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1. INTRODUCTION

These notes are the result of an (incomplete) literature search of
recent work on optimum signal processing in reverberation. Relevant
material to acoustic signal processing has been extracted and compiled
in a consistent set of notations. Some important technical aspects of
sub~optimum processing for pulsed trains in a simple reverberation
environment are brought out.

2. SIGNAL, REVERBERATION, AND NOISE MODELS

reverberation noise nid (ex‘('ema‘ and
channel L receiver
Feverbeiati
" Llr (‘t)'é) i r y:\ n on"
) .
é"{'“")&'q:—_h—c Z V;::‘\:Wi H'C\ z.m— WSMM—LZ-H’
elerminiy ¢J
'\’:ransnil{:{ed 3“5 i
signa _ received YeCdver  ehvelepe
b [ e T
sigmal
chgml

(Ccmplex znve‘opzs>
Figure 1. Medivm and Receiver Block Diagram

A generic block diagram of the system under investigation here is given in
Figure 1. The deterministic transmitted signal is presumed to be narrowband
and is characterized by its complex envelopa x (4) (see Ref. 1, App. A, for
axample, for the notation to be used). Although only one narrowband receiver
filtar, W{¥) , is depicted in Figure 1, it is but one out of a bank of filters that
would be used in practice, in crder to cover the expected Doppler shifts. The
time-varying impulse responses

hs ('t,-f;) and h,. fe, © M

of the signal and reverberation channels in Figure 1 are the responses ct time
t to a unit impulse applied T ago (Ref, 2).
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2.1 Received Signal Characteristics

For multipath and doppler in the signal channel of Figure 1, we have, if a
target is present,

hslt®) = 2V, § (-1, exp (12063, ), @)

where t,, and T4, are the time delay anu frequency shift of the k-th path,
and Y, is the complex voltage gain* (attenuation and phase shift) of the k ~th
path in the sigral chanel. (If there is no target, the {Vi} are zero. This model
is capable of including multiple targets as well.} The signal channel includes
the effects of the medium and the target. (The spreading function (Ref. 2) of
the signal chanrel is

Lm9) = 2V $(t-1,)8(-1)) @3)

Then the received signal

s= % gth.' b, I, +) x (- T)
=3 ?.VK x - t,) explitnfi, ©). (4)

The signal component of receiver filter cutput Zf) in Figure 1 is

2,0 = & [dchb sk-)

sy $ 2N st oxpietubd],

Define the cross-ambiguity function of transmitted signal and receiver filter as

-12wvt 1 2efT

X, (o= fét xsDhlt) e = (e XOHE-. (6)

*IV| = 2R, , where R, is the real voltage gain applied to the high-frequency
narrowband signals in the k ~th path of the signal channel.
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Then

it
w= 2V < X, fta,=fa). %

Thus cross-ambiguity function X, is displaced in time and frequency and added
(with complex factors) to obtain the signal output waveform of the receiver filter.

(For a single path,

iwft
sl = LV xk-tde T,

90 = 3V X(F-8) epliar§-0E]

. (et
o b= VXt ~f)e ) ®

The transmitted signal energy is
E, = +idt @],
The received signal energy in the k-th path is, from (4),
Es, = -.\;Sdt\ 1y, %K«ﬁ.)my(iﬁkf)\z
= LIV (bt = LIV Ex = Ra En. o)
is the real power gain of the k-th path in the signal channel; it represents

the fraction of transmitted signal energy that is received.

2.2 Reverberatiori Characteristics

The reverberation waveform at the receiver input is given by
i) = Lo, o) x -0, (10)

We assume that hr('t, € ) is a member function of an ensemble with statistical
property

Gy (’t‘,, P,) a.: (Tz,”:) = 0, (Vn,TDS (rl— Ta.\/ §(7- %), 1)
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This is the uncorrelated scatterer channel; ;- is the scattering function of the
reverberation channel (see Ref. 2). Then

h (G, tY ke o ) = §fo-) Jav e

;-}W'V ('b\"‘f?)
(% T). (12)

The reverberation process r(t) is not stationary; its correlation at time t s
defined as

Rg = v+ rk-E

= -}:SS&C,JQ\\\- (T, t+ E)he (6, €-F) xft+ T-1)x*(£-E-%)

1w
1[N E- 1)
(13)

We now assume that the reverberation scattering 6 changes slowly with
range (delay T ). Then considering the integral on T, in more detail, if &(v,7)

EE— \
// //J%/\/\

} t T,
3 %

. Figure 2. T, - integration in Equation (13)

changes but slightty versus T, in the signal duration, then the integral on T,
in (13) is approximately

& ) gd"-‘s xt+ T-T)x ¢-E-T7)

=0, (%) fdu x{w) x" (4-T),

Then (13) gives

(14)

Relryt) = aux(u)x u-‘c)gdve WG}(V,{-). (15)
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Now reverberation correlation R (T, t ) varies slowly with time t, as seen
from (15); therefore a time=varying reverberation spectrum can be defined as

- rf
GO [ T R
- 11XV e sy, (16)

using (15).

That is, the reverberation spectrum is the convolution of the transmitted signal energy
density spectrum with the scattering function of the reverberation channel.

The real power in the reverberation is

P = Ll = ${8F @66 = $of L (dixb-Ol o104

= L E { du 0,8, (17)

The reverberation power depends on the transmitted signal only through its energy,
and not on its time structure or duration, o¢ i1s frequency structure or bandwidtﬁ.
Thus if the transmitted signal bandwidth is widened, the average reverberation
spectrum level will decrease, for a fixed transmitted signal energy. On the other
kand, for a power-limited transmitter, the reverberation power is seen to be directly
proportional to the signal duraticn.

2.3 Noise Charactetistics

The recejved noise, whether exiernal or receiver noise, is assumed to be
slationary with spectrum Gn(F) .

3. RECEIVER PROCESSOR

We allow an infinite observation time at the receiver, Aso suppose there is
just one path in the signal channel. We define the instantaneous signal output
in z(t) of sample instant 1, as the envelope sample |2, &}l . The squared-
envelope, which is a measure of output signal power, is
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g ol = HIW | X b, R

B\ (o explramtl-t] KO HEAN

= 12_3 \S‘d{‘ -CX?[EZr‘F&o"tlﬂ XE-H) H@)\ ,
(18)
from (8), (6), and (9).
The total interference power output at sample instant & from the receiver

filter is

L)z 6) + 2.

TR TS aNp
- + [T + [0
- H# e+ &0 el
(19)

The output signal-to-total-interference ratio (SIR) at time & is given by
the ratio of (18) to (19):

| explimtte- O XEE) HDL
fule 9 + & Hor 20)

(If only a limited frequency band W is allowed, the integrals in (20) and the
following only extend over that band W ).

STR = 2%

This quantity is maximized by the choice of receiving filter H(f) as

X (-L) explitmtle- D]
G L)+ GO a

H, () =
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This is also the optimum processor when reverberation and noise are Gaussian
processes, G (f,t) is given by (16). This filter is seen to depend on sampling time
instant +, and frequency shift f . However, the exponential is merely a
delay term. Also, the remainder could e approximately realized physically as

follows: m
X -£)

\
& D+ &)

I —

Figure 3. Optimum Receiver

The initial filter* in this processor varies slowly with time; this filter is followed
by a bank of narrowband filters, each matched to o different frequency-shifted
version of the transmitted signal. The separation between frequency shifts,

f a- fk , must be less than the inverse signal duration, and the total number of
fllsequency shifts must cover the expected range of Doppler shifts of the target.

The maximum SIR is obtained by substituting (21) in (20):
|Z€- )]
6. &0 + &) (22)

Recall that reverberation spectrum G (f,t) is given by (16) in terms of the
transmitted signal energy density spectrum.

ST®, = 2%"5&?

Maximization of SIR, by choice of transmitted signal energy density spectrun,
IXID)* ,subject to fixed transmitted energy E_, is not possible in general. One
special case which can be solved, however, %s when doppler shift f, =0 and when
the reverberation channel does not spread in frequency. Then

GlE) = SEa W), (23)
and from (16),

&6 = 2oBIXB

*This is not a whitening filter; the whitening filter has transfer function

a60+6e ™
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In this special case (putting frequency band limit W in explicitly),

XOF ‘
16X+ &6 (25)

SIR, = n‘f ¢
w

This can be maximized for any noise spectrum; however, the general solution is
not very informative, so we limit ourselves to white noise, over the signal band
W . Then the optimum signal energy density spectrum is flat:

| X(F) \; - 2=, (26)

regardless of reverberation function o;(t) . The reverberation power is, from (17)
and (23),

Plo = 6B E..

(27)
And for (real) white noise of double-sided level Nj , we have
G D = 4Ny . ' (28)
Substituting (26) - (28) in (25), there follows
= a E‘ - L EX
SIR = 2WR IepE v 2w, ~ VR To+T, @)
where Pn is the real noise power received in a band W .
For a reverberation=limited environment, Pr(f)>> Pn s and
| . SR
SIR®, * o W. (30)
Since R2 and o) are medium-controlled, the only variable under our control
is the signal bandwidth W , which shouid be made large, according to (30)*.
On the other hand, for a noise~limited environment, Pn > Pr(f), and
R Ex E,
STR, = =
% Ny N &)

*Limitations on bandwidth W are discussed by Manasse (Ref. 3, p.13); namely, the
inherent granulcrity of some types of reverberation and the fast that the target is not a
point, but a distributed reflector, serve to limit W .
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where Es is the received signal energy; this is a familiar result.

Generally, (29) appears as shown in Figure 4. Notice
Es

Figure 4. SIR3 as a Function of Signal Bandwidth W

that signal duration or time distribution is not important, except that (26) must
be satisfied in this case. This all applies for an energy~limited transmitter.

For a power-limited transmitter, E = PxT’ and (29) becomes
X

For a fixed signal time-bandwidth product TW =K, (32) is maximized by the

choices
T='\1K;m ’N-‘\,K*——?M )

yielding maximum value

2KP

This increases with the transmitter power only as ‘\} , and with the
time~bandwidth product only as ‘\J X

32)

(33)

(34)

Alfhough in this case we assumed no reverberation spreading, the same optimum

signal (Z5) holds approximately for a unimodal spread of G‘(f t) about f=0.

The reverberation power that is spread outside the band W' can in fact be suppressed,
and performence is slightly better than (29). However, as W is increased to improve

reverberation suppression, (29) is again approached.

Another special case of (22) that can be solved for the optimum signal energy

density spectrum, for all practical purposes, occurs as follows: suppose the

i0
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reverberation spreading in frequency is B Hz. Let the transmitted signal
duration be T sec. Since the finest detdil in signal energy density lef')]

Y1 Hz, the finest detail in reverberation spectrum G (f,t) in (16) is approxnmutely
=+ Br Hz . Now if the doppler shift f gis large enoth that

T8 < K, 35)

then there exists the rossublllfy of nacking 1XOF in a nemrow frequency band

(or bands) such that |XE-£)* dees not overlap G (f t) for some values of doppler
shift f 4 In this case, (22) becomes

W IX¢- J38-8)  FEx _ Es

r———

T N N (36)

for white noise. Notice that the optimum signal energy density spectrum in this
case is a narrowband spectrum, whereas the former case, (26) and (29), required

a broadbana signal.

SIR,*

The above two special cases suggest that a singla " optimum® signal for the
general case of unknown doppler ought to have both narrowband and broadband
qualities. One such signal is a periodically-pulsed carrier. Then }XH*
extends over a broadband, but at the same time, has spectral regions of low
level for good reverberation suppression. There is, however, the danger of
ambiguous signal responses at periodically-spaced time delays and frequency shifts.
(A narrowband CW pulse has extended range ambiguity, while !inear FM has an
elliptical ambiguity in range-velocity, and does not suppress reverberation very
well, even for high Doppler targets).

The general SIR in a reverberation-limited environment is obtainable from
(22) and (16) as
' 0 | X6-£))
3 = 8%"3
TRe ¥ TX6r o <69

In this case, the transmitted signal energy E  cancels out. Thus individual pulse
weighting, to improve reverberation suppression by spectrum shaping, does not
detract from detectability in a reverberation-limited environment, even though the
transmitted signal energy may be decreased.

11
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4. RECEIVER OUTPUT REVERBERATION POWER FOR GENERAL SCATTERING
FUNCTION

The reverberation waveform at the receiver input is given by (10). At
the receiver filter output, the reverberation waveform is

2,40 = L[ dw hle-Wr(w = F{dw W[4 b (5 9) x (-

37)
The output reverberation power is
Pt = 420 = o {fde du bl W) [ i
he (6, ) W (T, W) x(w-T)) YRR (38)

Employing (12) for the reverberation channel, and definition (6) for the signal-
filter combination, this becomes

Pa.-(t) - %ﬁdﬁ&t) w0, “)]xxh({"‘?’”)\z- (39)

This relation allows for the interpretation in Figure 5.

4 @ ° )Xxui'

l) A4 [ e \ ’
cross~ambiguity function
—
T

reverberation scattering e e .
function Oy

Figure 5. Scattering and Cross-Ambiguity Functions

If the reverberation scattering function and cross-ambiguity furction do not overlap
in T,» space for any time £ , very little reverberation power results at the
receiver filter output. This is the desired goal of signal-receiver design. Notice
that since receiving filter H can be mismatched to the transmitted signal spectrum
X , the cross-ambiguity function need not peak at the origin; thus rhe major
ambiguous lobes indicated above can lie off the ¥ =0 axis.

In (39) above, no assumption about a slowly changing scattering function,
6(», 0 with T was necessary. However, in the case of a slowly changing &,

12
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the integral on T in (39) becomes, upon use of (6),

Jdr £.0,T) [[d, 4 xbrt-0) Kb rt-D -0 ) egfi 2evfh )

2 (bt W-OWEE) ™ Ve (b0 98) [ hvtn) it

= S&F 136 \’Sfat. )W) exp[i Wi+ ﬂX'é,-{:,Sl (7t

(40)

Now if the duration of receiver filter impulse response h(t) is confined fairly
near T =0 in comparison with the time delay for & to change, this further

simplifies to
OO XN M = i) (& JTENPWON. )

Substituting (41) in (39), and employing (16),

Pl = o Jw sl [uf | X E-»)|" |HOT

L GIRED Gl Xz %]

LMol 669, @

]

in agreement with the reverberation part of {19). This result, (42), is a special
case of the more general result (39).

5. PULSED CARRIER SIGNAL

The transmitted signal waveform x(t) to be considered from here on will consist
of a sequence of short duration pulses, centered at some carrier frequency F Hz;

see Figure 6. The individual pulses may be

13
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Figure 6. Transmitted Signal

frequency-shifted (as for Post Detection Pulse Compression). or they m.cy all
have a common carrier frequency (as for Amplitude Shift Keying).

6. RECEIVER PROCESSING FOR PULSED SIGNALS

6.1 Optimum Processing for Coherent Phases

If the phases of the individual signal pulses are maintained at definite
relationships during transmission,and the medium does not perturb these relationships,
the possibility of coherent receiver processing over the total signal duration T
exists. The optimum receiver processor (for long observation times) then consists
of a linear filter with transfer function given by (21), followed by an envelope
detector and a continuous thres hold comparison.

Several points about filter (21) should be noted. If the signal in Figure 6 is
an equi-spaced puise train on a common carrier, such as

<0 = ,,,@[a%'ee) 8 3H)] = mh) 2 plt- £, )
then

X6 - Mos[fd, OPO)] - £ = PBIME-1E),

See Figures 7 and 8.

(44)

14
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Figure 7. Equi-spaced Pulse Train Signal
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Figure 8. Voltage Density Spectrum of Signal

- -

The impuise train

NRCE: g § (h-xa). 5)

From Figure 8 it is seen that IX®| has several large spikes. Therefore the
optimum filter (21) has large gains at certain frequencies (a " comb" filter depending
on frequency shift f, ), and large notches at other frequencies. The notches are
reverberation-rejection regions. (It should be noted that the impulse response
duration of optimum filter (21) is T sec, the total transmitted signal duration.)

The importance of careful design of envelope modulation m(t) in Figure 7 is
brought out by Figure 8. Namely, if m(t) is tapered in time such that IM(f)]
has low sidelobes, there exist frequency regions where |Xf)|* is extremely small.
Target detection for these doppler shifts is thereby tremendously improved, because
there is little reverberation power in the passband of the optimum filter. An example

15
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of modulation design by Spafford (Ref. 4) shows over a 30 dB gain in comparison
with rectungular modulation.

Also the importance of good pulse shaping p(t) is obvious by inspection of
Figure 8. Nameyy, the distant sidelobes of X(f) depend on the function P(f).
In order that a litnited-bandwidth transmitter or receiver be capable of handling
X (f) without significant effects on the spectrum, the distant sidelobes of X(f)
should be smail. Good choices of modulation m(t) and pulse p(t) are raised
cosines (Hanning), for example.

If the reverberation power is so large that
& 5D > &) whee \'K(F-ﬁ)l is significant, (46)
in (21), then filter (21) can be designed without knowledge of the actual

reverberation level; this is the reverberation-limited environment. On the
other hand, if

R ED) << Ga) where |XE-€)] s significant, 47)

the filter (21) is again independent of the reverberation level, and depends only
on the noise spectrum; this is the noise-limited environment. In practice, where
reverberation power P varies with time, the design of the optimum filter (21)
is virtually impossible in the transition region between (46) and (47).

6.2 Sub=-Optimum Processing for Coherent Phases

Let phase coherence between pulses be maintained at the transmiiter*.
However, suppose (a) this is unknown to the receiver or, (b) receiver compiexity is
desired reduced. Then a good sub-optimum processor consists of several filters, one
matched to each of the individual pulses of the signal in Figure 6. The transfer
function of the k~th filter (for long observation times) is given by

X, (£-£)

G ED+ & E (48)

where X, (f) is the voltage density spectrum of the k-th pulse in Figure 6;

see Ref. 5, App. C. The filters are followed by In T, envelope detectors,
and deiayed so as to line up the peak outputs simultaneously, and then compared
with a threshold, (The difficulty of realizing 2n T, detectars usually is
replaced by wenghfed sums of squares of enveiopes. )

v o o

- i . VS - T o ot G o @y 40 T S s Y Sl S S e P

*Also let the redium not disturb the relative phase relationships of individual pulses.

16
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Since the duration of the k=th pulse in Figure 6 is only A, s2c , the finest
detail in the numerator in (48) is ‘/A‘ Hz. This is much coarser than the
numerator in the phase-coherent processor of (21). Thus each receiver filter for
hypothesized incoherent phases possesses narrow deep notches for an equi-spaced
pulse train, for reverberation rejection, but does not possess narrow regions of high
gain. Rather, the numerator of (48) has the moderate slowly-changing gain
prescribed by P(f) in Figure 8. However, it is important to note that since the
finest detail in (48) is of frequency extent /T Hz (due to the denominator),
the impulse response of each of the filters (48) is T sec, the total duration of
the signal, even though it was originally designed for a single pulse. However,
if the filter is realized as a cascaded system cs in Figure 3, only the initial
common filter need have this detail; the paraliel filter bank has duration 4y seconds
for the k~th filter. The performance curves for this sub~optimum processor are
available*, and can be compared with the optimum processor of (21).

For the equi-spaced pulse train of Figure 7, the pulses are all identical,
except for time delay and amplitude. Therefore, o single filter of the form (48)
can be built, and its envelope output appropriately delayed and scaled before
addition. This is still a relatively complicated filtes, due to the narrow reverberation
notches and the possible need for knowing the absolute reverberation level. {One
could ignore the reverberation spectrum in the denominator in (48), und design
the filters according to

X (£
& i) (49)

This processor is simpler, but will not perform very well in reverberation=-limited
environments. )

6.3 Optimum Processing for Incoherent Phases

If phase~coherence is not maintained at the transmitter, or if the medium causes
significant phase perturbation over the signal duration T, then the reverberation
spectrum is significantly different from |X(f)]*. Specificaily, for the pulse train
of (43), (Figure 7), if the phase of each pulse is independently uniformly distributed
over a 2r interval, the reverberation spectrum is

2y op el Pl
50~ (du|P)® (dvimm ] (50)

*Ref. 5; replac. G_(f) everywhere by G _(f) + G (f,t).
n n r

17
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where P is the reverberation power (and may vary slowly with time). A glance

at Figure 8 shows this is a broad slowly~changing spectrum of width~ % + -L Hz.

The optimum processor again consists of filters matched to the individual
pulses, but yow with transfer functions

K (f-4)
&) + &M (5

This is a broad filter of frequency extent z Hz, with no narrow characteristics
whatsoever. |ts impulse response duration is approximately A sec, that of an
individual pulse. In order to get significant reverberation rejection, doppler
shift f  will have to be larger than 4 Hz, since this is the extent of the
reverberation specirum.

The filters outputs are square-law envelope detected, delayed, and summed,
as before. Again, for the signal of Figure 7, a single filter will do, instead of

the set (51), provided appropriate delays and weights are applied to the filter
output.

7. A GENERIC RECEIVER PROCESSOR
For the equi-spaced puise train of (43), the optimum processors for . :es

6.2 and 6.2 above can be subsumed under that in Figure 9. The averag:r s
characterized by impulse response w(T), which could be a set of equi-:s. ced

Receed | Filber |48) Squorer Low-pass | €68) | Averoger | 3it>

processes | | () \ Filber ‘ wit) '

Y—-\——/
%uav!—hw Env:\ere Deteclor

Figure 9. A General Processor

unequally-we' “tad impulses if desired, to realize the processors described
earlier. Or th: averagar could be a box~car filter, when virtually no knowledge
is available about the time=structure of the received signal. Similarly, filter

H (f) can be fairly broad-band, covering h= expected frequency extent of the
received signal; the subscript "s" denotes a particular frequency=-shifted version,

18
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H (f) = H{f~-f ), to search for doppler. The range search is conducted by comparing
z (%) contindously with a threshold.

We investigate z(¢ ) at a general time instant ¢ fc «a general filter H(f)
and averager Wit) . Thus time mismatch and frequency m..match can ke investigated.
Time delay t; and doppler shift f; are general also.

A possible picture of 2f) is given in Figure 10. The received sign~l

vevevbevat on .
l}w
e

on

t

Figure 10. Processor Output

s#) is of the form (8) for a single path. x[) itself ;= composed of several
sub-pulses, as in Figure 7.

The desired component of processor output Z[) in Figures 9 and 10 is that
due to the received signal st S, The reverberation and noise in the input

raise the background level in 2H#) , and add fluctuation; however they are not
useful for signal detection. The desired output is therefore*

2 = wi® €'l = wid eol%u B° 2)
+ ) = J’Ihs ‘96[})& k-k) exy(i Hafﬂ

- 12.[1, K exp i M,{:)] @[%xlt—-t) onp i Mf}], (53)

or using (6) for complex envelopes,

- ® v . 20 e W D U D 4 D D A D U WD o D D S AN W A SN G G D G G S S D D et S0 PSS IS o S O T e U P Sl AR W P P W

*The underline denotes complex envelope in this section.
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Then

%y B = 4.'L wit) ® \'yxh (f;b)ﬁ"{:br l‘%m (85)

Motice that the ambiguity function of X[ itself is not important. Rather,
for this sub-optimum processor, the cross-ambiguity function between X#) and
k() is the important quantity. The peck value of Zyf) is what detection
capability depends upon.

For incoherent phases, the filter choice Hsff) can be guided by the result
of (51). Hs{f) can be approximately matched to a single pulse, frequency
shifted by  Hz. The impulse response duration of H¢f) would then be
approximately & seconds. The function \Fxxh (‘t:, v)r is then indicated in
Figure 11. (The decay with increasing It]  is due to the decay of modulation

V

'
T

Figure 11. l'x,d\(t, )’) r for Phase~Incoherent Pulses and Filter (51)

ml) in Figure 7.) Figure 11 indicates a very coarse function in  » , of width
i/fa Hz; thus target doppler is no? possible to ascertain within Ya Hz in this
case.

If the received phases are indeed coherent, but the filter Hs@) is not
designed to account for this feature, either due to ignorance or compiaxity,
Figure 11 still applies. Of course, the filter is not as good a reverberation-
rejection filter as it could be.

For coherent phases, the filter choice Hsﬂ-) could be guided by (48). This
filter has deep notches of width Y Hz, and therefore has an impulse response
extending over T sec. The periodic frequency characteristic of HsfF),
coupled with the periodic character of X(‘F) , leads to a cross~ambiguity function
of the form in Figure 12. This is very similar to, but not identical with, the
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Figure 12, ‘X,“t,l’)\z for Phase-Coherent Pulses and Fil ter (48)

ambiguity function of signal X‘Q .

From (55), the desired output component is proportional to the convolution
of nf_“\‘ with wit) . Thus wi should have a series of sharp spikes
separated by '/f sec. in order to give rise to a large signal output at some

(several) time instant; this is in keeping with the results mentioned above for the
optimum processors.

The undesired component of output Z{f) in Figure 9 is the nzise plus
reverberation:

2,8 = wh 8 €11 =Wk 5|y
g,“[{') = 1 hb) D[nl‘:)‘*r@],

(56)
where al) and Cff) are the complex envelopes of the received noise and
reverberation processes respectively. The mean value of 2, )  does not

aid or hinder detection; it raises the average level in which a signal must be

detected. However, the variance of Zulé) is a definite detriment to signal
detection.

From (56), the spectrum of -Z“('l:) is

WO x [Spectrunm o 1yl (57)
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The correlation cf lgulﬁ)r is, for Gaussian processes,

R ;{o) + l?w(f)r, (58)
giving spertrum
R;“(o) T+ f dv G% ) G‘g., (v+£) (59)
Therefore
Var $2.60 = o [WE)" (& )Gy, (). (60)

Now from (56),

6y, )= + 1080 (6,0 + &6
= J‘\H(‘“ﬁ\)r[al (F)+6; (f-)l (61)

where Grﬂf-) is the spectrum of the complex envelope of the reverberation,
and is given by (6) for phase-coherent pulses, or by (50) for phase~incoherent
pulses.

An alternative axpression for (60) is afforded by

Vorf w4 = f &4, 0|k, ), 62)

where

BB = [dx W wlx-t). (63)

Here Ra“ [©) is the Fourier transform of (61).
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A measure of the performance of the system of Figure 9 is then afforded

) |

Vor {2, 8}

SNR =
(64)

The numerator and denominator of (64) are given by (55) and (60) or (62).
Particular filters and averagers require numerical evaluation.

8. EXAMPLE OF A SUB-OPTIMUM PROCESSOR

Suppose wit)=| for time interval T, significantly greater than the
signal duration. Also suppose Hif)=1 for frequency interval Wp  signifi-
cantly greater than the bandwidth of the signal. Then

HE) = 2, Xy loy) =25, (65)
gi\;ing
'1:%"?*& b) = 'kf&\xxh(f‘t@tl\rﬂ‘ =+ Vaha) = 26, (66)
using (9). Also

Vor $2, 6] = [ &, BIR, BT = & Ofet/R, O
-Tf#le,®f =T &A@[enmer@)]’

= Ta &-d{: Q;m -fw a RVCM‘BW— Jwited env;ronne?‘g.?)

Now since

[# & @ =27, ©8)
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S* 6‘; ) a1y
~ X = 4% - (69)
Vara,b] = T2 4% feae] 7w’
where W, is the effective bandwidth of the reverberation. Then
E W
SNR= oo 70)

There is no control over E; /?r , which is independent of the transmitted power
However, W, can be increased by widening the signal bandwidth, since the
reverberation spectrum is related to the signal spectrum. T, can be decreased
only to the point-where T, is the signal duration. SNR also depends weakly
on filter bandwidth Wy , since the noise power out of the filter increases with
W, .

f

9. COMMENTS

Phase-coherent Amplitude Shift Keying has good potential in reverberation
because the reverberation specirum is collected in a few narrow bands where it
can be rejected. This is not possible with linear FM or CW. In order that the
reverberation be peaked in frequency, it is necessary that phase coherence be
maintained in the received process over the total signal duration T . That is,
we must have, for the reverberation process,

\
B <o 7

where By is the frequency smear of the reverberation channel. This causes
only slight spreading of the reverberation spectrum corresponding to Figure 8.
If Be> /T, the reverberation spectrum smears, and rejection is degraded.
If B, isso large that By>F , then “g; < # , and random phase
perturbations of each pulse in Figure 7 occurs; the corresponding reverberation
spectrum is then given by (50). Now reverberation rejection is impossible.

The signal channel smear corrupts the received target echo if it is large.
Thegoptimum processing must be on a pulse-by-pulse basis, as considered earlier.

If the target echo is made up <f multipath arrivals, there will be two (or more)

signal response terms in desired output %, . The averager wib can incoherently
combine these outputs for improved sign.. detection capability.
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