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Attorney Docket No. 83123

AN INVERSE METHOD TO ESTIMATE THE PROPERTIES‘OF A

FLEXURAL BEAM AND THE CORRESPONDING BOUNDARY PARAMETERS

STATEMENT OF GOVERNMENT INTEREST
The invention described herein may be manufactﬁred and used
by or for the Government of the United States of America for
governmental purposes without the payment of any rovalties

thereon or therefore.

BACKGROUND OF THE INVENTION

(1) Field Of The Invention |

This invention relates to the fiéld.of structural
properties, and in particular to the determination of the complex
flexural wavenumber, corresponding wave propagation coefficients,
and boundary condition parameters of a beam subjected to
transverse motion.
(2) Description Of The Prior Art

By way of example of the state of the art, reference is made
to the following papers, which are incorporated herein by
referenée. Not all of these references may be deemed to be
‘relevant prior art.

D.M. Norris, Jr., and W.C. Young, “Complex Modulus
Measurements by Longitudinal Vibration Testing, ” Experimenﬁall

Mechanics, Volume 10, 1970, pp. 93-96.



W.M. Madigosky and G.F.‘Lee, “Improved Reeonance Technique
for Materials Characterization{” Journal ofvthe Acousﬁical
Society of America, Volume 73, Number 4, 1983, pp. 1374-1377.

S.L. Garrett, “Resonant Acoustic Determination of‘Elaetic
Moduli, ” Journal of the Acoustical Society of America, Volume 88,
Number 1, 1990, pp. 210—220.

I; JimenofFernandez, H. Uberall, W.M. Madigosky, and R.B.
Fiorito, “Resonance Decompesition for the Vibratory Response of a
Viscoelastic Rod,” Jburnai of the Acoustical Society of Ameriea,
Volume 91, Number 4, Part 1, April 1992, pp. 2030-2033.

G.F. Lee and B. Hartmann, “Material Characterizing System,”
U.S. Patent Number 5363701, November 15, 1994.

'G,W. Rhodes, A. Migliori, and R.D. Dixon, “Method'for_
Resonant Measurement," U.S. Patent Number 5495763, March 5, 1996.
R.F. Gibson and E.O. Ayorinde, “Method and Apparatus for
Non—Destructive Measurement of Elastic Properties of Structural

.Materials," U.S. Patent Number 5533399, July 9, 1996.

B.J. Dobson, “A Straight—Line‘Technique for Extracting Modal
Properties Froﬁ Frequency Response Data,” Mechanical Systems and
Signal Processing, Volume 1, 1987, pp; 29-40.

C. Minas and D.J. Inman; “Matching Finite Element Models to
Modal Data, ”. Journal of Vibration and Acoustics, Volume 112,

Number 1, 1990, pp. 84-92,




T. Pritz,.“Transfer Function Method for Investigating the
Complex Modplus of Acoustic Materials: Rod-Like Specimen, ”
Jburﬁal of Sound and Vibration, Velume.81, 1982; pp.:359—376.

W.M. Madigosky and G.F. Lee, “Instrument for Measuring
Dynamic Viscoelastic Properties,” U.S. Patent Number 4352292,
October 5, 1982.

W.M. Madigosky and G.F. Lee, “Method for Measuring Material

Characteristics,” U.S. Patent Number 4418573, December 6, 1983.

W. Madigosky, “In Situ Dynamic Material Property Measurement

System,” U.S. Patent Number 5365457, November 15, 1994.
J.G. McDhaniel, P. Dupont, and L.'Salvino; “A Wave Approach

to Estimating Frequency-Dependent Damping Under Transient

Loading* Journal of Sound and Vibration, Volume 231(2), 2000, pp.

433-449.

J. Linjama and T. Lahti; “Measurement of Bending wave.
reflection and Impedance in a Beam by the Structural Intensity
Technique“ Journal of Sound'and Vibration,AVoiume 161(2), 1993,
pp. 317-331. |

L. Koss and D. Karézub, “Euler Beam Bending Wave Solution
Predictions'of dynamic Strain Ueing Frequency Response Functions
v Journal of Sound and Vibration, Volume 184(2), 1995, pp. 229-
244.

Measuring the flexural properties of beams is important
because these parameters significantly contribute to the static
and dynamic response of structures. In the past, resonant

.~ techniques have been used to identify and measure longitudinal
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properties. Thesevmethods are based on comparing the measuréd
eigenvalues of a structure to predicted eigénvélues from a model
of the same structure. The model of the structure must have
well-defined (typically closed form) eigenvalues for this method
to work. Additionally, resonant technigues only allow
measurements at natural frequencies.

Comparison of analytical models to measured frequency
response functions is another method used to estimate stiffness
and loss parameters of a structure. When the analytical model
agrees with one of more frequency response‘functions, the
parameters‘used'to calculate the analYtical model are considered
accurate. IfAthe analytical model is formulated using a
- numerical method, a comparison of the model to the data can be
difficult due to the dispersion properties of the materials.

" Another method to meaéure stiffnessvand loss is to deform
themmaterial_and_measurew;hewresistancemtomtheﬁindentationTwwmhis?—_m-w4
method can physically damage the specimen if the deformation

causes the sample to enter the plastic region of deformation.:

SUMMARY OF THE INVENTION
Accordingly, one objective of the present invention is to
measure flexural wavenumbers.
Another objective of the present invention is to measure
’.flexural wavé‘propagation coefficients. |
A further objective of the present invention is to measure

Young’s modulus when the beam is undergoing transverse motion.



Yet another objective of the present invention is to measure
the boundary stiffnesé and dampening values when the beam is
vibrated transversely.

The foregoing objects are attained by the method and system
of the present invention. The present invention features a
method of determining structural properties of a flexural beam
mounted to a base. The method comprises securing a plurality of
accelerometers spaced approximately equidistant from each other
along a length of a beam. One accelerometer can be secured to
the base. An input is provided to the beam. Seven frequency
doméin transfer functions of displacement are measured from the
accelerometers secured to the beam. The flexural wavenumber is
estimated from the seven frequency domain transfer functions.

The seven frequency domain tfansfér functions of

displacement include the following equations:

T, = Ua(3%D) _ 4 cos(3a8) — Bsin(308) + C cosh(3a8) - D sink(3a6),
Vo(w)
L= M = Acos(2a8) - Bsin(2ad) + C cosh(2ad) — D sinh(2a6),
Vo(w) , ‘ :
T, = YaC®BO) _ 4 oo (a6) - Bsin(@d) + C cosh(ab) - D sinh(aid),
Vo(w) A ,
Y00 ¢
o(@)
T = LACKD) = A cos(ad) + B sin(ad) + C cosh(ad) + D sinh(ad),
Vo(w) ' ,
T, = %‘Z;)w)- = Acos(2a8) + Bsin(2a6) + C cosh(2a:d) + D sinh(2ad),
0
" and |
T, = % =A coS(3a6) + B sin(30:8) + Ccoéh(saa) +D sinh(3o'a6);'and
0 . .



The flexural wavenumber is determined using the folylowing

equations:
K 1 nw
— Arccos(s) + == even
26 ©+3s ne
Re(a) = where

1
%-Arccos(—s)+%{ n odd

5= Re@)P + Im@)1 - Y {Re(@)P + Im(@F § — BRe(O) - AIm(@) - 1}

and said imaginary part comprises:

Re() __ Im(p) }

Im(a) =~ 1o { -
=5 & cos[Re()5] sin[Re(x)d]

)

Using the flexural wavenumber and various equations
disclosed within the present invention, the complex valued
modulus of elasticity can be determined at each frequency, as
well-es the wave property coefficient, and the boundary
parameters.

Thus, this invention has the advantages that all
measurements can be calculated at e&ery frequency that a transfer
function measurement is made. They do not depend on system
resonance’s or curve fitting to transfer functions. The
calculation from transfer function measurement to ealculation of
all system parameters is exact, i.e., no errors are introduced
during this process. Furthermore, the measurements can be
calculated withoutradverse consequences to the tested beam.

BRIEF DESCRIPTION OF THE DRAWINGS
These and other features and advantages of the present

invention will be better understood in view of the following




description‘of the invention taken together with the drawings
wherein:

FIG. 1 is a schematic block diagram of a conventional
testing system including two springs and two dashpots attachgd to
a shaker table;

FIG. 2 is a schematic block diagram of a conventional
testing system including one spring and one dashpot attached to a
shaker table;

FIG. 3 is a schematic block diagram of a conventional
testing system including two springs and two<dashpo£s, one of -
which is attached to a shaker table;

FIG. 4 is a échematic block diagram of a conventional
testing system wherein the beam is attached directly to a shaker‘
table; A

FIG. 5A is a éraph of the magnitude of a typical transfer
function of a beam; | | |

FIG. 5B is a graph of the phase angle of a typical transfer
vfunction of a beam; |

FIG. 6 is a graph of the function s versus frequency;

FIG. 7A is a graph of the real part of a flexural wavenumber
versus frequency;

FIG. 7B is a graph of the imaginary part of a flexural
wavenumber vérsus frequency; |

FIGS. 8-11 are graphs of the wave propagation coefficients
versus frequency; '

FIG. 12 is a graph of the real and imaginary parts of the

Young'’s Modulus versus frequency;
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}
FIG. 13 is a graph of the boundary conditions of the system

shown in FIG. 1 versus frequency; and .
FIG. 14 is a graph of the boundary conditions of the system.

shown in FIG. 2 versus frequency.

DESCRIPTION OF THE PREFERRED EMBODIMENT

The method and systen, according to the present invention,
is used to develop and measure complex flexural wavenumbers and
the corresponding wave propagation coefficients of a beam
undergoing transverse motion. An inverse method has been
developed using seven transfer function measurements These
seven transfer function measurements are comblned to yleld closed
form values of flexural wavenumber and wave propagation

coeff1c1ents at any given test frequency. Finally, Young'’s

modulus, spring stiffnesses; dashpot damping values, and boundary
condition parameters, among other parameters, are calculated_from‘
the flexural wavenumber and wave propagation coefficients.
According to an exemplary test configuratiOn 10, FIG. 1, a
shaker table 12 initiates transverse motion 14 into a beam 16.
The beam 16 is connected to the shaker table 12 witn a spring 18
and dashpot 20 at each end 22. FIG. 1 represents a double _
translational spring and damper input configuration. Other test
configurations are also possible, including the shaker table 12
inputting energy into only one end 22 of the beam 16 with.the
other end terminated to ground 24 directly, as shown in FIG. 2,
or terminated to ground'24 with a spring 18 and dashpot 20, as
-shown in FIG. 3, or terminated to ground 24 and the shaker 12

directly, as shown in FIG. 4. FIG. 2 represents a single
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translational spring and damper input configuration with the
othervehd pinned. FiG. 3 represents a'single translational
spring énd damper input configuration with the other end having a
translational spring and damper. FIG. 4 represents a single pin
input configuration with the other end pinned. Thése approaches
are intended for use when a beam 16 is to undergo motion in the
.transverse diréction 14. This system typically arises in cars,
ships, aircraft, bridges, buildings and other common structures.

In any of the embodiments shown in FIGS. 1-4 sensors 26 such
as accelerators are positioned equélly along beam 22. As
discussed above, a minimum of seven such sensors 22 are required.
Optionally, a reference -sensor 28 can be joined to shaker table
12 to read the input motion 14. The input motion 14 can also be
read directly from the shaker table 12 gontfols. '

For simplicity, the present iﬁventioﬁ will be described as
it relates to the derivation of the linear equations of motion of
the system with a spring 18 and dashpot 20 boundary éondition at
each end 22, but this is for exemplary purposes only, and is not
intended to be a limitation.

The system model of the beam is the Bernoulli-Euler beam
equation written as
*u(x,t) *u(x,t) . '
where x is the diétance along the length of the beam in meters, t

'is time in seconds, u is the displacement of the beam in the

(transverse) y direction in meters, E is the unknown frequency-




dépéndent, complex Youhg's modulﬁs (Nﬁnz), I is the moment of
‘inertia’(nﬁ), p is the dénsity (kgﬁﬁ), and AbAis the cross-
sectional area of the beam (HF). Implicit in equation (1) is
the assumption that plane sections remain planar during bending
(or transverse motion) . Additionally, Young’s modulus, the.
moment of inertia, the density, and the cross sectional area are
constant across the entire length of the beam. The diéplacement

is modeled as a steady state response and is expressed as

u(et) = Ulx o)explior) , | @)

where ® is the frequency of excitation (rad/s), U(x,0) is the

temporal Fourier transform of the transverse displacement, and i
: is'the square root of -1. The temporal'solution to equation (1),
.derived using equation (2) and written in terms of trigonométric

functions, is

U(x,w) = A(w)cos[a(w)x] + B(w)sin[a(w)x] +

C(w)cosh[a(@)x] + D(w)sinh[f@)x] )
where A(®), B(®), C(w), and D(w) are wave propagation
coefficients and o(w)is the flexural wavenumber given by

, U4
W
a(w) = {—} . (4)
(Ellp4y)

For brevity, the ® dependence is omitted from the wave
propagation coefficients and the flexural wavenumbe; during the
remainder of the disclosure and a(0) is references as a. Note
that equations (3) and (4) are ihdependent of bouhdafy
cohditions, and the inverse model developed in the next section

does not need‘boundary condition specifications. Boundary
10




conditions are chpsen, however, to show that the boundary
parameters’can be estimated and to run a realistic ‘simulation.
One of the most typical test configurations is the beam
mounted to shock mounts on each end that are'attached'to a shaker
table that generates a vibrational input, as shown in FIG. 1.
Using thé middle of the beam as the coordinate system origin,

these boundary conditions are modeled as

FPu(-L12,1)

a3 _
»_EIQ_ES;J’_/L’Q:kl[u(—L/2,t)~v(t)]+c1[au( ;’2”)fa;§t)] , (6)
Pu(Ll2,t
—“f—a;z——l=0, | \ M
3u(L12,1) | (w2, v
—EIT =k2[u(L/2,t)—v(t)]+c2. Ey - 3t , (8)
where
v(t) = Vo(w)expliax) |, v . | (9)
which is the input into the syétem from the shaker table.
Inserting equation (3) into equation (5), (6), (7), (8), and

(9) yields the solution to the wave propagation coefficients.
Insertinig these back into equation (3) is the displacement of the
system, and is sometimes called the forward solution. The wave

coefficient A is

Ar | - | |
A==L - - 1
= | (10)

where

11




Ar =[(k +iawc)) - (k +iaré)](EIa3)cos[a-§] cosh( a—g)sinh( a-lz-'-) -

[(ky +icoc)) - (ké +iwc, )](Ela?’)sin[ a?l):-) coshz(a—;:) - ,

4(ky +iwcy)(ky +icc,) sin[ a-;i)cosh( a-z—) sint(a 5)

and
Ap = 2(EI3)? sin2( a%) coshz(aéJ -

Ak +icc)— (ky +iwcz)](EIa3)sin2(a££)cosh(a 5] sinh(ai“J -

2 2)
2(Ela3)? cosz(aé) sinhz(aé—’) -

Ak +iwe,)—(ky + iwcz)](EIa3)co{ aé’) sin[ aé) sinhz[ a%) +

2(k; +iaey) - (ky + iwcz)](EIag’)cosz(a-lE') cosh(a%‘)sinh(a-;-’) -

oAy +iwey) - (y + iwc2)](EIa3)cos( aiz“) sin( a—I?:-) coshz(a—éi) ~
8(k +iwcy)(ky + iqxz )cos( aé’) sin(a-zl-f) cosh( a-g:-) sinh(a—g)

The wave coefficient B is

gl
Bp

where
By =—[(ky +ioxy)+ (ky + iwcz)](EIaB)sin[a—zl-’ Jcosh( aéJsinh(o%J -

[k + itey) + (kg + ia)c2)](EIa3)005[ aé‘)sinhz( aé’)

and

12
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By =2(Elo3)? cosz( a%)sinh%aé—'] -

2A(ky +iwey) —(ky + iwey )IEI®) cosz(a—;-') cosh(a-g) sinh(a%] _

2(EI a3) 2 5in? ( a%] coshz(a-:-zlf) +

2

2A(ky +iwey) —(ky +iwcy)(El’) co{ a%) sin(a 12‘) coshz(aé) +
. . ) L L . L
2[(k +iwcy) —(ky +iwey )(Ela”)sin a—z- cos a—zf sinh a; +

2(k +iwey) —(ky +iwey (EIa®) co{ a%) sin( a%“)simﬁ( o %) o

8(ky +iwey)(ky +imcy) cos( a%) sir{ o é’) cosh(d é)sinh(aé)

The wave coefficient C is

c=
Ap

where

Cr = [(ky + ity ) — (ko + iabz)](EIa3)cész(a-§J sinl{aé’) -

[(k +iwc)) —(ky +iwey )](Ela3)cos( a—zli) sin(a -;-'] cosh(a-li) - .

2
4(k +iwey)(ky + iwcy)] Co{af)sin(af) sinh( a%)

The wave coefficient D is

where

Dr =k "fia’cl);'f (kp + icwcy )](EIa3)sin2( aé‘J cosh(aiz‘) - -

[(k; +iwxc)) + (ky +icwey )IEI o’ )cos( a%) siﬁ(a%’)sinh(aé—')

13
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These coefficients are used for the simulation below. If
the beam model corresponds to FIG. 2, 3, or 4, then the boundary
conditions given in equations (5) -(8) change slightly as do the
wave propagation coefficients.

Equation (3) has five unknowns and is nonlinear with respect
to the unknown flexural wavénumber.. It will be shown that using
seven independent, equally spaced measurements, that the five
‘unknowns can be estimated with closed form solﬁtions.
Furthermore, in the next section, it will be shown that the
components that comprise the beams mounting system can also be
estimated. Seven frequency domain transfer functions of
displacement are now measured. These consist of the measurement
at some location di&ided‘by a common measurement. Typically this
would be an accélerometer at a measurement location and an
accelerometer at the base of a shaker table. These seven
measurements are set equal fhe theoretical expression given in

equation (3) and are listed as

I 3= Ei‘f__g_)ﬁ’) = Acos(3ad) — Bsin(3ad) + Ccosh(3ad) — Dsinh(3ad) (20)
0! .

Ty= Ud‘}(—(—z,a)-’ﬂ) = Acos(2ad) — Bsin(2a6) + Ccosh(2ad) — Dsinh(Rad) (21)
0

_ U_l(—5, W)

Q= - = Acos(ad) — Bsin(ad) + Ccosh(ad) - Dsinh(aS ) (22)
Vo (@)

TO=M=A+C , o _ | (23)
Y (@) S

T = %){2 = Acos(ad) + Bsin(@6) + Ccosh(8) + Dsinh(a8) , (24)
. | ,

14



T, = 526, 0) = Acos(2a8) + Bsin(2ad) + Ccosh(2ad) + Dsinh(2ad) (25)

W (@)
and
L= y%;ﬂ = Acos(3ad) + Bsin(3ad) + C cosh(3a8) + Dsinh(3ad) , (26)
0

where 8 is the sensor to sensor separation distance (m) and Vy(w)
>is the reference measurement. Note that the units of the
transfer functions given in equations (20) -(26) are
dimensionless. |

Equation (22) is now sﬁbtracted from equation (24), equation
(21) is. subtracted from equation (25) , and equation (20) is

subtracted from equation (26), yielding the following three

équations:
. . _L-T, - B
Bsin(ad)+ Dsinh(ad) = > , . : (27)
. : _BL-T, '
Bsin(2ad) + Dsinh(2a:6) = 5 , and . (28)
. . T,-T; S
Bsin(3a6) + Dsinh(30d) = . (29)

2 .

Equations (27), (28), and (29) are now combined to give

cosh(ad) cos(ad) —l: L-T,

L-T,+T-T, —
2(71_zl):l[cosh(a5)+cos(a5)]+l:. } 0 .(30)

Equation (22) is now added to equation (24) and equation (21) is

added to equation (25), yielding the following two equations:

Acos(ad) + Ccosh(oa‘)‘)=z11+TT—-*L . ' - (31)

and

15




- Acos(2ad) + Ccosh(20:6) = I%T”Z . | : (32 ‘)‘

Equations (23), (31), and (32) afe now combined to yield the

following equation:

cosh(ad) cos(ad) — [];2;7):2 J[cosh(aé') +cos(ad) ]+ I:

0

———75+T-2+27"’i|=0 (33)

4T%)

Equation (30) and (33) are now combined, and the result is a
binomial expression with respect to the cosine function, and is

written as

acos>(a8)+bcos(@d) +¢c=0 . (34)
where

a=4TE 4T3 + 4T, Ty - 4T, T,  (35)

b=2T T - 2T T, + 2T Ty -2 + 2T_ T, - 2T + 2Ty T3 —2T.5Ty , (36)
and :

=T ~TE + T —T% + T3T T B + T3, — [T + 2TyT, — 2T 5Ty . (37)
"Equation (34) is now solved using

—b+4b2 _ 4 ' 4 ‘
cos(ad) = bt ;a 4ac___¢ , (38)

where ¢ is typically a complex number. Equation (38) is tWo
solutions to equation (34). One, however, will have an absolute
- value less than one and that is the root thaf: is further
manipuléted. The'iﬁVersion of equatiori_ (38) allows the complex

flexural Wavenumber a to be solved as a function of ¢ at every

16



frequency in which a measurement is made. The solution to the

real part of o is

1 n
— Arccos(s) + nr n even

28 26 ' : v
Re(a) = , ‘ (39)
-21_6 Arccos(-s)+ %:—;— n odd

where

5 = Re(@ + (@ - y fRe(@F + [im(@)F ¥ - piReto? - 2mm(@? -1} , (40)

n is a non-negative integer and the capital A denotes the
principal value of the inverse cosine function. The value of n
is determined from the function s, which is a periodically
varying cosine function with respect to frequency. At zero
frequency, n is 0. Everyvtime é cycles through 7 radians (180
degrees),'n is increased by 1. When the solution to the real
part of o is found, the solution to the imaginary part of o is

then written as

1 , Rel I ‘
Im(a):—loge{ @ ___ Im(@) } (41)
. o cos[Re(a)0] sin[Re(x)d]

Once the real and imaginary parts of wavenumber o are known, the
complex valued modulus of elasticity can be determined at each
frequency with

PAp wz‘
I[Re(@)+ilm(e)

E(w) = Re[E(®)] +iIm[E(®w)]= (42)

assuming that the density, area, and moment of inertia of the

beam are known. Equations (20) - (42) producé an”estimate

17



Young's modulus at every frequency in which a measurement is
conducted.

Additionally, combining equations (27) and (28) yields

_ 2T —T_;)cosh(a®) = (B, - T.5)

43
4sin(ad)[cosh(ad) - cos(ad )] (43)
and
— (T2 —T_z)—Z_(TI—T_l)COS(Ot(S) (44)
4sinh(ad)[cosh(ad) — cos(ctd)]
Combining equations (23) and (31) yields
_ 2Ty cosh(ad)— (T; + T_;) (45)
2fcosh(0d) - cos(ad)]
and
=(H+T_1)—276cos(a5) (46)
2[cosh(ad) — cos(ad)] '
Equations (43) - (46) are the estimates of the complex wave

propag'ation coefficients. These are normally considered less
important than the estimate of the flexural wavenumber. It will
be shown, however, that these coefficients cén' be used to

_ estimate the boundary condition parameters of the beam.

Inserting equations (2) , (3), (4), and (9) into equation (6)
and solving for the boundary parameters at x = -L/2 yields
L L L
(Bl ){Asir{ a—) + Bcos( a-—) + Csinh( aé) —Dcosh(a—)J
_ - 2 2 2 2.
ki =Re 7 I 3 2 - (47)
‘ ‘.Acos(a-—)—Bsin(a—)+Ccosh(a—) —Dsinh(a—J—IJ
' 2 2 2 2

and

18




) , L ) L
, (EIaS)[Asin[aé) + Bcos(a-éj + Csinh( a—) - Dc‘osh(a—)J
o = 1 Imi — 2 2 2 2
1= .
o [A cos( a—g) -B sin( a%) + Ccosh( aé’-) - Dsinl\( a—;—”] - lJ

Similarly, inserting equations (2), (3), (4), and (9) into

(48)

equation ('8) and solving for the boundary parameters at x = L/2

L L L L
(—E1a3)[Asin(a E) - Bcos(ag) + Csint( a-z—) + Dcosh(a;)J
kp =Re1— LY .. [ L AT A
Acos| a— |+ Bsin| a— |+ Ccosh| = |+ Dsinh| a— | -1
' 2 2 2 2

and

yvields

(49).

(—EIa3)[A sir( ai‘) - Bcos( ai“] + Csinl'( a 5) + Dcosh(a£) J
c =lIm ? 2 2 2 : 2 (50)
2" w L (L L . L '
) Aco az + Bsi az + Ccosh a—z- + Dsin a; -1 o

Thus, once the flexural wavenumber and wave coefficients are

estimated, the properties of the springs and dashpots at the
boundaries can be calculated.
Numerical simulations conducted to determine the

effectivenesé of this method use the followihg parameters to

- define a baseline problem: Re(E) = (3-1010+107f) N/m2, Im(E) =
(3-10° +10°f) N/m?, p = 5000 kg/m®, 4,=002m?, I=667x10°m*, z = 3
.m, 8 = 0.5 m, k =50000N/m, ¢ =4000N-s/m, k2=60000ﬁ/m, and

¢2=5000 N-s/m where f is frequency in Hz. FIG. 5A and 5B
represent  a typical transfer function of the beam displacement

measured at x = 0 m, which is the middle of the beam, divided by
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base displacement. The top plot, FIG. 5A, is the'mégnitude
versusAfrequency and the bottom blot, FIG. 5B, is the phase»angle
versus frequency. This figure was constructed by inserting the
above parameters into eQuétions (3), (4), (10), (11), (12), (13),
(14), (15), (16), (17), (18), and (19) and calculating the
solution (a forward model).

- FIG. 6 graphs the function s versus freQuency. It was
calculated by inserting the left-hand side of equations (20) -
(26) into equations (34) - (40) and represents the first step of
the inverse method calculations. FIG. 7A and 7B represent the
flexural wavenumber versus freqﬁency. The top plot, FIG. 7A, is
the real part and the bottom plot, FIG. 7B, is the imaginary
part. The’values‘created using equation (4) (the forward |
solution) are shown as solid lines and the values calculated (or
estimated) using equations (34) - (41) (the inverse solution) are
shown with x’s aﬁd o's. Notg that there is total agreement among
the forward and inverse solﬁtions. FIGS. 8 - 11 -are the wave
propagatidn coefficients A, B, C, and D'versué frequéncy,
respectively. The top plots are the magnitudés and the bottom
plots are the phase angles. The values created using equatiOn_
(10) - (19) (the forward SOIution) are shown as solid lines ahd-
the values calculated using equations (43) - (46) (the inverse
solution) are shown with x‘s and o’s. FIG. 12A and FIG.>12B
g:aph the real and imaginary parts of Young'’s modulus versﬂs‘
freqﬁency. The actual values are shown as solid lines and the

values calcﬁlated'using equation (42) are shown with x’s and o’s.
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FIG 13 is the bbundary condition pafameters of mount one versus
frequency. The top plot ié the stiffness and the bottom plot is
the damping. The actual values are shown as solid lines énd the
values calculated using equations (47) and (48) are shown with
x’s and o’s. FIG. 14 is the boﬁndary conditioh parameters of
moﬁnt two versus frequency. The top plot, FIG. 14A, is the
stiffness and the bottom plot, FIG. 14B, is the_damping. The
actual values are shown as solid lines and the values calculated
using_equétions (49) and (50) are shown with x’'s and o’s.

In light of the above, it is therefore understood that
within the scope of the appended claims, the invention may be

'_practiced otherwise than as specifically described.
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What is claimed is:

1. A method of determining structural properties of a flexural

beam comprising the steps of:

‘securing a plurality of accelerometers spaced approximately
equidistant from each other along a length of said

beam;
providing a vibrational input' to said beam;

measuring seven frequency domain transfer functions of

displacement; and

estimating a flexural wavenumber from said seven frequency

domain transfer functions.

2. The method of claim 1 wherein said seven frequency domain

‘transfer functions comprise:

= U,(3.0) - A cos(308) — Bsin(308) + Ccosh(30:8) — Dsinh(30) ,
V(@)

_U,(23,w) . .
T_,=—=———=Acos(208) — Bsin(208) + C cosh(20§) - Dsinh(2a8) ,
VQ (@)
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_ U., (-3, 0)

T.,= V. =A cos.(oc5) —.B sin(0d) + Ccosh(0d) - Dsinh(ocS) ,

=——-—-U0(0,m) =A+C ’

To V.@

T,= M = A cos(0d) + Bsin(ad) + Ccosh(od) + Dsinh(ad) ,
-V, @

20,
L= %a;o—) = A cos(20d) + Bsin(208) + Ccosh(2ad) + D sinh(20c§) , and
0 _ _

T. =’M = A cos(3ad) + Bsin(308) + Ccosh(3ad) + Dsinh(3ad) .
Vo (w) I .

3. The method of claim 2 further comprising the step of

securing at least one accelerometer to said base.

)

4. The method of claim 2 further comprising securing said beam
to a shaker table using a spring and a dashpot disposed at both a

first and a second end of said beam;

5. ‘I‘he.vmethod of claim 4 further comprising the step of

securing at least one accelerometer to said base.

6. The method of claim 2 further comprising:
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securing a first end of said beam to a shaker table using a

spring and a dashpot; and

securing a second end of said beam to a fixed object by a

pinned connection.

7. The method of claim 6 further comprising the step of

securing at least one accelerometer to said base.
8. The method of claim 2 further comprising the steps of:

securing a first end of said beam to a shaker tablebusing a

spring and a dashpot; and

securing a second end of said beam to a fixed object using a

spring and a dashpot.

9. The method of claim 8 further comprising the step of

securing at least one accelerometer to said base.
10. The method of claim 2 further comprising the steps of:

securing a first end of said beam directly to a shaker

‘table; and
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securing a second end of said beam to a fixed object by a

pinned connection.

11. The method of claim 10 further comprising the step of

securing at least one accelerometer to said base.

12. The method of claim 1 further comprising the step of
determining a complex valued modulus of elasticity at each

frequency using said flexural wavenumber.

13. The method of claim'l further comprising the step of
determining wave property coefficient using said flexural

wavenumber .
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Attorney Docket No. 83123

AN INVERSE METHOD TO ESTIMATE THE PROPERTIES OF A .

FLEXURAL BEAM AND THE CORRESPONDING BOUNDARY PARAMETERS

ABSTRACT OF THE DISCLOSURE
A system and method is used fér estimating the properties of
a flexural beam. The beam is shaken transverse to its
longitudinal axis. Seven frequency domain transfer functions of
displacement are measured at spacéd apart locations along the
beam. The seven transfer functions are combined to yield closed
form values of the flexural wavenumber in propagation

coefficients at any test frequency.
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