater
degres of latitude may be employed if the results of
Appendix C ars usad.

Results of Appsndix B are tabulated below.

The general expression for Rv,, Dv, are

By o g@-1){-1)
n
p\n~
: Dv_ = By, gn-lBMB-l 2]
1
= R 'h
" «t B B B ) By, g py,

2 3.7 4.89 100.04L4 5.6235 11,2470 329 329 159.17
L 11,7 3.9 101.1  L.185 13.L55 3RA.14 381.9L 225.7L7

=2 &= =i P aciad Kdnd

5 13.48 3.37 101.529 3.876 15.504 439.125 432.512 285.6

A ix C
The error in the maximum value of the envelope from

ropeated impulses is

& (n-1)
REIOr x le o(m1)T
‘.T-%—z[ =y g - (L)1

A iix D

*Some information about an area method for measuring
spectral intensity"

Equation (7), Appendix D, gives the vualue of tae aywn
cf the detscted output of a CASTA. Soaes tentative conclusions
are given in Section 2.

b=y



Appendix E
"Damping time factor (o<t) for area decay"

Various formulae are donlbped in this appendix
from which the area damping time factor has been computed
for diiferent n. The mesning of the area damping time
factor as used here is: that value of &t for which the area
has decayed to some fraction of maximum, taken as 0.0l
(arbitrarily) for the examples shown.

From the very definition of area it is obvious
that the area damping time factor will be less than the
voltage damping tine factor. This implies that the repetition
rate may be hijher if an area method iz used for measuring
spectral intencity.

The general expressions for Ra,, Da, are
Bﬂn - €°‘tLll.—]-‘

@)y (a1)(0) B2 e fad (oct) P

a1
Da, = R“n( (x t) = [ (a-1)(oct) P2, (23 ne2) (o) @)

L (OG)(n"l)o- (n-l)(O(t)(n-z) € seus

’ s e

eees ¢ /n-1 xt B=(nstys . Ax:;—]?.
Ry = N R L&-_IJJ

Tabulated results of Appendix E

. . R'a;, computed
wost M @ TR Esgeried T
3 8.006  99.531  9.66  27,.097  215.39  618.97
L 10.05  100.36  11.558 310.584  309.k7 981.9%
5 11.6 99.682  13.34  341.807  342.899  1124.95

b=5
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CONCLUSIONS

The work in this period has besn of an exploratory
nature in which detailed anajysis has baen initiated with
respect to our ﬁroble- as stated in Secticn 1. A definite
schome hzas not yet been crystallized, but as a result of
the work done and work now in progress, it is expected that
a program of construction will be initiated which will lead
to a successful end item.

In Appendii’%es A, B, and C, an analysis of the
response of a CASTA is made for both single and repeated
impulses. The error dues to the repetitious nature of the
impl=es has been evaluated at the point of maximum voltage
amplitude and tabuiated in Section 10, Appendix C.

_A preliminary study has been initisted for
measuring the abeclute spectral intensity by means of an
ares msthod as outlined in Section 11, Appendix D. This
scheme shows great promise providing certain aspects
of the relation betwsen signal and noise is taken into
considerration. Further study both theoretical and in
the laboratory will be made in order to arrive at a

proper evaluation of this method. Scme of the preliminary

nalysis &

A -l a2 4
——— [

i Section 12, Appendix K.

For the purpose of experimental verification
of theoretical derivations, a CASTA was built in the
laboratory. This CASTA is described in detail in

Section I} Appendix F.
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A number of photographs were made of various types
of CRT traces dues to ropeated impulses with end withcut
overlap. The results and discussion of these traces is

described in Section 14, Appendix G.
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PROGRANM POR NEXT INTERVAL

The program for next interwval will bs to definitely
crystalliizas a schems for fulfilling tho requiremsnis of this
~ontract, Full discussion will be held at Signal Corps

Engineers as tc the propsr means for accomplishing this end.



IDENTIFICATION OF KEY PERSONNEL

Bdward M, Beeler

Mr. Beeler, a consultant on this project, was one of the first
to receive a first class radio operator's license (107) from ihe
United St.;tes Department of Commerce. Mr. Beeler has been connected
with some of the largest shipbcard radio installations in the
country numbering among them the ships Manhattan, Washington and
Anerica. He also outfitted the submarine Natilus for the Sir
Huberti Wilkins' expedition.

Duping the war Mr. Beeler not only worked in research on
airborme radar equipment at the Naval Research Labzratory at
Anacostia, Washington, D. C., but also established radar repair
shops and 2 school fer radar training at Santa Barbara, California.

After the end of the war, Mr, Besier went to work for station
WPTZ in Philadelpaia where he operated their vides-andio and link
transmitters. In 1947 Mr. Beeler began work on master antenna
distribution systema. It was as an cutgrowth of this work that
Lynmar Fngineers was conceived.

A real "old timer® in the field of electronics and electro~
moechanical devices, Mr. Beeler's thirty-four years of technical
experience proviiss immessurable stature to thc staff of this

project.
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Dr. Arsene N. lucian, PhD Physics, Yale Traduate School. June 1914

or. Lucian, & conzulitant on this project, is well known in
the rield of physics, electronics and vacuum tube research. Dr,
Lucian holds many patents and is the author of many outstanding
tachnical papers. ODr. lucian's contributions to the art of
engineering have been invaluable.

A Professor of Physics at the University of Pennsylvania
from 1924 to 19L1, he also acted z= consultant in research to
many large corporations. Dr. Lucian in January 1943 was a
regional coordinator for eastern Pennsylvania in charge of the
Coordinater's Office of the Ingineering, Science and Management
war Training Program of the United States Office of Education.

A more complete biog:aphy was submitted with the letter proposal

to the Zignal Corps.

Samuel Sabaruff, B.S. in Z.f., Lrexel Institute of Technology, 1931
M.S. in k.k., Moore 3chool, University of
Pennsylvania, 1937

Mr. Sabaroff has bzen for more than twenty years a consultznt
in the field of electrical engineering where the problems have
required a2 high orde; of theoretical, mathematical and exparimental
knowledge. Xr. Sabaroff has published very =xtensively in the
bsiter technical magazinss and jourmals. A list of some of
his publications follows:

"Radiation of Vertical Antennas", R/9, October, 1935

A Voltage Stabilized iiigh-Frequency Crystal Oscillator
Clrcuit", I.R.E., May 1937

r

"Frequency Controlled Oscillators", Cosmunications,
February, 1939

7-2



"An Ultra-iigh Frequency Measuring Assembly", I.R.E., March, 1939

"Feedback Applied to Oscillator Control", Electronics, May, 1940

ol

nSystem of Phase and Frequency Modulation”,Communications,
October, 1940 i

"Theory of Frequency Controlled Oscillators", Journal of
Applied Physics, August, 1940

“Scanning Theory", J. M. P. E., May, 194l

"New System of Frequency Mcdulation”, Communications,
September, 1941

"Rounded Edge Capacitor Platas", Electronics,
October, 1%44

"Inzulse Excitation of a Cascade of Series Tuned Circuits”®,
I.R.E., December, 194k

5Link Coupled Coil Deaign", Communications, August, 1546
"Techinique of Distortion Analysis", Electronics, June, 1948
Hr. Sabaroff is extremely familiar with impulse measuremeants
having published on this in the IRE, Decszber, 1344, "Impulse
Excitation of a Cascade of Series Tuned Circuits™ and having
beer: previously connected with a contract concerning an
impulse measurement R.F. amplifier for the United ltates Army
Signal Corps &xgineex“ing Laboretories, Fort Monmouth, New Jersey.
The foilowing 1s a brief list ¥ sume of the projects for

which Mr  S3barof? hias been a consultant.

Date Contract No. Gov't Dept. Brief Description
1948  AT-4O-1GENS:D  L.5. Atomic Energy Alpha Hand Monitor
1948 SC 2818-Ph-49 Signal Corpn R. F. Coils

1950 N12'6$-l¢937(l") U. S. Navy Antennz Couplers
1950 1769 U. 5. Dept.Agriculrure Antennas

7-3



Date Contract No. Gov't Dept. Brief Description

1951  22096-PH-51-1l4 Signal Corps Switch Assembly

1949  2262-PH-50-7 Signal Corps R.F. Transformer

1951  18172-PH-51-130 3ignal Corps Special Coils

1950  AF28(099)=365 3151st Electronic Group Filters

1548 11085-PH-48-77 Signal Corps BC 239 Radis
Transmitter

1950 15939-PH-50-13 Signal Corps Special Transmitters
and Coils

1950 19624-PH-51 Signal Corps AN/GRC-26 & AN/MRC=2
Amplifiers
Dual Divensities
Exciters

1948  1421-PH-49-2 Signal Corps : AN/TRC=3 & 4

1947 12702-Fi-47-77 Signal Corps CV-31/TRA-7 Dual
Diversity Convertar

1952 54-PH-52-91(1804) Signal Corps Radio Set/GRD-3

1952 - 3472-PH-52-06 Signal Corps Radio Set AN/MRQ-2 ( )

Chico G. DeCoalsworth, B.S. in E.E., Pennaylvania Military Collsge,
June, 1950

Mr. DeCoatsworth is at present well on the way io obtaining a

master's degree at the University of Penrsylvania where he is
attending the Evening Graduate School. In addition, he is a
state license instructor in radio and television theory, service
and practice and is teaching at Radio Electronics Institute.

Mr. DeCostsworth worked in a radar design and development

laboratory at the Philco Corporation on one of the largest

SRR s

airborne radar sets for about a year. For approximately the next
two yaars, he worked at the Frankford Arsenal as the electrical
project engineer in charge of the boah fuse research and

developrent program. 7.4



APPENDIX A

Response of "n" Cascaded Shunt Synchronously

Tuned Circuits (CASTA) to an

Impulse and to Repeated Impulses

Figure 1

The Norten equivalent of one stage of a CASTA is

shown in figure 1 for which the current equation is by

Nirchoff's Law.

gmeu = irp +» ic * iL * ia (l)
7e will neglect ip, as being g\\_(ia + 1. ¢4p) at all
frecuencies.

T, BgSp = ip e i, ¢y (2)

writing the differential ezuation for the above in terms

of the outwut voltage glves

r
B, = Zoi e cdegy i / e

v

Ae shall assume eonstant circuit parameters and inicizl

conditions at t = o guiescent. Then
4 - p = jw and ¢ = 1 7 L. (4)
- - w
dt p J

equaticn {3} becomes



v

en1 = fag = %eg[{pl‘
pCLR & pL + R

(5)

+Cp e

A L
Bl

€01 = output voltage of the first tuned circuit

where now €g will be considered to be A, the Laplace transform
of the impulse applied to the first tuned circuit and is a
constant esual to the impulse strength. Then equation (5)

becomes

ecl = ﬁrAGPL = ApG
P“CRL ¢ pl. & R Clp +¥)(p o) (6)

ApG
C (p oo B2

since gp » G = Gain

where

¢
n
2
*
Y

For "n" such tuned circuits the output will be
pG"A
c™(p ¢ ¥)p o O (7
n.n
pGA 7
2]n
c? [(p e f ]
which may be written

(¢)"eon(p) 2 2 ==
z (p #o( )" +
A(p)tG? [. ' /3 ]

®on(p)

n

(8)

[+



The inverse Laplacian of the right hanu siue of equation (8) is*®

- : = -1 | -xt ——
L lEp 00()‘2 0/52] = & E: * T, t. \
n_n-1 }—"‘é"— -} (9)
2 (n) 4 <

where n >0 and Jn_£ is a Bessel function of the first kind.

Using this and solving for v,(t) results in

*n = Ac” g n-l_-at t’
I a L‘ 3 i{,&—-rn-i (pei|aa

n
c ﬁS 2
n
where pn has been identified with the overation g:ﬂ
d

and the validity of this may be justified by the initial wvalue

o

hecrem. (Jee Theorem 15, Page 267, Transionts in Linear _ystems
by Gardner & Barnes)

Conversion of the Bessel Function to “ircular Functions

ﬁg in equation (10) may be real, zero, or imaginary,
depending on whether the circuits are oscililatory, critically
damped, or apericdic. Only the oscillatory case for which/ﬁ
is rezl wilt be considered. The Bessel functicn in e-uation

(10) may be rewrittes in terms of circular functions.®* Thus,

. t: 1y
{D@— In-} (ﬁt) = nir(ft) cos (/gt-nzTr ) 1)
aor{Bt) sin (Bt-nTT)
{ ! ‘—"2"

where n is a positive iritager and

#R.V. Churchill, "Modern Operational iathematics in kngineering,”
transform No. 1ll, pg 294 and No. 57 pg. 298.

##5,4, Ochelkunoff, “ilectromagnetic :taves", pgs. 51-52.
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od
nPr(/gt)z > Clidaaeon (12)
.%'o /2r  /n-2r-1 (2 ©)<F

(-1)F /ne2r
e l2r 2l /[n-2r-2 (2 t)

nQr(/3 t) 2r + 1 (12a)

nPr and nQr are terminating series, since for sufficiently large
values of r, the factorial of a negative integer appears in the
denomimator and such a factorial is enual to infinity.

nPr ((Bt) and nQr (ﬂt) may be considered to be the =
amplitudes of "in-phase” and "quadrature" comoonents.

In equations (12) and (1l2a), the higr;est power of "'n*
that occurs for a given '"r" is the difference between the argument
of the f‘actgrial involving "n" in the numerator and th: arguzent
of the factérial involving "n" in the denominator. Thus, in
equation (12), for a given "r", the highest nower of "n" is
(n-le2r)-(n-2r-1) = 4r wnich is twice the power of (Ft) in the
denominator, and in equation (_.lé'é) the highest power of “n"
is (noZr)-(n-Zf‘-Z) = (4re2) which again is twice thas power of
(’5 t) in the denominator.

In equations (12) and (12a), the nassage of time will
make all terms negligible compar~d to the leading terms. Therefore
as a first appraximation, for

ﬁl) T > n?'

”—
=

0

S

tha leading terms in equations (12) and (12a) are
nPo (At) al (14)
ng (Bt) = Aln=l) (14a)
2 t
Uaing equations (11), (14) and (l4a) in squaiion {10)

results in



v = AGP Q" R P L T t-sT) (1
T R Y B Rpeall 03)

-n{n-1) ein S/:St -Q_E)z

2 t 2

The sine and cosine terms in equation (15) can be

combined into a single cosine function with a modulus and a

prase anzle.

e 2 . 2 \
The modulus, Mz | 1+ 2 (n-1)
\ L t)?
The phase angle, § = tan—1 n(n-1)
24t

-

For \( small, (the smallness of ¥ will be Justified
laten), and usg'g the binomial expansion as a first approximation,
M and K can be written

2 2
M1+ B (n‘l)
8(/3 t)e

¥ = tan~! nn-1 ’,Z,si.n-l n{n-1) ’,Bcos.1 1= p_z_ﬁn-lgz
2pt 28t s(@t)

if it is assumed that the circuits are sufficiently
oscillatory so as to make f<<</5 , the value orf!; approaches

the fundamental angular resonant frequency of tiie circuits,

A2 Al e
% e o2 P 25
Equation (15) may now be written, approximately,
n
v = AGH d
n
ch n2n-1 /n-1 ath _“(16)
"2l ‘
('t‘ & "’—(L,—,),—cos(Luto(l/- nfT’)L
| e - o)

~
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Assumpt ion of Negligibility of the Luadrature Component of the Modulus

2
The term n2(n-1)° in equation (16) will be called the
8(wt)

quadrature comvonent of the modulus. Of interest is the differ-
entiation in equation (16). Assume arbitrarily for a moment
that time t, has clapsed from t = O such that

21 2

n“in-1 - 1

ol (17)
8(wt°) 100

Then, this term can be neglocted since it is small
compared to one. This results in the simplification cof the

gerivative to

n
- [tn_I £ -oct cos (1t & af ..nn )]
dt” 2
Relation (17) establishes a certain design criterion
for the Q of each stage of thie amplifier with "n" single tuued
circuits.
when "n" is fixed, relation (17) establishes the number
of cycles of carrier necessary for (17) to be valid. Thus,
solving (17) for Wt,, and say n = 5,

{Wty)? > 100n2(n-1)2

8
Wto > 70.7
Let N = number of cycles of carrier, or the number of
2 71 radians reauired for {17) to be valid, i.e.,
to = N(2T)
Then,
N (21Y) > 70.7
N o> 11.3
say N > 12 cycles



This means that when n = 5, at least 12 cyclas of carrier must

elapse before relation (17) is satisfied.

ase Angie

A further simplification results if X can be considered
constant when taking successive derivatives of tn’lg aal

cos {wt + ¢ -nfl ).
2

It may be seen that as W3t increases, § approaches zaro at a

E .

very slow rate compared to the rate of riss of &44, 8o that ¢
may be considered constant with respect to ('t as far as the
differentiation is concermned.

The approximate derivative is now

n
-9; E'n-l £ %G, (Wt » K)]
dt

where K« b' s '-‘-?! = a constant

2

Constancy of the Modulus thi~i g =Xt

The resulting approximate derivative in paragraph 4
above involves combination of products of succassive derivatives
o .
of (tP l8--‘"") and tos (tut ¢ K). It can be shown that the

amniiturde of the first term in the expansion of

n
d {n-l -t i . D=1 _, =Xt n
— it & (cos (Wt ¢« K)| , i.e. (t t -

cos (Wt + K
dtn l dtn ( > )’
is large compared to the remainder of the terms and ther=fore,
a still further simplification results. This smounts to conglder-

ing (t.n_l £ ~*%) constunt with respect to cos (Wt ¢ K) in the

derivative.



®

This, of course, is the same procedure as is followed
in the case of a modulated carrier,

The approximais Gerivaiive now bcosmes

n-1 -t n
t & -;2“ cos ( Wt ¢ K)

The amplitude of the n'th derivative of cos (Wt ¢ K)
is ", which will cancel the " in denominator of equation

(16). Hence equation (16) becomes

e A e R e G8)
c2 /o1l cos
Ecuation (18) i3 a sinusoid of varying amplitude.
The envslope function is
vn(t) = cnz;:f:é._,:]:_ tu-l £-"t tioh
The result as obtained in squation (19) for
e-uation (7) may have been obtainsd by applying the calculus ,
of.iasidues.l
Consider ApRch {20)

(p 2 K‘)n(P ’r)ncn = %n(p)
In this case “on(t) is the solution in the
time domain in terme of the real variable t from the initial
integro-differential squation in the frequency demain in terms
of the comnlex variable p.
kquation {20) has n'th order poles at p= - ? ard

r—

p=z -{ . Following the notation as given in reference i(a)

(]

rerational Caiculus by Mclachlan
8-8

1 e
(a) Complsx “ariabls and

(b} Transi-ats in Linear systems by Gardner and Barnes



p. 49 paragraph 3.241.
Let Lhe regiaue at p = - ¥ be bl and D = -F be by

Then the time solutinn to enuation (20) may be obtained by

comrleting the imviicuted op-rations
‘—; ¥ - -~
o] ¢ by = AG" a{n-1) /3 . ) + d(n b E pt
2 ¢ n-1 {n-1) n (n-1) n
=l [ ode "L(D*r) P=-Y dt ‘((pey)™] p= -

and by consistenteappiroximations.

Obsaerve theot 4B the differentiation t is a constant.
For a finite series of repeated impulses the Laplace

transfom takes)the form of a finite series
] -1)T
s 1 M- g o]

If this is used to operate on the transfer function

of a CASTA the following results by the use of the linearity

theoreml

nsn ~p(m-1)T

(v) =
- Z‘* L s e o

from which as before by the Calculus of Rasidues

RCDY [ pf_t (n-1)T] |

[\

n = 1 /n-l (""1) (p 0"“ n i gz =Y
(n-l) 3 [} (m—l) :
, _..___e.
g <p«z:>"- de=s [

Her~ as bzicre the quantity [t—(m-l)f] is constant
in the diiferentiation. Therefore if ths zame approximations

zrre made the solution for reveatad pulses will be

=t

Transients in Linear Systems b, Gardner ind Barres

8-9



(@

where

<1j _~ot[t-(m-1)T
'nm‘-'*ér C[t-(m—l)‘r j(n g “le-taard

Cis 2AC~“zﬂ
n-l

8-10



APPENDIX B

The following represents a study of the detected
envelops function with attention directed to the maximum voltage
and to the time for the voltage to decrease to aome fraction of
the maximum for variocus values of n.

The approximate expression for the detectsd output

voltage of a CASTA of n stages as a function of time, v, (t), is

va(t) = ¢ t{@-1) g-oet (1)
n
wvhere C = Afﬁ? =
The maximum value of v, (t) occurs at t = n;} and is squal to
1 (n-1)
B =[] e (D) (2)
Now let
n-1 ~(n-1)
S (3)
Vn i =
c t’(n 1) £ ot
and let t = B (n-1)
-] ! (n-l) = \
.o Rvn - Ln':L —(n-lj (h)

B(n-1)] (n-1)
‘\(n ‘( g B~

S - -

= gll-n) &(n-l)f.B-l]

Evaluation of B for n ¢ 3 at an arbitrary value of Rvj

Arbitrarily let Rvp = 150 forn -3
Then Rvy = 100 = B(1-N) (n-1) (B-1) (5)

Let 100 » gll-mM
E(l—n)H - B(l-n) é(n-l) (B—]) (6)

- Rvy =

9-1



Taking the natural log.rithm of both siues of this transcendental

equat.ion we get

(1~n)M = (1-n)lnB-{1-n)(B=1)

M-1e¢B-1nB =0 (7)
Now for R'3 = 100

1n100 = {1-n)¥ = 4.60517 and so M = -2.30258

.. ~3.30258 ¢+ B - InF = 0 (8)

Using Newton's Methodl to anproximate the root of this
eguation ]

let y = B -1nB - 3.30258 & £(B) (9)
Assume f(B) » £{3.8) =« O &z : sclution (as a first

approximation)

By Newton's Method a secom .pproximation will he-

: .
B' - B-flB)  _ 3.3 _ 083708 _, 4 10}
T e T 0T T <R i)

where f (B) is the first derivative of ecuation (9)

Now by successivs applications of the adove method we
arrive at the value B = 4.39

As a check
' {n-l)(B=1) » }
Rvy = 2 = 2332.2T82 . 100,04
5 (n-1) 23.9121 == (1)

lSee p. 215 article 130 klements of Calculus by Granville,

ssith and Longley or any text orn: Calec:-lus.

0
\
8}



Similarly forn e 4 eand n = 5 we get

101.1 for B = 3.9, &t = 11.7

Rvy,

Rvg g 101.529 for B = 3.37, «t = 13.48

It is of interest to see what Lhe increase in Rvp will he

if &t is iucreased by 15%4.

Using the general form as given in ecuation (4) let B be

(12)
(13

increased by 154 which is the same as increasing ot by 15%

since =t = B(n-1)

R'Vn . %l.ls)cgl-n) E(I’l-l)(B-l) (ll.)
n'v3 z 329 (15)
R'v, = 386.14 (16)
4 e
R'¥s = 439,125 (17)
Therefore i.n;::reas!mg 5. ¢ by 158 has produced:
] 5
o R
forn =3, ~T3_ 329 _ . 329% tncre.re in Rv, (18)
Rvg ~ 100.04 =
forn = 4 K'v;
TR E % 2 2 38i.94% increase in By, (19)
R‘v’l‘
1]
forn=5 RY5S _ 432.54 increase in Rvg (20)
R,
The derivative, Dv,. of ecuation (4) with respect to B is
Dvp = _6_!8}!5 . d (gD ey
6 nakK é B
= (n-1)(R-1) . :
€ (n-1) ((B-1) (22)
8" -
- (n=1){b=1)_(1-n) | (p=1)(B-1)
= € B \ 1§

but Rv, = E(n-l)(B-l) B(l—n)



equation {22) becomes

Dv, = Rvp, EL’%ZMZJ

In general n >B>1 forn > 3

. Dvy Dk, forn >3

Tvaluating (23) forn = 3, 4, 5 with their respective B's

Dv3
DV,

Yo

./'5

159.17
225.7474
285.608

(23)

(24)
(25)
(26)
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APPENDIX C

Repeated Pulaes

-. —a Ve N-‘h"f‘ -

Conaider a finiee gericy of dstacted pulses from a
CASTA. Since we are interested in the voltage at some time, t,

we may write the following summation from the above or from

Appendix A. ]
e = [t ¢ (m-1)T] {n-1) £ “B’ . ("‘1)?1(1)

-y ]

= t(n-l) g Tt #ZQ [‘-‘, . (m—l)'l‘j(“-l)g -oly + (m-1) Ti

m=z2

.

we are interested in equation (i) at © in the neighbor-
hood of (n-l\
Fquation (1, becomes

n-1l (n-1) _-(n-1} = (n-1)
Gee) £ ’2 &«)§\m-l\'l‘l

i &,* 1(n-1) + (=-2)T] (2)

~

e

me 2 (n-1) &

n-1,(n-1) _~(n-1) e, )

=) 3 'Ll Z 1 eX(meiyr " -D&(m-l)'ljl
- -1} (n-1 .

but Emp = (%‘}' (n l,a a t.hen {2) becomes

~ fael) - o iml)T
C = l . Z 1 aX{m-1)T \a=1) £ = (m-1)
m= 2 n-1)

where Z r s ’J\gm-l)T-! (n-1) £ -oX(m-1;T
ms2 L (n-1)

is the error for repeated pulses.

10-1



(

Tra above derivation does not take phase angles into
consideration however, the maximum error for a yiven value of
T will cceur when the indlvidual voltages are exactly in
phass, thersfure this error expression gives an anproximaticn
un-jer the worst conditions.

New we may specify that the error < 1% or we may
examine the error for vslues of «KXt. It will be more
enlightening here to compare the error Jue to («T)'s somewhat

less than the ( o< t)'s given in appendix B.
Lrror = é 1e _(m))T -\(n-l) E- o (m-1)T

(n-1)

n _T m Lrror

3 8 2 0.6083866

3 8 3 0.00000911535

3 8 4 60.4 x 10710

& 10 2 0.0036857

4 10 3 0.00000092882

5 10 2 0.0068128

5 10 3 0.00000267

16-2



APPENDIX D

Soms Information about an Area Method for

Kezsuring Spectral Intensity

Consider equation (19), Appendix A.

n = -0t =1 -
ag o (B-llg mxt gy ln-l) o -t w

/D=1

'n(t) =

where ;&:1_ has been replecsd by K,

The general ares integrai is

t, £ ) ,
c‘j’( t(" 1)& ik dat where t, > t (2)
ho §

the tims function may be integrated by parts viz,

-

Jiuclv = uv - J’vdn (3)

let u = t(n-l)

(n=2)

g
'

= (n-1)t

av = £ %%

Ty

-&

X

Bquation (2) becomes by equatiom (3)

Integrating by parts again eguation (4) becomss

1) _—et b2 o —actfty t % =
- (0 )§ o ’ ; : (n-l)t(n 2)5 ott,‘ 2 : n-l)(n-’?.)t(n 3)£ ot
,2
D( k& X !t’l Va3 xz (5)

11-1



i Now we have established the pattern as follows:

t \
(1) g=%tay . ‘E:—“t rt(n”‘ll . Ln—l)t(n—?') .

| 7= o< (6)

(n-l)(n—z)t(n-a). ceece & =1 2

o3 =L
&
—t"'g"""'E_l_._ o fn-i) .(&-l).(wiﬂl
t
(.

(< t)? (xt)> 11
N lar et ]tz - ()
=

ty

4

Ity

we observe that if the limits are tl =0
‘ t2 =00

& 240 ol (w(n-l) ~xt e [ o
. (oo e (] e
. o

At no time in this discussion have we cchsidered the validity
of equation (1) at .’La.:_(l.l\. >t >0

A discussion of the implicaticus of sguatisn {8) will be found
in Section 2.

@. ‘ 11-2
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APPENDIX E

The detected envelope of the outmui of =2 CASTA as a

result of impulse excitation is given approximately by:

-1 --«t- i - 0%
vi(t) = ?&Lt(“ )g - ) g -t (1)

The integral of the ar~a of thic curve fromt =0 to t = oc is

oQ -
t)dt = ~(n-l) o -=xt {2
Jﬁn( ) /u; E dt = C/n-l . 24G= 36 e
o ° T s

Here it is tacitly assumed that equation (1) is valid in the
region 'B:.];) 2 t>0

The integral of ecuation (1) from t to o0

is
Jvn(t)dt = i, (n-l) 4 (n-))(n-2)  e..-- (3)
A at  (at) (=t)3 ¥ siete
st (n-l)(n-.?,(n-}).....En-(n-ZZ @ [r_u:]_._]
so.o® - fn_l) —1
(=xt) =%
The interest here is in th. valus of
o o]
A w
®. e from which a value of (oC t)
J v (t)dt
°n
t
may be derived for :ny value of Rap
The general form of Ha, is
t, .
Ray = & /n-l (5)
(<) (a1

’ (n-l)(ut)("‘Z). (n-l)(n-z)(oq,)(n‘”o...

¥ A
veo.¥ /n=1) (OQt.) n-\n-N

+ /n-1

1241



For n = 3 Ray « 100 {arbitrarily) eniition (5) becomes

Ha PEPR A t
n= M3z & = 100 (6)
(ntl< s 2at + 2
2 e =t
or (xt) ¢ 20xt ¢ 2 - E__ .o
50
we tay use Newton's Methodl to evaluate this transceniental
e-uation, viz. assume ot = 8.4
t
('Xt) st - gf-«—l‘ = 8.4 - _M._O‘ - = 8.&&222 (7)
£ (oxt) -728.296 B———
For practical purposes iet =t = 8.4
As a check
2 g”‘t
R83 = - - '3895.1326 - .531 (8)
(xt) 2%t & 2 89.36
. =t = 8.4 for Ray = 100
sigilarly
Raj » 100.36, t =10.05 (9)
Rac « 99.682, t = 11.6 (10)
It is of interest to observe what thc change in Ra a'an,
will be when (o« t) is increased by 15%, { o< t)' .
Usihg ecquation (5)
' []
R'az = 274.097, {oxt) = G.66 . (11)
R'a; = 310464, (xt)'= 11.588 (12)
] 5
R &5 w 341.807, (<t)'=13.34 13)

1 . T R
See p. 215 articiei3C itlements of Caicuius by Cranvills,

Smith and Longley or any text on Calculus.
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Thus an incresse in < ¢ of 154 has produced

]
R &.

275.39h increase in Haj @s)

309.47% increase in Ra, {15)

; g
el = 342.899%8 increase in Ras (16) '

The derivative of Ra, with respect to (oct) .

cﬁ:K '3.‘.?1}

{equation 5) (17)

t
leads directly to the general form for Jap

'
Dap, = Rant(ctt)

V4 ~\
[[(n-1){axt)\"2/; (521)(n=2)

~
R
(3 d
S

’

- hi \
L("’\") (n-1), {n-1){ext)\ " %s (n-1)(n-2){ext}*" P
A
ceiees (n-1)(n=2)(n=3) (e t) (PRI

ceered /n=1 (ext) n-(n-1) [n-1

where «a_  is as given in equation (5).

By .st.rainl’xf.fo&ard commtation we arrive at the following

Dap'S evaluated at their respective (X tj's.

Da; = 818.97 \19)
) Da;, = 981.54 (20}
Dag = 1124.95 (21)

12-3
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APPSNDIX P

13.7 XC CASTA {DATA)

Fo: the purposes of experimental verification of

theoretical derivaticns, a CASTA was built in the laboratory.
The response curve is given on page 13-2., Data on this amplifier

is as follows:

Tub;s -~ (4) 6ACT amplifiers
(1) 6J6 cathode follower {50 ohm)

1 : 100
— =), X 10
=4 . 098

5 (number of tuned circuits)

n

Gain = 3.16 X 10% (input grid to plate of last amplifier)

K = {izmpulse ncise bandwidth) g 2,01 KC (Calculisted)
Q = &8_ i é.eé - fo
2.01 T m—
K
- OOMS de.
= K
- 19.4 mh.

8.9 X 104 o 2
i?
1

= 1ii,16 KC (Calculated)
21\'611:‘

o '?3§ - 3]
"

13.8 KC (Measured)

o)
. ¢
(1]

13-1
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APPENDIX ©

o et

Reproducticn of CRT Traces on tie .lesponse of a CASTA

' to RAspeated lmpulses with and without Overlap

-

The form of equatien (18) Appendix A is shown cuite
ciearly in figure 1. This figure ic 3 trace of an impulse
excitéd cascade of tuned circuits. The repetition rate nas been
30 chosen that the pulse response has died down to a negligible
value before the onset of the next exciting impulse. Tae
exciting nulse occurs at. the extreme left hand rortion of the
trace.

In figure 2, ths repetition rate has been increased
30 that thers is a small amount of overlap before the occurence
of the next impulse.

Figure 3 clearly shows the effect of overlap. The
impulses occur at such a rate that phase orposition taxes nlsce
at the overlap points, thus creating a minimum as in.icated.

In figure 4 howevsr, the pulse repetition rate has
been adjusted =lightly so thav ohase addition takes place.,

The trace shown in figure 5 showe the cffect ol o
stiill further increase in repetition rate. It must be remembered

that the exciting impulse taites nlace at the extrsme 1ot hand
a manner as tc create tne minimuz indicated.
In fipgure 6 however, tne~ repetitic: rate has apain

been adjusted slightly so that the pulees overlap in an additive

14-1
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