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NAVY CASE.: 82482

SIMILARITY TRANSFORMATION METHOD FOR DATA
PROCESSING AND VISUALIZATION

FIELD OF THE INVENTION

The present invention relates to data processing and visualization. More

particularly, it relates to a similarity transformation method of representing
physical or computer generated data or functions on a discrete grid of one or
more independent coordinates for use in a variety of computer applications. In
this regard, this method extracts generic shape information on functions of one
or more variables, and provides the means to manipulate a function describing a
physical system while maintaining the generic shape of the function for a variety
of computer applications, such as, for example, function: fitting, inversion of
data, graphical display and data visualization, pattern recognition, and data

synthesis.

BACKGROUND AND SUMMARY OF THE INVENTION

Applicat’ionsb that extract generic shape information involve the
construction of a parametric representation of the data or object of interest, and
then manipulating the values of the parameters to cover the range of states that

may be realized by the physical or graphical system of interest.
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For example, upper atmospheric remote sensing techniques often measure
geophysical properties indirectly, requiring that the underlying variable of
interest (e.g., species density) be inferred from the data through comparison with
a forward model of measurement process. In discrete inverse theory (DIT), the
forward model includes a parametric representation of ‘the variable to be

retrieved. The data then provides a basis for computing optimal values of the

model parameters.

Consider the remote measurement of altitude profiles of upper
atmospheric properties (e.g., species densities or temperatures). Measurement
techniques include computerized ionospheric tomography and remote sensing of
thermospheric and ionospheric composition using ultraviolet limb-scanning or -
limb-imaging. In the inversion process, one may parameterize the species
alﬁtude profile by one of various means, which include: (1) using an analytic
function th;dt is perceived to approximate the “true” function; (2) by identifying
model paramet;rs with species concentration values on a discrete vertical grid;
and (3) through an expansion in a set of basis functions (i.e., splines or empirical

orthogonal functions), which are often truncated to increase computational

speed.
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In order to manipulate a function governing a physical system, while
maintaining generic shape of a function, for achieving function fitting, inversion
of data, or pattern recognition, construction of a parametric “forward model” of
the measurement process may be needed to compute the optimal values of the
parameters by systematic comparison of the forward model values with the
measured data. The similarity transformation method of the present invention

works well with standard algorithms for computing optimal values.

The task of achieving function fitting, inversion of data, and pattern
recognition requires the selected parametric representation to be robust in order
to access the range of values that a physical system can occupy. The parametric
representation must also be constrained to prevent unrealistic or nonphysical
states/values to be accessed through manipulation of the ‘parameters. For
example, if one uses an oveﬂy robust function to attempt a smoothing of noisy

data, the function may “fit the noise” rather than the smooth representation

desired.

The analytic function approach, as described above, sufficiently
constraint the forward model to prevent undue influence by noise. The analytic

function approach often requires a minimal number of model parameters to be
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evaluated. This approach, however, lacks the robustness to capture faithfully all

of the possible states of the system or object of interest.

The second and third approaches, as noted above, identify model
parameters with species concentration values on a discrete vertical grid, or with
coefficients of an expansion in a set of basis functions, respectively, require the
evaluation of more model parameters. Further, some form of regularization or a
priori information 1is mnecessary to ensure smoothness of the retrieved
representation in the presence of noise, in order to prevent the models from
becoming sufficiently flexible to “fit the noise”, or to become computationally
unstable. Thus, there is a need for a method to overcome the problems as

identified above.

Accordingly, the present invention proposes a method to overcome the
above identified problems. The present invention embeds detailed information
on tﬁe shape of a physical function in a discrete (grid-based) repfesentation. The
present method includes advantages of the analytic funcj:ion approach vwithout
the drawback of having to identify or concoct an analytic representation that is
both physically faithful and robust. Detailed shape information may be obtained
from past discrete data on the system or function of interest, fields of discrete
function values derived from detailed simulations or from analytic theory. The

similarity transform method of the present invention enables the determination
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of universality of function shapes in various models or data sets as functions of
environmental _conditions, location, time, etc. For example, given a species
number density profile that is known or assumed to be typical, the similarity
transformation method of the present invention produces a parametric function
that ranges over the infinite set of profiles having the same geﬁeric shape
* properties (ordering of local extrema, inflection, points, etc.). This explicit shape
constraint ensures smoothness in fitting noisy data by the parameterized

function.

The present method provides a framework for extracting generic profile
shape information, in the form of a non-dimensional shape function, from
observations, physics-bas'ed numerical simulations, or analytic theory. In this
way, the present method facilitates analysis of general characteristics of species
concentration variations with coordinates and with other indexing parameters.
For DIT retrievals of species concentration profiles from atmospheric
observations, the similarity transform-based forward model embeds the generic
(“basis”) shapé information directly into a parametric representaﬁon of each
species profile. The representation may also be used to cover the extraction of
non-dimensional shape functions from discrete data or simulations, the basic

forward model representation, and generalizations of the basic approach.
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In another embodiment, the method of the present invention may be used
to represent multivariate functions, as well as single variable functions. For
multivariate functions, the method involves division of the basis shape function
into contiguous hyper-subsurfaces by partitioning the basis shape function
domain into contiguous subsets. Likewise, the forward mode] doﬁ;ain is also
partitioned and mapped with the basis function subsurfaces for cérresponding

subsets of the forward model domain.

In one aspect, a mgthod of providing parameterized representation of
geophysical functions for use in retrieving the geophysical functions from
remote sensing data, comprising: obtaining atmospheric measurements;
extracting generic profile shape information from the measurements; embedding
the profile shape information in a parametric discrete grid-based profile
representation model (forward model); and retrieving species concentration
profiles from the forward model. The data is preferably obtained by remote
sensing systems. The data may also be obtained by qumeﬁcal simulations. The
profile shape iriformation is preferably extracted at every latitude-longitude grid
point for maintaining an approximate universality of species profile shape under
specific geophysical conditions. The shape information is extracted using
Discrete Inverse Theory (DIT). The forward model provides a parameterized

representation of a signal without statistical noise (true signal). The values of
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the forward model are manipulated to fit said forward model to said true signal.
The method of providing parameterized representation, as above, is performed
to accomplish at least one of function fitting, inversion of data, graphical display

and data visualization, pattern recognition, or data synthesis functions.

In another aspect, method for extracting generic shape information on
functions having one or more variables, comprising: measuring atmospheric data
by remote sensing; defining dimensionless similarity variable and dimensionless
shape function; extracting discrete values of the shape function; performing
function manipulation and retrieval from the extracted discrete values; selecting
a basis ﬁlnc;tion; defining a forward model N for a ground truth function, the
forward model representing an exact profile of the property of interest that’
underlies the data; performing fitting process on the forward model _While |
maintaining underlying shape function constant; ensuring that the forward.
model function is simﬂar in shape to the basis function; iterating the step of
performing' the fitting process if the forward model function is dissimilar in

shape to the basis function; and mapping the basis function profile to the

forward model.

In yet another aspect, a similarity transform method of providing

parameterized representation of geophysical functions for use in retrieving the
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geophysical functions from remote sensing data, comprising: obtaining function
samples; extracting generic profile shape information from the samples;
embedding the profile shape information in a parametric discrete grid-based
profile representation model (forward model); fitting the forward model to the
samples to obtain fitted forward model; and retrieving species concentration

profiles from the fitted forward model to retrieve geophysical functions.

Still other objects and advantages of the present invention will become
apparent to those skilled in the art from the following detailed description,
wherein énly the preferred embodiment of the invention is shown and deécribed,
simply by way of illustration of the best mode contemplated of carrying out the
invention. As will be realized, the invention is capable of different
embodiments, and its several details are capable of modifications n various
obvious respects, all without departing from the invenﬁoﬁ. Accordingly, the

drawings and description are to be regarded as illustrative in nature, and not as

restrictive.

BRIEF DESCRIPTION OF THE DRAWINGS
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A more complete understanding of the present invention may be had by
reference to the following Detailed Description when taken in conjunction with
the accompanying drawings wherein:

FIG. 1 shows a system for obtaining samples of functions and processing
the obtained samples to obtain optimal parameter values in accordance with the
present invention; |

FIG. la illustrates an exemplary profile of the atomic oxygen number
density [0](z) as generated from the MSISE-90 empirical model, where g(n) is
computed from [O](z), where z is the altitude;

FIG. 1b illustrates a profile of similarity variable, n(z), as a function of

altitude;

FIG. 1c illustrates a profile of a shape function, g[n(z)] versus [0](2);

FIG. 1d illustrates a profile of the shape function g[n(z)] versus n;

FIG’S 2a-2c show non-linear least squares fits of similarity transform-
based model profiles té respective exact species density profiles, the triangles
illustrating ‘;he profiles used to initiélize the fitting calculations;

FIG’S 2h—2f show the ratios of the fitted profiles to the corresponding
exact profiles as shown in Figures 2a-2c, respectively;

FIG’S 3a-3c show fits of a state-of-the-art MSIS-based forward model to

MSISE-90 altitude profiles of N, O,, and [O], respectively;
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FIG’S 3d-3f show the ratios for the corresponding profiles of Figures 3a-
3c, respectively;

FIG’S 4a-4c show the mapping of one segment of the basis shape
function onto the corresponding semiopen subinterval within the overall domain
of the forward model;

FIG’S 5a-5¢ show fits (for L=2) of forward model to MSISE-90 altitude
profiles of N3, Oy, [O], respectively;

FIG’S 5d-5f show the ratios for the corresponding profiles of Figures 5a-
5c, respectively;

FIG. 6 shows a detailed flow chart for similarity transform method that
provides parametric representation of geophysical functions for use in retrieving
such functions from remote sensing observations;

FIG. 7 shows an overall flow chart for similarity transform method as in |
Figure 6;

FIG. 8 shows details of fitting process to obtain optimal model parameter

values as shown in Figures 6 and 7.

{
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DETAILED DESCRIPTION OF THE INVENTION

In the drawings, like or similar elements are designated with 1dentical
reference numerals throughout the drawings, and the various elements depicted

are not necessarily drawn to scale.

Figure 1 shows a systerri for obtaining samples of functions and
processing the obtained samples to obtain optimal parameter values in
accordance with the present invention. Here, a satellite system 10 may be used
to scan earth’s atmosphere in order to measure and obtain samples of a variety
of functions. For example, profiles of the atomic oxygen may be obtained as a
function of altitude. The measures spectrum may then be transmitted to earth via
a wireless communication network. Any known communication protocols may
be used in order to communicate the measured information from satellite 10 to a
ground based processor system 12. The ground-based processor system 12 may
be a computer system having logic to process the information, received from the
satellite 10, to‘determine optimal similarity transform parameters and to retrieve
optimal parameter profiles. Model parameter values computed by the processor
system 12 may be stpred in a database system 14 which may be local or remote

to the processor system 12.

11
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Section 1

With respect to Figure 6, consider a function N(z), describing the
variation of an atmospheric property, such as, for example, speciesﬁ density or its
logarithm) with altitude z, over a domain [Zo, Za]. Assume that a physical system
or function has a true or noiseiess values {N(z); i =0, 1, ..., M} on a
monotonically increasing discrete grid {z;; 1=0, 1, ..., M}, so that zj<z;<...<zy.

Define a dimensionless similarity variable as shown in Equation 1:

"q(z)s Z7%0 (1)

Zy —Zo

Now, define a dimensionless shape function as shown in Equation 2

gn(z))= _II\Q_L(L—Z,I)_:_II:TIOQ e )

where Np = N(zq) and Ny = N(zy) and Ny # Nyr. Notice that ) varies from 0 to
1, linearly with z, and that g(0) = 0 and g(1) = 1. Equations (1) and (2) then
allow us to express the function N(z) in terms of the similarity variable and

shape function:

N(z, m) = No + g0(@) N = NoJevenienieeomnenmineeees (2.1)

12
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where the model parameter vector m = [Zg, Zum, Np, Ny] is included to

point out the dependence of N, 1, and g on the parameters Zo, Z, Ny, and Ny,

From the discrete function, Equations (1) and (2) may be used to extract
the discrete values of the shape function g; = g(n;) = g(n(z))- Figure 1(a) shows
an example derived from a Mass Spectrometer Incoherent Scattered Empirical
(MSISE-90) calculation of the atomic oxygen number density, [0](z), covering
several decades. In this example, N(z) is log [O](z), where “log” denotes the
natural logarithm. In Figures 1(b) and 1(d), both 1 and g vary from 0 to 1 as “z”
varies from }the lowest to the highest grid points defining the altitude profile.
Figure 1(c) further reveals a linear relationship between the shape function and
the corresponding logarithmic density profile, the profile being consistent with
Equation (2). The shape function therefore captures the manner in which the |
atmospheric property varies over its domain, independent of the actual range of

physical values or the size of the domain.

The noxi—dimensionalization in Equations (1) and (2) places all funétions
describing a given system in the domain [z, zp] on a more equal footing and,
for example, permits a direct cotﬁpaﬁson of profiles of a given atmospheric
property under different conditions or at different locations. To obtain values of

the function or system property at a particular value of z, where z¢ {z} but

13
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7o Z 7y, One must interpolate.

Section 2

The terminology of Discrete Inverse Theory (DIT) is adopted for the
discussion herein. By convention, the subscripts “b”, A“d”, and “f” signify the
“hasis function”, “the ground truth function underlying the data”, and the
“forward model”, respectively. First, select a basis function, with a shape
function g, that is expected to provide an acceptable representation of, or fit to,
the shape function gq of the ground truth functioﬁ Ny that underlies the data.
Using the shape extraction method as in Section 1, studies of numerical
simulations, of direct observations or of analytic models, would provide
information on the specific basis shape function(s) that would be appropriate, or
a user can assume that a specific sample function is adequate, and then test the

assertion by application to actual data or numerical simulations.

In ﬁractical situations, the basis function comprises of discrete Val'lies
Ny(z,), defined at M'+1 points Zy {1 =0, 1, ..., M’}. Equations (1) and (2)
may then be used to provide the basis shape ﬁnction values {gy(Mv(zvi)), Where
Mo(Zso) = 0 and Mp(zom) = 1. Obtaining values gy(Mp(2)) for zg Zy, with zyo <z%
Zyw Tequires interpolation within the set Z.. For example, quadratic and spline

interpolation may be used. On the other hand, extrapolation outside of the basis

14
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function domain is arbitrary, and therefore may not be optimal. The use of
constraints on forward model parameters, such as, for example, (zg and z)

during inversion calculations may prevent extrapolation.

Given the basis shape function, Equatibns (1) and (2) may also be used to
define a forward model N; for Ny(z4), the ground truth function of the system
property of interest which underlies the data. In order to fit direct observations
of N(z), the forward model is evaluated at the data grid points {z4; 1= 1,2, ...,
M}. For indirect observations, a user may select points at which the forward
model is to be evaiuated. The model parameter vector, to be evaluated from the
data Ey DIT,ism [zm, zfr,‘ N, N¢r], where “B” and “T” deﬁote “bottom” and
“top”, so that zm <zZa < Zav < Z, NeB Ndzm), and Nt Ng(zZer). The forward

model similarity variable corresponding to the point, Zg;, is shown in Equation

(3):

and the forward model value for the retrieved property at that Jocation is

15
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N¢(zg;) = Np + g5 (05 (24 ))[Ner ~Ng] (4)

Defining geij = g2dNdZai)) and gy(i) = gy(nd(za)), where the square
brackets distinguish the data point index from the subscripts “f* and “b” and
from the basis grid indices, one may complete the forward model by identifying
the vector of shape function values g¢ = [gq1], 812)> -+ Bffil> -+ gqm)] with the

corresponding values of the basis shape function g, = [go(1], Bo(2]s -+ Eblils -ves

gormyls 1€
L 4 S R RRARE LR ER RE LR LR LR (5)

This ensures that all forward model functions will be similar in shape to
the basis function. During the fitting process, (ndzs) may change from iteration
to iteration for each “i”, so that the vector gr may also change. On the other .
| hand, the underlying shape function ge{n) = gg{n) does not change. It should be
noted that in the terminology for generalization of the present method for
functions of a‘single variable, Equations (3) — (5) define an “L= 1" forward
model, where L is the number of contiguous segments of “g” that are being

mapped to the data or to an exact profile.

Equations (3) and (4) show that manipulation of “m” permits to shift the

basis function to higher or lower values of Ny and to stretch or compress the

16
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Basis function to ground truth function Ny(zg). It should be noted that
compression may degrade accuracy by forcing the fitting code to extrapolate the
basis shape function beyond the domain on which gy is defined, i.e., to 1¢ outside
the interval [0,1]. T he transformation represented by varying “m” is generally
referred to as “similarity transformation”, since the transformation maintains the

non-dimensional shape characteristics embedded in gp(n).

Consider the following example to demonstrate the retrieval process and
to permit potential users to test the method of the present invention. The
simulated data comprises of MSISE-90 profiles of neutral species number
densities ([N2]a, [Ola, [O2]a), evaluated at altitudes zg; in the interval [120, 450]
km. The specific thermospheric conditions correspond to latitude 67.5° and
longitude 220° during a major geomagnetic storm: year 1982, day 195, local
time 0900 hr, Ap 153, Fo7 =260, and 81-day average (F10.7) = 168. Note that 3-
hr ap inputs were used in MSISE-90 and that the Ap value is given only for
perspective on this pathologically active day. Fitting the natural logarithm of the
data, {Nu(za) log([xJa(za)); s = 1, 2, 3; x=Np, %= O, x3= 03 1= 1,2, ., M},
provided the best results. For this exemplary illustration, the synthetic data does
not include noise. Consequently, the covariance of the data, [cov d], was set to
the identity matrix, so that +* is the sum over species of the squared residualé at
the data grid points (unweighted nonlinear least squares fit). Because the shape
function g.(n) does not vary from iteration to iteration, convergence has always

occurred using the present method.

17
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Basis and forward model shape functions

In order to calculate the basis profile, considering similar thermospheric
conditions, but specifying latitude and longitude to be —2.5° and 140°
respectively. Select a basis grid with zy; in the interval [zyo, Zov] = [102, 923]
km, where the number of points is M’+1 = 26. Figure 1 shows the basis values
for atomic oxygen under these conditions. Given the log values of the basis
density for each species “s” at the basis grid points, i.e., {Ng(z) = log
([xslo(ze)); s=1,2,3,;5=0, 1, ..., M’}, use Equations (1) and (2) to generate

separate shape functions {gs(Mo(Zs)); S, J ranging} for the species.

Then, at each iteration of the fitting process, for each species, and at each
“aata” grid point zg;, evaluate the similarity variable ngr (zg;) using Equation (3),
and then interpolate the species basis shape function values to the data grid zg
values g = g, as in Equation (5). Equation (4) may be used to compute |

separate forward model values for each species on the “data” grid {z4}.
Initialization of the Model Parameter Vector

The moglel parameter vector is m = [za(No), zx(N2), z@(02), zr(O2),
25(0), zer(0), log [Ny, log [Noler, log [Ozlm, log [O2lir, 10g [Olm, log [O]erl-
Denote initial model parameter values by superscript “0” and choose the
component values of m° to be identical with the basis values, i. €., szO(Nz) = Zp0
, Zfro(Nz) = 7z, etc. For every species Xs, this ensures thgt szO(xs) < z4; and

Z7(Xs) > Zay and that Nst(za)) € [0,1] for every data grid point zg;. Thus the data

18
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grid falls entirely within the forward model altitude domain, a situation which
should be maintained during the fitting or inversion process. Failure to do so for
a given species x; would result in up to two non-null subsequences, oy, and oy,
of the data grid indices, such that the corresponding subset of T -coordinate

values would be outside of the unit interval, i.e., {ngzq); 1 € o W ay } & [0,1],
causing extrapolation of the shape function. On these subsets, the information

embedded in g, would not be entirely useful, and the overall inversion results

would be unpredictable.

Section 3

In this section, a piecewise fitting of the basis shape function is adopted
for contiguous subsets of the data vector or of an exact proﬁ‘le, thus permitting
the definition of separate, but connected, forward models for the contiguous
subsets, with each forward model stretching or shifting a portion of the basis
shape function in order to achieve an optimal fit to the respective subset. Figure
4(b) shows the mapping of one segment of the basis shape function, excluding
the endpoint a’é Ty, Onto the semiopen subinterval [z, z,) within the overall
domain [zg, zr] of the forward model. The adjacent segments of the shape
function, shown by dashed lines, similarly map onto corresponding (dashed

lines) subintervals of the forward model domain. The fitting calculation

determines the optimal locations of the subinterval boundary points.
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In a third embodiment, the basis function g, may be split into an ordered
set of L elements, comprising of contiguous sections that may be held “fixed”
during the fitting process. This approach involves partitioning the domain of g
(i.e., Ny € [0, 1]) into an ordered set of L contiguous subintervals. Likewise, the
forward model is partitioned into altitude interval [z, zer] ( or equivalently,
partition the 7 interval [0, 1]) into the same number of (L) subintervals, whose
boundary locations {na} and function values {N(nsa)} serve as additional model
parameters to be optimized by the fitting process. For daté points falling in a
given subinterval of the forward model domain, apply the méthod as in Section
1, using the corresponding segment of gb to define the forward model, while
noting that g, =g;, as in Equations (3) and (4). This requires remapping of g,
and 1 in each of the respective subintervals to the unit interval [0, 1]. Figure
4(c) depicts the remapped segment of g,, denoted v, as a function of the
remapped similarity variable {. Further elaboration. of the above techniques are
found in Ap' pendix I attached hereto and the contents of which are incorporated
herein by refer;nce, as disclosing an article by Picone et al. entitled Similarity
Transformations for Fitting of Geophysical Properties: Application to Altitude

Profiles of Upper Atmospheric Species.
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In a fourth embodiment, partition the basis function domain and the
forward model domain into ordered sets of L contiguous subintervals, remap the
subinterval g and 7 functions, as in the third embodiment. However, the
boundary locations of the forward model domain subintervals are held fixed
while treating the basis segment endpoint locations My as model parameters to
be varied. The values of the forward model {N(nm} remain as model

parameters.

In a fifth embodiment, the approach of third and fourth embodiments may
be combined by treating both the segment endpoint locations Ty of the basis
function domain and the corresponding segment endpoint locations s of the

forward model domain as model parameters, along with {N(naJ}.

In yet another embodiment, the method of the present in\'fe'ntion is
extended to represent multivariate functions. Assuming that a physical system or
function haé a true or noiseless values {N(x;, ¥;, z); 1= 0, 1, ..., [; j=0,1, .5
k=0,1,...K} ona monotonically increasing discrete grid so that

Xo<X1<...<Xp  Yo<y1<...<yn  Z0<Z1<...<ZK. Define a dimensionless

similarity variable as shown in Equation 6:
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and a dimensionless shape function as shown in Equation 7

R

where No= N(xo, ¥o, ..., zo) and Ny, x = N(xy, vy, Zg).

A multivariate forward model is then created. Given the basis shape
function, in order to fit direct observations of N(z), the forward model is
evaluated at the data grid points {R4(i, j, ---k) = (Xai> Yai» , Za);1=1,2, ..., I
i=1,2,..,Js k=12, .., Kg; ranging}. For indirect observations, a user |
selects points at which the forward model is to be evaluated. The model
parameter vector, to be evaluated from the data by DIT, is m  [Xgm, X1, V1B, YIT>

ey ZgB, ZtTs Nip, Ner], where “B” and “T” denote “bottom and “top”, so that
Zms <Zd1 <za <zsr, N = Ne(zm), and Nir = Ne(zs)The forward modvel

similarity variable corresponding to the point R4, j, ...k) are given by the

following equation:
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g (xg )=

sy

S9ZIB ). 24720
Xfr —¥m Yo —Ym

and the forward model value for the retrieved property at that location is given

by the following equation:

Ne(Ryg)=2Ngp+ gr{na beai ‘lfy(Vni l--»)[Nfr -Njp)

Defining gqq = 2Ma(Xa)s Ney(Vap)s---) and gora) = o(Nex(Xai)s Ne(Ygp)>---) wheré d
=(i,], ...,k) is an n-tuple of integers labeling a vector of indices and runs from 1
to D = (Ig, Ja, ..., Kq). The square brackets distinguish the data point index from
the subscripts “f” and “b”. From the basis grid indices, one may complete the
forward model by identifying the vector of shape function values gr= [gq13> Ex21
... &fd)>----Brpy] With the corresponding values of the basis shape function gy, =

[8b(13> Bbi21> - --Bbldls ...gypy]- Equation (5) also holds true in this case.

This ensures that all forward model functions will be similar in shape to
the basis function. During the fitting process, Na(Xa)s Ney(Yai)s--- will change
from iteration to iteration for each d, so that the vector g¢ will also change. On
the other hand, the underlying shape function genx, Ty, o) = gb(nx, Ny, --.) does

not change.
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In a further embodiment, the method of the present invention also applies
to system functions which require different basis shape functions (i.e., basis
shape functions with different numbers and configurations of saddle points,
maxima, and minima) in different sub-domains. Here, fitting or conversion

would apply different forward models to different sub-domains.

The present method also facilitates to captﬁre the shape of an N-
dimensional hypersurface by generalizing Equations (1) and (2) to the case of N-
similarity variables. Manipulating the model parameters iﬁ the N-dimensional
generalization of Equation (3) would produce a class of surfaces that were
similar. This approach may be useful in vi;ualization and graphics applications,
in studies of functional similarity, a.ndA in comparisons of coincident data or

model results.

The present invention is a novel method of incorporating the knowledge
of generic 4system function shape properties into fitting ﬁlnctions or forward
models for data inversion. Further, the present invention also represents & unique
way for manipulating a class of system functions for use in data visualization,
display, or synthesis. For given da;ta sets or detailed numerical simulations
describing an engineering or physical system, the present invention represents

(i) a new method of determining generic system function shape properties, (ii)
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provides a new, efficient method of embedding generic properties into fitting
function or a parameterized representation of a class of functions for data and
system visualization. Also, for any system variables on which data or numerical
simulations are available, the present invention provides a fitting function or
forward model with optimal robustness (flexibility) for smoothing or inverting
noisy data with optimal (i.e., neither too much nor too little flexibility and
neither too many nor too few model parameteré) numbers of parameters to be
determined from inversion or fitting calculations in the presence of noise. The
present invention achieves optimal computational complexity due to the optimal

robustness.

Although various embodiments of the present invention are discussed
with applications to geophysical functions, such discussion should only be
considered as exemplary. It will be understood that the present invention equally
applies to the parameteric representation of any real-world function, including

engineering functions or physical functions.

It is believed that the operation and construction of the present invention
will be apparent from the foregoing Detailed Description. While the apparatus
and method shown and described have been characterized as being preferred, it

should be readily understood that various changes, modifications and
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enhancements could be made therein without departing from the scope of the

present invention as set forth in the following claims.

Accordingly, those skilled in the art should readily appreciate that these
and other Vaﬁations, additions, modifications, enhancements, et cetera, are
deemed to be within the ambit of the present invention wh<.)se scope 1s
determined solely by the following claims as properly interpreted in accordance

with the doctrine of equivalents.
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Appendix I
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Abstract
The similarity transform method provides a new, highly robust, and stable parametric
representation of geophysical functions for use in retrieving such functions from
remote sensiﬁg observations. The present discussion focuses on the approximation of
altitude profiles of upper atmospheric species concentration and on the developnient of
parametric forward models for use with discrete inverse theory (DIT). Of equal
importance, the similarity transform approach provides a framework for extracting
generic profile shape information, in the form of a nondimensional shape function,
from observations or detailed numerical simulations. In this way, the method
facilitates analysis of general characteristics of species concentration variations with
altitude and with other geophysical parameters. For DIT retrievals of concentration
profiles from observations, a similarity transformation-based forward model embeds
the generic (“basis”) shape information directly into a parametric representation of
each species profile. The presentation covers the extraction of nondimensional shape
functions from discrete data or simulations, the basic forward model representation,
and generalizations of the basic approach. We include simple examples of similarity
transform fitting calculations in which the species concentration profiles to be
approximated are generated by the MSISE-90 empirical atmospherip model, as are the

basis profiles which define the shape information.
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1. Introduction
1.1 Background

Upper atinospheric remote sensing techniques often measure geophysical
properties indirectly, requiring that the underlying Variab.le of interest (e.g., species
density) be inferred from the data through comparison with a forward model of the
measurement process. In discrete inverse theory (DIT) (e.g., Menke [1989]; Picone et
al. [1997]), the forward model includes a parametric representation of the variable ~to be
retrieved; the data then provide the basis for computing optimal values of the model
parameters. Herein we describe a new, highly robust, stable parametric representation
of the function to be retrieved. Although this paper deals with a specific application,
the methodology is potentially applicable to a wide range of physical and mathematical
prc.)blems.

Consider the remote measurement of altitude profiles .of ﬁpper atmospheric
properties (e. g.,‘ species densities or temperature). Two specific examples are
computerized ionospheric tomography (e.g., Fremouw et val., [1992]) and remote
sensing of thermospheric and ionospheric composition via ultraviolet limb-scanning or
limb-imaging [Meier and Picone, 1994; Picone et al., 1997]. In the inversion process,
one may parameterize the species altitude profile by one of several means, for example:
(1) using an analytic function, (2) specifying model parameters to be the actual species
concentration values on an altitude grid, or (3) expanding the profile in a set of basis
functions (e.g., splines or empirical orthogonal functions), which is often truncated to |
increase computational speed. The first alternative, an analytic function, constrains the

forward model sufficiently to prevent undue influence by noise and often requires a
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minimal number of model parameters to be evaluated. On the other hand, an analytic
function will probably lack the robustness to. capture all of the possible atmospheric
states. The secdﬁd method, and often the third, will require the evaluation of more
model parameters. In addition, some form of regularization or a priori information is
necessary to ensure smoothness of the retrieved density profile in the presence of noise;
otherwise these alternatives can be sufficiently flexible to “fit the noise” or to become
computationally unstable. In some instances, (e.g., Bernhardt et al. [1998]), combining
different types of coincident data might preclude the need for regularization. That
topic is outside the scope of the present discussion.

The alternative offered here embeds detailed information on the shape of the
species altitude profile m a discrete (grid-based) profile representation. ~Standard
interpolation (e.g., quadratic or spline interpolation) converts this to a continuous
parametric representétion. This approach has many of the advantages of the analytic
function approach without the drawback of having to identify or concoct an analytic
representation that is both physically faithful and sufficiently robust. Potential sources
of the detailed shape information include past discrete data on composition versus
altitude (e.g., incoherent scatter radar measurements of electron or O" density or
temperature) or proﬁles derived from detailed numerical simulations [Meier et al,
2000]. Further, this “similarity transform” method enables us to study the universality
of species profile shapes in various models or data sets as functions of geophysical
conditions (e.g., solar or geomagnetic activity), location, time, and day of year, and
should provide a useful tool in the analysis of atmospheric properties or even n

database synthesis or compression.
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1.2.  Approach

This paper deals specifically with developing optimal parametric
approximations éf geophysical functions underlying data. These approximations are
vital for constructing “forward models” of measurement processes. We adopt the
simple, practical point of view that the forward model ideally provides a parameterized
representation of the “true” signal which would be measured if statistical noise were
not present, either in the a priori inputs to the forward model or in the measuring
process [Picone et al., 1997]. Our key criterion of performance, therefore, is how
closely the similarity traﬁsférm_method can appfoximate, or fit, exact or noiseless
functions. As a result, the tests presented herein involve direct fitting of similarity
transform-based parametric functions to species density profiles derived from the
MSISE-90 empirical model, i.e., without adding statistical noise to the profiles.

This approach contrasts with discrete inverse theory (DIT) testing, which
usually simulates the extraction of information from data that contain both statistical
noise and systematic errors induced by the observing s‘ystem [Picone et al., 1997]. On
the other hand, the key application of the similarity transform method is to the
construction’ of forward models for DIT, and, furthermore, we compute our measures
of merit using nenlinear least squares fitting with uniform weights, a limiting-case DIT
method. As a result, our discussion uses DIT terminology. The Appendix brieﬂy
outlines relevant DIT notation and techniques.

Although the similarity transform method is simple, the authors’ experience in
implementing the method has shown that all of the details must be explicitly laid out

for a new user to apply the method successfully. For this reason, the description below
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is as precise as possible. While this has made the paper somewhat less readable,
programming the equations with careful attention to the subscripts and to the
supporting text ’.should produce optimally robust, smooth, parametric numerical
approximations to physical functions. |

The next section describes the use of shape information to construct a
parameterized fitting function or forward model and defines the basic, one-dimensional
method for extracting shape information from discrete observations or from
numerically generated profiles. Following this is a comprehensive description of the
simplest similarity transform profile parameterization for use in retrieving information
from remote sensing data, along with an example in which this approach is used to fit
thermospheric composition profiles from the MSISE-90 model [Hedin, 1991]. Section
3 generalizes the retrieval method to permit segmentation of the shape function for
optimal mapping of the parameterized forward model profile to specific segments of
the exact profile underlying data. Application of the generalized method to the
example of Section 2 provides the user with a test problém for exploring potential |
advantages of segmented fitting. The final section concludes with a discussion of
multidimensional shape functions and suggests more general applications of this
approach.

2. Extracting and Applying Shape Information

2.1. Function Approximation Using the Similarity Transformation Method
The central topics of this paper are twofold: (1) the approximation of a given
geophysical function based on general, discrete information about its shape and (2) the

development of parameterized representations which span the space of possible
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realizations of that function. For example, gi'ven a species number density profile that
is known or assumed to be typical, the similarity transformation method will produce a
parametric function that ranges over the infinite set of profiles having the same generic
shape properties (ordering of local extrema, inflection points, etc.). This explicit shape
constraint ensures smoothness in fitting noisy data by the parameterized function. In
fact, by manipulating parameters related to altitude (next subsection), the DIT fitting
process can automatically choose to map only a portion of the characteristic shape
function to the given data vector.

2.1.1. Definitions of Shape Function, Similarity Variable, and Fitting Function
First consider a continuous function N(z), describing the variation of an atmospheric
property (e.g., species density or its logarithm) with altitude z, over a domain [zg, zm].
To date, N(z) has been monotonic in the cases that we have studied; in general, the
methods of Section 3 can ensure piecewise monotonicity in a given forward model..

Now define a dimensionless similarity variable

n(z)= 22 )

gln(z)) = 2= To 2

where Ny = N(zo) and Ny = N(zum) and Ny # Num. Notice that i varies from O to I,
linearly with z, and that g(0) = 0 and g(1) = 1. Equations (1) and (2) then allow us to

express the function N(z) in terms of the similarity variable and shape function:
N(z, m) =No + g(n(2)) [Nm—No] €)
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where the model parameter vector m = [zg, Zy, No, Nm] 18 included to point out the
dependence of N, n, and g on the parameters zo, Zum, Np, and Nu.

The similarity transformation representation uses the functional form of Equation (3),
along with a shape function g(m) that is independent of the components of m. In
addition g(n) must have the characteristics identified above —a domain n € [0, 1] and

boundary values g(0) = 0 and g(1) = 1. For a given shape function g(n), Equations (1)
énd (3) provide us with an infinite set of functions N for any altitude in a (variable)
domain [zo, zum] as the components of m vary over all possible values. We call the
transformation represented by varying m a “similarity transformation,” consistent with
Sedov [1959], since the transformation maintains the non-dimensional shape
characteristics defined by g(n). In order for Equations (1) and (3) to approximate a
particular class of geophysical functions, e.g., thermospheric N, concentration profiles,
the shape functioﬂ must, of course, be appropriate. To derive an approximate form for
g(n), we can use any available experimental data, numerical simulations, or theoretical -
studies.

2.1.2. Deriving an Approximation to the Shape Function

Assume that our information on the specified atmospheric property (e.g., species
density or its Io:garifhm) takes the form of a measured or simulated discrete profile of
values {N(z);i=0, 1, ..., M} on a monotonically increasing discrete grid {z; ;1=0, 1,
..., M}, so that zg <z <..<zyv . This gives us a particular model parameter vector
my, as defined above. The subscript “b” signifies correspondence to the profile that is
used as the “basis” for defining the shape function in Equation (3). Substituting the

values of z;, N(z;), and m, into Equations (1) and (2) gives us discrete values of the
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underlying shape function, g(ni) = g(n(z;, my)). By the definition of the parameterized
fitting function in Equation (3), the shape function g(n) used therein is specified to be
independent of ﬁl, even though we generated values of g from the specific profile
corresponding to my. To obtain a continuous function g(n), one interpolates over the
discrete set of values {m;, g(n:)}. We reiterate that the values of n(z) and N(z) in our
forward model or fitting function depend on m through Equations (1) and (3).

Figure 1 shows an example derived from an MSISE-90 calculation of the atomic
oxygen number density, [0](2), covering several decades (Figure 1a). In this example,
N(z) is log [0](z), where “log” denotes the natural logarithm. Notice in Figures 1b and
1d that both 1 and g vary from 0 to 1 as z varies from the lowest to the highesfc grid
points defining the altitude profile. Figure 1c further reveals a linear relationship
between the shape function and the corresponding logarithmic density profile,
consistent with Equation (2). The shape function therefore captures the manner in
which the atmospheric property varies over its domain, independent of the actual range
of physical values or the size of the domain. This nondimensionalization places all
profiles in the domain [z, zm] on a more equal footing and, for example, permits a
direct compérison of profiles of a given property under different conditions or at
different locations. To obtain values of the geophysical property at an altitude z, where
z¢ {z;} but zo < z < zy, one must interpolate. This limits the accuracy of profile
retrievals from data, but so far the limitation has proven to be inconsequential.

Clearly this method does not apply to the trivial case of N(z) = constant or to non-
monotonic profiles with Ng = Nu. For profiles which are non-monotonic, but whose

domains can be divided straightforwardly into monotonic regions or into regions
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[za(k), z1(k)] (kth region, zg(k) < z1(k)) for which N(zg(k)) # N(zt(k)), one may apply
the similarity transform method separately to each region, with contiguous regions
sharing model ﬁarameters at their common boundaries. In the case of O" in the
ionospheric F-region, for example, one could define separate shape functions and
similarity variables in the bottomside and the topside regions, setting
N(zr(bottomside)) = N(zB(t‘opside)) = Nmf?2 and zq(bottomside) = zg(topside) = hmf2
for fitting or DIT applications.

2.2.  Application to Retrieval of Species Profiles From Data

As indicated earlier, our discussion adopts the terminology of DIT
[Menke, 1989]. By convention, the subscripts “b,” “d,” and “f” will signify the
basis profile, the true profile underlying the data (i.e., the exact profile), and the
forward model, respectively. When one fits a smooth profile directly fo noisy
data, the terms “forward model” and “fitting function” are equivalent. First
select a “basis” profile, with a shap_e.function g, that is expected to provide an
‘acceptable fit to the shape function g4 of the exact proﬁlé Nj . Studies of detailed
numerical simulations or of direct observations can provide information on the
specific basis §hape function(s) or basis profiles that woﬁld be appropriate, or
the user can brévely assert that a specific sample profile is adequate and then can
test the assertion by application to actual data or numerical simulations. In
practical situations, the basis profile consists of discrete values Ny(zy;), defined

at M'+1 points Zy, ={z; , 1 =0, 1, ..., M'}. The procedure of Section 2.1.2 then

provides the basis shape function values {gy(My(zsi))}, Where My(Zoo) = 0 and
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My(zew) = 1. As noted in the previous section, this table {np;, gu(Mwi)} of basis
shape function values does not change once the values are computed from a
basis profile. The constancy of this table constrains the shape of the
parameterized functions in Equation (3) as the model parameters vary during a
fitting calculation or DIT procedure. Obtaining values gy(1y(2)) for z ¢ Zy, with
Zyy < Z < Zyy Tequires interpolation within the set Zy; quadratic and spline
interpolation have shown good performance in our tests. Equivalently,
obtaining values of g, at other values of 7 re‘quires» interpolation over the set
{Mb(Zs1)}. On the other hand, extrapolation outside of the basis function domain
is arbitrary and therefore is not optimal; the use of constraints on forward model
parameters (e.g., z@ and 2z , defined below) during inversion calculations can
prevent extrapblaﬁon. In our applications, proper initialization of the model
parameters has been sufficient to prevent extrapolation outside the domain 1 €
[0, 1] (Section 2.3.2).

Given the basis shape function, Equations (1) and (3) also define a
forward médel N; for Ny(z4), the exact proﬁie of the property of interest which
underlies the data. To fit direct observations of N(z), one evaluates the forward
model at the data grid points {zg;1=1,2, ..., M} . For indirect observations (e.g.,
Picone et al. [1997]), the user selects points at which the forward model is to be
evaluated. The model parameter vector, to be evaluated from the data by DIT, is

m = [z, Ze1, N, Nyr], where “B” and “T” signify “bottom” and “top”, so that
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7 < 241 < Zay < 2, N = Ni(zp), and Ner = Nez). Likewise, the forward

model similarity variable corresponding to the point, zg; , is

ZAs —Z
di fB (4)
ZfT —ZfB

ﬂf(zdi)

and the forward model value for the retrieved property at that location is
Ni(zqi) =N + gt (e (za)Ner - Nl - (5)
Defining giij = gdM«Za)) and gori) = go(n(zq)), where the square brackets
distinguish the data point index from the subscripts “f” and “b” and from the
basis grid indices, one may complete the forward model by identifying the
vector of shape function values gr = [8q1], &a2l - BfLils - gf[@] with the
corresponding values of the basis shape function g, = [gb111, 8b[21s -+ Bblils -
goimils 1.6
gr=8b . ©
This ensures that all forward model profiles will bé similar in shape to the basis
profile. During the fitting process, n«zqg) will change from iteration to iteration
for each 1, so that the vector g; will also change. On the other hand, the
underlying shape function g{m) = gy(n) does not change. In the terminology of
Section 3, Equations (4)-(6) define an “L=1" forward model, where L is the

number of contiguous segments of g that are being mapped to the data.
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Equations (4) and (5) show that manipulating m allows us to shift the
basis profile to ‘higher or lower values of N; and to stretch or compress the basis
profile, thereby mapping a portion of the basis profile to the exact profile
Ng(zg). Note that compression can be dangerous, forcing the fitting code to
extrapolate the basis shape function beyond the domain on which g is defined,
i.e., to n¢ outside of the interval [0,1]. As indicated earlier, the transformation
represented by varying m is a similarity transformation, consistent with Sedov
[1959], since the transformation maintains the non-dimensional shape
characteristics embedded in gy(n).

2.3. An Example

To demonstrate the retrieval process and to permit potential users to test
the similarity transformation method of function approximation directly, we
have chosen a simple, nontrivial example. As indicated in the introduction, the
proper performance criterion is how closely the similarity transform
.representation can fit an exact (noiseless) geophysical function. From the
standpoint 'of convergence, this is also the most stringent criterion, since we
have found thét a nonlinear fitting process is generally more likely to converge
properly in the presence of noise.

In this example, the exact profiles are MSISE-90 profiles of neutral

species number density ([Nals, [Ole, [O,]q), evaluated at altitudes zg in the

interval [120, 450] km. The specific thermospheric conditions correspond to
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latitude 67.5° and longitude 220° during a major geomagnetic storm: year 1982,
day 195, local time 0900 hr, Ap = 153, Fio- = 260, and 81-day average (Fio7) =
168. Note that 3-hr ap inputs were used in MSISE-90 and that the Ap value is
given only for perspective on this extremely active day. Fitting the natural
Jogarithm of the data, {Nsa(zai) = log([xs)a(za)); s = 1, 2, 3; X1=Np, Xp= 0,,%3=0

:i=1,2, ..., M}, provided the best results.

To compute fits of the similarity transform model (next section) to the
exact profiles, the Levenberg-Marquardt procedure [Press, et al.,, 1992] is our
method of choice (see Appendix). Since the exact profiles do not include noise,
we set the covariance, [cov d°), to the identity matrix. Then x* is the sum over
species of the squared residuals at the altitude grid points, and the procedure

reduces to nonlinear least squares fitting with uniform weights.

2.3.1. Basis and forward model shape functions

For the basis profile, use the same thermospheric éonditions, but specify
different latitude and longitude: —2.5° and 140°, respectively. Select a basis grid
with zy; in the interval [zuo, Zom] = [102, 923] km, where the number of points is
M'+1 = 26. Figure 1 shows the basis values for atomic o-xygen under these

conditions. Given the log values of the basis density profile for each species “s”

at the basis grid points, i.e., {Nsp(Zy;) = log ([Xs]b(zbj)); s=1,2,3,7=0,1, ..,
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M'}, use Equations (1) and (2) to generate separate shape functions {gs(Mo(zy)));

s, j ranging} for the three species.

Then, at each iteration of the fitting process, evaluate the similarity

variable T (zg) for each species s using Equation (4) at each data grid point zg;,

and interpolate the species basis shape function to Ner (Zg;) to obtain gepp) = Esp(Mst
(z4)). Setting the vectors of forward model shape function values to the basis
values, g = g , as in Equation (6), use Equation (5) to compute separate

forward model values for each species on the data grid, {z4}
2.3.2. Initialization of the model parameter vector

The model parameter vector is m = [zg(Ny), za(N2), zw(02), zrr(02),
25(0), zex(O), log [Na]m, log [Naler, log [O2]m, log [O2lim, log [Olis, log [Olerl-
Denote initial model parameter values by superscript “0” and choose the
cbmponent values of m® to be identical with the basis values, i. €., 2’ (N) = 7o
.z (NY) = zyy, etc. For every species X, this ensures that zmo(xs) < 747 and
2 (Xs) > Zam ar(1d that nSfO(Zdi) e [0,1] for every data grid point zg;. Thus the data
grid falls entirély within the forward model altitude domain, a situation which
should be maintained during the fitting or inversion process. Failure to do so for
a given species x, would result in up to two non-null subsequences, oy, and Ay ,

of the data grid indices, such that the subset of mf -coordinate values would be

outside of the unit interval, i.e., {Ng{z4); 1 € o Y Oy } & [0,1], causing
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extrapolation of the shape function. On these subsets, the infbrmation
embedded in g, would not be entirely useful, and the overall inversion results
would be unpredictable. Fortunately, when the forward model was properly
initialized, as indicated above, extrapolation did not occur in our tests. For our
tests, the initial model parameter vector was m’ =[102, 923, 102, 923, 102, 923,
29.7,5.70,28.2,0.554,26.9, 13.1].

2.4. Results

Upon completion of the Levenberg-Marquardt fitting procedure, the resulting model
parameter vector was m = [96.6, 1017, 92.2, 1083, 96.6, 1094, 29.9, 6.59, 29.5, 0.975,
26.5, 11.2]. The top panels of Figure 2 show the species density fits to the respective
exact profiles and the bottom panels show their ratios — the residuals are ~ 4.5% or less.
This result is rerriarkably good, even though high latitude profiles during extremely
active conditions were chosen as the exact profiles to be ﬁfted; In fact, the basis and
exact profiles differed by approximately a factor of three over a wide altitude range. In
spite of this, our resﬁlt verifies that the generic shape characteristics of the two profiles
are quite similar, as one would expect, since the MSIS profile is defined analytically.
This aspect of the similarity transform technique is important in its own right, as the
method facilitatés studies of the approximate universality of profiles derived either
from data or from detailed numerical simulations [Meier et al., 2000].

As a point of comparison, Figure 3 shows a fit to the exact profile using the method of
Meier and Picone [1994], in Whiéh the MSISE-90 basis profile above is modified by

scaling of input and output arguments (“external” parameters). The scale factors are the
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DIT model parameters. Specifically, the method manipulates the scale height of the
profile by scaling the input Fio7 and (Fy07) values, which are held equal and scaled by
the same factor, as in the tests by Meier and Picone [1994]. Three additional altitude-
independent factors scale the output density values of the respective species, shifting
each altitude profile uniformly toward higher or lower values. In essence then, this
alternative method seeks to stretch and scale the basis MSISE-90 profile, as the
similarity transform method does. However, the method does this indirectly by scaling
external parameters, rather than by directly manipulating the density profile itself. The
model parameter vector is m = [fr10 5 fzs fo2 » fol; the initial value was m° = [, 1,1,
1]; and the final value was m =[1.18, 0.731, 1.60, 3.21].
In comparison to Figure 2, the lower panels of Figure 3 cover a much wider range of
values for the ratio of the -computed density profile to the exact profile. The figure
shows that the fits are much worse than for the similarity transform, and as a result, one
might conclude that the MSIS profile shapgs are so different at the basis and data
locations as to preclude an accurate fit. However, the results of the similarity transform
method do not bear this interpretation out. Rather, the “external”” manipulation of the
MSIS proﬁles through scaling of subroutine arguments does not permit sufficient
flexibility in stretching and scaling the basis species profiles to derive an accurate fit to
a wide range of observed or exact profiles.

3. Generalization of the Fitting Method
3.1. Alternative Strategies

One can generalize the fitting method of Section 2 by piecewise fitting of

the basis shape function to contiguous subsets of the data vector. This perrmts
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the definition of separate, but connected, forward models for the contiguous data
subsets, with each forward model stretching or shifting a portion of the basis
shape function to achieve an optimal fit to the respective subset. Figure 4 depicts
the mapping of one segment of the basis shape function, excluding the endpoint
at My (middle panel), onto the semi-open subinterval [zy.1, i) Within the overall
domain [zp, zr] of the forward model. The adjacent segments of the shape
function, shown by dashed lines, map in the same way onfo corresponding
(dashed) subintervals of the forward model domain. the DIT calculation
determines the optimal locations of the subinterval boundary points.
At least three methods of implementation are available:

(1) Split the basis function g, into an ordered set of L elements, consisting of
contiguous sections that are held fixed during the DIT process; this involves
partitioning the domain of g, (i.e., b € [0,1]) into an ordered set of L
contiguous subintervals. Likewise, partition the forward model alﬁtude
interval [zem, zer] (or equivalently, partition the 7 -interval [0,1]) into the
same number (L) of subintervals, whose boundary locations {ns} and
function values {N(ng)} serve as additional model parameters to be
optimized by the DIT process. To data points falling in a given subinterval of

the forward model domain, apply the method of Section 2, using the

corresponding segment of g, to define the forward model (remember that g¢

= g,), as in Equations (5) and (6). This requires remapping of gy , My , and ¢
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in each of the respective subintervals to the unit interval [0, 1] (see below).
The third panel of Figure 4 depicts the remapped segment of gy , denoted v,
as a function of the remappéd similarity variable C.

(2) Do the “opposite” of (1): as in (1), partition the basis function domain and
the forward model domain into ordered sets of L contiguous pieces or
subintervals; remap the subinterval g and n functions as in (1). However,
hqld the boundary locations of the forward model domain subintervals fixed
while tréating the basis segment end-point locations {mpk} as model
parameters to be varied. The values of the forward model {N(nﬂ()} remain
as model parameters.

(3) Combine (1) and (2) by treating both the segment end point locations {Tex}
of the basis function domain and the corresponding‘ segment end point
locations {ng} of the forward model domain as model parameters, along
with {N(naJ}-

Alternative (1) is the most straightforward and in practical terms, is
equivalent to (2). While alternative (3) increases the number of model
parameters and is potentially more robust, the gain should be small in
comparison to the added computational cost. We have selected generalization

(1) for detailed discussion.
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3.2. Outline and Equations for Alternative (1)

32.1. Subinterval Shape Function and Similarity Variable

One must first select the basis profile N(zy;), defined at each point zy; of the set Z,
(Section 2.2). The respective values of the basis similarity Variabk; Mo(zvi) and the
shape function gy(np(zyi)) then derive from application of Equations (1) and (2) to the
basis profile and to Z;, . Working in np-space, select an ordered set M, = {Mwk € (0,1), k
=1,2, .., L—l; Mot < Mbz < e < M) < Mok < oe < Mp(L-1) } to define a fixed partition Py
of the basis domain, consisting of L subintervals, [0, Mb1), [Mb1s Mb2)5 s [Mibi-1)> Mbk)>
vy [Mb-1), 1], of which all but one are semi-open. Also, for consistency of notation,
deﬁne Mo = 0 and MpL = 1. The partition Py, is arbitrary, but the user can select the
subinterval boundaries by recognizing a lack of knowledge or, for the adventurous
user, by using either intuition or knowledge. In the first instance (lack of knowledge),
for example, one can set Mpx = k/L . In tests performed for L=2 (Section 3.3), resﬁlts
were equivalént across a set of reasonable alternatives for Py. Note that the subinterval

endpoints need not coincide with any points of the basis profile grid Zy.

Now define a shape function and similarity variable for each basis

<

subinterval separately; for example, consider the k™ subinterval of Py , i.€., [Mok-
P y P , (

19 Mok)- For M € [Mo-1 k) define the subinterval similarity variable to be

N~ Mp(k-1
Cbk(ﬂ)=———————*( ) , (7
Nbk — Nb(k-1)

47




PATENT APPLICATION
NAVY CASE.: 82482

where 0 < & < 1. Based on Equation (7), one may interpret Cyy as a generalized
similarity variable that maps [Myc1), Mbk], Onto the unit interval [0,1]. For each
basis grid point zy such thaf Mo(Zo) € [Moget) Nok)> Gok(Mo(Zei)) gives the
fractional location‘ of My(zs;) Within the interval. In the same fashion, for the
same subset of grid poihts one can define the subinterval basis shape function to
be

g6 (b (Z61)) — 2o (Mbc-1)) ®)
25 (Moic) — 86 Mb(-1) '

Tbk (ﬂb(zbi)) =

where 0 < 7 < 1 if gy(n) is monotonic over the k™ subinterval. For each
subinterval k, the set of pairs {[Cbk(nb(zbi))a Yor(Mu(z6))]; 12 No(Zo) € [Muge-1)s
M)} — along with an interpolation algorithm — then sp.eciﬁes the subinterval .
basis shape function, vu(§). Here the symbol “3” signifies a condition on the
index “i”. The subinterval basis shape function then defines a forward model on
the k™ subinterval, similar to Section 2. One can alsc; express § and y in terms
of z and N through application of Equations (1) and (2) for M, b tb Equations

(7) and (8).

3.2.2. Subinterval Forward Model

Given the subinterval basis shape function, as extracted in Equation (8)

from the basis shape function of Section 2, the definition of the forward model
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is straightforward. Similar to Section 3.2.1, define an ordered set of points, 1 =
Mae (0,1),k=1,2,..,L-1; Mg <Mp < ... <M1 <Mg < ... <Ngey}, Whichin
turn defines a partition P¢ consisting of L contiguous subintervals, [0, Ns), [Ma,
Ne)s - Migen)y Nads - [MNAL-1); 1] of the closed unit interval. Note that, in

general, 1¢ and 1 do not intersect, that is, 1 # Tk , for every k, k'.

For each pair of indices (k-1, k), fit the data contained in the interval [1g.
1y M) using the subinterval basis shape function having index k, 1. €., Vs , which
corresponds to the basis subinterval [Mpa.1y, New)- By treating the subinterval
boundary values {na} as model parameters, the DIT process selects an optimal
(discrete) mapping of the bésis shape function onto the data within each
subinterval of Pz. To the indicesk =1, 2, ..., L-1 of P¢ correspond \‘/alues {Ng}
of the forward model, which are also treated as model parameters to be

evaluated from the data, along with the original model parameters [z, ZT, NiB»

Ngr] and {nad-

For each data grid point zg, Equation (4) provides a value of Ne(za), for
which one can determine the index k such that M{za) € [Mees M)y 1.0
subinterval k of P;. The fractional location of ndZa) within the interval is given

by
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Nelzg)— Nf(k-
Gac(ns(zqi)) = rleat) Mg - )
Nk — Nf(k-1)

Once again, one may interpret (g as a generalized similarity variable that maps
the interval [Tgx.1y, Mx], onto the unit interval [0,1]. The forward model shape

function on subinterval k is then

Yy = YaMd(Za) = You(CadMe(zat)) (10)

where the square brackets distinguish the data point index frorﬁ the indices (k-1)
and k for the subinterval boundary points. As in Section 2 (Equation (6)), the
subinterval basis shape function () serves as the forward model shape
function, and interpolation within the basis shape function grid is necessary to
obtain the shape function values corresponding to the data grid, as specified by

Equations (9) and (10). Then the forward model value Ng; corresponding to the

data point Ny(zg) is

Nri] = Nk-1) + Yf[i](Nﬂc - Nfx-1) ) . (11)
The generalizedsshape function in Equatioﬁ (8) then replaces the one which the method
in Section 2 would provide on the subinterval [Ms-1, Nex)-

3.3. Example

The example of Section 2 will serve to illustrate this generalization. Let L=2, splitting

the basis and data profiles into two segments. Here we select the breakpoint in the
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basis domain to be N1, = Np1 = 0.118, corresponding to the altitude zp; = 199 km ,
and the initial values of the forward model subinterval boundary point and altitude, ng
and zg, are also 0.118 and 199 km The initial value of Ny is the interpolated basis
value Ny(z¢). Noting that Equation (4) may be used to express the model parameter ng
in terms of the corresponding altitude z¢, our model parameter vector is m = [z(Ny),
20(Ny), zer(N), z8(02), 261(02), ze1(02), zm(0), 2n(0), zex(0), log [No]m, log [Na]a,
log [N]er, log [O2]m, log [O2]n, log [O2]r, log [Olm, log [Oln, log [Olir]; the initial
value is m® = [102, 199, 923, 102, 199, 923, 102, 199, 923, 29.7, 22.2, 5.70, 28.2,19.4,
0.554, 26.9, 22.5, 13.1]; and the final value was m = [97.9, 197, 1026, 94.9, 199, 1093,

92.7,222, 1279, 29.8, 22.9, 6.27, 29.2, 20.8, 0.520, 26.8, 21.5, 9.63].

Figure 5 shows the resulting ratios of the optimal simiiarity transform profiles to the
respective exact profiles. This shows noticeable relative improvement in percentage
error, as compared to the already exc.ellen't fit for L=1 in Figure 2. On the other hand,
the absolute improvement in the ratio of the fitted density to the exact density is small.
This is no surprise, since the generic MSIS shape is defined analytically, so that
segmentation of the MSIS-derived shape function should not provide a large absolute
improvement. In our fits of MSIS-based similarity transform models to Thermosphere-
Tonosphere-Electrodynamics General Circulation Model (TIE-GCM: Richmond et al,
[1992]) profiles, differences between the basic (L=1) method and its L=2

generalization have been more dramatic.
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4. Discussion

The similarity transform method provides a highly flexible and stable alternative to
standard methods of approximating functions (e.g., splines, truncated expansions of
empirical orthogonal functions, or discrete representations). In order to ensure
smoothness of a species density profile retrieved from data in the presence of noise, or
in order to maintain satisfactory convergence of a DIT or fitting calculation, such
standard methods can require an explicit constraint, based on a priori information or
based on a regularization technique, and can require explicit truncation of a basis set.
The a priori information is often an educated guess as to what the specific fitting or
inversion result will be and in some sense can be too specific to be optimal.

The key point is that standard methods, such as the three classes identified in the
introduction, implicitly represent a lack of detailed knowledge of the profile shape and,
in some sense, can give the user “too much” flexibility. Devising and implcmenting
constraints to manage that flexibility is often an art rather than a science. The similarity
transform method, on the other hand, is particularly appropriate when information is
available on the profile shape. The method is systematic and provides the means to do
the followiﬁg: (1) to extract detailed, generic, discrete profile shape information from
past data or from detailed numerical simulations and (2) to embed shape information in
a parametric forward model for retrieval of the species goncentration altitude profile.
Ideally this optimizes both the robustness of the forward model and the number of
parameters to be evaluated (computational complexity). The generalization of the
fitting method, presented in Section 3, facilitates optimal piecewise mapping of the

detailed shape information to contiguous subsets of the data.
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The methodology for systematically deriving detailed, generic shape information from
observations or from numerical simulations is itself a powerful scientific tool. For
example, the extraction of shape information at every latitude-longitude grid point of a
general circulation model field permits the stﬁdy of variability and approximate
universality of species profile shape under specific geophysical conditions [Meier et
al., 2000]. Furthermore, one could capture the shape of an N-dimensional hypersurface
by generalizing Equations (1) and (2) to the case of N similarity variables.
Manipulating the model parameters in the N-dimensional generalization of Equation
(4) would produce a class of surfaces which wer.e similar, in the sense of Sedov [1959].
This is potentially useful in visualization and graphics applications, in studies of
finctional similarity, and in comparisons of coincident data or model results.

Appendix: Discrete Inverse Theory and Function Approximation

The similarity transformation method allows us to construct optimal fitting functions
and other types of forward models for use in discrete inverse theory (DIT) [Menke,
1989; Picone et al., 1997]. Discrete inverse theory usually deals with the extraction of
information from data which contain statistical noise and systematic errors induced by
the observing instrument. The forward model is a key component of a DIT procedure,
providing a parafeterized representation of the “true” signal which would be measured
if statistical noise were not present. Ideally, manipulation of the forward model
parameter values permits the forward model to fit the true signal exactly. For this
reason, our tests in Sections 2.3 and 3.3 involve the approximation of noiseless
geophysical functions, in contrast to DIT testing, in which synthetic data must usually

include statistical noise, as do actual data.
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To outline the relevant aspects of DIT, consider a set of discrete observational data
which may be expressed as components of a vector d° of length N (the number of data
points). A simple example of d° would be an O" number density altitude profile,
denoted [O"](z) and measured by an incoherent scatter radar at a discrete set of

altitudes {zq}. In order to extract a smooth O] profile, we require a “forward model,”
p q )

of the noiseless OF density versus altitude, denoted byGD IT (m)=d™, where misa
vector of M “model” parameters to be evaluated from the data. The vector d™ is the
" smooth model [O"] profile, evaluated at the altitudes corresponding to the observations.
The vector function GP' thus maps the set of model parameters onto a smooth [07]
profile for comparison with the experimental values. If we were to represent [0"](z) as
a simple, three-parameter (“constant scale height”) Chapman-type profile in the

altitude variable z,

L ~ “max - “max
[071) = Nox epol e exp{- Z—-fl——m ,

then M =3 and m = [Nyax » Zmax » Hl, the vector of “Chapman parameters.” Note that
Zmax 1s the altitude at which the O" number density peaks or the “peak height,” Nmax

is the peak O" number density (i.e., [0"1(zmax) ), and H is the (neutral) atomic oxygen
scale height. Ex-faluating the equation at {zq}, the altitudes of the méasurements, gives
us G”'(m), which is nonlinear in m. To compute an optimal value of m, the DIT
method systematically and rapidly searches the model parameter space spanned by ‘;he

allowed values of m in order to minimize a generalized distance between d® and d™.
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2 0 m|F o1-1{40 m : -
Often y“=\d" -d [covd™] " d” -d serves as the generalized distance

function, where [cov d°] is the covariance of the data.

An important point is that the above three-parameter forward model does not
provide an accurate representation of all ionospheric topside [O"] profiles [Picone et
al., 1997], even though the profiles have shépes that are similar to Chapman-type
profiles. In limited testing, we have found that application of the similarity
transformation method can provide a far more robust profile and improved fits to

incoherent scatter radar data, as compared to Chapman-type functions and to standard

empirical models.
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Figure Captions

1. (a) Basis atomic oxygen number density, [0](z), vs. altitude. (b) Similarity -

variable, n(z), as a function of altitude. (c) Shape function, g(n(z)) vs.

[01(2). (d) gn(2)) vs. .

2. Fits of L=1 similarity transformation forward model to MSISE-90 altitude
profiles of [Ny], [O;], and [O], respectively, left to right. Top panels show
initial forward model profile (A), results (+), and exact profile (solid line).
Bottom panels show respective ratios of the optimal fit to the exact profile

vs. altitude; note that the plots cover ratios in the range 0.9-1.1.

3 Fits of MSIS-based forward model [Meier and Picone, 1994] to MSISE-90

altitude profiles of [Ni], [O,], and [O], respectively, left to right. Top and
bottom panels correspond to those in Figure 2. Note that the bottom panels

cover ratios in the range 0.4-1.6, a much wider interval than in Figure 2.

4. Example of an L > 3 forward model. The ' segment of the shape functlon,
as defined by M1 and 1 (middle panel), maps to the k™ subinterval of the

data domain (left panel), as defined by the model parameters z., and z, . To

define a forward model for this subinterval, one normalizes the similarity
variable and shape function over the domain [Mi1, M), as shown in the right

panel. The forward models for the neighboring subintervals couple to the K™
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subinterval forward model by sharing model parameters at the respective

boundaries.

 Fits of L=2 forward model to MSISE-90 altitude profiles of [N2], [O,], and
[O], respectively, left to right. Top and bottom panels correspond to those in

Figure 2.
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SIMILARITY TRANSFORMATION METHOD FOR DATA
PROCESSING AND VISUALIZATION

ABSTRACT OF THE DISCLOSURE

A similarity transform method of providing parameterized representation
of physical or engineering functions for use in retrieving the engineering or
physical functions from data, comprising (a) obtaining sarnples of the functions
from data, numerical simulations, or analytic models, (b) extracting generic
function shape information from the samples, (¢) embedding the function shape
information in a parametric discrete grid-based function representation model
(forward model); (d) fitting data with the forward model; and (e) retrieving the
function from the fitted forward model. The similarity transform method
provides a framework for extracting generic function shape information, in the .
form of non-dimensional shape function, from data, numerical simulations, or
analytic model. Thus, the present invention facilitates analysis of general
characteristics of a physical or engineering variable, in terms of the dependence

of the variable on other variables or parameters.
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