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ABSTRACT
<\-{7The Nilcoxon Rank Sum (or Mann-Whitney) Test is among the most useful
and powerful of the non-parametric hypothesis tests. However, as with many
hypothesis tests, when a clear alternative hypothesis and corresponding
power analysis is not present, the practical interpretation of results
using this test suffers greatly. This paper presents and clarifies an

Tternative suggestd by E. L. Lehmann in 1953 and provides tables of

practical use which have not prviously been calculated due to computational

difficulties. (::;_~\~___—‘
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On thelehmann Power Analysis for the
Wilcoxon Rank Sum Test

The Wilcoxon Rank Sum (or Mann-Whitney) Test is among the most useful and
powerful of the non-parametric hypothesis tests. However, as with many hypo-
thesis tests, when a clear alternative hypothesis and corresponding power
analysis is not present, the practical interpretation of results using this
test suffers greatly. This paper presents and clarifies an alternative sug-
gested by E. L. Lehmann in 1953 (Annals of Mathematical Statistics [7]) and
provides tables of practical use which have not previously been calculated due
to computational difficulties. This work has recently been applied to survey
data gathered for the US Army Logistics Center. (See reference [5].)

When sample sizes are small, and a power analysis is not available, one may
fail to reject the null hypothesis when the true state of nature is very
different from what 1s stated in the null hypothesis. With a small sample size
and smalle{, 1t may be impossible to reject Ho' Further, when sample sizes are

very large, the null hypothesis may be rejected at a very small significance
level when actually the null hypothesis is so nearly true, that it is close
enough for all practical purposes. Taken to the extreme, with infinite sample
sizes, the attained significance level will be zero, even when there is only a
very small, but finite difference between Ho and the true state of nature.

Thus significance level can be very misleading if used alone.

~ When a null and a definitive alternative hypothesis can both be stated, and
probability distributions found under each, the results of an hypothesis test
can be stated similarly to a confidence interval if the "point estimate" from
the observed values falls between the two hypotheses. In the case of the

"~ Wilcoxon Rank Sum Test, only one alternative hypothesis has been well developed

and will be presented here. ODue to the nature of this test, however, even if
the evidence may strongly indicate that the true state of nature is not bounded
between this alternative and the null hypothesis, this power analysis can still
be used to obtain a reasonable estimate of what the actual state of nature
happens to be. (In the case of the Multiple-sample Westenberg-type tests of
reference [4], an alternative must be picked such that the true state of nature
is indicated to be boundud by the null and alternative hypotheses. Fortun-
ately, that is not the case here, nor was 1t the case in reference [6], which
1s a multi-sample test.)

Consider that the null hypothesis, Ho' of the Wilcoxon Rank Sum Test

indicates that P(X<Y) = 1/2. That is, under Ho’ any value picked at random

from the Y population, s larger than any value picked at random from the X
population, with probability of 1/2. Here an alternative hypothesis, Hl’ is

used such that P(X<Y) = 2/3. (The exact form of H1 is discussed in [71.)

Graph 1 {1lustrates a possible configuration for this alternative hypothesis.
For this example, consider that under Ho’ all observations are taken from a

N(r,s) distribution such as the N(5,1) shown on the left ‘in graph 1, but under
Hl’ the Y sample comes from the N(r+0.61s, s) distribution, while the X sample

comes from the N(r,s) distribution.
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| Another example of a possible situatfon satisfying the alternative hypo- jﬁﬁ
! thesis, Hl' given approximately by comparing a gamma (4,1) with a gamma (3,1), 355
: is {1lustrated by graph 2. ‘;
Note that the Wilcoxon Rank Sum Test is most sensitive to location, a E:%

. little sensitive to shape, but not to dispersion (except as it relates propor-
) tionate'ly to differences in location). Therefore, it i{s the differences in
Yocation that are of primary importance in graphs 1 and 2.

In order to determine the probability of crawing a value from distribution

A which 1s larger than a simultaneously drawn value from distribution B, the
following may be used: :

P = IQfB(x) {mfA(t)dtdx
X=aw tex

where fA and fB represent density functions,

For the case where A and B are both gamma distributions,

1 “B'] BE+] (uA *ap - 2 - r)!
(ag - 1T r&l (ag = T - 1)1

-uA

P =1 By B

PP T T W Y

-0
Bp

aA+aB-]-r

] For gamma (4,1) and gamma (3,1), P = 21/32 = 0.65¢.

5 For normal distributions, use °[("A N “B)/'Uﬁ * Uﬁ] , as in the Church-Harris-

Downton (C-H-D) method of missile motor satety testing [2]. (Note: This
reference to the C-H-D method should not be construed as the author's endorse-
ment of this method for the purpose of missile motor safety testing.)

The calculation of power under this alternative involves a summation over a
typically large number of products. Calculation of this value can become
extremely time consuming, even for a high speed computer. A program was
written for the author at White Sands Missile Range which will calculate these
exact values, however, in general, the sample sizes must be very small.
Recently, however, the author constructed a simulation which provides estimates
of the power for much larger sample sizes. A number of the "products" men-
tioned earlier are calculated and the mean is computed. The number of products
involved in the exact calculation can be determined, and it 1s multiplied by
this mean. Comparison to values calculated exactly (when practical), and a
study of the sensitivity of the results to increased replications, as well as
comparison to other simulated values bounding the results in the tables, led to
the use of from 1 to 20 million replications to simulate values for the tables
found in this paper. (Work has been done, reference [3], to determine the
number of simulation replications needed under less ragical circumstances.
Here, however, a larger number of replications appears necessary.) (Forn=m
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= 50, up to 35 million replications were used. It appeared, however, that
fewer replications using a number of different seeds ylelded mean answers which
more quickly converged to reasonable results, especially when using antithetic

seeds.)

In the tables, n is the sample size of the X sample, m is the sample size
of the Y sample, RS is the rank sum for which type I and type II error proba-
bilities are calculated, PA is the former of those probabilities, and PB is the
later. Specifically, PA is the attained probability of making an error if H°

s rejected, and PB is the attained probability of error if H1 is rejected,

both corresponding to the same RS value. RS is always calculated by adding the
ranks of the Y elements in the combin ed sample. Note that for smaller sample
sizes, power +PB is noticeably larger than unity due to the discrete nature of
this test. That 1s, the probability of obtaining exactly the event observed

(and no other) 1s non-zero.

Three significant digits are given for PA and only two for power and PB
simply because it takes fewer replications of the simulation to satisfactorily
obtain a value for PA than for the others.

From the annex to table 1, it is found empirically that if X {s the size of
each of the two samples, and f (x) is the probability of a type Il error
under the alternative used here’ adjusted to correspond to a specific signif=

icance level, then, as a continuous representation of actually a discrete process,

fo.10(x) = exp(-x/16)

for at least 3 < x < 40, and perhaps this approximation could
be trusted for x = 45 or larger. However, extrapolations are always more
dangerous than interpolations, so caution is advised for further extensions.

For o =0.05,

fn.05(0) = exp(-x/[26exp 1K)

for at least 4 < x < 40, and perhaps for x substantially larger. Using this
approximation, it is conjectured that for n = m = 66, when PA is approximately
0.05 (RS = 4751), then PB for this alternative s also approximately 0.05 and
the true state of nature would then quite safely be said to (probably) lie
between the null and alternative hypotheses. (At the 0.1 probability level for
PA and PB, this could be said when n = m = 37, and RS = 1507.) An extrapola-
tion to n =m= 66 is questionable, however, and further extrapolation is not
advised. Computer simulation for n =m= 50 indicates that for the top curve
(PA = 0.05) in Annex I to table 1, true values 1in th1s area for PB may be
somewhat smaller than this curve predicts For PA = 0.10, PB values for large
n and m may be somewhat larger than predicted.
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In Conover's book 11, an aporoximation is aiven to find RS for a given PA
value. (RS Sm(m+n+1)/2 + Xy.o/mn{n +m +1)/12 , where x,_ is from

the table of the cumulative normal distribution) The two functions given
earlier can be used to estimate PB values when PA = 0.10 or 0.05.

The final graphs, 3-7, are taken from work the author directed at White
Sands Missile Range in order to study this alternative for the Wilcoxon Rank
Sum Test with emphasis on simulation validation for missile flight simulations.
When comparing a very few 1ive firings to a substantially larger number of
simulations for each scenario, it can be seen from these graphs that once one
sample is substantially larger than the other, increasing the larger sample
size further does very littie to improve the power. These graphs are contin-
uous representations of what are actually discrete points. The values for
those points were calculated analytically as noted in the acknowledgements.

Finally, when n # m, PB can be bounded using the exponential formulations
found earlier in this paper. If, for example, RS is such that PA = 0.1, and
X1 {s the smaller of n and m, and Xy is the larger, then one has that approx-

imately exp(-x2/16) < PB < exp(-x]), with PB somewhat closer to
exp(-x]/16), especially when Xy << Xy

For larger sample sizes than are handled here, parametric methods may be
used. However, in addition to the probability of error associated with any
conclusion drawn from a parametric test, there is the additional risk involved
in assuming the distributional forms used in such a test. Hypothesis tests

should also be used to study these distributional assumptions to provide a more
complete risk analysis.

EXAMPLE:

Consider two sources of data, X and Y, where it is suspected that Y may
represent a population of larger location than X, but this {s not clear. If 11
observations are taken from the X population, and 19 observations taken from Y,
then the critical value of the rank sum (RS) of the Y sample observations
within the combined sample which represents the point at which rejection of the
null hypothesis would occur using « = 0.10, is approximately

RS 2 mm+n+1)/2 +1.2816/m(m + n + 1)/12

= (19)(31)/2 + 1.2816/TT0V(11)(31)/12

~

~ 324.3

Therefore, 1f RS > 325, H° would be rejected at the « = 0.10 level. However,
should RS = 325, and Ho not be rejected, then the probabiiity of making a type
I1 error with respect to the alternative hypothesis illustrated in graphs 1 and
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2 {s approximately bounded by exp (-19/16) and exp (-11/16), so 0.30<PB<0.50.
Note that, from table 2 , when PA = 0.099, PB (10,20) = 0.43. Using 4,000,000

replications in the program given in Appendix A, for m =19, n = 11, and RS =
325, resulted in PA = 0.100 and PB = 0.42.
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Table 1 o
n=m RS PA power - _Z‘__
r
3 12 0.350 0.62 0.56 S
3 14 0.100 0.27 0.85 R
3 15 0.050 0.15 1.00 >
5 32 0.210 0.54 0.55 N
5 34 0.111 0.37 0.71 o
5 35 0.075 0.29 0.79 X
5 36 0.048 D.21 0.86 3
5 39 0.008 0.05 0.97 R
10 122 0.108 0.52 0.51
10 123 0.095 0.49 0.5 5
10 127 0.052 0.36 0.67 '
10 128 0.045 0.34 0.69 L
10 136 0.009 0.13 0.89 X
15 264 0.101 0.63 0.39 3
15 265 0.094 0.61 0.41 N
15 273 0.049 0.47 0.55 &
15 289 0.009 0.21 0.80 '
20 458 0.101 0.71 0.30
20 459 0.096 0.70. 0.30 e
20 471 0.051 0.58 0.43
20 472 0.048 0.57 0.44
20 496 0.010 0.30 0.71 :
25 704 0.101 0.79 0.2 ,
25 705 0.098 0.78 0.23 i
25 723 0.050 0.66 0.35 -
25 758 0.009 0.38 0.63
30 1002 0.101 0.85 0.16 %
30 1003 0.099 0.84 0.16 A
30 1027 0.050 0.74 0.27 -
30 1073 0.010 0.47 0.5 i
3 1383 0.050 0.79 0.21 2
38 1587 0.100 0.91 0.09 i
i
e
N
A
B
L
R
R
115

]
|
)
F
]
|
]
l
i
i
)
|
|
|
-
]
i
)
] W e
o~



e ] Bt M 500, B Y, Bt T sin gn gl e " Ta s s o s"a_d e e P IR TRRANP o o gs 2 o 2* A
L P i e @, R AR ¥ b 27 o AQP]- e [ P o M [ LS e
®. .0 ..\..\..._ LB OO g UG ERIRES B IASlrbeeat el g ACACS A A o n i e e w.\»&ﬂv.; VAN

.
1,
nnnnnnn LA S b e a2 s 4" M b

(9L/x-)dxa = (x)91°04 o1 3aun3 worLog

X . 3 .
Ex,.molp dxagz)/x-Jdxa = (x)50°04 g1 3pun) dos
NOILVINWIS WO¥3 38V G3HAYY9 SINIOd

o5

R
8
®
3
8
R
%

s/ o7

Annex I to Table 1
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Table 2
RS PA power
85 0.297 0.70
91 0.103 0.42
92 0.082 0.37
9 0.050 0.27
99 0.010 0.10
45 0.297 0.71
51 0.103 0.41
52 0.082 0.35
54 0.050 0.26
59 0.010 0.08
412 0.094 0.45
418 0.048 0.33
429 0.009 0.13
430 0.008 0.12
102 0.094 0.44
108 0.048 0.29
119 0.009 0.09
120 0.008 0.08
340 - 0.099 0.58
348 . 0.050 0.44
363 0.009 0.20
185 0.099 0.59
193 0.050 0.44
208 0.010 0.18
1444 0.105 0.50
1457 0.050 0.36
1480 0.008 0.14
184 0.105 0.50
197 0.050 0.32
220 0.008 0.09
1590 0.101 0.65
1608 0.051 0.52
1643 0.009 0.26
370 0.102 0.68
388 0.051 0.52
423 0.009 0.22
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APPENDIX A
FORTRAN CODE FOR
SIMULATION:
"LEHMANN POWER ANALYSIS
FOR THE
WILCOXON RANK SUM TEST"
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n
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8 ¢ 888 8 ¢

60 ¢

102

.

e TUTEGELR PRFV(17)_ - .
Dl”b"blUN T1(i1v0Q), huxrtxooo) l!(l) MIN(J!?) PAX(JI?)

LUGLCALSL FLAGCSID)
REALYY 1,11, INVAL, MAAVAL

— REAL ununD(Jlu) XX, 0S,TPS,PYPS,kNC, PBP,C2,PUCL,PRC2,
/ PRCI, PuCy

DATA ASLFD/78125%/, Iutu_j/
"=°|

— WKITE(19,111)
FUPAA1(IX,'LP|VANN POWER AUALYISLS FOR THE WILCOXON
RANK SUM _TEST, LPAWRSL’)

WRI1E(19,1)

WRITE(G,1)
FORMAT(1X.’thEk NO. OF QUSERVATIUNS, Nu. 1)

WRITE(TY, #)unuS, NT
BRITF(19,100)
PRINT 101

READ(S,‘JIX

#R1ITE(19, 102)
—PRINT_102
ruunartxx.'xnvur N0, UF RLPbICARIONS 3]

REAL(S,¥) LREPY; =

NR!]F(19 #)1R;Pa

100 1(1)zkAu(LSEER) . -

IYRNK=0

—0_105_ 921,311 4 =l

FLAG(J) =, FALSE,
culitnlE_

MINVAL=LCL)4IVIR
VAXVALZY : o

DO 10 J=2,M0AS

o ICJ)ERANCISEED) R

1101)T(J)*L1DIR
JFCAT(1)0GT MAXVAL)HAXVALSTL (L),
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18 IELFLAGCIU) RV W EALSE ) THEN

L

DU_70 JJdzl,nCELLS

ROUND(J)=bOUND(J=1) +XX
CONTTHUE

BUULD (XCELLS+ 1) =HANVAL
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Xx=1(J)* 10Tk

TECAX . Ce o BOUNUCIY ) s AND, KK 10T o GOUND(UU*1))GO TO 75
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oa— .o -

Jysdd=}
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1FCLT01) G LETL02))THEN

ﬁtXI(J) ulN(JJ)
WIh(dd)sd
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ELSE
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ADDENDUM

Multiple applications of this test can be used to compare two levels of a
factor under a number of conditions., I1f, for example, manufacturer A produces
a machine which is suspected to have higher reliability under most scenarios
than a similar machine made by manufacturer B, then under each of the ¥
scenarios, m {s the sample  size of A's machines and ny s the sample size

of B's machines, for 1 = 1to 7. PAy and PBycan be calculated for each of the
scenarios. Consider 0 <a< Y and0O<b<Y:

~ PA 1s the probability of a or more PA1's being less than Pa
(1=1,v ), when Ho is true.
PB {s the probability of b or more PBi's being less than P

(1=1,7 ), vhen H1 {s true.
Therefore,

I G AYS Y-X

N GEAAYS ST y=X
P8 = L (P01 - )

Py and Py are chosen to be reasonable considering sample sizes for each of the ¥
ases.

If M 1 then the evidence shows that, in general, the true state of nature
is just as likely to be equivalent to H1 as Ho'

If 35 = 2 then the evidence indicates that, in general, the true state of
‘nature 1s twice as likely to be equivalent to Ho as Hl' If PA and

PB are small, then the indication is only that the true state of
nature {s closer to Ho than Hl' although possibly not very close

to either.

(Note that another paper in this conference, "Numerical Validation of
Tukey's Criteria for Clinical Trials and Sequential Testing," by C. R. Leake,
also deals with this type of problem, and was of interest to this author.)
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At this time, this methodology is being used to determine whether survey data

from a presumably less reliable source is compatible with a presumably superior
data source. Difficult to obtain data on U.S. Army warehousing activities have,
as one obvious characteristic, a very flat "peak." Therefore, a sample median
value can be changed drastically by the addition or deletion of one data point.
If the secondary data source proves to provide values distributed closely

enough to that of the primary source, the advantage of including this source
may outweigh the disadvantage. The current situation is more complex

than this, However, some results employing the methodology of this addendum.
have been realized.

ADDENDUM 2

Two approximations for the power of this test which apparently are good

for a wide range of normal alternative hypotheses are to be found in

E. L. Lehmann, Nonparametrics: Statistical Methods Based on Ranks, Holden-Day,
1975, Although restricted to normal alternatives in the format in which they
are written, these approximations can be used to extend the tables given here
to larger n and m. The easier of the two approximations to apply, in its
;1T$lest form, is found on page 73 of the above reference and is essentially as
ollows:

‘U, = ¥
: Imn A B
povet = 0[//?m +n+ L)r ] xl-a]

where in our case we have (uA - uB)/o * 0,610,
Note that in the example in the main body of this paper (m = 19,n = 11),

that this approximation gives power ® 0,60, which is consistent with what
was shown earlier.
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