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o 't) PREFACE

Professor Arthur Casagrande originally suggested to the author that an investigation
of the effect of time on the strength of clays at constant water content would be a
worthwhile topic for doctoral research. He emphasized that the first phase would have to
consist of improving triaxial apparatus and procedures to reduce leakage sufficiently so
that long-time tests could be performed at essentially constant water content.

As the author's work on the problem of leakage progressed, it became evident that
(1) the design and construction of apparatus for measuring extremely small rates of water
flow through membranes, (2) the theoretical and experimental investigation of flow
through membranes, and (3) the investigation of the effects of leakage on effective
stresses in triaxial specimens, constituted a major undertaking. Therefore the author
decided to limit the scope of his doctoral research to the above topics.

As a result of this investigation it is possible to perform triaxial tests with a
duration of several months on 100% saturated specimens without excessive errors due to
leakage. Further research is needed to solve the problems of (1) air leakage into and
out of partially saturated specimens and (2) water leakage into 100% saturated specimens
for tests lasting a year or longer. It is hoped that the discussion in Chapter 3 on the
theory of flow through membranes will stimulate research into the mechanism of flow
through membranes.

The author wishes to express his appreciation to the Corps of Engineers, U. S. Army,
who sponsored this investigation.

My deepest appreciation goes to Professor Arthur Casagrande for his continuous
encouragement and for his many contributions at every stage of the investigation.

The author is grateful to Dr. Werner Stumm, Associate Professor of Applied Chemistry,
who has so willingly answered the author's many questions concerning the theory of flow
through membranes.

Special gratitude is extended to Dr. Ronald C. Hirschfeld, Assistant Professor of
Soil Mechanics, for his suggestions and continuous support while the study was being
carried out.

To Mr. Charles E. Osgood, technical associate in the Harvard Soil Mechanics Laboratory,
go many thanks for his suggestions and assistance during testing and in preparation of the
figures.

The author is grateful to Mr. Kenneth Hanna and Mr. Fay Welch, machinists in the
Pierce Hall machine shop, for their assistance in the design of apparatus and for their
careful workmanship.

Thanks are also extended to Miss Rosemary Gibbs and Mrs. Constance Towler for typing
the manuscript with care.

Sincerest thanks go to my wife, for typing the rough drafts and portions of the final
manuscript and for her continuous encouragement and optimism, as two years turned into
four.
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SYNOPSIS

Background and Purpose - Triaxial tests are performed in the laboratory to measure
the shear strength of soil specimens. One important question that has arisen in the
field of soil mechanics is: "Does the shear strength of a soil specimen change when the
duration of loading of a triaxial test carried out at constant water and air content is
increased from a few hours to several months?" So far this question has not been
answered because of the serious experimental difficulties that arise when the duration of
loading is very long. One particularly vexing difficulty is leakage of water and/or air
into or out of a specimen through the membrane(s), bindings, fittings, valves, and tubing
that are presently used in triaxial testing. Such leakage causes a change in effective
stress which, in turn, causes a change in strength that would not otherwise occur. The
purpose of this investigation was to determine how much leakage occurs, to determine
whether this leakage is significant in triaxial tests that are carried out at constant
water and air content, and, if so, to recommend test procedures that will permit one to
perform a satisfactory test with a duration of about 100 days.

Volume of Leakage that May Be Significant - The following two cases of leakage were
found to be most important (2-02): (1) Leakage of water into 100% saturated specimeas
and (2) leakage of air into or out of partially saturated specimens. A semi-empirical
analysis was carried out to determine the volume of leakage that would cause a 2% de-
crease 1n effective stress for each case. The analysis showed that for tests on 1.4 in.
diameter by 3.5 in. high specimens of soils that have a very flat swelling curve, a vol-
ume of 2 mm3 of water leakage intoc a 100% saturated specimen (9-02) or 40 mm3 of »ir
leakage intoc a partially saturated specimen (9-03) could cause a 2% decrease in ariective
stress.

Rate of Water Leakage into 100% Saturated Specimens - Measurements were made of the
rate of flow of liquid water through natural rubber membranes, which are usually used in
triaxial testing, due to hydraulic pressure (Chapter 4) and osmotic pressure (Chapter 5)
gradients. (Note: The permeability constant was the same regardless of which of these
gradients was applied across the membrane, Chapter 5). Also, measurements were made of
the rate of water leakage past the bindings of the membranes to the cap and base (Chap-
ter 7), and from valves, fittings, and Saran tubing (Chapter 8), all of which are cur-
rently used for triaxial testing in many laboratories. A comparison of the measured
rates of water leakage with the volume of leakage required to cause a 2% decrease in
effective stress in 100% saturated soils, showed that for 1.4 in. diameter by 3.5 in.
high specimens of soils with flat swelling curves the maximum permissible test duration
is about twelve hours and, for an 'average' soil (e.g. Boston Blue clay), the maximum
permissible test duration is about seven days (9-02).

Procedures for Reducing Water Leakage - For 100-day triaxial tests at constant
water content, the following procedures are satisfactory, even under very critical condi-
tions (10-01): (1) Add a soclute to the chamber water. This causes a reduction in vapor
pressure of the chamber water so that the average vapor pressure difference across the
membrane is reduced and, therefore, the average rate of water flow is reduced. (2) Use
butyl rubber membranes instead of natural rubber, because the formor are about ten times
better for preventing leakage than natural rubber. Attempts are presently being made to
manufacture butyl membranes suitable for triaxial testing. (3) Use a specimen with as
large a volume as possible. When the diameter and-theight of a specimen are doubled, the
membrane thickness should also be doubled. If this is done, the restraint applied to the
specimen by the membrane will not be changed but the change in effective stress in a
given time due to water leakage will be reduced by a factor of four.

Rate of Air Leakage into or cut of Partially Saturated Specimens - Using data that
were reported elsewhere in the literature on the permeability of natural rubber and of
water to air, rough approximations were made of the rates of air leakage (Appendix B).
The tentative conclusion was reached that under the most critical conditions air leakage
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will cause a 2% change in effective stress in only fifteen minutes(!) whereas in the
least critical case that might be of interest, air leakage would cause a 2% change in
effective stress in four days (9-03).

Procedures for Reducing Air Leakage - The following tentative procedures are pro-
posed (10-02): (1) For the chamber fluid, use a liquid in which the solubility of air is
practically negligible. Water may be used under certain conditions and mercury appears
to be a promising alterrative, although it introduces difficulties in the laboratory.

(2) saturate the chamber liquid with air at the average pore air pressure that is expec-
ted to develop in the specimen during a triaxial test. If this is done, air will flow

in during part of the test and out during part of the test, soc that little net flow will
have occurred at the end of the test. (3) Use a specimen with as large a volume as
possible. Doubling the volume will halve the changes in effective stress in a given time.
Changing the membrane thickness does not appreciably alter the rate of air leakage.
Adherence to tnese procedures will permit one to perform a 4-day triaxial test under the
most critical conditions and a 100-day triaxial test under the least stringent conditions.

Miscellaneous Comments on Triaxial Test Procedurés - Two membranes should always be
used in case one is punctured. O-Ring bindings are quite suitable so long as the cap and
base of the specimen are polished and greased before adding the membrane(s) and O-Rings.
Most valves and fittings in general use in the drainage system of triaxial cells are
satisfactory (with one important exception,8-05) but the number of valves and fittings used
should be held to an absolute minimum. The temperature of a 100% saturated specimen
should be controlled to *0.29C so that excessive changes in effective stress will not
occur. For partially saturated specimens this restriction may be relaxed to *19c,

See 10-01.

Future Research - (1) Determine accuratnly the swelling characteristics of many
100% saturated and partially saturated soils under stress conditions identical to those
existing during an R test. (2) Search for a chamber fluid more suitable than water or
mercury for tecting partially saturated specimens. (3) Study of the changes that occur
in partially saturated specimens when air and/or water leakage occurs. See Chapter 1ll.




CHAPTER _ 1

INTRODUCTION

1-01 GENERAL

The triaxial test is one of several types of laboratory tests used in soil
mechanics to measure the shear strength of soils. Many experimental errors arise in tri-
axial testing which prevent the investigator from obtaining reliable results. Leakage of
water or air or both from the triaxial chamber through the membrane is a particularly
serious and vexing problem; one which sc far has made it impossible to obtain reliable
information on the loss of strength due to pore-pressure build-up when a mass of clay
is subjected to shear stresses at constant water and air content over a period of sev-
eral months.

Leakage affects the results of the common triaxial tests as follows:

Q TESTS* - Leakage into a Q specimen causes a volume increase, which is accompanied
by a decrease in effective stress and an increase in pore pressure. Therefore, the
maximum load that can be applied to the specimen will be smaller than it would be
if no leakage had occurred, i.e, the strength of the soil Ls decreased.

S TESTS - Leakage into an S specimen causes the level in the drainage burette to
rise. Thus, if the drainage burette readings are used for volume change measure-
ments, the measured volume decrease will be greater than the actual volume
decrease of the specimen. The area of the specimen calculated from the measured
volume change will be smaller than actual. Therefore, the stresses obtained by
dividing the applied load by this calculated area will be larger than the real
stresses in the specimen.

R TESTS - During the consolidation phase of R tests, the effect of leakage is the
same as for S tests. During the axial loading phase of R tests the effect of
leakage is the same as for Q tests.

The errors caused by leakage during $ tests and during the consolidation phase of
R tests are much smaller than the errors that develop during Q tests and during the
axial loading phase of R tests., Furthermore, if the quantity of leakage is known, the
erxors due to leakage during S tests and during the consclidation phase of R tests are
easily calculated. Therefore, these latter cases will not be considered further in this
investigation.

1-02 DEVELOPMENT OF INTEREST IN LEAKAGE

Interest in ‘eizkage developed within the field of soil mechanics for two principal
reasons:

(1) In about 1539, researchers became concerned with the effect of leakage on
volume change measurements during (a) S tests lasting up to one month and
(b) the consolidation phase of R tests (perhaps lasting up to one week).

(2) In about 1947, researchers became concerned with the effect of leakage on the
shear strength of soils as measured in long-time unconfined tests and in long-
time triaxial Q and R tests. Times-of-locading up to one year were being
considered.

The present investigation was stimulated by concern with the effect of leakage on the
shear strength of soils as measured in long-time Q and R tests. The reasons for this
concern are explained in the following paragraphs.

It is well known that the application of shear stresses to a soft normally consol-
idated soil at constant water content will cause the pore pressure in the soil to

* The notations are explained in the section at the end of the text entitled NOTATIONS
AND DEFINITIONS.
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increase so that the strength of the soil will decrease (36)*. The condition of n~
change in water content can occur in the field during construction if the mass of soil
affected by the applied shear stresses has a great extent and has a low permeabil  zy.
To obtain a value for the shear strength that can be used for design in such cases, it
is important to measure the strength with no change in water content permitted. Tri-
axial Q or R tests are performed in the laboratory for this purpose.

One essential difference between the field conditions and the conditions of tri-
axial Q or R tests is that the rate-of-loading in the field may be many times slower than
that used in the laboratory. For example, a highway £ill might be completed in two
weeks, or a dam might require a year or more for completion. On the other hand, soils
tested in triaxial Q or R tests are generally failed in eight hours or less. Thus the
field rate-of-loading may be fifty to several hundred times slower than the laboratory
rate-of-loading. In order to determine whether this difference between the two ratesg-
of-loading causes a significant difference in shear strength, one must perform triaxial
Q or R tests with varying rates-of-lcading. The fastest rate would be that normally used
in the laboratory, i.e. failure achieved in about one to eight hours, and the slowest
would be the same as occurs in the particular field problem of interest.

Triaxial Q and R tests performed with very slow rates-of-loading are more strongly
affected by leakage than the faster tests. If the rave of leakage into a triaxial speci-
men is constant, then the total volume of leakage increases as the rate-of-loading is
decreased. . Since a larger volume of leakage causes a correspondingly larger decrease in
strength, the measured strength of the soil will decrease continuously as the rate-of-
loading is decreased. Therefore, before proceeding with research on the effects of very
slow rates-of-loading, one must reducs leakage to a tolerable amount and find a method
for calculating the decrease in effective stress (or increase in pore pressure) so that
one can judge the quality of the triaxial test data.

1-03 DEFINITION OF LEAKAGE

Leakage in the triaxial test is defined herein as the flow of fluid into or out of
the soil specimen, drainage lines or pore pressure measuring system through parts of the
apparatus which should ideally be perfectly impervious. Leakage can accur through:

(1) The membrane which confines the soil specimen.

(2) Bindings of the membrane to the cap and pedestal.

(3) Packings of fittings and valves.

(4) wWalls of tubing, especially plastic tubing, used in the drainage lines and
pore pressure measuring system.

Oonly that leakage which passes directly through membranes and through properly
constructed packings** will be considered in this invesgigation. It will be shown in
Chapter 2 that a rate of leakage on the order of 0.1 mm™/day (10‘4 em3/day) into speci-
mens with a total volu:2 of about 90 cm3 may cause appreciable changes in effective
stress in triaxial Q or R tests lasting about 100 days.

The causes of leakage that are of interest in this investigation are (1) leakage
due to a hydraulic pressure differerce, (2) leakage due to a vapor pressure difference,
and (3) leakage due to an osmotic pressure difference across a barrier., The flow caused
by hydraulic or vapor pressure differences will be called permeation and the flow caused
by an osmotic pressure difference will be called osmosis. Osmosis or osmotic pressure
differences are caused by differences in the mole fraction of ions or molecules across a
barrier. (The mole fraction of a given constituent in a solution is defined as the ratio
of the number of moles of the constituent to the total number of moles in a given volume
of solution.)

* Numbers in parentheses refer to the corresponding numbers in the LIST OF REFERENCES
at the end of the text.

#% Jeakage through pinholes in a membrane, or through improperly packed valves is far
greater than is tolerable and must be eliminated in every case.
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The following items may cause volume changes of a triaxial specimen in addition to
those caused by leakage and will cause errors in the results of triaxial tests if not
taken into account:

(1) Instantaneous volume changes due to pressure changes in the tubing, valves
and fittings of the drainage system and/or pore pressure measuring system.

(2) Creep of the tubing, valves and fittings.

(3) Deformation of the membrane into the very small voids between soil grains or
between the soil and the cap and base, due to changes in pore pressure and/or
chambexr pressure.

(4) Compression and/or solution of air bubbles trapped in the drainage system.

(5) Exchange of water and air between a partially saturated clay specimen and the
coarse porous discs in the cap and base of the triaxial cell.

In general, only leakage 1s studied herein and the above items are not considered, even

though in some cases the errors caused by any one of the items may be larger than those

caused by leakage. However, limited data on the magnitude of items (1) and (2) are pre-
sented in Chapter 8 and item (3) is considered briefly in Appendix C.

1-04 PURPOSE

The purpose of this investigation is to (1) present a rational method for calcu-
lating the changes in effective stress caused by leakage during Q tests and during the
axial loading phase of R tests, (2) measure the volume of leakage that occurs when using
conventional triaxial apparatus and (3) recommend procedures and apparatus for reducing
leakage to a minimum.

1-05 SCOPE
The scope of this 1nves;1gation is as follows:

(1) The results of past investigations of leakage in the field of soil mechanics
are reviewed,

(2) The effects of leakage on triaxial tests are evaluated by:

(a) Calculating the leakage required to cause a given change in effective
stress during Q and R tests by using published consolidation test data.

(b) Measuring the leakage required to cause a given change in effective stress
during triaxial R tests on 1007 saturated Canyon Dam clay by means of
special swelling tests.

(3) The theory of steady flow of fluids through membranes, as determined from a
search of the available literature on the subject, is presented. Applicable
literature in the fields of chemistry, biology, medicine, physics and engi-
neering was covered. The application of statistical mechanics to derive
equations relating driving gradients to rates of flow, based on kinetic models
of membranes, gases and/or liquids were not considered.

(4) The necessary apparatus was constructed and measurements were made of the rate
of flow of water through:

(a) Rubber and plastic membranes due to hydraulic, vapor and/or osmotic pres-
sure differences across the membrane.

(b) O-Ring and rubber strip bindings of the membrane to the cap and pedestal
due to hydraulic pressure differences across the binding.

(c) Packings of valves and fittings with water under pressure on the inside
and rcom air on the outside of the valve or fitting,

(d) The walls of Saran® tubing (1) with water both inside and outside of the
tubing and (2) with water inside and room air outside of the tubing.

(5) The quantity of leakage measured in (4) above is substituted into the equations
developed in (2) to estimate the changes in effective stress that might be
caused by leakage when using conventicnal triaxial apparatus.

* Trade name used by Dow Chemical Co. for products made from polyvinylidene chleride resin.



(6) Apparatus and testing procedures for reducing the leakage into or out of
triaxial specimens are presented and discussed.

1-06 SUMMARY OF PAST LEAKAGE INVESTIGATIONS

A detailed review of past leakage investigations is given in Appendix A. The
following is a brief summary of that review,

The first reference to membrane leakage that is known to the author is in a letter
by Henry Grace (50), written in 1939 to a manufacturer of membranes, expressing interest
in a membrane that would pass water at a rate of less than 0.50 mm3/cm2/day under a
hydraulic pressure difference of 3.5 kg/cmz. (This is equivalent to a coefficient of
permeability of 0.8 to 2.5 x 10-14 cm/sec for membranes ranging in thickness from 0.005 cm
to 0.015 cm.)

Investigations by Casagrande and his co-workers for the first Cooperative Triaxial
Regearch Program (21, 22) yielded the following qualitative information: (1) Gas bubbles
are gometimes observed in the drainage burettes during S tests. (2) Rubber membranes are
not sufficiently impervious to water for S tests lasting 20 to 30 days. (3) Glycerine is
unsuitable as a chamber fluid because water flows by osmosis out of the specimen into the
glycerine.

In 1948 researchers wanted to measure the long-time strength of scils in uncon-
fined compression tests. Therefore, measurements were made of the rate of evaporation
from a soil specimen through a natural rubber membrane into room air (33).

Ir. 1958, after a thorough study of the constant volume strength of clays,
Hirschfeld (57) suggested that a comprehensive investigation of membrane leakage be made,
to insure that pore pressure buildup in long-~time constant volume (Q and R) tests would
not he influenced by leakage. He then proceeded with an investigation of leakage through
membranes (58), which was the starting point of the present study.

The results of investigations made between 1948 and 1960 on each of the following
questions ave summarized in succeeding paragraphs:

(1) What causes gas bubbles to form in the burettes during S tests?

(2) what is the rate of flow of water vapor through rubber membranes?

(3) what is the rate of flow of water through rubber due to a hydraulic
pressure gradient?

(4) what is the rate of flow of water through rubber membranes due to an
osmotic pressure (cr mole fraction) gradient?

While attempting to measure the permeability of rubber to water, Casagrande and
Wilson (34) fourd in 1949 that gas would appear on the low-pressure side of the membrane.
Therefore they inserted a long, water-filled Saran tube of small diameter between the
membrane and the point of application of the high-pressure air to the water over the
membrane (35). This expedient was found to prevent the appearance of gas, so it was con-
cluded that the gas observed on the low-pressure side had diffused through the membrane
from the high-pressure side. Subsequent work by Wiseman (108), as analyzed in Appendix A
and supported by calculations in Appendix B, indicates that the use of a two-meter length
of one-sixteenth inch inside diameter Saran tubing, filled with water, will effectively
stop the diffusion of air from the high to the low-pressure side.

The rate of evaporation of water through natural rubber was measured during two
investigatiocns (33, 34). In the first investigation (33) it was found by Casagrande and
shannon that the natural rubber membranes tested were effective for preventing evapcora-
tion for "short periods cf time." 1In the second (34) it was found by Casagrande and
Wilson that a single natural rubber membrane (about 0.012 cm thick) was not effective for
preventing evaporation from a soil specimen into rcom air for tests lasting up to two
weeks. (The results of the present investigation indicate that one 0,012 cm thick
natural rubber membrane would be satisfactory for preventing excessive evaporation during
unconfined tests on 100% saturated specimens of Boston Blue clay with a volume of 90 cm3,
so long as the duration of loading is less than one hour.)
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Between 1947 and 1960 six attempts were made to measure the rate of flow of water
through natural rubber membranes due to hydraulic pressure gradients (33, 34, 35, 107,
58, 108). None of these attempts was successful because one or more of the following
deficiencies existed in the apparatus and procedure used: (1) Temperature contrcl was
not used. (2) The burettes used for measuring volume changes were not of sufficiently
small diameter. (3) Evaporation from the burettes was not prevented.(4) The apparatus
was made of lucite, which absorbs excessive quantities of water. (5) No attempt was made
to prevent diffusion of air from the high to the low-pressure side. (6) The volume of
the apparatus could change with time due to creep, so that the volume flow measurements
could be appreciably in error. (7) The tests were not continued for a sufficiently long
period to define a straight-line relation between volume flow and time, (8) The thick-
nesses of the membranes tested were not reported.

Attempts were made to measure the rate of osmosis of water through natural rubber
in 1957 (75) and through silicone rubber in 1961 (48). The tests were performed by
measuring the rate of flow of pure water through the membrane into a 0.5 molar solution
of sodium chloride (i.e. about the same as the concentration of salts in sea water). The
measured rate of flow was about 0.4 mm3/cm2/day in both cases. The quality of these data
cannot be evaluated since the thicknesses of the membranes tested were not reported.
However, the data did indicate that further research was necessary on the rate of flow
caused by osmotic pressure gradients.

In summary, the results of past leakage investigations were useful in that the
major factors causing leakage were isolated and the main causes of error in permeability
tests on membranes were pointed ocut. However, there was a conspicuocus absence of
(1) ideas or quantitative data on how much effect a given quantity of leakage will have
on the results of triaxial tests, (2) reliable data on the permeability of rubber to
water, and (3) data on leakage through fittings on the triaxial cell and through bindings
of the membrane to the cap and base.



CHAPTER 2

ANALYSIS OF EFFECTS OF LEAKAGE IN TRIAXIAL TESTS

2-01 GENERAL

The principal purposes of this chapter are (1) to derive an equation relating the
volume of water™ leakage to the change in effective stress in a 100% saturated Q or R
specimen and (2) using this equation, to determine the magnitude of leakage that is impor-
tant in triaxial Q and R tests, Water leakage into partially saturated specimens is
indicated to be less critical than water leakage into 100% saturated specimens.

The changes in effective stress that might be caused by air leakage into 100% satu-
rated or partially saturated specimens are discussed, and an approximate equation relating
the volume :-f air leakage to the change in effective stress in partially saturated speci-
mens 1s derived.

The volume of leakage that actually occurs during a triaxial test is not discussed
in this chapter, but ig discussed in Chapter 9, after data on leakage through membranes,
bindings, fittings, and valves have been presented.

The changes in effective stress due to leakage will be expressed in terms of the
ratio of the change in effective stress AC to the effective stress g that existed in the
soil prior to the start of leakage. This ratio usually will be expressed in percent,
i.e. 100 x Ad/0, and it will be called the “percent change {increase or decrease) in
effective stress."

The decrease in effective stress caused by leakage into a Q or R specimen is
numerically greater than the increase in effective gtress caused by an equal volume of
leakage out of a specimen. Therefore, in most cases it will be necessary to study only
the case of leakage into the specimen, in which case the percent change in effective
stress will be a negative quantity.

The derivation of equations relating the volume of leakage to the change in effec-
tive stress will proceed as follows:

(1) A gualitative description will be presented of the effects of water and/or
alr leakage into 100% saturated and partially saturated soil specimens (2-02).

(2) An equation will be presented relating the volume increase of a soil speci-
men to the simultaneous decrease in hydrostatic effective stress (2-03).

(3) Egquations will be derived relating the volume of leakage to the volume change
of a specimen (2-05, 2-06).

(4) The equations from (3) will be substituted into the equation from (2) to
obtain the desired relationships.

A discussion of the simplifying assumptions used in the derivation of the equa-
tions in this chapter is given in 2-07. A summary of these equations and their limita-
tions is given in 2-08,

2-02 QUALITATIVE DESCRIPTION OF EFFECTS OF LEAKAGE ON TRIAXIAL SPECIMENS

(a) General

This discussion will provide the necessary background for deriving equations
relating the change in total volume of a specimen to the volume of leakage of water
and/or air. The following two laws will be used:

*
The term "water" is used herein to refer to pure liquid water which contains neither

dissolved nor undissolved air.



Boyle's law relates the volume change of an ideal gas to the pressure of the gas
at constant temperature. It will be assumed that air behaves as an ideal gas and that the
soil specimen remains at constant temperature while leakage occurs. Hence

u, . VA = constant (2=1)

where u, = pore air pressure (absolute).

Va = volume of air in the so0il specimen.

Henry's law states that at equilibrium, the pressure in a gas over a dilute solu-
tion of the gas in a liquid is directly proportional to the mole fraction of the gas in
solution. (The mole fraction is the ratio of the number of moles of one component in a
solution to the total number of moles of all components in the solution.) Hilf (56) has
used the following approximation to Henry's law (see Appendix C for derivation), which is
convenient for use herein:

Vad = g Vb (2=-2)
where V_ . = volume of dissolved air, measured at the pressure, uy, of the

ad i ndissolved air in the soil voids.
s = solubility of air in water (a dimensionless ratio which is a
function of temperature).

v = volume of water in which the air volume vﬁ is dissolved.

w d

It will be assumed in all cases that changes in a specimen take place slowly enough so
that equilibrium is reached between the dissolved and undissclved air, in which case the
volume of air dissolved in a given volume of water can be calculated from Eq. 2-2, The
solubility 8 of air in water varies with pressure and temperature. The variation with
pressure is small and is discussed in 2-07. The variation with tewmperature is summarized
in the following tabulation:

T (°C) 20 22 24 26 28 30
a* (=) 0.0201 0.0194 0,0189 0.0184 0,0179 0,0173
(b) Water Leakage into 100% Saturated Specimens

Assume that a soil specimen which is enclosed in a rubber membrane is consol-
idated in a triaxial chamber, using water as the chamber fluid, to an effective stress
83 and that a pore water pressure u, is applied to increase the degree of saturation to
100%. Assume further that all drainage valves are closed after consolidation is complete,
that the rate of secondary consolidation is zero, that the temperature is maintained con-
stant, and that water leaks intoc the specimen while the axial lcad and the chamber pres-
sure are both maintained constant, Under these conditions water leakage into the specimen
will cause the total volume and the pore water pressure to increase and the effective
stress to decrease. Strictly speaking, the net increase in total volume is equal to (1)
the volume of water leakage minus (2) the volume change of the pore water, minus (3) the
volume change of the mineral grains, plus (4) the volume change within the membrane be-
cause of the outward deflection of the membrane, due to the increased pore water pressure.
It is shown in Appendix C that for fine-grained soils the quantities (2), (3) and (4) are
generally negligible relative to the volume of water leakage. Therefore, for subsequent
discussions and derivations the increase in total volume of a 100% saturated soil due to
water leakage will be assumed to be equal to the volume of water leakage.

* The values of s give the volume of air (freed of CO2 and NH3 and measured at atmos-
pheric pressure and the temperature T) dissolved in a unit volume of water when the
pressure in the atmosphere over the water, i.e. air pressure plus water vapor pressure,
is 760 mm Hg. Values were calculated from data presented in ref. 59.



(c) Distribution of Air in Partially Saturated Specimens

Prior to studying the effect of leakage of air and/or water into 100% satur-
ated or partially saturated specimens, one must consider the following possible forms in
which the air might be distributed within the veoids of a partially saturated soil
specimen:

(1) Bubbles that are smaller than or equal in size to the largest sphere that
can be inscribed in a void.

(2) Air spaces that are bounded by soil grains and by air-water menisci between'
soll grains. Such air spaces may fill one void or they may extend over sev-
eral voids and contain trapped water within.

(3) Connected air spaces, i.e. air spaces that are connected with each other
throughout the specimen.

(4) Combinations of the above.

Assume first that the soil air exists in the form of bubbles. They could be
formed in soil specimens in at least the following two ways: (1) if back pressure is
used to increase the degree of saturation of a specimen to 100% and ‘then the back pres-
sure is released, air will come out of sclution., This air may appear in the form of many
bubbles of varying size, depending on the local concentration of air in the pore water.
(2) During sampling of a soil that exists well below the water table, the pore water
pressure is decreased. Thus air or other gases that may be present will come out of
solution and may form bubbles as above in (l1). In both examples the quantity of gas
released from solution may be great enough to form air spaces rather than to persist as
spherical bubbles.

If a soll specimen contained a great many minute bubbles, would such a distribu-
tion be stable? Assuming that all water in the specimen is interconnected and that the
pore water pressure is constant throughout the specimen, then the air pressure inside
each bubble uyp must be inversely proportional to the bubble diameter &y, i.e. uap = 3/dp,
where d;, is in microns and uyy is in kg/cm2 (see 20, p. 49). Thus the partial pressure
difference between all bubbles of different size will cause diffusion of air through
the water from the smaller bubbles to the larger bubbles. Diffusion would continue until
either (1) all bubbles have reached the same size, or (2) until the larger bubbles expand
and form air spaces. At equilibrium, the pressure in all such air sp.ces must be equal,
so that the radius of curvature of all menisci also must be equal. The possibility that
the air would achieve state (1) above is extremely unlikely since such a condition could
only develop if all bubbles achieve the same diameter simultanecusly. Thus, it appears
likely that the air in a partially saturated soil exists in the form of many connected or
unconnected air spaces.

It is now of interest to determine the time required to achieve the equilibrium
state if a soil specimen initially contains a great number of minute bubbles. Since, at
present, only fine-grained soils are of major interest in long-time triaxial testing,
consider a soil such as Canyon Dam clay (see Appendix D for a description of this soil)
which consists of about 20% by weight of sizes smaller than two microns. Assume that two
bubbles cxist with diameters of one micron and one-half micron and that they are one
centimeter apart. 1In Appendix B-04 it is shown that it would take about seven minutes
for practically all air from the smaller bubble to be transferred to the larger bubble.
If the smaller of these two bubbles had a diameter of 0.75 microns, it would take about
thirty minutes to transfer practically all air Irom one to the other bubble. The spacing
of bubbles in an actual soil must be much less than one centimeter. For example, at a
degree of saturation of 99%, assuming that each bubble fills 50% of the void it occupies,
an average of one out of fifty void§ must contain a bubble. Thus each pair of bubbles
would be separated by about four ( V/§6) voids containing no bubbles. Based on these
considerations, it seems likely that air bubbles will not exist as stable entities in
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fine-grained partially saturated specimens over periods greater than a few hours. There-
fore, in subsequent discussions of air leakage, it will be assumed that the air in a
specimen exists in the form of unconnected or connected air spaces. This view is consis-
tent with that previously presented by Hilf (56).

(d) Air Leakage into 100% Saturated Specimens

In Appendix A-1l, very good evidence is presented to show that air leakage
into 100% saturated specimens can be reduced toc negligible values. Thus it is not impor-
tant to provide equations with which one may calculate the decrease in effective stress
caused by air leakage for this case., The following theoretical discussion is presented
only to emphasize that air leakage should be prevented, and tu give plausible reasons for
this requirement. The discussion is confined to the case of a fine-grained soil such as
Boston Blue clay cr Canyon Dam clay.

Consider a 107% saturated soill specimen that is consolidated in a triaxial chamber
in the same manner a3 described previocusly in (b). Assume that the drainage valves are
closed at the comnpletion of consolidation, that there is no secondary consolidacion, that
the temperature is maintained constant, that the axial load and chamber pressure are main-
tained constant, and that no water leakage occurs. Assume further that the pore water is
saturated with air at the pore water pressure uy,, i.e. u, = Wy, and that the chamber
water is saturated with air at a pressure uy. which is equal to the chamber pressure 0.
Thus, ua < uy. so that air will flow from the chamber water through the membrane into the
pore water. In time, the pore water near the membrane will become saturated with air at
a pressure greater than the pore water pressure, i.e. ua > Uy, but u; must still be
smaller than ug..

The question now arises: "Will air come out of solution in the specimen?" It can
be shown that if Boyle's and Henry's laws are valid in the fine pores of the soil, then
bubbles of somewhat larger diameter than 3/(uy - uy) microns (where u, and u, are given
in kg/cmz) are stable if they come out of solution*, The conditions required to cause
such bubbles to come out of solution, e.g. sufficiently large voids, points of nucleation
for the bubbles, vibration of the specimen, etc., are not known. However, for the pur-
pose of making a conservative estimate of the effects of air leakage, it will be assumed
that such bubbles do form. Two preliminary tests to be described below indicate that,
for a compacted soil, this assumption is valid.

Assuming a bubble has formed, the pressure in the bubble will be less than pres~
sure at which the chamber water is saturated with air, uyc. Therefore more air will
diffuse into the bubble and it will increase in diameter until it starts to be deformed
by the narrow openings between soil grains. Menisci would then form between soil grains
and the radius of curvature of the menisci would decrease until it became equal to
3/(uac - uy) microns, at which time the pressure in the bubble would be equal to u,..
Since the pressure in the bubble and the pressure at which the chamber water is saturated
with air would be equal, the flow of air from the chamber into this bubble would cease,
At this stage the air might be distributed in a gpecimen as shown in Fig. 2-l.

The above process of bubble formation and expansion to fill a void and form an air
space would be repeated in interior pores and the degree of saturation of the specimen
gradually would decrease. As each bubble is formed and increased in size, water would be
forced out of the void containing the bubble into adjacent voids, so that the soil grains
would move apart, i.e. the water content of the adjacent zones of the specimen would in-
creagse. Assuming a unique relationship between water content and effective stress, the
effective stress in the specimen would decrease,

* It is assumed that a bubble can exist only if the pressure,at which the pore water
surrounding the bubble is saturated with air, 18 equal to or greater than the pressure
in the bubble. Also, it is likely that the voids in the specimen must be at least
large enough to contain such bubbles. If not, bubbles probably would not form.
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On the basis of the above argument, it is tentatively concluded that air leakage
from the chamber into a 100% saturated triaxial specimen should be prevented. It is
evident that the assumptions made in the argument must be checked experimentally. The
main assumptions are: (1) Henry's law is valid in the fine pores of a soil specimen,

(2) Boyle's law is valid in the fine pores of a soil specimen, (3) if the pore water be-
comes supersaturated with air (as determined from Henry's law) bubbles will come ocut of
solution in the voids.

In an attempt to obtain direct evidence on the effect of air leakage into 100%
saturated specimens, Mr. Charles Osgood performed the following tests: Two pairs of iden-
tical specimens of compacted Canyon Dam clay were consclidated in a triaxial chamber for
two days under a chamber pressure of 14 kg/cm? and a back pressure on the pore water of
6 kg/cmz, which was sufficient to cause 100% saturation. Water was used as the chamber
£luid during the consolidation phase. After two days of consolidation, the chamber water
wag carefully replaced by air in two of the tests. The dial reading, drainage burette
reading, back pressure and chamber pressure did not change during this replacement. For
the first pair, the drainage valves were closed after replacement was complete and, for
the second pair, they were closed before starting replacement. The chamber pressure then
was maintained constant for two more days, after which the axial load was increased to
failure. For the first pair of tests, the strength of the specimen in the test with air
as the chamber fluid was 20% less and for the second pair it was 35% less than in the test
with water as the chamber fluid. These tests confirm the conclusion that the effective
stress in a 100% saturated compacted specimen is decreased by leakage of air into the
specimen®*, The author believes that air actually came out of solution within the speci-
men to cause this effective stress decrease,

The replacement of water by air in the second pair of the above tests was accom-~
plished in about fifteen minutes. After fifteen minutes more had elapsed, the vertical
dial readings began to show an increase in length of the specimen., This gives some indi-
cation of the time required for the air to permeate the membrane and come out of solution
inside the membrane., Data presented by Metschl (71) roughly confirm the possibility that
about ten minutes would be required for air to come out of solution, even if the water is
first supersaturated with air at pressures six times greater than the pore water pressure,

Additional evidence that air comes out of solution in a specimen after it passes
through the membrane is offered by the observation of many investigators (21, 35, 90)
that air bubbles form in the drainage burette of a triaxial specimen when water is used
as a chamber fluid with air above the water in the triaxial chamber. 1In ref. 90 it is
stated specifically that the dummy specimen used had been saturated prior to determining
the rate of air flow, and yet air did come out of solution. It seems likely that even if
the drainage valves had been closed in this case, air would have come out u. solution
(although its volume would have been smaller because the pore pressure would have in-
creased) and the effective stress on the specimen would have decreased. In all of these
cases, the volume of air passing the membrane apparently was not detectable for at least
two days, probably because of the resistance to diffusion of air offered by the chamber
water.

(e} Air Leakage into Partially Saturated Specimens

Consider a partially saturated soil specimen that is consolidated in a tri-
axial chamber under a chamber pressure g, using water as the chamber fluid. It is
assumed that: (1) the chamber water is saturated with air at the chamber pressure, i.e,
Uac = T (2) the pore water of the specimen is connected throughout and has a pressure
Uy s (3) the undissolved air exists as connected or unconnected air gspaces, at a pres-
sure uy, which is larger than u,, and smaller than u,., and (4) the test is performed
slowly enough so that the pore air pressure, the pore water pressure and hence, the

* Thege tests also indicate that the rate of decrease in effective stress due to air
leakage, when air is used as a chamber fluid, is far greater than the rate of decrease
in effective stress when water is used as the chamber fluid.
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radius of curvature of the air-water menisci, are constant throughout the specimen.
These meniscl must support the pressure difference (ua - uw). Under these conditions,
the pore water must be saturated with air at the pressure u,; in the gas phase, as re-~
quired by Eq. 2-2.

Air will now flow into the gpecimen through the membranes under the influence of
the pressure difference (uy. - 4y). One can visualize two extreme conditions that might
develop as the air enters the specimen. (1) The menisci may increase in curvature with-
out moving in the voids. (2) The menisci may not change in curvature but they simply may
move through the voids and permit the voclume occupied by the undissolved air to increase,

For condition (1) the pore water pressure would not change significantly because
the volume increase of the specimen required to permit the increased curvature of all
menisci is probably very small. Thus only the pore air pressure would increase. For
specimens with a degree of saturation of about 85% or higher, the increase in pore air
pressure would be much larger numerically than the decrease in effective stressgs in the
specimen. On the other hand, for condition (2), the increases in pore air pressure and
pore water pressure would be equal to each other, so that the decrease in effective
stress must be numerically equal to the increase in pore air pressure, In reality air
leakage probably causes a decrease in effective stress which lies between the decrease
that would be calculated for conditions (1) and (2). Since at the present stage of
knowledge it .is not possible to calculate the changes that actually occur, and since con-
dition (2) gives a conservative (i.e. high) estimate of the decrease in effective stress,
only condition (2) will be considered. The equation relating the volume of air leakage to
the decrease in effective stress is derived in 2-06,

(f) Water Leakage into Partially Saturated Specimens

Considering the same specimen as described in paragraph (e), again two
extreme conditions can be visualized. (1) The menisci may decrease in curvature, so that
the volume of undissolved air does not change significantly, but the volume of the speci-
men would increase by an amount equal to the volume of water leakage. (2) The menisci
may not change in curvature, but they may simply move through the voids and permit the
volume occupied by the undissolved air to decrease.

The decrease in effective stress caused by a given volume of water leakage for
condition (1) is somewhat less than would occur due to leakage intc a 100% saturated
specimen, because the pore water pressure would increase with no substantial increase
in pore air pressure.

For condition (2), the increases in pore air and pore water pressure must equal
each other, so that the concomitant decrease in effective stress would be numerically
equal to the increase in pore water pressure. The decrease in effective strecs caused by
a given volume of water leakage would be much greater for conditiocn (1) than for condi-
tion (2), and the actual case prcobably lies between these two extremes, Since it is not
possible at prusent to calculate the actual change in effective stress, the conservative
assumption will be made that water leakage into 100% saturated specimens causes the same
decrease in effective stress as an equal volume of water leakage into partially saturated
specimens, in which case the equation to be derived in 2-05 would be applicable.

2-03 PELATION BETWEEN VOLUME CHANGE AND CHANGE IN EFFECTIVE STRESS

Consider a soil specimen that is fully consolidated in a triaxial chamber to an
hydrostatic effective stress g, and a void ratic e as shown in Fig. 2-2. All drainage
valves are now closed. When water and/or air enter the specimen in this condition, its
volume will normally increase* along the swelling curve as shown. One will seldom be
concerned with volumes of leakage that are sufficient to cause a decrease in effective

* One exception occurs when air enters a specimen that is 100% saturated with de-aired
water,
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stress, A53, greater than about 5% of 0,. Thus only the initial portion of the swelling
curve will be of interest in all subsequent discussions of the effects of leakage. Assum-
ing the initial portion of the swelling curve to be a straight line, its slope by is
given by
lLe
b =

o = Es (2-3)

The change in total volume of a specimen is related to the change in void ratio by
the equation

AV de

v T 1l+e (2-4)
Substituting Eq., 2-4 into Eq., 2-3 gives
av __Po . PoT3 05 205,
Vv T lte 3° (1+e) 53

Where the quantity AV/V expressed in percent is the percent volume change and the quan-
tity 0G3/G3; expressed in percent is the percent change in effective stress.

i :onvenience, the quantity (b°53/(1+e)) will be designated by the letter S and
will be called the "“initial swelling ratio." Thus Eq. 2-5 becomes
AV AT3
v =575, (2-6)

The initial swelling ratic is a dimensionless parameter that may be assumed constant as
a first approximation*, It is equal to the absolute value of the slope of the swelling
curve if the curve is plotted in terms of the dimensionless variables AV/V versus Ao3/o3.
It should be noted that a small volume increase will cause a large decrease in erfective
stress in soils with low swelling ratios.

Eq. 2-6 was derived for the case of leakage into a specimen, If there is leakage
out of a specimen, then the swelling ratio must be replaced by the ccmpression ratio, C,
which is a dimensionless parameter equal to the absoclute value of the slope of the com-
pression curve plotted in terms of AV/V versus A33/G3.

2-04 DETERMINATION OF THE SWELLING RATIO

(a) General

For the derivation of Eq. 2-6 it was assumed that swelling is accomplished in
a triaxial cell by starting from a hydrostatic effective stress and then reducirng this
stress to cause swelling. However, during axial loading in a triaxial Q or R tesi, the
axial stress is larger than the lateral stress. Thus the swelling ratic applicabhle fcr
Q and R specimens could be different from the swelling ratioc measured by starting from a
hydrostatic effective stress, 1In order to measure the swelling ratio that can be used
for calculating the effects of leakage on Q and R specimens, it is necessary tc perform
the following special swelling tests, which duplicate as nearly as possible the stresses
on a specimen during a Q or R test: (1) Consolidate a specimen in a triaxial chamber as
for an R test; (2) apply an axial load equal to say 50% of the failure load and measure
the pore pressure that develops; (3) wait until the pore pressure comes to equilibrium
under the axial load; (4) increase the pore pressure in several small steps and measure
the volume of swelling that occurs during each step; (5) plot the swelling curve in

* The only data known to the author with which one can judge the constancy of the initial
swelling ratio with changes in 53 were obtained during this investigation and are pre-
sented in Appendix D. The data show a 50% increase of S for Canyon Dam clay for a
seven-fold increase of 03.
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terms of AV/V versus 633/53 and measure its slope. Steps (1) - (5) may be repeated,
applying several different consolidation pressures and several different percentages of
the failure load prior to the start of swelling, to determine the effects of these two
variables on the swelling ratio.

(b) sSpecial Swelling Tests on Canyon Dam Clay

A series of twenty-four of the above described special swelling tests was
performed on compacted Canyon Dam clay and the results are reported in Appendix D, Can-
yon Dam clay was used in these tests because this clay has a very low swelling ratio. By
determining the volume of leakage that is acceptable during long-time Q and R tests on
Canyon Dam clay (see 2-05), one obtains a lower limit for the volume of leakage that is
significant during triaxial tests for most soils,

The initial swelling ratio for Canyon Dam clay was found to range between 0.0010,
at an effective consolidation pressure of 2.0 kg/cmz, and 0,0015, at an effective consol-
idation pressure of 14.0 kg/cm2., These values are listed in Table 2-1. Also, the
results showed that the swelling ratio for Canyon Dam clay is independent of the axial
load on the specimen*, This means that the swelling ratic measured by starting from a
hydrostatic effective stress is approximately the same as the swelling ratio measured by
starting with an axial load on the specimen. Therefore, in the following discussions,
the notation S will be used to designate the initial swelling ratio that is obtained by
reducing the effective stress equally in all directiones, regardless of the ratio of the
axial to lateral effective stress on the specimen at the start of swelling,

Although considerable care was used in carrying out these sgpecial swelling tests,
the data still showed erratic variations that caused the swelling ratio to be accurate
only to within plus or minus 25%. This error was due largely to the effect of relatively
small (less than 0.59C) temperature variations in the laboratory during the period of
swelling,

(c) sSwelling Ratio Obtained from One-Dimensional Consclidation Tests

The above swelling ratios for Canyon Dam clay are the only values known to
the author that are sufficiently accurate tc calculate, even approximately, the effects
of leakage on triaxial Q and R specimens. However, it is possible to obtain a rough
estimate of S from the rebound curves of the many one-dimensional consolidation tests
that are available in soll mechanics literature. Such swelling ratios are based on the
equation

Ao
AV 1
v ° "5 (2=7
1
where SC = swelling ratic obtained from the initial slope of the rebound curve
of a one-dimensional consclidation test.
51 = effective major principal stress on specimen at the start of swelling

in a one-dimensiocnal test.

The value of S , which is the absolute value of the initial slope of the rebound curve
plotted in terms of AV/V versus Aol/ol, may also be calculated from the equation

C
so
S = (14e) 1n 10 (2-8)

* The lack of any dependence of the swelling ratic on the axial load probably is
explained by the low sensitivity of this clay to shear strains. The swelling ratio
for normally consolidated, undisturbed clays may show a marked dependence on the axial
load.
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where the initial swelling index C is equal to the change in void ratio, on a semi-
logarithmic plot of the swelling curve, that is obtained by extrapolating the initial
slope of the curve over an entire log cycle decrease in effective stress.

The initial swelling ratio S, should be lower than S since swelling occurs in only
one direction in the¢ one~dimensional test., On the other hand, the first data point on a
swelling curve from a one-dimensional consoclidation test usually is obtained by reducing
the load on the specimen to one-half or one-quarter of its initial value. Therefore the
initial slope of the swelling curve is poorly defined at best and probably leads to an
over-estimate of the initial swelling ratio. Thus the differences between the results of
special swelling tests and conventional one-dimensional consoclidation tests tend to bal-
ance each other,

It is believed that in most cases, the initial swelling ratio Sy will be greater
than the initial swelling ratio S, but that it will at least be within
a factor of five greater or smaller than 8. Values of 8, were obtained by the
author from published swelling curves for many soils and these are listed in Table 2-1.
They will be used in 2-05 as rough approximations for 8 when estimating the effects of
leakage on solls for which accurate swelling data are not presently available,

2-05 EFFECT OF WATER LEAKAGE ON 100% SATURATED SPECIMZNS

The decrease in effective stress due to the volume of water leakage J, may be cal-
culated from Eq, 2-6 as follows:

AV f! . _s___iiM (2-9)
v ~ v 63 -

According to Terzaghi's principle of effective stress for 100% saturated specimens, the
change in pore water pressure Au,, is equal but opposite in sign to the change in effec-
tive stress A63. Therefore

Au
_w

= 8§ =
O3

(2-10)

The ratio Auw/33, expressed in percent, will be referred to as the "percent change (in-
crease or decrease) in pore pressure." If leakage causes an increase in pore pressure,
which is equivalent to a decrease in effective stress, the strength of the specimen will
be reduced.

Eq, 2-9 may be evaluated using Fig. 2-3, If one knows the volune increase caused
by leakage into a soil specimen and the swelling ratio for that soil, the resulting de-
crease in effective stress may be determined. Conversely, by specifying the upper limit
of the ratio A53/33, one can determine from Fig, 2-3 the maximum acceptable volume in-
crease of a specimen due to leakage.

Fig. 2-4 is presented to illustrate for several clays the volume of leakage that
may be objectiocnable when performing triaxial tests on 1.4 in., diameter by 3.5 in. high
soil specimens that are 100% saturated. The lines shown in the figure are straight
simply because it was assumed that the swelling curves of all soils are straight lines
over the range of effective stress of interest herein (i.e. up to A33/53 = 10%). It
should be recalled that the soils represented by the swelling ratios in the figure may
actually have swelling ratios that are as much as plus 500% or minus 80% different from
the values shown (except for the case of Canyon Dam clay, for which S is within plus or
minus 25%). However, if a soil is found to have the swelling ratio shown, the volume of
leakage for a given percent change in effective stress may be obtained from the figure.

In judging the suitability of various triaxial test procedures, it will be assumed
herein that the maximum decrease in effective stress must be limited to 2%. To limit the
percent decrease in effective stress to less than 2% in a specimen with a total volume
of 90 cm3, one cannot accept more than about 50 mm3 (0.05 cm3) of leakage, even for a
highly swelling material such as Bearpaw Clay-Shale. However, for a soil with a low
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swelling ratio, such as Canyon Dam clay, the maximum acceptable leakage for 2% decrease
in effective stress is only 2 mm3. For tests of long duration, the acceptable rate of
leakage is very small, as can be seen from Table 2-2, The maximum acceptable rate of
leakage for 100-day tests with 2% error is only 0.02 mm3/day for materials with a low
swelling ratio such as Canyon Dam clay.

2-06 EFFECT OF AIR LEAKAGE ON PARTIALLY SATURATED SPECIMENS

(a) Derivation of Equation Relating Change in Effective Stress to
Volume of Air Leakage

An equation is derived relating the volume of leakage of air into a partialiy
saturated triaxial specimen to the resulting decrease in effective stress. The scteps in
the derivation are outlined in 2-01 and the qualitative discussion. of the effect of air
leakage is given in 2-02(e). For convenience, the notation used in the derivation is
assembled in Fig. 2-5.

The change in total volume, AV, of a partially saturated specimen due to air leak-

age is equal to the change in volume of undissolved air OVy,+ The increase in volume of
undissolved air is the difference between the final and initial volumes of undissolved

air

= = ! - O
AV AV'au v%u v;u (2-11)
where v;u = volume of undissolved air in the specimen after leakage has
occurred, measured at the final pore air pressure.
Véu = volume of undissolved air before leakage, measured at the initial

pore air pressure.

A positive sign is used to denote volume increase and leakage into the specimen, The
initial volume of free air, V,,,, may be calculated from the total volume, V, the por-
osity, n, and the degree of saturation, G,, of the specimen. The volume Vi, is deter-
mined by first calculating the total volume of air present in the final state, V},, and
then subtracting the volume of air which is dissolved in the pore water in the final
state, v;d. Thus:

1 = 1 — | ] -
Vau Vat " Vaa (2-12)

The total volume of air present in the final state, V; is the sum of:

tl
(1) The volume of undissolved air in the initial state, Véu , but compressed
according to Boylet!s law to the final pore pressure u;;

(2) The volume of dissolved air in the initial state, V__, but compressed
according to Boyle's law to the volume it would occupy at the pressure u;.

(3) The leakage oI air, J,, but compressed according to Boyle's law to the
volume it would occupy at the pressure uj.

In equation form the total volume of air in the final state is
a
] =, —= —=
vat - (vau + vﬁd) u; + Ja u; (2-13)

Substituting Eq. 2-13 into Eq. 2-12, the final volume of undissolved air becomes

v = (V. +V ) — + T — -

)
au au ad’ u! a u! vad (2-14)
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Substituting BEqgs. 2-14 into Eq. 2-11, the change in total volume becomes

P u
-8 a ' - -
aAv Ja u; + (vau + v;d) u; vad vau (2-15)

Each component in Eq. 2-15 will now be computed: )
(1) Initial Volume of Undisscived Air, Va, ~ The initial volume of undissolvead
air is the difference between the volume of voids and the volume of water

v = V -V = nV(l-G) (2-16)
au v w w

(2) Initial Volume of Dissolved Air, V,q - Using Eq. 2-2, and the known volume of
water in the voids, one obtains

vﬁd = sv; =8 nyV qw (V'ad is measured at “a) (2-17)

(3) Final Volume of Dissolved Air, Vi4q - Eq. 2-2 is applied as in (2), but in this
case the air volume is measured at the pressure ué.

= 8V = 8nVG (v
w

' ' -
véd w ad is measured at ua) (2-18)

Substituting Egs. 2-16, 2-17 and 2-18 into Eq. 2-15, and rearranging, one obtains

Ja pﬂ ua o
v = 2B - n@a-g +s6) (-2 (2-19)

v ut v u!
a a

Letting u} = u, + Au,, letting £ = (1 - G, + 8 G,) and substituting for AV/V from
Fq. 2-6, Eq. 2-19 becomes

Ql

JAY J P u
3 a 8 a
-8 = = — ;7——— - nf (2-20)
3 v (ua+Aua) ua+Aua

Ql

Solving for the air leakage, one obtains

J p A33
v = S(—'g;) (ua+Aua) + nf Aua (2-21)

To obtain the decrease in effective stress as an explicit function_of the volume
of air leakage into the specimen, one must introduce a relation between Acj and fu,. As
was pointed out in 2-02(e), one obtains a conservative estimate of the decrease in effec-
tive stress by assuming that A§3 = -Aua. Making this substitution in Eq. 2-21, one finds

J.p AC -
a_8 _ s(- ——-3> (ua-A53) + nf (-43,) (2-22)

or, solving for (-A&a/-g,,

Eq. 2-19 is similar to an equation derivcd previously by Bishop and Henkel (12) to
determine the effect of trapping air bheneath a membrane while setting up a triaxial

specimen.
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- - .2 4so.p J_
Aaa - Sua - nf03 + V/(Sua + nfa3) + 3v s a
- = — - (2-23)
3 2S¢

3

It should be noted that the volume J, is measured at atmospheric pressure and that the
product Japs is proportional to the number of moles of air leakage. The volume occupied
by Ja in the specimen is a function of the final pore air preasure u} and the volume of
water V,, in the specimen.

The errors introduced by the simplifying assumptions needed to derive Eq. 2-22 and
2-23 are discussed in 2-07.

(b) Discussion of Eq. 2-22

When the percent decrease in effective stress is held constant, Eq. 2-22 shows
that the acceptable volume of air leakage J, increases for:

(1) Increasing swelling ratio, S.

(2) Increasing effective stress, 33.

(3) 1Increasing pore air pressure, u,.

(4) Decreasing degree of saturation, G,, i.e. increasing f(= 1 - Gy + 8 Gy).
Assuming that the maximum decrease in effective stress in a 1.4 in. diameter by

3.5 in. high specimen should not exceed 2%, then the maximum acceptable volumes of leakage
in two examples are as follows:

Boston Blue Clay = 0,015 n = 0,43
33 = 6.0 kg/cm? A5y = =0.12 kg/cm®
u, = 2.0 kg/cm? (gage) G, = 95% (£ = 0.069)
Ja = 0,39 cm3 (measured at atmospheric pressure)
Canyon Dam Clay s = 0.001 n = 0,37
o, = 1.0 kg/cm® 803 = ~0.02
u, = 1.0 kg/cm? (gage) Gy = 99% (f = 0.030)
Ja = 0.023 cm3 (measured at atmospheric pressure)

Thus, for an example that might be considered typical (Boston Blue clay), the air leakage
must not exceed about 0.4 cm3, but in a very critical case (Canyon Dam clay), the leakage
must not exceed 0.02 cm3. It should be recalled that the volumes of leakage calculated

above are conservative.

2-07 ERRORS INTRODUCED BY SIMPI.IFYING ASSUMPTIONS IN THE ANALYSIS OF EFFECTS OF LEAKAGE

(a) Qualitative Description of Assumptions

(1) Change in pore water pressure is equal but oppnsite to the change in
effective stress in partially saturated speci.nens

It was pointed out in 2-02(e) that air leakage into a parttally satura-
ted specimen causes a decrease in effective stress that is smaller in magnitude, rather
than equal, to the increase in pore air pressure, and that the assumption AG3 = ~-0uy leads
to a conservative estimate of the decrease in effective stress caused by air leakage.

One means for evaluating this error is through the equation tentatively proposed
by Bishop, et. al. (l1) for defining the effective stress in a partially saturated speci-
men. This equation can be put in the form
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gy = 0 -u, + Iuc (2-24)

3

where u, = uy - u, = pressure difference across the air-water menisci in the specimen.

X = a positive empirical constant that ranges between 1.0 for 100%
saturated specimens and 0.0 for dry specimens.

Using Eq. 2-24 one can show that

0. = ~ ' -
Ac3 Aua + X Auc + ucAX (2-25)

where the term (X' Aug + u AX) is a meagure of the deviation from the assumption that
AG3 = ~Auy. Since |Aua| > |AG3| , for the case of air leakage into a partially saturated
specimen (see 2-02(e)), it is apparent that the term (X' Au.+ ucAX) must be positive. An
attempt was made to evaluate this term on the basis of the rather limited data available
in the literature (56, 11, 65, 60) on the magnitude and rate of change of X and u.. The
results are briefly presented in (b) below.

(2) Boyle's law is exact

The use of Boyle'!s law for air implies the assumption that air behaves as
an ideal gas. However, when air is compressed at room temperature from cone to ten atmosg-
pheres, the final volume calculated from Boyle's law will be higher than the actual volume
by 0.30%. Conversely, if the air is compressed to one-tenth its initial volume, the pres-
sure computed from Boyle's law will be too high by 0.30%. These deviations from ideality
cause the calculated final volume of the specimen to be slightly too high, so that the
calculated value of AB3/d3 is slightly conservative.

(3) water is incompressible

An increase in pore water pressure causes a decrease in volume of the water
initially present in a specimen. Thus the increase in total volume of a specimen caused
hy leakage is somewhat less than would be calculated by assuming water is incompressible.
This assumption leads to a conservative (high) estimate of the decrease in effective
stress due to a given volume of leakage.

(4) Volume increase of water due to soluticn of air is zero

A slicht decrease in gpecific gravity of water occurs when air is dissolved
in it (41). 1If the dissolved air occupied zero volume, the specific gravity of water
saturated with air would be greater than that of de-aired water. Therefore, the dissolved
air must increase the total volume of pore water. Neglect of this small volume causes the
calculated decrease in effective stress to be unconservative, i.e. too low.

(5) Henry's law is exact

There are four sources of error involved in the use of Henry's law and the
approximation to Henry's law, Eq. 2-2. These are: (a) “he decrease of the solubility,
8, of air in water as the pressure in the air is increasad, (b) the use of Boyle!s law
tr. derive Eq. 2-2 (se2 Appendix C-Olfor derivation), (c) when deriving Eq. 2-2, the weight
of air dissolved in water is neglected relative to the weight of the water in which it is
dissolved, and (d) the possible difference between che solubility of air in "“free" water
as compared to its solubility in the waterxr that exists in the small-diamcter pores of a
fine-grained soil.

There are no data known to the author that give the solubility of air in water
that is held in fine pores, so the effect of item (d) cannot now be evaluated. Of the
remaining three items, only item (a) introduces any significant error. Since s is
slightly decreased when the pore pressure is increased (112), there is less air in solu-
tion than calculated by assuming s is a constant. Thus the actual volume of the specimen
must be greater than calculated, and the actual effective stress decrease also must be
greater than calculated. Therefore, the assumption that 8 is constant is unconservative.
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(6) sSwelling curve is a straight line

It is assumed that there is a linear relationship between AV/V and A53/33
over a small ( 10%) range of AG3/03 for decreasing values of effective stress. Swelling
tests were performed on one soll during this investigation and it was found that the ini-
tial portion of the swelling curve has a definite curvature. If one uses the slope at
the origin of the swelling curve to calculate the effects of leakage, the estimated
decrease in effective stress due to a given volume of leakage will be too large (i.e con-
servative). If one uses an average slope over some small range of effective stress
decrease, then the estimated decrease in effective stress may be either slightly too large
or too small, depending on the volume of leakage that occurs during any given triaxial
test.

(7) Mineral grains are incompressible

A pore pressure increase causes a decrease in volume of the individual mine-
ral grains in a specimen. Therefore, the total volume of the specimen is decreased. (It
is interesting to note however that the void ratio is increased!) Wwhether or not changes
in volume of the mineral grains cause changes in effective stress depends on the defini-
tion used for effective stress, If one is concerned with the shear strength of a soil,
effective stress can be defined simply as "“the stress that controls the shear sgtrength of
a specimen." On the basis of this definition, a volume decrease of the mineral grains
due to increased por2 pressure may cause an increased effective stress because each mineral
grain, and therefore. the entire specimen, becomes glightly stronger. Thus the actual
decrease in effective stress due to leakage would be smaller than the decrease calculated
by assuming that the mineral grains are incompressible.

(8) Membrane does not flex

It is assumed that the confining membrane does nct bulge locally between
mineral grains when the pore pressure in the specimen increases. Such local outward
flexing would absorb some of the leakage without causing changes in effective stress,
This assumption leads to a conservative (high) estimate of the decrease in effective
stress caused by a given volume of leakage.

(9) Leakage occurs slowly enough to achieve equilibrium conditions

It is assumed that leakage occurs sc slowly that there are no pore pressure
gradients set up in the specimen due to leakage. If pore piessure gradients do exist,
then the interior of the specimen does not increase in volume so much as the sides of the
specimen nearest the sources of leakage. Thus the decreases in effective streas near the
sides is greater than in the interior of the specimen. The equations presented in this
chapter give the average decrease in effective stress in the specimen. This average is
not affected by pore pressure gradients caused by leakage, sc long as the swelling curve
is a straight line over the stress range of interest.

It is also assumed that leakage occurs slowly enocugh so that the air and water
in a specimen are in equilibrium with each other at all times. If air or water leakage
occurs so rapidly that the air does not have time to dissolve, the volume of the gpecimen
will be larger than would be calculated using the assumption that the equilibrium condi-
tion is achieved. Thus the actual decrease in effective stress will be greater than the
calculated decrease.

(b) Discussion of Magnitude of Errors

A detuailed analysis was made to estimate the magnitude of error introduced
in the calculated value of AG3/G3; by each of the assumptions listed in (a) above, with
the exception of item (9). This analysis is not presented herein, but a summary of the
results is given below and in Table 2-3. The error in the calculated value of AG3/03 is
defined by
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Error = = (2-26)

vhere Ao3
(_5;) - calculated from Eq. 2-9 (for water leakage into 100% saturated
3 specimens) ox from Eq. 2-23 (for air leakage into partially
saturated specimens).

8a.\' - -
—=~] - corrected value of Ac./G..
03 373

A positive error means that the calculated value of A53/53 is conservative.

The maximum error occurs under different conditions for each assumption. For
example, the assumption that Henry's law is exact is most critical for soils that are
nearly 100% saturated, and the assumption that Boyle'!s law is exact causes the graatest
error for soils with a low degree of saturation. Therefore the parameters requirsd to
calculate the error were varied for each assumption such that the greatest probable error
would be obtained in each case. The resulting errors are shown under the heading "Extreme
Example" in Table 2-3., The erroxs that arise for what might be considered a "Typ.cal
Example" also are shown in the table.

Based on the assumption that the swelling ratio is known in any given cage, the
following conclusions may be drawn concerning the magnitude of error in the calcuiated
value of AF3/T3:

For 100% Saturated Specimeng-The error is not likely to exceed +25%, and this large error
develops only for soils with a very low swelling ratio, i.e. like compact.ed Can-
yon Dam clay.

For Partially Saturated Specimens-—

(1) The error is largest for soils with low swelling ratios.

(2) When the overall error is large ( >10%) the calculated value of AJ3/d3 is
generally conservative (i.e. too high). When the error is relatively small
(< 5%) the calculated value of A03/G3 may be somewhat high or low.

(3) The largest error is introduced by the assumption that Au, = Ay, = -A53.
The magnitude of this error is not known accurately because the data
presently available to evaluate it are limited and questiocnable.

(4) The overall error probably will be less than about +15% sc long as (a) the
degree of saturation is greater than 95%, (b) the swelling ratio is greater
than 0.004, and the initial effective stress is smaller than 20 k¢/cmZ,

(5) The error probably will not be larger than +100% soc long as the initial
degree of saturation is greater than 90% and the swelling ratio is greater
than 0.0015,

2-08 SUMMARY AND CONCLUSIONS
The following cases of leakage into triaxial Q and R specimens are of interest:

I. 100% saturated specimens - (a) Water leakage
(b) Air leakage

I1. Partially saturates specimens - (a) Water leakage
(b) Air leakage
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Air leakage into 100% saturated specimens, I(b), can be prevented and water leakage into
partially saturated specimens, II(a), probably causes either the same or a much smaller
decrease in effective stress than water leakage into 100% saturated specimens. Therefore,
equations were derived herein for calculating the effects of leakage for cases I(a) and
II(b) only.

Assuming that the swelling curve of a scil igf a straight line for small decreases
in effective stress, the following equation relates the decrease in effective stress to
the volume of water leakage into 100% saturated specimens:

Ac J
—_3 — _.L. —w (2_9)
o s Vv
3
where A-3
- change in effective stress, usually expressed in percent
3
S = 1initial swelling ratio
Jﬁ
v = volume of water leakage, usually expressed as a percent of the

total volume, V, of the specimen.

The initial swelling ratio has been determined accurately for one soil which is believed
to have a very low swelling ratio relative to most soils that might be of interest in
long-time triaxial tests. If the decrease in effective stress is not to exceed 2%, the
maximum acceptable volume of leakage into a 1.4 in. diameter by 3.5 in. high, 100% satu-
rated specimen of this soil (S = 0.,001) is only about 2 mm3. It is apparent that rates

of leakage (and, of course, volume changes) that have heretofore been considered insig-
nificant in triaxial testing, may cause large changes in effective stress during a triaxial
Q or R test.

Assuming that the initial swelling ratio is known, the errors introduced by the
simplifying assumptions required to derive Eq. 2-9 will cause the calculated decrease in
effective stress to be no more than 25% greater than the actual decrease in effective
stress. This large error, which is due to the compressibility of water, will develop only
in soils with very low swelling ratio.

Based on a theoretical consideration of the equilibrium between air and water in a
partially saturated specimen, the author concluded that the undiusalved air exists in the
form of spaces (rather than bubbles) that are bounded by soil grains and air-water menisci.
This conclusion was reached previously by Hilf(56). To calculate the decrease in effec-
tive stress caused by air leakage into partially saturated specimens, the conservative
assumption was made that the change in pore air pressure and the change in effective
stress are equal to each other but opposite in sign, which is equivalent to the assumption
that the radius of curvature of the menisci does not change during air leakage. The fol-
lowing equation was derxived:

J_p Y _
SES S—<T3)(U—A0
93

~ 3) + nf (- Aaa) (2-22)

where J = volume of air leakage, measured at atmospheric pressure, ps(cm3).

u_ = pore air pressure (gm/cmz).

n = porosity of specimen

= (1 -G, + 8 G,), where 8 is the solubility of air in water and G,
is the degree of saturation of specimen,
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For a critical case of air leakage into a partially saturated specimen, i.e. low swelling
ratio, low effective stress, low pore air pressure and high degree of saturation, the
maximum acceptable volume of air leakage into a 1.4 in. diameter by 3.5 in. high specimen
is found to be about 20 mm3, if the decrease in effective streas is not to exceed 2%.

An analysis of the errors introduced by the simplifying assumptions required to
derive Eq. 2-22 showed that, so long as the swelling ratic is known and is greater than
0.0015, the calculated decrease in effective stress will not be greater than twice the
actual decrease in effective stress, for specimens with a degree of saturation greater
than 90%0

The sevaerest limitations to the present usefulness, in the practice of triaxial
testing, of Egs. 2-9 and 2-22 are (1) lack of accurate determinations of *he swelling
ratio, (2) lack of understanding of the movement of menisci when water or air enter a
partially saturated specimen and (3) lack of a proven effective gtress equation for par-
tially saturated soils (if such an equation exists).
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CHAPTER 3

THEORY OF STEADY FLOW OF
FLUIDS THROUGH MEMBRANES

3-01 INTRODUCTION
(a) Purpose and Scope

The purpose of this chapter is (1) to introduce the subject and terminology of the
field of membrane permeability, (2) to present the equations which have been proposed in
the literature to describe the flow of liquids or gases through membranes, and (3) to
determine which of these equations might apply to the flow of water through rubber and/or
plastic membranes due to a hydraulic pressure gradient, a vapor pressure gradient and a
mole fraction gradient across the membrane.

Literature in the fields of chemistry, biology, engineering, physics and medicine
was reviewed for information on the flow of fluids through membranes.

(b) The Importance of Membrane Science and Technology

Table 3-1 is a partial list of the uses of natural and artificial membranes. Re-
searchers in many fields are actively engaged in attempting to alter the properties of
membranes to suit their various requirements. An understanding of the theory of flow
through membranes is essential to this task. The following quotation from an article by
Sherwood (92) concerning the desalinization of water emphasizes this need:

“Not enough is known about the mechanism of the membrane process
to permit the selection and manufacture of useful osmotic membranes.
If such could be developed the process (of water desalinization)#*
might be quite efficient . . . . But usefu) membranes will probably
not be developed by trial and error; the basic physics of the process
needs to be understood.*

3-02 THE MEMBRANE~-PERMEANT SYSTEM

Fig. 3-1 shows the membrane-permeant system which will be used as a basis for dis-
cussion, The membrane being studied is clamped between chambers A and B, Chambers A and
B may contain a pure liquid or gas, a solution of ions or molacules in a liquid, or a
mixture of gases. A total pressure difference may be applied across the membrane by in-
creasing the pressure in Chamber B,

The applied driving force (see 3-04) causes flow of the permeant or permeants
through the membrane. The rate of flow is measured in volume of permeant per unit time
or in moles (gram-molecular weights) of permeant per unit time., The rate of flow is a
function of the properties of the membrane, the properties of the permeant and the mag-
nitude of the driving force., A list of specific variables that can affect the rate of
flow through membranes is given in Table 3-2,

No membrane is completely impervious. Membranes made of rubber, plastic, wax or
a combination of these materials are all pervious to an extent which is measurable at
ordinary temperatures (25°C). Even glass and metals become measurably pervious at ele-
vated temperatures (400°9C and higher) (8, p. 117). Recent attempts to achieve vacua as
low as 10~16 mm Hg have shown that glass is pervious to helium to an extent which is now
measurable at ordinary temperatures (98).

*+ Statement in parentheses added by present author.
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3-03 TYPES OF MEMBRANES
(a) General

Transport processes through membranes are generally classed as either "passive" or
*active." Passive transport (81, p. 386) refers to the flow of particles through mem-
branes under the influence of known energy gradients (osmotic pressure, hydraulic pres-
sure, etc,) that are applied to the membrane-permeant system. In such passive transport,
processes occurring in the membrane contribute no energy to the flow. On the other hand,
active transport is flow through a membrane under the influence of energy derived from
chemical reactions that occur within or near the surfaces of the membrane (97, 87, 101).
Thus active transport may cause ions or molecules to flow in a direction opposite to the
flow direction that would be expected if only the known osmotic pressure or hydraulic
pressure gradients were considered. For example, it is suspected that a reaction occurs
in the membrane that surrounds the nucleus of the human red blood cell which causes
sodium ions to flow in a direction opposite to the osmotic pressure gradient (101).

In subsequent discussions of flow through membranes, only passive transport will
be considered. It will be assumed in all cases that no reactions are occurring within
the memhrarie and that the membrane remains unaltered (both physically and chemically)
througt.out the duration of the flow process.

(b) Porous and Non-Porous Membranes; Semi Permeable Membranes

A pore is defined as any opening in a membrane which is continucus, at least for a
limited time, through the entire thickness of the membrane. According to this definition,
all membranes must contain some pores soc that they all should be classified as the porous
type. On the other hand, when considering a specific membrane and a specific permeant,
one may ask the question: “Is this membrane porous to this permeant?" Clearly, if the
pores have a diameter ten times larger than the diameter of the permeating particle, the
membrane must be classed as porous to that permeant. Also, if the pores are much
smaller than the permeating particle, the membrane must be classed as non-porous to that
specific permeant. If one chooses to use the terms porous and non-porous to descride
general classes of membranes, one must be careful to specify both the membrane and the
permeant that are being considered.

In the study of osmotic pressure, membranes are used that are porous to water but
non=porous to coclloidal particles suspended in the water. Membranes permeable to one
component of a permeant but impermeable to other components of the permeant are called
semi-permeable (74). When using the term semi-permeable, one must specify the membrane-
permeant system being considered, since the term semi-permeable does not define a mem-
brane with a specific pore diameter.

Cellulosic membranes (86) are examples of membranes that are porous to water be-
cause the pore diameters of such membranes are twenty or more times larger than the dia-
meter of water molecules, Natural rubber membranes have been classified as non-porous
membranes (40) even though the spaces between molecules in these membranes may be two or
three times larger than water molecules (7).

Although the terms porous and non-porous are used quite frequently in the litera-
ture, it appears to the author that the distinction serves nc useful purposes and is

often ambigquous. As an alternative to the use of these terms, the author suggests that,
where necessary, reference be made to the size of the pores relative to the size of the

permeating particle.
(c) Ordered and Dis-Ordered (Amorphous) Membrane Structure

Membranes with an ordered structure may be crystalline - such as aluminum foil,
saran (polyvinylidene chloride) (49), Mylar (polyethylene terephthalate) (73) - or they
may be non-crystalline but possess a repeating pattern of molecules - such as shown by
Teorell (101, facing p. 10). A permeant may pass between the molecules of these ordered
membranes or the permeant may pass through cracks between crystals (l1). The spaces be-
tween crystals may be as small as thnse between molecules.
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Natural rubber, butyl rubber and quickly quenched polyethylene terephthalate (73)
are examples of materials which form dis-ordered (or amorphous) membranes. Such mater-
ials are generally composed of long-chain molecules arranged in a completely irregular
{(random) packing. The flow of a permeant through amerphous membranes occurs through
openings between the molecules. These openings may ke permanent or they may be always
changing in size and location due to the continuous movement of the molecules under the
influence of their thermal energy.

It should be noted that a membrane may be macde up of a combination of large pores,
crystals and amorphous zones. For example, polyethyliene may contain both amorphous and
crystalline zones, the crystalline portions being less pervious to gases than the amor-
phous portion (72).

(d) Charged Membranes

The matrix of a membrane may carry a surface charge that is balanced by a prepon-
derancs of oppositely charged ions in the immediately adjacent liquid or gaseous atmos-
phere. The matrix of a natural rubber membrane apparently has a negative surface charge
(94). Membranes that have a surface charge restrict the flow of ions due to electro-
static repulsive forces between similarly charged ions. This is probably one of the
mechanisms by which ion-selective membranes operate (5, p. 528; 93). Even though a mem-
brane carries no surface charge, an ion that passes through such a membrane must pass
through electric fields of varying sign and varying magnitude (l1). Thus, on a molecular
scale the membrane may behave, with respect to a permeating ion, as a locally charged
membrane.

No attempt has been made herein to study the effects of membrane charge on the
rate of flow of ions or molecules through the membranes.

(e) stratified Membranes

Stratified membranes are composed of two or more layers of materials with differ-
ing physical and chemical ' roperties. For example, Teorell (101, p. l11) describes the
myelin sheath of cat nerve fiber which is probably composed of five strata., Ponder (84,
P. 949) points out that the main resistance to flow through the membrane surrounding the
human red blood cell may be developed in the first 1/100th of its thickness. Membranes
are now being manufactured, that are composed of two different plastics, such as poly-
ethylene coated nylon fabric, polyethylene coated aluminum foil and sandwiched saran and
polyethylene, Stratified membrane structure may result in membranes that are unsymmet-
rical with respect to several properties such as the sign of the surface charge and the
electrical conductivity (101, p. 16).

Stratified membranes are not considered further in this investigation.

3-04 PERMEANTS AND DRIVING FORCES

{(a) Permeants
Permeants may be in the form of:

Gas - Pure gas.
Mixture of gases.
Plasma,

Liquid - Pure liquid (polar or non-polar).
Solution of ions or molecules in a liquid.
Mixture or solution of two or more liquids.
Liquid suspension of colloids.

A permeant may consist of (1) ions or atoms, (2) polar or non-polar molecules, (3) col-
loids, or (4) combinations of these items., The total flow of a permeant through a mem-
brane is equal to the sum of the flows of each of its components. For example, assume
that a solution of X moles sodium chloride in Y moles water is placed in both chamber A
and chamber B in Fig. 3-1 and that a hydraulic pressure is applied to chamber B. The

35458
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total flow will be made up of a flow of sodium lons, chloride ions and water molecules
from chamber B to chamber A, The rate of flow of each compenent (in moles/sec) will
depend on the permeability of the membrane to each component and on the magnitude of the
driving force which acts on each component. The concentration of the solution will
change as flow occurs because of the difference between the permeability of the membrane
to water molecules and its permeability to sodium or chloride ions. This difference in
permeabilities may be small or large, depending on the nature of the membrane.

The following membrane-permeant system will be of interest herein:

Solution of
Pure Water - BaturalyRubbez - Sodium Chloride
Membrane
in waterxr

For this system, the rate cf ion flow into the pure water is probably about 1/1500th the
rate of water flow into the solution (see Appendix A-07)., Thus, the ion flow can be
neglected in this case.

(b) Driving Forces

The following are the driving forces that can cause flow through a membrane:

(1) Total (or Hydraulic)
Partial (or Vapor)

(2) Mole fraction gradient

(3) Electrical potential gradient

(4) Temperature gradient

(5) others (possibly magnetic field gradient)

} pressure gradient

The term gradient refers to the change in pressure, mole fraction, etc., per unit path
length in the direction of flow., This is not to be confused with the difference in pres-
sure, mole fraction, etc., across a membrane. Formally, the difference in pressure
across a membrane is given by

4p = p, - pp = fon(gﬁ)dx (3-1)

where Ap = pressure difference.

P
A}= pressures in chamber A and B
as in Fig. 3-1.

x - pressure gradient at point x.

L = thickness of membrane.
x = length coordinate in direction of flow.

The differences and the gradients of temperature, mole fraction and electrical potential
may be related by equations analagous to Egq. 3-l.

The total driving force causing flow of each component of a permeant through a
membrane is equal to the sum of the effects of all of the above gradients. 1In the pres-
ent study only pressure and mole fraction gradients will be considered. All other pos-
sible gradients will be assumed negligible,

The "total pressure" is that pressure which is registered on a gage (e.g. a Bour-
don gage) plus atmospheric pressure. For liquid systems, the total pressure is referred
to herein as the "hydraulic" pressure.

The "partial pressure" of one gas in a mixture of gases is defined as that portion
of the total pressure which is contributed by the gas of interest. Dalton's law of par-
tial pressures (61), states that the partial pressure is equal to the total pressure
that the gas would exert if all other gases in the mixture were absent, the temperature
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and volume cf the gas being held constant. Dalton's law is strictly valid only for ideal
gases. For a pure gas, the partial pressur: is identical with the total pressure.

The t. rms “partial pressure® and “vajor pressure" are often used interchangeably
when considering the flow of water vapor (or other vapors) through membranes. Vapor
pressure is identical to partial pressure except that the term vapor pressure is reserved
only for those elements or compounds that are liquid or easily condensible at ordinary
temperature and pressure. For example, one speaks of the vapor pressure of water, al-
cohol or bromine but one speaks of the partial pressure of oxygen, hélium, nitrogen, etc.
The “equilibrium vapor pressure" is equal to the vapor pressure when the vapor and the
liquid phases are in equilibrium with each other. Depending on the conditions existing
in a given system, the vapor pressure of a liquid may vary between zero and the equilib-
rium vapor pressure. The equilibrium vapor pressure may be increased by increasing the
total pressure or by increasing the temperature of the liquid.

As an example, consider pure water and water vapor at 309C and atmospheric pres-
sure. The equilibrium vapor pressure under these conditions is 31.82 mm Hg. If one
removes the atmosphere and applies one atmosphere of pressure to the water through a pis-
ton, the vapor pressure of the water will remain at 31.82 mm Hg. On the other hand, if
the liquid is removed and only the water vapor r2mains, mixed with air, the vapor pres-
sure may vary between zerc and 31.82 mm Hg. Thus, the equilibrium vapor pressure of a
ligquid has a specific value at a given temperature, total pressure and composition. How-
ever the vapor pressure may take on any value depending on the conditions imposed.

The term mole fraction has been defined in 2-02, The flow caused by a mole frac-
tion gradient is generally called “diffusion" or "“osmosis." The term diffusion also is
used to describe a mechanism of passage of particles of matter through a membrane. It is
distinguished, for example, from laminar flow. However, the flow caused by a mole frac-
tion gradient 18 not necesgsarily diffusive. It may be laminar flow or some other type of
flow as yet unknown. %Osmosis" is a better term for referring to flow caused by a mole
fraction gradient since no mechanism is implied in its use,

As an example of osmosis caused by a mole fraction gradient, consider a system
with pure water in chamber A in Fig. 3-1 and a sodium chloride solution in chamber 3.
Water will flow from chamber A to chamber B simply because the mole fraction of water is
lower in chamber B than in chamber A. Also, sodium and chloride ions flow from chamber B
to chamber A. This flow is due to a mole fraction gradient of the salt ions and,
strictly speaking, must alsc be called osmotic flow. If the membrane is impervious to
the sodium and chloride ions and pervious to water molecules, it is called an ideal "semi-
permeable® membrane as defined in 3-03(b). If one closes the valve on chamber B, the
flow of water will cause the pressure to build up in chamber B until the flow is stopped
because of the back prassure., The equilibrium pressure attained is called the osmotic
pressure of the solution in chamber B, It is often convenient to use the osmotic pres-
sure as the independent variable causing flow rather than the mole fraction gradient.
However, it must be borne in mind that the osmotic pressure is only a measure of the
effect of a moie fraction gradient, and it is measurable only when the semi-permeable
membrane used is ideal, i.e. it passes no salt jions whatsoever.

3-05 EQUATIONS OF FLOW OF LIQUIDS THROUGH MEMBRANES

(a) General

Equations relating the rate of flow of a permeant through a membrane to the driv-
ing force causing flow and the characteristics of the membrane-permeant system may be
cbtained (1) empirically, (2) by the use of conceptual models of the membrane-permeant
system and (3) by the application of irreversible thermodynamics to the flow process.
The equations that have been used in the literature to describe flow through membranes
under the influence of hydraulic pressure differences, vapor pressure differences and/or
mole fraction differences across the membrane are presented. Relationships that exist
among the various equaticns will be elucidated.
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() Empirical Equations
(1) Darcy's law
Darcy's law in its original form (37, App. D) is

Ah
9 = kAT (3-2)
where q = rate of flow (cm3/sec).

k = coefficient of permeabilit¥ (cm/seac) .

A = total area of membrane {(cm<),

Ah = total hydraulic head causing flow (cm of permeant).
Ah = ap/y where Ap = hydraulic pressure difference (gm/cm )
and Y = unit weight of permeant (gm/cm3),.

L = thickness of permeated medium (cm).
%? = 1 = hydraulic gradient (dimensionless).

In subsequent discussions it will be convenient to use Darcy's law in the following form
[
q=x a2 (3-3)

where the permeability constant K' is equal to kA .

Darcy formulated his equation on the basis of experiments on the flow of water
through sand caused by a hydraulic gradient across the sand layer. Thus Darcy was first
to show that the flow rate of water through a porous medium is directly proportional to
the hydraulic gradient. Darcy's law has subsequently been found to be valid for a wide
variety of sands and clays (76, ch. 3; 53, ch. 3; 79).

Bigelow (9) has shown that the rate of flow of water through collodion membranes
is proportional to the hydraulic pressure difference, Bjerrum and Manegold (13) and
Manegold and Hofman (69) have shown that the rate of flow through collodion membranes is
inversely proportional to the thickness of the membranes. Thus it appears *hat Darcy'!s
law applies to collodion membranes.

Recently Renkin (86) has shown that the rate of flow of water through three types
of cellulosic membranes is proportional to the hydraulic pressure difference. He gives
no data on the effect of thickness of cellulose membranes. Data presented in Chapter 4
show that the rate of flow of water through natural rubber membranes is approximately
proporticonal to the hydraulic pressure difference., No satisfactory data were cbtained on
the effect of thickness on the rate of flow of liquid water through natural rubber

membranes.,

Whether or not Darcy's law is strictly applicable to the flow of water through the
rubber and plastic membranes of interest herein, it is nevertheless useful to compute the
permeability constant K' from flow data for different membranes. These values may then
be compared, at least roughly, to determine which membrane is best for preventing leakage
into triaxial specimens.

(2) Fick's law

Fick's first law (77, p. 95) states that if the concentration of parti-
cles dissolved in a solution varies from point to point, the particles will flow from
the region of higher concentration to the region of lower concentration according to

dm Ac
ac = PS¢ (3-4)
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where g% = rate of flow (moles/sec).
D = diffusion coefficient (cmz/sec).
A = area of flow (cm2).

Ac = difference in concentration at the two
locations in the flow medium (moles/cm3).

L = distance between the two locations of
differing concentration (cm).

When applying Fick's law to the flow of a liquid through a membrane, one can think
of a system with pure water in chamber A in Fig. 3-1 and a solution in chamber B, Fick's
law applies to the flow of each component of the soclution, i.e. both the solvent mole-
cules and solute ions.

For the case of flow through a membrane, the parameters on the right hand side of
Eq. 3-4 may be viewed in two ways: (1) If the area A in Eq. 3-4 is equal to the total
area of the membrane and L is the thickness of the membrane, then D is the diffusion
coefficient in the membrane. This diffusion coefficient is a function of the geometry
and porosity of the membrane and of the characteristics of the permeant, (2) The “free"
diffusion coefficient of a permeant i1s the diffusion coefficient that would be measured
if no membrane were present. Its value is not a function of the membrane tested. 1If the
"free" diffusion coefficient is inserted in BEq. 3-4, then the ratioc A/L would represent
the effective area to length ratio of the pores of the membrane (86) which is quite dif-
ferent from the A/L ratio defined in (1) above.

In either view of Fick's law, the concentration difference must be that which
exists within the membrane, but it is generally desirable instead to put it into a fomm
which contains the concentrations of the adjacent solutions. For this purpose one must
know the solubility of the permeant in the membrane., A solubility coefficient is meas-
ured by placing a sclution of desired concentration in contact with a membrane for a
sufficient length of time to achieve equilibrium. The membrane is then removed and the
quantity of solute dissolved.in the membrane is measured. The ratio of the concentration
of solvent in the membrane to that in the solution is the solubility coefficient. The
solute may dissolve in the membrane by simple solution (2), i.e. by dispersion of mole-
cules of solute between molecules of the membrane, or by absorption or condensation on
the surfaces of the morphological elements of the membrane (18),

The solubility of a permeant in a membrane may follow a law such as

cm = sc cs (3-5)
where cm = concentration of permeant in membrane (moles/cm3 of membrane).
s = s8olubility coefficient of permeant in the membrane (dimensionless).
cy = concentration of permeant in solution adjacent tc membrane

(moles/cm3 of solution).
Substitution of Eq. 3-5 into 3-4 gives

Ac
dm S
—_— = — 3-6
3¢ = Ds A T (3-6)
Alternatively, the solubility of a permeant in the membrane may be expressed in terms of
the vapor pressure of the permeant in the chamber adjacent to the membrane by

c = s, Py (3-7)

where s

i

solubility of permeant in membrane (moles/gm cm)

vapor pressure of permeant in chamber adjacent to membrane (gm/cmz).

o]
< 'O
L}
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The vapor pressure is thermodynamically related to the concentration (or mole fraction)
of the permeant. This relationship is given in 3-05(d).

Substitution of Eq. 3-7 into BEq. 3-4 gives

dn _ps_a eyl
dt P L
where the subscript ¢ denotes that the vapor pressure gradient is caused by a concentra-
tion gradient. Both forms of Fick's law, Eq. 3-6 and 3-8, show a direct proportionality
between the flow rate and the driving gradient sc long as the product Dsp (or Dsc)
remains constant.

(3-8)

According to Bigelow (9), Fick himself applied his law to the flow of liquids
through membranes as early as 1855, although no proof of its validity was given, The
data presented in Chapter 6 herein show a direct proportionality between rate of flow of
water and the concentration difference across natural rubber membranes. Data obtained by
physiologists to prove "Starling's hypothesis" (see next paragraph) can be used to show
that the rate .c flow of water through some biological membranes is directly proportional
to the concentraticn difference. However, it appears from the data in Chapter 6 that the
rate of flow of water through natural rubber (caused by a concentration difference) is
not inversely proportional to the membrane thickness. No other data are known to the
author which can be used to relate rate of flow to membrane thickness for tests in which
a concentration difference is applied across a membrane, with liquids on both sides of
the membrane.

(3) starling's Hypothesis

In 1895 Starling (95) presented measurements of rates of flow of water
through a frog's peritoneal* membrane due to a hydraulic pressure difference and due to a
concentration difference across the membrane, He concluded (on p. 324) that the rate of
flow across this membrane was some function of the difference between the hydraulic pres-
sure and the csmotic pressure, implying that the two are linearly related, but he did not
express this view in graphical or equation form.

In 1911 von Antropoff (4) made the assumption that the rate of flow of a liquid
through a membrane is directly proportional to the quantity (Ap - ATT), where All, being
the osmotic pressure difference across the membrane, is given approximately by van't
Hoff's equation

AT'= RT Ac (3-9)

where Ac is the concentration difference across the membran- of the particles to which
the membrane is impermeable. In the year 1927, Northrup (74) expressed the rate of flow
through a membrane as follows

- ATT
q = constant x A QE_E____ (3-10)

Northrup noted that the magnitude of the constant was dependent on the mechanism by
which the permeant passes the membrane.

Later in the year 1927 Landis (67) presented the data shown in Fig. 3-2. This
graph shows that the rate of flow through the frog's mesentery**can be expressed by
Eq. 3-10. Additional data in support of Eq, 3-10 were given by Pappenheimer and Soto-
Rivera (82). Pappenheimer (81) refers to Eq. 3-10 as "Starling's hypothesis, " giving
credit to Starling for the original idea. No data were given by Starling, Landis, or
Pappenheimer and Soto-Rivera to prove that q is indeed inversely proportional to L.
Apparently, it was simply assumed from knowledge cf Darcy's law and Fick's law that the
form of Eg. 3-10 is reasonable,

* The peritoneum is the membrane surrounding the abdominal cavity.

#% A fold of the peritoneum that connects the intestine with the posterior abdominal wall.
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Eqq., 3-10 reduces to Darcy's law, Eq. 3~3, if the osmotic pressure across the mem-
brane is zero, and it is identical in form to Fick's law (after inserting Eq. 3-9 iato
Eq. 3-6), when the difference in hydraulic pressure across the membrane is zero. Thus
Eq. 3-10 is a more general equation than either Fick!s law or Darcy's law. Since Star-
ling's hypothesis states that q is linearly proportional to the differences (ap - A, q
must be linearly proportional to either Ap or AT if one or the other is zero. Thu- the
data of Starling, Landis and Pappenheimer, et. al., which were referred to above, all
prove the validity of Darcy's and Fick'!s laws for the flow of water through the membranes
ugsed in the tests. However, it is emphavized that no proof has been given, except in the
case of Darcy's law, that q is also inversely proportional to L.

(c) Equations of Flow Based on Mod:ls of the Membrane-Permeant System
(1) Poiseuille's Law

The derivai:ion of Poiseuille's law is based on the following models of
the permeant and of the membrane:

Permeant - The permeant is assumed to be a continuocus fluid which obeys Newton's

law of viscosity
av

T= 9% ax (3-11)
where 1 is the shear stress in the fluid, 7 is the viscosity of the fluid and
dv/dx is the velocity gradient in a direction perpendicular tuv the path of flow.

Membrane - The membrane is represented by a bundle of cylindrical capillary tubes
which are oriented perpendicular to the exterior surfaces of the membrane, The
flow takes place through the openings in the capillary tubes.

The following assumptions must be made to derive Poiseuille's law:
(1) The velocity of the permeant is zero at the walls of the capillary tubes.

(2) The velocity distribution over the cross section of each capillary tube is
the same at every cross section along the path of flow. This means that the
energy required to accelerate the flow to the velocity in the capillaries,
which is small for the systems of interest herein, is not accounted for in
the derivation.

Under the above conditions, the flow tnrough one horizontal capillary tube can be shown
to be (20):

o s _ e, o
i = & . " & AP-L—C- (3-12)
where qc = flow rate through one capillary hole (cm3/sec).
rp = radius of hole in capillary (cm).
7 = viscosity of permeant (gm sec/cmz).
Ap = c¢cross sectional area of hole in capillary (cmz).
Lc = length of capillary tube (cm).

The total flow through the model membrane is equal to the sum of the flows in all
capillaries which make up the model. The number of capillaries Nc may be expressed as

N = — (3-13)
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where n is the porosity and A is the total area of the membrare. Thus the total flow
through the membrane is given by

nr
_Ppdp

or 9= a9 L,

(3-14)

According to Bingham (10), Eqg. 3-12 was first derived prior to 1846 by at least
three theoreticians. However, in 1846 Poiseuille presented the results oi tests on the
flow of water through glass capillary tubes from which he concluded that Eg. 3-12 can be
considered accurate for all practical purposes. Thus, Eq. 3-12 is called Poiseuille's
law.

Subsequent work by Osborne Reynolds (see 20) has shown that Poiseuille's law is
valid only for laminar flow. When the flow becomes turbulent Eq. 3-12 does not apply.
The flow through rubber and plastic membranes will never have sufficiently high velocity
to be in the range of turbulent flow under the conditions of interest herein. Therefore
the upper limit of validity of Poiseuille's law need not be considered. The lower limit
of the validity of Poiseuille's law will be discussed below.

Actual porous membranes may be different from the capillary model described above
because of the following factors (see 20): (1) The pores may vary in size and shape,
(2) the pores may not be oriented perpendicular to the surfaces of the membrane and
(3) the area of an individual pore may vary along its length. Thus the equation of flow
through real porous membranes might be written as
2
nr
q = constant x P A ap (3-15)
8 L
where the constant is inserted to account for the differences between the capillary model
and a real membrane. Note that the membrane thickness L rather than the pore length L.
is now in the denominator of £q. 3-15. The difference between L and L, is absorbed in
the constant. Factors that might affect the magnitude of the constant in Eq. 3-15 have
been discussed by Casagrande (20) and Taylor (99, Ch. 6) for soils, by Bjerrum and Mane-
gold (13) for collodion membranes and by Pappenheimer (8l) for physiological membranes.

The validity of Eq. 3-15 can be proven by showing that the rate of flow through a
medium is (1) directly proportional to the hydraulic pressure gradient, (2) inversely
proportional to viscosity and (3) directly proporticnal to nrji. The references quoted,
to show the validity of Darcy's law for soils, collodion membranes and for physioclogical
membranes, prove that the flow rate is directly proportional to hydraulic gradient for
these materials. Proof that the rate of flow is inversely proportional to viucosity is
shown by Muskat (76) for flow of water through sands, by Bigelow (9) for flow of water
through collodion aand gold beater's skin* and by Duclaux and Errera (43) for flow of
several liquids (including water) through cellulose and cellulose acetate membranes.

Proof that qotnr2 has not been given, to the knowledge of the author, except for
the case of a bundle of parallel capillaries. For clean filter sands, Hazen (see 63)
has shown that the rate of flow of water is directly proportional to the square of the
diameter of the grains. If one assumes that the porosity of such sands is independent of
grain size, and that the "average" pore radius is directly proportional to the grain
diameter, then Hazen's work is proof that gxnr2 for sands. Rather than attempting to
prove that qc’<nr2 for membranes, several authors (52, 14, 81) have assuned it to be true
and have calculated "effective pore radii" from rate of flow measuremerncs.

*+ Membrane from the large intestine of the ox.
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In any case, Eq. 3-15 only approximates the equation of flow through membranes
because the assumptions used in its derivation are not strictly applicable. First, the
permeant has a finite velocity near the walls of the capillary. This velocity may be
very important in determining the rate of flow through pores of molecular dimensions (say
5 to 200 Angstroms diameter). Second, the area available to flow of molecules is restric-
ted to an area less than the total cross sectional area of the pores when the size of the
permeating molecules is of the same crder as the pore size (82). Third, a small correc-
tion must be applied because the permeant must be accelerated from a very low velocity
just outside the capillaries to a relatively high velocity inside the capillaries.
Attempts have been reported by Barrer (8) and Pappenheimer (81) to apply corrections to
Eq. 3-15 to take the above three items into account. These references should be consul-
ted for further details.

As the size of the pores in a membrane relative to the size of the permeant mole-
cules decreases, the rate of flow becomes more dependent on the physical and chemical
interactions between the membrane molecules and the permeant molecules. hen the per-
meant molecules are about the same size as the pores in a membrane, one can no longer
think in terms of a capillary model of the membrane. Rather, one must consider the pro-
cegses by which individual molecules can permeate the membrane. Some such processes are
described below and in 3-06.

(2) Derivation of Fick's Law by Use of Kinetic Model of Diffusing Particles

The following derivation is presented to show why flow cccurs in the
direction of the concentration gradient when particles of matter are distributed non-
uniformly in a medium. The derivation is taken from Mysels (77} although the concepts
are those of Eingtein (45).

Consider a system in which particles are suspended in a medium as shown in
Fig. 3-3. The concentration gradient, indicated by the heavy line and by the dots, is
linear through the medium. The particles may represent ions, atoms, molecules or col-
loids. The medium may be either a membrane, a liquid or a gas, All energy gradients
except the concentration gradient are assumed to be zero.

According to the kinetic theory, the particles have an average thermal energy of
kT, where kX is Boltzmann's constant and T is the absolute temperature., The suspended
particles move about in the medium under the influence of their thermal energy and follow
a completely random path due to continual random collisions with molecules of the medium
or with other particles. Because of the random nature of this motion, and because in
general one deals with extremely large numbers of suspended particles, half of the par-
ticles in any level in Fig. 3-3 will move upward and half will move downward as shown in
the right side of the figure. It is assumed here that no concentration gradient exists
in the other two dimensions, so that no net flow will cccur in those dimensions.

The number of particles that move up across plane a, Nup’ in time interval t is
Nup = 1/2 A (N+2AN) d (3-16)

where A = total area over which flow takes place (cmz).
N+2AN number of suspended particles per unit volume in the level
just below plane a (dimensionless).
d = average distance travelled by a particle in time t* in the
direction of the concentration gradient.

Similarly the number of particles which move downward across plane a in time t is

= +AN) @ (3-17)
N3 own 1/2 A (N+AN)

* The time interval t must be great relative to the duration of each step in the random
path of the particle.
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The net number of particles moving up across plane a in time § is obtained by subtracting
Eq. 3-17 from Eq. 3-16

Nup - Ndown = 1/2 d A &N

(3-18)
Dividing Eg. 3-18 by Avogadro's number and by the time t one obtains the rate of flow
upward across plane a

dm d

ac = 1/2 t A Ac (3-19)
where dm/dt is the rate of flow in moles per second and ¢ is the change in concentration
in moles per unit volume over the distance d.

If one analyzes statistically the motion of a particle that moves along a random
path, one can show that, if the number of steps is large, the distance (measured in a
straight line from the point of origin to the final point) travelled by a particle is
proportional to the square root of time. In equation form one has

de</t (3-20)
2
r
° %- = constant (3-21)

Since it was previously assumed that the particles do move along random paths, Eq. 3-21
can be substituted into Egq. 3-19 to obtain

dm Ac
at " constant A L (3-22)

which is identical with Fick'!s law, Eq. 3-4.

Thus Fick'!s law simply expresses the net rate of flow of particles through a med-
ium when (1) a concentration gradient of suspended particles exists in the medium, (2)
the motion of the particles is random, and (3) there is a large number of particles
present per unit volume of the medium. No specific model was used to describe the inter-
action between the suspended particles and the molecules of the medium. It is this in-
teraction which determines the magnitude of the constant in Eq. 3-22. Two possible
models for diffusion of gases through membranes are given in 3-06. These models are also
conceptually applicable to the flow of liquids through membranes.

(3) Absorption-Desorption Equilibria at the Membrane Surfaces

In i949 Laidler and Shuler (64) proposed a model to describe partially
the flow of liquids and dissolved particles through membranes under the influence of a
mole fraction gradient. They considered the flow to be the result of an equilibrium
among the following distinct processes occurring at each exterior surface of the membrane:

(a) Absorption of permeant molecuies on the surface of the membrane.

(b) Desorption of permeant molecules from the surface of the membrane.

(c) Diffusion of absorbed permeant molecules away from the near surface toward
the opposite surface of the membrane.

The following assumptions were made with regard to the rate of occurrence of each of the
above processes:

{(a) The rate of absorption of molecules on the surface of a membrane is propor-
tional to the concentration of molecules in the adjacent solution and to the
number of sites available for the absorption of molecules. The proportion-
ality constant will be designated Ba'

(b) The rate of desorption is proportional to the number of sites of adsorption
that are filled. This proportionality constant will be designated Bd.
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(c) The rate of diffusion into the membrane away from the surface follows the law

b 44 X!
dat t L (3=-23)
where D = diffusion constant in the membrane (cmz/sec).

c = the total concentration gf all solvent and solute molecules
in the membrane (mole/cm™ of membrane).

X! = the mole fraction of solute in the solution that is inside
the membrane on the high concentration side.

xﬁ = the mole fraction of solute in the sclution that is inside
the membrane on the low concentration side.

Fig. 3-4 ghows the system to which Eq. 3-23 applies,

The desired relation is obtained by setting up an equation for the mass balance
at each surface of the membrane which expresses the condition that the number of mole-
cules adsorbed must equal the sum of (1) the number of molecules desorbed and (2) the
number of molecules which diffuse away from the surface. These two mass balance equa-
tions are equated (since the inflow at one surface must equal the outflow at the other
surface) and solved to obtain

am _ P, BT _——
dt B t L
d
where *A and xB are the mole fractions of the permeant in the two solutions adjacent to

Eq., 3-24 is valid only when B_.>>B_ and B_>»>D. These inequalities mean simply that
the rate of diffusion through the me%bra%e is tge slowest step of the flow process.*
Thus Eq. 3-24 shows that only when the rate of diffusion controls the flow process is the
rate of flow directly proportional to the quantity ( - X_ ). This conclusion applies
only for this particular mcdel of the equilibria at the sugfaces of the membrane.

For a dilute solution (i.e. a solution with a unit weight approximately equal to
that of the solvent) Eq. 3-24 can be reduced to:

B faXe;
dm _ a s (3-25)

dat Bd L
Comparing Eq. 3-25 with Eq. 3-6 one can see that the ratio Ba/B is essentially a solu-
bility coefficient which relates the concentration of the permeant in the membrane to the
concentration in the adjacent solution.

If one accepts the initial assumptions made by Laidler and Shuler, then one may
draw the following conclusions from their analysis:

(1) Fick's law in the form of Eq. 32-& applies to the flow through mem-
branes only if the solutions on each side are dilute,

(2) A linear proportionality between riate of flow and the mole fraction
difference (X, - X_) exists only if the rate of diffusion through the
membrane is tﬁe rate controlling step of the flow process.

(3) The distribution of the permeant between the solutions in and adjacent
tc the membrane is governed by the ratio Ba/Bd if diffusion is the rate
controlling step.

*It is entirely possible that these inequalities do not hold in any specific case (see
#6) but this possibility will not be considered herein.
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{(d) The Thermodynamic Approach

In the following it will be shown by thermodynamic considerations how Darcy's
and Fick'!s laws are related to Starling's hypothesis.

Darcy's law, Eq. 3-3 may be used to describe the results of a test in which liquid
is forced through a membrane due to a hydraulic pressure difference across the membrane.
If the liquid is pure, the hydraulic pressure difference is related to the vapor pressure
difference by the equation (74)

_P
Apv =g Ap (3-26)
v
where Apv = vapor pressure difference (gm/cm?).
Ap = hydraulic pressure difference (gm/cmz).
?}* = Molar volume of liquid = volume per mole of liquid (cm3/hole).
Vb = molar volume of vapor in equilibrium with liquid (cm3/hole).

Assuming that the vapor phase behaves as an ideal gas, one can relate the vapor pressure
and the molar volume of the vapor by means of the ideal gas law

P V. = RT (3-27)

where pv = Evo + Apv
5 = equilibrium vapor pressure of the liquid at atmospheric pressure at
vo
the temperature of the test.

If the permeant is water, the quantity Ap,, is less than 1% of Svo at a hydraulic pressure
of 10 kg/cm? and less than 8% of p,, at 100 kg/cm2., Thus for practical purposes one may
neglect Apy,, relative to Evo. Approximating Py by Evo and substituting Eq. 3-27 into
Eq. 3-26 one finds

RT

Ap = op (3-28)
) v
PFvo
For water at 30°C, the constant (RT/V, Pyg) is equal to 3.29 x 104 (dimensionless).
Substituting Eq. 3-28 into Eq. 3-3 one obtains

q = K fT- A (Apv)p (3-29)
%’pvo 25
(ap_)
or g=KA Lv P (3-30)
where K = K'TT- (3-31)
YPyo

The subscript p in Egs. 3-29 and 3-30 denotes that the vapor pressure difference is
caused by a hydraulic pressure difference.

* Note that the unit weight of the liquid is related to its molar volume by the equation
75% = M, where ¥ is the unit weight and M is the molecular weight of the liguid. Molar
volumes are used here to conform with notation generally used in texts on thermo- _
dynamics. The compressibility of the liquid will be neglected in all cases so that VP

can be assum«d constant,
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A comparison of Eq. 3-30 and Egq. 3-3 shows that it is immaterial, with regard to
the form of the equation, whether one considers the vapor pressure or the hydraulic
pressure difference as the driving force causing flow. Only the numerical values of the
constants in the two equations are changed. In both cases the constants K and K! are
functions of the properties of the permeant and of the membrane.

To compare Eq. 3-30 and Eq. 3-8, one must convert the dimensions of the rate of
flow given by Eq. 3-8 from moles/sec to cm3/sec

(Apv) c
L

dm =
= &%
Comparing Egs. 3-32 and 3:30 the question arises: "“Is there a rclationship between the
two quantities K and (Ds Vp)2" It can be shown that they must be equal to each other. If
not a perpetual motion machine could be created. Thus one can write
Apv

q = KA A {3-33)

(3-32)

Dsp V% A

where 4p,, is now a function of both the hydraulic pressure difference and the concentra-
tion difference across the membrane.

Eq. 3-33 is an expression for both Darcy's and Fick'!s laws as they apply to flow
through membranes. The relationship between Apy, and Ap is given in Eq. 3-28. The rela-
tionship between the concentration of a solvent (in terms of the mole fraction, X) and
the vapor pressure of that solvent is given by Racult'!s law (74) for ideal solutions

P, = XP, (3-34)

and op, = P, X (3-35)

Eq. 3-35 can be expressed in terms of the concentration difference Ac, if desired.
Substituting Eqs. 3-35 and 3-28 into Eg. 3-33 one obtains

VP
1 Vo -
q = KA E[LRT—- p o+ pvo AX] (3-36)

Eqg. 3-36 expresses the rate of flow of a liquid permeant through a membrane in terms of
the hydraulic pressure difference and the mole fraction difference across the membrane.
1t is emphasized that Eq. 3-36 applies only for the case of ideal liquid solutions on
each side of the membrane.

An expression for the osmotic pressure of a sclution may be obtained from
Eq. 3-36. In a typical osmotic experiment, one places a solution in chamber B of Fig. 3-1
and pure solvent in chamber A. Pressure is then applied to chamber B until the rate of
flow through the membrane is zerc. When the flow is zero, Egq. 3-36 yields

v p
-0 = 1| L vo =
q=0=KA L [ RT up + 1 A%] (3-37)
RT
or (Ap)q_o = uTf = "—_—-/Jx (3-38)
= VP

Eq. 3-38 gives the osmotic pressure of a solution in terms of the mole fraction differ-
ence across the membrane. It must be emphasized that Eq. 3-38 applies only for ideal
solutions that are at equilibrium, i.e. q = 0., If any solvent or solute is passing
through the membrane when an osmotic pressure measurement is made, the measured osmotic
pressure will be less than that given in Eq. 3-38 (64, 96).
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A convenient form of Eq, 3-36 may be obtained by substituting for AX from Eq. 3-38
and for K from Eq, 3-31

Ap - ATT

Eq, 3-39 is identical with Starling's hypothesis, Eq. 3-10.

Egs. 3-36, 3-38 and 3-39 were derived from a consideration of ideal solutions and
ideal gas behavior of the vapors that are in equilibrium with the solutions. The deri-
vations can be made equally well without assumptions of ideal behavior by using thermo-
dynamically exact quantities such as the “chemical potential® and the "activity" (74)
with only one essential change in procedure. This change enters at BEq, 3-33, Instead
of visualizing Ap as the driving force causing flow, thermodynamic arguments (51) show
that the chemical potential difference (or electrochemical potential difference 1if
electrical forces are operating) should be considered as the driving force., Exact equa-
tions of flow may then be derived by making only one assumption, i.e. that the rats of
flow is directly propoxtional to the chemical potential gradient (51). If this is done,
Eqs., 3-36, 3-38 and 3-39 may be obtained from the exact equations by making the same
idealizing assumptions that were made herein.,

Thermodynamic arguments were used to show the essential relationships among
Darcy'!s law, Fick's law and Starling's hypothesis, which are all empirical laws. It was
shown that Starling's hypothesis is a necessary consequence of the second law of thermo-
dynamics if one assumes that Darcy's law and Fick's law are both valid for flow through
membranes., One must not interpret these arguments as adding credence to Darcy's law or
Fick's law. These were and remain strictly empirical laws that must be validated by
experiment,

3-06 EQUATIONS OF FLOW OF GASES THROUGH MEMBRANES

(a) Empirical Equations
(1) Darcy's Law

Darcy's law, originally formulated to describe the flow of water through
clean sands, has also been applied to the flow of gases through porous media (76).
Darcy's law cannot be applied in the form of Eq. j-3 directly to the flow of gases since
the pressure at which the volume of flow is to be measured is not known. Instead, one
assumes that Darcy's law applies over differentlial distances along the path of flow.
Thus

q = k' AR (3-40)
where q = volume rate of flow measured at that point x ig the flow medium
X where the total pressure gradient is dp/dx (cm™/sec).
p = total pressure at any point x in the membrane (gm/cmz).
X = length coordinate in direction of flow (cm).

From Boyle's law it follows that

q pB = qx p = constant (3-41)
where qs = volume rate of flow measured at standard atmospheric pressure (cm3/sec).
P_ = standard atmospheric pressure (gm/cmz).

-]
Substituting Eq. 3-41 into Eq. 3-40 and rearranging one arrives at
9, Pg dx = K' A p dp (3-42)
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Since the quantity qB p' is constant, one may integrate Eq. 3-42 as follows

L p2
qs sz[dx = K! Ajf p dp (3-43)
o P
P e P 2
1
qa = ;E— A £ 2 (3-44)
8 L

p, is equal to the total pressure on the high pressure side of the medium and p_ is the
total pressure on the low pressure side. Thus, the assumption that Darcy's lawzholdsfor
differential distances in a medium leads to the conclusion that the rate of flow is pro-
portional to the difference between the squares of the up and downstream pressures.

Letting a be the rate of flow measuged it the average of the up and downstream
pressures, (pl + p2/2), one can calculate q from Eq. 3-44 using Boyle's law

2p P, - P
i- g, | ] o a2 (45)
Py TP, L
or d=KA %E (3-46)

Eq. 3-46 is identical in form with Eq. 3-3. Thus, if Darcy's law hold for liquid flow
through a membrane, then Eq., 3-46 will hold for gas flow through the same membrane,

when applying Eq. 3-46, a permeant which is a mixture of two or more gases is
treated as a single gas, No distinction is made between the rate of flow of each com-
ponent of the mixture,

Muskat (76) presents data to show that Eq. 3-46 applies to the flow of gases
through sands. No data are known to the author to show whether Eq. 3-46 might apply to
the flow of gas through collodion, rubber, plastic and similar membranes.

(2) Fick's law

Fick'!s first law is the equation most generally used to describe the
steady flow of gases through membranes such as rubber, plastic and wax. In order to
apply Fick's law to gas flow through membranes, one must relate the concentration in the
membrane to the concentration in the chamber adjacent to the membrane, just as in the
case of liquid flow through membranes. Assuming that the concentration gradient in the
membrane is linear Fick's law is

Ac
am _a M (3=47)
dat L

The data of Wroblewski (110) were probably the first to indicate that the solubility of
a gas such as hydrogen in a rubber membrane is linearly related to the pressure in the

gas as follows

c =8 3-48
m = % Pp {3-48)
where cm = concentration of gas in the membrane (moles/cm3 of membranz).
sp = golubility of gas in membrane (moles/gm cm).
pp = partial pressure of gas outside the membrane (gm/cmz).

Wroblewski substituted this linear solubility law into Fick's law to obtain

Ap
am _ o s A —£ (3-49)
d P L
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Thus he indicated that the rate of flow of a gas through a membrane was proportional to
both its solubility in the membrane and the coefficient of diffusion in the membrane,
Doty, Aiken and Mark (42) have interpreted these two constants as follows

D = a measure of the probability that a gas molecule, having been
dissolved in the membrane, will move downstream.

a measure of the number of moleucles available to move downstream.

8
1

Data to prove the validity of Eg. 3-49 can be divided into four main groups as
follows:
(1) Flow of gases that are not easily condensed (e.g. oxygen, nitrogen,
helium, hydregen) through plastics.

(2) Flow of gases that are not easily condensed through rubber.

(3) Flow of easily condensed gases (e.g. water vapor, hydrogen sulfide)
through plastic.

(4) Flow of easily condensed gases through rubber.

With few exceptions, (e.g. see ref, 42), Eq. 3-49 has been found toc hold for the first
group by Brubaker and Kammermeyer (16) and by wWaack, et. al. (103), for the second group
by Daynes (39) and by van Amerongen (2) and for the third group by Doty, Aiken and

Mark (42). Van Amerongen has succeeded in showing convincingly that gq«<D and qxs_ for
the first group. In no other case has this been shown explicitly. P

Group four, the flow of water vapor through rubber, appears to ocbey Eq. 3—49 so
long as the vapor pressure of water on the high pressure side is low (30%) relative to
the equilibrium vapor pressure of the water at the temperature of the test. Atvapor
pressures approaching tine equilibrium vapor pressure of the water, the rate of flow
through the membrane i3 neither proportional to the vapor pressure difference nor in-
versely proportional to the thickness of the membrane. In both cases the measured flow
rates are higher than would be expected., The non-linear relationship with pressure is
thought to be caused by the increase of the solubility s_ with increasing pressure. The
non-linear relationship with the reciprocal of thicknesspis attributed to a surface
effect., The surface is thought to contribute a major portion of the resistance to flow
so that an increase in membrane thickness will not reduce the flow rate as much as pre-
dicted by Eq. 3-49 (see Taylor, Hermann and Kemp, 1.00).

The most frequent reason proposed in the literature to explain deviations from
Eq. 3-49 is the variation in solubility of the permeant with pressure. However, no
general rules can be given at present to determine, a priori, whether a given membrane-
permeant system will cbey Eq. 3-49.

(b) Equations Based on Models of the Membrane-Permeant System

(1) Poiseuille's Law

The models of the membrane and of the permeant used for the following
derivation are the same as those described when discussing the flow of liquids in para-
graph 3-05(c). Tc derive the form of Poiseuille's law that applies to the flow of gases
through membranes, one assumes that Poiseuillet!'s law for liquids (Eq. 3-12) holds over
differential distances along the path of flow., Thus the flow of gas through one capil-
lary is given by

r2
_ P dp
. = 8n Ap e (3-50)

-3

Following the procedure used for deriving Darcy's law for gas flow, Eq, 3-50 may be
intearated over the path of flow to obtain

2
X
-2 a%R
q = &v A T (3-51)
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where & is measured at the average total pressure of the permeant in the membrane,

Eq. 3-51 applies to the flow of gas through one circular capillary of uniform cross
section. The total flow through all capillaries in a membrane is given by the following
equation, which is analogous to Eq. 3-14

) nr: sp
q = W A -rc- (3=-52)

Poiseuille's law for flow of gases through real porous membranes may then be written in
the form

- nr2 Ap
g = constant x —Ls'r) A . (3-53)

where the constant accounts for the differences between the shape and size distribution
of the pores in a real membrane compared with the pores in the capillrry model.

It is of interest to comparxe Eq., 3-53, which was derived from Poissegilee's law,
with Eq. 3-49, which was derived from Fick's law. The volume rate of flow q (Eq. 3-53)
measured at the average pressure p in the membrane is related to the mole rate of flow
dm/dt (Eq. 3-49) by the equation

- RT
§-X & (3-54)
P dt
Therefore Eg. 3-53 may be written
2
- nr
dm B _P A2 -
e constant x RT B~ A = (3-55)
or, for a given gas-membrane system,
c?% = constant x A x %2 P (3-56)

where the subscript p refers to the mole rate of flow that would occur if the flow were
to obey Poisseuille's law, A comparison of Eq. 3-56 with Egq, 3-49 shows that one should
be able to distinguish whether gas flow through a membrane obeys Poisseuille's law or
Fick's law., This could be accnmplished by performing a series of tests using the same
total pressure difference across a membrane in all tests but varying the average pressure
by changing both the high and low pressures simultaneously. If the mole rate of flow
remains unchanged over a wide range of p values, the flow obeys Fick's law, whereas, if
the mole rate of flow increases in proportion to p, the flow obeys Poisseuille's law.
(Note: It has been assumed that the product D Sp in Eq. 3-49 remains constant regardless
of the absolute value of the pressure on the system. If dm/dt increases with increasing
p, it can be argued that the flow still obeys Fick's law but that the product D s in-
creases with increasing p.) P

Muskat (76) has presented evidence to show that the flow of gases through sands
obeys Eq. 3-53 in that the rate of flow measured at the average pressure is directly pro-
portional to the pressure difference and inversely proporticnal to the viscosity of the
permeant and membrane thickness. To the author's knowledge, Eq. 3-53 has not been
applied to the flow of gases through rubber and/or plastic membranes.

(2) Knudsen Flow

Eq. 3-53 might apply to the flow of gases through porous media as long as
the mean free path* of the permeating molecules is much smaller than the mean diameter of

* The mean free path of a molecule is given by the mean velocity of the molecule divided
by the number of collisions it makes per second with surrounding molecules. The value
of the mean free path may be calculated from the kinetic theory of gases. For example.
see Moore (74).
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the pores (85, p. 56). When the pore diameters are small compared with the mean free
path of the gas molecules, the gas can no longer be considered a continuous fluid and the
type of flow passes into what is known as "Knudsen flow" or “"molecular streaming”. The
intermediate range of flow between Poiseuille and Knudsen flow has been treated approxi-
mately by Present (85), Loeb (68, p. 290) and Dushman (44, p. 104) and will not be
considered herein,

The equation for Knudsen flow is based on the following assumptions:

(1) The pore length is more than 100 times longer that the pore diameter
(68, p. 306).

(2) The mean free path of the gas molecules is 100 or more times longer
than the pore diameter (85, p. 61).

(3) As the gas molecules pass through the pore, they are reflected from
the walls of the pore in random directions, independent of the
direction of approach (62, p. 23).

(4) There are essentially no collisions between gas molecules within
the pore. This means that a molecule changes its direction of
flow only by collisions with molecules in the wall of the pore
(85, p. 56).

For the above conditions, Present (85) has derived the following equation for the flow
through one cylindrical pore
op
dm 4 27 3 P
a-t- = i H'-i-.i Ip q (3-57)
where the quantity M is the molecular weight of the permeating gas. For Knudsen flow
through real porous membranes, Eq. 3-57 may be written simply as

nr Ap
g% = constant x ‘/_? A -2 {(3-58)
M L

It was stated above that Eqs. 3-57 and 3-~58 apply when the mean free path of the
permeating molecules is 100 or more times larger than the diameter of the capillary. At
room temperature and atmospheric pressure, nitrogen has a mean free path of about 600 A.
Thus, if the pores of a membrane are smaller than 6 % in diameter (about 5 water mole-
cules in diameter), the flow is in the range of Knudsen flow., However, when pores are as
small as 5 diameter, the permeant molecule is not freely reflected from one position to
the next., Instead the motion is strongly influenced by the potential fields of the mem-
brane molecules which surround the gas molecule, This type of flow is in the range of
diffusion flow as described in the following paragraphs. On the other hand, Knudsen flow
of nitrogen might occur in a pore with a diameter of 60 R i1f the pressure is only
0.1 kg/cm™. 1t appears the Knudsen flow generally will not occur in the systems of
interest herein,

(3) Diffusion
In 3-06(a) it was stated that the equation

ap
dm _ P
vl D Bp A T (3-49)

which was derived from Fick's law, is consistent with experimental results for the flow
of gases that are not easily condensed through rubbers and plastics. It was shown in
3-05(c) that Fick's law is consistent with the kinetic model of diffusion as developed
by Einstein, Next it is of interest to discuss the mechanism by which a molecule can
diffuse through a membrane, with a view toward understanding the factors which affect
the magnitude of the diffusion coefficient, The following discussion is intended only
to give a general picture of the process of diffusion.
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Diffusion of a gas through a rubber or plastic membrane under the influence of a
pressure gradient is visualized as follows (8, p. 422, 7, 42):

(1) At random, a gas molecule obtains sufficient energy, from its collisions with
other molecules, to enter the membrane,

(2) The adsorbed gas molecule then vibrates (due to its thermal energy) about an
equilibrium position within the membrane and continually collides with other
gas molecules and with membrane molecules, At random the adsorbed molecule
again obtains sufficient energy to move away from its equilibrium position.

(3) The molecule may now move either upstream or downstream to another equili-
brium position, Since there is a greater probability of finding an open
space downstream (because of the concentration gradient of molecules within
the membrane), it is more likely that the molecule will move downstream than
upstream. Thus the flow proceeds in a downstream direction.

Based on the above view of the diffusion process, the following equation has been
derived by Wheeler (see B, p. 422):

N =1 £
1 v €y © “RT
F=% (No-l)l(RT) 22 e (3-59)
where: v = vibrational frequency of the gas molecules in the
membrane (l1/seconds).

N = number of ways in which the energy £ may be stored,
(e.g. as rotational energy and vibrational energy

of both the gas molecules and the membrane molecules)
{(dimensionless)

A = mean free path of the gas molecules within the membrane
(cm) .

€ = the “activation" energy. The energy required to cause
a gas molecule to jump from one equilibrium position
to the next.

Eq. 3-59 is included here only to illustrate the kind of information that is required to
understand how and why the coefficient of diffusion varies. The effect of temperature on
the coefficient of diffusion is discussed below. The remaining parameters in Eq. 3-59
will not be considered further.

Eq. 3-59 shows that the diffusion coefficient, and therefore the rate of flow of
a gas through a membrane, is dependenp on the absolute temperature., Several investiga-
tors have found that the rate of flow of gases through membranes varies with temperature
as follows:

€
q = constant x e RT {3-60)

some of the data that have been reported include that of Barrer (7) for the system
hydrogen-rubber; Doty, Aiken and Mark (42) for the system water vapor-pliofilm; Brubaker
and Kammermeyer (15) for the systems oxygen-polyethylene, oxygen-polystyrene and oxygen-
vinyl; Heilman, et. al. (55) for the system hydrogen sulfide-plicfilm; and Taylor, et. al.
(100) for the system water vapor-natural rubber. The magnitude of the activation energy
is not predictable and must be measured for each membrane-permeant system, The data of
Brubaker and Kammermeyer show that £ may have negative values. For the systems studied
by Barrer and by Doty, et, al. the rate of flow doubled when the temperature of test was
increased from 200C to 30°9C, The data of Taylor, et. al. showed a 15% increase in rate
of flow of water vapor through rubber when the temperature was increased from 200C to
30¢°c,
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This increase in flow rate with temperature is opposite to what one would expect
if the flow obeyed the modified form of Poiseuille's law, Eq. 3-53, because the viscosity
of a gas increases with increasing temperature. Thus it is evident that the flow in the
membrane-permeant gystems referenced above is not laminar flow through capillary holes.
Such a conclusion is to be anticipated since the openings between molecules in rubber and
plastic membranes are of molecular dimensions.

3-07 SUMMARY AND CONCLUSIONS

The following summary of Chaptexr 3 pertains to the flow of liquids and gases
through rubber or plastic membranes due to a hydraulic pressure difference, a vapor pres-
sure difference and/or a mole fraction (osmotic pressure) difference applied across the
membrane, Only passive transport processes are considered, i.e. those processes that do
not use energy from reactions occurring within the membrane.

The matrix of rubber or plastic membranes generally carries a negative surface
charge. Rubber membranes are amorphous in the unstretched state. Plastic membranes may
be amorphous or crystalline, The membranes of interest herein have a homogenecus struc-
ture. It is assumed in all cases that the resistance to flow through these membranes is
related to the thickness of the membrane and is not developed in any one specific zone
(such as at the surfaces).

The fbllowing three equations have been proposed in the literature to relate the
rate of flow through a membrane to the gradient causing flow:

(1) Liguid permeants driven by hydraulic pressure gradients:

(Apv ) B

q = KA L (3-30)

where = volume rate of flow (cm3/sec)
permeability constant (cm4/gm sec)

= total area of flow (cm2)

eo» o= oA
I

= thickness of membrane (cm)

(Apv) = vapor pressure difference (gm/cm?) caused by
P hydraulic pressure difference Ap.

Eq. 3-30 is based on the assumption that Darcy's law is valid and on the assumption that
the following thermodynamic relationship between (Apv)p and Ap is exact:
p ) = FBvo
Py’ = RT

Ap (3-28)

where = partial molar volume of liquid permeant (cm3/mole)

!
1

equilibrium vapor pressure of permeant measured at
a pressure of one atmosphere (gm/cmz)

T
1]

Vo

= gas constant (gm cm/ox/mole)

T = absolute temperature (OK)

(2) Ligquid permeants driven by mole fraction (i.e. osmotic pressure) gradients:

(ap )
M _ps A Y.c

dt p L

(3-8)
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whEEs g%- = mole rate of flow (mole/sec)
D = diffusion coefficiecat in membrane (cm?/sec)
s = 8solubility coefficient of permeant in membrane
P {moles/gm cm)
(Apv)c = vapor pressure difference {(gm/cm2) caused by the mole

fraction difference AX where (Apv)c = §voAx, for ideal solutions.

(3) Gaseonus permeants driven by partial pressure gradients:

op

dm _ _P

ac - D sp A L (3-49)
where App is the partial pressure difference across the membranz.

Egs. 3-8 and 3-49 are based on the assumptions that (1) Fick's law is valid for
flow within the membrane and that (2) the concentration of the permeant in the membrane
is directly proportional to the partial pressure (or vapor pressure) of the permeant in
the chamber adjacent to the membrane.

Egs., 3-28, 3-8 and 3-49 all have the form:

A
pP

Gl = constant X A x — (3-61)

dat

(Note: For ligyuid perneants, App = Apv and dm/dt = q/ﬁ}) Thus, regardless of the state
of the permeant, Eg. 3-61 indicates that the flow rate is proportiocnal to the partial
(or vapor) pressure gradient, However, proof that Eq. 3-61 is valid for any particular
membrane-permeant system must be obtained by experiment.

Experimental evidence on the rate of flow of water through rubber membranes and
through some physioclogical membranes shows that the rate of flow of water is directly
proportional to the vapor pressure difference regardless of whether it is caused by a
hydraulic pressure or mole fraction difference. No satisfactory data are kncwn to the
author to prove the inverse relationship between rate of flow of water and the thickness
of the membrane. The indications are (from data in Chapter 6) that this relationship is
not valid in general,

Experimental cata show that the rate of flow of gases that are not easily condensed
(e.g. hydrogen, oxygen. nitrogen) through membranes, is directly proporticnal to the par-
tial pressure differencc across the membrane, Also, data are available to show that the
rate of flow of gases that are easily condensed (e.g. water vapor) through some plastic
membranes (polyethylene, pliofilm) is proportional to the vapor pressure difference.

The rate of flow of water vapor through rubber is not, in gen=sral, directly propor-
tional to the vapor pressure difference and not inversely proportional to the thickness of
the membrane, These deviations are thought to be caused by (1) a non-linear relationship
between the concentration of water in the membrane and the vapor pressure and/or (2) a
stratification of the membrane structure which causes the surface to have higher resis-
tance to flow than the interior of the membrane., No general rules can be given at the
present time to determine, a priori, whether a given membrane-permeant system will obey
Eq. 3-61,

It has been generally assumed that if Darcy's law is found to be valid for a given
membrane-permeant system, the flow is laminar, and that if Fick's law is valid, the flow
occurs by diffusion. However, it is seen above that both of these laws lead to EJ. 3-61,
the only difference between the two approaches being in the interpretation of the con-
stants K and D sp. Therefore, experiments that show a direct proporticnality between
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flow rate and hydraulic pressure difference or between flow rate and vapor pressure dif-
ference for a membrane-permeant gsystem can not be used to ascertain the mechanism of flow.
The mechanism cf flow can only be determined by experiments that reveal the nature of the

constants K and D Sps where these constants are defined by equations such as Eq, 3-15 or
Eq. 3"’59 [ ]
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CHAPTER 4

EXPERIMENTAL INVESTIGATION OF LEAKAGE THROUGH
MEMBRANES DUE TO HYDRAULIC PRESSURE GRADIENTS

4-01 INTRODUCTION

The purpose of this chapter’' is to present the results of measuremeunts of flow rate
of liquid water through natural rubber membranes. The tests, designated "W" or “water
permeability® tests, were performed with water on both sides of the membrane. A differ-
ence in hydraulic pressure was applied to cause flow. These W tests are intended to
simulate the conditions imposed on membranes used in triaxial testing. The only differ-
ence between the conditions during W tests and those during triaxial tests 1is the membrane
support, which is made of porous stainless steel in W tests ana is soil in triaxial tests.

The membranes were manufactured by the Julius Schmid Company (under the trade name
*Ramses "), by dipping cylindrical forms into natural rubber cement., After drying, the
membranes were powdered and stripped from the forms. No further details of the manufac-
turing process are available. The thickness of the membranes tested was 0.006%0.001 cm,
These membranes are presently used in triaxial testing at Harvard University.

4-02 APPARATUS
(a) General Description

The purpose of the apparatus is to provide a means to measure accurately the
rate of flow of water through various membranes due to hydraulic pressure gradients. The
apparat<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>