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ABSTRACT

The reflection of straight-crested flewrural wavee
at the edge of a semi-irnfinite plate {5 studied in terms
of a two=dimensional plate thaory., It is found that, in
general, a flexural wave propagated toward the edge at an
arbitrary angle cof incidence gives rise to three reflected
waves: two flexural waves and a shear wave. A number of
special cases, involving degenerate forns of thess motionsy

are investigated in detail,



In this paper Mindlir's [:3.]l equations of flexural motions of plates
ars usad to study the reflestion cf a straightoorsstad wave at the edge of a
send-infiniie plate., The equatlions eocormodate three molas of motiont two
types of flexural waves aud a thiockness-ghear wave., It is found that, in
ganeraly all three of thess motions are axcited upen iroidence of eny one of
them at & fres sdys, Thes shear motion, here sncountered, is of particular

interest; for this motion is sbaent 4{n th2 olassical ﬁhéory of plates, whenose

e applidnbility of that thaary is restricted to a range of frejuencizs son-

sidurﬁtﬂg Twlov that sorreaponding to the first mode of thickress-shear vibra-

‘:f=j}tfaﬂ' By the samé token, ths pressnt theory doas not 1nnluda the higher modes

.fbf mstiﬁﬁ uﬁich.sre to be fourd in thraa-dimoneional elﬁltioity thea*?; thuey

iz.xr *n.;ir'

o ith(,gﬂ}uﬁ#gg !Bt forth belov ﬁay be expaated to furnish tn ld&quate deadrip- ,
R d‘ti&i’fuﬁffﬂqmnuiu wvhish de not matarially exassd that of the first mcsmeas-f

«rahear mqﬁﬁ%

Iha cha:aqtar of the reflected wavas is affectsd by coth the angle of
dsnﬁo und the *atio of plate thinxness to wava-length of the insident wave,

’Apﬁraﬁriata values of these two paramstera give rigs to such spEoial cases as

wave: wvhose amplitudes decreass ezponentially with distanve fram the edge,
vibwﬁticnug'rcaonanue, dizsppearancs of some of the raflectad wavas, and, for
grazing insidence, complata disappearance of the motion,

Follewing a resumé of the plate squaticns im 3estion 2, straighieorestsd
waves are oonsidered in Section 3, Incident ard emargent waves are desoribed
in Section 4 and, in terms of these, a formal solution is reached in Sectiom 5.
In Seotiomz 6 and 7 various cases of normal and ocblique imoldance are discuesad

in detail., Seoction 8 deals with grazing incidence,

1, Yumbers in brackets refer to the Bibliography at the end of the peper,
-l-



fa. Flate Displugepents, Fquations of Motion apd Siressss

For a plate of thickness A 3 oriented as in Fig., 1, plate displace=-

vente i (v t) lx, g #) and wixy ¢) are given by (ses [1])

, Y
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The functions w,/x,/u), (X, ‘9) and /-//r,y)are governed, respactively, by

squaticna of metien

(7« éj,')#; ® 0

AT OrRY. 2
(Vv w)H =0

In the above,

750w (5 SNRE ST 5L

25N & 5*;?:/‘(5-/‘?)‘4-43:“]&} (3)
Uerlus® o 2 (RI-57) (4)
DL . op (5)



-; )
Réjj;:m

O Lh
20-7"°
Y is the sirculas frequency ssescciated with the wave motion, é:p5<g ars;

respectively, Young's Modulus, Polsson's Ratlo, and the mass density of the

plate material,
Flats bending momenvs /%: ; M, y 8hears Q., @7 and twiating moment rM’A

are given Ly

/A"Zg- D[’?S%’*F%‘;)
M7 . D(’%’, .r%_?)

2/‘6.; - D(/n.u-)/,% .,.%};‘;) | "

@ « Guh (ha)
& « Guh (¥ ?’3‘;”)
N is the redulus of rigidity of the plate matsrial, Ths definition of <" ia
given in (1],
la Siraichi=Cpepted Waves

Teking any ons of the functiens w,, Wy of 4 to be of the form
Aexp/c‘acx), F>°

and letting the remaining tve vanish identically; we find that, in eanch cass,

o of the equations of moticn are autometically saciefied whils the remaining
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one requires that
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Letting
L
Ftl (fc) ) C ,o'

this leads to [see Equations (3), (4); (5)] three possible typ2s of relatlon.

ships hetween phase velocity £ and wave numberf !

[ (/—"-4;/?5{/ ATV

o"

//7-‘//-'— ‘@5/ L K0, W Hmo 9)

A
g/ 22 20=0)S]" | Hro wemyeo
% <2 J

where
/7w ) 06’(/19*5)

and C; 1s the valocity of shear waves in an infinite medium. A plot of g/c=
versus /’f (with Ja /4 ) for each of these cases is shown in Fig., 3. It
is geen that ‘:/4',"' 0 as Af — O for a A wave, while Q/c:,—- o as /’f -
for 4 and F waves. In the ssquel wo ashall call w & "alow" flexural wave,
w, & "fast! flexural vave and / & shear wave, (The fact thet the preseding
diescussion invelves waves propagated in the X =direction; does not result in

any loss of generality,)
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boocident and Emsrgent Wayes

Refarring the semi.infinite plate to axes x, &/, 2 a3 shown in Fig. 2

2
we sanslder a slow flevural wave propagated towarde the edgs of the plate,

o
w e AeT watao (10)
where

Y e Y= XCosX

we postulate three emergent waves, propagated respestively towarda PSF; P
a5 shown in Fig, 2, Thess are

a) a slow flexural wave!
I ’5‘// /
w,'./i/f ) b, «/H =0 (11)
b) a fast flevural wave:

VL 1
%3-430‘ JH{'.H-O (12)

3) a shear wavai

PRl
cobf’

/—/m-,d‘e . Mh-b’.mno (13)

WisIS
) ' ; A |
VY w y.r‘/ha~’+x'£f.’sn{~’, J*
and the o/ are the argles of smergence shown in Fig, 2,

In accordance with Equations (9)y thess wvaves are propagated with
velocities c‘/ which depend on thelr respectivs wave numbers 0;,"/.

2, The cagse of o fast incident wave is similar in nature and will not be
discuesed in the present paper.
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Tha displacements correspording to these waves are obtaired fronm
Equatien (1), Denoiing the inclident wave by W, *: and “},/ y arnd callirg
/ v [
ths displacerent components of the smergent waves we A 7; (/: /) ) / )/

w9 obgserve that, since the equations of motien (2) are linear, the state of

motion given by
% .
W o= W ; W

AR (W)

J

ﬁ /
v E v %
'y "7+/25;

is a possible state of motion for an infinite plate. For the senj-infinite

plate under consideration, three boundary conditions must be satisfied on the

edge X=po,

ifion

'V* ¥
Flate stresses 7, , /‘W7 y 8te, corresponding to the motisn defined by
Cquations (1)) may be computed from Equatione (7)., To obtain a traction=fres

edge, v® must have, on X=0,

% LA
M /‘Véx""(‘/f/"o' (15)

; -
i ‘X /

In order that these equations be satisfied for all values of the time  ard
gll values of the space variatle & it is necessary that the circular fre=

quencies , and o/ aseociated with the various waves be identicaly l.e.y

»
Fem £,
and that the angles o and 9 satisfy
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Now, the relntion betwean ( e.nuda 15 of the sams form as that betwean c’
andd;’, both baing slow flexural wavse, Thus it follows from Equations (16)
andr(l‘7) that the angle of amerganae a’ of “hz elow flaxural wave is equal
to tae ongle of incidence of of the incident wave, and that the wave numbers
and phase velocities of these two waves ars identical, Equatioms (16) and (17)
ghowy furthormore, that the scondition of vanishing traation at the edge of the
plats, (Eq. (15)]; leads to = determination of the phass veloeity, wave number
and angle of emergance of each of the postulated emergent waves when the argle
of incidence and wave numbar (or phase veloeity) of +hs incident wave are
specified,

The boundary conditions (15) alss imposs restrictione on the amplitude
ratios AVA « From Equations (10)-(13)y (14) and (7) we get, upen substitu-
tion inte Equations (15)y a system of tiree non-homcgenscus linear algebmis

squaticns governing thess amplitude ratios,
L , | q
; f’é - mé. 2 coa[/?n-/)‘_;z'/, Jeo . 43 (18)

whara
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with

M e 55740

QJ = oos’oe/vhfsz;wlo/“}

The anslogy in the present theory, tc T, Neumaanis uniqueness theorem
(2] guarantesa that the above constitutes the unique solution of the problem,
We may may then that a slow incident flexural wave produces, in general, three

reflected waveat A slow flexural, a fast flexural, and a shear wave,

& Yorzal Incidence

W8 now proseed to study the cheraster of the reflected waves in terma
of the angle of incidence o and the wave number F of the incident wave. We
bagin vy examining the case of normal ineidence, i.e4y (=0

The wave numbers 0{,” ard _,“of the fast reflasted vave and of the shear

wave are given by [see Egs. (8), (4)y (5)]

240 e 5 ser-[l5-R) 45 (20)

& e 2 (-y) (RE=S"

Both dp” and j’” vanish when /9551 [y L.a,y when d‘,@sz K+S for
FRS<R+S 4 4% and 4" ere imaginary unile for O;’ES >R+S5  both are
real, The physical sipnificance of cf"k’Sa/ will be discussed when the motion
corresponding to that value of the wave number of the incident wave has baen

determined, We first consider

ayz25< R+S

From Eq. (17) we have, for w0,

-8'
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The amplituds ratics are found frem Eqe. (18)1
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and
- [ |
¢ =%,
8o that GZ” is real,
The incident wave is given by [ses Eqa, (1) and (10)]

W e /4wsf (x+¢t)
7,”- —AMf(".rm/ (xect) (23)
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The slow reflected wave [Eq. (11)] becomes

W'e 4&05( (X—CZ‘#-(,)
% ls —/4/"’/'(/{'/.0)40;/!-62‘*“(//!

and the fast raflected wave [Eq., (12)] is given by

-Fx
W' /a,'+£:)ﬁe ¢ £es /(c?f -£)
e '9'//5324-?"?)&1/”
*;”= o

In the above,
Z, = are o by , K2
Qe
We ses that the slow refleoted wave has the same amplitude, wave=length and
velcclty as the incident vave, bu. is out of phase with it, The fast reflected
"wave is, in facty a yibratdop, the amplitude of which decreases expomentially
1/’/
as the distance from the edge of the plate inoreases, As A w* 0 by Eq. (22),

no othar waves are reflected,

Now consider
RS> R+S

Equations (22) are then replaced by

#f,*/.fif-g"h-&/ﬂ:’-&'_)_
(”c/faré‘-j"t/"‘f (5‘/‘;‘—6'")

/

’ 20555 "

-
i

A J/[-Sfo"-j‘)‘//'/ﬂ;’-/")
A", o
A

A
A
4

=10-



The ineident wvave remains unshanged [Ecuations (23)], the slow reflected wave

beecames

w'. /d /casGL(X-ci‘)
v -A)M;z‘".r/hf (x-el) (26)

the fast reflected wave ia given by -

W' /4;’04%”/:-5’4‘)
K'aaA"M ) sing ' (r-c") » (27)
9‘;'5 %

and the reflected shesr wvave again vanishss, (The amplitude ratios /47/4 and
AVA for this case are plotted versus Af in Plgs 4o)

The inoldent wave is ssen to give rise to two reflected flexural waves;
we ray examlne the manner in which the energy per unit length of wave=front,
per oyole, of the inoldent wave is distributed to the two refleoted waves, Usirg
the expressions for energy given in lafersnce [4]y we find
_,L-} /A/)L
z "3/
£, /ﬁ.
£ A

Hyd - Wl
M
/-f‘/} oLt + M

N 2
Here 15', & angd £ arey respectively, the energy per oycle, per unit length of
wavs front of the incident wave, for the inecident, slow reflected and fast

reflected waves, The ratiocs E/:’.'— and Eﬂ/g are plotted versus /17& in Fig. S,

PR ¥ AT . P



The motion corresponding to

2K o RrS

-

may be found by proceeding to the limit, as da‘f?f—o A+5 | in elther of

the preceding cases., 32y either rethod it may be verified that an incident

wave

W oe A&!S(/X#Cl‘)

¥ - A/’/ £ ,smf(x-»cz‘) (28)

o
now gives rise to a slow reflacted wave,

w'= -,4545{ (x-ct)
A ~Al_R_ .r/nffxacf) (29)
S[f

"""ao

I

and to a thigkness=sheay vibration,

?45 .C/‘MﬁcZL (30)
/c’f»€+.i) v

The oircular frequency & for this vibration is [see Eqs. (3)y (5)y (6), (&),
(9)]

/cexc‘V_Z
A

Howy the olrcular frequency,/{;, of the first antisynmretric mode of thiciness-

sheur vibration of an infinite plate, according to the three~dimensional theory



2

of elasticity, is
B T4
A

Thus it seems appropriate to let

K a L
iz

go that the thickness=ghesr vibration in the pregent case will cocur at
the frequency predisted by axsct theory for an infinite plate of the same
thicxness,

it 18 interegting to notice that the motion here balrg considered,
1s one of the possible modes of motion of an infinite strip of thioknesa,é
and width b (sse Refarence [3])y provided

é -.é_n_z:.__ ) ne /)3_,...
(3085 +1)%

Honcey for K5 w45 |, tie.y for paB , the semi-infinite plate may
be regarded as consisting of an infinite number of independently vibraticg
etrips, each with Lits infinite dimension parallel toc the edge of the plate.
To conslude the discussion of normal ircidence, we consider two limit-
ing cases:
when the wave-length of the incident wave is large in comparisen with
the thickress of the plate, we find, by proceeding to the limitv in Equatiocns

(22)=(25), as /vf -0

W e Aasor« (x+ct)
% = /ﬁfaw'hg//[x—rcé/\

9?-0



E w' = —AWC/ (¥~ct)
#“ e —Afmcf (x=c?)
e

w' o=/ 4-”/;9:(:# *.nhvﬁd‘)
'7;/” - _'AK{‘J‘ /cor/cl‘ +.r/'nfcf)
w'eo

%" 0
o

These expressicns show thav the ingident wave is reflected without change in
amplitude or phase velosity, and that a vibration, confined primarily te a
rogion near the adge of the plate, takes place, The claassical theory of plates

(whose range of applisability is restricted to the limiting case under considera=-

tion) predicts the same results,

For wave-longihs vhich are very small in comparison with the plate thick-
n3593, we let /70// approach infinity in Equations (26), (27) with the result

Wa AMS/(X-»‘CLL), ‘/f-V/ZM?
W' Aca;t;/xncf), ¥/ ‘f;/=o

I//. N I}
i wie Kie oo
”tlaﬁ//l‘v;nno

3. The theory is no%t expected to be goed for very chort waves. This limit-
ing case L8 lncluded for the asake of completeness.

-1~




The total metion is
w= A cos g ra:fcf

wvhich is & stending wave,

Ls...O0Lique Inoldengs

we havs seen that fundamentally differsnt states of motion obtain
according aa the eiroular frequaney of the imcidsnt wave is less than, equal
to, or greater than the aircular frequsncy of thiockness=ahear vibration of an
infinite plats, Henmge, for OI< ¥ < ?/Z we shall again examins separately

 the cases peB, o> F and puf,
. pepB
" Tf e ie equivalent to £S5 </ 4 we see fron Equations (20) and (21)
S ks g Y amd g are taagimary,
T b

e o 7 f..,'/-' _é/ﬂ“f/uv -dabm

we g8ty from Equation (17),

o ‘ ‘ 'y
sinod = - ue i, Jo
q

whenoe

. - % .
cos ¥ = z.//+/¢f, .mﬁz/ - m’ say.
(i./ )

- * - I
} (For all values of a¢ ard C/ w2 have, ag notei earlier,oﬁﬂf) cal & -N)




Substituting into the genaral exrreesiocns for the various reflected waves

(Equations (1), (12), {13)], we get frem Equations (1),

w's A egel iy Crearn+ £)]
ARV 'M}"w-(

‘7‘7”, W ’M‘&":’&hzx

W' »4'09\; (ep -7 'm"x) |

W
%" A ’;f v 20 (1p8- B m"s)
WA " . ’ o
4" "/‘4& s W(‘d‘g'é’”' v/

whars

E - 7&%0( e

Theza expressions are valid for all o¢ with the poseibls excaption of o(:izé/

1,8,y "grazing" ipeidence, For that case, the solution of Equatioms (18) is

/ /" W
ﬁ:—/) /4 = -0

eand we get, in place of Equations (31),




e ¥ R 4
wleew Wl =% Gty

R ¢

Wle B Biso, L

so that the entirs motisn s then [see Eq. (14))
¥
W = %ﬁ: = %’f.ﬂ 0, (32)

This eomplete disappearance of the motion is anclogous to the case of grazing
incidence in the reflection of plane waves from the plane boundary of a semi-
infinite solid, wWe shall return to this question later on,

_ The waves described by Equations (31) are
@ w & slow flexural wave, reflected at an angle equal to the angle of
itmiﬁemt ‘of the inoident vave,
R ‘ - u. fa8y flmral wava of amplitude aecmaaing e:penen*h.l’y with

*ﬂmrtun frcsm thatdga, and prcpagated in a direc‘ei&: paﬁllsl to ths edge,

N @ - 8 shear vava of exponentially decraa.aing amplituﬁe, pfcpag'atqd alqng
the ddgs, (Sde’ F‘;Lg. 6.) o
-Turning now to the case

_£>B
we note that, from Fquations (20) and (31)

Py f“/ and e &7 v all ¢,
J"<) < pr‘(f f’

(Fig. 8 illustrates these faots for 7= //4,)
Equation (17) permits us to acnstruct a table which showa the relation=
q
ship between X' and °</, x " in terms of trigonometric funetione of theys

argles,

~l’ =
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With the help of this tabie and Eguations (10)=(13) we oan now deseribe the
notich assooisted with varisus angles of ineldence,
For 0% S/'nx<d"/f y the reflected waves are

« 8 slow flexural wave,

¢

a8 feet flexural wava,
= g shear wnvey

®
@

’Iﬁeggemrge at angles k’/, a(”, c(/”wi‘c.h

we ' <ot T2

at shown in Flg, 7. For instanse, with /v/ x 55 ws have i’ﬁé"='5"‘2,d”’/’/{".=1593-
Taking & = 15° (so that sina'<,302) ve get

/g 15°

o(‘= are sin .._5_'2 3 = 59,1°

:\"/= arn 3in 455-9; z 25,2°
09‘93

For Ma’-f_” y the ampli-ude ratics [see IZgs, (18)] are

A Z_.é-f{:f_)//é (1-0)=1], %

A y-&r" Iy \f/

A1

4.
/4 J

Thus we have only twc reflected waves, (s2e Flg, $),

-18=



@ = a slow flexural wave whose angle of emsrgence is equal tao the angls
of incidence of the incident wave,
@ = g fagt flexural wave propaguted along the free edge,
with AOV = 5; as in the numerlcal exanmple abteve; the criticel angle,
0(.: y for vhich the shear wave vanishes, ia
&, = arec sin (J302) = 17.6°
Letting & inorease further, until VP <€ R < )%/9 we find that

R b e e s
Arha g iy

the fast flexural wave [Equations (12)) changes in character since Cosor” is

g

now imaginary, The shear wave reappsc.:s end we have (Fig. L0)
@ - & slow flexural wave,
@ = 4n exponentially descaying ~ast flexural wave, propa:ated parallel
“o.. tocthe sdges
LA | TUG) - & shear vave emerging at an angle, & ™ ith are & ¥e M2,

R Another aritical value of X is reached wnen #7&’s v"}"?", s then
S fima Fig. 11)
_': = g 8low flexural vave,
@ « an sxpauentially Qecayinz rast flexuril wave,
@ = = ghear weve,
Both @aﬁd@m now propegated along the adge, With éd!/ = 3, the oriticel

e bt o e e e b
i Bl LT .
oy . i g

value fora im 36.4%

Finally, for j%-f(é‘?ha((/ y the shear wave also acquires an ex-

s

ponentially decaying amplitude, giving us (Mg, 12)
| @ = g slow flexural wave,

@ - an exponentially decaying fast flexural wave,

@ = an exporentially decsying shear wave.
Crazing incidence, i.6.y & = 900, leads to vanishing motion, as it

did for p< ,E

O
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To somplete the disgussion of obligue inoldence, wa acnslder tha case

-

Lnp

As the circular frequency of the insident wave approaches ths thicknegs-
snear freguenay, the amplitudes of the fast raflacted wave and of the reflectad
shear wave become infinite, The rescnancs encounterad hers is due to the rfact
that reflection at ths adge of the plate is equivalent to "foreing! the plate
at a frequaney aqual to a "matural! frequenocy. Fory it may easily be varified
that the vibration

W m O

‘r;”'. Bz"’sr

i a.motion whieh matisfima the equaticns of motion (2) ana leaves tle edge

CAm D -fres-sf trastisn,

We ‘have ssen [Eq. (32)] that the wmve motion in a semi-infinite plate
disappears a5 the angla of inecidence appreachrs 90°, A similar situation obe
tains in the case cof waves reflestad from the plans boundary of a semi-infinite
solid, By application of a sultable limiting process, wave motiocns for the
latter case have recently been found by Goodisr and Bishop [4). 4 similer
limiting procesgs for the present case will now be considered.

latting
€« V=X

and negleoting higher powers of € , we have, from Zquaticans (17),

o . L o
.S-/Mﬁ(an?j—;.(/m_g_)} J. y
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Substituting into Equetione (18), ths ampii*ude ratics ~»e found to be of
the form

7;4_/_:_. _(/+ae) é'. a'e, é_m, a"e 653)
Expanding the exponentials which appear in the sxpressions for displacements,
ve get from Equations (10)=(13) and Equation (1),

W Al1=ipex) t4plepB)

w'-A'//-u;,cex/.&yv (4478

w‘-,A'@sa{zfs:cxf”) (34)
A "abe,w'/ cg'ymx A7)

z - y-at \
P [f’-gﬂ)f] . ': "

Thesw egpansions are valld on)y when highsr powers of cf/ez gan be neglegtes.
that 13y for a range of distancss from the edge whish is smsll in coaparissm

‘with €48 cava-lapsth of the {neident wava,

Frem Equations (14)y (32) and (34), the totsl motion is characterized

by the sxpressions
* , y -f§7
W -Aé/:a'-&('fwa.z _/,bw/z'opﬁ) (35)

H Aea”ep(iypy-xF"), 36)
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If we now permit A to teccme infinits ae € approaches zero; and let the
spproacs to infinity ba such that the product /fé remains finite, we sce
that the first tem of Equation (35) represents an incident flexural wave
while the seccnd term corresponds to the " P# " wave found by Goodier and
Bishop, The third term and Equaticn (36) indicate, respestively, a flexural
and 6 shear wave, each propegated aleng the edgs of the plste, and each
having an sxponentially inoreasing or dsereasing amplitude, according &5 &
is less than or greater then 5 ; for go = B ys sgain have rescnance,
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