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SUMMARY ..___,__.,....,..._ 

'!he mechanism by which a stationary deto:na Hon w:ovve 

maintains itself and p~ogresses through the explosive is 

investigated. 

Reasons are found which support the following hYJ?oth- .. 

esis: The detonation wave ini tiatos the detonation in the 

neie;hboring layer of the intact explosive by the discontinuity 

of material velocity which it produc.as. 1h:i.s acts. like a very 
- . '-1 vehentent mechanical blow (r.-.t 1,500 m sec ) , and is probably 

more effective than high temperature. 

The velocity of the detonation wave is determined by 

l. 

investigating all phases of the reaction, and not only (as usually . 
done he,retofore) the completed reaction. The result shows when 

the so-called Chapman~Jouguet hypothesis is true, and What formu~ 

lae are to be used when it is not true. 

Detailed oo~utations will f.ollow. 

·-:~-~.-~ 
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Objectives, Methods EJ.nd General Principles of this J{cport 

1. The purpqso of this report is to give a consequent theory of 

the mechanism by which a stationary detonation wave maintains itself and 

progresses through .an explosive. Such a theory must explain how the head 

of the detonation wave initiates· the reaction (and the detonation) in the 

intact explosive,. and how a well.::determined const-ant· vela city of this -vva.ve 
~ 

arises. ~oth aims can be achieved only after overcoming certaih character-

istic difficulties. 

2. Regarding the first objective, this ought i;o be said: We do 

not undertake to give a theory of the initiation of a detonation in 

general. The viewpoints which we bring up may throw some light on· that 

question too, but ou~ primary aim is to understand the mechanism of tho 

existing statio~ary detonat:i,.on -vvav~. Here the detonation of each layer of 
/ 

the intact explosive is initiated by the stationary detonation wave vvhioh 

has already engulfed its neighboring layer. 

In gaseous explosions this may be explained by tne high temperature 

1 of the extremely compressed gas in the detonation zone• In. solid explosives 

this explanation· is hardly ava,ilable: The· detonation wave is very narrow 

in space and moVing with very high velocity, so the chemical reaction (which 

supports the detonation) cannot be tr-eated ar? instantaneous. Hence tho 

head of the detonation wave corresponds to tho just incipi~nt rea~tion, and 

contains accordingly only an infinitesimal fraction of gas. Tho not-yot

reactad. solid explosive in it is presumably cold, At any rate the high 
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gas temperatures in the wave head no longer dominate the picture, and there-

fore cannot detonate _the intact explosive. 

~Ye shall see that the:re is more like1ihood in this: Thoro must 

be a discontinuous change of velocity of the bulk of tho substance which 

crosses the wave head. This acts as a violem.~ blow., delivered at volocit:i.os 

·1 Of ~,500 m SOC under typical CO!J.ditions-vn:dch is probably at least as 

effective as temi?oratu.res of ..--v 2, 500°-3,000~ centigrade. i 

1we are th1,1s disregarding' the possibility that the detonation is prop
agated by special kinds of particles (ions,. etc.L moving ahead of tho 
wave head. Indeed, if the views which we propose are found to be cqr
rect, no such special particles will be needed to -explain the detonatio~ 
wave. 

3. As to the second objective, tho present lito(raturo is dominated 

by tho so-called Chapman-Jouguet hypothesis. This hypothesis provides a 

definite value for the velocity of the detonation wave, b~t its theoretical 

tou~dations arc not satisfactory. The experimental _evidence is altogether 

reasqnably favorable to this hypothesis, but it is not easy·toappraise 

because of the slight informati()n we possess concerning the physica~ proper-

ties of the substances irnrol ved under the extreme conditions iJl a detonation. 

' - All theories on this subject are based on the Rankine-Eugoniot 

equations of a shqck wa.ve., wh_ioh are actually applicatipns of the conser-. . ' 

vati.on theorems of' mass_, momentum~ ~d en~rgy. The Chapmar:J;-Jouguet hypothesis 

is based on a consideration of these principles in the completed reaction onJ_y 

We shall apply them to alLinterine,diate_ phases of the reaction. 

This necessitates the investigation of the entire family of all so-called 

Rankine-Hugoniot ?urves 6 corresponding to all phases of the reaction. By 

doing this we shall succeed in determining the Yelocity of the detonation 
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wave. We fmd that tho Chapman-,Jouguot hypothesis is true for some forms of 

the above-mentioned family of curves, and not for others~ We obtain prociso 

cri te:ria, which determine when it is true, and also a general mo·choct to 

compute tlic voloci ty. of tho detonntion wave whichr. is always i[alid. 

4• All tht;:se discussions arc made in a e;ohoral~ as far as feasible 

quelit~tive, way~ avoiding dcto.ilcd computo.tious. Specific computations 

-
which d,oterminq tho detonation velocity for dofir).i to typos of o:;cplosi vos 

will be made subsequently. In this connection tho question is of importanco 

wh~thor tho configuration of the family of cur'v·cs mentioned above, for which 

the Chapman-Jouguet hypothesis fails to be true, evo:r occurs for reo.l 

'explosi vos. This question will be considered together with tho first-

mentioned computations. In all those discussions tho comprossibilitios 

and specific heats of solids and gases under detonation conditions o.ro tho 

decisive factors. 

Tho properties of a detonation ,,1ihich has not yet reached its 

stationary· wave stage will also be investigated later. It is to be hoped 

that this will connect the present theory with tho "difficult questions of · 

initiating a. dotono.tion: of: "primers" and '~boos tors. 11 

The present work is restricted to plnne waves in absolutely con-

fined explosives. The effects Of spacial OA~ansion on spherical WaVeS and 

in tho case of partial confinement VIT:tll be considered later. 

Th.o author finally wishes to express his thanks to E., Bright Wilson, , 

and to R. H. Kent, for whoso valuable suggestions and discussions he is 

greatly ind·cbted. 
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1 ... 3 Formulation of the Problem 

1. In studying tho mechanism of a detonation the fol1ovving approxi-

mate picture suggests itself• 

Imagine that·,thq,de'tona.tion waite moves across the 9xplosivo in. 

parallel planes_, i.e., eve~ywhore in the same direction. Choose this 

direction as the nega.ti vc x-axis. Then conditions arc COl1Stant in all 

planes parallel to the~fe -plano.. 1he explosive must be conf'inod by some 

cylindrical boundary, i.e • ., by tho sam~ boundary c]lrve in each one of tho 

above parallel planes~ Assume this confinement to be absolutely unyielding. 

Assume that all motions connected with tho dotonp_t~on ta.l<:o pl;1co in tho 
~ 

direction of the, x .. axis, i.e.,. that there arc no transversal components 

parallel to the ~,~-plane~ 

The limitations of this picture are obvious, but it is useful for 

a first orientation~ It ought to be essentially corre'ct for a hoa'V'ily con-

1). 
fined stiqk of oxp~osivo, detonated at one end surface. ' 

-1~t may even b9 approximately applicable to an unconfined .stick: of explosive, 
·since th9 groat velocity of the detonation v.rn:ve---i.c., the :b:rovity of tho 
available time intcrval .. ..;makes the inertia of a solid explosive itself 
act as a confinement. . 

In a higher approximation, hoi-vovor, lack of confinement,, causes cor
rections 1'11hich must be determined. 'This problem vms considered by 
G'. I;' Taylor and H. Jones in the British reports RC 1~3 and. RC 247. {1941). 
The authors, however, used a picture of the mechanism of detonation that 

.differs from the one vvo sha\1 evolve. It is. proposed to take up this 
subject from our point of Vio~v in o. subsequent report. 

Under these. assumptions i;he process of detonation can be troatod 

one-diniensionally; i. o., we may disregard tho coordino.;to~ 1j 
1 
;l o..~d treat 

everything in terms of the eoordina.tc :x nnd of tho timo t • 
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2. We restrict our solves fu.rther by o.ssuming. also that trre detonation 

wave has roached its stationary sto.ge; that is, that it moves along .without 

o.ny change of ~ts structural details. · 

T11.en, among other things, the wave velocity must be consto.nt in 

tim,_e. We now modify the frame of· reference by making it-... i-~e., the origin 

of the coordinate--move along with tho wn.vo. To be specific, lot tho origin 

of ,tho x-coordinate bo e.t every momen:t at· tho head of tho wave. 'lhe intact 

explosive is to the loft of this. In othor·vrords: 

( 2-A) The intact ejeplosi vo oc9upif:ls tho space X < 0 

( 2-B) The. dotonn.tion--i.o., tho chemical rcact;ion underlying it~-sots in· 

at x = 0. 'lhis is tho head of tho detonation wave. 

(2-C) The entire process of detonation--i.e.; tho chemical reaction mentioned 

abo'lro--ocours in succGssi vo stages in tho space )( >0. Tho part 

of this spO:co which it -occupies is tho reaction zone. 'llio remoter :parts 

arc occupied by the completely reacted (burnt) products of tho detona-

. .l) .. 
tion, . the burnt gases. 'lhis is the region behind tho dotonntion 'IJiitl.vo. 

llTh. b t' . . :ts may e ru.o exactly, or only ,asymptotically. 

3. Tho- d~tonation wave has a constant vcloci ty with respect to 

(and directed toward) the intact explo;sivc~ say D~ Since tho detonation 

wave is at rest in our frame of reforonoo, this moans that the intact . ' . 

explosive has tho velocity D With rospoot to· (and dirootod toward) tho fixed 

head of the wave. That is, !3..t every point .X <-0 (in (Z-A)) tho velocity 

of matter is D. (D>O, in t!J.odirootion_of tho positive x-axis!) 

At f!I'Vory point x>O (in (2-C)) we have a velocity of :rruittor 

_4-= ..t.<(;t.) ~nd a fraction n ~ n (xJ >0)-::.; 1 expressing to what extent 
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~~----

the chemical reaction has been completed thor(},. (I. 0., at · JC > 0 .a. unit 

mass contains n parts of burrtt gas and 1 ... n parts of intact cxplopivo.) 

During the time dt matter in this region moves by d:x: =~9-t,. So if tho 

reaction vqlocity (uhder the physical conditions prevailing at x) is 

o(= (( (x) thpn we· ha:vc 

~' = (l·.·~,:q).~ 
'iii' ~.~ 

~.z · .~T / ,..-· ··'/• d M . ( ) ..1 I ..; 

( 3-1) 

r·"-,-~LA.· ··y ,_;j~(.e-r./: ~J . ~. ·~ I -NJ "1:. S!_f::.- ~I 
L/ .r c~_·~.,:.... ..... _-_,/l'k' __ , ·_.... _______________ _ 

1
\n assuming the existence Qf a vroll-dcfined ru1d stationo,ry reaction 
'Velocity (i.e., of one which is a numerical.constant J.n timo), a definite 
physical hypothesis is being made: That of (at least) kinetic quasi 
equilibrium at every point of the reaction. This hypothesis is, howev-er, 
a natural one to make, unless there is definite ovidonco·to tho contro.ry. 
And there does not seem to be any so far. 

A.s .x increases· from 0 toward + ~ •. n increases from 0. toward 1. 

According to tho detaps of tho situation, n may or may not reach tho value 

(completely burnt gas) for a finite x ( cf, footnote 1 on p. 7). We assume 

for the sake of simplicity that the former is tho ca.so, i.e., that tho· 

roo.ction is exactly completed for a finite J$:.; 

'I'o conclude the description of condition in our phenomono:ru At. 

every point x 4:!. 0 · (in ( 2-A)) we have the same physicui characteristics, 

so.y pressure p
9 

o.nd specific v-olume V • 
.. ~ . ' 0 

Those describe the intact explosive. 

At every point x :>0 (in ( 2-C)) we have o. pressure._P 

specific volume. V = V(x). 

P(x) and a 

The nature of the chemical reaction .is expressed by a functional 

relationship 

( 3-2) 
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where. we assume A (n, P, V) to be a. known function. 'Ihe stabilj,ty of 

the intact explosive requires 

( 3-3) A (0, P , V ) = O. 
0 0 

Tho nature of the explosive a.n,d its mixtures with tho burnt gas 

is expressed+--as far as it interests us--by its caloric equation for ouch 

n ~0, ~1. i.e., by the functional relationship determining its inner 

energy per unit mass 

( 3•4) e = E (n, P, V) 

whore we assume E (n, P, V) to be a kl:lown function. 
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4--7 Discussion of the Equations. :.t'he. Chapm.a.n-Jouguet Hypothesis 

4. The substance which passes from the intact explosive state--the 

space x a 0 .iri ( 2-A)--through the various phases of' the chemical reaction 

underlying the detonation--the spac~ x > 0 in (2":"C)--must fulfill the. con-

di tions of. conservation. of mas-s, momqnturn: and ene:r:gy;. Indeed these aro 
. l) 

the mecha.ni_cal conditions for· the stat~onari~y of the detonation wave. 
·' -

' -1
t.his is the classi.cal p:i"opedure of Ranking,) and. Hugoniot. 'Jlte appli-

C!ltion to all intermediate phases Of tho reaction for the pur:pose of a ) 

structural analysis was sug'gested by G. I. Taylor and H. Jones, loc. ;it.
1 

· 

on P• P• 

Denot~ the mass·flow--the amount of matter crossing the wave head ~er 

' - - 2} \ . 
second,

2 i-.e., the amount of matter detonating per.soc_ond, by'J1_). Then 

21 . -
And po:t:: unit s'L!-rfaco Qf the 2j) ft._ -plane. 

the· conditions of oonseryatiol'i bacp_me: 

(4-1) 

(4-2) 

(4-3) 

[Mas_s] :Qo~ ~~=~®! -#: = A _;v;· 

{jf.omentum.J ft· (D .. _ 4- _) = 1?_: ~-~p·_oJ 

fEnergy) ~""h_ (_-~ D
2 + E(Q, P , V ) -i 

k ., . 0 0,-
2 1\ ~, • E(n, P, V)/ .::)..(.p - D P 

0 
• 

( 4-1). ( 4-2), ( 4- 3) together With ( 3-1), (3- 2), determine over;1thing. 

But (3-1), (3-2) merely establish the scale of conversion of the 

two variables x and n into each other., If we arc -satisfied to use n••instca\1, 

of :x:--as the independent variabi_o, then we can rely upon ( 4,--1), ( 4-2-) 1 ( 4-3) 

alone, If we obtain fr-om them P :: P(n), V = V(n) and ,;tl... = _.A..L (n), then 

(3-l~, {3-2) may be stated as 

( 4-4) 
/ ( -'« dJ:J. 

~ = ~- {1.;. n)'A (n,'P, V) 
as a conversion formula U1 the abo'lre s~nso. i.e., 

/ 
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This is the pr·ocedure which we shall usc. 

5. 'rhe algorithm of solving (~l), (4-2), (4-3) is well known. 

We consider P 
0

, V
0 

as given, D_. j4 as unknown parameters of the 

1 2 
problem, and P, v, ~~as unknown functions of n (4-1) expresses 

1 ' ' 
~ dependent upon x or n t 

-----------------------~----~---------------~~~--~----~--~-----
2
rnstead of x, of. the end of 4. 

D, ...U. in terms of/t , __ V (V
0 

is given~~so that equations (4-2), (4-3) 

r~main. These are easily transformed into 

( 50.:.1) p - p 2 
.....___......,o.....,_. ~)A 1 
v .. v 

0 

(5-2) t (P + P ) (V .. V) := -E (0, P , V ) + E (n, P; V). 
0 0 ' 0 0 

Thus ,-Lt. determines--for every n :> 0, ~ 1 

equations '( 5-l), (5-2), 

P, V by the implicit 

The strange thing in all this is that one unknown parameter--say •• 

l-emains undetermined. But the stationary state of the detonation wave of a 

definite ,chemical reaction ought to poss.ess--if it exists at all--

unambiguously determined characteristics. Hence it should be possible to 

formulate some further condition which complete~ the determination of )t • 
... 

Before we consider this question, however, let us return to ( 5-l), 

(5-2). 

'Iheir solution can be illustrated by a ram:iliar graphical method 
I , 

(Figure 1). 

Plot the curve (5-2)., the Ranldne-Hugoniot eurve, in the P, V-pla.ne, 

together with the point P , V ·~ Denote .the angle between ·tho direction of 
0 0 
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the negative V-axis and the dirootiori P 
0

, V0~P1 V by f • Then (5.-2) 

states that P, V li_es on the Rankine-Hugoniot curve, o.nd (5-l) states that 

(5-3) 

Thus the unknown parameter r 
pars.mete:r A (or D). 

D=V 
0 

is substituted for. the unkilo'Wh 

~is picture should be drawn for each n/ 0
1 
~ 1, with the same 

P , V and (I) but varying I-umkine-Hugoniot curves, and so the correspondin:; 
0 0 ) 

P, V are obtained.l) 

1) 
And the 

Observe that all th~se considerations. are also valid for n = 0, 

in which case they describe the conditions under ·which a discontinuity in 

our substance can exist--without making uso of any chemical reaction at 
~ 

all. This phenomenon is particularly importru1t in gases and in liquids. 

It is known as shock wave, and is actually an essential component of the --
theory of the detonation wave. 

6. While <j' is undetermined, it is not entirely arbitrary (Figure 2). 

To begin with-, (5-3) necessitates tgf70, so c_p must lie in 

the Quadrant I or III •. We have accordingly: 

Quadrant It p ';;:' p , 
0 

p 4. p , 
0 

V7V 
0 

hence 

hence 

·...AL 4 D. 

In Quadrant I the burnt gases are carried along with tho dctona-

tionwave (i,e., D -.1-J....~O); their density and pressure are highe.rthan 

those in the explosive. This is detonation proper. 
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:tn Quadmnt III the burnt gases are streaming out of tho 

explosive (i.e."' D .. ..u....::.o); thei,r density and pressure are lower than 

•• those in the explosive. 'lhis is the process conun.only kno'Wll as burni_ns• 

We are interested in the vrocess of"· detonation only, so we assume~, 

in Quadrant I. 

Now our treatment of the. chemical reaction ( cf. in partioular1~ 
on page 8) compels us to postulate for each n 7 0, ~ l the ·existence of 

. -
a well-defined physical state, ~ulfilling the requirements of the theory 

of 4-5. Therefore lJ muat be at least the anglo (j?y, of tho tangent 

from P
0

, V
0 

to the Rankine:-Hugoniot curve. For;j?<-o/nthe line on.which 

P, V should lie does not interso'ct that curve at all, Forwz a• tho 
J - 7..,., 

situation is usually this: If <f = <p., then there exists exactly one value 

for 1?, v, the tan~ont point X; if 'f 7 <p"' then there exist exactly two values 

for P., V, the lower intersection point Y and the upper intersection point Z: 

.We assume_these qualitative conditions--as exhibited by Figure 2--to hold 

for ,tho Rank:ine-Hugoniot curves of e.ll n. 

7. Those considerations were originally appHed to n ::::. 1 only. 

( Cf. however footnote 1 on p. 10) The lower limit f.or Cf is then CJ) = ~--~ , 
the direction of the tangerit to the Rankino-Hugoniot curve n = 1. 

Tho classical theory of detonation is based on the assumption 

that the actual value of 9' is this lower limit Cf1 ! This is tho so-called 

hypothesis of' Chapman and Jquguet.1) Various theoretical motivations have 

ll . . . . . .· . . ' .. · . .. . . 
For thl.s, and several references in what follows, of. the report of 
G. B. Kistiakow13ky and E. Bright. WilSon, Jr., ""The Hydrodynamic Theory.· 
of' Detonation and Shock Waves~ n OSRD .(1941). This report will bo quoted 
as K. W.. Concerning the. Chapman-Jouguct hypothesis, c:f;. K. W.;, Soc. 5. 
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been proposed for this hypothesis, mostly bas?d on considerations of 

. 1) 
stability. 

'· '•' 

The experimental evidence is not easy to appraise, since the question of 

the validity of this hypothesis is intertwined vnth uncertainties concern-

ing the caloric equations of the substances involved under tho extreme 

conditions in a detonation. 

We propose to carry out a theoretical analysis of the Chapmm1-

Jouguet hypothesis by a study of tho Rankine-Ifugoniot curves for all 

n :::_ o,_ ti 1~ i.e., for all intermediate phases of the reaction. It will 

be seen that a proper 'lll'lderstanding of tho situation with the help of the 

curve n = 1 alone--as attempted always heretofore--is impossible. It is 

necessary to consider tho family of all curves n 7 0 . ~-1. By doing this 
:;:: 1 ~ 

we shall supply the missing condition mentioned in 5 (after (5-l), (5~2)), 

i.e., determine g:' (that is ./..t • D). 

For certain forms of tho family of all curves n ·~ o
1 
~ 1 the 

Chapman-Jouguct hypothesis ~vill turn out to be true; for other forrns it 

is false and another (higher) value of cr will be found. 
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8-9 General Remarks 

a. The discussion ar the end of 6 showed that we must have f.~ 'fn · 
for all n 7 Ol >'~1. Now the Chapman-Jouguet hypothesis is based on the 

considerations of the Rankine-Hugoniot curve n = 1 alone, and it consists 

of o.ssuming 'f' = g:t, • 
for all n 7 ol <tt: 1. 

·~ 

Hence it is certainly unacceptable unless (}JJ ? (l) 
l J -:::::: .T~ 

I.e.t · Unless ~ assumes its maximum (in 0 f n i'l) 

for n = 1. Or in a more geometrical form: Unless every line issuing from 

the point P0 , V0 which intersects the ourive n = 1 also intersects all other 

curves n ~ 01.,. ~ 1. 

We illustrate this condition by exhibiting two possible forms of 

the famlily of all curves n ~ o
1
,i 1 (Figures 3, 4): 

Tho condition is fulfilled in Figure 3, but not in Figure 4. 

From a purely geometrical point of view those two forms arc not 

the only possible ones for the family of curves n ! 0,: ~1. We shall not 

attempt to give here a complete enumeration. Tho main question in this 

connection is, however, which forms of this family occur for real explosives. 

We shall. :take up this question in a subsequent investigation. 

9. We shall obtain tho missing condition for 90 repeatedly men

tioned before. This derivation will differ essentially from tho existing 

analyses, since those make usc of tho curve n = 1 only. {For this, and for 

some of tho r~rks which follow, cf. footnote 1 on P• 14). Thoro is never-

tholoss one element in those discussions which deserves our closer attention. 
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The discussions referred to treat tho upper intcrsoetion points Z 

and. tho lower intersection points Y scparately. 1) That is, in order to 

l)Cf. our Figure 2, or K. W., Figure 5-l, P• 8 

establish the Chapman•Jouguot hypothesis--i.e., the tangent point X--the 

Z and the Y are ruled out by two separate arguments. We saw in 8 that 

the Chapman-Jouguet hypothesis cannot be always true; hence tho arguments 

in question cannot be conclusivo. 1 Our considerations will provo that tho 

l}Cf. also K. W., bottom of p. 11. 

exclusion of the Z on the curve n = 1 must be maintained, but not that of 

the Y. 

Thus the first part of our analysis will be restricted to tho 

curve n = 1 and on it to the upper intersection points Zs proving that they 

cannot occur. In dobg this we shall usc a line of argument which is closely 

related to the traditional one referred to above, even to the detail of 

being based on a comparison of the detonation velocity to tho sound velocity 

in the burnt gas behind it. 
2

} In spite of this similarity, however, tho two 

argumentations arc not the same: The traditional one is, as mentioned 

before, essentially one of stability, 2)'While ours is purely cincmatical. 

21c:r. K. W., PP• 8-9 

It is actually closer to a vieWpoint 'Which has been put forward recently by 

G. I. Taylor. 3) 

...,.3TJ B-r-l-. t_i_s_h_r_e_p_o_r_t_o_f_G-.-I-.-T-a-y-lo-r-,-,-,D..;..o-t_o_n_a .... t.,..i -on_l_iila_v_o_s_,_"_R_d_l_7_8___.(_1_9_4_1_)_. ~Th·i s 

report will be quoted as T. 
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In other parts of our analysis we shall have to consider all 

curiros n? o1 ..:::1 atid their positions roia.tivo to each othon This is -.:::: ·-:: . 

essentially diffdrent fro~ tho existing analyses referred to ubovo. 

On one occasion we shall consider the possibility of a shock 

wave in the reaction zone and the change of entropy which it causes. This 

phenomenon has been investigated in connection with the Chapman-Jouguct 

hypothosis, 1)but in a different arrangement: In a stability consideration, 

1) 
Cf. K. W., PP• 9, 11. 

in order to exclude (on the curve n = 1) the lower intersection points Y 

also, to prove the Chapman-Jouguot hypothesis. Our procedure again is not 

one baaed on stability, and besides we usc it for a different purpose. 

Furthermore wo shall find that under certain conditions the lower inter-

section points cannot be disregarded. 
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10-12 Conditions in the Completely Burnt Gas 

10. Let us consider the state ·:P, V at 11 = 1, which is a. point on the 

Ra.nkine-Hugoniot curve n :::: 1. '!his is the back end of the reaction zone, 

where the chemical reaction is just completed (cf'. (2-C)). We use the f'ramo 

of' reference in which the detonation wave .. -and hence this particular point 

too--is at rest.- Consider now the conditions behind this pofnt P (Figure 5) t 

In order to complete the picture we must remember that tho 

explosive was assumed to be completely confined (cf. 1); hence it is logical 

to assume a back wall behind it, say at Q~l} This back wall is at rest in 

l)If the explosive were unconfined at Q, the conclusions of these 
would probably be valid a fortiori,since they demonstrate the necessity 
of a rarefaction wave in the burnt gases under certain conditions 
(of. 12). But we prefer to restrict ourselves to the case of absolute 
confinement. 

tho original frame of reference in which the intact explosive is at rest; 

in our present frame of reference the intact explosive has the velocity D 

(of. the beginning of' 3) 1 and therefore the samEi is true of tho back wall Q. 
I 

So the burnt gases lie between tho points· P
1

.Q, which move with 

the velocities O,.D, respectively. The gases stream across P with the 

velocity .U. = V iftg f (cf. footnote 1 on P• 12),. while Q is an enclosing 

wall. 

The phenomenon is certainly not stationary in P
1 

Q', since P and 

Q recede f.rom each other; but wo assumed it to be stationary in tho reaction 

zone 0, P. In P
1 

Q, on the other hand, :n,o chemical reaction is going on: 

The gases there are completel-y burnt. 



-The question is whether the necessity of fitting a gas"dynamically 

possible state of motion between P lll'ld Q imposes any restriction on the 

state at P, i.e,, on the intersection point on tho curve n == 1. 

An answer can be obtained mathematically by integrating the 

differential equations of gas dynamics in P1Q. 1) But it can also bo found 

1~is is actually contained ~n the computations of T., pp. 1-4. 

by more qualitati vc considerations, v.hich wo shall now present. 

11. Consider the stretch 01 Q in the original frame of roferoncc in 

Which tho intact explosive and the back wall at Q arc at rest. Through-

out the entire period of time in which tho detonation progressed from its 

start at Q to its present head at 0 tho explosive to the left of 0 remained 

intact. Hence no substance was transferred from one side of 0 to the other, 2 ) 

Z)O is now at rest with respect to the intact oxplosivot 

and so the total mass in O)Q was not changed. TI1creforc the average den

sity_ in O).Q "\IVas not changed either--i.e., it is now, when tho \'lfa.VO head is 

at 0 1 the same as it vvas when the detonation started at Q- -i. o., tho same 

as in the intact explosive. 

f'rom P 
0

, 

Tho specific volumes in O}P are the V on tho lino of Figure 2, 

V to X or Y or Z, as the case may bo; hence all smaller than tho 
0 

specific volume V
0 

of the intact explosive. r.o., tho density in o
1

P is 

ever~vhere greater, as in the intact explosive. 

Hence tho average density in P
1

Q is lower, as in tho intact 

explosive, and a fortiori as a.t P~ Consequently we co.n assert: 

The density at P is greater than in some places in P
1

Q. 
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1 ·, 
Let P be the place (in P1Q). wh~re the density begins ~o full 

1) 
below its valuo at P. The density, i.e., tho specific volume V, is 

l)pl is P, or to the right of P ...... 

1 
therefore constant in P1P • 

12. We now return to tho frame of reference of 3.-5 and 10, whore 

tho wave front 0--and so tho geometrical locus of the reaction zone o1P-

is at rest. 

V is constant in P
1

P1; hence tho same is true of .U. 2 ) and P, 
3 ) 

2
)Becuuse of the conservation of mass, i.o., (4-1) or.footnotc 1 on p. 12. 

3
)Because of the adiabatic law, which holds throughout P 

1 
Q, since thoro 

are no chemical reactions or shock waves there. 

4) 
and, along with P1 V, of the sound velooi ty c . 

4
)We measu~e c. with respect to the sas, which itself moves with the 
velocity _,;l.t • 

By its definition, P1 is the head of a rarefaction ~mve looked. 

at from 01 P1 p1 • Hence moves with sound velocity towards o
1 

P1 P1; i.e., 

the velocity of P
1 

is .AL- C • We know tha.t we ma.y take this ....U..· Cat P 

instead of P
1

, and that 4 ~a. taken at P :i" constant in time. s) Hence 

5 )The zone o
1
p is stationary\ 

..<.t. ... C .C:. 0 would imply that P
1 will reach and enter the zone o

1 
P in a 

finite time. thus disturbing its stationarity. Hence .A.A.· -c "0, i.e., 

C "fU.. at P. 



Let us now consider Figure 1, taking n = 1 for its ctirve• 

M = v v· tg'r (of. footnote 1 on P• 12). and ft too can be expressed 

in terms of this figure. Denote the nngle between the direction of the 
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negative V-axis a:hd the direction of the tangent of the curve at P1 V by .X. 

We claim that C = V Vtg;.t. This can be established by a direct therma

l) 
dynamical computation, and also by a more qualitative argument which wo 

1) ' ' . 
cr. K. w~, PP• 9-11. 

shall now give. 

The line Pol V
0
-J P1 V represents a detonation wave ending with 

the burnt gas. Therefore a line p~VJ'-.. Pl V where both points P~V' and 

P,_v lie on the curve n = 1, represents a discontinuity 'Which begins and

ends in the burnt gas 1 ieee, a shock wave in it. 2) If P~vl 
I '11-t\¢ ;&! ,; f.i$11 -~------...,._-.,.....,....._, ~c?t ... fl(~£,4~' jii'lo''IJI<!olf$-.... lilllliA'-""''ftiP~r••·· ...... , ____ _ 

z)Involving no chemical reaction\ 

moves v~ry close to Pl V, then this direction tends to the tangent at P
1 

V. 

And the shock wave tends to a very small discontinuity, i.e,, :i.t becomes 

very weak. Now the velocity of a very weak disturbance is very nearly 

sound velocity. Hence C. 
1

'/- are connected in the burnt gas in the samo 

way as Dl )P wore in the intact explbsive. So the D = V
0 
~~of (4-1) 

becomes C = V ~· · . 

Thus our c 't ..,u., becomes v r tgt.-,~V v tg"i' I i,e., ;t ~ '}; 
In other wordst 

The direction P '.V -fit P~V cannot be less stoop than tho 
R.tfi?· .. ,, 

direction of the tangent to the Rankine-Hugoniot curve n ::::: 1•-i .e., the 

direction of the, ourve itself--at P1 v. 



One look at Figure 2 suffices t0 show that this lrl.eans the exolusi~n 
\ . 

of the upper intersection points Z on the curve n = 1.1/ Wo testate thist 

l) As mentioned in footnote 3 on p. 16, "tho computations of T., pp. 1-4, 

· prove the same thing. The state in P* Q (of. Figure 5) for the tangent 
point X or a lower intersection point Y (of. Figure 2) is exhibited by 

Figures l-b and 1-a, respectively, in T. 

The state P(n) l V(n) at n = 1 which lies on the curve n = 1 

cannot be an upper intersection point. 



13-i5 Discontinuous and Continuous Changes in the Reaction Zone. 

Mechanism which Start the Reaction 

15. We turn next to the consideration of the Rankine-Hugoniot 

curve for all n :::::" 0 '1. :::· l· '::!: 
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The state at the· point of the reaction zone with a given n is 
I 

characterized by the data P(n), V(n) andft~(n) (of. the end of 4). These 

points P(n), V(n) for n ::- o
1 
~ 1 form a line ..L'f in the P l V -platle, the 

line representing the successive state:s across the reaction zone (of. the 

end of 12). 

This line A must intersect the curve of ~very ri ::::' o1 ~ 1. If 

this in.torsootion occur:;; in a (unique) tangent point, then that is P(n), 

V(n); if it occurs in two intersection points--tho upper and tho lower--

then one of those is P(n). V(n). Lot us now follow tho history of P(n)., 

V(~) as n increases from 0 to 1. 

To begin with, there is no absolute reason why P(n) • V(n) should 

vary continuously with n. Consider now an n where they arc discontinuous. 
0 

Follow the path of matter (in tho detonation) which crosses that point of 

the reaction zone. It moves in the direction of tho progressing ohamical 

reaction, i.e., of an increasing n. Tho discontinuity of P(n).t V(n) nocos·· 

sitates that these quanti ties have different limiting values, as n is 
. . 0 

approached on tho incoming side from below, and on the outgoing side from 

above.· Both limiting positions of P(n), V(n) must be intersections of A 
with the curve n • So they are .tho upper and tho lower intersection 

. 0 
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pOint?) the question is only-. :which is whidh? 
,:. .... ,, ' 

l} And we do not have the tangent posi tiont 

--~--~----~--------~"--~~~--~~--~~------~-----------
The two intersection points of A on the curve n repr0sont the 

0 

two sides of a shock wave;
2)indeed our above description of the situation 

a)Cf. a similar discussion in 12. 

at n
0 

makes it cle·ar that there is a shock wave at tho point n
0 

of -Gho 

reaction zone. 

Now it is well known--for thermodynamical reasons, but also 

intuitively plausible--that in a shock wave the high..;pressuro area always 

absorbs tho substance of the low-pressure area. i.e., that matter passes 

from the low-pressure state into the 'high-press~ure state. 3J, 

3
) The thermodynamical reason is that tho entropy is higher on tho high
pressure side. Cf. K. W., P• 11. For a discussion of this property of 
shock waves c:f!. e.g. J. W. Rayleigh, "Aerial Plano Waves of finite 
Amplitude, 11 Scientific Papers, Vol. 5, Cambridge (1912), particularly 
pp. 590-591. 

In the present case matter moves in the direction of increasing n 

(of. above). Therefore the lower intersection point is the limiting po si~ 

tion when n is approached from below, and the upper intersection point is 
0 

'•. ,' 

tho limiting p'Osition when n is approached from above. 
0 

Sunnning up : -

The- point P(n), V(n) varies cont:i,nuously~, e:x:ceRt for possible 

/ ju;mps from the lower to the upper interseqtion point which occur•-if at all.,.-
' 

always- in this direction With increasing n. 
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14. tot us consider the oondi tions at n == 0 1 i.e. 1 at the head of the 

'!he state there. adJ"oins the P , V of the intact explosive which 
0 0 

lies on the curve n = 0. 

Assume first that the variation of the P(n) 1 V(n), at this point 

is continuous, 

0 from above. 

i.e., that P , V is the limiting position when n approaches 
0 0 

In this case there is no agent to start tho chemical reaction 

which supports the detonation. This reaction ought w set in, and qui to 

vehemently at n = 0, i.e., for small values of n >0. Or, if wo use the 

independent variable xt at x == 0, i.e., for small values of x > Q. Now 

the assumed continuity means that the c~ndi tions in this critical zone--

the beginning of the reaction zone--differ only insignificantly i'rom 

those at P
0

, V
0

, i.e., throughout the in·l;;act explosive (in x ~o). Thus 

the reaction cann~t start in this region. If it d:i.d--for any reason 

whatever--it should a fortiori have done so in tho intact explosive 

(in x .t::. 0). There was much more time available there, and yet, by 

assumption, .no reaction\ 

This argument isqualitative, to be sure, but it is quite easy 

to amplify it mathematically.l) 

l}Considcr the formula ( 4-4) which expresses x in terms of n. If we 
have oontinui ty, i.e,., if n _,. 0 implies P ~p , V --+V , then ( 3-3) 
yields A (n 1 Pl. V)-+ 0. So we must expect di v<grgon.co 8f tho integral 
(4-4) (noar n = 0), and failure to obtain an acceptable x. 

This is, of course, not essentially difforertt from tho toxt1 s . 
verbal argument: We cannot make x -JO--nor oven x ~ fini to for 
:n -+ 0--i. e., the reaction cannot bo started on any fini to interval. 

Thus wo must have a discontinuity at n = 0. By tho result o:f 

13 this moans: 
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P ~ V mu.st be, the lower· i:dtei'sectlon point, and as n increas0s 
. 0 .. . 0 . ' ' . __ . ....,....,;.... ___ ..._ ______ _.__ 

(fromO. on),. P(nL V(n) iln.tnedi~:tlely JUmps to the upper intersection 
- "' •' ·"" .. -.;.,:: 

Thus the reaction zone sets in With a shock wave, an abrupt 

increase of P,, and with it an equally abrupt decrease of V (of. (5-l)) 

and of ~(of. footnote 1 on P• 12). 

These abrupt chal'lges of P, V may start the reaction, particularly 

'because they imply usually an increase of the temperature. But the chanr;e 

of .,u is eV'en more remarkable. This decrease from D to ;1(£
0 

means, of 

course, that the intact explosive (in z<O) receives a vehement blow, 

delivered by the wave head with the velocity. 

w=D-4o· 

Using (5-l), (5-3) and .footnote 1 on p. 12, we see that 

w= D.,. ,J,/.,·
0 = (I- +)D = (v

0
- 1f),JN= (<P 0

- PJV
0

- V0
). 

• . . g' 

(14-1). 
0 . 

This . ve loci ty is smaller than, but in the order o.f magn i tu.d. e of, the 

detonation V'el0city D. ' It is comparable to the thermic agitation of a 

very .high temperatUre; indeed it may be more effective, since it is 

delivered with one systematic velocity, and not in statistical disorder. I) 

l)For a tyPical high explosive, like 'INT, D ,......__ 6,000 :rn sec-l' 
w .............. 1,500 m sec-1' so that the correspond:i,ng temperature would be 
r".J 2500° - 3000° centigrade. · 

discontinuity of the velocity provides at any rate the.mecha.nism needed 

to start the reaction. 2 ) 

2)11-lis view would necessitate a modification of ( 4-4), but in a favorable 

. scnset towards even smaller changes of ?t in the neighborhood of n = o. 
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15. We know f~oni 13 that P(nL V(rt) is :hmnediately aftct a 

discontinuity at an upper intersection po.int. We also lmow from tJ 12 

that tho latter cannot be the case at n· = 1. We ·have-': 

P(n), V(n) is continuous at n = 1, in tho. position indicated 

in 12. 

We are now informed about tho behavior of P(n), V(n) at n ::: 0 

and n = 1, and also-at discontinuities for n '0t .C..l. There remains 

only the neces~ity ?f discussing its behavior when it varies continuously 

near an n -:::=o- o
1 

.C::: 1. We are· particularly interested how--if at all--

it can chango under these conditions from an upper intersection point 

to a lower one, or vice versa. 
1) 

J,)The first change (for n increa8ing) actually excludes a discontinuity 
according to the result of 13. 

Let us therefore consider such a) chango. If P(n), V{n) 

changes at n = n (n -.:>o. o1 4 1) continuousl~r from an upper intersection 
0 0 . 

point to a lower one, or Vice versa,. then it is necessarily a tangent 

point at n • 
0 

At this juncture it becomes necessary to intr'Oduce tho envelope 

of the family of all .curves n ~0.~1. This envelope may or may not. 

e:x;ist (of. Figures 4 and 3 for these two alternatives,. respectively). 

At any rate, if the tangent point which we are now considering is not . . 
2 

on the envelope.~ then the position of the curves for tho n near .to n 
I 0 

2 
This is meant to include the case where the envelope does not exist. 

is this (Figure 6). 
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Thus the cur. ves wi t.h n ~ h are all on one side of the curve .. 0 

.and the curves with n < n
0 

are all em the other side' Consequently the 

line A does not i_ntersect that one of these two curve systems which is 

on the concave side of.the curve n
0

• ButA must intersect the curves of 

all n ( c:f. 6), So we have a contradiction. 

Hence the envelope must exist, and our tangent point must lie 

on it. At this point A. i:s tangent to the curve n • But the envelope 
I 0 

ihas at each one of its points the same tangent as that curve n of the 

family which touches it there. Hence /1 is also a tangent for the envdope. 

S'U!llming up.: 

If P(n) 1 V(n) changes at n = n
0 

(n\> .:»· ~l~ 1) continuously. 

from an upper intersecti~n point to a lower one (of • ___ rsotnoto 1 on I?• 27 ~~ 

the:n: 

A~ 

B) 

C) 

. . 

The 
1
envelope of the famill o~ all,curves n exists. 

'. 
The point P(n ) 1 V(n ) lies on the envelope. 

• -.Q Q ~ . . . 

The line A is at this point tangent to both the curve n and 

to the envqlope. 

It is easy to visualize that if t{le point P(n
0
), V(n

0
) fulfills 

B), C) 1 then the change fi'om an upper to a lower intersection, or •.rice versa, 

can be e.ffected continuously (Figure 7 '· Cases 1, 2). 

But it is also possible to have B), C) 1 and r1everthe;l..ess no 

such change (Figdre 7, Cases 3, 4). 

•I 

I 
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16 Conelusions 

16. The results of 12, 13, 14 and the two results of 15 permit 

us to form a complete picture of the variations of 

By 14 P(n), V(n) begins, for small ri ,.,. 0, as an upper inter-

section point. · +f it stays one for all n :;p o1 4!.1, then 12 and the 

first result of 1~ necessitate that it terminate at n = 1 as a tangent 

point. In this case .../'{is a tangent to the curve n = 1. 

If the above assutn:p-tion is not true, then P(n), V(n) must change 

(as n increases) from an upper intersection point' t0 a lower one, for 

some n :;:::PO,t.c;;:.l. By 13 this must occur contmuously (of. dso.f'ootnote 1 

on P• 27), and by the second result of 15 we have A)-c) there: The 

envelope exists,. end ./j is tangent to it at the point in question. In 

this case A is tangent to the envelope. 

So we see=. . 
•. 

../-j is t~gep.t ci ther to the curve n = 1 or to the (then 

necessarily existing) envelope. 

Since the line ~ comes from the given point P J V 
0 0 

this 

condition leaves only a fi..'Ylite number of alternatives for it, i.e., for 

its angle r 'VIrith the direction of the negative V-a.XiSe So we have 

obtained essentially the missing condition, referred to at the beginning 

of 9 and before. 

]Jldoed, when the envelope docs not exist (as in Figure 3), then 

we see that A must be tangent to 'the curve n ::;::: l, proving the Chapman-

Jouguet hypothesis. We re~tate this: 
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If thB envelope does not e.xist--i. e., if the curves for all n 

do not intersect each other ( cf. Figur:e 3)--then the Chapman-Jouguet 

hypothesis is true. 

On tho other hand we saw a case in 8 in "Which th.e Chapman

Jouguet hypothesis cannot be true. 'lhen the envelope :nrust exist, and_..{ 

must be tangent to it. 

We leavo it to the reac'J,er to discuss the details of the solu-

tion in various typical cases, e.g. in Fi[J;Ure 3 (the Chapmen-Jou.guot 

hyPothesis is true), and in Figure 4 (the Chapman-Jouguet hypo~esis 

is not true). Tho results referred to at the beginning of 16 are all 

that is needed in all these cases. 
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' 
Figure 1 (p. ll) 

p 

Figure 2 (p. 12) 



p 

Figure 4 (p. 15) 
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Exp1anlation of Figures 3, 4: 

The' curves 1-1, 2-2, 3-3, 

4-4, 5-5 are Rankine-Hugoniot 

curves, corresponding to succes-

sive ~lues of n decreasing 

from 1 to o. (1-1 is n = 1, 

5 .. 5 is n = o.) 

The line occupies 

the extreme (lowost) position 

which intersects the curve 1-1 

(i.e., n = 1). Tnis is the 

position determined by the 

Chapman-Jouget hypothesis. 

In Figure 3 this line inter• 

soots all curves. In Figure 4 

it docs not; the extreme (lowest) 

line which intersects all curves 

is ./~, .... 
In Figure 4 tho family of 

curves has an envelope, marked 
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Figuro 5 (pp. 18•20) 

Head of End of the 
,t~Wa'5 ~~ne 

<-Intact Explosi+ Reaction ~~ Burnt Gases 
Zone 

0 P' 

Figure 6 (p. 27) 
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. ' ' l 
EXf)lanati~n ,of Figu:re, 7 * 

a-a, 'b-b a:re the cu:rvcs .ti / n
0

t 

v<.. .. X. ,~if,'- ,4_))are tho curves n '- n
0

• 

(Both times in the order of going 

~~y from n
0

) • 

·The envelope is 
................ 

This is the variation of the point 

P(n), V(n)• 

Ca,se 1: Upper ··7 Lowert 

u l(. 

/· :r <~ . .x. '"·')• 0 ·-)> a1 ._, bl • 

Case 2: Lowe,r .__., tJppert 

j.
::/

1 
~ ~...( -7 0 ·~7 au_, bu. • ...:. ~ ,. -1 i' • 

Case 41 Lowe:r --7 Lower: 

/'\ -7 .X,1 -7 0 4 a1-]'b1 • 

All four types of variation arc con
b ( li ,tinuous. 

//1 tS\ }V(n 0 ) 

j,F' 

~· 
~ ... b 

J--llU~ A 
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