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FOREWORD

This report stems from a study performed spe-
cifically for Gibbs and Cox, Inc.,, under an Office
of Naval Research sub-contract, in wnich the stability
of a particular configuration previously tested at the
Experimental Towing Tank was analyzed (Reference 1).
The present development, which was performed under ONR
Contract No. Nonr 263, Task Order 0l, is more general
and detailed, and takes into consideration an addi-

tional degree of freedom (surging motion).
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SUMMAKY

The equations of motion describing the longitudinal stability char-
acteristics of an uncontrolled tandem hydrofoil system in sriooth water with
three degrees of freedom are developed in the preseat report. The stability
derivatives in the equations are evaluated on the basis of theoretical hy-
drodynamic formulas, thereby eliminating the necessity of their experimental
determinatioﬂ: Comparison of the motions obtained from soiution of the equa-
tions with those determined from previous experimental stability tests in-
dicates a dupiication of the motion experienced irn the tank tests., Varia-
tions in tle location of the longitudinal center-of-gravity position are
shown to lead to different types of motion, which is in agreement with the
results of standard aircraft stability analyses.

The additional degree of freedom in longitudinal surging is found to
indicate a decrease in stability. This mode of motion is of great iiportance,
however, for a study of stability in waves where the waves cause variations
in the forward speed.

The equations developed in this report may be extended to studies of
motion in waves and controlled motion by incorporating the forces and mo-
ments due to wave motion and the dynamics of the control system in the equa-
tions. By assuming the resultant system of equations to be linear, the analy-
sis may be performed by using the Laplace transform technique, in the same

manner as was done in the present study.
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INTRODUCTION

The use of hydrofoils fcr the support of craft operating on the sur-
face of the water appears to be the most promising way of attaining higher
speeds without prodipicus amounts of power or without a prohibitive be-
havior in a seaway. It is for this reason that the hydrofuil principle,

while not new, has received considerable attentior. recently.

A hydrofoil craft in the f-il-borme condition is similar to an air-
plane in flight. Therefore, it is not surprising that the longitudinal
stability of hydrofoil boats is one of the problems confronting the de-
signer. A certain amount of work has already been published on the sta-
bility of motions of hydrofoil systems in smooth water (see References 2,
3, and 4), with the hydrodynamic derivatives evaluated from experimental
data and the ciownwash of the forward foil of a tandem system obtained from
the aerodynamic theory of a foil far removed from the surface., Subsequent
studies of the hydrodynamics of foils operating near the free surface have
yielded theoretical expressions for the lift and drag forces and the down-
wash which are close approximations to the actual e’fects determined ex-
perimentally (References 5, 6, 7). The downwash at various distances aft
of the forward hydrofoil may even be an upwash, depending on the forward
speed and 1ift coefficient. Alterations in the dc#nwash can, of course,
akterially affect the longitudinai stability of hydrofoil craft.

The present report deals theoretically with the longitudinal sta-
bility of fullysubmerged tandem hydrofoil systems in smcoth water with
three degrees of freedom, and utilizes theaetical expressions for the hy-
drodynamic derivatives. It is a first approach to the protlem of developing
methods of theoretical treatment for the more general case of longitudinal
stability of hydrofoil systems in rcugh water. The noration used has been
edapted from that presented in Reference ¢ and affords a simple treatment
for this complex stability problem.

In addition, the results of some previous experimental investigations
are compared with those obtained from the present theoretical study.
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MOTATLION

aspect ratio

propeller "drag" coefficient

D/% sve? , drag force coefficient in equilibrium condition
L/% sve2 , 1ift rorce coefficient in equilibrium condition
M/% SVezc y pitching moment coefficient

/% sV %, thrust coefficient

mean hydrofoil chord

drag

vertical distance of foil to reference axis of hydrocraft
acceleration due to gravity

vertical displacement of hydrofoil from equiliorium, positive downward
submergence of foil below smooth water surface

xaz/ f , moment of inertia coefficient

raciue of gyration of hydrocraft atout the lateral axis
coefficient of accession to inertia

1lift

distance from 1/Lh-chord point of front foil to 1/4-chord point of
rear foil, measured along the reference axis

pitching moment

m,e etc. = stability derivatives

angular velocity in pitch (radians/sec.)
d% , nondimensional angular velocity
total hydrofoil area

area of forward foil

area of rear foil
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T = propulsive thrust
time, sec,
W/gpSV_ , unit of aerodynamic time
u = increment of velccity along the x-axis in disturbed flight
= u/V_, nondimensional increment of velocity alcng the x-axis in dis-
B

ct
fl

>
"

s>

V = resultant velocity of hydrocraft in disturbed flight
V_ = velocity of hydrocraft in equilibriuwm condition
W = all-up weight of hydrocraft

w = increment of velocity along the z-axis in disturbed flight

£>

turSed flight
= w/V_ , nondimensional increment of velocity alone the z-axis in dis-
turbed flight

x = axis fixed in hydrocraft in disturbed flight in direction of motion
in equilibriurn condition

xg = distance along reference axis from C.G. to 1/li-chord point of front
foil
X 4 X, X, ebc. = stability derivatives
uw “w Tq
y = lateral axis fixed in hydrocraft
Zz = axis normal ‘o x-y plane, directed downward
» etc. = stability derivatives

q
= hydrofoil incidence measured from zero 1lift

Z 2 Z
u? ‘v

a

A
g = -H/Vet . nondimensional height increment
A = small increment

€ = downwash angle at rear foll

@O
[]

anzie of rotation of the hydrocraft in pitch from equilibrium con-
dition

= root of the stability quartic (or quintic)
W/goSL , nondimensicnal mass factor

= water density

4~ © ® >
]

= t/t , nondimensional time
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Subscripts

e denoting equilibrium value

F denoting front roil

R denoting rear feil
.
P

WM“ R TR z o R R e i




i ety LG s

R-479 CONFIDENTIAL

-6 - Secu~ity Information

BASIC ASSUMPTIONS UKuuoRLYING THi THEORY

This particular study is limited to the motiecns of a noncavitating
tandem hydrofoil configuration in the plane of symmetry. The hydrofoils
have equal chords, but the spans may differ, allowing different areas and
consequently difrerent load distributions on each foil. The water surface
is assumed to be smocth except for disturbances due to the moticn of the
foils that may alter the surface conditions in the immediate neighborhood
of the foils, Time lag terms are utilized to express the influence of flow
phenomena occurring at the forward foil upon the rear foil at a later time
(due to moving through a distance ¢ ).

. : A . e
There are five variables: ﬁ s W, 8, a , and B . Thus, in addition

to the three usual equations of aerodynamic longitudinal stability, there
must be two other equations which will be furnished by purely kinematic

considerations.

The hydrodynamic force and moment coefficients depend upon cnly the
nondimensionalized vertical and angular displacements and linear and angu-
lar velocities, Terms due to buoyancy are neglected since they are not sig-

nificant in comparison with the dynamic forces.

The hydrodynamic 1ift and drag force coefficients, CL and CD’ are

considered as functions of the incidence angle, a, the speed, V, and also

of the depth below the water surface. These coefficients are to be evalu-

ated at the equilibrium position.

The effect of thrust variation with speed and depth can be taken into
account, but is considered to be negligible in the present development. The
elastic distortion and slipstream effects on the rear foil are to be ne-
glected. The thrust is assumed to act through the center of gravity and
along the x-axis.

In addition, all the simplifications applicable to the equatiuns by
use of linearizatiocn by the methed of small disturbances are inherent in

the present development.
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AXtS AiiD CCORDINAL..S

The origin is at the center of gravity of the hydrucraft. The x-axis
is forward along tne water direction in the equilibrium condition and is
fixed in the hydrocraft during the disturbed motion, The z-axis is down-
ward in the plane of symmetry of the hydrocraft and perpendicular tc the
x-axis, while_the y-axis is to starboard. The pceitive direction cf the
angle of rotaticn in pitch, 8, is counter-clockwise. The aocve sign con-
vention, as well as a representation of iie forces aid velocities assc-
ciated with the dist.rbed motion of the hydrocraft, is shown in the fcl-
lowing sketch:

&

He {7.0NTH

VERTICAL

SKewCd 1
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EQUILIBRIUM CONDITIONS

When the hydrofoil system is in static equilibrium, it is moving
forward at a velocity V, in the x-direction at a definite depth of sub-
mergence of the foils and with the reference axis at zero trim. To achieve
these conditions, the following requirements must be satisfied:

(a) the sum of the forces in the x- and z-directions must equal
zero,

(b) the moment about the center of gravity due to the forces on
the foils must equal zero.

These conditions are expressed analytically as

D.+D, =T
F R
(1)
Lp *lg= ¥
He - Ian‘L el LR(,L" x"')- DFdF - DRdR & O . (2)
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EQUATIONS OF MOTION IN DISTURBED FLIGHT

Force Components Along the x-Axis

The forces in the x-direction in disturbed flight are related by
the folilowing equation:

W [du = .
E(d_t + wq) (T + AT) 5 (LF + ALF + LR + ALR)st

. A

- (OF + ADF *+ Dp *ADR)cosw W sine . (3)
Taking into account the equilibrium conditions (equation (1)) and ne-
glecting small quantities of higher order gives

W du _ A _
z & AT + (LF + LR)w (ADF ¢ADR) we . (L)

Dividing by pSVez in order to pass to nondimensional form, and eimpli-
fying, yields

A AD_ +AD
da_“=——2AT ezch - L R R_1ce . (5)
e e

from consideration of the aerodynamics of propeller thrust (Reference 8),
the following equation is obtained:

AT = c 8 with c¢c =

.
AS AS pSV

¥

. (6)

However, it will be assumed for the present study that

AT

pSVe

=0 .

Tne increment of drag, &1, is due to the perturbation quantities
and is found from the following considerations:

N R Y

A
DH
a

o )2( D Cn) P oy 2
ADHZS(Ve+u+qd CD+0— +-03-6*-(m-ﬂ4-5-q—q -2~SVeLD
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If it is assumed that the pitching velocity motion causes changes
only in the local angle of attack at each foil and does not influence thne

resultant velocity at the foil, then

AD_ +AD sﬁ[ (ac ) (ac > ( G\ (ac ) “
F R ¥ DY A D D D

= = | 2C ﬁ + 1 —= Wl =—— 6 + H + q

—_—pSV—ez 25 | " Dp da / 36 / OH )r \ 9q ~

L]
«Q

The dependence of drag forces on q and w are of insignificant magni-
tude and hence terms expressing any relations of this type will be ne-
glected., The effect of downwash on the rear foil and its influence on the
components making up the stability derivatives is discussed below.

The contribution to the drag force due to downward velocity w has

the same effect as that due to changing the angle of incidence at the foils

by the additicnal angle &= w/Ve . Now, taking into account the change

due to w when the angle of incidence at the rear foil is expressed as

w de w \
a, *a +z= -2 (a + = s (8)
R eR Ve da ( eF Ve/

with € = downwash angle, and considering changes due to w only gives
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Thus tne component expressing the dependence of the increment in the drag

force on w 1is given now as

s.. [aC s, [ac
1 D de ) °r ("D .
() 693G e 2

The derivative acD/ae will not be determined directly as such,
since, as mentioned previously, the hydrodynamic derivatives are assumed
to be functions of angle of attack, speed, and depth of submergence. This
derivative will be transformed so that it will be found in terms of de-
pendence on depth. The relations among the derivatives which allow ¢
terms vo be written in terms of change in depth, H, and subsequently the
rondimensional height increment, B, are given below:

9 _ %pon  %pogs

06 OHde 4B 46
H

8--_—' .
vi
e

Frcm Sketch 1, -H = x8, and by matching the value of H from the defi-
nition of B, it is seen that

A B . x H _
vete x6 3% v—§ > and 36 X 2
e

In order to maintain the proper orientation of the axes and coordinates,
x = x p for the forward foil and x = -(L- x) for the rear foil (6
measured positive for a counter-clockwise rotation). The component ex-

pressing dependence of drag force on 6 1s then given ac

'-S‘IOC) ¢ S (OC) d-xy .

1| F D R D

slz\m/, 35 \@/ T |® )
i © e e L

The depencence of the drag rorce on the vertical displacement H
is converted to a nondimensional dependence on f . Thus the component
of drag varying with height is given as
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E /ao) S (aC\ ] ' .
F{ D) 4 _Ef_D B . (11)
B Kas p S as)R

Hydrodynamic forces due to a pitching velocity, g, arise from the

ol -

change of angle of attack due to the resulting curvature of the stream-
lines. Derivatives with respect to q can be transformed to derivatives’
with respect to qx/Ve s or in effect, with respect to an angle-of-attack
change due to the pitching velocity of a foil at a distance x from the
center of gravity:

[+ 9]

C
"D =LC.D__,(.1..X_ =ﬁg§
CLVe

= q
dq qx v e
oF) Ve

Since the front foil has an upward velocity equal to axy , it has an ap-
parent decrease in angle of attack of qxl)_/Ve . The rear foil experiences
an apparent increase in angle of attack equal to q(g - XL)/Ve » Thus the
changes of angle of attack due to pitching velocity are —qu/Ve for the
forward foil and q(.L- x‘(')/Ve for the rear foil.

Because of the time lag for the downwash from the front foil to
reach the rear foil, there is a downwash angle lag at the rear foil due to
pitching velocity (Reference 3). The flow at the rear foil at time t is
influenced by the downwash which is created at the front foil at time
t -4 /Ve . This effect is in addition to the local change in angle of at-
tack at the front due to pitching,-qx, /"v'e . Thus,

del— e

and at t =0,

.. de L 'q(L- "1)]

= R s a——

% % e

The angle-of-attack change at the rear foil due to pitching velocity is
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ol g- %) gelall-x,)
RV, T da

e

a

(L - x,)
- L de
R _ve_<1'ﬁ) ’

(13)

By taking into account the local a gle change due to pitching, down-

wash effects, and modifications due to the time lag, the resultant com:

5

ponent of the drag force dependent on q is given as

S_/dc x s_[dcC L-x
1 D L R D de L L
2 --SI(BT)F_L’?(d—a)R[(l-E) _Q] %_ * (14)

TR {TTIT St PR e

e

After the nondimensional factor K = W/gpSA is introduced, then
ql/ve = (l/p)a. Thus the contribution of pitching velocity to the drag
forces may now be written in terms of the nonaimsensional variables as

1 -S_F(ﬁ)x_‘tu%(dﬁ) [(1-"_‘) (L- x“)]a (15)

2u S aaF,L S \da R da ya

Associated with any accelerated or decelerated motion of a body
through a fluid is the virtual mass of the entrained fluid., For a body
such as a hydrofoil at small angles of attack, the virtual mass due to

acceleration in the x-direction is negligible, and consequently no forces
due to virtual mass are included in the equation for the x-direction.

By combining the various components of the forces, including suitable
modifications due to downwash effects, the resultant equation for forces in
the x-direction becomes

&

x
S - - .94,
ar - X x'C xee xeﬁ m q=0 s (16)

where
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S S. [aC s S
L 2 11% __F( ) (1<£) R, _°R
w 2|8 Lp s \de/ da/|'S "Ly 8
S Y PR () e S S () Aoxy
9 2|°L s\'s‘?,Fv S\ /y ¢¢

L e e

s, 1aC s fac_\ |

1 p( D) R( D)
x, = -5 |= + —\55
BT 2T\ /TS \3P RJ
oo ) 22 (94
q 2 §\da /L T \da/, da

Force Components Along the z-Axis

L (19)

The equation relating the force components along the z-axis may be

written as

8[ s 8 *u)q:] = =(Lp +8L; + Ly +AL )cosv

4'ADF +D

- !

+ADR)sin0 + W cos ©

. (18)

Taking into account the equilibriur conditions (equation(l)) and neglecting

omall quantities of higher order gives
W (dw
g dat

Dividing equation (19) by pS\-‘ea
and simplifying, yields

1) +4
-a--—LF_Z—LR-%CDw i

-V q) - -(ALF ¢ALR) - (DF + DR)?: .

%

(19)

in order to pass to nondimensicnal form,

(20)

By performing the same type of analysis used in deriving equation

(7), the following terma are obtained:
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ac oc ac ac
AL =;(h LA, L L L > M -1
w2 e\t m gt i/t A -6
e
A +ALR_SF . ch A (’cL acL ch)
- T |t \aT) ¥\ St \aw/ Hr\gg/ e
oSV F F o8 4 p F 4q / g
S ac 9C.\ ac ac
R A L} a L L
+ — [ 2C u+( )y+( et( )h+( )q
s |y \Te EE')R T, 2l
SeaLl s_r("°L) CSR(LY s
T2 T \Tea/ TS _’JT}“

+
N =t

*
N

q . (1)

The components of the 1ift forces given in equation (21) do not contain
any quantitative measure of the effects of downwash, and thus have to be
cerractad to t3ks account of this affect. Alsq some of the comporient terms
have to be modified so that they can be expressible in terms of nondimen-

sional variables.

Applying the downwash correction to the component dependent on % i
gives an expression for the 1ift force variation analagous to equation (9):

[2()  (2)30) ]

The component of 1ift which is dependent upon 6 3is expressed below

F

in terms of the nondimensional derivatives with respect to B and is equal

to
S /0C.\ xy  S. {3C.\ A~ x
1|5k (%% l-_R(..!: L
E[s(ae)Fv—’t‘ 3 ae>RTJ§-]° : (23)
6 e
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The component which is dependen* upon the vertical displacement H
is converted to a nondimensional dependence on B8 and is expressed s

S_[/oC S_/ocC \
1 F L R L
3 [:—S ('a—a )F’ 5 (3__8 /R] B o (2Lh)

Variation of the 1ift with pitching velocity q is due tc the dif-
ferent local angle-of-attack changes at the front and rear foils, Lhe
downwash effect, and the time lag. By introducing the effects of these
factors, the contribution of the lift due to q 1is given as

S [aC x S_fac L-x
1]_TF(_L L, n( L) (, de) L {\ g
5{ ?(5‘5),,,][ ‘s"oTR[°'E_[— o

Using the nondimensional factor u and converting to the nondimensional
variable 4 yields

AR {OR S I ORCE Bl N

'

There is a substantial dependence of the 1ift force on the accelera-
tion variables W and q that yields terms whose magnitudes are suffi-
cient to be ‘ncluded in the z-force analysis. The two accelerations w
and i produce forces that are due to the virtual mass associated with
the accelerations. These virtusal mass terms are noncirculatory potential
. flows that do not produce an induced vortex wake. Thus, there will be no
effect on the rear foil due to these forces acting at the forward foil,

In addition to its influence cn the virtual mass terms, the accel-
eration w also causes fcrces on the rear foil due to a time lag factor.
The 1ift at the rear foil at time t 1s influenced by the vortices which
were cast off by the front foil at a time t -,L/Ve . Thus, with the
angle of attack at the front foil expressed conly in terms of its varia-
tion with w 0
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(27

Then at time t = G , the effect of w on the angle of attack at the

rear is
. _de[w L\] | de vl
ay a[r(v—)] ok B e
e e »’e

The 1ift force at the rear due to this time lag effect is given as

ac ) ac .
(k) cesyv2ae 2( L) de wL
. (?; 2R 2 SV 7353 \ T2 pda 2T (29)
e
L 1s converted into nondimensicnal form by dividing equation (29; by
2
pSVe s
Lo m () e, (30)
pSVe 25 \da Rda Ve

Now w can be changed into the ncndimensional form of dQ/d*r by use of
A
the definitions of t and u , ylelding the relation

.y 2
L g ‘e b (21)
dt I dr ' -
Then
Lo _l_sR ac de of o
— T\ Lx
p::Ve R

From this expression, a stability derivative can be defined:
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S, /0C
= l—.’ L 95
28 (H)Rda ‘ (33)

Forces due to virtual mass will now be considered. Because o the
similarity between an elliptic disc and the planform of an actual hydro-
foil, the theoretical calculations made for an elliptic disc can be used
to determine the virtual mass of the hydrofoil. This apparent mass is
equal to the mass of an ellipsoid of revolution with the span as axis and
the chord as diameter, and of the same density as the fluid. The volume
is (h/3)na2b , where b 1is the half axis and a the largest radius of
the ellipsoid. The inertia factors for the correct aspect ratio are ob-
tained from Reference $. Thus, the apparent volume K is equal to
k(h/B)xazb , where k 1is the coefficient of accession to inertia,

—

It is possible to obtain a foil having the same area and same ap-
parent volume as the elliptic disc, but it will have a somewhat different
aspect ratio. The apparent volume of the foil is then K = k(n/h)SF'Rc .
Thus, with cS R sF p = mab (where b = span of hydrofoil), c = (16/3n)a,
Since the inertia factor k has to be the same in both cases, it depends
upon the aspect ratio of the elliplic disc which is equal to Lb/na . The
aspect ratio of the elliptic disc is found to be 1.168 times the aspect
i ratio of the hydrofoil. Since the inertia factor k does not vary much
i for aspect ratios greater than 6. and since the factor expressing the
ratio of the agspect ratios of the disc and foil is not much larger than
1.0, the values for k given in Reference 9 for the disc aspect ratio

may be used without any correction.

The apparent mass is then pk(n/L)S. .c and the forces are the mass

l‘."R
times the acceleration. The force due to the vertical acceleration & 1is

a 1ift force -Z' , where

n .
"Z'F,R pk H SF’RCV . (BL})

The total 1ift is (hen

v 2
e

-Z'-pkﬁc(SF+sR)i-pk§Scﬁ-pkESc Tg% : (35)

I
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Dividing equation (35) by pSVe2 to make it nondimensional yields o
stability derivat ive

1
Zle = -

w T (36)

The force due to the virtual mass which is contributed by q is

considered as a lift force, and is expressed as
Lt =p Kng cqx : (37)
PR T °r,R F,R

This force acts at the center of area of the surface, and since lengi-
tudinal reference dimensions are measured from the quarter-chord point, a
term must be auded tc give the proper distances to where the fcrce acts,

Therefore,

ol Flad) F(eweDs - o

The angular acceleratior q may now be expressed in terms of ncndimen-

sional variables by the relation

A LZ 2. .
v
e
Thus,
knSV 2c S S
I c R ¢ gﬁ
Ll.p_e__[.—(x-)O—-(-x#)}
bp2g2 L S\t L) s L L)iar

e Sexp-r Sz L-xL»,).-
l\c\ 4 ag_g

=t
S
Another stability derivative is now defined as
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X, -+ S L-x, + -
2! =knc(_§l. E__R L u) (1) .
§ Lr\c Z ) : - |
The various components of the z-forces will now be combined, with

the virtual mass contributions, time lag factors, and dcwnwash effects

included, yielding the final relation

2 " Z'dA
- 1+A)q_J‘j=O N (UQ)
M ,‘2 ar
where
li(ﬁ) de W
2 S\ da R(.'ia.
zl..-m
LA
zu " -CL
S S. [/acC S ac
oo tfire, HE), (-2 ()
v S DF S a/p da/ S DR da R L
(L3)
1 [Sg ("CL) *p Sy "CL) L-x,
z B o e —— -— - e— ——
o 2|5\ /p yX S \oB/p %
. e e
\ .-l—fz("cﬁ) *ia("cb)
B 2|5 9B/, S\&B
By L mEm) [
"2 s \%/, 25 \oe/ |\ "3
C [
z,..knc(ixb'ﬁ_ﬁl'xb'ﬂ\
q TZI\S "Z~ "§ T Z / )
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Moments About the y-Axis

The monent equation for pitching about the v-2ris is derived below
in nondimensional form. The resultant moment is ::-_ =sced as the sum of

equilibri;.un and hydrecdrnamic contributions:
= M R a. .
M= Mg oMUt MM+ NG+ M8 s Mg s M (Lk)
Equating this expression to the product of moment of inertia and angular

acceleration, expressed as (W/g)KB‘?(dq/dt) , and subtracting the equi-
librium terms which are zero, gives the following equation:

W dq_ _ _ _ _ _ »
EK‘ Jt MU - M Mee MaB qu pg.’ﬁ 0 . (L45)

This equation is then multiplied by y./pSJ,VeziB , where iB a KB2/L2 5
KB being the radius ot gyration of the hydrocraft about the y-axis:

pul _aq KM mM, I i WA
dt 7
goSLV e ps,l,ve ig eSAV B pSI.Ve ig
rM KM mMe -
-——Ls- q? q - “2 w=0 . (L6)
pSLV LB pSLV iB pS,l,Ve iB

dq
A A
dg . _t _ 1 dg
A b
a% dar f2dr
and with ’t\, and u defined as *
A w
¢ ° e,
. _V¥
i
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the following rel..ion results:

gﬁ_& My ' = My 6 -4 ”e‘e
r .

iB pS,LVe iB pSLVe B oS.L'v'e‘
M M U
T T )
pSLV, pSLV ig L
Equation (47) may now be written as S

ga pum 5 #m"’{} i Hmg o - Hhig 8- ';q/\ ) emy ﬁ =0 (18)
T 1 i i ) 1T A '
B B B B B

where m oM me y m8 . mq , and m‘; are neondimensional partial de-

rivatives (stability derivatives).

The terms m, Mg mB , and m_ may be easily found in terms or
the moment coefficient Cm . The moment is pul into nondimensicnal form
by dividing by pSVez,L , giving M/pSVe?'I. . However, C_= M/(P/Q)Svezc
and the two forms are related by M/pSVez.l. = (c/2!,)Cm . Thus,

ac
=0 _n
My _fzda
ac
A = -2 m
, 6 2L 3T
ac
& e R
Mg " 2L 3B
oc
m

C
mq-ﬂdaé
e

In later seztions of the report, the term m, will be found and shown to
be gzero due to the equilibrium conditions, and the term me due to time
lag will also be determined. In addition, moments due to the 1ift forces
gencrated by virtual masses will be found and inciuded in the final moment
equation.
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The ‘wo kinematic co0 2t ~.<c€35 ° .u order to have five equa-
tiens fom o L ve iniincs ... The first condition expressec
tne equality o, DG <7 il.e time rate of change of pitch angle:

A doe .

-z 0 - (9)

It is now necessary to express the relation bhetuers:; the vervical

vclucily component dH/dt and its x and z components. It is seen from
Sketch 1, page 7, that

ﬂﬁ’l v 2 =
o ('e + u)sin® - w cocs 6 . (50)

cr, if only small quantities of the first order are retained, and non-
dimensional variables are introduced, then

g—fn’}-eao ’ (51)
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LONGITUDINAL STABILITY DERIVATIVES
In this section, the longitudinal stabiliry derivatives are dis-

issed in detail. The various hydrodynamic derivatives appearing in tne
expressions for the stability derivatives will be cvaluated in & later
secticn of the report, Experimental values of these hydrodynamic deriva-

tives are obtainatle trom towing basin tests.

’ m, Change in Pitching Moment with Perturbation Velocity

The moments will be broken down into drag and 1lift forces rnulti-
plied by their respective moment arms.

The drag and lift forces due to the longitudinal perturbation ve-
locity u are obtained from equations (7) and (21), respectively:

Drag Forces: pSVe2Cbﬁ
(52)

2
Lift Forces: pSV_ cLG

These forces may be written in a slightly different form in order to
separate the actions on the forward and rear foils:

2 SF SR A
Drag Forces: pSVe ?f'CD + 5 CDR u

F
> (53)
S S
Lift Forces: pSV_° (?F c, o-sﬂcL\ﬁ
© F R/ J
The moments atout the center of gravity are then given as
S S S 1
2 |°F R . F R A
M = pSV [S—-CX-—\, (,Q"x)'—Cd~.——Cd 2
o |§ Lgd 5 L L7 'S Dy F S Dy R
Xy = Lp(L=x,) - Ddp - DRdR] ¢ . (SL)
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From the equilibrium conditions {equation ‘C)), M = O ; hence, H, =0
and m, = 0.

LI Change in Pitching Moment with ".rtical Velocity

Ti.e drag and 1ift forces due to vertical velocity are found from
equations (9), (17), (22)) and (43):

o 2 i . -sF (ocn)

e S "Ly § \da

-

Drag Forces: -

o

R
b (55)
S. S. [acC
2 F F L
Lift Forces: %sve [? CDF 4?(3?) F:|
[ d() N S, ("CL) -
SN\E =g ?CDR*? /[T,

The moments about the center of gravity are then given ty

s ac S oc ’ '
2 | I R(,_d I L
M %sve {?F CDF’(i?L) L°F (bé) CDRi" (30) S "‘)} \7

Lk (2 Jore2 -8 |o, -(GR) -
+Gsv, {'SEE:LF' da de’? -3 ?LR' da/ |'R :—e » (56)

and subsequently,
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But
= E. ) + E. 2
Me 73 SVe{Q”} 2 sve{Q}
and
M
m = L
w pSIVe

by definition. Hence,

- #lo} fe)
and

ac
m = < - o
w 24 0a

Mg s Change in Pitching Moment with Pitch Attitude

A rotation of the reference axis in the plane of symmetry causes
changes in the depths of submergence of the hydrofoils, thus altering
the drag and 1ift forces on each foil. These variations can then be cen-

verted into a variation in the pitching moment about the center of gravity.

The drag and 1lift forces due to submersion changes caused by rota-
tion can be obtained from equations (10), (17), and (23):

-

[~ s, [dC x S. /a4C L- %,
e gy 2 F{°D L °r (%D 9
Drag Forces: % SV_"|C, + -5 (T ) __R ( ) 6
¢ e LL 2 B F Ve% 5 \dB R Vn/ﬁ
p (59)
. 5., /aC xy S, {3C L-x
Lift Forces: 3 SVA2 TB (T;L-\ —"-_“E( L\ L o

The CL term in the drag force component acts through the center of

gravity and thus does not affect the moments. The moments about the

center of gravity are then
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But
M -Esv‘?r@}-%sv {@} .
and
"
me = pSLv .
Thus,
- {0} {0} &
and
. oC
"o 2L T
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mB , Change in Pitching Moment with Vertical Displacement of the Center of
Gravity

Changes in the drag and 1lift forces with verticzl displacement pro-

o)

duce moment changes about the center of gravity.

The drag and lift forces due to vertical displacement can be ob-

tained from equations (11) and (24):

s.. {oc ]
s B gy 2 _F(_g) , 5 (% )
Drag Forces: 5 SVe 5\ . S \33 8
L (63)
5. [dc
Lift Forces: & sv 2 TF(ML} TP \ B .
< e Lu \NgD / F w

The moments about the center of gravity are then

fs_ /4G \ S_ {acC )
= Pegy 2) F(__L I - < M
M‘zsve{s('é's—)wx" s('a'e_)R(‘e [ P
. -, SF(OCD) ia("cn) )
"2 \S\T/ TS \aB/ %[ (64)
f5'\
</
c =1 r (OCL) X, - R (OCL) (£-x,)
m c}S \dB g LTSN/
®)
o/
s_ fdc S_ [dC
1) [P rR{“D} .
- 5{3 (B'B')F T (a_s) 0 °R}5 )
€, 1 llfm]
‘55'*:@':10 .
i ML G | M S
But,
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and

by definition. Thus,
= 1 1 | 3
+ o} x{o)

aC
= (o4 m
"3 " 2L 98 ’

and

mq » Change in Pitching Moment with Pitching Velocity

The pitching velocity causes charnges in the angle of attack at each
hydrofeil which in turn bring about changes in the drag and lift forces.
These fcrce changes then contribute to the pitching moment about the center
of gravity.

From equations (14) and (25), the drag and 1ift forces due to pitching

velocity are obtained

S.. [dC x, S, [oC I L-x,]
e ?-__P_< D) 3 n( n) (_dc) 1 || g2
Dreg Forcest 5 SV { 5 \a 1 T TN\ -1 e _T_J %

(87)
S [acC x, S_(dC B VAR T

P 2] °F ( L) L __}3( L) ( B c_ig_) L4l q£ .

Lift FOI‘CSESVe {- 3 BT n 7# 5 3'; RLI e —TJ 3;
Momants about the center of gravity are then

f s

o1 e 30 [ ) e o

goni -3 [(52), Fo 2 {G2), 2 gl o
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T @ N
S, I/ac.\ x,] s_l/oc. \ To-x, / 1
c =1 __EP\__I:) {IL_‘R (___T:) ¥ \1_‘5_5] (L-x,) qd
m c S L da F L S ga R V) de V‘e
®
IBY TG T A (A TS A | ) VR
clSL\aaFLJF S \aa“ p da_l RfV_
acC

But
ur = B - 9.
LA svL @} 5 svel{}
ana
M
m = ___%?.
T sV

by definition. Thus,

o 3o} 2o}

L0 -

and

ac
mno= - n .
e 24 a(S*_L)
ve

me Change in Pitching Moment with Vertical Acceleration

The importance of the term e arises from the fact that the rear
hydrofoil at time t dis influenced by the vortices which wars cast aft
by the first hydrofoil at time t -‘L/Ve . Thus, the expression for 1lift

on the rear foil given in equation (29) is obtained:
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_o~.20CL de wi
Lo 2% \%a) @2 -
R Ve

The moment produced by the rear fcil is given as

ac .
S0 2( L) de wlL 1
Mo Sg¥q (a_a)R gz 4%y
e
[ (1)
M= -85 z(%—cb) e (L xy)
W 2 "R a Jp da 2 ) J

P~ P ¢
By definition, pms = M;/bS,L ; thus,

S, [oc L-x
_ 1 R{ 'L\ de L
m‘; = 'm- [? (a—a)ﬁ d—G}T . (72)

Pitching Moments Due to Virtual Mass

The accelerations w and q produce forces that are due to the
virtual masses assoclated with the accelerations. Since these forces
are of the nature of lift forces, the moments due to such forces may be

determined,

The 1lift force due tc the virtual mass associated with the accelera-
tion w 1is given by equation (35):

: . .71 ~ o KNC /& o ye o kne e

Lift A P T \\)F + OR)W p _I[— Sw .
The moment derived from this force is found by use of a moment arm to
the center of area of the foil surface and hence is corrected by referring
distances tn the quarter-chord point as in the development of equation

(38). Kuments about the center of gravity are then

M"pEﬂ—CEF(xL*E> -SR(l-xloﬁ)]i}
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S S
kne F c R c\
e = —— e - - — -
" "’us[s("t h‘) s(’Z xz*h'/]
Mie
gty - — “
oS.

Thus,

B o B BN E=8B =

e = I S A . { o |
ma T hm\T T L S Z (28)
The 1ift due to the virtual mass associated with the angular ac-
celeration q is given by equation (3b):
" r s ; S a
. o Lo L i _c _R _ c .
L‘ﬁLpTLs"LE*s %)Y
Mcments about the center of gravity are then
5 2 Sgpu¢ 2 ‘
. knc e _¢c __R _ > 2
woep s |- F (- f) - (Lo vf) d
¢ (75)

-

It can be shown that mt. = M'-/bSlf’, which then goes into the moment
equation (L48) as -(mia/)LiB Y(d§/dr } . Thus,

C\ 2 L C 2
mie = = knc S._F_ 1__5.” L _— S_R ( . i E) (76)
- g Te|S S ] ‘

L-

The final moment equation including the effects of time lag and

virtual mass contributions is then

lllEﬂﬂJ!!!hnﬁ!!!lL-JJIIIh—jAIIII_JJIIleAIIILMg

| Y N - "0
ll-ﬁ,g\gﬁ-}fmwn{}-&meg-gmse-fga-wﬁ=o,(77)
;LlB/ v ig ig i ig iy T

where the coefficients are obtained from equations (58), (62), (66), (70),
(72), (74), and (76).
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HYDRODYNAMIC DoRIVATIVES

ihe theoretical values of the hydrodynamic lift and drag force co-

effircients CL and CD , 45 well as their derivatives, are given in this
section. Tnese ccefficients are functions of incidence angle a , speed

Vv, and depth h Dbelow the smooth water surface.

A hydrofoil moving near a free surface will suffer a decrease in ~
lift as compared to one at infinite depth, due to the reduced virtual mass
associated with the foil and the fiow modification due to wave formaticn.

The theoretical expression for the 1lift coefficient of a hydrofoil has been
determined by different investigators (e.g., Refcrences 5 and 6)., Analysis
and comparison of the lift theories indicate that the one due to Keldysch
and Lavrentiev (Referecnce 5) leads to results which =re more consistent
with experimental data.

The Keldysch-Lavrentiev theory gives the following expression for the
1ift coefficient cf a two-dimensional flat plate which approximates the
actual thin airfoil:

C, = 2nag(P1 - ang) ; (78)

where ag is the geometric setting relative to the smooth water surface
(two-dimensional angle of attack;, and Pl and P2 2are dimensionless ex-
pressions dependent upon depth and Froude number, 2,/gc » For the small
angles usnally experienced in the motions considered in this report, the

two-dimensional 1ift coefficient may be epproximated by
f. = O~ P o '79
g 2P (79)
ror an actual three-dimensional foil, it has been determined in

Reference 7 that

ac
L. nA + 8h/c
37 cnPl ni + (Bn/c) + hnpl ’ (80)

and hence,
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L 2naPy nA + 8h/c (81)
L nA + (sh/c) + Ll,nPl

wherz a 1in this case is the actual angle of attack of the foil relative
to the zero 1ift angie. This expression for 1lift coefficient can be used
tc determine ihe derivative of 1ift coefficient with respect to depth,
?CU/ah, and thus can be relatzd to the comporients making up the longi-
tudinal stability derivatives.,
The value of 0CL/6h is given as
r

“~ e / - - )
a0y nA'+ 8h/c 0Py o (32nP,/¢) - = (nd +Bh/c)
[nA +(8n/c) + unP1]2

v T e ey +LmP] 9h 1 - (82)

Since the coefficients are to be evaluated at the equilibrium position and

since H is defined as the deviation from equilibrium depth, the following

relation exists:

(aC ) faC_ \ (60 )
L 1y .. (%
= = - , (83)
R/ (EH )H=O v 3 V9B /e

where the subscript "e" denotes equilibrium condition.

Motion of the hydrofoil below the free surface results in wavemaking
with which there is associated a wave drag. This effect is due to the
proximity of the bound vortices to the surface. 1In a finite-depth channel,
there is a critical speed above which there is no wave drag, which is de-
fined as

¥ %\/EH; s Ssh)

where hP is the tank water depth. Since the Keldysch-Lavrentiev theory

infinits denth, thers

ia derived on the basgsis of infinite depth, the

40 maA nd+
anism that will make this wave drag component disappear; therefore, it is
necessary to determine whether the wave drag is to be included in an

analysis of stability tests in a finite-depth channel,
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The theoretical expression for the wave drag coefficient is given

in Reference § as

2 2
na

L J— g -
CDw ~— (Q) ang) ' (85)

vhere K 4is a form of Froude number, i.e.,

.2 :
= S8
K T . ( 66)

and Ql and Q2 are functions similar to the previous P1 and P2 .
The same type of approximation leading to equation (79) is used for the

wave drag coefficient, resulting in
C = — E_ Ql . (87)

In addition to the wave drag, there is the induced drag due to the
trailing vortices of the finite span and the profile drag due to fric-
tionai anu form drags. The exp.ession for the induced drag coefficient

is given in Reference 7 as

2¢.2

L
CDi Y AT B5e . (88)

It is assumed that the profile drag dces not vary much with angle of at-
tack or depths hence,

ac ac
Dp ~Dp

r ol el b
The values of profile drag to be used in evaluating the total drag of a

nydrofoil may be determined from wind-tunnel tests at the appropriate
Reynolds number.

The final expression for the drag coefficient is then the sum of
the contributions of profile drag, induced drag, and wave drag, i.e.,
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= + C + G
CD CDP CDl CDW
L (50)
’.ZCL2 112ag2
CD:CDP+nA+8h/c+ k-9 |

With this expression for CD , it is a simple matter to determine the re-

quired derivatives. Thus,
a¢c 3
2 L 2 2 2
A ),
acD L F(n + dh/c)cL 35 th /c , n‘a i ﬁ -
o l_ (ra + 6b/c)” K Gk
and
ac 5
ac Le 2n"a Oa
D _ L Oa P g Q B_E . (92)
dc naA + Bn/c K 1 da
Since a = ag - a s where a, is the angle of zero 1ift which is prac-
tically constant for the range of speeds considered, aag/aa = 1 and
hence
oc
aCD hCL = 2n’a
- da_, —RBq . (93)
Pa nA + 6h/c K 1

The variations of 1ift and drag coefficients with angle of attack and with
depth have been theoretically expressed and may be evaluated for applica-
The

values of these ccefficients and their derivatives for the rear foil are

tion within the expressions comprising the stability derivatives.
found in the same manner as for the forward foil. Any medification of
these factors due to downwash is accounted for by the presence of downwash

terms involving de€ /da.
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DETERMINATION OF DOWNWASH ANGLE € AND CF de/da

The angle of attack at the rear foil of a tandem hydrofoil system
is the difference between the angular setting of the rear foil (relative

to zero lift angle) and the mean downwash angle € . Thus,
1p = - € , ‘94)

where a 1is the difference between the gecmetric setting of the rear foil
relative to the surface of the undisturbed fluid and the angle of gero lift.

The sense of € 1is positive when it tends to reduce the angle of
attack at the rear foil. Ii is detzrmined from the slope of the sinusoidal
su-face wave generated by the bound vortex of the forward foil (based on
two-dimensional theory). Beyond the first 1/ wave length downstream, the

surface is rerresented by a sine wave whose equation (Reference 10) is

given as
- &
{ - - C, ce Ve sin E% ’ ‘ (95)
F v
e

where [ 1is the displacement of the surlace, s 1s the distance between
the quarter-chord points of the forward and rear foilis, and h is the
depth of submersion of the forward foil. For the small slopes considered
in the linearized wave theory, the downwash angle ¢ is determined as
the negative of the slope of the surface at the particular point in con-
sideration, The surface wave slope is then

gQ._C ceveccsss£ (96)
T

Hence, the angle of downwash at a distance s behind the forward foil and
at a depth h' below the water surface is expressed as

g‘g-gv%l- C i hvﬂ’x 8
€--Fe eacng-ze e coasf 5 (97)
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