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1. INTRODUCTION 

1.1 Historical background 

BOUNDARY-LAYER LINEAR STABILITY THEORY 

by 

Leslie H. Hack 
Jet Propulsion Laboratory 

California Institute of Technology 
Pasadena, California 91109 

U.S.A. 
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Host fluid flows are turbulent rather than laminar and the reason why this is so has been the object 

of study by several generations of investigators. One of the earliest explanations was that laminar fl ow 

is unstable, and the linear instability theory was first developed to explore this possibility. Such an 

approach tells nothing about turbulence, or about the details of its initial appearance, but it does 

explain why the original laminar flow can no longer exist. A series of early papers by Rayleigh (1880, 

1887,1892,1895, 1913) produced many notable results concerning the instability of inviscid flows, such as 

the discovery of inflectional instability, but little progress was made toward the original goal. 

Viscosity was commonly thought to act only to stabilize the flow, and flows with convex velocity profiles 

thus appeared to be stable. In a review of 30 years of effort, Noether (1921) wrote: "The method of 

small disturbances, which can be considered essentially closed, has led to no useful results concerning 

the origin of turbulence." 

Although Taylor (191 5) had already indicated that viscosity can destabilize a flow that is otherwise 

stable, it remained for Prandtl (1921), in the same year as Noether's review paper, to independently make 

the same discovery as Taylor and set in motion the investigations that led to a viscous theory of 

boundary-layer instability a few years later [Tollmien (1929)]. A series of papers by Schlichting (1933a, 

1933b, 1935,1940), and a second paper by Tollmien (1935) resulted in a well-developed theory with a small 

body of numerical results. Any expectation that instability and transition to turbulence are synonomous 

in boundary layers was dashed by the low value of the critical Reynolds number Re r• i.e. the x Reynolds 

number at which instability first appears. Tollmien's value of Recr for the Blasius boundary layer was 

60,000, and even in the high turbutence wind tunnels of that time, transition was observed to occur 

between Ret = 3.5 x 105 and 1 x 10 • In what can be considered the earliest application of linear 

stability theory to transition prediction, Schlichting (1933a) calculated the amplitude ratio of the most 

amplified frequency as a function of Reynolds number for a Blasius boundary layer, and found that this 

quantity had values between five and nine at the observed Ret• 

Outside of Germany, the stability theory received little acceptance because of the failure to observe 

the predicted waves, mathematical obscurities in the theory, and also a general feeling that a linear 

theo~y could not have anything useful to say about the origin of turbulence, whi ch is inherently 

nonlinear. A good idea of the low repute of the theory can be gained by reading the paper of Taylor 

(1938) and the discussion on this subject in the Proceedings of the 5th Congress of Applied Mechanics held 

in 1938. It was in this atmosphere of disbelief that one of the most celebrated experiments in the 

history of fluid mechanics was carried out. The experiment of Schubauer and Skramstad (1947), which was 

performed in the early 1940's but not published until some years later be cause of wartime censorship, 

completely reversed the prevailing opinion and fully vindicated the Got tingen proponents of the theory. 

This experiment unequivocally demonstrated the existence of instability waves in a boundary layer, their 

connection with transition, and the q~antitative description of their behavior by the theory of Tollmien 

and Schlichting. It made an enormous impact at the time of its publication, and by its very completeness 

seemed to answer most of the questions concerning the linear theory. To a large extent, subsequent 

experimental work on transition went in other directions, and the possibility that linear theory can be 

quantitatively related to transition has not received a decisive experiment al test. On the other hand, it 

is generally accepted that flow parameters such as pressure gradient, suction and heat transfer 

qualitatively affect transition in the manner predicted by the linear theory, and in particular that a 

flow predicted to e stable by the theory should remain laminar. This expectation has often been 

d~ceive~ Even so, t~ linear theory, in the form of the e9, or N-factor, method first proposed by Smith 

and Gamberoni (1956) and Van Ingen (1956), is today in routine use in engineering studies of laminar flow 

control [see, e.g., Hefner and Bushnell ( 1979) ]. A good introduction to the complexities of transition 

and the difficulties involved in trying to arrive at a rational approach to its prediction can be found in 

three reports by Horkovin (1969, 1978, 1983), and a review article by Reshotko (1976). 

The German investigators were undeterred by the lack of acceptance of the stability theory elsewhere, 

and made numerous applications of it to boundary layers with pressure gradients and suctio~ This work is 

summarized in Schlichting's hook (1979). We may make particular mention of the work by Pretsch (1942), as 

he provided the only large body of numerical results for exact boundary-layer solutions before the advent 

of the computer age by calculating the stability characteristics of the Falkner-Skan family of velocity 

profiles. The unconvincing mathematics of the asymptotic theory was put on a more solid foundation by Lin 

(194 5) and Wasow (1948), and this work has been successfully continue d by Reid and his collaborators 

[Lakin, Ng and Reid (1 978)]. 

When in about 1960 the digital computer reached a stage of development permitting the direct solution 

of the primary differential equations, numerical results were obtained from the linear theory during the 

next ten years for many different boundary-layer flows: three-dimensional boundary layers [Brown (1959), 

following the important theoretical contribution of Stuart in Gregory et al. (-1 955)]; free-convection 

boundary layers [Kurtz and Crandall (1962) and Nachtsheim (1963)]; compressible boundary layers [Brown 

(1962) and Hack (1965,1969)]; boundary layers on compliant walls [Landahl and Kaplan (1965)]; a 

recomputation of Falkner-Skan flows [Wazzan, Okamura and Smith (1968)]; unsteady boundary layers 
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[Obremski, Horkovin and Landahl (1969)]; and heated-wall water boundary layers [Wazzan, Okamura and Smith 
(1968)]. More recent work bas focussed on three-dimensional boundary layers in response to the renewed 
interest in laminar-flow control for swept wings [Srokowski and Orszag ( 1977), Hack 
(1977,1979a,1979b,1981), Nayfeh (1980a,1980b), Cebeci and Stewartson (1980a,1980b) , Lekoudis (1979,1980)]. 
A notable contribution to linear stability theory that stands somewhat apart from the principal line of 
development has been provided by Gaster (1968, 1975,1978,1981 a, 1981b, 1982a, 1982b) in a series of papers on 
the wave packets produced by a pulsed point source in a boundary layer. Gaster's work on this problem 
also includes a major stability experiment [Gaster and Grant (1975)]. 

There are a number of general references that are helpful to anyone interested in the linear theory. 
Review articles are by Schlichting (1959), Shen (1954), Stuart (1963) and Reid (1965). Books are by Lin 
(1955), Betchov and Criminale (1967) 1 and Drazin and Reid (1981). Schlichting's book on boundary-layer 
theory (1979) contains two chapters on stability theory and transition, and Honin and Yaglom's book on 
turbulence ( 1971) contains a lengthy chapter on the same subject, as does the book by White ( 197 4) on 
viscous flow theory. Reviews of transition have been given by Dryden (1959), Tani (1969,1981), Horkovin 
(1969,1978,1983), and Reshotko (1976). An extensive discussion of both stability theory and transition, 
not all at high speeds in spite of the title, may be found in the recorded lectures of Hack and Horkovin 
(1971). 

1.2 Elements of stability theory 

Before we get into the main body of the subject, a brief introduction is in order to orient those who 
are new to this field. The stability theory is mainly concerned with individual sine waves propagating in 
the boundary layer parallel to the wall. These waves are waves of vorticity and are commonly referred to 
as Tollmien-Schlichting w~ves, or TS waves, or simply as instability waves. The amplitudes of the waves, 
which vary through the boundary layer and die off exponentially in the freestream, are small enough so 
that a linear theory may be used. The frequency of a wave is wand the wavenumber is k = 2 TI/:A, where 
is the wavelength. The wave may be two-dimensional, with the lines of constant phase normal to the 
freestre~ direction (and parallel to the wall), or it may be oblique, in which case the wavenumber is a 
vector kat an angle lj! to the freestream direction with .streamwise (x) component CJ. and spanwise (z) 
component 8. The phase velocity c is always less than the freestream velocity u1, so that at some point 
in the boundary layer the mean velocity is equal to c. This point is called the critical point, or 
critical layer, and it plays a central role in the mathematical theory. The wave amplitude usually has a 
maximum near the critical layer • 

At any given distance from the origin of the boundary layer, or better, at any given Reynolds number 
Re = u1x!V, where \!is the kinematic viscosity, an instability wave of frequency w will be in one of 
three states: damped, neutral, or amplifie~ The numerical results calculated from the stability theory 
are often presented in the form of diagrams of neutral stability which show graphically the boundaries 
between regions of stability and instability in w,Re space or k,Re space. There are two general kinds of 
neutral-stability diagrams to be found, as shown in Fig. 1.1 for a two-dimensional wave in a two­
dimensional boundary layer. In this figure, the dimensionless wavenumber o.o is plotted against R0, the 
Reynolds number based on the boundary-layer thickness 6. Waves are neutral at those values of o.o and R0 
whi ch lie on the contour marked neutral; they are amplified inside of the contour , and are damped 
everywhere else. With a neutral-stability curve of type (a), all wavenumbers are damped at sufficiently 
high Reynolds numbers. In this case, the mean flow is said to have viscous instability. Since decreasing 
Reynolds number, or increasing viscosity, can lead to instability, it is apparent that viscosity does not 
act solely to damp out waves, but can actually have a destabilizing influence. The incompressible flat­
plate (Blasius) boundary layer, and all incompressible boundary layers with a favorable pressure gradient, 
are examples of flows which are unstable only through the action of viscosity. With a neutral-stability 
curve of type (b), a non-zero neutral wavenumber (o.o >sexists at Re-+ co , and wavenumbers smaller than 
(o.o) are unstable no matter how large the Reynolds number becomes. A mean flow with a type (b) neutral­
stability curve is said to have inviscid instability. The boundary layer in an adverse pressure gradient 
is an example of a flow of this kind. 

In both cases (a) and (b), all waves with o.o less than the peak value on the neutral-stability curve 
are unstable for some range of Reynolds numbers. The Reynolds number Recr below which no amplification is 
possible is called the minimum critical Reynolds number. It is often an objective of stability theory to 
determine Re9~, although it must be cautioned that this quantity only tells where instability starts , and 
cannot be relied upon to indicate the relative instability of various mean flows further downstream. It 
is definitely not proper to identify Recr with the transition point. 

A wave which is introduced into a steady boundary layer with a particular frequency will preserve 
that frequency as it propagates downstream, while the wavenumber will change. As shown in Fig. 1.1, a 
wave of frequency w which passes through the unstable region will be damped up to (Re) , the first point 
of neutral stability. Between (Re)L and (Re)0, the second neutral point, it will be ampTified; downstream 
of (Re)0 it will be damped again. If the amplitude of a wave becomes large enough before (Re) 0 is 
reached, then the nonlinear processes which eventually lead to transition will take over, and the wave 
will continue to grow even though the linear theory says it should damp. 

The theory can be used to calculate amplification and damping rates as well as the frequency, 
wavenumber and Reynolds number of neutral waves. For example, it is possible to compute the amplification 
rate as a function of frequency at a given Re. The neutral-stability curve only identifies the band of 
unstable frequencies, but the amplification rate tells how fast each frequency is growing, and which 
frequency is growing the fastest. Even more useful than the amplification rate is the amplitude history 
of a wave of constant frequency as it travels through the unstable region. In the simplest form of the 
theory, this result can be calculated in the form of a ratio of the amplitude to some initial amplitude 
once the amplification rates are known. Consequently, it is possible to identify, given some initial 
disturbance spectrum, the frequency whose amplitude bas increased the most at each Reynolds number. It is 
presumably one of these frequencies which, after it reaches some critical amplitude, triggers the whole 
transition process. 
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We have divided the following material into three major parts: the incompressible stability theory 

is in Part A, the compressible stability theory is in Part B, and three-dimensional stability theory, both 
incompressible and compressible, is in Par~ c. The field of laminar instability is a vast one, and many 
topics that could well have been included have been left out for lack of space. We have restricted 
ourselves strictly to boundary layers, but even here have omitted all flows where gravitational effects 
are important, low-speed boundary layers with wall heating or cooling, and the important subject of 
Gertler instability. Within the topics that have been included, we give a fairly complete account of what 
we consider to be the essential ideas, and of what is needed to understand the published literature and 
make intelligent use of a computer program for the solution of boundary-layer stability problems. 
Attention is concentrated principally on basic ideas, but also on the formulations which are incorporated 
into computer codes based on the shooting-method of solving the stability equations. Only selected 
numerical results are included, and these have been chosen for their illustrative value, and not with any 
pretension to comprehensive coverage. Numerous references are given, but the list is by no means 
complete. In particular, a number of USSR references have not been included because of my unfamiliarity 
with the Russian language. Much use bas been made of a previous work [Mack (1969)], which is still the 
most complete source for compressible boundary-layer stability theory. 
PART A. INCOMPRESSIBLE STABILITY THEORY 

2. FORMULATION OF INCOMPRESSIBLE STABILITY THEORY 
2.1 Derivation of parallel-flow stability equations 

The three-dimensional (3D) Navier-Stokes equations of a viscous, incompressible fluid in Cartesian 
coordinates are 

-* aui 

- * 
-* aui 
u . ----;;; 

J ax 
j 

--* 
a xi 

0 

*-2-* + v v-u. 
l. 

(2.1a) 

(2.1b) 

where u•i = (u•,v•,w•), x: = (x•,y•,z•), and i, j = (1,2,3) according to the summation convention. The 
~te:ts~• denote dimeDfiODfl Qfantities, and overbars denote tim:-dependent quantitie~ fbe velocities 
u , v 1 w are in the x , y , z dirlctions, respectively, where x is the streamwise and z the spanwise 
coordinate; ji• is the pressure; p is the density; v is the kinematic viscosity J.J*/P*, with J.J* the 
viscosity coefficient. Equa tiona (2. 1 a) are the momentum equations, and Eq. (2. 1 b' is the oontinui ty 
eiuation. We first put the Rations in •dimens\onless form with the velocity scale ul, the length l!lcale 
L , and the pressure scale p ul. Both L and U are unspecified for the present. The Reynolds number is 
defined as 

r 
R = u•L • tv•. 

(2.2 ) r 
The dimensionless equa tiona are identical to Eqs . (2. 1) except that v• is replaced by 1 /R, and p• is 
absorbed into the pressure scale. 

We next divide each flow variable into a steady mean-flow term (denoted by an upper-case letter) and 
an unsteady small disturbance term (denoted by a lower-case letter): 

ui(x,y,z,t) = Ui(x,y,z) + ui(x,y,z,t) , 
p(x,y,z,t) = P(x,y,z) + p(x,y,z,t) • 

(2.3) 

When these expressions are substituted into Eq~ (2.1) 1 the mean-flow terms subtracted out, and the terms 
which are quadratic in the disturbances dropped, we arrive at the following dimensionless linearized 
equations for the disturbance quantities: 

aui au. au. 
.££ 2 (2.4a) 

l. + u. l. at/ + u. k ax:- + vii u1 J J a xi It J J 
au . 

(2.4b) 
l. 

0 ax:-
l. 

For a truly parallel mean flow, of which a simple two-dimensional example il!l a fully-devel oped 
channel flow, the normal velocity V is zero and U and W are functions only of y. The parallel-flow 
equations, when written out, are 

au + u au + w au + dU .££ + vll
2

u v -at ax az dy ax (2.5a) 

av + u av + w av .££ + v112v at ax az ay (2.5b) 

aw + u aw + w aw + v dW = .££ + vl/2w at ax az dy - az (2.5c) 

~ + av + aw = 0 ax ay az (2.5d) These equations are in separable form, i.e., they permit the normal-mode l!lolutions 

.... 
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[u,v,w,p]T = [u(y),v(y),w(y),p{y)JT exp[i(aX+Sz-wt)J (2.6) 

where a and S are the x and z components of the wavenumber vector k, w is the frequency, and u(y), 
v(y), w(y) and ~(y) are the complex functions, or eigenfunctions, which gives the mode structure through 
the boundary layer, and are to be determined by the ordinary differential equations given below. It is a 
matter of convenience to work with compl,ex normal modes; the physical solutions are the real parts of Eqs. 
(2.6). The normal modes are travelling waves in the x,z plane, and in the most general case, a., Sand w 
are all complex. If they are real, the wave is of neutral stability and propagates in the x,z plane with 
constant amplitude1 and phase velocity c = w/k, where k = (a2+S2)1/2 is the magnitude of k. The angle of 
It with respect to the x axis is 1/J= tan-1 ( S/ a). If any of a., S , w are complex, the amplitude will change 
as the wave propagates. 

When Eqs. (2.6) are substituted into (2.5), we obtain the following ordinary differential equations 
for the modal functions: 

1( etU+SW-w)G. + DUv 1 2 
-ia~ + R [D - (a2+S2>JG. (2. 7a) 

i(aU+SW-w)v -D~ + l [D2 - <a.2+s2>Jv (2.7b) 
R 

i(aU+SW-w)w + DWv -iS~ + l [D2 - (a2+s2>Jw (2.7c) 
R 

2 Ca. a + so Dv = o , (2.7d) 

where D = d/dy. For a boundary layer, the boundary conditions are that at the wall the no-slip condition 
applies, 

a<o> = o, v<o> = o, 0(0) 0 (2.8a) 

and that far from the wall all disturbances go to zero, 

G.<y> .... o, t{y) o, w(y) .... 0 as y .... 00 • (2.8b) 

Since the boundary conditions are homogeneous, we have an eigenvalue problem, and solutions of Eqs. (2.7) 
that satisfy the boundary conditions will exist only for particular combinations of a, S and w. The 
relation for the eigenvalues, usually called the dispersion relation, can be written as 

w = >G (a,S) • (2.9) 

There are six real quantities in Eq. (2.9); any two of them can be solved for as eigenvalues of Eqs. (2.7) 
and (2.8), and the other four have to be specifie~ The evaluation of the dispersion relation for a given 
Reynolds number and boundary-layer profile (U,W) is the principal task of stability theory. The 
eigenvalues, along with the corresponding eigenfunctions u, v, w and ~. give a complete specification of 
the normal modes. The normal modes, which are the natural modes of oscillation of the boundary layer, are 
customarily called Tollmien-Schlichting (TS) waves, or instability waves. 

2.2 Non-parallel stability theory 

Except for the asymptotic suction boundary layer, most boundary layers grow in the downstream 
direction, and even for a wave of constant frequency a, S, u, v, wand pare all functions of x (and z in 
a general 3D boundary layer). What we have to deal with is a problem of wave propagation in a nonuniform 
medium. Since the complete linearized equations (2.4) are not separable, they do not have the normal 
modes of Eq. (2.6) as solutions. The most straightforward approach is to simply set the non-parallel 
terms to zero on the grounds that the boundary-layer growth is small over a wavelength, and it is the 
local boundary-layer profile that will determine the local wave motio~ This approach, called the quasi­
or locally-parallel theory, has been almost universally adopted. It retains the parallel-flow normal 
modes as local solutions, but is, of course, an extra approximation beyond linearization and leaves open 
the question of how important the admittedly slow growth of the boundary layer really i~ It also makes 
for difficulties in comparisons between theory and experiment. 

The first complete non-parallel theories were developed independently by (in order of journal 
publication date) Bouthier (1972,1973), Gaster (1974) and Saric and Nayfeh (1975). Gaster used the method 
of successive approximations; the others used the method of multiple scales. There has been considerable 
controversy on this subject, mainly because of the way in which Saric and Nayfeh ( 1975, 1977) chose to 
present their numerical results, but it is now generally agreed that the three theories are equivalent. 
Gaster's calculations of neutral-stability curves for the Blasius boundary layer have since been verified 
to be correct by Van Stijn and Van de Vooren (1983), and have the additional virtue of being based on 
quantities that can be measured experimentally. The calculations show the non-parallel terms to have 
little effect on local instability except at very low Reynolds number~ However, this does not mean that 
non-parallel effects can be neglected when dealing with waves over distances of many wavelengths. 

In the multiple-scale theory, in addition to the usual "fast" x scale over which the phase changes, 
there is a •slow" x scale, x 1 = e:x, where e: is a small quantity identified with 1/R. The slow scale 
governs the boundary-layer growth, the change of the eigenfunctions, and a small additional amplitude 
modulatio~ The disturbances are expressed in the form 

+ ••• ' (2.10) 

1. The term amplitude will always refer to the peak or rms amplitude , never to the instantaneous 
amplitude. 
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with similar expressions for v, w and p, The mean flow is given by 

U(x,y) u< 0>(x1) + ... ' 
W(x,y) = w< 0><x1) + ... ' (2.11) 

V(x,y) (0)( ) t:V x1 + ... . 
Here the mean boundary layer is independent of z, and this is the only kind of boundary layer that we will consider in this wor~ Examples are 2D planar boundary layers and the boundary layers on a rotating disk, on a cone at zero incidence, and on an infinite-span swept wing. 

When Eqs. (fol1) trf su~stitute~ 1nto Eqs. (2.4) and equal powers of c collected, the zeroth-order equations for u , v 0 , w 0) and p 0 are identical to the parallel-flow equations (2.5). The normal modes, however, have the more general form 

( 2. 12) 
where the phase function is 

e(O)(x,z,t) =fxa(O)(x1)dx + 8(0)(x1)z- w(O)(x1)t (2.13) 
and A(x1) is a complex amplitude modulation functio~ The dispersion relation also becomes a function of x1: 

w(O) _ n(O)(a(O) o(O).x ) 
- '" ' 1 • (2.14 ) 

The non-parallel theories as developed by Bouthier, Gaster, and Saric and Nayfeh calculate the dispersion relation only to zeroth order, just as in the quasi-parallel theory. The next order (c ) enters only as a solvability condition of the first-order equations. This condition determines the function A(x1). 

We shall use only the quasi-parallel theory in the remainder of thi:s work. Consequently, all of the zeroth-order quantities are calculated as functions of x in accordance with Eq:s, (2.12) 1 (2.13) and (2,14). However, the quasi-parallel theory cannot determine the quantity A(x1), and this is :simply :set equal to the initial amplitude A0 • In the non-parallel theory, the product Au is a unique quantity , independent of the normalization of the eigenfunction a, that gives a precise meaning to the amplitude of the flow variable a a:s a function of y and permits direct comparisons of theory and experimen~ In the quasi-parallel theory, only the contribution to the amplitude that comes from the imaginary parts of a,8 and w can be accounted for. The corrections due to the function A(x 1) and the x dependence of the eigenfunctions are outside of the scope of the theory. This lack of physical reality in the quasi­parallel theory introduces an uncertainty in the calculation of wave amplitude and complicates comparisons with experiment, More on the use of the quasi-parallel theory can be found in Section 2.6. 
2.3 Temporal and spatial theories 

If a and 8 are real, and w is complex, the amplitude will change with time; if a and 8 are complex, and w is real, the amplitude will change with x. The former case is referred to as the temporal amplification theory; the latter as the spatial amplification theory. If all three quantities are complex, the disturbance will grow in .space and time. The original, and for many years the only, form of the theory was the temporal theory. However, in a steady mean flow the amplitude of a normal mode is independent of time and changes only with distance. The :spatial theory, which was introduced by Gaster (1962,1963,1965), gives this amplitude change in a more direct manner than does the temporal theory. 
2.3.1 Temporal amplification theory 

With w=wr+i"1_ and a and 8 real, the disturbance can be written 

u(x,y,z,t) = u(y)exp(wit)exp[i(~~ + 8z - Wrt)] • 
+ The magnitude of the wavenumber vector k is 

+ and the angle between the direction of k and the x axis is 

1jJ = tan-1 (8/a) • 

(2.15) 

(2.16) 

(2.17) 
The phase velocity c, which is the velocity with which the constant-phase lines move normal to themselve:s, has the magnitude 

( 2.18) 
and is in the direction of k. If A represents the magnitude of a at some particular y, say the y for which Q is a maximum, then it follows from Eq. (2.15) that 

(1/A)(dA/dt) = wi • (2.19) 

We can identify wi as the temporal amplification rate. Obviously A could have been chosen at any y, or for another flow variable besides u, and Eq. (2.19) would be the same. It is this property that enable:s us to talk about the •amplitude• of an instability wave in the same manner as the amplitude of a water wave, even though the true wave amplitude is a function of y and the particular flow variable seleote~ 

... 

... 
r 
; 
, 
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We may distinguish three possible cases: 

damped wave , 

neutral wave , (2.20) . 

amplified wave • 

The complex frequency may be written 

(2.21) 

The real part of c is equal to the phase velocity c, and kci is the temporal amplification rate. The 

quantity c appears frequently (as c) in the literature of stabilitX theory. However, it cannot be used in 

the spatial theory, and since general wave theory employs only IC and w, with the phase velocity being 

introduced as necessary, we shall adopt the same procedure. 

2.3.2 Spatial amplification theory 

In the spatial theory, w is real and the wavenumber components a and 8 are complex. With 

(2.22) 

we can write the normal modes in the form 

u(x,y,z,t) = O.(y)exp[-(j~idx + 8iz)]exp[i(J~rdx + 8rZ - wt)] (2.23) 

By analogy with the temporal theory, we may define a real wavenumber vector k w~th magnitude 

k = (a; + 8~) 1/2 (2.24) 

+ 

The angle between the direction of k and the x axis is 

(2.25) 

and the phase velocity is 

c W/k • (2.26) 

It follows from Eq. (2.23) that 

(1/A)dA/dx = -ai , (2.27) 

and we can identify -a as the amplification rate in the x direction. In like manner -8i is the 

amplification rate in t"be z direction. Indeed, the spatial amplification rate is a vector like the 

wavenumber vector with magnitude 

(2.28) 

and angle 
(2.29) 

with respect to the x axis. The amplification rate -8i is at this point a free parameter, and its 

selection is left for future consideration. 

For the special boundary layers to be considered in this work (see p. 5), ve define a spatial wave to 

be amplified or damped according to whether its amplitude increases or decreases in the x direction. 

Therefore, the three possible cases which correspond to Eq. (2.20) are: 

-~ < 0 damped wave 

-~ 0 neutral wave (2.30) 

-~ > 0 amplified wave 

2.3.3 Relation between temporal and spatial theories 

A laminar boundary layer is a dispersive medium for the propagation of instability waves. That is, 

different frequencies propagate with different phase velocities, so that the individual harmonic 

components in a group of waves at one time will be dispersed (displaced) from each other at some later 

time. In a conservative system, where energy is not exchanged between the waves and the medium, an 

overall quantity such as the energy density or amplitude propagates with the group velocity. Furthermore, 

the group velocity can be considered a property of the individual waves, and to follow a particular normal 

mode we use the group velocity of that mode. Because of damping and amplification, instability waves in a 

boundary layer do not constitute a conservative system, and the group velocity is in general complex. 

However, some of the ideas of conservative systems are still useful. If we consider an observer moving at () 

the group velocity of a normal mode, the wave in the moving frame of reference will appear to undergo / 

temporal amplification, while in the frame at rest it undergoes spatial amplification. 

Th 

wt 
tt 
Bll 

s 
r 
m 
G 
a 
v 

ci 
c 
t 



rhe 
in 

lng 

3-7 

Thus we can write 

(2.31) 
~ ~ where in this argument Cr is the m~nitude of Cr, the real part of the group velocity vector C, and x is 

the coordinate in the direction of Cr. Therefore, if w1 is the temporal amplification rate, the spa~ial 
amplification rate in the direction parallel to cr is immediately given to be 

(2.32) 

The problem of converting a temporal to a spatial amplification rate was first encountered by 
Schlichting ( 1933a), who used the two-dimensional version of Eq. (2.32) without comment. The same 
relation was also used later by Lees (1952), and justified on intuitive grounds, but the first 
mathematical derivation was given by Gaster ( 1962) for the 2D case, and the relation bears his name. 
Gaster's derivation is straightforward and can be generalized to three dimensions with the result given 
above in Eq. (2.32). It .is essential to note that the Gaster relation is only an approximation that is 
valid for small amplification rates. Within the approximation, the frequency and wavenumber of the 
spatial wave are the same as for the temporal wave. If we use the complex group velocity in the above 
derivation, we arrive at the separate transformations for constant frequency and constant wavenumber 
obtained by Nayfeh and Padhye (1979) from another point of view. In this approach, Eq. (2.32) corresponds 
to a transformation of constant wavenumber. 

We can also make use of Eq. (2.32) to arrive at a useful result for spatial waves. The same argument 
that led to Eq. (2.32) also applies to a component of the group velocity. Therefore, 

-(ai)_ = Wi/Crcos(~- <Pr> , (2.33) 
'.ji 

where -(ai)l)i is the spatial amplification rate in the arbitrary direction '.ji. The quantity <P r is the real 
part of the complex group velocity angle <P defined by 

(2.34) 
~ where ex and C~ are the complex x and z components of c, and C is the complex magnitude of ~ 

Wi/Cr by Eq. (2.32), we arrive at 
Eliminating 

(2.35) 

This relation, which may appear rather obvious, is not a general relation valid for two arbitrary angles. 
It is only valid when one of the two angles is <Pr. When both angles are arbitrary, a more com plica ted 
relation exists and has been derived by Nayfeh and Padhye (1979). There is also a small change ink 
unless the group-velocity angle is real. We might close this subject by noting that while the various 
Nayfeh-Padhye transformation formulas use the complex group-velocity, they too are not exact because the 
group velocity is considered to be constant in the transformatio~ We recommend to the interested reader 
to examine the instructive numerical examples given by Nayfeh and Padhy~ 

2.4 Reduction to fourth-order system 

Equations (2.7) constitute a sixth-order system for the variables a, 9, w, ~. DU, Dw, as can be shown 
by rewriting them as six first-order equations. This system may be reduced to fourth order for the 
determination of eigenvalues. One approach is to multiply Eq. (2.7a) by a and Eq. (2.7c) by B and add, 
and then multiply Eq. (2.7c) by a and Eq. (2.7a) by B and subtract, to arrive at the following system of 
equations for the variables aii+Bw, v, a.W-sa, and ~: 

i(atJ.+$W-w)(a!i+B w) + (aDU+B DW)v = -i(a2+B 2 > ~ + .!. [D2 - (a2+B 2> Haa + B w)' 
R 

i(atJ.+$W-w)v = -Dp + i [D2 - (a2+sZ)]v 

i(a U+BW-w)(aw-Ba) + (anw-BDU)v i [D2 - (a2+s2JJ(aw-sa> 

i(aii+Bwl + nv = o 

(2.36a) 

(2.36b) 

(2.36c) 

(2.36d) 

where Eqs. (2.7b) and (2.7d) have been duplicated for convenience as Eqs. (2.36b) and (2.36d). The point 
to note is that Eqs. (2.36a), (2.36b) and (2.36d) are a fourth-order system for the dependent variables 
a.U+Bw, v and p. The fourth variable of this system is aDU+BDw. The dependent variable aw-Ba appears only 
in Eq. (2.36c). Therefore, we may determine the eigenvalues from the fourth-order system, and if 
subsequently the eigenfunctions a and w are needed, they are obtained by solving the second-order equation 
(2.36c). 

2.4.1 Transformations to 2D equations - temporal theory 

The above equations are the ones that we will use, but they also offer a basis to discuss some 
transformations that have been used in the past. If a and B are real, the interpretati~n of the 
equations is evident. Equation (2.36a) is the momentum equati~n in the direction parallel to k, and Eq. 
(2.36c) is the momentum equation in the direction normal to kin the x,z plane. Indeed, if we use the 
transformations 

, . 
' 
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iiu:aG+SO 

ii2=a2+s2 

aw = aw -·so 
iiw=aO-sG 

and leave w, R, t and 0 unchanged, Eqs. (2.36) become 

i(iiU-w)ii + DUt = iii~ + ~ [D2 - ii2]ii 

i(iiU-w)v -Dp + ~ [D2 - ii2]t 

i(iiU-w)w + llWt = 

iiiii + Dt = 0 

(2.37a) 

(2.37b) 

(2.37c) 

(2.38a) 

(2.38b) 

(2.38c) 

(2.38d) 

These transformed equations are of the form of Eqs. (2.7) for a two-dimensional wave (S=O) in a two­

dimensional boundary layer (W=O) except for the presence of Eq. (2.38c). We may observe from Eq. (2.7o) 

that even with S=O, a w ·velocity component will exist whenever there is a W because of the vorticity 

production term DWv. 

Thus in a 3D boundary layer with velocity profiles (U,W) at Reynolds number R, the eigenvalues of an 

oblique temporal wave can be obtained from the eigenvalues of a 2D wave of the same frequency in a 2D 

boundary layer at the same Reynolds number with the velocity profile of the 3D boundary layer in the 

direction of the wavenumber vector. The key result that it is the latter velocity profile that governs 

the instability was obtained by Stuart [Gregory et al. ( 1955)] in his classic study of the stability of 

three-dimensional boundary layers, and by Dunn and Lin (1955) [see also Lin (1955)] in their study of the 

stability of compressible boundary layers. We shall refer to this velocity profile as the directional 

profile. 

A slightly different transformation was employed by Squire (1933) and bears his name. Squire's 

original transformation was for a 2D boundary layer and the Orr-Sommerfeld equation (see Section 2.5.1), 

but a generalization valid for a 3D boundary layer is 

u = u + W tantjl w = w - u tantjl (2.39a) 

u = G + 0 tantjl w=O-G tantjl (2.39b) 

ii ~= (l2 + s 2 , -wra = wla , iiR = a R (2.39c) 

p,ki 2 = pftl 2 vtii : V/<l 
(2.39d) 

When Eqs. (2.39) are substituted into Eqs. (2.36), the resultant equations are the same as Eqs. (2.38) 

except that w, R, f and p are replaced by the corresponding tilde quantities. Thus the transformed 

equations, except for the w equation which does not enter the eigenvalue problem, are again in 2D form, 

but now the Reynolds number has also been transformed to the new coordinate system. This transformation 

relates the eigenvalues of an oblique temporal wave of frequency w in a 3D boundary layer with velocity 

profiles (U, W) at Reynolds number R to a 2D wave of frequency W/ costJi in a 2D boundary layer at Reynolds 

number Rcostjl with velocity profile U+Wtan~ It can be interpreted as the same rotation of coordinates as 

in the transformation of Eq. (2.37) plus the redefinition of the reference velocity from u; to u;costjl. 

· For a 3D boundary layer, the generalized Squire transformation is merel y a different way of doing 

what has already been accomplished by Eqs.: (2.36). However, for a two-dimensional boundary layer (W:O), 

which was the case considered by Squire, U = U and the dimensionless velocity profile is unchanged by the 

· transformation. This means that numerical stability results for oblique temporal waves can be immediately 

obtained from known results for 2D waves in the same velocity profile. Furthermore, since R = RcostJi, the 

smallest Reynolds number at which a wave of any frequency becomes unstable (minimum critical Reynolds 

number) must always occur for a 2D wave. This is the celebrated Squire theorem. It applies only to the 

minimum critical Reynolds number and not to the critical Reynolds number of a particular frequency, for 

which instability may well occur first for an oblique wave. It should also be noted that the theorem 

applies only to a self-similar boundary layer where the velocity profile is independent of R. 

2.4.2 Transformations to 2D equations - spatial theory 

When a and 13 are complex, the interpretation of the transformation equations (2.37) as a rotation 

of coordinates is lost, because the transformed velocity profiles are compleL There is one exception, 

however. In general, the quantity alii, which for a temporal wave is oostjl, is oompleL However, if <l:i~= 

ar'i3r, that is if the spatial amplification rate vector is parallel to the wavenumber vector, atiiis still 

real and equal to costjl. Thus it would appear that the eigenvalues of a spatial wave could still be 

calculated from the 2D equations in the tilde coordinates. Unfortunately, this expectation is not 

correct. When a and S are real, 

a = ii oostjl , (2.110) 

but there is no justification for applying Eq. (2.40) separately to the real and imaginary parts of a 

complex a when a/ii is complex. We are able, however, to derive the correct transformation rule from Eq. 

(2.35). With~= tJi and iii = (ai)tjl, 
(2.111a) 

and with tJi = o, 
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(2.41b) 

(2.41c) 

Consequently, Eq. (2.40) can be used for ai only when the real part of the group-velocity angle is zero. 
There is also a small shift in the wavenumber vector whenever ¢i ~ 0. 

An alternative procedure for spatial waves is to use the equations that result fr2m the 
transformations of Eq. (2.39), but to not invoke Eq. (2.40) when atiiis complex. The quantities Rand w 
are complex, as are U and W for a 3D boundary layer, but this causes no difficulty in a numerical 
solutio~ Such a procedure, which amounts to a generalized complex Squire transformation, was 
incorporated into the JPL viscous stability code VSTAB/VSP. The approach with Eqs. (2.36), which bas the 
advantage that no transformations are needed in determining the eigenvalues, is used in the newer JPL 
stability codes VSTAB/3D, VSTAB/AF and SFREQ/EV. It should be noted that even in the spatial theory, the 
governing ~ velocity profile is the profile in the direction of k. 

2.5 Special forms of the stability equations 

2.5.1 Orr-Sommerfeld equation 

A single fourth-order equation can be derived from Eqs. (2.36) by eliminating a U.Sw from Eq. (2.36a) 
by (2.36d), and, after differentiation eliminating Dp by (2.36b). The result is 

(2.42) 

with the boundary conditions 

~(0) = o, ~(0) 0 

~(y) ... o, ~( y) + o as y + oo • (2.43) 

When W=O, Eq. (2.42) reduces to the equation for a 2D boundary layer obtained by Squire (1933). When in 
addition S =0, 

This is the Orr-Sommerfeld equation and is the basis for most of the work that bas been done in 
incompressible stability theory. It is often derived from the vorticity equatior, in which case vis the 
eigenfUnction of the stream functio~ The Orr-Sommerfeld equation is valid for a two-dimensional wave in 
a two-dimensional boundary layer. However, the generalized Squire transformation, Eq. (2.39), reduces the 
3D equation (2.42) to Eq. (2.44) in the tilde coordinates. Consequently, for 3D boundary layers all 
oblique temporal waves can be obtained by solving a 2D problem for the renormalized velocity profile in 
the direction of the wavenumber vector, and when the boundary layer is two-dimensional, for the same 
velocity profil~ The 2D Orr-Som~erfeld equation and the same transformation can_also be used for spatial 
oblique waves, but in this case R is complex, and for a 3D boundary layer so is U. The inviscid form of 
the complex Squire transformation was used by Gaster and Davey (1968) for an unbounded 2D shear flow, and 
the complete viscous form by Gaster (1975) for a Blasius boundary layer. When one is not trying to make 
use of previously computed two-dimensional eigenvalues, it is perhaps simpler to use Eq. (2.42) to 
calculate 3D eigenvalues as needed, thus avoiding transformations in R and w. 

2.5.2 System of first-order equations 

There are a number of stability problems that cannot be reduced to a fourth-order system, and 
therefore are not governed by the Orr-Sommerfeld equatio~ A more flexible approach is to work from the 
outset with a system of first-order equations. With the definitions 

z1 aG + Sw, z2 = aDu + SDW, z3 = v, Z4 p , 

z5 aw - sa, z6 aDW - sou (2.45) 

Eqs. (2.36) can be written as six first-order equations: 

(_~ 

Pl- Ar~~~~~~w)Z 

The boundary conditions are 

Dz, z2 , 

DZ2 = [a2+ s2+iR(aU+SW-w) JZ1 + R(aDU+8DW)z3 + iR(a2+s2)z4 , 

Dz3 = -1Z1 • 

DZlj -(i/R)Z2 - [1(a1J+13W-w) + (a2+s2)/R] z3 , 

DZ5 = z6 , 

DZ6 " (aDW-SDU)RZ3+ [a2+S2+1R(atJ.tl3 W-w) lZs 

z, (0) = 0 • 

z1 <r> ... o , 

z
3

(0) = 0 , 

z 3(y) + 0 , 

Zs(O) " 0 

(2.46a) 

(2.46b) 

(2.46c) 

(2.46d) 

(2.46e) 

(2.46f) 

(2.47) 

-
; 
" j 
... 



~: :;:~ ....... .. .. 

The fact that the first four of Eqs. (2.46) do not contain z5 or z6 confirms that eigenvalues can be 

obtained from a fourth-order system even though the stability equations constitute a sixth-order system. 

It is only the determination of all the eigenfunctions that requires the solution of the full sixth-order 

system. The above formulation is applicable when a and S are complex as well as real, and to 3D as well 

as 2D boundary layers. Only the transformations of Eq. (2.37b) enter in this formulation, and then only 

in the definitions of the dependent variables Z , Z , z5 and z6• No transformations are involved in the 

determination of the eigenvalues. Another polnt f.o note is that only the first derivatives of U and W 

appear in Eqs. (2.46) instead of the second derivatives which are present in the Orr-Sommerfeld equatio~ 

2.5.3 Uniform mean flow 

In the freestream, the mean flow is uniform and Eqs. (2.46) have constant coefficients. Therefore, 

the solutions are of the form 

(i=1,6) • (2.48) 

where the z(i) are the six-component solution vectors, the Ai are the characteristic vrbues (the term 

eigenvalue is reserved for the a, S , w which satisfy the dispersion relation), and the A are the six­

component characteristic vectors [not to be confused with the wave amplitude A in Eq. (2.12)]. The 

characteristic values occur in pairs, and are easily found to be 

A 
1,2 = +<a2.s2) 112 , (2.49a) 

~.4 = +[a 2+S2+iR( au1..s :W 1-w) ] 112 (2.49b) 

A 
5,6 

.A 
3,4 

(2.119c) 

where u1 and w1 are the freestream values of U(y) and W(y). Only(tbe upper signs satisfy the boundary 

conditions at y _,. '"'• The components of the characteristic vector A 1) are 

A(1) 
1 

-i(a2+S2) 1/2 (2.50a) 

A(1) 
2 

i(a2+S2) (2.50b) 

A(1) = 1 , (2.50c) 
3 

A(1) = i(aU1+sw1-w)/(a2+e2>112 (2.50d) 
4 

A(1) = 0 • A ( 1) = 0 • (2.50e,f) 
5 6 

For real a, S and w this solution is the linearized potential flow over a wavy wall moving in the 

direction of the wavenumber vector with the phase velocity w/~ It can be called the inviscid solution, 

although this designation is valid only in the freestream. 

The components of the characteristic vector A(3) are 

A(3) 
1 

1 , 

A (3) 
2 

[a 2+S2+iR(aU +SW -w)]1/2 
1 1 

,<3) 
3 = 1/[a2+S2-iR(au1.sw1-w>J 1' 2 , 

,<3) 
4 = 0 !(3) - 0 5 - , ,<3) - 0 6 - • 

This solution represents a viscous wave and can be called the first viscous solution. 

The characteristic vector A(5) is a second viscous solution, and its components are 

(2.51a) 

(2.51b) 

(2.51c) 

(2.51d,e,f) 

(2.52a,b) 

(2.52c,d) 

(2.52e) 

(2.52f) 

The three linearly independent solutions !(1), 1(3) and 1(5) are the key to the numerical method that we 

will use to obtain the eigenvalues, as they provide the initial conditions for the numerical integratio~ 

We can observe that the second viscous solution can also be valid in the boundary layer as a pure 

aode if z1, z 3 and z 4 are all zero. T~i_s .follows from Eqs. (2.46). In tt:e notation of Eq. (2.37b), the 

only non-zero flow variable, z5~ is a w, where in the temporal theory w is the eigenfunction of the 

fluctuation velocity normal to k. But since n = a wtax - au/ az is the fluctuation vorticity component 

normal to the wall, z5 is also -ifi, where ~ is the eigenfunction of n. This interpretation is valid for 

both the temporal and spatial theories. The eigensolutions of the second-order equation (2.46f) with Z~ = 

0 satisfy the boundary condition n(O) = 0 and give the vorticity modes in the boundary layer. These mo~es 

were first considered by Squire (1933), and were proven by him to be always ·Stable. Recently it was shown 

by Herbert (1983a, 1983b) that the Squire mOdes provide an important mechanism of subharmonic secondary 

instability at low, but finite, amplitudes of a primary 2D instability wave. 

qt: 
sc 

w: 
p< 

E< 
o: 
s : 
f 
c · 
p 
c 

0 

i 
t 
1 



:>e 
m. 
lr 

Ll 
Ly 

~ 

I 
l , 

y 

e 

3-11 

2.6 Wave propagation in a growing boundary layer 

We have already discussed some aspects of this problem in Section 2.2, and we have chosen to use the 
quasi-parallel rather than the non-parallel theory. In the quasi-parallel theory, the normal-mode 
solutions are of the form 

u(x,y,z,t) = Aou(y;x)exp[i0(x,y,z,t)] , (2.53) 

with similar expressions for the other flow variables. The slowly varying amplitude A(x) of the non­
parallel solution Eq. (2.12) has been set . equal to the constant Ao• and 

e (x,z,t) = j:(x)dx + S(x1)z- w(x1)t • (2.54) 

Equation (2.54) is the same as Eq. (2.13). We have leftS and was functions of the slow scale x 1 in 
order to make it clear that ae ; ax= a , just as for strictly parallel flow. The eigenvalues a , S and w 
satisfy the local dispersion relation Eq. (2.14), and the eigenfunction u(y;x) is also a slowly varying 
function of x. Consequently, at each x a different eigenvalue problem has to be solved because of the 
change in the boundary-layer thickness, or velocity profiles, or, as is usually the case, both. The 
problem we must resolve is how to 8 connect" the possible eigenvalues at each x so that they represent a 
continuous wave train propagating through the growing boundary layer. 

In a steady boundary layer, which is the only kind that we shall consider, the dimensional frequency 
of a normal mode is constant. For a 2D wave in a 2D boundary layer, S = 0, and the complex wavenumber a 
in the spatial theory, or the real wavenumber a and the imaginary part of the frequency w in the 
temporal theory, are obtained as eigenvalues for the local boundary-layer profiles. The only prob\em here 
is the relatively minor one of calculating the wave amplitude as a function of x from the amplification 
rate, and we shall discuss this in. Section 2.6.2. 

2.6.1 Spanwise wavenumber 

When the wave is oblique, S ~ o, and it is not obvious how to proceed. According to the dispersion 
relation, a is a function of S as well as of x. How do we choose S at each x? The answer is provided 
by the same procedure as used in conservative wave theory. When we differentiate Eq. (2.54) with respect 
to x (not x 1) and z , we obtain 

a e;ax= a ,ae;az s, 
or 

grad 0 

where kc is the cgmplex vector wavenumber. Thus it follows directly that 

V x kc = 0 , 

and k is irrotational. This condition is a generalization to a nonconservative 
resul~ for the real wavenumber vector in conservative kinematic wave theory. 

(2.55a) 

(2.55b) 

(2.55c) 

system of the well-known 

In the boundary layers we will consider here, the mean flow is independent of z. Consequently, if we 
restrict ourselves to spatial waves of constant S at the initial x, they can be represented by a single 
normal mode because the eigenvalue a will also be independent of z. Therefore, according to Eq. (2.55c) 
the sought-after downstream condition on S is 

S = const. (2.56) 

• • • One caution is that if the reference length L is itself a function of x, 1s it will be if L = o for 
example, the argument has to be slightly modified and Eq. (2.56) refers to S rather than to S • 

It still remains to specify the initial value of S . Naturally occurring instability waves in a 
boundary layer will be a superposition of normal modes, with a spectrum over both w and S that will 
depend on the particular origin of the waves. It is probably only in a controlled experiment with a 
suitable wavemaker that a single normal mode can be excite~ For example, the vibrating ribbon first used 
by Schubauer and Skramstad (1947) in their celebrated experiment excites a spatial 2D normal mode with the 
frequency of the ribbo~ It is also possible to conceive of wavemakers that excite single oblique normal 
modes in boundary layers which are independent of z. Such normal modes will have an initial S r which 
matches that of the wavemaker, and, because the wave can grow only in x, the initial S must be zero. 
These normal modes are well-suited for use in stability calculations for the estimation of lbe location of 
transition. In the calculations, Sr is assigned as a parameter, S1 is zero, and Eq. (2.56) controls the 
downstream values of Sr. Not only do these normal modes represent pnysical waves that can be produced by 
a suitable wavemaker, but they are also convenient to use in all calculations of normal modes, such as 
transition prediction, where we are interested in the largest possible growth of any normal mode, or the 
point-source calculations of Section 7. In earlier work on two-dimensional planar boundary layers, some 
results from which will appear in later Sections, the angle ~ was chos\n as the parameter to hold 
constant, rather than Sr, as the wave propagates downstream. Although ~ is nearly constant in such 
boundary layers, it changes enough so that the assumption of constant ~ is not equivalent to Eq. (2.56). 
In the work on three-dimensional boundary layers presented in Sections 13 and 14, Eq. (2.56) is applied to 
the spanwise wavenumbers, but the direction of the spatial amplification rate is either parallel to the 
local potential flow , or, occasionally, in the direction of the real part of the group-velocity angl~ 

2.6.2 Some useful formulas 

It is worthwhile at this point to list some formulas that will be of use for stability calculations 
in growing boundary layers. Only 2D boundary layers are considered here; 3D boundary layers are taken up 
separately in Part C. First, we choose as the length scale, 
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(2.57) ----which is the usual length scale of the Falkner-Skan family of boundary layers, and of many nonsimilar 
boundary-layer solutions. Other length scales that have been used are the boundary laye\ tjickness, the 
displacement thickness, and the inverse unit Reynolds number. The velocity scale is u

1 
(x ), the local 

velocity at the edge of the boundary layer. With these choices, the Reynolds number in the stability 
equations is 

R = U~(x•) L•;v• = (U~x•;v•)1/2 = Re1/2 

The dimensionless coordinate normal to the wall, 

y = (y•;x•)R , 

is the usual independent variable of boundary-layer theory. 

(2.58) 

(2.59) 

The dimensionless quanti ties a, S , w, R and y referenced to L • may be converted to other length 
siales, such as displacement or momentum thickness, by multiplying by the dimensionless (with respect to 
L ) displacement or momentum thickness. The latter quantities are almost always obtained as part of a 
boundary-layer caliul\tion. To convert a, S and w to dimensionless quantities based on the inverse unit 
Reynolds number v 10

1
, it is only necessary to divide o., Sand w by R. 

The dimensional circular frequency w• of a normal mode is constant as the wave travels downstream, 
but the dimensionless frequency 

(2.59) 

is a function of x. It has become almost standard to use 

[ F = w•v•;u:2 = w/RJ (2.60) 

in place of w as the dimensionless frequency. However, F is also a function of x for anything but a 
flat-plate boundary layer. For the Falkner-Skan family of velocity profiles, the dimensionless velocity 
gradient, 

(2.61) 

is constant and related to the usual Hartree parameter Sh (the subscript h is used to avoid confusion with 
the wavenumber component S ), by 

sh = 2ml(m+1) • 

The variable dimensionless frequency for constant w• is 

(2.62) 

(2.63) 

where Ro is the Reynolds number at the initial x station. When a stability code can handle several 
frequencies at once, it is more convenient to use some fixed velocity as the reference velocity so that F 
will remain constant for each frequency. For the nonsimilar boundary layers on airfoils, the JPL 
stability codes use the velocity in the undisturbed freestream. 

With 1• a function of x•, the irrotationality condition Eq. (2.56) applies ~o the dimensional 
spanwise wavenumber. For the Falkner-Skan family, the dimensionless S for constant S is given by 

S(R)/S(Ro) = (R/Ro)(1-m)/(1+m) • (2.64) 

Wi note that for a Blasius boundary layer (m=O), S increases linearly with R. The dimensional wavenumber 
ar is almost, but not quite, constant, because there is a small increase in the phase velocity with 
increasing R. As a result, the wave angle ~ increases as the wave travels downstream. This increase is 
at most a few degrees for a planar boundary layer. However, on an axisymmetric body, it fs the 
circumferential wavenumber per radian that is constant. Thus, neglecting the small decrease in a , tan 1jJ 

is inversely proportional to the radius. For instance, on a cone, where the radius is increasfng, an 
oblique wave is rapidly converted to a nearly 2D wave as it travels downstream; on a body with decreasing 
radius, the effect is reversed. 

2.6.3 Wave amplitude 

• In the quasi-parallel theory, the amplitude ratio of a spatial normal mode of frequency w with Si = 
0 is obtained from the imaginary part of the phase function Eq. (2 .54): 

ln(A!Ao) = - (X:~dx• 
J* ~ xo 

(2.65) 

. . 
in accord with Eq. (2.27) •• Here Jo is tie amplitude at the initial station x0 , and the integral \S 
evaluated with constant w and S • If x 0 is the s~art of the instability region for the frequency w , 
ln(A/A0 ) is theN factor that is the basis of thee method of transition prediction. As discussed in 
Section 2.2, A may represent any flow variable at any y location. It may be helpful to think of A as, 
say, the maximum value of !u!in the.boundary layer, as this is a quantity that can be determined 
eipetimentally. Along with the amplitude, the time-independent phase relative to the initial phase at 
x0 ,z0 is * 

i x• • • • • X (x) - X (x0 ) = a dx + S (z -z ) • 5 r r 0 
(2.66) 
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Tbe phase is a vital quantity in superposition calculations (Section 7), but otherwise it is usually not 
computed. 

For the Falkner--Skan family, the amplitude ratio in terms of R is 
R 

ln(A!A0) = - [2/(m+1) 11 aidR (2.67) 
Ro 

where the integrand ai is calculate<\ as an eigenvalue with the F of Eq. (2.6 3) and the S of Eq. (2.6 4). 
For a nonsimjlar boundary layer, U1(x ) is not an analytical function, and the integration has to be with 
respect to x • A formula that is used in the JPL stability codes is 

X 

f c •• 
ln(A/A0 ) = -Rc (ai/R)(U

1
/U

00
)dxc , (2.68) 

(xc>o 
• • • • • where ai is based on;hl lical L; Uoo is the velocity of the undisturbed freestream; xc is x /ch' where ch 

is the chojd; Rc i U
00

Ch/v is the full chord Reynolds number; and the integral is again evaluated for 
constant w and 8 • 

3, INCOMPRESSIBLE INVISCID THEORY 

The system of first-order equations (2.46), or the Orr--Sommerfeld equation in either 2D or 3D form, 
Eq. (2.42) or (2.44), governs the motion of linear waves at finite Reynolds numbers. With the highest 
derivative of 9 in t.he Orr--Sommerfeld equation multiplied by 1/R, which is usually a small quantity, it is 
apparent that mathematic81 and numerical methods of some complexity are required to obtain the eigenvalues 
and eigenfunctions. On the other hand, if viscosity is considered to act only in the establishment of the 
mean flow, but to have a negligible effect on the instability waves, the equations take on a much simpler 
form. For example, the 2D Orr--Sommerfeld equation reduces to 

(3.1) 

This is the fundamental equation of the inviscid stability theory, and is usually referred to as the 
Rayleigh equation. It is of second order and so only the two boundary conditions 

9(0) = 0 ' 9(y)-+ 0 as y-+ oo, (3.2) 

can be satisfied. ~ normal velocity at the wall is zergJ \ but the no slip condition is not satisfied. ! 

The inviscid theory has dealt largely with 2D temporal waves. Since all of the essential ideas are 
included within this framework, we shall adopt the same procedure in this Section. The Rayleigh equation 
(3.1) has a singularity at y = Yc where aU = w. This singularity is of great importance in the theory, 
and is called the critical layer, or critical point. It does not occur in the Orr--Sommerfeld equation, 
but even so the Rayleigh equation is simpler to work with than the Orr-Sommerfeld equation, and an 
extensive inviscid stability theory has been developed over the past 100 years. The early work was mainly 
by Rayleigh (1880,1887,1892,1895,1913) , but a great number of authors have made contributions in more 
recent times. An excellent review of the subject may be found in the article by Drazin and Howard (1966). 
Only those aspects of the theory which are necessary for a general understanding, and have relevance to 
boundary-layer flows, will be taken up in this Section. We also restrict ourselves to boundary layers 
with monotonic velocity profiles. These profiles have only a single critical layer. We defer until 
Section 12 the discussion of the important directional velocity profiles of 3D boundary layers which have 
two critical layers. 

The inviscid theory has been used for two purposes. One is to provide two of the four independent 
solutions that are needed in the asymptotic viscous theory, The other is as an inviscid stability theory 
per se. We shall not discuss the asymptotic theory, so it is only the second use that is of interest 
here. Not many numerical results have been worked out from the inviscid theory for incompressible 
boundary layers. However, one of the two chief instability mechanisms is inviscid in nature, so that some 
knowledge of the theory is essential for an understanding of boundary-layer instability. The presentation 
here will also serve as a necessary prelude to compressible stability theory, where the inviscid theory 
has a larger role to play. 

3.1 Inflectional instability 

3.1.1 Some mathematical results 

There are a number of general mathematical results that can be established in the inviscid theory, in 
contrast to the viscous theory where few such results are known. We shall give two which demonstrate that 
no unstable or neutral temporal waves can exist unless the velocity PjOfile has a point of inflection. 
The first result concerns unstable waves. If we multiply Eq. (3.1) by 9 , the complex conjugate of 9, and 
then subtract the complex conjugate of the resultant equation, we obtain 

(3.3) 

The first term of Eq. (3.3) can be made more meaningful by relating it to the Reynolds stress, which, in 
dimensionless form, is 

If we recall the necessity of first 
the continuity equation, we obtain 

2rr/a 

1: = - (a/2rr{ uv dx • 
0 

taking the real parts of u and 

(3.4) 

v before multiplying, and make use of 

(3.5) 



r 
where (1/2) l91 2exp (2wi t) bas been replaced by <v2>, the average over a wavelength of the square of the 

velocit'f'"T!bctuation v. 

Eq. (3.5) is a special case of a formula derived by Foote and Lin (1950) [see also Lin (1954,1955)]. 

When Eq. (3.5) is integrated from y = 0 to infinity, the Reynolds stress at the wall and in the freestream 

is zero by the boundary conditions. Therefore, since n2o = 0 in the freestream, 

[
Yo 

wi C<v2>n20tlaO- w 12)dy., 0 , (3.6) 

0 

where y0is the dimensionless boundary-layer thickness. It follows from Eq. (3.6) that if wi ~ o, n2o must 

change sign somewhere in the interval O<y<y0. Consequently, it bas been proven that the velocity profile 

must have a point of inflection for there to be an unstable wave. This result was first obtained by 

Rayleigh. Later, Fjortoft (1950) strengthened Rayleigh's necessary condition to D20(0-0I!) < 0 somewhere 

in the flow, where 0
3 

is the mean velocity at the inflection point. This condition is equivalent to 

requiring that the modulus of DO have a maximum for there to be instability. It is always satisfied in a 

boundary layer wi tb an inflection point, because DO -+ 0 as y-+ "' and I DO I cannot only have a minimum. It 

was subsequently proven by Tollmien (1935) that for most of the profiles which occur in boundary layers, 

including 3D boundary layers, the condition o2o = 0 is also sufficient. Another result of Rayleigh, for 

which the proof will not be given, established that the phase velocity of an unstable wave always lies 

between the maximum and minimum values of o. This result was later generalized by Howard (1961) into an 

elegant semicircle theorem which relates both wr-1a and Wi/Cl to the maximum and minimum values of 0. 

The second result concerns neutral waves. It follows from Eq. (3.5) that with w = O, the Reynolds 

stress must be constant everywhere except for a possible discontinuity at the critical layer Yc• When Eq. 

(3.5) is integrated across the boundary layer, the only contribution to the integral comes from the 

immediate neighborhood of Yc· Hence, 
U(y +0) 

T(Yc+O) -T(yc-o) =- (D20/DO)c<v2> lim/{w)[(aU- w ) 2+w~]}d0. (3.7) 

w.-+0 r ~ 
~ U(y c - 0) 

The integration variable has been changed from y to 0. In the limit of w i-+ O, the integrand of Eq. (3.7) 

acts as a delta function, and the intgegral bas a value of 11 /a. Consequently, 

(3.8) 

SinceT (yc+O) and 1(yc-O) are both zero by the boundary conditions, n2oc must also be zero, and it has 

been proven that a wave of neutral stability can exist only when the velocity profile has a point of 

inflection. Furthermore, wrta = Oc and the phase velocity of a neutral wave is equal to the mean 

velocity at the inflection poin~ 

The chief analytical feature of the Rayleigh equation (3.1) is the singularity at a 0 = w. Since w is 

in general complex, so is Yc• Of course the mean velocity 0 is real in the physical problem, but it may 

be analytically continued onto the complex plane by a power-series expansion of 0 or by some other metho~ 

Two approaches to obtaining analytical solutions of the inviscid equation are the power series ina 2 used 

by Heisenberg (1924) and Lin (1945), and the method of Frobenius used by Tollmien (1929). The two 

solutions obtained by Tollmien are 

where 
P1 (Y-Yc) 

P2(Y-Yc) 

(Y-Yc)P1(Y-Yc) 

P2(y-yc) + (D20/DO)c(Y-Yc)P1(Y-Yc)log(y-yc) 

+ (D20/2DO)c(Y-Yc) + (1/6)[030/DO)c + a 2J(y-yc)2 + 

+ [(D30/2DO)c - (D20tD02)c + (1/2)C12)(y-yc)2 + ••• 

(3. 9a) 

(3.9b) 

... ' 
(3.10) 

The first solution is regular~ but 92 is not in general regular near Yc because of the logarithmic term. 

However, for a neutral wave D~Oc is zero, and in this one case 92 is also regular. 

To summarize what we have learned in this section, for a velocity profile without an inflection 

point, (e.g., the Blasius boundary layer), there can be neither unstable nor neutral waves (save for the 

trivial sol uti on a= 0, w = 0 ). When there is an inflection point, a neutral wave w i tb a phase velocity 

equal to the mean velocity at the inflection point can exist, and in boundary layers unstable waves with 

phase velocities between 0 and 1 can and will exist. 

3.1.2 Physical interpretations 

The mathematical theory is complete in itself, and with the use of the Reynolds stress also makes the 

physical consequences of an inflection point clear. However, there have been attempts to formulate 

physical arguments that in some manner bring in the concept of negative stiffness, which is the way in 

which one usually thinks about unstable wave motions. The first of these was by Taylor (1915), and 

appeared as an addendum to a major paper in which he developed his vorticity transfer theory. He applied 

this theory to de[.iving an expression for the vertical transfer of disturbance momentum, which immediately 

showed that if D 0 is of the same sign everywhere, the disturbance momentum can only incr~ase or decrease 

everywhere, a situation incompatible with the inviscid boundary conditions. However, if D'o changes sign, 

then momentum can be transferred from one place to another without affecting the boundaries, thus 

permitting instability. Later arguments made use of vorticity concepts. The most detailed is by Lin 

(1945,1955), and is supported by a considerable mathematical development. Lighthill (1963, p. 92) gives 

a very helpful presentation with three diagrams, and finally Gill (1965) has constructed an argument that 

makes use of Kelvin's (1880) eat's eye diagram of the streamlines in the vicinity of an inflection point 

to demonstrate that only a maximum in DO can cause instability. All of these presentations are worth 

careful study. 
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3.2 Numerical integration 

The analytical methods are not adequate for producing numerical solutions of the Rayleigh equation 
except in certain special cases. Only direct numerical integration of Eq. (3.1) can produce solutions 
accurately and quickly for the great variety of velocity profiles encountered in practice. There are at 
least two methods availabl~ In the first, which was developed by Conte and Miles (1959), the integration 
is restricted to the real axis and is carried past the critical point by the Tollmien solutions. In the 
second method, which was developed by Zaat (1958), the solution is produced entirely by numerical 
integration, and the critical point is avoided by use of an indented contour in the complex plane. It is 
as easy to perform the numerical integration along such a contour as along the real axis, provided the 
analytic continuation of U away from the real axis is available. This approach, except for a difference 
in the method of analytic continuation, was used by Mack (1965a) to integrate the compressible inviscid 
equations. It was later extended to incompressible flow, and is incorporated into the JPL inviscid 
stability code !STAB. 

For numerical integration, Eq. (3.1) is replaced by the two first-order equations for t and p which 
follow from Eqs. (2.36) when R -+ oo: 

[a/(aU- w)](DUv+iap) (3.lla) 

Dp -i(aU-w)t • (3.llb) 

The solutions in the freestream, where U = 1 and DU = 0, are 

9 = exp(- ay) (3.12a) 

p -i(1-w/a)exp[-ay) (3.12b) 

where we have chosen the normalization to agree with Eqs. (2.50). These expressions provide the initial 
values for the numerical integration to start at some y = y 1 >Yr;• For chosen values of a andwr + iwi' 
the integration proceeds from y 1 to the wall along the real y axJ.s and an indented rectangular contour 
around the critical point when necessary. The velocity U is continued on to the indented contour by a 
power-series expansion in y - Yc· The necessary derivatives of U are obtained from the boundary-layer 

·equations. A Newton-Raphson search procedure, in which any two of a, ~r' wi are perturbed, is used to 
find the eigenvalues, 1.~, an a and w + iUj_ for which the boundary con<lition v(O) = 0 is satisfied. If 
a is held constant, then the Cauchy-i{iemann equations can be used to eliminate one perturbation because 
the function n(a) in the dispersion relation is analytic. 

3.3 Amplified and damped inviscid waves 

3.3.1 Amplified and damped solutions a8 complex conjugates 

In the use of the inviscid theory in the asymptotic viscous theory, the choice of the branch of the 
logarithm in Eq. ( 3.9b) constitutes a major problem. This same difficulty also shows up in the inviscid 
theory itself, but in a much less obvious manner. Since DU > 0 for the type of boundary layer we are 
considering in this Section, it follows that for an amplified wave (wi > 0) the critical layer lies above 
the real y axis [(yB)i > 0]; for a damped wave (wi < 0) it is below the r~al axis [(y 0 )i < 0). For a 
neutral wave ( wi = ) , the critical layer is on the real axis, but since D Uc = 0 the logarithmic term 
drops out of Eq. ( 3. 9 b) and the solution is regular. With the critical layer located off the real axis 
for amplified and damped waves, it would seem that there is nothing to hinder integration along the real 
axis. Indeed, it can be seen by manipulating the inviscid equation (3.1) that if vr + ivi is a solution 
for wr + iWi' then vr - ivi is a solution for wr - iwi. Thus amplified and damped solutions are complex 
conjugates, and the existence of one implies the existence of the other. From this point of view, the 
criterion for instability is that w is complex, and the only stability is neutral stability with w real. 
Since Eq. (3. 6) applies for wi < 0 as well as for wi > 0, neither amplified nor damped waves can exist 
unless there is an inflection point. The Blasius boundary layer baa no inflection point (except at y = 
0), and according to this argument no inviscid waves are possible, amplified, damped or neutral (except 
for ci = o, w = 0). But viscous solutions certainly exist; what happens to these solutions in the limit as 
R-+oo? 

3.3.2 Amplified and damped solutions as R -+oo limit of viscous solutions 

The clarification of this point is due to Lin (1945), who showed that if the inviscid solutions are 
regarded as the infinite Reynolds limit of viscous solutions, a consistent inviscid theory can be 
constructed in which damped solutions exist that are not the complex conjugates of amplified solutions. 
To achieve this result, integration along the real axis is abandoned for damped waves. Instead, the path 
of integration is taken .Y..W1.tt the singularity just as it is for the inviscid solutions that are used in 
the asymptotic viscous theory, and ln(y- Yc) = lnjy- Ycl- in for y < Yc• For damped waves, the effect 
of viscosity is present even in the limit R-+ oo, and a completely inviscid solution cannot be valid along 
the entire real axis. Lin's arguments were physical and heuristic, but a rigorous justification was given 
by Wasow (1948). 

It is also possible to arrive at Lin's result from a strictly numerical approach. In Section 3.2, no 
mention was made of how to indent the contour of integration. The two possibilities are shown in Fig. 
3.1. For an invisoid neutral solution (wi = 0), v is purely imaginary and p is real. It makes no 
difference if the contour is indented below the real axis, as in Fig. 3.1 a, or above, as in Fig. 3.1 b. 
The same eigenvalue a is obtained in either case. If wi ;. O, the integration can be restricted to the 
real axis. However, unless o2u : 0 somewhere in the boundary layer, there are no amplified solutions, or 
their complex conjugates the damped solutions. But if we use contour (a) for damped waves, and contour 
(b) for amplified waves, both solutions exist even with o2u ;. 0. Some eigenvalues computed for the 
Blasius veloci\r profile_are given in Table 3.1, where the eigenvalues have been made dimenisionless by 
reference to L [Eq. (2.57)), which enters the inviscid problem through the boundary-layer similarity 
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• • variable Y = y /L • As can be verified from Eqs. (3.11), the solutions with wr - i wi and contour (a) are 

related to the solutions with wr + iwi and contour (b) by 

9(a) + it(a) = t(b) - it(b) 

~(a) + i~(a) -~(b) + i~(b) 

Table 3.1 Inviscid eigenvalues of Blasius velocity profile 
computed with indented contours. 

Contour Cl wr Uli X 10
3 

(a) 0.128 0.0333 -2.33 
(b) 0.128 0.0333 2.33 
(a) 0.180 0.0580 -6.80 
(b) 0.180 0.0580 6.80 

(3.13) 

Which option do we pick, (a) or (b)? Since the neutral-stability curve for the Blasius profile is of 

the type shown in Fig. l.la, waves or all wave numbers are damped in the limit R _,. co . Consequently, if the 

inviscid solutions are required to be the R-+ co limit of viscous solutions, it is evident that contour (a) 

must be used, just as in the asymptotic theory and in agreement with Lin. Without an inflection point, 

there are no inviscid amplified solutions. For a velocity profile with D2u = 0 at Ys• where the subscript 

s refers to the inflection point, both amplified and damped waves exist for each contour, unlike the 

Blasius case. The neutral wavenumber is as, and can be obtained with either contour. With contour (a) , 

the wavenumbers of the amplified waves· are located below as• and the wavenumbers of the damped waves are 

located above a s; contour (b) gives the opposite results. Comparison with the viscous neutral-stability 

curve, which is of the type shown in Fig. l.lb, shows that contour (b) must be rejected in this case also. 

As a numerical example of damped inviscid eigenvalues, Fig. 3.2 gives -wi, the temporal damping rate, 

as a function of a for the Blasius velocity profile. The calculation was performed along an indented 

contour of type (a). The inviscid damping rates are, for the most part, much larger than the viscous 

amplification rates. That damped inviscid eigenvalues calculated with a type (a) contour are the R _,."" 

limit of viscous eigenvalues was confirmed numerically by Davey in the paper mentioned in the preceding 

paragraph. For a = 0.179, the tnviscid eigenvalue is wta = 0.321 26-0.036711; the viscous eigenvalue 

computed by Davey at R = 1 x 10 is w/a= 0.32166-0.03629i. 

4. HUHERICAL TECHNIQUES 

4. 1 Types of methods 

Since the early 1960's, the asymptotic theories developed by Tollmien (1929) and Lin (1945) have been 

largely superseded as a means of producing numerical results in favor of direct solutions of the governing 

differential equations on a digital computer. The numerical methods that have been employed fall roughly 

into three categories: (1) finite-difference methods, used first by Thomas (1953) in his pioneering 

numerical work on plane Poiseuille flow, and later by Kurtz (1961), Osborne (1967), and Jordinson (1970), 

among others; (2) spectral methods, used first by Gallagher and Mercer (1962) for Couette flow with 

Chandrasekhar and Reid functions, and later improved by Orszag (1971) with the use of Chebyshev 

polynomials; and (3) shooting methods, used first by Brown and Sayre (1954). All of these methods have 

advantages and disadvantages which show up in specialized situations, but they are all equally able to do 

the routine eigenvalue computations required in transition-prediction calculations. However, a shooting 

method has been used for almost all or the numerical results given in the present lectures, and it is this 

method that will be described here. 

4. 2 Shooting methods 

After the early work of Brown (1954,1959,1960, 1961, 1962), computer codes for boundary-layer 

problems that were also based on shooting methods were developed by Nachtsheim ( 1963), Mack ( 1 965a) , 

Landahl and Kaplan (1965), Radbill and Van Driest (1966), Wazzan, Okamura and Smith (1968), Davey (1973), 

and Cebeci and Stewartson (1979), among others. Most or these codes solve the Orr-Sommerfeld equation; 

exceptions are the compressible stability code of Brown (1961), and the codes of Mack (1965a), which were 

also originally developed for compressible flow and only later extended to incompressible flow. Almost 

all or the codes have the feature that the numerical integration proceeds from the freestream to the wall. 

The exceptions are the codes of Brown and of Nachtscheim (1963), where the integration proceeds in the 

opposite direction [in a later report on plane Poiseuille flow, Nachtsheim ( 1964) used a method that 

integrates in both directions]. 

Various integrators have been used to implement the shooting method. Perhaps the most common is some 

form of the Runge-Kutta method, but the Adams-Moulton and Keller box method have also been used. One 

choice that has to be made is whether to use a fixed or variable step-size integrator. The latter is 

better in principle, but it adds to the computational overhead, and thus to the expense, and it may be as 

difficult to construct a proper error test and then choose the error limits as it is to select the proper 

fixed step size. It must also be remembered that the variable step-size methods do not really address the 
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right problem. What we are interested in is a certain accuracy of the eigenvalues and eigenfunctions, not 
in the per-step truncation error of the independent solutions, which is what the variable step-size 
methods control. These methods seem to require more integration steps than fixed step-size methods, which 
adds to the expense, and the only compensation is to relieve the user of the need to select the step size. 
The JPL viscous stability codes have used a fixed step-size fourth-order Runge-Kutta integrator for many 
years without ever encountering a problem that required a variable step-size integrator. A severe test of 
any integrator is to calculate the discrete eigenvalue spectrum, because the higher viscous modes have 
rapidly oscillating eigenfunctions. The fixed step-size integrator had little difficulty in calculating a 
number of additional temporal modes for plane Poiseuille flow, and its ultimate failure in a portion of 
the complex w/o:plane for Blasius flow was caused by a round-off error problem that apparently cannot be 
cured by any of the usual methods [Mack (1976), p. 501]. 

The early applications of shooting methods suffered from the problem of parasitic error growth. This 
growth arises because of the presence of a rapidly growing solution in the direction of integration that 
is associ a ted with the large characteristic value 1.3 in the freestream, which the numerical round-off 
error will follow. The parasitic error eventually completely contaminates the less rapidly growing 
solution, associated with the characteristic value J.l in the freestream. The essential advance in coping 
with this problem, which had previously limited numer cal solutions to moderate Reynolds numbers, was made 
by Kaplan (1964). The Kaplan method "purifies" the contaminated solution by filtering out the parasitic 
error whenever it becomes large enough to destroy the linear independence of the solutions. An 
illuminating presentation and application of the Kaplan method may be found in Betchov and Criminale 
(1967). Three recent methods that cope exceptionally well with the contamination problem are the Riccati 
method [Davey (1977 11979)], the method of compound matrices of Ng and Reid (1979 11980), and the method of 
order reduction [Van Stijn and Van de Vooren (1982)]. 

4.3 Gram-Schmidt orthonormalization 

A widely used method, that was originally developed for systems of linear differential equations by 
Godunov (1961) and Bellman and Kalaba (1965) and applied to the boundary-layer stability problem by 
Radbill and Van Driest (1966) and Wazzan, Okamura and Smith (1968), is that of Gram-Schmidt 
orthonormalizatio~ This method has the advantage that it is easier to generalize to higher-order systems 
than is the Kaplan filtering techniqu~ However, the geometrical argument often adduced in its support, 
that this procedure preserves linear independence by keeping the solution vectors orthogonal, cannot be 
correct because the solution vector space does not have a metric. In such vector spaces, vectors are 
either parallel or non-parallel; the concept of orthogonal! ty does not exist. Instead, the 
orthonormalization method works on exactly the same basis as Kaplan filtering: the •small• solution is 
replaced by a linear combination of the •small" and "large• solutions which is itself constrained to be 
•small. • 

For the simplest pase of a two-dimensional wave in a two-dimensional bound~ layer, there are two 
sfJftions, z(1) and zl3J, each consisting of four components. In the freestream, Z 1) is th1 inviscid and 
Z the viscous solutio~ Although this identifhcation is lost in the boundary layer, (~~3 continues to 
grow more rapidly with decreasing y fhrn does Z • The parasitic error will follow Z , and when the 
difference in the •m('~ni tudes" of Z 3 and zC 1) as definf~ by an arbitrarily assigned metric becomes 
sufficiently large, Z will no longer be independent of Z 3 • Wf~ before this occurs, the Gram-Schmidt 
orthonormalization algorithm is applied. The 8 large" solution Z 3 is normalized component by component 
to give the new solution 

(4.1) 

where an asterisk refers to a complex conjugate and 0 to a scalar.) produc(t-t) The metric adopted for the 
vector space is the usual Euclidian norm. The scalar product of zl 1: and S ~ is used to form the vector 

(4.2 ) 

which replaces z( 1l, and where S refers to the quantity in the numerator. 

The numerical integration continues jiith s< 1) and s< 3) in place of z( 1) and z( 3) , and when in turn 
JsC3) J exceeds the set criterion of, say, 105 with single precision arithmetic and a 36 bit computer word, 
the orthonormalization is repeated. With homogeneous boundary confitions ft the wall, it makes no 
difference in the determination of the eigenvalues whether the Z i) or S i) are used. A linear 
combination of the two solutions satisfies the G(O)=O boundary condition, but the v(O)=O boundary 
condition will in general not be satisfied unless o:, f3 and w satisfy the dispersion relation. 

Although the orthonormalization procedure has no effect on the method of determining eigenvalues, it 
does complicate the calculation of the eigenfunctions. The ~Qlution v~ctors of the numerical integration 
are linear combinations of the original solution vectors zl1J and z(3J, and it is necessary to •unravel" 
these combinations. Two well-known applications of orthonormalization have been given by Conte (1966) and 
by Scott and Watts (1977). The latter authors incorporated their method in the general purpose code 
SUPORT that has been used in several stability investigations. A different procedure from either of these 
was worked out for the JPL stability codes (1971), and is readily applicable to any order of differential 
equations. 

4.4 Newton-Raphson search procedure 

The Newton-Raphson ,~thod !all. been found to be satisfactory for obtaining the eigenvalues. The 
boundary condition on z( J (or sl1J) is satisfied at the conclusion of each integration by a linear 
combination of the two solutions at y:O. In the spatial theory with w and f3 fixed, the guess value of 
a is perturbed by a small amount and the integration repeated. - Because 9(0) is an analytic function of 
the complex variable a , the Cauchy-Riemann equations 

; 
" 
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ati(O)/dai atr(O)/dar , 

a tr(O)/da i - ati (0)/dar , 
(4.3) 

can be applied to eliminate the need ror a second integration with ai perturbed. We may note that 9(0) 1a 
an analytic runction or a even arter orthonormalization with the usual derinition or the scalar product, 
remarks to the contrary in the literature notwitbstandi~ 

The corrections car and ca i to the initial guesses ar and ai are obtained rrom the residual t( O) and 
the numerical (linear) approximations to the partial derivatives by 

[atr(O)/dar]c~- [atr(O)Id~]Q~ = -tr(O) 

[ati(o);a~]car- [ati(O)/aai]cai - ti(O) 
(4.4) 

The corrected a r and ai are used to start a new iteration, and the process continues until car and ca 1 have been reduced below a preset criterio~ 

5. VISCOUS IHSTABll.ITY 

5.1 Kinetic-energy equation 

The approach to instability theory based on the energy equation was originated by Reynolds (1895), 
and has proven to be. especially belprul in the nonlinear theory. An extended account or recent work has 
been given by Joseph (1976). In the linear theory, the eigenmodes of the Orr-Sommerfeld equation already 
supply us with complete information on the instability characteristics of any flow, so the energy method 
is mainly useful as an aid to our physical understandi~ We start by defining 

e =· (1/2)(u2 + v2) (5.1) 

to be the kinetic energy of a small 20 disturbance. When we multiply the dimensionless x and y parallel­
flow momentum equations by u and v, respectively, and add, we obtain 

(.£_ + U.£_)e + UVdU: -UlE_ - V~+ _!_ (u1J2u + VIJ2V) (5,2) a t ax dy ax ay R 

If we integrate Eq, (5.2) from y=O to infinity and average over a wavelength, we find, ror a temporal 
disturbance, 

(5.3) 

where E is the total disturbance kinetic energy per wavelength, T - <uv> is the Reynolds stress, and 

~,; = au/dy - av;ax (5.4) 

is the z-component of the fluctuation vorticity. A derivation of Eq, (5.3) may be found in the review 
article of Prandtl (1934, p. 180). The last term can be rewritten as 

(5.5) 

which is more readily identified as the viscous dissipation, It is customary to write Eq, (5.3) as 

where 
a;at=P-D, 

P = [r~dU/dy)dy 
0 

is the total energy production term over a wavelength, and 

(5.6) 

(5. 7a) 

n = f;r;, 2>dy (5.7bl 
0 

is the viscous dissipatio~ A disturbance will amplify, be neutral, or damp depending on whether Pis 
greater than, equal to, or less than D. Consequently, there can only be instability if T is sufficiently 
positive over enough of the boundary layer so that the production term can outweigh the dissipation term. 

5.2 Reynolds stress in the viscous wall region 

The inviscid theory gives the result that a rlow with a convex velocity prorile, or which the Blasius 
boundary layer is an example, can support only damped instability waves, Originally the prevailing view 
vas that a flow that is stable in the absence of viscosity can only be more stable when visoosi ty is 
present, We see from Eq. (3.8) that in a Blasius boundary layer, where o2u<o, a wave of any phase 
velocity less than the freestream velocity creates a positiye Reynolds stress ror y<y~ Tbererore, the 
only way an instability wave can exist is ir viscosity causes a positive Reynolds stress to build up near 
the vall. It was this possibility that Taylor (1915) recognized, but his observation went unnoticed. A 
rew years later Prandtl (1921) was led t.o the same idea, and calculated the Reynolds stress near the vall 
from a simple mathematical model. 

It is or interest to note that Prandtl was moved to investigate the possibility or viscous 
instability by an experiment in which be saw, or thought he saw, amplifying instability waves in a rlow 
that was supposed to be stab!~ In view of the importance or this discovery, we shall quote a rev lines 
from his paper: 
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•Previoua aaUieaatioal investigations oa the origin of turbuleaoe have led to the opinion thai aaall 
diaturbanoaa of a viscous, leainar flow between two wallte ara always dnaped... !n order to laarn how 
turbulanoa actually originates* I had built at Gottlngen an opan channel...end obaerved tha flow by tha 
Ahlborn aathod (sprinkled lyoopodlua powder)... wave foraa wltb slowly Increasing aaplltuda wara 
oooaaloaally observed». Thaaa wave" of inoreaalng aaplltuda contradicted tha dogaa of nha stability of 
laalnar aotlon wltb raapaot to aaall diaturbanoaa, ao that at first I tandad to believe that I had not 
aaaa this infrequent pheaoaeaon ooapletaly right." 

•we now applied ourselves to the tbeoretlol treataent, and, to anticipate a little, wa found, 
contrary to the dogaa, an instability of the aaall disturbances.• 

rraadtl'e arguaont was later refined by Ua (195«,1955), but we aaall follow essentially the original 
derivation here, in lnvleeld wave la aeauaed to exist In tha boundary layer, and viscosity no aot only in 
s narrow region near the wall. TO aiaplify tha analysis, OXy) ia taken to be aero ia this region» Hlth 
this assumption, the 20 d'aenalonleaa, parallel-flow i ajoaaatua eqjstion alapllflaa to 

<<p l     i  u 
(5.8) 

where the terns vDU and   2u/ i2 have been dropped.    Outside of the wall viscous region,   Iq.  (54) reduces 

(5.9) 14 
Jt -Si- 

The dle&urbaece velocity u ooaalata of two parts: aa invlaoid part u, that satisfies Iq. (5.9)» and a 
viseou» part u_ that aetlafiee tha dlffareaaa between Iqa. (54) and (5.9*. It la the total velooity u»u, 
< u,  that aatlaflaa tha no-alip boundary condition.    Hence, 

v i        ^ V 
R    ..  2 

The solution of Iq. (Vin) for * real ia 

u,(y) • -14(0) ei»[-(1-i)(-R/2)l'2y]ea»[i^i-a) , 

«here the boundary conditions 

u(0) ■ u^tO) ♦ UytO) and u(y) • u1(y) aa y • - 

have seen applied. 

(5.10) 

(5.11) 

(5.12) 

The addltioaal luagltadlaal disturbance velocity u?t   which la aaadad to eatlafy tha no-alip 
condition, laduoaa, through tha continuity equation, aa additional noraal diaturhaaaa velooity 

*,<?) uTA»F)dy   , (5.13) 

which yialda, upon substitution of Iq. (5.11), 

vf(y) . (l-i)*u1(0)[1/(2^l)
,/a3(a«pt-(l-i)(.«/2),/ayJ-l)a«p(i(»i-gt)) . 

Outside of the viscous region (y~) ?v la la dependent of v end u^ is aero. Proa Iq. (5.1*), 

1/2, %(*)  • •(1-l)(>ai(0)/(2J01"]e*p{l<u-««i 

(5.1*) 

(5.15) 

Tha eoaaaquaaeea of I«. (5.15J far tha ley no Us stress ara aa faUewa. ?#r aa inviaeid aaatral 
diaturhaaaa, a aad v are 90* oat of pheae {aaa fqa. (2.50a) and (1.50a)] and t la aero» However, far any 
other diatarhaaaa u aad v ara aarralatad, aad there ia a leyaelda etraaa* llaaa e^ ia aero cwtaid* of tha 
wall viscous layer, It aaa contribute nothing tat there. however, v persists far aaaa distance oataid» 
of Ua vail layer, aad alaaa It la ehlfted t J5° with reaped to a, it «111 produce a leynolda atraaa. 
This leynolda atraaa aaat aqaal Ua layaaida atraaa aat «p by Ua diatareaaa* ia tha vicinity af the 
critical layer, aad which» in Ua abeeaea af vleaeeity, would extend U Ua «all. V« have already derived 
a feraule for Uia atraaa ia Saatiaa J.I (Iq* (!•*)]. 

The feraule 
(5.15).    Me flad 

racids atraaa at Ua edge af the «all vleeeea region ean be oerived froa Iq* 

# s *<*t»f> ■ (1/2)l*/(avi),/,![u1<oH* 

If Ua ratio V^v* U feraad, «a aaea 

V<f4> • d/«^(t/-l),/a . 

(5.11) 

(5.1T) 

i general esaraaaiea fart ia the «all viscous region aaa ha obtained fraa Iqa. (5*11) aad (5.1*)t 
aad Uia asaraaaiaa weald Uta Ua iaaraaaa af T fraa aero at Ua «all ta Ua value given by Ig. C5.1T) at 
ua edge af Ua naaaaa regie«. Beweger, iq, (5,1T) aaualiahaa tha aaaaaUal raaalt that t u positive, 
aa« uaa viaeeaitf ante aa Toylar Ueayht it waald, aad butlde «a a aayaniaa atraaa to aeteh Ua invlaoid 
hay aside atraaa, or, la Taylor*» precise via«. peraiu Ua aaatntua of Ua diaturhaaaa U «a ebaaraed at 
Ua «ail. aaoardiag to I*. (5»Ta), «1U a pcaltlve atraaa aneraj »*_i ha traaaferrad fraa Ua aaaa flaw 
ta Ua «Utarbaana. Cnaaaqeeetlt» Ua «all viaaaaa regies, which ia faraad to eatlafy Ua aa-ellp 
boundary ooadltloa far Ua diatarhaaaa, aaa the af feet af creating a layaaida atraaa which aata ta 
deetehMUs Ua flea. Tale atataaina aaat ha present to aaaa extant far all xUtaraaaaaa, hat «aaUar a 
aaruaalar diaturhaaaa ia aataally ea# lifted ar aaaaad wUi depend aa ua aagaitaaa aad dtstn OuUcs t 
Ua layaaida atraaa Urea** Ua aaUra boundary layer» aad aa Ua aagaltnde af Ua dtaaiyaUffa tera. 
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As « not« of oautlon, It aunt be reosllsd ihst tha preceding analysis rests oo the negleot of 0 in 
Ut nail viscous ration, Therefore, «a oan expect the raaulta to ba valid only at bifb vslues of I, whan 
tba «all viscous ration ia tbla ooapared to Uta boundary-layer thlokaeaa, and «baa tb« orltieal layer ia 
outalda of the wall vlaooua ration. 

6.    mmuKAL »BOLTS - 20 MWROABY urns 

la thjf Motion, w» aball preaent • nuab«r or nua«rioal raaulta «blob have been chosen to illustrate 
Important as.oeot* of tba theory, a« wall aa to give an Ida« of tba nuaarloal nagnltudea of tba quaatltiaa 
w« have been diaouaalnf in tba previous Section*, 

6.1 Blaalua boundary lay«* 

Th» Blaalua boundary layar, baoauaa of its alapllelty, baa raoalt/ad tb« «oat attention. The uniform 
external flow lean» that not only la tba boundary*layar aalf alailar, but tbara la only a single 
paraaeter» tba tteynolde nuabar. Aa tbara ia no inflection point in tba velocity profile, tba only 
instability 1« vlaooua Instability. Thus we are able to atudy tbla for« of instability without tba 
cospatlnc influenoe of any other aeebanlea of lnatabllity. 

Th« first reault of laportanoe la the parallel-flow neutral stability ourv« for 2D waves, which ia 
ahown in Fie;, 6.) aa three aeparate curves for: (a) the dlaenaioaleea frequeney F [Iq. (2.60)]* (b) the 
ct^aenslonlsss wavenuabar a baaed on L [Bq. (2.97)); and (e) tb« dla«nalonl«aa phase velocity o baaed on 
ö;, Boraal aodea for which P, i and a lie on the curves are neutral* tboae for wbleb F,a and a lie la 
the interior of the curves srs unstable; everywhere elae the aoraal aodea are da a pa J. Tba neutral- 
stability ourvea are a convenient aeana of identifying at aaob Beynelda nuaber the F,a and o baada for 
which * wave is unstable. Figure 6.1a also contains two additional eure«« which give tb« frequencies of 
the aailaua apatlal amplification rate and of the aaxleua aaplitude ratio A/Ag, where A- la tba aaplltud« 
*t th« low«r-braneb neutral point of the frequency in qoeetlon. Both aaxle« are with r«apect to frequency 
at oonataat laynolda nuaber. wo have used o la Fig. 6.1a to denote -o^ the apatlal aapllfleatlott raU la 
tb*. streaawla« direction, and will continue to do so la the reaalnder of tbla doouaeat. Tb« oorreapoadlng 
w«v«nuab«rs for tb« additional ourv«« are given in Pig, 6.1b. Tb« ratio of wavelength to boundary-layar 
thickness is 2^/jjfi, sod y,, the y [Bq* (2.59)] for wbiob 0 ■ 0.999. is equel to 6.01. Consequently, the 
unstable wave* it I ■ 1000 have wavelengths between 5.5SM19.*r) and 1l.la.e9.201, According to fig. 
6.1c.  the unstable pbaae velooltlee at tbla Beyaolda nu«b«r ar« between 0*2120? and 0.3350T. 

be aust swop in aind that the neutral ourv«« of Fig. 6.1 have been calculated froa tb« quaal-parallel 
theory, which do«a not diatlngulah between flow varlabl«« or location in the boundary layar. All of the 
non-parallel neutral curves calculated by Gaster (197»*) define a slightly greater unstable soas, with tb« 
gr«et««t differences cosing at the loweat Beyaolda auabcre aa algbt be expected. Tb« difficulties 
involve* in asking accurate aeasur«a«Bls of wave growth at low Beyaolda auabere have so far precluded tba 
eiperlaeotal deteralnation of what oan be regarded aa an viasqulvocally •correct* «autral-atablllty ourv« 
for any flow variable. 

The nest qusntlty to eisaine is the dlaenaloaleaa apatlal aaplifloatloa rate * baaed oa l . Tbla 
aaplifioatlon rate ia abowa la Fig. 6.2 for 20 waves aa a fuaeUon of tb« dlassslonlees fraquaaay F at tb« 
two Beyaolda uuabers B « 600 and 1200.    Froa th« definition of taa aaplifioatlon rat« la Ba. (2*27),  tb« 

boundary« layer thickness Is  TM,   Thus the 
A.0S over s boundary-layer thickness. 
wave growth over a unit laeroaeat ia 

Be.    Tbua this saae wave grows by Mf over aa laareaeat ia Be of 10*000. 

i»e   "-J7W.WI   avmvmrm   m *   «w man   -«vw.     rrvm  ut«  «iiwiion o»   w>-  i 
fractional change in aaplitude over a distance equsl to «a« beuadar 
aoet unstable wave of frequency F ■ ft,jj ■ 10** st B a 1200 grows by 
The aaplifloatloa rate bsaad on . /0,, 9 a VB, givaa tba freotioaal i 

 r^' 

The aaslaua aapllfleatioa rates ■.*_ m aad \>r» where tba aaaias ar« with respect to fraquaaay (or 
vaveauaber) at constant Beyaolda suator. «re abowa la Fig. 6.} aa functions of Bayaalda nuaber. The 
eapllfieatloa rau , wbiob give« tba wave growth »ar wait of Bayaalda awaber, peaks at taa low Bayaalda 
auaher of • » **«>. Äs eapilfioatiea rat« 3, which ia proportlceal to taa wave growth par bawaaary-layar 
Müeaaeaa, dee* not paaJt uatil B a 2T«0 («al««let«d by iuaaaror (ifTDJ. The diaonaional aapllflaatlaa 
rate la proportional tc S for a f *sed wait Bayaalda aaabar. Figure 6*1 shews that tb« lee line la tb« 
diaaaalaaal aaplifloatloa rate with lawssslag s-Bayaalaa aaabar la alaaat «eaaUraeiad by taa laaraaae ia 
the boundary*layer tbiabaaaa. fieoaws instability. If ebarasterlaed by o, perelsts t« eatr«aely high 
Beyaeldg ewabsra. Bowever, If tba aeeewro of vlaaawa laatablllty la taaee to be taa wave growth «vor a 
flsad s laareaaat ar «spraaaad by 5, then by tbla criterion tba a aal ana vlaaawa laatablllty occurs at low 
Beyaald« aaabar. 

Tba iegaritaa «f tba «aplitaaa ratio, A/Ag, la show» la Fig. M far 20 wavae aa a fwaatlaa ef B far 
e aaabar of froqwaaelea F. Tba «aveloae «area, which give« tba aaalawa aaplitada ratio aaasibla at aay 
Bayaalaa aaabar, la alaa abowa la tba flgar« along with taa •erf-cepeadlog fraquoaoiaa. It la Ula typo «f 
dlagraa that U «aad la sag! soaring etadlaa «f «saaaery layar traaaltiaa. baaa leU/**)» aalab la aft«« 
•ailed tba B fa«t«r# reaches «oae predeteraiaed value, aay alaa aa suggested by Baltb aad Oaabaraal 
(1954], ar tec aa suggested by Jaff«, Obaawr« aad Baltb O9T0), traaaltlaa la aaaalaarad to taba alaaa, ^ 
at l«aat la «tart. 

Tba alatrlbutiaa mt tb« logeritha of the aaplltaa« rats« with frequenoy is abowa la Fig. 6.9 for 
several Bayaalaa aaabera, Tbla flgara lllaatrataa taa rilterlag aatiaa of tba boundary layar» The 
«Aaaltaaaam aarraaiag mt to« mmmtmimM af t*ssu*u fyagaaaatas aad) taa large lanraaai la anialitaaa ratla 
aa taa toyaaias aaabar laaraaaaa aaaaa «Bat aa laAtAal aajfara aaaw spsatrwa of iaataatUty aawaa taaaa 
to a spMtrwa at tigh Bayaalaa wsaiiri taat Baa a taary aaak at taa aoat aapliHad fv««assay. Tao taaat 
la Flg> m*9 gtvaa taa saadwist*. «aftaad aa taa frag«sany rang» «ear «alaa taa eap.ltwas ratla la withia 
I/o of taa peak value, m a fwaatlaa *t Bay «alaa 

ar *•- " '"*' * 
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The Squir« theorc vSection 2,4.1) hae told us that it It * 2D wave that first becoaea uaatabla. 
Furtheraore, a* any 'eynolde nuaber It la a 20 wave that baa tha aaxlaua «apiIflcation rata and alao tba 
aaxlaua sapllt >m* ratio. Thua tha envelope curve or aaplltode ratio whan all oblique wavea ara oonei dared 
aa wall «« 2D wevea la atlll aa ahown In Pig. 6.4 However, for a given frequency tha 20 wave la not 
neoeaeerlly tha coat uaatabla, aa la ahown In Fig. 6.6. la thla figure, tha apatlal amplification rata ?# 
caloulatad with .«0,i« plotted agalnat tha wave angla i for thraa frequencies at I * 1200. At thla 
fteynolds nuabar, tha aaxlaua aaplifloatlon rata oooura for P » 0.33 a 10". above thla frequency, 20 
waveo ara oartalnly tba aoat unaUbla. However, below about F ■ 0.26 x 10 an oblique wave la tha aoat 
unatable, and the wave angle of the aaxlaua aaplifloatlon rate lnoraaaaa with daoraaalag frequenoy. 

with rj • 0 and the frequency real  and constant.     Thua tha ooap'ex group-velocity angle    $ 
lly obtained froa     */ < r (• -tan*), and tha reaulta ara given la Fig. 6.7 for F x 10* ■ 0.20 
The real part of # la Halted to leaa than 10°, aid *j 

it at the aaxlaua of    ,  where   *»*«♦*,. is real,   't auat be 

In the oaloulatlona for Fig. 6.6,   the ooaplex wavenuabar waa obtained aa a function of the apanwlae 
waveouaber 
can be readll 
and 0.30. The real part oft la Halted to leaa than 10°, aid ?j oan be either plua or alnua. It la 
evident that at the aaxlaua of , where *»*«♦*,. is real, \ auat be aero, With the group-velocity angle 
known, the accuracy of the alaple relation Kq. (2.35) for a» a function of loan be checked. tte choose 
t m 0.20 i 10"' and >« «5° in order to have P real. Table 6.1 gives k, th« wavenuabar; ', the 
aapllfioatloa rate parallel to ,(botb of theae are calculated aa an eigenvalue)} "(v), the coapooent of 5 
In the x direction for the apeolfled l\ and i(0), the aapllfioatloa rate lo tha x direction for v « 0 aa 
caloulatad froa lq. (2.41c), the spatial«theory replacement for the Squire treeeforaatlon derived froa Iq. 
(2.35), but with . replaced by $, In the latter calculation we have used *r « 9*65°, the value obtained 
with '• 0. The traaaforaatlon works vary well; the aaall diaorapanolaa froa tha correct I • 0 value are 
due to 

i 
i 

Table 6.1    Effect of * on aapllfioatloa ra 
traaaforaaUon rule.    F > 0.20 x 10"*, I • 

rata aad teat of 
1200, * ■ 65°. 

Tx103 '(*)x103 J(0)xt03 

elganvalue     traaaforaatloa 

0.0 0.1063 3.201 3.201 3.201 
9.7 0.1063 3.156 3.in 3.201 

15.0 0.1063 3.170 3.062 3.201 
30.0 0.1063 3.366 2.916 3.203 
*5.0 0.1063 3.673 2.739 3.20* 
60.0 0.10«; • .955 2.4?6 3.207 
75.0 0.1063 7.601 i.967 3.216 

Ha observe la Table 6.1 that the r^X Squire treasforaatloe, which la the i(l) entry for »e pv la la 
error by IMS, wboreee the correct traaaforaatloa la la error by only 0.1*. «aaa the aaae calculation la 
repeated far tha other frequency of Fig. 6.7, F • 0.30 ■ 10**« for which $t • -2.»l° at»* «5° laataad of 
C° aa for the froqwaoey of the Table, equally good reaulta ara obtained for (0) froa tha traaaforaatloa> 
However, k la ao loager coaataat, bat laaraaaaa with U tor * • 75° It la O.af larger than at I • 0°. 
Hayfeb aad Fedhye (1979) provide a formula for thla 

la Fig, 6.6, inU/Ag) la given at aevaral iayaolda auabera for F • 0.20 x 10~* aa calculated with Ue 
irrotetloaeUty eoeditioe, la. (2.6«), applied to the wavaauabar vector. The abocieee la the initial wave 
eagle at 6 ■ 900. The change la the wave aagle froa I • 900 to 1900 la 1.7° for the wave that bee aa 
initial wave aagle ef »5°. This figure above that the greater aapllfleatlea rat* of oblique wave« la the 
laatablllty regloa near tba lower breach ef the neutral carve treeeletee late an aaplitude ratio that la 
greater than the 20 value. However, laCa/eg) for aa oblique wave la never aero than 0.35 greater than the 
20 vel^e. Figaro 64 alee abeoe that Juet aa the frefueaey bandwidth aarrowa »It* iaoreaaiag 1, ae dace 
the beadwldth la epaawiae woveauaber. although at the lower ieyaalde auabera the reepoaae extend« to 
large wave eagle«, at ft • 1900 the aaplitude ratle la do we to 1/e of lta 20 value at. • 37°, aad oa the 
envelope curve thla aagle will be atlll aaaller. For exeaple. the i/o aaplitude far F * 0.60 i 10"* at 
tba envelope-curve leyeelda euebcr (• » 900) eeeura at» « 29°i for F • 0.30 a 10 , at , • Hf~ tvea 
ao, it le aooeaeary whea uaahlag about wave eaplitudee la tha bouaaary layer to hoop la alee that both a 
fruqueaey bead aad apaawlee»wevoaaahor bead auat be eoaaldcrod, cat Juet a 20 wave* 

So far we have oaly beoa cooaiCoring the «iaeavalua« aad act the eigonfuoeUe««. The eigaafuaetioaa 
give the p«aelblllty of peectretleg further late the payetea «f laatablllty, aad we aaall take thea up 
briefly at thla polet. flgeafuaeUoaa are readily obtained with any of the eurreat auaerleal eetbode» but 
ware 4iffieult to eeepute with the eld aayaptotle theory. The flrct eigaafuaetioaa were obtained by 
Sah lieht lag (1935). aad the good agreeawet ef the aeaeureaeata ef Sehebaucr aad Skreaatad (19*7) with 
theae eeleuiatteae waa a hey factor ta eetabUaatag the validity ef the linear etablllty theory. The 
preaiaa aow la aero eac ef finding a roaacaaelc way to proacet the great »eee of aaaarleal date that eaa 
be eewevtcd, aad to estreat uaefal laferaatlo* froa tale data, Soae prograee aaa haea aade la the Utter 
direettea by »aaa, Vililaae aad Faael (i960). For dlffereat eaplitudee ef 20 wave*, theae aether« 
eeleulaUd ctreaaliee pattee», acetoara of eeeataat total eertieity, aayttclda atraaa aad ell toraa of the 
leeal aeetlU aaargy eel aaae. 

Figure 4.9 gltee tae aaplitude ef the elgjaafaaetloa 6 of the eireaawlae velocity naetaaUea a at I • 
§00, 1/00 aad 1600 t*r the 2» wav* ef freqaeeey F • 0.J0 x 10**. The cerreaaeadia« paaaee are givoa le 
Fig. 6.10, aa aay be «aaa froa rig, 6.1a, taaae leyeelda «wabere are, reepeetlvely. Jaat hale« the iowor 
braaah ef «*• aaetral^taalUty «erve, aaar tie aaxlaua ef o, aad oa the *av*lo>e curve of the aaalltad» 
ratio, Tae elgjaafaaatlaa aarguUiaatlaa 1 Ftsa, 6.9 aad 6.10 le 1(0) a tt"1/%9). Tae eltaafaaatiaaa 
have aat haea reaoraaHied to, aay, a eeaataat peak aaaUtaaa «a la often aaaa, la order to ea^eaaix« that 
ta taa qwaal-parallel taeory taa eoraalixatloc la «oaaietely arbitrary,    octalng aaa ha learaod aa ta the 
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afreet of the variability or the eigenfunctlo» with Reynolde cueber on the «ive aaplltuda within the 
rraaeworfc of this tutor?. Atteapte lift?« boon aade to do thia, and plausible looking results obtained, but 
this approach la without theoretical juatlftoatioa. It baa already baan polata4 out la Saatloa 2.2 that 
th« eeanlngrul quantity for tba aaplltuda aodulatlon it tha product of A(x.) and th« elgenfunttion, and 
this produot, which haa a fixed value regardleea of tha noraellaatlon of tba elgenfuaatlon, oan only ba 
celouleted froa tha nonparallel thaory. 

For th« weve of Fig. 6.9» th« critical layer Is at about y • 0.15 and varlee only slightly with 
Reynolds nuabar. Thus tha location or tha aaplltud« peak, which Is s strong function of I, is only 
oolncidantally at th« orltioal point, bl increase», tha viscous lay«r near tba «all beooaee thlnnar aa 
expected. Tha oharaotarlatto phaaa ohanga of spproxlaately 190° In tba outar part of tba boundary layar 
haa nothing to do with th« 180° phaaa ohanga at tba critical layar in tba invisold solution (Bq. (3.9b)]* 
but la a klneaatlocl oonaaquano« of a weve with s«ro aaplltuda at both tha wall and at, y *•. At aoae y, 
gr«at«r tban th« y of aaxiaua aaplltuda, wbara viscosity has llttla influence, th« alopa of th« 
streeallnes relative to th« phaaa velocity haa a aaxiaua. Tbua tba veloclty-etreeatube araa relation 
ohangaa algn, and at all y > ym tha u fluotuatlon fro« thla affaot la oppoalta in aign to tba fluctuation 
that arlaaa froa th« wavy aotlon in a aonotonioally increasing velocity profile. At aoaia y^ > ?„, tbaae 
two efreota oan exactly balance for a neutral invlneld wave, and alaost balance for aoaaautral, viscous 
wsvee. For the latter, cs ahown in Fig. 6.10, there Is s nearly 190° shift in the phaaa of 9. Tba fact 
that the phaaa oan either advance or retreat la thla region waa flret noted by Ram« at al (1990), aad ite 
algnlfloanoe,  If any, la unknown. 

It was ahown in Section 5.1 that the kinetic energy ef a 2D lnetablllty wave la produced by the tera 
-dO/dy, where t la the leynolda atreaa built up by the aotlon of viscosity, leynolda «treae diatrlbutlona 
have been given by Jordlnaoa (19T0) aad EUaa«r«r (1973)» naong othera. The energy production tera la 
ahown In Fig. 6.11 for the frequency and three leynolda nuabera of Flga. 6.9 aad 6.10. The peak 
production doea not occur at the orltioal layar at any of the Urea leyaelda nuabera. we nee that energy 
production Is by no aeans Halted to the region between the wall aad the orltioal layer, aa eight be 
expected froa the slapie theory of Section 5. At s * 1200, where the aapllfloatloa rate is near lta 
aaxiaua, there la significant energy production over about half of the boundary*layer thickness* la theee 
exaaplea, the aayaolda atreaa is posit ite aaoept for the »lightly daapled wave at K > 100, wbara there la 
a aaall negative contribution over the outer 70S of the boundary layar. The neaping at I « 900 ia due to 
vlaoous dissipation, not to a negative production tera. Bn*a at al (1900) give aa asaaple at low aayaolda 
nuaber where the production tera la negative over the entire boundary layar. 

6.2    Falkaar-Skaa boundary layer» 

The influeaoe ef preeaure gradient oa boundary-layar stability aaa be studied conveniently by aeans 
of the >aitmrr-Hk4u fsally of eelf-slaller boundary layere, where the lertree parameter 8h Ctg. (2.62)1 
»ervee as s preaaure-grndleut pereaeter. The range of 6h la froa -0.1999377* (separation profile) through 
0 (blasius profile) to 1.0 (2D stagaatlon-polnt profile), tateaalva numerical calculations for Falkner» 
Skan profits have been carried out by wessen, Okaaura aad Seit* (19*«, tea alao Ooreaekl et al. (1949)), 
aad by EUaaerer (1973). Figure 6.12, takea froa Mack (1979), glvee tba influence of ^ ea tba i-factor 
envelope curve. It Is «leer tbet a favorable preasure gradient (9_ > 0) stabilises tba boundary layar, 
sad aa adveree preeaure gradient (g„ < 0) deetablliaaa It. The strong instability tvr edverec praaaare 
gradleats Is caused by an lafleetloa point in the velocity profile that eevea away froa tba wall »»-j

R 
beooaea aore aegative. The adveree preasure grsdleat Falkaar-Skaa baaaiary layer» are particularly 
instructive beoauae they provide ue with asaaplaa ef boundary layer« with bath viscous aad lufieotioeai 
lnetablllty. 

The aaplifleatlaa rate a U unsuitable far studying infleeUeaal instability, which la basically aa 
ievteeid ahenoaeana, a» it 1« sere at I ••» ragaralaaa of whether tba boundary layar 1» stable or waatabla 
in the iavlaeid Halt. The oaloalatlaaa ef tm*m*t (If73) include bath ^and') and aba« that tha aaxiaua 
aapllfleation rate • aavea froa I • 2T%0 far the ilaalaa semneary layar to ft*- ea a, deer eases free) 
**r*. When "_. is at I ••, which aeeara before K reeehce tba separation value, we «aa aay that th« 
bounder? layer If dealest** by inflaetircal lastsbility. ta these ease», vireeeity aeta prlaarlly to damp 
oat tha dletureaneee Jwet aa egtvlsi«.*« %? tha early lawaaUgatara. Maaa «a take ap eemareaeible beaeaary 
layere la Fart 9, we ahali encounter eaatfcar ecaaple wbara tba deal neat iaatability aangas fraa viaaaaa 
ta iafleetleaai as s paraaater (tha «"reaatreea Naah nmnber) varies. 

The frequencies along the erveleaa «urvaa af Fig. 6.12 ire give» la Fig. 6.13. He «ay ebearve that 
la boundary layere with favorable pressure gradleata, wbara vlaeaaa instability la tba ealy ******** ef 
Iaatability, it is law freqweacy wevee «blah are tha «eat useuried. 0a tha eeatrary, far bawaiary layere 
with adverse eroaeur« gradierte, where lnfleetieael iaatability la daai«*»*. It la bigbfi equeaay waves 
«blab are the ««at aaailfled. 

&M 

%r 

la a natural aletiirbaaei aavlraemeat, a wide «aaotrua ef uarmai «ade» «ay be saaeeted to «tint la tba 
boundary layar. It la balpfal ta haa« tba abarfaaaa af tba r**w— 1» aetlaatlag «baa the dieterbeuoe 
empiituda U large aaausjb ta initiate treaaiuaa. A «aaaars ef thla quantity U ü«e* i* W*V 9*1«, «bare 
a frequency bandwidth ef tba 29 wevee along tba envelope curve, espreeoed aa a Free tie* *t tfc* «eat 
«•piified fraqusaay, is «hew« tm tba Fmlfcaar 9baa faaiiy. This baaawidth is «at Kaatla». ta tba «aa la 
tba inaat *f Fig« 4.9, aa it givae «nip tba frequency rang« laaa tbaa tba —% aaalifl A rrejge*a*y far 
«blab tba amqUltaia ratio U «ltala Va ** tba peak value. The mteriag aatiaa af UM ssaadan &9*r %» 
ag*U «vldeat la tba narrowing er tba bandwidth with laaraaalag bayaalaa aaa bar t* a givaa bsuadary 
layer, aad «a — that tba m*r* uaatabl« savarae praasure«gra<leet bsunder? lay*rm baaa tba atraagaat 
fiitaring ectiaa. 

9.9 

la ft» seir-etailaf isuirtiry lapura at« aasjfal tm illuttraUag baata laatabtlity 
araatla« beeadsry layar» ar* a«a>aAeiilar.   9 «a«puter m— %a parfar« atablUtf vaUwlatione far 
eiaUar IBawds 17 Imt**» A* mar* eaapUaatad tbaa tar aalf-aialUr tmmmn Ugejm, tau aamf bsasass «f tba 



naoeaalty of onlllng up • different velocity profile at eeeh fteynoids mnter, or of interpolating between 
different profilee. Th* atabllity oaloulatlooa theaaelvea ara the aaaa aa in any Reynolds nuabar 
dependent boundary layer. Tba elgenvaluea ara calculated aa a function of Reynolda nuabar, aad then oaa 
b« aubaequently ueed to oaloulata I faotora, or for any othar purpoae, exactly at If tba boundary layar 
were eolf-alailar. Suob calculation nave baan dona on a routina baala aa leant aa far book aa tba paper 
of Jaffa, Okaaura and Saltb (»970), 

A. A    Boundary layara «lib aaaa tranafar 

Suotlon atablllaaa a boundary layar, aad bloving daatabllliaa lt. Tbia reault wan eotabllebed by tba 
early lnveatlgatore, and eBtenelve stability oaloulatlona were oarrlad out with tba aayaptotlo theory. 
Suction oan atablliaa a boundary layar with or without an laflaotion point. The atabllity aeeaaalea la 
alallar to tba aotlon of a pmaaura gradient. Suction given a •fullei* velocity ^roflla, jeat aa dona a 
favorable pressure gradient; blowing given a velocity profile »1th an inflection point, Jaat aa doaa aa 
adveree preeaure gradient. Suotlon la tba prlaary «nthed proraeed for laalaar flow oontrol on aircraft, 
wbara It baa baan investigated aalnly In oonafotloa with three dlaaaaioaml boundary layara, A aaaaary 
aooount of aarly work on tala eubjeot aay b« fo^nd la tba book of Soaliohting (19T9). Nora raoaat work la 
prlaarlly aaeoolatad wltb Pfennlnger, and a auaaary aaaount of tba vent body of work on tbia eubjeot 
oarrlad out by bla and bla co-worker» aay ba found la tba Laotara lotaa of an 40AID/¥11 Spaolal foaraa 
[pfennlnger (19T7)]. 

6.5    ioundary layara wltb boating aad ouoling 

heating an air boundary layar dectabllltoa It, aad ooollag atablllaaa !*, Tba proper aaloalatlaa of 
tbia affaet require« tba ooaproaalbla atabllity tbaory aalen la given la fart k Aa esaaple far a low* 
apoad bouadary layar aay ba found la Section 10.). 

For a watar bouadary layar, tba affaet la tba opposite, aad baatlag tba «all baa baan eitennlvely 
atudlad aa a aaaaa of atabiliaetlea. Tbia neahantaa of etaellUatloa la aolaly through tba affaat aa tba 
vleeeelty, and oaa ba atudlad wltb tba lenoaereealble atabllity tbaory provided only that tba vlaeeelty la 
takei. to ba a function of teapereture. Tba Initial work on tbia aubjaot waa by vanaaa, Okaaura aad Saltb 
(itflb). 

A.A   Eigenvalue epeetrua 

An arbitrary dlatarbaaaa aaaaat ba rapraaaatad by a alagla aaraal eede» or by a aeperpoeltloe ef 
noraal aodee. Tbaaa aedaa raaraaaat only a alaglt aaabar of aa aatira aigawalaa epeetrua, aad It la tbia 
apaatraa that la required far aa arbitrary dlataroaaaa. It oaa ba proved **** t*r » ■main »hear flow, 
auab aa plaaa releeullle flaw, tba aigaavalaa aaootraa U «i cerate aad laflnlta tUa 0*1)1. That la, 
for a given «nvaaaabar aad tayaalda aaabar, thorn la aa lafiatta discrete aagoaaat af ooaple» fraaaaaalaa 
veeee elgeafuaetlene aaUafy tba bouadary condition*. Saab elaaaet af tba eeawaeee eeeetltutee a rede, 
TVte la tba aora precise aaaalag of tan tar« aaaai «bat «a aaaa aallad taa aaraal aadaa all baloag to tba 
fl.*at, or loaat atabla, af tbaaa aara gaaaral aadaa, To dletlegaleb bataaaa tba two aaagaa af tba tara 
aoda, wa abail rafar to tba dlaarata aaaaaaaa aa the ttaaaaa aadaa. Only tan flrat rteeeee aoda aaa ba 
uaatablaj all of tba ©there ara baavlly damped, «blab la taa raaaaa «ay they ara unlaperteet la alaaat all 
praatlaal atabllity prableaa. Calculation« af tba dlaarata teaperel eigenvalue apaatraa or piano 
roiaeullle flow have baaa oarrlad «at by Oraaab aad Sal wee (ifal),  Oreeeg Oftl), aa« Hank (19TI). 

It «aa long baliovad that taa aigaavalaa aaaatraa ef boundary Xtftr flaaa ie alaa dlaarata, 
a oaiouutioa by Jardlaaaa (iff!) far a alagla walaa af a aad I aaaaoarad aaly a flaAta dlaarata aaaatraa 
for tbo llaalua bauadary layar. Tbaaa calaalatlaaa «ara la «aa* wrw aagarlaally, bat a later 
lawaatlgattoa by Maak HfTA), «blab worfcad «at taa eerreet taaaaral aaaatraa, aaaftraad taa «sea la aloe af 
Jerdleeoa. Aa abowa la fig. 1.11, at i « O.lTt, • • *•«, taa aaa« eeaaleared by Jerdleene, taara ara 
aaly aavaa viaooua aodaa.    Neaa 1 la aapllflod}  b)a«oa !•! ara atraagly daana«.    Xa rig. A.I»,  taa 
algaavalaaa ara «bean la oaaplaf « aaaaa, 
in tbia arablaa. 

rataar laaa * aaaaa. t.0 baa a ■aaaial algal flaaaaa 

Utboagb tba aaabar of dlaarata aaaaa la a faaatlaa af batb «aoaaaaaar and aayaatda aaabar, taa 
nuabar raaalnn finlta aad oaaaarativaly aaalL. It »aa aaa«« ay Haak ClfTi) aa taa baala af aaaarlaal 
aaaapla« «itb flalto««tdtb aaaaaala la «blab taa «gaar «aaaaary »wag ta y • -, aad «ita aalyaaalal 
valoolty prof Una af varloun §Hm^ Uat batb taa aaml-lnAtaAta fin» tatarval aad taa aaatlaalty af taa 
vaiaa*t} mfUa at tba adga af taa baaaaary tagar, ara raapaaalfctt far taa aa« aaAHaaaa af taa lafiatu 
parv af taa dlaarata aaaatraa of baaaaad ftaaa. «a a flaAta dlaarata aaaatraa) 1« atlll «aable t« 
raaraaaat a« arbitrary «^«riaaaa, «aara ara taa aAaatag aiganaaiaaal 

i.C ^' 
f i    | 

It la a not waaeaaaa aaaajraaan in aAgaavaiaa arabiaaa ta aava aaly a finite dtairnta baaatraa» Taa 
raaaiaiag aa^t af taa ipMim la taaa a c^atiaaaaa aaaatraa. Aa «aaapi« la t*a laoiaald ataalllty 
aaaatlaa, «blab aaa a aawAlaaaaa aaaatraa aaaaalatag «it« ta« alagalarlty at taa artuanA Uf«Jv It «a* 
araatfy aaggaatad ay ^artiana« iwn taat taa AtaaraAa «taaaaa »aaairai la auapiaatntid by a 

laag tba a. 1 aala. la« wf^ff «9 Urn (mt) taa« a vtaaaaa mHaawi baaatra» aaaaat nxlat 
far a baaaaai flow «aaa «at aagly ta aa «abaaaaad fla«, «aab ftffal iwapartü imUm>■*■ aaaaatatAaa by 
•aaaa af a fa« aaaarlaal «alaalattcaa af ooatiaaaaa aaaatraa olgaavnlaaa, aag «Aaa abaaad taat taa 
aaatiaaaaa ■aaatraa la atvaaa «aaaaa «aaaaaa af ta* faatrAatAa* a. < *«/•* A aw*t «aagOata aa« «aftagu«« 
nt««y mt taa aaatiaaaaa aaaatra« aaa «aiaagaaaU» ««rrta« mm af «raaaa aa« taAaaa ttftt!» «•* ara 
raasaaatbl« f*y nlartfytag «aay aagaata af mu «raala». On* a gagar by «arilat as« m«art«an ftfft) 
aaat ba «aatiaaa«. taaaiu far ta* «laarata aodttlal aaaatraa) af ta* ilaataa liuadary lafar aaaa 
«taaa ay Qaraar, «baataa and taaa Ctffa). 
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T.    lAMtaxc rout sooicts or ostiaam «*ro 

7.1    0*n#f*i i-aaarfca 

la tli« pravloua Saotloaa, w« bava aaaa oaaaldarlag tba b«h**ior of in« individual aoraal-aoda 
aolutloaa of tft* lioaaruad, quaai-parallal atabiiity aquatlooa. Tau prUiry atUatloa to tba aoraal 
aoda» baa baan iha uaual oouraa la aoat thaorotlaal aad asparlaactal w>rk oa bouadary* layar aUblllty. Taa 
fundaaaaul stability axparlaaaU of Sabubauar aaa Skraaatad (19*7) la low-apaad tlo*t aad af Kaadall 
(196T) la blgb-apaad flow waro both daalgaad to produoo a particular aoraal aoda. Svaa tba auob uaod a1 

aathod af traaaltloa pradlotio« la baaad oa tba aaplltuda rauo of taa aoat aapllflad aoraal aoda. Za 
aoat aatual flo« situation», bo««v«r, a aaaotrua af instability «avaa la araaaat. If taa bouadary layar 
vw truly parallal, tba aoat uaatabla aoda would avaatually bo tba doainan. aaav aad all of tba otbar 
aodaa would bo of aagllglbla iaportaaaa. Aa boundary layara foaad la praetio« ara aat parallal, tba 
ettaatlBf toyaolda aaabor aaaaa that taa ldaatlty of taa «aat uaatabla aoda alao ahaagaa aa taa «ava sratoa 
aovoa aovaatrwaa, aad ao alagla aodo aaa «row ladaflaltaly. fttaturbar JO aaargy «HI alwaya bo dlatrlbatad 
ovor a fiaiu bandwidth. If taa aadaa ail «oa« froa a alagla aowroo, or ara otaarwlaa P*U** raUtad, taaa 
latorfaraaaa affaots olll aaaaa tba avolutioa of tbo wideband aaplltuda ta furUar dopar* froa tba 
aaplltuda avolutioa of a alatla aaraal aoda. Tbla dlffaraaoo «aa vividly «aaoaatratod la taa asparlaaat 
of Oaatar aad Qraat (1975), vbara tba aaplUada at taa aaatar of a «ava paakat pradaaad by a fataad point 
aouroo obaagad llttla with looraasiag distaaoo froa tba aoureo, avaa though tba aaplltuda af tba aaat 
aapllflad aoraal aoda «aa 1 «cross log aavoral tlaoa. 

Tba «sva-paekot problaa «aa traatad flrat by Crlalaalo aad Eovaaaay (t9d2) aad by Oaetar OMa). 
lit it bar tba straight «ava froata af tba roraor, aar taa aaaatla af tba lattar, w«r« obaarvad 
aaparlaaatally, baoa«aa la aaab oaaa apcroxlaatioaa taat «ara aaadad ta prodaaa aaaarlaai raaalta taraad 
out aat to bo valla, Latar, Qaatar (1975) aatalaad roaults la «ood agyaaaaat «Itb osporiaont by roplaalag 
tba aatbod of atoopoat doacaat «aad oarllar by diraat aaaarlaai latagralloa. Bo «aa alaa abla ta 
daaoaatrata tbo validity af tbo aatbod of ataapaat doaeaat for a 2D «ava paakat la a atrletly paraUal 
fla« by aaaat «aloalatlaa af taa aaaaaaary aigasralaaa (Qaatar (19t1b(1«Ua)). finally, ha aaowod bo« to 
aataad Ula aathod to a «roving boundary layar [Oaatar (19*1 a, 1902b)), «bar« taa assa no« deaastraaa 9t 
tba aearoo la a function of anyanlda ouabar. 

la Ula Sootloa, wa aball asnaiaa a alaplar probloa tbaa tbo «ava paakat, aaaaly taa atatlaaary «ava 
pattora produced by a bsraoalc poiat aaaraa, Tbla «ava aotloa baa Um »*»• Busbar af aaaaa diaoaaicaa aa 
a J6 mt« packet, but la roally a 2© «ava propagation problaa taat la alaaaly related ta daater*a 2ft «ava 
peeketa. Tba propagation apaaa here la s.a. tba plans 9f taa f«a«, ratbar taaa i,t if U tba lattar 
prablaau Taa faot taat tba mvm aotloa la tv« dlaaaauoaal aaaaa It paaalbla to «btale daUilad aumarloal 
raamiu batb by a«a>arlaal lataaraUaa aad by Oaatar<a (1|Cla,19i2%) aataaalaa af tta aotbod af ataapaat 
daaoaat far a «roolat baaaaary layar (Naab aad Sardall (Iflj)). Xa taa aalat aaaraa profelaaa. aa attaapt 
la aoda to fiad a ao«ploto aataaMUaal aal%U«a, laataad It la aoroly aianaal, faUavla« Oaatar (lfTS), 
taat taa aaaraa pradaaaa a aaatlaaaaa apaatraa mt taa laaat atab'a aoraal aadaa, for a aaJsad » (llaa) 
aaaraa, taa apaatraai la ovar fi^aaaav; far a palaad W (paiat) aaaraa, tba aaaatraa la *me fra^aaaay aad 
apaa«laa «avaaaabari far a b4.'_^-ia palat —^—t tba apaatraa) la mw aaaavlaa «avaaaabar. It la 
aaaaily,  bat aat alvaya,  aaaaa ad taat tba apaotral daaaluaa ara uaifora (»wbito aoipo* apaatrai. 

Taa aalatlaa far a aara>aala palat aaaraa la aatalaad by avalaatla«. taa lata«ral far tbo aavplaa 
aaplltudo 9wr all paaalbla apaaolaa uavoouabora. Taa aoat atralfbtfarvard aatbod la ta H— diraat 
aaaarlaai latafratlaa; a aooaad aatbad la ta aval«at« taa latagral aayaat«tlaally by taa aataad af 
ataaaoat daaaaat aa «aa 4»m for aarallal fla«« by Cabaal aad Staaartm (I9i0a,1f00b), aad, la a^ra 
datall, ay lay fab (I9#0avtfi0b). aaaa aaaarlaai raaalla far alaalaa fla« *t* «Hod by eabaal aad 
ftavartaaa MtOOb), bat «itbla taa fraaa«arb af taa aF aatbad af traaaltloa aradlattaa, Oaly taa 
aaaaaaatlai tara af taa aaalltada «aa avalaatad« aad taa ■add!a aalat aaaattlaa «aa tbo aaa far parallal 
flaw. 

IhpaHaaata aa tfca aaraaaAa poiat aaaraa bava «aaa aarrlad aat ay Ollav, taabaaav aad laalav (ifttK 
aad ty K^cb aad laadall (tfiSK la taaaa aaparlaaaia, aataaalva bat»«lro aaaaaraaaata ^t aaaUtada aad 
paaaa 9mrm aada la taa daaaatraaa aad apaaalaa dlraatlaaa la a tlaataa baaaaary layar, ta iliov at al* 
itfit), a raarlar aaalyaia af taa data yialdad taa aaUawa aaraal aadaa, bat aa aaaaarlaaaj «itb tteary 
«ara aaaa> Oaa ai^aunaaat raaalt wm taa aaaydai «at af taa Uaaa af aaaataat paaaa la taa a«s Haat aa 
aaowa la Pl§. T.i. it laaat taraa alatlaat raftiaaa aaa bo idaatlftad la taia flfara. Claaa ta taa 
aaaraa, taa aarvatara U aaaraa, »a« far away tt la aaaaa»«. la aa tataaadlota raflaa, a •dUbHa* aapaara 
at taa aaatar ltaa> A raglaa af a. ^oava aarvatara gradually actaada aataard ta aaaaaaaaa taa aaura aatvr 
partlaa «f ta« «ava pattara, «blA« bo dlayia apraada, flattaaa aad f*a*Uy iiaaapaara. Ul mi taaaa 
faataraa ara daailaatad la tba ^mm    .ttara aalaaiata« by aaaartaai latadjratlau {Maaa aad Isaaail ftfODS. 

riajara T.i aaaaa taat tiara la a nut aaa laaUaatiaa af aaab ■■aatual aaaaa Uaa taat la 
*—• taa aaaiar.a aaaa aaaja af aaatabia aaraal aadaa,   «bia fa«tara faUaaa djtiaatly fraa taa aataad af 

»a «•^»•Ttaia raatriattaa «aa aatad ta aaaaaitaaad aalaaiauaaa ay Maab aad by Padbya aad tayfaa 

la taa aaaal aarallal taaary, aajAitada ta dafUad aa taa tatagrai wt taa aaatial aapllflaaUoa rat«, 
la aat idwufiod »tu aw parti aal ar flow «argaala ar «taiaaoa y froa taa aalt*   la taa 

Sifts* aayarlaaat, aaptltada aaa aaaaarad at taa «dor aaa* af taa aapuud» mmnmAUm im tUat at at. 
f It4l| at a faaad y A ta taa baaaaary latar« aad alao at a fiaaa y* |aat aataiaa af taa laaadary Uyart 
aad i« «aa* aad taaaa 11 t19tl)v at taa laaar aaai * taa aaaiitaaa «iatribaUaa.   « aaapariaan af taa 
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Tb« iHtagraS ©oor all apaawlao wair*rmab*rj for UM> Oiaaaaioaal »aloolty fluctuation *% (tao auboerlpt 
t tfaaot«* tia« 60p«fMono») froa * aouroa of frequency -    loc*tad at **»*s 1* 

aj<if,a\t*) . oap(-i V)/V<J%«*PU<<flV%»%)<fc\ (7.1) 

wft«r* g (j*  ) la tb* (ooapl«i) aaplltuoo dlitributioa function of dlaanalon* velocity x Icftgtb,  tb« 
frequency 1« roai, 

, •   «.     f*1   «, •   a    a, . •       a. •   t. 
(7.2) 

1» tb* tla*-lod«p«aa«at pafi of th| pbaa«, and tb« wavgauabor ooaponoata i and & ar« *o»p***. Tb« 
•lfanfunetlotia ar« icnorod oo tnat u. la tiMapaaaaat «f y , »ad ut could oawally wall «• ooaaidorod a* aay 
otb«r flow variabl«. Tbia lat«fral will b« avaluatod bolow by dir*«t nwaorloal lntocratloa, aad by an 
adaptation of Oa«t«r*a (1«*1a,1«t2b) aayaptotlc aotbod. 

7.2    ftuawrleal InUcratloo 

V* plao« tb« souro« at t. > 0. drop tb« Una factor, aad aoflao UM dlaaaaloalaaa varlabloa 

• • «.« tat.  /0 

I i 6i /v 1 
• .-• a • v /0j    , 

• ts /0 

I • e t / 

g •  2*g Zu 

(7.3) 

wb«r« a    1« tb« tlao-lnnopoaaaat part of at,  aad UM rafar« aa« velocity la UM frooatraaa woloolty Uä- 
V« ha»« ob«a«a tb«- lavera« aalt loyaalaa avabar ■  /f» aa tb« r«f«r*»c« l«agtfe «o tbat tt, *a wall aa  p 
will aatiafy tb« irrdtationality coaditioe la tb« aiapUet fora, gg. (2.5*i»   Viib tbaa« «Hoi«.«*« tb« 
dlacaaioaloaa I iN I ar« UM oawal a aad a fcoyool«» aaabara.    71M raaaaa far UM aarrallaatlo» aaaataal 
2»     ia tb« definition »f § all! appaar ia taattoa 7.«.    tfiU tb« iafiaitlaa« «f Co«. (7.2), Sg. (7.1) 

with t    • 0,  UM pbaa* ia 

ttCl.ijPJ • (1/2*)/" •<p)aap(lx(^l,l))0 . (7.*) 

(73) 

V« taba S to aa roal for oaawealeaa»,  waiob a»«na tbat w» ara going to »tta ooer epaUal aaraoi aoaaa af 
UM typ» w« bavo baoa waiag all eloag.    If wo writ« 

r   • ■ «w •   tX|  ♦  ?• 

UM real aad laagiaary part« of a ar« 

«ar •/ V*   •       U mC\*   ■ 
« aro 

(7.aa) 

<7.lb) 

(7.7a) 

g 

«,(1,1) • tl/^»^)oa»<-it)aia.araaa(|t)a1   . (7.7b) 

«• aa?« tabaa aavaataga af UM «yaaotrf ia ? of gi||» *_, aai i. to raatriot UM iatorwai «f tataayaUaa 
t« tao poaiti*« * aala. tgaaiioaa (7.7) aro tao aplaifl« (atafraia la aa awaiaata* by aaaorlaal 
latogratloa. l\ i» «oawaaiaat to araaaat UM aaa>ortaal roaalta la t«ra» af lit a«ab* or aaoolapo, 
«aalitaao 

•am 9i faaauuaa aaa ba 

4(1.1) • («» ♦ «V*    . 

«<t»l) • UM'^aj/a^) . 

»iaafl«jaa*i'iHy. 

(T.fta) 

<T.H) 

fao aattoriaal iatatratiaa af ia*. (f.f) aro»aa4a aa fallavai «lUi tao iuataaioaiaaa frofoaaay t 
«a«al t« tao frataaaay t UM aaarao, tao aaovao t*t*«i-«i» iM aaa «. of •%. (7.U) aro «walaato« aa 
faaaUoaa af t aita «aaataat | far a aaal af a#a*9laa »in«4Wi froa UM otgaatmiaa» IltiLfi, Tao 
faarlar aaaiaa iatatrala aro owaiaaboi at »aawgb I atatlaaa at aaati I to raaolwa tia aa«o paitor«. 
I4a*l* aalMioa r%vm ara #aapa«, «it* tao «*a»i*f rat« laoroaaiag wita iaaroaalat aallgaltf. 

y, UM lataarai* af •§, CT.f) vtlt   alwayo   aa—taji for I > t, if J*rp* oaaaga »aiaaa af { aro f > I. If lart 
aaa«.   it • • tÄ# t • §t *** §||} la MM raartar aaaiaa traaafor« af a.fl).    ia aartlaaUr, if fit) • i. 
taaa «r ia a s*f«aatlaa la ii if §( |) ia a ^aaaalaa, taaa aa I* ay 

T.}   ■atJMar af ataaaaat taaaaat 

faa pjataai af aaaarlaal Iatatratiaa ia •iraioatf»rwora, bot 
aijaaoalaaa far §e«4 faaalallaa of UM aaoa aattarm    t  '" 
ta>  tfA} aayaanuaaliy ay UM aotao« vt 

la to aoali 
af a fao 

aata UM latacral af 
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oartaln raaulta to bt obtain»«! with fo««r atlouiationa,  and also baa tha advantaga that tha dominant wart 
at ««oh 1,1 sat as to oorraapond dirtotly to what It obssrvad. 

Equation (7.»), «1th g(g) * 1, la writ tan 

u(M) . 11a {l/2*)f%X9[{%-%BM$)U%    , 

whara C Is tha contour of ttttpatt dttotnt In tht ooaplai £ plant, and 

d-it) ♦- ifjAim* ♦ lid-!,) . 
J X. 

Tba Halt i •»!• taktn «1th 1/(1-1§) fctld constant.    Tha oondltion for tba aaddit point r"0 la 

Irt/aß ■ 0 , 

which it aqulvalant to tha two raal oondltlooa 

U»V3g)pdt ■ -i h 

(7.9) 

(7.10) 

(7.1D 

(7.12s) 

UVa?)|*i ■ 0 (7.12b) 

Thasa inttgrtls art avsluatad with tha coapltx * bald constant,  to that at art daallng with spatial wavaa 
that satisfy tht gtntrtllctd lrrotattonality oondltion of klnaaatlo aava thaory. 

Tha aaddla-polnt conditions of Iq. '7.12) art of tha »tat typa aa lntroduoad by Oastar (1961a, 1962b) 
for s 2D «tv« paokat In a growing boundary layar. Otually tha aaddla-polot aathod Is appllad to problaaa 
whtra tht wavt-propagation atdlua (hart tha boundary layar) Is lndapandant of 1« but Oastar daaonatratad 
tba corraotntss of tht praaant prooadura whan tba aadlua la a function of t, In a atrlotly paralltl flow, 
the boundtry layar atott tha sort rtttrlottd raqulrtatnt of 1 lndtptndtnot, and tba aaddlt-point 
oondltiona slapllfy to 

for * constant-fraquancy wavs, 

(rt/ift)r ■ -i/d-i.)   , 

uv.?)t • o . 

(>V4)    • -(W^/(W^) * -tan * , 

(7.1Ja) 

(7.13b) 

(7.1*) 

wbora ; la tha eoapltx tnglt of tht group-valoclty vtetor, tnd wt aaa that tha parallal-flow aaddla-polnt 
condition la aqulvalant to raqulrlng tha group-valoolty tnglt to bt raal. Conaaquantly, tha obaanrad «ava 
pattarn In t ptrtlltl flow oontittt of «avat of oontttnt coapltx tpanwlat wavtnuabtr £c aovlng along 
group-vnlooity trajtotorlta In tht rttl 1,1 plant. This saddlt-polnt condition haa bttn applltd to a 
growln* boundary layar by Cabaol and Sttwartton (I9*0t, 1980b) and by Nsyfah (1980s,19*0b). This prooadurt 
can yi< , satisfactory rtaultt In t rtttrlottd ragloa of tba 1,1 plsna, but oanoot bt valid tvarywbart aa 
tht oorrtot aayaptotlo raprasantatloa of Iq. (7.9) la In taras of Iq. (7.12) saddla points rttbar than Iq. 
(7.IS) ttddlt polntt. Tha *rayt" dtrintd by Iq. (7*12) art not physical rays la tba uaual saaat. For a 
coaplai *0 that satlaflaa Iq. (7.12), 1 la ooaplsi at all l>la txotpt at tba final, or obsarvatlon, point, 
Tht trajaetory that la traoad out la tha 1,1 plant by tatlafylag Iq. (7.12) at auoeasalva l>lt for tht 
aaat (?e)f baa t dlfftrtat (tL)4 tt tteb point. In t parallal flow, t tlnglt noraal aodt dtflntt at 
•ntlrt ray; hart a aingla aoraa» soda dariaaa only t tlnglt point. 

«1th l tspaodsd in a powar stritt la *r|^t  and with only tba first aoasaro tara ratalaad (aaaualng 
it la tba tsooad darlvativa),  Iq.  (7.9) baooaas 

u . (1/2«)aapl(l-lt)«<^))y,aipll/2(J2V^2)^l-l|,)(;-;<!)
2ld; . (7.15) 

«a writ« 
("<♦**/Je2)*    • Ötip(l'0)  . 

"c 
2-H, • SisasptlM,)    , 

(7.18a) 

(7.16b) 

whtra s is tba path langte aaaaurad fro« tba saddla point,  and y§ is Its Inclination,    with tba ooatour C 
atlaettd to paaa through f^ froa laft to right at tba constant aagla <>8 « **^/2, tba final raault Is 

u(l,l) . l(l/20(i-li)Dl,/2as#t(l-ti)s<(l9))a«pU(''/»-V2>l • <T*™ 

saplaelag D, I, *» tad I by D, I, i aad t» , «bar« tba rtfarano« Wagtb la L9 or Iq. (2.97). «« obtala 

(7.11) u(l,l) s {2y*0)1/2««p(-^ ♦ iy)    , 

ft 

tr a if*ri*m%)4* ♦ UV,*! ♦ */8 - *«/* , 

(7.19) 

(T.20a) 
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snd    d la th* srguaent of the coaplei integral In Bq. (7.19)*    We oontlnue to use I for the »-Reynolds 
nuaber. 

In the»* variables th« saddle-point conditions are 

2J   (^t/^P)pM» ■ -I 

/ (dn/afOfMR > 0 

(7.21a) 

(7.21b) 

With th« p 
have different 

arallel-flow »addle-point oondltlona of Eqa. (7.13),  Bq. (7.16) la »till valid»  but D and  sd 
'•nt aeanlngs.    With   i*?!/"*** constant, 

D « tWa^-lrJjoVifl*)!1'2    . (7.22) 

and •*_■ la th« arguaent of  -2'/ >?2 ratb«r than of Ita Integral. 

for « given II and t, a doubl» iteration prooadur« la needed to find th« oqaplex S,e that »stlsfi«s 
Bq. (7.12). As «aoh Iteration Involves th« r«oaloulatlon of eigenvalue» and 32A/ä$2 fro« la to I. th« 
coaputstloaal requireaeata ara larga. IT only I la given, th«n an iteration of §A for a sequence of j?r 
mil produce th« wave pattern at that I with auoh leas ooaputatlon, but th« »pacific I at which th« 
amplitude and phase ar« calculated will not be known In advene«. Or, both $p aad %± oan be »peelfled, and 
R advanced until th« integral In Bq. (7.12b) change« sign. Thla will not always happen, but when It doe«, 
a saddle point and lta lotUIon In th« 1,1 plan« ar« obtained without iteration. 

Becauae of th« iteration requirement, th« saddle-point aethod la less suited than auaarloal 
Integration to th« dotelled calculation of th« «ntlr« wave pattern, but It oan »or« readily produo« 
results st Just a few locatlona. Ita greatest advantage, however, la that along th« centerllne (a a o) 
th« aaplltud« and phase can b« obtained at a sp«clfl«d I without iteration, aad a alngl« integration paaa 
froa R§ to II produo«« reaults at all Intermediate R at which eigenvalue» ar« calculated. Thla la possible 
baoauae th« aaddl« point is st * « 0 «11 along the centerllne, aad only Bq. (7.19) has to be used, aad not 
Bqa. (7.12). We oan alao note that there la no r«al saving by ualag th« approxlaat« Bq. (7.22) In plao« 
or Bq. (7.19)* b«caua« V* i/ }2 haa to b« calculated in any oaa«, and only the nuaerlcal Integration of 
thla aerlvatlv* 1« »llalnated. 

7.4    Superposition of point sources 

W« cen leaglne sources of instability waves to occur not just aa single point aouroaa, but aa 
aultlple point aouroaa and ss distributed eoureee. For s«v«rsl discrete aouroaa, th« foraulaa of the 
preceding Section apply, and we Just have to add the contributions froa the various aouroaa. We oan use 
this saae approach for distributed sources: Th« distributed «cure« la represented by discrete, closely 
»paced,   inflnlteslaal point source»,    la this Section,  w« apply thla Ides to Una aouroaa. 

We replaoe th« function g*(; *5 in Bq.   (7.D with a «ore general function 

1%•,*;.«;) . a/**C(vtJV.*i<0  , (7.23) 

where uj, the aouroe strength, has the saae dlaenaloos ss u*. and '.* Is the arc length along th« aouroa. 
We substitute Bq. (7.23) into Bq. (7.1) without the tlae fsotor, use the definitions of Bq. (7.3), aad 
arrive st 

>,u(t,t) • (1/2-)u0A%rg(?)«ip(t>)d* (7.2U) 

rorflt|e contribution to u at 1,1 of an InflnlWalaal Ha» aouroe at t#J*r    In Bq.  (7.2*a),   u, a u*/U-, »,§ 
• 's0t/    , and 

M? ,t,l) *J\A ♦ ?(a-ta) . (T.2*b) 
"e 

J   flnU«~l«ogtb «ouro« which ««tends froa «1 a (I,,!,), to s2 • (ts*la)3 «ill produce at 1,1 th« velocity 

u(l,l) a („a«)/" ug«T.J"g(S)«jip(t»)dF , 

wh«r« the mIntegration proceed» along th« line source. 

(7.25) 

is th« »lapleet possible «aaapl«, we apply Ba. (7.25) to a 2D infinite-length Una aouroa, i.e., a 
aoure« which e»t«»de froa • *-- to **   at a constant I,,    With g(*) • 1, so that all oblique noraal aodaa 
have the saae Initial aaplltud» aad paaa«, w* obtain 

u(l,l) a (1/2")/u§dta/
,as»(l<.«» (7.2a) 

integral «war I, auat eoeverg» baoaaa« th* l integral la Just taa peial**»*?«* sol tloa Bq. (7.3).    * 
alaal interpretation of Bq. (?.2t) la that Bq. (7.3) *•» bej regarded aa either the distribution of u 

The 
pay alaal 
with raapaet to 1 at the «gaarvatloa station I due to « «lag!« «auraa at i9,0, ar aa th« veriatic. of u at 
taa alagl« aaaarvatlaa point f,0 aa taa point aessra» at lt wmm froa l§ * * to 1 •«- ,    Osaaaquaatly,  If 
taa pointMaouroa solution U weight** by w§ and integrated with raaaaat to 1^, tue raaultaat aaplltud« aad 
aaaaa ausi aa that prntuaad by aa laflalta^latajU ap*awi*e Ua» sours«. 

At l«lt,  taa pa»** fuaatloa < reOucea to HU%J aad Bq. HJH) baooaea 

u(l§,l) . (V2-J^i«.«tj^aaat*{|.li)id|   . (7.2T) 
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Me recognise the § integral as the Dir»c ^-function: 

oo»tß(l-l8)]dfi ■ 2n M*-lt)    , (7.28) 

Therefore, u(t ,t) « u «» It ehould, and we ••• the rttion for the factor 2« In the definition of the 
function c in lq«. (7.J) and (7.23). Thua whan appliad to an infinite-length Una aouroa of oonatant 
aaiplituda ks and of oonatant phaae, Eq. (7.25) aunt yield th« aaplltude ratio A/Aa of a 2D noraal sod«. 
This property of tba point-source solution offers a convenient check on nuaerloal raaulta. Furtheraore, 
if u, . Ataln(L6s) (atandinf w«?o) or A expdfl,«,) (travelling wava), Eq. (7.25) will give th« aaplltude 
ratio of an oblfquo noraal soda of apenvlae wavenuaber $r Application» of Eq. (7.25) to finite-length 2D 
and oblique Una sources have been given by Maok 098»«). 

7.5    Nuaorloal and experimental raaulta 

The wave pattern behind a harmonic point aouroa of frequency F « 0.60 x 10 located at >_■ 185 hae 
been worked out in detail by Naok and Kendall (1983)* Va aball quota a few raaulta bare. Figure 7.2 
gives the oenterline amplitude dlatributlon downstream of the aouroa aa calculated by nuaerloal 
Integration froa Eq. (7.7) with K£) * 1» The amplitude dlatributlon of the 2D noraal aoda la ahown for 
comparison, where A« haa bean ohoaen to equal the aaplltude at I ■ 630. The Initial ataap drop In the 
aaplitude la reversed near tba lowar branch of the 2D neutrel-stsblllty curve» but thla firat alnlaua la 
followed by a broad aaoond alnlaua before the auatalnad aaplitude growth ga'.a under way. The peak 
aaplltude oooura at the upper-branch location of I ■ 1050. However, the magnitude of the peak aaplitude 
la leaa than half of the normal-mode aaplltude. The reduction in aaplltude la due to the aldawaya 
spreading of the wave energy la the point-eouroo problem. 

The wave energy alao apreada in the y direction beoauae of the growth of the boundary layer. Thla 
effect la not included in the calculation beoauae of the uae of parallel-flow eigenvalue«, even though the 
correot Reynold»-number dependent eigenvalue have been ueed. In the polnt-eource wave-packet problem» 
Gaater (1975) found that the boundary-layer growth could not be ignored» and he introduced a correction 
baaed on a elaple energy argument,    with the aaauaptlon that the wave energy la proportional to the equara 

aldawaya epreadlng. 
correct for boundary- 

layer growth, and the reault la ahown In Pig. 7.2. Thla correction la elseable, and If correct cannot be 
neglected. 

baaed on a alaple energy argument.    with the aaauaptlon that the wave energy la proporl 
of the amplitude, A2 would be oonatant in the abeeaoe of damping or amplification or 
Thla aiguaeat auggeate that the aaplltude froa Eq.  (7.7) be multiplied by l*1/2 to oo 

i f 

A characteriatlc feature of experimental phaae aeaaureaenta on the oenterline la that If the phase la 
extrapolated baokwarda to xero the apparent location of the aouroa la downatreaa of the aotual aouroa 
location. Figure 7.3 demonstrate» why thla la ec The phaae initially riaea at a slower rate, and it la 
only after an adjustment in the region where amplification starta that the phaae than increase« at the 
faster rate of the aeaaurcaeate. 

The oenterline aaplltude distribution baa alao been calculated froa Eq. (7.18) of the extended 
eeddle-polnt method. Starting at about M » 650, the »addle-point raaulta are virtually identical with 
thoae obtained from nuaerloal integration in both aaplltude and phase. Even the paraliel-'low aaddle- 
polnt aethod glvau a good reault to about the region of aaxlaua aaplltude, after which there la a alight 
departure. Conaequently, Eq. (7.16) give» ua a way to obtain tba oenterline aaplltude aeourately 
everywhere except quite oloae to the aouroa with only a little wore calculation than la needed to obtain 
the normal-mod« A/*Q* 

The important queation MJW la whether or not the amplitude dlatributlon of Fig. 7.2 haa anything to 
do with an experimentally determined aaplltude. The answer la given In Fig. 7.» (Naok and Kendall 
(1963)]. For the aaae condition* aa the calculation«, a hot-wire aaaaoaeter waa moved downstream in a 
hlaelua boundary layer. At each leynolda number atatlon, the aaxlaua fluctuation aaplitude In the 
boundary layer waa determined by a vertical treveree of the hot wir«. The source strength waa wall within 
tbe range for which the reapooe« at the hot wire varied linearly with the aouroa amplitude* The amplitude 
in Fig. 7.« la the aotual aeaaured amplitude expreased aa a fraotlon of the freeatream velocity. The 
level of the calculated aaplitude haa baea «djuated accordingly, The calculated amplitude Increases more 
rapidly than in tbe experiaeot, but the Oaater oorreotion for boundary*layer growth aakaa the two 
aaplitude distributions identical up to about I • 690, where the aeaaureaenta dapart •bruptly froa UM 
tb«ory. This dlsagreeaent waa traced to a favorable pressure gradient on tbe flat plate that started 
precisely at the point of departure, Th« good agreement la thla on« exaapla of the calculation with the 
Oaater growth oorreotion and the aeaauraaeat in the aero pressure-gradient ragloa, wall« hardly 
coQcluaive, does suggest that when dealing with wave aotion over aaay waveleagtha, the growth at the 
boundary layer oaamot be neglected. 

Th« off-centerline wave pattern la of eoaaiderable ooaplexlty,  aa ahown by 04lev at al (1*11).    The 
peak aaplitwda occurs initially off oenterline,  aad It la only wall dowaetreaa of the aouroa that It la 
round oa Uta eonterllaa,    A typioal calculated apaawlaa aaplitude aad aaaaa dlatrit   lau la «bow« la Fig, 

! 7.5.    The eoaplex evolution or the phase that appears la Fig. 7.1 la reproduced quite closely by Eq. 
(7.7),  bat Use calculated off-oeaterila» aapUtuda ie leaa exact,    Indeed,  the saddle-point method,  «vac 

| la lta ««tended fora, feile to give off-eeateriio« aaplltude paaka or sufficient magnitude, aad only 
agroaa wall «lta UM nuaarloal-lfttegratloa raaulta after taoae aaaaa have dleapposrcd.    lam parallel-flow 
s«ddle-point aethod fails badly in calculating the ©rr-centerHno wava patter«.    The difficulty or 
aorrootly computing tarn aaplltude with KM araaaa* method« la probably rolatad to UM complicated nature 
of UM »igenfuwetioft«» which la auch of UM wava pattern hoar iitti« raaaaaUaae to eoavaaUnaal ooraal- 
aooe etg«e»NaMUoaa.    la araer far eapUtod« «alaalaUaaa t* agroo aa «all «lUi **perimeet aa a» UM aaaaa 

.4*ü aalaalatiaaa, it «ill ha aaaoaiary to iaalmd* UM eigaafwaetioaa la UM oalaulatloaa.    However, «vaa with 
tfci«   liaitati«««  UM numerical-integration act he«, «oo» roaeraablr «all la reproducing UM aaaaarod «aw« 
pattern,   and provide* another «aaapla of UM utility of linear stability theory la dealing with polet- 

arohl« 
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PUT 8.    COMPRESSIBLE STABILITY THEORY 

8.      POtMQLATZOP OP COMPRESSIBLE STABILITY TH80RT 

8.1 Introductory raaaraa 

Tba tbaory of tha stability or a ooapraaalbla laalcar boundary layar dlffar» aufftoiantly froa th« 
loooaipraaalbla theory to warrant baiai traatad aa a «aparata aubjaot. Tba baalo approach and aany of th« 
ldaaa sro tba aaaaf aad for this raaaon tba inooapraaalbla tbaory oan ba ragardad aa aa lndlapanaabla 
praluda to tba study of tba ooapraaslbls tbaory. Por axaapla, ail of tba aatarlai la Saotlona 2.2, 2.3 
and 2.6 applla» «lso to tba ooapraaalbla tbaory. Tba aotlvatloo for tba study of tba stability of 
ooapraaslbla boundary layara la tba problaa of tranaition to turbulaoo«, Juat aa it la for tba 
lnocapraaaibla tbaory. Bowavar, tba ralatlon of atablllty to tranaition la avan aora of an opao quaatlon 
than at low apaada. Kxparlaanta hava baan parforaad that flraly aatabllab tba atlataaon of lnatablllty 
wavaa in auparaonlo and byparaonlo boundary layara [Laufar and Vrabalovloh (1960), Eandall (1967,1975)), 
but thar« ara nooa that raally daaonatrata «ban, and undar «blob olrouastanoaa, tranaition la actually 
oauaad by linaar lnatablllty. a aarlaa of stability axparlaaata with •naturally* occurring tranaition in 
«lad tunnala baa baan oarrlad out by Daaatrladaa (1977) and Stataoo at al. (1983,198«), but aany of tLnir 
obaarvatioua bsv« yat to ba raooooUad with tbaory. Mantlon auat alto ba aada of tba raaarfcabla flight 
asparlaant by Dougharty and Planar (1980) that is probably tba baat avldanon to data that tranaition in a 
low-dlsturbsno« «avlronaaat at auparaonlo apaada la oauaad by laalnar lnatablllty, Por furtbar 
information on tba latrloaolaa of tranaition et auparaonlo and byparaonlo attaada, va raooaaand a study of 
tba raport by Horfcovln (1969). 

Tba flrat attaapt to dnvalop a ooapraaalbla atablllty tbaory waa aada by luohaaaan (1938)* 
Viscosity, tba aaan taaparatura gradiant and tba curvature of tba valoolty prof 11a wara all naglaotad. 
Tb« lattar two aaauaptioaa latar provad to hava baaa too raatrlotlva. Tba aost iaportant tbaoratloal 
invaatlgntloo to data of tba atablllty of tba ooapraaalbla boundary layar was oarrlad out by Laaa and Lin 
(1V«6). Taay davalopad an aayaptotlo tbaory in oloaa analogy to tba Inooapraaalbla aayaptotlo tbaory or 
Lin (19*5), aad, in addition, gava datailad ooaaldaratioa to a puraiy lnvlaold tbaory. Tba laylalgb 
tbaoraas «ara astandad to ooapraaalbla flow, aad tba aaarcy aatnod «aa uaad aa tba baala for a discussion 
of wav«a aovlng auparaonioally with raapaot to tba fr««str«aa. Tha quantity !X* DU), «bara D • d/dy, was 
found to play tba aaaa rola in tba laviscld ooapraaalbla tbaory aa doaa 0*0 in tba inooapraaalbla tbaory. 
As a oonaaquano«, tb« flat-piata ooapraaalbla boundary layar la unatabia to puraiy lnvlaold wavaa, quita 
unllba tba inooapraaalbla Blaalus boundary layar «bara tba instability la vlaooua in origin, 

Tha oloaa adbaranoa of Laas and Lin to tba inooapraaalbla tbaory, aad tba inadaquaoy or tba 
ssyaptotio tbaory aioapt at vary low Maob nuabara, aaant that aoaa asjor dirraraooaa batwaaa tba 
lnooapraaalbl« and ooapraaalbla tbaorias wara not unoovarad until aitanalv« oaloulationa bad baan oarrlad 
out on tba basis or s dlraet nuaarloal solution or tba dirraraatlal aquatloaa. In tba inooapraaalbla 
tbaory, it la poaalbla to aaaa substantial prograas by ignoring thraa-dlaaaaloaal wavaa, baoauaa a 2D wava 
«ill always hava tba largaat aaplltuda ratio at any Eaynolda auabar. This la no longar trua shot« about a 
Maob nuabar of 1.0. i aaooad aotabla dirf«r«oo* Is that In tba inooapraaalbla tbaory tbara la a unlqun 
ralatlon batwaan tb« wavaauabar aad pbaaa valoolty, wbaraaa in tb« ooaprassibla tbaory tbaro la an 
Infinit« aaqusao« or wavanuabara for aaeb pbaaa valoolty whaaavar tb« aaan flow ralatlva to tha pbaaa 
valoolty la supersonic [Maob (1963,196«,1965,1969). Olli (1965)]. Thaaa additional solutions ara oallad 
tba blgbor aodaa. Tb«y ara or praotioal iaportanoa Tor boundary layars baoauaa it la tba first or tba 
additional solution», tha aaooad aoda, that la tha moat unatabla aooordlag to tba lnvlaold tbaory. Abova 
about H, • a, It la alao tha aost uaatabla at alaoat all rinlta laynolda nuabara. 

Subaoquaat to th« work or Laaa and Lin, a raport or Laaa (19*7) praaant«d aautral-atablUty ourvaa 
for loaulatad-wall fist plat« boundary layara up to M. • 1.3, and Tor eoolad-wall boundary layara at M1 * 
0.7. This raport alao lnaluaa* tha faaou» pradiotioa that oaollag tha wall aeta to «WoilU« *4** boundary 
layar. Howavar, this pradiotioa auat ba ooaaldarably aodiriad baoauaa of tba ailstaaea or tb« blgb«r 
aodaa. Thaaa aodaa raqulra for tfcalr asiataaaa only a ragloa or ouparaoalo ralatlva now, and thua cannot 
ba «llalnaUd by ooollag tha wall,    ladaad,  thay ara aatually rtMU^VHial by cooling (Mao* (1965,1969)1. 

8.2 Unaarlaad paralial-flow stability aquatloaa 

A ooaprahanalv aaoouat or tha ooapraaalbla atablllty thaory auat atart with tha darlvatlea or tha 
governing aquatloaa froa tha Bevler-Stokae aquatloaa for a viaoowa, baat ooaduatiag, parfaot gaa, wblob la 
dla«naioaal fora ara 
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Again eateriaka denote diaaoeionai quantitl«e, overbare tlae-do pendent quantltlaa, ana the auaaatlon 
convention ha» been adopted aa la Section 2. T>e equation» axe, reapeotlvely, of aoaentua, continuity, 
energy and a|ate. Tha quantltlaa whioh did not appaar JJJ the inooapreeeible aquation» ara T , tha 
toaperatures » , tha ooeffloieot of tberaai conductivity, I , tha fa» oonatant; %, tha »paolflo haat at 
oonatant voluae, which will ha aeauaed oonatantj and \ , tha ooafflolant of »aoond vlaooaity (• 1.5 * hulk 
vlaooaity ooafflolant). 

Tha stability aquation» ara ohUlnad fro« tha *avl»r~3toka» aquation» by tha eeae prooadura that waa 
uaad for lnooapreaalble flow In Saotlon 2.1. Firat, all quantltlaa ara divided Into aaan flow and 
fluctuation Ursa.   Hlth prlaea uaad to danota fluctuation» of tha transport ooafflolant, 

u    « U    ♦ u    , P'P+Pi 

T    » T   ♦ >) 
a       a 

Li   ♦ r CS.3) 

•a • a     .a       a       *a .a       a       «a 
A       »A       ♦   A 

wharo tha flrat variable on aaoh IBS la a ataady aaan»flow quantity, and tha aaoond la an unataady 
fluctuation. 

»ait» tha aquatlona ara llnaarisad, tha aean-flow terae ara aubtraotad out, and, finally, tha 
parallel-flow a»»uaptlon 1» aada. Tha raaultlnt equation» ara than and» diaanaionlaaa with raapaot to tha 
looal fraaatraaa veloolty 0*, a rafaranoa length L , and tha fraaat cental uee o^f all atata variable» 
(Including tha praaaura). Both vlaooaity ooafflolaata ara referred to >■ ,, and ► la rafarrad to op

ui* 
wh»,*a o. la tha apaolflo haat at oonatant praaaura. Tha transport ooafflolaata ara function» only of 
teaperafure, »o that thalr fluctuation» oaa ha written 

' » (d*/dT)%       *• ■ (d*/dT)e,        i« > (dA/dT)ö . (8.4) 

Therefore,   .., >  and   •  In  the  following equatlooa,   along  with . ,   ara  aaan-flow  quantltlaa,   not 
fluctuation».    Tha dlaa&alonleea, llnaarUad x-aoaentua aquation la 

*x <» dy »*' 

k " ~2§ ♦ .(-* ♦ >--!} ♦ ~-v♦ *2Z ) 

•X 

2 

*x<*y >*V      dT dy  vi*y       >»' 

dT    dy2 d>   *        dT2 d* dy ' 
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Tha ntua aquation la 
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k:(~.   ♦ u ; dT ;*o *u ■JV  .   ^w, 

'X ♦vey*w*> •-<*-*><£ + £♦£> 

«  It.  |(!^ + *:%   :L ♦ 1 *  & e «. * * *t *1 
R       -x2       <y?      *a2      r dT^2 * dTd* *> dy 

.   1  d r   ,dT. "a,   J     ,     .,2   1   ,,    dl'     »u  ,   Sv. 
*/dr2   W  eJ   +  '<'-l)Ml  R  l2M dy  <*y Ma» 

,     dV     iv        'v d..   ,dt> A   .   du    dW 2 

**'   dy   </«   *   .V>   *   dT   (dVJ   9  *  dT  W  ei   ' {0.5«) 

Th« equation of stste 1» 

p ■ r/.  ♦ VT (8.5f) 

Previously undefined quantities union appear in these aquation« sra fit if the local Maob nuaber at th* edge 
of th« boundary layer; r» th« ratio of specific beats; and • Opi A » th« Prandtl nuabar, which la a 
function of teaperature. Equations (6.$) ara th« coapresslbfe oouotarparta of th« incompressible 
stability «quatlona (2.5)» and ar* valid for a 3D dlaturbanoa In a 3D eean flow. It should be not«d that 
unllk« aoot oosjpreaalble stability aaalyaee, Iq. (8.5e), the energy equation, Is valid for a variable 
Prandtl nuaber. The constant Prandtl nuabar for« la recovered by replacing * with u in the three tarns 
In which It occurs. 

The boundary conditions at y ■ 0 are 

u(0) « 0, v(0) ■ 0, w(0) « 0, 9(Cj * 0 . (8.ia) 

The boundary oondltlona on »he velocity fluctuations are the usual oo-allp conditions, and the boundary 
condition on the teaperature fluctuation la aultabl« for a gaa flowing over a solid wall, Por alaoet «ay 
frequency, it la not poealbl* for the wall to do other than to reaain at It« seen temperature. The only 
eaoeptlon la for « stationary, or n«ar stationary, oroaaflow dlsturbsnes, when 9(0) « 0 la replaoed by 
D9(0) ■ 0.    Tba boundary oondltlona at y * ■ are 

u(y), v(y), w(y), p(y),    (y) are bounded aa y (8.6b) 

Thia boundary condition la lass restrictive that requiring all disturbances to be sere at Infinity, but In 
supersonlo flow waves asy propagate to infinity and we wish to include those thst do so with constant 
aaplltud*. 

6,3   toraal-aode aquations 

lie now epeclallse the olsturbanoee to aoraal «odea aa In Seetloa 2.3s 

(••v.ii,Pt»Vj]* a [Ü(y).t(y)t0(y),§(y),P(y),6(y))Te*p(iCra«Ua^»-^)) ,      (0.7) 

where we have adopted the quaal-parellel flora of the ooaplec phase function. The aoraal nodes nay grow 
either teaporally or spatially or both, ««pending on whether * er a, or both, are ooaplex. The 
dlseussloa in Section 2.3 applies to the oeapreeaible theory Just aa well aa to the inexpressible theory. 

Hhea gqs. (6.7) are substituted late tq«. (6.5), «ad the aaae linear ooablaatleaa ef the s and s 
mmmtttm equetlooa forced as la Section (2.«) for the variables 

»u •   A ♦ c# ,      iw ■ i$ - «0 , (6.0) 

we obtala a syatea cf equatleaa which are the eoapreeeielf counterparts cf gee. (2.}6).   The aeaeatua 
equation ia the direction parallel tc the waveauaber vector s is 

. (U'tedlV-Js» ♦ riKebBir)«j ■ - UAs*)«»**,1) 

♦   JliPil» <»*ec')Us*-ts»>]«   l  '-*  (,V)(U*-SJ) 

♦ J| m*i ♦ «»'e^ltl». <••••> 

The P equation ia 

1 v (jtVJeW)« a - t*ft%f ♦ | info e laflsj - Ce*a«*)t) 

♦ f    ~*ClH»li«) ♦ \ U^I^MWIle»^ MH 
♦ iJftw^traSteiS))    . Cl.fh) 
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Th« KMniia aquation ID th« <Ur*oUon normal to ü la 

Tha continuity equation It 

I (-iff««»*)• + P(Dt*liü) ♦ Dp t ■ 0 . 

Tb» enargy equation is 

. [1 ( »0*t<¥— )>< ♦ DT f] • - (Y - V) (Dfolcitt) 
,2 

dT 
(8.9o) 

(8.9d) 

D2^ - (i2«r2)« ♦ 1 
'dT 

D2^ 
It5 

2i? (DT)')* ♦ 1 % DT DA) 
•   dT 

♦  ,(, - UK2 *   il2.-< aW*,W)f ♦ ^    (DO2*!*2)?! 

2>. [<a»*r»)-iDü ♦ ( aw- DO)>DM]) 

Th« aquation of »tot« 1« 

ft . r/> ♦ VT   . 

(8.9«) 

(8.9f) 

To reiterate, In tbeee aquations UM «ifenfußütloaa of too fluctuation« are function« only of y and «r« 
deaoteo by « caret or a til*»; tb« aaan~flov velooltlea 0 aad V are «loo functions of j, u in tb« otbor 
aeaa-flov nu«nuti»i: density> (• 1/T), teaperature T» »isoosity ooaffiolants .. tod > , tberaal 
conductivity ooeffleleat • » «o4 Praadtl number. Tb« specific boat« «r« constant, Tb« reference veloolty 
for 0 and a la tb« eaae aa for I and M,, aad tb« r«f«r«Do« leaftb for y la tb« aaa« aa la ft. 

8.«   PlrsUoreer equatloaa 

8.«.1    IlatUwcrdar »yet«« 

aquation« (6.9) ar« tb« baalo aquation« of tb« ooapreealbla stability thaory, but ar« not yat la a 
for« aultabl« for auaerleel computation. Per tbla purpose ve o««d a ayetea of flrat-order equation« aa la 
Section 2.5.2 .    vt u» too depeaoeat variables defined by 

'1 • . 

H " D* 

tj • DX,  , 

tq • pVi*2 , Ij • « , 

1, .   *• - ru ,        I, . DL,  , 

Equation» ',* 9) oaa b« «ritten aa «Igst flraUeroar differential equation« 

wt(*> ■ £ •ijW *1(') •       Ci • 1. •) , 

•ad tb« f«ot tb«t tbl« reduction la poaalbl« prov«« tb«t Ma. (8.9) ooaatltut« aa elgbtb-order systea. 
Tb« laajtby equation» for tb« aatrii eleaoata ar« Hated la ipeeadti 1. 

(8.10) 

(8.11) 

Tb« bouedery ooadltloaa ar« 

1,(0) • 0 , 1,(0) • 0 , 1,(0) ■ 0 , ^(0) • 0 , 

i,(y>   . Xj(F)  ♦ v> * lf(y) bouaded aa y • 

8.4.2   ftlstb»ardor ayatea 

(8.1?) 

equetiome (t*1i) «aa be eelvme by UM aaa« aasariaal IsMiatamaa aa «aet for UM four tb-«roar ayat«a 
«f tb« leeeaareosibl« tb««ry. lornaver, tb« fact tbat tb«r« ar« 18 r«ai equatloea aad four independent 
eoletieae aaaai tbat UM aaaaatar Urne reamlred to calculate aa eljeaveime la leoraaaad by several tlaea. 
It 1« taerefor« lapartaat to baa« If tt la possible to aabo «a« of a ayat«a of l«aa«r order, aa la tb« 
laoaaaraaalbl« lb«ary «bar« tb« ^rltiaa) ala(a*ardar ayat«a oaald b« radaaad to foartb 9r49r for tb« 
datoralaatiaa af «liaaWoaa. M« aot« taat far a 2D aav« la a ID baaadary layor, UM ayataa alraady la af 
«aly aiatb or dar, aa taara oaa ba aa ««laxity aaaaaaaat, attaar »aaa «r flaotaaUat« ia UM a dtraotloa» 
X« taara aa aaaat rodaotloa aoallabl« fraa oifbUi to aUUi ardart Taa aaa%H*r, «afartaaBtaly, aa aaatloaad 
by Daaa «ad Ua (19») **j «tfluiUy daaaaatratad by aaaboUM (I9a2), U aa. 

Tao taaary of Daaa aad Lla (Itil) a«bt«««4 tb« r«d««tl«a t« alitb ardor by aa ardor af aa«olt«td« 
ar©«oat ««lid far Uraa »ayaaida aaabara. taa aaUvatlaa «a» to pot tao «aaaUaaa la a farm «aara aa 
laarooad 2D aayaatotle taaary «aaid ba aafllad to aalMa» aaoaa la a 2D booadary layor. ■aaa»ar> aaltbor 
UUa tbiory, aor diraat aaaartaai aalaUaaa 9t UM Daaa>Ua aUtb ardor ayataa af oooatloaa» taraad avi to 
§i«a adoaoato aaairlaal roaalta aaooo a loa aoaaraoal« Moob aaabar» 

fraa UM aaafnataat aotria af 8a> (t.11) llatod la laaaadU 1 UMt UM aaly Um tbat 
oaaaMa UM flrot aU «aaaUaaa to UM loot taa la a*** Tata aaafflaSaat aaaao fraa taa laat tan af taa 
oaarty ««aattaa (Ma), aad la aaa af fa«r diaalaaliaa tanta. It ta taa aradaot af taa «radloat af taa 
aaaa oalaatty aaraal U i aad UM «root«at %t taa flaataattaa oolooity ta taa aaao dtraattaa» It aaa 
aroaaaad If Haas Out) ta oiaaly aat uu tara aaaal ta aoro, aad aaa UM raaaltaat atrtb ardar ayataa 
far taa aataalattaa af aUjaaoalaaa. Taa aaaariaal aotdaaa», aa diaaaaaad ftrtaai ta »aattaa IM, U l*at 

UM artuaal aayaalda aaaaar tbla approaiaailaa gtaaa «jbaltftaaUaa rataa «ttata a fan aaraaat 



I   i     *F 

3-33 

It 
«7 

of those obtained fro« the full eighth-order aystsa, and is «oat aoourata at higher Mach nuabere. 

8.6   Uniform »«an flow 

ID tha freestreaa u « Uj, W » W1( T* 1,u« 1, ».i 1/a,, all y derivatives of aesn-riow quantities 
ara tsro, and Eqs. (8.11) reduoe to a systsa of equatlona with constant ooafflolanta. In aplta of tha 
graatar eoaplexlty of thaaa equatlona ooapared to thoaa for lnooapreaalble flow* we ara atlll able to 
arrive at analytical solution». Tha lengthy derivation la given in Appendix 2 (Mnok (1965a)]. Tha sxaot 
freeatreaa solution» ara tha on»« to M»a to oaloulata tha Initial valuea for a nuaerleal lntagratlon of 
tqa. (6.11), but thay do not land theaaelvea to a raady phyaloal Interpretation. For thla purpose, we 
«uaioe the Halt of large Reynold» nuaber.    The oharaotarlatlo valuaa aiapllfy to 

*lf2 . 5 C«2^2-«2^^^,)2]1'2 , 

*3i, m i [i»( m}+mr )] 

'5|6 ■ * [i^dO^BW,-^)] 

7,8 "    3,*  • 

1/2 

1/2 

(8.13a) 

(8.13b) 

(8.130) 

(8.13d) 

We can now Identify our solution» aa, in order, the inviaold solution, the flrat viscous velocity 
solution, a viscous teaperature solution, union la new and does not appear in the incompressible theory, 
and the second vl*oous velocity solution. We shell only use the upper signs in what follows, aa thaaa are 
the solutions which enter the eigenvalue problem. 

The components of the characteristic vector of the inviaold solution are 

4^(1)  «  i( 0I1*iWr4/(aV2)1/2   , 

»5n)  •  1(.-1)K^( .01*rWr.)/(i2^2) 1/2 

(8.11a) 

(6.Mb) 

(8.1*o) 

(6.l4d) 

4/3) . t 

The normalisation has been changed to correspond to the Incompressible solution» of ft?. (2.50), It oan be 
noted that these expreaaione are correct when we aet N^ * 0. 

The components of the characteristic vector corresponding to the flrat viscous velocity solution are 

(8.15a) 

43
(3) . 1/Il.lC *)*«,-<.)}v* . (8.15b) 

ag(1) ■ 0 ,  A9
(3) ■ 0 . (8.15«) 

Thla solution la Identical to the *3 lnooapreaalble solution only In the limit of large Reynolds numbers. 

The oompoasnts of the oharaotariatlc vector corresponding to the viscous teaperature solution are 

4,(5) • 0 , (8.16a) 

43
(5) . -l(4l|e.-*r..*1/t/a-«,/a , (8.16b) 

4»(5) • 0 ,  l5
(5) • 1 , (8.160) 

The ooaponenta or the ebareeterletlu vector oortvspondlng to the ascend viscous velocity aolution are 

»/*> . o f      4^7) , 0 f  ^(T) . 0 t      ^(T) . 0 f (8.1Tn) 

a,(T) ■ 1 , (6.1Tb) 

gj.*™ • -| i2#r2eiK4l1et!»r>)J1/2 . (i.lTo) 

Thla solution la eaaot and ia the aaae epeawiae viscous wave aolution aa in iaeoapreaalble flow. 

We any observe that the vlaoeee veloaity sciatica» have only fluctuations of veieolty, not vt 
preaawre or teaperature. The velocity fluctuation» la the a,t plane are ia the direction of a* for the 
firet solution» and ara normal to i for the aaaaad solution whioh ia periodic only ia ties. The viaooaa 
teaperature »olwtloa has aa velocity fluctuations la the a,a plane* or pressure riaotuatlaaa. We any 
regard these solutions aa tha reeposses to aaarooa of w, w aad ?», aad to eaaaaalie thla fast the 
reapeetive solution» have been noraallaed to aake these quantities unity. The aaaaad viscous velocity 
aolutloa atlll has tha interpretation of a normal vartioity wave, aa la iaoamarmeelele flew» hat this save 
earnest asiat aa a pur» mode la the boundary layer (»quire aada) haoaaaa of the a** dissipation term that 
oamplaa the latter two ef Iqa,  (8,11) to the flrat el* equatlona. 

9.    cmnmmM nfuczc HSOIT 

9.1   laviaeid equatlona 

la aaaaraaaiala flow, aeaa fint-elate aouaaary layers have laviaeid InatsmlUt», ami this instability 
iaaraaaaa with ianraaaiag maea number.    Therefore, the inviaold theory la ameJi mare useful ia arriving at 
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an unoaratanding or t»e lnatablllty of ooapraaaibla boundary layara than it la at low lp—da. Xadaad tba 
initial datallad nuaartoal Morkinc out of tha viaooua thaory [Hack (1969)] waa graatly facilitated by tba 
lnaight of farad by tha lnvlacld thaory.    In tha Halt of infinit« Raynolda nuabar,  Iqa. (6.9) raduoa to 

p[i(ulWiW-*fcü ♦ (ciWH8W)9)      « - KaWKpTrM2)  . 

ip<uo*s»-u,)t. -D^AMJ , 

l(aü>ß»-ui)»w ♦ (fiDK-tJW)t « 0  , 

i(>0*i*-w)r ♦ p(Df*liu) ♦ Ot  9    ■ 0 , 

K[1(I«M*-*>)U   ♦ DT 9] « -(Y-1)(0f*iii)     , 

p ■ r/p  ♦ VT    . 

(9.H) 

(9.1b) 

<9.1o) 

(9.1d) 

(9.1a) 

(9.1f) 

Ve not« that tba w aoaentua aquation, Iq. (9.1o), and tha energy aquation, Eq. (9.1a), ara daoouplad fron 
tha othar aquationa. Tharafora we oan allalnata iu and P fro« tba lattar to arriva at tha following two 
firat-order aquationa for 9 and f; 

('lOatiftMftf •  (jDU*t)0M)v ♦ 1|I2**42)1T - n5(aO*Ö«-^)/(a2*e2))(^/YllJ) 

D(6/TM1
2) ■ -M«0»r.1K»)t . 

(9.2«) 

(9.2b) 

-* l*-' ■ *S 

1 v 
W*-3 

% 
r" -. 

>1 < •fc». t 
■&, 

pi *    •>! 
••*. 
it 

Thaaa aquationa ara tha 3D ooapraaalbla oountarparta of Iqa. (3.12), Tha boundary condition* ara 

9(0) ■ 0 ,   9(y) la bouadad aa y • •, (9.3) 

Tha invlacid aquationa can ba wrlttan in a alapllfled for» if wa introduoa tha Maoh nuabar 

H - t*u^y-.)Mt/(i
2*»2>1/2T1/2 (9.*) 

For a taaporal nautral wava, M ia raal and la tha local Kaon nuabar of tha aaaa flow in tba diraatlon of 
tha wavenuaber vector k relative to tha chase veloolty Jk, In all othar eaaaa, M ia ooaplax, but even 
ao wa ahall rafar to it aa tba relative Maoh nuabar. In taraa of M, Iqa. (9.2) alapllfy to 

D(»/(«D»r^)] . iO-*2)(ft/IM2)  , 

Dp" • -iiM2(i2^2)9/(»UV¥-.) . 

(9.5a) 

(9.5b) 

ka obaarva that thaaa aquationa ara idaatioal to two-dlaeneloaal aquationa (»■ 0) whan wrlttan in tha 
tilde varieties of Iq. (2.37). Tharafora, invleold inatabillty la governed by tha aaan flow in tha 
direction of k, juat aa for lnooapreeelble flow. Ilthar Iqa. (9.5) or (9.2) oan ba uaad for nuaarloal 
integration, but tha lattar have tba advantage that 9 la a battar babaved function aaar tha orltleal point 
than  la 9/( ioVre>~). 

Iquatioa (9.5a) la tha faalllar Uaaaritad preeaure-area raiatloa of one-dlaeaeleaal flow. Tha 
quantity 9/UUerV*.} la tba aaelltude function of tha atraeatube araa «hang*. Tba othar flow varlabiaa 
can ba wrlttan in a alallar aannar aa 

u •  i[W    v    ♦ l-{«0-4 -1-. D( I   \* 

. ilDT-v   - ('•'>*-:#( -Ml 

w «  lDa4 

■4U-* 

(9.6a) 

(9.6b) 

(9.6«;< 

(9 64) 

whara wa have uaad tha tilda varlabiaa far eiaaliclty. tfaaa tha aaaaa« taraa of thaaa equation* ara 
wrtttaa with % la plaaa of 9/(.*S_), thay aaa ba raadlly raaagnltad aa tha Unaarlaad aaaaatna equation, 
tha ieaatroplc taaparatura*praaa«ra relation, aad tha taaatrapia daaaUypraaeare relation, raapaatlwly. 
Tha firat taraa ara ia tha aatura of aouraa taraa, aad arlaa fraa tha eaabiaatlaa af a vartleai 
fluatuatlaa valealty aad a aaaa ehear. fteeeuaa Iq. <9*6d) ia aa aquation far tha vertical tarttalty 
ooapoaaat *w, aaly tha aouraa tara la praaaat. 

a aaalpulatlaa af Iqa. (9.1) laada to a «Ingle aaaaa» ardar aquation far ft 

(9.T) 

Thia aquation, which la 26 fora waa uaad ay la** aad Ui (19*6), la tha 1ft aaapraaaifcla aaaatarpart af taa 
Kaylalfh aquation,    i aaaaad ardar aquation far I/C^P-M) fallaaa dlraatly fraa ftq, (M)i 

a'd/CaO^)) ♦ »41,4^/(14?) |)ft(t/Ca«»«)> • i^CM?Mf/ttlV. )J • 0 . (9.1) 
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The corresponding equation for ß is 

D2* - D[ln(M2)]D6 - <i2*H2)(t-&2)0 - 0  . 

9.2    Uiüfor» Man flow 

In th* fr««etr«a»t Eq,   (9*9)  reduces to 

H2t - (A^MI-R*)* . 0  . 

Th* solution which satisfies th* boundary condition at infinity la 

p/tM,2 . U(iü«iw^)/{.2+^)1/2]*«p[-(.2*s^)1/2(1-Ä2)1/2y3    , 

(9.9) 

(9.10) 

(9.11) 

which a4T**a  with  Eq.   (8.Uc).     Equation»  (9.11)  and (8.14b)  provide  th*  initial  value*  for  th*  nuaerioal 
Integration. 

Th* freestreea solution» «ay b* classified Into thr** group*: aubaonlo wave* with M^ < 1; aonlo 
waves with m ■ 1; and sup*raonlo wavea with N2 > 1. lUutral supersonic waves ar* Maoh waves of th* 
r«latlv* flow, and oan «slat aa cither outgoing or inoalng waves. Tru* instability wavea, which auat 
satisfy th* boundary condition at y ■ 0 aa wall aa Infinity, ar* alaoat all aubaonlo, but *lg*naod*a which 
ar« supersonic wav*s of th* outgoing faally in th* fr**atr*aa hav* been found for highly oool*d boundary 
layers [Naok (1969)1. * ooablnatlon of lnooeilng and outgoing waves peralta th* boundary condition at y * 
0 to be satisfied for any combination of », B »nd -, as pointed out by L**a and Lin (1946). It la when 
only on* faally of waves la present taet we have an eigenvalue problea. The ooablnatlon ">f both faalllea 
is the basis of the forcing theory presented in Section It. 

9.3    Some aatbeaatioal results 

The detailed study of the two-dlaenaional invlacld theory carried out by Lees and Lin (1946) 
established s number of Inportent results for temporal wave». Lees and Lin olaaalfiad all instability 
waves aa subsonic, sonic, or supersonic, depending on whether the relative XrjtfALTJha **eh nuaber H, la 
leas than,  equal to,   or greater than one.    Their chief results ar«: 

(1)    Th* n*e*aeary and sufficient condition for the eiistenc* of a neural aubaonlo wave la that there la 
soa« point y. > y    in the boundary layer where 

DM») (9.12) 

1 - 1/Mj. The phase velocity of the neutral wav« la ea, th« a«aa 

*   * 

and yc la th* point at  which 
velocity at ya. Tfcia necessary condition lä the generalisation of Sayielgh'» condition for inöbapreaalble 
flow that there aust be a point of Inflection In the velocity profile for a neutral wave to exist. Th« 
point y>t which plays the saae role In the coapresaibla theory aa th« inflection point In the 
lneocpreaaible theory, is called the generalixed Inflection point. The proof of sufficiency given by Lees 
and Lin requires M to be everywhere subsonic, 

(II) a sufficient oondltioe for the existence of an unatshia wave la th« presence of a g«a«ralit«d 
inflection point at aoae y > y0, where y0 la the point at which 0 • 1 - 1/Mr Th« proof of this condition 
also requires K to be aubaonlo. 

(III) There la a neutral sonic wav« with th« eigenvalue»   i • 0, o M( ■ t • t/Hr 

(lv) If M2 < t everywhere In th« boundary layer, there la a unique wavenuaber -*f eorre«ponding t© e, for 
the neutral  «u^sonio wav«. 

lees  and  Lin obtained  tfceee  reeults  by a direct  extension of the »ethode  of proof used  for 
laeenprcaaible  flow.     Th« n«o«aaary condition for a neutral  aubaonlo  wav«  »aa  derived  froa  th« 
discontinuity of the aeynelda  itreae   t • - <uv> at the critical point yr      aa in iaooaprcaalbie flow, i 
is oonatant for e neutral Irsviaeld wave except peaalbly at UM critical point,    for -t « 0, 

; (Fo*0> -T<V«) •  (V0[DkDQ>/D0)o<«*>    . (9.13) 

Equation (9.13) 1» th« aaae aa la.. (3,1) Sa UM iocoapreealble theory except that Di 08} appear* la place 
of &*o, Since '• la aero at the wall «ad in th« freeatrea« by th« boundary condition* for a subsonic 
wave, it fellow« that D(,ue} auat be **r« at ye. M« cay alao «at« thai for a neutral »uperaonlc wav«, 
where « < cQ aad 1 (y,*0) s {Jrt)tnf»lVn froa the freeatrea« aolwUoaa, th« dlaeoaUauUy at th« 
critical point auat equal Ulla value If *  and the phaee velocity mm% be other than 8r 

At thla point we ean esaala« the nuaerioal coaaaqwence* •? th« fladiaf that neutral aad unstable 
wav«« daeaad en UM «slataaae of a generalised laflaatioa point* Tor UM tlaaiua hoaadary layer, 0*0 la 
negative everywhere except at y s 0. however» far a eoapreealble boundary layer oa a« Insulated flat 
plat«, DC DO) 1* always tare soa owner« la UM bauadary layar. Coaaesjuaatly, «11 eaoh boundary layer« are 
unstable to invia«id wevea. rigwre f.1 shews thai «., th« a««n ««laalty at th« generalised inflection 
««tat aai thae UM ahaaa velocity of the ■aairal sub—ale wave» inaraaaea with laareaaiag fy»««tr«aa *a*h 
euabor M. la M a or (fonts with UM owl were aoveaca* of the aaasralUod laflaatlaa point. If «a raaalt froa 
haetlaa t that lovjaald laatahlUty ieoraaaea far UM adearaa sreagur« .gradient faliaar-Saa» profile« aa 
UM laflaatlaa pels« aova* «way fro« UM wall, «a «aa aaaaat U thl* iaateaoe that iavlaeld inataelilty 
will iaaraaaa with lucre« a log Maoh neaber. figure f.i alao laaleeae both e # th« rhaaa valaaity of a 
aawtrel «aal« wee«, aa* UM pa*** «alaaity far which 1 a .1 at Us* wail* ta UM exact oaaerlaai solution* 
or the boundary-layar eauatiea« which moro weed far fig, f.tt th« «all 1« laawlated aad th* freeatrea» 
teaperotur* ?! la «s^anMtariatS« of aiaaVtaahil eoaditioaa.    UM «Aataatlaa taapereture is haU 

i. 
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turn 

t 

at 311°K until, with increasing M., T.   drop« to 50°E. 
50°I. * 

For higher Kaon nuabers, T   it held ooaatant at 

For a wave to ba subsonic ralativa to tha Freeatreaa, and benoe have vanishing aapUtude at y •» even 
whan neutral, o auat ba graatar tban c0. It la oftan aald that only aubaonlo wavaa ara oonaldarad in 
stability theory, but thla steteaent la not antlraljr correct. It la trua that tba neutral aubaonlo wave 
with elgenvaluea igto oan only exlat «ban o§ > 1 - 1/Hj. However, thla doaa not nila out eapllfled and 
daapad vavaa with o * 1 - 1/H.# or even nautral auparaonio wavaa with a c dlffarant Proa o0. txaaiplaa cP 
such wavaa hsve baao Pound, all oP which aatlaPy tba boundary condition» at infinity and ao ara aolutiona 
of tha eigenvalue problea. Por -<. i o, tba aaplltudes oP outgoing eapllfled and inooning dacped wavaa 
vanish at Infinity ragardlaaa oP tba value oP o; Por nautral wavaa, tba aaplltudc will only ba boundad at 
infinity whan o < oQ. What doaa turn out to ba trua la that tba noet unatabla wavaa ara always aubaonlo. 
Furtberaore, for ona claaa oP wavaa, tba anpllPlad flrat-aode wavaa, tba phaaa velocity la aiwaya batwaan 
Op and cr    Tnls raault haa lnportant consequences. 

9.* Methods oP solution 

Th« aatboda Por obtaining aolutiona oP tba lnvlsold aquations Por boundarylayar proPllaa bava baan 
pattarnad aPtar oorraaponding natboda in lnooapraaalbla Plow. Laaa and Un 09*4) davalopad power-series 
solutions in .*, and alao uaad tba ganaralltatlona oP Tollnian*s lnooapraaalbla aolutiona 

V*) • Cy-ye)P.(y-y0) . (9.i»a) 

•2<F) ■ *2lT-t0) * <^W3)e IDt^KDlpt^yJlnCy-yp),    y > ye. (9.Mb) 

Por y < tc, lnty-yj ■ lny-y--1" aa Por lnooapraaalbla Plow. Tba laadlng teraa oP P1 and P2 ara D0Q 

snd Tc/DQe, respectively, ao that t«, and 92 ara uoraallsed bara la a dlPParant aaanar than In Saotloa 3*1. 
Thus« solutions bava baan workad out in aora datall by laabotko (I960),    loth f and Ö heve tha aaaa 
analytical  bahavlor aa in inooapreaelble flow, 
sooordlng to laabotko, baa tba bahavlor 

Vbat is naw bara la tba tenpereture fluctuation,   which. 

? = V(y-ye) ♦ (T/00)c[0(^I»))0ln(y-yc) ♦ .... (9.15) 

Hanoa,  even for a aautral aubaonlo wava,   wbara {H> D0))Q • 0 and t and 0 ara both ragular,   * haa a 
singularity at yQ. 

Two aatboda bava baan daviaad for tha nuaerleal iatagratloa of tba levlaeid stability aquations. Tba 
first astbod [Laaa and Baabotao (1943)) trsnaforae tba second-order llnaar aquation Into a flrat-order 
nonlinear aquation of tba llooati type Tbla aquation la aolvad by nuaerleal Iatagratloa aioapt for tba 
ragion around tba oritleal point, wbara tha powar »arias in y-yQ ara uaad. Tba aaeoad acthod (Meek 
(<94*a) la a ganarallsatloa to ooaireaslble ficv jf Saat'a (1951) astbod Tbla aatbod baa already baaa 
describe« la Saotloa 3.3. Por unutral and daapad aolutiona, tba ooatour oP Iatagratloa la lndaatad uadar 
th« slnguisrlty,  Juat aa Por lnooapraaaibla Plow. 

9.5    Higher aodae 

9.5.1    laPleetieasi neutral wavaa 

Although,tha Le«e*lin prooP Por aautral subsonic wavaa that * la a ualqwa Puaetlon oP e, waa 
ä»psnd*nt 9fjk2 < 1, aad although Laaa aad laabotko (19*2) aeatioasd th« poaaibillty that »§ nay a«t ba 
unique Por it* > 1, as •eriou» ooasiearetioa waa glvaa to the pnaalblllty of aaltlple aolutlaaa until tba 
eitensiee nuaerieal work oP Mac* C??4*-194e,l94*b) brought tbea to llgbt. Mailer nultipia aolutiona war» 
found independently at about tba aaaa tine by Clil (114%, paper presented la 19H) la his study oP •toe- 
bat» Jeta aad wakaa. kith tba benefit oP biadalgbt. It la eetuaUy ratbar easy to deaneetrate tbalr 
eiistenea. r»e# lavlaeid aquatiaaa Por t/T-U-J aad |. Sqa. C9.ll aad {*.»), «wit a evidently bava a 

fcareeter dapaadiag aa wbatbar M*  Is laaa than or graatar tbaa walty:     It la different aaaiytieal ebaraati 
instructive,  aa eugeaeted by taa» (private aaaaunJaaUaa (194*)},  ta aaaaidar 
riret-derivative tera oaa ba aagl salad,    Tbaa tq. (93) raanaaa ta 

1 

ft(t/{-4«-w)] - i^1-et*)Ct/C~i»4) • 0 . 

aa that tba 

(9.14) 

khca M* < 1, UM aolutlaaa oP ft*. (a,tgj »re elltatU, aad It la under thla alraaaataaaa taat Uae and Ua 
proved tan walqwaeaae aP »r ««waver, vbaa I* > 1, gq. (9*14) baeoaaa a wava equation, aad aa ta all 
probleaa governed by a wava aaasllea, wa aaa etpect taare ta ba aa infinite aaqwaaaa af wavaawabara taat 
will aatlaPy tba baaaaary aaadlUaaa. ba aay aata taat Par a aaaaanir wava (tbia taralaalaaj atlli rafara 
ta tae fraaatraaa) »at tba aaaal aart of bawaaary layer profiles» tba ralativa aafarasalo raglaa eaaara 
balaa tba arltlaal paint wbara i < 0, 

IP y# U tba y wbara ? • 1, spar ail ante aalaUaaa «f t|. Cf.tf) af tat «I tyna ara 

t/(igw) . . lea^-i^jTci-aT1) 

Al 

m* 

t< u 

9 >F. 

(9.Ua) 

Ct.1T») 

aa> if*iT») fallaaa Praa *ba aaaaaary aaadlttaa HOI e 0. Wm baa» «ritte« % m *-# Tba aaaaarlnt 
a aaaatat a aaatrai aaaaaaU aalaUan aa bafarai tba aaaaariat m rafara ta tba sWlUffl aalet laaa. The 
to*»test ta ta* (9.1Tb) ta «aoaaa aa •! ta aaaa | raal aa« naaiuva far y > f . Ittbar alga ta »aaaibla 
fwp P..   «aaa f ta aartiaaaaa aag Ptatta at y a y., »|t/(ä|-«i], t*m if. <?.»•)• aaat ga ta «ara a« 
P 
faster 

«»•s« *P mm* ***» im» *9 PMSM »••*»» mmmm p rm ■«• peetuie iw f # y.« »»%* 
> y > ytt* «aaa § t« «aaUaaaa« ««4 Ptatta «t y a y , att/fäfk««], £raa if* <#•»•> 
Pa ** **fi *t/V T)M «wtvauva af t/f «•>«» gtvaa a feet er (iF*ir/% «ad taa r 
tar af ;Ms-D,/f aaa oaiy aaaa Praa taa «aataa baatas • «ara at y..   Oaaaaaaaatly. 

requires esdttioeei 
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Hi' :«■**■■ 

0,/2dy] . 0 , 

aad 

'«4     <?-1>1/2«* • («»•])      .      ■•1.2,3  

(9.11«) 

<9.1lb) 

tquatiea (9.lib) Is th« final result, tad dtiowtritti that ther« la ea lafialts aequenee of diacret« 
neutral e«v«nuabsrs with the paaaa velocity a. The difference between a4jaoaat vaiuea of *,„ la 

"s(a*l) -   'aa ■(/ Vo"*«,)"1. (9.19) 

«a us? «lao oba^rve that aoeordlng to tq, (9.Ua)t the aequenee of values of 2 1
tB/

n la 1,3,),T».*.. Thle 
raatilt «aa firat noted and glvea a phyaloal eaplaaatloe by Morkovln (prlvnte eoaau&leetloa (1912)). 
Because Iq. (9.H) la only «pproaiaate, taa aageitud« of ■ , tbe difference foraulo, and tba ratio 
sequence sre net espeoted to a» nuaerlenlly correct, ■owover, aa «a shell aoa bei cm, with aa i a per tent 
esoeptloa they er* either oorroot, or aperoalaetcly oorroot. 

tfbaa tba auaerleal integration of Iqe. (9.2) la carried oat for 2D wavea with a • e, aa* «*. • 0 for 
tba tuaulatod-aall flat-plate boundary layere described la Saat lea 9.3» tba * which ara found by tba 
eigenvaluee sssrc» procedure ara shown la Pig. 9.2. Tba aolutloa fcr aaob a all! so referred to aa a 
aodo:    a • 1  la taa flrat aodo, a • 2 u.« eeoond aodo, ate.    Tba weveauabere of tbo flrat aoda were flrat 

0). coaputad by lees aad laabatko <1«T>2).    tilth a • aa, a ya where N2 * 1 ooaara flrat at *y ■ 2,i (y. 
with leer seeing Mv tha relative aoalo polat y   aovea oat late tba boaadary layer, aad *-_ varies la 
laveree proportloa to y§ aa required by Iq.   (f.lSb).     lo higher aodoa «ltb 0 
auaorloally for *,,  < 2.2,  la afraaaaat «ltb Uta theory glvea aaova. 

« •a.  could  ba fauad 

A proalnaat foatur« of PI«. 9.2 la that tba upward eloping portloa of Ua flrst-aode ourve botwaoa If, 
• 2 aad 4.5 la le a aaaaa eoatleuoua through tbo otbar aodoa» 1.«., tbara la a Naeb aaabar range for oaeb 
aoda «bar« tba *iA aa. M. ear«« baa a positiv« slope. Taa aad polat of this rogloa for oaa aoda la oloae 
te the starting polat of a elallar regioa ror tbo aaat hither aodo. The approaeb beooaea elaaar aa M. 
lnereeeee. The algslfiennee of these latarvala of poeltive slope Is that tbey pro«id* taa esoeptloae to 
the eorreotaess, or spproiiasta eorreetaeee, af tha result» given by, ar dadaood froa, Iqs. (9.18b}* 
Indeed «e eouid «ell ideatify these aodas as the *eioeptloanl° aodoa. 

wits tae waveauubere of the oultiple aautral aavaa established, the aeit atap la to eaaaiaa the 
eigenfuactiona. For tbis purpose» the «ige reaction p7TK? Is shewn la Pig. «.) for the flrat »U aodoa 
at «t • to. The ftret thing to ante is »' ■ tba auabor of taroaa la ft la aaa laaa tha« tbo and* aaabar a, 
Per eseapis, the soooad aodo has oae a :„, aad ft(0) la 110° out of phase «ltb fttf); tbo third aodo baa t«o 
teroes sad ff<o) is la pbaae «1th •(*.). Tbo auabor of teroea la ft(y) la tba eureet idaatifloatloa af tba 
ao4e under ooaaidoratiee. iy beoplag traofe of tbe phase dlffaroaoa aat«o«a ft<0) aad K), it i» poaaibla 
to deteralaa «bea there is s ©hang* froa oaa aoda to another. 

The appenraaoe of the elgee/uaatloaa la fig. 9-3 ooafiraa tbe alaple taoory gives above: there la aa 
lafinite sequence of periodic solutions in the superseale relative fie« regteo «bleb eaa aatlafy tba 
bouadari eenditioaa. The aagaitude of ((0) la a alaiaua for the fourth aoda (ft(') la tbe aaae for all 
nodes]. Siaoe the fourth a«4e at b, « K i* on tbe upward aleplag portion of the elgoavaluo eurve la Pig, 
9.2, this la ssother iadieetioa of the special nature of eueh aautral eolations, for ether nodes, 
fttOl/K  i toads to beeoae inrge s«ay froa a • *, and teada te infinity as a •- . 

There la on* iapertnat differenoe between tbe «iaple tbeory nnd fig. 9.3. Acoording to tbe tboory, 
fi ) l* seeltive for all nodea» there are no geroes in the interval y > y . sad the nwaber af seroes 
la * < ?8 increaaea by one for each aueeessive node, «e see froa rig. 9.3 »tt $1) la negative for a > 
*, and tbe euaher of teroes la y < y§ ia the aaae for a • % aa far a • «. The total auabor of seroes 
isareasea by eae froa a • i te a • % oaly becauae of the %mr% in y > yA. However, we note that tha 
pregressios of seroes is eerreet is the ewporaenie rogloa if we aaelude tbe aodo a • ». Tbia 
•esoeptienei* aede i» eitrenoows te tbe staple theory, sad preaervo« saaettlag of a firet-aodo obnraetor 
»hieb prehobly beträfe a different pbysiesl origin trm tbe etber aoda«. lada*d, the etber higbor aodas 
are neihing aore tbnn aowad «avee «biete rofloet booh aad rarth batwooa tbo wail and tbe anal« lias of tbe 
relstiv« flew at y « y ss first suggested by Less sad Oeld (19«*'. Morbovln*» theory is based aa this 
i#*e. ane It» aeplivotlee of the weveawabor ratio eeqweeee !,},>,... atteata to its eerreetaoaa. The 
*«i««ptieaal* aodoa are net par«- af thta tbooryt they are porbapa vortialty «eve« assoeisted «ltb th« 
generalise* lafloetloa point as are InooaprennieU *z* u* Rnob awahar flraUaoo)« «avaa. la «bis view, 
tbe aodoa «hieb hace boo a idestified ia Pigs. 9.2 and 9.3 aa flret*ae#e «svoa fw I. ) ) are not flrat- 
aoda «a*e« at si It tbia diatlaetiaa ia roeervsd far tbo aodoa wbaaa «avojasssbora ieoroase aiaaetooieeily 
«ltb inereaalag Ht.   baoovar, «« abnli aaatiaaa to r^tv to a • \ aa tbo flrat 

9.9.2   eoajnfiecueani nowtrat wovaa 

layer la tbo aalstoaoo 
ia tbo iae««ar«s>aibla 

t ♦ UM. 

I fwrtbor saoa^oaweaee of e rogloa af owforaoala miaUvo floa la tbo 
of a »UM of aawtral «avaa «aiob le aaaplotoly difforoat froa aaytbiag 

Tbaaa «avaa aro obaras>«aria«d by baviag abaaa «aloalUo« la (bo rang» «-*-,, „„„ 
voiealty tnoro la aa taflaibe i«a««aaa af weamiaham,  >aat aa far tbo itflootlaaal aaatral «avaa. 

A «av« «tu a a l la at raat «it* raaaaot to tbo fraaatroaat a «a«a «ttb a a «fiJ • 1 • i/pj. p^^aagato« 
ralauoa tOL«. witb taa f^aatroaa aaaad of aaajadV   Taa Laaa Ua 

1 •» iltb tba r«4«4l»« to t| 
aaat« wave preaagpitoe 

stood af 

All of tba 1 * « a 1 e i/i. «avaa ara s^aaaal« aa«aat aa«, baoaaaa Hi Wt a e la tbo tr—tr—m* 
taara la aa iiaaaattaaltf la tba l«faal«a atraaa aad uba oacaaanry aaaastlaa far taa ablataaaa af a 
aabaaal« aaatral wave ia aaUafla«. faUlba tba t«r«a«ttaaal aaatral «avaa, M^mi «aa« aat aava ta «a 
aara ia tba boundary 1 ipar, aad tbe 1 • a i t e 1/«, aaoaa aatat far say ««watery later aobjaat aaly ta 



ths requlrensnt that N2 > 1 sousvhere, The laportnaou of the o*1 neutral wsvss la that In the ebaenoe of 
aa iatarlor generalised inflection point they ara ooooapanled by a neighboring faaily of unstable, waves 
with o < 1. Consequently, a ooapraaalbla boundary layar la unatabla to lnvlsold wsvss wbsnsvsr M2 > 1, 
ragardlaaa of any othar faatura of tha velooity and teaperature profllea. 

If we eiaslne tha lnvinold squstlooa (9*2), «a aaa that «ban o > 1 thay ara no lonfar singular; 
l.u., thara la no critical layar. Ivan whan o ■ 1, and tha critical layar la In a aanaa tha antlra 
fruestrena, tq. (9.2a) la still not slngulnr baoauaa DttV(tM) and 6(y)/(0-1) both hnvu flalta Units aa 
y • y.«. Mm oall this olaaa of solutions tha nonlnflaotlooal aautral waves. Tbaaa wavea parslst to low 
subsonic Maoh nuabem, baoauaa, axoapt at Hy ■ 0, It la always poaalbla to find a o large enough ao that 
ft • -1 eoaewbere in tha boundary layar. 

Tha approxlaate thaory of tha praoadlnf Saotlon appllaa to tha nonlnflaotlooal oeut al waves just aa 
wall aa to tha lnflaotlonal nautral wavaa provldad tha initialisation la obaafad for o ■ 1 to »aha •/(*»- 
.) flniU in tha fraaatraaa. Thia change la naadad baoauaa with o • 1 tha wava notion la oonflnad to tha 
boundary layar and t aust ba taro for y > y^* an lnflnlta sequence of wnveauabsra la obtalaad with tha 
spacing given by Eq. (9.*9), but at ana a la dlffarant froa a0 tha nuaarloal values ara not tha aaaa aa for 
tha lnflaotlonal wavaa. Tha wavanuabara obtalaad froa tha nuaarloal lntagratlon with o • 1 ara ahowa in 
rig. 9.« aa fuaotiona of Naob nuaber. Tbaaa wavanuabara ara daaotad by *l0, wbara tha flrat aubaerlpt 
rafara to e i 1, and tha aaoond la tha aoda nuabar. Thara la now no portion of any wavnnwabar ourva with 
s poaltlva alopa, and tha spacing «grass raaaonably wall with tha approxiaatn foraula. Tha dlaompanoy la 
•bout io» for tha flrat two aodaa, and daoraaaaa to about If for tha fifth and sixth nodes. 

Tha alganfunotlona ft<y) of tha flrat all aodaa of tha noninfleotloosl aautral wavaa with e • 1 at 
Nt • 10 ara ahowa In Pig. 9.9. Hara tha ratio 0(y)/6(O) la plotted, rathar thaa ft(y) with S(4) fliad aa 
in Pig. 9.3. Tha appaaranea of thaaa alganfunotlona la la ooaplete aooord with tha staple thaory, unlike 
the infleotioael neutral wavaa where the aodaa on the upward sloping portion« of tha waveauaber aurvaa 
interrupt the orderly sequence»  and where aa outer aero wppeara In the eigeafunetlona for n > *. 

Tha nuaarloal reaulta for 1 < o < 1 ♦ 1/M, are stellar to those presented for a a 1. Sinne theaa 
wsvss have no neighboring unatabla or daaped wavea, thay are of leaa laporUnoa In the lavlaold thaory 
than the othar aautral wavea. Conaequently, thaaa wavaa will not be oonaldered further, and tha tarn 
nonlnfleotional neutral wava will refer only to a o ■ 1 wave. However, we eight aaatloa that tha vlsooos 
couBterperta of the o > 1 wavea, which ere daaped rather trsa aautral, do have a role to play In certain 
ceeea. 

9.» Onatsbls 2D wevee 

* detailed diaouaaloo of the eigenvalue« of aapllfled and deaped wavea aa a fuaetloa of Maoh nuabar 
ror the rirat faw aodaa baa beea givea by Meek (19*9). bhnt we are aalaly latereatad la hara la tha 
unsisus aapllfloatlon rate of the various aodaa, and thia la shown la Pig. 9.6, where the aaaiaua teaporel 
aapllfioatloa rate la givea as a function of Maoh auaber up to N. • 10. The oorreapoadlng frequencies are 
snowa In Fig. 9.7. He aee froa rig. 9.e that below about N1 > 2.2 the faally of boundary layara we are 
considering is virtually atabla to lavlaold 2P wevee, snd that above N, • 2J t&s aeoond aode la the aost 
unatsble aode. The latter result holds for 2D wavea la ail boundary layers that have bass studied, and la 
one of the feat urea that sakee supersonic stability theory ao different froa the isonapressible theory, 
■ot only la there sore thaa one aode of instability, but it la ens of tha additional nones that la the 
seat unstable. Above M, « 4.9, the first asde la not oven the aeoond asst uastable aaaa» The aaoond-node 
eapllflsstisn rstee e«a be appreciable, it h, » 9, the aaplltuds growth over a boundary-layer thiohness 
is about double what la poaalbla la a Dinaiua heurdary layer at tha leysslda suabsr or the aaaiaua 
aapllUaaties rate, asd about 291 of the aaaiaua growth la a ralnasr-Sfcss aepsratloa bousdsry layer. 

9.T    Three«dlassstoeal waves 

la the detailed study of the eigenvalues of unstable 20 first-sod« vevss (Uses (tfs9))v it was noted 
that the phase velocity la alwaya betwses «c asd «_, These two veloeities are alaost idsstlosl sear M. ■ 
i.l, whieh suggeata why bsusdsry Isyers nsar that llaah auaber ara alasat atabla **e» though the 
general Ued iafleetles pslnt ass a» fed out to 6, • O.Ü. The infleeties point la a fUsd feature sf the 
heuadery layer profile, sad as la independent sf the wave erlöstet lee» The phase valoolty aa af a ID wave 
i* «,sss», sad the phaa« vslsssty «# la U*l/M.)ee»*, where N, • N.eset. Thua aa the wave aegis * 
laereasss frsa sere, a seeroanaa asre tans by seat« and the diffhraasa «# - «0 laftrasse*. Consequently, 
we ess sanest the first aode ts baaaas sore wse»,shls. It the mam ttae the thlahasss sf tha auparsoaia 
relative flow rngisa, where ess estate, will ssaraass along with *, asd we shsli ast ba surprised ts find 
tost the higher asdss hasnas asrs «table» 

figure 9.1 ahowa the tsapsral sapllflsstlss rat« -. of the flrat aad assaad asdss at M, • M aa a 
fusetisa sf the fi^agvsasy *_ far asvsrsi wava eagle*. Three■diseeaioesl first sods wsvas ars Indeed asrs 
unetssis thss 2D wsvas, sal sessad sate ID waves are aero atahle thss the aorrssseadiag 2D waves. Tha 
letter r***,;t sine naide far all af the higher asdss. Ths asst nsstshls first-aode wave is st ss angle of 
elass ts #$*, with ss aapliftaatias rats asset twise ths asaiaaa 2D rats sad with s fraaaaaay s little 

If of the frag sassy af the aast wastesle m 

it *« • a.9, ths uastsbta regions sf tha first tas asdss ara separated by a deaped regies far ail 
wsve sngi**. ■antsvar, at *. s M, fld> M ass«* that far 19 aavas tha first three sodas ara aargad tats 
a aiagis «astabis region, if as isab at fig, M aa sae that st this «ash ana bar tha «***ptloeal aaaa is 
tas third aaaa, That ss aaa ast« ssathsr featara af tha aastral asvaaaaihara *#*af these asdsst That 
serve as the «sad pststa» af tha aargad «emteals regies* af ths asaaa iyiit «aiaa fhaa. ia tha wave aegis 
insrsssea froa tara sad *. daaraaand, tha aargiag U »Uli ia gsesral saaard with fig. f*2 far h., as is 
ssaftraai if tha anlomUUse 9t *taf I** aaaa tattara af apaarg aiagiag lansjtlaasl msimialtra is faaai 
rar ahllg«« ••««• M far ft waaas Cttaah Clfit»}. far t« •«*, tha mm—4 aaaa it ttablat far * » 9**» 
thara ara still mi ad aaaa aaataais aaaaa, as «as ba vartfisdj hf «aaaiaiag tha paasa ahaddja aaaaas tha 

Uaar af tha avniaufi fiaataatiasa, aaaa theawji m asah is viataia aa tha aarat t fagv %% 
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In Fit. 9*10, tba »Mi*«» taaporal aapiifloatto« rata with ruptct to fraquancy la plottad against 
for til« four Maob ouwbara 4.5, *.8r 1.0 aad 10.0. At all of tbaaa Maob auabara tu« aoat unitibU flmt- 
«o4« wava I» at an angla of batwaaa 90° aad 60°, aad haa a aaxlaua aapUflaatlon rata that ia roughly 
toublo tba aoat u&atabl« 2D wava. Tba af faat «f Maab auabar oa tha aaxlaua ftrat*aoda aaplirioation rata 
tth raapaot to both froquaoey and wava aafla ia abown la Pi«. 9.11* Ta* wava aagla of tha «oat uaatabla 

«a la not** oa tba figura to within 5°, aad tba aaxlaua 20 aaplifloatloa rataa ara abowa for ooapariaoa. 
i intaraatlag ohanga io tba ralatlaaahlp batwaaa tba 20 and 30 aaplifioatlo« rataa takaa plaaa for M« < 
«. Tba 3D aaxlaua aaplif leatlon rata ia ao longar oaly ooublo tba 20 rata aa at hlgbar Maab auabara; 
laataad, at N1 « 3.0 tba ratio of tba 30 rata to tba 20 rata la 5.1, at M. • 2.2 It la 33, aad at M. • 1.8 
it la 130. Ma raoall froa rig. 9.1 that it la aaar M. • 1.6 that tha olffaraaoa a, - o0 ia tha aaallaat. 
Tharaforo, tha aoalo Halt aota aa a aavara ooaatralat oa tha aaplifloatloa of 20 wavaa at low Maeh 
auabara. Mhaa thia ooaatralat la raaavad, aa it la for 30 wavaa, tha aaplifloatloa rataa laeraaaa 
sharply. Ma aay oonaldor tha 30 aaxlaua aaplifloatloa rata aa tha aa* that proaarly raflaota tba l&aaraat 
instability of a givao boundary-1ayar prof 11 a, 

9.8    Effaot of «all ooollag 

rarhapa tba aoat oalabratad raault or tha aariy stability thaory for ooapraaalbla boundary Iayara waa 
tha prediction by Laaa (19*75 that ooollag tba «ail atabllUaa tha boundary layar. Thia pradlotloa waa 
aada oa tba baaia of tha aayaptotio thaory, aad a eritarloe «aa provldaC for tha ratio of «all taaparatura 
to rooovory taaparatura at «hloh tha critical layaolda ataabar baooaaa laflnlta. although Laaa'a original 
oaloulatloaa oontolaad auaarleal arrora, tha taaparatura ratio for ooaplata atablllsatlaa «aa latar 
ooaputad oorrootly by a ouabar of authors. Tba aoat aoourata oaloulatloaa gava tba raault that ooaplata 
stability oao ba aohlavod for 1 < M, < 9 by aufflalaat ooollag, Thaaa oaloulatloaa «aa ba orlt'alsad la 
thru« iaportaat raapaotat Pirat, oo ladioatloa ia glvaa aa to bo« tha aapllfloatioa rata varies «1th wall 
taaparatura; aa«oad, tha oaloulatloaa ara for 20 wavaa oaly; aad third, ao aoeouar. la takaa of tha 
axlataoca of tha hlgbar aodaa. Ia thia Saotloa «a aball aaa that tba ourraat lavlaold thaory aaa raaady 
all or tbaaa dattclanciaa. 

Aa tba boundary layar la ooolad a aaooad gaaarallaad iaflactioa poiat appaara for C < 1-1/M.. Aa tha 
ooollag progreaaaa, thia aaooad inflaction poiat novas toward« tha firat oaa aad tbaa both dlaappaar for 
highly ooolad «alia. Tha ooaplata aooouat, aa glvaa by MaoM 09*9)» of how tbaaa two laflaetloa point» 
affaet tba ihatablllty of 20 aad 3D wavaa la a laagthy oaa aad alao bring* la uaatabla auparaoole wavaa. 
Tha eoaclualoe ia that «ban tba gaaarallaad laftaotloo polata dlaappaar, ao do the flrat aodo wavaa, but 
tba higbar aodaa, baing dapandact only oa a ralatlv« auparaoalo ragion, raaala» Soaa raaulta ara ahowa la 
Pig. 9.12, wbara tba ratio or tba asslaoa taaporal aaplifloatloa rata to lta uaaoolad valua la plottad 
ftgainat tha ratio of wall taaparatura tH to raootary taaparatura Tr at H^ • 3.0, «.$., aad *,.% for 3D 
f.roi-uooa waves, aad at «1 ■ 5.8 for 2D eeond-aooe wavaa. Xe aaob inetsooe, tba wava aagla glvaa la tba 
figure Is tha a^at unstable, Th* flrat-aou* wsves, avaa wbaa oblique, oaa ba ooaplataly atablliaad at tba 
Naoh auabara ahowa, jaat aa originally prediotea »* Laee d9*T). However, tba aaooad aoda ia aot oaly got» 
•tabilitad, it ia eotueily dggUOJlUaal although if tba aaplifloatloa rata la baaad oa tba tx**4ary»la*ar 
tbiekaaaa, tha laoreaae ie *y la juat about ooapaaaatad for by tha raduetioa ia y. aad ~g* la virtually 
uejeha&gao by ooollag. 

Aa a fiaal raault on tha arraot of oooliag, wa glva Pig. 9.13 wbiah abowa tha taaporal aaplifiaatioa 
rota at H^ • 10 aa a fuoatloa of cavaautibar i&r aa iaaulatad wall aud a hlghly*eoolad wall (TH/T. • QMh 
fvr tha roraar, tba flrat four aodaa ara «argad to for« a aiagla uaatabla ^agioa, aad tba Halting uppar 
wav^auabar ia tha aaoaptloaal wavaouabar of Pig. v.2. For tba lattar, tba uaatabla ragloaa of tba fot^r 
aodaa ara aaparata, aa la trua at iowar Ma«a auabara for aa iaaulatad wall, aad tha aaxlaua aaplifloatloa 
rata of aaoh soda is about d&ubla tba uaooolaa valua» 

U.     COWPitasiBLE «I5COB3 TtlSGPT 

Tha oariy th««ratioal wor« oa tha vitooua «tabtlity tbaory of ,-oapraaaibl« bowadary iayara was baaad 
oa tba aayaptotic aatbada taaf bad provar io ba awoeaaarul for iaooapraaaibla flaw. Howavar, tbaaa 
thaoriaa. whioh wara aavaiopaa' by Uaa aad Ui dfag), Ouaa aad Ua (1955), aad Laaa aad htahotba (1H2), 
tttrcao o«*t to ba vaii« ooiy up to low atiparaoale Maea awabara, 3^aa raaulta for isi»wi»tad»wali riat*plata 
bovaaary Iayara obtaiaad with tba aayaptotic aatbod ara givae ia Pig. 10.1, aad eoap*ra<l with dtraet 
auaarleal aoSatiaaa af tba aigaavalua proOlaa. Ill ausarioal raaulta la thia Saotloa ara for th* aaaa 
faaily or flat*plata bawadary Iayara waad la Saatlca 9. la Pig. 10.1 aautral-atability vurva of 
fra«waaay at H* • M aad iJ aa ooaputad fro« tba Owaa-Lia 1195*) thaory by Raab U940) ara oaaparad with 
raaulta aMaiaaa by auaarioal latagratiaa ualag both tha alxth-ardar alaplifiad a«,uatiaaa 9f Dwaa aad Ua, 
aaa tha aista*a<rda*' ooaataat Praadtl aaa bar varaioa af tha aaaplata atability aquatioaa of Appaatfii 1.    At 
N, • UA,  tha **rm ealowlatiaaa ara la s«r«aaaBt far • > TOO, but at a, • 2*2, tha agraaaaat batwaaa 
taa buaa*kla thaory aad tha avaariaai aolutiaa with tha aaaplata aa,watiaaa it poor at ail layaolda 
awabara. Tha aayaptoti« thaory la awgajaaad to aalva thw alapliftad aaaatiaaa with aa mrr^t aa largar tbaa 
taa •rror lavotvoa ia dropaiag tba aiaaiag viaooua tares. It fa «vid>«t froa taa awaartoal aolutioaa »t 
taa aaaa-Ua aawatioaa ia Pig, 10.1, that tha «awatiaae ara hat tar thaa taa actbad waad to aalva tbaa, but 
avaa aa at a, a Mt tba dlff ara aaaa oaaparad to tba aaapl*ta aaaatiaaa ara taa largo t* parait thair waa. 
haw «war, tbara la ilttia raaaaw la aay aaaa to waa taaaa aawatlaaa ia aaaarloal werb, bacauaa taay ara of 
tba aaaa ardar aa tha aaaplata 20 taaatiaaa, aad far }0 wavaa tba alxtb-argwr apfrraiaatiaa givaa la thia 
fvatiaa ia aora aaowrata. 

10.1 trtaat af Maab illy 

t^ *\ 

faa naaaaa thaory aaat af eaaraa aa waad far all aaa at trial aalat-laAAaaa at fialta aayaalda 
ia tapartaat taaaraUaal taaauaa that «a ara aftl« to aaawar wttt tha vlai^aa taaary la tha itttmm* af 
Naab aaaaar %m wlaaawa laatahAllty. Tha aartaAtlaa af vtaaaaa laatahlllty that «a aaa hara rar 
aUs»trt«auaa paraaaii ia taat taa aamiaaa aaaliriaaUaa rat* TlMirilall ba taa aayualda 
Taa aaxlaua la with raapaot %» fragaaatf» aad p±*m vava aagla Par 10 «avaa, at ■aaataal aayaalda 
aad taa aapltriaatioa rata ta rmt9*—m* ta L tig* (2.9T)). A aaatral-aUwlIlly aarwa with aa »»par« 

«avaaiaviair «aiah tbaraaaaa «lib aaaraaaiag aayaalda awat»r. aa far tha ttaalwa bouadary latar, u 
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an indicator of viscous instability. V« start by examining the ourvta of neutral »tability for 2D travta 
presented in Fig. 10.2, whore at five Kaoh nuabera th« us venue bar la plottad againat 1/R to aaphaalta tha 
higher Reynolds nuabar region. The neutral curve at M1 • 1.6 la of the aaae general type aa for a low- 
apeed boundary layer with only vleooue instability. The low values of the neutral wavenuabers reflect a 
drastic weakening of vlsooua instability coapared to the Blaaiua boundary layer. We already know froa 
Fig. 9.6 that the aaxiaua inviacld aapllfloation rate inoreaaea sharply for M. > 2.2. «hat we see in 
Fig. 10.2 la that aa the Mach nuabar Inoreaaea awova 1.6, vleooua instability continues to weeken and the 
effect of the lnoresaing invIsold instability extends to lower and lower Reynolds nuabar*. Finally, at M1 
* 3.6 the influence of inviaoid instability la dominant at all Reynolds nuabara, and no traoe of viscous 
instability can be seen. Viscosity aota only to daap out the inviaoid instability, Juat aa for the low- 
speed Falkner-Skan boundary layera with a strong adverse pressure gradient. Aa a reault, the Instability 
characteristics of flat-plate boundary layera above M, » 3 are »ore like thoae of a free sheer layer than 
of a low-speed aero pressure-gradient boundary layer. 

We have learned in Section 9 that 2D aapllfloation ratea above M. * 1 are strongly influenced by the 
constraint of the sonic limit on the phaae velocity, and do not repreaent the true instability of a 
boundary-layer profile. Therefore, to get a ooaplete view of the influence of Mach nuabar on viscous 
lnatsblllty we auat turn to 3D wsvtv The instability of 2D and 3D wavea up to H, « 3*0 la suaaarlxed in 
Fig. 10.3, where the aaxiaua temporal aapllfloation rate la given at H. * 1.3, 1.6, 2.2, and 3.0 aa a 
function of Reynolda nuabar up to l « 2000. The aoat unstable wave angles (to within 5°) of the 3D wavea 
are abown in the figure. It la apparent that these angles differ little froa the inviacld values except 
near the critical Reynolds nuaber at H1 « 1.3. We see that visooua Instability, whloh at H. * 1.3 is 
totally reaponslbla for both 2D and 3D instability at the Reynolda nuabera of the figure, decreases with 
increasing M, for 3D as well aa for 2D wavea. However, there la little change in the aaxiaua 3D 
aapllfloation rate with Increasing Mach nuaber, in oontraat to the large decreaae In the aaxiaua 2D 
aapllfloation rate. At H, » 3*0, vlaooalty acts only to aalntaln the aaxiaua amplification rate at about 
Ihe aaae level down to low Reynolda nuabera, rather than aa the aaln aouroe of instability aa at lower 
Xach nuabera. 

There are unfortunately no calculations available between M1 • 3.0 and 1.5, but the distribution with 
»e/nolda nuaber of the aaxiaua teapural aapllfloation rate la given in Flg. 10.* at K. * ».5, 5.6, and 7.0 
Tor wave angles that are approxiaately the aoat unstable* All of theae wavea are first-node waves. At M. 
>. 10 it ia difficult to aaaign a aaxiaua in the flrat-aode region aa the single peak in the a« vs i ourvea 
for , > 50° occurs near the transition froa the first to the second aode, and 55° haa been rather 
arbitrarily »elected ea the aost unatable angle. In any oaae, it la clear froa Fig. 10.* that In tbla 
Ke'Jh number range there la no viacoua instability and the Influence of vlaooalty ia only stabilising. 

10..? Second acde 

The low«at Maoh nuaber at whloh the unstable second aode region haa been located at finite Reynolda 
nuabers is M. • J.0, where the alnlaua critical Reynolds nuaber RQr la 13*900 [Hack (196*)]. As the Maoh 
nuaber Increases, the li/Isold second-aode aaxiaua aapllfloation rate inoreaaea, aa shown in Fig. 9.6, and 
the -unstable second-mod« region move* rapidly to lower Reynolda nuabera. At M, ■ 3.8, Re_ la 827; at M, » 
kj it is 355; sod at h\ « «.5 it la 235. Furthermore, the first and hlgher-aode unatable regions go 
through the ssae process of successive aergers as they do In the inviacld theory. The first aerger, 
between the first and eecono-mode unstable regions, take» place at about M, ■ e.6. Examples of neutral- 
stability ourvea of wavenuaber juat before aerger (*, « 4.5), and Juat after aerger C*f1 ■ 4.8), are shown 
in Fig. 10.5. The shapes» of the neutral-utebllity curves, both before and after nerger, are auoh aa to 
•suggest that vlaooalty ia only stabiliting for all higher modes, and this is confirmed for the 20 second 
aode by rig. 10.6, where the distribution of (.j}^ with Reynolds nuaber is shown for N. • *.5, 5.8, 7.0, 
*nc   10,0, 

The effect of wave angle on eecond-aode aaplification ratea Is ehtwn in Fig. 10.7, where <*i>»tt Is 
plotted agalaat wave angle for the aaae Nach nuabera aa in Fig, 10.6. This figure Is to be compered with 
i^e coaparabie inviaold result* in Fig. 9.10. In both inataneea, increasing Mach nuaber bringe a 
reduction in the rapidity with which the aaxiaua aaplification falls off with increasing wave angle. 

10.5 Efract of wall cooling and heating 

Few reaiilta have been computed froa the viscous theory for boundary layer« with cooled and heated 
walla. One reault, shown in Fig. 10.6, gives the effect of besting and cooling on the stability of a 
low-speed boundary layer (H^ • 0.05), The s-Reyaolds nuabera of 2D normal modes for three constant values 
of the R factor, in<A/A0) , are c'cited against the wall temperature ratio T /Tf. We aee that oeeJiag 
haa a strong stabilising afreet, and that heating baa a strong destabilising effect. Tha frequencies that 
eorreapend tc the ■ factors are alao strongly affected fey the wall tea pore ture, For example, at Tw/Tr ■ 
0.90, the frequency for R • 9 ia F • 0.I5T x 10** 1 at T^/T,. * 1.15, It la f « 0***5 x 10"*. 

Aa as example of the effect of wall cooling at fey persons u speeds, Fig, 10.9 show« 2D neutral curves at 
*. • 5.8 for T„/Tr • 1.0, 0.65, 0.25 and 0.05. The f!eestreea temperature la $0°t eioe?t for the lowest 
wall teapereture where It la 125*1* W»ee tha wall la cooled to t~/tr • 045, a noticeable stabilisation 
take* piaaa for the riret-eoOe, hat only a »arrowing of the unstable waveauaber band «am ha detected in 
the t«#e*4~ao4e region. At the other two teaperature ratio*, there la ao unatable flret-aodV region. Tha 
loweat teaperature ratio la of lateraat baaauee there la no general 1 ted inflectios palet im J*he hovsdary 
layer, and thus ao »§j to serve aa the Halt of the upper branch of th« aeutral c*r*e. We any observe 
that the weveavabere at the critical Reynold« euabers of tha three cooled eases are in the inverse 
proporUoe I.OtO.TIsO.M, aad tha corresponding bo«edary*layer thicknesses are la the proportion 
i.Ot0.6f*a.5S. Coeaagaaatly, tha length »«ale la th« controlling factor la the laaatiaa af the eteead- 
aode amauale region 1m tan» af aanrac/nsaarv 
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10.1 Us« of alxtb-ord»r system for 3D war»« 

V« have already not««! ID 4«otion 8.5 that only a alngl« dissipation tsra coupl«« the «nergy aquation 
[8.9«)] to th« oth«r «quatlona for a 3D wiv« in aithar a 2D or 3D boundary layer, and aentloned t*e 
economy aeaaure propoaad by Mack (1969) of uring the eixth-order ayatea tbat reeulta fro»; naglsotlnf this 
tera for 3D waves. The»» «quatlona ar« aaaantlally the 2D «quatlona In th« direction of k. In Tab!« 10.1 
th« t»apor»l aaplification rataa ooaputad froa th« slith- and eighth-order syetaaa ar« ooaparad for 
various wav» angle« and Reynold* nuabera at flv« Mach numbers. In all o«a«s th« waves ar« close to the 
■oat unstable flret-aode wavea at the particular Mach and Reynolds nuabers listed. He see that the sixth- 
order systea is surprisingly good, and can be uaed it I i 1500 for all Naoh nuabera with a aaxiaua «rror 
of l«as than 5f. Th« «rror of th« alxth-ord«r systea, which depends not only on the Mact: and Reynolds 
nuaber, but slso on the wave argle, la uaually alnlaal up to abouti « 30° and ean beooae large fori> > 
70°. 

Table 10.1. Comparison of temporal aapllflcation rataa for 3D 
wavea aa ooaputad froa alxth-order and eighth-order ayatams of 
equations at seversl Nach nuabers. 

"l R i * »uli103       ^xlO3     | difference 
6th order 6th order 

1.3 
1.3 

500 
1500 

0.075 
0.060 

*5° 
*5° 

0.883 
1.*67 

0.82« 
1.**5 

7.2 
1.5 

1.6 
1.6 

50* 
1500 

0.070 
0.050 

55° 
55° 

0.97» 
1.38* 

0.87« 
1.3*6 

11.« 
2.8 

2.2 
2.2 
2.2 

500 
800 

1500 

0.055 
0.0*5 
0.035 

60° 
60° 
60° 

1.198 
1.391 
1.325 

1.066 
1.300 
1.273 

12.« 
7.0 
*.l 

*.5 
*.5 

500 
1500 

0.045 
0.050 

60° 
60° 

1.117 
1.6*1 

1.039 
1.613 

7.5 
1.7 

5.8 
5.8 

500 
1500 

0.050 
0.060 

55° 
55° 

0.790 
1.103 

0.736 
1.38* 

7.3 
1.« 

10.0 1500 o.oso 55° 0.»** 0.13* 2.3 

There are three other dissipation teras in the energy equation besides the coupling term, and their 
effect on the amplification rate has also been «xaalned by Hack (1969) at R a 1500 and H1 * 2.2, 5.8 and 
10.0. The weveavabere were the saae aa in Table 10.1. at K1 ■ 2.2, the coupling tera baa the largest 
influence on the aapllfleatioa ret«. However, et the two higher Nach nuabera the other teras increase in 
lmportanoe. Since aoae teraa are atabillslng and others destsbllltlag, the error with all dissipation 
teras aero is smaller at these two Nach nuabers than with only the coupling tera sero. It is not known 
bow gcnersl this result is, but experience wHte the Dunn-Lin equations Indicate» that it is Halted to 
weves with v  well away froa tare. 

The small effeet of the dissipation teras on the amplification rates of the 3D waves in the above- 
aentioaed calculation» la in dlstlaot contrast to what happen» when the Dunn-Lin equation» are used for 
2D weves. The sixth-order systea with only the coupling tera aero is exsot for v « 0, unlike the Dunn- 
Un equetioae alter« all of the dissipation teras are neglected along with a nuaber of other teras that are 
supposed to a* of the esae order. The differences between the aeutral-atablllt) curves in Pig. 10.1 
eoapwted directly froa the Duaa-Lla equatloas sad thoee ooaputad froa the complete «quaVtaiu testify to 
the iaportenee of the aegleeted tera». a calculation at ft, • 2.2 aad R • 600 for ■* - "-0*5 gave wS« 
reault that th« aaxiaua 20 aapllfleatioa rate froa the Duaa-Un equatloas is 63S larger than eHaff eoaputed 
froa the ooaplete aquations. * aorc favorahle raault ia obtained at this Naoh nuaber for a 60v> war» with 
i • 0.0*5 at I * 1000, wh%r» the Duaa-Lla equatloaa give aa aapllfieatloa rate that Is 151 too high. 
This ia an iaproveaeat over the 2D results, but »till net as good as the result obtsleed whoa only th« 
coupling tera le aegleeted. At N. • *.5 sad R • 1500, the aapllfleatioa rate of the aast unstable 3D 
flret-aode wove oaaputed froa the buam-Ua aquatioas :» in error by 2J*| the error for the aoet uaetahle 
[29) seeoad-aode wave le 1*1. The ooaelusloa to be drawn 1» that the Duaa-Lla spproxlaatioo Is too 
severe, aad the equatloaa ere uaauttable for auaerleal work above about «, «1.6. On the contrary, the 
»lit*»»order systea with only the eoupliag tarr neglected earn be uaed for auaerleal computation*- where high 
eeoureey ia no. laportaat, aad they offer a auhataatlal asvlag in computer tlae aad expense. 

. !■■-.- 

10.5 Spatial theory 

ieth tae theoretical aad euaerieal aapaets of the stability of eoaprasslhle boundary layer« acre 
worked out alaeat eeapletcly oa the baaia of the temporal theory* la eoatraat, alaoat all stability 
oaleeletleaa are mow routinely don» with tarn spatial theory. Tae exceptions are the SALU (Srokowskl aad 
Oraaaf 0*?7)j aad GJtaL (Hallk aai Uraaag (1HDJ ••«•• far JD eeaamary layer eteblllty, aalea oalaulat« 
sigeiteluac fro« the temporal theory aad aaa the 3D Sealer traaafarmatlaa to ooavert «© spatial 
eige•values. This approach, which introduce» a eaall %mr iata the aaleulatlaa haa the advantage of 
«1 loving the eaa af powerful matrix eothede. The C8S*L «ode exploits this possibility by providing a 
global elgmavalue eeerob aalah railavaa the user froa the neesaalty af aaklag aa initial eigenvalue gueaa. 
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SOB« of the extenalve temporal oaloulationa of Hack (1969) have been recalculated by El-Hady and 
Nayfah (1979) uaing tba apatial theory. All finding» were In aooord with tha temporal calculation«, A 
recant aerlea of apatial calculation» by Waxxen, Taghavi and Keltner (1984) found laportant difference» 
with the calculation» of Mack, but there la good raaaon to believe that tha new calculation» are not 
correct  [Naok (1984b)]. 

A» an exaaple of the seae calculation perforacd with the temporal and spatial tb-oriee» Fig», 10.10 
and 10.11 give the respective aaxlaua amplification rate» of tba aoit unstable flrat and second-mode wavea 
at K « 1500 aa a function of freeatreaa Haoh nuabar. Tha dlfferenoea between the teaporal and apatial 
flrat-tode ourvee are due to the increase in the group velocity froa about 0.4 at Mj « 0 to near 1.0 at 
high Mach nuabar. However» both curve» reflect the faot that at first Increasing Mach nuabar brings s 
reduction in the maximum aapllfioation rate because of the weakening of viaooua instability, then the 
increasing lnvlsold instability becoaea doalnant, and finally the increasing boundary-layer thioknees 
causes a properUonat» reduotlon in the amplification rate. Furtheraore, it la laportant to keep in aind 
that both the apatial theory and the teaporal theory plua the Gaater transformation give alaoat identical 
values of the »aplltude ratio,  and ao either oan be used in transition-prediction calculations. 

11.  FORCING THEORY 

11.1 Foraulatlon and numerical result» 

The structure of linear stability theory allows the forced reaponse of the boundary layer on a flat 
plate to a particular type or external dlaturbanoe field to be readily obtained [Maar (1971,1975)}. One 
of the independent solutions of the stability equations in the freeatreaa la, for i^ * 0 and in tha limit 
of large Reynolds nuabar, the lnviacld flow over an oblique wavy wall of wavelength 2Vi moving with the 
velocity c The time-independent part of the pressure fluctuation given by this solution la (Eq. (9.11)1 

p« i(Mr(»-.>)exp iitx*(«2-l)
V2y]} . (11.1) 

F*f a wsve whiob is oblique to the freeatream, t and H1 are taken in the direction normal tc the constant 
phaae lines in the x,i plane. It la seen froa Eq. (11.1) that when fl1 > 1, the constant phase lines In 
the x,y plane are Mach wavea. With the negative algn in Eq. (11.1), the Mach waves are outgoing, i.e., 
energy is transported in the direction of increasing y, with the positive algn, t*>« Haoh wavea are 
incoaing. When H1 < 11 the solution with the upper algn decays exponentially upward, and the other 
solution increases exponentially upward. In stability theory, only .olutlons which are at laaat bounded 
ss y ►*■ are permitted, but no auch restriction Is present in the forcing theory where the incoaing nave 
has been produced elsewhere in the flow. The full viscous counterpart of Eq. (11,1) for in incoaing wave 
haa s slow exponential Increase upward, which is perfectly acceptable. 

The incoming-wave solution bear» JOB« resemble' JI to i Fourier component of the sound field radiated 
from turbulent boundary layera at high supersonic speeds according to Phillips' (I960) theory. In thla 
theory, each acoustic Fourier component i,;- ia produced by the aame Fourier component of the frosen 
turbulent field moving at a supersonic source velocity a relative to the freeatreaa. Thus the turbulent 
boundary layer la decomposed into oblique wavy walla aoving auperaonloally, and the associated outgoing 
Mach wavea are the incoaing Mach wavea of the receiving laminar boundary layer at y ■ 0. However, in 
Phillip»' theory, the field ia random, and each "wavy wall" exiata for only a finite tlae related to the 
lifetime of an individual turbulent eddy. In the present theory, the incoming wave field ie steady to an 
observ.r moving with o. 

I solution for the boundary-layer response at each Reynold*, nuabar can be found for each i # and o 
by using both invlscld solutions of the eighth-order syatea, Bqa. (6.11), together with the uaual three 
vlfecoua solutions which go to aero •» y • , to aatlafy the boundary conditions aa y * 0. The combined 
solution, in addition to giving the boundary-layer reaponse which results froa the incoming acoustic wave, 
also provides the amplitude an« phase of the outgoing, or reflated, wave relative to tha incoming wave. 
The combined, or response, wave la neutral in tha aenae of stability theory, but ita amplitude ia the 
boundary layer la a function of Reynolds nuabar. If the local mass-flow fluctuation amplitude a(y) ia 
chosen to represent the amplitude (a hot-wire anemometer measures primarily m), tba ratio of a_, tha peak 
value of a(y), to a^, the aasaflow fluctuation of the incoming w*vet oan be called A/A«, ana used *n a 
manner similar to the aaplltud« ratio A/AQ of an instability wave, la increase in a^/Bj with increasing I 
represents an "aaplirioatlor/'i a decrease, a "damping*. 

The aost laportant result of the forolng theory la aäown la F'g. 11.1, where «g/a^ froa the viaooua 
theory ia plotted against Reynolds nuabar for wavea of alx dlaensiorless .'requenolee In an insulated-wall, 
flat-plate Boundary layer at M, a 4.5. The wavea are 2D, and the tiese velocity has been assuaed to be o 
a 0.65. We aee that the amplitude of eaeh wave atarta to grow at he leading edge, raacbea a peak at a 
Reynold* nuabar that variea inversely with frequency, and then <4e llnee. The lower the frequency, the 
higher the aaxlaua value or mJmv Thla 1» the principal result of the forcing theory, and has been found 
to be true for all boundary layera and all wavea ragardlaaa of ,ha wave angle and tfee phase velocity 
(proviaed only that N. > 1). Aa a eoasequenoa of this behavior, I > forcing aeobanlaa provides boundary- 
layer wavea with amplitude» froa 6-14 times as large aa freest*« «a sound wavea without any instability 
amplification, 

Xa iae lnviacld theory, oaoa o and * have been specified the only remaining paraaeter is u When tha 
aaae-flow fluctuation amplitude ratio ia platted againat « for a 2D wsve with c a C.65 and tha eaae 
boundary layer aa la Flg. H.I, the lavlaeld theory gives a result that la slgalfieaatly different froa 
the viaooua theory, Xiao» F • aa/l, a wave of given diaaaaloaleas frequency F travelling dovaatreea at a 
eoaataat e will have lta diaensioalasa weveausber 1 nor ease lines *ly with ft. Consequently, the a amis la 
equivalent la the I mala la Fig» 11.1. What we flag froa the 1« »iaeid theory la that lavlaeld wavea 
deereaaa la eaplitude far s> 0.0075. All of tha aapiitude »aa*- la Pig. 11.1 ««our at as i larger than 
this except far the ioweet fraqueaoy. Consequently, the initial jroata of Fig» 11.1, waloa la Juat what 
la foaaa la exporlaente la Maeraoalo aad hyaeraoale wind tust*; • with turbulent boundary layers oa taa 
tunnel walls,   la a purely viaooua phenomenon»    However,   whoa tb»  viaooua response curves froa Fig.  11.1 
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are also plotted against a, they show that th« deoreaae in aaplltude which followa the region of growth in 
Fig. 11.1 i« described closely by the invlsold th«ory. This reault it in ooatraat to atabllity theory, 
where the lnvlaold aapllfloatlon and daaplng ratea are only approached by the viscous theory in the Halt 
R *"\ The higher tb« frequency, the lower tbe Reynolds nuaber at wbiob tbt vieooue curve Join» the 
lnvlaold curve. 

11.2 Receptivity In hlfh-r;.;. wind tunnels 

Tb« quantity ■»/•it interpreted aa A/A^» la tba aoat laportent rasult in supersonic and hyparaonlo 
wind tunnels. It provides an essential plaoa of lnforaation which haa baan Biasing up to now: tba 
ralatlon of tba aaplltude of a boundary*layar wave to tba aaplltude of the fraaatraaa wave «blob oauaaa 
it. In otbar word«, we now have a solution to ona particular receptivity problea. Strictly apeaMng, a 
1* equivalent to tba A of atabllity tbaory only whan tba a diatrlbutioa la self-aiailar, but auch la not 
alwaya tba case. However, tbla situation la no different froa tba uaual ooapariaona of tba quaai-parallal 
atabllity thaory with cxperiaent, aa in Saotion 7.5, wbara tba paak a la followed dowaatraaa and 
Identified with I eve», though tbe aaplltuda dlatributlona are nonaiailar. 

Tba najor aiffloulty in using tbe forcing theory aa a solution of tba receptivity problaa la that 
forced wavea are dlatinct froa free waves, and tba prooeaa by wbiob tba foraar becoae tba latter la 
unknown. An experlaent by Kendall (1971) showed that, aa aeeeured by tba phase velocity, a forced wave 
near the leading edge evolves into a free instability wave farther downatreaa. In tba paper froa wbiob a 
portion of the text of tbla Section haa been adapted [Maok (1975)], we aaauaad that tba forcing thaory 
appliea up to the neutral-stability point of tbe particular frequenoy under consideration, and that 
stability tbaory appliea downatreaa of that point. Tbe conversion froa oaa wave to tba otbar would aaaa 
aoat likely t? occur if tbe aaplltuda distribution through tba boundary layar at tba oeutral-atabllity 
point aatcbed the elganfunetlon of tbe Instability wave of tba aaaa frequency and wavelength, A Halted 
nuaber of calculations at M, • *.5 abow that tba two dlatributlona are indeed oloaa together for tbe aaaa 
F, . and R. with tbe only aiaaatoh between tbe two wavaa a phase-velocity difference of 201, conversion 
of forced into free wavaa can be expected to take plaoa quiokly. 

Consequently, with tbe approach lust outlined tba forcing tbaory can be ueed to calculate AQ/A., tbe 
ratio of tba instability-wave aaplltuda at tba neutral point to tba aaplltuda of tba sound wavaa radiated 
by tbe turbulent boundary layar on tbe wind-tunnel wall. Tba eubttqueiit ratio of tba inatability-wuve 
aaplltuda to A1 la found by aultlplylng A^'A, by tba uaual aaplltuda ratio A/AQ oaloulated froa stability 
theory. Tbua, with tbe forcing theory we can replace tbe prevloualy unknown constant AQ with a known 
frequency-dependent AQ. 

11.3 Reflection of sound wavaa froa a laalnar boundary layar 

A aore straightforward uae of tbe forcin* theory la to calculate tbe reflection of a aeaoebroaatlo 
sound wave froa a boundary layer. Figure 11*2 givaa the ratio of Ar= tba aaplltuda of tba reflected wave, 
to Aj, the aaplltude of tbe lnooalng wave, aa a function of i for o « 0.65 and tba aaaa Mj ■ *.5 boundary 
layer uaad prevloualy. Plgura 11.3 givaa tbe ratio of (1(0), tba praaaure fluctuation at tba wall, to 
pyo), tbe pressure fluctuation of tbe lnooalng wava at tba position of tba wall with no boundary layar 
preaent. In each figure the upper curve la tba inviscid rasult, and tba otbar ourvea are tba vlaooua 
results for s aarlea o»' frequencies 

According to tbe lnviacld theory, when ie 0, A|,/A1 • 1.0 and *(0)/?,(0) * 2.0; wbaa • •• . Ap/A. * 
1.0 *nd f'0//f|I0) « 0. Tbua for *s 0, tbe boundary layar effectively haa saro tblokneaa and tba sound 
wave reflects aa froa a solid aurfaoe in tbe absence of a boundary layar. Tba reflected wava baa tba aaaa 
aaplltuda and pbaae at y » 0 as tbe lnooalng wava ao that the wall praaaure fluctuation la twloe 0,(0). 
At tbe other Halt, » • « , tbe boundary layer la infinitely tblok ooaparad to tbo wavelength, and the 
reflection la the aaaa aa froa a constant-pressure surface The aaplltuda of tbe reflected wave la again 
equal to that of tbe lnooalng wave, but its phase at y • 0 differs by 180° froa tbe lnooalng wove. Tbua 
the preaaure fluctuation at tbe wall la saro. Between these two Halts, tbe aaplltude of the reflected 
usva 1« ^.awaya greater than the aaplltude or tbe lnooalng wave, 

Tb« viaoou« results are quite duferent. for aaall >, Ap la alwaya laaa than A.. Furtheraoro, a 
alnlBua ealata In *T for each frequenoy. A alailar alalaua exists to pHO), but it la located at a larger 

* than is the Ar ainlaua. If tbe A. alnlaua ware to reaob aero, that partioular i would oonatltuta an 
instsbllity eigenvalue for tbe ^tally of lnooalng wavaa. However, in atabllity theory, tbla type of wava 
has not beet, eooouotered, either aa s »uperaoule wave with o < 1-1/M, aa in tbe present axaapla, or aa a 
subaonle wave with o > 1-1/*., where tbe aaplltude increases *spooentiaHy with increasing y. Figure •!►? 
indicates that if euch an Mganvalue exlete it would be at auoa a low Ray no? 4a nuaber to aaka the uae of 
tne queal-pereHel theory invalid. 

when tbe lnooalng Meob wavaa of tbe external travailing sound field reflect froa a aolid aurfaoe In 
tbe ebaeaee of e boundary layer, there la ao pbaae ablft at tba wall. Coapreealoa wavaa reflect aa 
eoaprt-aion wavaa, and tbe refleeted wavaa originate at tba points wbara the corresponding lnooalng wavaa 
interaaet tbe aurfaoe. Rowever, when a boundary layar la preaent, tbara la a pbaae ablft at tba wall. 
Consequently, a reflacted Meoh wave of the aaaa phase appeere to originate at a distance '. away froa tbe 
point of Intersection. Tbla offaet distance, exprasaad aa a ra^lo to tba boundary*layer tdickae«e, la 
given by 

VA« (o7HrA)(«t(0)-*>r(0)) . (11.1) 

i' t 

where &(0) la tba pbaae (in radians) of tbe »reaeure fluctuation of tba lnooalng wave at tba wall, aad 
JO) la tba aaaa quantity for the refleeted war*. Mtea ts? M*** «f the rafleettd wave laga tbe pbaae of 

tl« lnooalng wave, the reflected wave erlginetee at a point downs trert. af tbe IntereeoUon point of tbe 
Inooalag wave, When tbe pbaae differeaea i* *P integer auHlpie of 8, tbe lnooalng wave reflaata aa a 
wave of tbe opaoelte alga at tbe point of interaaetioo. 

1 
i 
i 
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la Pig. 11.5, tba ratio A /6 it glvtn at I ■ 600 aa a funotlfn of fr»qu»noy for to« »aa» condition» 
•• in Piga. 11.3 *ad 11.4. At only oaa fraquanay, P • 0*975 i 10"*, la tba offaat diatanoa saro. Torjkll 
availar fraquanolaa, tba ph*a» of th» raflaotad wava laga bahlad th» phaaa of Uta inooaing wava, and 6 ia 
poaltlv» with a aaiiaua 0/ *,*k »t P ■ 0.06 x 10**. ftaoauaa of th» long vav»l»ngth at thla fraquanoy, 
thl» offaat la only 0.077' , 'v 28° in phaaa. 0ffa»ta hav» baan obaarvad »xpariaantally la unpubllabad 
a»aaur»a»nta of Kandall. Tn» a»a»uraa»nt» **»r» aad» with a broad-band bot-vir» signal, ao no dlr»ot 
coaparlaon with th» singla-fraquanoy oaloulationa 1» poaalbl». 

11.« Tabl» of boundary**layar thloknaaaaa 

Aa a final ltaa in Part B, «a appaad Tabl» 11.1 ahioh givaa tba thraa ooaaoa diaanaloolaaa boundary- 
lay»r thiofcnaaaaa aa function» of tba fraaatraaa Haob nuabar for tba faally of lnaulatad-aall, flat-plat» 
boundary layara for «blob auaarloal raaulta bava baan g^ran in Saotlona 9, 10 and 11. Thaaa quaatltiaa 
a»y b» ua»d to oonvort th» a,o aad R (all baaad on L ) into, »ay, aA , a*s aad t>, baaad on 6. Tba 
oonvartlon la aohlavod by aultlplying i,o aad 8 by y,. 

Tab!» 11.1    Diaanaloolaaa boundary-layar tbloknaaa (0 • 0.999), diaplaoaaaot thloknaaa 
and aoaantua thioicnaaa of inaulatad-wall, flat-plat» boundary layara. 
(wlnd-tuanal taoporatura condition«,) 

h 

0 6.0 1.72 
0.7 6.2 1.92 
1.0 6.« 2.13 
1.6 7.0 2.77 
2.0 7.6 3.37 
2.2 8.0 3.72 
3.0 9.8 5. »8 
3.8 12.1 7.83 
%.< 13.5 9.22 
».5 14.6 10.3* 
*.8 15.8 11.55 
5.8 20.0 15.73 
6.2 21.7 17. »9 
7.0 25. * 21.19 
7.5 27.8 23.62 
6.0 30.3 26.13 
6.5 32.9 26.72 
9.0 35.5 31.36 
9.5 36.2 3*. 10 

10.0 «1.0 36.86 

0.664 
0.660 
0.656 
0.646 
0.6« 
0.643 
0.642 
0.644 
0.645 
0.646 
0.646 
0.636 
0.629 
0.616 
0.607 
0.598 
0.590 
0.561 
0.573 
0.565 

» t 
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PART C.     THREE-DöffiMSIOMAL BOUKDARY LAYERS 

12.     ROTATING DISK - A PROTOTYPE 3D BOUNDARY LATER 

Up to this point V« have boon concerned in the auaerioal ex*«pi«» exclusively with two-dlaenalonel 
boundary layers, although th* foraulationa of Sections 2 and 6 are also valid for three-diacnaional 
boundary layer». In th* final three Sections we shall tak* advantage of this faot to present a ouabar of 
r*aults for 3D boundary layer*. A fundaa*ntal dirf*r*no* between th« at*blllty or 3D and 2D boundary 
layara 1* that • 3D boundary layar is subject to oroaaflow lnatablllty. Tal* typ* of Instability, which 
oannot ooour in a 2D boundary layar, la r**ponaibl* for «arly transition on eweptbaok wings. Ita 
•aa*ntlal feature* oan b*at b* lntroduo*d by studying th* *lapl* boundary lay*r on a rotating disk. This 
soif-slallar boundary lay*r of constant thlokn*** was flrat ua*d for this purpose by Or*foryf Stuart and 
walker (1955) in thalr olaaaio pap*r on three-dlaenaionel boundary-layer lnatablllty. 

12.1 M*&n boundary lay*r 

Th« *iaet solution of th* Navler-Stokea equation« for a rotating disk was given by von Earaan (1921), 
and lat*r an ««curate aua*rloal solution was worked out by Cochran (193*) ind la given in Sohliobtlng'e 
(^979) book. V* use toe coordinate ay*t*a r , 6» i , where r la th* radius, e Is th* aslauth angle, and 
t la in the direction of tb* angular velocity vector *. Tb« radial, aslautbal and axial velocity 
ooaponente oan b* written 

öV.i'jiiiVlKU,     I'lr1,!1) *MV»<C)    . 
a   * * * 1/2 b* (i  )  • *.   •  )      W(0     . 

(12.1) 

The dlaenaionlesa velocity ooaponents U, V and W are function» only of the axial similarity variable 

'. • t'/L*    , (12.2) 

where 

•/M/2 <v /» ) (12.3) 

is the length aosle.    In tens* of the length aoale and the velocity seal« u r , the Reynolds nuaber la 

(12.*) 
.        are*       e„ a 
R «  ,i r L /v    ■ r /L 

whloh is aiaply the dlaenslonleaa radial coordinate r.    The Reynold» nuaber baaed en the leoal aslautbal 
velocity and radius is 

Re . ..V'/v* , CrW    . (12.5) 

Thus R • 3#1/?, just as in the 2D boundary layers we have been studying.    The displacement thickness of 
the retail ag-dlak boundary layer la 1,2711 . 

The dlaenaloalea* aslautbal and radial velocity profiles la the coordinate ayatea rotating with Use 
dlak are abown la rig. 12.1. The aiiautbal, or cirouafereatlal, profile la of the aaae type aa la a 2D 
boundary layer with the velocity increasing aoaotoaioally fro* tae surface to the outer flow, aad it will 
be ft*rn,4 to as the streaawlae profile, tilth the dlak rotatlag la the direction of positive e 
(eoueterelookwise), the outer flow relative to the dlak la la the negative (clockwise) direction. The 
radial profile ia of a type that oaaoet occur in * 2D boundary layer. Tb» velocity, directed outward frea 
th» 41»k o*nt*r, is s*ro both at the wall and la the outer flew, ae that there ia of necessity aa 
inflection point, whloh is located at ■*. « 1.912, where 9 * 0.133 aad V • -0.760, The radial velocity, 
being aoraal to the atreaawlae flow, la by deflaltioa the eroaaflow velocity.    The aaxlaua radial velocity 
of 0 aex 0.181 1* located at ;• 0.93*, where f ■ -O.tf*. 

12.2 Oroaaflow lnatablllty 

Tae paenoaeao« of oroaaflow instability waa discovered during early work on tae flew over swept «beck 
winga. Trsasitloa in flight tests was observed by gray (1952) to oeeur near the leading edge at 
ebneraaily low Reynold* nuaber* «eapared to aa waaweat wing, riow viauallaaUo* revealed taet the wing 
surface before traaaltlon was eovered with eleeely-apaced parallel streak» la tae dlreetlea of tae local 
potential flow, aa aeowa in flg. 2JL20 of the review article by Stuart (1943). Tae streak* w*re fiaad to 
th* wlag, aad, one* feraed, did not change with tla*. Th*y were conjectured to be the reewlt ef 
stationary vertloea ia tae bounds ry layer, tale aaae pmaaasaaa waa eaaoaatralod by Gregory, St «art aad 
Valker (1955) to eklet ea a rotating dlak. Tea streak* war* fewad by tae ebiea-eiaj tcaaalgwe to take ea 
the for* of legarlthai* apt rale at aa eagle ef about I)9 to 14® t* th* elrewaf*r*atlal dlreetlea [**« 
froatlapieee of ■eaeaaaai <•**,},)), with tae radius af tae epdral at creasing with iaaraaaiag angle % aa 
la tae wlag eapariaaat, the atraak pat tare waa fiaad ta tae aurfaee, aad ao oewld be paateftreahed et the 
eaaelwaie« of the eaparlaaat with the dlak at reel. 

Stuart [Gregory et al. (1955)1 weed aa areer*ef-aegaitwde argaaeat te reduce the eiaet linearised 
Navier-Stekea eguatieaa for a rotating dlak te the fourth-order Orr-Seaaerfcld e^eatlen f*r the 
dateraiaatlaa af eigeavalwaa. 2a taia *aa*t aa a* have already diseuaeeg la Saetlea 2,*.l, th* 3D 
atablllty prablea radweea te a n stability pro*lee far law velocity profile la tae dlreetlea ef the 
«ovoawaeer vaatar. Si nee tae vela&ity profile ia a ft feaaa-'z-v layer» «alia* a 2D baaadary layer, depends 
oa the dlreetlea, there la a different atablllty prablea te eel** far aaah wave dlreetlea. The 
cireaafaraatial profile bee ealy vlaaawa instability, aad la aaah too statue ta nave eaytalag to da with 
th* ebaarv*d laatablllty paeaeaeae. The radlel velaalty profile, aa tae eaatrary, baa lavlaeld 
laatablllty baeaaae 9f ta« lafiaetlea polet, aa tae inflect lea point la located «all away frea tae dleh 
ewrfeae, wa aaa eapeat there ta aa a atraag laatablllty. 



In addition to th» Inflectional radial prof 11«, there la a whole fsally of profilaa In dlraotlona 
oloa« to th« radial wbioh alao have lnflaotlon points, Stuart notad that for tea velocity prof 11a at an 
angle of ■ « 13.2°. where ' la «eaaured fro« tha radlua la tba poaltlva 9 dlreotion, tba lnflaotlon 
point la looatad where tba magnitude of tba velocity la xero. Coneequently, aooordlnf to tba Rayleigh 
tbeorea, which waa abown to atlll ba valid for tbla typ« of profil«, a stationary natural normal nod« 
(pbaaa velocity o • 0) oan exlet with a wave anfla equal to c. Stuart alao »hewed by oaloulatlng 
atreeallmee In tba plan« of ■', and tba wevettuaber vector for tba rotating disk with larga auction that tba 
stationary invlscld dlaturbanoa oonalata of a ayataa of vortices oloa« to tha aurfaoa, ail rotating In tba 
saae dlraotloa (clockwise, looking along tba aplral towards tba dlak oantar) and apaoad on« wavelength 
apart, and a a«oond ayetea of vortloaa farther fron th« aurfaoa. Brown (I960) rapaatad tbla oaloulatlon 
for tha rotating dlak without auotion using tba viaooua aquations, and eonfiraed th« vortioas naar th« 
aurfaoa, hut not thoa« r«rth«r out. Th« vortices naar tb« aurfaoa war« In accord with conjectures «ad« 
earlier. Thus tba atreaka and tba aplral angle ware explained aa «anifeatstions of lnflaotional 
lnstsblllty associated with the oroaeriow, and tba whole phenomenon was named oroaaflow instability. 

Tbla explanation, «bile vary suggestive, left nany questions unanswered. The aslauthal wavelength 
calculated by Stuart for the lnvlaold neutral wave, gave tbe result that there abould ba 113 vortloaa 
around tbe eirouaferenoe at I « «33» whereas la tbe experlaeata only about 30 ware obaervet'. This 
dlaorepanoy was attributed to tbe negleet of viscosity. Another reason for th« discrepancy, not aentloned 
at th« tine, la that the theory dealt with neutral wave«, while the wave« that fora In th« chine clay were 
unstsbls spstisl uavea, i.e., they were aapllfying in tbe outward radial direction. Brown (I960) 
calculated e neutral-stability curve froa the Orr-Sonaerfeld equation for tbe velocity profile in tbe 
direction 11.9° [said to bs aeesured froa the photograph In Gregory et al. (1955)], and alao determined 
tb« locus In »•! spaoe of unstsbls stationary temporal wavaa with this wave angle* According to Brown's 
calculation, tha nuaber of vortloaa it I • «33 la 23*6, and at I > 510 la 31.5. These nuabers are aore in 
accord with experlaent, but no explanation was given aa to wby the«« particular wavaa abould be observed. 

12.3 Instability characteristics of normal aodes 

Tbe Orr-Soaaerfeld oaloulstlona of Broun (1959,1960,1961) for various directional velocity profiles 
gsve s critical Reynolds nuaber of about 1S0. In non* of tba axparlaenta were uavea dateoted at anything 
spprosoblag this lou s Reynolds nuaber. Nsllk, Wilkinson sod Orssag (1961) derived a new ayataa of 
equetions in which sll tsras of order 1/r were retained, Tbeae equationa are of alxtb order for tbe 
deteralnatlon of eigenvalues, rstber than fourtb order, With tbe sixth-order equstlons, tbe orltloal 
Reynolds nuaber was computed to b« 267 [later corrected to 275 by Malik (1963, private ooaaunloation)]. 
This large difference between the fourth and alrtb-order equationa oaats serious doubt on tbe use of tbe 
former In tbe roteting-dlsk problem. 

The stability analysis Is carried out In tbe polar coordinates r, •', ', The wavenuaber vector k at 
an angle . to tbe redlsl direction bss components A In tbe rsdlsl direction sad P.-, in tbe aslauthal 
direction. The wove angle . la measured froa the radlua and la poaltlva counterclockwise as usual. In 
Pig.  12.2,  tbe apatlal amplification rate      In tbe radial direction,  computed aa aa eigenvalue with (*,)j, 
* 0 frcm the slitb-order equationa of Malik at al.  (1961),  la plotted against tha aslauthal wavenuaber i% 
• 2-/•.., where «..Is tba aslauthal wavelength in radlana. Tbla wavenuaber expreaaaa tba nuaber of 
wsvelengtbs around s eirouaferenoe, wbioh, in the present oaae, is equivalent to th« nuaber of vortloaa. 
It la releted to the wavenuaber : baaed on I by : • ,/R. Tbe eritlesl Reynolds nuaber Is seen to be 
about I • 273* 1« r«aaoaabl« agreement with Mallk*s most recent talus. For R greater than about 400, tbe 
maximum epetlal amplification rste in Pig* 1«,2 Is larger than la any 20 Pslkner-Skae boundary layer (for 
the separation profile, - i ♦! i 10"*). The group-velocity angle *. of the aost uaatable noraal «ode 
at R » 500 Is «63° CmeaaureSf from the radial direction),  eo that the amplification rate In that direction, 

» '«•«:., ta only 6.9 x 10"'. The large valuaa in tbe radial direction eaa be regarded aa a 
clnsequemee of tbe long spiral pstb length rather than a reflection of tbe Inherent instability of tba 
valooity profile. 

Tbe wave eagle % ie given la fig. 12.3 at aeveral Reynolds nuabers aa a function of ;-,». Th« 
interest in this figure is the prominent maximum in * that increases with R. To understand tbla behavior 
it la neeeeatry te aeatloa that the normal-mode solution represented in Pigs. 12.2 and 12.3 1* not unique. 
There is s second seiutloa with larger wave «axles that Is completely damped for 1 * 500. At I « 500, th« 
aialaua wave angle of tbla solution la 16.3* at \. » 23.5, and tbe minimum damping la 1.6 x 10"' at ■ ■ • 
i(t*J. At a Reyaelde auabmr somewhere above 500, the two solutions exchange identities for certain ■'•■, 
with scma«qu«ao«a that have not yet been worked out. 

The logarithm «f tb« aaplltude ratio A/A. obtained by integrating ' along the radlua la gl /«a in 
Pig. 12.« at I • 390, A00, «50 and 500. Tbe reference amplitude A* I« at R • 250, rather than at tb« 
ifewar-braae* neutral point of each Pourler ecttpmmmmt. Th« wav« aagl« at th« eaxiava amplitude of each I 
is muted 1« tarn figure. Theee auamrioal reewlte differ from thoa« of Malik et al. (1961) beoaace here th« 
lrretetl«aallty ««aditloa, Bq, (2.59a), baa been applied to tbe wavenuaber vector of «ach Pourier 
mmp&mmu Par th« dlak, this ceaditi«« la that th« aslauthal wovnuabor % or amabar of vortices, la 
coast »at. That la, la Pig. 12.2 tha pet* «f integration la parallel to the ordlaat«. ta Pig. 12.«, 
la(A/At|) to given aa a function «f both f\< aa« (r.)0, th« value of P_ at th« reference Reynold« nuaber of 
250. b» observe that although the bandwidth of tA far which A la greater tha« A0 increases with 
1scree»!ag R, the baadwidth for wbioh A/A* la wlthla 1/e of th« aaxiaua aaplitwde ratio decreases 
slightly. The valua« «f ialA/A*) ta this figure contrast with amah higher vmluae obtained by Cafceoi «ad 
Stewart^«* (19MB) froa th« r«mrW«rdmr system mad tha parallel-flew eaddie-aciat criterion. Transition 
1« msmaUy ebaerved to «tart at a Reynolds eumber la th« vicinity of 900, a« that th« B faotora of Pig. 
12.« are of the «agaitude customarily aaaauiatael with transit!«« la 20 bemadary layer«, Thus we aaa that 
«r«*«r««w taatahlUty la th« retailag-dlek boundary layer la powerful «sough to lead te transition at 
lamer thaa-mmraal Bey mo Ida maabara wbmre th« atrsaawH* profile la completely atahl«. 
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12.0 Wave pattern fro« • steady point aouroa 

Th« wave antlaa and number of vortloaa at th* peak amplitudes of rig. 12.0 ar« olos^ enough to what 
la observed In tha experiaenta to suggest that the noraal nodes which yield thoaa valuee ara tba doalnant 
aodea or tha atatlonary wave ayatea that appaara In tba ttow-vleuallsation photographs, However, we ara 
»till laft without any explanation of how only tha aoat-aaplirted aoda oould ha praaant at aaob radlua. 
Tha filtering action of tha boundary layer la not strong enough to aoooapliah this, and tha constraints of 
constant P and n\, do not allow any Initial Fourier component to be tha most-amplified normal aoda at «ore 
than one radlua. Besides, the experiment of Qregory et al. (1955) abowed olearly that a hand of 
circumferential wavelength» la praaant at aaob radlua, not just tba moat amplified. 

A definite step forward win accomplished by tba experiment of Wilkinson and Malik (1983). These 
Investigators uaad a hot-wire aneaoaeter lnataad of flow vlauallsation, and ao oould aora aoourataly 
resolve the disturbance structure on tba disk. Although It had been conjectured by Qregory at al. (1955) 
that alnuta roughnesses aigbt play a role in fixing tha vortex pattern with reapaot to tba disk, tba 
Wilkinson-Malik axperlaent revealed for tba first tlaa that tba wave pattern reaponaibla for tba 
atatlonary vortex lines eaanatea froa point sources randoaly located on tba disk. All of tha observed 
properties of the waves oan thus be explained aa characteristic features of tha interference wave pattern 
that reeults froa the auperpoaltion of tba entire atlauthal wavenuaber apaotrua of equal-phaae xero- 
frequenoy noraal aodea produced by the point-source roughness eleaent. The streaks of tba flow- 
vlaualltetlon photographs are the constant-phase lines of the wave pattern. The wave pattarna froa a 
number of sources eventually aarge and cover the entire oireuafarenoa of the disk. It la this aargad wave 
pattern that appaara in the flow vlauallsation experiment*. The auch greater sensitivity of the hot wire 
ccapared to flow vlauallsation technique* aada it poealble to dateot tha wavaa at aaall radii where the 
aerger waa not yet complete. 

Wilkinson and Malik 0983) aada the phheooaenon even olaarer by placing aa artificial roughneaa on 
the dlak. The wavaa froa thla roughneaa were of larger aaplitude than the wave» froa tha naturally 
occurring aloute roughnesses, and ao of farad an opportunity to study tha eesentlal phenomenon la a purer 
fora. Figure 12.5, taken froa Fig. 16 of their paper, show* tba ateady wave pattern froa tba single 
roughness, aa well aa ethers froa unavoidable natural roughnesses, la this figure4 which wss obtained by 
foralng an enaeable average of the aaplitude aeasureaaata at every dlak revolution« the aaplltudaa have 
been normalised to a constant value of the maximum aaplitude at each radlua. 

The wave pattern of Fig. 12.5 la of the aaaa type that wa atudiad in Section 7 for a baraoalo point 
souroe in e Blaalus boundary layer, with due allowance aada for the very different Instability 
characteristics or 2D boundary layers and 3D boundary layere with oroaaflow inatablllty. Wa therefore 
aodlfled our calculation procedure for planar boundary layera to fit the different geoaetry of the 
rotating dlak and tbe lack of an axla of ayaaetry, and have calculated the wave pattern produced by a 
xero-frequency point aouroa located at tbe Reynold* nuaber of the roughness eleaent in the Wilklnaon-Malik 
axperlaent [Mack (1980e)]. The wave fores, normalised to a constant value or the aaxlaua aaplitude aa in 
Fig. 12.5, are shown in Fig. 12.6 along with tbe constant pbaee line*. Tbe nuabering or the constsot- 
phaae lines corresponds to the ayatea used by Wilkinson aad Malik. It la evident that tha calculated wave 
pattern le in tbe cloaeat possible agreeaent with the measured wave pattern aa to the location or the 
constant-phase Unas, the nuaber or oscillations at eech radius, and the asiauthal wavelength. The latter 
quantity varies with both radlua and aslauth angle. The shirt or the wave pattern to the right in Figs. 
12.5 and 12.6 with respect to the constant-phase lines la because aaplitude propagatea vssentielly along 
group-velocity trajectories. The agreeaent between Figs. 12.5 aad 12.6 conclusively daaonatratee that the 
observed stationary wavaa on a rotating dlak are tbe reeult oF the superposition or the entire spectrue or 
noraal aodea, both amplified and damped. 

The calculated aaplitude* along the ooaataat-phaae llama are given In Fig. 12.7. Vortex lo. 11 la 
tne one that ooaes Froa tbe point souroe, aad it la the only one with as amplitude minimum, whioh, it 
ahould be noted, le well beyond tbe critleal Reynolds number or 273. The reference amplitude of thla 
vortex waa aelected to fit tbe minimum amplitude or the experiment, and then uaad for all of the other 
vortioea. A comparison la given in Fig. 12.8 of the calculated aad experimental envelope amplitude 
distributions at I ■ »00 aad «66. In thla figure, the experiaeatsl amplitude* have been normalised to the 
arbitrary tbeoretloal maximum amplitude at t ■ «00. At I • 000, the agreement la excellent except at the 
right-hand edge of the weve pattern, where a second wave patters wea praaant in the experiment. At I a 
066, the lnTluenee or tbe aecond wave pettern has spread almost to the oenter or the principal wave 
pattern, and la the reason for the disagreement between theory and axperlaent la Fig. 12.6 to the right of 
the aaxlaum amplitude. 

13.  FAUlEa-SEAaWCOOCI »OOMDABY UTI1S 

13.1    Mean boundary layer 

la order to more fully study the influence of three dimensionality la the mean flow on boundary»layer 
stability than ia possible with the rotating dlak, it la necessary to have a family of boundary-layers 
where the magnitude or the oroaaflow earn be varied la e systems* le maaaar. The two-pmrametmr «aweO-wedg* 
riowe introduced by Cooks (1950) are suitable for thla purpose. 0am parameter la the usual Falkner-Skan 
dlmeasloaless pressure-gradient paraaeter ;v; tbe othei la the ratio oF the epanwiee and ehordwlae 
velocities. A ooablastlon of the two parameters aakee It possible to alaulate simple planar three- 
dlmenmlomal hoummary layera. 

Tern lmvlsold velocity la the plaae oF the wedge aad normal to the leading edge la the direction xQ la 

•;. • <V>" 
where the 
the emerdwlme 

wmdgm angle la C/2)^ ami ^ a 2m/U+D as lm 84. (2,62). 
Lam velocity.   The velocity parallel to the lamming edge, a 

(13.1) 

Mm shell rmfer to this velocity ss 
*r spaswlee velocity, Is 
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Jf 

*nl   m  OOttBt. (13.2) 

The subscript 1  refers to tbe local freeetrea«,    ror thla lnvlaold flow,  th« boundary-layer equation« ID 
the xQ direction,  u above by Cook« (1950),  reduce to 

f"V ff» ♦ flh[(t»1)/2-f«2] • 0 . (13.3) 

y.    fX^V»'/» 

Thla equstion la tba uaual Pelkner-Sken aquation for a two-dlaeaelonal boundary layer,  and la 
indapandant of tba apanwlae flow.    Tba dapandant variable f(y) la ralatad to tb« dlaenalonleea ohordwiae 
velocity by 

°o ■ °!/0*i • t2/(aei)ir<y)   , (13.*) 

and tba lnd«p«nd«nt variable la tb« similarity variable 

(13.5) 

Ono« fty) la known, tb« flow la tb« apanwlae direction t" la obtained froa 

«■ ♦ ff« ■ 0 , (13.6) 

where 

(13.7) 

Tabulated valuea of g(y) for a few 

«a • »Xl  ■ •<*>  • 
lUtih t'ly) i.r,a g(y) are xero at y * 0 and approaoh unity aa y < 
value» of r% aay be found In ioeenbeed 0963»  P» *T0). 

The final atep la to uaa f*(y) and g{y) to oonatruot tba atreeawlee and crossfloe velocity 
ooaponeota needed for tb« stability equation«. A flow geoaetry appropriate to a awapt beck wlaf la abowo 
in Pig. 13.1. There la no undisturbed freestreea for a Palkner-Skaa flow, but auob a direction la aasuaed 
and e yaw, or aweep, angle B¥ la defined with respect to it. The looal freeetrea», or potential flow, la 
at an angle ._ with reapeot to the undlaturb«d freestreea. It la tba potential flow that define» tba x,« 
coordinates of tbe stsbility equations.    The angle of tbe potential flow with respect to tb« chord la 

. tan-Hw^/e^) , 

and    '   la related to  .w and *    by 

(13.8) 

(13.9) "    *ew * *p ' 

With the looal potential velocity, U* • (C*? e k*?)1/J, aa the reference velocity, the dlaeaaloalaaa 
a trees w la* and oroaeflov velocity ooaponenta are 

0(y) - r<»> oee2"   ♦ g(y) etu2•• , (13.10a) 

b(y) • l-f(y) ♦ g(y)J 00a   ata ♦. (13.10b) 

Theae velocity profiles are defined by <h, which fites f*(y) aad g(y), and tba angle v. be note froa tq, 
(13.10b) that for a given preasure gradient all oroaeflow profilea save tbe aaae shape; only *b« aagnltude 
of tbe croaaflow velocity changes with tbe flow direction. Za contrast, according to £q. (13.10a) 
streaawiae profilea chan«* ahape aa " varlea. for ■'a 0, 0(y) * f*(y){ for •» ■ 90°, 0(y) * g(y)j for"« 
*5°,  the two function« aake an equal contribution, 

when the Kq. (13.10) velocity profilea are uaed directly la tbe stability equatlooe, tbe velocity 
and length scales of tb« aquation» auet be the aaae aa la gq. (13.10). This identifies tb« velocity aeale 
*« 0,, tne length aeale aa 

L#.( \wy* 
and tbe leyaold» nuaoer ü'lV*   aa 

(13.11) 

(13.12) 

ehere I • (U, ;«/ )X/* is the aquare root of tb« leyaolda auaber along tbe oaard. for poaitlve preaaur« 
gradieats (a > 0), • 90° it i( 1 0 aad ■ 0* aa a * 1 for adverse pr«aaura gradient» (a < 0), • * 0° 
at » • 0 and * 90c a» se •*. Tbe beyaolda awabar 1. is aero at a • 0 for all pr«eaur« gradient«, aa la 
I with one Important csecptlon. Tbe «&e«ptl«a la wlere nlKil). for a 2D planar flew, efc ■ 1 la 
tb« eUgaatloa-polat eoluUoaj hare It 1« tb« attach—«t»Uaa eel el lea» la Ua vicinity tf i( • 0, tb* 
oaarawiae velocity ia 

9%. «• («;,y^ 
The pountial velocity along Use ettaoaaaat lias 1« «tP aad tba beyaolda 

a,^ . «!i/t •«•*i/d**)1^] . 

e ana-aero value. 

ia 

(13.13) 

(13.H) 

Par war surpass■ la lain faction,  a« any regard * aa a frae aaraavetar, «ad «M tat velocity profile* 
of tq.  (13*10) «t «ay ■eyaoita aaabar.    bowever,   far us* flaw  over a give« wad««*   * «aa ba  set 
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arbitrarily at only on» Raynolda nuabar.    If »r-f la f> at R0 • ("0)P#f. the fl  «t any othar RQ la given 

tan   . tanW [(Vraf'M***'1    . <13-«> 

For ■ << 1, the dependence on R la ao weak that " la oonatant alaoet everywhere. Ona way or ohooalng 
(R ) f within th» praaant ooniiit la to aake It the chord Raynolda nuabar where * • 0$ i.e., tbt local 
potential flow la In tha dlraotlon of tba undlaturbed fraaatraaa. Than *ptf 

is "i"*1 t0 th# *•" *n<1* 

Figure 13.? abowa tba oroaaflow velocity profllaa for 6« *5° and four values of Bu. 
point and point of aaxlaua oroaariow velocity (w*B(Ut) are alao notad on tba figure. In Fig. ,.,«, -_a 

«5° la given aa a funotion of *v froa naar aaparatloe to ßK * 1.0. Tba oroaaflow valoolty For any 
  *  ■* *   -*——  orooatlow 

Tba inflection 
13.3,  «... for 

other flow angle la obtaload by aultlplylag tba WB      of tba figure by ooaeelae»    Tba aaxlaua orooafli 
velocity of 0.133 1« ganaratad by tba aaparatlon profile rather than by tha atagnatlon prof11a, wbara ¥ 
■ 0.120.    However,   a        varlaa rapidly with &h In tha neighborhood of aaparatlon,  aa do all otb< 
boundary-layer paraaeUr»,   and for * h * -0.190,   V, 

ax 
ar 

la only 0.102. 

The funotion g(y) ia only weakly dependant on bh, and, unlike f*(y), never baa an inflection point 
even for an advarae praaaura gradient. Indaad It raaalna oloaa to tha Blaalua profile in abape, aa 
underlined by a ebapa faotor H (ratio of dlaplaoeaent to aoaantua thlokaeaa) that only ohaagaa froa 2.703 
to 2.539 aa ?„ goaa froa -0.19*8377 (aaparatlon) to 1.0 (atagnatlon). Tha weak depaadenoe of g(y) on Bh 
baa bean aada tha baale of an rpproxlaate aathod for oaloulatlag boundary layere on yawad cylinder». Far 
our purpoaaa, It allow» eoae of tha raaulta of tha atablllty oaloulatioaa to be anticipated. For wave» 
with tha wevenuaber vector aligned with tha local potantlal flow, we can expect the amplification rate to 
vary aaoothly froa it» value for a two-dlaenaloaal Felknar-Ska n flow to a value not too far froa Blaalua 
aa M goaa froa tero to 90°. 

Th»i »lability raaulta will ha praaaatad la taraa of tha Raynolda nuabar R and the aiallarlty length 
acala L . In order that the reaulta aay be converted to tha length aoalea of the boundary-layer 
thlokaeaa,  dlaplaoeaent thlokaeaa or aoaaatua thlekaeee, Table 13.1 llata tha dlaaaaioaleaa quaotitiee yA« 

lated a*-- m^^ 
of the oroaaflow velocity profile; and < 
quantity y4 la defined aa tha point where 

/I   and and the ahapa faotor 8 of tha atruaawlae profile for aavaral ooabinatloaa of 6& and 
ilao Hated are h„„, the average oroaaflow valoolty 8 * l'i*dy)/y ; yiaf, tha y of tha inflection point 

Rf, the deflection angle of the atraaallna it j» Finr 
' ■ 0.999. 

The 

TABU 13.1    Fropartla* of thraa-dlaaaaloaal Falkner-3kaD-Co©k» boundary layera. 

r 
h 

■• y. *(* 8 
aax 

i llnf 'inf 

SgF 2.2 • .23« 3.*95 «.02« 0.0102 O.OC876 0.887 6.306 
5.0 ».23* 3.819 «.010 0.0231 9.010T7 1.100 

10.0 • .229 3.888 3.959 0.0855 0.02123 2.158 
«CO 8.095 3.075 3.280 0.1310 0.0621* 5.709 
50.0 8,017 2.897 3.088 0,1310 0.0827* 5.516 

-0.10 «5.0 6.522 1.915 2.698 0.0369 0.01619 1.698 3.213 
-0.02 »5.0 8.098 1 783 2.609 0.0058 0.00267 0.269 2.9«0 
0.02 •5.0 5.931 1.882 2.578 -0.005« -0.00288 -0.232 2.835 
0.04 •5.0 5.85« 1.688 2.56« -O.010« -0,00880 -0.«69 2.787 
0.10 »5.0 5.6*6 1.551 2.529 -«.0239 •0.0109« -1.029 2.659 

0.20 •5.0 5.3*6 l.*2* 2.«82 -0.0823 -O.0192« -1.823 2.«78 
1.0 2.« 3.1*3 0.6898 2.227 -0.0100 -0.00503 •0.808 1.52* 

10.0 3.198 0.6803 2.226 -0.0*10 -0.02021 -1.669 
«0.0 3.57* 0.8050 2.275 -«.1161 -0.0520« -5.129 
«5.0 3.821 0.8378 2.301 -0.1191 -0.05217 -5.291 
50.0 3.881 0.8708 2.332 -0.1161 -0.05081 -5.295 
55.0 3.895 0.902* 2.366 -0.1127 -0.08108 -5.135 
•0.0 3.791 1.0153 2.52» -0.0610 -«.0170« -1.987 
•7.4 3.799 1.0280 2.5«2 -0.0100 -0.00*16 -0.669 

'A 

A 

-   r 
-t: 

-   ? 

13.?    8aua4ary layara with anall e?t»eeflau 

Xa a two-dlaeaaioaal boundary layer, the eoat waatable wove la two dlaeaeloaal. Tharefore, we oan 
expect that ia three■ diaeaaieaal boundary layara with aaall eraaaflow tha aoat uaatahle wave will have ita 
»evaauaber vaetor nearly ellgaad with UM» local aataailal flaw, aad wa aaa reatriat ouraalvaa to wavaa 
with , • 0* far the paraaaa of detaraiaia*, the aaxlaua aapllfioatioa reia. Thla praoadure la equivalent to 
»tutfyiag the lao-aUaaaaiaaal iaataalllty «f tha atraaawlaa profile provide« that t« 0 (aapllflaatlaa rate 
la atreeawiee diraotlea). Ia tha eelewietlear of tbl* teetfoe, * waa taken to ha either aero or }_. It 
th* let tar aaaa, la alaaat identical to -, whiah wa define aa tha eapliflaattaa rate with ? • o' aad 

11 igaara taf dlffa 

the affaat of tha flaw aagl» e aa taa aaxlaua aaatlel a* pi iflaaUoa rat* of tha wavaa with * • 0° ia 
ahaata ta Fig. 13,6 far e, • * &e* *«* two Beyaala* aaabere, Tha aaaliflaaUaa rata > t-* la axaraaaad aa 
a raUa ta tha Blaalua valaa (gj n «til ha raaallad that «1U it«, gtyS »t'Cyl,  aad tha valaatty 
praflle raaalaa tha Blaalua faaauaa far all flaw eagle*.   Taa affaat el a aaa aara flaw angle with 8_ 8 0 
la aaatebliUtagj far a faaarahla pr—m gradlaat, aa« ataailUlag far aa aiwaraa pe*—*r* gradfaat. 

tly, It raaaaaa «Aa praaaura «yodloat affaat of 20 Fal 
thla raawlt la aaay ta uaaarataad hy rafaraaaa ta Bg. (13.10)* 

Taa raaaaa far 
tfa have already paint**" aat ia Baatlaa 
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13.1 that the apanwia« vtlooity prof11« g{j) 1» tlwaya cloa« to th« Bltalut function. Tau» at tha flow 
angle lncraaeea froa tero, th« aapllfioatlon rata auat ohange fro« tha two-diaenalonal Faikn*r-3kan value 
at ■* 0° to a value not rar froa Blaalua it^i 90°. 

As dlscuaaed previously, tha only physically aeaniogful flow with na 90° and a non-*«ro l«ynolde 
nuaber la tha attachaent-line flott d\ • 1.0). Por all othar valuta of tn, ■ at thia flow aaglt autt bt 
althar taro (ifa > 0) or Infinit« (Hfa < 0). With r,. 1.0 and 1 * 1000 (fc^. 401.2, »hart le 1t tha 
aoatntua-thloknttt laynolda nuabtr), *.*,/( Vaax * 0.766. Tha alniaua orltioal laynolda nuabar of thla 
proflla ia (*,.)«£ • 268 (tha perellel-flow BlesFue value la 201), yat turbulant bursts have bttn obaanrtd 
aa lou aa *, ■ 750 for eaall dlaturbaooaa by Poll (1977). 

Vc auat atlll thou that tha wavea with tl « 0° proptrly rtprtttnt tha aaxiaua lntttblllty of tar**- 
ditanaional profllaa with snail oroaaflow. Por thla purpoae a calculation waa atdt of o aa a function of 
. for h « -0.02, " a 45°, | • 1000 and P a 0.1256 i 10 , tht aoat uttttblt fraquanoy for ■; a 0° at 
thla laynolda nuabar. It waa found that tha oroaaflow ladatd latroduoaa an aayaattry Into tht 
distribution of ■ with v, and tha aaxiaua of <• ia looatad at * a -6.2° rtthar than at 0°. However, 
this aatlaut value difftrt froa tha    |M of Pig.   13.* by only 0.7f. 

13.3    Boundary layara with oroaaflow lnatablllty only 

Tha tain advantage that tha falkatr-Skan-Cooke bouadtry layara offar owar tht rotatlag-dltk boundary 
Uy«r for studyint oroaaflow lnatablllty la that tht aaxiaua oroaaflow velocity ia not ooattaat, but la a 
funotion of nfc »nd ". Tht orotaflow velocity la a aaxiaua at *m t5° for a given *v, «nd *• can «xptot 
tha orotariow lnatablllty to alao bt a aaxiaua ntar thlt angle, Plgurt 13.5 ahowa tat alalaua orltlotl 
Reynolds nuabar lQr at t* ■ 45° for tha lero-frequeney orottflow dlaturbanoaa at a funotion of 6^. Por 
coapariaon, 1Q. for Tollalen-Sohllohtlng wavea In 2D Falkner-Skan oroaaflow bouadtry layara, at teaputtd 
t) Waxtae at al. (1966), la alao given. Por advert* praaturt gradlanta, tha atatdy orottflow dlaturbanoaa 
beooae unatabla at laynolda nuabtra wall tbovt tht M of tht 20 prof litt. Oa tha contrary, for tffc > 0.07 
tha reverse It trut, and for aoat praaturt gradlanta in thla rtaga tha atttdy dlaturbtaott baooat unatabla 
at auoh lovar laynolda nuabara than tht 2D ler (for rb a 1.0, tht 2D lQr It 19,280 coaptrad to lQr a 212 
for  taro-fraquanoy orottflow  lntttblllty). 

Tha distribution of Bcr with la shown le Pig.   13U6 for r 
for tb« atparatlon profllaa (rfe ■ -0.1966377) over tha ranga 

a 1.0 ovar tha ooaplata rang* of   •♦ 
< •* < 50°.    Boar   < a 0° tad 90°, I or 

tod 
la 

vary aenaltive to ; naar, but not precisely at, •• «5° »cr has a alnlaua. Thla alnlaua occurs olott to 
th« aaxiaua of tht atraaallaa dtflaotioa aagla at y • yiBf, lftf (att Tabla 13.1), uhloh, unllka «|a, la 
not ayaaatrioal about a »5°. Ttbla 13.2 lists tht critical vav« ptraaatara for t ftw ooablnatloat of rfc 

and . Th« extensive ooaputationa naadad to fli thaaa ptraaatara prtclaaly wtrt not oarrltd out in aotl 
cases,   tod so tha vaiu*a In tha Tabla ar« not exact.     It oaa ba nottd that tht rtlttloa 

. -  (rh/ M90- inf (13.16) 

fives 
H. 

to ulthln a dtgrtt for tha aaparatloo profllaa, and to within 0.1    for tha othar profllaa of 
Titles 11.1 and 13.2.    This result holds in gtaaral  for th* tost  unatabla wave aagla. 

TABLE  13.? ***e paras »tort at alnlaua erltloti Bayaoida nuabar of 
soro-frequency dltturbanoat • 

tt 
^ 

»cr kor »or 

SBP 2.2 535 0.213 -69.41 
5.0 237 0.213 -48.66 

10.0 121 0215 -87.•« 
•0.0 •4.5 0.2)0 -63.5« 
•5.0 44.T 0.2J0 -63.57 
50.0 •!.• 0.231 -63.61 

-0.10 •5.0 276 0.295 -M.«2 
•0.02 •5.0 1885 0.310 -49.7t 
0.02 •5.0 2U3 0.122 69.74 
0.0« •5.0 1129 0.327 69.53 
0.10 •5.0 627 0.319 88.93 
0.20 •5.0 $26 0.366 86.12 
1.00 2.« 2755 0.553 69.60 

10.0 471 0.5«7 88.33 
•0.0 219 0.649 84.88 
•6.0 212 0.540 84.70 
5O.0 212 0.540 4*. 70 
65.0 218 0.5JB 84.85 
•0.0 663 0.532 88.00 
87.6 2W5 0.9)2 •9.51 

4* at exraple tf t bauadtry Uy*r wkitk it uattabla tt law Btyaalaa txaatr aaly at t retuIt tf 
erottfltw laetebillty, wt ttlatt 6fc • 1.0 end *• 49*« tad prea*at raaeltt far th* aanalata rtaga tf 
uttttblt fraqaaaalta. Although this nraaaart gredieat aat aaly attar tt aa tttaaaatat line, fig. »1*1 
laaat at to tspaat that all profile* vita a ttraag ftvarrttlt prattart gf aal tat «ill aawa similar rtaulta. 
Por tau type t# arafila, tat alalaua arlUaal Bafaalia aaataf af taa laaat ataala friqt«at| it 
tt tat •     %t Pig. 1 J.i.   «t taarafara aBaaaa B • 40*( aaita la vail aaawa B#r tag «aara taa iaataaUity 
it fully aittltfH,  aad prat tat a ta—try af taa laattaiUty tkararttrittiot^a Pig. 1}>T. 
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Figure iMt gl*ae u4J M * function of tu« dlaenelonleaa frequency F, and UM aboua the portion of 
UM *-r plena f*\r it hl ob utero la lnatablllty. Tba unatable ration la encloeed between the curve« eerked 
*'y and v.. Thaaa ourvee repreaent altbar neutral atablllty point» or eitreaa of *. Tba corresponding 
waveouaber aagnltudea are ehown In fig. 13,7b. Tba negative frequencies signify tbat with %> takan to bo 
oontiauoue through f * 0, tba pbaaa velocity changes aign. If aa oboeaa * ao that tba wavenuaber and 
phaaa velocity ara botb poaitlve, tban It la * that ohangaa aign at F • 0. Conaequently, tbara ara tao 
group* of poaitlve unatabla frequencies with quite different wave anglaa. The firat group, ahloh lnoludea 
the peak amplification rate, la oriented anywhere froa 5° to 31° (elookwiee) fro« the dlreotion opposite 
to the croaaflow direction.    The eeoond group la oriented oloaa to the croaaflow dlreotion ltaelf. 

13,*    Boundary leyere with both croaaflow and atreaawlee lnatablllty 

4a an ezaaple of a boundary layer which baa both oroaaflo« and atreaawlao instability at low laynolda 
nuebera, we aelect h ■ -O.10 and"* «5°. In oontraat to the prevloue ease, the ateady disturbance» do 
not beooac unatabla until a My no lös nuaber, 1 ■ 276, «hare the peak amplification rate la already 7.35 1 
10"3.     [for  1^ ■ -0.10 and    ■ 0°,    '    _  «  11.0 a  10"3 at f • 2,2 1   10"*  according ta Hassan at  al. 

*■•-. 
cord 
n-t f  1  with   i la shown In rig.  13*0 for F a 2.2 1 10*%  a frequency close to 

of f ■ 2.1 s 10    .    Ve see that «1th a asilaua eroai 

,vh ■ -Q 

(1968)).    The dlatrlbutlon o 
the aoat unatabla frequeaoy of t « 2.1 s 10"*.    Va aee that «1th a aaxiaua oroaaflo« velocity of 0.03*9 
(cf.   Table   13.1),    the  dlatrlbutlon   of   ' about * a   0°   la   Markedly  aeyaaetrlo,   and  the  aaxiaua 
aapllfleetlon rate of 7.31 a 10"' la located at *■ -29.*° rather than near aero.    Thin aayaaatry «aa 
barely peroeptlble for the aaall oroaaflo« uovadary layara of Fig.  13**.  where the oroaaflo« la only one» 
alstb aa large.   The   • at , • 0° of Flg. 13.0 (5.12 a 10*3) lt Oxoaa to   ?    „ with raapeot to frequeaoy of 
the - « o° wave» (5.91 a so"3),    Slnee thia value la 201 halo« the peak aapllfloatlon rate,  the* - 0° 
wavea are no longer adequate to repreeent the aaxiaua lnatablllty aa «1th aaall oroaaflo« boundary layara. 
Fig.   13.0 alao glvea the dlatrlhutloa with v of k and the real group-velocity angle,   4L- "*• latter 
quantity reaalna within * 7.5° of the potential-flow dlreotion throughout the unatabla ration. 

geeauae t ■ 276 la the ainlaua critical leyaolde euaber of the ateady disturbance, the unatabla 
region teralnetee in a neutral stability point at F ■ 0. V« or« particularly intereetc« hare la tayaolda 
nuabera where F ■ 0 la aleo unatabla, and aa an oaaaple, Flg. 1J.9 glvea raaulta far all unatabla 
frequeaolee et I ■ 555. Figure 13.9a aaowa i aa a function of F (here, aa ia Fig. 1|.T, 'M. »• the 
aaxiaua «1th reepeot to k), aa «all aa the unatable region of the k-F plane} the unatable region or the *- 
F piece appeara la Flg. 13.96. Theaa two unatabla ragloaa ara quite different froa thaaa of Fig. 13.7 
where there la only croaaflow lnatablllty. The negative frequeaolee do reaaable thaaa af Fig. 13.7 la 
tbat the unatable range of \ la aaall, the unatable range af k la large, and «1th v redefined ao that F 
> 0, the orleetatloaa are eloae to the croaaflow direction, however, far the higher fraqaaaalaa, which 
are by far the aoat unatable, the \iaa table ragloaa of Fig. 13.9 hear «or» af a reeeablaaee to thoee of a 
2D boundary layer than to Fig. 13.7. The aala dlffereaaaa froa the 20 wf^n the aayaaatry about * ■ o° 
already noted la Fig. 13JI, the oae~alde4n**« of »g>-, and, for F < 0.6 a 10 , the replaeeaent 9T a lover 
cutoff frequeaoy for instability by a rapid ehlft with decreasing frequeaoy to wavea orleeted opaoelte to 
the eroeaflew dlreotion and which are unatable down to aero frequency. The iaatablllty ahowe la Fig. 13*9 
r»pr«eeeta prlaarily aa evolution of the aaall eroaeflow boundary layara af Flg. IM to larger oroaaflo«. 
Oaly the lower frequeaelea, aay F < 0.2 a 10"*, have to do with the pure croaaflow Iaatablllty 9t Fig. 
13.7. For frequeaelea near 0.6 1 10 , * variea little with k la aae part of the uaetable region, aa 
vita croaaflow instability} la the other part, aa with atraaawiaa iaatablllty, the opaoelte 1» true, Tata 
behavior beooaea aore proaouaoed at high *.*anldn auabera. 

It.    naSSCaUC ZSFIStTeVOFeJ sVBFT VIMS KXMDaJT UIVS 

The 30 boundary layara that have received the aoat etteatlen la aeroaautieai praatlee ere thaaa on 
trejieeaie awept wlaga. The deelrebllity of aalataialng laaiaar flow oa the wiege of large treaaaale 
aircraft baa lad ta the study of the Iaatablllty 9t auch boundary layer aa a aeaaa af eatlaatlag the 
eeeurreaee of treaeitiea aad the effectiveness of varleee aatheda af lealeer-flew aeatral. The baele 
phenoaenoa of ereaafle« lnatablllty waa eaaaaatared aad ita arlgla aaglelaeg by the early lavaatlgatara, 
a» we have learaad ia geetiea 12, aad aeaaa af eoplag with ita advarea eaaaeqweaeea ware developed. 
aewever, interest ia la«tear»flow aeatral waa weeing by the tlaa eeaawter-elded stability aaalyala baaaae 
coaaeepleee la the 1960*et ead eethiag «ore waa done ea the cebjeet ^t 30 bawadary-layer etebility 
follow lag brown*» work (1959,1960,1961) until the energy «rial» af the ald-i970*a. In raapoaae la the 
euddea eeed far aa eaalyale teal, Srehaweki aad Oraaag (1977) brought awl the SaU! code. Za apt to af 
ueleg the laaoapreaalble etebility theory ead a soa-aaiyaleal aeta*d •€ eeaputieg wove eaplitwee, thin oede 
ha a bee» widely weed. It bee alaee beea »upereeded by COSAL, e eoapreaalble vereiea af SaLLI [Malik 
(1962)). Verb that «aa dlreetad at devalefieg aero fuadaaaatal aetheda af atablllty aaalyala far aweat- 
wing bewadary layere waa earned out by Coheel and Stawartar* (19*6*.19*00). Ukewdla (1979,1900), Meek 
(I979e,19*l), ead leyfeh (1900a, 19906). 

htteatiaa haa aa far baea reatrletad ta te#tMt«-e$ea e«eat «lag«, Ivee with thla aiaelifieatiea, 
the eeeetallarlty af the bawadary layara haa aad« I« aaeeaaary to preeeed ea the baala af enaeifie 
eaaaplea, aad U try aad glcea a gaaaral aaaaratead'.ag af the iaatablllty »f thla type of »owaanry layer 
ea the baala af artoaaiva aaaariaal aalaalaUaaa. »a aaall fallow thla aaaa praatlee la thla fteetlee» 
detailed auaMHPleal raaulta far a elagle aaeaal», laat «are oatelaad by aa egaUeetiea 9t aathads alraady 
preeeatad ia thla daewaeet {Haak (197ta)) ara glvea la the hep« that a careful etwdy «ill yield eeae 

rataaalag of the laataalUUae that aria» aad the araeaaaraa t« fall*« la aaalytlag taaa. 

layer 16.1 

dae flew eaaaala «aad la tala Haatiaa ia the baaaaary layer e* e »* a«ay4 «lag of iaflalta aaaa «tu 
a auaarerltleal airfoil eeatlee, dlatrlhwted auetlea aad a «a*r« af a • 2.0 a (6~f$ ft) aaraal ta the 
leading edge, fa« «adlatvraag fiew aaagltl*** are al. . CHUT, t£ • >lt*t, *ai tt e 0.90*61 «ta. Ta* 
9$>pw—*t— areaaara eoafftelaat.C^la Hated Jt Table 16.1 togather «it* ataar pr apart lee af ta* 
•ataatlal flaw aa raaatlaaa %t a /", «hare • la the ara taagtai alaag the airfatl aaatlaa. The 
aaa#*|^at« ayatqjaj la e**«a ia Fig. 16.1.   faa tafaalaa aaaaar «a*J la ih^atabyjjy aalaalatlaaa la I • 
•>•/., taa «ataatlal vaiaa 

•    wmmw-w   m       »—   wmrm   mx m   «w——|—^B   —-n-j   iw*   m*\ 
.   !%• tafaalaa aaaaar —*4 la t#a.atahill|y 
»a«ty.    The laagth aaala L   • {M*»*/«^tr

/f 9 wimm ta taa «aeal 



boundary-lsyar leagtfc «<5»le «ben UM flow is two dlneneloaal, and la non-aero at UM» attaooaeat 11M. TU* 
Reynolds nuaber 6e§ Is 0,» / ,. The Telocity derivativ« «blob d«riM« ■ «ad tbua tb» Hartree Hfo «aa 
•valutted by tb« auaerioel differentiation of DQ. «a oaloulnted fro« UM pressure oo«fflel«al. Th« v«ry 
Urge - ^ necr tb« trailing edge bav« b««n oaitted fro« tb« Table. 

Tabl« 11.1 Properties of potential flow 

• a /e 1*1 CP H ip<**> 10"*8n, 1 10 L*(oa) 

1 0 0.*859 0.7652 1.0000 55.00 0 221 0.0560 
2 o.oon 0.4934 0.7527 0.9770 «5.23 0,009 22« 0.0560 
3 0.0011 0.562« 0.6680 0.9306 29.26 0.026 225 0.0591 
1 0.0059 0.6261 0.5151 0.8753 16.96 0.056 301 0.0612 
S 0.0087 0.7186 0.3375 0.7796 8.95 0.091 355 0.0662 
6 0.0120 0.80J3 0.1715 0.6721 3.91 0.132 «12 0.07«7 
7 0.0157 0.6106 0.2051 0.6000 0.62 0.160 »70 0.0818 
8 0.0199 0.966T -0.1106 0.5300 -2.06 0.235 529 0.0896 
9 0,02** 1.0084 -0.2225 0.6759 -3.90 0.296 588 0.0978 

10 0.0299 1.0623 -0.3206 04351 -5.3« 0.363 6«7 0.106« 
IT 0.0*5« 1.1095 -0.60*1 0.3W -6.66 0.«37 705 0.1153 
U 0.0*92 1.1863 -0.5336 0.2975 -8.06 0.60« 823 0.1339 
13 0.0651 1.2306 -0.6050 0.1563 -8.87 0.800 9«« 0.1535 
11 0.0931 1.2162 •0.6295 -0.0137 -9.1« 1.152 1111 0.18*1 
15 0.1281 1.2*02 -0.6201 -0.059« -9.03 1.573 1123 0.2152 
16 0.1675 1.2316 -0.6066 -0.0556 -8.67 2.056 1513 0.2*62 
1? 0.2113 1.2236 -0.59*3 -0.0516 -8.75 2.595 1701 0.2767 
IS 0.2591 1.2180 -0.5850 -0.0**9 -8.6« 3.182 188« 0.3065 
If 0.3101 1.2126 -0.5765 -0.0515 -8.55 3.809 2061 0.335« 
20 0.1636 1.2071 -0.5676 -0.0721 -8.»5 «.«67 2235 0.163« 
21 0.1190 1.1990 -0.556« -0.1315 -8.30 5.146 2*00 0.1901 
22 0.»75» 1.186* -0.5339 -0.2205 -8.06 5.818 2559 0.4162 
23 0.5112 1.1762 -0.5172 -0.2203 -7.86 6.300 2661 0.*329 
2* 0.5508 1.170* -0.5076 -0.1231 -7.T5 6.761 2758 0.*488 
?5 0.5882 1.1663 -0.5008 -0.1882 -7.67 7.216 2850 0.4660 
26 0.6250 1.1556 -0.*631 -«.»625 -7. »5 7.666 2940 0.«788 
27 0.6610 1.1*19 -0.*596 -0.6677 -7.17 6.101 3027 0.4911 
26 0.6962 1.1257 -0.*320 -0.9785 -6.62 6.521 3109 0.5074 
21 0.7302 1.1056 -«.3976 -1.6025 -6.38 6.919 3188 0.5211 
30 0.7631 1.0826 -0.3566 -2.6*2 -5.8« 9.293 3262 0.5351 
31 0.79*6 1.0553 •0.3080 - -5.16 9.61* 3331 0.5490 
32 0.62*6 1.0225 -«.2*63 - -4.29 9.911 1199 0.5616 
3i 0.8532 0.9820 -0.1732 - -3.12 10.172 1*61 0.5799 
3* 0.880] 0.9366 -0.087* - -1.65 10.3«5 1519 0.5982 

35 0.9059 0.8960 -0.0096 - -«.16 10.479 1573 0.6169 

Tefcie 1*J lieta eeae properties of UM boundary-l«y«r solution eeleuleted for UM potential flow of 
Tatlo 14.1 «a« the suction distribution CQ(« ) given la tbe lest eelua*. for eeaparisoa, tbs profile 
eer«a«ter« ef an Insulated flet-plete beuedary layer «Itb no «uctioa at N, • 1.2 «re y ■ 6.85t#y^ « 
2.31  «ad i •  3.5*.  Tb« aetiaue ereeeflo« Is M • -0.115,  snd It e««urs at  statlea 4 •  *  C*  /«    • 
0.0059). Taia vale« le virtually IdeeUeal to tH a**iewa posalbl« ereeafie« generated by tbe Pelbner- 
Sbea-Caabe preftle« ef Seetlee lj, «bere II • -«.119 for j. • 1.0 «ad v#y ♦ ,. • »5*. iltbougb tb« 
freeeyr« gredteet firet beeoaee edvwae «t • • *«, a* daea alt «bang« sign until I • 21. Par 4 • 15 to 
26 (• Jt * 9,*H to 0.625). tnere «re tee 1 «fleetlea point« la UM ereeafie« veloeity profile. Op to • • 
20 U/s • 0.16»), v bas tbe esae slga et tsUi iffleetiea p«|at«i for ■ > 20. H baa oppealte algaa. 
Tture is reverse eressrieu froa 8 # 17 I« 2T (■ /• • 0.211 te 0.661). Tb« «ngl« $ 1« tb« aagls of tbe 
valaalty «ewtar et tne y ef tbe infleetle« paint of UM eraaafie« wlaatty profile. Mb«« tbaro are two 
1 «flee tie« points, tbe iiete« t is /«r tbe outer pelat »baa »^ < 8, and far UM inaar pat at «ban '*mmn > 
o. 

14.2 Oreeefle* iaatability 

»erprisingly little eroeefie« is required far eraeaflo« Iaatability t« eeeer. Par esses i«, it «aa 
feued «itb tbe siailsr beuedary layer« of Sestlee 13 tbat far ■ ft • * 1.02 *«« ((| * .. * 4** (tbe angle 
•bat gaaarataa tb« aealsjua eraaafla« far a givee pressure gretieet), ta« eritleel Sftyaaida euaber of 
araaafl«« iaatability for batb beeedary leper* ia aieaa ta liftO ««aa Ueeg» *«.. la «e4y about Ml. 

ef taa 
Pleura 14JT gteae a «ooiporieoe ef tan dletribeAiea ef UM eftftllfleetlee rate   '    «life 1 
a eeveeaeber vaatar b «a e««p*tad at 8 • 6 free) batb UM laaeepfsaelblo and nist» ereor 

UM eegaltuMe 
««jsjpraaalbla 

atablllty Ueserlee.    It 1« evleee* Unit UM laaaapraaaiala tbeary give« raaaaaabty gee* reeelta, «It» 
• T.J8 • 1ft"* eeepered ta 6.69 1 If' free t* 1 tbe eeapregelbl« tbeery, a dlffaraaaa ef ift.lf. Ta« eigftfl- 
eraar «aapreaatbla e*«etiee« give M «6.61 ■ If», a differeeee af aaiy 1,11 free tbe si*tb»order 
spate*.    €ana«gsan41y,  UMT« la little raaaaa ta «aa UM algaU^erdar *?etea« aad far a 

iaatuaipi «aalals tfcaery la ■aanaata. 
1 atady af 

le* iaatability UM laaaUag 

fie angle  * af tbe «*v«f«ab#f vaatar aa «a«a«tad fra« UM laaaapreeatbte tsMary la ala« aboaa ia 
Pig, ta jr.    ftlsaat ldaatlaai reaalta ara give« «p UM «eaproaatbio Usa#ry.    Taa aarra« baadataui af 

«ISM baadaldtb «f eastable t l* aaayaMtartaUa af «faaafla« instability,    Taa mnrpniii af 
UM «asjaiar naaiapf ismranaai as) UM «**eatt«ai tear■«■»!.    Pw ********  at 8 • IT «tMra »        • -AAftfft, 
%Mm baagaldU af «eatable i la abaat taa eae>e aa ta rig» 16J, bat t*a tandaidU af »«ulu » t« aaiy 
0.15* 



Tabla 16,2   PrcfMf-tlM of aaan boundary layar 

3-31 

F* Fi* «a« *!<*••> 103Co 

1 3.66T 1.0800 2.693 239 0 0 0 
2 3.an 1.0626 2.603 236 -0.0606 -1.977 0 
3 3.691 1.0157 2.538 259 -0.0938 -6.362 0 
4 3.950 0.9916 2.50S m -0,1166 -5.162 0 
5 3.960 0.9511 2.680 338 -0.1116 -6.857 0.735 
6 1.017 0.9372 2.513 386 -0.0986 -6.198 0.700 
7 «.115 0.9819 2.616 662 -0.0866 -3.656 0.630 
8 «.218 1.0276 2.689 566 -0.0763 -3.283 0.530 
9 6.366 1.092t 2.787 662 -0.0717 -3.006 0.630 

10 «.«75 1.1590 2.670 769 -0.0669 -2.795 0.290 
11 «.632 1.2668 2.976 879 -0.0633 -2.632 0.163 
12 6.900 1.3860 3.106 1161 -0.0568 -2.361 0.155 
»3 5.161 1.5201 3.229 1635 -0.0685 -1.963 0.163 
i» 5.662 1.7006 3.352 1926 -0.0337 -1.317 0.163 
15 5.635 1.8110 3.398 2395 -0.0215 -0.860 0.163 
16 5.709 1.6361 3.371 2776 -0.01*0 -0.520 0.163 
IT 5.732 1.8292 3.365 3112 -0.0096 -0.3*9 0.163 
16 5.721 1.8030 3.306 3397 -0.3065 -0.262 0.163 
19 5.706 1.7815 3.287 3675 -0.0066 -0.170 0.163 
20 5.685 1.7803 3.2*5 3936 -0.0031 -0.117 0.163 
21 5.685 1.7608 3.270 6226 0.0059 0.273 0.163 
22 5.701 1.7756 3.279 6653 0.0113 0.637 0.163 
23 5.708 1.7825 3.280 6763 0.0168 0.851 0.163 
2« 5.623 1.7076 3.186 6709 0.0155 0.853 0.216 
25 5.696 1.6023 3.0f9 6567 0.0155 0.816 0.288 
2i 5.369 1.5099 2.9*7 6660 0.0191 1.011 0.370 
27 5.217 1.6001 2.89* 6236 0.0251 1.676 0.690 
26 5.026 1.2685 2.770 3966 0.0309 1.873 0.610 
29 6.827 1.1350 2.650 3618 0.0369 2.261 0.755 
JO 6.608 0.9966 2.523 3250 0.0632 2.601 0.930 
31 6.392 0.8696 2.609 2898 0.0698 2.975 1.090 
y 6.205 0.7671 2.317 240« 0.0579 3.661 1.215 
33 6.062 0.6933 2.265 2399 0.0690 6.100 1.300 
3» 3.952 0.6366 2.172 *233 0.0616 6.856 1.380 
35 3.853 0.5780 2.0*7 2065 0.0912 5.330 1.650 

it it or tatoroat to aoto tbat Uo ta«l* , ■ 66.6 9 at tbo aaslaoa aaallfloatloa rat« la alaoot 
«OBttQOl   1« 16« «afl« 90 -    ,t (. 6*.9°), »Mr« *. lo tha *s*U «oflao« la Sootloa 16.1 aa« Uata« la 
»fei* 16.2. booa f««a« to bo troo la goaorai for orooofio« 

laatabiuty aa leaf aa 90 - >. if glvoa tbo alga of V . vbaa taara aro two laflootloa aolata aa« a 
haa tao •**• si*n at oaok (15 * • * 20), tt la 16» ovtor joist, wboro OH ia a a**lau«, that la algalflaaa* 
for taatablllt», whoa V haa oaaoatta algaa at tao too laflootloa aolata (21 * 8 * 26), It la 16a laaar 
pal at, wtmrm OH tt a alala««, taat la algalflaaat. UM aaovo eoavoalaat rolatloa batvooa t aa« t| 
It **«; to eoaaata aa initial algoavaiwo for orooofio« laotabUity. 

aa *. 
Tao root aa« loaglaary aorta of $ aro alao saooa la fig. 16.2. Tho rool part, ? 

aa« 
haa tao aaao alga 

ia« lr at *.att tko «aToau«a«r for aaxiatto aapllflaalloa rato, i» aroportlaaal to a">M. 6t 
*Mf»~ * * V * 66.6 . F«rtaor boofe oa tao «lag, taia «Iffaroaoo aparoaoboo 90° aa tao «roaafla« 
«Jalatabaa. Tko taagiaarp aart of 1, *,, rovoraoa atge at tao polat of aailaa« aapllftaattaa rato, a 
kohärier taat la troo at all etatloam. 

*U*«t*tfc oroooflo« laatoblllty aaa hwta «oflao« aa tao oslataaoo af «aotabl« »too«? «lataraaaoaa, a 
«aelo baa« of froavoaoloo hoooaoa .aotoblo at aaovt Uo a*»* «rltloal ko?a»l«o aaakor. Figaro ia.3 floaa 
' aa a foaotloa of f at 8 • * aa eslevlato« fro« kotb tao taoohproaalbla aa« »lita-«roar ooaprooolblo 
taoorloo far fe • 0.520, tao «__ of f • 0. It la aataroM taat tao offoot of oawaroaalUlUr la obsot tao 
aaao for all fraaja—aiaa aa far F • 0. Tao «olooa of -° a to5 far k • 0.520 arot laooaiaroaalala, 6.911 
altth-oroor «oagroaaiblo,  $J»i  a|gptb*or<«or oaesrooolbfo,  7.90. 

Taoro aro both aoattlva a*« aogatlva, «aotablo fro4«o*olos la Fig, I6.3.   T*« asgallaa froojooaolaa 
I alaaif «oaa taat vita tao «lrootloa of 6 iofiaoO 6f tao oalooo of «  aaooa la tao rigaro,  tko a**»« 

voloeltf to aotatlva. If, laatoaO, too alrootlo« of I a«« aooa «oftoo« la tko aaaal saaaor to ao tko 
«lrootloa of tko akaao voloolty, taoro *#«!< ao too §ro*a« of »ooltlvo «aatakla froojooaoloa. for tbo 
aooltlvo froo,ooa«loo *f fig. 1«.3» tf la «ttkla nm of tko «lrootloa oaaoalto to tko oroaoflo«} for tko 
aafatloo froaawaalaa» a la ottkla $• of tko «lrootloa af tko arooofl—. Tko aigsi aaataatlaa af Ft* I6.3 
baa baoa a«o»6a« m taat tko mmMmm IvUbllltF «til alotf» bo aaooolato« «ilk a aoaiuvo franwaaay, aa« 
tkla aaootaaalar« «oftattio« of I la mm* bor«, aa la 8»«Uoa »3.3» *« »0*0 it «aalar to al«4 tko auatrloai 
raooita. 

la a «l«y baaa! of «aotaklo froajoaoaUoa u Fl«v  *«-l-     tbo UmmtAem} fraajaaaaf 
to F • 2.6 s 16* la 9T.8 aba, aa« tbo «oat «aatablo froojooaoy la about IT bka.    Tfc* aaatabl« ba*«*i«tb 
baaokjai mmk aarrooar Nrtkar «oomtrooat aa botb tko aroooflo« aa« aailawa a«#iifs*aUe« rato juriinii 
tt — foaaal la Maab (ifTfb) tbat far o laaakary layor «ltk eroaaflo« iajatabUily a*lyt 6^ 
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auch with frequeooy for f > 0. For F < 0, k^^ do«« change with rr«qu«no)r. It 1« eatleated fro« Chap. 13 
that tat uaatabl« region of negative frequencies at If * 4 extends to r « -1.5 x 10" with ty « 9i°i «nd 
that tee auiaua amplification rat« of th« wave with k la the oroaaflow dlr«otlon 1« about one-half of 
that for th« stoedy disturbance. 

As croasflow inatsbility la aa exaaple of Inflectional instability, it la possible to deduce 
soaetting about the »lability characteristics fro« the location of th« Infliction point of th« relevant 
velocity profile. It la not neeesasry for this purpose to consider th« generalised inflection point of 
tb* ooaprsssible theory which la little different fro« th« true inflection point at transonlo Mach 
nuabera. The relevant velocity prof 11« la th« CM 1B th« direction of k. for th« aoat unstable stationary 
wave (, « 84.8°), this profile baa reverse flow, and th« inflection point ooours alaoat at th« i«ro 
velocity point in accordance with tbe theory of Stuart (Gregory et «1.(1955)]. Inflectional profiles 
exist for it both greater and leas than 84.8 . Tb« algn of the aean velocity at the inflection point 
deteralnes th« algn of tb« frequency (except vary Mar F ■ 0 because of the Unite Heynolda nuaber). Th« 
profiles with v > 6«.8° give the negativ« frequencies; the profile« with *< 84.3° tbe poaitlve 
frequencies. 

14.3    StrenawiM instability 

Along with croasflow Instability, which la particular to three-dieecaional boundary layers, there «re 
air« inflectional and viscous instabilities which are aore Ilk« those of • two-dlaoMlontl boundary layer, 
but with «edifications du« to tb« croasflow. This typ« of Instability will b« called streaawlee 
instability, and it refers to all instabilities that are not associated with a directional velocity 
profile of the typ« of th« croasflow and reverse-flow profile«. 

As suotlon is aore effective at controlling »treaawise than oroaaflow instability, only the latter 
instability la present over aoat of th« wing chord in th« present flow exaaple. Tb« region of streaawise 
instability starts at K ■ 14 (a /o * 0.09*), according to the ccapresslble theory, and extends to N « 25 
(» /c « 0.586). Soae stability character ist ice at I • 15 (a /e * 0.126), where tb« edge Mach nucber of 
1.2« is CIOM to it« aaxlaus value, are shown in Pig. 11.4. Figure 14.4a give» tb« distributions of a 
and F with wav« angle froa th« incoapresslble and sixth-order coapreaslbie theories, Tb« crossffow 
lnstsblllty region ('. > 80°) is not shown. Th« croasflow <**lt. ■ -0.0215) baa introduced an aayaaetry 
into tbe distributions, but otherwise th« results resemble what eight have been expected froa aaaualng 
thst 20 result« could be spplled to 30 boundary lsyers. Tb« two aaxiaa In tb« aapllfloatlon rat« of th« 
coBprcsslbl« theory cootrest with the single aaxlaua of th« inooapreasible theory, «nd are in ooaplet« 
accord with 21 »Utility theory at H,  •  1.24. 

The reason that Fig. 1Ma reaeablee tbe results for s two-diaeneions.1 flat-plat« boundary layer with 
no suction is thst tbe shape factor H at M * 15 is alaoat the aaae aa for auob a boundary layer at tbe 
saee Nach nuaber, and the oroaaflow la not only aaall, but «till in tb« direction aaaociated with a 
favorable pressure gradient. Tbe two Inflection point« of the directional velocity profile«, which exist 
for -90° < •< -60°, sre unlaportsnt except near * ■ -90°, because one 1« located near tbe wall and the 
other at the edge of the boundary layer. Consequently, what Fig. 14.4a show» is »i«****» instability, Just 
a* for a flat-plat« boundary layer at th« Mae Nach nuab«r. 

The aaxlaua aapliflcation rate with reapect to wav«nuab«r is shown In Fig. 14.4b aa a function of 
frequency for both croasflow and streaawise instability. It 1« evident that tb« InooapreMlbl« theory 
gives s totally alslMdlng result as to tte laportanM of streawwiae instability at this station, Tbe two 
■ ailaa of Fig. 14.4a ar« abowa by two separate curves. Tb« croasflow instability ha« tb« ««a« general 
featurea aa at i • 4, but with an unatsble frequency band only about one-seventh «■ wide (of. Fig. 14.3). 

are auob closer to 90° for both positiv« «ad Mgativs frequeociea: 63*8° <v < 
90.4° for F < 0. It aight also be observed that torts 90°, tb« aaxlaua 

aapllfloatlon rat« ia about ©ae-nalf of it« F ■ 0 value,  a« aumlsed for B « 4. 

Also  the  corresponding v er« 
89.4° for F > 0;  89.4* < w< 

The tera strMawlM instability others sueh a wide variety of possi bill ties that It 1« worthwhile to 
give an additional exaapl«. Figure 14.5 1« tb« counterpart at * ■ 23 (ai/o • 0.513) to Fig. 14.4. At 
tbla atatioa, the orcsafiow over the inner two-third« of tb« boundary layer baa reveraed, but ia even 
eaaller than at M » 15 (M • 0.0113)« The adverse pressure gradient 1« larger (Pfe s -0.22), but MMUM 
the suction is «1M larger there ia still no inflection point in the stre*a«lM velocity profile. 

It 1« sees froa Fig. 14.5a that tbe waves wltb * < 0 are aueb aore unatsble than those with *-> 0 
even though tte aaxlaua croasflow la positive. The reaao« l« that for * < -%Q° the dlreetloMl velocity 
profiles have inflection point« well out la tbe boundary layer (e.g., at 0 • 0.30 for*» -T0°). a 
algnlfloftat difference between Fig. 14.5 «ad Fig. 14.4 la that the eeoeth «' curve« of tbe foraer do Mt 
paralt • elear distinction to M and« between crossflow «ad atreaewi** ln«teblllty. The frequencies mmr 
t«ro («ay, F < 0.04 x 10"*) have tb« characteristics of crossflow inetsbiilty (wide bead of „eatable 
w«v«nuab«r«f narrow band of unstable «ogles); tb« larg«r frequencies («ay, F > 0.12 x 10"4) have tbe 
characteristic« of «treaawlM lMtabillty (MITOW bead of uaatabl« wav«auab«r«, wide band of unstable 
eagl««). Tb« lat«ra«dlat« frequencies, including tb« aoat unstable, have tbe characteristics of 
streaawlM lMUblllty for a narrow band of aaall wavenuaber«, aad of croasflow instability for « wide 
band of larger weveauabora. 

Tb« effect of eeapossibility is large aad «lailar to that r*. 1*15 (Fig. 14.4) la tb« «tr«aawiae 
i «stability region, aad 1« «1M a good deal langer la the erowflow lMUblllty region than at either I « 
4 (Flga. 14.3 aad 14.4) or 1 a 15. Indeed tbe peak «aplifloatioa r*t* of tb« Inooapreasible theory 
differ« by 2TI froa the sixth-order ooapreoalble valu« aad th« corrMpondlag wav« «ngl« by 15°» where*» 
the aaxlaua iaeoapreasibie eapliflMtlM raU of tb« steady dleturbenoe* 1« la error by 401. Tbe letter 
difference eaerMMa further beefe «a the «lag as the aaplifiMtloa rate increase« (to 14fl at K a 35), but 
la always larger than la tbe asgative oroaaflow region oa tbe forward part of tb« wing. 

It la laaortaat to Mt« tbe narrow bandwidth of uaatabl« frequeociea la Pig.  14.5b coopered to Fig». 
14.4b(  «ad  14,3.    Tb« largest unstable frequency at I s 23 la oaly 5.2 kba,  aad tbe aoat uaatable 1 
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frequency Is 2.9 khx.    Consequently,  a1aoat all unstable fraquanolaa that exiet upetreaa of R ■ 23 cannot 
persist to this station ss aapllfled wavea even whan tbey are kineaatloally possible. 

1«.«    Have aaplltude 

Tha wave aaplltude ratbar than tha looal aaplifloatioa rat« la what la of lntaraat In tranaitlon 
etudlea. In this Section, tha irrotatlonality condition on k will ba appllad to tha calculation of 
aaplltuda ratioa of single Pourlar ooaponant a. Tha SALLY stability oo<Sa of Srokowski and Orexag (1977) 
oaloulataa ln(A/AQ) by what la oallad tha envelope aetbod, I.e., by integrating fa«)«M alone tha 
trajaatory definea b~ tha reel part of tha group velocity. Aa a raault, tha aaplltudeTatio Inoraaaaa 
■onotonlcslly to tha and of tha instability ration, Hare, a band of initial uevenufbera with tha aaaa 
frequenoy la followed downatraaa atartlnf at tha firat unatabla station, H * 3 (a /o * 0.0033)» Tha 
reaultlng amplification rataa for »even initial wavenuabera with sero fraquanoy ar« ahown In Pig. 14.6 aa 
ooaputed fro« tha lnooapreaalble tbaory. Tha llatad Initial wavenuabera ara thoaa at R ■ 3. For 
comparison, s portion or tb« ki * 0.35 curve aa ooaputad froai tha alxtb-order coapreaaible thaory la also 
ahown. 

for R < 1000, tha different Initial wavenuabera In PI«. 14.6 aot aueh Ilka dlffarant frequencies in a 
2D boundary layar. Tha lowar tha initial wtvenuaber, tha furthar downatraaa la Ita unatabla region. Por 
R > 1000, a ratbar dlffarant pattarn la apparant In Pig. 14.6. Tha initial wavenuaber of tha wave 
ooaponant which has tha aaxlaua aapllfloatlon rat« at a given atatlon baooaaa a slowly varying function of 
Reynold* nuabar. In othar words, a alngla Pourlar ooaponant la nearly tha aoat unatabla over a wida rang« 
of laynolda nvabars. It la thla pattarn that pravalla in tha entire roar oroaaflow instability region. 
There tha wave ooaponant with ^ a 0.35 at N > 21(1 - 2*00, a /a « 0.419) la tha aoat unatabla froa R - 
2600 to at laaat I ■ 3570 (a /o ■ 0.906). Conaaquantly, In thla raglon tha prooadura MI ara ualng hara 
gives tb« saa« raault for tha aaplltuda ratio as doaa tb« SALLY coda. 

Tha lnU/AQ) vslues that correspond to tha aapllfloatlon rataa of Pig. 14.6 ara ahown in Pig. 14.7 
for six Pourlar ooaponsnta along with tha raault given by tha SALLY ooda (ooaputad by Dr. A. SrokowsigL). 
Tha present a«tbod gives a paak in tha envelop« cur»«, lnCA/Ap)-^ VS. R, at about R » 1400 (a /o • 
0.126). la contrast, tb« ourva froa th« SALLY ooda continues to rise to a valut *f lntA/Ag) a 11.2 at R » 
18»0 (a /o ■ 0.259). The paak with tha lrrotatlonallty condition la a consequent, of following Pourlar 
coaponeata froa a aore unatabla region to a leea unatabla region, and oan alao ba ancountarad In 2D 
boundary layer« with laainar-flow control. 

Two additional curves Included in Plg.14.7 give loU/A«) for k. ■ 0.35 aa ooaputad froa tha sixth- 
and eighth-order coapreaaible equations. The peak ln(A/A0J of the latter la about 6.9 ooapared to 7.8 
froa the lnooapreaalble theory and 11.2 froa the SALLY prograa. Consequently, the aathod of integrating 
the aaxlaua aapliflcation rate overeatlaatee the peak aaplltude ratio by over 70 tiaes. 

As both Pigs. 14.3 *od 1«.4b ahow that a no n-sero frequency has the aaxlaua aapllfloatlon rate for 
crcaefiow instability, it is also s non»aero frequency that glvaa the aaxlaua aaplltude ratio. Tha 
potaible importance of these frequencies is, however, counteracted by the narrowing of the unatabla 
frequency bandwidth In the downetreea direction. The raault la that at R ■ 15 the frequency with the 
aaxlaua amplitude ratio la the low frequenoy P * 0.05 x 10* (1.4 khx), and the paak 1O(A/AQ) of thla 
frequency is only 21 larger than for taro frequenoy. Of oourse, larger differenoea than this exlat 
upatreaa of R «  15 where higher frequencies are still unatabla. 

At station R ■ 35 in the rear oroaaflow instability region, the aaplltude ratio of the aoat unstable 
sero-frequency wave ooaponant, k% . 0.35, la 6.54 according to tha inooapressibij thaory, a raault alaoet 
identical to the SALLY value of b i 6.46. However, ooapreaaiblllty cannot be neglected in thla region aa 
It waa in the forward Instability region. The elxth-ordef coapreaaible theory glvea IntA/A^ a 5.21 at R 
•  35;   thua the lnooapreaalble theory overeatlaatee ln<A/AQ) by 251. 

Strvaawlee instability is Halted to the reg«on rroa R • 15 to R ■ 25 (a*/c* • 0.566) and leada to 
»«aller aaplltuda ratioa than does oroaaflow instability. Aa these wavaa travel downatraaa, their wore 
angle , reaalna vary close (within about 1°) to ita initial value, in contrast to ths eroaaflow 
dlaturbanoea whloh are required by tha dlaperalon reiatloo to keep thair Angles within the narrow band aat 
by tiie profile angle < r According to Pig. 14.«b, P • 0.375 x 10"* la the aoat unatabla frequency for 
etreaawlee instability at R • 15. However, thla and tha neighboring unatabla frequencies daap out quickly 
in the.downstreaa diijeoyon. The fraquanolaa wbloa give the largest raplltude ratios are tbo*e whloh are 
unstable at H ■ 23 (a /c ■ 0.513), where the large»! aapllfloatlon rataa of atraaawiee instability occur. 
Por «saaple, P • 0.09 x 10*' baeoaea unatabla at R • 21 and baa a paak U(A/Afi) of 2.3 at R • 25 for an 
initial wave angle of -70°; P « 0.15 a 10"* beouaea unatabla at R ■ 20 and baa a aaaller peak at R ■ 24. 
Conaaquantly, tb« aaxlaua aaplltuda growth of etreee wise-instability wave« ia only about If of that of tha 
oroaaflow dlaturbanoea. Ixaaplea of aapllfloatlon rataa for a wing without auction nay be found 
eleewbere (Hank (1961)]. 
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APPENDIX 1.     COEFFICIENT MATRIX OP COMPRESSIBLE STABILITY EQUATIONS 

Thara ara 30 non-*aro aia»anM of th« ooaffioiaot »atrlx »^(y) of Eq. (8.11).   Tha 2^ 
only on« non-aaro coefficient: 

•12 •  1   . 

Tit« l2 aquation ha» six non-taro coefficients: 

a2t ■ (l*/uT)(^U>eti«^)<*i2*(<2    , 

a22 . -(1/u)(du/dT)DT , 

•23 •  (l/.iT)('»W*fl»lM(n2*P2)(l/l )(<fc:/«)DT 

-i(1/3XW2d)(<i2*fl2)(OT/T)   , 

a2t -  (m/il)('i'Vi
2)-(1/3)(H2d)(a2^2)YM2

l(rIt^-W^)   , 

a25 • (1/3;(^2d)(n2462)(i0*pN-w)/T-(1/u)(*J/dT)(nD2U^,D2W) 

-(l/.Ofd^/dT^OTtoMWIM)    , 

a26 ■ -(1/»)(du/dT)(<iMMMI) 

Tha 1-* aquation baa four noo-tero ooaffloianta: 

*31 ■ -1    , 

a33 * DT/T    , 

a3| ■ -IYK^IO**«-,)    , 

a35 • (1/T)( iWV-u)  . 

Tha Z| aquation ia tha only ona that requirea a lengthy Mnlpulatlon to derive.    With 

I » (NV  )*i(2/3)(2*d)>M2(x0^N-,)     , 

tha alx non-ttro coefficient» ara 

a41  ■ -(l/E)l(2/u)(d.i/dT)DT*(2/3)(2*d)(DT/T)]    , 

a|2 • -<t/I)  , 

a43 • (1/E)[-< i2*r2W2/3X2*d)(DT2/TX1/.)(dWdT) 

♦{2y3X2*4)(»2T/T)-(ll/uT)( lUei-M-^l     , 

aM • -(i/EX2/3)(2*d)*M2l( i0ae«-u) 

X (1/.:X*i/4T)lff*iOO«e.nM0T/TX i(JetW-«4I  , 

e,5 • (1/1) (1/.i)(d.i/dT)(iOOarMI)a(2/3X2a«i> 

X l(1/..)(d.,/dT)(DT/T)(»U*r«..i)»(1O0*i'0H)/T)    , 

e,ft • (l/B)(2/3)(2*dX»0*aN»v)  . 

Tha X-  aquation baa only ona non-aero coefficients 

Tha 1^ aquation haa all non-*e~o ooafflolaBtat 

a^2 • -2 ( i-DM^i i»*r»D/( A&2)    , 

a^j • (■17H)(W/T)-i2 <(»-1)Kf( 0»*HW)    , 

«II • -ltti/uXt-OI^«»»»**-^    i 

a^ ■    UU'/uTX 4kHH-*)*i2a^-(D2t/0(d»/dT) 

-(W2/0(d2'/dT2)-1('-1)H2(1/u)»./dTXWI2*»f2) 

a^ ■ -C2/0(d*/dT)OT    , 

a^j • -^('-1)H2(aW.LpB)/( At*2) . 

aquation haa 

(»1.1) 

(Al.2a) 

(A1.2b) 

(A1.20) 

(al.2d) 

(A1.2«) 

(41.2f) 

(A1.31) 

(Al.3b) 

(A1.30) 

(Al,3d) 

(AL») 

(Al.5a) 

(Al ,5b) 

(Al.5o) 

(A1.5d) 

(Al.5a) 

(A1.5f) 

(A1.6) 

(Al.7a) 

(Al.7b) 

(Al.7c) 

(A1.7d) 

<A1.?e) 

(A1,7f) 
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Th* Z, equation has only on« non-sero ooeffloienv; 

•Tg » 1    , 

The 2g equation ha» five non-tero ooefflolenta: 

»83 « (R/iiTHiW-t'.KI)    , 

•85 « -(V^)idi./dT){iD2W-BD2ü)-{1/;i)(d2u/dT2JDT((W-t)DÜ)   , 

•86 ' -O/uXdM/dTHiIN-BDU)     , 

ag? «  (ll/'uT)(>«»ftlKi^2^2    , 

•88 " -<VuX*ii/*t)W • 

In these equation*,  th« ratio of th« ««oond to th« first viaooaity coefficient 

d «  '/u 

la taken to b« a oonatant and equal to 1.2 (Stokes* assumption corresponds to *   ■ 0). 

In th« numerical computations, tre us« 

,.* x  105 -  1.*58Ti3/2/(T#*n0.a)     , T* 2  110.«°!    , 

(A1.8) 

(A1.9a> 

(41.9b) 

U1.90) 

(A1.9d) 

(At.9») 

(At.10) 

(Al.11) 
- 0.0693873 T      . T    <  110.*oK    , 

for the viaooaity coefficient  In oga unit«,  and 

. * • 0.6325Ti1/2[W<2«5.«/T,)10~12/T ]'1 (A«.12) 

for th« th«raai conductivity coefficient In og« units.    Th« Prandtl number ' ■ o u  /*    la computed aa a 
function of temperature  fro«  i- ,   •     and a oonatant specific h«at of o    ■ 0.24. 

«PPOIDIX 2.     FREBSTKEAX SOLÜTIOKS OF COHPHBSSIBU STABILITT E0OATIOM 

In th« freeetreem lUUj, WiW., T«1, ,.«1, »*!/ i,, and all y derivatives of moan-flow quantities are 
xero.    Th« first aix of Eqa.  (8.11) can b« written aa Lhr*e e«oond-ord«r «quatlona: 

where 

D2», - bn», ♦ b12V2 ♦ b13V3 , 

D2*, - b„V2 « b23V3 . 

^3 ' »32*2 • b33V3 • 

V, ■ X, V, ■ 2M h'h 
The three coefficients of gq. (A2.1e) *re 

bn - i2*t<2*ll<*ü1*K1-,) , 

b,2 • Ki2*r2)dl*l(1/3)(WdMtf(iU1*r«r^) , 

b13 i -(1-»34){»2ep2)(,01*pi1-,.) . 

The two coefficients of 8q. (42.1b) are 

b2? . i2*.^-(«Vg,)(T>lf-(2/3)(2*d)'(.-1)M^(*U1* «,—)
2)  , 

b23 • (l/«1)n-(2/3)(2*d)'J(iü1^«r J , 

where t, la Sq. (41,*) evaluated In the freestree». The two ooefflolenta of Bq. (A2.1o) are 

bJ2 ■ -id-DK^i.ü^Wj-w) , 

bjj i J2^2 ♦ i-IdO^H^j . 

The als solutions of Eqa. <A2,t) have the for« 

f(D(,) . i^>„p(ilJr) ,    U ■ 1,6)  , (A2.6) 

where the V*1* «r« th« sii three-component solution vector«, the t are the sis obaraote-rlctie values, srd 
th« ®{*' «r« th« «li thr«-e6iBQMfit eherasteriatie veetora. upon substituting Iq, (A2.6) lato Eqa. 
(A2.U,   UM ©haraeterleUc valwea are found to be 

'1.2 ' l{<»/2X»M*e33)-t(V«)(bw^33)2eb23bMJ1/2J,/2 , (A2.?a) 

(A2.U) 

(A2.1b) 

(A2.1C) 

(A2.2) 

(A2.3a) 

(A2.3b) 

(A2.3o) 

(A2.*a) 

(A2.*b) 

(A2.5a) 

(42.5b) 
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5,6 " M<1'2H*22**33,*t0/*><b22'*b33) ^«^a1'     f 
ill/2 <A2.7o) 

Hh«r« th« nuabering hu b««n srrsng«    so -hst th* first  two of th«s« will correspond to the first two of 
Eq.  <2.*9). 

Tb« last two of Eq*.   (8.11) give • fourth uncoupled second-order equation 

D2!, « [i2^2*iR(iüt-HJ.¥t-v»)]27    , 

with th« characteristic values 

'7,8 ■ *li2^2*i«**i*ilV*>lt/2 • 

(«2.8} 

(A2.9) 

vhlch «re th« ssae a« the characteristic values 3.*' 

The components of the characteristic vector co-responding to » ^ are 

B <*> . o 
and to and 

B,(*> . 1 B2<3.   . 0 (A2.10) 

(A2.11«) 

(A2.11B) 

U2.no) 

(A2.12) 

(A2.13) 

B/J> - Ur2(^3-f)-t»,3b32l/(.2-bri> . 

B2CJ>-b33-]. 

B3U) . ^ . 

The coaponents of the characteristic vectors of the original solutions s«*»s 

Su) ■ VJ) •    H(J) •  jB3{j> •    <J s '»6J   • 
end the coaponent A^''  is found fro« the continuity equation: 

•^y>.-IB/^.VV >^2{JWJ)i . 
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tuatt-1  toaaoratoraa. 
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R i 10' 

rif. 11.1 F««k ■••••flow fluctuation • • ■ 
ruMtloo of lojrBolaa auaoor for nil froquoooloa. 
f itecu» foreleg tboory; M< « *.5, i> « 0°, o ■ 
0.65,   lnaulaiod vail. 
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VISCOUS, F » 104 
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0.325 
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a 02 0.04 0.06 1.08       0..0 

rig. 11.2 latio of o»s>Htw4o of rofloot»* vovo U 
oaolltuOo of teooolo* «or« •• fvaotloo of 
vavoauaoor fro» vlooooo a*« iavlaoia taoorlooi 
N. • «.5, *• 0*. « • 0,65. laauUtod voll, ?! > 

tig* 11.3 »atlo of vail prooturo fluotuatlon ;o 
proMuro fluctuation of loooalog vo|0{ K« « 4.5» 
* » 0°, o - 0.65, laaulatod voll, T* > 311°K. 

ri§, 11.» Offoot dlataaoo or roflootod vavo aa 
fvactloa of froqooaoy at I • 600} N. c 1.5, ^* 
0°, o » 0.65, laaulatod voll, T, • Jl(°i. 
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Pig.  12.1    lotfttibf-dltk bouBd«ry-Uy«r «locitjr 
prof11«a. 

Fig* 12.3 V*v* magi* vs. asiautbal vav«suab«r *t 
thr«« »«yoold» auabara for ttro-fr«qiwao)r «»»♦*; 
*UU>-or4<tr sy«t«a. 

c 

a« 0.97 aoi 0.0* 0.10 an 0.12 at) aw aiüi» 
^r»0 

fig. 12** UU/i)c ft. utivtlil »•v»mi«fc«r t*. 
f«*r krHlH N»»M« for i«re~fr*i»«Mr *•»•• 
«ft« »If* M|U «t &**k tapUttt«« Pfttlot »itlb- 
er*§r «yoiMu 

fig. 1'*>    I©«ti«l   •■»LiriOAtlo»   rtl«   vs. 

for MT9*fr«%wMwy v«v*«; rtrtl wir *y»t«*. 
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Pi«. 12.5 Iaaaabla-a»ara«a4 DOT» alltod valoalty 

fluctuation of taro-froquaaoy wams it c» 1.67 
OB rototln« disk of ra41ua r^ ■ 22.9 oa. 
lou«baa«a alaaaat at la > 2*9, "- • 173°. 
[Aftar Pi«.  16 o! Vllklaaoa aa4 Malik (1963)] 
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PI«. 12.6 larvalUa4 vava for«» «a* aoaataat- 
aaaaa iiaaa af aalaaiata« «at« aattara »rtiaiiH 
ap tara^fra^uaaai1 aalat a+ara* at i. ■ 259 1« 
ratatta«-4ia* a—««17 lajrar. 

Ü 

-2 

 , p.      . 

Ny    •    10 

c   -4 
/ 

-6 ~ ^y - 
•1 1 i 

T        T 

"V 
i         1 

12       / 

.1 -,„1,   . 

PI«. 12.7 Calaulatad »aplitudoo aloa« aoaataat- 
pbaaa llaaa of wava pattara babla4 loro« 
fraquaaajr pal at »owe* at i§ « 250 la ratatlas- 
41ak bouaoory lay or. 

It ? 

Pi«. 12.6 Caatariaoa af aalaalata« aaaalaaa 
aaplltaaaa at • • 699 aa4 «66 la aava aattara 
praaaaU kf aara-fraaaaaai p*lat aaaraa it L ■ 
296 la ratatla«*«lak aaaadarp !•••■■, aa4 
oaapariaae alt« a*«»«r«a«»t« af «tlklaaaa aaa 
Malik (196}) «L-, i#39?i ö , »•*♦♦). 
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ri«.  13.1    CoordlMU •jmtoo» for r»lko«r-3k«a- ri«.  13.3    lff*«t of proMtiro grodloot en luliw 
Cook« bouodory l*ytri, 01-OMflov voloelty;   rUknor-Skaa Cook* bouadtry 

loyoro. 

o.ir—— 

c.?r 

C.J» 

6.«» 

™i 

ft«. 13.2 r«UMr-Ski»*CMki aroooflow voloottf 
prefti»» for ?fe * 1.0, 0.2, »0.1 • ■« Sir 
{••p»rall*A, •Q.lfM)TT)l lit, looolloo «f 
lorioollos polet» ***** looottoo »f ••ilsv« 
«roMflo«  voltou?. 

ri#, 13.«   irroot or rio« «agio   •■ ••n«-» 
oaoltriooUo« rolo wills rottet to frofoooey of 
„ • 0° «•««• «It* 1000 *a4 1000 is foUftor- 
s*»»~£©*** 0OW4OJ7 loyoro «Itt 1^ • *0J0*. 
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Pit* 13-5   Ifftct of praaaura sraalaat oa ■Inlays 
orltloal leyaolda ana bars     , «ara-fraquaaoy 
croatflow instability wovon la Palkaar-3kon- 
Cook« boundary layars wltfc " ■ *5°| —. 2D 
Palkaar-Skan boundary layars [tr<m kaaaaa «t al. 

•J,0   -S.J   -1.6   -0.J 

& * «« «a' a» 
* <*•! 

Pit. IM Iffaal af f&a» aa§la aa a$nls«a 
«rtisaal toy aal an aaafcar af tara-rrajcoaaay 
amaafla« «avaa far §fc • M »M -6.1t#tjTT 
falaaar Jtaa Oaafca aaaaaary la 

PI«. 13.7 Xaotablllty aaaraotarlotlao af 8B > 
1.0, * • «5° Pnlkaar*Skaa*Canka boundary layara 
ot I - «OOt (a) aaxlaua aapllflaatlaa raU oltb 
raaaaai to uavaaaabar, aad uaatablo $ «f raftloai 
(b) itaatabla b-P raftloa. 

•la* 

Pi«. Ij.i   «front er vava aaftla aa naouri notion 
rata. vaaaaaabar, aaa grant talaally anaio far f 
• ta i io** ai ■ • mi K • -0.1«, • • •»• 
Palkaar Ik— Oaba baaaaary Uyor» 
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ft«. 13.9 iMUMUty oborootorUUot of b • 
-«.10, • • «° rftlkaor-ak*a»Cooto oooadory lojpor 
•t I • 5«: (A) aaxlaua oaollflooUoii rato «:u 
r«*po«l to *m**mmtmrt Mi uaotoolo k-f rogloAj 
(6)  «uublt   —F  rotloft, 

t   -,. . 

xj" 
^feS-e rt/P^^ 

^**l          ^Sss^i 

ft**  1«.*    «apllflootloo r«t«v   vavt «agio,   tod 
■roup-voloolty «a»i* »• fuaotloaa of wovoauaoor 
itIM (IU301} for f > Ot    -•-,  loooaproooiMo 
tfa*ory;  , alita-oroor ooaproaaiblo theory; 
39° aw apt wins. 
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*T 
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T f      __T_.—r. 

1 

6 \L .1 i„. -1 JL.,. .. 
Ml     44        C        0 «      0«       «2      1*      20J* 

t..p* 

fit, 14,3 Ssatoblo froawaaey ranga ii 1 • I 
(1*301) for 1 ■ 0.5*0i ••-, isooaproaaibla 
Ibaory, —-, iiiU~orfl»r ooaprooalbla ibooryi 
35° **•** «lag. 

ri4* 11.1   CMNIMU *r*t««* «**« 
um «tag» 

for laflait«- 



.; -no 

fU. ^*.* CrMi»fU* Mi «tr«MMiU« laKMliUr •* 
I • 15 (I«1}2S)1 U> **»*»«• niUriMUM r*t* 
UUfe r«sM«t t« trmq^mf) a*4 fr««wiM9 ** 
f»lt«tl«i»    «f    »*f»    •ftfiti    (I)    ••■!•»• 

n* iH»t via* 
ru< '••» Cr«e*ri«« Mi *tr«*»«u* lartMUltjr «t 

I . n (MM1). (•> Will«— «MUftttU«* rtt* 
tvlt» rM|Mt t* rrtittatr) *»i frt«MM| M 

M#ltrtMUM f»t* («m roopict l* mw*Nr? 
•* fiMUM «r rrmm*m - -, imtyrmUlt 
ifc»»ryi —, iliU.wtof M«»r«*U»l* uwffi 



»HI 

Fie H.fe Aapllfioatlob rat«» or a«*«e **re- 
fraqviancy wav« ooapoaaata la forward Instability 
ration of 35° »««pi wia* «lib lrrotatlonallty 
ooadiUon appllad to wavaauab*r vactor: , 
tecoapraaaibU   taaory;   ----,   aiatb-ordar 
ooapraaalbla  tbaory  for a1 •   0,35. 

ia'* 

fi*. '*•? LaU/*ei or »la aar**rra4»aa«y aava 
«ataaanu la f«r**r* i&at*feUUy r*&m af #• 
aaapi ili| «ila irratatlaaallly aaa4itlaa 
*pf4iad i« mmwmmmtmr «a«iat a«* «avfar&aea «tu 
34LLT *>##i —, laaasaeaaalala tarery: -*»•, 
aiatfe-ariar «««praaaiala taaery far k| • 0«}9l 
-■ -, altaia-arta? •»•aeaaaiai* taaaey far k. * 
0.». 




