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EXTENSION OF PLANE-WAVE SCATTERING-MATRIX THEORY
OF ANTENNA - ANTENNA INTERACTIUNS TO THREE ANTENNAS:
A NEAR-FIELD RADAR CROSS SECTION CONCEPT

Michael A. Dinallo
The BOM Corporation
1801 Randolph Road, S.E.
Albuquerque, New Mexico 87106
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t.] Abstract

This paper presents a three-antenna plane-wave scattering-
matrix (PWSM) formulation and a formal solution. An example will
be demonstrated in which two of the three antennas are electro-
magneticaliy identical (the transmitter and receiver) and the
third (the scatterer) has arbitrary electromagnetic properties.

i

A reduced reflection integral-matrix will be discussed which

describes the transmit, scatter, receive (TSR) interaction. An
antenna scatterer spectral tensor Greens function is identified.
In this formulation the transmit spectrum will be scattered by
the third arbitrary antenna (target) and this scattered spectrum %
may be considerad to have originated from a transmitting antenna. éi
Near-field antenna measurement techniques are applicable which ' .
determine the electric (scattered) field spectral density
funct1dgjrrﬁ}lzif a second deconvolution is applied, a transmit By
probe corrected spectral density function or scattering tensor s
can be determined in principle. In either case, a near- or far- "

electric field can be calculated and a radar cross section &

determined. y ¥
o e
'
Iy
L
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2. Introduction

The successful results that near-field antenna messurement
techniques have achieved 1in determining far-field antenna
patterns encourage the idea that perhaps similar techniques may
be applied to determine a target's far-field radar cross-secticn
\RCS) based upon near- scattered field measurements. The idea
that a target's far-field RCS cen be determined from ‘near-
scattered field measurements is considered here as a near-field
RCS concept. Planar scanning near-field antenna measurement is
theoretically substantiated using the two-antenna, plane-wave
scattering-matrix (PWSM) formuIat1on.2 Since determining an RCS
requires a transmit probe, a target, and a receive probe,
extending the PWSM formulation to include three antennas was
chosen for investigating the feasibility of a near-field RCS
concept. This paper presents a three-antenna PWSM formulation,
discusses some of the results, and shows how this formulation
substantiates the near-field RCS concept.

In the following section, the theory and definitions asso-
ciated with the PWSM fomulation are stated.2 This is followed by
a section on the three-antenna PWSM equations and a general
solution. A specific solution for the RCS problem (TSR inter-
action) is then presented in section 5. The paper closes by
stating conclusions and identitfying future efforts related to

this topic.
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3. Background

The PWSM formulation of antennas depends upon the plane-wave

representation of an electromagnetic field. Beginning with

' plane-wave solutions to Maxwell's equations in a rectangular xyz
coordinate system in free space, solutfons for E and H can be

constructed from elementary plane-waves. Referring to figure 1,

'
!! an antenna system bounded by two planar surfaces F1 and F2, which

AR S Ry e T S SE Sitat Wre v Zn 5 W T U] TR T LT

are transverse to the z-axis direction (éz), can have correspond-

A

ing E and H field solutions in the form of weighed-sums of plane-

waves traveling to the right and left on either side of the

antenna. Specificaily,

5 oz, oo L = tiyz = Fiyz| * _iK.R .z
E () = 33 j’z‘ [bq(m.l()e +a (mE)e 7] Kn @ dR (1-a)

2

+ -~ ”~
g t('E) =3 i) [bq(m,i)e'lﬂ - aglm, K)eﬂ"] % “a nm(K)e‘K ‘R ak (1-b)
m

]
]
TN ——_r R Y Y . "

where the following sign conventions and definitions apply: gq
takes on values of 1 or 2 which correspond to the right (Fl) or
left (FZ) side of the antenna, respectively; also, g values of 1
) or 2 dictate use of the upper or lower sign respectively, found |

with the z-dependent exponentials; the subscript t denotes the

transverse components (w.r.t. 32); m takes on vaiues of 1 and 2
which correspond to T™M and TE polarizations respectively; the
transverse vectors K and R and the transverse unit vector Em and

y are defined in (1l-c); ﬁq is the unit outward normal to Fq;
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| g (K) are the. TM and TE wave admittences; b (m K) and a (m.K)

are the continuous spectral (arguiar) density functions for

v

K3

o
“ ' emergent and incident (reIat1ve to ﬁq ard Fq) plane-waves, F
P ' ;
: ‘ . respectively. F1na11y. an e ~tut time dependence is used. g
- - ~ -~ - ) -~ -~ L:
k « k,‘.x + ky.y + kz'n H (3 -“ re ¢ Ly‘y v e,
.. Py -~ ~ ~ “"j
K = koo, * kycy | ; R = Ty, * g, E
k, * tvk? - K . gy : ;x»' K/1K| (1-c) &
kz - uzgduo P “2 ™ .3 z‘ ‘1 g
The remaining compunent of E and H (&,) can be obtained by using &
the fact .hat each elementary plane-wave is orthogonal to k, g
1.8, i-E(or ﬁ) = 0. This is referred to as transversaiity in ﬁ
S

refererce 1. |
Expressions fok bq(m,i) and‘aq(m,ﬁ) are obtained by invert-

1“9 (l-dt-b).
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tiyz . -1 - - - = =

agimek) = Ep— e {Eq(ﬂpz) - ngt Bg(R.2) x nq}e’“"R g (2-b)
Note from (2) that a knowledge of E and H in the transverse plane
R is sufficient to determine the spectral density functions and

therefore E and H anywhere1 using (l-a,-b) and transversality.

1 If E and H are determined in a transverse plane which excludes
evanescent modes, application of (l-a,-b) in the reactive near-

S N Y Y YR Y I T e A i e

field would be erroneous. Therefore, constraints used in (2) :

become restrictions in (1.a,-b). L
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These equations and definitions show how the spéctral
density functions are related to the £ and H field. The speétra]
density functions are also used explicitly in the scattering-
matrix fomulation of antenna characteristics and in fact will be
defined in terms of the scattering parameters. Therefore, the
dependence of E and H upon the scattering-matrix parameters will
be made apparent. Also, these equations will be used to derive a
set of joining-equations for the three-antenna formulation which
relates the incident spectral density funétions of one antenna to
the emergent spectral density functions of another antenna.

The scattering matrix parameters will now be defined in
conjunction with the spectral density functions aq(m,i) and
bq(m,K). Since an antenna is an imperfect receiver, an incident
electromagnetic wave with the corresponding incident spectral
density function ap(n,[) will be scattered. The subscript p
accounts for the fact that the incident spectrai density function
can impinge upon the antenna from the right side (p=1) or the
left side (p=2). For each particular transverse incident vector
L and a pvarticular polarization n any scattered direction K ard
polarization m is, in general, possible and may be in either the
forward or backward direction (q =1o0r2). The emergent
spectral density function bq(m.i) is then dependent upon the

incident wave by the following equation:
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S where qu(m,K;n.L) is an element of a dyadic scattering tensor. "
B - 2
. If the antenna is in an active (transmit) mode then bq(m.K) will ;
tﬁ have an additional spectral contribution which is the product of g
N "
¢ the antenna waveguide feed modal amplitude a, and the antenna E
- transmitting (spectral) characteristics Sqo(m,E). To complete ﬁ
2 the scattering-matrix description of the antenna characteristics, .
N : 8
o the antenna waveguide feed emergent modal amplitude by will be ﬁ
»4 due to two factors: the product of a, and the antenna waveguide !
\ :
N impedance mismatch S, .3 and the product of the incident wave ?
‘; spectral amplitude ap(n,ﬁ) and the antenna receiving spectral b
j, characteristics Soq(m,i). The antenna scattering-matrix. equa- !
% tions can now be written as: g
0 by * Sgolg * ;2, ! r); sQP(n,E) ap(n,i) di : 3
iy 2 (4) g
. bq(u.ft) = sqo(n.i) a, + g f rzl qu(m,i?:n.f.) ap(n.E) dL ;
ped 4
¥ !
- ' Each of the scattering parameters can be vectorized by using the E
a5 - - i
- ™ and TE unit vectors «; and k,. The invariance of (4) with (
- respect to the choice of coordinates in the transverse plane E
- should be noted. A1l of the necassary antenna scattering para- ;
i} meters and formulations have bezin stited. The three antenna é
~ scattering equations will now be considered. N
B 671 :
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~ 4. Three-Antenng Formulation

Figure 2 shows the three-antenna configuration to be
studied. A superscript will be added to all of the PWSM para-
meters to indicate the antenna to which a parameter corresponds
(i, 2, or 3). Antennas 1 and 2 dre located 1in the same
transverse plane, Each antenna will have 1its own relative

coordinate system and therefore {ts own relative incident and

emergent spectral density functions.

Antenna 1 of figure 2 will be the reference. The other
antennas will have corresponding incident and emergent spectral
density functions relative to antenna l. These relations
(joining-equations) are developed using the geometry in figure 2,
equations (2) and }the uniqueness of E and H at any physical

point. These joining-equations are:

- WL Bl eml A.fRY gl giRE (5-a)
B = Myap - MLEls @3-, 5 - AE (5-b)

-1 ol (5-c)
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where 1 1s the 2 x 2 identity matrix and the a and b spectral
density function vectors have two components, one for each
polarization, TM and TE (i.e., K, and 22). Similarly, using
vector-operator notation the three-antenna coupled scattering

equations are:

self mutual

input receive receive
reflection charactercistics characteristics
#: 1 1 1 3 =1 =12 =2
7 b = S a + S a + S a
0 00 "0 01 1
; | 01 "1 (6-a)
-
" transait mutual self mutual
’ characteristics transmittance scatter scatter
-4 =1 zl .1 gl2 .2 1 =1 12 =2
i 5 S10 % + $10 %0 + Bhay o« 3T
2 2 2 s2 =2 =21 =1
by = Spod * Spp8 *+ Sp; (6b)
=2 =2 2 s21 _2 2 =2 21 -1
Bl = Bjpajg*t8pag ¥, at 3 a
1
- 3 3 .3 23 =3
. % = Spo% * So2 2
d (6-c)
=3 =3 3 3 =3
B = 833 + 858

These scattering equations are coupled due to the mutual
interactions of antenna 1 and 2. Note that the subscripts on the

vector or tensor quantities refer to the right or left side of a
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particular antenna'hs defined under (2). This being understood,

the subscripts on a and b will now be suppressed. Tha mutual
receive parameters , Sé{ and Sg%, account for the presence of a

. second antenna in the transverse plarne located at zZy =2, = 0 of

v figure 2.

Two mutual interactions are possible. The first is

one antenna transmitting in an active mode and the second antenna
directly receiving this primary radiation. This interaction is
encountered in antenna array theory and can be accounted for.in
Soo as an active input impedance. The second interaction is due
to radiation being scattered from one anienna and received by the

second. This 13 expliicity accounted for in the scattering
equations as the mutual receive parameters Slf and Sg% The

cl2 22

mutual receive parameter S01 is due to a" being scattered from

antenna 2 and rece1ved by antenna 1.

Using the two-antenna solution (located on the same
transverse plane) and (5-a), Séi can be expressed as:
gla _ 31 -1 g2
So1 So. T 84, (7)
21

Simiiarly, the mutual receive parameter 501 can be expressed as:

=21 =2 1
5 = § 3
02 11 (8)
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The mutual transmittances 5{8 and §§é account for primary radia-
tion being transmitted from one antenna, transformed (or propa-
gated) to another antenna reference, and scattered. As in (7)

and (8), §%§ can be expressed as:

sl2 1 -1 z2
S;0 = (I+3;) ¥ 8], (9)

Similarly, §§3 can be expressed as:

s21 2 =1
%0 (T + §11) b 510 (10)

The final parameters tc be defined under (6) are the mutual scat-
tering parameters gif and Sfi. Mutual scattering accounts for
one antenna scattering radiation, transformed to another antenna

reference. These are expressed as in (11) and (12).

12 -1 ®2
§11 = 7 511 (11)
21 a =l
§11 = & §11 (12)
676
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The mutual transmit and scattering parameters are necessary

for 51 or 52 to separately represent all interactions or

3 f' - processes contributing to rightward-traveling spectral radiation.

L “P. R

" ; A formal solution to (6) can be derived where the antenna wave

. e guide feed emergent modal amplitudes by, are written in terms .of

j ‘E the antenna wave guide feed exiting amplitudes 4. Using (5) and ?é

2 L= (7) - (12) in (6) the following matrix solution cir be obtained: E

R - 1 :

9 A % My M My, a ¥

%- - ':-1‘ 2 2 ‘{

R % [ T [Ma M My % (13) ¢
. . ,

Y by My: M3 My, ig F

<
2

S

Y L T e,

.

1 21 2 13 al , 82 ,,~1 gl3 =l
=Sy + Sou(X + Bip (X - Ry Bpy+ BE T RG 8L, (13-a)

M11 * Soo F
. , i
: i
3 : I
‘ . |
S 2l 2 _ ml3 al 2 ,,-1 13 z12 o
- My = 8y (T« Ry (F - Ryp o8y + BT B33 83 (13-b) i
a.:_ .‘"
.-l ‘k.
. ~
- ..“
- =1 2 _ =13 5l 2 -1 a-l 23 -
o Mg = Sy (T Bl (D -5 By BT 8 (13- E
T :
. i
52 1 _ ®23 52 1 ,,-1 23 z21 o
My = Sou (X« By oF - B3 (B, ¢ BT B33 85, (13-d) E
5 W
. N
A N
3 ~
3 t
;
L te
al

& y
“ a2
] L 677 "
3 " .
" ! A
» & r
y o f
. | ;‘k' ke £t SIS SR AT S S Y S8 Y LRI AR G R T R LT L Wa €y " u eyt of oF, & e 'ty W, $
. AR KCu S OCEEER B PRELTS CAR S G547 5 I S A RIAS RIS S SE AL R NS A, :




o N,

s A

A o 3 I

R MO A IRAR AL S PR e 4 o AL $a. i [ ~.'.‘!'YIE‘,:’\TC!T&E‘-’;"T.?!.'-l‘!?ﬂ‘.'.\:m;‘!'g‘”u‘l'-S.\T..':\'T@.W&T‘-.&E\'r‘u'xﬁs.ﬁ\!iu‘z».T-%.‘Jw\;»
:Q
l‘~.
\ A
t:
Myp = 83, + B3, (Do 3y 12 - a3 (3%, « R} R3] B (13-e) I
DYRE - AN LR R (13-F)
1 4
= _ %3 23 ,-1 gt (13-g)
My, = 85 (T - By 35,07 2, 8y
33 .83 a3, -1 =12 (13-h) ;
My, = §gp (I - Ry; 85,0 70 4, Egp ;
3, =3 _ 23 g3 -1 g3 23 13-4 :
M33 = Sgo * 8gp (T - By, 33,170 Ry, 83 (13-1) b

AT TR

where the following 2 x 2 matrices E are given by:

1 1 -1, 2 -1a2 3 -
R, = B, R, = ¥R R, - ’+1‘gi1 + “fx’ ’-i

13 _ a1 x3 - (14) )
R22 = J!-1 §22§+1, H;g = *-% !gz!+z

The E matrices represent transformations of the scattering para-
meters among the antennas. The expressions contained in (13)
account for the following 1{interactions: direct transmit ang

receive (zero-order); transmit, scatter and receive (TSR)

TR OARAR A ENTE (% LSRRG ATAY, OO L
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(first-order); and higher order scattering among the three
antennas. In obtaining (13) expressions for'-l. 51. ;2. Ez. and
;3. 53 are found which can be used in (2) for explicitly repre-

" senting the corresponding E and H fi€lds.

5. Transmit-Scatter-Receive Interaction: The Radar Problem

For simulating the radar problem, let antenna 1 transmit,
antenna 3 be passively scattering radiation, and antenna 2 be
operating in the receiving mode. Further, let antennas 1 and 2
have identical characteristics (as defined under (3) and (4))

deroted by
2 = 2 = 2
&, = 53 = Toy 8o = 8]y = Ty LV (15)

If mutual scattering between antennas 1 and 2 is assummed negli-

gible, then since ag = ag =0, bg from (13) becomes:

2 _ = %23 32 ,-1 §23 7 51 .1
by = Ip, (I - Ry I9,17° B3, F I a5 (16)

Considering the first reflection to be dominant and subsaquent

reflections to be negligible, (16) can be further reduced to:
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2 _ = a-l a3 =1 .1 17
b = Tgy 122 832 Ay T g (17)

In explicit integral form, (17) can be written as .

] ! 2,- = 1 .5 -1k § TR
X ; bg(F ety) = ag [ (X5 (RK)e 2. 18 (R.Lp:m(nm‘I ) df] 4k

/ / ? \ 8)
_ j“ rtctiving,/"//’:::::’to left spectral transmitting laft to

characteristics propagation dyadic Greens characteristics right
Function propagation

|
|

:

kS

-

7]

#

- 4
f

!

a
P Tl o e g

y and s a reduced reflection integral. If multiple reflections

é o 1§ are considered significant, (18) can be used as a first

approximation to bg, and using an appropriate iterative technique

bg may be evaluated in principle if (16) is convergent. For this

latter class of problems it may be possible to evaluate the full

"unreduced" form for bg (ag = ag = 0) as written in (13-d).

The reduced reflection integral (18) mathematically

describes a TSR interaction which is the radar problem. To make

apparent the similarity of (18) with the transmission integral

(reference 1) let :

it.r

I70(F.8) = [ 8, (R.D).T,,(E) e!* %1 af (19)
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N Then (18) becomes: N
£ is
. | 2 = = Lt (yeToy(E B o T2 gk (20)
o bo (tllrz) - .o 0l 10V -1’
¥
=
§ which is indeed a transmission integral. The transmit antenna
..‘ - - -
has a spectral radiation pattern I‘l'o(rl.l() which differs from
that defined under (3) only by the ;1 dependence. The scattering
o =3
ﬁ dyadic S22 represents any scattering target and the scattered
field can be considered to have originated from an antenna. As a
result, nrear-field antenna measurement techniques are applicable
(reference 2). Denote the coupling-product by
ﬁ D(K,F)) = Ty (K)-I7g(F;.K) (21)
.. 3
5
2 Deconvolution of (21) allows D(K,r,) to be expressed as: X
S
B 1 2 ikt E
i~ - - - = 1K-r, 48 '
- D(R,E)) = ——31— J by (£yepy) €77 "2 4R, (22) ;
x ao !
g X
B ,
3 Since for planar near-field antenna measurment techniques bg 3
-' represents sampled data in the trancverse 52 plane, D(R,;l) can E
j 681 :
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be empirically determined, and I (K rl) can be computed and
receive probe corrected via (21). A far-electric field can then
be calculated and an RCS evaluated although it will generally be
transmit probe dependent. If a plane-wave is incident upon the
target then 1¢ 0(K rl) will not be transmit probe dependent, and
the far-electric field can be calculated and an RCS determined.
However, even if f‘o(ﬁ ;1) is transmit probe dependent a second
deconvo]ut1on can be performed upon (19) and 522(K L) evaluated.
SZZ(K L) is the most essential parameter in the PWSM formulation
of the RCS problem since it describes the scattering properties
of the target.

Defining

g = (K,D) = (&K D) - I,o(E) (23)

as a scattering product, a second deconvolution can be written as

§(R,E) = =L [ TiKE) et L AR, (2a)

An explicit set of equations, assuming TM(x) and TE(y)

poiarization, can be written as:

- - 3 - = - = =
Q(R,E) = 114, (D) 83,(x,Kex,B) + 1) (D) sgz(x.x:y.n)

(25)

- - R 3 - - - - -
0 (K.E) = 114, () 83,(v,Kix,B) + 1o (D) 83,(y.Ksy,D)
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i; If the transmitter is rotated and (20) througﬁ (25) resolved.ggz
:‘ | can be determined. Once known, 522 cén be used in the reflection
% integral (18) allowing bg to be calculated for any incident
‘% ’ field, and an RCS can be determined in the near- or far-field.
| - 6. Ciscussion
ig The TSR 1interaction 1is compactly expressed in the reduced-
Uis reflection integral (18). This integral describes a transmitted
Yﬁ radiation pattern which is propagated to a target and scattered.
1?% Emerging from this interaction fis another, re-transmitted | é
ﬁ radiation pattern. This target radiation pattern is determined
N by evaluating and summing the scattering-product (23) for all
} incident directions. The target radiation pattern is then
ié propagated to and received by a probe antenna wh1ch‘a1so has a
"i particular pattern (or angular spegtrum). The first deconvolu-
‘% tion (22) allows the coupling-product (21) to be evaluated, which
;i in turﬁ enables the transmit-target pattern to be determined and
,; receive probe corrected. A second deconvolution (24) allows the
;E scattering-product to be evaluated which in turn enables the E
;E , dyadic scattering tensor element to be determined and transmit E
‘ probe corrected. E
‘§ ¢ The scattering tensor elewent ng (m,Ksn,L) is a quantity E
: g which enforces the electromagnetic boundary conditions to be E
1z satisfied for any of the incident field directions E and polari- E
:E zations n. This enforcement of the boundary conditions is t
%g dependent upon the target geometry and electromagnetic E
E
:3 683
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“ constitutive parameters o, u and e¢. As such, the dyadic scat-

L2ring tensdr element 1is a significant quantity for the radar

ar ¥y

probiem since 1t inherently contains the target geometry and

A

electromagnetic constitutive parameters. Since the scattering

tensor is independent of transmit and receive probes it can be

prs
b .

used as a classification parameter for various targets and may

A

aiso be used for caiculating a measured RCS using any set of
probes, in the near- or far-field.

2 A final note to be mentioned is that if the first decon-
volution required an N x N array of data, then the second decon-
volution would require an (N «x N)2 array for determ1n1ng ng
(m.E;n,[). Efficient data acquisiticn and processing schemes are

needed to minimize computation memory and time requirements.

7. Conclusion
'5 A three-antenna PWSM formulation has been presented and a
& solution formally obtained. The radar problem or TSR interaction
| is a special case of the three-antenna prcblem., A transmission
integral was obtained (20) which is similar to the one obtained
in reference 1. This substantiates using near-field antenna
measurement techniques for measuring the near-scattered field of
a target. The scattered field transmission pattern can be deter- | )
2' mined and probe corrected as in the near-field antenna measure-
ments. A near- or far-field electric field and corresponding RCS
can then be calculated. This RCS will in general be probe-

dependent. However, applying the second deconvolution (24)
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allcws the scattering-product to be evaluated and the target

) - [
2222757 s 2 FLER I

scattering parameters determined and transmit probe corrected.
Using an arbitrary incident field, a near- or far-field electric
v field and the corresponding RCS can be calculated.
i Future efforts include the following topics: |
P, 1. Analytically calculating the dyadic scattering tensor
elements from known scattered field solutions.
2. Performing a similar three-antenna analysis with one of

> the antennas located in a plane mutually orthogonal to

N
;é‘ the other two.
? 3. Determining how to simulate a "near-field" plane-wave
' and thus avoid a full second deconvolution.
4, Fully utilizing a given near-field measurement data-
set, including simulating with software other incident
\ field directions. |
.§
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