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TECHNICAL NQTE NO. 906 SR D e e

SOME INVESTIGATIONS OF THE GENERAL INSTABILITY
OF STIFFENED METAL CYLINDERS [
II - PRELIMINARY TESTS OF WIRE-BRACED SPECIMENS -
AND THEORETICAL STUDIES | -

Guggenheim Aefonautical Laboratory ' o
California Igdstitute of Technology e

This is the second of a series of reports e -
covering an investigation of the general - ST
instability problem by the California Insti- T T
tute of Technology. The first five reports o
of this series cover investigations of the _ e
general insgtability problem under the load- . Ry
ing conditions of pure bending and were T e R
prepared under the sponsorship of the Civil o T
Aeronsutics Administration. The succeeding : e
reports of this series cover the work done -
on other loading conditions under the spon- o

.sorship of the National Advisory Commlttee_

for Aeronautices. o . s
INTRODUCTION e

The first report of this series (reference 1) was
primarily concerned with the present state of the theo- -
retical and the experimental knowledge regarding the o T
general instability failure of stiffened metal cylinders. T
Three important conclusions were arrlved at durlng this
study. They were as follows: ' - = T

(a) That several methods have been advanced by
different investigators for the calculation

of the critical stresses for such stiffened
cylinders ; : -

(b) That available experimental data were insuffi-
cient to prove the validity or usefulness of
any of the proposed methods’ T T e
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(c) Thet soms of the basic problems concerning the
failure of thin shells have not been satis-
factorily treated theoretically as evidenced
by the large discrepancies between the theo-
reticglly predicted and the experimentally
obtained failing stresses

The recent research, therefore, has been concentrated
along two major lines: firsgt, to obtain sufficient exper-
imental data on the failure of stiffened cylindere so
that the proposed methods of analysls could be checked;
second, to endeavor to develop more sound theoretical
background for the study of the failure of thin shell
structures. The body of this report will, therefore,
congsist of three parts: nanely,

(a) Preliminsry experimental investigations on the
fallure of stiffened metal cylinders

(v) Theoretical investigations into the principles
underlying the theory of failure of thin shells

(¢c) Experimental investigations on the compressive

failing stress of unnstiffened circular cylinders

PRELIMINARY EXPERIMENTAL INVESTIGATIONS ON THE FAILURE
OF STIFFENED METAL CYLINDERS

Type of Test

Inasmuch as bending 1s one of the critical loading
conditions for alrplane structures, the problem of the
failure of 'stiffened metal cylinders when subjected to a
pure bending moment, was attacked first.  From observations
of the stress and the deflection patterns produced under
this simple loading condition, it was hoped a correlation
with the simple beam equations could be obtained. Although
no airplane structure is subjected to bending moments with-
out & .certain amount -of attendant direct shear, it was felt
that a rather complete study of the pure bending phenomenon
would form a& desirable background for the more complicated
problem of bending plus shear and for the more general
combined loading conditions.

In view of the above, all of the tests on stiffened
‘cylinders which have been conducted to date have been made
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with pure bending as the only externally applied loading.
Stress readings were taken on representative parts of the
structure during loading; Huggenberger type extensometers
with a magnification factor of approximately 300 being
used for this purpoege. 1In addition to, the observations
of the stress in the structure, fhe déflection patterns
of both frames and longitudinals were taken asgs a function
of the applied moment. From the above observations the
stress pattern aand the mode of fallure were determined for
each specimen tested, as well as the maximum bending
moment that carried by the specimen.

Testing Equipment

The testing machine used is shown schematically in
figure 1 and by photographs in figures 2 and 3. This
machine is adapted to the application of bending moments,
torsional moments, or any combinatiorn of bending and tor-
sion to specimens up to 3 feet in diameter and 20 feet
long. It has a capacity .of 500,000 inch—pounds in both
bending and torsion. :

For the present tests it was desired to apply & uni-
form moment over the entire specimen;so the bending—moment
arms of the testing machine were ¢omnnected by an extra-
flexible aircraft cable as shown. A loading screw (fig. 4)
and load dynamometer (fig. 5) were placed at one end of
the ¢able. If, at any time, it is desired to find the ef-
fect of & bending moment with a linear variation in magni-
tude ovexr the length of the specimen, the cable will be
replaced by a separate loading screw and a dynamometer at
the end of each of the bend11g~moment arms.

The entire machine is supported on ball-bearing Joints
similar to the one shown in figure 6, these jolnts also
being present at the ends of the loasding arms as shown in
figure 1. One head of the testing machine 'is free to move
horizontally, thus eliminating-the possibility of any
direct tensile or compressive forces being applied to the
cylinder. .

. A rod is freely supported at the center of the two  *
ends of the spécimen. this rod carrying a device making
it possible to obtain the radial and angular position of
any pvoint on & cross—-sectional plane through the specimen.
This device can be shifted lengthwise and thus it is pos-
sible to obtain a complete deflection pattern of the
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longitudinals and frames at any given'applied moment. v
Thisg deflection-~measuring instrument can be seen 1in sev-—-
eral of the attaeched photographs.

Specimens

In order to eliminate as many variables as possible,
the specimens were made up of frames and longitudinals
only, without gkin covering. The longitudinals and frames
used for this first series of tests are shown with their
section proverties in figure 7. The material used for the
longitudinales was 3/8— by 0.028-inch 178-T dural tuding
drawn t% the shape shown and ths frames were cut from 175-T7T
dural~sheet stock and rolled to the proper radius. The -
longitudinals and frames were joined at all intersections
by one 4-40 machine screw and nut. The station numbers
for frames and longitudinals are shown in figure 8.

The specimens were all 32 inches in diameter and 64
inches long, the length being measured from the edge of
the outetanding leg of the end angle. fThe ends of all -
longitndinals were rigidly ettached to an end angle by
means of U~bolts as shown in figuvres 9 and 10. This angle,
which was in the form of & ring with an internal diameter
equal to that of the specimen,was then sqlidly bolted to
the face plates of the testing machine.

Inasmuch as there was no sheet covering and only one
type of frame and longitudinal was used in this first
seriesgs of tests, the two important vdriables remaining
were the frame spacing and the longituwdinal spacing. Ta-
ble I shows the variations in these two parameters as
related to the assigned specimen numbers.

It was first thought that it might be possibdle fo
obtain & true bending fallure without the use of any shear
bracing in the specimen. Upon testing the firet gpecimen
it was found that shear bracing would be necesssxry 1in
order to prevent a torsional form of failure in which the
frames tended to rotate about the top or tension longitu-
dinal. Therefore, a network of st®sl wire 0.016 inch in
diameter was used to provide shear stiffuness. A prelimi-
nary disgcussion of the effect that- these wires may have -
is given in Appendix B. :
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Experimental Results

The. early part of the program was devoted to accumu-
lating data on this first series of specimens. The results
obtained have so far been analyzed only in a preliminary
manner in order to study trends which would influence the
choice of data desired on succeeding specimens.

Tables I, II, and 1II give a sumnmary of the experi-
mental failure bending moments obtained on the specimens
tested to date. Figures 11 to 34, inclusive, are photo~-
graphs taken of the specimens which show the method of
testing and the failure pattern of the longitudinals and
frames. Figures 35 and 36 give, in curve form, the rela-
tionship between failure bending moment and the frame and
longitudinal spacing, respectively. TFigures 37 to 53
inclusive, show a representative group of frame and longi-
tudinal deflection patterns. These deflection patterns
were taken at or near to the failure bending moment,
primarily so that the deflections would be large snough
to give an accurate picture of the failure wa¥e Torm. In
nearly every cese thé wave pattern et failure was the same
as that taken earlier in the loading. Figurs 54 indicates
the relationship between the maximum radial deflection of
the center frame (taken on the compression side) and the
applied bending moment. :

At the beginning of the test progrem it was desired
to know if the vertical stress distribution in the speci-
men was linear - that is, if the stregs distridbution fol-

lowed the simple beam equation of g = %?. In order to

check this factor a large number of extensometers were
placed on.the longitudinals and stress readings were takan
as a function of the bending moment. The results are '
plotted in figures 55 and 56 for three longitudirals on
the compression and for thres longltudlnals on the tension
side, respectively. The sjresses calculated from the
simple beam equatlon'are indicated and show remarkably .
good agreement. Near failure it was necessary to correct
for the bending moment in the longitudinals due to the fact
that they were in the wave form and this was done by taking
extensometer resadings on both sides of the longitudinal
simultaneously. This type of stress study was not made on
all specimens but checks were made on representative spec—
imens and the linearity of the vertical stress distribdution
was found to hold in all cases. In all specimens except
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1, 9, 10, and 11, sufficient wire shear bracing was used
to prevent any torsional deflection of the center of the
specimen. In other words, the lowér (compression) )
longitudinal -deflected only in e vertical plane. The
specimens noted previously are discussed separately in
appendix B.

Check of Experimental Results with Current Theoriles

The various methods of analysis which were discussed
in detail in the first report of this series (reference 1)
are, with one exception, all based on the assumption that
the effect of the longitudinals and frames on the strength
of the specimen is relatively small compared to the effect
of the skin. fTherefore, when the skin thickness goes to
zero, as it does in this first set of specimensg, the sug-
gested methods of analysis break down for one reason or
another. ] : -

The methods of Ryder, Dschou, and Hoff might be used
for the analysis of the present specimens. However, the
parameters of the present specimens lie completely out of
the range -of Ryder's curves, and as no method of calculat-
ing these curves is given in Ryder's paper, 1t was impos~
sible to make a check of his method with the experimental
results. '

A check using Dschoutlg method of analysgis gives theo-
retically predicted failing moments which are very much
too high if the torsional rigidity of the longitudinals
is taken into account, and which are much too low if this
factor 1s neglected. For this reason no calculations
waing this method have been included.

In contrast to the other provosed methods,that of
Hoff's deals essentially with a structure similar to that
of the tested specimens. For this reason, it might be
expected that the failing stresses predicted by Hoff might
show some agreement with those obtained experimentally.

As can be seen in table II, this is not the case, for
Hoff's method gives falling stresses which are much topo

low when the correct wave pattern of one half-wave 1ls used.
A change in the agsumed wave pattern to two half-waves
raises Hoff's predicted failing stresses, but not auffi-
ciently in most cases to give agreement, It 18 also inter-
esting to note that the failing stress predicted by Hoff
increases slightly ag the frame 'spacing 1s increased;
wheresas the experimental data show that a decrease occurs.
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Conclusions from Experimental .Results

Ae most of the time in the early part of this program
was spent in testing, the experimental results have not
ag yet been analyzed in any great detail. It cdn be sz2id,
however, that failures of the general ingtability type
have been obtained in this first series of specimers &aund
that the dependence of the failing bending moment on the
frame and longitudinal spacing has been obtained. It is
sxpected that a study of the deflection patterns and the
variables involved will lead to & method of analysis of
this tyve of structure which will enables a designer to
predict the allowable bending moment to a satisfactory
degree of accuracy. ' ' S

An interesting result of this first set of experiments
was the discovery that specimens of the type tested do not
fail suddenly but tend to approach a maximum alliowable
bending moment in an asymptotic manner. This is clearly
indicated by the curves of bending moment against radial
deflection of the frames which are plotted in figure 54.
Preliminary investigation seems to indicate thatlit might be
possible to use Southwellls method of predicting the crit-
ical instabdility load of columns on curves of this type and
obtain the maxlimum allowable bending moment on the gtruc-
ture without actually failing the specimen. If this method
proves to be applicable, deflections taken on a fuselage
structure during proof test could be used to determine the
maximum losd which could be carried by the structure.

In all present methods of analysis of this problem,
it has been asgumed that certain stiffness factors of the
longitudinals and frames are constant guantities independ-
ent of the load. However, observations have shown that if
the speclmens are loaded by a bending moment and if, for
example, an additional radial force is applied to a point
on the surfamce of the structure. then the resistance of
the structure to radial deflection is dependent upon the
applied bending moment. Preliminary tests indicate that
. the stiffness of the structure ozn the compression side may
drop to as little as half of its original value as the
failing bending moment 1s approached, and that a definite
decrease in value is found even for very small applied
moments. This factor may explain some of the.discrepancies
between Hoff's predicted failing stresses and those obtained
experimentally. Thie phenomenon is being carefully inves-
tigated at present, as this factor will certainly be impor-
tant in the development of a satisfactory theoretical
solution to the problem.
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THEORETICAL-INVESTIGATION§ INTC THEE PRINCIPLES

UNDERLYING THE FAILURE OF THIN SHELLS

As was pointed out - in the first report of this series
(refersence 1), the classical theory of thin shells as given
in Love'!s "Blasticity" gives a critlcal buckling stress
far above that. obtained experimentally. It was alsoc sug-
gegted in the first report thdt thig failure of the clas-
gsical theory accuritoly fto predict buckling stresses might
be due to the linearization of the differential eguations
and that an attempt should be made to generalize the theory
8o that second-order torms could be taken into account.
Thig has been done for the case of a thin spherical shell .
under uniform external pressure, and it is hoped that the
method used can be extended to the case of the thin cylin-
drical shell under axial compression.

The necessity for the development of a nonlinear
theory of deflection can best be shown by comnsldering a
very thin spherical shell as illustrated in figure 57. If
the shell is sufficiently thin, the bending stiffness
(which is proportional to t®) can be neglected and, under
this assumpiion, the strain snergy of the shell is the
same in the deflected position (3) as it was in the unde-
flected position (1), figure 57. 1In other words, neglect-
ing the bending energy in the region A-A, the shell will
be in equilibrium in the reflected poeition (3) without the
aid of any external pressure applied to the shell surface.

On the other hand, the intermediate positions between
(1) and (3) do involve compression of the shell elements
and, therefore, the shell can be in equilibrium in these
positions only with the aid of an extermnal pressure.
Deforming the shell between positions (1) and (2) involves
conpression of the shell elemsnts and thus a positlve
external pressure is necegsary to maintain eguilidbrium.
When & .is greater than §, (between positions (2) and
(3)), a negative external pressure is necessary to main~
tain eguilibrium as the compressed slements are trying to
force the shell to take up the eguilibrium position (3).
The pressure~deflection curve (under the assumption of no—
bending stiffness) is, therefore, of the form shown in
figure 58a. : T

The sffect of the bending stiffness is to increasse
the positive external pressure neceseary to hold the shell
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in equilibrium. Thus, for increasing values of the bend-

ing stiffness of the shell, the curve in figure 58a will

take the form of those shown in figure 58b. Any linear

theory which does not take into account the higher-order

terms of the deflection will give a linear relationship

between the pressure and the deflection. This linear

relationship is a good approximation at the initial stage

of the deformation; but when the deformation becomes egual

to, or greater than, the sheet thickness, erroneous results

are obtained. ] T ot L
The investigation of this type of problem has been

limited in extent (references 2, 3, and 4) and has never

bteen, to the suthors! knowledge, applied to the problem

of the buckling of thin shells. The following discussion

will, therefore, consider the problem of the buckling of

a thin spherical shell under uniform external pressurse -

and Will be based on the following simplifying assumptions:

1. The deflection is rotationally symmetric.

2. The deflection of any element of the shell is
vertical.

3. The shell is very thin so that t/R  is small.,

4, The effect of lateral contraction is neglected .-
that is, Poisson's ratio is assumed egual %o
Zero.

5. The buckling is restricted to a small portion of
the shell and the edges of this reglon are
fixed~ that is, the deflection of the edges
is zero and the slope remains & coanstant equal
to the initial slope. ' o

Figure 59 indicates the element discussed and the
parameters involved. T - —

As can be seen from thie figure, for a linear element
of the section of the shell, ' -

dr/cos o the original length
dr/cos @ the length after .deflection

and the strain is, therefore,
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dr dr

- Cos 8 cos o .. £0s8 &
dr : cos 8

cos O

Hence, the strain energy due to the extension of the
elements of the shell is:

cos a g - dr
f( 1> amr S
cos e . cos O
8
= E_ °B ﬁ - 1) 21 R sin o R dg
2 cos ) _
. 2
ER® [t /cos o ) .
—_— — - sin a 4o 1
2 (R Jr\cos e (1)
The two curvatures of the shell at the poin% P

before buckling are both equal to 1/R. After deflection,
the curvature in the YZ plane is squal to:

But

ar R cos ¢ dc
ds = = =
cos 8. cos ©

Hence,
dn dd /R cos o

ds da/ “cos 8

The change in curvature in the Yz plane is then:

———t it e et

<3
Q|
!
W
!
b
| e
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o’lo
o |o
Q o
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1
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The change in the second principal curvature can be
shown to be: . : el ) ¢

The total berding energy is then:

1<) B 2 ' a _ 2 /i 8 2'!
QE_JF 2m R sin a da J%-[(9°3_§ 88 - 1)+ { B22Z - i)
24 A R “cos @ Qo vesin o -

g

3 3 2 . 2
=E£t_<£\ g."l[sinct.[(ﬂ_s__@_g_@.—],) +<§.i.n_.‘i-1>]a.a(z)
2 R/ 12:Jo L\gcos o da sin « )

The potential energy of the external pressure is
egual to the pressure times the volume covered under the
ghell. Thus, the potential energy is! ' :

a & a
prﬁrzdr=p[2ﬂ£:Z]’PTTTrgd‘—z'dr-
2 . ar
o 0 %
B - ‘
a 2 '
= prjﬁ R sin o tan 8 R cos o da _
B
= pRs ﬂ:/\sina a¢ tan © cos a da — (3)
A ' .

The total energy W of the system is the sum of thé
strain energy and the potential energy of the external
pressure. Thus, from equations (1), (2), and (3):

B 2 t s g _
N\ Eggz 2
_%_:E(%)[(Qgﬁ_g—l} sin a do + L _./;\':(29__8__?_‘1@-1)

RW cos B \cos a da

. 2
+ <§%E—2 —_i) ] sin o da + D /‘sing'a cos a tan 8 ada (4)

Q.
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At the équilibriuﬁ position, the total energy must be
a minimum; therefore, the equation of equilibrium can be
obtained by minimizing the expression (4). If the calculus
of variations is used, the Euler—Lagrange equation is:
D

3
‘ t

g(R}[51n Q cos % tan O < i)] + %:é)_ [cos e(%i&lg + tan°
cos / 6

sin o

€os_& _
cos 8

2g 2 5]
cos” B (2 tan® o + 1) de + sin 8 cos 8 tan a.< > cog § tan o @ 9]
cos a cos o cos o  do?
-] 2
+ gin” @ cos a sec 8 p =0 (5)
with the boundary conditions
8 =0 at o =0
(5a)
6=ﬁ a'f, (x:B x

Since experiments show
usually only a few degreesy
this case equations (4) and

; N
¥ =E< ©® - o)

<)
BT
( )] e
and
g a8 B 6
Q& ~— k-~~~ = o O
do da o < 1)

The differential equat
as expected, and it is diff
solve them analytically. H
the character of the relati
obtained by attempting & so

that the dbuckling area extend;
B is assumed very small. In
(5) can be simplified to:

8
PR ONICED

/
do + p/F o B da

(8)

(7)

ions (5) and (7) are nonlinear,
icult, if not impossidle, to
owever, useful information about
on between 8 and o can be
lution of the form:
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o=}

- v n
8=/ Bya ' (8)
whichk starts as ¢, owing to the boundary condition:

6 =0 at o =0

Substituting equations (8)-and (7), and equating coeffi-
cients of equal powers of o, it can be seen that all

even powers of «a in equation (8) drop out. Therefore, -

8 must be of the form: ' I

=~

- +
Y Cames G _ (9)
='g. : o

The ansalytical meéethod of solving the problem can
hardly proceed any farther. To solve the problem, it is
necessary to use the Rayleigh-Ritz approximate method -
that is, assume a plausible form of g with arbitrary
constants but -satisfying the boundary conditions; substi-
tute this equation into (6), and then determiné the
constants by minimizing the resulting expression. From a
consideratlon of equation (9), the first approximation w1ll

| =[G e

which satisfies the boundary conditions (5a). The constant
C 1is a meagure of the deflection at the center. Substitut~  —
ing equation (10) into equation (6) and carrying out the

integration, yields: - T

W E@ [(cﬁ - 1"

+F o -o)e -+ - 1A - 0

3
R T 4 6
(1-0)°7 .o E@sz 2 e
2 a . (1 -
R e i IR ok SUERTNE
+ p c [ + -]_‘-% ] 54 - . - (i:l) [

"To find the equiliﬁrium condition, gqﬁation_(ll) is
differentiated with respect to 6, and the ressultant '
expression set to zero. This gives
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2 - 2
2 =3(1—c)5"§.c(c+1)-2-(4c + ¢ - 1)
Bl E AR z
&/

+?5(sc°-:30-1)~1%(4c"—5c+1)+§—(c'~1)2]

a8
+<§> % (1'_- c) -ﬁlg- (12)

This equation gives the value of p as a funcitlon of
the region of buckling f and the amplitude of the deflec-
tion, which 18 proportional to €. For the Dbuckling
problem of the sphere, S is & free variable. It is then
evident that the shell must adjust itself so that p 1is
a minimum for each value of (. In other words, the expres-
sion for p with respect te¢ B can be minimized and
solved for the size of the region which corresponds to the
minimum buckling pressure. Thies gives:

‘58 = %(%)(zma + 130 + -11)—% (13)

If equation (13) is substituted into equation (12), the
following relation ls obitained:

—Fov = —Fr = = 2 (1 - 0)(4c” + 130 + 1% (14)
(%) =(3) JETO
7/ .

whers O is the average stress in the shell due to p and

Equation (l4) is plotted im figure 60, the maximum
and the minimum values of Xk Tbeing 0.49811 and 0.2378,
respectively.

The maximum value of kX 1is of less practical signif-
icance than the minimum value because, as shown by Margusrre
in hig investigation of the collapse of curved bars under
side loaed, the symmetrical collapse is usually precipitated
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by an unsymmetrical type of dbuckling. Also, any imperfec-

tion in the shell will %tend to .cause failure %to occur at

the minimum, rather than fthe: maximum value of p. There-

fore, 1t would be expected that, although carefully T
machined specimens tested with all precautions to avoid
eccentricities might lead to higher values, the specimens
made and tested with accuracies correspounding to practical
design would give experimental values of X 1lying close
to the minimum value given by the theoretical analysis.

In order to calculate the maximum deflection J, at

'the center, the ordinate 3z, =&t the center has to be first
computed (fig. 59). By means of the boundary condition
that 2z = 0 at. oo = f the following relation 1s odbtained:

g, = R‘/Etan 8 cos g 4
(o
R/ﬁe de (15)
o

Substituting équation (16) into equation (15), and integrat-

or

H}]

ing, 2%, can be expressed as: .
.2
zo = R -t C'pg ©(186)
4

Before deformation,

2 : .
Zo =R (1 - cos B) =R %— -

original

Using eguation (16), the deflection &y is calculated as

2
— 1 - C
-z = R =

z°original o B 4

&y =

When this value is substituted into equation (13}, the
following expression for 8p/t is obtained:
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8m._ /210 (1 - 0)

—— X

: (17)
b 5 (40® + 13¢ + 11)%»

Using equations (13) and (17), —£%< can be plotted as a
. Eﬁ:/

function of Gm/tr This has been done in figure 61, and
the curve indicates that at the buckling pressure corre-

sponding to the minimum - o/E(%), the_center deflection 1
of the order of ten times the sheet thickness.

Very few experimental data are availadble to check the
above theoretical velues; however, &a number of investiga-
tors have stated that the previously accepted theoretical
value of k = 0.605 obtained by Zoelly, Schwerin, and Van
der Neut, and ms guoted by Timoshenko (reference 5), was
much too high. A test made at GALCIT on a thin copper
hemisphere indicates that the theoretical values obtained
by thies new trestment of the problem agree surprisingly
well with the experimental results. The experimental val-
uves were:

E = 14,5 x 10° pounds per sguare inch _ o

R = 18 inches; t = 0.020 inch; t/R = 1/900
- =0.154; éE = 12.5; g = 0.139 radian =
B (L t - '
/

Comparing- these values with those predicted theoretically,
which are:

o_ - ;o %m o _ g
oy = 0.2878; E = 9.4
(&/ |

B = 0.1330 1000 t/R radians = 7.63+ 1000 1/E degrees = 7.2
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a very good agreement is found when due consideration is
given to the simplifying assumptions that have been made
and to the fact that an approximate energy method of solu-
tiorn has been used.

Recalling the fact that the theoretical value of k
at buckling is 0.605, the present calculation shows, at

least, that the method of attack on the problem is correct.

Another indication of the correctness of the method lies
in the fact that the theoretical wavelength of the buckles

corresponds closely to that found experimentally, which is '

not the case for the earlie?d ‘theoretical solutions. The
investigation will be continued, and it is hoped that in
the near future, the treatment can be extended to the case
of the thin cylindrical shell under saxial compression.

The results of some experimental investigations on the com-

presaive failing stress at unstiffened circular cylinders
are given in appendix A.

APPENDIX A&

EXPERIMENTAL INVESTIGATIONS ON COMPRESSIVE FAILING STRESS

OF UNSTIFFENED CIRCULAR CYLINDERS

In order to cliarify the problem of the thin circular
cylinder under axial compression, a systematic series of
experiments were made on a number of steel cylinders. The
parameters which are involved in this problem are:

1. The radius-thickness ratio, R/t
2. The length-radius ratio, L/R e ——
4. The elastic properties of the material

4. The total axial load that can be carriedlﬁy the
specimen

The specimens tested were all made from steel shim
stock, which was formed into specimens 12.75 inches in
diameter. The ends of the cylinder were rigidly -clamped
into steel end plates, giving fixed end support to the
axial fibers of the c¢ylinder. The variables used were
the thickness of the materlal and the length of the spec-
imen.
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The test results are shown in figures 62 to 67, and
the faired experimental curves are replotted in figures
68 and 69. The curyes are plotted against the ratio

Sact “theo '
where

a actuval failing stress obtained in the test

act

Ctheo ‘theoretical faillng stress which is equal to
, 0.605 E (%t/R)

As can be seen by figures 68 and 69, there is a con-
tinuous decrease in the experimentally obtained falling
stress as the R/t ratio increamses, this decrease occur-
ring for all values of L/R.- For all values of L/R
greater than 1.0, it is seen that the failing stress re-
meins practically constant with increasing L/R for any
given value of R/t. Phus, for gay cylinder with an L/B
ratio greater than approximately 1.0, no length effect
would have to be considered in an analysis, and a correc-
tion of any appreciable magnitude would not be necessary
until the L/R value fell below approximately 0.75.

In order to facilitate the theoretical work on this
problem, it was desired to determine the exact shape of
the initial waves which appeared-in the test cylinders.
This has been done in a preliminary manner by restraining
the loading mechanism during buckling, and i% has heen
found that the initial waves which occur are of an ellip-
tical form and are scattered at random through the spec-
imen. This wave pattern does not agree with the uniformly
distributed, sinusoidal type of wave which has been pre-
viousgly assumed for the theoreticel solution, and this
discrepancy in assumed wave patiern may account for the
large difference between the theoretically predicted and
the experimentally obtained buckling loads.

Work is now ian progress to obtain a more exact knowl-
edge regarding this inltial wave pattern and to obtain a
more exact plecture of the segquence of wave petterns during
buckling. A theoretical solution of the problem will then
be attempted following a procedure similar to that given
in the body of this report for the case of the spherical
shell. .
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APRENDIX B

A PRELIMINARY DISCUSSION OKN THE USE OF A

WIRE NETWORK TO PROVIDL SHEAR STIFFNESS

. The addition of sheet covering, or any form of periph-

eral wire network, to a skeleton cylinder made up of
frames and longitudinals, will have two effects on the
bending properties of the cylinder. First, it will in-
crease the moment of inertia of the section; second, it
may change the mode of failure due to an increase in shear
stiffress. TFine wire bracing and extremely thin sheet
covering will have the same general type of action because
neither can take compression and, therefore, only the por-
tion on the tension side need be considered in the calcula-
tion of the moment of inertia of the section. ZFurthermore,
under shearing forces the sheet willl buckle and carry the
shear stresses by means of a diagonal tension field corre—
sponding to the effect of diagonal wiring. ' :

Ian order to. apnroximate the case of a cylinder covered

with a sheet of zero thickness, it was necassary to provide

sufficient shear stiffness without appreciably changing
the moment of inertia or the position of the neutral axis
of the specimen. In the present series of tests this was_
done by building up a rectangular network of steel wires,
0.0168 inch in diameter on the periphery of the cylinder.

It was found that the primary effect of these wires was %o

prevent a type of failure, which has been called :torsional

failure, - in which the longitudinale tended to fail in a
circumferential rather than in a radial direction.

Experiments showed that if circumferential failing
was entirely prevented, the cylinder wonld carry its maxi-
mum bending moment and that the addition of more wires
would not raise the allowable bending moment that could be
supported by the specimen. This is shown by specimens 9,
10, 11, and 12 of table I. These specimeng were identical
with the exceéption that the amount of wire bracing was
changed. Specimen 9 had no wire bracing and carried a
bendinz moment of 80,000 inch-pounds. Failure of the spec—
imen was definitely of a torsional nature; the frames
tending to rotate about the tension longitudinal and show-
ing very little radial deflection.
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A wire network coﬂstituting the diagonals of rectan-

gles measuring 5 inches in the+*frame direction and 8 inches

in the longitudinal direction was then added &nd this new
specimen was tested, failure taking place at 90,000 4inch-
pounds of applied moment - an increase of 50 pencent. The
wire bracing was then doubled, givlng a network of dlago-
nally braced rectangles 2.5 inches by 4 inches.. This
change lncreased the shear gtiffness of the section by a
factor of 2.0; however, .the specimen failed &t an spplied
moment of, only 102,000 inch-pounds - an increase of 13 ber-
cent. The longltudinals in this last specimen ghowed very
little tendency to fail in-the cirecumferential directlon,
the deflection being slimost ent1rely radial in nature._
\
Further increase in shear stiffness raised the feil-

‘ure bending moment to 114 0G0 1nch— bpunds, beyond which no
increase could be obtalned. The specimen carrying the
mgximum moment showed ho tendency for torslonal faillure.
From thig series of spécimens, and from numerous other ob-
‘servations, it was concluded that if sufficient shear .
stiffness was used so that there was no circumferential

deflection of the longitudinals, ther the maximum allowable
bending moment for the specimen would be obtained. Further-

more, it was felt that the type of faiiure would closely
correspond to that which would occur in a ‘specimen covered
with an infinitely thin sheet.

The wire bracing used on the specimenb had & negligi-
ble effect on the sectlon properties of the cylinder.
Considering a representative cylinder after converting the
steel wire to its equivalent duralumin area, it was found
that the neutral axis shift was equal to:

y' = 0.07 inch

in & dlameter of 32.0 1nches, and.tﬂat the moment of 1iner-~
tia changed from . . L

' I, = 160.95 inches®

without wires to

-
.

;léz;Qauipéhesiﬂ

CIv
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with wires, & change of less than 1 percent.

Simillar
results were obtained with the wire bracing used on the
other specimens tested.

Guggenheim Aeronautical Laboratory,

California Insgtitute of Technology,
Pasadena, Calif., February 1983¢2.
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TARLE I.-FURE BENDING TESTS OF LORGIVUDINAL-FRAME COMBIEATIONS WITHCUT SHEET COVERIRG
Bxperimental Data ~ Set I

[All longitudinals 543

All frames Fs]

ez

‘Oft 930 TWOTULOSL FOTH

206

Spec Longl fudinsl Freme Failing Description Remarks
imen | Spacing|¥Num-|Spacing|Fum+ moment of test X
(in.) Iber | {3n.) iver] (1b)
1 2.53 | o 4 | 15] 33,300 |No wire bracing|Longitudinels falled in circumferentisl direction.
P 2,53 |40 4 | 15|90,000 {Wire bracing |Longitudinals failed in redial direction; 1/2 wave
A complete length of specimen.
a 2.53 | 40 4 | 15|87,000 | —~——do~—mm-i- |General instability. same as specimen 2,
2.53 | Lo 8 7 | 60,800 4o General instability; 1/2 wave complete length of
. . specimen. :
5 2.53 | o 16 3 | g,000 do General instability; however, spesoimen looked like
combination of small waves betwean frames snd
. one long half-wave. '
6 2.53 | ko 32 | 2|Y,000. do Similar to specimen 5. General instability. -
7 2.53 | 4o 32 | 136,300 do Specimens sterted to fail tetween frames; however,
' 1 : as.deflection incremsed, fréme failed.
8 2.5h3 ity 64 0118,000 ~{o Longltudinals falled in one long half—wa.ve in
) radlal direction.
9 2.53 | 4o 2 | 31 | 60,000 [¥o wire bracing|Longitudinals failed in circumferential direction.
10 2,53 | o 2 | 31 190,000 |Some wire brac-|Bottom longitudine) falled parily in radial and
ing partly in circumferentisl direction.
11 2.53 | 4o 2 | 31 |102,000 |¥ire bracing |Generel instability; one long half-wave. Bottom
: ' longltudinal failed 1ittle in circumferantial
direction.
12 2.5% | 4o 2 | 31 11000 de General instab:.llty, one long half-wava' 1ongitu-
dinals faelled in radial direction. )
13 5.06 | 20 2 | 3 |65,000 |~—r—fo————r |Ganeral instability; length of buckle was.less*
: then length of specimen; about 23 frames falled.
1% |*10.12 | 10 2 | 31 |33,000 do; General instability; 1 to 1} complete waves in
= : lengthm.se dlrac*'ion '
15 | 10.12 | 10 2 | 313,500 do General instability; 1% waves in lemgthwise direc
5lon.

1%0tal length of specimen, distance between supports. 251ng1e longitudinal at maximum strese.

®fwo longitudinals equal distence from g




TABLE II,~ THE EFFECT OF (HANGING THE FRAME SPACING OF THE BENDING STRENGIE OF THE CYLINDERS

Homent of inertis of complets specimen, Ign = 161,0 in.*
Radiue to center of stiffener,
Number of stiffeners, 40

.. —
Oep = HaSJ;R = H&lxlln-).io = 0.0979 x BM

Length of speclmen, 6% in.

R - 15.76 ill.

Longitudinal Frame g Fpiling|! HMax.

Spec~ Area, |Moment|Spac-|Ig;-n* Area, |Moment{Spac~|Humber|Ip mgm ém i p:gl:: Tyne of fallure
imen Type; Ag |of in~| ing, TEX:LS Type| Ap of in-| ing,| of "&""106 (in.- 1 slve ﬁ
{in.®) ertiay| B (1n.7) (in.2)!ertia,| & [frames{(in.,®)| . -1b)|stress >
I 10" {in,) Te210°] (in.)lin 6L ' _feil- 3
(n.*) (in.*) in. ure, o
Jpr B
5
12 | s [0.032Y 3.7% | 2.53] 1.478) ¥_ |0.0201)1.537 | 2 3 | 7.690|114,000]11,160|General instability|Q
- -
2 |-do-| .0324] 3.7% | 2.53| 1.478|-do-| .0R91|1.537 | W 15 | 3.845| 90,000} 8,810 Do. -
o
3 |-do-| .0324| 3.78 | 2.53] 1.478|-d0-| .0201]1.537 | 4 | 15 | 3.845} 87,000 &,500| Do. o
=
4 |~do-| L0324 3.7% | 2.53] 1.478|-8o-| .0291)1.537 g T i 1.923; 60,800f 5,950{ Do. o
5 |-do-] .0324] 2.74 | 2.53] 1.478|-d0-| .0291]|1.537 |- 16 3| .962( 49,000| Y4,800|Nearly panel inata—§

i bility.
6 |-do—| .0324| 3,74 | 2.53| 1.L478|-do~| .0291{1.537 | 32 2 g1l 40,006| %,910(Nearly panel insta~
- bility.

7 |-do-] .0324] 3.7% | 2.53] 1.478|-do-| .0291|1.537 | 32 11 .ueil| 36,300] 3,555|General instability

oz




THE EFFECT OF CEANGING THE SPACING CF THEA LONGITUDIFALS

TABLE III

QN THE BENDING STHEEGTH OF THE CYLINDERS

[ Freme spacing = 2.0 in.; Badiuse Fc‘: longitudisals, 15-76 in .J
Longitudinal Failing | Moment of Maximm compresgive
Specimen moment Inertia of stres a failure Type of failure
Spacing Bumber (in.-1v) | specimen, Igy
' (in.?%) _
12 2.5% 4o 114,000 161.0 11,160 General instability
13 5,06 20 65,000 80.48 12,728 Do.
1k 10.12* 10 33,000 4024 12,926 Do.
15 10.12% 10 31,500 50.19 9,405 Do.

1Single longitudinsl et maximum stress

*Two longitudinals at equal distance from specimen B (i.e., equal stress)

“ve
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TABLE V.~ CORRELATION BETWEEK CALCULATED AMD EXPZRIMICHNTAL VALUES

Data from Table II

[E taken as 10,000,000 1b/eq inJ

*ON ©10F T®OIUTSe] VOV

Frame Number \ Hoff'e method, Mex., [B i-
%o\ smaotng, | or [Pl % e PO 9
R a framos a i A A 001‘:5\_5 A Ccr #;\E' stress| wave

(1n.) 11;16” (1v) f1b/=q in.) (3 wave)| (3 wave) [(1 wave) [(L wave) pattern
12 2 gl 9,275 286,500 72,300; 15.5 1,192 | 7.95 1,530 {11,160(1/2 wave

2 Y 15 | 2,319 | 71,600 9,030 7.72 | 1,200 | 3.94 4,610 | 8,275| Do.

L g 1 580 | 17,900 1,130 3.84| 1,214 | 1.95 4,700 | 5,950 Do.

5 16 3 15 b,ugs 1.0 |1.88 | 1,267 .97 4,750 | 4,800(1/2 wave -
nearly
panel insta—

_ bility

6 32 2 6.2 1,088 17.75]1.32 el .93 | 1,278 | 3,910| Do.

1 %2 1 36.2] 1,088 17.75] -935| 1,283 500 | 4,480 | 3,555 Do.

g 64 0 9.06|] 280 2.21| .50 | 1,120 o 1,642{1/2 wave

9086

- gg
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Note.

All figures are four times actual size
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Figure 54.- Maximum radial deflection of frame at station 16 as a
function of applied bending moment.
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